
 

 

ABSTRACT 

YARMAND, HAMED. Optimizing Intervention Strategies and Resource Allocation for 
Infectious Diseases. (Under the direction of Dr. Julie S. Ivy and Dr. Alun L. Lloyd.) 
 

The focus of this research is the identification of optimal intervention strategies in case of 

an epidemic caused by an infectious disease. In the first step, we consider the susceptible-

infective (SI) epidemiological model, a variant of the Kermack-McKendrick models, and let 

the contact rate be a function of the number of infectives, an indicator of disease spread 

during the course of the epidemic. We represent the resultant model as a continuous-time 

Markov chain. The result is a pure death (or birth) process with state-dependent rates, for 

which we find the probability distribution of the associated Markov chain by solving the 

Kolmogorov forward equations. This model is used to find the analytic solution of the SI 

model as well as the distribution of the epidemic duration. We use the maximum likelihood 

method to estimate contact rates based on observations of inter-infection time intervals. We 

compare the stochastic model to the corresponding deterministic models through a numerical 

experiment. We also incorporate ten different intervention policies for vaccination, antiviral 

prophylaxis, isolation, and treatment considering both full and partial adherence to 

interventions among individuals. 

In the second step, we identify optimal intervention strategies in case of an epidemic. We 

consider an affected household (a household with one initial infective member) and model 

the effect of different intervention policies, which involve vaccination, antiviral prophylaxis, 

isolation, and treatment, on disease spread using a variation of Kermack-McKendrick 

models. Both full and partial adherence to interventions are considered. An implementation 

cost is assumed for each intervention policy. We refer to a collection of intervention policies 

as an intervention strategy. A reward is associated with susceptible members who remain 

uninfected. We define the effect of the implemented strategy as the total reward earned by all 

members over the time horizon. We evaluate the cost-effectiveness of strategies and identify 

the most cost-effective intervention strategies. In addition, we incorporate a budgetary 



 

 

constraint for the household and find the efficient frontier for the total reward over different 

upper bounds on the household budget allocated for intervention. 

In the final step we address a resource allocation problem which arises while 

attempting to control an infectious disease with vaccination as a result of uncertainty in 

the epidemic dynamics. We consider a decision process in which vaccination is 

performed in two phases to contain the outbreak of an infectious disease. In the first 

phase, a limited number of vaccine doses are allocated to each member of a set of 

geographical regions; in the second phase, additional doses may be allocated to regions 

in which the disease has not been contained. We develop a simulation model to capture 

the disease dynamics in each geographic region for different vaccination levels. We 

formulate the vaccine allocation problem as a two-stage stochastic linear program and 

show that due to the special problem structure it reduces to a linear program with a 

similar size to that of the first stage problem. We construct test cases motivated by 

vaccine planning in North Carolina. We find the optimal vaccine allocation and estimate 

the value of the stochastic solution and the expected value of perfect information. We 

also propose and test some easy to implement heuristics for vaccine allocation. 
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BIOGRAPHY 

The story of a student interested in physics who ultimately selected out Industrial 

Engineering and then Operations Research as his major must be riveting. In the summer of 

2004, I was supposed to make one of the most momentous decisions in my life which could 

have a considerable bearing on my future. My ranking in the Iran National University 

Entrance Exam (Konkur), 481st amongst more than 400,000 candidates, furnished me with a 

wide choice of majors and universities. Whereas Sharif University of Technology was my 

best option by virtue of its supremacy in Iran, deciding which major to pursue in higher 

education was absolutely critical.  

Notwithstanding my zeal, I did not confine myself to physics and got down to gathering 

facts and figures about various disciplines. During my investigation, I consulted one of my 

uncle’s friends, who was a professor in University of Tehran. He gave me a supremely handy 

hint. He awakened me to the variability of one’s interests. Then in view of the popularity and 

the necessity of specialists in Iran, he pointed me towards IT, Computer Engineering and 

Industrial Engineering. After exploring his idea, eventually I opted for Industrial Engineering 

(IE). Hereupon my satisfaction with IE grows day by day since, with the wisdom of 

hindsight, I have apprehended that my aptitudes and accomplishments very well fit the bill. 

Having seen the point of teamwork and social relations in IE, I sought to sharpen up my 

act through extracurricular activities. For instance, I established “The Principals of 

Management” research group at the beginning of my second year at Sharif University. It was 

a fruitful experience for me, improving my leadership in addition to research skills. 

The expansive perspective and extensive fields of IE are its distinguishing features. The 

four‐year study of IE impacted my vision of all things around me. At present I can size up 

every situation comprehensively from several angels, like industrial and economic 

viewpoints. 

Amongst all branches of IE, Operations Research (OR) sorely attracted me. At first I 

believed it was an absurd endeavor to mathematically model the real world with its too many 

variables elaborately related to each other. I believed that instead of taking the time to state 
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everything by mathematical formulae, one should employ his lateral thinking and propose a 

solution to a problem considering all its aspects. 

But after I passed the course OR II, I comprehended that OR was not as strict as I thought. 

Consequently I started to look at OR in a contrasting, a kinder, way! During my cooperation 

with professor Modarres on a project concerning optimization of the processes of a bank, I 

realized that OR could surmount the conundrums in the real world very well. After I saw the 

fruits of the implementation of the project in the bank, I felt that I had been too mean to OR. I 

decided to make up for it, so I boned up on OR and decided to continue my education in the 

graduate level in OR. 

Edward P. Fitts Department of Industrial and Systems Engineering, with its many faculty 

members who were experts in various areas of IE and OR, gave me a unique opportunity to 

enhance my knowledge in the realm of OR. Passing the course Computer Simulation 

Techniques with Dr. Roberts opened a new window in front of me. It introduced another area 

in OR to me, which was “simulation”. Meanwhile I had joined the “Emergency Preparedness 

Project” research team, and therefore, I used simulation to develop a model for the spread of 

infectious diseases, which was actually the basis of my master thesis titled “Cost-

Effectiveness of Vaccination and Self-Isolation in case of an H1N1 Outbreak.” Then I got 

interested in finding analytic solutions of a class of disease spread models known as 

“Kermack McKendrick” models which are used to model the spread of infectious diseases. 

The next step was to incorporate interventions into the developed model and find the optimal 

mitigation strategy. The outcome of this research is the dissertation you are about to read. I 

hope this research contribute to a more healthy society. 
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Chapter 1:                                                

Introduction 

Infectious diseases have always been a threat to mankind. As an example, influenza 

pandemic epidemics have caused enormous societal and economic calamities. In the United 

States alone, the 1918 Spanish flu, the 1957 Asian flu, and the 1968 Hong Kong flu resulted 

in more than 500,000, 70,000 and 34,000 deaths, respectively (Longini, 2004). Further, each 

year there are approximately 49,000 deaths from flu-related complications in the United 

States from the seasonal flu according to the Centers for Disease Control and Prevention 

(CDC) (CDC, 2011e). According to the World Health Organization (WHO), as of August 1, 

2010, 214 countries and overseas territories or communities had reported pandemic (H1N1) 

confirmed cases with more than 16,000 deaths (WHO, 2010). Epidemiologists warn that the 

next pandemic influenza could infect 33% of the population and kill millions (Gibbs, 2005). 

According to the CDC, it is anticipated that there will be up to $71.3–165.5 billion economic 

impact on the United States Economy and WHO estimates that 2–7.4 million people might 

die (Ekici, 2008). 

The 2009 H1N1 pandemic showed that the investment the country has made in preparing 

for a potential pandemic has significantly improved US capabilities for a large scale 

infectious disease epidemic; however, it has also revealed how quickly the nation’s core 

public health capacity would be overwhelmed in case of a more widespread and more severe 

epidemic (Levi, 2009). As a matter of fact, a review of the responses to natural and man-

made disasters demonstrates that during large-scale disasters, local response capacity can be 

quickly overwhelmed (Bravata, McDonald, Owens, 2004). 

The anthrax attacks of 2001 and the epidemic of severe acute respiratory syndrome 

(SARS) demonstrated that no single community can prepare fully, nor respond completely, to 
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a large-scale pandemic (Bravata, McDonald, Owens, 2004). Bravata, McDonald, and Owens 

(2004) developed a surveillance model which suggests that although large epidemics can be 

relatively easy to detect using either unpooled (i.e., local) or pooled (i.e., regionalized) data 

analysis methods, small epidemics can be difficult to detect by either method, hence the 

importance of preparedness for responding to an outbreak. 

In spite of the huge budget that is allocated to the health care system, there are still some 

inadequacies in responding to a large-scale pandemic. Decades of underfunding the public 

health infrastructure has stretched federal, state, and local health departments too thin to 

adequately respond to a large-scale pandemic (Levi, 2009). For instance, during the 2009 

H1N1 pandemic, the capacity to track, investigate, and contain cases of H1N1 was hampered 

due to lack of resources (Levi, 2009). Therefore, it is important to spend the resources in the 

most effective and efficient ways to improve pandemic response capability. Therefore, not 

only are the effectiveness and efficiency of an intervention crucial decision factors, but also 

the cost of the intervention becomes an important decision factor in finding and 

implementing the “best” mitigation strategies, i.e., the most “cost-effective” strategies, or, the 

optimal level for each intervention policy. 

Preparation for a potential pandemic should receive high priority from governments at all 

levels (local, state, federal), non-governmental organizations (NGOs), and companies. 

Therefore, the federal government should continue to promote and fund research to improve 

the capability of rapid detection of an epidemic and population exposure patterns once an 

epidemic is identified (Hupert, 2009). Also it is essential that considerable research be 

devoted to study different aspects of epidemics. There are several issues related to pandemic 

response capability which we consider through this research in three steps: disease spread 

modeling, optimizing intervention strategies, and resource allocation. 
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1.1 Issues Related to Disease Spread Modeling 

The issues discussed in this subsection are primarily addressed in Chapter 2, where we 

consider a susceptible-infective (SI) disease spread model with state-dependent contact rates 

and different intervention policies. Chapter 2 is mostly theoretic and functions as a 

theoretical basis for Chapter 3. 

1.1.1 Public Adherence to Interventions 

Public adherence to interventions offered by the health care system authorities is a crucial 

factor in the success of epidemic mitigation strategies. Some research has shown the 

dependency of mass prophylaxis outcomes on demand, namely, the willingness and ability of 

individuals in an epidemic exposure zone to access prophylactic medications either through 

mass dispensing sites (i.e., points of dispensing) or alternative means (US Postal Service, 

MedKits, etc.) (Bravata, 2006; Zaric, 2008). As a matter of fact, only a fraction of the 

population would opt to receive prophylactic medications such as antiviral drugs or vaccine. 

This partial adherence to interventions is to some extent due to possible side effects of the 

associated medication. 

Two important factors which may affect the conformance level of the target population 

(Keane, 2005; Niederhauser, 2001; Rhodes, 2002; Rosenthal, 1995; Smailbegovic, 2003) are 

the demographic profile of the region and the quality of the information distribution 

regarding disease spread and interventions during an epidemic (Havicecover, 2008). 

Furthermore, negative experience developed during pharmaceutical campaigns in previous 

epidemics (Cummings, 1979; Safranek, 1991), public fear and rumors (Specter, 2009; The 

New York Times, 2009), and trust in the government may impact the degree of risk 

perception of the target population. Historically, the compliance level of health care 

personnel has rarely been observed to be more than 50% (Maunder, 2003; Robertson, 2004). 

As a result, public adherence to interventions should be considered in any effort to 

realistically model the spread of an infectious disease which includes different intervention 
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policies. We have represented adherence to interventions among individuals in our disease 

spread model in Chapter 2 by different intervention policies. 

1.1.2 Public Social Behavior 

After an epidemic becomes widespread, public social behavior changes and the level of 

precautions among individuals increases (Larson, 2007). Current disease spread models often 

assume a uniform rate of countermeasure dispensing once interventions begin, which may 

not be a realistic assumption in many cases. In Chapter 2, we propose a model which 

captures this change of behavior during the course of an epidemic. We relate individuals’ 

social behavior to the contact rate among individuals and then assume that the contact rate is 

a function of the number of infectives, an indicator of disease spread. 

1.2 Issues Related to Optimizing Intervention Strategies 

We address the issues related to the optimization of intervention strategies in Chapter 3, 

where we use the model developed in Chapter 2 as the theoretical basis to conduct a cost-

effectiveness analysis and find the optimal level for each intervention policy for a 

hypothetical household. Chapter 3 is a combination of theory and application. We refer to a 

collection of intervention policies as an intervention strategy. For example, mass vaccination 

is an intervention policy while targeted vaccination of children along with isolation of 

infectives is an intervention strategy. 

1.2.1 High Cost of Treatment 

One of the most problematic issues associated with the current health care system is the 

high cost of treatment. High cost of treatment can be a deterrent for many in seeking early 

medical attention, especially among the uninsured and underinsured (Levi, 2009). On the 

other hand, with more than 15% of Americans lacking health insurance coverage, the 

financial impact on the country’s public health and health care systems could be disastrous if 
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hospitals, community health centers, and primary care facilities treat large numbers of 

uninsured (Levi, 2009). According to the Center for Biosecurity, US hospitals could lose as 

much as $3.9 billion in uncompensated care and cash flow losses in a severe pandemic 

(Matheny, 2007). Health reform offers the opportunity to find ways to ensure all Americans 

would be covered during an infectious disease epidemic and that health providers would be 

compensated for providing care (Levi, 2009). Undoubtedly considering preventive 

interventions such as vaccination, isolation, and antiviral prophylaxis could result in a huge 

decrease in treatment costs. Furthermore, finding and implementing the most cost-effective 

interventions in optimal levels during an epidemic could have a large impact on reducing the 

treatment costs. We model this problem from a household point of view in Chapter 3 to find 

the most cost-effective intervention strategies and the optimal intervention strategy under a 

budgetary constraint. 

1.2.2 Surge Capacity 

Surge capacity is the ability of health providers to manage a massive influx of patients 

during an emergency. During a major pandemic, the health care system will be significantly 

stretched beyond normal capabilities. Therefore surge capacity remains a major challenge for 

pandemic preparedness. Although many of surge capacity problems have been identified, 

including having enough supplies, staff, and space to treat patients, solutions to these 

problems are often lacking (Levi, 2009). In addition, reviewing the literature reveals that 

there are very few evaluations of systems relevant to pandemic preparedness (Bravata, 

McDonald, Owens, 2004). One reason for this is the paucity of epidemic data from emerging 

infectious diseases, which limits the evaluation of existing surveillance systems such as 

syndromic surveillance systems. Evaluation using naturally occurring epidemics of proxy 

diseases (e.g., influenza) is one alternative but does not allow for rigorous evaluation. 

Another approach is to inject simulated epidemics into real background data, but existing 

relevant simulation models generally do not account for such factors as spatial mobility and 

do not explicitly incorporate knowledge of the disease agent (Buckeridge, 2004). 



 

 

6 

The fact that surge capacity is limited makes it critically important to discover the most 

effective, cost-effective, and efficient intervention strategies during an epidemic. For 

example, it is clear that vaccine doses (if any exist) are always limited for a rare or emerging 

infectious disease. In addition, vaccine production may be very costly in comparison with 

other intervention policies such as isolation or treatment. Therefore, it is important to look for 

substitutable mitigation policies or a combined synergetic intervention strategy. We 

investigate such an intervention optimization problem in Chapter 3 from a household point of 

view considering the cost of each intervention policy. 

1.2.3 Social Distancing Measures 

One important issue which is sometimes ignored in epidemic modeling is the impact of 

“social distancing” in the spread of an infectious disease. Social distancing, including such 

measures as telecommuting, closing of schools, and even mandated minimum physical 

distances between coworkers, has the effect of reducing the frequency and intensity of 

contacts between individuals (Larson, 2007), hence reducing the contact rate and the 

infection rate. The critical need for performing research in this area is illustrated by a letter 

written by Congressman Bart Gordon, the ranking member of the Science Committee of the 

US House of Representatives, to Michael O. Leavitt, Secretary of the Department of Health 

and Human Services (HHS) (Gordon, 2005). In this letter he criticizes the national flu 

response plan for being too much medical science and too little social science. Among other 

things, he says: “I was most concerned by the incompleteness of the plan in the areas of risk 

communications, social distancing, and analysis of collective behavior in times of crisis. 

...Social distancing, effective communication, and other public health measures will be our 

only realistic line of defense.” It should be clear that any modeling effort that ignores social 

distancing measures, many of which occur over very few days, removes at the beginning of 

the investigation probably the greatest single set of disease-progression control policies 

(Larson, 2007). 
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As a matter of fact, WHO is now promoting social distancing as a first-order control 

policy (WHO, 2006). Recently, researchers at the Harvard School of Public Health have 

surveyed Americans who have expressed surprising willingness to engage in social 

distancing measures in case of a pandemic influenza (Blendon, 2009). Although social 

distancing and its effect on disease transmission has been separately studied in some research 

(Haber, 2007; Kelso, 2009), it has usually been ignored as a complementary control policy. 

The 2009 H1N1 pandemic showed the challenges that communities face around decisions 

to close schools or work places or limit public gatherings. There are numerous ramifications 

for all of these actions that affect families and the economy. It is essential to consider the 

impact of these types of social mitigation policies and strike a balance between benefits and 

costs. In addition, other interventions such as vaccination and antiviral prophylaxis should be 

considered to minimize the cost of controlling the epidemic. We have included social 

distancing as a nonpharmaceutical intervention along with pharmaceutical interventions, 

including vaccination, antiviral prophylaxis, and treatment, to create a comprehensive 

framework for optimizing intervention strategies. 

1.3 Issues Related to Resource Allocation 

We investigate issues related to resource allocation in Chapter 4 by developing a 

stochastic program (SP) model to find an optimal two-phase vaccine allocation policy for 

geographically different regions under uncertainty in vaccination outcome. 

1.3.1 Vaccination Capacity 

The health care capacity associated with vaccine production, distribution, and 

administration is a very important criterion for assessing the potential capacity to respond to 

an epidemic. Research has shown that a vaccine is the most effective way to protect the 

public from an infectious disease epidemic (Levi, 2009). The possible need to find ways to 

swiftly vaccinate the entire US population, however, also shows that the country does not yet 
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have an adequate system in place to rapidly vaccinate all Americans; nor is there a registry in 

place to track the more than one vaccination (if needed) per person. When limited amounts of 

vaccine may be available or when it is more important to vaccinate a targeted population in 

advance of the rest of the community, there must be prioritization plans and people must be 

informed about them. For example, priority status for receiving medications or vaccinations 

may be used as an incentive for medical providers to increase workforce capacity (Levi, 

2009). Also when vaccine doses should be allocated to geographically different regions, 

which might take place in more than one phase of vaccination, it is critical to allocate vaccine 

doses optimally so that the epidemic is mitigated with the minimum expected cost. We have 

investigated a two-phase vaccination policy when the outcome of the first phase is uncertain. 

Another factor that might impede the nation’s ability to inoculate the entire population is 

the cost of vaccination. For example, according to a CDC estimate, it may cost up to $8 

billion to procure 600 million doses of a novel influenza vaccine for 300 million people (if 

two doses per person are needed). This figure does not include needles, syringes, distribution, 

etc. Estimates by state and local health officials suggest that between $15 and $20 per person 

may be needed for administration and follow-up (Levi, 2009). 

The high cost of vaccination along with its other limitations (such as availability and 

individual age1) raises the question “is vaccination the most cost-effective intervention?” 

This question may be answered by developing a model which incorporates not only 

vaccination effectiveness, but also its associated cost. In particular, it is important to 

“compare” different intervention strategies in an effort to find the most cost-effective one. 

1.3.2 Timing 

One very important issue for controlling an epidemic is “timing”; doing everything at its 

right time. From information distribution to vaccination and isolation scheduling, all need to 

be handled in a timely manner. Currently it seems that there is no standard timetable for 

different procedures that must be completed after an epidemic is detected. For example, 

                                                 
1 For instance, young infants who cannot be vaccinated still die from pertussis (Van Rie, 2004; Vitek , 2003). 
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during the 2009 H1N1 pandemic, many private medical practitioners reported that they did 

not receive CDC guidance documents in a timely fashion (Levi, 2009). The impact of a delay 

in the start of interventions on surge severity (e.g., patient arrivals) has been studied for some 

particular diseases (e.g., Hupert (2009)). Also some models have been developed to estimate 

the effectiveness of preexposure and postexposure prophylaxes dispensing and vaccination 

policies in preventing large-scale epidemics (see Baccam (2007), Brookmeyer (2004), Hupert 

(2009), Wein (2005) for the case of anthrax). In addition, the handling of the patient loads 

and expected outcomes during an epidemic has been the subject of some research (e.g., see 

Craft (2005)). 

A pandemic vaccine must be delivered to individuals as rapidly as possible. Americans 

receive their seasonal influenza vaccine over a period of many months, and only a fraction of 

the US population receives a flu vaccine annually. Health departments will need to organize 

(often in cooperation with the private sector) mass immunization clinics that can speed 

delivery of possibly as many as 100–150 million doses in a month (Levi, 2009). The 

importance of such efforts becomes clearer as the effect of vaccination is studied through 

disease spread modeling. In some cases, vaccination may occur in more than one phase due 

to insufficient vaccine doses at the beginning of the epidemic or to prevent unnecessary mass 

vaccination. We address the case of vaccine allocation to geographically different regions in 

two phases in Chapter 4. 

Timing of prophylaxis (including vaccination) is also important for successful 

containment of an epidemic. A prophylaxis policy is defined by two measures, the delay until 

countermeasure dispensing starts, which is referred to as ‘‘time to first pill,’’ and the time 

needed to successfully distribute the prophylaxis among all those eligible for treatment, 

which is referred to as ‘‘time to last pill’’ (Hupert, 2009). It is clear that both of these events 

(i.e., beginning and ending the prophylaxis) should happen at an appropriate time; earlier or 

later than this appropriate time may result in several unfavorable consequences. For example, 

if mass vaccination begins early in an epidemic, it may impose an unnecessary cost and 

inconvenience on the health care system and society. Having vaccination in more than one 
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phase prevents unnecessary vaccine administration. We investigate the case of two-phase 

vaccination in Chapter 4. 

On the other hand, if prophylaxis begins too late, then it may become much harder to 

control the epidemic. Also if the prophylaxis is finished too soon, then it may be very costly 

(since it must be fully implemented in the whole community in a short time), and if it ends 

too late, then the number of infected people may increase and it may be difficult to control 

the disease. In case of limiting social contacts, if the social distancing policies end too early, 

then increased social mixing may cause another infection wave, which was the case in the flu 

epidemic of 1918 in several cities (Larson, 2007). 

Time to first pill and time to last pill do not have the same importance in terms of several 

performance measures. For example, for a disease, such as anthrax, it has been shown that 

delay to campaign initiation (time to first pill) has a greater impact on casualties than 

campaign duration (time to last pill) (Brookmeyer, 2002, 2003, 2005; Wein, 2003) (i.e., as 

delay to response increases, so does variation in predicted outcomes). Nevertheless, local or 

state public health authorities often focus on prophylaxis campaign duration. This is 

understandable because the design and conduct of these campaigns are presumably directly 

under the purview of local or state public health authorities. In contrast, shortening the times 

to epidemic detection and to the decision to engage in population-wide mass prophylaxis 

entails a complex interplay of clinical and bio-surveillance activities that may be outside of 

the direct control of local public health planners (Bravata, 2002; Bravata, McDonald, Owens, 

2004; Buckeridge, 2006). 

1.3.3 Surveillance and Information Distribution 

Syndromic surveillance is a method for detecting possible epidemics using health-related 

information and broad clinical descriptions (e.g., acute respiratory infection, bloody stools, 

etc.) instead of laboratory-confirmed clinical diagnoses. It is based on statistical analysis of 

short-term data and any deviation from previously determined baseline definitions of what is 
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considered “normal.” A good syndromic surveillance system will have the capacity to alter 

thresholds over time to adapt to different contexts (Heymann, 2008). 

It is obvious that if there is no resource2 limitation, then the best strategy is to begin 

interventions as the first infected case is detected and implement it in the whole community 

as soon as possible. But unfortunately resources are often limited as a matter of fact. 

Therefore, there must be a balance between benefits and costs. As a result, health care 

officials should try to find and implement the control strategy that would result in the “best” 

possible balance; or in other words, they should find and implement the most cost-effective 

control strategy obtained by implementing each intervention policy at its optimal level. 

Although considerable effort and funding have been directed in recent years toward the 

development of systems and epidemic-detection algorithms, minimal evaluation of their 

performance in real surveillance environments has been conducted (Becker, 2003; Bravata, 

McDonald, Smith, 2004). The ideal evaluation approach would assess system performance 

by using existing epidemics of the type the system is intended to detect. However, for the 

majority of locations where systems are operating, essentially no previous data exist on 

epidemics from agents of novel infectious diseases. An alternative suggestion is to use data 

on seasonal epidemics as a proxy signal for evaluation (Sosin, 2003). This approach is useful 

but limited. Seasonal epidemics are limited in number and might differ in important ways 

from the type of epidemics these systems are intended to detect. Moreover, performing 

sensitivity analyses using real epidemic data is not usually possible (Buckeridge, 2004). 

Another alternative is to use simulated data for evaluation. Given the complexities of real 

data, evaluation should be based on real data injected with simulated epidemics as opposed to 

relying on fully simulated data (Sosin, 2003). To date, simulations have focused on injecting 

relatively simple signals with abstract characteristics into univariate time series (Goldenberg, 

2002; Reis, 2003) or on creating simple and abstract spatial signals (Wong, 2002). These 

simulation efforts are useful for understanding the general performance characteristics of 

                                                 
2 Note that "resource" refers to monetary, human and facility resources. 
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detection algorithms, but they do not enable thorough evaluation of surveillance system and 

detection algorithm performance in realistic settings (Buckeridge, 2004)3. 

Distribution of information regarding the epidemic spread as well as available 

interventions is critical for successful mitigation of the epidemic. The importance of 

information distribution becomes clearer in case of the spread of an infectious disease. In 

such a case, it is extremely critical to inform people of the epidemic and distribute 

prevention-related information throughout the population as soon as possible. In particular, 

the implementation of some interventions, such as self-isolation or quarantine, requires rapid 

information distribution and promotion in the society. 

Information Technology and Decision Support Systems (IT/DSS) have the potential to 

help clinicians and public health officials make better decisions regarding detection, 

diagnosis, management, prevention, surveillance, and communication during a pandemic. 

However, few of these systems have been evaluated rigorously, and most were not 

specifically designed to address threats from an epidemic (Bravata, 2002). Since evaluation 

of surveillance and information support systems, such as epidemic detection and alerting 

systems, is critical in any effort to contain a pandemic, following a novel approach, we give 

an estimate of the value of these systems in Chapter 4 as the expected value of perfect 

information in a two-phase vaccine allocation problem. 

1.3.4 Regionalization 

Given the complexity and cost of training, staffing, equipping, and mobilizing an adequate 

pandemic response infrastructure, no single community can be expected to develop and 

maintain the necessary capacity for a large-scale epidemic. Instead, regionalization may 

benefit some pandemic preparedness and response capabilities. If there are several local 

responsible departments that are horizontally or vertically related to each other, then 

cooperative agreements and regionalized response plans are needed for effective response to 

                                                 
3 See Buckeridge (Buckeridge, 2004) for a description of the design of a simulation model intended to enable 
evaluation of the epidemic detection characteristics of a syndromic surveillance system. 
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large-scale pandemics. Pre-event regionalized planning and asset sharing agreements among 

local public health agencies and hospitals may facilitate enhanced surge capacity and 

coordinate responses during a pandemic. Regionalization efforts have successfully expanded 

surge capacity for laboratory services. For example during the anthrax attacks, the 

Laboratory Response Network successfully provided laboratory surge capacity. Rapid 

communication can be difficult to achieve through interim agreements. Thus, cooperation 

during a pandemic may benefit from pre-event development and routine use of shared 

communication systems. Also in the event of a large-scale pandemic, international 

cooperation to detect, report, and respond may reduce associated morbidity or mortality, as it 

did during the SARS epidemic (Bravata, McDonald, Owens, 2004). 

As a result, researchers should consider both local and multilocal approaches in their 

analysis and model development efforts. While the local approach deals mostly with disease 

spread dynamics and different mitigation strategies, the multilocal approach usually 

addresses the resource allocation issue. For example, a centralized stock of vaccine might 

have limited doses for a number of geographically different regions. We investigate this 

resource allocation problem in Chapter 4. We consider the cost of administering vaccine in 

each region and find the optimal allocation to incur the minimum total vaccination cost in all 

regions while ensuring epidemic containment with a predetermined probability. 

1.3.5 Geographical Variations 

During the spread of an infectious disease, geographical variations may affect the spread 

speed. Different communities face different situations, such as the extent of the spread of the 

virus into a community, which results in the need for different policies and timing in different 

places. It is also important for local communities and health departments to coordinate based 

on the circumstances they face during an epidemic and issues that are specific to their 

communities (Levi, 2009). For example, the number of vaccine doses required to contain an 

epidemic which has occurred in geographically different regions might vary from region to 

region depending on population size, population demographic profile, environmental effects 
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on disease spread, etc. Accounting for these differences is key to optimizing intervention 

efforts in each region. We have addressed these differences in Chapter 4 in finding optimal 

vaccine allocation to different regions in a two-phase vaccination policy. 

Policymakers recognize the need to forge relationships and coordinate preparedness 

planning efforts at the local, state, national, and international levels. However, there is little 

consensus about the optimal level of localization or regionalization for each of the resources 

and services that must be operationalized during a pandemic response (Bravata, McDonald, 

Owens, 2004). In the United States, special populations including children, the elderly, the 

disabled and pregnant women account for about 134 million people (Hetzel, 2003; National 

Center for Health Statistics, 2003; US Census Bureau, 2003a; 2003b). Thus, emergency 

preparedness planning requires consideration of these special populations. However, there is 

little evidence that specifically addresses variations in regionalized responses on the basis of 

geography, population, or public-private cooperation (Bravata, McDonald, Owens, 2004). 

 For the purpose of examining policy-level decisions about public health emergency 

response, using a defined target population makes practical sense because policy makers 

ultimately may want to ensure that planning encompasses their specific jurisdictions, for 

which the size is known. In addition, for many diseases, including H1N1, the estimates of 

some principal disease parameters, such as the basic reproduction number4, vary from one 

country to another. Furthermore, using simple population exposure estimates may allow 

more transparent planning for worst-case scenarios that involve entire target populations than 

using estimates which are modified by incidental effects such as atmospheric conditions 

(Hupert, 2009). Therefore, any realistic modeling approach should customize the model 

parameters according to the specifications of a target population. 

                                                 
4 The Basic reproduction number, denoted by  , is defined as the average number of new infections directly 
generated by an infected person in an entirely susceptible population (Larson, 2007). 
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1.3.6 Response Supply Chain 

In a rather large-scale pandemic, having an effective and efficient response supply chain is 

vital. In case of an infectious disease epidemic, supply chain related issues include, but are 

not limited to, delivering prophylaxis and vaccine doses to the target population at the 

scheduled time, delivering treatment services to the infective individuals, and providing 

adequate facilities for hospitalization and quarantine. If the supply chain capacity does not 

allow for mass interventions, then an alternative is to implement interventions in more than 

one phase. We have investigated the case of vaccine allocation to different regions in two 

phases in Chapter 4. 

1.4 Review of Epidemic Modeling 

Mathematical models have been widely used as important tools in analyzing the spread 

and control of infectious diseases. Mathematical models and computer simulations are useful 

experimental tools for examining theories, determining sensitivities to changes in parameter 

values, assessing quantitative conjectures, estimating key parameters from data, and finding 

the answer to specific questions (Hethcote, 2000). Epidemiological modeling has also been 

used to design and analyze epidemiological surveys, identify critical data that should be 

collected, detect trends, make general predictions, and estimate the uncertainty in forecasts 

(Hethcote, 1989; 1992). 

The first attempts to develop deterministic epidemiological models were in the early 20th 

century, when Hamer (1906) formulated and analyzed a discrete time model for measles 

epidemics. Later Ross (1911) developed differential equation models for malaria as a host-

vector disease. See Bailey (1975) and Dietz (1967, 1988b) for a review of other deterministic 

epidemiological models in the next decades by Ross, Ross and Hudson, Martini, and Lotka. 

Starting in 1926, Kermack and McKendrick (Kermack, 1927; McKendrick, 1926) published 

papers on epidemic models. They concluded that the density of susceptibles must exceed a 

critical value (epidemic threshold) in order for an epidemic to occur. 
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Since the middle of the 20th century, mathematical epidemiology demonstrated an 

exponential growth. A review of the literature proves this rapid growth (Becker, 1978; 

Castillo-Chavez, 1990; Dietz, 1967, 1985, 1988a; Hethcote, 1981, 1989, 1994; Wickwire, 

1977). In addition, several models were developed for particular diseases such as measles, 

rubella, chicken pox, whooping cough, diphtheria, smallpox, malaria, onchocerciasis, 

filariasis, rabies, gonorrhea, herpes, syphilis, and HIV/AIDS (Hethcote, 2000). For example, 

see Ferguson (2003) for a review of spread models for smallpox and see Lipsitch (2003) and 

Riley (2003) for SARS. Furthermore, several books have been written on epidemiological 

modeling (Anderson, 1982a, 1982b; Bailey, 1982; Bartlett, 1960; Becker, 1989; Busenberg 

and Cooke, 1993a; Capasso, 1993; Cliff, 1988; Frauenthal, 1980; Gabriel, 1990; Grenfell, 

1995; Hethcote, 1984; Isham, 1996; Kranz, 1990; Lauwerier, 1981; Nasell, 1985; Scott, 

1994; Vanderplank, 1963; Waltman, 1974). 

A special class of epidemiological models consists of compartmental models. It is quite 

common to use compartmental models to represent the spread of an infectious disease. The 

foundations of the approach to epidemiology based on compartmental models were laid by 

public health physicians such as R.A. Ross, W.H. Hamer, A.G. McKendrick and other 

researchers such as W.O. Kermack between 1900 and 1935 (Brauer, 2008). 

A compartmental model is “a model in which members of a host population are assigned 

to compartments on the basis of their infection status or other attribute, and the changes in 

the size of compartments are described as a dynamic system” (Roberts, 2003). For example, 

Zhang et al. (2005) developed a compartmental model for the spread of SARS and used it to 

examine different interventions. Van Rie et al. (2004) developed a compartmental model to 

examine different vaccination policies for pertussis. Tsoukias et al. (1998) developed a 

compartmental model to examine pulmonary exchange dynamics. Manton et al. (1986) used 

compartmental models to estimate the disease parameters for some chronic diseases. See 

Anderson (1991), Busenberg and Cooke (1993b), Daley (1999), Diekmann (2000), Hethcote 

(2000), Mollison (1995), and Thieme (2003) for more discussions and details about 

compartmental models. 
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Some of the efforts in modeling epidemics have focused on developing data-based 

statistical models to examine the statistical aspects of the epidemic. The main goal of such 

models is to estimate epidemiological parameters primarily using likelihood- or regression-

based approaches (Cauchemez, 2004; Longini, 1982; 1986). On the other hand, some 

researchers have focused on the virus spread dynamics and transitions between disease 

phases. These efforts resulted in several mathematical models which are usually represented 

in a system of differential equations (Arino, 2006; Cahill, 2006; Fraser, 2004; Larson, 2007; 

Wu, 2007). Also there are some mathematical models which use random graphs (Carrat, 

2006) and difference equations (Grais, 2003; Rvachev, 1985) to model an epidemic. 

In addition to statistical and mathematical models, simulation-based models5 have been 

developed to model disease spread and also examine the impacts of different interventions, 

including vaccination, antiviral prophylaxis, isolation, and treatment (Das, 2008; Ferguson, 

2005, 2006; Germann, 2006; Glass, 2006; Longini, 2004; Patel, 2005; Wu, 2006). Some of 

these models integrate different types of interventions seeking synergetic strategies. A good 

example of such models is the network model of MIDAS (Models of Infectious Diseases 

Agent Study), which used three independent simulation models to examine different 

interventions in 2006–07 (Halloran, 2008). These models were used to simulate large-scale 

pandemic influenza spread for rural areas of Asia (Ferguson, 2005; Longini, 2005), the 

United States, and the United Kingdom (Ferguson, 2006; Germann, 2006), and the city of 

Chicago (Eubank, 2004). The Institute Of Medicine (IOM) has published the major findings 

of the MIDAS group and other institutions (Atkinson, 2008; Glass, 2006) as 

recommendations regarding mitigation of pandemic influenza at the local level in a report 

entitled “Modeling Community Containment for Pandemic Influenza” (IOM, 2006). 

Some of the guidelines and research have focused on specific interventions, including 

antiviral prophylaxis and treatment (CDC, 2009c, 2009e), vaccination (CDC, 2009a; Pasteur, 

2009; Washington State Department of Health, 2009), and isolation (CDC, 2009b; Ekici, 

                                                 
5 These  simulation models  include both agent‐based models  (which  track each  individual) and event‐based 
models (which are driven by infection events). 
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2008; Haber, 2007; Kelso, 2009). Furthermore, “cost” is a fairly recently considered factor in 

assessing different interventions. Also as stated previously, social distancing, which may be 

very effective in mitigating the epidemic, has rarely been included in disease spread models. 

We have incorporated both cost and social distancing measures in our epidemic models, in 

addition to vaccination, antiviral prophylaxis, and treatment (in the analytical epidemic 

model), which together create a comprehensive framework for disease spread and 

optimization of interventions. In addition, the decision makers in our model are members of a 

household (see Chapter 3) as opposed to public health officials or individuals who are the 

main decision makers in most of the current research on optimizing intervention strategies. 

Finally we have used a combination of analytical and simulation methods throughout this 

dissertation to take advantage of both approaches. 

1.5 Research Question and Methodology 

During an epidemic, the most important task for health care officials is to identify and 

implement the most effective interventions for controlling the epidemic. However, there are 

always limitations associated with the implementation of counter measures. For example, 

after a new influenza virus subtype is identified, it may take up to six months to produce a 

potent vaccine in sufficient quantity (Aunins, 2000; Fedson, 2003). Even if the emerging 

virus belongs to a known subtype, available vaccine doses may not be adequate for the entire 

population; nor may be antiviral drugs. In addition, available budget is always an inevitable 

constraint and therefore it should be spent on the most effective interventions. These issues 

bring another important decision factor into the picture: the “cost” of different interventions. 

Considering both “effectiveness” and “cost” of an intervention leads us to the “cost-

effectiveness” analysis, which is currently widely used to compare different mitigation 

strategies and find the “best” one. 

Common interventions for controlling an epidemic are vaccination, antiviral prophylaxis, 

isolation, and treatment. Each of these interventions affects disease spread differently. Some 
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concentrate on susceptible individuals. Vaccination reduces the number of susceptibles in the 

case of a perfect vaccine, or the susceptibility of vaccinated individuals in the case of an 

imperfect vaccine. Antiviral prophylaxis reduces the susceptibility of individuals similar to 

an imperfect vaccine. On the other hand, some interventions target infective individuals. 

Isolation among infectives reduces the number of infectives who contribute to disease spread. 

Treatment reduces the infectivity of infective individuals or removes them from the infective 

population if treatment occurs in a health care setting or can be assumed perfect. 

There is a cost associated with each of these intervention policies. The question is “Which 

one is more effective and less costly?” In other words, “Which one is more cost-effective?” 

or “If there is an optimal combination of different intervention policies, what is the optimal 

combination?” Another research question addressed in this research concerns resource 

allocation in the case of limited vaccine doses which should be allocated to geographically 

different regions in two phases: “What is the optimal allocation which results in the 

minimum expected total cost?” We have used the modeling approach to answer these 

questions. 

 Modeling is one of the most effective tools for analyzing different intervention strategies 

before putting them in practice. In this research, we investigate the problem of optimization 

of interventions in three steps. In Chapter 2, we consider the susceptible-infective (SI) 

epidemiological model, a variant of the Kermack-McKendrick models, and let the contact 

rate be a function of the number of infectives, an indicator of disease spread during the 

course of the epidemic. We represent the resultant model as a continuous-time Markov chain. 

The result is a pure death (or birth) process with state-dependent rates, for which we find the 

probability distribution of the associated Markov chain by solving the Kolmogorov forward 

equations. This model is used to find the analytic solution of the SI model as well as the 

distribution of the epidemic duration. We use the maximum likelihood method to estimate 

contact rates based on observations of interinfection time intervals. We compare the 

stochastic model to the corresponding deterministic models through a numerical experiment. 

We also incorporate ten different intervention policies for vaccination, antiviral prophylaxis, 
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isolation, and treatment considering both full and partial adherence to interventions among 

individuals. 

The model is applicable to any infectious disease in which any individual can be 

considered either susceptible or infective (with negligible recovery and death rate in the 

horizon under study). HIV is an example of such diseases. Also if the disease is very 

contagious or if a relatively short horizon is considered, then the model can be applied to the 

early stage of any infectious disease with an insignificant latent period at the epidemic. 

In Chapter 3, we identify optimal intervention strategies in case of an epidemic. We 

consider an affected household (a household with one initial infective member) and model 

the effect of different intervention policies, which involve vaccination, antiviral prophylaxis, 

isolation, and treatment, on disease spread using a variation of Kermack-McKendrick 

models. Both full and partial adherence to interventions are considered. An implementation 

cost is assumed for each intervention policy. We refer to a collection of intervention policies 

as an intervention strategy. A reward is associated with susceptible members who remain 

uninfected. We define the effect of the implemented strategy as the total reward earned by all 

members over the time horizon. We evaluate the cost-effectiveness of strategies and identify 

the most cost-effective intervention strategies. In addition, we incorporate a budgetary 

constraint for the household and find the efficient frontier for the total reward over different 

upper bounds on the household budget allocated for intervention. 

In Chapter 4, we address a resource allocation problem which health care officials 

usually deal with while attempting to control an infectious disease. We consider a 

decision process in which vaccination is performed in two phases to contain the outbreak 

of an infectious disease. In the first phase, a limited number of vaccine doses are 

allocated to each member of a set of geographical regions; in the second phase, 

additional doses may be allocated to regions in which the disease has not been contained. 

We develop a simulation model to capture the disease dynamics in each geographic 

region for different vaccination levels. We formulate the vaccine allocation problem as a 

two-stage stochastic linear program and show that due to the special problem structure it 
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reduces to a linear program with a similar size to that of the first stage problem. We 

construct test cases motivated by vaccine planning in North Carolina. We find the 

optimal vaccine allocation and estimate the value of the stochastic solution and the 

expected value of perfect information. We also propose and test some easy to implement 

heuristics for vaccine allocation. 

We hope that the results of this research help health care officials in their decision making 

process about implementing several interventions and taking appropriate and on-time counter 

measures. 
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Chapter 2:                                                        

Analytic Solution of the Stochastic Susceptible-

Infective Disease Spread Model with State-

Dependent Contact Rates and Different Intervention 

Policies 

Abstract 

We consider the susceptible-infective (SI) epidemiological model, a variant of the 

Kermack-McKendrick models, and let the contact rate be a function of the number of 

infectives, an indicator of disease spread during the course of the epidemic. We represent the 

resultant model as a continuous-time Markov chain. The result is a pure death (or birth) 

process with state-dependent rates, for which we find the probability distribution of the 

associated Markov chain by solving the Kolmogorov forward equations. This model is used 

to find the analytic solution of the SI model as well as the distribution of the epidemic 

duration. We use the maximum likelihood method to estimate contact rates based on 

observations of interinfection time intervals. We compare the stochastic model to the 

corresponding deterministic models through a numerical experiment. We also incorporate 

different intervention policies for vaccination, antiviral prophylaxis, isolation, and treatment 

considering both full and partial adherence to interventions among individuals. 

Keywords: susceptible-infective model, epidemic duration, state-dependent contact rates, 

interventions 
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2.1 Introduction 

Ordinary differential equations (ODEs) are the basis for many population models in 

epidemiology. The Kermack-McKendrick model (Kermack, 1927) was one of the first 

models developed to simulate the number of infectives associated with diseases such as 

bubonic plague (London 1665–66, Bombay 1906) and cholera (London 1865). Many 

variations of the original Kermack-McKendrick model have been developed. Generalizations 

of this model are sometimes referred to as SEIRS (susceptible, exposed, infective, and 

recovered) models. We will refer to the Kermack-McKendrick model and its variations as 

KM models. Hethcote (1976) investigated a variety of KM models including the SI, SIS, and 

SIR variations. 

In the case of a highly contagious disease which spreads quickly or in the short term, 

especially at the beginning of an epidemic when the effects of recovery and death can be 

ignored, the SI model is quite appropriate for characterizing disease dynamics (Bai, 2007; 

Zhou, Liu, 2006). Under these circumstances, the population can be categorized into two 

compartments (or epidemiological classes) at each point of time, susceptible (S) and infective 

(I). The SI model also has applications in technological communication networks (Krause, 

2006), broadcasting processes (Gupta, 2000), email system services (e.g., Google when 

membership was only by invitation), and network marketing processes (Kim, 2006). 

The SI and SIS models are the only variations of KM models for which the associated 

ordinary differential equation (ODE) system has a known closed-form solution. Indeed the 

associated ODE systems of other KM models with more than two classes are strongly 

nonlinear and have no known closed-form solution. Even in the SI model, if we consider a 

varying contact rate, e.g., if contact rate is a general (not necessarily continuous and 

differentiable) function of the number of infectives (e.g., a point-wise defined function), then 

the associated ODE system may not have a known closed-form solution. The exact solution 

to the SI model (and other KM models) for more realistic and general cases (e.g., with a 

state-dependent contact rate) can be used to analyze model properties and characteristics of 
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equilibrium points, conduct sensitivity analysis on different model parameters, and find the 

distribution of the epidemic duration. 

In KM models, it is assumed that the contact rate, which is a reflection of people’s social 

behavior regarding disease spread, is constant during the course of the epidemic. However, 

people’s social behavior changes as society copes with an epidemic (Larson, 2007). 

Therefore it is more realistic to model contact rate as a function of the number of infectives, 

because the number of infectives is an indicator of disease spread and its threat for 

susceptible individuals. 

Homogeneity of the population is a basic assumption of the (deterministic differential 

equation) KM models, which might be valid for small populations. However, in a small 

population, stochastic effects play an important role in the dynamics of disease spread. Even 

if we are only interested in mean values, we still need to take into account the stochastic 

effects because stochastic means are not equal to their corresponding deterministic values for 

nonlinear epidemic processes (Bailey, 1957). 

In this research, we formulate a generalization of the SI model with state-dependent 

contact rates, denoted by the SI-β model, as a continuous-time Markov chain (CTMC). We 

solve the Kolmogorov forward equations for this CTMC and find the probability distribution 

for the state of the system as an explicit function of time. We use the state probability 

distribution to find the analytic solution of the SI-β model as well as the distribution of the 

epidemic duration. Lastly we incorporate different intervention policies including 

vaccination, antiviral prophylaxis, isolation, and treatment into the SI-β model by relating the 

intervention effects to the contact rate during the course of the epidemic. We consider both 

full and partial adherence to interventions among individuals. 

The remainder of this chapter is organized as follows. In the next section we present a 

review of the literature related to solutions of KM models. In Section 2.3, we represent the 

SI-β model as a CTMC. In Section 2.4, we derive the analytic solution of the SI-β model by 

solving the Kolmogorov forward equations for the associated CTMC and find the distribution 

of the epidemic duration time. Also we propose a method for estimating contact rates based 
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on the interinfection time intervals. We consider a household size of four individuals and 

compare the stochastic solution of the SI-β model with the deterministic solution of the SI 

model. In Section 2.5, we incorporate different intervention policies into the model. We 

conclude this chapter in Section 2.6 by summarizing our findings and suggesting some 

directions for future research. 

2.2 Literature Review 

Literature related to solutions of KM models fall in two general categories: epidemiology 

and nonepidemiology based models. First we briefly review the literature in the first 

category, which is not as developed as the second category. 

Newman (2002) used a network approach to analyze the SIR model for a fixed infectious 

time and fixed probability of transmission between all pairs of individuals. He showed that 

the SIR model can be solved exactly for a wide variety of networks. He has also solved cases 

in which times and probabilities are nonuniform and correlated. Gani (1965) considered the 

differential equations for the SIR model with constant population size. He outlined a 

mathematical method for solving the partial differential equation which the associated 

probability generating function satisfies. However, the mathematics involved are so 

complicated, limiting its application to small population sizes of at most three individuals. 

Gart (1968) considered an SI model with constant population size and two types of 

susceptibles having very different infection rates. He derived the exact solution in an implicit 

form and also an approximation to the solution which permits simple estimates of the 

infection rates. 

There have also been efforts to develop numerical methods to approximate the solution of 

the KM models. One approximation approach considers the discrete-time version of the KM 

models. Boquet (2004) used discrete models to qualitatively capture the model dynamics. He 

developed two discrete models based on the Lewis-Glass hypercube projection method 

(Lewis, 1991) and the Laubenbacher-Stigler polynomial interpolation method 
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(Laubenbacher, 2004) to find discrete approximations for the associated KM model. Allen 

and Burgin (2000) analyzed the dynamics of the deterministic and stochastic discrete-time 

SIS and SIR models with constant population size and the SIS model with variable 

population size. They also examined the expected duration of the epidemic numerically. 

Castillo-Chavez and Yakubu (2001) considered the discrete-time SIS model in a population 

with complex chaotic dynamics. They assumed various levels of complexity to examine the 

effect of density-dependent population dynamics on disease dynamics. They considered a 

variable (state-dependent) infection probability in their discrete-time model. 

Even in the absence of uncertainty, traditional numerical methods, such as Euler’s method 

or Runge-Kutta schemes, only approximate the ODE system solution as truncation errors 

from both function approximation and machine arithmetic are present. When there is 

uncertainty in the initial conditions, traditional methods cannot account rigorously for the 

uncertainties. Therefore there have been efforts to find verified (i.e., mathematically and 

computationally guaranteed) solutions of such systems of ODEs. For example, Enszer and 

Stadtherr (2010) considered continuous epidemiological models that are systems of ODEs 

and formulated as initial value problems (IVPs). They used interval methods (also called 

validated or verified methods) to find rigorous bounds on the solution of these systems of 

ODEs. These solutions are particularly applicable to systems that involve uncertainty in 

initial conditions or model parameters. 

Bailey (1957) considered the stochastic version of the SI model and used the Laplace 

transform to find the exact solution. Bailey’s approach is quite similar to our approach with 

some differences. His methodology involved solving a corresponding partial differential 

equation, whereas we deal with the original system of (ordinary differential) forward 

Kolmogorov equations. Also he assumes a deterministic initial condition of one infective 

individual, while we assume a probabilistic initial condition. Another major difference 

between his model and ours is that he assumed a constant contact rate during the course of 

the epidemic. Assuming a state-dependent contact rate in our model results in a more realistic 

model, and along with a mild condition on the contact rates, reduces the complexity of the 
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equations considerably due to absence of repeated roots. Moreover, Bailey provided a 

solution when the total population size (except for the one initial infective individual) is 

even. Severo (1967) gave the solution to a special form of triangular ODE systems and used 

it to find the analytic solution to the stochastic SI and SIR models of Bailey (1957). His work 

is similar to ours in the sense that he considered a general probabilistic initial condition. 

However, similar to Bailey’s work, he assumed a constant contact rate. In some research 

(Ball, 1993; Gleissner, 1988; O'Neill, 1997; Severo, 1969a) special functional forms for the 

infection (and recovery) rate are considered, but general rates are missing. 

Billard et al. (1979), following a different approach, considered the SI model with the 

initial condition of one infective individual. They represented the distribution of the number 

of infectives as a convolution of exponential waiting times to find the analytic solution for 

the SI model with a constant contact rate as opposed to the more general state-dependent 

contact rates considered in our research. 

In the second category of related literature, which consists of nonepidemiologic models, 

there are two streams of literature: birth and death processes (BDPs) and right-shift 

processes, a class of Markov processes with multidimensional finite state space on which the 

infinitesimal transition movement is a shifting of one unit from one coordinate to another 

coordinate to its right (Severo, 1969c). KM models with more than two classes can be 

represented as right-shift processes. 

BDPs have been considered for their applications in various fields such as population 

models (Bartlett, 1960), population genetics (Mode, 1962), epidemic theory (Gart, 1968), 

species interaction processes (Leslie, 1960), and medicine (Birkhead, 1986). There has been 

research on finding the analytic solution to BDPs including the following. Kendall (1948) 

gave the analytic solution to a generalized one-dimensional BDP (1-BDP) as a population 

growth model assuming birth and death rates are known functions of time and state, which is 

not the case for KM models. Kendall replaced the differential equations for the population 

distribution with a partial differential equation for its generating function. Severo (1969c) 

showed how to represent the Kolmogorov forward equations of right-shift processes as a 
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triangular system, which can be solved by the method described in Severo (1969b). Billard 

(1981) gave the analytic solution for a bounded two-dimensional birth and death process (2-

BDP) where the transition rates are time-independent functions of the population state. 

Billard’s approach was based on the combined techniques of Severo (1969b, 1969c), where 

she worked directly with the Chapman-Kolmogorov equations. Parthasarathy and Sudhesh 

(2006) presented a power series expression in closed form for the transient probabilities of a 

state-dependent 1-BDP. They transformed the underlying forward Kolmogorov differential-

difference equations into a set of linear algebraic equations by employing Laplace 

transforms, and then used continued fractions to derive the transient probabilities. Brandwajn 

(1979) developed a seminumerical iterative approach to the solution of the balance equations 

of a finite 2-BDP. His method is seminumerical in that it used the formal knowledge of the 

stationary probability distribution of one variable, and the iteration is applied to the 

conditional probabilities of the second variable given the first one. 

Some of the models in both categories only give approximate solutions to KM models. In 

most of the models that produce the exact solution, the complexity of the mathematics limits 

the application to small population sizes. In addition, some of these models only provide the 

exact solution for special cases, under limiting assumptions, or in an implicit form. Also most 

epidemic models developed in the literature assume a constant contact rate and a 

deterministic initial condition. Furthermore, partial adherence to interventions is usually 

ignored in the current literature. In comparison with the existing literature, our model gives 

the exact solution for the SI model with state-dependent contact rates and with a general 

probabilistic initial condition in an explicit form. We also incorporate different interventions 

considering both full and partial adherence to interventions. 

2.3 Representing the SI-β Model as a CTMC 

We assume that there are no vital rates (i.e. birth and death rates in the population) in the 

time horizon under study. This assumption is valid if, for example, the time horizon is so 
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short that births and deaths could be ignored, which is the case for a highly contagious 

disease. We denote the susceptible and infective population at time  by  and  (or 

simply  and ), respectively, and the total population size by . Because there are no vital 

rates we have a closed population, that is the total population size is constant and we have 

 for all times . 

If we denote the average number of contacts of one individual per unit time by , and the 

probability of disease transmission when a susceptible makes a contact with an infective by 

, then the average number of effective contacts (i.e. contacts sufficient for disease 

transmission) of one individual per unit time would be . If a susceptible makes a 

contact at time , with probability / 1  this contact is with an infective, and 

therefore, / 1 	 gives the average number of effective contacts of one susceptible 

with an infective per unit time at time . Thus the average number of effective contacts of all 

susceptibles with infectives per unit time, or the horizontal incidence (the rate at which 

susceptibles become infected) at time  is / 1 . In the literature of KM 

models, it has become a convention to use  in the denominator instead of 1 because a 

large population size is usually being considered. In this case the horizontal incidence is 

given by 

  (2-1) 

and is known as the standard incidence (Hethcote, 2000). Using the standard incidence in (2-

1) slightly changes the interpretation of , particularly in a small population. More precisely, 

if  is the true effective contact rate, the parameter  should be set to / 1  in a 

small population to be able to use the standard incidence given in (2-1). Note that the factor 

1/  or 1/ 1  can also be absorbed into the definition of the parameter  (e.g. in Bailey 

(1957)). In this chapter, and in Chapter 3, we will use (2-1) to calculate the infection rate to 

be consistent with the convention and for notational simplicity, refer to the parameter  as 

the “effective contact rate”, or the “contact rate”. 

We assume that  is a function of the number of infectives , hence we denote the contact 

rate by  in the rest of this chapter to emphasize its dependence on the number of 
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infectives. Note that a state-dependent contact rate indeed represents the change in the 

susceptibles’ behavior with respect to disease spread. The function  is typically 

nonincreasing in  as a result of a higher level of precaution (e.g., washing hands more 

frequently) when the epidemic is widespread (however, this is not a requirement in our 

model). 

If ,  denotes the state of the system at time , the state space would be 

, ∈ | , 0 , 1,1 , 2,2 ,… , 1, 1 , 0, , 

where  denotes the set of nonnegative integers. The size of the state space is given by 

 | | 1
1

, (2-2) 

where  denotes the number of epidemiological classes; therefore 2 for the SI-β model 

and we have | | 1. Note that formula (2-2) gives the number of ways to sum  non-

negative integer numbers to get the positive integer . For example, in an SI-β model with 

20 individuals, there would be 21 states in  according to formula (2-2). The associated 

stochastic process is a right-shift process in which the only state transition occurs if one 

individual moves from compartment S to compartment I with the following transfer rates 

obtained from (2-1) for the original state , , 

 , 			, 1, 1 			,			 0, (2-3a) 

 , 0		,			otherwise. (2-3b) 

If we define the stochastic process , then  is a pure death process, which is a 

1-BDP. Alternatively, we may define the stochastic process  to obtain a pure 

birth process. The associated CTMC, which we will refer to as CTMC-SI-β, for population 

size  is shown in Figure 2-1. 

 

 

Figure 2‐1: Continuous‐time Markov chain associated with the SI‐β model for population size   
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Note that we have eliminated the state , 0  in CTMC-SI-β, because without any infectives 

there would be no dynamics. 

2.4 Analytic Solution of the SI-β model 

In this section, we derive the Kolmogorov forward equations for CTMC-SI-β. The fact 

that the SI-β model can be represented as a pure death (or pure birth) process results in a 

triangular structure in the linear ODE system obtained from the Kolmogorov forward 

equations. This makes it possible to solve the equations iteratively and find the analytic 

solution for the SI-β model. The details are as follows. 

We refer to state ,  as state . Let 1,2, … , 1  be the set of the 

possible number of infectives before the epidemic ends with the infection of the th 

individual. Let , 1,2, … , , be a row vector denoting the state probability 

distribution, where 0 denotes the probability that CTMC-SI-β is in state  at time  

and ∑ 1 for all 0. The initial probability distribution is 0 0 ,

1,2, … , . Therefore the expected value of the initial number of infectives would be 

0 ∑ 0 . Also let , , 1,2, … ,  be the  transition 

rate matrix so that  denotes the rate at which CTMC-SI-β makes a transition from state 

 into state . Then from (2-3) we have 

 

			,			 1, ,

					,				 ,			 ,

0,																																					 ,

 (2-4) 

for , 1,2, … , . 

We derive the Kolmogorov forward equations for CTMC-SI-β using (2-4). We drop  for 

simplicity of notation. If we denote the  column of  by , then the Kolmogorov forward 

equations can be represented as follows, 

 ⇒ 				,			 1,2, … , . (2-5) 
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Therefore for CTMC-SI-β we obtain from (2-5) the following triangular linear ODE system,  

 
,																																																				

	, 2,3, … , 1,
,																																												

 (2-6) 

where , ∈ , represents the horizontal incidence when there are  

infectives. Note that the right side of the  equations in (2-6) sum to zero, verifying 

 ∑ ∑ 0 1			,			 0. (2-7) 

We find the analytic solution of system (2-6) using the following lemma. 

 

Lemma 2-1: If  is a continuously differentiable real-valued function for 0 which 

satisfies the differential equation 

 ∑ , (2-8) 

(  being a nonnegative integer) with the boundary condition 0  and if ,

1,2, … , , then  

 ∑ ∑ . (2-9) 

 

Proof: 

By taking the derivative of both sides of (2-9) with respect to , we have 

  ∑ ∑ ∑ ∑  

 ∑ ∑ . 

Also  satisfies the boundary condition 0 . Therefore  given by (2-9) is a 

solution of differential equation (2-8), uniqueness of which follows from the uniqueness 

theorem for ODEs.∎ 

 

We give the analytic solution of system (2-6) as the following proposition (see Theorem 1 

in Severo (1967) for a more general case). 
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Proposition 2-1: If , ∈  satisfy 

 ,				 2,3, … , 1, 1,2, … , 1, (2-10) 

then the solution of system (2-6) is 

 

,																																													
∑ 	 , 2,3, … , 1,

1 ∑ ,																																						

 (2-11) 

where 

 

0 	,			 1,																																																								
0 ∑ 	, 2,3, … , 1,															

, , 2,3, … , 1, 1,2, … , 1.
 (2-12) 

 

Proof: 

Applying Lemma 2-1 (with 0 and ) to the first equation in (2-6), 

, implies 0 . Therefore 0  as given by (2-12). Substituting  

in the second equation in (2-6) implies . Condition (2-10) implies 

, 2,3, … , 1, 1,2, … , 1. Therefore  and Lemma 2-1 (with 

1 and ) implies 0 . Therefore 

 and 0 , as given by (2-12). Other coefficients are calculated 

by applying Lemma 2-1 to system (2-6) iteratively in a similar way. The associated 

coefficients for the case 4 are calculated in Subsection 2.4.3.∎ 

 

If 0, ∈ , then there is only one absorbing state in CTMC-SI-β, which is state , 

and all other states are transient, since from (2-11) we have 

 lim → 0			,			 ∈ , (2-13a) 

 lim → 1, (2-13b)  

The analytical solution of the SI-β model as the stochastic mean of CTMC-SI-β is 

 ∑ , (2-14a) 

 ∑ . (2-14b) 
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For any population size , the recursive equations in (2-12) may be used to obtain 

coefficients , which are used in (2-11) to calculate , 1,2, … , . Finally the exact 

solution of the SI-β model can be calculated using (2-14). 

There are two points which should be noted regarding Proposition 2-1. The first is that 

’s are not a function of  as shown in Proposition 2-1. This is due to the fact that there 

are no dynamics if the entire population is already infected. The second is that condition (2-

10) is not practically binding. If condition (2-10) is not satisfied, then the values of the 

nonconforming ’s could be perturbed by some 0 to satisfy condition (2-10). This 

approach to satisfy condition (2-10) is illustrated in Subsection 2.4.3. A special case for 

which we can still find the exact value of , 1,2, … ,  even if condition (2-10) is 

violated is when both sides of (2-10) are equal to zero for some ∈ 2,3, … , 1  and 

∈ 1,2, … , 1 . Note that if condition (2-10) is violated for a pair  and , then we cannot 

calculate  using Proposition 2-1 because the denominator would be equal to zero in 

calculating . Let min | 0 0, 1,2, … ,  which implies 0, ∈

1,2, … , 1 , 0. If condition (2-10) is violated with both sides equal to zero for some 

∈ 2,3, … , 1 , we simply set 0, 0 and calculate other probabilities using 

(2-11). If instead condition (2-10) is violated with both sides equal to zero for some ∈

, 1, … , 1 , we need the following assumption to find the exact value of ,

1,2, … , . 

 

Assumption 2-1: If 0 then 1 0 for ∈ , 1, … , 2 . 

 

Note that this assumption is consistent with the fact that, as we mentioned previously, 

 is typically nonincreasing in  as a result of higher level of precautions among 

individuals when the disease is widespread. Further, the case of 0 indeed represents a 

strong counter measure to contain the epidemic, e.g., quarantine of infectives enforced by 

health care authorities, which reasonably must be also implemented where there are 1 

infectives. For our purposes, the following weaker assumption suffices. 
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Assumption 2-1ʹ: If condition (2-10) is violated with both sides equal to zero for a pair 

∈ , 1, … , 1  and ∈ 1,2, … , 1 , then 0	 for	 some	 	 such	 that	

∈ , 1, … , 1 	where	 max ∈ | 0 0, . 

 

Under Assumption 2-1 (or Assumption 2-1ʹ), it is only possible to have  infectives at any 

0 if there are initially  infectives, that is, event 0  occurs. Therefore in this case 

we set Pr	 0 0 , 0. We do this for all pairs ∈ , 1, … ,

1  and ∈ 1,2, … , 1  which violate condition (2-10) with both sides equal to zero and 

then calculate the other probabilities using (2-11). 

It seems intuitive that if the contact rates are reduced (e.g., due to an intervention), then 

the expected number of infectives at any time 0 should decrease. This turns out to be the 

case as formally stated in Theorem 2-1. First we need the following definitions and the 

subsequent propositions. 

 

Definition 2-1: A state ∈  is an impossible state if 0 for all 0, otherwise the 

state  is a possible state. 

 

Proposition 2-2: State  is an impossible state if and only if, 

(a) 0 0, and 

(b) 0 for some ∈ , 1, … , 1  where max ∈ | 0 0, . 

 

Proof: 

Assume  is an impossible state. Then (a) follows directly from the definition of an 

impossible state. The interinfection time interval when there are  infectives is exponentially 

distributed with rate  (see Subsection 2.4.2). If (b) does not hold then 0, ∈

, 1, … , 1 . Therefore it follows by a simple conditioning process on the state of  

CTMC-SI-β at 0 that 0 for all 0, contradicting the assumption that  is an 

impossible state. Therefore, if  is an impossible state then (b) holds as well. Now assume (a) 
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and (b) hold. It follows from (a) that 0 0. Therefore the only way CTMC-SI-β can 

reach state  is through states , 1, … , 1. But 0 implies 0, and therefore, 

state  is an absorbing state making it impossible to reach state . Therefore 0 for all 

0 and state  is an impossible state.∎ 

 

Proposition 2-3: If  is a possible state, then 0 for all 0. 

 

Proof: 

Since  is a possible state there exists ̅ 0 such that ̅ 0. The interinfection time 

interval when there are  infectives is exponentially distributed with rate  (see Subsection 

2.4.2). Therefore conditioning on the current state of CTMC-SI-β at ̅ we obtain ̿

0 for any ̿ ̅. If 0 0, the proof is complete by setting ̅ 0. Assume 0 0. 

Since  is a possible state, it is not an impossible state by definition and therefore since part 

(a) of Proposition 2-2 holds, part (b) does not hold. Therefore, as in the proof of Proposition 

2-2, it follows by a simple conditioning process on the state of CTMC-SI-β at 0 that 

0 for all 0.∎ 

 

Theorem 2-1: If , , ∈  are two contact rate vectors which satisfy 

 	 , ∈ , (2-15) 

then, 

  for all 0, (2-16) 

where  and  denote the number of infectives at time  with contact rate vectors  

and , respectively, and Pr 0 0 Pr 0 0 , 1,2, … , . 

Furthermore, if (2-15) holds with strict inequality for at least one possible state, then (2-16) 

holds with strict inequality. 
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Proof: 

Condition (2-15) implies , ∈ , where  is the counterpart of  for the contact 

rate vector . Let ∑  and ∑ , where  is the 

counterpart of  for the contact rate vector . We have 

 ∑ ∑ ∑  

 ∑ 1 ∑ ∑ ,  (2-17a) 

 ∑ ∑ ∑  

 ∑ 1 ∑ ∑ .  (2-17b) 

where ∑ ∑ ≡ 0 if 1. Therefore (2-16) is equivalent to 

∑ ∑  for all 0; and if we show 

 , ∈  for all 0, (2-18) 

with strict inequality for at least one ∈  if we have strict inequality in (2-15) for at least 

one possible state, then Theorem 2-1 is proven. First we show (2-18) holds by induction. For 

1, we have 0  and 0 . Since 

0 0  and 0, we have  for all 0. Now we show if (2-

18) holds for ∈ 1,2, … , 2  then it must also hold for 1 by contradiction. Assume 

(2-18) holds for ∈ 1,2, … , 2   but it does not hold for 1. By taking the derivatives 

of  and  with respect to time, from (2-6) we have,  

 0, (2-19a) 

 0. (2-19b) 

Consider the function . Since (2-18) does not hold for 1 by 

assumption, there must be a point 0 such that 0. Let max ∈

0, | 0 . Since 0 0 ∑ 0 , we have 0 0, and 

therefore the set ∈ 0, | 0  is not empty. Since  and  are 

continuous for any 0 and differentiable for any 0,  is continuous on ,  and 

differentiable on , . It then follows from the mean value theorem for derivatives that 
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there must be a time ∈ ,  such that | / 0. By the 

definition of , it follows from the intermediate-value theorem for continuous functions that  

0 for any ∈ , , including . Therefore, 

 , and (2-20a) 

 | | . (2-20b) 

It then follows from (2-19) and (2-20b) that  

 . (2-21) 

But	  since we have assumed (2-18) holds for  and for all 0. Writing 

 and , it then follows from (2-

20a) that . But then from (2-21) it follows that , which is a 

contradiction. Therefore (2-18) holds for 1. 

Now we show that if we have strict inequality in (2-15) for at least one possible state, then 

we have strict inequality in (2-16). Assume condition (2-15) becomes a strict inequality for 

the possible state . Consider the contact rate vector , ∈  with 

, 1,2, … , 1 and , , 1, … , 1 (with the associated 

notation ,  and ). Note that  satisfies condition (2-15) and therefore (2-18) 

holds when  is replaced by . We show that  for all 0 by 

showing (2-18) holds when  is replaced by  with strict inequality for ∈ . 

Note that  is the smallest integer for which condition (2-15) becomes a strict inequality for 

, that is 	 0 (which implies 0) and 	 ,

1,2, … , 1 (note that if 1, we do not have this last relationship). We show 

 for all 0 by contradiction. Assume, as the contradiction hypothesis, that 

 for some 0. Since for contact rate vectors  and  the initial condition and the 

parameters are the same for the first 1 equations of (2-6) and these equations are not 

coupled with the remaining equations, it follows that , 1,2, … , 1 for all 

0. Therefore , 1,2, … , 1 and it follows by the contradiction 

assumption that 0, where the last inequality follows from Proposition 2-3 



 

 

39 

and the assumption that  is a possible state. Since 0, it follows from (2-19) by 

replacing 1 with  and  with  that | | . Consider the 

function 0, where the last inequality follows from (2-18) with 

 replaced by . We have 0 and | 0. For a sufficiently small 

0 we have 0, ∈ , . Consider time ̅ ∈ ,  and the first-

order Taylor expansion of  centered at , i.e., 

 ̅ | ̅ | ̅ ,  

for some ∈ ̅, . It then follows that | 0 and therefore ̅ 0, which is a 

contradiction. Therefore the contradiction hypothesis cannot hold and  for 

all 0. It follows from the definition of  that 	 , ∈ . Therefore 

, ∈  for all 0 according to (2-18) by replacing  with . It then follows 

from (2-17) that , and hence (2-16) holds with strict inequality.∎ 

 

Note that using Proposition 2-2 we know exactly which states are possible. Therefore we 

can determine if (2-16) holds with strict inequality. Theorem 2-1 establishes a general result 

regardless of whether contact rate vectors  and  satisfy condition (2-10). Theorem 2-1 is 

important from a practical point of view since it guarantees that any intervention which 

reduces the contact rate at any stage of disease spread reduces the average number of 

infectives at all times 0. After finding a closed form solution for the number of 

infectives, we derive the probability distribution, mean, and variance of the epidemic 

duration time in the next subsection. 

2.4.1 Epidemic Duration Time 

It is possible to derive the probability distribution of the epidemic duration time, denoted 

by , i.e., the time that elapses before the entire population becomes infective. The 

probability that the entire population is infective at time , ,  corresponds to the 
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probability the entire population has been infected at or before time  (because the number of 

infectives is a nondecreasing function of time). Therefore the cumulative distribution 

function (CDF) of  is given by  with probability density function (PDF) 

 
	 t ∑ , . (2-22) 

The mean and variance of the duration time are then obtained as follows, 

 ∑ , , (2-23) 

 Var 2 ∑ , ∑ , . (2-24) 

Equations (2-23) and (2-24) are valid only if condition (2-10) is met. We could also use 

the definition of a phase-type distribution to find the distribution, mean, and variance of the 

epidemic duration time. Noting that in a CTMC with only one absorbing state, the time until 

absorption (equivalent to the epidemic duration time in the SI-β model) has a phase-type 

distribution, and we have the following observation. 

 

Observation 2-1: In the SI-β model, the epidemic duration time is phase-type distributed 

with parameters 0  and , where  is the subgenerator matrix, that is the 1

1  matrix obtained by eliminating the last row and last column of the transition rate 

matrix . Furthermore the mean and variance of the epidemic duration time, , can be 

calculated as follows,  

 0 , (2-25) 

 Var 2 0 0 , (2-26) 

where 1 represents an 1 1 vector with every element being 1 (O'Cinneide, 1990). 

 

If the epidemic starts with exactly one infective individual, the epidemic duration time 

would be the sum of 1 interinfection time intervals, each of which is exponentially 

distributed with rates , ∈  (see Subsection 2.4.2). Therefore in this case the mean and 

variance of the epidemic duration time are the summations of the means and variances of 

these 1 exponential distributions, respectively. Noting that the distribution of the sum of 
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exponential distributions with different rates is the hypo-exponential distribution, which is a 

special case of phase-type distribution, we have the following observation. 

 

Observation 2-2: In the SI-β model, if 0 1,0, … ,0 , then the epidemic duration time is 

hypo-exponentially distributed with parameters , ∈  (O'Cinneide, 1999). 

 

Our results regarding the epidemic duration time are consistent with the results obtained 

by considering the pure death process  and finding the distribution of the 

population extinction time (for example, see Shoukry (1988)). However, our final equation 

for the distribution of the population extinction time as well as its mean and variance are 

computationally advantageous (especially for large ) because it does not require the 

inversion of the matrix. This computational advantage is attributable to condition (2-10). 

2.4.2 Estimating Contact Rates 

Since the entire population will eventually be infective, the total number of infectives does 

not provide any information about the infection rates, and hence the contact rates. The only 

alternative is to use the interval between the times that infections occur (provided that the 

infection times are observable). When there are ∈  infectives, the time until the next 

infection is exponentially distributed with rate . Therefore, ∆ , the time interval between 

the occurrences of the th and 1 st infections, is a sufficient and unbiased estimate of  

obtained by the maximum likelihood method. As a result, denoting the estimate of  by 

, we have 

 
∆ 				,			 ∈ , (2-27) 

with variance . Noting that 2 ∆  has a chi-square distribution with two degrees of 

freedom, we can construct 100 1 % confidence interval for the estimate in (2-27) as 

follows,  

 
∆

/ ;

∆

/ ;
				,			 ∈ , (2-28) 
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where ;  is the 100 1  percentile of the chi-squared distribution with  degrees of 

freedom. It should be noted that if more data is available from different populations (with the 

same size), e.g., different households with similar size and social behavior, more accurate 

estimates and confidence intervals would be obtained by incorporating the number of 

observations in (2-27) and (2-28). If we have  observations ∆ , 1,2, … , , where ∆  

denotes the time interval between the occurrences of the th and 1 st infections in the th 

household, then we can generalize (2-27) as follows,  

 ∑ ∆ 				,			 ∈ , (2-29) 

with variance . The associated 100 1 % confidence interval for the 

estimate in (2-29) is as follows, 

 
∑ ∆

/ ;

∑ ∆

/ ;
				,			 ∈ . (2-30) 

2.4.3 Numerical Experiment 

In this subsection we present a numerical experiment which includes the four cases shown 

in Table 2-1. We consider a typical household with a population of 4. Assuming 

, 1,2,3, satisfy condition (2-10), probabilities , 1,2,3,4, are calculated using 

(2-11) and (2-12) as follows, 

	 0 ,  

0 0 0 ,  

 

0   

0 0 ,  

1  

 0 0  
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0 0   

0   

0 0 .  

These equations for , 1,2,3,4 are verified by noting that they satisfy equations (2-6) 

for 4. Noting that 4  is not used in the calculations (refer to Proposition 2-1), we 

represent , 1,2,3 as the row vector 1 , 2 , 3  for the different cases in 

Table 2-1. We assume 0 1, 0, 0, 0  for all cases in Table 2-1, i.e., there is one infective 

individual at the beginning of the epidemic. 

Using the above equations for the base case we have, 

. ,  

9 . 9 , 

12 . 14.4 2.4 . , 

1 4 . 5.4 2.4 . . 

 

Table 2‐1: Characteristics of different cases of the numerical experiment 

Different Cases 
Contact rate 

vector ( ) 
Mean of Epidemic 

Duration 

Variance of 
Epidemic 
Duration 

Condition 

(2-10) 
satisfied 

Case 1(base case) 3, 2, 1  2.2778 2.2253 Yes 

Case 2 3.5, 2.5, 1.5  1.6698 1.0952 Yes 

Case 3 3, 0, 0  0.4444 0.1975 No 

Case 4 2, 2, 2  ~1.8333 ~1.1389 No 

 

 

Probabilities , 1,2,3,4 are obtained similarly for Case 2 in which condition (2-10) 

is satisfied. However for Case 3 condition (2-10) is not satisfied. We show in Subsection 
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2.5.3 that this situation is equivalent to isolating infective individuals as soon as there are two 

infectives. To deal with this situation we set 0 and use 3, 0, 0  to obtain the 

probabilities as follows, 

. , 

. 1, 

0, 

0. 

Note that as expected there can never be 3 or 4 infectives in Case 2 as the epidemic ends with 

the second infection. 

Case 4 also does not satisfy condition (2-10). Indeed if the contact rate is constant, that is 

if ∗, 1,2,3, then condition (2-10) is not satisfied. As we mentioned previously, in 

this case we can obtain accurate solutions by perturbing the  values slightly. For the 

contact rate vector in Case 4 with ∗ 2 it suffices to perturb 1  or 3  because the 

nonconforming pair is 1 and 3. However, to maintain the same mean, we perturb 

both 1  and 3  by 0.001 to obtain the perturbed contact rate vector 

2.001, 2, 1.999 . Since  satisfies condition (2-10) we can approximate ,

1,2,3,4 for Case 4. The probabilities , 1,2,3,4 for each case are plotted in Figure 2-2 

as a function of time. 

The probability of being in a transient state (states 1,2,3 for Cases 1, 2, and 4 and state 

1 for Case 3) approaches zero as time passes. The probability of being absorbed by the 

absorbing state (state 4 for Cases 1, 2, and 4 and state 2 for Case 3) approaches 1. 

Because the number of infectives is an absorbing state Markov process, the probability of 

being absorbed corresponds to the CDF of the epidemic duration time. Note that  

monotonically decreases with time from its original value of 1 for all cases. For Cases 1, 2, 

and 4,  and  increase first and then decrease demonstrating that the probability of 

having 2 or 3 infectives is highest in the middle of the epidemic (the exact points at which 

 and  are maximized can be found by setting the derivative of  and  
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equal to zero). For Case 3,  approaches 1 because 2 is an absorbing state while 

 and  are equal to zero for all 0. 

 

 

Figure 2‐2: Probability of having 1, 2, 3, and 4 infectives versus time for the stochastic model for 
different cases of the numerical experiment (              Case 1,            Case 2,               Case 3,              

Case 4) 

 

The stochastic mean of the number of infectives for the base case is calculated using (2-

14a) as follows, 

∑ 4 3 . 3.6 2.4 . .  

The stochastic mean for the other cases is calculated similarly. For example, for Case 3 since 

0 for all 0 we have,  

∑ 2 . .  

To compare the stochastic solution with the deterministic one, we consider three contact 

rate values for the deterministic SI model: the mean, minimum, and maximum of the contact 
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rate vector components used for the stochastic SI-β model. For example, in the base case, the 

mean, minimum, and maximum of the contact rates are 2, 1, and 3, respectively. The number 

of infectives in the deterministic SI model with contact rate  is 

 / 1 	. (2-31) 

where  obtained by solving the associated ODE system,  

 , (2-32a) 

 , (2-32b) 

To obtain the deterministic trajectories in Case 3, we consider the deterministic trajectories 

for which 2. The resultant trajectories for the number of infectives for each case are 

presented in Figure 2-3.  

 

 

Figure 2‐3: Number of infectives versus time for the stochastic and deterministic models for 
different cases of the numerical experiment (           stochastic,            deterministic (mean),          

deterministic (max),      deterministic (min)) 
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As Figure 2-3 shows, in Cases 1, 2, and 4 the number of infectives approaches 4 

(corresponding to the absorbing state 4) as the entire population ultimately becomes 

infective in the SI model. However, in Case 3, the number of infectives approaches 2 since 

2 is the absorbing state. We observe that in all cases, and in particular in Case 3, there is 

a considerable difference between the stochastic and deterministic trajectories suggesting the 

importance of considering stochastic effects in disease spread. The reason for this difference, 

besides nonlinearity of the epidemic process, is that the expected number of infectives in the 

stochastic model is a weighted average of the state probabilities at all times 0 while the 

deterministic model only considers the current state of the system to build the trajectory. 

Comparing Cases 1 and 2, we observe that the stochastic and deterministic trajectories in 

Case 2 lie above the corresponding trajectories in Case 1 due to (component-wise) higher 

contact rates in Case 2 (see Theorem 2-1). In Case 3, the deterministic trajectory 

corresponding to the contact rate of 0, i.e., min 3,0,0 , remains at one because with a zero 

contact rate there are no contacts between individuals. We observe from Case 3 that having a 

zero contact rate at some point of the epidemic progression (e.g., due to implementing 

mandatory quarantine) results in a considerable difference between the stochastic trajectory 

and the deterministic trajectories corresponding to the mean and maximum contact rates. 

Case 4 is interesting because it compares the trajectories obtained from the stochastic and 

deterministic model with (approximately) the same contact rate, ∗ 2. It should be noted 

that the deterministic trajectories (mean, maximum, and minimum) almost overlap since the 

corresponding contact rates are very close. The deterministic trajectory for the number of 

infectives lies above the corresponding stochastic trajectory, which agrees with the results of 

Rahmandad et al. (2008) who showed that epidemiological differential equation models 

overestimate, on average, the disease spread. It is also interesting to compare Cases 1 and 4 

as they have the same mean contact rate of 2. However, the average epidemic duration in 

Case 1, which has a higher contact rate at the beginning of the outbreak, is about 24% longer 

than Case 4. Therefore, even if a stochastic model is used, considering the average contact 
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rate (as in Case 4) instead of a state-dependent contact rate (as in Case 1) might be 

misleading. 

Using (2-22), (2-23), and (2-24), we obtain the PDF, mean, and variance of the epidemic 

duration time, , for the base case. The mean and variance are reported in Table 2-1. The 

PDF is 

9 . 10.8 1.8 . .  

The PDF, mean, and variance of  are obtained similarly for Cases 2 and 4 (with the 

perturbed contact rate vector  in Case 4). Note that the mean of the epidemic duration in 

Case 2 is less than the base case due to higher contact rates, and hence faster disease spread 

for Case 2. To find the distribution of the epidemic duration in Case 3, we cannot use 

equation (22), since the epidemic ends as soon as there are two infectives. In Case 3 the CDF 

of the epidemic duration is given by  with the PDF,  

2.25 . . 

The epidemic duration time in Case 3 is exponentially distributed since the epidemic ends 

with occurrence of the second infection. The distribution  for each case is plotted in 

Figure 2-4. 

It follows from Observation 2-2 that in Cases 1, 2, and 4, the epidemic duration time is 

hypo-exponentially distributed with parameters , 1, 2, 3 for each case. We observe that 

 for Case 2 is more skewed to the left in comparison with the base case due to the 

higher speed of disease spread. 
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Figure 2‐4: Probability distribution of the epidemic duration time for different cases of the numerical 
experiment 

 

2.5 Incorporating Intervention Policies into the Model 

Common interventions for infectious diseases are vaccination, antiviral prophylaxis, 

isolation, and treatment. In this section we incorporate these interventions into the SI-β 

model by relating their effects to the contact rate. We consider different policies for 

implementing each of these interventions. We considered two vaccination policies, three 

antiviral prophylaxis policies, two isolation policies, and three treatment policies, which we 

discuss in details in this subsection. Although we assume that vaccination and antiviral 

prophylaxis become effective at time 0, the model can be adjusted for more general 

cases, e.g., if there is a threshold for the number of infectives to trigger vaccination or 

antiviral prophylaxis. If a specific number of infectives, say , is required to trigger 
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vaccination or antiviral prophylaxis, we  modify  (or ) only for , 1, … , 1 

as described below. 

2.5.1 Vaccination 

We consider two vaccination policies: mass vaccination (policy V1) and targeted 

vaccination (policy V2). In policy V1 the effect of vaccination is modeled by reducing the 

susceptibility of all susceptible individuals, hence reducing the contact rate (more precisely, 

reducing all components of the contact rate vector) depending on the effectiveness of 

vaccine. If vaccine effectiveness is  (on a scale from 0 to 1), then the probability of disease 

transmission when a susceptible makes contact with an infective would be reduced by 100  

percent. Thus all components of the contact rate vector should be multiplied by 1 . For 

example, for the household in Subsection 2.4.3, if we assume all three susceptible individuals 

have been vaccinated with vaccine effectiveness of 0.7, then the modified contact rates 

would be given by 1 0.9, 0.6, 0.3 . 

Under policy V2 only some of the susceptibles are vaccinated. Note that partial adherence 

to vaccination among susceptibles is a special case of policy V2. The model we have 

developed cannot distinguish between individuals. Therefore we assume that interventions 

are perfect in case of targeted interventions so that the involved individuals can be removed 

from the population. Accordingly, we assume that vaccination is perfect in policy V2. 

Consequently contacts between infectives and vaccinated individuals are not effective in the 

sense that the probability of disease transmission as a result of these contacts is zero. We 

refer to contacts with a zero probability of disease transmission as safe contacts. As a result, 

the vaccinated individuals are no longer susceptible, hence a reduction of  in the susceptible 

population. The horizontal incidence when there are  infectives is 

 , 1,2, … ,  (2-33) 

where  denotes the number of vaccinated individuals. Because the vaccine is assumed to be 

perfect, vaccinated individuals will never become infective, hence the number of infectives 

can be at most , i.e. 0, 1, 2, … , . The epidemic ends 
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when there are  infectives because 0. Therefore in this case  is the CDF 

of the epidemic duration time with the PDF 

 
	

. (2-34) 

Assume only one susceptible is vaccinated in the household considered in Subsection 

2.4.3, i.e., 1. For example, assume a targeted vaccination plan in which children under a 

specific age have priority for vaccination and the vaccine is perfect for this target group. Note 

that in this case (2-23) and (2-24) cannot be used to find the mean and variance of the 

epidemic duration time, since the epidemic duration distribution is different from  given 

by (2-22). Instead, Observation 2-1 can be used with the subgenerator matrix  obtained by 

eliminating the last two rows and last two columns of the transition rate matrix . The mean 

and variance of the epidemic duration time, the number of involved individuals, and the 

epidemic size (defined as the final number of infectives) for each intervention policy are 

reported in Table 2-2. 

 

Table 2‐2: Characteristics of different intervention policies 

Policy 
Number of 

involved 
individuals 

Effectiveness 
factor ( ) 

Mean of 
epidemic 
duration 

Variance of 
epidemic 
duration 

Epidemic 
size 

Base case --- --- 2.2778 2.2253 4 

V1, P1, R1 3 0.7 7.5926 24.7257 4 

V2, P2 1 1.0 1.6667 1.4444 3 

P3 3 0.8 0.7 0.6 7.2222 18.8272 4 

L1, R2 2 --- 0.4444 0.1975 2 

L2, R3 1 --- 3.4444 5.1975 4 
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The stochastic trajectories and the epidemic duration PDF associated with each policy are 

presented in Figure 2-5 and Figure 2-6, respectively. The corresponding curves for the base 

case are also presented for comparison.  

 

 

Figure 2‐5: Expected number of infectives versus time for the base case and all intervention policies 
(a: vaccination policies, b: prophylaxis policies, c: isolation policies, d: treatment policies) 
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Figure 2‐6: Probability distribution of the epidemic duration time for the base case and all 
intervention policies (a: vaccination policies, b: prophylaxis policies, c: isolation policies, d: 

treatment policies) 

 

Policy V1 reduces the contact rate between individuals, hence reducing the speed of disease 

spread. This is clearly seen in Figure 2-5a as the trajectory for the number of infectives for 

policy V1 lies below that of the base case. This is also true for policy V2 although policy V2 

reduces the horizontal incidence as reflected in the modified horizontal incidence given by 

(2-33). 
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As Figure 2-6a demonstrates, the PDF for policy V1 is skewed to the right in comparison 

with the base case due to the slower disease spread for policy V1. Implementing policy V1 

increases the mean duration time by about 233%. On the other hand, the PDF for policy V2 

is skewed to the left in comparison with the base case. Implementing policy V2 decreases the 

mean duration by about 27% due to the smaller epidemic size under policy V2. 

2.5.2 Antiviral Prophylaxis 

The effect of antiviral prophylaxis on disease transmission dynamics is very similar to the 

effect of vaccination. The only major difference is with respect to the effectiveness duration 

(i.e., the time during which antiviral or vaccine is effective). For vaccination, the 

effectiveness duration is usually much longer than the epidemic duration. Therefore uniform 

effectiveness for vaccination can be considered, hence we multiply all components of the 

contact rate vector by 1  for mass vaccination. We consider three antiviral prophylaxis 

policies: mass antiviral prophylaxis with a long effectiveness period relative to the epidemic 

duration (policy P1), targeted antiviral prophylaxis with a long effectiveness period relative 

to the epidemic duration (policy P2), and mass antiviral prophylaxis with a short 

effectiveness period relative to the epidemic duration (policy P3). For policy P1 the same 

approach as mass vaccination with an effectiveness factor ∈ 0, 1  is followed. For policy 

P2 the same approach as targeted vaccination is followed provided antiviral prophylaxis is 

almost perfect. 

On the other hand, for policy P3 antiviral prophylaxis effectiveness cannot be assumed to 

be constant through time. A more accurate model for mass prophylaxis is to consider a 

different effectiveness factor  for different disease spread levels (i.e., for different 

number of infectives in the population). In fact, antiviral effectiveness is linked to time 

through the number of infectives . Note that  should decrease with , as antiviral 

effectiveness decreases over time. To obtain the modified contact rates, we multiply the th 

component of the contact rate vector by 1 . As an example, consider the household 

described in Subsection 2.4.3. Assume that the antiviral effectiveness diminishes with time as 
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approximated by effectiveness factors , 1, 2, 3 given by the vector 0.8, 0.7, 0.6 . 

Therefore the modified contact rates are 1 0.6, 0.6, 0.4 .  

Note that in Figure 2-5b and Figure 2-6b the curves for policies P1 and P2 are the same as 

for policies V1 and V2, respectively. This is due to the fact that in policies P1 and P2 a 

relatively long effectiveness period for antiviral prophylaxis is assumed which results in the 

similarity between the effect of antiviral prophylaxis and vaccination. Interestingly, the 

curves for policies P1 and P3 are very close to each other although they have different 

contact rate vectors of 0.9, 0.6, 0.3  and 0.6, 0.6, 0.4  with means of 0.6 and 0.53, 

respectively. This is due to disease spread dynamics when there are one, two, or three 

infectives in the population and suggests that even with a stochastic model using the average 

contact rate could be misleading (note that we obtained this result by comparing Case 1 and 

Case 4 in Table 2-1 as well). Similar to policy P1, implementing policy P3 increases the 

mean duration time about 217%. 

2.5.3 Isolation 

There are several ways to model isolation depending on the definition of isolation and the 

manner in which susceptibles interact with isolated infectives. There are two important 

assumptions which are made for modeling isolation. One is whether susceptibles make 

contact with isolated infectives (e.g., to take care of them) or not (e.g., if isolated infectives 

are physically removed from the population). The second important assumption regarding 

isolation is the effect of isolation on the contact rate. Isolation may result in a reduction in the 

contact rate (e.g., one might avoid making contact with one’s infective roommate) or in an 

increase in the contact rate (e.g., a mother be in greater contact with her infective child). In 

these situations , , 1, … , 1 should be decreased or increased accordingly. 

It is also possible that isolation does not affect the contact rate significantly. For example, if 

the contacts are made “safe” (i.e. if the probability of disease transmission as a result of these 

contacts is zero) by taking the required precautions (e.g. using mask and separating dishes), 

then susceptibles may continue to have contact with the isolated infectives. 
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If susceptibles make no contacts with the isolated infectives, then the isolated individuals 

are essentially removed from the population. For example, if only one of the infectives is 

isolated and if susceptibles make no contacts with the isolated infective, then in calculating 

the infection rate using (2-1) the denominator should be set at 1 to account for the 

change in the population size. This would increase the infection rate, and hence, the speed of 

disease spread. However, in a household, it is quite unlikely that susceptibles have no contact 

with the isolated infectives. As discussed previously, it is possible that susceptibles continue 

to have contact with the isolated infectives. The reality likely falls somewhere between the 

two cases (making no contacts and making safe contacts at the same rate) and highly depends 

on the household and the relationship among the members. For definiteness, we assume 

susceptibles make “safe” contacts with the isolated infectives at the same rate as before. As a 

result, we say an infective individual is isolated if he/she stays at home and contacts between 

susceptibles and the isolated individual are “safe”. Note that this definition of isolation is 

different from the typical definition of isolation which involves physical removal of the 

isolated individual from the infective population. 

We assume that the isolated individual remains in isolation until the end of the time 

horizon under study. We consider two isolation policies: full isolation (policy L1) and partial 

isolation (policy L2). In policy L1 all infective individuals are isolated as soon as there are a 

specific number, , of infectives. In this case 0, , 1, … , 1, and therefore 

the epidemic ends as soon as there are  infectives. In this case Assumption 2-1 is satisfied 

and the same approach described in Proposition 2-1 can be followed to find the state 

probability distribution. For example, for the household described in Subsection 2.4.3, the 

isolation policy of isolating infective individuals as soon as there are 2 infectives (policy 

L1) is equivalent to Case 3 in Table 2-1 (with 3, 0, 0 ). 

In policy L2, which also reflects partial adherence to isolation among infectives, a specific 

number of infectives, say , are isolated as soon as there are a total of  infectives, where 

. In this case the epidemic continues after isolating  infective individuals, but 

because contacts with isolated individuals are made “safe”, there are effectively  
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infectives in the household. Therefore the horizontal incidence when there are  infectives 

is 

 , , 1, … , 1. (2-35) 

As an example, consider the household described in Subsection 2.4.3 and assume that as 

soon as there are 2 infectives, 1 of them is isolated. Therefore  remains 

unchanged but  and  are calculated using (2-35). As Figure 2-6c demonstrates, the PDF 

for policy L1 is more skewed to the left in comparison with the base case since under policy 

L1 the epidemic ends as soon as there are two infectives. On the other hand, the PDF for 

policy L2 is more skewed to the right in comparison with the base case due to the slower 

disease spread for policy L2 which results from isolating one infective as soon as there are 

two infectives. Implementing policy L2 increases the mean duration by about 51%. Note that 

although one infective individual is isolated under policy L2, it does not have a significant 

impact on disease spread, particularly at the beginning and at the end of the epidemic, as the 

trajectories for the number of infectives for the base case and policy L2 are close (see Figure 

2-5c). This is due to the fact that the expected number of infectives in the stochastic model is 

a weighted average of the state probabilities at all times 0 and we know that under policy 

L2 the state probabilities at the beginning and at the end of the epidemic are very close to the 

base case. In fact under policy L2 the largest impact happens at the middle of the epidemic 

when the number of infectives is halved with the second infection. 

2.5.4 Treatment 

We consider three treatment policies: mass treatment (R1), full treatment (R2), and partial 

treatment (R3). Under policy R1 all infectives are treated as soon as they become infective so 

that their infectivity is decreased by an effectiveness factor . In this case, similar to mass 

vaccination, the contact rate vector should be multiplied by 1  to reflect the decrease in 

the probability of disease transmission if a susceptible makes contact with an infective. For 

example, in the household described in Subsection 2.4.3, mass treatment with effectiveness 

factor 0.7 (policy R1) is equivalent to mass vaccination with 0.7 (policy V1). 
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In policies R2 and R3 it is assumed that treated individuals are no longer infective (i.e., 

treatment is almost perfect, that is 1). This situation is equivalent to the removal of 

treated infectives from the infective population, and therefore, has the same effect as 

isolation discussed in previous subsection. Therefore two treatment policies would be to treat 

all infective individuals as soon as there are  infectives (policy R2) and to treat  infectives 

as soon as there are a total of  infectives (policy R3), where . Note that policy 

R3 reflects partial adherence to treatment. For the household described in Subsection 2.4.3 

policy R1 with 2 is equivalent to policy L1 and policy R2 with 1 and 2 is 

equivalent to policy L2. 

As Figure 2-6d demonstrates, the PDF for policy R2 is skewed to the left in comparison 

with the base case since under policy L1 the epidemic ends with the second infection. On the 

other hand, the PDF for policies R1 and R3 is skewed to the right in comparison with the 

base case due to the slower disease spread for these policies. Note that mass treatment with 

an imperfect medication (policy R1) has a larger impact on disease spread than perfectly 

treating one infective when there are two infectives (policy R3). Similar to policy L2, 

although one infective individual is perfectly treated under policy R3, it does not have a 

significant impact on the disease (see Figure 2-5d). Policy R2 is the most successful 

treatment policy since it reduces the epidemic size from four to two. 

It is also possible to consider a “success probability”  for any of the intervention policies. 

Define  as the probability that the implemented intervention policy is effective (with the 

associated effectiveness factor). Therefore 1  is the probability that the implemented 

intervention policy has no effect on the disease dynamics. For example, in case of mass 

vaccination with effectiveness factor , the vaccine would reduce individual susceptibility by 

100  percent with probability  and would not change individual susceptibility with 

probability 1 .  If we denote the number of infectives and susceptibles when the 

implemented intervention policy is effective by  and  and when the implemented 

intervention is not effective (equivalently, in absence of that intervention) by  and , 

then for 1 equations (2-14) are replaced by the following, 
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 1  (2-36a) 

 1 1 .  (2-36b) 

Note that considering each of the policies separately (2-36a) represents a family of 

trajectories for the expected number of infectives which lie between the base case trajectory 

and the trajectory for the considered policy in Figure 2-5. 

2.6 Conclusions and Future Directions 

We considered the SI model for which the contact rate is a function of number of 

infectives during the course of the epidemic. Based on this assumption, we developed the 

corresponding CTMC-based stochastic SI model with state-dependent contact rates, the SI-β 

model. We derived and solved the associated Kolmogorov forward equations under mild 

assumptions on the contact rate vector. We derive closed-form expressions for the state 

probability distribution of the associated Markov chain as a function of time. We use the 

solution to the Kolmogorov equations to find the PDF of the epidemic duration time. We 

propose a maximum likelihood-based method for estimating the contact rate vector when the 

inter-infection time intervals are observable. 

The state-dependent contact rate represents a more realistic model of disease spread. The 

simple form of the model equations makes it possible to model different intervention 

policies. The initial condition in our model is general and probabilistic in comparison to the 

deterministic case often considered in the epidemiological modeling literature. 

Using a numerical experiment we examine the effect of different contact rate vectors on 

disease spread. We compare the effect of ten intervention policies on disease spread. Those 

intervention policies which reduce the epidemic size (policies V2, P2, L1 and R2) are in 

general preferred to those that do not. For those intervention policies which result in the same 

epidemic size of , our numerical results suggest that for a small population, imperfect 

( 0.7) mass interventions (policies V1, P1, P3 and R1) have a larger impact on reducing 

the speed of disease spread than perfect ( 1) targeted interventions (policies L2 and R3). 
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We prove that any intervention policy which affects at least one susceptible or infective 

results in a decrease in the expected number of infectives at all times. While this is quite 

intuitive for interventions which affect the susceptible population, such as vaccination, this is 

an interesting result for interventions which focus on the infective population, such as 

isolation and treatment. In particular, the impacts of vaccination and treatment with the same 

effectiveness factors are the same. 

The similarity between the impacts of two or more intervention policies (e.g., policies V1, 

P1, and R1) does not imply that there is no difference between them in practice. In general 

those interventions which focus on the susceptible population are preferred to those which 

focus on the infective population because prevention is in general preferred to the cure due to 

subsequent inconvenience and possible cost (e.g., lost income) of infection. Furthermore, 

availability and accessibility of different interventions should be considered when deciding 

which intervention policy to implement. Another important decision factor is the cost of 

implementing different intervention policies. Considering both the cost and effect of different 

intervention policies is an interesting direction for future research. Also in the case of a small 

population such as a household, budgetary constraints should be considered as well to 

realistically address the intervention policy selection problem. 

Our method gives the exact solution of the SI-β model with different intervention policies. 

The recursive equations we obtained for the state probability distribution of a pure birth (or 

death) process under the mild condition (2-10) are computationally advantageous over many 

existing algorithms which use higher level computations, such as Laplace transforms (Bailey, 

1957). This advantage is magnified if the population under study is large. In fact, using our 

iterative equations, the state probability distribution for any pure birth (or death) process can 

be either exactly found or closely approximated. 

Our modeling approach has its own limitations. The SI model we considered for analytic 

tractability is appropriate for modeling disease spread dynamics at the beginning of an 

epidemic. Also it requires that the latent period be relatively short. This limits applicability of 

the model to diseases with a short latency period. If the latent period is long, our model 
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overestimates the number of infectives corresponding to the worst case of immediate 

infection of exposure. 

Another limitation of our modeling approach is the assumption of homogeneity of the 

household members. Although part of the heterogeneity is captured through targeted 

interventions (e.g., targeted vaccination of children), the model we have developed cannot 

distinguish between individuals. This is the reason we assume that interventions are perfect 

in case of targeted interventions so that the involved individuals can be removed from the 

population. 

A third limitation of our modeling approach is that we ignore interactions of household 

members with outside individuals. Therefore our model is most useful for diseases which are 

not widespread, such as rubella. Considering interactions between different households is an 

interesting future research direction. To capture such interactions, one idea would be to 

consider an outside infection rate depending on the current number of susceptibles (or 

infectives) in the household. In that case, the transition rates (i.e., the rate of occurrence of a 

new infection) would be higher, resulting in an increase in the epidemic speed. 
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Chapter 3:                                                        

Optimal Intervention Strategies for Stochastic 

Susceptible-Infective Disease Spread Model: A 

Household View 

Abstract 

In this research, we identify optimal intervention strategies in case of an epidemic. We 

consider an affected household (a household with one initial infective member) and model 

the effect of different intervention policies, which involve vaccination, antiviral prophylaxis, 

isolation, and treatment, on disease spread using a variation of Kermack-McKendrick 

models. Both full and partial adherence to interventions are considered. An implementation 

cost is assumed for each intervention policy. We refer to a collection of intervention policies 

as an intervention strategy. A reward is associated with susceptible members who remain 

uninfected. We define the effect of the implemented strategy as the total reward earned by all 

members over the time horizon. We evaluate the cost-effectiveness of strategies and identify 

the most cost-effective intervention strategies. In addition, we incorporate a budgetary 

constraint for the household and find the efficient frontier for the total reward over different 

upper bounds on the household budget allocated for intervention. 

Keywords: susceptible-infective model, intervention strategy, cost-effectiveness analysis, 

efficient frontier 
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3.1 Introduction 

After an outbreak of an infectious disease is detected, interventions are implemented to 

contain the epidemic before it becomes more widespread. Common interventions include 

vaccination, antiviral prophylaxis, isolation, and treatment. Efficient implementation of 

interventions and allocation of limited resources is a critical factor in the success of epidemic 

mitigation policies (WHO, 2009b; HHS, 2007; CDC, 2009d). According to the CDC and 

HHS, development of efficient and effective pandemic mitigation strategies is a complicated 

systems issue that requires immediate attention (CDC, 2009d; HHS, 2007). 

There are limitations associated with the implementation of the interventions. For 

example, even after a new influenza virus subtype is identified, it may take up to six months 

to produce a vaccine in sufficient quantity (Aunins, 2000; Fedson, 2003). Even if the 

emerging virus belongs to a known subtype, available vaccine doses (and antiviral drugs) 

may not be adequate for the entire population. Further, the available budget is an inevitable 

limitation for the government, a household, or an individual, and should be spent on the most 

effective interventions. The IOM recommends that “future modeling efforts incorporate 

broader outcome measures, beyond influenza-related outcomes, to include the costs and 

benefits of intervention strategies” (IOM, 2006). In order to considering both “effectiveness” 

and “cost” of an intervention we perform a “cost-effectiveness” analysis, which is widely 

used for comparing different mitigation policies. In addition, we compare different 

intervention strategies under budgetary constraints to find the optimal level of each 

intervention policy as a synergetic control policy. For a household with one infective 

member, we consider different intervention strategies and identify the most cost-effective for 

the household under study. Furthermore, we consider a budgetary constraint and find the 

intervention strategy which maximizes the reward of the uninfected for all household 

members. 

The remainder of this chapter is organized as follows. In the next section we review the 

literature related to optimizing intervention strategies in case of an epidemic. In Section 3.3, 

we discuss the research questions and our methodology. In Section 3.4, we formulate the 
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problem and develop the cost-effectiveness and optimization models. In Section 3.5, we 

consider a hypothetical household and illustrate the model application through a numerical 

example. In Section 3.6, we conduct sensitivity analysis to examine the robustness of our 

conclusions to changes in key input parameters. We conclude the chapter by summarizing 

our main results and suggesting directions for future research in Section 3.7. 

3.2 Literature Review 

The Kermack-McKendrick (KM) model (Kermack, 1927) was one of the first models 

developed to simulate the number of infectives in case of epidemics of infectious diseases 

such as bubonic plague (London 1665–66, Bombay 1906) and cholera (London 1865). Many 

variations of the original Kermack-McKendrick model have been described, typically using 

names based on acronyms of the involved epidemiological classes (susceptible, exposed, 

infective, and recovered). These models are presented as a system of differential equations 

which describe the dynamics of disease spread in a population by dividing the population 

into different epidemiological classes. Hethcote (1976) investigated a variety of KM models 

including SI, SIS, and SIR variations. 

Researchers typically use KM models in epidemic modeling. In the epidemic modeling 

literature, it is quite common to use simulation-based models to examine the impact of 

different intervention strategies including vaccination, antiviral prophylaxis, isolation, and 

treatment (Barrett, 2009; Chowell, 2004; Das, 2008; Ferguson, 2005; 2006; Flahault, 2006; 

Germann, 2006; Glass, 2006; Haber, 2007; Halloran, 2002; Kelso, 2009; Khazeni, 2009; Lee, 

2010; Lin, 2010; Longini, 2004; Medlock, 2009; Patel, 2005; Sander, 2009; Savachkin, 2011; 

Wallinga, 2009; Wu, 2006). In our previous work (Yarmand, 2010a, 2010b; Yarmand, Ivy, 

Roberts, Bengtson, 2010; Yarmand, Ivy, and Roberts, 2010), we also used a compartmental 

simulation model to analyze the impact of different vaccination and self-isolation policies on 

the spread of H1N1 and find cost-effective mitigation strategies. Our current work has three 

important differences from the previous work. One is that in the current work, we consider 
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treatment and antiviral prophylaxis as control policies and their associated cost in addition to 

vaccination and self-isolation creating a more general framework for cost-effectiveness 

analysis and optimization. The other difference is in the decision makers. In the previous 

work, similar to the majority of the current literature, the decision makers were health care 

officials who make decisions about implementing different intervention strategies for the 

society. The decision makers in the current work are members of a household who choose 

between different intervention strategies. The final difference is that we use an SI model in 

the current work to develop an analytical model compared to the simulation-based SEIR 

model in the previous work. In case of a highly contagious disease which spreads quickly or 

in the beginning of an epidemic when the effects of recovery and death can be ignored, the SI 

model is appropriate for investigating the disease dynamics (Bai, 2007; Zhou, Liu, 2006). 

Furthermore, the SI model has applications in technological communication networks 

(Krause, 2006), broadcasting processes (Gupta, 2000), email system services (e.g., Google 

when membership was only by invitation), and network marketing processes (Kim, 2006). 

Analytic methods have been developed for optimizing intervention strategies. This 

research usually uses simpler forms of KM models, including the SI and SIS models. 

Dynamic programming is a common solution technique in these models. Abakuks (1972, 

1973, 1974) considered the cost of infection, isolation among infectives, and immunization 

of susceptibles in a discrete-time general stochastic epidemic to find optimal isolation and 

immunization polices which result in the minimum expected future cost. Abakuks also 

provided the optimal policy for the deterministic model for each case. Clancy (1999) 

extended the results of Abakuks (1973, 1974) to epidemic models with more general 

infection and removal rate functions and more complicated isolation and immunization costs. 

Clancy provided sufficient conditions on infection and removal rates in order for the optimal 

policies to have the same simple form as the general stochastic epidemic. Blount et al. (1997) 

considered limited resources in a deterministic discrete-time SIS epidemic model with finite 

horizon. They used dynamic programming and nonlinear programming to find the optimal 

control policy which minimized total control and infection costs. Chen (2006) developed a 
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rational choice discrete-time SI epidemic model for sexually transmitted diseases to examine 

the impact of a preventive vaccine on disease prevalence. Chen assigned different utility 

levels to being infected and uninfected in any period and utility costs to vaccination and self-

protection. Chen used dynamic programming to find the optimal decision for a susceptible 

individual which maximized the expected lifetime utility in each period. 

Goldman and Lightwood (2002) considered infection and treatment costs in the SIS 

epidemic model and developed an optimization model to find the treatment policy with the 

minimum present value of the total cost from societal and individual perspectives. They 

concluded that individually rational behavior exhibited lower treatment levels than would be 

optimal from a societal perspective. 

Brandeau et al. (2003) addressed the problem of allocating limited resources in the SI 

model to different independent populations to reduce the average contact rates in order to 

control an epidemic. The objective was to minimize the number of total infections over a 

given time horizon or to maximize the total number of quality adjusted life years (QALYs) 

experienced. They considered a general relationship between the level and cost of control and 

developed theoretical results concerning the structure of optimal resource allocation policies. 

They showed that the objective functions were not necessarily convex or concave in the 

allocation variables and had similar convexity and concavity properties as a function of the 

contact rate. 

There have also been efforts to combine simulation and analytical techniques to 

investigate the effect of different control policies in an epidemic. In particular, network 

theory has been widely used to analyze disease spread and the impact of different 

intervention strategies. Although a variety of interventions have been considered in 

simulation-based network models (e.g., Carrat (2006)), immunization has usually been the 

focus of analytic-based network models (e.g., see Callaway (2000), Cohen (2003), and 

Pastor-Satorras (2002)). Scale-free networks have been used in studying epidemic dynamics 

and the impact of immunization. Zhou et al. (2006) studied the behavior of the SI model on 

scale-free networks in which each node contacted a constant number of neighbors at each 
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time step. They showed that the infected population grew exponentially in the early stage of a 

disease. They also compared their model with the standard network SI model in which every 

infected node contacts all the neighbors once at each time step. They investigated the effect 

of network structure on epidemic behaviors. They incorporated targeted immunization into 

their model and concluded that this strategy was not as efficient as in the standard network SI 

model. They finally investigated a fast spreading strategy in which only local information 

was available. Bai et al. (2007) investigated the effect of immunization in the SI model on 

scale-free networks. They examined random and targeted immunization based on the 

Barabási–Albert networks (Barabási, 1999). They concluded that while random 

immunization had a small effect on disease spread, targeted immunization sharply decreased 

the spread speed even with a small immunization fraction. They also found the analytical 

solution for the time scale of disease spread that was similar to the simulation results for a 

sufficiently small immunization fraction. See Keeling (2005) and Zhou (2006) for more 

details and examples of the application of network theory to the study of epidemic dynamics. 

Most research in epidemic modeling considers a small number of intervention strategies. 

In particular, one important control measure which has been mostly ignored in epidemic 

modeling is “social distancing” and its impact on the spread of an infectious disease. 

Although social distancing and its effect on disease transmission have been studied 

separately (Haber, 2007; Kelso, 2009), social distancing has been ignored as a 

complementary control policy. In addition, while some guidelines and research have focused 

on specific interventions including antiviral prophylaxis and treatment (CDC, 2009c, 2009e), 

vaccination (CDC, 2009a; Khazeni, 2009; Lee, 2010; Pasteur, 2009; Washington State 

Department of Health, 2009), and isolation (CDC, 2009b; Ekici, 2008; Haber, 2007; Kelso, 

2009), those models seeking synergetic strategies by integrating different interventions (e.g., 

Flahault (2006) and Sander (2009)) often compare a limited number of strategies and do not 

perform a comprehensive cost-effectiveness or optimization-based analysis. Also adherence 

to interventions has been usually ignored in the current literature despite its impact on disease 

spread. 
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Furthermore, research which follows an analytic approach for optimizing intervention 

strategies often considers one or at most two types of interventions, e.g., vaccination or 

isolation or both, as in Abakuks (1972, 1973, 1974). Another common practice is to 

aggregate the effects of all intervention policies in a functional form for cost of intervening, 

e.g., reducing contact rate as in Brandeau (2003); but we explicitly model each of the 

intervention policies and consider their associated cost in our analysis. Finally, while the 

decision makers in the current optimization or cost-effectiveness models are public health 

authorities (e.g., in Blount (1997) and Brandeau (2003)) or an individual (e.g., in Chen 

(2006) and Goldman (2002)), the decision makers in our model are members of a household. 

However, the model can be easily extended to larger populations, e.g., a city, as long as the 

population could be assumed to be homogenous. Following an analytic approach to model 

disease spread and different intervention policies, we have incorporated the cost of different 

interventions, social distancing measures, and partial adherence to interventions in our 

model, creating a comprehensive framework for modeling disease spread and optimizing 

intervention strategies. 

3.3 Research Question and Methodology 

We consider a disease and a time horizon for which the SI model can be used to capture 

the dynamics of disease spread. We assume that there are in general four types of 

interventions for the disease: vaccination, antiviral prophylaxis, isolation, and treatment. We 

consider ten different intervention policies (see Section 3.4) with an associated 

implementation cost. We define an intervention strategy as a collection of intervention 

policies (as a synergetic control policy). Note that with this definition, each intervention 

policy is also an intervention strategy. We consider a reward for remaining uninfected per 

unit time for susceptible individuals. We define the effect of an intervention strategy as the 

total earned reward (associated with remaining uninfected) during the time horizon under 

study for all individuals. 
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Since stochastic effects are important in small populations (Bailey, 1957), stochastic 

epidemic models are preferred to deterministic models for such populations as a household. 

Therefore we consider a household with one initial infective member and seek to answer two 

questions: “What are the most cost-effective intervention strategies?” and “What is the 

optimal strategy under a budgetary constraint?” To answer the research questions, first we 

conduct a cost-effectiveness analysis to identify the most cost-effective intervention strategy 

among all feasible strategies. Then we develop an optimization model to find the optimal 

level of each intervention as a synergetic control policy. Finally we conduct a sensitivity 

analysis on key input parameters to examine the impact of changes in these parameters on 

our conclusions. 

In Chapter 2 we found the analytic solution of the stochastic SI model with state-

dependent contact rates. In that chapter, the impact of different intervention policies was 

related to the contact rate for each state. Here we use the same model developed in Chapter 2 

with the addition of the cost of each intervention policy and the reward associated with 

remaining uninfected. We consider both full and partial adherence to interventions among 

individuals which, as in Chapter 2, are represented by different intervention policies. 

3.4 Problem Formulation 

We consider a household of size  and a (relatively short) time horizon, , and assume 

that the vital rates are negligible (due to the relatively short time horizon or the mildness of 

the disease). We denote the susceptible and infective population at time  by  and  

(or simply  and ) and their stochastic mean values by  and , respectively. 

We assume that initially there is 0 1 infective and 0 1 susceptibles in the 

household. We assume individuals develop symptoms as soon as they become infective, 

therefore being infective is observable. Let 1,2, … , 1  be the set of the number of 

possible infectives before the epidemic ends with the infection of the th individual. Because 

there are no vital rates, we have a closed population, i.e., the total population size is constant 



 

 

70 

and we have  for all times ∈ 0, . If we assume the contact rate when 

there are  infectives is equal to  (we refer to the vector , ∈  as the contact 

rate vector), we have an SI model with state-dependent contact rates, which we referred to as 

the SI-β model in Chapter 2 and formulated as a continuous-time Markov chain (CTMC). 

Under mild conditions on contact rates	 , ∈ , a closed-form expression for the expected 

number of infectives as a function of time is given in Proposition 2-1 in Chapter 2. If 

0 without any intervention for some ∈ , then the epidemic ends as soon as there 

are  infectives in the household, which is not an interesting case, therefore we assume 

0, ∈ . The contact rate between household members depends on the disease as 

well as the relationship between members. For example, the average contact rate among 

members of a family is probably higher than the average contact rate among college 

roommates. 

In Chapter 2 we incorporated vaccination, antiviral prophylaxis, isolation, and treatment 

into the model which we referred to by letters V, P, L, and R, respectively. In particular, we 

considered the following intervention policies: 

 Policy V1: mass vaccination with effectiveness factor ∈ 0,1 , 

 Policy V2: targeted vaccination with almost perfect vaccine ( 1), 

 Policy P1: mass antiviral prophylaxis with effectiveness factor ∈ 0,1  and long 

effectiveness period relative to , 

 Policy P2: targeted antiviral prophylaxis with almost perfect antiviral ( 1)  and long 

effectiveness period relative to , 

 Policy P3: mass antiviral prophylaxis with effectiveness factor ∈ 0,1 , ∈  (to 

link antiviral effectiveness to time through the number of infectives ), 

 Policy L1: isolation of all infectives as soon as there are  infectives ( ), 

 Policy L2: isolation of  infectives as soon as there are  infectives ( ), 

 Policy R1: treatment of individuals as soon as they become infective with effectiveness 

factor ∈ 0,1 , 

 Policy R2: treatment of infectives as soon as there are  infectives with almost perfect 

medication ( 1), and 
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 Policy R3: treatment of  infectives as soon as there are  infectives ( ) 

with almost perfect medication ( 1). 

We refer to an intervention as an almost perfect intervention if its effectiveness factor is so 

close to 1 that it can be assumed to be equal to 1. We refer to policies that involve either the 

entire susceptible population (in case of vaccination or prophylaxis) or the entire infective 

population (in case of isolation and treatment) as “mass policies”, i.e., policies V1, P1, P3, 

L1, R1, and R2. Policies V2, P2, L2, and R3 do not involve the entire susceptible or infective 

population and represent partial adherence to the associated intervention. 

Let , 1,2,… ,10, denote the number of individuals who are involved in intervention 

policies V1, V2, P1, P2, P3, L1, L2, R1, R2, and R3, respectively. Also let 0,

1,2, … ,10  denote the associated costs per individual and , 1,2, … ,10 denote the 

associated total cost of each intervention policy. Then  

 			,			 1,2, … ,10. (3-1) 

Let  and  be column vectors of  and  for 1,2, … ,10, which we refer to as the 

“involvement vector” and “cost vector,” respectively. The total cost of a control policy, 

denoted by , , is 

 , ∑ . (3-2) 

The cost vector  can vary by disease. For example, the vaccination cost is much smaller for 

influenza than hepatitis. We note that vector  has sufficient information for implementing 

all 10 considered policies except for policies L2 and R3 for which we need to know the value 

of  and  (note that , , , ). We define a “strategy”, 

denoted by , as the collection of an involvement vector  and values  and  for  and 

, respectively, with the strategy space  as follows, 

 , , ∈  (3-3a) 

given, 

 , , 0	 	 0 , (3-3b) 

 , , , , , (3-3c) 

 , (3-3d) 
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 , (3-3e) 

 , (3-3f) 

 0	 	
1	if		 max , 0																																						

min ,max , 1	if		 max , 0
, (3-3g) 

 0, ∀ , 6,7,9,10, , (3-3h) 

 max , min , , (3-3i) 

 	 0	 	 , (3-3j) 

 	 0	 	 , (3-3k) 

 , (3-3l) 

 . (3-3m) 

Constraint (3-3b) ensures that the number of individuals who are involved in mass policies 

which focus on susceptibles, i.e., V1, P1, and P3, are either zero or 0 1. Constraint 

(3-3c) ensures that targeted intervention policies which focus on the susceptible population, 

i.e., V2 and P2, do not involve the entire population. Also it ensures that interventions are 

terminated after the th individual becomes infective (note that the purpose of interventions 

in the model is to prevent or postpone the infection of the entire population). Constraints (3-

3d-f) represent the relationship between mutually exclusive policies. Constraint (3-3d) 

ensures that each individual is involved in at most one of the policies V2, P2, L1, L2, R1, R2, 

and R3 because we assume that a susceptible individual who receives an almost perfect 

vaccine or antiviral would never become infective, and therefore, would never become 

involved in any of the policies which focus on the infective population. Further, a susceptible 

individual does not need both perfect vaccine and perfect prophylaxis. Note that this 

constraint also ensures that individuals are not involved in targeted policies for susceptibles 

and policies for infectives (note that the epidemic ends with the th infection). Constraint (3-

3e) ensures that a susceptible individual does not receive both perfect and imperfect vaccine. 

Constraint (3-3f) ensures that each susceptible is involved in at most one prophylaxis policy. 

Constraint (3-3g) gives the number of involved individuals in policy R1 which depends on 

the number of individuals who have been isolated or perfectly vaccinated, prophylacted, or 
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treated. Constraints (3-3h-k) ensure that only one of the policies L1, L2, R2, and R3 is 

implemented based on which one has the smallest trigger number. Finally constraints (3-3l) 

and (3-3m) ensure that the isolation policy L2 defined by  and  and the 

treatment policy R3 defined by  and  are feasible. We note that in 

particular the do-nothing strategy, denoted by , with the involvement vector  is a 

feasible strategy.  

With the strategy space defined in (3-3) the cost of strategy , ,  for a given 

cost vector , denoted by , is 

 , . (3-4) 

Note we assume the do-nothing strategy incurs no cost since 0. 

We consider two types of rewards for remaining uninfected for one individual. The first 

type is the reward for continuing normal daily activities for susceptibles and therefore 

depends on how long the individual remains susceptible. We represent this type of reward as 

a daily reward rate. This reward also depends on the number of infectives as the level of a 

susceptible’s normal daily activities may decrease if there are more infectives in the 

household. For example, the susceptibles may have to assume some of the infectives’ daily 

tasks or spend time taking care of them. We assume the daily reward rate associated with the 

first type of the reward is equal to 0 when there are  infectives in the household for 

∈  (with  infectives there are no susceptibles to gain a reward). Reasonably the first type 

of the reward decreases with the number of infectives in a small population such as a 

household as the burden on susceptibles increases with the number of infectives. How sharp 

this decrease is depends on the relationship and dependency among household members 

(e.g., a mother probably spends more time and energy taking care of her sick child than one 

does for a roommate). Therefore we assume that  is nonincreasing in the number of 

infectives, . The reward rate  also depends on the particular disease under study. For 

example, it is reasonable to consider a larger reward rate for a more severe disease. 

The second type of reward accounts for the inconvenience associated with becoming 

infective and the possible income loss if the individual stays at home for a couple of days 
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following infection. This type of reward depends on the final number of susceptibles at the 

end of the time horizon. We assume the reward associated with the second type of the reward 

is equal to 0 per individual. Reasonably the inconvenience caused by an infection 

(which may last several days) is greater than the daily inconvenience caused by having 

infectives within the home. In other words, most individuals would prefer remaining 

uninfected even if it involves taking care of infective members for one day to being infective 

for several days. Therefore we assume , ∈ . 

The expected total reward for the population in interval 0, , denoted by , is  

  

 ∑ ∑  

 ∑ ∑ . (3-5) 

where  is the probability of having  infectives in the household at time . The 

probabilities , 1,2, … ,  are calculated according to Proposition 2-1 in Chapter 2. 

To conduct the cost-effectiveness analysis, we define the effect of an intervention strategy 

 as the total reward obtained in the interval 0,  as a result of implementing strategy . 

We denote the total reward under strategy  by  and calculate it using (3-5). For each 

strategy ∈ \  we calculate the incremental cost effectiveness ratio (ICER) relative to 

the do-nothing strategy, , as follows,  

 / . (3-6) 

We minimize the ICER for all strategies ∈ \  to identify the most cost-effective 

one. Intuitively, any strategy , as an attempt to control the epidemic, should result in a 

larger reward than the do-nothing strategy, that is, the denominator in (3-6) should be strictly 

positive. This is in fact the case, as stated formally in Proposition 3-1. Also the nominator in 

(3-6) is strictly positive since 0, 1,2, … ,10. As a result, the most cost-effective 

strategy is efficiently found as the strategy with the smallest ICER. 

 

Proposition 3-1:  for any ∈ \ . 
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Proof: 

Let  and  denote the probability of having  infectives in the household at time  

under strategies  and , respectively. We have 

 ∑ ∑ ∑ , (3-7a) 

 ∑ ′ ∑ ∑ . (3-7b) 

Since initially there is only one infective in the household (i.e. 0 1) it follows from the 

assumption 0, ∈ , that all states ∈  are possible states (see Definition 2-1 in 

Chapter 2). Since at least one individual is involved in all strategies ∈ \ , each of 

these strategies result in a nonzero decrease in at least one component of the contact rate 

vector (see Section 2.5 in Chapter 2 for details) corresponding to a possible state. It then 

follows from the proof of Theorem 2-1 in Chapter 2 that, 

 ∑ ∑ , 1,2, … , 1 for all 0, (3-8) 

with strict inequality for at least one ∈ . Also it follows from Theorem 2-1 in Chapter 2 

that  for all 0. Since 0 we have 

. Therefore we show  by showing 

 for all 0. It is enough to show ∑ 0 for any 

∈  and any 0. We use induction to show this. For 1 we have from (3-8) that 

 which implies  since 0, ∈  (note that 

 if ). Assume ∑ ∑ . We want to show 

∑ ∑  or equivalently ∑ 0 for 

1,2, … , 2. We have 

 ∑  

 ∑ ∑  (3-9) 

It follows from (3-8) and the fact that 0 that the first term on the right-hand side of 

(3-9) is nonnegative. The second term is also nonnegative by the induction hypothesis 

applied with the “reduced” rewards ∗ , 1, 2, … ,  (note that 0 ∗

∗, 1, 2, … , 1 since  is assumed to be nonincreasing in ).∎  
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We also consider an upper bound  on the total cost of intervention as the budgetary 

constraint of the household. Then we find the strategy ∗ ∈ 	 which maximizes the total 

reward under this constraint by solving the following nonlinear integer program, 

 ∗ argmax ∈ | . (3-10) 

We solve the maximization problem in (3-10) for different values of  to find the efficient 

frontier of the total reward for different upper bounds on the available budget. 

3.5 Implementation and Results 

For the cost-effectiveness model, we calculate ICER for all feasible strategies ∈ . 

Therefore we enumerate all feasible strategies. Optimization model in (3-10) is complicated 

because of its strongly nonlinear objective function and feasible set. Therefore we solve the 

optimization model by enumeration. Our approach is particularly applicable and most 

beneficial for small populations such as a household (Bailey, 1957). Therefore the strategy 

space is not “too large” and enumeration is a reasonable computational method. In addition, 

we derive some structural properties for the cost-effectiveness analysis and optimization 

models. 

The model parameters are the household size , the time horizon , the contact rate vector 

, the effectiveness factors for vaccination ( ), antiviral prophylaxis ( , could be a vector 

of size 1), and treatment ( ), the cost vector , the reward vector ,

0,1,2, … , 1, and the maximum available budget . Parameters depend either on the 

particular household ( , ) or the disease ( , , , , ) or both ( , ). We will assume 

4, the size of a typical household. We consider different values for  to find the 

efficient frontier of the total reward for different upper bounds on the available budget. We 

consider seasonal influenza as the infectious disease under study. The latent period for 

influenza is so short that it has been ignored in many related studies (e.g., Ball (2004), 

Dushoff (2004), and Nichol (2010)). We consider a relatively short time horizon so that 
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ignoring recovery and vital rates remains a valid assumption. We set  7 days which is 

appropriate for influenza with an infectious period of six to eight days (CDC, 2011f). The 

estimates for the value of effectiveness factors ( , , ) and the cost vector  are 

presented in Table 3-1 and Table 3-2, respectively. All costs are expressed in 2012 US 

dollars. 

 

Table 3‐1: Estimates of effectiveness factors 

Parameter Description Value Source 

 Vaccine effectiveness 0.6 (CDC, 2011c) 

 Prophylaxis effectiveness 0.8 (CDC, 2011a) 

 (vector) Prophylaxis effectiveness [0.8, 0.7, 0.6] (CDC, 2011a) 

 Treatment effectiveness 0.68 (Hayden, 2004) 

 

 

Table 3‐2: Cost of different intervention policies 

Policy Description Cost ($/individual) Reference 

V1 Inactivated influenza vaccine 20.50 + 4.92 (Meltzer, 1999; Rea, 2011) 

P1 
Oseltamivir, 75 mg once daily for 7 
days (CDC, 2011a) 

35 + 7.20 + 22.01 
(Lee, 2002; 
PharmacyChecker.com, 2011) 

P3 
Oseltamivir, 75 mg once daily for 3 
days (CDC, 2011a) 

15 + 7.20 + 22.01 
(Lee, 2002; 
PharmacyChecker.com, 2011) 

L1 Lost income for 4.2 days 313.65 (US Census Bureau, 2012a) 

L2 Lost income for 4.2 days 313.65 (US Census Bureau, 2012a) 

R1 
Oseltamivir, 75 mg twice daily for 
5 days (CDC, 2011a) 

50 + 7.20 + 22.01 
(Lee, 2002; 
PharmacyChecker.com, 2011) 

 

 

The cost of vaccine and prophylaxis or treatment with Oseltamivir consists of several 

components. The first component represents the direct cost for the medication plus the 
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administrative cost (for vaccine). The second component represents the expected cost of side-

effects. For prophylaxis and treatment, the third component represents the cost of the 

physician visit because one needs a prescription for Oseltamivir. As discussed previously, the 

average infectious period, and hence the isolation period, for influenza is seven days (CDC, 

2011f). It has been estimated that for influenza an infective individual stays at home for 2.8 

days on average (Lee, 2002). Therefore we have deducted this time from the isolation period 

in calculating the isolation cost. We will find an upper bound on the value of policies V2, P2, 

R2, and R3 using the results of our cost-effectiveness analysis since these policies represent 

perfect medications which, to the best of our knowledge, do not exist for seasonal influenza. 

The contact rate vector depends both on the household (i.e. the relationship between the 

members) and the infectivity of the disease. We assume that in a small population, such as a 

household, the contact rate remains unchanged or decreases with the number of infectives as 

a consequence of higher level of precaution among individuals when there are more 

infectives. We note that rescaling the reward vector (i.e., multiplying the reward vector by a 

positive constant) does not change the most cost-effective and optimal strategies obtained 

from (3-6) and (3-10). As a result, although it is possible to express the reward in terms of 

money, we use a 0 to 1 scale for  and , ∈ . Based on the assumption , ∈  we 

further fix the value of  to 1 without loss of generality. 

For a particular disease, both  and , ∈  are a function of the dependency and 

relationship between the household members: the closer the household members, the higher 

the contact rate, and the larger the decrease in the reward rate when there are more infectives 

(e.g., the difference between  and  would be larger in a household with a closer 

relationship among the members). Accordingly we consider three types of households with 

normal, strong, and week relationships among members with the following contact rate and 

reward vectors (note that the first component of  represents 1): 

 Household with normal relationship (base case): 3, 2, 1 , 1,0.8, 0.6, 0.4  

 Household with strong relationship: 4.5, 3, 1.5 , 1,0.7, 0.4, 0.1  

 Household with week relationship: 1.5, 1, 0.5 , 1,0.9, 0.8, 0.7  
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Note that the percentage decrease in the contact rate with an additional infective, which is 

independent from the level of relationship among the household members, is assumed to be 

the same in all three types of household. We conduct the cost-effectiveness analysis and 

optimization for the case of the normal relationship among the household members. Then we 

examine the other two cases of strong and week relationship among the household members 

as well as some special cases for  and  in the sensitivity analysis. 

3.5.1 Cost-Effectiveness Analysis 

There are a total of 89 feasible strategies (excluding policies V2, P2, R2, and R3) for 

4. We calculate the ICER for each strategy. The top 12 strategies with the minimum 

ICER in case of the normal relationship among the household members are presented in 

Table 3-3. For comparison, we have also included the do-nothing strategy as row 0. 

 

Table 3‐3: Most cost‐effective intervention strategies in ascending order of ICER 

Row V1 P1 P3 L1 L2 R1  Cost Effect ICER 

0 0 0 0 0 0 0 1 0 2.29 --- 

1 0 0 0 1 0 0 1 313.65 19.97 17.74 

2 3 0 3 0 0 0 1 208.89 13.94 17.93 

3 0 0 3 0 0 0 1 132.63 8.31 22.05 

4 3 3 0 0 0 0 1 268.89 14.42 22.18 

5 3 0 0 0 0 0 1 76.26 5.48 23.88 

6 0 3 0 0 0 0 1 192.63 9.37 27.21 

7 3 0 3 0 0 3 1 446.52 17.88 28.64 

8 0 0 3 0 0 3 1 370.26 15.01 29.12 

9 3 0 0 0 0 3 1 313.89 12.01 32.31 

10 3 3 0 0 0 3 1 506.52 17.96 32.32 

11 0 3 0 0 0 3 1 430.26 15.36 32.92 

12 3 0 3 0 1 0 2 522.54 14.63 42.37 
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The most cost-effective strategy is isolation of the first infective. Because there is initially 

one infective individual in the household, this strategy yields the maximum possible reward 

as there would be no more infectives after isolation of the first infective. The next five most 

cost-effective strategies consist of different combinations of vaccination and prophylaxis (of 

three susceptibles for three or five days) as combination of different intervention policies 

(e.g., vaccination and prophylaxis) yields a higher effect compared to a single policy. Note 

that prophylaxis for three days is more cost-effective than vaccination and prophylaxis for 

five days (see rows 3, 5 and 6 of Table 3-3) due to the fact that prophylaxis is more effective 

than vaccination and the effectiveness of prophylaxis deteriorates slowly. Also vaccination is 

more cost-effective than prophylaxis for five days which means that effectiveness of 

prophylaxis does not compensate for its considerably higher cost compared to vaccination. 

We observe that after isolation and different combinations of vaccination and prophylaxis 

in rows 1-6 of Table 3-3, treatment becomes part of the most cost-effective strategies in rows 

7-11 combined with vaccination and/or prophylaxis. This suggests that treatment is not as 

beneficial as isolation, vaccination, and prophylaxis. This inferior performance of treatment 

in comparison with other interventions is due to the relatively large cost and low 

effectiveness of treatment in comparison with other interventions. 

Note that policy L2 is not implemented in the top 11 most cost-effective strategies. This is 

not surprising because if isolation is going to be implemented, it is more cost-effective to 

implement it at the beginning of the epidemic by isolating the first infective to maximize the 

reward. In particular, we observe that the strategy represented in row 12 which involves 

policy L2 is dominated (i.e. incurs a larger cost and a smaller effect) by the strategy of 

isolating the first infective. In fact all strategies which cost more than $313.65 are dominated 

by this strategy since isolation of the first infective yields the maximum possible reward. The 

dominance relationship is easier to visualize in Figure 3-1 where we have placed the top 12 

most cost-effective strategies on the cost-effect plane. The number next to each strategy 

refers to the row in Table 3-3 which represents the associated strategy. In Figure 3-1, the 

ICER of each strategy is equal to the slope of the line joining that strategy to strategy 0. 
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Therefore the smaller the slope of this line, the more cost-effective the associated strategy. In 

particular note that all strategies fall within the angle created by joining strategies 1 and 12 to 

strategy 0. Each strategy dominates the strategies above and to the left of it. For example, 

strategy 11 dominates strategy 12 and is dominated by strategy 1. Note that the do-nothing 

strategy is not dominated by any other strategy. 

 

 

 

Figure 3‐1: Top 12 most cost‐effective strategies on the cost‐effect plane. 

 

If isolation of the first infective is possible, that should be the first strategy to consider and 

it will not be incrementally cost-effective to implement other interventions. The upper bound 

on the cost of isolation of the first infective which guarantees that it is the most cost-effective 

strategy can be found as follows. Let ∗ represent the current most cost-effective strategy 

and  represent the most cost-effective strategy that does not include any of the policies 
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 ∗  

 ⇒			 ∗ ∗ /  (3-11) 

where  represents the effect of the do-nothing strategy. For example, in our numerical 

experiment ∗ , the strategy of isolation of the first infective represented in row 1 of 

Table 3-3. Also , the strategy of vaccination and prophylaxis of the three 

susceptibles for three days represented in row 2 of Table 3-3. It follows from (3-11) that if 

$316.97, or equivalently, if the cost of isolation of the first infective is less than or 

equal to $316.97, then isolation of the first infective is the most cost-effective strategy, 

otherwise vaccination and prophylaxis of three susceptibles for three days is the most cost-

effective strategy. 

Although isolation of the first infective is the most cost-effective strategy, it might not be 

possible to implement this strategy (e.g., if the infective individual is the only person with an 

income in the household). In this case the next most cost-effective strategy, vaccination and 

prophylaxis of the three susceptibles for three days, should be implemented. Furthermore, 

although prophylaxis performs relatively well with respect to cost-effectiveness, it may not 

be available or the household members may prefer not to take antivirals when they are 

healthy. In fact in some guidelines use of antivirals is not recommended for healthy 

individuals (CDC, 2009e). In this case the most cost-effective strategy that does not include 

isolation and prophylaxis is vaccination of three susceptibles, represented in row 5 of Table 

3-3. Therefore if household members wish to avoid isolation and the use of prophylaxis, then 

they should consider vaccination of all susceptibles. In other words, vaccination is more cost-

effective than treatment. This result supports guidelines which give higher priority to 

vaccination than other interventions for controlling seasonal influenza. The above analysis 

identifies the optimal order with respect to cost-effectiveness for implementing different 

strategies. The optimal order is: isolation of the first infective, vaccination and prophylaxis of 

susceptibles, and finally treatment of infectives. 

We can also use inequality (3-11) to obtain upper bounds on the value of perfect 

vaccination, prophylaxis, and treatment. Assuming isolation is available as the most cost-
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effective strategy in absence of perfect medication we set . For perfect vaccination we 

set ∗ , the strategy of perfect vaccination of the three susceptibles which yields the 

maximum possible reward as the vaccinated individuals will never be infected. It then 

follows from (3-15) that if $313.65, or equivalently, if the cost per person of a 

perfect vaccine exceeds $313.65/3 104.55, then isolation of the first infective is more 

cost-effective than perfect vaccination of three susceptibles. Therefore $104.55 can be 

considered as an upper bound on the value of a perfect vaccine (or any vaccine). For perfect 

prophylaxis, we set ∗ , the strategy of perfect prophylaxis of three susceptibles. 

Finally for perfect treatment, we set ∗ , the strategy of perfect treatment of the first 

infective. Similar to strategy , strategies  and  yield the maximum possible reward 

as well. Therefore the same upper bound is obtained using (3-11). In other words, $104.55 

and $313.65 per person are the upper bounds on the value of a perfect prophylaxis and 

treatment  (or any prophylaxis and treatment), respectively. 

3.5.2 Optimization 

The objective of the optimization model in (3-10) is to maximize the effect. The top 12 

strategies in order of descending total reward for the base case are presented in Table 3-4. 

The most effective strategy (i.e. the strategy with the largest total reward) is isolation of the 

first infective which yields the maximum possible reward. The next most effective strategy is 

vaccination of three susceptibles, prophylaxis of three susceptibles for three days, treatment 

of the first infective, and isolation of infectives as soon as there are two infectives which 

yields a slightly lower effect with a considerably larger cost in comparison with the strategy 

of isolation of the first infective. If the household can afford isolation of the first infective, it 

is the optimal strategy. If isolation is not possible, then the most effective strategy which 

does not include isolation is vaccination of three susceptibles, prophylaxis of three 

susceptibles for five days, and treatment of the infectives, as represented in row 8 of Table 

3-4. We observe that the most effective strategies incur a relatively large cost as they include 
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three or even four types of interventions (except for isolation of the first infective) to attain a 

relatively large reward. 

 

Table 3‐4: Most effective intervention strategies in descending order of effect 

Row V1 P1 P3 L1 L2 R1 Cost Effect ICER 

0 0 0 0 0 0 0 1 0 2.29 --- 

1 0 0 0 1 0 0 1 313.65 19.97 17.74 

2 3 0 3 2 0 1 2 915.4 18.14 57.77 

3 3 3 0 0 1 3 2 820.17 18.05 52.06 

4 3 0 3 0 1 3 2 760.17 18.00 48.38 

5 3 3 0 3 0 2 3 1368.26 17.97 87.28 

6 3 3 0 0 2 3 3 1133.82 17.97 72.33 

7 3 3 0 0 1 3 3 820.17 17.97 52.33 

8 3 3 0 0 0 3 1 506.52 17.96 32.32 

9 3 0 3 3 0 2 3 1308.26 17.90 83.84 

10 3 0 3 0 2 3 3 1073.82 17.89 68.84 

11 3 0 3 0 1 3 3 760.17 17.89 48.74 

12 3 0 3 0 0 3 1 446.52 17.88 28.64 

 

 

Now we consider an upper bound, , on the maximum available budget for the household 

and find the strategy which results in the highest total reward under this constraint using (3-

10). We vary  to find the optimal strategy for different levels of . We consider two cases. 

In Case 1, we assume all policies are available. In Case 2, we assume isolation is not 

available. The optimal strategy for different values of  in each case is presented in Table 

3-5. We have not reported the value of  because none of the reported strategies include 

policy L2. Also note that the optimal strategy for $313.65 (corresponding to rows 1 

through 6) is the same in Cases 1 and 2. In Case 1 the maximum possible reward of 19.97 is 

achieved with $313.65 with isolation of the first infective. In Case 2 the maximum possible 

reward is 17.96 which is achieved with $506.52 with vaccination of three susceptibles, 
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prophylaxis of three susceptibles for five days, and treatment of the infectives. We observe 

that in Case 1 for ∈ 76.26, 132.63  the optimal strategy is vaccination of three 

susceptibles. In other words, for lower budget levels, vaccination of susceptibles is the first 

strategy to consider. As  increases, prophylaxis for three and five days and then 

combination of vaccination and prophylaxis become optimal strategies until isolation of the 

first infective becomes affordable for $313.65. Note that treatment is never part of the 

optimal strategy in Case 1 due to its relatively large cost and low effectiveness in comparison 

with isolation, vaccination, and prophylaxis. However, in Case 2, where isolation is not 

available, it becomes a part of the optimal strategy for $370.26 combined with 

vaccination and prophylaxis to yield a higher reward. 

 

Table 3‐5: Optimal strategies for different levels of maximum available budget 

Row V1 P1 P3 L1 L2 R1 Cost Effect ICER  

Case 1:          

1 0 0 0 0 0 0 0 2.29 --- [0,76.26) 

2 3 0 0 0 0 0 76.26 5.48 23.88 [76.26, 132.63) 

3 0 0 3 0 0 0 132.63 8.31 22.05 [132.63, 192.63) 

4 0 3 0 0 0 0 192.63 9.37 27.21 [192.63, 208.89) 

5 3 0 3 0 0 0 208.89 13.94 17.93 [208.89, 268.89) 

6 3 3 0 0 0 0 268.89 14.42 22.18 [268.89,313.65) 

7 0 0 0 1 0 0 313.65 19.97 17.74 [313.65, ∞) 

Case 2:          

6 3 3 0 0 0 0 268.89 14.42 22.18 [268.89, 370.26) 

7 0 0 3 0 0 3 370.26 15.01 29.12 [370.26,430.26) 

8 0 3 0 0 0 3 430.26 15.36 32.92 [430.26,446.52) 

9 3 0 3 0 0 3 446.52 17.88 28.64 [446.52,506.52) 

10 3 3 0 0 0 3 506.52 17.96 32.32 [506.52, ∞) 
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The efficient frontiers of the maximum possible reward for different values of  in Cases 1 

and 2 are presented in Figure 3-2. The efficient frontiers for both cases overlap for 

$313.65. Then the efficient frontier in Case 1 hits the maximum possible reward of 19.97 

when isolation of the first infective becomes affordable for $313.65. However, the 

efficient frontier in Case 2 remains at 14.42 until treatment becomes affordable for 

$370.26. Although the efficient frontier in Case 2 jumps to higher levels with a combination 

of vaccination, prophylaxis, and treatment, it remains below the efficient frontier in Case 1 

with a maximum possible reward of 17.96. 

 

 

 

Figure 3‐2: Efficient frontier of maximum total reward 

 

As Figure 3-2 demonstrates there is a considerable gap between the efficient frontiers of 
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possibly under insured, isolation of the infective member is the best strategy to control the 

epidemic, particularly if the infective member has a negligible daily income. 

3.6 Sensitivity Analysis 

As discussed previously, both the contact and reward rates are a function of the 

dependency and relationship among the household members. Therefore in the first step of the 

sensitivity analysis we examine the impact of the relationship among the members on the 

cost-effectiveness of different strategies. Our purpose is to see if a strong or weak 

relationship among the household members changes the recommendations with respect to 

intervention strategies. 

3.6.1 Household with Strong Relationship 

In this case we consider the contact rate vector 4.5, 3, 1.5  and the reward rate vector 

0.7, 0.4, 0.1 . As discussed earlier these vectors represent a relatively strong 

relationship among the household members. The top 12 strategies with the minimum ICER 

for a household with strong relationship are presented in Table 3-6. For comparison, we have 

also reported the change in the ranking of strategies compared to the base case of normal 

relationship among the household members. Note that the effect of the do-nothing strategy is 

lower in the household with strong relationship among the members in comparison with the 

household with normal relationship due to the faster disease spread as well as the sharper 

decrease in the daily reward rate with more infectives. 

The two most cost-effective strategies are the same for the households with normal and 

strong relationships. However, the third most cost-effective strategy for the household with 

normal relationship, i.e., prophylaxis of susceptibles for three days, is ranked seventh for the 

household with strong relationship. There are two reasons for this reduction in cost-

effectiveness beside the sharper decrease in the reward rate with more infectives. First, the 

impact of the decrease in the prophylaxis effectiveness with the number of infectives is 



 

 

88 

magnified in the household with strong relationship due to greater contact between the 

members. With a strong relationship among the members, strategies obtained by combining 

prophylaxis with vaccination or treatment (represented in rows 2-6 of Table 3-6) are more 

cost-effective than prophylaxis alone. Second, with a strong relationship among the 

members, strategies which involve two or three interventions (among strategies which do not  

 

Table 3‐6: Most cost‐effective intervention strategies (strong relationship among the household 
members) 

Row V1 P1 P3 L1 L2 R1  Rank change Cost Effect ICER

0 0 0 0 0 0 0 1 --- 0 1.05 --- 

1 0 0 0 1 0 0 1 0 313.65 17.85 18.68 

2 3 0 3 0 0 0 1 0 208.89 9.51 24.70 

3 3 3 0 0 0 0 1 + 1 268.89 10.11 29.70 

4 3 0 3 0 0 3 1 + 3 446.52 14.64 32.87 

5 3 3 0 0 0 3 1 + 5 506.52 14.78 36.91 

6 0 0 3 0 0 3 1 + 2 370.26 10.77 38.12 

7 0 0 3 0 0 0 1 - 4 132.63 4.43 39.24 

8 0 3 0 0 0 3 1 + 3 430.26 11.25 42.19 

9 0 3 0 0 0 0 1 - 3 192.63 5.18 46.69 

10 3 0 0 0 0 3 1 - 1 313.89 7.51 48.62 

11 3 0 0 0 0 0 1 - 6 76.26 2.60 49.34 

12 3 0 3 0 1 3 2 + 6 760.17 14.85 55.11 

 

 

include isolation), and in particular more effective ones such as prophylaxis, are in general 

much more effective than those which involve a single intervention. This is due to the more 

frequent contacts among the members as well as the sharper decrease in the reward rate with 

more infectives. For example, the increases in the effect when vaccination is combined with 

prophylaxis for three days (see rows 2 and 11 of Table 3-6) is 265.80%  for the household 

with strong relationship but only 154.18% for the household with a normal relationship (see 
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rows 2 and 5 of Table 3-3). Therefore strategies with a combination of vaccination, 

prophylaxis, and treatment gain cost-effectiveness with a strong relationship among the 

members. As another example, the strategy of vaccination and prophylaxis of susceptibles for 

five days along with treatment of the infectives is ranked tenth for the household with a 

normal relationship but is ranked fifth for the household with strong relationship. The change 

in the ranking of different strategies in Table 3-3 and Table 3-6 can be justified accordingly 

in most cases. The only exception is the strategy of vaccination of susceptibles and treatment 

of infectives which is ranked ninth for the household with normal relationship and is ranked 

tenth for the household with strong relationship. This reduction in cost-effectiveness is due to 

relatively low effectiveness of vaccination and treatment compared to prophylaxis. 

The optimal order for implementing strategies according to cost-effectiveness in the 

household with strong relationship is isolation of the first infective, vaccination and 

prophylaxis of susceptibles, and then treatment, which is the same optimal order for the 

household with normal relationship. 

3.6.2 Household with Weak Relationship 

In this case we consider the contact rate vector 1.5, 1, 0.5  and the reward rate vector 

0.9, 0.8, 0.7 . As discussed earlier these vectors represent a relatively weak relationship 

among the household members. The top 12 strategies with the minimum ICER for the 

household with weak relationship are presented in Table 3-7. For comparison, we have also 

reported the change in the ranking of strategies compared to the base case of normal 

relationship among the household members. Note that the effect of the do-nothing strategy is 

greater in the household with weak relationship among the members in comparison with the 

household with normal relationship as a result of the slower disease spread as well as the 

smaller decrease in the daily reward rate with more infectives. 

The most cost-effective strategy for the household with weak relationship among the 

members is vaccination of susceptibles as opposed to isolation of the first infective for the 

household with normal relationship. The reason is that with a weaker relationship among the 
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members, the speed of disease spread and also the loss of reward with more infectives are 

relatively low, and therefore, it is not cost-effective to invest too much on control strategies 

and implement the highly effective but expensive ones, such as isolation, at a relatively large 

cost. Consequently, cheaper strategies (which might be less effective), such as vaccination, in  

 

Table 3‐7: Most cost‐effective intervention strategies (weak relationship among the household 
members) 

Row V1 P1 P3 L1 L2 R1  Rank change Cost Effect ICER

0 0 0 0 0 0 0 1 --- 0 5.82 --- 

1 3 0 0 0 0 0 1 + 4 76.26 11.46 13.52 

2 0 0 3 0 0 0 1 + 1 132.63 14.89 14.61 

3 3 0 3 0 0 0 1 - 1 208.89 19.00 15.84 

4 0 0 0 1 0 0 1 - 3 313.65 22.09 19.27 

5 0 3 0 0 0 0 1 + 1 192.63 15.63 19.64 

6 3 3 0 0 0 0 1 - 2 268.89 19.20 20.09 

7 3 0 0 0 0 3 1 + 2 313.89 17.66 26.51 

8 0 0 3 0 0 3 1 0 370.26 19.61 26.84 

9 3 0 3 0 0 3 1 - 2 446.52 21.10 29.22 

10 0 3 0 0 0 3 1 +1 430.26 19.74 30.89 

11 3 3 0 0 0 3 1 - 1 506.52 21.12 33.09 

12 0 0 0 0 0 3 1 + 15 237.63 12.90 33.56 

 

 

general gain cost-effectiveness with a weak relationship among the household members. 

Furthermore, with a weak relationship among the members, relatively high effectiveness of 

strategies (e.g., isolation of the first infective) is less important. For example, the effect of 

isolation is 264.08% larger than vaccination in the household with normal relationship (see 

rows 1 and 5 of Table 3-3) but only 92.81% larger than vaccination in the household with 

weak relationship (see rows 1 and 4 of Table 3-7). As another example, the strategy of 

vaccination and prophylaxis of susceptibles for five days is ranked fourth for the household 
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with normal relationship but is ranked sixth for the household with weak relationship as this 

strategy includes the relatively costly policy of prophylaxis for five days in addition to 

vaccination. The change in the ranking of different strategies in Table 3-3 and Table 3-7 can 

be justified accordingly. In general, we observe that strategies which include isolation or a 

combination of vaccination, prophylaxis, and treatment in the household with normal 

relationship lose cost-effectiveness in the household with weak relationship. On the other 

hand, strategies which include a single policy among vaccination, prophylaxis, or treatment 

gain cost-effectiveness. In particular, note the considerable change in the ranking of the 

strategy of treatment of infectives represented in row 12 of Table 3-7. 

The optimal order for implementing strategies according to cost-effectiveness in a 

household with weak relationship is vaccination, prophylaxis of susceptibles, isolation of the 

first infective, and then treatment. Isolation loses its cost-effectiveness and vaccination gains 

cost-effectiveness in the household with weak relationship compared to the household with 

normal relationship. Prophylaxis has a relatively good performance and treatment has a poor 

performance in both types of households. 

3.6.3 More Sensitivity Analysis 

In this subsection we perform additional sensitivity analyses on the contact rate and 

reward vector by considering some special cases of  and . First we consider the special 

case of a constant contact and reward rate. We consider 2, 2, 2 , 1,0.6, 0.6, 0.6 . 

Note that these vectors represent the average contact and reward rate for the household with 

normal relationship. Therefore we refer to this as the “mean-value” case. Similar to Chapter 

2, we use the perturbed contact rate vector 2.001, 2, 1.999  instead of  to be able to 

use Proposition 2-1. The top 12 strategies with the minimum ICER are presented in Table 

3-8. For comparison, we have also reported the change in the strategy ranking compared to 

the base case of normal relationship among the household members. We observe that the 

ranking of strategies and the general pattern in gaining or losing cost-effectiveness in the 

mean-value case compared to the household with normal relationship is similar to the 
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household with weak relationship. For example, we observe that strategies which include a 

single policy of vaccination or prophylaxis gain cost-effectiveness and strategies which 

include effective but costly policies such as prophylaxis for five days and isolation lose cost-

effectiveness. This is due to the fact that with interventions (particularly more effective ones) 

 

Table 3‐8: Most cost‐effective intervention strategies (constant contact and reward rate) 

Row V1 P1 P3 L1 L2 R1  Rank change Cost Effect ICER

0 0 0 0 0 0 0 1 --- 0 2.26 --- 

1 3 0 3 0 0 0 1 + 1 208.89 12.57 20.26 

2 0 0 3 0 0 0 1 + 1 132.63 8.24 22.20 

3 0 0 0 1 0 0 1 - 2 313.65 15.73 23.30 

4 3 0 0 0 0 0 1 + 1 76.26 5.51 23.46 

5 3 3 0 0 0 0 1 - 1 268.89 12.97 25.12 

6 0 3 0 0 0 0 1 0 192.63 9.26 27.52 

7 0 0 3 0 0 3 1 + 1 370.26 13.24 33.72 

8 3 0 0 0 0 3 1 - 1 313.89 11.37 34.49 

9 3 0 3 0 0 3 1 - 2 446.52 14.81 35.59 

10 0 3 0 0 0 3 1 + 1 430.26 13.53 38.21 

11 3 3 0 0 0 3 1 - 1 506.52 14.86 40.20 

12 3 0 3 0 1 0 2 0 522.54 13.10 48.22 

 

 

for the horizon under study the average probability of having one infective is larger than the 

average probability of having three infectives. Therefore, the impact of the change in 1  

and  to some extent dominates the impact of the change in 3  and  (note that 2  and 

 have the same value in the household with normal relationship and the mean value case). 

This suggests that if the change in the contact and reward rates with the number of infectives 

is ignored (i.e., if average values for the contact and reward rates are used), the relationship 

among the household members has been underestimated. Consequently, the 

recommendations regarding the most cost-effective strategies obtained by using such model 
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may not be accurate. As an example, we observed that for the base case, where we consider 

state-dependent contact and reward rates, the optimal order for implementing strategies 

according to cost-effectiveness is isolation, vaccination and prophylaxis, and then treatment. 

But if we instead consider the average value of the contact and reward rates the optimal order 

changes to vaccination and prophylaxis, isolation, and then treatment. This preference of 

vaccination over isolation, obtained by ignoring the change in the individuals’ behavior with 

respect to disease spread, is usually what is observed in promoting control strategies although 

it might not be optimal. 

So far we have considered a linear decrease in the reward rate with the number of 

infectives. Now we consider a sharper decrease in the reward rate when there are two or three 

infectives as the burden on the susceptibles might be relatively large with a higher number of 

infectives. Therefore we consider the same contact rate vector of the base case, i.e. 

3, 2, 1 , but two different reward vectors, 1,0.8, 0.6, 0.1  and 1,0.8, 0.2, 0.1 . Note 

that both of these reward vectors represent a stronger relationship among the household 

members in comparison with the base case. Therefore the properties of the most cost-

effective strategies for a household with strong relationship discussed in Subsection 3.6.1 are 

the same for these two reward vectors. Our numerical results show that the optimal order for 

implementing strategies according to cost-effectiveness with sharper decrease in the reward 

rate represented by the two abovementioned reward vectors remains the same as the base 

case. 

3.7 Conclusions and Future Directions 

We use the stochastic SI model developed in Chapter 2 to model the spread of an 

infectious disease in a household population under different intervention strategies. 

Intervention strategies consist of a combination of ten different intervention policies. 

Intervention policies are based on four interventions, i.e., vaccination, antiviral prophylaxis, 

isolation, and treatment, and include both mass and targeted interventions (which also 
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represented partial adherence to interventions). We calculate the cost of each intervention 

strategy. Also we consider a reward for remaining uninfected for each susceptible individual 

and for each strategy calculate the total reward obtained by all susceptibles in the household 

during the time horizon under study. We then develop a cost-effectiveness model and an 

optimization model to find the most cost-effective intervention strategies and the optimal 

strategy given a budgetary constraint. In the cost-effectiveness model the incremental cost-

effectiveness ratio (ICER) for all strategies with respect to the do-nothing strategy in which 

none of the intervention policies are implemented is calculated. 

To demonstrate the application of the model, we consider seasonal influenza as the 

infectious disease and a household with population 4. We assume one member of the 

household is initially infective and then examine different intervention strategies to control 

the epidemic in the household. We consider a base case with respect to the contact and 

reward rates as well as several other cases for sensitivity analysis, including a household with 

strong relationship among the members and a household with weak relationship among the 

members. We determine an optimal order with respect to cost-effectiveness for implementing 

different strategies. The optimal order for the base case is isolation of the first infective, then 

vaccination and prophylaxis of susceptibles, and then treatment of infectives. The optimal 

order did not change for the household with strong relationship among the members. 

However, the optimal order for the household with weak relationship among the members 

changed to vaccination, prophylaxis of susceptibles, isolation of the first infective, and then 

treatment. Therefore isolation is less cost-effective and vaccination is more cost-effective for 

the household with weak relationship compared to the household with normal relationship. 

Prophylaxis has a relatively good performance while treatment has a poor performance for all 

three types of relationships among household members. 

We also consider the case of average contact and reward rates and compare it to the base 

case. We find that if changes in the contact and reward rates with the number of infectives 

are ignored and average values are used, the relationship among the household members is 

underestimated with respect to recommendations regarding the optimal order of strategies. 
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As a result, vaccination gains cost-effectiveness and isolation loses cost-effectiveness. In 

addition, we consider two cases for the reward vector with a sharp decrease in the reward rate 

when the number of infectives increases from one to two and from two to three. Our results 

show that the optimal order for implementing strategies according to cost-effectiveness with 

these two reward vectors remains the same as the base case, suggesting that the optimal order 

for implementing strategies is robust to decreases in the reward rate when there are more 

infectives. 

We use the cost-effectiveness model to find an upper bound on the value of perfect 

medication. Based on our model’s parameter values, we estimate that a perfect intervention 

which guarantees no susceptibles will be infected has a value of at most $313.65. This also 

serves as an upper bound for any intervention. 

We found the optimal strategy (the one with the largest effect) under household budegtary 

constraint. Our results suggest that for lower budgets where prophylaxis is not affordable, 

vaccination of susceptibles is the optimal strategy. As soon as prophylaxis becomes 

affordable it should be implemented alone or, if affordable, combined with vaccination. 

Finally, if isolation of the first infective is affordable it should be implemented as the most 

effective policy. If isolation of the first infective is not possible, then treatment should be 

added to prophylaxis and possible vaccination to constitute a highly effective strategy. 

If prophylaxis is not available to the household (e.g., an uninsured household), vaccination 

is the only intervention which can be obtained with a reasonable cost, particularly if isolation 

of the first infective is not affordable. Adding the effectiveness and preventive effect of the 

vaccine to this, we believe these are the main reasons for emphasizing vaccination more than 

any other intervention for seasonal influenza. 

According to our results, isolation is one of the most cost-effective policies despite its 

relatively large cost. Note that if isolation is ever to be implemented, it should be 

implemented by isolating the first infective individual to control the epidemic. Also if 

isolation of the first infective is affordable (e.g., if the first infective has a low daily income 
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such as a high school student with no job), then isolation of the first infective is the optimal 

strategy. 

Although our model can be applied to a wide range of infectious diseases to optimize 

implementation of different intervention strategies it has limitations which should be 

considered. Using the SI model imposes some limitations on applicability of our model. For 

our model, the disease under study should have a relatively short latent period. Also the time 

horizon should be sufficiently short so that recovery of infectives as a result of natural 

disease history can be ignored. This short horizon results in an underestimation of the true 

value of vaccination, which causes immunity in the individual for a longer period in 

comparison with prophylaxis. If there is no recovery for the considered disease (e.g., HIV), 

then the time horizon can be extended as long as the probability of death in the considered 

horizon remains small. 

Another limitation of our model is the implicit assumption of homogeneity of household 

members. Although part of the heterogeneity is captured through targeted interventions (e.g., 

targeted vaccination of children), the model we have developed does not distinguish between 

individuals. This is the reason we assume targeted interventions are perfect so that the 

involved individuals can be removed from the susceptible or infective population. 

Finally, we ignore the interaction of the household with outside population (e.g., other 

households). Such interactions affect both disease spread dynamics in the household (by 

infections originating outside the household) and consequences of becoming infective due to 

the probability of transmitting the disease to individuals outside the household. Although 

there has been research studying such interactions among different households (e.g., F. Ball 

(2004)), a thorough analytic analysis which considers all types of interventions is missing. 

Considering epidemiological interactions between different households in the analytical 

framework presented in this research is an interesting direction for future research. 
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Chapter 4:                                                        

Optimal Two-Phase Vaccine Allocation to 

Geographically Different Regions under Uncertainty 

Abstract 

In this research, we consider a decision process in which vaccination is performed in 

two phases to contain the outbreak of an infectious disease. In the first phase, a limited 

number of vaccine doses are allocated to each member of a set of geographical regions; 

in the second phase, additional doses may be allocated to regions in which the disease 

has not been contained. We develop a simulation model to capture the disease dynamics 

in each geographic region for different vaccination levels. We formulate the vaccine 

allocation problem as a two-stage stochastic linear program and show that due to the 

special problem structure it reduces to a linear program with a similar size to that of the 

first stage problem. We construct test cases motivated by vaccine planning in North 

Carolina. We find the optimal vaccine allocation and estimate the value of the stochastic 

solution and the expected value of perfect information. We also propose and test some 

easy to implement heuristics for vaccine allocation. 

Keywords: epidemic control, two-phase vaccine allocation, stochastic linear program, value 

of stochastic solution 

4.1 Introduction 

In case of an infectious disease outbreak, such as an influenza epidemic, one of the most 

effective interventions is vaccinating the susceptible population. In particular, vaccination is 
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shown to be more effective at the beginning of the outbreak (Khazeni, 2009; Yarmand, 

2010a). However, it is not always possible to vaccinate a large population in a short time due 

to an insufficient supply of available vaccine doses or limited capacity (e.g. human and 

physical resources). Also it may not be necessary to vaccinate a large percentage of the 

population. For example, consider seasonal influenza. The CDC monitors flu activity in the 

United States from October through May (CDC, 2011g). In the flu season 2010–11, influenza 

vaccine doses were administered continuously from August 2010 through May 2011 (CDC, 

2011b). While the national vaccine coverage by the end of May among all persons older than 

6 months was estimated at 43%, vaccine coverage was estimated at about 15% by the end of 

September and at about 30% by the end of October (CDC, 2011b) (the situation was similar 

for flu season 2009–10). This vaccine distribution raises two questions: “what would have 

happened if the 15% of the population who were vaccinated during October were vaccinated 

during August or September instead?” and “was the 43% coverage really necessary to 

contain the epidemic, in particular if there had been greater coverage in August or 

September?” The answer to the first question might result in a considerably lower attack rate 

(defined as the percentage of the population who becomes infective during the flu season) 

(Khazeni, 2009; Yarmand, 2010a) due to herd immunity and a higher chance of disease 

containment. The answer to the second question may reduce the cost of vaccine production 

and distribution. These types of questions suggest that there may be value in exploring a new 

vaccination policy: a vaccination policy which involves two or more phases of vaccination 

where the first phase occurs at the beginning of the epidemic (to have the maximum effect) 

and the vaccination level in the subsequent phase(s) depends on the outcome of vaccination 

in the previous phase(s). This policy, which we refer to as the multi-phase vaccination policy, 

requires the establishment of mass vaccination clinics at each phase of vaccination. In fact by 

implementing this type of policy vaccination efforts are focused in certain periods of time, 

i.e. phases, rather than being continuous. Under such a policy one critical question is “how 

many vaccine doses should be administered in each phase?” 
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Vaccine stockpiles are usually centralized and controlled by a national or state level 

organization. This organization then allocates vaccine doses to different regions under its 

jurisdiction. For example, during the 2009–2010 H1N1 pandemic, vaccine doses were 

delivered to state health departments, where they were distributed to county health 

departments. Under a multi-phase vaccination policy the lead organization would need to 

decide how many vaccine doses to allocate to each region in each phase. The problem in the 

first stage is challenging because of uncertainty about the epidemic dynamics. For example, 

the disease may progress, or die out in some regions with a limited vaccination, or even 

without any vaccination. 

To understand variation in the portion of the population that gets infected, consider an 

epidemiological model in which the population can be categorized at each time into four 

epidemiological classes: susceptible, exposed, infective, and recovered. See Hethcote (2000) 

and Li (1999) for a detailed discussion of this model. The susceptible class contains those 

individuals who do not have immunity to the disease and can become infected. When there is 

adequate contact between a susceptible and an infective, transmission occurs, and the 

susceptible enters the exposed class (i.e. those in the latent period, who are infected but not 

yet infectious). After the latent period, the individual enters the infective class (i.e. those who 

are infectious in the sense that they are capable of transmitting the disease). When the 

infectious period ends, the individual enters the recovered class consisting of those with 

immunity (in the horizon under study). Figure 4-1 illustrates the movement of one individual 

between different classes. 

 

 

 

Figure 4‐1: Movement of one individual between different classes in an SEIR model 
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Assume that the population size is small, say 3, for simplicity. If we model the spread of 

the infectious disease as a continuous-time Markov chain in which the state is a four-

component vector representing the number of individuals in each of the four classes S, E, I 

and R, then we have 20 states, as labeled in the transfer diagram in Figure 4-2. Each circle 

refers to one state and the four digit number in each state refers to the number of susceptible, 

exposed, infective, and recovered individuals in that state, respectively. Arrows represent the 

possible transitions between the states of the Markov chain. 

 

 

Figure 4‐2: Transfer diagram for the SEIR model for population size  3 

 

An outbreak may begin in any of the initial states 2, 5, or 11 and may end in any of the 

final states 4, 10, and 20. As a result, it is quite possible that the disease dies out before 

everyone in the population gets infected (this situation corresponds to states 4 and 10). 

Noting that vaccination merely reduces the number of susceptible individuals, it is clear that 

the disease may die out before everyone gets infected with limited vaccination or even 

without any vaccination. In fact, it is possible to estimate the probability that the disease dies 

out before a specific number of individuals get infected. This probability depends on the size  
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of the susceptible population, the contact rate between individuals, and disease parameters 

such as the infectious period. We have developed a disease spread simulation model based on 

the stochastic SEIR model to estimate the probability of disease containment in a specific 

region as a function of the vaccination coverage. Considering these probabilities led us to 

formulate the problem of allocating vaccine doses to different regions in different phases of 

vaccination as a stochastic resource allocation problem. 

In this research, we consider seasonal influenza in geographically different regions, such 

as different counties of a specific state. We present numerical results based on the 100 

counties of the state of North Carolina. We examine the two-phase vaccination policy for a 

variety of model input parameters. We assume that health care officials have decided to have 

vaccination in different regions in two distinct time periods referred to as Phase-I and Phase-

II. We assume the total number of available vaccine doses in each phase is limited. We use a 

stochastic programming (SP) model to answer two questions: “how many vaccine doses 

should be allocated to each region in each phase?” and “what is the associated value of the 

stochastic solution (VSS) and the expected value of perfect information (EVPI)?” The 

answers to these questions will inform planning for vaccine allocation and provide an 

estimate of the value of accurate information regarding the progression of the epidemic. We 

also propose heuristics for vaccine allocation based on our numerical results.  

As a function of the probability that the disease is contained in Phase-I in each region 

(estimated from the disease spread model), we formulate a two-stage stochastic linear 

program (2-SLP). The Phase-I vaccine allocation to different regions is determined in the 

first stage while the second stage determines Phase-II vaccine allocation for these regions 

according to the disease containment realized in each region during Phase-I, providing 

flexibility in the Phase-II vaccine allocation. We use the special problem structure to reduce 

the 2-SLP to a linear program (LP) with a similar size to that of the first stage problem 

enabling the efficient solutions for the optimal allocation. We also estimate the VSS and 

EVPI for three different instances. 



 

 

102 

The remainder of this chapter is organized as follows. In Section 4.2 we present a review 

of relevant research. In Section 4.3 we present the problem definition along with the model 

assumptions and the formulation of the 2-SLP. In Section 4.4 we discuss the solution 

methodology for the 2-SLP. In Section 4.5 we present numerical results. Finally in Section 

4.6, we conclude this chapter with summarizing the main findings and suggesting directions 

for future research. 

4.2 Literature Review 

In this section we provide a literature review on the application of optimization methods 

to vaccine allocation. It is quite common to use the dynamical systems (DS) approach to 

model the spread of infectious diseases. In this approach, disease spread is modeled using a 

system of differential equations. Hethcote (2000) reviewed these models. One of the 

disadvantages of these models, which typically assume homogeneity of the population, is that 

they over-estimate disease spread in many cases (Rahmandad, 2008). One reason for this 

over-estimation is that these models ignore the possibility that the disease may die out earlier 

than these models anticipate. For example, in Figure 4-2 we see that the outbreak may end in 

either state 4 or 10. But in some situations, the associated DS model would predict a larger 

epidemic size, which might correspond to state 20. This potential for over-estimation by DS 

models motivates our SP model to estimate the optimal vaccine doses required to contain the 

disease with a desired probability. 

Stochastic resource allocation models have applications in many fields including 

communication technology (Heikkinen, 2004; Li, 2009), project scheduling (Klerides, 2010), 

transportation and logistics (Powell, 2003), and supply chain management (Dongsheng, 

2007). In the context of disease control, a number of stochastic resource allocation models 

have been developed to determine optimal vaccination strategies. Becker and Starczak (1997) 

studied vaccination policies in a stochastic SIR model when the population has been divided 

into a community of households. They derived a closed form equation for the post-
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vaccination reproduction number, ∗ (first introduced by Ball et al. (1997)). Also they 

considered the constraint ∗ 1 and formulate and numerically solve a linear program to 

find the minimum vaccination coverage required to ensure the disease will die out. 

Tanner et al. (2008) presented an SP framework for finding the optimal vaccination policy 

for controlling infectious disease epidemics under parameter uncertainty. They initially 

presented a model to find the vaccination policy with the minimum cost under a chance 

constraint. The chance-constraint requires ∗ 1 , where  is a predetermined 

parameter. They also presented the problem formulation for two additional cases: (a) finding 

the optimal vaccination policy when vaccine supply is limited and (b) a cost–benefit 

scenario. They extended the linear programming formulation of Becker and Starczak (1997) 

to this SP framework. Through a numerical example they showed that including parameter 

uncertainty has a large impact on the optimal allocation strategy. 

Drawing upon the earlier work of Ball et al. (1997), Ball and Lyne (2002) considered the 

case of an all-or-nothing vaccine (i.e. a person is either completely immune following 

vaccination or the vaccine is completely ineffective). They showed that if the sequence  

is convex, where  is the mean size of a local outbreak within a household of size , then 

the optimal solution to the linear programming problem formulation of Becker and Starczak 

(1997) can be characterized explicitly. Ball et al. (2004) used the model described by Ball 

and Lyne (2002) to determine the optimal allocation of vaccines. They showed that only in 

certain special cases, such as proportionate mixing, can the optimal vaccination strategy be 

explicitly characterized. 

Finally Hill and Longini (2003) used a general framework that could apply to several 

epidemic situations including incorporation of latent periods (SEIR model), diseases with 

permanent immunity (SIR model), or no immunity (SIS model) with and without vital 

dynamics. They developed a method to derive optimal vaccination strategies for populations 

divided into heterogeneous subgroups. They analyzed the application of their model for 

populations with two subgroups and proportionate mixing. 
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We note that all of these models have considered only one phase of vaccination as 

opposed to two phases in our model. Only a few of these models (e.g., Tanner et al. (2008)) 

have considered the vaccination cost in their analysis while our objective is to minimize the 

cost of vaccination in both vaccination phases. In addition, most of these models have 

considered uncertainty only in the disease parameters, while we have considered uncertainty 

in the outcome of Phase-I vaccination in the sense of containing the outbreak which reflects 

the stochastic nature of the problem. 

4.3 Problem Definition and Assumptions 

We assume that there are  regions to be vaccinated in an attempt to contain the disease. 

Let 1,2, … ,  denote the set of indices of different regions. Without loss of generality 

we rank the  regions according to their population so that region 's population is greater 

than or equal to region 's population, if . Denote the population of region ∈  by . 

We obtained the population data of 100 counties of North Carolina from the 2010 US Census 

(US Census Bureau, 2012b). We say that the disease is contained in region ∈  if the 

disease attack rate in region  is not greater than a predetermined threshold denoted by  

(attack rate threshold). For example, for 40% in the epidemic depicted in Figure 4-2, 

the disease is contained if the epidemic ends in state 4 with a total number of infectives less 

than 3 0.4 1.2. The attack rate for seasonal influenza ranges from 5% to 15% 

(Homeland Security, 2011; WHO, 2009a). Therefore  could range from 5% to 15% as 

well. In fact  determines the tolerance regarding the attack rate and can be used as an 

implicit constraint to control the attack rate. We show later that smaller values for  result 

in considerably higher total cost (see Section 4.5). 

Mass vaccination occurs in two phases. Phase-I occurs prior to the start of the epidemic 

while Phase-II occurs at a later time during the middle of the epidemic after an observation 

period, e.g., three months after Phase-I. The flu season in North Carolina is October through 

May (North Carolina Public Health, 2012). Therefore, we assume Phase-I occurs in 
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September (before the flu season begins in October) and Phase-II occurs in early December. 

Note that this two-phase model is a special case of a more general multi-phase model. This is 

a reasonable example as it is unlikely such allocation decisions would be made on a frequent 

basis. Furthermore, evaluating the two-phase model provides a conservative estimate of the 

benefits of a more general multi-phase model. 

We suppose that a total of  and  doses of vaccine will be made available in Phase-I 

and Phase-II, respectively. For seasonal influenza, vaccine production begins at least 6 

months before the epidemic (Gerdil, 2003), and therefore both  and  are known at the 

time the epidemic begins. We will compare our proposed two-phase vaccination policy to the 

current continuous vaccination policy so we estimate  and  from the current vaccine 

distribution data. As mentioned previously, distribution of vaccine doses begins in August. 

We let  be the total vaccine doses distributed from August through October. For the current 

flu season (2011–2012), a total of 124.9 million doses were distributed nationwide by the end 

of October (CDC, 2012b). Assuming vaccine doses were distributed among different states in 

proportion to their population, North Carolina (with a total population of 9,535,483 (US 

Census Bureau, 2012b)) had a share of 3,857,486 doses. Using estimates of 

vaccination coverage in previous flu seasons, it is possible to estimate the maximum demand 

for the current flu season in case that the epidemic was not contained in any of the regions 

after Phase-I vaccination. This estimate, along with the value of , are used to calculate the 

additional vaccine doses which should be made available in Phase-II, . If the vaccination 

coverage in previous flu seasons has been , we let ∑ . For North Carolina, 

0.45 (CDC, 2010, 2011d) and therefore 433,482 doses. 

We denote the number of vaccine doses to be allocated to region ∈  in Phase-I by  

and in Phase-II by  as the first and second stage decision variables, respectively. In the SP 

model we assume  and , ∈ , are nonnegative continuous variables due to their large 

value. We assume that all vaccine doses allocated to different regions in Phase-I and II are 

administered. This is a reasonable assumption because the total vaccination coverage in 
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Phase-I and II is assumed to be at most equal to the vaccination coverage observed in 

previous flu seasons. 

Our model captures important properties of vaccination phases for diseases such as the 

seasonal influenza. First, by accumulating the number of vaccine doses administered during 

the first couple of months (e.g., August through October) into Phase-I and administering the 

doses in September, the chance of containing the epidemic increases and the attack rate 

decreases due to earlier vaccination. Second, it is possible that the epidemic be contained as a 

result of Phase-I vaccination in some regions. Therefore no further vaccination would be 

necessary in Phase-II in these regions saving vaccine doses for regions which need Phase-II 

vaccination (or even for other states) potentially reducing vaccine production and distribution 

costs. Furthermore, in Phase-I, which occurs before the start of the flu season, available 

vaccine doses may be insufficient for a large portion of the population, creating a need for 

Phase-II vaccination. 

For a specific value of , we denote the probability of disease containment in region 

∈  with Phase-I vaccination coverage  by . The function ∙  represents the 

cumulative distribution function (CDF) of the vaccination coverage required in Phase-I to 

contain the disease in region ∈ . We define  as the associated binary random variable 

whose value is 0 if the disease is contained in region ∈  as a result of Phase-I vaccination 

(with probability 	 ) and 1 if the disease is not contained in region  (with probability 

1 	 ). Because we allow for importation of infectives from other regions in the disease 

spread model for estimating ∙ , ∈  (see Subsection 4.3.2) we have that , ∈  are 

independent. 

We assign a minimum number of vaccine doses to each region in Phase-I, because the 

attack rate will be relatively high with no vaccination in the early stages of the epidemic. We 

assume health care officials assign a pre-determined minimum allocation for each region. We 

denote the minimum number of vaccine doses allocated to region ∈  in Phase-I by . We 

assume that ∑ . Further, we assume that , ∈  are proportional to the 

population of different regions. This assumption is consistent with the need for equity and the 
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demand for vaccination. Therefore the minimum vaccination coverage (in percentage) in all 

regions will be the same. Let  denote the minimum vaccination coverage in Phase-I in all 

regions (we will consider  a decision variable). Therefore we have , ∈ . As a 

result, the probability of disease containment for a specific  in region ∈  will be at 

least 	 . Conservatively, we assume that the disease will be contained in region ∈  in 

Phase-I with probability 	  even if more than  vaccine doses are allocated to regions  

in Phase-I. This assumption is exploited in the SP model to keep linearity of the model. 

If the disease is not contained in Phase-I in region ∈ , then Phase-II vaccination will 

be implemented and further vaccine doses will be allocated to region  until a total number of 

 vaccine doses are allocated to region  in Phase-I and Phase-II (note that this implies 

, ∈ ). A reasonable value for  can be obtained based on the vaccination 

coverage in previous flu seasons, . A reasonable value for  is 100 % of the population 

of region , that is, , ∈ , which represents the maximum demand for vaccine 

doses in region . 

 We assume that ∑  to have feasibility if the epidemic continues to spread 

after Phase-I in all  regions. Note that if ∑ , the problem decomposes into 

subproblems for each region ∈  and the optimal allocation is obtained by solving the 

associated  simpler subproblems. However, we have estimated  and , ∈  such that 

∑ . 

We assume administering one dose of vaccine in region ∈  incurs a cost of  in 

Phase-I and  in Phase-II. We considered the per-dose vaccine cost for CDC for , ∈  

available in CDC (2012a). There are several types of vaccines for seasonal influenza. Prices 

range from $7.48 to $15.70 with an average of about $10 (CDC, 2012a). Note that if for 

some region  we have , it is optimal to allocate only the minimum vaccine doses, , 

to region  in Phase-I. Therefore we are interested in finding the optimal allocation of vaccine 

doses among regions  under the assumption that . This is a reasonable assumption for 

seasonal diseases, such as seasonal influenza, because providing additional vaccine doses in 

Phase-II may be more costly than Phase-I for two main reasons. First, there are several 
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overhead costs such as shipment, storage, and reestablishment of mass vaccination clinics 

associated with Phase-II. Second, the additional vaccine doses might have to be outsourced, 

which usually incurs a higher cost. Therefore we assume 1 , ∈ , where 0 

represents the possible increase in vaccination cost from Phase-I to Phase-II. Another 

consideration is that the per-dose vaccination cost is potentially higher in smaller regions due 

to overhead costs and possibly limited administrative capacity. Therefore we assume 

, ∈  is nonincreasing with respect to the population of a region, or equivalently, in 

index . Note that this assumption is not restrictive, since we can always reorder the regions 

so that  implies . We will exploit this structural property to speed computational 

efforts by efficiently finding the optimal first stage solution for a given scenario. 

A summary of the model parameters and variables, along with the parameter values, is 

presented in Table 4-1. The estimates are based on the 100 counties of the state of North 

Carolina. Note that the values for  and  in the base case satisfy the following 

assumptions, 

	 ∑ ,	 (4-1a) 

	 ∑ .	 (4-1b) 

4.3.1 Stochastic Programming Model 

The problem is formulated as a 2-SLP with the objective of minimizing the total Phase-I 

and expected Phase-II cost subject to constraints on the Phase-I and Phase-II vaccination 

coverage imposed by a specific level of , as follows: 

 min 	∑  (4-2a) 

  s. t. 

  ∑   (4-2b) 

 			,			 ∈ 	 (4-2c)	

where , ∈  represents the vector of first stage decision variables and 

 ,  (4-3) 
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Table 4‐1: Optimization model parameters and variables for a case study motivated by vaccine 
allocation decisions in North Carolina 

Parameter 
or Variable 

Description 
Base Case Value 

of Parameters 

 Number of vaccine doses allocated to region  in Phase-I Decision variable 

 Number of vaccine doses allocated to region  in Phase-II Decision variable 

  Minimum vaccination coverage in all regions in Phase-I Decision variable 

  Attack rate threshold used to define the disease containment Varies (5 to 15%) 

 
Vaccination coverage in previous flu seasons (in North 
Carolina) 

0.45 (CDC, 2010, 
2011d) 

 
Bernoulli random variable (1 or 0 if the disease is not/is 
contained in region  in Phase-I) 

Random variable 

  Population of region  
Census 2010 values 
(US Census 
Bureau, 2012b) 

 
Lower bound on vaccine doses administered in region  in 
Phase-I 

  

 
Lower bound on vaccine doses administered in region  in 
Phase-II 

  

 
Percentage increase in vaccination cost from Phase-I to 
Phase-II 

Varies (0 to 60%) 

  Per-dose vaccination cost in region  in Phase-I $10 (CDC, 2012a) 

  Per-dose vaccination cost in region  in Phase-II 1   

  Total number of vaccine doses made available in Phase-I 3,857,486  

  Total number of vaccine doses made available in Phase-II 433,482  

  Number of regions (counties of North Carolina) 100  

 

 

where  , ∈  represents the vector of  Bernoulli random variables , ∈  with 

finite support , ∈ | 0	 	1  and scenarios indexed by , and 

 , min∑  (4-4a) 

 s. t. 
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 ∑ ∑  (4-4b) 

 			,			 ∈ 	 (4-4c) 

	 0			,			 ∈ 	 (4-4d) 

where , ∈  represents the vector of second stage decision variables 

associated with scenario . Constraints (4-2b) and (4-4b) represent the limits on the vaccine 

doses available in Phase-I and Phase-II, respectively. Constraints (4-2c) and (4-4c) provide 

lower bounds on the number of vaccine doses administered in region  in Phase-I and Phase-

II, respectively. Constraint (4-4c) is redundant if 0 (i.e. if the disease has been contained 

in Phase-I) and becomes  if 1, which represents the lower bound 

 on  to have a total of  vaccine doses administered in region  in Phase-II if 

the disease is not contained in Phase-I. 

4.3.2 Disease Spread Model 

An important input of the SP model is the joint probability distribution of the 2  scenarios 

in the scenario space . As a result of the independence of , ∈ , the joint probability 

distribution of scenarios in  is the product of Bernoulli distributions of , ∈ . Therefore 

we only need to estimate , ∈  for each region ,  level, and minimum Phase-I 

vaccination coverage . To this end, we develop a disease spread simulation model based on 

the stochastic SEIR epidemic model. We then estimate , ∈  based on the proportion 

of replications in which the attack rate does not exceed . 

The SEIR model is appropriate for the spread of influenza and has been widely used in the 

literature (e.g., see Chowell (2007), Flahault (2006), and Grais (2003)). The latent and 

infectious periods for seasonal influenza range from one to three days and six to eight days, 

respectively (CDC, 2011f). We consider two days as the average latent period and seven days 

as the average infectious period. The basic reproduction number (often denoted by ) for 

seasonal influenza in the United States is estimated at 1.3 (Chowell, 2008). We use this 

value (and the infectious period) to calculate the effective contact rate, defined as the average 
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number of effective contacts (i.e. contacts sufficient for the disease transmission) of one 

infective individual per day. 

The simulation model simulates the spread of the disease from the beginning of October 

until the end of the flu season. We use the weekly percentage of patient visits for influenza-

like illness (ILI) in North Carolina during the flu season 2010–2011 (North Carolina Public 

Health, 2011) to calibrate the disease spread model. We assume the percentage of patient 

visits for ILI is proportional to the number of infectives in the population. We have discussed 

the details of the model calibration process in Appendix I. According to the ILI percentage 

data, there are a number of initial infective individuals in early October, which is the 

beginning of the simulation horizon. We estimate that there are 4 infectives per 10,000 

individuals as the initial number of infectives in early October based on the model calibration 

process (see Appendix I for more details). 

According to the ILI percentage data, flu activity is fairly low from October to mid-

December. Flu activity increases in the subsequent weeks (which coincides with the winter 

holiday season) until it peaks in early February. This suggests a period starting in mid-

December in which infectives are imported into different regions from outside (this could 

include importation from other neighboring regions). This importation of infectives may be 

due to travel to the given region from other regions or from outside North Carolina. The 

annual person-trip volume for North Carolina (including internal visits) is about 36.8 million 

(Division of Tourism, Film and Sports Development, 2011). We estimate the average daily 

visits from this volume and distribute it among different counties proportional to their 

population. We incorporate the infective importation rate from mid-December to the end of 

February. This rate is assumed to be highest in the middle of this period, i.e., mid-January, at 

a level of one infective in every ten visitors and decreases linearly until it reaches zero in 

mid-December and the end of February. The importation rate (period, scale, peak time and 

level) is estimated by the model calibration process (see Appendix I for more details). 

Because Phase-I is in September, assuming a coverage of  in Phase-I, the simulation of 

disease spread in region  commences with  initial vaccinated individuals. We varied  
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from 0% to 45%, according to the vaccination coverage for seasonal influenza observed in 

North Carolina in previous flu seasons (CDC, 2010, 2011d). We considered 60% 

effectiveness for seasonal influenza vaccine (CDC, 2011c) and accordingly assumed that a 

vaccinated individual becomes completely immune to the disease with probability 0.6 and 

remains susceptible to the disease with probability 0.4. Therefore we randomly generated the 

number of effectively vaccinated individuals by drawing a random number from a binomial 

distribution with parameters  and 0.6. Consistent with our conservative approach, we 

assume no cross immunity in the population as a result of vaccination or infection in previous 

flu seasons (this is also consistent with CDC guidelines (CDC, 2011g)). 

Motivated by the ILI percentage data, we also considered the change in the people’s social 

behavior as society copes with the epidemic (Larson, 2007), especially at the peak of the flu 

activity. We assume the effective contact rate is reduced by 25% after the peak of the flu 

activity is reached in early February (see Appendix I for more details). 

In the next subsection, we discuss the solution methodology for the 2-SLP. 

4.4 Solution Methodology 

There are | | 2  different potential scenarios. The number of scenarios grows 

exponentially with the number of regions. As a result, for large , it is computationally 

inefficient to evaluate the recourse function . However, we exploit the special problem 

structure as part of the solution methodology to find the exact optimal Phase-I allocation 

despite the large number of scenarios and also to gain computational efficiency. In particular, 

we show that the optimal solution to the 2-SLP in (4-2) can be found by solving an LP with 

the same size as the first stage problem. First we establish the following property of the 

optimal allocation. Denote the optimal Phase-I allocation by ∗ ∗ , ∈ . 

 

Proposition 4-1: ∗ , ∈ . 
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Proof: 

If in an optimal solution ̅ , ∈   we have ̅  for some ∈ , then the 

solution obtained by letting ̅  would be feasible and less costly, contradicting to 

optimality of .∎ 

 

We use Proposition 4-1 to efficiently evaluate the function	 ,  for a known first stage 

solution  and scenario . 

 

Theorem 4-1: For a given first stage solution  and scenario , the solution to problem (4-

4) is given by 

	 ∗ 		,			 ∈ 	 (4-5) 

with the optimal objective function value given by 

	 , ∑ .	 (4-6) 

 

Proof: 

First note that from (4-4c) we have 

	 			,			 ∈ 			 ⇒ 			
0			,			 1

0																							,			 0.	 (4-7) 

If we ignore constraint (4-4b) and note that 0, ∈ , then the minimum value for the 

objective function (4-4a) is obtained by setting ∗ 0 if 0 and ∗  if 1, 

which is the solution given by (4-5). Also ∗ ∗ , ∈  given by (4-5) satisfies 

constraint (4-4b), since 

	 ∑ ∗ ∑ ∑ 	 (4-8) 

where the first inequality follows from Proposition 4-1 and the last inequality follows from 

the assumption ∑ . Therefore ∗ given by (4-5) is the optimal solution of the 

recourse problem (4-4) with the optimal objective function value given by (4-6).∎ 

 

As a result of Theorem 4-1, we have 
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	 , ∑ ̅ 	 (4-9) 

where ̅ 1 . Therefore we can solve the following LP instead of the 2-

SLP in (4-2) to find the optimal Phase-I allocation.  

 min 	∑ ̅  (4-10a) 

  . . 

  ∑   (4-10b) 

 			,			 ∈ .	 (4-10c)	

It should be noted that although the 2-SLP in (4-2) and the LP in (4-10) have the same 

optimal solution, they are not equivalent problems since the feasible region of the LP in (4-

10) is a proper subset of the feasible region of the 2-SLP in (4-2). 

Next, we provide insight into the optimal Phase-I allocation under a particular scenario. 

The fact that  is a nonincreasing function in the region index  can be used to efficiently 

find the optimal first stage solution for a given scenario  denoted by ∗ ∗ , ∈

. In general, the goal is to administer the required vaccine doses in Phase-I to avoid Phase-

II vaccination, which is potentially more costly than Phase-I. 

 

Theorem 4-2: If regions are indexed from 1 to  according to nonincreasing Phase-II 

vaccination cost (i.e. ⋯ ), then for a given scenario  the optimal first stage 

solution is 

	 ∗ 																																						,			 0
min , 		,			 1

	 (4-11) 

where  represents the remaining additional vaccine doses for regions , 1, … , , i.e., 

	 ∑ 	 min , 			,			 ∈ 	 (4-12) 

where ∑ . 

 

Proof: 

First  vaccine doses are allocated to regions , ∈  (as the minimum requirement), 

leaving ∑  vaccine doses in Phase-I. If the disease is contained in region  in 
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Phase-I (i.e. 0), no additional vaccine doses are required and ∗ . Consider the 

regions in which the disease is not contained in Phase-I and denote the set of indices of these 

regions by , that is ∈ | 1 . It follows from Proposition 4-1 that it is not optimal 

to allocate more than  vaccine doses to regions , ∈ . The vaccination cost is then 

minimized by prioritizing regions , ∈  for receiving additional  vaccine doses over 

the minimum  vaccine doses in Phase-I according to the second phase vaccination cost 

which results in the solution given by (4-11).∎ 

 

We use Theorem 4-2 in calculating VSS and EVPI, where we need to find the optimal 

solutions for the reference scenario and all scenarios. It should be mentioned here that 

although we reduced the 2-SLP in (4-2) to the LP in (4-10), VSS still provides useful 

information about the performance of the corresponding Phase-I allocation associated with 

different reference scenarios. Using Theorem 4-2 decreases the computation time 

considerably, since we do not need to solve an LP to find the optimal first stage solution 

∗ . To use Theorem 4-2 the only requirement is that  be a nonincreasing function in , 

which is guaranteed by reordering the regions such that  implies . Note that this 

order for regions is a natural consequence of ranking different regions according to their 

population, as discussed previously. 

4.5 Implementation and Results 

We used MATLAB (version 7.8.0.347 R2009a) for all of our numerical experiments. All 

experiments are run on an Intel(R) Core(TM)2 Quad CPU with 8.00 GB RAM. We estimated 

the probability of disease containment for different values of  (ranging from 0% to 45%) 

and  (5%, 10%, and 15%) for each of the 100 counties of North Carolina using 5 

batches with 200 simulation runs of the disease spread model in each batch. It takes about 20 

hours, on average, to estimate the probability of disease containment in all 100 counties for 

each value of . 
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4.5.1 Optimal Allocation 

We solve problem (4-10) and find the optimal Phase-I vaccination coverage in each of the 

 regions (i.e. the optimal first stage allocation ∗ ∗ , ∈ ) along with the minimum 

expected cost of the recourse problem ∗ . After the uncertainty is resolved by 

observing the outcome of Phase-I vaccination in early December, we know which regions 

require Phase-II vaccination. Then, using Theorem 4-1, we determine the optimal level of 

vaccination in Phase-II for each of the  regions (i.e. the second stage decision variable 

, ∈ ) by solving problem (4-4) for the known first stage decision variable 

∗ and known realized scenario . We consider the base case parameter values for problem 

(4-2) for 100 North Carolina counties. The optimal cost for different values of , , 

and  are presented in Figure 4-3. As Figure 4-3 shows the optimal cost curve for each value 

of  has a similar pattern for different values of . Assuming a vaccination cost of $10 per 

dose, the current continuous vaccination policy with a coverage of 45% of the population of 

North Carolina incurs a cost of $10 $42,909,680. When  is small, e.g., 

5%, the probability of disease containment with Phase-I vaccination for all values of 

 in general is very small. For 5% and 15% about 92.6% of the population 

of North Carolina lives in counties with less than a 5% chance of disease containment after 

Phase-I vaccination. Therefore all  available vaccine doses in Phase-I and, on average, a 

considerable amount of additional  vaccine doses available in Phase-II are allocated 

yielding a statewide coverage ranging from 44.4% for 0% to 44.5% for 60%. For 

this case the savings in vaccine doses and vaccination cost resulting from a two-phase 

vaccination policy in comparison with the continuous vaccination policy are negligible. 

For 5%, the probability of disease containment for 30% is also relatively 

small (e.g., for 30% and 5% about 87.2% of the population of North Carolina 

lives in counties with less than 5% chance of disease containment). Therefore we observe a 

high statewide coverage of about 44.6% for different values of  and 30% with an 

expected cost close to the continuous vaccination policy. 
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Figure 4‐3: Total expected cost for different values of   (minimum Phase‐I coverage),   (attack 
rate threshold), and   (percentage increase in vaccination cost in Phase‐II) 

 

However, for larger values of , e.g., 40%, the probability of disease containment 

for 5% (and also for 10% and 15%) is relatively large in different 

counties with a minimum of 71.7% chance of disease containment (for this case about 43% 

of the population of North Carolina lives in counties with more than a 90% chance of disease 

containment). Therefore in Phase-I the minimum required coverage of 40% is allocated 

to all counties with a small chance of Phase-II allocation. The statewide coverage for 

5% is 40.6% and for 10% and 15% it is 40.0% for all values of . 
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The statewide coverage for 10% and 15% is slightly lower than for 

5% because the probability of disease containment with Phase-I vaccination in the former 

cases is higher than in the latter case with a minimum of 99% chance of disease containment. 

Therefore with 40% about 0.05 9,535,483 476,774 vaccine doses could be saved 

by implementing the two-phase vaccination policy. The associated monetary saving in 

comparison with the continuous vaccination policy ranges from $3,885,575 for 60% to 

$4,216,237 for 0%. 

Note that the case of 40%, which is almost the maximum possible coverage in 

Phase-I, demonstrates the importance of early mass vaccination before October in 

comparison to the continuous vaccination policy currently implemented. In fact our results 

show that with 40% coverage before the beginning of the flu season in October, the attack 

rate will be below 10% in all counties (with statewide attack rate of 4.44%) with a chance of 

at least 99%. Therefore the additional vaccine doses for 5% of the population, which has a 

cost of $4,767,740, could be saved by early vaccination. This is a conservative estimate as it 

excludes other relative costs such as work loss, treatment, and hospitalization costs. 

The curves for the optimal cost for 10% and 15% are similar for all 

values of . Both have a linear segment at the beginning corresponding to small values of  

where the probability of disease containment is relatively small and therefore almost all 

available vaccine doses are allocated in Phase-I and Phase-II yielding a relatively large cost. 

As expected, the initial linear segment for 10% is longer than 15% because 

the probability of disease containment in the former case is lower than the latter case for all 

values of . After the initial linear segment, the optimal cost decreases for larger values of 

 until it reaches its minimum around 25% and 15% for 10% and 

15%, respectively. In this area of the optimal cost curve, as  increases, the 

probability of disease containment in Phase-I increases. Therefore, on average, fewer vaccine 

doses are required to contain the disease, hence the decrease in total expected cost. In fact the 

statewide coverage for 25% and 10% is 25.8% and for 15% and 

15% is 17.2% for all values of . Therefore about 45 25.8 % 9,535,483
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1,830,813 vaccine doses for 10% and 45 17.2 % 9,535,483 2,650,864 

vaccine doses for 15% could be saved by implementing the two-phase vaccination 

policy instead of the current continuous vaccination policy. The associated monetary saving 

in comparison with the continuous vaccination policy for 10% ranges from 

$17,900,921 for 60% to $18,339,551 for 0% and for 15% ranges from 

$25,231,398 for 60% to $26,496,885 for 0%. The statewide attack rates for 

25% and 15% are 8.27% and 13.04%, respectively. A nice feature associated 

with minimum coverage levels 25% (for 15%) and 15% (for 

15%) (and 40% for 5%), is that for these allocations the Phase-I coverage in 

all counties will be equal to  making these allocations more equitable. 

After the minimum value, the optimal cost for 10% and 15% increases 

linearly with . The reason for this is that at the minimum point, the probability of disease 

containment with Phase-I coverage is sufficiently large that no additional vaccination in 

Phase-I is necessary. In fact for the optimal allocation, the Phase-I coverage is equal to  in 

all counties. Therefore increasing  merely results in unnecessary vaccination in Phase-I 

incurring the associated excess cost. As expected, the final linear parts of the curves of 

optimal cost for 10% and 15% almost overlap since the associated 

probabilities of disease containment with Phase-I vaccination are both very close to one. 

The expected total allocated doses (equivalently statewide coverage) and the expected 

total cost are nondecreasing in  for each fixed value of  and . Because as  increases, 

the optimal number of vaccine doses allocated in Phase-I to a particular county either 

remains unchanged (if the probability of disease containment is relatively large in that county 

or if all available doses have already been allocated to other counties) or increases in order to 

administer fewer vaccine doses in Phase-II which becomes more costly as  increases. 

Therefore the associated total vaccination cost either remains unchanged (if the probability of 

disease containment in all counties is one) or increases. It should be noted that as  increases 

the increase in Phase-I optimal coverage is larger than the increase in total statewide 

coverage which includes both Phase-I and Phase-II. In fact when  is small, it makes more 
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sense to allocate fewer doses in Phase-I and hope the disease will be contained in Phase-I. On 

the other hand, when  is large, it is reasonable to allocate more doses in Phase-I and ignore 

small chances of disease containment in Phase-I. 

The total statewide coverage depends significantly on the probability of disease 

containment (which is the same for different values of ). Therefore, while the increase in 

Phase-I optimal coverage might be relatively large as  increases, the increases in total 

statewide coverage, and hence the expected total cost, is often much smaller. For example, 

for 20% and 10% the optimal Phase-I coverage, total statewide coverage, and 

expected total cost are 20.0%, 38.1%, and $36,362,512 for 0%, respectively, and 

39.0%, 42.5%, and $42,367,587 for 60%, respectively, with associated increases of 

95.0%, 11.5%, and 16.5%, respectively. The increase in Phase-I optimal coverage is much 

larger than the increase in the total statewide coverage and expected total cost. It should be 

noted that this adjustment in optimal Phase-I coverage, which results in the relative 

insensitivity of expected total cost to , is a result of having a sufficiently large number of 

vaccine doses available in Phase-I. In the base case  and  are sufficient for vaccinating 

40% and 5% of the North Carolina population, respectively. If instead we move a portion of 

vaccine doses available in Phase-I to Phase-II, then the increase in the expected total cost 

when  is increased will be larger since the model’s capability to adjust Phase-I coverage has 

been just limited by decreasing . For example, if  and  are sufficient for vaccinating 

10% and 35% of the North Carolina population, respectively, then the expected total cost for 

10% and any 10% would be about $42.6 million dollars for 0% and $62.4 

million dollars for 60%; an associated increase of 46.5%. 

As a final point, the optimal Phase-I allocation (i.e. the optimal value of  and the 

associated Phase-I allocation) for different values of  does not change when  is 

increased from 0% to 60%. This may in part be due to the small change in the total expected 

optimal cost for different values of . Therefore optimal Phase-I allocation is robust to 

changes in , at least in the considered range of 0% to 60%. 
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It is worthwhile to mention one point here. Remember that we conservatively assumed 

that the probability of disease containment in Phase-I in a particular region only depends on 

the value of  even if the actual coverage is greater than . We exploited this assumption to 

keep the linearity of the 2-SLP. If we relax this assumption and take into account the impact 

of additional vaccine doses over the minimum requirement in Phase-I, then it may be 

possible to find better allocations by noting that all feasible allocations for a particular value 

of , say , are also feasible allocations for any . For example, the near optimal 

allocation for 10% and 25% (which yields the minimum cost) is also a feasible 

allocation for 10% and 25%. Therefore we can modify the optimal cost curves 

as presented in Figure 4-4. However, Figure 4-3 provides insight into the problem of vaccine 

allocation when the probability of disease containment is relatively small. 

The optimal allocation for 10% and 25% is presented in Table 4-2 for ten of 

the North Carolina counties with various population sizes (logarithmically evenly distributed) 

including the smallest county, Tyrrell, and the largest county, Mecklenburg. The name, 

population, optimal Phase-I allocation and coverage, and average attack rate and probability 

of disease containment with 25% coverage in Phase-I (along with the associated 95% 

confidence interval) for the considered counties are presented in Table 4-2. The average 

attack rate with 25% coverage in Phase-I in general increases with the population. This 

is due to the fact that in larger counties we almost always have a large epidemic due to 

relatively large number of initial infectives while in smaller counties, with relatively small 

number of initial infectives, there might be a small or large epidemic because the stochastic 

nature of epidemics is magnified in smaller populations (note that the stochastic SEIR model 

approaches the deterministic SEIR model for large populations). Therefore the attack rate 

distribution in smaller counties is bimodal and has a large variance. The frequency of small 

epidemics decreases as we move from small to large counties. If we ignore small epidemics, 

the large epidemics have almost the same mean in small and large counties. Therefore, the 

average attack rate (which includes both small and large epidemics) increases with the 

population. 
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Figure 4‐4: Modified total expected cost for different values of   (minimum Phase‐I coverage),   
(attack rate threshold), and   (percentage increase in vaccination cost in Phase‐II) 

 

We observe that the probability of disease containment in general increases with the 

population. This is due to the large variance of the attack rate distribution in smaller counties. 

In larger counties, the variance of the attack rate distribution is so small that the realized 

attack rate in almost all simulation runs is less than 10% (note that the average attack 

rate in all counties is less than 10% to avoid Phase-II vaccination with a high 

probability). However, the variance of the attack rate distribution in smaller counties is so 
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large that the realized attack rate in some simulation runs exceeds 10%. Therefore 

the frequency of simulation runs with an attack rate less than 10%, and hence the 

probability of disease containment increases as we move from small to large counties. Tyrrell 

county seems to be an exception in this regard. This is due to its very small population which 

results in a very small initial number of infectives, and hence, a sharp increase in the 

frequency of small epidemics which dominates the impact of the large variance of the attack 

rate distribution. 

 

Table 4‐2: Optimal Phase‐I allocation for  10% and  25% for selected counties 

County Population 
Phase-I 

allocation 
Phase-I 

coverage (%) 
Average attack 

rate (%)  
Containment 
probability 

Tyrrell 4,407 1,102 25 3.26≤0.44 0.851≤0.01 

Graham 8,861 2,216 25 4.72≤0.18 0.810≤0.004 

Swain 13,981 3,496 25 5.99≤0.11 0.812≤0.028 

Hertford 24,669 6,168 25 7.09≤0.33 0.834≤0.034 

Hoke 46,952 11,738 25 8.15≤0.19 0.887≤0.043 

Moore 88,247 22,062 25 8.43≤0.09 0.930≤0.012 

Davidson 162,878 40,720 25 8.38≤0.05 0.987≤0.009 

Durham 267,587 66,897 25 8.41≤0.05 0.998≤0.003 

Guilford 488,406 122,102 25 8.42≤0.05 1.000≤0.000 

Mecklenburg 919,628 229,907 25 8.40≤0.03 1.000≤0.000 

 

 

We note that the probability of disease containment in all counties with 25% 

coverage in Phase-I is sufficiently large that it is optimal to only allocate the minimum 

required doses in Phase-I. As a result, the optimal coverage in Phase-I is equal to 25% 

in all counties. In fact 25% is a near optimal solution for the problem of determining 

the value of  which yields the minimum total expected cost for 10% if all counties 
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received the same coverage of  in Phase-I (i.e. under a strict equity-based allocation). 

Similarly, 15% and 40% are near optimal solutions for the same problem for 

15% and 5%, respectively. 

4.5.2 VSS and EVPI 

To evaluate the performance of some typical allocations, we calculate VSS as the 

percentage reduction in the minimum cost if the optimal allocation (obtained by solving 

problem (4-10)) is used compared to the optimal allocation corresponding to a specific 

reference scenario. Since the random variables , ∈  are Bernoulli, the mean scenario 

obtained by replacing random variables  by their means 1  is not an applicable 

scenario. Instead, we consider a reference scenario and calculate the expected value of the 

reference scenario (EVRS). As the reference scenario, we can consider the worst case 

scenario  ( 1, ∈ ) or the best case scenario  ( 0, ∈ ). One other 

alternative for the reference scenario is obtained by replacing each of the random variables  

by 0 or 1 based on whether their mean 1  is closer to 0 or 1. The resultant 

scenario would be  where 1 , where  returns the 

closest integer to . We call the latter the round scenario. 

For each of , , and , we use Theorem 4-2 to find the associated optimal solution 

denoted by ′ , , … , . Then we use Theorem 4-1 to calculate ′

′,  and the expected cost of solution ′, that is, 

	 ′ ∑ ̅ .	 (4-13) 

We calculate VSS as follows, 

 100 100
∗

. (4-14) 

We denote the associated VSS of the worst case, best case, and round scenarios by , 

, and , respectively with the associated optimal solutions , , and . For 

example, the optimal solution for the best case scenario, , is , ∈ , which is a 

natural choice for vaccination level in different regions in Phase-I. The value of , , 



 

 

125 

and  can then be used as a criterion for assessing the performance of the associated 

solutions , , and . 

Another useful criterion is EVPI which provides an estimate of the benefits of a 

surveillance system that forecasts disease progression. We calculate EVPI as the percentage 

reduction in the minimum cost if exact information about the future was available. First we 

calculate the wait and see solution (WS) as follows. We find the optimal solution for each 

scenario , denoted by , using Theorem 4-2. Then  and 

 100 100
∗

∗ . (4-15) 

EVPI is very useful in our model. Surveillance systems which provide information regarding 

the outbreak progression in different regions provide sample (or imperfect) information. 

Therefore EVPI gives an upper bound on the value of such systems which can be used by 

public health officials in their investment planning. 

In order to be able to calculate WS, we only consider the ten counties in Table 4-2 in this 

subsection. These counties account for about 21.24% of the North Carolina population. 

Therefore we reduced available vaccine doses in Phase-I and Phase-II proportionally for this 

experiment and set 819,443 and 92,084. With ten counties there are only 

2 1,024 potential scenarios. We calculate , , , and EVPI for different 

values of  in three cases: 25% and 10%, 25% and 5%, and 

20% and 10%. We refer to these cases by Case 1, 2, and 3, respectively. In fact 

the probability of disease containment in each county for each of these cases has a different 

characteristic which makes these cases of particular interest to us. The results are presented 

in Table 4-3. Using Theorem 4-2, it takes only about 5 seconds, on average, to calculate any 

of , , , and EVPI. 

First note that 0% for 0% in all three cases. This implies that the optimal 

solution for the best case scenario  (i.e. , ∈ ) is the optimal solution to the 2-

SLP in (4-2) for 0% which is consistent with Section 4.3 regarding optimal allocation in 

Phase-I if , ∈  (or equivalently if 0%). Furthermore,  is the best allocation 
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for 0% even if perfect information about Phase-I vaccination outcome is available. 

Therefore EVPI is equal to zero for 0% in all three cases. Also EVPI is nondecreasing in 

 in all three cases as a consequence of the increase in the Phase-II vaccination cost, i.e., the 

increase in the uncertain future cost. 

 

Table 4‐3: Value of stochastic solution (VSS) and expected value of perfect information (EVPI) for 
selected cases 

% % % % 

Case 1: 

% 

% 

 37.63 37.52 37.41 37.29 

 0.00 0.00 0.00 0.00 

 0.00 0.00 0.00 0.00 

 0.00 0.18 0.36 0.54 

Case2: 

% 

% 

 0.42 0.49 0.56 0.63 

 0.00 6.34 11.72 16.35 

 0.24 0.29 0.33 0.37 

 0.00 0.00 0.00 0.00 

Case 3: 

% 

% 

 8.58 3.84 3.68 4.14 

 0.00 2.76 9.22 15.20 

 8.21 3.37 3.15 3.54 

 0.00 5.84 6.86 7.27 

 

 

In Case 1, the probability of disease containment is so large in all counties ranging from 

0.81 to 1 (see Table 4-2) that it is optimal to allocate only the minimum required doses in 

Phase-I for all values of . This corresponds to the optimal solution for the best case 

scenario,	 . Also since the probability of disease containment in all counties is greater than 

0.5, the best case scenario matches the round scenario. Therefore , hence optimality 

of . As a result, we observe that 0% for all values of . On the other 

hand, optimal solution for the worst case scenario, , performs poorly in Case 1 because it 

allocates all available vaccine doses in Phase-I while many counties do not need the 
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additional 20% coverage due to the large probability of disease containment in all counties. 

However, as  increases the performance of  improves slightly because as Phase-II 

vaccination cost increases it makes more sense to allocate more vaccine doses in Phase-I (in 

the extreme case → ∞ it is always optimal to allocate all available vaccine doses in Phase-I 

regardless of the probability of disease containment in different regions). 

We observe that in Case 1 EVPI is very small for all values of . This is due to the fact 

that the probability of disease containment in all counties is so large that we are almost 

certain about the future. In particular, the probability of disease containment in the four most 

populated counties, which account for about 90% of the population of these ten counties, is 

almost 1. Therefore perfect information in this case is not very useful. 

In Case 2, the probability of disease containment in the ten considered counties are 

0.723, 0.549, 0.341, 0.173, 0.039, 0.002, 0.000, 0.000, 0.000, 0.000 . Therefore it is 

almost certain that the disease will not be contained in the four most populated counties. As a 

result, we expect the optimal solution for the worst case scenario and the round scenario to 

perform well since both of these scenarios assume the disease will not be contained in these 

four counties. This is indeed the case as  and  are very small for all values of . 

The performance of  and  gets slightly worse as  increases. This is due to the fact that 

smaller counties have priority for receiving additional vaccine doses in Phase-I over the 

minimum required doses while additional vaccine doses will certainly be required in Phase-II 

in the four most populated counties. While this fact is not considered in calculating  and 

, it is considered in the optimal solution of the SP. The performance of  is slightly better 

than  for all values of  as it assumes the disease will be contained in the first two counties 

which have a probability of disease containment greater than 0.5. Therefore some doses are 

reserved for the larger counties with no chance of disease containment. As expected,  has a 

poor performance (except for 0%) which gets worse as  increases since it assumes the 

disease will be contained in all counties while we are certain that it will not in at least the 

four most populated counties and therefore a large number of doses will be required in 

Phase-II in those counties. 
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We observe that in Case 2 EVPI is zero for all values of  indicating that perfect 

information about the outcome of Phase-I vaccination does not produce any value. This is 

due to the fact that in the SP optimal solution, all available vaccine doses in Phase-I are 

allocated with 25% coverage in the first six counties and 38%, 40%, 42%, and 43% 

coverage in the four most populated counties. In fact since we are certain that Phase-II 

vaccination will be required in the four most populated counties (and available doses in 

Phase-I are insufficient 45% coverage in these counties), any Phase-I allocation that satisfies 

the following conditions is optimal: (a) allocates all available doses in Phase-I, (b) allocates 

only the minimum doses to the first six counties, and (c) allocates the remaining doses to the 

four most populated counties with a coverage between 25% and 45% (as the required 

coverage in Phase-II). These allocations, which exploit the fact that the disease will not be 

contained in Phase-I in the four most populated counties with probability one, are indeed the 

best possible allocations even if we knew a priori the outcome of Phase-I. In other words, it 

suffices to know whether the disease will be contained in Phase-I or not in the four most 

populated counties. 

In Case 3, the probability of disease containment in the ten considered counties are 

0.774, 0.629, 0.570, 0.485, 0.405, 0.338, 0.291, 0.243, 0.151, 0.084 . As expected, the 

performance of  is better in Case 3 than Case 2 since the probability of disease 

containment in all counties is greater in Case 3. Similar to Case 2, the performance of  gets 

worse as  increases since it assumes the disease will be contained in all counties while there 

is a good chance it will not in the four most populated counties and therefore a large number 

of doses might be required in Phase-II in those counties. Also the performance of  is 

slightly better than  in Case 3 for all values of  as it assumes the disease will be contained 

in the first three counties which have a probability of disease containment greater than 0.5. 

The performance of  and  improves as  increases from 0% to 20% to 40% since with 

a higher Phase-II vaccination cost it is more reasonable to allocate all available vaccine doses 

in Phase-I which is the case for  and . However the performance of  and  drops as 

 increases from 40% to 60%. Similar to Case 2, this is due to the priority given to smaller 
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counties to receive additional vaccine doses in Phase-I over the minimum required doses 

while the larger counties will probably need additional doses in Phase-II (because they have a 

lower probability of disease containment). Note that since the probability of disease 

containment in larger counties is not very close to zero (as opposed to Case 2), we do not 

observe the monotonic increase in  and  as  increases as we observed in Case 2. 

In Case 3 we can say  has the best performance for smaller values of  (i.e. 0% and 20%) 

while  has the best performance for larger values of  (i.e. 40% and 60%). This is in 

general true no matter what the probabilities of disease containment are in different regions. 

Because when there is not a considerable difference between Phase-I and Phase-II 

vaccination cost, it is reasonable to allocate only the minimum vaccine doses in Phase-I and 

hope the disease will be contained in Phase-I. But if Phase-II vaccination cost is considerably 

higher than Phase-I, then it is reasonable to avoid Phase-II vaccination as much as possible 

by allocating additional vaccine doses over the minimum requirement in Phase-I in regions 

with a relatively small, say less than 50%, chance of disease containment. 

We observe that in Case 3 EVPI has a considerably greater value than Case 1 and Case 2 

for all values of  except for 0%. The reason is that in comparison to Case 1 and Case 2, 

in Case 3 the probability of disease containment is not close to 0 or 1 for any of the ten 

considered counties (even if we consider the probability of disease containment in 

Mecklenburg too close to zero, still about 55% of the population of these ten counties live in 

the other nine counties). Therefore which counties will require Phase-II vaccination is very 

valuable information. 

4.6 Conclusions and Future Directions 

We proposed a two-phase vaccination policy to contain an epidemic with Phase-I in the 

early stage of the epidemic and Phase-II at the middle of the epidemic after observing the 

outcome of Phase-I vaccination. We formulated the problem of optimal allocation of vaccine 

doses to different regions in each phase as a 2-SLP and used the special problem structure to 
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reduce it to an LP of the same size as the first stage problem. We also obtained structural 

properties which increases computational efficiency. 

To illustrate the advantage of the two-phase vaccination policy over the continuous 

vaccination policy we considered 100 counties of North Carolina in case of seasonal 

influenza. We solved the problem for different values of  (minimum Phase-I coverage), 

 (attack rate threshold), and  (percentage of increase in Phase-II vaccination cost with 

respect to Phase-I). We developed a disease spread simulation model based on the stochastic 

SEIR model to estimate the probability of disease containment in Phase-I in each county for 

each value of  and . 

We assumed vaccine doses distributed from August through October can be used in 

Phase-I, which happens in September. Data on vaccine distribution for seasonal flu 2011–12 

show that North Carolina’s share in August through October is sufficient for vaccination of at 

most 40% of the North Carolina population. If health care officials have high expectations 

regarding the spread of influenza and intend to keep the attack rate below 5%, our 

results suggest that the optimal Phase-I allocation is vaccination of 40% of each county 

population. This vaccination policy yields a statewide attack rate of 4.44% while saving a 

total of 476,774 vaccine doses on average (corresponding to 5% of the North Carolina 

population) and more than 3.8 million dollars in vaccine production and administration. This 

is in comparison with the current continuous vaccination policy from August through May 

with a coverage of about 45% in North Carolina. If health care officials reduce their 

expectations and intend to keep the attack rate below 10%, the optimal Phase-I 

allocation is to vaccinate 25% of each county population. This policy yields a statewide 

attack rate of 8.27% while saving a total of 1,830,813 vaccine doses on average and more 

than 17.9 million dollars in vaccine production and administration. Finally, if health care 

officials reduce their expectations further and consider a maximum acceptable attack rate of 

15%, the optimal Phase-I allocation is to vaccinate 15% of each county population. 

This vaccination policy yields a statewide attack rate of 13.04% while saving a total of 

2,650,864 vaccine doses on average and more than 25.2 million dollars in vaccine 
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production and administration. All of the abovementioned optimal policies for different 

values of  assign the same coverage in Phase-I to all counties, and therefore, are 

equitable. Further, our results show that the optimal Phase-I allocation is insensitive to the 

increase in vaccination cost in Phase-II in comparison with Phase-I at least for the range of 

0% to 60%. 

We calculated VSS and EVPI for the 2-SLP. To calculate VSS, we considered three 

reference scenarios: the worst case scenario (the disease is not contained in Phase-I in all 

regions), the best case scenario (the disease is contained in Phase-I in all regions), and the 

round scenario (the disease is only contained in Phase-I in regions with disease containment 

probability greater than 0.5). Considering each of these scenarios we found the 

corresponding optimal Phase-I allocation. As expected, if the increase in vaccination cost in 

Phase-II in comparison with Phase-I is negligible, the optimal Phase-I allocation 

corresponding to the best case scenario (i.e. allocating only the minimum required vaccine 

doses in Phase-I) has the best performance since Phase-II vaccination is scheduled in 

different regions only as needed by observing the outcome of Phase-I vaccination. However, 

if vaccination in Phase-II is considerably more costly than Phase-I, then the optimal Phase-I 

allocation corresponding to the round scenario in general has the best performance. 

Therefore, a good heuristic solution for Phase-I allocation in this case is to allocate the 

minimum required doses to all regions and then prioritize regions with disease containment 

probability less than 0.5 for receiving additional doses according to the decrease in Phase-II 

vaccination cost. In particular, our results show that the performance of this Phase-I 

allocation is insensitive to the increase in vaccination cost in Phase-II in comparison with 

Phase-I provided the increase is not too small. The optimal Phase-I allocation corresponding 

to the worst case scenario (i.e. allocating all available vaccine doses in Phase-I) is very close 

to the continuous vaccination policy currently implemented in the sense that under both 

policies all available vaccine doses are allocated without evaluation of the vaccination 

outcome. Therefore, as our results show, this policy performs poorly if the probability of 

disease containment in different regions (particularly larger regions) is relatively high as a 
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result of relatively high coverage in Phase-I (e.g., in Case 1 of Table 4-3). However, if the 

probability of disease containment in different regions (particularly larger regions) is low 

(e.g., in Cases 2 and 3 of Table 4-3), the optimal Phase-I allocation corresponding to the 

worst case scenario could be a (conservative) alternative to the optimal Phase-I allocation 

corresponding to the round scenario. 

In our model, EVPI gives an estimate of the value of accurate information about the 

outcome of Phase-I vaccination with respect to disease containment. It provides an upper 

bound on the value of disease surveillance systems that could help public health officials in 

determining how much should be invested in such systems. Since larger counties in general 

require larger amount of vaccine doses, information about disease containment in larger 

counties is more valuable than smaller counties. In general, when the probability of disease 

containment with Phase-I vaccination in larger counties is very close to zero or very close to 

one, EVPI has a small value indicating that the outcome of Phase-I vaccination in dominant 

larger counties is almost certain, hence the low value of accurate information. However, 

when the probability of disease containment in Phase-I is neither close to zero or one in 

larger counties, information about the Phase-I vaccination outcome is more valuable and 

could reduce the total expected cost considerably. Therefore, depending on the Phase-I 

minimum coverage which determines the probability of disease containment, disease 

surveillance systems could be valuable aids for vaccine allocation planning. 

In case of an outbreak of an infectious disease, there might also be other limitations 

regarding other resources, such as human and facility resources, which are related to the 

attack rate. Therefore the attack rate threshold, , can be used to account for these other 

constraints. Furthermore,  can be used to limit the attack rate, which is of course an 

important decision factor in addition to cost. 

Our model has some limitations that suggest opportunities for future research. When there 

is an epidemic in the community, usually other interventions, such as antiviral prophylaxis 

and treatment, and also non-pharmaceutical interventions, such as isolation, are implemented 

in addition to vaccination. In our model, the impact of these interventions are only reflected 
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in the value of the basic reproduction number, , which determines the effective contact rate 

among individuals. In addition, the cost of these interventions are only considered as they 

relate to the number of infectives, and hence, the attack rate. 

We only considered two vaccination phases in our model. In reality, there could be more 

than two vaccination phases, in which case the problem can be formulated as a multi-stage 

SP problem. Intuitively, with more vaccination phases the saving in vaccine doses and the 

associated monetary value could be larger if there is sufficient time between phases to 

accurately evaluate the impact of previous phases. Nevertheless, our results provide 

conservative estimates of the potential benefits of using a sequential decision making process 

for vaccine allocation. Several methods for evaluating the progress of epidemics, and in 

particular influenza, have been proposed in the literature (e.g., Boyle (2011), Cowling 

(2006), and Ong (2010)). These models use statistical methods such as time series, 

regression, and cumulative sum (CUSUM) to monitor influenza surveillance data (e.g., ILI 

visits) and predict and track the epidemic. The performance of the multi-phase vaccination 

policy proposed in this research to some extent depends on accuracy of epidemic evaluation 

after each vaccination phase. 
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Chapter 5:                                                   

Conclusion 

5.1 Contributions 

We conducted this research in three steps: disease spread modeling, optimizing 

intervention strategies, and optimizing resource allocation. In the first step, we developed an 

analytical stochastic model for the spread of infectious diseases with a relatively short latent 

period during the early stage of an epidemic based on the SI epidemiological model. Our 

main modeling contributions are the following. 

First, we considered a state dependent contact rate, which allowed us to account for 

dynamic change in the people’s social behavior with respect to disease spread. We assumed 

that the contact rate among individuals is a function of the number of infectives, an indicator 

of disease spread. This is a major deviation from the common practice of assuming a constant 

contact rate during the course of the epidemic. 

Second, we incorporated ten different intervention policies based on the four 

interventions, i.e., vaccination, antiviral prophylaxis, isolation, and treatment. We considered 

both full and partial adherence to interventions in developing the intervention policies. We 

explicitly modeled each of the ten policies with the possibility of having a synergetic control 

strategy as a combination of these policies. To the best of our knowledge, our model is the 

first analytical model which incorporates all four main interventions with full and partial 

adherence. 

Third, our methodology for finding the transient probabilities of the number of infectives 

can be generalized to any pure death (or birth) process to give the exact probabilities 

distributions or an approximation for the probabilities distributions. The significance of our 



 

 

135 

methodology is magnified if the number of states is large (e.g., SI model in a city). In that 

case our methodology has a computational advantage over the existing algorithms which 

involve higher level mathematical operations such as the Laplace transform. 

Finally, we showed, as Theorem 2-1, that any intervention policy which affects at least 

one susceptible or infective results in a decrease in the expected number of infectives at all 

times. This is quite intuitive for interventions which affect the susceptible population, such as 

vaccination. But this is an interesting result for interventions which focus on the infective 

population, such as isolation and treatment. In particular, we observed that the impacts of 

vaccination and treatment with the same effectiveness factors in reducing the expected 

number of infectives are the same. 

In the second step, we considered an affected household and developed cost-effectiveness 

and optimization models to identify the most cost-effective and optimal synergetic control 

strategies. We considered a reward for remaining uninfected for individuals. Our main 

optimization contributions are the following. 

First, we considered all four interventions in the cost-effectiveness and optimization 

models. Most researchers, particularly those who follow an analytic approach, consider a 

subset of these interventions. The main shortcoming of this approach is that the intervention 

strategy which is considered optimal in these models might not be optimal in practice 

because other possibly more cost-effective interventions were ignored. For example, isolation 

is shown to be the first intervention recommended for reducing the disease spread. However, 

it has often been ignored in the analytical disease spread modeling literature. 

Second, we determined an optimal order with respect to cost-effectiveness for 

implementing different strategies. The optimal order is isolation of the first infective, then 

vaccination and prophylaxis of susceptibles, and then treatment of infectives. However, in a 

household with a relatively weak relationship among the members, vaccination is the most 

cost-effective policy, then prophylaxis, then isolation, and finally treatment. 

Third, we used the cost-effectiveness model to estimate an upper bound on the value of a 

perfect medication. We concluded that the value of a perfect medication is at most equal to 
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the cost of isolation of the first infective (estimated at $313.65) as isolation can potentially 

yield the same result. 

Fourth, we followed an analytic approach to examine all possible intervention strategies as 

opposed to most researchers who examine a few number of intervention strategies mostly 

using simulation-based models. This is the conventional tradeoff between the model accuracy 

(i.e., how much the model is close to the reality), and model tractability. We used the SI 

model because it enabled us to follow the analytic approach and model each intervention 

policy implicitly. However, it is most applicable during the early stages of the spread of an 

infectious disease with a short latent period, when recovery and vital rates could be ignored. 

Finally, the decision makers in our model are members of a household. In the current 

literature the decision makers are either individuals, who make decisions in their best 

interest, or policy makers at the society level. Considering the household members as 

decision makers is in particular important for diseases which are not usually widespread, 

such as rubella. For such diseases, if a member of a household is infected, neither of the two 

abovementioned groups of models are appropriate, since the decision makers are indeed all 

members of the household. Furthermore, usually it is the household which makes the 

ultimate decision about which interventions to implement. 

In the third step, we investigated the problem of allocating limited vaccine doses to 

geographically different regions under uncertainty in the vaccination outcome. We assumed 

that vaccination occurs in two phases and developed a two-stage stochastic program to find 

optimal allocation in each phase. We exploited the special problem structure to reduce the 

developed SP to an LP and also speed up the computations (see Proposition 4-1 and 

Theorems 4-1 and 4-2). We developed a simulation-based disease spread model to capture 

the epidemic dynamics in each region for different vaccination levels. Our main resource 

allocation contributions are the following. 

First, we considered a two-phase vaccination policy to reduce total cost of vaccination by 

avoiding unnecessary vaccination. Most researchers consider a single-phase vaccination 

policy. Although in some research vaccination at two different times are compared, 
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considering more than one phase of vaccination as a vaccination policy is missing in the 

current literature as far as we are aware. 

Second, we estimated the value of disease surveillance systems as the expected value of 

perfect information in our stochastic program. This gives an estimate regarding how much 

public health officials should invest in providing such systems. 

Third, we obtained a heuristic for allocation of vaccine doses in the first phase which is 

very close to the optimal allocation. The heuristic allocation is to give higher priority to 

regions with disease containment probability less than 50% and with higher second phase 

vaccination cost after allocating the minimum vaccine doses to each region. In particular, this 

policy has a near-optimal performance if the vaccination cost in the second phase is 

considerably higher than the first phase. 

Finally, we point out that although we considered vaccine doses as the resource to be 

allocated to different regions, the model can be generalized for allocating any type of limited 

resources in two phases. The only requirement is the associated parameters values. In 

particular, the probability distribution of the disease containment given any amount of the 

resource must be estimated. 

5.2 Limitations and Future Directions 

Through this research we have tried to create a comprehensive modeling framework as far 

as the analytic tractability allowed us to. However, our modeling approach has its own 

limitations. The SI model we considered for analytic tractability is appropriate for modeling 

disease spread dynamics at the beginning of an epidemic. Also the latent period should be 

relatively small. If the latent period is considerably long, our model gives an upper bound on 

the expected number of infectives at any time. In this case, the cost-effectiveness and 

optimization models give the most cost-effective and optimal strategies for the worst case 

when infected individuals can transmit the disease to susceptibles immediately following 

their infection. Extending the developed theoretical basis to more complicated models such 
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as the SIR model is a possible direction for future research which expands the applicability of 

the model. 

One other limitation of our modeling approach is the assumption of homogeneity of the 

household members. Although part of the heterogeneity is captured through targeted 

interventions (e.g., targeted vaccination of children), the model we have developed does not 

distinguish between individuals. That is the reason we assume targeted interventions are 

perfect so that the involved individuals can be removed from the population. Including 

heterogeneity into the model by considering different groups of individuals with different 

characteristics (e.g., different age groups) is another direction for future research. 

Another limitation of our modeling approach is that we ignored interactions of household 

members with outside individuals. As a result, our model is most useful for diseases which 

are not widespread, such as rubella. Considering interactions between different households is 

an interesting future research direction. To capture such interactions, one idea is to consider 

an outside infection rate depending on the current number of susceptibles in the household. 

In that case, the transition rates (rate of having a new infection) would be higher, resulting in 

an increase in the epidemic speed. 

We only considered vaccination for the resource allocation problem and aggregated the 

effect of other interventions in the probability distribution of the number of vaccine doses 

required to contain the epidemic. In addition, there might be other limitations besides limited 

number of vaccine doses such as transportation and human resources which were reflected in 

the attack rate threshold in our model. Implicit consideration of other interventions, such as 

isolation, and other types of resource limitations results in a more comprehensive model 

which may be another area for future research. 
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Appendix I: Disease Spread Model Calibration 

We used the weekly percentage of patient visits for ILI in North Carolina in the flu season 

2010–2011 (North Carolina Public Health, 2011) to calibrate the disease spread model and 

set the value of some of the model parameters (indicated in Subsection 4.3.2). Because the 

vaccination coverage in North Carolina in flu season  2010–11 was about 45% (CDC, 

2011d), we set the vaccination coverage at 45% in the disease spread model throughout the 

calibration process. We assumed the percentage of patient visits for ILI is proportional to the 

number of infectives in the population. Therefore we estimated the associated parameters 

values so that the curve for weekly number of infectives was similar to the curve for the 

weekly percentage of patient visits for ILI presented in Figure A-1 (from North Carolina 

Public Health (2011)). We refer to this curve as the ILI% curve. 

 

 

 

Figure A‐1: Weekly percentage of patient visits for ILI in flu season 2010–11 in North Carolina 
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We used the following characteristics of the ILI% curve to calibrate the disease spread 

model: 

1. Horizon of the epidemic: the flu season in North Carolina is October through May 

(North Carolina Public Health, 2012). 

2. Peak of the epidemic: as suggested by the ILI% curve, the peak of the flu activity 

occurs around week 19. 

3. The epidemic take-off time: as suggested by the ILI% curve, the epidemic takes off 

around week 11. We assume this increase in the flu activity, which coincides with the 

winter holiday season, is the result of importation of infectives from other regions or 

outside of North Carolina. 

4. The time at which the epidemic activity returns to its initial level: as suggested by the 

ILI% curve, the epidemic activity returns to its initial level at around week 29. 

5. The time at which the epidemic activity is minimum: as suggested by the ILI% curve, 

the epidemic activity is minimum at around week 33. 

6. The ratio of number of infectives at the peak to the initial number of infectives: as 

suggested by the ILI% curve, this ratio is about 10 to 1. It is also true for flu seasons 

2007–08 and 2008–09 (North Carolina Public Health, 2011). 

7. The fact that after the epidemic reaches its peak (at week 19) its activity decreases 

faster than it had increased before the peak (i.e. the absolute value of the slope of the 

ILI% curve is larger in the right side of the peak in comparison with the left side of 

the peak. It is also true for flu seasons 2007–08 and 2008–09 (North Carolina Public 

Health, 2011). We assume this fast reduction in the flu activity is due to the change in 

the people’s social behavior as the society copes with the epidemic (Larson, 2007) 

when the flu activity is maximum in week 19. 

 

Figure A-2 presents the weekly number of infectives generated by the calibrated disease 

spread model in a single realization for a population of 1,000,000 (corresponding to 

Mecklenburg county with population 919,628) and 5,000 (corresponding to Tyrrell county 

with population 4,407). As expected, stochastic effects are magnified in the smaller 

population resulting in an irregular curve in comparison with the smooth curve for the larger 

population. However, it can be easily verified that the curve for weekly number of infectives 
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for both populations have all of the abovementioned characteristics observed in the ILI% 

curve. 

 

 

 

Figure A‐2: Weekly number of infectives generated by the calibrated disease spread model for 
population of 1,000,000 (left) and 5,000 (right) 

 

The initial number of infectives is estimated to be 4 infectives among every 10,000 

individuals by this model calibration process. Therefore there would be 2 initial infectives in 

the Tyrrell county as the smallest county and 368 initial infectives in the Mecklenburg 

county as the largest county. Also the infective importation rate is estimated to be one 

infective in every ten visitors in mid-January and decreases linearly until it reaches a zero 

level in mid-December and the end of February. The maximum infective importation rate in 

mid-January is 4.66 infectives per day in the Tyrrell county and 972.35 infectives per day in 

the Mecklenburg county. 

 


