ABSTRACT

BUELL, CATHERINE ANDREA. On Maximal R-split Tori Invariant under an Involution.
(Under the direction of Aloysius Helminck.)

Symmetric varieties occur in many areas of mathematics. They are defined as the
homogeneous spaces G/ H with G a reductive algebraic group and H the fixed point group
of an involution ¢. Similarly, symmetric k-varieties are the homogeneous spaces Gy /Hj,
where G, and Hj are the k-points of G and H and k£ is not necessarily algebraically
closed. They occur in many problems in representation theory, geometry, singularity
theory, and number theory. Perhaps the best known application is in the representation

theory of Lie groups.

To study the representation theory of the symmetric k-varieties over real and local
fields much structure of these symmetric k-varieties is needed. For example the orbits of
parabolic k-subgroups acting on a symmetric k-variety are of fundamental importance
in the study of induced representations. The characterization of these orbits involves
conjugacy classes of o-stable maximal k-split tori and for each of these o-stable maximal
k-split tori a quotient of Weyl groups. This thesis focuses on refining the characterization
found in Helminck and Wang [18] and use this to classify the conjugacy classes of o-
stable maximal k-split tori over the real numbers, building on partial results obtained
in [9] and [11]. This problem is not only of importance for the representation theory of

symmetric spaces but also for several other of fields mathematics and physics.
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Chapter 1

Introduction

1.1 Introduction

Symmetric k-varieties have been a topic of interest since the late 1980’s. For any field £,
reductive group G defined over k and any k-involution of GG, we can define a symmetric
k-variety. It is the homogeneous space Gy/Hy where H is the fixed point group of the
k-involution and Gy and Hj, are the k-rational points of G and H, respectively.

The focus of this thesis is for £ = R and symmetric R-varieties are commonly called
real symmetric spaces. The representations of real symmetric spaces have been studied
by many mathematicians starting with a study of compact groups and their represen-
tations by Cartan, followed by a study of Riemannian symmetric spaces and real Lie
groups by Harish Chandra. Mathematicians have begun to generalize these real reduc-
tive symmetric spaces to similar spaces over the p-adic numbers and over other base fields.
These generalizations play a role in the study of arithmetic subgroups, geometry, singu-
larity theory, the study of Harish Chandra modules and most importantly representation

theory.



The primary study of the rationality properties of these spaces over other base fields
was published by Helminck and Wang [18]. In the paper they define the symmetric
k-variety for any field k£ with characteristic not equal to two. Similar to the real case,
the p-adic symmetric k-varieties are also called p-adic symmetric spaces. In order to
study the representations associated with these symmetric k-varieties one needs more
information about the decomposition and orbits of the symmetric k-varieties. A thorough
understanding of the orbits of parabolic k-subgroups, symmetric subgroups, maximal k-
anisotropic (compact) subgroups acting on the symmetric k-varieties are important in
the study of these spaces and their representations.

There are descriptions of some of these orbit decompositions in [18], the focus is on
the orbits of parabolic k-subgroups, Py, acting on G/ Hy or the double coset, Py \ G/ Hj.

For a reductive group G and k-involution o, they had the following theorem.

Theorem 1.1.1 ( [18, Proposition 6.10 |) Let {A; | i € I} be the representatives of
the Hy-conjugacy classes of o-stable maximal k-split tori of G.
PG/ Hy = | W, (Ai)\Wa, (A))
iel

The goal is to determine the conjugacy classes of o-stable maximal k-split tori. In the
case when k£ = R, we will simplify the characterization using results from [18] and [10].
First, we will describe each R-involution, o, as a pair of commuting involutions defined
over C. The pair (6, 0), where 0 is a Cartan involution commuting with o will determine
the symmetric pair (G, H) where G is the reductive group and H the fixed point group
of o.

In order to discuss the classification of these tori further, we need to introduce some

notation.



1.2 Notation

Definition 1.2.1 A torus, T, is called o-stable if o(T) =T. Then T =TS T, , where
Tr=(TNH and T, ={x €T |o(zx) =21}

Definition 1.2.2 A torus, A, is called o-split if o(a) = a™' for all a € A.
Note: A (o, k)-split torus is both o-split and k-split.
A quasi k-split torus is a torus that is G-conjugate to a k-split torus.

A torus, S, is called o-fized if o(s) = s for all s € S.

We will denote all the o-stable maximal k-split tori of G' by A7. The set of o-stable
maximal quasi k-split tori will be denoted by A°.

Finally, we say for two tori Ay, Ay € A7 (or A7) the pair (A, Ay) is standard if
A7 C Ay and Af D AJ. Here, we say that A is standard with respect to A,.

On route to the classification, we will have to determine the H-conjugacy classes of
o-stable quasi k-split tori. In order to classify the o-stable maximal k-split (quasi k-split)
tori, we will concentrate on the dimension of the o-split portion of the torus. We can
consider the dimension of the o-split portion starting at a torus with a maximal o-split
piece down to the maximal torus with the smallest o-split portion (maximizing the o-
fixed portion of the torus). So for any A; € AJ we can organize them by the dimension

of the o-split portion of the torus as seen in Figure 1.1.



A; with Aymaximal (o,k)-split

dim of A; decreases

dim of ATincreases

A4, with ATmaximal k-split in Hi

Figure 1.1: Dimensions of o-stable maximal k-split tori

Once we determine the levels and dimension, we need to determine how many Hj-
conjugacy classes are at each level. We will first consider the H-conjugacy classes. How-
ever, we may have only one conjugacy class in the top and the bottom and any node in
between can split into more cases. It is possible for two tori A; and As to be H-conjugate
but not Hj-conjugate even though the dim((A;),) = dim((Az),). For example, for

SL(2,C) and the involution o(A) = (AT)~!, we have the follow lattice:

Figure 1.2: Example of Hi-conjugacy class splitting



For £ = R, we have simplified the issue of R-split tori by introducing the Cartan
involution, €, which both commutes with ¢ and has a maximal R-anisotropic fixed point
group.

It is important to note that when we put tori into standard position there is a Weyl
group elements associated with each torus. Then two o-stable maximal k-split tori in
standard position are conjugate when the related element in the Weyl group of the
maximal (o, k)-split torus are conjugate. The last key of the puzzle is to determine
which elements of the Weyl group are related to a standard tori and the H-conjugacy
classes, as well as, the Hi-conjugacy classes for the k-split and quasi k-split tori.

We call these related Weyl group elements (6, 0)-singular involutions (k-split) and
o-singular involutions (quasi k-split). These singular involutions are elements of the
Weyl group of a maximal (o, k)-split torus, call it A. First we will consider the roots of
the torus, ®(A), and the Weyl group of ®(A), W(A). Then we will specifically look at
®(A, A) where

P(A,A])=D(A)NP(A;)={ac A|o(a) =a}

It is important to note that we will also discuss the maximal o-fixed, k-split torus S

and ®(S,S)). Utilizing both ®(A, A) and ®(S,S)}) we will learn about the dimensions

of the tori inside the maximal k-split torus and dual approaches to finding the singular

involutions.

1.3 Summary of Results

Overall, there are 171 cases to consider coming from the pairs of commuting involutions
(0, o) mentioned earlier and found in [7]. Also, since we are using the Cartan involution,

we will view ¢ as an involution over the algebraic closure and look at classification of



commuting pairs of involutions of G and not R-involutions of GG. To simplify our task, we
will use both the pair (6,0) and the associated pair (6,60c). Each pair offers a different,
but equivalent approach to the problem. The pairs also give the singular rank, which
is the difference between the maximal (o, R)-split torus and the maximal R-split o-fixed
torus. With a few more tools, it is then possible to find the H-conjugacy classes and
Hpg-conjugacy classes.

Let H be as before and K be the fixed point group of §, then H* = H N K and H,"

are the k-rational points.

Theorem 1.3.1 ( [18, Corollary 12.11]) Let {A; | ¢ € I} be representatives of the
H; -conjugacy classes of (0, o)-stable mazimal k-split tori of G. Then
P\ Gr/ Hyf 22 We, (A)\ Wi (A).
iel

All of the 171 cases fall into one of the following categories. We will start by finding
the o-stable maximal quasi R-split tori which is done in Table 4.2. We will show that
finding the singular rank is the next step. Finally, we need to find the o-singular and
(0, o)-singular involutions in the proper Weyl groups. A combinatorial approach to these
elements in the Weyl group will classify the involutions and we can find the H- and then

Hg-conjugacy classes of the tori.

Theorem 1.3.2 (modified from [10, Proposition 8.11]) If the singular rank is r
and the mazimal (0,0)-singular involution is of type v+ Ay = Ay + A1+ -+ Ay r

times then each involution of lesser dimension is also (0, 0)-singular.

Theorem 1.3.3 If the singular rank is 0 or there are no potential (0, o)-singular roots,

then there is only one Hgr-conjugacy class of o-stable mazimal R-split tori.



In the last case, if the singular rank is r and the maximal (6, o)-singular involution
is of type B,,C,, D,, E,, F,, or G, then we must determine what type of involutions of

lesser dimension are (6, o)-singular.

Remark We have conjectured that the maximal (0, o)-singular involution will never be
of type r- A; + X,. We will show in a later paper that in the 171 cases, the three theorems

above will satisfy the results.

Of those four cases above, we will add details for three. Here we summarize them
into three parts with extra information derived from observations so far on (6, o)-singular
involutions. In particular, we learn that the (6, o)-singular involutions must be in W (T')
where T is a maximal torus of the fixed point group of o. We let w,, represent the type

of the maximal (0, o)-singular involution.

e Case 1: If singular rank is 7 and ®(A, AJ) or ®(S,S5) is of type r - A, then all
(6, o)-stable involutions w with A;; C Ay ~are (6, 0)-singular. We still must verify
that w,, of type r - A; is (0, 0)-singular. In most cases, ®(7") will be type X, for
A, B,C, D, Eg, E7, Eg, Fy, or G3. Then our Hg-conjugacy classes will not split from

the H-conjugacy classes.

e Case 2: There are no (#,0)- or no (0, 600)- singular roots. We see this in the case
when ®(A, A)) is empty or when ®(5,S_,) is empty. An empty intersection means
there are no candidates to represent a standard pair of tori. Also, if there are no
(0, o)-singular roots then the singular rank is 0, we can conclude there is only one

Hpg-conjugacy class of o-stable maximal R-split tori of G.

e Case 3: If the singular rank is 7 and the ®(A, A) or (S, S_,) is of type B,, C,, D, E,

(r =6,7,or 8),F,. (r =4), or G, (r = 2), then we must determine if other invo-



lutions are (0, o)-singular. If w,, is of type r - A;, then we return to case 1. If w,,
is of type B,,C,,D,, E, (r = 6,7, or 8),F, (r = 4), or G, (r = 2), then we need
more information. Again, we need to consider the splitting of these involutions
in W(A, Hg). In fact, in some classes ®(T) agrees well and has the same rank;
however, we also have ®(T") = ®(T7)+®(13) = X;+Y;, where X, Y = A, B, C, BC,
or . This will cause the classes to split. In this case, often the singular rank is

less than the rank of ®(A4, A;) or ®(S,S}) which complicates matters.



Chapter 2

Preliminaries

2.1 Preliminaries and Definitions

For a majority of the thesis, we will be working with the Lie algebras and use the induced
involutions from the group. While an abuse of notation, we will call these induced
involutions by o and 6. The theory in previous papers is equivalent and I will show that
the results on the Lie algebra are the same as the results in the group.

We will start with a connected, reductive group GG; however, we will also be in constant
connection with the Lie algebra of G, g = Lie(G). We will be considering involutions,
commuting involutions, symmetric spaces, and maximal k-split tori of G. Therefore, we
require many definitions to explain the connections between the orbits and conjugacy
classes mentioned in the introduction.

First, for z,y € G denote the commutator zyx~'y~! by (x,y). If X, Y are subgroups
of G, the subgroup of G generated by all (x,y), z € X,y € Y will be denoted at [X,Y].
Similarly in the Lie algebra of G, g, the commutator and bracket is just xy — yx and the

above definition will hold.



Definition 2.1.1 A k-involution, o, is an automorphism of G where 0* = id and o # id

and defined over k.
We will denote an automorphism of g, induced by ¢ also by o.

Definition 2.1.2 For any k-involution 7. Let G be the fized point group of T.

G, ={9€G|7(9) =g}

To define our symmetric variety, we will use a pairing (G,0). Let H = G, = {g €
G | o(g) = g} be the fixed point group of 0. Then G/H is a symmetric variety. For
a field k, the symmetric k-variety defined by the pair (G, o) is Gy/Hy, where Gy (resp.
Hy) are the k-rational points of G (resp. H). A symmetric R-variety, Gg/Hg, is also
called real reductive symmetric space. Gy/Hy, is isomorphic to {go(g9)™" | g € Gx} and
given x, g € Gy, the o-twisted action associated with Gy is g * x = gzo(g) ™.

In Helminck and Wang [18], the double cosets Py \ Gy/H) are characterized by the
quotient of the Weyl groups of A; where A; is a representative of an Hy-conjugacy class
of o-stable maximal k-split tori of GG. It is important to note that in general, these double
cosets are infinite.

For example, G = SL(2) and k = Q with o(x) = (27)7!, then | P, \ Gi/Hy| is not
finite. For k = R, the finite condition was verified by both J.Wolf [20] and T. Matsuki [16].

Example Let G = SL(2,k) and o(x) = (7). Then

H={zeG| @) '=xt={reG|z" =271} =S0(2,k).

X=G/H={go(9)"" | g€ G}={gg" | g € G}

Here P are the set upper triangular matrices: (8 aél ) Then P acts on G/H by

g*xx = gxo(g)~' = gag”.

10



Upon calculation we find that for SL(2, R) there is one orbit with representative (§9).

For SL(2,C) there are 3 orbits with representatives: (§9),(%8), (" o).

However, we will find that as the dimension increases and the involution changes this
brute force calculation of the orbits is unlikely. In such a case, we will use the equivalent
quotient of Weyl groups for our calculations. To do so we must first develop the tools to

better understand tori, Weyl groups of tori, and the quotient of Weyl groups.

Definition 2.1.3 In a group, a torus, T, is called o-stable if o(T) = T. Then let

T =T/ T, , where
TFr=(TnNH and T, ={x €T |o(zx)=a""'}°
In a Lie algebra, a torus, t, is called o-stable if o(t) =t. Then let t =t @t , where
th=(tnh) andt; ={x et|o(x) = —x}.

I discuss both cases because much of the theory is in Lie groups, but we will be looking
at the questions in terms of the Lie algebras. I will continue the discussion for the Lie

algebra.

Definition 2.1.4 A torus, a, is called o-split if o(a) = —a for all a € a.
Note: A (o, k)-split torus is both o-split and k-split.
A quasi k-split torus is a torus that is g-conjugate to a k-split torus.

A torus, s, is called o-fized if o(s) = s for all s € s.

2.2 Weyl group

Recall, the equivalency between the double cosets and the quotients of Weyl groups of

tori.

11



Theorem 2.2.1 ( [18, Proposition 6.10 |) Let {A; | i € I} be the representatives of
the Hy-conjugacy classes of o-stable maximal k-split tori of G.
P\Gy/Hy, = U Wa, (A)\Wh, (As)
iel

First we must determine the conjugacy classes of o-stable maximal k-split tori. Then
we must understand what the Weyl groups will look like in the Lie group. We will start
with understanding the Weyl groups. We will need to understand the Weyl group of
a torus, T. The Weyl group of a torus 7" with respect to H is denoted W (T, H) or
Wy(T) = Ny(T)/Zu(T), where

Ny(T)={x € H|2Tz~' C T} and
Zy(T)={v € H|at=tx forallt € T}
Typically we view the Weyl group, W, as generated by s, for all roots a.. Recall,
sa(B) =B — 2%@.

Since the goal is to describe the conjugacy classes in terms of both Lie groups and Lie
algebras, it is useful to closely follow the previously developed group theory. Therefore,
we will use the compact group approach in [5] to describe the Weyl group of a maximal

torus of g.

Notation g is a complex, semisimple Lie algebra which is a subalgebra of gl(n,C). u is
a compact real form of g and K is the compact subgroup of GL(n,C) whose Lie algebra
is u. tis a maximal commutative subalgebra of u and we have the associated Cartan

subalgebra h = t + t.

Define

12



Z(t)={A € K|Ads(H) = H for all H in t}
N(#t)={Ae K| Ada(H) C tforall H in t}

Both Z(g) and N(t) are subgroups of K. Furthermore, Z(g) is a normal subgroup of
N(t). Then the Weyl group for g is the quotient group W = N(t)/Z(t).

We define an action of W on t as follows. For each element w € W, choose an element
A of the corresponding equivalence class in N(t). Then for H € t we define the action

w - H of won H by

The action is well defined. Since h = t + it, the map on t extends uniquely to a
complex-linear map on h. If w € W, then we write w - H for the action of w on an

element H € b.

Theorem 2.2.2 For each root «, there exist an element w, of W such that w, -a = —a

and such that w, - H = H for all H € § with (o, H) = 0.

Proof Recall for each root o, we can find nonzero elements X, in g,, Y, in g, and H,

in h which span a subalgebra of g isomorphic to sl(2,C). Satisfying:
o [H,, X,| =2X,
e [H,,Y,] =-2Y,
o [X,,Y,]=H,

Choose Y, = X, then X, — Y, = X, — X} = (X! +iX?) — (—X! 4+ iX?) for some

X! X2 € t. Therefore, X, — Y, = 2X! C t. We let A, be the element of K given by

13



Ay = exp[F(Xa — Ya)]. We want to show that A, is in N(t) and that
Ad,,, acts on b.

For H € h and that (o, H) = 0. Then, [H, X,] = (o, H) X, = 0 as with Y,. This
means that X, and Y, commute with H. Recall that e®x = Ad(e¥) and e*X(Y) =
Ad.x(Y) = e*Ye ™. Therefore, Ada, (H) = exp[%(adx, —ady,)](H) = H.

Now consider the action of Ady, on the one-dimensional subspace of g spanned by

H, (or a). As above,
AdAa(‘Ha) = eXp[%(aan - a’dYa)](Ha)

We can calculate the right-hand side and we will have Ady, (H,) = —H,. So Ada, acts
on H like the identity with (o, H) = 0 and Ad4, acts as minus the identity on the span

of a. Therefore, A, represents the element of the Weyl group, w,, that was desired.

The following theorem demonstrates the connection with the traditional Lie algebra

approach to the Weyl group and the compact group approach.

Theorem 2.2.3 The Weyl group W 1is generated by the elements w, as o ranges over

all roots.

Remark If we let T be the connected Lie subgroup of K with Lie algebra t. T is a
maximal torus. Then the centralizer of T = Z(T) = {A € K | AtA™' =, Vt € T} and
the normalizer of T = N(T) = {A € K | AtA™! € T, Vt € T} coincide with Z(t) and
N(t). In fact, for T' a maximal torus, T' = Z(T') = Z(t).

We consider the Weyl group in both manners in order to use the established theory
of Lie groups and conjugacy classes of tori.

Now, repeating Example 2.1 from earlier in the section, we can now determine the
order, | Py \ Gi/Hg|, by the equivalent relation with the representative tori and Weyl

groups of the tori.
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Example Let G = SL(2,k) and o(A) = (AT)!

Let C = (<, 9), where ¢* +d? = 1.

C' is o-stable because o(c) € C for all ¢ € C. However, C is not o-split and C' is
C-split and is not R-split.

Let D = (§ %) is a o-stable torus because o(d) = (" 9) € D.

D is o-split because o(d) = d~! for every d € D. D is k-split for any k because it is
diagonalizable.

C' and D are the representatives of o-stable maximal C-split tori of SL(2,C) and D

is the only representative of o-stable maximal R-split tori of SL(2, R).

Our Weyl group will be the permutation matrices.
We(T) ={(51), (Y0} Wa(T)| = 2.
For k = C, there are two maximal o-stable, k-split tori. The representatives are:
D= (2,2%)and B=(5?), where &+ d* = 1.

Note that C is contained in H = G, the fixed point group of o.

(Wa(D)| = |Nu(D)/Zu(D)| = 2
(Wa(C)| = [Nu(C)/Zu(C)] =1

So,

U We(A)/Wa(A)| = We(D)/Wr(D)| + [We(C)/Wir(C)| = 3.

el

For £k = R only D is k-split. So,

U We(A)/Wa(A)] = [We(D)/ Wi (D)| = 1.

el

Again, we would like to be able to consider all involutions, all groups, and all dimen-

sions. We must create tools to approach the problem in more generality.
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Chapter 3

Symmetric Spaces and Involutions

3.1 Classification of Symmetric Spaces

In order to classify the Hg-conjugacy classes of o-stable maximal R-split tori, it is neces-
sary to first understand the symmetric space determined by o. The difficulty in the classi-
fication arises from the R-split requirement, but using the classification of the semisimple
symmetric spaces, we can reduce the problem to commuting pairs of involutions over the
complex numbers. The pair, (0, 0) described below will aid in the characterization of the
tori by guaranteeing that the splitting condition is met.

Let Gy be a real semisimple Lie group and denote its Lie algebra by go. Let o €
Aut(Gp) be an involution and (Gp), be the fixed point group of o. Let H be a closed

subgroup of GGy with Lie algebra b such that
((Go)s)® € H C (Go)s

The pair (Gy, H) is called a semisimple symmetric pair and (go, h) is a semisimple

locally symmetric pair. The symmetric space Go/H is called an affine symmetric space
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or a semisimple symmetric space. Similarly, when Gy is reductive (Gg, H) is called a
reductive symmetric pair and (go, h) is a reductive locally symmetric pair. We will look
at the conjugacy classes in the Lie algebra and later consider the argument at the group
level.

We say that two semisimple locally symmetric pairs (go, h1) and (go, h2) are isomorphic
under an inner automorphism if there exists ¢ € Aut(gy) such that ¢(go) = go and
¢(h1) = ba.

Let g denote the complexification of gg. We will show that a semisimple locally
symmetric pair (as described above) determines a pair of commuting involutions of g.
The isomorphism classes of these pairs of commuting involutions will transfer directly to

affine symmetric spaces associated with the semisimple locally symmetric pair.

Definition 3.1.1 An involution 0 € Aut(gy) and let go = & @ po be the decomposition
into the +1 and -1-eigenspaces of 6. Then 6 is called a Cartan involution if €y is a

mazimal compact subalgebra of go.

Remark 1. By abuse of language we will call a subalgebra compact if the Killing

form restricted to €, is negative definite.

2. Equivalently on the group, a Cartan involution has a maximal k-anisotropic (com-
pact) fixed point group. This will be important because we will use the fact that a

torus is f-split to deem it R-split.

3. It has been shown that any real, semisimple Lie algebra has a Cartan involution that
is unique up to inner automorphism. Therefore, if #; and 6, are Cartan involutions

of go, then there exists a ¢ € Int(gy) such that ¢h;¢~1 = .
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In our discussion, we have a fixed involution . We can actually find a Cartan involution

that will commute with o.

Theorem 3.1.2 ( [1, Lemma 10.2]) If g is a real semisimple Lie algebra, 6 a Cartan
involution, and let o be any involution. Then there exists a ¢ € Int(go) such that pOp~1

commutes with o.

Since ¢f¢p~! is still a Cartan involution of gy, by the above remark, we can find a
Cartan involution that commutes with o. It is an abuse of notation, but we will call this

involution 6, where 6 is a Cartan involution and o6 = fo.

Corollary 3.1.3 Let (go,b) be a semisimple locally symmetric pair. Then there exists a

Cartan involution 6 of go such that 06 = 6o.

Definition 3.1.4 Let g be a Lie algebra over C and the real Lie algebra g®. A real form
of g is a subalgebra, go, of g& such that each Z € g can be uniquely written as Z = X +iY,
where X,Y € go. Thus g is isomorphic to the complexification of go. A compact real

form w is a real form of g whose Killing form is negative definite.

Definition 3.1.5 For a real form go of g, there is an conjugation map, 7, of g with
respect to go given by 7 : X +1Y — X —iY for (X,Y € go). The mapping T has the

following properties for X,Y € go,c € C:
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Theorem 3.1.6 ( [7, Lemma 10.3]) Let g be a complex semisimple Lie algebra and
01,...,0, commuting involutions in Aut(g). Then there exists a compact real form u of

g, with conjugation 7, such that 6;7 = 70;, fori=1,... n.

Theorem 3.1.7 0 € Aut(g), 0> = id. There exists a unique 0-stable compact real form

of g.

Proof Let 7 be the conjugation of the compact real from u. #(u) = u if and only if
O = 70. Then § = 07 is a conjugation Let go = gs = {g € 9/|d(g9) = g}, then 0|g is a

Cartan involution of go and go =uNgy GiunNgg.

Essentially what the above corollary and theorems suggest is the following. First,

suppose g = go + igo and go a real form with conjugation 6 and o € Aut(go). So
d:g—>gby (X +1Y)=X —iY for XY € g

(go,0) is a locally symmetric pair. Then there also exists a Cartan involution of g
such that go = &y & pg is a Cartan decomposition and o6 = fo.

Second, given 0,0 € Aut(g), 6? = 0% = id, and §o = of. We can determine a unique
compact real form found in the above theorem is both # and o-stable because 06 = fo.
The involutions define a unique semisimple locally symmetric pair.

We want to show that there is a one-to-one correspondence between semisimple locally
symmetric pairs (go, ) and ordered, commuting pairs of involutions (6,0) € Aut(g).

It is important to note that we are dealing with ordered commuting pairs of involutions
of g. The ordering is important because one involution is defining the symmetric space
and the other is the Cartan involution which defines the real form of g. We will write

the pair as (0, o), where the first involution determines a real form.
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Let u be a (6, o)-stable compact real form of g with conjugation 7. Denote 67 by
and o7 by &. Let gz be the fixed points of § in g. Then (gj), are the set of fixed points
of o in gz.Then (gg, 0|gs) is a locally semisimple symmetric pair corresponding to (6, o).
It follows that from [6, Proposition 1.4] that the isomorphism class of (gg, o|gz) does not

depend on the choice of the (6, o)-stable compact real form u of g.

Remark Pairs of commuting pairs of involutions in Aut(g) correspond bijectively to

commuting pairs of involutions of g.

Theorem 3.1.8 ( [7, Theorem 10.6]) The inner (resp. outer) isomorphism classes
of the semisimple locally symmetric pairs (9o, h) correspond bijectively to the inner (resp.

outer) isomorphism classes of ordered pairs of commuting involutions (0,0) of g or

Aut(g)°.

Here g is complexification of gg, b is the Lie algebra of (Gy),, and 6|gy is a Cartan
involution of gy commuting with o. These structures have been studied by many including
Cartan, Berger, Helminck, Oshima and Sekiguchi. Each mathematician provides new
insight into the applications and the specifics of the structure.

In Table 3.1, I have provided the notation from Cartan, Helminck, and Oshima-
Sekiguchi corresponding to the case of the pair (0, 0 Int(¢;)) where 0 is a Cartan involution.

Also included is the pair (go, b).

Remark We will be using the notation of Helminck throughout the thesis. It is im-
portant to understand the information given by the notation. X?(Type,¢;) gives an
involution’s Cartan type acting on a root system of type X with dimension a. b gives us
the dimension of the (-1)-space of the involution.

Last, the ¢; is a quadratic element and is part of the classification of pairs of involu-

tions. Further discussion of quadratic elements can be found in Chapter 6 of [7] and in
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the last section of this chapter. We will discuss the role of these elements in the context

of the conjugacy classes and action on rootspaces.

Some notes on Table 3.1 are helpful in the following cases:

Helminck Oshima-Sekiguchi ‘ Note
AV(I11,,€),i# 0  BCYP il | m=0+1-2p
B)(1,,€;) Bg;’l ‘ m=20+1-2p
CY(11,,€;) BC’;ZM’B ‘ m=4{—2p
D2 (1, €) B! | m=20-2p
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Table 3.1: Cartan Involutions

Cartan Helminck Oshima-Sekiguchi g b
Al Al(T,¢;) A, sl(¢,R) so(0+1—1,1)
AlT Al (I1€) Ay su*(20 4+ 2) sp(l+1—1i,14)
AL, (I11,,¢),i# ¢ Cpli#t su(l, () su(l —i,1) + su(l —1i,i) + so(2)
AL e (111, e0) o su(t, 0) s(6,C) + R
ANI11,,€;) BC’;”Z“Q’1 su(l —p+1,p) su(l—p+1—i)+su(p—i,i)+so(2)
BI BY(1,,¢) B! s0(20+1 —p,p) 50(20 4+ 1 —p—1) + so(p —i,1)
o CUI e;), i # 0 Cpli# sp(¢,R) su(l —1i,1) + so(2)
CHI, ) Cpai# 0 sp(f,R) sl((,R) + R
CP(I1,,€;) BCy? sp(t —p,p) sp(t —p—1i,i) + sp(p — i, 1)
CII
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Table 3.1 — Continued

CL,(ITy, €)1 # 1 c,’ sp(l, 0) sp(0 —i,1) + sp(f —i,4)
CL,(ITy, €;) o sp(l,0) sp(¢,C)
Dy (I, €;) B;’fi’l so(20 — p,p) so(20 —p —i,1) + so(p — i,17)
b1 DUI,,e),i # DliAl so(l, 1) so(l — i,1) + so(l — i,1)
Di(1y, €0) Dy, so(¢,0) su(l,C)
DY,(IT1,,€¢),i# (¢ Cpli# L 50*(40) su(20 — 2i,2i) + s0(2)
brit D,(I11,,¢) Cp s0*(40) su*(20) + R
DS, (111, €;) BCy s0* (40 4 2) su*(20 + 1 — 2i,2i) + s0(2)
o Eg(I,e) Es.p €6(6) sp(2,2)
E§(1, ) Eg 4 €6(6) sp(4,R)
EAII,€) Fi es(2) su(3,3) + sl(2,R)
EIT
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Table 3.1 — Continued

su(4,2) + su(2)

HUIR) Fip e6(2)
E2(I11,¢) BCYS! €6(—14) 50*(10) + so(2)
EIIT :
EZ(I11,¢€) BC;%I €6(—14) 50(8,2) + so(2)
ETV Eg(IV, €) AS,A €6(—26) f4(—20)
EX(V,e) Elp e su(4,4)
EV
E;(‘/, EQ) E%,A er(n) Sl(8, R)
E{(V,en) Er g e7(7) su”(8)
EAVI, &) Fyz er(—s) 50*(12) + sl(2,R)
EVI
EXNV I, e,) Fi’é e7(—s5) s0(8,4) + su(2)
E?(V[[, 61) CZ'?:}{ €7(-25) €6(—26) + 8[(2, R)
EVII
E?(V[[, 62) C;’]lg 67(_25) 66(_14) + 80(2)

24



Table 3.1 — Continued

ES(VIII,e) Eél,D es(s) s0(8, 8)
EVIII
E3(VIII, eg) Eig es(s) s0*(16)
Eé(]X, 61> Fié« 68(_24) 67(_25) + Sl(2, ]R)
EIX
Eél(]X, 62) Ff;é 68(_24) 67(_5) + SU<2)
Ff(lvel) F41,C' f4(4) Sp(3,R) + Sl(QaR)
FI
Fi(I,e4) Fip ) sp(2,1) + su(2)
FIT El(I,€) BCYY Fa(—20) s0(8,1)
G G3(e) Gy 92(2) sl(2,R) + sl(2,R)
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The discussion of o-stable maximal R-split tori, now takes on another form in the
subspaces of gg. If we decompose using # and form the Cartan decomposition of gz, we
have gz = ¢ @ p. Likewise, let g3 = b @ q be the decomposition in eigenspaces of o|gs.
Now 6-split (resp. o-split and (o, #)-split) tori of G correspond to Cartan subspaces t of
p (resp. q and pNq). This characterizes the locally semisimple symmetric pairs (go, o) in
terms of a (o, )-stable Cartan subalgebra t of g3, such that ¢Np (resp. tNg and tNpNq)
is maximal abelian in p (resp. q and p N q).

The pairs of commuting involutions of GG correspond bijectively with pairs of com-
muting involutions of g. We will again abuse notation and call the pair (6, 0) to denote
the involutions and the lifted involutions.

The most important piece, which completes the discussion is to consider how we
can view a o-stable R-split tori, a C g. We can always find a § commuting with o;
therefore, a is #-stable. However, given two commuting involutions we can find a (6, 0)-
stable real form of g. Then a = a) @ a,. But aj is contained in the compact k
portion of the decomposition. Therefore, in order for a to be R-split, a = a,. We
can now equate o-stable maximal R-split tori with (6, o)-stable maximal #-split tori for
commuting involutions (6, o).

Based on this relationship, we can discuss a modification of Helminck and Wang
original classification. Let H* = (H N K)? where H and K are the fixed point groups of

o and 6, respectively. H, are the k-rational points of H.

Corollary 3.1.9 ( [10, Corollary 3.9]) Let {A; | i € I} be representatives of the H, -

conjugacy classes of (6, 0)-stable mazimal k-split (ie. 0-split) tori in G. Then

P\ G/ HiE = | W (A)\ W (A4)).

el
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We will have to look at each pair (gg, o|gs) to determine in each case, the maximal
(0, 0)-stable #-split tori. We will begin to dissect the conjugacy classes of these tori by
looking at the maximal o-split tori. These tori will build the structure to determine the

number of conjugacy classes.

3.2 R-involutions

In order to look at the tori, we will be looking at the root systems of the reductive groups

and associated Lie algebras. It is useful to consider the root datum.

Definition 3.2.1 A root datum is a quadruple ¥ = (X, ®, X, ®X), where X and X are
free abelian groups of finite rank, in duality by a pairing X x X — Z, denoted by (-,-),
® and ® are finite subsets of X and X with a bijection & — & of ® onto ©. If « € ®
we define endomorphisms s, and sg, of X and X, respectively, by so(x) = x — (X, &) a,
sa(V) =v —{(a,v)a.

The following two azxioms are imposed:

1. If a € @, then (o, a) = 2.

2. If a € ®, then 5,(P) C @, s4(P) C P.

In particular, when we are considering a maximal torus 7" or maximal 6-split torus of
a reductive group or maximal torus t of the associated Lie algebra, we are also guaranteed
to have the root datum as described above.

We will call ®(T) (resp. ®(t)) the root system of 7" (resp. t) with associated Weyl
group W(T') (resp. W(t))

So now we have pairs of commuting involutions (¢,0) and root datum associated

with maximal tori. We will discuss the involutions o and 6 on the reductive group or Lie
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algebra by considering the action on the root system, by an abuse of notation, we will
also call these involutions ¢ and 6.

The restriction to the common -1-eigenspaces of o and 6 plays an important role in
the classification of maximal (6, o)-stable k-split tori. Let ® be the roots system of the
maximal torus. We can use the restricted root system to find the root system of the
maximal #-split torus which is equivalent to the maximal R-split tori. We can complete
the classification by looking at ¢ on this restricted root system. The involution o will be
used to describe the involution of the root system as well as the involution lifted to the
Lie algebra.

Let

Op(0) ={a e ®|a—~0(a)

0}
and
Dy(f,0) ={a€ed|a—o(a)—0(a)+ ob(a) =0}

These systems are 6-stable and (6, o)-stable respectively. Both are closed subsystems
of ®.
Also, call &y = &/Py(f) and @y, = ©/Py(¢, o) the restricted roots systems of 6 and

(0, o) respectively. There is a natural project mg from ® to @y given by
mo(a) = 3(o — 0(av))
Similarly, we have a natural projection, my, from ® to ®g, given by

(o —o(a) —0(a) + 00(a))

N

Too(a) =

Remark &4 and &y, can be identified with the projections onto the -1-eigenspace of ¢

and the -1-eigenspaces of o and 6, respectively.
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Example Let ® be of type Az so A = {ay,an, a3} is a basis of ®. Suppose § acts on

roots as follows:

O(cr) =
O(ar) = —(aq + a2 + a3)
0(s) =
0o + ) = — (g + a)
O(ay + az) = —(ag + az)

9(0&1 —+ g + 043) = —(Q

Then ®(6) = {a, a3} because both roots are fixed by 6. If we consider the projection
from ® to &y then we can determine the desired restriction of the basis. We know the
roots in ®y(#) are sent to 0 and we need only calculate the project for the remaining

roots.

To(an) = 3(as — O(aw)) = (s + (a1 + as + a3)) = 2 (o + 2as + a3).
71'9(0[1 —+ 062) = %(061 + g — Q(Oél -+ Oég)) = %(061 + (0% + (052 + Oég)) = (Oél -+ 2@2 -+ Oég).

1
2
Similarly, mp(ae + a3) = %(al + 205 + a3) and mp(ag + as + az) = %(al + 205 + a3)

Then ®p = {1 (o + 2as + a3)} and is of type A;.

Now, suppose o acts on the roots as follows:

o) = —as
o(ag) = —ay
o(as) = —m

oo + az) = —(az + ag)

) =
0(@2 + 013) = —(011 + 042)
)=

0'(041+062+CY3 —(CY1+042+Oz3)



First, ®q(0,0) = ®y(#) which can be seen by direct calculation. It is useful to have a

table of the action of 6o on the roots as well.

fo(on) = —a3
Oo(ag) = ag + as + as

Oo(as) = —ay
Oo(aq + ag) = (ag + az)
Oo(ag + az) = (as + as)

90’(0(1 + oo + 063) = Q9
Then,
Too(0n) = }l(al — o) — by, +00(aq)) = %L(ozl +a3—a;—ag) =0.

A similar calculation verifies our ®4(6, ).

Too(a2) = T(ar — o(a2) — Oy + 00(a2)) = 1(02 + 0 + 1 + Qs+ a3+ a1 + 2 + a3) =

%(2(1/1 + 40[2 + 20[1 = %(O[l + 2042 + Olg).

Qg , = Py and Py, N Py = Py. However, this is not always the case as demonstrated

in the next example.

Example Consider Example 3.2, but we will reverse the involutions so now 6 acts like
o in Example 3.2 and o acts like 6 in Example 3.2. 6 has the same action.

First, ®¢(f) = () because no root is fixed by 6. Let’s determine ®y.

mo(on) = 3(ar — O(on)) = 3(on + az) = 3 (a1 + as) = mp(as).

To(an) = (s — O(aw)) = 3(a2 + a2) = .
7T9(Oé1 + 062) = %(061 + Qo — 9(0&1 + 062)) = %(Ozl + oo + (062 + Oég))

(Ozl + 20é2 + &3) = 7T9(O./2 + Oég).

N[

7rg((11+042+043):%(a1+a2+a3+a1+a2+a3):a1+a2—|—a3
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Then ¢y = {%(al + a3), as, %(al + 205 + a3), a1 + a3 + a3} and is of type Cs.

®p, is the same as Example 3.2 and ®p, N Py = {%(al + 2a + a3)} and of type
A;. Different involutions will determine different systems. To describe the involutions
more efficiently, it is worthwhile to consider an order to the basis and use an involution

diagram.

Definition 3.2.2 An order = on X is called a (0,0 )-order if it has the following prop-

erty:
ifx € X, x>0, and x ¢ Xo(0,0), then o(x) = 0 and 6(x) = 0

Since & C X, we can have a (#)-order on ® which induces an order on ®4(#) and Py
and we can have a (0, 0)-order on ® which induces an order on ®¢(f,0) and ®y,. We

can also learn about @y, by considering o|®y.

Definition 3.2.3 A basis A of ® with respect to a 0-order ((0,0)-order) will be called a
0-basis ((6,0)-basis) of .

Similarly, we have ordered bases for Ag(6), Ag(0, o), Ag, and Ay, of @y(0), ©o(8,0), Py,
and ®g,.

Lemma 3.2.4 Let t be a 0-stable mazimal torus of G, A a 0-basis of ®(t), then 6 =
—0*wo(0). Where wo(0) is the longest element of ®o(0) with respect to a 0-ordered basis

Ag and 0* is the identity or an order two automorphism of the Dynkin diagram of ®(t).

In [7], this information is used to completely classify the involutions over reductive
groups and their associated Lie algebras and all pairs of commuting involutions. Each in-

duced involution on the roots is associated with a diagram. The involution = —6*wq(6)
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can be retrieved from the diagram. 6* appears on the diagram with arrows denoting the
action. Also, the roots of #-ordered basis Ag are black dots.

Table 3.2 has the types of involution, diagram representations, restricted roots and
type of restricted root system.

Describing the root systems as above will also help in our classification. In particular,
we need to find (6, o)-singular roots, which live in the intersection of ®y and ®y,. For
each pair of involutions, we have to look at the restricted root systems, projections of
the roots of ®, the action of o, 6, and o6, and finally the action on the root spaces. The
first three all require a strong knowledge of the above theory. We will utilize the diagram

description of the involutions in our classification.
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Table 3.2: Involution Diagrams

Type Type
Diagram Ay
0 g
1 2 -1 l 1 2 -1 l
Al o—0----0—0 o—0C----0—0 A
1 l 1 2 -1 l
All e—O—e  -O—e o—0----0—0 Ay
1 2 p ptl
* 9 1 2 p—1 p
Alll, ‘ O—O0 - -0==0 BC,

o ! 1 2 1-1

AIITL, oO—O0 - -O0==0 C

o—=0--

1 2 P 1 2 p—1 p

BI O—0O O0—0 & =0 O—0 - -0==0 BC,
1 2 -1 1 1 2 -1

CI O—O - -O==0 O—O0 - -O0==0 C
1 P 1 2 p—1 p

cll, e—O0—e O—e e=<=» O—0 - --0==0 BC,
1 -1 l 1 2 -1 l

CIlI, O —o  O—e==0 O—0 - -0==0 C
1 P 1 2 p—1 p

DI, O O0—0- - —@ O—0---C==0 B,
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DI,

ET

EIT

EITT

EIV

EV

EVI

1
O—e O <>
2
1 3 T4 5 6
o O—O0—=o0
1
T2 3 4
O N4 N4 N O
b &—~ |
9*
1 I
o—e &—oO
b — ¢
0.*
1 I 2
o—e &—oO
2
3 Tzl 5 7
O—0 O
1
oO—O—e °

34

O

Table 3.2 — Continued

Ow

O

O~

Gy

B

Fy

B,

Fy



EVII 2 3 O—0O==0
2 2
EVIIT 1 3 T4 5 6 7 8 1 T 5 6
O O O O O O O O O O O
4 3 2 1 O—0—=—=0—"->0
EIX O L 4 I @ O O O
12 3 4
EFJ O—C——0—">20 O—C—=——0—"-=20
1
FII o—eo—=—=—0 O ¢
12
G O==0 O==0

Table 3.2 — Continued
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For each of the over 171 pairs we must make the diagram representation of the involu-
tions actions on the root system of the maximal torus. We will use the diagrams in Table
3.2, but with a slight modification. Both the action of ¢ and 6 will be represented on
one diagram. Any arrow will be labeled with the appropriate involution. Any black dot
means both involutions fix that root. A black dot with an involution attached implies

that given involution does not fix the root, but the other one does.

Example Suppose o is type AIl and 0 is type AIII, acting on Ay 1. First, we will

represent both as diagrams.

1 2 20—1

1 20—1 g+ 20
g [ O ® - O L ]

S

JENPE)

() ‘R (]

From the diagram of (6, o) we can extract the original involutions.

Remark We will call the maximal (6, o)-stable R-split tori containing the maximal o-

split torus, a. ®(a) = &y will be the type of the a determined by 6.

O(a,a;) =P(a)NP(a,) = DypN Py

» Yo

are the roots of the maximal (o, R)-split torus inside the maximal torus of g. Of course,
the intersection with ®, is important to ensure that we maintain the R-split quality which

is precisely the -split requirement.
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3.3 Quadratic Elements and Multiplicities

While quadratic elements will not play an immediate role in our work, it is important to
understand how they play a role in the classification of commuting pairs of involutions.
For details on multiplicity and quadratic elements please see Chapter 6 in [7].

A quadratic element, e, is an element of a (o, 6)- stable maximal k-split torus such that
€2 = e. When a quadratic element is used in the classification of the pairs of involutions,
we see that o and o Int(e) are two different involutions. The calculation of the quadratic
elements was done in [7]. We will be focused on calculating the action of Int(e) on the

root spaces of our toral roots. In particular, we will focus on the effect on the multiplicity.

Definition 3.3.1 Let a be a (0,0)-stable R-split tori with a, mazimal. For A € ®(a)
we call m(X) the multiplicity of \. We can find the multiplicity be counting the number

of roots in the original maximal torus that project down to \ (ie. the a € t such that

Ha—0(a) =A).

For A € ®(a) let g(a, \) be the root space (sum of the root spaces projected down to
A). 00(A) = X and 00(g(a,\)) = g(a, A). Put

9(a, N5 = {X € g(a,)) | 00(X) = £X}
m*(\, 08) = dim(g(a, )\)fe))

The signature of A will be (m™* (X, 00), m™ (A, 00))
If a particular quadratic element, €, acts on A then the multiplicities will be flipped.

mt (A, 00) =m~ (A, 00Int(e)) and m= (A, 00), m* (A, 06 Int(e)).
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Chapter 4

Classification and Standard Tori

4.1 Standard Tori

Recall, the goal is to use the theorem of Helminck and Wang to classify Py \ Gi/H,"
thereby classifying P, \ Gy/Hy. Let HY = (H N K)® where H and K are the fixed point

groups of o and 6, respectively.

Corollary 4.1.1 ( [18, Corollary 12.11]) Let {A; | i € I} be representatives of the
H;"-conjugacy classes of (0, c)-stable mazimal k-split tori in G. Then
P\ G/ Hy = | We, (A4)\ W+ (A)).
iel

We will discuss the solution in the Lie algebra and then lift it to the Lie group. Let
ngf’a) be the (6, o)-stable maximal k-split tori of g. We will want the b -conjugacy classes
and we will denote this by 2" /p7.

On route to this classification, we must first find the h-conjugacy classes of (6,0)-

stable maximal quasi k-split tori. We will denote this by () /p.
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Definition 4.1.2 A torus t of g is called a quasi k-split torus if t is g-conjugate with a

k-split torus of g.

One last subclass of tori that we will consider are those quasi-k split tori that are b-
conjugate with a k-split torus of g. We will denote this set by Ql[(f’o) and when considering
these conjugacy classes, Ql(()e’g) /b.

The tools to determine Q(((]e’o) /5,24 /b and ng ) /bi are built in the same manner
using standard tori and standard involutions. Several refinements and specifications in

each case will lead to the individual classification. First, we have a natural map ( :
¢ AL Jht = A0

sending each b -conjugacy class of a o-stable maximal k-split torus onto its b-
conjugacy class. Its image, Qlég’a) consists of the h-conjugacy classes of o-stable maximal
quasi-k split tori that are h-conjugate to a o-stable maximal k-split torus.

To classify 91/(5’0) /b it suffices to classify the image and fibers of (. In the case of

k = R this map is actually one-to-one. We start by discussing standard tori.

Definition 4.1.3 For a;, ay € ng’"’) (or A9 ) the pair (a;,ay) is called standard if

a;, Ca, and af D af. In this case, we say that a, is standard with respect to a,.

As in the case of a single involution, o, all the elements of Qlﬁ{’e) and A% can be put
in standard position. We will omit the involution ¢ from the notation when there is no
confusion. So we will write, a; instead of (a;), for the (-1)-portion of the involution o

on a;. A standard pair give rise to an involutions of the respective Weyl groups.

Theorem 4.1.4 (adapted from [9, Theorem 3.6]) Let (a;,a5) be a standard pair of

(0, 0 )-stable R-split (or quasi R-split) tori of g. Then we have the following conditions:
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1. There exists g € Zg(a; @ ay) such that Ad,(a;) = as.
2. If ny = Ad(g)-15() and ny = Adsg)g-1, then ny € Ng(ay) and ny € Ng(ay).

3. Let wy and wq be the images of ny and ny in W(ay) and W (ay) respectively. Then

wi = e,ws =e, and (a1);, = (a2)}, = ay & a3 which characterizes wy and w,.

Proof (a) a; and ay are both maximal tori in the group Zg(a; @ aj). Therefore there
exists a g € Zg(a; @ aj) such that Ad,(a;) = as.

(b) ay = o(a2) = o0(Ady(a1)) = Adsg)(o(ar)) = Ada(g)(al) because a; and ay are
o-stable. Similarly, a; = Adg-1 ay. By substitution, a; = Ady-—1 Adsg) a1 = Adg-15¢9) a
Therefore, by definition, ¢g~'5(g) € N(a;). The argument is similar for a,.

(c) Since ay is o-stable, Zg(a; @ay) is o-stable, hence 7(g) € Zg(a] ®aj). ay =a] @
ay & (Ad,(ay)Nay). Let z € a] @aj. By definition an element w; € W, wy-x = Ady(x),
where A is the element from the corresponding equivalence class in the normalizer. So
wy -z = Ady-15)(z) = 9g7'5(g)z5(g) " g = x since g and 5(g) € Zg(ay @ a7).

Now let € (Ady(a;) Nay). Then x can be written as Ad,(A) for some A € af.
Then w -z = Adg-15(5)(Adg(A)) = Adg-15(4)g(A). Recall g and 5(g) commute because
they are both in Zg(ay @ a3). So wy -z = Ady-145(4)(A) = Ads)(4) = @) (A4) =
o(Ady(A)) = o(z) = —x.

Hence w; = id and (a3),, = a; @ a5. The argument is similar to show wy = id and

(a1)w, = a7 D a3

In essence, this involution w defines a one dimension piece of the (-1)-eigenspace that

can be flipped to add a dimension to the (+1)-eigenspace of ¢ acting on the torus.

Definition 4.1.5 We will call wy (resp. ws) the ay-standard involution (resp. ai-

standard involution) of W (ay) (resp. W(az)).
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Remark Note, w; and w, are independent of the choice of g € Zg(a] @ a3) such that

Adg(al) = Q9.

Let 8 be a Cartan involution of g over k and ¢ a k-involution with 06 = 6o and § the

fixed point group of o. Using portions of some propositions from [18] and [10]:

1. (Proposition 11.18) Given any o-stable maximal k-split torus a of g, there is a

h € by such state ad(h)(a) is f-stable.
2. (Lemma 11.5) Any maximal #-split k torus of g is maximal (6, k)-split.
3. (Proposition 2.14) All maximal (o, k)-split tori are h;-conjugate.
4. (Proposition 11.3 & 11.4) Any #-stable maximal k-split torus is 6-split.

Theorem 4.1.6 There is only one hg-conjugacy class of (o,0)-stable mazimal (o, R)-

split tori and one class of (o, 0)-stable mazximal R-split, o-fized tori.

Proof There is only one hj-conjugacy class of (o,6)-stable maximal (o, R)-split tori
follows from Proposition 2.14 because these tori are maximal in g,9 and therefore (o, 6)-
stable. The maximal o-fixed, k-split torus is a maximal k-split torus of b, and therefore

they are all conjugate.

If we fix an element a € 2[]%9 ) such that a~ is a maximal (o, R)-split torus of g, then
any torus in ng’e) can be put into standard position with a. Note, ng’o) C A0 50
a € A% and we can put any torus in 2A??) into standard position as well.

By Theorem 4.1.6 we know that we can always find a torus that is hi-conjugate to a
that fits into standard position with the given torus. Therefore, the above theorem can

be modified as follows.
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Corollary 4.1.7 Let a; be put in standard position with a where a~ is a mazimal (o, R )-

split torus of g Then the following hold:
1. There ezists g € Zg(ay @ at) such that Ady(ay) = a.
2. Ifn=Ad ¢ 1, then n € Ng(a).

3. Let w be the image of n in W(a). Then w* = e, and (a)f, = a] ® a* which

characterizes w.

Figure 4.1: Action of g; and g, on the standard pair in Corollary 4.1.7

At this point, the important fact to note is that any tori a;, as € Ql,(f’a) ( resp. A7)
can be put into standard position with respect to a. Let w; and wy be the a;-standard
and ag-standard involutions, respectively, in W (a). We can now discuss the tori based

on these elements of the finite Weyl group.

Proposition 4.1.8 ( [18, Proposition 12.6]) Assume that a;,as € ng’a) are both stan-
dard with respect to a. Let wy and ws be the aj-standard and as-standard involutions,

respectively, in W(a). Then
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a1 and ay are by -congugate if and only if wy and wy are conjugate under W(a,R})

Proof = Assume z € b with Ad,pe(a1) = ag then Ade,p)(a7) = a5 and Adegpe(a7) =
ay. Let m = Zy(ay ) then a and Adeypa(a) are (o, 6)-stable maximal k-split tori of m.
By [18, Corollary 11.19] there exists a y € (mq N myg)y such that Adeypey(a) = a. The

image w of zy in W(a, ) satisfies wwyw™" = wy.

1

< Assume w € W(a, b)) and ww;w™ = w,. Then a} = ay ®a* and a, = a; ®a*

are o-stable. a7 = (a) )~ and a; = (a;))", then wwjw™*

= wy implies that w(a;) =
wi wows ((af,)7) = (af)” = a; because af D aj. Let x be the preimage of w in the

normalizer. Then Adc,p)(a7) = a3 and a; and ay are h-conjugate.

Corollary 4.1.9 Assume that o, ay € A9 are both standard with respect to a. Let w)
and wl be the aj-standard and a)-standard involutions, respectively, in W(a). Then a}

and afy are h-conjugate if and only if wy and wy are conjugate under W(a,h).

We can now tell when elements in ng ) are hr-conjugate using the finite set of
involutions in W (a, bz ). The next step is to determine which involutions w € W (a) are
a;-standard involutions for some a; € AL (resp. AE)) what ®(a, bit)( resp. ®(a, b))
looks like, and finally determine the conjugacy classes of these involutions in W (a, )
(resp. W(a,h)).

The a;-standard involutions will classify the various families of tori that we are consid-
ering. We will be able to discuss the qualities of these involutions in more detail starting
with the quasi R-split case. First we need to discuss the conjugacy classes of elements in
the Weyl group and the correspondence to the tori when those Weyl group elements are

a;-standard involutions.
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4.2 Conjugacy classes in the Weyl group

The complete discussion of conjugacy classes of elements in the Weyl group can be found
in [9]. The following is a summary of the classification. First, we want to determine the
conjugacy classes of involutions w € W (a) with E(w,—1,) C E(o,—1) because a_ is a
maximal (o, R)-split torus and a,, C a;. These involutions determine subsets of a basis
A of . We will show that we can restrict to looking at the conjugacy classes of these

subsets. Let ® = ®(a) and W = W (a) = W (P(a)).
Definition 4.2.1 Let A by a basis of .

1. Two subsets Ay, Ay C A are called W -conjugate if there exist w € W such that
/lU(Al) = AQ.

2. An involution w € W is called A-standard if A is a (—w )-basis of @ (i.e. E(w,—1)N
A = A(w) is a basis for ®(w))

Proposition 4.2.2 Let A C ® be a fixed basis and wq, wsA-standard involutions in W.

Then wy, we are W -conjugate if and only if A(w,), A(ws) are W -conjugate.

Definition 4.2.3 Let A be a (-0 )-basis of ® and w(o) a fized o-mazimal involution of
W (o), which is A-standard. An involution w € W is called (A, w(0))-standard if w is
A-standard and A(w) C A(w(0)).

Corollary 4.2.4 Let 0 € Aut(®) be an involution, A a (—o )-basis of ®, w(o) € W (o)

a o-mazimal involution, which is A-standard. Then we have the following:

If wy,wy € W oare (A, w(o))-standard involutions, then wy,wy are W-conjugate if and

only if A(wy) and A(ws) are W -conjugate.
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Next, we must classify all the conjugacy classes of involutions in W. If we then con-
centrate on the case where o is split, then classification of conjugacy classes of involutions
w € W with E(w,—1,) C E(o,—1) reduce to looking at the subsets of ®(w(c)), which

are involutions in W. Where w(c) is a o-maximal involution.

Lemma 4.2.5 Let ® be irreducible and w € W an involution. Then ®(w) is of type
r- Ay + Xy, where either X, =0 or one of By({ > 1), C,({ > 1), Dy(¢ > 1), E;, Es, Fy,

or Go, wherer - Ay = A+ A1+ -- -+ Ay r times.

The conjugacy is based on looking at the orthogonal complements of the basis, A(w)
and induction, see [9] . In a majority of classes, the type of ®(w) determines the conjugacy
class. What is most useful is the interpretation of these classes as a diagram.

Let W be the set of all W-conjugacy classes of involutions in W. If we define an order
> on W then for [wi], [wa] € W we have [w;] > [ws] if and only if A(w;) C A(w,) for
some representatives w; of [w;|(i = 1,2). We will call these diagrams £(®(w)). Table 4.1

has the diagrams of the conjugacy classes in each type of w € W.
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Example Consider ®(w) of type Bs. Then the diagram and the labelled conjugacy

classes in W(®(w)) are as follows:

ud

Figure 4.2: W-conjugacy classes for w of Type Bj
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Table 4.1: Diagrams of W Conjugacy Classes

Ay : 041
L(A)) = L*(Ag) = A(n) with n = [<]
i >1)
A(n) o0—o0—o0 ----0—0—0
By
(£ >2) L(By) = L*(By) = B(¢)
B(2) B(3): B(4) B(5): B(6) B(7) - ete.
XX
d .‘.‘.
2
1<
Cy
L(Cy) = L*(Ce) = B(()
(1=2)
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Table 4.1 — Continued

BC,
L(BCy) = L1(BCy) = B(()

({=2)

Doy

L(Dy) = D(20)  L7(D2e) = D*(20)
(1=2)
D(4): D*(4): L D(6) D*(6) D(8) D*(8): ete.
D2€+1
L(Dags1) = L*(Daey1) = D*(20)

(¢ >2)

Eg L(Es) = L*(Eg) = A(4)

Ly L(E7) = L*(E7) = E(T)
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Table 4.1 — Continued

Ey L(Es) = L*(Es) = E(8)

E(8): @—o—o—@—o—o—@
Fy L(Fy) = L(Fy) = F(4)
Go L(Gy) = L*(Gy) = B(2)
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Once we identify the a;-standard involutions in W (a) we can utilize the diagram to
describe the conjugacy classes of tori. In our case, if wy, wy € W(a) are a; and ag-standard

involutions of a; and a; then
ap Ca, < a, Da,
Hence
1] < o] <= [wr] < [ws]

Finally, we need to determine what the a; standard involutions are going to be in

each case. We will start with the quasi R-split case.

4.3 Classification of quasi R-split tori

Again before we tackle the larger problem, we must consider when two tori in ()
are h-conjugate based on finding the appropriate Weyl group elements in W (a) with

representatives in h. This topic was introduced in [9].

Remark A k-involution 7 of m is called k-split if there exists a 7-split maximal k-split
torus of m. Let a € %,(:’9), w € W(a) where w? = e and wo = ow and n is the pre-image
of w € Ny(a). Set g, = Z(a}}) then n € Z(a}) and a, N Z(g,) is finite and a;, is a

(0, o)-stable maximal k-split torus of [g., guw]-

Definition 4.3.1 Leta € A9 w € W(a) and g, = Z(a};). Then w is called o-singular
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3. 0|[8w, 9u| is k-split.
4. (8w, 8w] Nh contains a mazimal quasi k-split torus of [guw, Gu-

A root a € ®(a) is called o-singular if the corresponding reflection s, € W{(a) is
o-singular. A root a € ®(a) with o(a) = £a is called o-singular if [gs,,, 8s,] € b. These

two are equivalent.

We mentioned the root definition of o-singular roots in two contexts because we have
much information from the involution diagram about the roots of the various tori. Alas,
these singular involutions will help to classify the h-conjugacy classes of quasi R-split

tori.

Proposition 4.3.2 (modified from [11, Proposition 8.6]) Leta € A0 with a; maz-
imal. Then there is a one to one correspondence between the W (a, b )-conjugacy classes
of a;-standard involutions in W (a) and the W (a, h)-conjugacy classes of o-singular invo-

lutions in W (a)

Using Proposition 4.3.2 and Table 4.1, all we require in the classification is W (a)
and the o-singular involutions. In each of the 171 cases, we can determine ®(a) from the
diagram of the Cartan involution, 6, when projected to the (-1)-eigenspace. This process
was described in the R-involutions section. Once we have ®(a) = ®y we must find the

o-singular roots.

Lemma 4.3.3 (modified from [9, Theorem 4.6]) Leta be a (0, 0)-stable R-split torus
of g with a7 a mazimal (o, R)-split torus of g and w € W (a), w? = e. Then the following

are equivalent:

1. w is o-singular
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2. a, Ca;
Proposition 4.3.4 « € ®(a) is a o-singular root if and only if « € ®(a) NP (a;).

Proof (=) a is a o-singular root then by Lemma 4.3.3 a,, C a, . Therefore, a € ®(a).
Since @ € ®(a) then o € ®(a) N P(a;).
(<) a € ®(a) N ®(a,), then a € ®(a) and w = s, is a reflection W (a) so w? = e.

Since a € ®(a;), a; C a,. By Lemma 4.3.3, s, is o-singular and « is a o-singular root.

Theorem 4.3.5 Let a € Ql,(f’o) with a maximal. Then there is a one to one corre-
spondence between the W (a)-conjugacy classes of o-singular involutions in W (a) and the
W (a)-conjugacy classes of elements in W(a,a,) where W{(a,a_) is the Weyl group of
P(a,a,) = P(a) N P(a).

So for each commuting pair (6, 0) we can determine ®(a) and W (a) from the diagram.
If we then restrict o to ®(a), we can determine the roots of the maximal o-split torus and
the maximal o-split torus in ®(a). Combined with Table 4.1 we can find the conjugacy
classes of elements in W (a,a;) inside W(a). Determining the maximum involution in

W (a,a;) tells us where in the diagram of W (a) to gain the structure of the classes.

Example The following occurs in only four of the 171 cases.

Type max.
Type (0,0)  Type ®o g "5, involution

O (a) O(a,a;)  DroN Dy
AZPYHT I Ay 0 id

2041
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In this case, ®(a,a;) = 0 and W(a,a;) = id. There is only one W (a)-conjugacy class
of o-singular roots; therefore, there is only one h-conjugacy class (o, #)-stable maximal

quasi R-split tori.

Example The follow example occurs in a similar manner in about 26 of the 171 cases.

Type max.
Type (0, 0) Type @y ®,9 NPy  involution

O (a) O(a,a) DP,pN Dy

A2 NI, TT, €) Cae - A ¢4

In this case, ®(a,a,) = (- A; and ®(a) = Cy. If we consider the case when ¢ = 2, then
for the pair A7*(IIl,, 11, ) ®(a) = Cy and ®(a,a;) = 2- A;. Below are the W-conjugacy

classes of W (a) and then the W (a)-conjugacy classes of W(a, a).

D) D)
D) D)
D) D)

[

Figure 4.3: Conjugacy classes for Example 4.3

There is only one W (a)-conjugacy class of o-singular roots at each dimension; there-

fore, there is only one h-conjugacy class (o, #)-stable maximal quasi R-split tori for each
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dimension. We will see that in the hr-conjugacy classes of maximal R-split tori often
these classes can split. Also, we see that only two one-dimensional pieces of the maximal
(o, R)-split torus is going to flip. We quickly learn that the torus inside the maximal
R-split torus with maximal portion in b still has a o-split portion because not all parts

will flip from the (-1) to the (+1)-eigenspace of o.

Example The remaining of the 171 pairs are similar to the following example.

Type max.
Type (0,0)  Type ®o 5 "25,  involution

O (a) O(a,a;)  D,oN Dy

Bg’p(lav Ia, ei)
1<p<qg<t
0<i<p

B, By By

In this case, ®(a,a,) = B, and ®(a) = B,. If we consider the case when ¢ = 5, then
for the pair Bi*(I,, 1., ), ®(a) = B, and ®(a,a;) = Bs. Below are the conjugacy classes

of W(a) and then the W (a)-conjugacy classes of W(a,a, ).

D) ®
D) ®
D) ®

®

Figure 4.4: Conjugacy classes for Example 4.3
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We can see the W (a)-conjugacy classes of o-singular roots at each dimension from the
diagram. Also, we can count the h-conjugacy classes (o, #)-stable maximal quasi R-split

tori for each dimension.

The following table consists of the 171 irreducible types to consider, diagrams, and
roots types of all the players in the classification of (6, o)-stable maximal quasi R-split

tori with representatives in §.
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Table 4.2: Conjugacy classes of Quasi R-split tori in b

. . Type max.
T
ype (0,0) Diagram (6, o) Type @9 Diagram o|®y ®,9 NPy  involution
(I)(A) (I)(A, A;) CI)U’Q N Oy
Agﬁﬁ’e@ﬂ) 0—(1)—&0—— é—o A2£+1 .—é—yé—. @ id
1 20—1 1 2 20-2 201
AZLAL T T e—O—e - O—e Ag_y O—O - --O0—20O Ao (- A
43—1 ( 7 ) o o
Aiﬁ’ﬁﬂ(H,I) g—(l)—tgg—o A (13_?} ,,le_%} Aoy - Ay
1 2 -1 1 21—
‘ ¢
g LD e LD e e
O—O,,, O—O,,,
1 2 201
Co - ,,,20:¢o£_1 3 Co Co

A2, T, )
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Table 4.2 — Continued

1 2 ¢
O—O0 - 1
+
20+1,40+1 o I I I Corir 1 22 241 Cors Cors
A4z+1 (IIIbaLEO) o——0 - -0=<=0
1 -1 1 2 -1
.a—O—’J O—O---
¢ ¢
AP (LML, e) 7 I I I I f Azt I I } (- A (A
.U—O—to A O—-0O---
0(7—(1)—&0"'[_1 3 . 1 2 1 ¢
" A ! A A
A2 1T I I I I I I ) 20
4041 ( b) “ e :
1 -1
O—O—@ - , . e
0* 1 — ‘ .
AL, 1L, ) I I I I I Cae o O o O e=<0O (- A (- A,
%ﬂ—% y
1 -1 ¢
O—O—6 - ) K
0* 1 . .
Aiﬁi}’”(lllmll) I I I I I I ] O2€+1 o—0O0—@& - -O—=—0 / Al Y4 Al
%O—’e )
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Table 4.2 — Continued

1 2 -1
l ¢
AL IO, €) ’ I I } Aot I I i> (- A - A
1 2 /—1
9* ¢ C 1 2 /-1 YA C C
ASZEN(TIT, 1, €) l O—0---0==0 ¢ ¢
AL ) I Wl Aggy L2 Aot 0. A
1 /-1 1 2 /-1
l ¢
A2 T, 6) 7 I I I I f Azt I I } A £
1 /-1
* ¢ 1 /—1 Vi
o L L L] ¢ e—o—e-o—exo 4 L4
A%:i(ﬂ’ 65) .—é—&zgl—. A%fl (1)_(2}7”2%1 A2g71 0 - Al
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Table 4.2 — Continued

é_é é_pil 1 2 p  p+l
R N O—O0-O—e -0 —e
ALP(1,111,) ®
¢ \LHla 0*&o : A . ® A A
: ¢ o ©p 1 p 1
/0
: o o o o—oO o—&»—/
1 2 p  pt+l
AIZ’Z(HIavI) &0 * BC 1Lo2 0 BC BC
1<2p< Y/ ‘ P o——0 - -0 P P
Al e 1 2 4—-1 ¢ 1 2 -1 ¢ ¢
1£<< 2pp)<€ o——:0---0—=0 Ay o—0----0—0 Ay TlJ Ay
1 p
apra, e ' Bo, ol et 0 identity
1<4p< 4 ®
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Table 4.2 — Continued

P
0 O ¢ e
A?l]l?ff(llla? II) o* , BCgp .—(2} ':ﬁg @ identity
1<d4p <4 ®
) O ¢ O o A
! b 4 p+1
%—Q—&UO—.—%\ O P
AZI(I L) | o ’ Ay, * oA b A
1<d4p <4 +2 ® ‘
! b 4 p+1
%—O—&”O—O—%\ O e -
) N
Aiﬁf’f(ﬂa I1,) o 5 Az , p-A A
1<4p <40 +2 ° ‘
Aée-s-l(H’ ep) .—(1)—& le—. Ae O—(Z} liC_)l—(g) Aﬁ ZTlJ 'Al

1<2p<i+1
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Table 4.2 — Continued

2 /-1
U*&I* I I ¢ C 1 2 -1 g c C
Agy ((ITTy, ) ‘ O—0---0==0 ¢ ¢
1 D
(o2 O'rrr 5\
APP(I11,,€p) . ’ 12 pl
1<p</ ’ 7 ‘ BC, OO O BC, BC,
0<i:<p—-1 /
¢ —O—@ )
1 2 p
Agf—l (HIb> HIaﬂ Ei) 0 &o ’ ’ C 1 2 P ¢ C C
1<p</t ¢ O—O0 - O—e <=0 P 2
0<:<p-1 . O C o & 0
1 2 p
AP (111, 111, &) Ty Y
127; - Za by €i Ia*&QI I I I f BCp 1 2 ,,,p_l p BCp BCp
0<i<p-1 O—C - O0—¢  6—¢
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Table 4.2 — Continued

1 2 p q
AP, ) | . , b
1<p<q<i(t+1) , G oo oe eme  BG BC,
0<i<p

1 2 p q
Aqu(:[]:[a’ IIIa’ 61) 0*&o , BC 1 2 p—l p BC BC
1§p<q§%(€+1 ‘ P O—0----0==0 P P
0<i<p

, 1 2 P 1 2 p—1 p

By? (L, ) O—O - O—8 e e==0 By O—0 - O==0 By By
B (L, 1, &) 1 2 P q B 2 P B B
1<p<q</t O—0O 0@ e o= g O—0 OO e==e p p
0<i<p

1 2 1 2 -1
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Chapter 5

On Maximal R-split tori

5.1 Associated Pairs

With the h-conjugacy classes of the (6, o)-stable maximal quasi R-split tori determined we
can now discuss the requirements to determine the hg-conjugacy classes of (6, o)-stable
maximal R-split tori. In between, we will find the h-conjugacy classes of (6, c)-stable
maximal quasi R-split tori which are h-conjugate to a maximal R-split torus. One tool
we will use in this investigation is the associated pair. We consider the commuting
involutions (6, o) and the associated pair is (0, 06). Recall, 00 = fo.

The following diagram from [10] and [17] helps to explain the relationship between

associated pairs and original pairs.

Eg:gg + associated — Eg: 2;% < dual — (?:;,, ZC;)
A )
dual associated
| {

(%Z: g;l) < associated — ((g;‘f,;);;  dual = ((g;d:‘?;

Figure 5.1: Associated and Dual Pairs
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So for each of the 171 pairs, we will find the associate pair. The reason behind using
the associate pair is based on the fact that we need to retain the "R-splitness”. In the
quasi R-split classification, the "flipping” pieces need not flip the torus into an R-split
piece. The associated pair (0, 06) can give us information about the maximal #-split
(R-split) torus in the fixed point group of 0. We can consider the projection to the
(-1)-eigenspaces of 0, o, and o). We always require 6-split.

Previously we looked at the action of o on @y to determine the o-split portion inside
the #-split torus. Similarly, we can look at the action of 00 on ®4 to find the o6-split
portion inside the #-split torus. It is important to note that the torus from the associated
pair is different than that of the original pair.

We will call the maximal R-split torus for (6,0), a (as usual), and the maximal R-
split torus for (6,06), s. So s_, is maximal o#-split. However, we know that the torus is
already 0-split which implies that s_, maximal of-split is equivalent to s} is a maximal
in the fixed point group.

Essentially we have just built a structure where we known the top (maximal o-split
inside a #-split) and the bottom (maximal o-fixed portion inside a #-split). Once we know
the rank of the "top” torus and the "bottom” torus, we know the how many levels live in
between. We will do the same analysis as we did for the original pair on the associated
pair. We can gather information on the distance and the levels between the top and the

bottom tori by considering the rank.

Lemma 5.1.1 ( [10, Lemma 9.18]) Let a and s be as above. Call the singular rank
the difference in rank of the (0, 0)-stable mazimal (o, R)-split torus and the (8, c)-stable

mazximal (R)-split , o-fixed torus Then we have the following.

singular rank= dim(a_ ) + dim(s_,) — dim(a)
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Essentially the rank is determined by restricting to the dim(a) and finding how large
both the (+1) and (-1)-eigenspaces of o are in a. This way everything stays R-split (ie.
0-split). Last, we are working off of the fact that commuting involutions are in a 1-1

correspondence with real semisimple spaces.

5.2 Standard Tori and (¢, 0)-singular Involutions

The same process used for the quasi R-split tori can be used for the R-split tori. Recall,
Ql,(f’g) is the set of all (6, 0)-stable maximal k-split tori. Similar to Chapter 3 any a; €
ngfﬁ) can be put into standard position with either a or s (the maximal o-split and
o-fixed tori) and we can discuss a;-standard involutions in W(a). As with o-singular
involutions we have corresponding theory in the R-split case. Here we will finally talk

about (6, o)-singular involutions.

Definition 5.2.1 Let a € 2[2970) and w € W(a). Then w is (0, 0)-singular if

1. w?

3. the involutions o|(gw, §w| and 00|[gw, 8] are k-split.
A root o € ®(a) is called (0,0 )-singular if the reflection s, € W(a) is (0, 0)-singular.

Proposition 5.2.2 ( [10, Proposition 8.9]) Let a € Ql;f"’) with a; mazimal. Then
there is a one to one correspondence between the b -conjugacy classes of Ql,(f’a) and the

W (a, b;)-conjugacy classes of (0, 0)-singular roots of W (a)

In order to classify the b conjugacy classes of tori, we need once again only consider

the conjugacy classes of roots in the Weyl group. However, the classification is quite
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difficult compared to the quasi R-split case. First, we need to consider the conjugacy
in W (a,bhg) which means we must determine W (a, bgt) from ®(a, h3). Second, we must
actually find the (0, 0)-singular roots. Luckily, we have simplified the process a bit
because of the quasi R-split case. Recall the o-singular involutions. These involutions

satisfied many of the qualifications for (6, 0)-singular roots except one:
Jel[gwa gw] is R—Spht

We will have to consider this case in particular. But in the search for (6, o)-singular
roots we can already restrict to ®(a,a,) because each root must also be a o-singular
roots and we have already showed all o-singular roots are contained in ®(a, a,).

As stated previously, the (6, o)-singular involutions are elements in the Weyl group of
W (a) where a is an (6, 0)-stable maximal (6, 0)-split torus. Based on the requirements
all potential (0, 0)-singular roots, a (s, is a (6, 0)-singular involution) must be roots of
the maximal (o, R)-split ( (0, o)-split ) torus and be roots of the original 6-split torus.

We call the root system of a maximal #-split torus ®4. Using the diagrams discussed
in Chapter 2, we can determine the type of ®y and consider the action of ¢ on the
root system. This step will determine the dimension of the maximal o-split torus in the
maximal #-split or R-split torus. In the Appendix A, we represent this step in the box
o |Dy.

Also, we can determine the root system and type of the maximal (o, R)-split torus.
We will call the root system ®y,. We repeat this process with the pair (6, 06) is a similar
manner. We are interested in potential (6, 0)-singular ((6, 06)-singular) roots which will
be found in ®g NPy, (P N Ppop)-

We will begin by describing the conjugacy classes of involution in W(®y N @y, ) and

then pass to the (6, o)-singular involutions.
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So the W-conjugacy classes of involutions in W are determined by the type of ®(w).
However, we want to focus on the involutions in W (®yN® ) and their conjugacy classes
in W. First we must find the o-maximal involutions in ®4 N <I>(97U)). So now with the full
classification of the o-maximal involutions in ®4 N (g 4), we return to our question of
(0, o)-singular involutions and their W (a)-conjugacy classes as discussed before. We can
use the previous process an purely focus on the maximal (6, o)-singular involutions. The
rank of ®(w,,) is called the singular rank and is the rank described in Lemma 5.1.1. We

will use the following lemmas from [10, Chapter 9].

Lemma 5.2.3 Let w,, be a mazimal (0,0 )-singular involution in W (®y N $y,). Ev-
ery (0,0 )-involution in W(®g N @y ,) is conjugate under W (a, bgt) with a (0,0 )-singular

involutions w satisfying a, C a,, .

Lemma 5.2.4 Let w,, be a mazimal (0,0 )-singular in W(®g N Pgy)) and w a (0,0)-
singular involution in W(®g N @9 y) with ay C ay, . Then w - wy, is a (0, 0)-singular

involution in W (P N Py, ).

We still need to determine which involutions are (6, o)-singular involutions in W (a, a;).
Let s be a (0, 0)-stable maximal R-split torus of g with s maximal which is standard
with respect to a. Then s, C a_. Let I} = {«a € ®|o(a) = —a}. Let A(s) be the basis
of ®(s) with respect to a (—o)-order on ®(s). This induces an order on IIy. Let w) be
the longest root of W (II;) with respect to the ordering. Then w} (®*(s)) = o(P"(s)).

We can identify II; with a subset IT of ®(a) where wfj, maps to wy;. If w(o) is a o-

maximal involution of W (a, a,) such that a o C a,,,, then w,, = w(0) -wY is maximal
5]

(0, 0)-singular involution. So to classify these involutions we need to determine II; and

a list of o-maximal involutions. Deriving the former involves employing our associate

pair of involutions. Previous we looked at the diagram of o|®(a) for the restricted root
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system. In this case, we look at the diagrams of 06|®(s) since s} = s_, is maximal with
respect to of.

So, our first task is to determine the type of the maximal involution possible in
®yNPy . In the appendix tables, we determine the maximal involution in the intersection
of our root spaces for both the pair (6,0) and (0, 06). There are essentially four cases

that could occur.

e Case 1: There are no (6,0)- or no (6,00)- singular roots. An empty intersection
means there are no candidates to flip a one dimensional piece from the o-split to
the portion fixed by o. If there are no (6, o)-singular roots then the singular rank

is 0, we know there is only one hr-conjugacy class of o-stable maximal R-split tori.

e Case 2: If singular rank is  and w,, is of type r- Ay, then all (0, o)-stable involutions
w with ay; C a;, are (0, 0)-singular. Therefore at each level we will achieve a torus
of proper dimension from the top of the diagram to the bottom. We consider both
Oy NPy, and Py N Py 9. There is more work to be done to see if any of the levels

split when considered over W (a, b).

e Case 3: If the singular rank is r and the w,, is of type B,,C,, D,, E.(r = 6,7 or
8), F.(r =4), or G,.(r = 2), then all involutions in the diagram are (6, c)-singular.

Again, we need to consider the splitting of these involutions in W (a, hy).

e Case 4: wy,, is of type r - Ay - Xy, where X, = By, Cy, Dy, E¢({ = 6,7 or 8), Fy(¢ = 4),
or Gy(¢ = 2) and singular rank is r + ¢. In order to determine the conjugacy classes
of singular involutions we must consider w,, in pieces. We can determine (6, 0)|g,. 4,
from the classification of pairs in [7]. From here we can also look at the associated

pair (6,0), (0,00)|g,.4,. We can do a similar procedure for Gx,. We cannot make
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the same claims as before if w is a (6, o)-singular involution and is of type r- A; + X.
Not all the involutions of this type are not necessarily (6, o)-singular. However, as

discussed previous, we don’t believe that this type occurs as a maximal involutions.

5.3 W(a, b, )-conjugacy classes

Once we determine the (6, 0)-singular involutions, if we consider their conjugacy classes
in W(a) then we have a classification of 91(()9’0) ((0, 0)-stable maximal quasi k-split tori
h-conjugate to a maximal k-split torus). Once the involutions are determine, then this
classification falls out in the exact manner as the quasi R-split case. However, then we
consider these conjugacy classes over W (a, b) then two involutions of the same type in

W (a,a;) (which were conjugate under W (a) will not be conjugate under W (a, by ).

Example Consider the following case for { =7, p=2,9q=4,1 = 1.

Type (0, 0) Type (6,00) singular
rank
AP, IO, &)
p<q—p+ 21 < %( 1) P,q—p+2i .
l<p<qg<? (£+ 1) A (111, I1,, €p—s) P
0<1<p
AL, 111, €;) AL, 111, €) 2

We can reference Table 4.2 and determine that ®(a) = BCy and ®(a,a;) = BCs.
The rank of the maximal o-split torus is 2 and the rank of the maximal o-fixed torus is
also 2, but the rank of the maximal R-split (ie. #-split) torus is also 2. This says that at

the "top” the maximal R-split torus is a o-split torus and at the "bottom” the torus is
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a o-fixed torus. We need to determine what is happening with the the tori in between.
Since we go from top to bottom, we will consider the tori that are standard to a where
dim((a;), )= 2,1, and 0.

Through direction computation on the six roots in ®(a, a;) (ie. e; teq, €1, 2e1, €3, 2€5)
we can determine that only two roots are (6, o)-singular. These roots are the unique short
roots, usually denoted e; and e,.

In W (a) these roots of type A; are conjugate. So we can view the conjugacy classes
of (0, 0)-singular roots in W (a) as the blackened dots in the diagram below. Recall, this

classifies the quasi R-split tori that are h-conjugacy to a maximal R-split torus.

Figure 5.2: 2" /p in Example 5.3

We see there is one conjugacy class at each level. So all tori a; € aﬁ’“ such that
dim((a;),) = 2 are conjugate. Similarly those with dimension 1 and 0. However, if we
consider the conjugacy classes of these singular involutions in W(a, b)) = BCy + BC}
then e; and ey while both type A; are no longer conjugate. So the one dimension piece
will split and there will two bg-conjugacy classes of tori where the rank of the o-split

portion is of rank 1.
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Figure 5.3: A% /bt in Example 5.3

In this small example, it was not to difficult to calculate the (6, c)-singular roots
or W(a, by ); however, that will not always be the case. Let us consider some methods

from [10] to make the calculations in general more convenient.

Definition 5.3.1 Let H be k-open subgroup of G,. Then we say that H is pseudo-

connected if
H, = ZH;(A)H,(;

Proposition 5.3.2 Let H be an open k-subgroup of G,. Then the following are equiva-

lent.
1. W(A;7 Gcr@) = W<A;7 HIj)
2. Hy is pseudo-connected.

Since we are working on the Lie algebra in order to lift into the group, we need to
restrict to the case when Hy is pseudo-connected. So instead of looking at the conjugacy

classes in W (a, h;) is will suffice to consider the conjugacy classes in W (a, g,g).

Proposition 5.3.3 Let wy,wy be (0,0 )-singular involutions. Then wy and ws are con-

Jugate under W(a, b)) if and only if wy and wy are conjugate under W (a, ,b).
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Corollary 5.3.4 Let wy and wy be (0,0)-singular involutions. Then the following are

equivalent.
1. wy and wy are conjugate under W(a, b}).
2. wy and wy are conjugate under W(a;,b}).
3. wy and wy are conjugate under W(a, gyg)-

4. wy and we are congugate under W(a; , goo ).

So now we have a further description of where the (6, 0)-singular involutions live.
While we could previously restrict ourselves to ®(a, a,’) we can now only look in ®(a, g,g)
or any of the equivalent spaces above. We have chosen to get more insight into ®(a, g,g).

To start, we must determine g,¢(R) and the roots of the maximal torus in g, in order
to discuss the intersection of the rootsystems. Using the information from the associated
pair, we actually have type of involution of ¢f and can determine the fixed point group
when paired with the Cartan involution 6.

Table 5.1 has a complete list of g,4 for our pairs (6,0). We should recall that we
may have the action of a quadratic element, in which case we will still write g,¢ with the
understanding that we are considering gogms () when applicable. Last, ®(t) is the type of
the maximal torus in g,g.

To complete the classification, we must determine ®(a, g,9) which can be done by
looking that the multiplicities of the roots and we must determine which roots, A, have the
property that 06|[gs, , gs,] is R-split. The (6, o)-singular involutions have been determined
in some cases already. The following are conjectures as to how the classification will

proceed.
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Theorem 5.3.5 [7] A root A € ®(a) is in O(a,go0) (resp. P(a, Goomi(e)) if and only if
mt(A\,00) >0 (resp. m™(\,00Int(e)) > 0).

Conjecture The (0, o)-singular roots in ®(a, g,4) are those roots where both m* (A, o) >

0 and m~(\,00) < 0 (resp. m™(\, 060 Int(€)) > 0 and m™ (A, o0 Int(e)) > 0).

Recall, the four cases discussed previously in the previous section. Here we summarize
them into three with extra information derived from observations so far on (f, o)-singular

involutions.

e Case 1: There are no (#,0)- or no (0, 600)- singular roots. We see this in the case
when ®(a,a;) is empty or when ®(s,s_,) is empty. An empty intersection means
there are no candidates to flip a one dimensional piece from the o-split to the
portion fixed by o. Also, If there are no (#,0)-singular roots then the singular
rank is 0, we can conclude there is only one h;-conjugacy class of o-stable maximal

R-split tori in g. This occurs in 18 of the 171 cases.

e Case 2: [10] If singular rank is r and ®(a,a;) or ®(s,s_,) is of type r - Ay, then all
(6, 0)-stable involutions w with a,, C a,, are (6, 0)-singular. We still must verify
that wy, is of type r - Ay is (0, o)-singular. In most cases, ®(t) will be type X, for
B.,C.,D,, E.(r=6,7, or 8), F.(r =4), or G,(r = 2). Then our conjugacy classes

will not split.

e Case 3: If the singular rank is 7 and the ®(a, a_) or ®(s,s_,) is of type B,, C;, D,, E.(r =
6,7, or 8), F.(r = 4), or G,(r = 2), then all involutions in the diagram are (6, 0)-
singular if w, is of type B,,C,, D,, E.(r = 6,7, or 8), F.(r = 4), or G,(r = 2).
Again, we need to consider the splitting of these involutions in W (a, bg). In fact,

in some classes ®(t) agrees well and has the same rank; however, we also have
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O(t) = X;+ X, where X = A, B,C, BC, D or E. This will cause the roots to split.
In this case, often the singular rank is less than the maximal rank in ®(a,a,) or

®(s,s_,) which complicates matters.
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Table 5.1: Associated Pairs and Fixed Point Groups

Type (0, 0) Type (0,00) singular B0 Int(e:) D(t)
rank

A (LI AS NI L, ) 0 sl({+1,C) + so(2) Ay
A2 T AP T, €) l s1(20,C) + s0(2) Aoy
AL ) AP (I L) 14 s1(2¢,C + so(2) Ay
A5y (L 1T, o) A5 0 sp((, R) C
AN, T, ) AP, T, €) 14 sp(2(, R) Clyy
AL, T ) AL, 11) 14 sp(20 + 1, R) Clapsr
AT, IO, €f) AL T 14 50*(40) Cy
A2 (I, T ALl 14 s0* (40 + 2) BC,
A2, T, €) A2, T, €) 4 s0*(40) Cy
A1, 10) AL, T, 6) 14 50*(40 + 2) BC,
A2V T, €f) AX-N(T,¢) ¢ so((, 0) B,
AL, T, €) ASTNI, T, ) ¢ so(£, 0) B,
AZL2L( ) A2V, €) ‘ SI(6R) + sl(,R) + R A/:il g
Ay (1L 1y, ) AT (I e) ( sp(€,0) Cs

89



Table 5.1 — Continued

A2 NI, 1T, €) AP, TT, €) 0 sp(l,0) Cy
AX=U(IL €)) AXL2HTT T, €) ( su*(20) + su*(20) + R A+

40—1\H0 ©L 40-1 »Htby €0 A1+ R
AP(L11L,) 0 ’

) a , 1 B B
1<2p</t A7 (L ep) p so({ +1—p,p) »
APY(ITI,, T) ot

an s g . 1 B
1<2p<t A (M, D p so(p, ¢ —p+1) )
Ag(l? Ep) Lp Sl<p7 R) + Sl<£ —-Pp + Ap—l +
1<2p<t A(L L) P 1,R) + R A, +R
AT, 1) 2p20-1

— as R 2£ _ BC
1< dp < Al Ayemy (UL, ) 0 sp(2( — p,p) g
AP (I, 1) 29,20
by ’ 2W—p+1 BC
1< dp < 4 Ayt (1L, IT) 0 sp(20 — p+ 1,p) g
ALy (1L L) 201,201
— ) a s 2£ B BC’
1<4dp <4042 Aym (L ey) p sp(20 — p,p) "
AL (I, 1L, 20,20
A7 ’ 2WH1— BC
1<4p<40+2 A4zz+1(H> ep) p sp(20 + p,Dp) P
Agfﬂ(H, €p) ,2p su*(2p) + su* (20 + 1 — A4 A
1<2p<i+1 Ayt (IL 111, p %) + R p+ Ay
A5y (I1,e0) ASE (I, €0) ( sl((,C) + R A1 +R
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APP(I11,,€,)

Table 5.1 — Continued

p<l+1-2p AT ) p su(t+1-2p,0)+su(p,p)  BC,
Agg’_lan?, 111, &)

AP (TTIy, 111, &)

z;i;zerjige AP (T, T, € pya) 2i Su(eijfp_t)ii);g;(p— gg:
<i1<p-—

AP (TIIy, 111, &)

I I S R RO 3
<i<p-1

Agf_l(m?, 111, &)

I S
Ag’f_l(HIa, 111, €i)

e R R
<i<p-—
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Table 5.1 — Continued

AR (T, 111, €)

p<l—p+2i</ pl—pt2i _ su(i, 0 —p+1) + su(l — BC; +
1<p<t Azt (I, o, ) p i,p—1)+ so(2) BC,_;
0<i<p—1
AR (M1, TT1,, &)
p<fl+p—-2i</{ pAAp—2i . su(i, 0 —p+1) + su(l — BC; +
1<p<t Agiy (I, T, ) b i,p—1) + so(2) BC,_;
0<i<p—1
AR (M1, TT1,, &)
(+p—2i<p pAAp—2i . Y su(i, —p+1) + su(l — BC; +
Lyt ARSI T, 6 ) (+p—2i D) 4 50(2) B0,
0<i<p-—-1
APP(IT1,, 111, , &)

— < ' . (+1—qg—1i,p—i BC;
q P + 22 =P < q Az,q*p+2’t(:[:[:[a7 :[:[:[a7 €i> 22 Su( + q 254 7/) + +

1<p<qg<i(t+1)
0<i<p

su(q —p+i,i) + so(2) BC,_;

AP (TI1,, 111, )
p<q<q—p+2<3(0+1)
1<p<qg<i(l+1)
0<:<p

sull+1—qg—i,p—1)+ BC; +

AZ (IIIa, IIIaa Epfl) p Su(q _ p + Z~7 Z) + 80(2) BCp—i
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ATP(IT1,, 111, , ;)
q<{l+1—q+p—2

Table 5.1 — Continued

(F1—gtp—2i<L(C+1) APTIP 20 I 6y ) p S;’;ff i oy ;;85 pot
1<p<qg<3(0+1) a—p+te, p—i
0<i<p

AP (IT1,,, 111, &)

p<l+1—q+p—2i<q qei1-qrp2i ‘ _ . su(l+1—-qg—i,p—i)+  BC;+
l<peg<i(fs) A¢ (I1Ty, T, €p41—qi )l + 1 — 2¢ + 2p — 2i sulg—ptii)tso2  BC,.
0<i<p

AP (IIL,, 111, &)

(+1—q+p—2i<q g0t — g p—2i _ 5. su(l+1l—g—i,p—i)+ BC; +
l<p<q< (s A! (L, 11, €_qi) £-+1—2q+2p—2i sulg—p+ii)tso2  BC,.
0<i<p

APA(TIL,, 111, , &)

g—p+2i<p Y . . su(l+1—q—1i,p—i)+ BC; +
1<p<q<i(l+1) A (I, T, €q-p+) 20 su(g —p+1,i) + so(2) BC,;
0<i<p

APA(TIL,, 111, , &)

p<q—p+2<3(+1) pa—p+2i | su(l+1—q—i,p—i)+  BC;+
1<p<q<3(l+1) A (ILa, I, €p—) p su(q —p+i,i)+ so(2) BC,_;
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API(IIL,, 111, ;)
p<q<l+1—q+p—2i

Table 5.1 — Continued

| 1—q—i,p—i BC
(41— q+p—2i < L(C+1) AP 20 I, @) S;’;ffqt ) fi Z; _f SOZ()J Be *
1<p<qg<g(l+1) ) p—i
0<:<p
AP, 11, &)
1<p<qg<i(t+1) ¢ it su(q —p+1,i) + so(2) BC,_;
0<i<p
API(IIL, 111, , ;)
(+1—q+p—2i<p<gq Dt 1—gtp—2i _ . su(l+1l—qg—i,p—i)+ BC; +
l<p<g< i) AP (ML, Ty, 1)+ 1= 20+ 2p =200 T P8 oy B
0<:<p
Bé),p(Iaa Ei)
p<l—p+2i o so(p,p) +so(20 +1 — B
1<p</ By (1, &) p—1,0) b
(0<i<p)
Bz’p(lawla?ei)
q—p+2i<p<gq Gq—pi2i . so(q —p+i,i) + , ,
1§p<q§€ BE (Iaa1a7€1) 80(2€+1—q—z,p—z) BZ+Bp—'L
0<:<p
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Table 5.1 — Continued

Bz’p(léw Ia? Gi)

q<q—p+2i<{ so(q—p+i,i)+

q,q—p+2i ) A '
1§p<q§€ BE (Iaulavep—l) p 30(2€+1—q—l,p—Z) BZ_I'Bp—z
0<i<p
B?p(lavla’q)
q < 20+ 1— q+p— 20 < /{ q,20+1—q+p—2i 80((] —p+ ’L) + SO(2£ + ‘ ‘
1<p<qg<{t B, (Ta, Loy €q-pti) p i) B;+ B,
0<i<p
BZMD(I&?Ia?Ei)
PLS204+1—q+p—2i<q  g20t1-grp-2i _ Y so(q—p+i,i)+ ' .
1<p<q</t B, (Tas Ly €2041-g-1) 20+1—2q +2p — 2 5020+ 1—q—ip—i) B + B,
0<i<p
Bz’p(laalaaei)
20+1—q+p—20<p<q Lg2e41-—grp2i , so(q —p+1,i) +
1 S p < q S g Be (Ia’ Ia’ 62[+1*q*i> 2€ + 1 2q + 2p 22 SO(2€ + 1 — q— Z,p . Z) Bz + Bp—l
0<i<p
B?q(IavIa?ei)
g—p+2<p<gq p,q—p+2i ) . . SO(q—p-i—Z,Z)—i- A .
1<p<q<!t Byt (Lo L €q-pi) q—p+2i w0201 qip_i BitBe
0<i<p
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Table 5.1 — Continued

B?q(léwla?q)
p<q<q—p+2 </t

so(q—p+i, i)+

o - )t B4+B,.,

1<p<qg</t By (L, Lo €pi) p so(20+1—q—1i,p—1) + D
0<i:<p
B?q(lavla’q)
P<q=2041—q+p—2i <Lyt grp2 , so(q—p+1i,i) + 5
0<:<p
B?q(la?Ia?Ei)
1§p<q§£ BE (Ia7Ia7€l) p SO<2€+1_q—Z’p—Z> z+ p—1i
0<:<p
B?q(laalaaei)
2€ + 1-— q +p — < p < q q,20+1—q+p—2i . o SO(q —p + i, Z) -+ ) B
1<p<qg</{ B, (Ta, Ly €20 1) 20+1—q+p—2i S0(20+1—q—ip—1) Bi+ By
0<i<p
CEP(ILI1, ”
(sz (g 0) ) Cy (L e) p su(l — p,p) + so(2) BC,
Cg,e(ﬂa, I) .l . Be
(2p < 0) ¢ (I, I) p su(l —p.p) .
C’f:f(l EP) L,p

’ ’ R (—p,R) C,+Cp
(2p < 0) M (1L L,) p sp(p,R) + sp(¢ — p,R) p+ Cop
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Table 5.1 — Continued

(0<i<p)

CH (1,10, €) Co (1,1, €o) 0 sp(¢,C) C,
CL2H (I, T, €) C%, (I, €) i sp(¢,C) c,
Cyy (1T, €¢) Cy (11,1, €9) 14 su*(20) + R Ay +R
Cor (1,11, &) Cy (1, e0) 14 su(l,?) + so(2) Cy
CL2H (I, T, ) CL2 (I, 1, ) l su(l,0) + so(2) c,
Ca* (1 €) C22 (1, €p) 0 sp(6,R) + sp(£, R) Co+C,
CyP (I, €p) Cf’éﬂﬂp(ﬂa, €p) P sp(£ — 2p,0) + sp(p, p) BC,
COP (11, 11, &)
AL O L T EAUEE A A
(0<i<p)
CIP(L,, 11, &)
S : Moty ko
(0<i<p)

q,p )
Ses EH— ,qIE’pE ) 2i< i CHTITE(L L e ) p sp(i; . ;’i ;)") S gp +
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CIP(L,, 11, &)

Table 5.1 — Continued

p<lqg+p—2i<gq 00— gtp—2i . 0%+ I — % sp(l —q—i,p—1i)+ BC; +
I<p<q<jl C (o, My -0 Qe splq —p +1i) BC,-;
(0<i<p)
COP (11, 11, &) . G e
q—p+2i<p a,6—q+p—2i . 09+ 9 — 2% sp( —q—1,p—1)+ i +
1<p<qg<yl Ci (T T €o-o-4) trereE splq —p +1i) BCy-i
(0<i<p)
CP4(IL,, 11, &)
q—p+2<p p.q—pH2i . N : spl¢ —p+i,i) +sp({ —  BC;+
1<p<q< il e Mo M fap) 1P ivp— 1) BC,
(0<i<p)
CPI(1L,, 11, &)
p <Eq£p+2i < 3¢ CPIPRL T e ) sp(¢ —p+i,i) +sp({ —  BC;+
1<p<q<it et (M T e p ip—1) BC,-.
(0<i<p)
CP(IL,, 11, )
¢<l—q+p—2i< 3yl pil—qtp—2i . splg —p+i,i)+sp(l —  BC; +
1<p<qg<is Ce (L, IL,, ) p i,p—1) BC,_;

(0<i<p)
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CPUIL,, 11, &)

Table 5.1 — Continued

p<l—q+p—-2i<gq pol—qip—2i . splq —p+i,i) +sp({ —  BC;+
1<p<q<i C (15, 1L, ) p ip—1) BC, -
(0<i<p)
C’f’q(ﬂa,ﬂa,ei)
C—q+p—2i<p g tp—2i B iy sp(q—p+1i,i) + sp(l — BC; +
1< p<gq < %g CZ (IIa, IIa, Eg_q_i) 14 q+0p 21 Z7p o Z) BCp_Z'
(0<i<p)
CoF (1T, 11, )
(—p+2i<p 0 l—pt2i . sp(f —p+i,i)+ sp(f — BC; +
0<i<p—1 Csy (ITy,, I1,, &) 21 ip— i) BC, .
1<p<t
CoF (1T, 11, )
p<l—p+2i</{ 00— pt2i . . sp(l —p+i,i) + sp(l — BC; +
D<ieni CLIP(TL T, 6 ) 2i A 50,
1<p</
CoP (1L, 11, ) ( .
p<l+p—2i<li 0,0+p—2i _ Y sp(f —p+1i,i) + sp(f — BC; +
0 S i S p— 1 C% (IIb, IIa, 6571) 2p 2 i,p . Z) BCp,i
1<p<t
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COP(ILy, 11, )

Table 5.1 — Continued

C+p—2i<p Stp—2i . sp(f —p+i,i) + sp(f — BC; +
0<i<p-—1 G ™7 (I, I, ) =2 i,p—1) BCp
1<p<t
CEH(I1,, 11, &)
Z—p+2i§p O— i . 5p(€—p+i,z')+sp(€— BCz‘F
0<i<p—1 O™ (Mo Iy, ) E-p+ i,p—1i) BCp-,
1<p<t
Ogée(l:[m IIb7 61)
p<l—p+2i </ pl—pt2i . sp(l —p+i,i)+ sp(f — BC; +
0<i<p-1 Gt e Ty ) ’ iy =) B,
1<p<t
CH(I1,, 11, &)
p<Ll+p-—2i</{ . +p—2i _ sp(l —p+i,i) + sp(l — BC; +
0<i<p-—1 Ca (I, 1L, &) P i,p—i) BC,_;
1<p</t
CEH(IT,, 11, )
C+p—2i<p Lrp—2i . sp(l —p+i,i) + sp(f — BC; +
0<i<p_1 CEAPT2(IL,, 11, €0s) (+p—2i ip ) BC,..
1<p<t
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Dz’p(laa Iav 61)

Table 5.1 — Continued

q—p+2i<p 4,q—p+2i , : so(q —p+1i,i) + A ,
1§p<q§€_1 _DK (Ia)Ia7€l) 27/ SO(2£—q—Z7p—’l) BZ+Bp—’L
0<i<p-1)

Dzvp(Iaalaveo ( )
p<q<q—p+22 </t G.q—p+2i . solq—p—+1,1)+ ‘ .
1§p<q§€_1 DZ (Imlmﬁpfl) p 80(2f—q—l,p—z) BZ+Bp—z
0<i<p-1)

Dgyp(IavIa’ 61)

P<q<2U—q+p—2i <l o0 gip-2i so(q—p+i,i)+ ' ‘
1<p<qg<(t-1 Dy (Lo Lo €q—petit) p 50(20 — g — i, p — i) B; + B,_;
0<i<p-1)

D?p(lav Ia’ ei)

p=20—q+p-2i<gq g,20—g+p—2i _ Y so(q —p+i,i) + , .
1<p<qg<i-1 D, (Ia, L, €20—q-1) 20 —2q + 2p — 2i 5020 — g — i p—1) B+ B,
0<i<p-—-1)

Dz’p(lavlav 61)

2U—q+p—-2i<p DI T ey ) 2% — 2+ 2p— 2i so(lq —p+1i,7) + B+ B,

1<p<qg<il-1
0<i<p-1)

so(20 —q—1i,p—1)
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D?’q(la, Iav 61)

Table 5.1 — Continued

411 ;];—22; § 5_ 1 DEIPIL T €qpri) q—p+2i 808(02(2—_5—+;:;)_+¢) Bi+B,
0<i<p-—-1

Dyt (la, Loy6) N
PLITITITIE L) p Jdamprint g,
0<i<p—1

Dy (L, 1, &) N

11) 2 Z i zgg_ﬁq——i_lp st D?%_qﬂ_%(la? L, ) p 55(02(21_—5:7’,;):) Bi + By
0<i<p-—1

Dy (la, 1, &) N
pENATPTEST  ppEeri, ) b Jdamprint g,
0<i<p—1

Dy(1a, 1, )

HOGEPTHSPSD peen g g, ) 20 —q+p—2i solg=p+ii)+ — p o p

I1<p<qg<(i-1
0<i<p-—1

so(20 —q—1i,p—1)




Dgyp(lbv Ia: 6i)

Table 5.1 — Continued

(—p+2i<p 00—pt2i . . so(i,0 —p+1i) + so(f — BB
0 S ; S p— 1 ‘Df (Ib, Ia, 61) 21 Z,p N Z) i+ p—1i
1<p<?

Dﬁp(Ib?Ia?ei)

p<l—p+2i<{ Cl—pt2i . : so(i,{ —p+1i) + so(f — BB
0 S ; S p— 1 ‘DZ (Ib, Ia7 Ep—l) 24 Z,p . Z) i+ p—1
1<p</t

Dy (I, 1, 6)

p<fl+p—-2i</{ 00p—2i . Y so(i, 0 —p+1i) + so(f — ‘ .
0 S i S p— 1 DE (Ib, Ia? Eg_l) 2]9 21 i,p . Z) Bz + Bp—z
1<p</t

Dﬁp(Ib?Ia’ei)

(+p—2i<p 0 0tp—2i _ iy so(i, 0 —p+1) + so(f — BB
0<i<p—1 D, (Ip, L, €0—1) 2p — 29 ip—1) i + By_;
1<p<t

D?é(lmlb:ei)

(—p+2i<p —pt2i : so(i,{ —p+1i) + so(f —

| <p<t Dy P, 1., €—pti) C—p+2i ip—1) B, + B,
0<i<p—1
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D?e(lmlb: 6i)
p<l—p+2i</{

Table 5.1 — Continued

so(i,{ —p+1i) + so( —

A - pvy Bi+ B,
1 Sp < 6 -De (Ib7:[a7€p—1) p Z’p—Z) + D
0<i<p-—1
Dg’éaa? Ib? 61)
p<l+p—20</ D l4p—2i ' so(i, 0 —p+1i) + so(f — BB
1<p<t Dy (I, o, ) b i,p —1) i+ By
0<i<p-—1
D?e(lm Ib) Ei)
(+p—2i<p D ltp—2i Y so(i, 0 —p+1i) + so(f — ‘ .
1<p<t D oy Ly ) Crp—2 ip— i) Bit Byp-i
0<i<p-—-1
Dy, (111, 1,) 00

o 7 20 — 2p, 2 BC

(1 <op<l— 1) Dy, (HIav ep) 2p Su( D, p) 2p
D21, T11,) -

a a y O 2€ . ’ BC
(1<2p<20—1) Dy (1, 111, su p.p) ;
Dy; (1L, ) i “(4 “(40—4p)  Cp+C.
(1<2p<t—1) Dy, (I, L) 2p s0*(4p) + so*( ) p T Cop
‘DZAP (IIIb7 Ia) 0.0
(1< 9 < 0) Dygyi (1M, €;) 2p su(2€+ 1~ 2p, 2p) BCy,
D (1, 111,) 2p,t
(12212]) <20 D3yt (1,111 0 su(20 — p+1,p) + so(2) BC,
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Table 5.1 — Continued

3%12(;12 ’ ;)p) Dy (111, 1,) 2p 50*(4p) + s0* (40 — 4p+2) Bcgjp
Dy (111, Ty, &) Dig* (I, €) 20 su(2¢,20) Coy
D27 (T, I11,,, €) D25 (T, I11,,, €) ( su(l, 0) + so(2) C,
Dy (111, &) DM (1L, 1y, o) ¢ s0*(40) + so* (4¢) Cy+ G
Dy (11, 1y, &) DL (1L, I, &) ( s0(2¢,C) D,
Dyt (Iy, 1M1, ) Dy (I, €) ¢ s0(2¢,C) Dy
D% (Iy, &) D2 (T, M1, ) ¢ sl(20,R) + R Ayt + R
Dy (1, 1) Dyt (1T, 1) 0 so(20+1,C By
Dyt (T, 111,) D (T, e0) 0 so(20 +1,C) B,
Dyt (I, ) Dty (I, 11T, ¢ sl(20+1,R) + R As +R
DPP (I, ¢,) DY (], e, p sp(p,p) + sp(t — 2p,0) BG,
ESYNL I, &) ES*(1,1V) 0 Fay F,
E46(H I,e) E*(IL1IV) 1 Fay F,
2(1,1V) ESY(1,11, ¢0) 0 su*(6) 4 su(2) A,
6<I 1) EX*(1V, 1) 1 su*(6) + su(2) A,
EY(IL1IV) EO(IL 1, &) 1 sp(3,1) BC,

105



Table 5.1 — Continued

=4IV, 1) SOV, 1) 1 sp(3,1) BCy
LT, e) E“(I 2) 4 sp(4,R) Cy
GO(IL L, ) GO(IL L ) 4 sp(4, R) Cy
E66(I €) E64(I IL, ) 4 sl(6,R) + sl(2,R As + A,
ES*(1,111) ES°(1, ) 2 sp(2,2) Cy
EX(IIL ) EXS(IILT) 2 sp(2,2) Cy
ES(1, ) ES*(1,111) 2 s0(5,5) + R Bs +R
Eg?(I1 111, ¢) Eg?(I1 111, €) 0 50*(10) + so(2) BC,
EXY(IIL 1, €) EX*(11L, ) 2 50*(10) + so(2) BC,
EX*(11L, ) EXY(IIL 11, €) 2 su(5,1) + sl(2,R) BCy + A,
EZ* (111, &) E2* (111, &) 2 su(5,1) + sl(2,R) BCy + A,
Eg?(IL 111, ¢ ) Eg* (11, e4) 2 50(8,2) + s0(2) B,
EXYIIL I, ¢) EXYIIL I, ¢) 0 su(4,2) + su(2) BC,
E* (11, e4) Eg?(IL 111, &) 2 50(6,2) + s0(2) B,
Ey' (11, €) Eyt (11, ¢) 4 su(3,3) + sl(2,R) Cs + A4
EZ*(II1,1V) EZ*(II1,1V) 0 Fa(—20) BCy
EZ*(IV,110) EX*(IV, e;) 1 fa20) BC,
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Table 5.1 — Continued

EX*(IV, €) EX*(IV, III) 1 50(9,1) + R B +R
ETYV, VI ) EF(V, VII) 0 e6(2) + 50(2) F
E7 (VL V, ¢) E7*(VI, VIL ¢;) 2 @2 + 50(2) F,
E*(V,VII) ETY(V, VI, &) 0 ( 2) + su(2) Cs
EZT(VILV) E2*(VIL VI, ;) 2 s0*(12) + su(2) Cy
E7* (VI VIL ) E7" (VL V, e) 2 su(6,2) BC,
E2Y(VIL VI, ) EZT(VILV) 2 su(6,2) BC,
EIY(V, VI e) EFY(V,er) 4 su(4,4) Cy
E7* (VI e)) E7* (V1)) 4 50*(12) + sl1(2,R) Cs + A
EY (VI ey) E7* (V1 &) 4 50(8,4) + su(2) B,
E7 (VL V,e) E7 (VL V,e) 4 su(4,4) Cy
EI(V,e) EIYV, VI e) 4 s0(6,6) + sl(2,R) Dg + 4,
EI(V, VIL &) EI(V, er) 3 su*(8) As
EXT(VIL V, &) EXT(VILV, €) 3 su*(8) As
EI(V, er) ET(V, VIL ¢) 3 es(s) + R Es+R
EIT(V, e) EIT(V, €) 7 sl(8,R) Ay
EY(VIL, VI) E23(VIL €3) 2 es(—14) + 50(2) BC,
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Table 5.1 — Continued

E2*(VI, VII) E2*(VI, VII) 2 e6(—14) + 50(2) BC,
E23(VII, e3) E2*(VIL V) 2 s0(10,2) + sl(2,R) By + A;
E23(VIL €;) E$3(v11 €1) 3 eo(—26) + sl(2,R) Ay + Ay
E3*(VIILIX, €) E*(VIILIX, €) 0 er(—s) + 50(2) F,
Eg®(IX, VIII, &) Eg*(IX, €4) 4 er(—s) + s0(2) F,
Eg*(IX, e4) Eg®(IX, VIIL, &) 4 s50(12,4) By
Eg'(IX, €) Eg'(IX, ) 4 er(—2s) + sl(2,R) C3 + A,
ESY(VIILIX, ) E3®(VIII, ) 4 50*(16) Cy
E%(IX, VIIL €;) Eg®(IX, VIIL €;) 0 50*(16) Cy
E3°(VIIL eg) ES*(VIILIX, ) 4 ern) + sl(2,R) B+ A,
EPNILI) FP T, eq) 1 sp(2,1) + su(2) BC,
EPY(ILT) EPYILT) 1 sp(2,1) + su(2) BC,
FY (1 ey) FN(L D) 1 s0(5,4) B,
FPY (L e) FY (L e) 4 sp(3,R) + sl(2,R) Cy + A4
G272 (1, 1) G2 (1, 1) 2 sl(2,R) + sl(2,R) A+ A
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
12 4
O—0
0+1,0 0410 .
Ayt . S ,9,,,{@ . AL T, ) of I I }
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
12
1 ¢ +1
N I I }
l 0 +1 (C+1)- Ay
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
0 A2€+1 id (E + 1) - A 0
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
AIxAI +C Ay

sl(f +1,C) + so(2)
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
1 -1
e O, O )
AL ) I S~ AT T, ) 09{ I [ I I pe
ob 09”7 b
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 -1
1 2 20-2 2-1 I I }ﬁ
o——0----0—=0
20-1 Aoy l 0 Ay
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
2 2 0 0
0 Ay Agp A(L) C- A l
ga&]nt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
AIxAI +C Agpy

sl(2¢,C) + so(2)
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
1 -1 1
20,4041 20,2041 ’ " ’
AL D) -~ O o o A (I IIL) ae*[ I f I [ I 2,
o6 097 o
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
12 -1
1 2 201 N
O—0 - 0—0 SR
20 A 14 C-A
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
2 2 0 0
0 A Ay A(L) 0 A 4
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

sl(20+1,C) + so(2)

Al x AI +C

A
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
12 -1
O—0
201, i 21,01 -1
A2£f1 (L IHb, E0) i I I } AQZfl (L H) M -O—e
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 -1
I I y 1 -1
O o  -O—o
14 t- A (-1 0
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0 0
l- Al A2£—1 A(E) @ 0
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
sp(f, R) CI Cy
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Type (0,0)

diagram (0, o)

Type (6,00)

diagram (6, o0)

1

20—1

1
Oo—=0 -~ o O—e O .
AL T, ) o I I }” A2, 1L, ) o I I I pe
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 2 21 2 1 -1 ¢
et e O e O e=0
20 Co 1 (- A
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0 0
Co Cop C'(20) (- A / e
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
sp(2¢,R) CI Co
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
12 1 -1 ¢
O—=0 - 11 d 0 d
Aiﬁi}74€+l(111bv I E0) i I I I Aigii,ze(lﬂb, H) " I I I I I I ’
O—=0 d o d
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
12 20 2041 1 ¢
O—0 - -O==0 o O o O==<=e
2€ +1 C2Z+1 ﬁ g . Al
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1
1 0 0 0
Cart1 Cart1 C(20+1) (- A 14 £
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
sp(20 + 1, R) ClI Copt1
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)

1 -1
_ 7 e ¢ 40— _
R R R AL o b e
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g

14 0 A 20 -1 Agpq
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 1 0 0
0 Ay Agpy A(0) - Ay 14
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
so*(4/) DIII, Cy
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
1 -1 1
&—0—8---O0—&
agewmy o] ] } ALy NN
¢ O ¢ O
rank rank
Qs o|®g P9 N Py Pso. al|Py Py0 N Py
1 =1 ¢
12 21
BEa o558
14 - A1 2/ AQE
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0
0 Ay Ay A(0) 0 A 4
ga@]nt(ei)<R) (goelnt(ei% 9) (I)(t) or (b(tl) + (I)(t2)
so* (40 + 2) DIII, BC,y
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
1 -1 2 20-1
66— O0—& , o—=o0-- .
e R R A A A M L o) ] ] }
0 0 0 O—0 -~
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 -1 l 1 2 20 24-1
o O ® - O @——0 o——0G0 - -0==0
12 - A1 20 OQE
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 1 0 0
0 A Co A(L) Co l
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
so*(4/) DIII, Cy
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
1 -1 ¢ 2 %
66— O0— & O—6§ T Res
g, ) B } L, L) Sl ?
o O o O O—0 -
rank rank
D, a| Py D, 0N Py Dso.0 D9 N Dy
1 ¢ 1 2041
O —eo  O==e O—0 - - -O==<=0
/¢ - A 20+1 Cars1
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0
0- Ay Cora A(0) Cora ¢
ga&]nt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
so* (40 + 2) DIII, BC,y
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
1 2 -1
O—0
AT, ) S } A e Lo
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 -1
I I y 1 20-2 201
o——:0----0—°0
14 0 Ay 20-1 Agpq
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0 0
0 A Aoy A(L) 0 A l
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
so(l, 0) BI By
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)

1 2 -1 1 2 -1
ALV, L e o I I y ALV, L e o I I y
rank rank
Qs o|®g P9 N Py Pso. al|Py Py0 N Py
1 2 -1 g 1 2 -1
o——0 - -O==0 o——0 - -O0==0
l Cy l Cy
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 ! 0 0
Co Ce B(¢) Cly 4 Ac: 0
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
so(l, 0) BI By

124




Type (0,0)

diagram (0, o)

Type (0, 00) diagram (6, o0)

1 2 -1

Ay (L) R S culirey A5y (L T, ) I I y
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (I)mgﬂ 0'9|(I)9 (I)gg N (I)g
1 2 -1
1 2 20-2 201 I I }ﬁ
20-1 Aoy l (- Ay
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy Dy classes D90 N Dy rank
1 0 0 0
0 Ay Agpy A(0) - Ay 14
QUGInt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
Ay +A 1 +R

sl(C,R) + sl(¢,R) + R

Al + Al +C
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
1 -1
R N R - AT (L) b o5 o
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
12 -1
I I y 1 2 20-2 201
o——:0----0—°0
14 0 Ay 20 -1 Agpq
max.involution | Type | W-conjugacy | max. involution singular m*(\) m~(\) T(2N) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 1 0 0
0 Ay Agpy A(0) - Ay 14
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
sp({, () CII, Cy
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
1 -1 1 -1
o O .0 O .@ O ;
A2V T, ) o I I I I f ! A2V T, ) 09{ I [ I I pe
o o o o o o
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 -1 ¢ 1 -1 l
o O e O —e=<0 O —eo O—e==0
¢ 0 A l 0 A
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 1 0 0
0 A Co A(L) 0 A 0
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
sp({, () CII, Cy
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Type (0, 0) diagram (0, o) Type (0, 00)
1 -1
e O, O )
A2 ¢ - d L A2 T, ) 09{ I [ I I pe
b 097 a of
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
12 -1
1 2 202 20-1 I I }ﬁ
20 -1 Ay l - A
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
2 2 0 0
0 Ay Agp A(L) C- A l
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
su*(20) + su*(2¢0) + R AIT + AIT +C Apa+ A +R
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
T 2 p Dbl
O—0 - O—e e
AgP(L I, . e 00 12 -1
< op <t oo 3 A (Lep) N S
.
O—0-O—e 9 -/
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 p  ptl
- ¢ 12 1
‘ O 0—0O
p o—oo—ta—/ p- A 4 Ay
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0 0
p-A Ay A(p) t- A p
ga&]nt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
so({+1—p,p) BI,f even, DI,, ¢ odd B,
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
1 2 p  ptl 1 2 p  pFl
OO o—ee—a B e N
A?’Z(IIIOJ I) o* &0 8" Apae(:[]:[ I) 50* &A* 39
]_ S 2p S E : 4 a) ‘
o ab
LD S S LD S S 7
rank rank
D, a| Py D, 0N Py Dso.0 0| Py D9 N Dy
1 2 p—1 p 1 2 p—1 p
D BC, 4 BC,
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 1 0 0
Bp BCp B(p) Bp D )‘p . 4 4 2)‘p o1
ga&]nt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
so({+1—p,p) BI,l even, DI,.¢ odd B,
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
T 2 p prl
A5(17 Ep) 1 2 -1 Y/ Aé,p(:[ III ) 0* & o0* ’9
1 S 2p S 14 o——:0----0—°0 y4 ’ a ‘
/0
G O O % % o
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 2 p  ptl
1 2 -1 g o0* ’
14 Ay p O—%}W{F%Gmﬁ%%{/ p-A
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0 0
E'Al Ag A(LHTlJ) p-A1 p
ga&]nt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

sl(p,R) +sl({ —p+1,R)+R

Al + Al +C

Ay 1+ A, +R
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)

T D 1 D
b O o O g .\ o O 9 - C " e,
Azé)ff_l(lﬂm H) 0" , AQP’%_l(HI H) 0% ’
1<4p <4 ‘ 41 & ‘
o O o O og/ o O o - 0—0—009/
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 2 P 1 2 P
O - ==0 O - e==0
P 0 p 0
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1) BCy, id 0 0
ga'GInt(ei)<R) (goelnt(ei% 9) (I)(t) or (I)(h) + (I)(t2)
sp(20 —p,p) CII, BC,
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)

T D 1 D
& —O O b .\ ) O ¢ - C " e,
2p,2¢
A (e, T o ’ A2 (111, 11 o ’
1<4p <44 ‘ + 6
o O o O og/ ’9—0—‘90—'—29/
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 2 P 1 2 P
O =0 O =0
p 0 p 0
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
0 BCy, id 0 0
ga'GInt(ei)<R) (goelnt(ei% 9) (I)(t) or (I)(h) + (I)(t2)
sp(20 —p+1,p) CIlI, BC,
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
T
¢ O e O e "
Ay (ILTIL,) . ’ 42121 ) |
1<4p <40 +2 ‘ 40-1 » €p e O e -O—e
¢ O —e O /
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 2 p  ptl
o . 1 20-2 20-1
‘ OO 0—0
P OO O @ p- A 20 —1 Aggq
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A) m=(2X)
D, 0N Dy dy classes D90 N Dy rank
1 0 0
p- A1 Agg_l A(p) f . Al p
ga&]nt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
sp(20 —p,p) CII, BC,
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
T
« oo O e "
Aigf?(ll,llla) o* , A%’%(II € ) 1 20—1
e —O—e O /
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 2 p  ptl
o* ¢ 1 2 21 2
‘ OO 0—0O
p o—oo—ta—/ p- A 20 Ay
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0 0
p-A Az A(p) t- A p
ga'GInt(ei)<R) (goelnt(ei% 9) (I)(t) or (I)(h) + (I)(t2)

sp(20 —p+1,p)

Cll,

BC,
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
1 P
& O &, C o °
Agryy (11 ) 1 201 02 , 4
1 Szg; < Ej— 1 O —e -O—e Ayt (1L 11,) aé ‘
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 2 p  ptl
1 1 o ’
14 Ay p o—@@—&&—/ p-A
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
2 2 0 0
|55 A Ay A(TEA) p-A p
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

su*(2p) +su*(20 —2p+ 1)+ R

AIT+ AIT +C

Ay+ A, 1 +R
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Type (0,0)

diagram (0, o)

Type (0, 00)

diagram (6, o0)

AL (TTTy, €)

1

20—1

1D

AL (TT0y, €))

1 2 20—-1

28

rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (I)mgﬂ 0'9|(I)9 (I)gg N (I)g
1 -1 ¢ 1 2 -1
OO OO OO O
4 Cy 1 Cy
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy Dy classes D90 N Dy rank
1 L 0 0
C, C, B(0) C, ( A0
QUGInt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
sl(¢,C) +R Al x AI +C A +R
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)

1 2 p  pFl 1 2 p  pFl
O—O0 O—e e -\ o—&o—&a—a\
A?’IJ(II:[&’ €p> o* &0 ’ AP,€+1—2P (III € ) 0* & 0a* ’
p<l+4+1-2p ‘ ¢ as €p ‘
O—O0 O—e e o/ o—&o—&»—/
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 2 p—1 p 1 2 p—1 p
O—O -0 OO =0
p BC, p BC,
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 2 0 0
BCp BCp B(p) BCp D )\p 0 — 2p + 1 1
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
su({+1—2p,0) + su(p,p) AIll, BC,
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diagram (6, o0)

Type (0, 0) diagram (0, o) Type (0, 00)
’ 1 2 p 1 2 L—pt2i
AP (10, 110, &) O—0C----O . | OO .
(—p+2i<p Ie &01 I I I b ALEPRR(IIL T, ) Ie*&o%* I I I I
0sei=p-1 O—0 - O0—&- (g G OO % % g
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 2 p ¢ 1 2 l—pt2i !
p Cp (— P+ 21 Cg_p+21
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A) (2X) (2))
D, 0N Dy dy classes D90 N Dy rank
2
A1 0 0
C, Cy C(p) Crprai 2i P
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
AITI, + AITI, +C BC; + BC,_;

su(l —p+i,i) + su(l —i,p—1i)+ so(2)
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
¢ 1 2 p 1 9 L—p+2i
AL (I, ITe) OO O—e e | OO O
p<l—pt2i<t o &o I I I b AP T, 6 s) Ie*&o%* I I I I
0<i<p—-1
=P O—0C O—& 6—¢ O—0C O—& 6—4¢
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 2 p Vi 1 9  L—p+2i ’
p 0—p+2i Crprai
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
2
A 0 0
Cy Cy C(p) Crpiai 2 P
ga&]nt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
AITIL,+ AIIL +C BC; + BC,_;

su(l —p+i,i) + su(l —i,p—1i)+ so(2)
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diagram (6, o0)

Type (0, 0) diagram (0, o) Type (0, 00)
¢ 1 2 p 1 2  l4+p—2i
AL (I, ITe) OO O—a e | R e
phepa<t  leud | 1] b AT ek | 1]
0<i<p-—1
='=P OO0 O—& ¢ OO0 O—& 4 —¢
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 2 p ¢ 1 2  L4+p—2i P
P C, C+p—2i Cryp—2i
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
2
| o 0 0 0
C, C, C(p) Crip—2i 2p — 2i P
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
AITI, + AITI, +C BC; + BC,_;

su(l —p+i,i) + su(l —i,p—1i)+ so(2)
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diagram (6, o0)

Type (0, 0) diagram (0, o) Type (0, 00)
’ 1 2 p 1 2 ltp—2i
AP (10, 110, &) O—0C----O . | OO .
(+p—2i<p Ie &01 I I I I AL T, € ) Ie*&o%* I I I I
0sei=p-1 O—0 - O0—&- (g G OO % % g
rank rank
Qs o|®g P9 N Py Pso. al|Py Py0 N Py
1 2 p ¢ 1 2 ltp—2i ¢
p Cp 14 -+ P — 21 Cf-‘y—p 21
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A) (2X) (2))
D, 0N Dy dy classes D90 N Dy rank
2
| Al 0 0
C, C, C(p) Crip—2i 2p — 2i P
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
AITI, + AITI, +C BC; + BC,_;

su(l —p+i,i) + su(l —i,p—1i)+ so(2)
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
1 2 p 1 2 L=p+2i p
AL (10, 11T, ;) PR S AR & ’ ¢ % %
ongy el | ] b B e sk | 1] ]
O<isp-1 O—0 - O0—e o4« O—O0 - O—& 8-
rank rank
D, a| Py D, 0N Py Dso.0 0| Py D9 N Dy
1 2 p-1 p 1 2 l—pt2i ¢
P BC, 0 —p+2i BCy_pia;
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy Dy classes D90 N Dy rank
2 0 0 0
BC, BC, B(p) BCy_ o (= p+2 N 2(0—4q) 2(q—p) 2X,:1
ga&]nt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

su(l —p+i,i) + su(l —i,p—1i)+ so(2)

AIll, + AIlL, +C

BC; + BC,_,;
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
12 p 1 2 p 0—p+2i
AL (10, 11T, ;) PR S AR & 4 ¢ % %
pi—per<t el | ] b B ) sk | ] ] b
O<isp-1 O—0 - O0—e o4« O—O0 - O—e e
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (I)mgﬂ 0'9|(I)9 (I)gg N (I)g
1 2 p-l p 1 2 p-l p
p BC, p BC,
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy Dy classes D90 N Dy rank
2 0 0
A 20—q) 20g—p) 2n,:1
BC, BC, B(p) BC, P 1 “\g=p P
ga&]nt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

su(l —p+i,i) + su(l —i,p—1i)+ so(2)

AIll, + AIlL, +C

BC; + BC,_,;
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
12 p 1 2 »p C+p—2i
AL (10, 11T, ;) PR S AR & _ ¢ % %
p<l+p—2i<l o428 I I I I>, ARSI T, 6 Iw%% I I I I
O<isp-1 O—0 - O0—e o4« O—O0 - O—e e
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (I)mgﬂ 0'9|(I)9 (I)gg N (I)g
1 2 p-l p 2 p-l p
p BC, P BC,
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy Dy classes D90 N Dy rank
2 0 0 0
BC, BC, B(p) BC, p Ap2(0—q) 2(q—p) 241
ga&]nt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

su(l —p+i,i) + su(l —i,p—1i)+ so(2)

AIll, + AIlL, +C

BC; + BC,_,;
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
1 2 p 1 2 Lltp—2i p
AL (10, 11T, ;) PR S AR & , ¢ % %
pn<y el | ] ] b L A T S B
O<isp-1 O—0 - O0—e o4« O—O0 - O—& 8-
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (I)mgﬂ 0'9|(I)9 (I)gg N (I)g
1 2 p-l p 1 2 ltp—2i p
p BCp 0+ p— 21 BC£+p_2i
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy Dy classes D90 N Dy rank
2 0 0 0
BC, BC, B(p) BCrip o (hp—2i  Pi2l—a) 2g—p) 23:1
QUGInt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

su(l —p+i,i) + su(l —i,p—1i)+ so(2)

AIll, + AIlL, +C

BC; + BC,_,;
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
1 2 p q 1 2 q—ptZ q
APP(1,, 111, &) T Y Y '\ O—OO—*@*@—'\
g—p+2i<p<yq . 4 0,q—p+2i .ol *
1<p<qg< %(g + 1) "&b ‘ Aé (IIIaa IIIaa Ei) of*& ‘
(0<i<p)
LD S S 7 OO e .
rank rank
Qs o|®g P9 N Py Pso. al|Py Py0 N Py
1 2 p q 1 q—p+2i q
p BCp q—p + 27 BCq_p_,_Qi
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
0 0
A 20—q) 20g—p) 2n,:1
BCP BCq B(p) BCq—p+2i 29 p q a=Pp P
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

sull+1—qg—i,p—1i)+su(qg—p+1i,i)+ so(2)

AIll, + AIlL, +C

BC; + BC,_;
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
Aq,p(III 11 E') 1 2 p q 1 2 q—ptZ q
¢ (e, s, &) O—O - O—e e 0\ o—&o—&eae—a\
p<q<q—p+2 . 4 .
¢—p+2i<3(1+1) 0" &b o APTPRE(IILL TIL,, € ) 06" &l !
1<p<qg<i(+1) ° °
(0<i<p) O—0 - O0—e e o/ O—0  O—& 0@
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (I)mgﬂ 0'9|(I)9 (I)gg N (I)g
1 2 p q 1 2 ¢ q-1
p BC, q BC,
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy Dy classes D90 N Dy rank
2 0 0 0
BC, BC, B(p) BC, p Api2(0—q) 2(g—p) 2X:1
QUGInt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

sull+1—qg—i,p—1i)+su(qg—p+1i,i)+ so(2)

AIll, + AIlL, +C

BC; + BC,_;
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)

I+1—q+p—22
AP (IT1,, 111, &) b2 e e SO
q<l+1—q+p—2i Ty '\, } Ty \,
(+1—q+p—2i<i(l+1) |0 DAL I, e pyi) |07 %ot !
1<p<q<i(l+1) °
(0<i<p) O—0 O0—& & o/ O—0C O—e, o —¢
rank rank
Qs o|®g P9 N Py Pso. al|Py Py0 N Py
1 2 p q 1 2 ¢l g
O—O0 - O—e =0 O—O0 - -0==0
P BC, q BC,
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy Dy classes D90 N Dy rank
2 0 0 0
BC, BC, B(p) BC, p Api2(0—q) 2(g—p) 2X:1
ga@]nt(ei)<R) (goelnt(ei% 9) (I)(t) or (b(tl) + (I)(t2)
su(l+1—q—i,p—1)+su(lqg—p+i,i)+ so(2) AIll, + AIlL, +C BC; + BC,;
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)

1 2 p q 1 20+ T=q+p—21 q
APP(1,, 111, &) T Y Y '\ O—OO—*@*@—'\
pelil-gip-2<d ., A (I T e gs) |0t !
1 < p<q < %(g‘i‘ 1) ‘ Y] ay a) Cl+1—q-i ‘
(0<i<p)
O—0 - O0—e e o/ O—(}O—&Gfg—/
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (I)mgﬂ 0'9|(I)9 (I)gg N (I)g
1 2 p q 1 20+1—q+p—2i q
p BC, (+1—q+p—2 BCpi1—gyp—2i
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
2 0 0 0
BC, BC, B(p) BCiirgiposi | €+1—2g+2p—2i|0:200=a) 2(a—p) 2X:1
QUGInt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
su(l+1—q—i,p—1)+su(lqg—p+i,i)+ so(2) AIll, + AIlL, +C BC; + BC,;
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
1 2 P q 1 20+ 1—qF+p—2t q
ALP(111,, 111, &) T Y Y '\ O—OO—*@*@H\
14 +1-— q +p -2 < q " , q,0+1—q+p—2i %0, A% ,
t<p<gsi@rn 7 S (M ey €t41-q-0) o .
(0<i<p)
O—0 - O0—e e o/ O—(}O—&Gfg—/
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (I)mgﬂ 0'9|(I)9 (I)gg N (I)g
1 2 p q 1 204+1—q+p—2i q
p BCp 14 +1-— q -+ P — 21 BC€+1—q+p—2i
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy Dy classes D90 N Dy rank
2 0 0
BC, BC, B(p) BCiirgiposi | €+1—2g+2p—2i|0:200=a) 2(a—p) 2X:1
ga&]nt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

sull+1—qg—i,p—1i)+su(qg—p+1i,i)+ so(2)

AIll, + AIlL, +C

BC; + BC,_,;

151




Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
1 2 p q 1 2 q—ptZ q
API(TI,, 111, &) N '\ O—OO—*@*@—'\
¢—pt2isp * * p.q—p+2i vl *
1<p<qg<3(0+1) e ‘ A (L, 1L, éqps) v ‘
(0<i<p) /
© O e ./ OO0 O—& &
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (I)mgﬂ 0'9|(I)9 (I)gg N (I)g
1 2 p-l p 1 2 q—pt2i P
p BCp q—p + 22 BCq_p_,_Qi
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
2 0 0 0
BC, BC, B(p) BCy pia 2 Api2(0=q) 2g—p) 2X:1
QUGInt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

sull+1—qg—i,p—1i)+su(qg—p+1i,i)+ so(2)

BC; + BC,_;

AIll, + AIlL, +C
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
1 2 P q 1 2 p q—pt+2
API(IIL,, 111, &) YT Y Y N R I
P<q—p-+ 21 < %(6 + 1> 0*&o , Ap7q—p+2i(III IIL . e ) 0* &ol* ,
1§p<q§%(£+1) ‘ 14 as a) Cp—i ‘
(0<i<p) /
0 b e OO o8 e
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (I)mgﬂ 0'9|(I)9 (I)gg N (I)g
1 2 p-l p 1 2 p-l p
OO - OO0 OO - -O==0
p BC, D BC,
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
2 0 0 0
BC, BC, B(p) BC, p Api2(0—q) 2(g—p) 2X:1
QUGInt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

su(l+1—q—i,p—1)+su(lqg—p+i,i)+ so(2)

ALl + AIIT, +C BC; + BC,
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)

Ap7q(III III E') 1 2 p q 1 2 p I+1—q+p—2:
¢ (e, o 6) O—O - O—e e 0\ O—0 - 049—0\
q<l+1—q+p—2i N } °
(+1—q+p—2i<3(0+1)]|6v&o ARSI, I, ) 0+ &eot* !
1<p<qg<3(l+1) A
(0<i<p) O—0 O0— & o/ O—0C  O—e, e
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (I)mgﬂ 0'9|(I)9 (I)gg N (I)g
1 2 p-1 p 1 2 p-1 p
o——~0 - 0—=—0 o——0 - -0—=—0
P BC, BC, BC,
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy Dy classes D90 N Dy rank
2 0 0 0
BC, BC, B(p) BC, p Api2(0—q) 2(g—p) 2X:1
QUGInt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
su(l+1—q—i,p—1)+su(lqg—p+i,i)+ so(2) AIll, + AIlL, +C BC; + BC,;
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
1 2 p q 1 2 D I+1—q+p—22
API(TI,, 111, &) N '\ O—OO—**—'\
p S g -+ 1— q + P — 2Z < q 0*&o , AP7Z+I_Q+p_2i(III III 6') 0* &o ,
1<p<qg<3(l+1) o A .
(0<i<p)
o O—e e o/ O—(}O—&U#U—/
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (I)mgﬂ 0'9|(I)9 (I)gg N (I)g
1 2 p-l p 1 2 p-l p
OO OO OO OO
p BC, p BC,
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
2 0 0 0
BC, BC, B(p) BC, p Ap2(0—q) 2(q—p) 241
QUGInt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

su(l+1—q—i,p—1)+su(lqg—p+i,i)+ so(2)

ALl + AIIT, +C BC; + BC,
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)

1 2 P q 1 20+ T—q+p—27 P
API(TI,, 111, &) N '\ O—OO—*@*@—'\
(+l—gq+p—-2i<p<q | ® L pltl—gip-2i et ’
t<p<gsiern | Vo L i .
(0<i<p)
O—0-O0—e e o/ O—(}O—&Gfg—/
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (I)mgﬂ 0'9|(I)9 (I)gg N (I)g
1 2 p-1 p 1 20+1—q+p—2i P
p BC, (+1—q+p—2 BCpi1—gyp—2i
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
2 0 0 0
BC, BC, B(p) BCiirgiposi | €+1—2g+2p—2i|0:200=a) 2(a—p) 2X:1
QUGInt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
su(l+1—q—i,p—1)+su(lqg—p+i,i)+ so(2) AIll, + AIlL, +C BC; + BC,;
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
B?p(la» 6i)
p<Ll—p+2i 12 p BP(L, &) 12 p
1<p</( O—O O—@ 0 - == e Varf O—C---O0—0 0 -0
(0<i<p)
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 2 p-l p 1 2 p-l p
OO OO OO OO
p By p By
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0 0
B, B, B(p) By D \p : l—qg+1 (—q
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
so(p,p) +so(2( + 1 —p—,0) BI B,
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Type (0,0)

diagram (0, o)

Type (6,00)

diagram (6, o0)

B?p(laa Iaa Ei)

g—p+2i<p<yq 12 p q BHPHA(L &) 1
1<p<qg</ O—0 O—e &  e6=9 ¢ as ta G O—0 - O—@ & =9
(0<i<p)
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 2 P q 1 2 q—pt+2 q
p Bp q—p+ 2i Bq—p+2i
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0
N, l—q+1 f—q 0 0
Bp Bq B(p) Bq—p+2i 21 p -
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
B; + B,_;

so(20+1—q—i,p—1)+ so(lqg—p+i,i)

Bl + BI




Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
B?p(laa Iaa Ei)
q<q<q—p+2i<{ 1 2 P q Bq7q—p+2i(1 Lo, €51 12 q q—p+2i
1<p<q<l{ O—O0 - O—@ & 0= ¢ a) tas Ep—i O—O0--O0—e o 0=
(0<i<p)
rank rank
D, a| Py D, 0N Py Dso.0 0| Py D9 N Dy
1 2 p 1 P
p B, q B,
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0
A l—q+1 (- 0 0
B, B, B(p) B, p P q ¢
ga&]nt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

so(20+1—q—i,p—1)+ so(lqg—p+i,i)

Bl + BI

Bi+ B,
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Type (0,0)

diagram (0, o)

Type (6,00)

diagram (6, o0)

B?p(laa Iaa Ei)

q<20+1—q+p—-2i<l

2 p

q

q,20+1—q+p—21
By (I, I

a 6q—p+i)

20+1—q+p—2i

1<p<qg</ O—0 O—@ &  e6=9 O—0 - O0—e, o - 6=9
(0<i<p)
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (I)mgﬂ 0'9|(I)9 (I)gg N (I)g
1 2 P q 1 2 -1 q
p B, q B,
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0
N, l—q+1 f—q 0 0
B, By B(p) By p P
QUGInt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

so(20+1—q—i,p—1)+ so(lqg—p+i,i)

Bl + BI

B; + B,_;
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)

B?p(laa Iaa Ei)

p<20+1—-q+p—-2i<q , 2 p q 20+1—g+p—2i 1 RO+1—q+p—2i q
1<p<q<Vt O—OO—&Q#QOZ/\:.BZ T (T Lo 2041 q-3) O—O - O—@ 0 - 6—=0
(0<i<p)
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (I)mgﬂ 0'9|(I)9 (I)gg N (I)g
1 2 p q 1 P2e+1—q+p—21 q
p Bp 2€ + 1-— q + P — 21 B2£+1_q+p_2i
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0 0
B, B, B(p) Botiiogep—ni |20+ 1—2¢+2p—2ifwit-a+1 £=q
QUGInt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
so(20+1—q—i,p—1)+ so(lqg—p+i,i) BI + BI B+ B,_;
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Type (0,0)

diagram (0, o)

Type (6,00)

diagram (6, o0)

B?p(laa Iaa Ei)
2W+1—q+p—21<p

1 2 P q 2041—q+p—2i 1 PU+1—g+p—2i q
1<p<qg</t O—OO—&F}#Q.:)Z.BZ TP Loy L, €2041-9-41) O—0 - O—e 6  e6==9
(0<i<p)
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (I)mgﬂ 0'9|(I)9 (I)gg N (I)g
1 2 P q 1 P2e+1—q+p—21 q
p Bp 2€ + 1-— q + P — 21 B2£+1_q+p_2i
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy Dy classes D90 N Dy rank
1 0 0 0
B, B, B(p) Botiiogep—ni |20+ 1—2¢+2p—2ifwit-a+1 £=q
QUGInt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

so(20+1—q—i,p—1)+ so(lqg—p+i,i)

Bl + BI

B; + B,_;
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diagram (0, o) Type (0, 00) diagram (6, o0)

Type (0,0)
B?q(laa Iaa Ei)
q—p+2i<p<gq 1 2 p q BPaPHA 7 . 1 2 g-pt2 P
1<p<q<l{ O—O --O—@ -0 - e==0 ¢ (Tas Loy €q—pi) O—O0 -O—& -0 - e==0
(0<i<p)
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (I)mgﬂ 0'9|(I)9 (I)gg N (I)g
1 2 p-1 p 1 2 q—p+2i p
P d OO o e——e
p Bp q—p-—+ 21 Bq—p+2i
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy Dy classes D90 N Dy rank
! 0
‘ Ap i (20—q _ 0 0
B, By B(p) By-pai q—p+2i -p+1) p
QUGInt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
so(20+1—q—i,p—1)+ so(lqg—p+i,i) BI + BI B+ B,_;
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
B?q(laa Iaa Ei)
p<qg—p+2i</t 1 2 p q Bp,q—p+2i(1 L, €5_1) 1 2 p q—p+2i
1<p<q</ O—0 -O—e o e==0 ¢ ar tas Ep—i O—0 -O0—e. o 6=
(0<i<p)
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (I)mgﬂ 0'9|(I)9 (I)gg N (I)g
1 p—1 p 1 2 p-l p
p B, p B,
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy Dy classes D90 N Dy rank
1
0
At (20—¢q -~ 0 0
B, B, B(p) B, p -p+1) P
ga&]nt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

so(20+1—q—i,p—1)+ so(lqg—p+i,i)

Bl + BI

Bi+ B,




Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
B?q(laa Iaa Ei)
q<20+1—q+p-2i<tl | 5 q BRI AT T () 1 2 p 241-g+p-2i
1<p<q<l{ O—O0--O—e o o= ¢ a) ) G O—O0 - -O0—e @ 0=
(0<i<p)
rank rank
Qs o|®g P9 N Py Pso. al|Py Py0 N Py
1 2 p-l p 1 2 p-l p
OO OO OO OO
p B, p By
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1
0
At (20—¢q - 0 0
By, B, B(p) B, p —p+1) p
QUGInt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

so(20+1—q—i,p—1)+ so(lqg—p+i,i)

Bl + BI

B; + B,_;
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Type (0,0)

diagram (0, o)

Type (6,00)

diagram (6, o0)

B?q(laa Iaa Ei)

p<20+1—q+p—2i<q ; 5 q Br2Hi—er2i 7 1 2 p 20+l-gip-2i
1<p<q</ O—0 --O—e o e==0 ¢ as ta € O—0 -O0—e. o 6=
(0<i<p)
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (I)mgﬂ 0'9|(I)9 (I)gg N (I)g
1 2 p-1 p 1 2 p-1 p
OO OO OO OO
p B, p B,
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1
0
At (20—¢q - 0 0
By, B, B(p) B, p —p+1) p
QUGInt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

so(20+1—q—i,p—1)+ so(lqg—p+i,i)

Bl + BI

B; + B,_;
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)

B?q(laa Iaa Ei)

2+1—-q+p—2i<p 1 2 P q 20+1—q+p—2i 1 RlH1—g+p-2i p
1<p<q<l O—OO—&U#OOZ/\:.Bg T (Lo Las 2041 q-4) O—0O0—@ & 6=
(0<i<p)
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (I)mgﬂ 0'9|(I)9 (I)gg N (I)g
1 2 p-1 p 1 P2e+1—q+p—21 P
p Bp 2€ + 1-— q + P — 21 B2£+1_q+p_2i
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1
0
At (20—¢q B 0 0
B, B, B(p) Botii-qipai | 20+1—q+p—2i | —py1) 17F
QUGInt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
so(20+1—q—i,p—1)+ so(lqg—p+i,i) BI + BI B+ B,_;
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
CyP (1 11,) 1 P i, e,) 1 2 -1 o
(2p < 0) o O o O o= A O—0 - -O===0
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
P 1 2 -1 g
p p-A 4 Ci
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0 0
p-A Ce A(p) Cly p
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

su(l —p,p) + so(2)

AIll, +C

BC,
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Type (0,0)

diagram (0, o)

Type (6,00)

diagram (6, o0)

Og)’é(IISH I)

o~ O o . b e CPY (11, 1) .~ O e . . ..
(2p S E) o o o ‘rr_A/:. o af o6 ‘o‘ﬁe
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 p—1 p 1 2 p—1 p
p BC, p BC,
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
2 2 0
BCp BCp B(p) BCp P >‘p : 2(5 - 2])) 2(6 - Qp) 2)‘p 01 2
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

su(l —p,p) + so(2)

AIll, +C

BC,
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Type (0,0)

diagram (0, o)

Type (6,00)

diagram (6, o0)

C’f’e(l, Ep)

1 2 —1 / Cre,p(l II ) 1 p
(2p <0) o0 0==20 ¢\ e ¢e—O—0 O—0  e&=<=e
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 2 -1 1 P
l Cy p p- A
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0 0
Cg Cg B(f) p- A1 p
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

Sp(p7 R) + Sp(g - D, R)

CI+CI

Cp + Cg,p
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Type (0,0)

diagram (0, o)

Type (0, 00)

diagram (6, o0)

2,0 —1 ¢ 2,0 1 -1 ¢
Cy (I, IT,, €o) oofé—to—o%o Cyy (I, 1T, €o) e O—e O—e=0
rank rank
D, a| Py D, 0N Py Dso.0 0| Py D9 N Dy
1 -1 ¢ 1 -1 ¢
e O o O—e=<0 o O o O—e==0
{ (- A / (- A
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0 0
(- Ay C, A(0) - Ay 0
ga&]nt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
sp(¢,C) CIxCI Cy
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Type (0,0)

diagram (0, o)

Type (6,00)

diagram (6, o0)

Cé’f%(ﬂb’L 60) O—é—tgl—.;/:é C&(Hb’ 65) .—(l)—y %1—.;/:?)
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 -1 ¢ 1 2 -1
OO OO OO - OO
12 Cy 14 Cy
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
2 A1 0 0
Cg Cg B(f) Cg / ¢
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
sp(¢,C) CIxCI Cy
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Type (0,0)

diagram (0, o)

Type (0, 00)

diagram (6, o0)

0,0 -1 0,20 -1
Cop (I, €) Hl)—t——*O—OiOE i (I, T, €0) ® Ol % O %= CK
rank rank
D, a| Py D, 0N Py Dso.0 0| Py D9 N Dy
1 2 -1 1 2 -1 ¢
L - OO OO
4 Ce 14 C
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
2 A -1 0 0
Cg Cg B(f) Cg / ¢
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

suU

*(20) +R

AIT +C

A1 +R




Type (0,0)

diagram (0, o)

Type (0, 00)

diagram (6, o0)

022576<:[’ :[:[b7 €€> , 1 , 777[71 , E 0225,24(:[’ EZ) 1 2 772‘671 QE
rank rank
Qs o|®g P9 N Py Pso. al|Py Py0 N Py
1 -1 ¢ 1 2 21 2
o O ® - O @——0 o——0 - -O==0
14 - A1 20 OQE
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0 0
0 A Cae A(0) & ¢
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

su(, ) + so(2)

AIllL, +C

Ce
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)

CoP (I, T, ) .~ O o . O exb CoP (I, T, ) . z . g - :
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 2 -1 ¢ 1 2 -1
o0——:0----C==0 o0——:0 - C==0
4 Cy 14 Cy
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
2
A1 0 0 0
Cg Cg B(f) Cg / £
ga&]nt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
su(ﬁ, f) + 80(2) AI]I[,—F(C Cg
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Type (0,0)

diagram (0, o)

Type (6,00)

diagram (6, o0)

20,20 201 20,0 -1
025 (I’ 66) Cl)—CQ} Oiég 028 (I’Hb7€€> M— —O—.gi:é
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 2 2-1 1 -1 ¢
el e O e O =0
20 Coy l Cy
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0 0
Coyp Cop B(20) Cy 1
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

sp(f,R) + sp(¢, R)

CI+CI

Co+Cy
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Type (0,0)

diagram (0, o)

Type (6,00)

diagram (6, o0)

Cg’p(lla, Ei)

p<l—2p+1 1 L2 1 P
1<p<< %g O —e O - o—0 =< ¢ (I, &) O @ O -—0 61
(0<i<p)
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 p—1 p 1 2 p—1 p
OO OO OO OO
D BC, D BC,
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
)\4 ) 0 0 0
P _ .
BC, BC, B(p) BC, p 40 — q —p) Ha=p) 2% :3
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

sp(f — 2p,0) + sp(p, p)

Cll,

BC,
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Type (0, 0)

diagram (0, o)

Type (0, 00)

diagram (6, o0)

CHP (11,11, &)
q—p+2i<p

1 p CQ:Q*}%FZZ'(II II E) 1 (I*erQi q
1§p<q§%€ o—O0—@& O - 0—0 06=—10 ¢ ay +tas t1 o—O— @& O - ’—&97 -o—=0
(0<i<p)
rank rank
P, oDy D,9 N Py D0, 00| Dy Do N Dy
1 P q 1 2 q—pt+2 q
L et OO O o e——e
P BC, q—p—+2i BCy piai
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy classes D90 N Dy rank
)\4 ' 0 0 0
p - _ .
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
sp(t —q—1i,p—1)+sp(q —p+1i,i) CIl, +CII, BC; + BC,_;
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Type (0, 0)

diagram (0, o)

Type (0, 00)

diagram (6, o6)

CIP(11,,11,, &)
p<q<q—p+2i<3l

1 D q C«q,q—p-i-?i (II IL . € ) 1 q q—p+2i
1SP<QS%€ O —@ O -0 =<0 a) +tay tp—i e O—o O o—e <=1
(0<i<p)
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 2 P q 1 2 -1 q
p BC, q BC,
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
)\4 ) 0 0 0
P _ .
BG, BC, B(p) BC, p si—g—p) Na=p) 23
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
sp(t —q—1i,p—1)+sp(q —p+1i,i) CIl, +CII, BC; + BC,_;
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
CHP(11,, 11, &)
g<l—q+p—-2i< %6 1 P q OE=atP=2 1 1] 1 7 (—atp=2i
1<p<gqg<il o O—0 O -0 —0  e6=<0 (Mo, s €4-pti) @0 @ O e—e, ==
(0<i<p)
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 2 p 1 2 g1 ¢
P BC, q BC,
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
)\4 ; 0 0 0
p - _ :
BC, BC, B(p) B, p 40 — q —p) Ha—p) 2%:3
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
sp(l —q—1i,p—1)+sp(qg—p+i,i) Cll,+CIlI, BC; + BC,_;
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)

CHP (11,11, &)

p S q + p— 2i < q 1 p q Oq,@—q-ﬁ-p—% 1L 1I 1 L—q+p—2i q
1<p<qg<ie o O—o O -0 o0 (I, s, €0—q—) e O—o O - o—e <=1
(0<i<p)
rank rank
Qs o|®g P9 N Py Pso. al|Py Py0 N Py
1 2 p q 1 2 L—q+p—2i q
p BCp 0 — q -+ P — 21 BCg_q+p_2i
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0
: Y Ag—p) 2X:3 !
BCp BCq B(p) BCg_q.:,.p_Qi 0 — 29+ 2p — 2 4(f —q— p) p -
QUGInt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
sp(l —q—1i,p—1)+sp(qg—p+i,i) Cll,+CIlI, BC; + BC,_;
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)

CHP (11,11, &)

l— q + b= 2i < p 1 p q Oq,@—q-ﬁ-p—% 1L 1I 1 L—q+p—2i q
1§p<q§%g O —0 O o —e =<0 (o, 1o, €0—qi) e O—0 O o —0 e=<=»
(0<i<p)
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (I)mgﬂ 0'9|(I)9 (I)gg N (I)g
1 2 p q 1 2 L—q+p—2i q
p BCp 0 — q -+ P — 21 BCg_q+p_2i
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
4 0 0
: Y Ag—p) 2X:3 !
BCp BCq B(p) BCg_q.:,.p_Qi 0 — 29+ 2p — 2 4(f —q— p) p -
QUGInt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
sp(t —q—1i,p—1)+sp(q —p+1i,i) CIl, +CII, BC; + BC,_;
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)

CY(11,, 11, &)

q—p+2t<p 1 P q C;D,q—p-‘rQi I1. . 1I ) 1 q—p+2i P
1§p<q§%g O —0 O 0 =<0 (I, Mo, €q—ps e O—0 O o —0 e=<»
(0<i<p)
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (I)mgﬂ 0'9|(I)9 (I)gg N (I)g
1 2 p—1 p 1 2 q—pt+2i P
o——~0 - 0—=—0 o——0----0—@& - 06——9
p BCp q—p+ 21 BCq_p_,_Qi
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy Dy classes D90 N Dy rank
4 0 0
: i 4(g—p) 2X,:3 0
BC, BC, B(p) BCy—prai q—p+2 40 —q —p) P
QUGInt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
sp(l —q—1i,p—1)+sp(qg—p+i,i) cli,+CIlI, BC; + BC,_;
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Type (0,0)

diagram (0, o)

Type (6,00)

diagram (6, o0)

CY(11,, 11, &)

: 1
p<q-—p+2i<3/

1 q Cpaq—p-&-?i (II II € ) 1 q—p+2i
1<p<qg<ie e O—0 O -—o e=<e as Ha, Cp—i e O—0 O - o—e <=
(0<i<p)
rank rank
Qs o|®g P9 N Py Pso. al|Py Py0 N Py
2 p-1 p 1 2 p-1 p
OO O OO OO
D BC, D BC,
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy classes D90 N Dy rank
)\4 ‘ 0 0 0
p - _ :
QUGInt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
sp(l —q—1i,p—1)+sp(qg—p+i,i) Cll,+CIlI, BC; + BC,_;
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
CY(11,, 11, &)
¢<l—q+p—2i< %6 1 P q OPL=atP=2i(11 ] 1 p t=qtp=2i
1<p<qg<ie o O—e O -0 —0 o= (I, 1o, €) e O—o O - o—e <=
(0<i<p)
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (I)mgﬂ 0'9|(I)9 (I)gg N (I)g
1 p—1 p 1 2 p-l p
OO OO OO OO
p By p By
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy Dy classes D90 N Dy rank
)\4 ' 0 0 0
P _ :
BC, BC, B(p) BC, p A0 —q—p) 4d(g—p) 2A,:3
QUGInt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
sp(t —q—1i,p—1)+sp(q —p+1i,i) CIl, +CII, BC; + BC,_;
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Type (0, 0) diagram (0, o)

Type (6,00)

diagram (6, o0)

CY(11,, 11, &)

p<l—q+p—2i<gq 1 P q Cp,é—q+p—2i L 11 1 P £—q+p—2i
1§p<q§%g O —0 O - —0 <o (s, 1L, &) O —0 O - —0 e=<=»
(0<i<p)
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 2 p—1 p 1 2 p—1 p
O—O -0 OO =0
p B, p By
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
)\4 ) 0 0 0
p - _ )
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
sp(t —q—1i,p—1)+sp(q —p+1i,i) CIl, +CII, BC; + BC,_;
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)

CY(11,, 11, &)

l— q + b= 2i < p 1 p q Cp,ﬁ—q—i—p—% 1L .11 1 L—q+p—2i p
1§p<q§%g O —0 O o —0 =<0 (I, 1o, €0—q—i) e O—0 O o —0 =<0
(0<i<p)
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (I)mgﬂ 0'9|(I)9 (I)gg N (I)g
1 2 p-1 p 1 2 L—q+p—2i P
p BCp 0 — q -+ P — 21 BCg_q+p_2i
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
4 0 0
, Ap 4(g—p) 2X,:3 0
BC, BC, B(p) BCy—g1p-2i l—q+p—2 4t —q—p) P
QUGInt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
sp(l —q—1i,p—1)+sp(qg—p+i,i) Cll,+CIlI, BC; + BC,_;
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Type (0,0)

diagram (0, o)

Type (6,00)

diagram (6, o0)

CoP (1T, 11, )

0<i<p-1 o O—o O—0—0 =<9 20 by Hla, € O —o O—0—0 =29
1<p<t
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 2 P Y 1 2 {l—p+2i l
P C, {—p+2i Co_pi2i
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
4
\ -3 0 0 0
Cp Cy B(p) Co—pai 2 L
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

sp(l —p+i,i)+sp(l —i,p—1)

cll, +ClIl,

BC; + BC,_;

188




Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)

CoP (1T, 11, )
p<tl—p+2i</ 1 »

0<i<p-—1 *e—O—0 - O—0—0 -o6=—9 U b; Ha; Cl—pti) &—O0—@ O—0—0 ==
1<p<t
rank rank
Do o|®y D,0 N Dy Do 0 00| Dy Do N Dy
1 2 p Y4 1 9  L—p+2i ¢
P C, {—p+2i Co_pi2i
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
4
A -3 0 0 0
Cp Cy B(p) Copyai 21 P
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
sp({ —p+1i,i) + sp(l —i,p — 1) CII, + CII, BC; + BC,_;
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Type (0,0)

diagram (0, o)

Type (6,00)

diagram (6, o0)

CoP (1T, 11, )
p<l+p—2i</{

1

p

Col P (M0, T, €0-3)

0<i<p-1 o O—o O—0—0 =<9 O —o O—0—0 =29
1<p<t
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 2 P £ 1 2 {l+p—2i £
P C, C+p—2i Cryp—2i
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
4
. \ -3 0 0 0
Cp Cg B(p) Cg+p_2i 2p — 2 p -
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

sp(l —p+i,i)+sp(l —i,p—1)

cll, +ClIl,

BC; + BC,_;
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Type (0,0)

diagram (0, o)

Type (6,00)

diagram (6, o0)

CoP (1T, 11, )

l+p—21<p 1 P Oe,e+p—2i(H I, ers) C+p—2i
0<i<p-—1 O —o O —eo 0 =<9 U b, 2la, 41 O —o O —eo—0 619
1<p<t
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 2 p ¢ 1 2 l+p—2i 0
P C, C+p—2i Cryp—2i
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
4
. \ -3 0 0 0
Cp C B(p) Clip—2i 2p — 2 P
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

sp(l —p+i,i)+sp(l —i,p—1)

cll, +ClIl,

BC; + BC,_;
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Type (0,0)

diagram (0, o)

Type (6,00)

diagram (6, o0)

CEH(IT,, Ty, &)

0<i<p-—1 O —0 O—0—0 =<0 U a ta toptl)  &—O—@ O - 0—0 =<9
1<p<t
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (I)mgﬂ 0'9|(I)9 (I)gg N (I)g
1 2 p-1 p 1 2 {—p+2i P
P BC, 0 —p+2i BCy_pia;
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy Dy classes D90 N Dy rank
4 0 0 0
BC, BC, B(p) BCy_ o (—pt2i  Perdll—p) 4l-p) 2X:3
QUGInt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

sp(l —p+i,i)+sp(l —i,p—1)

cll, +ClIl,

BC; + BC,_;
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Type (0,0)

diagram (0, o)

Type (6,00)

diagram (6, o0)

CUH(IT,, Ty, &)

p < 0 — P + 21 S [ 1 P prg_p+2i L. 11 1 P £—p+2i
0<i<p-—1 O —o O—0—0 <o U (o Ilas6p—) o0 @ e, - e=<—9
1<p<t
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 2 p—1 p 1 2 p—1 p
O—O -0 OO =0
p BC, p BC,
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
4 0 0 0
BC, BC, B(p) BC, D A4l —p) 4l —p) 2X,:3
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

sp(l —p+i,i)+sp(l —i,p—1)

cll, +ClIl,

BC; + BC,_;
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
CUH(IT,, Ty, &)
p<l+p—2i<i 1 P PP ] ] 1 Chp—2i
0<i<p-—1 *e—O—o O—e—0 e6=<=1 20 (I, s, ) e O—o O o—e <=
1<p<t
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 p—1 p 1 2 p-1 p
P BC, D BC,
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
4 0 0 0
BCp BCp B(p) BCp D )‘p 4(6 - p) 4(€ - p) 2)‘1) 03
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

sp(l —p+i,i)+sp(l —i,p—1)

cll, +ClIl,

BC; + BC,_,;
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)

CEH(IT,, Ty, &)

C+p—2i<p 1 p C,p,e+p—2i<ﬂ II ) 1 l+p—2i P
0<i1<p—1 &—O—0 O—0&—@ 610 2¢ ar Hlay €0 e O—0 O - o —0 =<0
1<p<t
rank rank
(I)Uﬂ U|(I)9 (I)U,G Ny (1)06,9 0'6|(I)9 DN Py
1 2 p-1 p 1 2 (+p—2i P
O—0 - -0==0 O—O0 - O—e ==
P BC, (+p—2i BCyip
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
P9 N Py Py classes D90 N Py rank
4 0 0 0
BC, BC, B(p) BClyp o (4p—2i Ap Al —p) 4(L—p) 2X,:3
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
sp(l —p+1,i) + sp(l —i,p — i) CII,+CII, BC; + BC,_;
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Type (0,0)

diagram (0, o)

Type (6,00)

diagram (6, o0)

Dgyp(lm Iaa Ei)

q—p+2i<p 1 p q Dq,qu+2i(1 I, &) 1 g—pt2 d
1<p<q<l-1 e e R f w6 I R

(0<i<p-1)
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g

1 2 P 1 2 q—pt+2i q
P B, q—p+2 By—piai
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0 0
By By B(p) By piai 2 A 4= q) 4g—p)
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

so(20 —q —i,p — 1) + so(q — p +1,1)

DI, + DI,

B; + B,_;
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Type (0,0)

diagram (0, o)

Type (6,00)

diagram (6, o0)

Dgyp(lm Iaa Ei)

p<q<q—-p+2<lI

1 P q Dq,q—p+2i<1 L. e ) 1 q q—p+2i

I<p<qg<i-1 OO 4@ - ¢ G OO &

(0<i<p-1)
rank rank
Qs o|®g P9 N Py Pso. al|Py Py0 N Py

1 2 p 1 P
p Bp q Bq
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0 0
B, B, B(p) B, D Ap 140 —q) 4(q—p)
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

so(20 —q —i,p — 1) + so(q — p +1,1)

DI, + DI,

B; + B,_;
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Type (0,0)

diagram (0, o)

Type (6,00)

diagram (6, o0)

Dgyp(lm Iaa Ei)
g<20—q+p—2i<l
I<p<qg<sti-1

q,20—q+p— 21
o o—o H <D (Lo L, €q-p)

1 q 20—q+p—2i
OO e

(0<i<p-1)
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g

1 2 P 1 2 -1 q
p B, q B,
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A) (2X) (2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0 0
B, B, B(p) B, P Ap 4l —q) 4g—p) 2N 1
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

so(20 —q —i,p — 1) + so(q — p +1,1)

DI, + DI,

B; + B,_;
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Type (0,0)

diagram (0, o)

Type (6,00)

diagram (6, o0)

Dg’p(la,la,ﬁi)
p<20—q+p—2i<q
I<p<qg<si-1

20—q+ 27,
Q %)—O H <Dq n I137624—q—i)

1 20—q+p—2i q
O----O .97‘9 @ ---

(0<i<p-1)
rank rank
Qs o|®g P9 N Py Pso. al|Py Py0 N Py
1 2 P 1 2 20—q+p—2i q
P B, 20— q+p—2i Bay—gip—2i
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A) (2X) (2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0 0
B, B, B(p) Bot—gipoi 2 —2g+2p—2i Mwidl—a) 4g—p)
QUGInt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

so(20 —q —i,p — 1) + so(q — p +1,1)

DI, + DI,

B; + B,_;
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
Dg’p(la, Iaa Ei)
20—q+p—2i<p Dq 20—q+p—2i I B 1 20—q+p—2i q
1<p<qg<(—1 o O—O H 2 €20—q—i) OO *—o
0<i<p-1)
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (I)mgﬂ 0'9|(I)9 (I)gg N (I)g
1 2 p q 1 2 20—q+p—2 q
P B, 20— q+p—2i Bay—gip—2i
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A) (2X) (2))
D, 0N Dy Dy classes D90 N Dy rank
1 0 0 0
B, B, B(p) Bot—gipoi 2 —2q+2p—2i [widl—a) Ha—p)
ga&]nt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

so(20 —q —i,p — 1) + so(q — p +1,1)

DI, + DI,

Bi+ B,
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Type (0,0)

diagram (0, o)

Type (6,00)

diagram (6, o0)

D?q(laa Iaa Ei)

q—p+2t<p 1 p q Dp,q—p+2i(1 I ) 1 g—p+2i P
I<p<qg<si-1 O O—8- - 8—8 ¢ o Loy €a-pi) OO 4@

(0<i<p-1)
rank rank
Qs o|®g P9 N Py Pso. al|Py Py0 N Py

1 2 p-1 p 1 2 q—p+2i p
p Bp q—p+ 2i Bq—p—i—?i
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0 0
By, B, B(p) By—ptai q—p+2 Ap 40— q) 4 —p)
QUGInt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

so(20 —q —i,p — 1) + so(q — p +1,1)

DI, + DI,

B; + B,_;
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Type (0,0)

diagram (0, o)

Type (6,00)

DY(1,,1,, &)
p<q—p+2<l
I<p<qg<si-1
(0<i<p-1)

1 p q D,q—p+2i
OO—OH< Dy (o L, €p-i)

diagram (6, o0)

1 D q—p+2i
O O—0; 8 —0

rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 p—1 p 1 2 p—1 p
o0——0----C—=—==0 o——:0 - -C—=—==0
p B, p By
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0 0
B, B, B(p) B, D Ap 140 —q) 4(q—p)
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
so(20 —q —i,p — 1) + so(q — p +1,1)

DI, + DI,

B; + B,_;
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Type (0,0)

diagram (0, o)

Type (6,00)

diagram (6, o0)

D?q(laa Iaa Ei)

g<2—q+p—2i<l

1 P q p,20—q+p—2i
QO—OH< D, (I, Lo, &)

1 P 20—q+p—2i
OO e

I<p<qg<sti-1
(0<i<p-1)
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (I)mgﬂ 0'9|(I)9 (I)gg N (I)g
1 2 p—1 p 1 2 p—1 p
OO OO OO OO
p B, p By
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0 0
B, B, B(p) B, D Ap 140 —q) 4(q—p)
QUGInt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

so(20 —q —i,p — 1) + so(q — p +1,1)

DI, + DI,

B; + B,_;
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)

D?q(laa Iaa Ei)

p<20—q+p—2i<q 1 P q ol AL lo S A 1 P 2b—q+p—2i
I<p<qg<si-1 O O—8- - 4—8- ¢ e O O—8; 9, —&
0<i<p-1)
rank rank
Qs o|®g P9 N Py Pso. al|Py Py0 N Py
1 2 p-1 p 1 2 p-1 p
o——~0 - 0—=—0 o——:0 - -C—=—==0
p By p B,
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0 0
B, B, B(p) B, D Ap 140 —q) 4(q—p)
QUGInt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
so(20 —q—i,p—1i)+so(q—p+1i,i) DI, + DI, B; + B,_;

204




Type (0,0)

diagram (0, o)

Type (0,0

0)

diagram (6, o0)

D?q(laalaa Ei)
20—qg+p—2i<p
I<p<qg<si-1

,20—q+ 22
Q %)—O H <Dp n IL’“E%—q—i)

1 20—q+p—2i p
O----O .97‘9 @ ---

0<i<p-1)
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (I)mgﬂ 0'9|(I)9 (I)gg N (I)g
1 2 p q 1 2 20—q+p—2i P
P B, 20— q+p—2i Bay—gip—2i
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A) (2X) (2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0 0
B, B, B(p) - 2w —gt+p—2i w0 Ha—p)
QUGInt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

so(20 —q —i,p — 1) + so(q — p +1,1)

DI, + DI,

B; + B,_;

205




Type (0, 0) diagram (0, o)

Type (6,00)

diagram (6, o0)

Dﬁp(Ib? Ia7 ei)

C—p+2i<p 1 p o o2 1 l+p—2i 0
0<i<p-—1 OO—’e< D,y P (I, 1, &) o Oo—e
1< p < 14 0 (]
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 P < 1 £—p+2i <
O O—e O O—e
P D, {—p+2i Doy
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0 0
D, Dy D(p) Dy_pyo 21
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

so(l —p+1,i) + so({ —i,p—1)

DI, + DI,

Bi+ B, —i
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Type (0, 0) diagram (0, o)

Type (6,00)

diagram (6, o0)

Dﬁp(lb? Ia7 61)

p<l—p+2i<t L ’ 00—p+2i L 2 ’
0<i<p-—1 oo 8 Dy Ty, L, €pi) OO«
1< p < 14 0 (]
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 P < 1 {f—p+2 <
oO—e - O
P D, {—p+2i Doy
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0 0
D, D, D(p) Dy—piai 2
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

so(l —p+1,i) + so({ —i,p—1)

DI, + DI,

Bi+ B, —i
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Type (0, 0)

diagram (0, o)

Type (0, 00)

diagram (6, o0)

Dﬁp(lb? Ia7 61)

p<Ll+p—-2i</{ 1 0 o2 1 lp-2i 0
0<i<p—1 OO 4 Dy P (1, 1, €0) O O—e e
1< p < 14 0 (]
rank rank
(I)U,G U|(I)9 (I)U,G N (I)Q (1)09,9 O'Q|CI)9 (I)GG M (I)g
1 p <: 1 l+p—2i <
OO OO
P D, (+p—2i Deyp2i
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
| 1 0 0 0
D, D, D(p) Dy yp_o 2p — 29
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

so(l —p+1,i) + so({ —i,p—1)

DI, + DI,

Bi+ B, —i
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Type (0,0)

diagram (0, o)

Type (6,00)

diagram (6, o0)

Dﬁp(lb? Ia7 61)

(+p—2i<p L2 ’ 00+p—2i L e ’
1< p < 14 0 (]
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 p < 1 lp—2i <
O O—e O O—e
P D, (+p—2i Deyp2i
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
| 1 0 0 0
D, D, D(p) Dyypo; 2p — 2i
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

so(l —p+1,i) + so({ —i,p—1)

DI, + DI,

Bi+ B, —i
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
D?E (Ia7 Ib7 Ei)
C—p+2i<p 1 P 7 L—p+2i 1 l—p+2i
s S RN T
0<p<¥t A
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (I)mgﬂ 0'9|(I)9 (I)gg N (I)g
1 2 p-1 p 1 2 Ll—pt2i p
P B, C—p+2i Bo—piai
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy Dy classes D90 N Dy rank
1 0
Noil—p - 0 0
B, By B(p) B piai C—p+2i P p p
ga&]nt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

so(l —p+1,i) + so({ —i,p—1)

DI, + DI,

Bi+B,—i
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
D?e (Ia7 Ib7 Ei)
p<l—p+21</ 1 p 7 A—pt2i 1 £—p+2i
0<:<p-—1 croTe e Dy (I, L, €51) o0 39"”%9 e
0<p<¥t A
rank rank
D, a| Py D, 0N Py Dso.0 0| Py D9 N Dy
1 2 p-1 p 1 2 p-1 p
OO OO OO OO
p Bp p Bp
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0
Nil—p (- 0 0
B, B, B(p) B, p b p p
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

so(l —p+1,i) + so({ —i,p—1)

DI, + DI,

Bi+B,—i
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)

D?e (Ia7 Ib7 Ei)

p<l+p—2i</ 1 p 7 D, l4p—2i 1 p l4p—2i
Oglgp_l O’H’ o Dﬁ (Ia7Id7€1) O----O '0‘9,,,,‘”8 @ - -

0<p<¥t A
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 2 p—1 p 1 2 p—1 p
o0——0----C—=—==0 o——:0 - -C—=—==0
p B, p By
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0
Nol—p - 0 0
B, B, B(p) B, p P P P
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
so(d —p+i,i)+ so(l —i,p—1) DI, + DI, B, +B,—1
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Type (0,0)

diagram (0, o)

Type (0, 00)

diagram (6, o0)

D?E (Ia7 Ib7 Ei)

l+p—21<p 1 P 7 L+p—2i t+p—2i P
0<i<p-—1 Ootﬁi Dl as) OO e
0<p<¥t A
rank rank
D, a| Py D, 0N Py Dso.0 0| Py D9 N Dy
1 2 p-1 p 1 2 l+p—2i p
P B, (+p—2i Biyp-ai
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy Dy classes D90 N Dy rank
1 0
. Moil—p L—p 0 0
By By B(p) Biip—ai C+p—2i P
QUGInt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

so(l —p+1,i) + so({ —i,p—1)

DI, + DI,

Bi+B,—i

213




Type (0,0)

diagram (0, o)

Type (6,00)

diagram (6, o0)

DS (I, 1,)

1 2p ’ 00 1 1
(1<2p<t—1) % O—& O—0—0 o€ Dy (Hla, €) — O o
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 2 2p £ 1 2 —1 ¢
2p CQp 14 Cg
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
2
Ac 1 0 0
Cap Ce B(2p) Cy 2p P
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

su(20 — 2p, 2p)

Alll,

BC,
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)

D2 (1, 111,) 1 p ) S X , .
(I1<2p<20-1) O % o o 5 (L, 1) e—0—e O0—e—e - 0

rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
12 P 12 P
O 00O  e==0 O 00O e==0
p p- A1 p D - Al
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
2 2 0 0
P A Bs A(p) p- A 0 Ap i1 0
ga'GInt(ei)<R) (goelnt(ei% 9) (I)(t) or (I)(h) + (I)(t2)
su(20 — p,p) + so(2) AIlI, BC,

215




Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)

Dg’ﬁe (HIa? ep) 1 -1 0,4p 1 2p 0
(1§2p§€_1) o—O0O—e DQ[ (IIIaaIa) 20—0—.{9”'0—.—&0”* ¥
rank rank
Do a|®g Dy N Dy Do g o6y B9 N Dy
1 2 -1 V4 1 2 2p ¢
o——0GC - ==0 o——0GC---O0—@ - 06=<—0
g Cg 2p CQp
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
2 2 0 0
Co Cy B(/) Cyp % A il 0
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
50*(4p) + so*(4¢ — 4p) DIII, + DIII, Cp+ Crp
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
02 ) ¢
Dy;P) (1T, 1,) ! p . 00
(f ;1 2p<V¥l) ° oo Dy (M, €5) o—c1>—¢ ae>&9*
6
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 2 2p ’ 1 2 -1 ¢
2p BCQp ¢ BC,
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
2 2 0
Ay 2(20 2(2¢ o) -1 0
BCy BC, B(2p) BC, 2p —2p+1) —2p+1) TP
ga&]nt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
su(20 —2p + 1, 2p) AIll, BCy,

217




Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
Dipty (L, 111 ! v : 2.0 ! v i
(1<2p<20) ® o O—eo—o & o Dy (L, 11I,) ¢—O0—e - -O—e—@, & o
o a6
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
12 p 12 P
p p- A p p-A
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0 0
p- A Bay A(p) p- A 0
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

su(20 —p+1,p) + so(2)

Alll,

BC,

218




Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
£l ‘ 0
Dy, (I}, €;) 04 1 P .
(1 % 2p < 25) o O e 0O a*éa* Dy (M, 1) @—0—@; O—e—@ & 0
6
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 =1 1 2 2p
14 BC,y 2p B(Cy,
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
2 2 0
BC@ BC@ B(f) BCQp 2]9
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

s0*(4p) + so*(4¢ — 4p + 2)

DIIl, + DIII,

Cp -+ BCg,p




Type (0,0)

diagram (0, o)

Type (6,00)

diagram (6, o0)

¢
DEEAK(IIIEL? Ib7 60) .—é—& - o Di?Qe(IIIm 65) .—é—& - o
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 2 20-1 2 1 2 2w-1 2
C . OO OO
20 Cyy 20 Coe
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A) m=(2X)
D, 0N Dy dy classes D90 N Dy rank
2 2 0
Cyy Cyy B(20) Cyy 20
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
su(2¢,20) Alll,

220




Type (0,0)

diagram (0, o)

Type (6,00)

diagram (6, o0)

¢ ‘
D24 (1, 11, €) o« & o : 1 D251y, 111, €) %ﬂ%ﬂ@_,g_f<
0 0
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
¢ ¢
1 31: 1 £1:
o O o e O e -
14 (- A 14 (- Ay
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0
(- Ay Doy A(0) (- A 14
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

su(, ) + so(2)

AIllL, +C
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
20 ¢
Di?%(ﬂlm EZ) .—é—& . 25 Di§74€(111a> L, 60) gg—é—% > o
o
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
12 2-1 1 2 -1 g
20 Co 4 Ce
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
2 2 0 0
Oyl Oyl B(20) C, ( Ac:l 0
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
50*(40) + s0*(44) DIIl, + DIII, Ce+ Cy
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Type (0,0)

diagram (0, o)

Type (0, 00)

diagram (6, o0)

¢
0,20 1 —1 0,20 1 1
’ Do (101, Iy,
Do Madce) g0 e 0u o (Mo losee) oo z
o b
rank rank
D, a| Py D, 0N Py Dso.0 0| Py D9 N Dy
1 /-1 ? 1 2 /—1 V4
OO OO OO OO
4 Ce 14 C
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
2 2 0 0
C, C B() C, ¢ A1 0
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
80(26, C) Dg X Dg Dg
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
¢ 201
_ /—3 20—
D§574(1b71113‘76Z) .e—é—te ) 2 D§§72€(Ib765) (1)_(2}202<
2
0
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
¢ 201
1 -1 1 2 20-3 20—
e @—o—< O— O - ,
14 - A1 2/ DQK
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0 0
0 Ay Dy A(C) D2 ¢
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
so(¢,C Dy x Dy Dy
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Type (0,0)

diagram (0, o)

Type (0, 00)

diagram (6, o0)

201 ‘
D3 (Ty, €) OO %03—%< D3y (T, 111, €) o~ O o Q—O—£C<
20 [ 0 0
0
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
201 ¢
1 2 20-3 20— 1 -1
O—0C o *—O0—e - Q—O—<
2€ D2€ g g . Al
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0 0
Doy Doy D(¥) (- A 14
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
sl(20,R) + R Al +C Ay 1 +R
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Type (0,0)

diagram (0, o)

Type (0, 00)

diagram (6, o0)

DETILL) . <> DENLL) . b <>
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 -1 £ 1 2 -1 £
L - OO OO
l BC, 14 BC,
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
0
2 2 A1 0
BC, BC, B(/) BC, 0 &
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
so(20 4+ 1,C) BI x BI By
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
¢ 2
A R W <> DAL, H%{
6 0 0 l+1
rank rank
Qs o|®g P9 N Py Pso. al|Py Py0 N Py
¢ 2¢
1 1 2 20-2 20—
o—Oo—o 0o & oo -
é g ° A1 2€ + 1 D2@+1
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0 0
0- Ay Doyiy A(0) Dopiq 14
QUGInt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
so(20 4+ 1,C) BI x BI By
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
20 ¢
:Z—i—l 0 0 ei
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (I)mgﬂ 0'9|(I)9 (I)gg N (I)g
20 ¢
1 2 20-2 2- 1
l+1 .8 ’9 o 0 o
20+ 1 Dopiq 12 - A
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy Dy classes D90 N Dy rank
1 0 0 0
D2g+1 D2£+1 D(2£ ‘|’ 1) € ° Al E
ga&]nt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

sl(20+1,R) + R

Al +C

Ay + R
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
Dy? (1o, €p) ! P -2 ! P
p€<€_21; > H<: Dy (L, €p) O o8
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
2 p-1 p 1 2 p-l p
p B, p B,
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy classes D90 N Dy rank
! 0 0 0
B, B(p) B, p Ap A=)
ga&]nt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

sp(p,p) + sp(¢ — 2p,0)

CIl, + CII, BC,
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
0
B (1,11, €) N T2 S & Eg*(L1IV) . I )
t o+ oC— & & & ©
rank rank
D, a| Py D, 0N Py Dso.0 0| Py D9 N Dy
5 4 I
O O O O 1 2
T A 4 T O @ ® O
4 * Dy 2 0
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0 0
D, Eg A(4) 0 0
ga’&]nt(ei)<R) (goelnt(ei% 9) (I)(t) or (I)(h) + (I)(t2)
Ja FI Fy

230




Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
1
0
1
Eg°(I1,1, €) oo T2 S Eg*(I1,1V) o—e Ig o O
L S S t '—’9* f
0*
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
12 3 4 1
O—C——0C0—">20 o———0 O
4 Fy 1 Ay
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
A1, A2 0 0
1 )\17 )\2 '1 0 0
Fy Fy F(4) A 1 34
ga'GInt(ei)<R) (goelnt(ei% 9) (I)(t) or (I)(h) + (I)(t2)
fa FI Fy
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
1
Eg*(1,1V) . Ie ) Eg* (1,11, €) o0 TQ 5
O— & & & © I S
o0*
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1
I Tz 3 4
1 2 O O O O O
O @ ® O T I T
2 @ 4 of* F4
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
0 Es id Fy 0
ga’&]nt(ei)<R) (goelnt(ei% 9) (I)(t) or (I)(h) + (I)(t2)
su*(6) + su(2) AIl +C Ay
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
Ia
a 1
EX°(IV, 1) . I ) EgY(IV, 1) O—e 0 9O
o—e ®—O t f
of*
rank rank
D, a| Py D, 0N Py Dso.0 0| Py D9 N Dy
12
o 7
o0*
2 Ay 1 Ay
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
4 4 0 0
Ay Ay A(1) Ay 1
ga’&]nt(ei)<R) (goelnt(ei% 9) (I)(t) or (I)(h) + (I)(t2)

su*(6) + su(2)

AIT +C

Ay
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Type (0,0)

Type (6,00)

1
Eg*(I1,1V)

diagram (6, o0)

Egﬁ(IIu 17 €0)

TQ 3 4
O O O O
0*
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 1 2 3 4
o—0—0 O O—O0——0—"=20
1 Ay 4 Fy
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
5 3 0 0
A Fy A(1) Fy 1
ga'GInt(ei)<R) (goelnt(ei% 9) (I)(t) or (I)(h) + (I)(t2)
sp(3,1) CcIl, BC,
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
1
E2V, 10 b I .« o B2V, b
T *—* T o ‘a@ o '00 O
rank rank
D, a| Py D, 0N Py Dso.0 0| Py D9 N Dy
12
L o
1 Ay 2 A
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
3 5 0 0
Ay Ay A1) Ay 1
ga’&]nt(ei)<R) (goelnt(ei% 9) (I)(t) or (I)(h) + (I)(t2)
sp(3,1) Ccll, BCy
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
1
T 2
EgA(L I, 61) O O ’ (3) é Egﬁ(l’ 62) 1 3 T4 5 6
T ) ) T O O O O
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1
2
Tz 3 4 T
O O O O 1 3 4 5 6
) 4 T O O O O
4 o* D4 §) E6
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0 0
D, FEs A(4) Eg 4
ga&]nt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
sp(4,R) CI Cy
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
1 1
E(;LG(H:LGI) O O TQ (33 é E(;LG(H?I?EI) O O TQ % é
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
12 3 4 1 2 3 4
O—C——0C0—">20 O—OC0——0—"=20
4 Fy 4 Fy
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
A1, A2 : 0
1 )\17 )\2 '1 0 0
Fy Fy F(4) F, 4 3, A4
ga&]nt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
sp(4,R) CI Cy
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
1
| T
Eg76(1762) 1 3 T4 5 6 EgA(LII?El) O O ’ g é
O O O O T 4 4 T
o0*
rank rank
D, a| Py D, 0N Py Dso.0 0| Py D9 N Dy
1
2
2 3 4
1 3 4 5 6 O O O O O
O O O O T 4 4 T
6 EG 4 06" F4
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0 0
Dy Ee A(4) Fy 4
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
sl(6,R) + sl(2,R) Al + AT As + Ay
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
1
T 2
6,2 2 6,6
Eg* (L I1I) o—e —e—O Eg” (1 €) 1 3 ])4 5 6
T ) ) T O O O O
rank rank
D, a| Py D, 0N Py Dso.0 0| Py D9 N Dy
2
1 [
O @ L O
13 4 5 6
t t~—u4 1 0—0 O0—0
2 a 2. A 6 Eq
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0 0
2. A, Es A(2) Eq 2
ga’&]nt(ei)<R) (goelnt(ei% 9) (I)(t) or (I)(h) + (I)(t2)
sp(2,2) CI1, Cs

239



Type (0,0)

Type (6,00)

diagram (6, o0)

Eg°(I1L, 1) P Eg°(I1L, 1) o—e T o 5
o o e’ o
rank rank
D, D, 0N Py Dso.0 D9 N Dy
1 1
C—==0 [O=—=@)
2 BCs 2 B(C,
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
)\1 03 2)\1 :0 0
BCQ BCQ B(Q) B02 2 )\2 4 2)\2 o1
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

sp(2,2)

CIl,

Cy




Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
1
2 I
6,6 6,2 2
O O O O T ) ) T
o0*
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1
2 T
2
13 T 5 6 o—e O
O O O O T ) ) T
6 EG 2 06" 2- Al
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0 0
E6 E6 A(4) 2- Al 2
(ggg[nt(ei), 9) (I)(f) or (b(h) + (I)(tg)

ga’@]nt(ei) (R)

Bs +R

so(5,5) + R

DI, +C
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
1 1
Eg*(IL 111, ) oo 1 o« O Eg*(IL 111, ) oo 1 o« O
0" &a* 0 &ab*
rank rank
D, D, 0N Py Dso.0 D9 N Dy
1 2 1
O—e——e—O O—eo——e—O
2 By 2 By
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
A1, A2 0 0
1 )\17 )\2 '1 0 0
By Fy B(2) By 0 3, A4
ga’&]nt(ei)<R) (goelnt(ei% 9) (I)(t) or (I)(h) + (I)(t2)

50*(10) + so(2)

DI, +C

BC,
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
1 1
Eg " (1L 11, o) o—e f o O Eg*(IlL 1) o—e T o O
T &0* 70" &b*
rank rank
D, a| Py D, 0N Py Dso.0 0| Py D9 N Dy
12 12
Oo—==0 Oo==0
2 BCy 2 BC,
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
Ay i 2 0
1 Aot 4 1 0
BC, BC, B(2) BC, 2 2
ga&]nt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

50*(10) + so(2)

DI, +C

BC,

243




Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
1 1
Eg*(IlL 1) o—e f o O Eg " (I1L, 11, o) o—e. 1 o 5
T &0* 70" &b*
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
12 12
Oo—==0 Oo==0
2 BCy 2 B(Cy
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
Ay i 2 0
1 Aot 4 1 0
BC, BC, B(2) BC, 2 2
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

u(5,1) + sl(2,R)

AITl, + Al

BC, + A4

244




Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
1 1
Eg*(I1L, e3) o—e f o O Eg " (I1L, 11, o) o—e. 1 o 5
T &0* 70" &b*
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
12 12
Oo—==0 Oo==0
2 BCy 2 B(Cy
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
Ay i 2 0
1 Aot 4 1 0
BC, BC, B(2) BC, 2 2
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

u(5,1) + sl(2,R)

AITl, + Al

BC, + A4

245




Type (0,0)

diagram (0, o) Type (0, 00) diagram (6, o0)
1 1
Eg*(IL I, ¢;) oo 1 o« O Eg* (I, e4) o0 TQ 5
0" &o 0" &a0*
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 2 1 2 3 4
O—e——e—O O—OC0——0—"=20
2 By 4 Fy
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
A1, A2 0 0
1 )\17 )\2 '1 0 0
BQ F4 B(Q) F4 2 3y M-
ga&]nt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
50(8,2) + so(2) DI, +C

By

246



Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
1 1
By (L 11, ;) S f o« O By (IIL 1L, ;) S 1 o« O
o &b* 06" &6
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
12 12
O==0 O0==0
2 BC, 2 BC,
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
Ay i 2 0
1 Aot 4 1 0
BC, BC, B(2) BC, 0 2
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

su(4,2) + su(2)

AIll, +C

BC,

247




Type (0,0)

diagram (0, o) Type (0, 00) diagram (6, o0)
1 1
Eg*(IL, ey) oo T2 5 Eg*(IL 111, ¢;) oo T - o
6 2] (2
0" &o” 0" &o*
rank rank
D, a| Py D, 0N Py Dso.0 0| Py D9 N Dy
12 3 4 1 2
O—C——0C0—">20 O—eo——e—O
4 Fy 2 By
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
A1, A2 0 0
1 )\17 )\2 '1 0 0
Fy Fy F(4) By 9 3, A4
ga&]nt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
50(6,4) + so(2) DI, +C B,

248



Type (0,0)

diagram (0, o) Type (0, 00) diagram (6, o0)
1 1
By (1L e1) o—o0 T2 5—0 By (1L e1) o—o0 Tg 5—0
0" &o” 0" &o”
rank rank
D, a| Py D, 0N Py Dso.0 0| Py D9 N Dy
12 3 4 1 2 3 4
O—C——0C0—">20 O—OC0——0—"=20
4 Fy 4 Fy
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
A1, A2 0 0
1 )\17 )\2 '1 0 0
F4 F4 F(4) F4 4 3y M-
ga&]nt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
su(3,3) + sl(2,R) AITL, + Al

Cs + A
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Type (0,0)

Type (6,00)

diagram (6, o0)

EX*(I1L,IV)

EZ* (111, IV)

rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g

1 1

—0 e—==0
1 Ay 1 Ay
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
8 0 0 0
Ay BC, A1) Ay 0
ga'GInt(ei)<R) (goelnt(ei% 9) (I)(t) or (I)(h) + (I)(t2)
fa(=20) FII BC
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Type (0,0)

Type (6,00)

diagram (6, o0)

EZ*(IV,TI0) E*(IV, €) ) I ,
. o—e O
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
12
Y o
1 Ay 2 Ay
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
8 0 0 0
A Ay A(1) Ay 1
ga'GInt(ei)<R) (goelnt(ei% 9) (I)(t) or (I)(h) + (I)(t2)
fa(=20) FII BC
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Type (0,0)

diagram (0, o)

Type (6,00)

diagram (6, o0)

E*(IV, €)

1 I 2
O L4 L O

E2*(IV, III)

b —+
of*
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 2
o P
o0*
2 Ay 1 Ay
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
8 0 0 0
Ay Ay A(1) Ay 1
ga'GInt(ei)<R) (goelnt(ei% 9) (I)(t) or (I)(h) + (I)(t2)
s0(9,1) + R DI, +C By +R
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)

0 0
EIY(V, VI, ) L2 Ig s EI(V, VII) ) I s 3
0—05 o0 O—e ¢ € OO
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 2 T3 4 1 I 2 3
O O O @ O L J O { 4 @ O
4 D, 3 Cs
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0 0
Dy Er D(4) Cs 0
ga'GInt(ei)<R) (goelnt(ei% 9) (I)(t) or (I)(h) + (I)(t2)
e6(2) + 50(2) EIT+C Fy

253




Type (0,0)

diagram (0, o)

Type (6,00)

diagram (6, o0)

E;L?(VL V7 60)

O

Ow
—=®

w

E73(VIL VIL ¢;)

4 2
e—0C—=o 9 o—19,
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 2 3 4 1 2
O—OC0——0—"=20 O———=0—O
4 Fy 2 Co
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
A, A0 0
1 )\17 )\2 '1 0
Fy Fy F(4) C, 9 3, A4
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

e6(2) + so(2)

EIT+C

Fy
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)

6 6
E7°(V, VII) | I 2 3 EIY(V, VL, ) L2 Ig 4
o—e & O0—O o0—oO o O—o
(2 6 6 6 (2
rank rank
Qs o|®g P9 N Py Pso. al|Py Py0 N Py
1 I 2 3 12 Ig 4
O @ L O O O L O L ]
3 3-A 4 Fy
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0 0
3 - A1 E7 A(g) F4 0
ga'GInt(ei)<R) (goelnt(ei% 9) (I)(t) or (I)(h) + (I)(t2)
50*(12) 4 su(2) DIIl, +C Cs
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Type (0,0)

diagram (0, o)

Type (6,00)

diagram (6, o0)

E2T(VIL V)

1 I
O L

E2Y(VIL VI, ¢)

2 3
o o .o' O O O o of 0
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
3 2 1 1
oO—C==0 Oo—OC=—9
3 Cs 2 By
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
ALl 0
Moo g - 4 4 0 0
Cs Cs C(3) B, 9 2, A3
ga'GInt(ei)<R) (goelnt(ei% 9) (I)(t) or (I)(h) + (I)(t2)

50*(12) 4 su(2)

DI, +C

Cs

256




Type (0,0)

diagram (0, o)

Type (0, 00)

diagram (6, o0)

E73(VL VIL ¢;)

E;L?(VL v7 60)

—@®
w
(]
D

2
0 (] 1 O .o' ob e’
rank rank
D, a| Py D, 0N Py Dso.0 D9 N Dy
1 2 12
O—e——=e—O O—O0——0—"-=0
2 By 4 Fy
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
)\1 12
A 1 0 0
By Fy B(2) Fy 2 2
ga&]nt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
su(6,2) Alll, BC,
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Type (0,0)

diagram (0, o)

Type (6,00)

diagram (6, o0)

EXY(VIL VI, ¢)

E2T(VIL V)

2
o o 1 O .9 o of ob
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 3 2 1
oO—COC=—9 Oo—OC==0
2 Cy 3 Cs
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
)\1 16 2
)\2 01 0 0 0
Cy Cs C(2) C3 2
ga'GInt(ei)<R) (goelnt(ei% 9) (I)(t) or (I)(h) + (I)(t2)
su(6,2) Alll, B(C,
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
2
74 ’ 7,7
E7 (Va VL 61) é é I?’ ® i .9 E7 (V7 61) C1> g I4 5 S (7)
rank rank
D, a| Py D, 0N Py Dso.0 0| Py D9 N Dy
2
éiT?’oi- T
4 D, 7 E;
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0 0
Dy Er D(4) Er 4
ga&]nt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
Su(4,4) AIIIb C4
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
E;M(VLQ) 12 I?, 4 E$’4(VL€1) 1 2 I?, 4
o0—oO O —o o0—oO O —o
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
12 3 4 1 2 3 4
O—C——0C0—">20 O—OC0——0—"=20
4 Fy 4 Fy
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
A, Ag o 1 0
N2 2 0 0
Fy Fy F(4) F, 4 3, A4
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

s0*(12) + sl(2,R)

DIII, + Al

Cs+ Ay

260




Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
E;M(VL €4) 12 I?, 4 E;M(VL €4) 1 2 I?, 4
o0—oO O —o o0—oO O —o
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
12 3 4 1 2 3 4
O—C——0C0—">20 O—OC0——0—"=20
4 Fy 4 Fy
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
A, Ag o 1 0
N2 2 0 0
Fy Fy F(4) F, 4 3, A4
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

s0(8,4) + su(2)

DI, +C

By
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
o 0
E7T(VLV, e) 12 I?) 4 E7"(VLV, e) L Tg 1
o—=0 ¢ o—0 % 0%
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
12 3 4 1 2 3 4
O—C——0C0—">20 O—OC0——0—"=20
4 Fy 4 Fy
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
A, Ag o 1 0
N2 2 0 0
Fy Fy F(4) Fy 4 3y M-
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
Su(4,4) AIIIb C4
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
2
6
EIN(V, e1) T EXY(V, VI, e) | Ig 1
o—0—0——3—0 0 o—O—9
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
2
13 T4 5 6 7 2 I3 4
7 E; 4 Fy
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0 0
Es Es E(7) F 4
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

50(6,6) + sl(2,R)

DI, + Al
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
2
6
E;’g(V7VIL€1) 1 I 2 3 E’7777(V7 67) 1 3 T4 5 6 7
O— & & & 00 O0—O0—0 o0—o0
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
2
o I o 0 L j} 5 8 7
3 3-A 7 Er
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0 0
3- A1 E7 A(g) E7 3
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
su*(8) AIT Az

264



Type (0,0)

diagram (0, o)

Type (6,00)

diagram (6, o0)

EXT(VILV, ¢)

EXT(VILV, €)

2 3
o o 'o' O O O o of ob
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
3 1 3 1
Oo—OC==0 Oo—O0==0
3 Cs 3 Cs
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
Al 0
Moy 4 4 0 0
Cs Cs C(3) Cs 3 278
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
su*(8) AIT As

265




Type (0,0)

diagram (0, o)

Type (6,00)

diagram (6, o0)

2
0
EIT(V, er) T EI(V, VIL €) ) I 2 3
000 O—e € 900
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
2
13 T4 5 6 7 ! I 23
O O—O0—0—0 o—e ¢— 090
7 E’? 3 3 . Al
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0 0
E7 E7 E(?) 3 - Al 3
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
ee(6) + R EI+C Es+ R
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
2 2
7,7 7,7
E7'(V. e) 13 T4 5 6 7 E7'(V. e) 13 T4 5 6 7
O O O O O O O O O O
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
2 2
103 T 5 6 17 13 T4 5 6 T
O O O O O O O O O O
7 Er 7 Er
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0 0
Er Er E(7) Er 7
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
Al Aq

sl(8,R)
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
E2Y(VIL, VI) 1 I 2 E23(VIL €3) ) I 2 3
O—e—o—0—O0—8 o—e OO
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 3 2 1
Oo—C==0 O—C==0
2 Co 3 Cs
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
)\1 16 2
)\2 01 0 0 0
By Cy B(2) Cy 2
ga’&]nt(ei)<R) (goelnt(ei% 9) (I)(t) or (I)(h) + (I)(t2)
€6(—14) EIIT+C BC,
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Type (0,0)

diagram (0, o)

Type (6,00)

diagram (6, o0)

E7°(VI, VII)

E73(VI, VII)

2 1
0 (] 1 O .o' O ] (] e’
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 1 2
o—C=—0 o—CC=—0
2 Cy 2 Co
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
)\1 16 2
)\2 01 0 0 0
Cy F, B(2) Cy 2
ga'GInt(ei)<R) (goelnt(ei% 9) (I)(t) or (I)(h) + (I)(t2)
€6(—14) EIIT+C BC,
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Type (0,0)

diagram (0, o)

Type (6,00)

diagram (6, o0)

E23(VIL €3)

ca

E2Y(VIL, VI)

2 3 1
O O O o of 0
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
3 2 1 1 2
oO—C==0 Oo—OC=—9
3 Cs 2 Cy
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
AL:6 2
N1 0 0 0
Cs Cs B(3) Cy 2 2
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

50(10,2) + sl(2,R)

DI, + Al
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Type (0,0)

diagram (0, o)

Type (6,00)

diagram (6, o0)

E23(VIL €;)

!

E23(VIL €;)

o
o—O
®
5 1o
Ow

2 3 1
@ O O O
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
3 2 1 3 2 1
oO—C==0 Oo—OC==0
3 Cs 3 Cs
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
AL:6 2
N1 0 0 0
03 03 B(3) 03 3 2
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

66(726) + Sl(2, R)

EIV + Al

Ay + Ay
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
8,4 o 84 0
Eg*(VIILIX, €) 4 3 2 1 EJ°(VIILIX, €) 4 3 2 1
O L L O O O O L L O O O
6 6 [ 6 2
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
4 I 3 2 1 4 I 3 2 1
O @ L O O O O @ L O O
4 D, 4 D,
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0 0
Dy By D(4) D, 0
ga’&]nt(ei)<R) (goelnt(ei% 9) (I)(t) or (I)(h) + (I)(t2)
er(—s) + s0(2) EVI+C Fy
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
Eg’S(IX, VIII, ) 4 Ij 3 2 1 FEg(IX, €4) 4 I 3 9 1
O L - o O O O O @ ® O O O
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
2 3 4 1 2 3 4
O—C——0C0—">20 O—OC0——0—"=20
4 Fy 4 Fy
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
A, Ag o 1 0
Ndiid 0 0
Fy Fy F(4) F, 4 3, A4
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
er(—s) + s0(2) EVI+C Fy

273



Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
Eg*(IX, e4) 4 I 3 2 1 Eg®(IX, VIIL, &) 4 I -
O L 4 ® O O O O o )- o O O O
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
2 3 4 1 2 3 4
O—C——0C0—">20 O—OC0——0—"=20
4 Fy 4 Fy
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
A, Ag o 1 0
Ndiid 0 0
Fy Fy F(4) F, 4 3, A4
ga&]nt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
so(12,4) DI, By
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
Eg'(IX, €) A I 35 2 1 Eg'(IX, ) 4 I 5 2 1
O L 4 ® O O O O @ ® O O O
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
12 3 4 1 2 3 4
O—C——0C0—">20 O—OC0——0—"=20
4 Fy 4 Fy
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
A, Ag o 1 0
Ndiid 0 0
Fy Fy F(4) F, 4 3, A4
ga&]nt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
er(—25) + sl(2,R) EVII+ Al Cs+ Ay
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diagram (6, o0)

Type (0, 0) diagram (0, o) Type (0, 00)
8,4 ’ 8
ES(VIILIX, e) iy o 3 2 1 EQ(VIIL eg) L3 5 6 7 8
0 0 0 ~ O O O O
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
2
4 I 32 1 13 T4 5 78
4 Dy 8 Eg
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0
D, o D(4) o 4
(ggg[nt(ei), 9) (I)(f) or (b(h) + (I)(tg)

9o01nt(e;) (R)

DIII,

Cy

s0*(16)
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
o 6
Eg*(IX, VIIL ¢) 1 I 5 2 ESS(IX, VIIL ) 4 s 0
C—¢ ¢ ¢ O —0—0 O— 9% 9% 090
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
12 3 4 1 2 3 4
O—C——0C0—">20 O—OC0——0—"=20
4 Fy 4 Fy
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
A, Ag o 1 0
Ndiid 0 0
Fy Fy F(4) F, 0 3, A4
ga&]nt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
s0*(16) DIII, Cy

277



Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
2
0
ES3(VIIL e T ESY(VIILIX, ¢ 4 I 5 2 1
PO s g g gy IRl 0 488
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
2
L3 } s 8 I 08 oo I o OO0
8 Eg 4 Dy
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0 0
Eg Eg E(8) D4 4
(ggg[nt(ei), 9) (I)(f) or (b(h) + (I)(tg)

ga’@]nt(ei) (R)

67(7) —I— SZ(Q, R)

EV + Al

E7+A1




Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
1 12 3 4
Fy (1, 10) o oo O Fi(L,e) O—O0==0—0
rank rank
D, a| Py D, 0N Py Dso.0 0| Py D9 N Dy
1 12 4
o—0——0 O O—OC0——0—"=20
1 Ay 4 Fy
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
4 3 0 0
Ay Fy A1) Fy 1
ga&]nt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

sp(2,1) + su(2)

cll,+C

BC,
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)

1,4 1 1,4 1
FyA(I0LT) o= O Fy(ILT) %% &% ©
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
O O
1 BC, 1 BC;
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
4 4 3 4
BC, BC, B(1) BC; 1
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
sp(2,1) + su(2) ClI,+C BC
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
12 3 4 1
Fy'(Lea) O—O0==0—o0 Fpl(1,10) o oo O
rank rank
D, a| Py D, 0N Py Dso.0 0| Py D9 N Dy
12 3 4 1
O—C——0C0—">20 o—0——o O
4 Fy 1 Ay
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0 0
F, Fy F(4) Ay 1
ga&]nt(ei)<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
so(5,4) BI B,
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)
F'(Ie) oGm0 F(1e) O—Gmm0—0
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
12 3 4 12 4
O—C——0C0—">20 O—OC0——0—"=20
4 Fy 4 Fy
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0 0
Fy Fy F(4) Fy 4
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)

sp(3,R) + sl(2,R)

CI+ Al

Cs + A
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Type (0, 0) diagram (0, o) Type (0, 00) diagram (6, o0)

12
GSQ(L 61) CIDE)E(Q) GS’Q(I, 61> O==0
rank rank
(I)mg 0'|(I)9 (I)U,Q N (I)g (130979 0'9|(I)9 (I)gg N (I)g
1 2 1 2
Co===0 Oo===0
2 Go 2 Gy
max.involution | Type | W-conjugacy | max. involution singular m*(\) m=(A)  mT(2\) m~(2))
D, 0N Dy dy classes D90 N Dy rank
1 0 0 0
Gy Gy B(2) Go 2
90'9]717&(61')<R) (goelnt(ei)7 9) (I)(t) or (b(tl) + (I)(t2)
sl(2,R) + sl(2,R) Al + AT A+ Ay
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