
ABSTRACT

BUELL, CATHERINE ANDREA. On Maximal R-split Tori Invariant under an Involution.
(Under the direction of Aloysius Helminck.)

Symmetric varieties occur in many areas of mathematics. They are defined as the

homogeneous spaces G/H with G a reductive algebraic group and H the fixed point group

of an involution σ. Similarly, symmetric k-varieties are the homogeneous spaces Gk/Hk

where Gk and Hk are the k-points of G and H and k is not necessarily algebraically

closed. They occur in many problems in representation theory, geometry, singularity

theory, and number theory. Perhaps the best known application is in the representation

theory of Lie groups.

To study the representation theory of the symmetric k-varieties over real and local

fields much structure of these symmetric k-varieties is needed. For example the orbits of

parabolic k-subgroups acting on a symmetric k-variety are of fundamental importance

in the study of induced representations. The characterization of these orbits involves

conjugacy classes of σ-stable maximal k-split tori and for each of these σ-stable maximal

k-split tori a quotient of Weyl groups. This thesis focuses on refining the characterization

found in Helminck and Wang [18] and use this to classify the conjugacy classes of σ-

stable maximal k-split tori over the real numbers, building on partial results obtained

in [9] and [11]. This problem is not only of importance for the representation theory of

symmetric spaces but also for several other of fields mathematics and physics.



On Maximal R-split Tori Invariant under an Involution

by
Catherine Andrea Buell

A dissertation submitted to the Graduate Faculty of
North Carolina State University

in partial fulfillment of the
requirements for the Degree of

Doctor of Philosophy

Mathematics

Raleigh, North Carolina

2011

APPROVED BY:

Naihuan Jing Ernie Stitzinger

Thomas Lada Daniel DeJoy

Aloysius Helminck
Chair of Advisory Committee



BIOGRAPHY

Catherine was born and raised in Massachusetts. She graduated Summa Cum Laude

from Springfield College in 2006 with a Bachelor’s of Science in Mathematics. She also

minored in Computer Programming and Dance. Catherine arrived at North Carolina

State University in Fall 2006. She worked under the direction of Dr. Aloysius Helminck

and still managed to sneak in dance classes as well.

ii



ACKNOWLEDGEMENTS

Above all others, this work could not have been done without my advisor Dr. Loek

Helminck. His knowledge, humor, and personality are perfectly blended to help his

students succeed and learn. He has taught me so much and his support in all things

is unforgettable. Similarly, I must thank Dr. Andrew Perry for knowing what I could

accomplish long before I knew.

Thank you to my family. Mom, Dad, Rebecca, and my beautiful nephew Gustavo,

you all inspired me to work hard and helped me to remember that the time spent away

from you would be worth it in the end. You were right. Thank you for your love and

support.

My mentors, friends, and professors from both North Carolina State University and

Springfield College helped me to realize what I could achieve and what I still have left

to do. Thank you Dr. Helminck, Dr. Misra, Dr. Lada, Dr. Stitzinger, Dr. Jing,

Dr. Baklov, Dr. Martin, Dr. DeJoy, Dr. Perry, Dr. Polito, and Dr. Hu, but most

importantly Charlene Wallace and Donna Wisniowski.

Last, there have been wonderful people who have inspired me in every aspect of

my life: math, dance, and otherwise. Thank you Luann Pagella and Karen Krolak for

inspiring me to be a dancer-mathematician and thank you Herb and Louise Gross for

taking me into your family and your mathematics family.

iii



TABLE OF CONTENTS

List of Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v

List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vi

Chapter 1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.3 Summary of Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

Chapter 2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.1 Preliminaries and Definitions . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.2 Weyl group . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

Chapter 3 Symmetric Spaces and Involutions . . . . . . . . . . . . . . . . 16
3.1 Classification of Symmetric Spaces . . . . . . . . . . . . . . . . . . . . . 16
3.2 R-involutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
3.3 Quadratic Elements and Multiplicities . . . . . . . . . . . . . . . . . . . 37

Chapter 4 Classification and Standard Tori . . . . . . . . . . . . . . . . . . 38
4.1 Standard Tori . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
4.2 Conjugacy classes in the Weyl group . . . . . . . . . . . . . . . . . . . . 44
4.3 Classification of quasi R-split tori . . . . . . . . . . . . . . . . . . . . . . 50

Chapter 5 On Maximal R-split tori . . . . . . . . . . . . . . . . . . . . . . . 77
5.1 Associated Pairs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
5.2 Standard Tori and (θ, σ)-singular Involutions . . . . . . . . . . . . . . . . 79
5.3 W (a, h+

k )-conjugacy classes . . . . . . . . . . . . . . . . . . . . . . . . . . 83

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111
Appendix A Complete Tables for Classification . . . . . . . . . . . . . . . . . 112

iv



LIST OF TABLES

Table 3.1 Cartan Involutions . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
Table 3.2 Involution Diagrams . . . . . . . . . . . . . . . . . . . . . . . . . . 33

Table 4.1 Diagrams of W Conjugacy Classes . . . . . . . . . . . . . . . . . . 47
Table 4.2 Conjugacy classes of Quasi R-split tori of h . . . . . . . . . . . . . 56

Table 5.1 Associated Pairs and Fixed Point Groups . . . . . . . . . . . . . . 89

v



LIST OF FIGURES

Figure 1.1 Dimensions of σ-stable maximal k-split tori . . . . . . . . . . . . 4
Figure 1.2 Example of Hk-conjugacy class splitting . . . . . . . . . . . . . . 4

Figure 4.1 Action of g1 and g2 on the standard pair in Corollary 4.1.7 . . . 42
Figure 4.2 W -conjugacy classes for w of Type B3 . . . . . . . . . . . . . . . 46
Figure 4.3 Conjugacy classes for Example 4.3 . . . . . . . . . . . . . . . . . 53
Figure 4.4 Conjugacy classes for Example 4.3 . . . . . . . . . . . . . . . . . 54

Figure 5.1 Associated and Dual Pairs . . . . . . . . . . . . . . . . . . . . . . 77
Figure 5.2 A

(θ,σ)
0 /h in Example 5.3 . . . . . . . . . . . . . . . . . . . . . . . 84

Figure 5.3 A
(θ,σ)
R /h+

R in Example 5.3 . . . . . . . . . . . . . . . . . . . . . . 85

vi



Chapter 1

Introduction

1.1 Introduction

Symmetric k-varieties have been a topic of interest since the late 1980’s. For any field k,

reductive group G defined over k and any k-involution of G, we can define a symmetric

k-variety. It is the homogeneous space Gk/Hk where H is the fixed point group of the

k-involution and Gk and Hk are the k-rational points of G and H, respectively.

The focus of this thesis is for k = R and symmetric R-varieties are commonly called

real symmetric spaces. The representations of real symmetric spaces have been studied

by many mathematicians starting with a study of compact groups and their represen-

tations by Cartan, followed by a study of Riemannian symmetric spaces and real Lie

groups by Harish Chandra. Mathematicians have begun to generalize these real reduc-

tive symmetric spaces to similar spaces over the p-adic numbers and over other base fields.

These generalizations play a role in the study of arithmetic subgroups, geometry, singu-

larity theory, the study of Harish Chandra modules and most importantly representation

theory.
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The primary study of the rationality properties of these spaces over other base fields

was published by Helminck and Wang [18]. In the paper they define the symmetric

k-variety for any field k with characteristic not equal to two. Similar to the real case,

the p-adic symmetric k-varieties are also called p-adic symmetric spaces. In order to

study the representations associated with these symmetric k-varieties one needs more

information about the decomposition and orbits of the symmetric k-varieties. A thorough

understanding of the orbits of parabolic k-subgroups, symmetric subgroups, maximal k-

anisotropic (compact) subgroups acting on the symmetric k-varieties are important in

the study of these spaces and their representations.

There are descriptions of some of these orbit decompositions in [18], the focus is on

the orbits of parabolic k-subgroups, Pk, acting on Gk/Hk or the double coset, Pk\Gk/Hk.

For a reductive group G and k-involution σ, they had the following theorem.

Theorem 1.1.1 ( [18, Proposition 6.10 ]) Let {Ai | i ∈ I} be the representatives of

the Hk-conjugacy classes of σ-stable maximal k-split tori of G.

Pk\Gk/Hk
∼=
⋃
i∈I

WGk(Ai)\WHk(Ai)

The goal is to determine the conjugacy classes of σ-stable maximal k-split tori. In the

case when k = R, we will simplify the characterization using results from [18] and [10].

First, we will describe each R-involution, σ, as a pair of commuting involutions defined

over C. The pair (θ, σ), where θ is a Cartan involution commuting with σ will determine

the symmetric pair (G,H) where G is the reductive group and H the fixed point group

of σ.

In order to discuss the classification of these tori further, we need to introduce some

notation.
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1.2 Notation

Definition 1.2.1 A torus, T , is called σ-stable if σ(T ) = T . Then T = T+
σ T

−
σ , where

T+
σ = (T ∩H)0 and T−σ = {x ∈ T | σ(x) = x−1}

Definition 1.2.2 A torus, A, is called σ-split if σ(a) = a−1 for all a ∈ A.

Note: A (σ, k)-split torus is both σ-split and k-split.

A quasi k-split torus is a torus that is G-conjugate to a k-split torus.

A torus, S, is called σ-fixed if σ(s) = s for all s ∈ S.

We will denote all the σ-stable maximal k-split tori of G by Aσk . The set of σ-stable

maximal quasi k-split tori will be denoted by Aσ.

Finally, we say for two tori A1, A2 ∈ Aσk (or Aσ) the pair (A1, A2) is standard if

A−1 ⊂ A−2 and A+
1 ⊃ A+

2 . Here, we say that A1 is standard with respect to A2.

On route to the classification, we will have to determine the H-conjugacy classes of

σ-stable quasi k-split tori. In order to classify the σ-stable maximal k-split (quasi k-split)

tori, we will concentrate on the dimension of the σ-split portion of the torus. We can

consider the dimension of the σ-split portion starting at a torus with a maximal σ-split

piece down to the maximal torus with the smallest σ-split portion (maximizing the σ-

fixed portion of the torus). So for any Ai ∈ Aσk we can organize them by the dimension

of the σ-split portion of the torus as seen in Figure 1.1.
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Figure 1.1: Dimensions of σ-stable maximal k-split tori

Once we determine the levels and dimension, we need to determine how many Hk-

conjugacy classes are at each level. We will first consider the H-conjugacy classes. How-

ever, we may have only one conjugacy class in the top and the bottom and any node in

between can split into more cases. It is possible for two tori A1 and A2 to be H-conjugate

but not Hk-conjugate even though the dim((A1)−σ ) = dim((A2)−σ ). For example, for

SL(2,C) and the involution σ(A) = (AT )−1, we have the follow lattice:

Figure 1.2: Example of Hk-conjugacy class splitting
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For k = R, we have simplified the issue of R-split tori by introducing the Cartan

involution, θ, which both commutes with σ and has a maximal R-anisotropic fixed point

group.

It is important to note that when we put tori into standard position there is a Weyl

group elements associated with each torus. Then two σ-stable maximal k-split tori in

standard position are conjugate when the related element in the Weyl group of the

maximal (σ, k)-split torus are conjugate. The last key of the puzzle is to determine

which elements of the Weyl group are related to a standard tori and the H-conjugacy

classes, as well as, the Hk-conjugacy classes for the k-split and quasi k-split tori.

We call these related Weyl group elements (θ, σ)-singular involutions (k-split) and

σ-singular involutions (quasi k-split). These singular involutions are elements of the

Weyl group of a maximal (σ, k)-split torus, call it A. First we will consider the roots of

the torus, Φ(A), and the Weyl group of Φ(A), W (A). Then we will specifically look at

Φ(A,A−σ ) where

Φ(A,A−σ ) = Φ(A) ∩ Φ(A−σ ) = {a ∈ A | σ(a) = a−1}

It is important to note that we will also discuss the maximal σ-fixed, k-split torus S

and Φ(S, S+
σ ). Utilizing both Φ(A,A−σ ) and Φ(S, S+

σ ) we will learn about the dimensions

of the tori inside the maximal k-split torus and dual approaches to finding the singular

involutions.

1.3 Summary of Results

Overall, there are 171 cases to consider coming from the pairs of commuting involutions

(θ, σ) mentioned earlier and found in [7]. Also, since we are using the Cartan involution,

we will view σ as an involution over the algebraic closure and look at classification of
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commuting pairs of involutions of G and not R-involutions of G. To simplify our task, we

will use both the pair (θ, σ) and the associated pair (θ, θσ). Each pair offers a different,

but equivalent approach to the problem. The pairs also give the singular rank, which

is the difference between the maximal (σ,R)-split torus and the maximal R-split σ-fixed

torus. With a few more tools, it is then possible to find the H-conjugacy classes and

HR-conjugacy classes.

Let H be as before and K be the fixed point group of θ, then H+ = H ∩K and H+
k

are the k-rational points.

Theorem 1.3.1 ( [18, Corollary 12.11]) Let {Ai | i ∈ I} be representatives of the

H+
k -conjugacy classes of (θ, σ)-stable maximal k-split tori of G. Then

Pk \Gk/H
+
k
∼=
⋃
i∈I

WGk(Ai)\WH+
k

(Ai).

All of the 171 cases fall into one of the following categories. We will start by finding

the σ-stable maximal quasi R-split tori which is done in Table 4.2. We will show that

finding the singular rank is the next step. Finally, we need to find the σ-singular and

(θ, σ)-singular involutions in the proper Weyl groups. A combinatorial approach to these

elements in the Weyl group will classify the involutions and we can find the H- and then

HR-conjugacy classes of the tori.

Theorem 1.3.2 (modified from [10, Proposition 8.11]) If the singular rank is r

and the maximal (θ, σ)-singular involution is of type r · A1 = A1 + A1 + · · · + A1 r

times then each involution of lesser dimension is also (θ, σ)-singular.

Theorem 1.3.3 If the singular rank is 0 or there are no potential (θ, σ)-singular roots,

then there is only one HR-conjugacy class of σ-stable maximal R-split tori.
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In the last case, if the singular rank is r and the maximal (θ, σ)-singular involution

is of type Br, Cr, Dr, Er, Fr, or Gr then we must determine what type of involutions of

lesser dimension are (θ, σ)-singular.

Remark We have conjectured that the maximal (θ, σ)-singular involution will never be

of type r ·A1 +X`. We will show in a later paper that in the 171 cases, the three theorems

above will satisfy the results.

Of those four cases above, we will add details for three. Here we summarize them

into three parts with extra information derived from observations so far on (θ, σ)-singular

involutions. In particular, we learn that the (θ, σ)-singular involutions must be in W (T )

where T is a maximal torus of the fixed point group of θσ. We let wm represent the type

of the maximal (θ, σ)-singular involution.

• Case 1: If singular rank is r and Φ(A,A−σ ) or Φ(S, S+
σ ) is of type r · A1, then all

(θ, σ)-stable involutions w with A−w ⊂ A−wm are (θ, σ)-singular. We still must verify

that wm of type r · A1 is (θ, σ)-singular. In most cases, Φ(T ) will be type X` for

A,B,C,D,E6, E7, E8, F4, or G2. Then our HR-conjugacy classes will not split from

the H-conjugacy classes.

• Case 2: There are no (θ, σ)- or no (θ, θσ)- singular roots. We see this in the case

when Φ(A,A−σ ) is empty or when Φ(S, S−σθ) is empty. An empty intersection means

there are no candidates to represent a standard pair of tori. Also, if there are no

(θ, σ)-singular roots then the singular rank is 0, we can conclude there is only one

HR-conjugacy class of σ-stable maximal R-split tori of G.

• Case 3: If the singular rank is r and the Φ(A,A−σ ) or Φ(S, S−σθ) is of typeBr, Cr, Dr, Er

(r = 6, 7, or 8), Fr (r = 4), or Gr (r = 2), then we must determine if other invo-
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lutions are (θ, σ)-singular. If wm is of type r · A1, then we return to case 1. If wm

is of type Br, Cr, Dr, Er (r = 6, 7, or 8), Fr (r = 4), or Gr (r = 2), then we need

more information. Again, we need to consider the splitting of these involutions

in W (A,H+
R ). In fact, in some classes Φ(T ) agrees well and has the same rank;

however, we also have Φ(T ) = Φ(T1)+Φ(T2) = Xi+Yj, where X, Y = A,B,C,BC,

or E. This will cause the classes to split. In this case, often the singular rank is

less than the rank of Φ(A,A−σ ) or Φ(S, S+
σ ) which complicates matters.
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Chapter 2

Preliminaries

2.1 Preliminaries and Definitions

For a majority of the thesis, we will be working with the Lie algebras and use the induced

involutions from the group. While an abuse of notation, we will call these induced

involutions by σ and θ. The theory in previous papers is equivalent and I will show that

the results on the Lie algebra are the same as the results in the group.

We will start with a connected, reductive group G; however, we will also be in constant

connection with the Lie algebra of G, g = Lie(G). We will be considering involutions,

commuting involutions, symmetric spaces, and maximal k-split tori of G. Therefore, we

require many definitions to explain the connections between the orbits and conjugacy

classes mentioned in the introduction.

First, for x, y ∈ G denote the commutator xyx−1y−1 by (x, y). If X, Y are subgroups

of G, the subgroup of G generated by all (x, y), x ∈ X, y ∈ Y will be denoted at [X, Y ].

Similarly in the Lie algebra of G, g, the commutator and bracket is just xy− yx and the

above definition will hold.
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Definition 2.1.1 A k-involution, σ, is an automorphism of G where σ2 = id and σ 6= id

and defined over k.

We will denote an automorphism of g, induced by σ also by σ.

Definition 2.1.2 For any k-involution τ . Let Gτ be the fixed point group of τ .

Gτ = {g ∈ G | τ(g) = g}

To define our symmetric variety, we will use a pairing (G, σ). Let H = Gσ = {g ∈

G | σ(g) = g} be the fixed point group of σ. Then G/H is a symmetric variety. For

a field k, the symmetric k-variety defined by the pair (G, σ) is Gk/Hk, where Gk (resp.

Hk) are the k-rational points of G (resp. H). A symmetric R-variety, GR/HR, is also

called real reductive symmetric space. Gk/Hk is isomorphic to {gσ(g)−1 | g ∈ Gk} and

given x, g ∈ Gk, the σ-twisted action associated with Gk is g ∗ x = gxσ(g)−1.

In Helminck and Wang [18], the double cosets Pk \ Gk/Hk are characterized by the

quotient of the Weyl groups of Ai where Ai is a representative of an Hk-conjugacy class

of σ-stable maximal k-split tori of G. It is important to note that in general, these double

cosets are infinite.

For example, G = SL(2) and k = Q with σ(x) = (xT )−1, then |Pk \ Gk/Hk| is not

finite. For k = R, the finite condition was verified by both J.Wolf [20] and T. Matsuki [16].

Example Let G = SL(2, k) and σ(x) = (xT )−1. Then

H = {x ∈ G | (xT )−1 = x} = {x ∈ G | xT = x−1} = SO(2, k).

X = G/H = {gσ(g)−1 | g ∈ G} = {ggT | g ∈ G}.

Here P are the set upper triangular matrices:
(
a b
0 a−1

)
. Then P acts on G/H by

g ∗ x = gxσ(g)−1 = gxgT .

10



Upon calculation we find that for SL(2,R) there is one orbit with representative ( 1 0
0 1 ).

For SL(2,C) there are 3 orbits with representatives: ( 1 0
0 1 ) , ( 0 i

i 0 ) ,
(

0 −i
−i 0

)
.

However, we will find that as the dimension increases and the involution changes this

brute force calculation of the orbits is unlikely. In such a case, we will use the equivalent

quotient of Weyl groups for our calculations. To do so we must first develop the tools to

better understand tori, Weyl groups of tori, and the quotient of Weyl groups.

Definition 2.1.3 In a group, a torus, T , is called σ-stable if σ(T ) = T . Then let

T = T+
σ T

−
σ , where

T+
σ = (T ∩H)0 and T−σ = {x ∈ T | σ(x) = x−1}0

In a Lie algebra, a torus, t, is called σ-stable if σ(t) = t. Then let t = t+σ ⊕ t−σ , where

t+σ = (t ∩ h) and t−σ = {x ∈ t | σ(x) = −x}.

I discuss both cases because much of the theory is in Lie groups, but we will be looking

at the questions in terms of the Lie algebras. I will continue the discussion for the Lie

algebra.

Definition 2.1.4 A torus, a, is called σ-split if σ(a) = −a for all a ∈ a.

Note: A (σ, k)-split torus is both σ-split and k-split.

A quasi k-split torus is a torus that is g-conjugate to a k-split torus.

A torus, s, is called σ-fixed if σ(s) = s for all s ∈ s.

2.2 Weyl group

Recall, the equivalency between the double cosets and the quotients of Weyl groups of

tori.
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Theorem 2.2.1 ( [18, Proposition 6.10 ]) Let {Ai | i ∈ I} be the representatives of

the Hk-conjugacy classes of σ-stable maximal k-split tori of G.

Pk\Gk/Hk
∼=
⋃
i∈I

WGk(Ai)\WHk(Ai)

First we must determine the conjugacy classes of σ-stable maximal k-split tori. Then

we must understand what the Weyl groups will look like in the Lie group. We will start

with understanding the Weyl groups. We will need to understand the Weyl group of

a torus, T . The Weyl group of a torus T with respect to H is denoted W (T,H) or

WH(T ) = NH(T )/ZH(T ), where

NH(T ) = {x ∈ H | xTx−1 ⊂ T} and

ZH(T ) = {x ∈ H | xt = tx for all t ∈ T}

Typically we view the Weyl group, W , as generated by sα for all roots α. Recall,

sα(β) = β − 2 (α,β)
(α,α)

α.

Since the goal is to describe the conjugacy classes in terms of both Lie groups and Lie

algebras, it is useful to closely follow the previously developed group theory. Therefore,

we will use the compact group approach in [5] to describe the Weyl group of a maximal

torus of g.

Notation g is a complex, semisimple Lie algebra which is a subalgebra of gl(n,C). u is

a compact real form of g and K is the compact subgroup of GL(n,C) whose Lie algebra

is u. t is a maximal commutative subalgebra of u and we have the associated Cartan

subalgebra h = t + it.

Define
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Z(t) = {A ∈ K | AdA(H) = H for all H in t}

N(t) = {A ∈ K | AdA(H) ⊂ t for all H in t}

Both Z(g) and N(t) are subgroups of K. Furthermore, Z(g) is a normal subgroup of

N(t). Then the Weyl group for g is the quotient group W = N(t)/Z(t).

We define an action of W on t as follows. For each element w ∈ W , choose an element

A of the corresponding equivalence class in N(t). Then for H ∈ t we define the action

w ·H of w on H by

w ·H = AdA(H)

The action is well defined. Since h = t + it, the map on t extends uniquely to a

complex-linear map on h. If w ∈ W , then we write w · H for the action of w on an

element H ∈ h.

Theorem 2.2.2 For each root α, there exist an element wα of W such that wα ·α = −α

and such that wα ·H = H for all H ∈ h with (α,H) = 0.

Proof Recall for each root α, we can find nonzero elements Xα in gα, Yα in gα and Hα

in h which span a subalgebra of g isomorphic to sl(2,C). Satisfying:

• [Hα, Xα] = 2Xα

• [Hα, Yα] = −2Yα

• [Xα, Yα] = Hα

Choose Yα = X∗α, then Xα − Yα = Xα −X∗α = (X1
α + iX2

α) − (−X1
α + iX2

α) for some

X1
α, X

2
α ∈ t. Therefore, Xα − Yα = 2X1

α ⊂ t. We let Aα be the element of K given by
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Aα = exp[π
2
(Xα − Yα)]. We want to show that Aα is in N(t) and that

AdAα acts on h.

For H ∈ h and that (α,H) = 0. Then, [H,Xα] = (α,H)Xα = 0 as with Yα. This

means that Xα and Yα commute with H. Recall that eadX = Ad(eX) and eadX (Y ) =

AdeX (Y ) = eXY e−X . Therefore, AdAα(H) = exp[π
2
(adXα − adYα)](H) = H.

Now consider the action of AdAα on the one-dimensional subspace of g spanned by

Hα (or α). As above,

AdAα(Hα) = exp[π
2
(adXα − adYα)](Hα)

We can calculate the right-hand side and we will have AdAα(Hα) = −Hα. So AdAα acts

on H like the identity with (α,H) = 0 and AdAα acts as minus the identity on the span

of α. Therefore, Aα represents the element of the Weyl group, wα, that was desired.

The following theorem demonstrates the connection with the traditional Lie algebra

approach to the Weyl group and the compact group approach.

Theorem 2.2.3 The Weyl group W is generated by the elements wα as α ranges over

all roots.

Remark If we let T be the connected Lie subgroup of K with Lie algebra t. T is a

maximal torus. Then the centralizer of T = Z(T ) = {A ∈ K | AtA−1 = t, ∀t ∈ T} and

the normalizer of T = N(T ) = {A ∈ K | AtA−1 ∈ T , ∀t ∈ T} coincide with Z(t) and

N(t). In fact, for T a maximal torus, T = Z(T ) = Z(t).

We consider the Weyl group in both manners in order to use the established theory

of Lie groups and conjugacy classes of tori.

Now, repeating Example 2.1 from earlier in the section, we can now determine the

order, |Pk \ Gk/Hk|, by the equivalent relation with the representative tori and Weyl

groups of the tori.
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Example Let G = SL(2, k) and σ(A) = (AT )−1

Let C =
(

c d
−d c

)
, where c2 + d2 = 1.

C is σ-stable because σ(c) ∈ C for all c ∈ C. However, C is not σ-split and C is

C-split and is not R-split.

Let D =
(
a 0
0 a−1

)
is a σ-stable torus because σ(d) =

(
a−1 0

0 a

)
∈ D.

D is σ-split because σ(d) = d−1 for every d ∈ D. D is k-split for any k because it is

diagonalizable.

C and D are the representatives of σ-stable maximal C-split tori of SL(2,C) and D

is the only representative of σ-stable maximal R-split tori of SL(2,R).

Our Weyl group will be the permutation matrices.

WG(T ) = {( 1 0
0 1 ) , ( 0 1

1 0 )}. |WG(T )| = 2.

For k = C, there are two maximal σ-stable, k-split tori. The representatives are:

D =
(
a 0
0 a−1

)
and B =

(
c d
−d c

)
, where c2 + d2 = 1.

Note that C is contained in H = Gσ, the fixed point group of σ.

|WH(D)| = |NH(D)/ZH(D)| = 2

|WH(C)| = |NH(C)/ZH(C)| = 1

So,

|
⋃
i∈I

WG(Ai)/WH(Ai)| = |WG(D)/WH(D)|+ |WG(C)/WH(C)| = 3.

For k = R only D is k-split. So,

|
⋃
i∈I

WG(Ai)/WH(Ai)| = |WG(D)/WH(D)| = 1.

Again, we would like to be able to consider all involutions, all groups, and all dimen-

sions. We must create tools to approach the problem in more generality.
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Chapter 3

Symmetric Spaces and Involutions

3.1 Classification of Symmetric Spaces

In order to classify the HR-conjugacy classes of σ-stable maximal R-split tori, it is neces-

sary to first understand the symmetric space determined by σ. The difficulty in the classi-

fication arises from the R-split requirement, but using the classification of the semisimple

symmetric spaces, we can reduce the problem to commuting pairs of involutions over the

complex numbers. The pair, (θ, σ) described below will aid in the characterization of the

tori by guaranteeing that the splitting condition is met.

Let G0 be a real semisimple Lie group and denote its Lie algebra by g0. Let σ ∈

Aut(G0) be an involution and (G0)σ be the fixed point group of σ. Let H be a closed

subgroup of G0 with Lie algebra h such that

((G0)σ)0 ⊂ H ⊂ (G0)σ

The pair (G0, H) is called a semisimple symmetric pair and (g0, h) is a semisimple

locally symmetric pair. The symmetric space G0/H is called an affine symmetric space
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or a semisimple symmetric space. Similarly, when G0 is reductive (G0, H) is called a

reductive symmetric pair and (g0, h) is a reductive locally symmetric pair. We will look

at the conjugacy classes in the Lie algebra and later consider the argument at the group

level.

We say that two semisimple locally symmetric pairs (g0, h1) and (g0, h2) are isomorphic

under an inner automorphism if there exists φ ∈ Aut(g0) such that φ(g0) = g0 and

φ(h1) = h2.

Let g denote the complexification of g0. We will show that a semisimple locally

symmetric pair (as described above) determines a pair of commuting involutions of g.

The isomorphism classes of these pairs of commuting involutions will transfer directly to

affine symmetric spaces associated with the semisimple locally symmetric pair.

Definition 3.1.1 An involution θ ∈ Aut(g0) and let g0 = k0 ⊕ p0 be the decomposition

into the +1 and -1-eigenspaces of θ. Then θ is called a Cartan involution if k0 is a

maximal compact subalgebra of g0.

Remark 1. By abuse of language we will call a subalgebra compact if the Killing

form restricted to k0 is negative definite.

2. Equivalently on the group, a Cartan involution has a maximal k-anisotropic (com-

pact) fixed point group. This will be important because we will use the fact that a

torus is θ-split to deem it R-split.

3. It has been shown that any real, semisimple Lie algebra has a Cartan involution that

is unique up to inner automorphism. Therefore, if θ1 and θ2 are Cartan involutions

of g0, then there exists a φ ∈ Int(g0) such that φθ1φ
−1 ∼= θ2.
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In our discussion, we have a fixed involution σ. We can actually find a Cartan involution

that will commute with σ.

Theorem 3.1.2 ( [1, Lemma 10.2]) If g0 is a real semisimple Lie algebra, θ a Cartan

involution, and let σ be any involution. Then there exists a φ ∈ Int(g0) such that φθφ−1

commutes with σ.

Since φθφ−1 is still a Cartan involution of g0, by the above remark, we can find a

Cartan involution that commutes with σ. It is an abuse of notation, but we will call this

involution θ, where θ is a Cartan involution and σθ = θσ.

Corollary 3.1.3 Let (g0, h) be a semisimple locally symmetric pair. Then there exists a

Cartan involution θ of g0 such that σθ = θσ.

Definition 3.1.4 Let g be a Lie algebra over C and the real Lie algebra gR. A real form

of g is a subalgebra, g0, of gR such that each Z ∈ g can be uniquely written as Z = X+iY ,

where X, Y ∈ g0. Thus g is isomorphic to the complexification of g0. A compact real

form u is a real form of g whose Killing form is negative definite.

Definition 3.1.5 For a real form g0 of g, there is an conjugation map, τ , of g with

respect to g0 given by τ : X + iY → X − iY for (X, Y ∈ g0). The mapping τ has the

following properties for X, Y ∈ g0, c ∈ C:

1. τ(τ(X)) = X

2. τ(X + Y ) = τ(X) + τ(Y )

3. τ(cX) = c̄τ(X)

4. τ [X, Y ] = [τ(X), τ(Y )]
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Theorem 3.1.6 ( [7, Lemma 10.3]) Let g be a complex semisimple Lie algebra and

θ1, . . . , θn commuting involutions in Aut(g). Then there exists a compact real form u of

g, with conjugation τ , such that θiτ = τθi, for i = 1, . . . , n.

Theorem 3.1.7 θ ∈ Aut(g), θ2 = id. There exists a unique θ-stable compact real form

of g.

Proof Let τ be the conjugation of the compact real from u. θ(u) = u if and only if

θτ = τθ. Then δ = θτ is a conjugation Let g0 = gδ = {g ∈ g|δ(g) = g}, then θ|g0 is a

Cartan involution of g0 and g0 = u ∩ g+
0 ⊕ iu ∩ g−0 .

Essentially what the above corollary and theorems suggest is the following. First,

suppose g = g0 + ig0 and g0 a real form with conjugation δ and σ ∈ Aut(g0). So

δ : g→ g by δ(X + iY ) = X − iY for X, Y ∈ g0

(g0, σ) is a locally symmetric pair. Then there also exists a Cartan involution of g0

such that g0 = k0 ⊕ p0 is a Cartan decomposition and σθ = θσ.

Second, given θ, σ ∈ Aut(g), θ2 = σ2 = id, and θσ = σθ. We can determine a unique

compact real form found in the above theorem is both θ and σ-stable because σθ = θσ.

The involutions define a unique semisimple locally symmetric pair.

We want to show that there is a one-to-one correspondence between semisimple locally

symmetric pairs (g0, h) and ordered, commuting pairs of involutions (θ, σ) ∈ Aut(g).

It is important to note that we are dealing with ordered commuting pairs of involutions

of g. The ordering is important because one involution is defining the symmetric space

and the other is the Cartan involution which defines the real form of g. We will write

the pair as (θ, σ), where the first involution determines a real form.
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Let u be a (θ, σ)-stable compact real form of g with conjugation τ . Denote θτ by θ̄

and στ by σ̄. Let gθ̄ be the fixed points of θ̄ in g. Then (gθ̄)σ are the set of fixed points

of σ in gθ̄.Then (gθ̄, σ|gθ̄) is a locally semisimple symmetric pair corresponding to (θ, σ).

It follows that from [6, Proposition 1.4] that the isomorphism class of (gθ̄, σ|gθ̄) does not

depend on the choice of the (θ, σ)-stable compact real form u of g.

Remark Pairs of commuting pairs of involutions in Aut(g) correspond bijectively to

commuting pairs of involutions of g.

Theorem 3.1.8 ( [7, Theorem 10.6]) The inner (resp. outer) isomorphism classes

of the semisimple locally symmetric pairs (g0, h) correspond bijectively to the inner (resp.

outer) isomorphism classes of ordered pairs of commuting involutions (θ, σ) of g or

Aut(g)0.

Here g is complexification of g0, h is the Lie algebra of (G0)σ, and θ|g0 is a Cartan

involution of g0 commuting with σ. These structures have been studied by many including

Cartan, Berger, Helminck, Oshima and Sekiguchi. Each mathematician provides new

insight into the applications and the specifics of the structure.

In Table 3.1, I have provided the notation from Cartan, Helminck, and Oshima-

Sekiguchi corresponding to the case of the pair (θ, θ Int(εi)) where θ is a Cartan involution.

Also included is the pair (g0, h).

Remark We will be using the notation of Helminck throughout the thesis. It is im-

portant to understand the information given by the notation. Xb
a(Type, εi) gives an

involution’s Cartan type acting on a root system of type X with dimension a. b gives us

the dimension of the (-1)-space of the involution.

Last, the εi is a quadratic element and is part of the classification of pairs of involu-

tions. Further discussion of quadratic elements can be found in Chapter 6 of [7] and in
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the last section of this chapter. We will discuss the role of these elements in the context

of the conjugacy classes and action on rootspaces.

Some notes on Table 3.1 are helpful in the following cases:

Helminck Oshima-Sekiguchi Note

Ap`(IIIa, εi), i 6= ` BC2m,2,1
p,i , i 6= ` m = `+ 1− 2p

Bp
` (Ia, εi) Bm,1

p,i m = 2`+ 1− 2p

Cp
` (IIa, εi) BC4m,4,3

p,i m = `− 2p

Dp
` (Ia, εi) Bm,1

p,i m = 2`− 2p
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Table 3.1: Cartan Involutions

Cartan Helminck Oshima-Sekiguchi g h

AI A``(I, εi) A``,i sl(`,R) so(`+ 1− i, i)

AII A`2`+1(II, εi) A4
`,i su∗(2`+ 2) sp(`+ 1− i, i)

AIII

A`2`−1(IIIb, εi), i 6= ` C2,1
`,i , i 6= ` su(`, `) su(`− i, i) + su(l − i, i) + so(2)

A`2`−1(IIIb, ε`) C2,1
`,A su(`, `) sl(`,C) + R

Ap`(IIIa, εi) BC2m,2,1
p,i su(`− p+ 1, p) su(`−p+1− i)+su(p− i, i)+so(2)

BI Bp
` (Ia, εi) Bm,1

p,i so(2`+ 1− p, p) so(2`+ 1− p− i) + so(p− i, i)

CI
C`
`(I, εi), i 6= ` C1,1

`,i , i 6= ` sp(`,R) su(`− i, i) + so(2)

C`
`(I, ε`) C1,1

`,A, i 6= ` sp(`,R) sl(`,R) + R

CII

Cp
` (IIa, εi) BC4m,4,3

p,i sp(`− p, p) sp(`− p− i, i) + sp(p− i, i)

22



Table 3.1 – Continued

C`
2`(IIb, εi), i 6= ` C4,3

`,i sp(`, `) sp(`− i, i) + sp(`− i, i)

C`
2`(IIb, ε`) C4,3

`,A sp(`, `) sp(`,C)

DI

Dp
` (Ia, εi) Bm,1

p,i so(2`− p, p) so(2`− p− i, i) + so(p− i, i)

D`
`(Ib, εi), i 6= ` D1

`,i, i 6= ` so(`, `) so(`− i, i) + so(`− i, i)

D`
`(Ib, ε`) D1

`,i so(`, `) su(`,C)

DIII

D`
2`(IIIa, εi), i 6= ` C4,1

`,i , i 6= ` so∗(4`) su(2`− 2i, 2i) + so(2)

D`
2`(IIIa, ε`) C4,1

`,A so∗(4`) su∗(2`) + R

D`
2`+1(IIIb, εi) BC4,4,1

`,i so∗(4`+ 2) su∗(2`+ 1− 2i, 2i) + so(2)

EI
E6

6(I, ε1) E1
6,D e6(6) sp(2, 2)

E6
6(I, ε2) E1

6,A e6(6) sp(4,R)

EII
E4

6(II, ε1) F 2,1
4,C e6(2) su(3, 3) + sl(2,R)
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Table 3.1 – Continued

E4
6(II, ε4) F 2,1

4,B e6(2) su(4, 2) + su(2)

EIII
E2

6(III, ε1) BC8,6,1
2,A e6(−14) so∗(10) + so(2)

E2
6(III, ε2) BC8,6,1

2,B e6(−14) so(8, 2) + so(2)

EIV E2
6(IV, εi) A8

2,A e6(−26) f4(−20)

EV

E7
7(V, ε1) E1

7,D e7(7) su(4, 4)

E7
7(V, ε2) E1

7,A e7(7) sl(8,R)

E7
7(V, ε7) E1

7,E e7(7) su∗(8)

EV I
E4

7(V I, ε1) F 4,1
4,C e7(−5) so∗(12) + sl(2,R)

E4
7(V I, ε4) F 4,1

4,B e7(−5) so(8, 4) + su(2)

EV II
E3

7(V II, ε1) C8,1
3,A e7(−25) e6(−26) + sl(2,R)

E3
7(V II, ε2) C8,1

3,B e7(−25) e6(−14) + so(2)
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Table 3.1 – Continued

EV III
E8

8(V III, ε1) E1
8,D e8(8) so(8, 8)

E8
8(V III, ε8) E1

8,E e8(8) so∗(16)

EIX
E4

8(IX, ε1) F 8,1
4,C e8(−24) e7(−25) + sl(2,R)

E4
8(IX, ε2) F 8,1

4,B e8(−24) e7(−5) + su(2)

FI
F 4

4 (I, ε1) F 1
4,C f4(4) sp(3,R) + sl(2,R)

F 4
4 (I, ε4) F 1

4,B f4(4) sp(2, 1) + su(2)

FII F 1
4 (I, ε1) BC8,7

1,A f4(−20) so(8, 1)

G G2
2(εi) G1

2 g2(2) sl(2,R) + sl(2,R)
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The discussion of σ-stable maximal R-split tori, now takes on another form in the

subspaces of gθ̄. If we decompose using θ and form the Cartan decomposition of gθ̄, we

have gθ̄ = k ⊕ p. Likewise, let gθ̄ = h ⊕ q be the decomposition in eigenspaces of σ|gθ̄.

Now θ-split (resp. σ-split and (σ, θ)-split) tori of G correspond to Cartan subspaces t of

p (resp. q and p∩q). This characterizes the locally semisimple symmetric pairs (g0, σ) in

terms of a (σ, θ)-stable Cartan subalgebra t of gθ̄, such that t∩p (resp. t∩q and t∩p∩q)

is maximal abelian in p (resp. q and p ∩ q).

The pairs of commuting involutions of G correspond bijectively with pairs of com-

muting involutions of g. We will again abuse notation and call the pair (θ, σ) to denote

the involutions and the lifted involutions.

The most important piece, which completes the discussion is to consider how we

can view a σ-stable R-split tori, a ⊂ g. We can always find a θ commuting with σ;

therefore, a is θ-stable. However, given two commuting involutions we can find a (θ, σ)-

stable real form of g. Then a = a+
θ ⊕ a−θ . But a+

θ is contained in the compact k

portion of the decomposition. Therefore, in order for a to be R-split, a = a−θ . We

can now equate σ-stable maximal R-split tori with (θ, σ)-stable maximal θ-split tori for

commuting involutions (θ, σ).

Based on this relationship, we can discuss a modification of Helminck and Wang

original classification. Let H+ = (H ∩K)0 where H and K are the fixed point groups of

σ and θ, respectively. H+
k are the k-rational points of H+.

Corollary 3.1.9 ( [10, Corollary 3.9]) Let {Ai | i ∈ I} be representatives of the H+
k -

conjugacy classes of (θ, σ)-stable maximal k-split (ie. θ-split) tori in G. Then

Pk \Gk/H
+
k
∼=
⋃
i∈I

WGk(Ai)\WH+
k

(Ai).
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We will have to look at each pair (gθ̄, σ|gθ̄) to determine in each case, the maximal

(σ, θ)-stable θ-split tori. We will begin to dissect the conjugacy classes of these tori by

looking at the maximal σ-split tori. These tori will build the structure to determine the

number of conjugacy classes.

3.2 R-involutions

In order to look at the tori, we will be looking at the root systems of the reductive groups

and associated Lie algebras. It is useful to consider the root datum.

Definition 3.2.1 A root datum is a quadruple Ψ = (X,Φ, X̌,ΦX̌), where X and X̌ are

free abelian groups of finite rank, in duality by a pairing X × X̌ → Z, denoted by (·, ·),

Φ and Φ̌ are finite subsets of X and X̌ with a bijection α → α̌ of Φ onto Φ̌. If α ∈ Φ

we define endomorphisms sα and sα̌, of X and X̌, respectively, by sα(χ) = χ− 〈χ, α̌〉α,

sα̌(ν) = ν − 〈α, ν〉 α̌.

The following two axioms are imposed:

1. If α ∈ Φ, then 〈α, α̌〉 = 2.

2. If α ∈ Φ, then sα(Φ) ⊂ Φ, sα̌(Φ̌) ⊂ Φ̌.

In particular, when we are considering a maximal torus T or maximal θ-split torus of

a reductive group or maximal torus t of the associated Lie algebra, we are also guaranteed

to have the root datum as described above.

We will call Φ(T ) (resp. Φ(t)) the root system of T (resp. t) with associated Weyl

group W (T ) (resp. W (t))

So now we have pairs of commuting involutions (θ, σ) and root datum associated

with maximal tori. We will discuss the involutions σ and θ on the reductive group or Lie
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algebra by considering the action on the root system, by an abuse of notation, we will

also call these involutions σ and θ.

The restriction to the common -1-eigenspaces of σ and θ plays an important role in

the classification of maximal (θ, σ)-stable k-split tori. Let Φ be the roots system of the

maximal torus. We can use the restricted root system to find the root system of the

maximal θ-split torus which is equivalent to the maximal R-split tori. We can complete

the classification by looking at σ on this restricted root system. The involution σ will be

used to describe the involution of the root system as well as the involution lifted to the

Lie algebra.

Let

Φ0(θ) = {α ∈ Φ | α− θ(α) = 0}

and

Φ0(θ, σ) = {α ∈ Φ | α− σ(α)− θ(α) + σθ(α) = 0}

These systems are θ-stable and (θ, σ)-stable respectively. Both are closed subsystems

of Φ.

Also, call Φθ = Φ/Φ0(θ) and Φθ,σ = Φ/Φ0(θ, σ) the restricted roots systems of θ and

(θ, σ) respectively. There is a natural project πθ from Φ to Φθ given by

πθ(α) = 1
2
(α− θ(α))

Similarly, we have a natural projection, πθ,σ from Φ to Φθ,σ given by

πθ,σ(α) = 1
4
(α− σ(α)− θ(α) + σθ(α))

Remark Φθ and Φθ,σ can be identified with the projections onto the -1-eigenspace of θ

and the -1-eigenspaces of σ and θ, respectively.
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Example Let Φ be of type A3 so ∆ = {α1, α2, α3} is a basis of Φ. Suppose θ acts on

roots as follows:

θ(α1) = α1

θ(α2) = −(α1 + α2 + α3)

θ(α3) = α3

θ(α1 + α2) = −(α2 + α3)

θ(α2 + α3) = −(α1 + α2)

θ(α1 + α2 + α3) = −α2

Then Φ0(θ) = {α1, α3} because both roots are fixed by θ. If we consider the projection

from Φ to Φθ then we can determine the desired restriction of the basis. We know the

roots in Φ0(θ) are sent to 0 and we need only calculate the project for the remaining

roots.

πθ(α2) = 1
2
(α2 − θ(α2)) = 1

2
(α2 + (α1 + α2 + α3)) = 1

2
(α1 + 2α2 + α3).

πθ(α1 + α2) = 1
2
(α1 + α2 − θ(α1 + α2)) = 1

2
(α1 + α2 + (α2 + α3)) = 1

2
(α1 + 2α2 + α3).

Similarly, πθ(α2 + α3) = 1
2
(α1 + 2α2 + α3) and πθ(α1 + α2 + α3) = 1

2
(α1 + 2α2 + α3)

Then Φθ = {1
2
(α1 + 2α2 + α3)} and is of type A1.

Now, suppose σ acts on the roots as follows:

σ(α1) = −α3

σ(α2) = −α2

σ(α3) = −α1

σ(α1 + α2) = −(α2 + α3)

σ(α2 + α3) = −(α1 + α2)

σ(α1 + α2 + α3) = −(α1 + α2 + α3)
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First, Φ0(θ, σ) = Φ0(θ) which can be seen by direct calculation. It is useful to have a

table of the action of θσ on the roots as well.

θσ(α1) = −α3

θσ(α2) = α1 + α2 + α3

θσ(α3) = −α1

θσ(α1 + α2) = (α1 + α2)

θσ(α2 + α3) = (α2 + α3)

θσ(α1 + α2 + α3) = α2

Then,

πθ,σ(α1) = 1
4
(α1 − σ(α1)− θα1 + σθ(α1)) = 1

4
(α1 + α3 − α1 − α3) = 0.

A similar calculation verifies our Φ0(θ, σ).

πθ,σ(α2) = 1
4
(α2 − σ(α2)− θα2 + σθ(α2)) = 1

4
(α2 + α2 + α1 + α2 + α3 + α1 + α2 + α3) =

1
4
(2α1 + 4α2 + 2α1 = 1

2
(α1 + 2α2 + α3).

Φθ,σ = Φθ and Φθ,σ ∩ Φθ = Φθ. However, this is not always the case as demonstrated

in the next example.

Example Consider Example 3.2, but we will reverse the involutions so now θ acts like

σ in Example 3.2 and σ acts like θ in Example 3.2. σθ has the same action.

First, Φ0(θ) = ∅ because no root is fixed by θ. Let’s determine Φθ.

πθ(α1) = 1
2
(α1 − θ(α1)) = 1

2
(α1 + α3) = 1

2
(α1 + α3) = πθ(α3).

πθ(α2) = 1
2
(α2 − θ(α2)) = 1

2
(α2 + α2) = α2.

πθ(α1 + α2) = 1
2
(α1 + α2 − θ(α1 + α2)) = 1

2
(α1 + α2 + (α2 + α3))

= 1
2
(α1 + 2α2 + α3) = πθ(α2 + α3).

πθ(α1 + α2 + α3) = 1
2
(α1 + α2 + α3 + α1 + α2 + α3) = α1 + α2 + α3
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Then Φθ = {1
2
(α1 + α3), α2,

1
2
(α1 + 2α2 + α3), α1 + α2 + α3} and is of type C2.

Φθ,σ is the same as Example 3.2 and Φθ,σ ∩ Φθ = {1
2
(α1 + 2α2 + α3)} and of type

A1. Different involutions will determine different systems. To describe the involutions

more efficiently, it is worthwhile to consider an order to the basis and use an involution

diagram.

Definition 3.2.2 An order � on X is called a (θ, σ)-order if it has the following prop-

erty:

if χ ∈ X,χ � 0, and χ /∈ X0(θ, σ), then σ(χ) � 0 and θ(χ) � 0

Since Φ ⊂ X, we can have a (θ)-order on Φ which induces an order on Φ0(θ) and Φθ

and we can have a (θ, σ)-order on Φ which induces an order on Φ0(θ, σ) and Φθ,σ. We

can also learn about Φθ,σ by considering σ|Φθ.

Definition 3.2.3 A basis ∆ of Φ with respect to a θ-order ((θ, σ)-order) will be called a

θ-basis ((θ, σ)-basis) of Φ.

Similarly, we have ordered bases for ∆0(θ),∆0(θ, σ),∆θ, and ∆θ,σ of Φ0(θ),Φ0(θ, σ),Φθ,

and Φθ,σ.

Lemma 3.2.4 Let t be a θ-stable maximal torus of G, ∆ a θ-basis of Φ(t), then θ =

−θ∗w0(θ). Where w0(θ) is the longest element of Φ0(θ) with respect to a θ-ordered basis

∆0 and θ∗ is the identity or an order two automorphism of the Dynkin diagram of Φ(t).

In [7], this information is used to completely classify the involutions over reductive

groups and their associated Lie algebras and all pairs of commuting involutions. Each in-

duced involution on the roots is associated with a diagram. The involution θ = −θ∗w0(θ)
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can be retrieved from the diagram. θ∗ appears on the diagram with arrows denoting the

action. Also, the roots of θ-ordered basis ∆0 are black dots.

Table 3.2 has the types of involution, diagram representations, restricted roots and

type of restricted root system.

Describing the root systems as above will also help in our classification. In particular,

we need to find (θ, σ)-singular roots, which live in the intersection of Φθ and Φθ,σ. For

each pair of involutions, we have to look at the restricted root systems, projections of

the roots of Φ, the action of σ, θ, and σθ, and finally the action on the root spaces. The

first three all require a strong knowledge of the above theory. We will utilize the diagram

description of the involutions in our classification.
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Table 3.2: Involution Diagrams

Type

θ
Diagram ∆θ

Type

Φθ

AI e1 e2 el−1 el e1 e2 el−1 el Al

AII u e1 u el u e1 e2 el−1 el Al

AIIIa

e e e u u u�� u
u@@6

?

6

?

6

?

6

?

6

?

6

?

∗

e1 e2 ep up+1 u u
e1 e2 ep−1 ep BCp

AIIIb e e e�� el@@6

?

6

?

6

?
θ∗

e1 e2 el−1

e1 e2 el−1 el Cl

BI e1 e2 ep u u u u e1 e2 ep−1 ep BCp

CI e1 e2 el−1 el e1 e2 el−1 el Cl

CIIa u e1 u ep u u u e1 e2 ep−1 ep BCp

CIIb u e1 u el−1 u el e1 e2 el−1 el Cl

DIa e1 ep u u u u�� u
@@ u e1 e2 ep−1 ep Bp
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Table 3.2 – Continued

DIb
e1 e2 el−2 el−1��

el
@@ el+1

e1 e2 el−2 el−1��
el

@@ el+1
Dl

DIIIa u e1 u e u el−1��
el

@@ u e1 e2 el−1 el Cl

DIIIb u e1 u e u�� el
@@ eθ∗�
] e1 e2 el−1 el Bl

EI e1 e3 e4
e2

e5 e6 e1 e3 e4
e2

e5 e6 E6

EII e e e2
e1

e3 e4
θ∗

6 66 6

e1 e2 e3 e4 F4

EIII
e1 u u

u
u e

σ∗
6 66 6

e1 e2 B2

EIV e1 u u
u

u e2 e1 e2 A2

EV e1 e3 e4
e2

e5 e6 e7 e1 e3 e4
e2

e5 e6 e7 E7

EV I e1 e2 e3
u

u e4 u e1 e2 e3 e4 F4
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Table 3.2 – Continued

EV II e1 u u
u

u e2 e3 e3 e2 e1 C3

EV III e1 e3 e4
e2

e5 e6 e7 e8 e1 e3 e4
e2

e5 e6 e7 e8 E8

EIX e4 u u
u

u e3 e2 e1 e1 e2 e3 e4 F4

FI e1 e2 e3 e4 e1 e2 e3 e4 F4

FII u u u e1 e A1

G e1 e2 e1 e2 G2
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For each of the over 171 pairs we must make the diagram representation of the involu-

tions actions on the root system of the maximal torus. We will use the diagrams in Table

3.2, but with a slight modification. Both the action of σ and θ will be represented on

one diagram. Any arrow will be labeled with the appropriate involution. Any black dot

means both involutions fix that root. A black dot with an involution attached implies

that given involution does not fix the root, but the other one does.

Example Suppose σ is type AII and θ is type AIIIb acting on A4`−1. First, we will

represent both as diagrams.

σ u e1 u e2`−1 u θ e e e�� e2`@@6

?

6

?

6

?
θ∗

e1 e2 e2`−1

To represent (θ, σ) the diagram would be:

u
θ

e u
θ

e u
θ

u
θ

e1 u
θ

e`−1 u
θ

��

e`@@6

?

6

?

6

?

6

?

6

?
θ∗

From the diagram of (θ, σ) we can extract the original involutions.

Remark We will call the maximal (θ, σ)-stable R-split tori containing the maximal σ-

split torus, a. Φ(a) = Φθ will be the type of the a determined by θ.

Φ(a, a−σ ) = Φ(a) ∩ Φ(a−σ ) = Φσ,θ ∩ Φθ

are the roots of the maximal (σ,R)-split torus inside the maximal torus of g. Of course,

the intersection with Φθ is important to ensure that we maintain the R-split quality which

is precisely the θ-split requirement.
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3.3 Quadratic Elements and Multiplicities

While quadratic elements will not play an immediate role in our work, it is important to

understand how they play a role in the classification of commuting pairs of involutions.

For details on multiplicity and quadratic elements please see Chapter 6 in [7].

A quadratic element, ε, is an element of a (σ, θ)- stable maximal k-split torus such that

ε2 = e. When a quadratic element is used in the classification of the pairs of involutions,

we see that σ and σ Int(ε) are two different involutions. The calculation of the quadratic

elements was done in [7]. We will be focused on calculating the action of Int(ε) on the

root spaces of our toral roots. In particular, we will focus on the effect on the multiplicity.

Definition 3.3.1 Let a be a (θ, σ)-stable R-split tori with a−σ maximal. For λ ∈ Φ(a)

we call m(λ) the multiplicity of λ. We can find the multiplicity be counting the number

of roots in the original maximal torus that project down to λ (ie. the α ∈ t such that

1
2
(α− θ(α)) = λ).

For λ ∈ Φ(a) let g(a, λ) be the root space (sum of the root spaces projected down to

λ). σθ(λ) = λ and σθ(g(a, λ)) = g(a, λ). Put

g(a, λ)±σθ = {X ∈ g(a, λ) | σθ(X) = ±X}

m±(λ, σθ) = dim(g(a, λ)±σθ))

The signature of λ will be (m+(λ, σθ),m−(λ, σθ))

If a particular quadratic element, ε, acts on λ then the multiplicities will be flipped.

m+(λ, σθ) = m−(λ, σθ Int(ε)) and m−(λ, σθ),m+(λ, σθ Int(ε)).
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Chapter 4

Classification and Standard Tori

4.1 Standard Tori

Recall, the goal is to use the theorem of Helminck and Wang to classify Pk \ Gk/H
+
k

thereby classifying Pk \Gk/Hk. Let H+ = (H ∩K)0 where H and K are the fixed point

groups of σ and θ, respectively.

Corollary 4.1.1 ( [18, Corollary 12.11]) Let {Ai | i ∈ I} be representatives of the

H+
k -conjugacy classes of (θ, σ)-stable maximal k-split tori in G. Then

Pk \Gk/H
+
k
∼=
⋃
i∈I

WGk(Ai)\WH+
k

(Ai).

We will discuss the solution in the Lie algebra and then lift it to the Lie group. Let

A
(θ,σ)
k be the (θ, σ)-stable maximal k-split tori of g. We will want the h+

k -conjugacy classes

and we will denote this by A
(θ,σ)
k /h+

k .

On route to this classification, we must first find the h-conjugacy classes of (θ, σ)-

stable maximal quasi k-split tori. We will denote this by A(θ,σ)/h.
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Definition 4.1.2 A torus t of g is called a quasi k-split torus if t is g-conjugate with a

k-split torus of g.

One last subclass of tori that we will consider are those quasi-k split tori that are h-

conjugate with a k-split torus of g. We will denote this set by A
(θ,σ)
0 and when considering

these conjugacy classes, A
(θ,σ)
0 /h.

The tools to determine A
(θ,σ)
0 /h,A(θ,σ)/h, and A

(θ,σ)
R /h+

k are built in the same manner

using standard tori and standard involutions. Several refinements and specifications in

each case will lead to the individual classification. First, we have a natural map ζ :

ζ : A
(θ,σ)
k /h+

k → A(θ,σ)/h

sending each h+
k -conjugacy class of a σ-stable maximal k-split torus onto its h-

conjugacy class. Its image, A
(θ,σ)
0 consists of the h-conjugacy classes of σ-stable maximal

quasi-k split tori that are h-conjugate to a σ-stable maximal k-split torus.

To classify A
(θ,σ)
k /h+

k it suffices to classify the image and fibers of ζ. In the case of

k = R this map is actually one-to-one. We start by discussing standard tori.

Definition 4.1.3 For a1, a2 ∈ A
(θ,σ)
R (or A(θ,σ)), the pair (a1, a2) is called standard if

a−1 ⊂ a−2 and a+
1 ⊃ a+

2 . In this case, we say that a1 is standard with respect to a2.

As in the case of a single involution, σ, all the elements of A
(σ,θ)
R and A(σ,θ) can be put

in standard position. We will omit the involution σ from the notation when there is no

confusion. So we will write, a−1 instead of (a1)−σ for the (-1)-portion of the involution σ

on a1. A standard pair give rise to an involutions of the respective Weyl groups.

Theorem 4.1.4 (adapted from [9, Theorem 3.6]) Let (a1, a2) be a standard pair of

(θ, σ)-stable R-split (or quasi R-split) tori of g. Then we have the following conditions:
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1. There exists g ∈ ZG(a−1 ⊕ a+
2 ) such that Adg(a1) = a2.

2. If n1 = Ad(g)−1σ̃(g) and n2 = Adσ̃(g)g−1, then n1 ∈ NG(a1) and n2 ∈ NG(a2).

3. Let w1 and w2 be the images of n1 and n2 in W (a1) and W (a2) respectively. Then

w2
1 = e, w2

2 = e, and (a1)+
w1

= (a2)+
w2

= a−1 ⊕ a+
2 which characterizes w1 and w2.

Proof (a) a1 and a2 are both maximal tori in the group ZG(a−1 ⊕ a+
2 ). Therefore there

exists a g ∈ ZG(a−1 ⊕ a+
2 ) such that Adg(a1) = a2.

(b) a2 = σ(a2) = σ(Adg(a1)) = Adσ̃(g)(σ(a1)) = Ad ˜σ(g)(a1) because a1 and a2 are

σ-stable. Similarly, a1 = Adg−1 a2. By substitution, a1 = Adg−1 Adσ̃(g) a1 = Adg−1σ̃(g) a1.

Therefore, by definition, g−1σ̃(g) ∈ N(a1). The argument is similar for a2.

(c) Since a2 is σ-stable, ZG(a−1 ⊕a+
2 ) is σ̃-stable, hence σ̃(g) ∈ ZG(a−1 ⊕a+

2 ). a2 = a−1 ⊕

a+
2 ⊕(Adg(a

+
1 )∩a−2 ). Let x ∈ a−1 ⊕a+

2 . By definition an element w1 ∈ W , w1 ·x = AdA(x),

where A is the element from the corresponding equivalence class in the normalizer. So

w1 · x = Adg−1σ̃(g)(x) = g−1σ̃(g)xσ̃(g)−1g = x since g and σ̃(g) ∈ ZG(a−1 ⊕ a+
2 ).

Now let x ∈ (Adg(a
+
1 ) ∩ a−2 ). Then x can be written as Adg(A) for some A ∈ a+

1 .

Then w1 · x = Adg−1σ̃(g)(Adg(A)) = Adg−1σ̃(g)g(A). Recall g and σ̃(g) commute because

they are both in ZG(a−1 ⊕ a+
2 ). So w1 · x = Adg−1gσ̃(g)(A) = Adσ̃(g)(A) = Adσ̃(g)(A) =

σ(Adg(A)) = σ(x) = −x.

Hence w1 = id and (a2)w1 = a−1 ⊕ a+
2 . The argument is similar to show w2 = id and

(a1)w2 = a−1 ⊕ a+
2 .

In essence, this involution w defines a one dimension piece of the (-1)-eigenspace that

can be flipped to add a dimension to the (+1)-eigenspace of σ acting on the torus.

Definition 4.1.5 We will call w1 (resp. w2) the a2-standard involution (resp. a1-

standard involution) of W (a1) (resp. W (a2)).
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Remark Note, w1 and w2 are independent of the choice of g ∈ ZG(a−1 ⊕ a+
2 ) such that

Adg(a1) = a2.

Let θ be a Cartan involution of g over k and σ a k-involution with σθ = θσ and h the

fixed point group of σ. Using portions of some propositions from [18] and [10]:

1. (Proposition 11.18) Given any σ-stable maximal k-split torus a of g, there is a

h ∈ hk such state ad(h)(a) is θ-stable.

2. (Lemma 11.5) Any maximal θ-split k torus of g is maximal (θ, k)-split.

3. (Proposition 2.14) All maximal (σ, k)-split tori are hk-conjugate.

4. (Proposition 11.3 & 11.4) Any θ-stable maximal k-split torus is θ-split.

Theorem 4.1.6 There is only one hk-conjugacy class of (σ, θ)-stable maximal (σ,R)-

split tori and one class of (σ, θ)-stable maximal R-split, σ-fixed tori.

Proof There is only one hk-conjugacy class of (σ, θ)-stable maximal (σ,R)-split tori

follows from Proposition 2.14 because these tori are maximal in gσθ and therefore (σ, θ)-

stable. The maximal σ-fixed, k-split torus is a maximal k-split torus of hk and therefore

they are all conjugate.

If we fix an element a ∈ A
(θ,σ)
R such that a− is a maximal (σ,R)-split torus of g, then

any torus in A
(σ,θ)
R can be put into standard position with a. Note, A

(θ,σ)
R ⊂ A(θ,σ) so

a ∈ A(θ,σ) and we can put any torus in A(θ,σ) into standard position as well.

By Theorem 4.1.6 we know that we can always find a torus that is hk-conjugate to a

that fits into standard position with the given torus. Therefore, the above theorem can

be modified as follows.
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Corollary 4.1.7 Let a1 be put in standard position with a where a− is a maximal (σ,R)-

split torus of g Then the following hold:

1. There exists g ∈ ZG(a−1 ⊕ a+) such that Adg(a1) = a.

2. If n = Ad ˜σ(g)g−1, then n ∈ NG(a).

3. Let w be the image of n in W (a). Then w2 = e, and (a)+
w = a−1 ⊕ a+ which

characterizes w.

Figure 4.1: Action of g1 and g2 on the standard pair in Corollary 4.1.7

At this point, the important fact to note is that any tori a1, a2 ∈ A
(θ,σ)
k ( resp. A(θ,σ))

can be put into standard position with respect to a. Let w1 and w2 be the a1-standard

and a2-standard involutions, respectively, in W (a). We can now discuss the tori based

on these elements of the finite Weyl group.

Proposition 4.1.8 ( [18, Proposition 12.6]) Assume that a1, a2 ∈ A
(θ,σ)
R are both stan-

dard with respect to a. Let w1 and w2 be the a1-standard and a2-standard involutions,

respectively, in W (a). Then
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a1 and a2 are h+
R -conjugate if and only if w1 and w2 are conjugate under W (a,R+

k )

Proof ⇒Assume x ∈ h+
k with Adexp(x)(a1) = a2 then Adexp(x)(a

+
1 ) = a+

2 and Adexp(x)(a
−
1 ) =

a−2 . Let m = Zg(a
−
2 ) then a and Adexp(x)(a) are (σ, θ)-stable maximal k-split tori of m.

By [18, Corollary 11.19] there exists a y ∈ (mσ ∩mθ)k such that Adexp(xy)(a) = a. The

image w of xy in W (a, h+
k ) satisfies ww1w

−1 = w2.

⇐ Assume w ∈ W (a, h+
k ) and ww1w

−1 = w2. Then a+
w1

= a−1 ⊕ a+ and a+
w2

= a−2 ⊕ a+

are σ-stable. a−1 = (a+
w1

)− and a−2 = (a+
w2

)−, then ww1w
−1 = w2 implies that w(a1) =

w−1
1 w2w1((a+

w1
)−) = (a+

22
)− = a−2 because a+

1 ⊃ a+
2 . Let x be the preimage of w in the

normalizer. Then Adexp(x)(a
−
1 ) = a−2 and a1 and a2 are h+

k -conjugate.

Corollary 4.1.9 Assume that a′1, a′2 ∈ A(θ,σ) are both standard with respect to a. Let w′1

and w′2 be the a′1-standard and a′2-standard involutions, respectively, in W (a). Then a′1

and a′2 are h-conjugate if and only if w1 and w2 are conjugate under W (a, h).

We can now tell when elements in A
(θ,σ)
R are hR-conjugate using the finite set of

involutions in W (a, h+
R). The next step is to determine which involutions w ∈ W (a) are

ai-standard involutions for some ai ∈ A
(θ,σ)
R (resp. A(θ,σ)), what Φ(a, h+

R)( resp. Φ(a, h))

looks like, and finally determine the conjugacy classes of these involutions in W (a, h+
R)

(resp. W (a, h)).

The ai-standard involutions will classify the various families of tori that we are consid-

ering. We will be able to discuss the qualities of these involutions in more detail starting

with the quasi R-split case. First we need to discuss the conjugacy classes of elements in

the Weyl group and the correspondence to the tori when those Weyl group elements are

ai-standard involutions.
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4.2 Conjugacy classes in the Weyl group

The complete discussion of conjugacy classes of elements in the Weyl group can be found

in [9]. The following is a summary of the classification. First, we want to determine the

conjugacy classes of involutions w ∈ W (a) with E(w,−1, ) ⊂ E(σ,−1) because a−σ is a

maximal (σ,R)-split torus and a−wi ⊂ a−σ . These involutions determine subsets of a basis

∆1 of Φ. We will show that we can restrict to looking at the conjugacy classes of these

subsets. Let Φ = Φ(a) and W = W (a) = W (Φ(a)).

Definition 4.2.1 Let ∆ by a basis of Φ.

1. Two subsets ∆1,∆2 ⊂ ∆ are called W -conjugate if there exist w ∈ W such that

w(∆1) = ∆2.

2. An involution w ∈ W is called ∆-standard if ∆ is a (−w)-basis of Φ (i.e. E(w,−1)∩

∆ = ∆(w) is a basis for Φ(w))

Proposition 4.2.2 Let ∆ ⊂ Φ be a fixed basis and w1, w2∆-standard involutions in W .

Then w1, w2 are W -conjugate if and only if ∆(w1),∆(w2) are W -conjugate.

Definition 4.2.3 Let ∆ be a (-σ)-basis of Φ and w(σ) a fixed σ-maximal involution of

W (σ), which is ∆-standard. An involution w ∈ W is called (∆, w(σ))-standard if w is

∆-standard and ∆(w) ⊂ ∆(w(σ)).

Corollary 4.2.4 Let σ ∈ Aut(Φ) be an involution, ∆ a (−σ)-basis of Φ, w(σ) ∈ W (σ)

a σ-maximal involution, which is ∆-standard. Then we have the following:

If w1, w2 ∈ W are (∆, w(σ))-standard involutions, then w1, w2 are W -conjugate if and

only if ∆(w1) and ∆(w2) are W -conjugate.
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Next, we must classify all the conjugacy classes of involutions in W . If we then con-

centrate on the case where σ is split, then classification of conjugacy classes of involutions

w ∈ W with E(w,−1, ) ⊂ E(σ,−1) reduce to looking at the subsets of Φ(w(σ)), which

are involutions in W . Where w(σ) is a σ-maximal involution.

Lemma 4.2.5 Let Φ be irreducible and w ∈ W an involution. Then Φ(w) is of type

r · A1 +X`, where either X` = ∅ or one of B`(` ≥ 1), C`(` ≥ 1), D`(` ≥ 1), E7, E8, F4,

or G2, where r · A1 = A1 + A1 + · · ·+ A1 r times.

The conjugacy is based on looking at the orthogonal complements of the basis, ∆(w)

and induction, see [9] . In a majority of classes, the type of Φ(w) determines the conjugacy

class. What is most useful is the interpretation of these classes as a diagram.

LetW be the set of all W -conjugacy classes of involutions in W . If we define an order

> on W then for [w1], [w2] ∈ W we have [w1] > [w2] if and only if ∆(w1) ⊂ ∆(w2) for

some representatives wi of [wi](i = 1, 2). We will call these diagrams L(Φ(w)). Table 4.1

has the diagrams of the conjugacy classes in each type of w ∈ W .
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Example Consider Φ(w) of type B3. Then the diagram and the labelled conjugacy

classes in W (Φ(w)) are as follows:

k
k
k
k

k
k
�
�
��

�
�
��@
@
@@

@
@
@@

k
k
k
k

−id = B3 = 3 · A1

B2

B1

id

2 · A1 k
kA1

�
�
��

�
�
��@

@
@@

@
@
@@

Figure 4.2: W -conjugacy classes for w of Type B3
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Table 4.1: Diagrams of W Conjugacy Classes

A`

(l ≥ 1)
L(A`) = L∗(A`) = A(n) with n = [ `+1

2
]

A(n): c c c c c c
B`

(` ≥ 2) L(B`) = L∗(B`) = B(`)

B(2): c c
c c��

��@@

@@
B(3): cccc

cc����@@
@@

B(4): ccccc
cccc ��

��

��

@@

@@

@@

��

@@

B(5): cccccc

cccc
cc
��

��

��

��

@@

@@

@@

@@

��

��@@

@@

B(6): ccccccc

ccccc
cccc
��

��

��

��

��

@@

@@

@@

@@

@@

��

��

��

@@

@@

@@

��

@@

B(7): cccccccc

cccccc

cccc
cc

��

��

��

��

��

��

@@

@@

@@

@@

@@

@@

��

��

��

��

@@

@@

@@

@@

��

��@@

@@

etc.

C`

(l ≥ 2)
L(C`) = L∗(C`) = B(`)
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Table 4.1 – Continued

BC`

(` ≥ 2)
L(BC`) = L∗(BC`) = B(`)

D2`

(l ≥ 2)
L(D2`) = D(2`) L∗(D2`) = D∗(2`)

D(4):
ccccc

c c��

��@@

@@
D∗(4):

ccccc
D(6):

ccccccc

cccc ��

��

@@

@@

��

@@

D∗(6):
ccccccc

ccc
��

��

@@

@@

D(8):
ccccccccc

ccccc
cccc
��

��

��

@@

@@

@@

��

��

@@

@@

��

@@

D∗(8):
ccccccccc

ccccc
ccc
��

��

��

@@

@@

@@

��

��

@@

@@

etc.

D2`+1

(` ≥ 2)
L(D2`+1) = L∗(D2`+1) = D∗(2`)

E6 L(E6) = L∗(E6) = A(4)

E7 L(E7) = L∗(E7) = E(7)
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Table 4.1 – Continued

E(7): c c c c c cc c
c c��

��@@

@@






J
J
J

E8 L(E8) = L∗(E8) = E(8)

E(8): c c c c c c c cc
c�� ��@@

@@

F4 L(F4) = L∗(F4) = F (4)

F (4): c cc c c
c c c��

��@@

@@













J

J
J

J
J
J

G2 L(G2) = L∗(G2) = B(2)
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Once we identify the ai-standard involutions in W (a) we can utilize the diagram to

describe the conjugacy classes of tori. In our case, if w1, w2 ∈ W (a) are a1 and a2-standard

involutions of a1 and a2 then

a−1 ⊂ a−2 ⇐⇒ a−w1
⊃ a−w2

Hence

[a1] < [a2] ⇐⇒ [w1] < [w2]

Finally, we need to determine what the ai standard involutions are going to be in

each case. We will start with the quasi R-split case.

4.3 Classification of quasi R-split tori

Again before we tackle the larger problem, we must consider when two tori in A(θ,σ)

are h-conjugate based on finding the appropriate Weyl group elements in W (a) with

representatives in h. This topic was introduced in [9].

Remark A k-involution τ of m is called k-split if there exists a τ -split maximal k-split

torus of m. Let a ∈ A
(σ,θ)
k , w ∈ W (a) where w2 = e and wσ = σw and n is the pre-image

of w ∈ Ng(a). Set gw = Z(a+
w) then n ∈ Z(a+

w) and a−w ∩ Z(gw) is finite and a−w is a

(θ, σ)-stable maximal k-split torus of [gw, gw].

Definition 4.3.1 Let a ∈ A(σ,θ), w ∈ W (a) and gw = Z(a+
w). Then w is called σ-singular

if

1. w2 = e

2. σw = wσ
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3. σ|[gw, gw] is k-split.

4. [gw, gw] ∩ h contains a maximal quasi k-split torus of [gw, gw].

A root α ∈ Φ(a) is called σ-singular if the corresponding reflection sα ∈ W (a) is

σ-singular. A root α ∈ Φ(a) with σ(α) = ±α is called σ-singular if [gsα , gsα ] 6⊂ h. These

two are equivalent.

We mentioned the root definition of σ-singular roots in two contexts because we have

much information from the involution diagram about the roots of the various tori. Alas,

these singular involutions will help to classify the h-conjugacy classes of quasi R-split

tori.

Proposition 4.3.2 (modified from [11, Proposition 8.6]) Let a ∈ Aθ,σ
k with a−σ max-

imal. Then there is a one to one correspondence between the W (a, h)-conjugacy classes

of ai-standard involutions in W (a) and the W (a, h)-conjugacy classes of σ-singular invo-

lutions in W (a)

Using Proposition 4.3.2 and Table 4.1, all we require in the classification is W (a)

and the σ-singular involutions. In each of the 171 cases, we can determine Φ(a) from the

diagram of the Cartan involution, θ, when projected to the (-1)-eigenspace. This process

was described in the R-involutions section. Once we have Φ(a) = Φθ we must find the

σ-singular roots.

Lemma 4.3.3 (modified from [9, Theorem 4.6]) Let a be a (θ, σ)-stable R-split torus

of g with a−σ a maximal (σ,R)-split torus of g and w ∈ W (a), w2 = e. Then the following

are equivalent:

1. w is σ-singular
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2. a−w ⊂ a−σ

Proposition 4.3.4 α ∈ Φ(a) is a σ-singular root if and only if α ∈ Φ(a) ∩ Φ(a−σ ).

Proof (=⇒) α is a σ-singular root then by Lemma 4.3.3 asα ⊂ a−σ . Therefore, α ∈ Φ(a−σ ).

Since α ∈ Φ(a) then α ∈ Φ(a) ∩ Φ(a−σ ).

(⇐=) α ∈ Φ(a) ∩ Φ(a−σ ), then α ∈ Φ(a) and w = sα is a reflection W (a) so w2 = e.

Since α ∈ Φ(a−σ ), a−sα ⊂ a−σ . By Lemma 4.3.3, sα is σ-singular and α is a σ-singular root.

Theorem 4.3.5 Let a ∈ A
(θ,σ)
k with a−σ maximal. Then there is a one to one corre-

spondence between the W (a)-conjugacy classes of σ-singular involutions in W (a) and the

W (a)-conjugacy classes of elements in W (a, a−σ ) where W (a, a−σ ) is the Weyl group of

Φ(a, a−σ ) = Φ(a) ∩ Φ(a−σ ).

So for each commuting pair (θ, σ) we can determine Φ(a) and W (a) from the diagram.

If we then restrict σ to Φ(a), we can determine the roots of the maximal σ-split torus and

the maximal σ-split torus in Φ(a). Combined with Table 4.1 we can find the conjugacy

classes of elements in W (a, a−σ ) inside W (a). Determining the maximum involution in

W (a, a−σ ) tells us where in the diagram of W (a) to gain the structure of the classes.

Example The following occurs in only four of the 171 cases.

Type (θ, σ) Type Φθ
Type

Φσ,θ ∩ Φθ

max.
involution

Φ(a) Φ(a, a−σ ) Φσ,θ ∩ Φθ

A2`+1,`
2`+1 (I, II) A2`+1 ∅ id
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In this case, Φ(a, a−σ ) = ∅ and W (a, a−σ ) = id. There is only one W (a)-conjugacy class

of σ-singular roots; therefore, there is only one h-conjugacy class (σ, θ)-stable maximal

quasi R-split tori.

Example The follow example occurs in a similar manner in about 26 of the 171 cases.

Type (θ, σ) Type Φθ
Type

Φσ,θ ∩ Φθ

max.
involution

Φ(a) Φ(a, a−σ ) Φσ,θ ∩ Φθ

A2`,2`−1
4`−1 (IIIb, II, ε0)

C2` ` · A1 ` · A1

In this case, Φ(a, a−σ ) = `·A1 and Φ(a) = C2`. If we consider the case when ` = 2, then

for the pair A4,3
7 (IIIb, II, ε0) Φ(a) = C4 and Φ(a, a−σ ) = 2 ·A1. Below are the W -conjugacy

classes of W (a) and then the W (a)-conjugacy classes of W (a, a−σ ).

g
g
g
g
g
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g
g

g
�
��

�
��

�
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@
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@
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Figure 4.3: Conjugacy classes for Example 4.3

There is only one W (a)-conjugacy class of σ-singular roots at each dimension; there-

fore, there is only one h-conjugacy class (σ, θ)-stable maximal quasi R-split tori for each
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dimension. We will see that in the hR-conjugacy classes of maximal R-split tori often

these classes can split. Also, we see that only two one-dimensional pieces of the maximal

(σ,R)-split torus is going to flip. We quickly learn that the torus inside the maximal

R-split torus with maximal portion in h still has a σ-split portion because not all parts

will flip from the (-1) to the (+1)-eigenspace of σ.

Example The remaining of the 171 pairs are similar to the following example.

Type (θ, σ) Type Φθ
Type

Φσ,θ ∩ Φθ

max.
involution

Φ(a) Φ(a, a−σ ) Φσ,θ ∩ Φθ

Bq,p
` (Ia, Ia, εi)

1 ≤ p < q ≤ `
0 ≤ i ≤ p

Bq Bp Bp

In this case, Φ(a, a−σ ) = Bp and Φ(a) = Bq. If we consider the case when ` = 5, then

for the pair B4,3
5 (Ia, Ia, εi), Φ(a) = B4 and Φ(a, a−σ ) = B3. Below are the conjugacy classes

of W (a) and then the W (a)-conjugacy classes of W (a, a−σ ).

g
g
g
g
g

g
g
g

g
�
��

�
��

�
��

@
@@

@
@@

@
@@

�
��

@
@@

g
w
w
w
w

g
w
w

g
�
��

�
��

�
��

@
@@

@
@@

@
@@

�
��

@
@@

Figure 4.4: Conjugacy classes for Example 4.3
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We can see the W (a)-conjugacy classes of σ-singular roots at each dimension from the

diagram. Also, we can count the h-conjugacy classes (σ, θ)-stable maximal quasi R-split

tori for each dimension.

The following table consists of the 171 irreducible types to consider, diagrams, and

roots types of all the players in the classification of (θ, σ)-stable maximal quasi R-split

tori with representatives in h.
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Table 4.2: Conjugacy classes of Quasi R-split tori in h

Type (θ, σ) Diagram (θ, σ) Type Φθ Diagram σ|Φθ
Type

Φσ,θ ∩ Φθ

max.
involution

Φ(A) Φ(A,A−σ ) Φσ,θ ∩ Φθ

A2`+1,`
2`+1 (I, II) u

θ
e1 u

θ
e` u

θ
A2`+1 u e1 u e` u ∅ id

A2`−1,4`−1
4`−1 (II, I)

u
σ

e1 u
σ

e2`−1 u
σ

A2`−1 e1 e2 e2`−2 e2`−1
A2`−1 ` · A1

A2`,4`+1
4`+1 (II, I) u

σ
e1 u

σ
e2` u

σ
A2` e1 e2 e2`−1 e2` A2` ` · A1

A2`−1,`
2`−1 (I, IIIb, ε0) e e e�� e`@@6

?

6

?

6

?
σ∗

e1 e2 e`−1

A2`−1 e e e�� e`@@6

?

6

?

6

?

e1 e2 e`−1

` · A1 ` · A1

A2`,4`−1
4`−1 (IIIb, I, ε0) e e e�� e2`@@6

?

6

?

6

?
θ∗

e1 e2 e2`−1

C2` e1 e2 e2`−1 e2` C2` C2`
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Table 4.2 – Continued

A2`+1,4`+1
4`+1 (IIIb, I, ε0) e e e�� e`+1@@6

?

6

?

6

?
θ∗

e1 e2 e`
C2`+1 e1 e2 e2` e2`+1

C2`+1 C2`+1

A2`−1,2`
4`−1 (II, IIIb, ε`) u

σ
e u

σ
e u

σ

u
σ

e1 u
σ

e`−1 u
σ

��

e`@@6

?

6

?

6

?

6

?

6

?
σ∗ A2`−1 e e e�� e`@@6

?

6

?

6

?

e1 e2 e`−1

` · A1 ` · A1

A2`,2`+1
4`+1 (II, IIIb) u

σ
e u

σ
e u

σ
e

u
σ

e1 u
σ

e`−1 u
σ

e`
��

u
σ

@@6

?

6

?

6

?

6

?

6

?

6

?
σ∗ A2` e e e e6

?
6
?

6
?

e1 e2 e`−1 e`
` · A1 ` · A1

A2`,2`−1
4`−1 (IIIb, II, ε`) u

θ
e u

θ
e u

θ

u
θ

e1 u
θ

e`−1 u
θ

��

e`@@6

?

6

?

6

?

6

?

6

?
θ∗ C2` u e1 u e`−1 u e` ` · A1 ` · A1

A2`+1,2`
4`+1 (IIIb, II) u

θ
e u

θ
e u

θ
e

u
θ

e1 u
θ

e`−1 u
θ

e`
��

u
θ

@@6

?

6

?

6

?

6

?

6

?

6

?
θ∗ C2`+1 u e1 u e` u ` · A1 ` · A1
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Table 4.2 – Continued

A2`−1,`
2`−1 (I, IIIb, ε`) e e e�� e`@@6

?

6

?

6

?
θ∗

e1 e2 e`−1

A2`−1 e e e�� e`@@6

?

6

?

6

?

e1 e2 e`−1

` · A1 ` · A1

A`,2`−1
2`−1 (IIIb , I, ε`) e e e�� e`@@6

?

6

?

6

?
θ∗

e1 e2 e`−1

C` e1 e2 e`−1 e` C` C`

A2`−1
2`−1(I, ε`) e1 e2 e2`−2 e2`−1

A2`−1 e1 e2 e2`−2 e2`−1
A2`−1 ` · A1

A2`−1,2`
4`−1 (II, IIIb, ε0) u

σ
e u

σ
e u

σ

u
σ

e1 u
σ

e`−1 u
σ

��

e`@@6

?

6

?

6

?

6

?

6

?
σ∗ A2`−1 e e e�� e`@@6

?

6

?

6

?

e1 e2 e`−1

` · A1 ` · A1

A2`,2`−1
4`−1 (IIIb, II, ε0) u

σ
e u

σ
e u

σ

u
σ

e1 u
σ

e`−1 u
σ

��

e`@@6

?

6

?

6

?

6

?

6

?
σ∗ C2` u e1 u e`−1 u e` ` · A1 ` · A1

A2`−1
4`−1(II, ε`) u e1 u e2`−1 u A2`−1 e1 e2 e2`−2 e2`−1

A2`−1 ` · A1
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Table 4.2 – Continued

A`,p` (I, IIIa)
1 ≤ 2p ≤ ` e e e u

θ
u
θ

u
θ

��

u
θ

u
θ

@@6

?

6

?

6

?

6

?

6

?

6

?

θ∗&σ∗

e1 e2 ep up+1

θ
u
θ

u
θ

A`

e e e u u u�� u
u@@6

?

6

?

6

?

6

?

6

?

6

?

σ∗

e1 e2 ep up+1 u u
p · A1 p · A1

Ap,`` (IIIa, I)
1 ≤ 2p ≤ ` e e e u

σ
u
σ

u
σ

��

u
σ

u
σ

@@6

?

6

?

6

?

6

?

6

?

6

?

σ∗&θ∗

e1 e2 ep up+1

σ
u
σ

u
σ

BCp e1 e2 ep−1 ep BCp BCp

A``(I, εp)
1 ≤ 2p ≤ `

e1 e2 e`−1 e` A` e1 e2 e`−1 e` A` b `+1
2
c · A1

A2p,2`−1
4`−1 (IIIa, II)

1 ≤ 4p ≤ 4` u
θ

e u
θ

e u u
σ

��

u
u@@6

?

6

?

6

?

6

?

6

?

6

?

θ∗

u
θ

e1 u
θ

ep u u
σ

BC2p u1 e2 u ep ∅ identity
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Table 4.2 – Continued

A2p,2`
4`+1(IIIa, II)

1 ≤ 4p ≤ 4` u
θ

e u
θ

e u u
σ

��

u
u@@6

?

6

?

6

?

6

?

6

?

6

?

θ∗

u
θ

e1 u
θ

ep u u
σ

BC2p u1 e2 u ep ∅ identity

A2`−1,2p
4`−1 (II, IIIa)

1 ≤ 4p ≤ 4`+ 2 u
σ

e u
σ

e u u
θ

��

u
u@@6

?

6

?

6

?

6

?

6

?

6

?

σ∗

u
σ

e1 u
σ

ep u u
θ

A2`−1

e e e u u u�� u
u@@6

?

6

?

6

?

6

?

6

?

6

?

σ∗

e1 e2 ep up+1 u u
p · A1 p · A1

A2`,2p
4`+1(II, IIIa)

1 ≤ 4p ≤ 4`+ 2 u
σ

e u
σ

e u u
θ

��

u
u@@6

?

6

?

6

?

6

?

6

?

6

?

σ∗

u
σ

e1 u
σ

ep u u
θ

A2`

e e e u u u�� u
u@@6

?

6

?

6

?

6

?

6

?

6

?

σ∗

e1 e2 ep up+1 u u
p · A1 p · A1

A`2`+1(II, εp)
1 ≤ 2p ≤ `+ 1

u e1 u e2`−1 u A` e1 e2 e`−1 e` A` b `+1
2
c · A1
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Table 4.2 – Continued

A`,`2`−1(IIIb, ε`) e e e�� e`@@6

?

6

?

6

?
σ∗&θ∗

e1 e2 e`−1

C` e1 e2 e`−1 e` C` C`

Ap,p` (IIIa, εp)
1 ≤ p < `
0 ≤ i ≤ p− 1 u

σ
e u

σ
e u u

θ

��

u
u@@6

?

6

?

6

?

6

?

6

?

6

?

σ∗

u
σ

e1 u
σ

ep u u
θ

BCp e1 e2 ep−1 ep BCp BCp

A`,p2`−1(IIIb, IIIa, εi)
1 ≤ p < `
0 ≤ i ≤ p− 1

e e e u
θ

u
θ

u
θ

e1 e2 ep u
θ

u
θ

u
θ

��

u@@6

?

6

?

6

?

6

?

6

?

6

?
θ∗&σ∗ C` e1 e2 ep u u u` Cp Cp

Ap,`2`−1(IIIa, IIIb, εi)
1 ≤ p < `
0 ≤ i ≤ p− 1

e e e u
σ

u
σ

u
σ

e1 e2 ep u
σ

u
σ

u
σ

��

u@@6

?

6

?

6

?

6

?

6

?

6

?
σ∗&θ∗ BCp e1 e2 ep−1 ep BCp BCp
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Table 4.2 – Continued

Aq,p` (IIIa, IIIa, εi)
1 ≤ p < q ≤ 1

2
(`+ 1)

0 ≤ i ≤ p e e e u
θ

u
θ

u�� u
u@@6

?

6

?

6

?

6

?

6

?

6

?

σ∗&θ∗

e1 e2 ep u
θ

uq
θ

u
BCq e1 e2 ep u u uq BCp BCp

Ap,q` (IIIa, IIIa, εi)
1 ≤ p < q ≤ 1

2
(`+ 1)

0 ≤ i ≤ p e e e u
σ

u
σ

u�� u
u@@6

?

6

?

6

?

6

?

6

?

6

?

θ∗&σ∗

e1 e2 ep u
σ

uq
σ

u
BCp e1 e2 ep−1 ep BCp BCp

Bp,p
` (Ia, εi) e1 e2 ep u u u u Bp e1 e2 ep−1 ep Bp Bp

Bq,p
` (Ia, Ia, εi)

1 ≤ p < q ≤ `
0 ≤ i ≤ p

e1 e2 ep u
θ

uq
θ

u u Bq e1 e2 ep u u uq Bp Bp

Bp,q
` (Ia, Ia, εi) e1 e2 ep u

θ
uq
θ

u u Bp e1 e2 ep−1 ep Bp Bp

62



Table 4.2 – Continued

C`,p
` (I, IIa)

(2p ≤ `)
u
θ

e1 u
θ

ep u
θ

u
θ

u
θ

C` u e1 u ep u u up · A1 p · Ap

Cp,`
` (IIa, I)

(2p ≤ `)
u
σ

e1 u
σ

ep u
σ

u
σ

u
σ

BCp e1 e2 ep ep−1
BCp BCp

C`
`(I, εp)

(2p ≤ `)
e1 e2 e`−1 e` C` e1 e2 e`−1 e` C` C`

C2`,`
2` (I, IIb, ε0) u

θ
e1 u

θ
e`−1 u

θ
e` C2` u e1 u e`−1 u e` ` · A1 ` · A1

C`,2`
2` (IIb, I, ε0) u

σ
e1 u

σ
e`−1 u

σ
e` C` e1 e2 e`−1 e` C` C`

C`,`
2` (IIb, ε`) u e1 u e`−1 u e` C` e1 e2 e`−1 e` C` C`

C2`,`
2` (I, IIb, ε`) u

θ
e1 u

θ
e`−1 u

θ
e` C2` u e1 u e`−1 u e` ` · A1 ` · A1

C`,2`
2` (IIb, I, ε`) u

σ
e1 u

σ
e`−1 u

σ
e` C` e1 e2 e`−1 e` C` C`

C2`,2`
2` (I, ε`) e1 e2 e2`−1 e2` C2` e1 e2 e2`−1 e2` C2` C2`
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Table 4.2 – Continued

Cp,p
` (IIa, εp) u e1 u ep u u u BCp e1 e2 ep−1 ep BCp BCp

Cq,p
` (IIa, IIa, εi)

1 ≤ p < q ≤ 1
2
`

(0 ≤ i ≤ p)
u e1 u ep u uq

θ
u u BCq e1 e2 ep u u uq BCp BCp

Cp,q
` (IIa, IIa, εi)

1 ≤ p < q ≤ 1
2
`

(0 ≤ i ≤ p)
u e1 u ep u uq

θ
u u BCp e1 e2 ep−1 ep BCp BCp

C`,p
2` (IIb, IIa, εi)

0 ≤ i ≤ p− 1
1 ≤ p ≤ l

u e1 u ep u u
θ

u u
θ

C` e1 e2 ep u u u` Cp Cp

Cp,`
2` (IIa, IIb, εi)

0 ≤ i ≤ p− 1
1 ≤ p ≤ l

u e1 u ep u u
σ

u u
σ

BCp e1 e2 ep−1 ep BCp BCp

Dq,p
` (Ia, Ia, εi)

1 ≤ p < q ≤ `− 1
(0 ≤ i ≤ p− 1)

e1 ep u
θ

uq
θ

u u�� u
@@ u Bq e1 e2 ep u u uq Bp Bp
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Table 4.2 – Continued

Dp,q
` (Ia, Ia, εi)

1 ≤ p < q ≤ `− 1
(0 ≤ i ≤ p− 1)

e1 ep u
θ

uq
θ

u u�� u
@@ u Bp e1 e2 ep−1 ep Bp Bp

D`,p
` (Ib, Ia, εi)

0 ≤ i ≤ p− 1
1 ≤ p < `

e1 ep u
θ

u
θ

��
u
θ

@@ u
θ

D`
e1 ep u u�� u

@@ u Dp Dp

Dp,`
` (Ia, Ib, εi)

0 ≤ i ≤ p− 1
0 ≤ p < `

e1 ep u
σ

u
σ

��
u
σ

@@ u
σ

Bp e1 e2 ep−1 ep Bp Bp

D`,4p
2` (IIIa, Ia)

(1 ≤ 2p ≤ `− 1)
u
σ

e1 u
σ

ep u u
θ

u u
θ

u
θ

��
u
θ

@@ u C` e1 e2 e2p u u u` C2p C2p

D2p,`
2` (Ia, IIIa)

(1 ≤ 2p ≤ 2`− 1)
u
θ

e1 u
θ

ep u u
σ

u u
σ

u
σ

��
u
σ

@@ u B2p u1 e2 u e u ep p · A1 p · A1

D`,`
2` (IIIa, εp)

(1 ≤ 2p ≤ `− 1)
u e1 u e u e`−1��

e`
@@ u C` e1 e2 e`−1 e` C` C`
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Table 4.2 – Continued

D`,4p
2`+1(IIIb, Ia)

(1 ≤ 2p ≤ `)
u
σ

e1 u
σ

e2p u u
θ

u��
@@

u
θ

u
θ

θ∗

�

]
BC` e1 e2 e2p u u u` BC2p BC2p

D2p,`
2`+1(Ia, IIIb)

(1 ≤ 2p ≤ 2`)
u
θ

e1 u
θ

ep u u
σ

u��
@@

u
σ

u
σ

σ∗

�

]
B2p u1 e2 u e u ep p · A1 p · A1

D`,`
2`+1(IIIb, εp)

(1 ≤ 2p ≤ `)
u e1 u e u�� e`

@@ eσ∗&θ∗

�

] BC` e1 e2 e`−1 e` BC` BC`

D2`,4`
4` (IIIa, Ib, ε0)

u
σ

e1 u
σ

e u
σ

e2`−1��
e2`

@@ u
σ

C2` e1 e2 e2`−1 e2` C2` C2`

D2`,`
2` (Ib, IIIa, ε0)

u
θ

e1 u
θ

e u
θ

e`−1��
e`

@@ u
θ

D2` u e1 u e u e`−1��
e`

@@ u ` · A1 ` · A1
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Table 4.2 – Continued

D2`,2`
4` (IIIa, ε`) u e1 u e u e2`−1��

e2`
@@ u C2` e1 e2 e2`−1 e2` C2` C2`

D`,2`
2` (IIIa, Ib, ε`)

u
σ

e1 u
σ

e u
σ

e`−1��
e`

@@ u
σ

C` e1 e2 e`−1 e` C` C`

D2`,`
2` (Ib, IIIa, ε`)

u
θ

e1 u
θ

e u
θ

e`−1��
e`

@@ u
θ

D2` u e1 u e u e`−1��
e`

@@ u ` · A1 ` · A1

D2`,2`
2` (Ib, ε`) e1 e2 e2`−3 e2`−2��

e2`−1

@@ e2` D2` e1 e2 e2`−3 e2`−2��
e2`−1

@@ e2` D2` D2`

D`,2`+1
2`+1 (IIIb, Ib) u

σ
e1 u

σ
e u

σ

��
e`

@@ eθ∗�
] BC` e1 e2 e`−1 e` BC` BC`

D2`+1,`
2`+1 (Ib, IIIb) u

θ
e1 u

θ
e u

θ

��
e`

@@ eσ∗

�

] D2`+1 u
θ

e1 u
θ

e u
θ

��
e`

@@ eσ∗

�

] ` · A1 ` · A1
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Table 4.2 – Continued

D2`+1,2`+1
2`+1 (Ib, ε`)

e1 e2 e2`−2 e2`−1��
e2`

@@ e2`+1
D2l+1 e1 e2 e2`−2 e2`−1��

e2`
@@ e2`+1

D2`+1 D2`+1

Dp,p
` (Ia, εp)

e1 ep u u�� u
@@ u Bp e1 e2 ep−1 ep Bp Bp

E6,4
6 (I, II, ε0) e e e2

e1
e3 e4

σ∗
6 66 6

E6 e e e2
e1

e3 e4
σ∗

6 66 6

D4 D4

E4,6
6 (II, I, ε0) e e e2

e1
e3 e4

θ∗
6 66 6

F4
e1 e2 e3 e4 F4 F4

E6,2
6 (I, IV) e1 u

θ
u
θ

u
θ u

θ
e2 E6 e1 u u

u
u e2 ∅ id
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Table 4.2 – Continued

E2,6
6 (IV, I) e1 u

σ
u
σ

u
σ u

σ
e2 A2

e1 e2 A2 A1

E4,2
6 (II, IV) e1 u

θ
u
θ

u
θ u

θ
e

θ∗
6 66 6

F4
u u u e1 A1 A1

E2,4
6 (IV, II) e1 u

σ
u
σ

u
σ u

σ
e

σ∗
6 66 6

A2
e e

σ∗6 6
A1 A1

E6,4
6 (I, II, ε1) e e e2

e1
e3 e4

σ∗
6 66 6

E6 e e e2
e1

e3 e4
σ∗

6 66 6

D4 D4

E4,6
6 (II, I, ε1) e e e2

e1
e3 e4

θ∗
6 66 6

F4
e1 e2 e3 e4 F4 F4
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Table 4.2 – Continued

E6,6
6 (I, εi) e1 e3 e4

e2
e5 e6 E6 e1 e3 e4

e2
e5 e6 E6 D4

E6,2
6 (I, III) e u

θ
u
θ

e1
u
θ

e2
σ∗

6 66 6

E6
e1 u u

u
u e

σ∗
6 66 6

2 · A1 2 · A1

E2,6
6 (III, I) e u

σ
u
σ

e1
u
σ

e2
θ∗

6 66 6

BC2
e1 e2 BC2 BC2

E4,2
6 (II, III, ε0) e u

θ
u
e1
θ

u
θ

e2
θ∗&σ∗

6 66 6

F4
e1 u u e2 2 · A1 2 · A1

E2,4
6 (III, II, ε0) e u

σ
u
e1
σ

u
σ

e2
σ∗&θ∗

6 66 6

BC2
e1 e2 BC2 BC2
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Table 4.2 – Continued

E2,2
6 (III, εi) e u u

e1
u e2

σ∗&θ∗
6 66 6

BC2
e1 e2 BC2 BC2

E4,2
6 (II, III, ε1) e u

θ
u
e1
θ

u
θ

e2
θ∗&σ∗

6 66 6

F4
e1 u u e2 C2 C2

E2,4
6 (III, II, εi) e u

σ
u
e1
σ

u
σ

e2
σ∗&θ∗

6 66 6

BC2
e1 e2 B2 B2

E4,4
6 (II, εi) e e e2

e1
e3 e4

σ∗&θ∗
6 66 6

F4
e1 e2 e3 e4 F4 F4
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Table 4.2 – Continued

E2,2
6 (III, IV) e1 u u

u
θ u e
θ∗

6 66 6

BC2
u e1 A1 A1

E2,2
6 (IV, III) e1 u u

u
σ u e
σ∗

6 66 6

A2
e e

σ∗6 6
A1 A1

E2,2
6 (IV, ε1) e1 u u

u
u e2 A2

e1 e2 A2 A1

E7,4
7 (V,VI, ε0) e1 e2 e3

u
θ u

θ
e4 u

θ

E7 e1 e2 e3
u

u e4 u F4 F4

E4,7
7 (VI,V, ε0) e1 e2 e3

u
σ u

σ
e4 u

σ

F4
e1 e2 e3 e4 F4 F4

E7,3
7 (V,VII) e1 u

θ
u
θ

u
θ u

θ
e2 e3 E7 e1 u u

u
u e2 e3 C3 C3
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Table 4.2 – Continued

E3,7
7 (VII,V) e1 u

σ
u
σ

u
σ u

σ
e2 e3 C3

e3 e2 e1 C3 C3

E4,3
7 (VI,VII, ε1) e1 u

θ
u
θ

u
u e2 u

σ

F4
e1 u u e2 C2 C2

E3,4
7 (VII,VI, ε1) e1 u

σ
u
σ

u
u e2 u

θ

C3
e1 e2 u C2 C2

E7,4
7 (V,VI, ε1) e1 e2 e3

u
θ u

θ
e4 u

θ

E7 e1 e2 e3
u

u e4 u F4 F4

E4,4
7 (VI, εi)i =

1, 4 e1 e2 e3
u

u e4 u F4
e1 e2 e3 e4 F4 F4

E4,7
7 (VI,V, ε1) e1 e2 e3

u
σ u

σ
e4 u

σ

F4
e1 e2 e3 e4 F4 F4

E7,7
7 (V, εi), i =

1, 2, 7 e1 e3 e4
e2

e5 e6 e7 E7 e1 e3 e4
e2

e5 e6 e7 E7 E7
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Table 4.2 – Continued

E7,3
7 (V,VII, ε1) e1 u

θ
u
θ

u
θ u

θ
e2 e3 E7 e1 u u

u
u e2 e3 C3 C3

E3,7
7 (VII,V, ε1) e1 u

σ
u
σ

u
σ u

σ
e2 e3 C3

e3 e2 e1 C3 C3

E3,4
7 (VII,VI) e1 u

σ
u
σ

u
u e2 u

θ

C3
e1 e2 u C2 C2

E4,3
7 (VI,VII) e1 u

θ
u
θ

u
u e2 u

σ

F4 C2 C2 C2

E3,3
7 (VII, ε3) e1 u u

u
u e2 e3 C3

e3 e2 e1 C3 C3

E8,4
8 (VIII, IX, ε0) e4 u

θ
u
θ

u
θ u

θ
e3 e2 e1 E8 e4 u u

u
u e3 e2 e1 D4 D4

E4,8
8 (IX,VIII, ε0) e4 u

σ
u
σ

u
σ u

σ
e3 e2 e1 F4

e1 e2 e3 e4 F4 F4
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Table 4.2 – Continued

E4,4
8 (IX, εi), i =

1, 4
e4 u u

u
u e3 e2 e1 F4

e1 e2 e3 e4 F4 F4

E8,4
8 (VIII, IX, ε1) e4 u

θ
u
θ

u
θ u

θ
e3 e2 e1 E8 e4 u u

u
u e3 e2 e1 D4 D4

E4,8
8 (IX,VIII, ε1) e4 u

σ
u
σ

u
σ u

σ
e3 e2 e1 F4

e1 e2 e3 e4 F4 F4

E8,8
8 (VIII, ε8) e1 e3 e4

e2
e5 e6 e7 e8 E8 e1 e3 e4

e2
e5 e6 e7 e8 E8 E8

F 4,1
4 (I, II) u

θ
u
θ

u
θ

e1 F4
u u u e1 A1 A1

F 1,4
4 (II, I) u

σ
u
σ

u
σ

e1 BC1
e BC1 A1

F 4,4
4 (I, εi), i =

1, 4
e1 e2 e3 e4 F4

e1 e2 e3 e4 F4 F4
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Table 4.2 – Continued

G2,2
2 (I, ε1) e1 e2 G2

e1 e2 G2 G2
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Chapter 5

On Maximal R-split tori

5.1 Associated Pairs

With the h-conjugacy classes of the (θ, σ)-stable maximal quasi R-split tori determined we

can now discuss the requirements to determine the hR-conjugacy classes of (θ, σ)-stable

maximal R-split tori. In between, we will find the h-conjugacy classes of (θ, σ)-stable

maximal quasi R-split tori which are h-conjugate to a maximal R-split torus. One tool

we will use in this investigation is the associated pair. We consider the commuting

involutions (θ, σ) and the associated pair is (θ, σθ). Recall, σθ = θσ.

The following diagram from [10] and [17] helps to explain the relationship between

associated pairs and original pairs.

(g, h)
(θ, σ)

← associated → (g, ha)
(θ, σθ)

← dual → (gad, hd)
(σθ, θ)

↑ ↑
dual associated
↓ ↓

(gd, hd)
(σ, θ)

← associated → (gd, ha)
(σ, σθ)

← dual → (gad, h)
(σθ, σ)

Figure 5.1: Associated and Dual Pairs
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So for each of the 171 pairs, we will find the associate pair. The reason behind using

the associate pair is based on the fact that we need to retain the ”R-splitness”. In the

quasi R-split classification, the ”flipping” pieces need not flip the torus into an R-split

piece. The associated pair (θ, σθ) can give us information about the maximal θ-split

(R-split) torus in the fixed point group of σ. We can consider the projection to the

(-1)-eigenspaces of θ, σ, and σθ. We always require θ-split.

Previously we looked at the action of σ on Φθ to determine the σ-split portion inside

the θ-split torus. Similarly, we can look at the action of σθ on Φθ to find the σθ-split

portion inside the θ-split torus. It is important to note that the torus from the associated

pair is different than that of the original pair.

We will call the maximal R-split torus for (θ, σ), a (as usual), and the maximal R-

split torus for (θ, σθ), s. So s−σθ is maximal σθ-split. However, we know that the torus is

already θ-split which implies that s−σθ maximal σθ-split is equivalent to s+
σ is a maximal

in the fixed point group.

Essentially we have just built a structure where we known the top (maximal σ-split

inside a θ-split) and the bottom (maximal σ-fixed portion inside a θ-split). Once we know

the rank of the ”top” torus and the ”bottom” torus, we know the how many levels live in

between. We will do the same analysis as we did for the original pair on the associated

pair. We can gather information on the distance and the levels between the top and the

bottom tori by considering the rank.

Lemma 5.1.1 ( [10, Lemma 9.18]) Let a and s be as above. Call the singular rank

the difference in rank of the (θ, σ)-stable maximal (σ,R)-split torus and the (θ, σ)-stable

maximal (R)-split , σ-fixed torus Then we have the following.

singular rank= dim(a−σ ) + dim(s−σθ)− dim(a)
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Essentially the rank is determined by restricting to the dim(a) and finding how large

both the (+1) and (-1)-eigenspaces of σ are in a. This way everything stays R-split (ie.

θ-split). Last, we are working off of the fact that commuting involutions are in a 1-1

correspondence with real semisimple spaces.

5.2 Standard Tori and (θ, σ)-singular Involutions

The same process used for the quasi R-split tori can be used for the R-split tori. Recall,

A
(θ,σ)
k is the set of all (θ, σ)-stable maximal k-split tori. Similar to Chapter 3 any a1 ∈

A
(θ,σ)
k can be put into standard position with either a or s (the maximal σ-split and

σ-fixed tori) and we can discuss ai-standard involutions in W (a). As with σ-singular

involutions we have corresponding theory in the R-split case. Here we will finally talk

about (θ, σ)-singular involutions.

Definition 5.2.1 Let a ∈ A
(θ,σ)
k and w ∈ W (a). Then w is (θ, σ)-singular if

1. w2

2. σw = wσ

3. the involutions σ|[gw, gw] and σθ|[gw, gw] are k-split.

A root α ∈ Φ(a) is called (θ, σ)-singular if the reflection sα ∈ W (a) is (θ, σ)-singular.

Proposition 5.2.2 ( [10, Proposition 8.9]) Let a ∈ A
(θ,σ)
k with a−σ maximal. Then

there is a one to one correspondence between the h+
k -conjugacy classes of A

(θ,σ)
k and the

W (a, h+
k )-conjugacy classes of (θ, σ)-singular roots of W (a)

In order to classify the h+
R conjugacy classes of tori, we need once again only consider

the conjugacy classes of roots in the Weyl group. However, the classification is quite
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difficult compared to the quasi R-split case. First, we need to consider the conjugacy

in W (a, h+
R) which means we must determine W (a, h+

R) from Φ(a, h+
R). Second, we must

actually find the (θ, σ)-singular roots. Luckily, we have simplified the process a bit

because of the quasi R-split case. Recall the σ-singular involutions. These involutions

satisfied many of the qualifications for (θ, σ)-singular roots except one:

σθ|[gw, gw] is R-split

We will have to consider this case in particular. But in the search for (θ, σ)-singular

roots we can already restrict to Φ(a, a−σ ) because each root must also be a σ-singular

roots and we have already showed all σ-singular roots are contained in Φ(a, a−σ ).

As stated previously, the (θ, σ)-singular involutions are elements in the Weyl group of

W (a) where a is an (θ, σ)-stable maximal (θ, σ)-split torus. Based on the requirements

all potential (θ, σ)-singular roots, α (sα is a (θ, σ)-singular involution) must be roots of

the maximal (σ,R)-split ( (θ, σ)-split ) torus and be roots of the original θ-split torus.

We call the root system of a maximal θ-split torus Φθ. Using the diagrams discussed

in Chapter 2, we can determine the type of Φθ and consider the action of σ on the

root system. This step will determine the dimension of the maximal σ-split torus in the

maximal θ-split or R-split torus. In the Appendix A, we represent this step in the box

σ|Φθ.

Also, we can determine the root system and type of the maximal (σ,R)-split torus.

We will call the root system Φθ,σ. We repeat this process with the pair (θ, σθ) is a similar

manner. We are interested in potential (θ, σ)-singular ((θ, σθ)-singular) roots which will

be found in Φθ ∩ Φθ,σ (Φθ ∩ Φθ,σθ).

We will begin by describing the conjugacy classes of involution in W (Φθ ∩ Φθ,σ) and

then pass to the (θ, σ)-singular involutions.
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So the W -conjugacy classes of involutions in W are determined by the type of Φ(w).

However, we want to focus on the involutions in W (Φθ∩Φ(θ,σ) and their conjugacy classes

in W . First we must find the σ-maximal involutions in Φθ ∩Φ(θ,σ)). So now with the full

classification of the σ-maximal involutions in Φθ ∩ Φ(θ,σ)), we return to our question of

(θ, σ)-singular involutions and their W (a)-conjugacy classes as discussed before. We can

use the previous process an purely focus on the maximal (θ, σ)-singular involutions. The

rank of Φ(wm) is called the singular rank and is the rank described in Lemma 5.1.1. We

will use the following lemmas from [10, Chapter 9].

Lemma 5.2.3 Let wm be a maximal (θ, σ)-singular involution in W (Φθ ∩ Φθ,σ). Ev-

ery (θ, σ)-involution in W (Φθ ∩ Φθ,σ) is conjugate under W (a, h+
R) with a (θ, σ)-singular

involutions w satisfying a−w ⊂ a−wm.

Lemma 5.2.4 Let wm be a maximal (θ, σ)-singular in W (Φθ ∩ Φ(θ,σ)) and w a (θ, σ)-

singular involution in W (Φθ ∩ Φ(θ,σ)) with a−w ⊂ a−wm. Then w · wm is a (θ, σ)-singular

involution in W (Φθ ∩ Φθ,σ).

We still need to determine which involutions are (θ, σ)-singular involutions inW (a, a−σ ).

Let s be a (θ, σ)-stable maximal R-split torus of g with s+
σ maximal which is standard

with respect to a. Then s−σ ⊂ a−σ . Let Π1 = {α ∈ Φ|σ(α) = −α}. Let ∆(s) be the basis

of Φ(s) with respect to a (−σ)-order on Φ(s). This induces an order on Π1. Let w0
Π1

be

the longest root of W (Π1) with respect to the ordering. Then w0
Π1

(Φ+(s)) = σ(Φ+(s)).

We can identify Π1 with a subset Π of Φ(a) where w0
Π1

maps to w0
Π. If w(σ) is a σ-

maximal involution of W (a, a−σ ) such that a−
w0

Π1

⊂ a−w(σ), then wm = w(σ) ·w0
Π is maximal

(θ, σ)-singular involution. So to classify these involutions we need to determine Π1 and

a list of σ-maximal involutions. Deriving the former involves employing our associate

pair of involutions. Previous we looked at the diagram of σ|Φ(a) for the restricted root
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system. In this case, we look at the diagrams of σθ|Φ(s) since s+
σ = s−σθ is maximal with

respect to σθ.

So, our first task is to determine the type of the maximal involution possible in

Φθ∩Φθ,σ. In the appendix tables, we determine the maximal involution in the intersection

of our root spaces for both the pair (θ, σ) and (θ, σθ). There are essentially four cases

that could occur.

• Case 1: There are no (θ, σ)- or no (θ, θσ)- singular roots. An empty intersection

means there are no candidates to flip a one dimensional piece from the σ-split to

the portion fixed by σ. If there are no (θ, σ)-singular roots then the singular rank

is 0, we know there is only one hR-conjugacy class of σ-stable maximal R-split tori.

• Case 2: If singular rank is r and wm is of type r ·A1, then all (θ, σ)-stable involutions

w with a−w ⊂ a−wm are (θ, σ)-singular. Therefore at each level we will achieve a torus

of proper dimension from the top of the diagram to the bottom. We consider both

Φθ ∩ Φθ,σ and Φθ ∩ Φθ,σθ. There is more work to be done to see if any of the levels

split when considered over W (a, h+
R).

• Case 3: If the singular rank is r and the wm is of type Br, Cr, Dr, Er(r = 6, 7 or

8), Fr(r = 4), or Gr(r = 2), then all involutions in the diagram are (θ, σ)-singular.

Again, we need to consider the splitting of these involutions in W (a, h+
R).

• Case 4: wm is of type r ·A1 ·X` where X` = B`, C`, D`, E`(` = 6, 7 or 8), F`(` = 4),

or G`(` = 2) and singular rank is r+ `. In order to determine the conjugacy classes

of singular involutions we must consider wm in pieces. We can determine (θ, σ)|gr·A1

from the classification of pairs in [7]. From here we can also look at the associated

pair (θ, σ), (θ, σθ)|gr·A1 . We can do a similar procedure for GX` . We cannot make
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the same claims as before if w is a (θ, σ)-singular involution and is of type r·A1+X`.

Not all the involutions of this type are not necessarily (θ, σ)-singular. However, as

discussed previous, we don’t believe that this type occurs as a maximal involutions.

5.3 W (a, h+
k )-conjugacy classes

Once we determine the (θ, σ)-singular involutions, if we consider their conjugacy classes

in W (a) then we have a classification of A
(θ,σ)
0 ((θ, σ)-stable maximal quasi k-split tori

h-conjugate to a maximal k-split torus). Once the involutions are determine, then this

classification falls out in the exact manner as the quasi R-split case. However, then we

consider these conjugacy classes over W (a, h+
R) then two involutions of the same type in

W (a, a−σ ) (which were conjugate under W (a) will not be conjugate under W (a, h+
R).

Example Consider the following case for ` = 7, p = 2, q = 4, i = 1.

Type (θ, σ) Type (θ, θσ) singular
rank

Ap,q` (IIIa, IIIa, εi)
p < q − p+ 2i ≤ 1

2
(`+ 1)

1 ≤ p < q ≤ 1
2
(`+ 1)

0 ≤ i ≤ p

Ap,q−p+2i
` (IIIa, IIIa, εp−i) p

A2,4
7 (IIIa, IIIa, ε1) A2,4

7 (IIIa, IIIa, ε1) 2

We can reference Table 4.2 and determine that Φ(a) = BC2 and Φ(a, a−σ ) = BC2.

The rank of the maximal σ-split torus is 2 and the rank of the maximal σ-fixed torus is

also 2, but the rank of the maximal R-split (ie. θ-split) torus is also 2. This says that at

the ”top” the maximal R-split torus is a σ-split torus and at the ”bottom” the torus is
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a σ-fixed torus. We need to determine what is happening with the the tori in between.

Since we go from top to bottom, we will consider the tori that are standard to a where

dim((ai)
−
σ )= 2,1, and 0.

Through direction computation on the six roots in Φ(a, a−σ ) (ie. e1±e2, e1, 2e1, e2, 2e2)

we can determine that only two roots are (θ, σ)-singular. These roots are the unique short

roots, usually denoted e1 and e2.

In W (a) these roots of type A1 are conjugate. So we can view the conjugacy classes

of (θ, σ)-singular roots in W (a) as the blackened dots in the diagram below. Recall, this

classifies the quasi R-split tori that are h-conjugacy to a maximal R-split torus.

k
{

{
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�
��

�
�
��@

@
@@

@
@
@@

Figure 5.2: A
(θ,σ)
0 /h in Example 5.3

We see there is one conjugacy class at each level. So all tori ai ∈ aθ,σ0 such that

dim((ai)
−
σ ) = 2 are conjugate. Similarly those with dimension 1 and 0. However, if we

consider the conjugacy classes of these singular involutions in W (a, h+
R) = BC1 + BC1

then e1 and e2 while both type A1 are no longer conjugate. So the one dimension piece

will split and there will two h+
R -conjugacy classes of tori where the rank of the σ-split

portion is of rank 1.
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Figure 5.3: A
(θ,σ)
R /h+

R in Example 5.3

In this small example, it was not to difficult to calculate the (θ, σ)-singular roots

or W (a, h+
R); however, that will not always be the case. Let us consider some methods

from [10] to make the calculations in general more convenient.

Definition 5.3.1 Let H be k-open subgroup of Gσ. Then we say that H is pseudo-

connected if

Hk = ZH+
k

(A)H0
k

Proposition 5.3.2 Let H be an open k-subgroup of Gσ. Then the following are equiva-

lent.

1. W (A−σ , Gσθ) ∼= W (A−σ , H
+
k )

2. Hk is pseudo-connected.

Since we are working on the Lie algebra in order to lift into the group, we need to

restrict to the case when Hk is pseudo-connected. So instead of looking at the conjugacy

classes in W (a, h+
k ) is will suffice to consider the conjugacy classes in W (a, gσθ).

Proposition 5.3.3 Let w1, w2 be (θ, σ)-singular involutions. Then w1 and w2 are con-

jugate under W (a, h+
k ) if and only if w1 and w2 are conjugate under W (a−σ , h

+
k ).
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Corollary 5.3.4 Let w1 and w2 be (θ, σ)-singular involutions. Then the following are

equivalent.

1. w1 and w2 are conjugate under W (a, h+
k ).

2. w1 and w2 are conjugate under W (a−σ , h
+
k ).

3. w1 and w2 are conjugate under W (a, gσθ).

4. w1 and w2 are conjugate under W (a−σ , gθσ).

So now we have a further description of where the (θ, σ)-singular involutions live.

While we could previously restrict ourselves to Φ(a, a−σ ) we can now only look in Φ(a, gσθ)

or any of the equivalent spaces above. We have chosen to get more insight into Φ(a, gσθ).

To start, we must determine gσθ(R) and the roots of the maximal torus in gσθ in order

to discuss the intersection of the rootsystems. Using the information from the associated

pair, we actually have type of involution of σθ and can determine the fixed point group

when paired with the Cartan involution θ.

Table 5.1 has a complete list of gσθ for our pairs (θ, σ). We should recall that we

may have the action of a quadratic element, in which case we will still write gσθ with the

understanding that we are considering gσθ Int(ε) when applicable. Last, Φ(t) is the type of

the maximal torus in gσθ.

To complete the classification, we must determine Φ(a, gσθ) which can be done by

looking that the multiplicities of the roots and we must determine which roots, λ, have the

property that σθ|[gsλ , gsλ ] is R-split. The (θ, σ)-singular involutions have been determined

in some cases already. The following are conjectures as to how the classification will

proceed.
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Theorem 5.3.5 [7] A root λ ∈ Φ(a) is in Φ(a, gσθ) (resp. Φ(a, gσθ Int(ε)) if and only if

m+(λ, σθ) > 0 (resp. m+(λ, σθ Int(ε)) > 0).

Conjecture The (θ, σ)-singular roots in Φ(a, gσθ) are those roots where bothm+(λ, σθ) >

0 and m−(λ, σθ) < 0 (resp. m+(λ, σθ Int(ε)) > 0 and m−(λ, σθ Int(ε)) > 0).

Recall, the four cases discussed previously in the previous section. Here we summarize

them into three with extra information derived from observations so far on (θ, σ)-singular

involutions.

• Case 1: There are no (θ, σ)- or no (θ, θσ)- singular roots. We see this in the case

when Φ(a, a−σ ) is empty or when Φ(s, s−σθ) is empty. An empty intersection means

there are no candidates to flip a one dimensional piece from the σ-split to the

portion fixed by σ. Also, If there are no (θ, σ)-singular roots then the singular

rank is 0, we can conclude there is only one hk-conjugacy class of σ-stable maximal

R-split tori in g. This occurs in 18 of the 171 cases.

• Case 2: [10] If singular rank is r and Φ(a, a−σ ) or Φ(s, s−σθ) is of type r ·A1, then all

(θ, σ)-stable involutions w with a−w ⊂ a−wm are (θ, σ)-singular. We still must verify

that wm is of type r · A1 is (θ, σ)-singular. In most cases, Φ(t) will be type X` for

Br, Cr, Dr, Er(r = 6, 7, or 8), Fr(r = 4), or Gr(r = 2). Then our conjugacy classes

will not split.

• Case 3: If the singular rank is r and the Φ(a, a−σ ) or Φ(s, s−σθ) is of typeBr, Cr, Dr, Er(r =

6, 7, or 8), Fr(r = 4), or Gr(r = 2), then all involutions in the diagram are (θ, σ)-

singular if wm is of type Br, Cr, Dr, Er(r = 6, 7, or 8), Fr(r = 4), or Gr(r = 2).

Again, we need to consider the splitting of these involutions in W (a, h+
R). In fact,

in some classes Φ(t) agrees well and has the same rank; however, we also have
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Φ(t) = Xi+Xj, where X = A,B,C,BC,D or E. This will cause the roots to split.

In this case, often the singular rank is less than the maximal rank in Φ(a, a−σ ) or

Φ(s, s−σθ) which complicates matters.
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Table 5.1: Associated Pairs and Fixed Point Groups

Type (θ, σ) Type (θ, θσ) singular gθσInt(εi) Φ(t)
rank

A2`+1,`
2`+1 (I, II) A2`+1,`+1

2`+1 (I, IIIb, ε0) 0 sl(`+ 1,C) + so(2) A`

A2`−1,4`−1
4`−1 (II, I) A2`−1,2`

4`−1 (II, IIIb, ε`) ` sl(2`,C) + so(2) A2`−1

A2`,4`+1
4`+1 (II, I) A2`,2`+1

4`+1 (II, IIIb) ` sl(2`,C + so(2) A2`

A2`−1,`
2`−1 (I, IIIb, ε0) A2`−1,`−1

2`−1 (I, II) 0 sp(`,R) C`

A2`,4`−1
4`−1 (IIIb, I, ε0) A2`,2`−1

4`−1 (IIIb, II, ε`) ` sp(2`,R) C2`

A2`+1,4`+1
4`+1 (IIIb, I, ε0) A2`+1,2`

4`+1 (IIIb, II) ` sp(2`+ 1,R) C2`+1

A2`−1,2`
4`−1 (II, IIIb, ε`) A2`−1,4`−1

4`−1 (II, I) ` so∗(4`) C`

A2`,2`+1
4`+1 (II, IIIb) A2`,4`+1

4`+1 (II, I) ` so∗(4`+ 2) BC`

A2`,2`−1
4`−1 (IIIb, II, ε`) A2`,2`−1

4`−1 (IIIb, I, ε0) ` so∗(4`) C`

A2`+1,2`
4`+1 (IIIb, II) A2`+1,4`+1

4`+1 (IIIb, I, ε0) ` so∗(4`+ 2) BC`

A2`−1,`
2`−1 (I, IIIb, ε`) A2`−1

2`−1(I, ε`) ` so(`, `) B`

A`,2`−1
2`−1 (IIIb , I, ε`) A`,2`−1

2`−1 (IIIb , I, ε`) ` so(`, `) B`

A2`−1,2`−1
2`−1 (I, ε`) A2`−1,`

2`−1 (I, IIIb, ε`) ` sl(`,R) + sl(`,R) + R A`−1 +
A`−1 + R

A2`−1,2`
4`−1 (II, IIIb, ε0) A2`−1

4`−1(II, ε`) ` sp(`, `) C`
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Table 5.1 – Continued

A2`,2`−1
4`−1 (IIIb, II, ε0) A2`,2`−1

4`−1 (IIIb , II, ε0) 0 sp(`, `) C`

A2`−1
4`−1(II, ε`) A2`−1,2`

4`−1 (II, IIIb , ε0) ` su∗(2`) + su∗(2`) + R A`−1 +
A`−1 + R

A`,p` (I, IIIa)
1 ≤ 2p ≤ `

A`,`` (I, εp) p so(`+ 1− p, p) Bp

Ap,`` (IIIa, I)
1 ≤ 2p ≤ `

Ap,`` (IIIa, I) p so(p, `− p+ 1) Bp

A``(I, εp)
1 ≤ 2p ≤ `

A`,p` (I, IIIa) p
sl(p,R) + sl(`− p+

1,R) + R
Ap−1 +
A`−p + R

A2p,2`−1
4`−1 (IIIa, II)

1 ≤ 4p ≤ 4`
A2p,2`−1

4`−1 (IIIa, II) 0 sp(2`− p, p) BCp

A2p,2`
4`+1(IIIa, II)

1 ≤ 4p ≤ 4`
A2p,2`

4`+1(IIIa, II) 0 sp(2`− p+ 1, p) BCp

A2`−1,2p
4`−1 (II, IIIa)

1 ≤ 4p ≤ 4`+ 2
A2`−1,2`−1

4`−1 (II, εp) p sp(2`− p, p) BCp

A2`,2p
4`+1(II, IIIa)

1 ≤ 4p ≤ 4`+ 2
A2`,2`

4`+1(II, εp) p sp(2`+ 1− p, p) BCp

A`,`2`+1(II, εp)
1 ≤ 2p ≤ `+ 1

A`,2p2`+1(II, IIIa) p
su∗(2p) + su∗(2`+ 1−

2p) + R Ap + A`−p

A`,`2`−1(IIIb, ε`) A`,`2`−1(IIIb, ε`) ` sl(`,C) + R A`−1 + R
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Table 5.1 – Continued

Ap,p` (IIIa, εp)
p < `+ 1− 2p

Ap,`+1−2p
` (IIIa, εp) p su(`+1−2p, 0)+su(p, p) BCp

A`,p2`−1(IIIb, IIIa, εi)
`− p+ 2i ≤ p
1 ≤ p < `
0 ≤ i ≤ p− 1

A`,`−p+2i
2`−1 (IIIb, IIIa, εi) 2i

su(i, `− p+ i) + su(`−
i, p− i) + so(2)

BCi +
BCp−i

A`,p2`−1(IIIb, IIIa, εi)
p < `− p+ 2i ≤ `
1 ≤ p < `
0 ≤ i ≤ p− 1

A`,`−p+2i
2`−1 (IIIb, IIIa, ε`−p+i) 2i

su(`− p+ i, i) + su(p−
i, `− i) + so(2)

BCi +
BCp−i

A`,p2`−1(IIIb, IIIa, εi)
p ≤ `+ p− 2i < `
1 ≤ p < `
0 ≤ i ≤ p− 1

A`,`+p−2i
2`−1 (IIIb, IIIa, ε`−i) 2p− 2i

su(i, `− p+ i) + su(`−
i, p− i) + so(2)

BCi +
BCp−i

A`,p2`−1(IIIb, IIIa, εi)
`+ p− 2i < p
1 ≤ p < `
0 ≤ i ≤ p− 1

A`,`−p+2i
2`−1 (IIIb, IIIa, ε`−i) 2p− 2i

su(i, `− p+ i) + su(`−
i, p− i) + so(2)

BCi +
BCp−i

Ap,`2`−1(IIIa, IIIb, εi)
`− p+ 2i ≤ p
1 ≤ p < `
0 ≤ i ≤ p− 1

Ap,`−p+2i
2`−1 (IIIb, IIIa, ε`−p+i) `− p+ 2i

su(i, `− p+ i) + su(`−
i, p− i) + so(2)

BCi +
BCp−i
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Table 5.1 – Continued

Ap,`2`−1(IIIa, IIIb, εi)
p < `− p+ 2i ≤ `
1 ≤ p < `
0 ≤ i ≤ p− 1

Ap,`−p+2i
2`−1 (IIIb, IIIa, εp−i) p

su(i, `− p+ i) + su(`−
i, p− i) + so(2)

BCi +
BCp−i

Ap,`2`−1(IIIa, IIIb, εi)
p ≤ `+ p− 2i < `
1 ≤ p < `
0 ≤ i ≤ p− 1

Ap,`+p−2i
2`−1 (IIIb, IIIa, εi) p

su(i, `− p+ i) + su(`−
i, p− i) + so(2)

BCi +
BCp−i

Ap,`2`−1(IIIa, IIIb, εi)
`+ p− 2i < p
1 ≤ p < `
0 ≤ i ≤ p− 1

Ap,`+p−2i
2`−1 (IIIb, IIIa, ε`−i) `+ p− 2i

su(i, `− p+ i) + su(`−
i, p− i) + so(2)

BCi +
BCp−i

Aq,p` (IIIa, IIIa, εi)
q − p+ 2i ≤ p < q
1 ≤ p < q ≤ 1

2
(`+ 1)

0 ≤ i ≤ p

Aq,q−p+2i
` (IIIa, IIIa, εi) 2i

su(`+ 1− q− i, p− i) +
su(q − p+ i, i) + so(2)

BCi +
BCp−i

Aq,p` (IIIa, IIIa, εi)
p < q < q − p+ 2i ≤ 1

2
(`+ 1)

1 ≤ p < q ≤ 1
2
(`+ 1)

0 ≤ i ≤ p

Aq,q−p+2i
` (IIIa, IIIa, εp−i) p

su(`+ 1− q− i, p− i) +
su(q − p+ i, i) + so(2)

BCi +
BCp−i
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Table 5.1 – Continued

Aq,p` (IIIa, IIIa, εi)
q ≤ `+ 1− q + p− 2i
`+ 1− q + p− 2i < 1

2
(`+ 1)

1 ≤ p < q ≤ 1
2
(`+ 1)

0 ≤ i ≤ p

Aq,`+1−q+p−2i
` (IIIa, IIIa, εq−p+i) p

su(`+ 1− q− i, p− i) +
su(q − p+ i, i) + so(2)

BCi +
BCp−i

Aq,p` (IIIa, IIIa, εi)
p ≤ `+ 1− q + p− 2i < q
1 ≤ p < q ≤ 1

2
(`+ 1)

0 ≤ i ≤ p

Aq,`+1−q+p−2i
` (IIIa, IIIa, ε`+1−q−i)̀ + 1− 2q + 2p− 2i

su(`+ 1− q− i, p− i) +
su(q − p+ i, i) + so(2)

BCi +
BCp−i

Aq,p` (IIIa, IIIa, εi)
`+ 1− q + p− 2i < q
1 ≤ p < q ≤ 1

2
(`+ 1)

0 ≤ i ≤ p

Aq,`+1−q+p−2i
` (IIIa, IIIa, ε`−q−i) `+ 1− 2q + 2p− 2i

su(`+ 1− q− i, p− i) +
su(q − p+ i, i) + so(2)

BCi +
BCp−i

Ap,q` (IIIa, IIIa, εi)
q − p+ 2i ≤ p
1 ≤ p < q ≤ 1

2
(`+ 1)

0 ≤ i ≤ p

Ap,q−p+2i
` (IIIa, IIIa, εq−p+i) 2i

su(`+ 1− q− i, p− i) +
su(q − p+ i, i) + so(2)

BCi +
BCp−i

Ap,q` (IIIa, IIIa, εi)
p < q − p+ 2i ≤ 1

2
(`+ 1)

1 ≤ p < q ≤ 1
2
(`+ 1)

0 ≤ i ≤ p

Ap,q−p+2i
` (IIIa, IIIa, εp−i) p

su(`+ 1− q− i, p− i) +
su(q − p+ i, i) + so(2)

BCi +
BCp−i
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Table 5.1 – Continued

Ap,q` (IIIa, IIIa, εi)
p < q ≤ `+ 1− q + p− 2i
`+ 1− q + p− 2i < 1

2
(`+ 1)

1 ≤ p < q ≤ 1
2
(`+ 1)

0 ≤ i ≤ p

Ap,`+1−q+p−2i
` (IIIa, IIIa, εi) p

su(`+ 1− q− i, p− i) +
su(q − p+ i, i) + so(2)

BCi +
BCp−i

Ap,q` (IIIa, IIIa, εi)
p ≤ `+ 1− q + p− 2i < q
1 ≤ p < q ≤ 1

2
(`+ 1)

0 ≤ i ≤ p

Ap,`+1−q+p−2i
` (IIIa, IIIa, εi) p

su(`+ 1− q− i, p− i) +
su(q − p+ i, i) + so(2)

BCi +
BCp−i

Ap,q` (IIIa, IIIa, εi)
`+ 1− q + p− 2i < p < q
1 ≤ p < q ≤ 1

2
(`+ 1)

0 ≤ i ≤ p

Ap,`+1−q+p−2i
` (IIIa, IIIa, ε`+1−q−i)̀ + 1− 2q + 2p− 2i

su(`+ 1− q− i, p− i) +
su(q − p+ i, i) + so(2)

BCi +
BCp−i

Bp,p
` (Ia, εi)

p < `− p+ 2i
1 ≤ p < `

(0 ≤ i ≤ p)

Bp,p
` (Ia, εi) p

so(p, p) + so(2`+ 1−
p− i, 0)

Bp

Bq,p
` (Ia, Ia, εi)

q − p+ 2i ≤ p < q
1 ≤ p < q ≤ `
0 ≤ i ≤ p

Bq,q−p+2i
` (Ia, Ia, εi) 2i

so(q − p+ i, i) +
so(2`+ 1− q − i, p− i) Bi +Bp−i
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Table 5.1 – Continued

Bq,p
` (Ia, Ia, εi)

q < q − p+ 2i ≤ `
1 ≤ p < q ≤ `
0 ≤ i ≤ p

Bq,q−p+2i
` (Ia, Ia, εp−i) p

so(q − p+ i, i) +
so(2`+ 1− q − i, p− i) Bi +Bp−i

Bq,p
` (Ia, Ia, εi)

q ≤ 2`+ 1− q + p− 2i < `
1 ≤ p < q ≤ `
0 ≤ i ≤ p

Bq,2`+1−q+p−2i
` (Ia, Ia, εq−p+i) p

so(q − p+ i) + so(2`+
1− q − i, p− i) Bi +Bp−i

Bq,p
` (Ia, Ia, εi)

p ≤ 2`+ 1− q + p− 2i < q
1 ≤ p < q ≤ `
0 ≤ i ≤ p

Bq,2`+1−q+p−2i
` (Ia, Ia, ε2`+1−q−i) 2`+ 1− 2q + 2p− 2i

so(q − p+ i, i) +
so(2`+ 1− q − i, p− i) Bi +Bp−i

Bq,p
` (Ia, Ia, εi)

2`+ 1− q + p− 2i < p < q
1 ≤ p < q ≤ `
0 ≤ i ≤ p

Bq,2`+1−q+p−2i
` (Ia, Ia, ε2`+1−q−i) 2`+ 1− 2q + 2p− 2i

so(q − p+ i, i) +
so(2`+ 1− q − i, p− i) Bi +Bp−i

Bp,q
` (Ia, Ia, εi)

q − p+ 2i ≤ p < q
1 ≤ p < q ≤ `
0 ≤ i ≤ p

Bp,q−p+2i
` (Ia, Ia, εq−p+i) q − p+ 2i

so(q − p+ i, i) +
so(2`+ 1− q − i, p− i) Bi +Bp−i
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Table 5.1 – Continued

Bp,q
` (Ia, Ia, εi)

p < q < q − p+ 2i ≤ `
1 ≤ p < q ≤ `
0 ≤ i ≤ p

Bq,q−p+2i
` (Ia, Ia, εp−i) p

so(q − p+ i, i) +
so(2`+ 1− q − i, p− i) Bi +Bp−i

Bp,q
` (Ia, Ia, εi)

p < q ≤ 2`+ 1− q + p− 2i < `
1 ≤ p < q ≤ `
0 ≤ i ≤ p

Bp,2`+1−q+p−2i
` (Ia, Ia, εi) p

so(q − p+ i, i) +
so(2`+ 1− q − i, p− i) Bi +Bp−i

Bp,q
` (Ia, Ia, εi)

p ≤ 2`+ 1− q + p− 2i < q
1 ≤ p < q ≤ `
0 ≤ i ≤ p

Bp,2`+1−q+p−2i
` (Ia, Ia, εi) p

so(q − p+ i, i) +
so(2`+ 1− q − i, p− i) Bi +Bp−i

Bp,q
` (Ia, Ia, εi)

2`+ 1− q + p− 2i < p < q
1 ≤ p < q ≤ `
0 ≤ i ≤ p

Bq,2`+1−q+p−2i
` (Ia, Ia, ε2`−q−i) 2`+ 1− q + p− 2i

so(q − p+ i, i) +
so(2`+ 1− q − i, p− i) Bi +Bp−i

C`,p
` (I, IIa)

(2p ≤ `)
C`,`
` (I, εp) p su(`− p, p) + so(2) BCp

Cp,`
` (IIa, I)

(2p ≤ `)
Cp,`
` (IIa, I) p su(`− p, p) BCp

C`,`
` (I, εp)

(2p ≤ `)
C`,p
` (I, IIa) p sp(p,R) + sp(`− p,R) Cp + C`−p
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Table 5.1 – Continued

C2`,`
2` (I, IIb, ε0) C2`,`

2` (I, IIb, ε0) 0 sp(`,C) C`

C`,2`
2` (IIb, I, ε0) C`

2`(IIb, ε`) ` sp(`,C) C`

C`,`
2` (IIb, ε`) C`,2`

2` (IIb, I, ε0) ` su∗(2`) + R A`−1 + R

C2`,`
2` (I, IIb, ε`) C2`,2`

2` (I, ε`) ` su(`, `) + so(2) C`

C`,2`
2` (IIb, I, ε`) C`,2`

2` (IIb, I, ε`) ` su(`, `) + so(2) C`

C2`,2`
2` (I, ε`) C2`,2`

2` (I, ε`) ` sp(`,R) + sp(`,R) C` + C`

Cp,p
` (IIa, εp) Cp,`+1−2p

` (IIa, εp) p sp(`− 2p, 0) + sp(p, p) BCp

Cq,p
` (IIa, IIa, εi)

q − p+ 2i ≤ p
1 ≤ p < q ≤ 1

2
`

(0 ≤ i ≤ p)

Cq,q−p+2i
` (IIa , IIa, εi) 2i

sp(`− q − i, p− i) +
sp(q − p+ i)

BCi +
BCp−i

Cq,p
` (IIa, IIa, εi)

p < q < q − p+ 2i ≤ 1
2
`

1 ≤ p < q ≤ 1
2
`

(0 ≤ i ≤ p)

Cq,q−p+2i
` (IIa, IIa, εp−i) p

sp(`− q − i, p− i) +
sp(q − p+ i)

BCi +
BCp−i

Cq,p
` (IIa, IIa, εi)

q ≤ l − q + p− 2i < 1
2
`

(0 ≤ i ≤ p)
Cq,`−q+p−2i
` (IIa, IIa, εq−p+i) p

sp(`− q − i, p− i) +
sp(q − p+ i)

BCi +
BCp−i
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Table 5.1 – Continued

Cq,p
` (IIa, IIa, εi)

p ≤ `q + p− 2i < q
1 ≤ p < q ≤ 1

2
`

(0 ≤ i ≤ p)

Cq,`−q+p−2i
` (IIa, IIa, ε`−q−i) `− 2q + 2p− 2i

sp(`− q − i, p− i) +
sp(q − p+ i)

BCi +
BCp−i

Cq,p
` (IIa, IIa, εi)

q − p+ 2i ≤ p
1 ≤ p < q ≤ 1

2
`

(0 ≤ i ≤ p)

Cq,`−q+p−2i
` (IIa, IIa, ε`−q−i) `− 2q + 2p− 2i

sp(`− q − i, p− i) +
sp(q − p+ i)

BCi +
BCp−i

Cp,q
` (IIa, IIa, εi)
q − p+ 2i ≤ p
1 ≤ p < q ≤ 1

2
`

(0 ≤ i ≤ p)

Cp,q−p+2i
` (IIa , IIa, εq−p+i) q − p+ 2i

sp(q − p+ i, i) + sp(`−
i, p− i)

BCi +
BCp−i

Cp,q
` (IIa, IIa, εi)

p < q − p+ 2i ≤ 1
2
`

1 ≤ p < q ≤ 1
2
`

(0 ≤ i ≤ p)

Cp,q−p+2i
` (IIa , IIa, εp−i) p

sp(q − p+ i, i) + sp(`−
i, p− i)

BCi +
BCp−i

Cp,q
` (IIa, IIa, εi)

q ≤ `− q + p− 2i < 1
2
`

1 ≤ p < q ≤ 1
2
`

(0 ≤ i ≤ p)

Cp,`−q+p−2i
` (IIa, IIa, εi) p

sp(q − p+ i, i) + sp(`−
i, p− i)

BCi +
BCp−i
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Table 5.1 – Continued

Cp,q
` (IIa, IIa, εi)

p ≤ `− q + p− 2i < q
1 ≤ p < q ≤ 1

2
`

(0 ≤ i ≤ p)

Cp,`−q+p−2i
` (IIa, IIa, εi) p

sp(q − p+ i, i) + sp(`−
i, p− i)

BCi +
BCp−i

Cp,q
` (IIa, IIa, εi)

`− q + p− 2i < p
1 ≤ p < q ≤ 1

2
`

(0 ≤ i ≤ p)

Cp,`−q+p−2i
` (IIa, IIa, ε`−q−i) `− q + p− 2i

sp(q − p+ i, i) + sp(`−
i, p− i)

BCi +
BCp−i

C`,p
2` (IIb, IIa, εi)
`− p+ 2i ≤ p
0 ≤ i ≤ p− 1

1 ≤ p ≤ `

C`,`−p+2i
2` (IIb, IIa, εi) 2i

sp(`− p+ i, i) + sp(`−
i, p− i)

BCi +
BCp−i

C`,p
2` (IIb, IIa, εi)

p < `− p+ 2i ≤ `
0 ≤ i ≤ p− 1

1 ≤ p ≤ `

C`,`−p+2i
2` (IIb, IIa, εp−i) 2i

sp(`− p+ i, i) + sp(`−
i, p− i)

BCi +
BCp−i

C`,p
2` (IIb, IIa, εi)

p ≤ l + p− 2i < l
0 ≤ i ≤ p− 1

1 ≤ p ≤ `

C`,`+p−2i
2` (IIb, IIa, ε`−i) 2p− 2i

sp(`− p+ i, i) + sp(`−
i, p− i)

BCi +
BCp−i
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Table 5.1 – Continued

C`,p
2` (IIb, IIa, εi)
`+ p− 2i < p
0 ≤ i ≤ p− 1

1 ≤ p ≤ `

C`,`+p−2i
2` (IIb, IIa, ε`−i) 2p− 2i

sp(`− p+ i, i) + sp(`−
i, p− i)

BCi +
BCp−i

Cp,`
2` (IIa, IIb, εi)
`− p+ 2i ≤ p
0 ≤ i ≤ p− 1

1 ≤ p ≤ `

Cp,`−p+2i
2` (IIa, IIa, ε`−p+i) `− p+ 2i

sp(`− p+ i, i) + sp(`−
i, p− i)

BCi +
BCp−i

Cp,`
2` (IIa, IIb, εi)

p < `− p+ 2i ≤ `
0 ≤ i ≤ p− 1

1 ≤ p ≤ `

Cp,`−p+2i
2` (IIa, IIa, εp−i) p

sp(`− p+ i, i) + sp(`−
i, p− i)

BCi +
BCp−i

Cp,`
2` (IIa, IIb, εi)

p ≤ `+ p− 2i < `
0 ≤ i ≤ p− 1

1 ≤ p ≤ `

Cp,`+p−2i
2` (IIa, IIa, εi) p

sp(`− p+ i, i) + sp(`−
i, p− i)

BCi +
BCp−i

Cp,`
2` (IIa, IIb, εi)
`+ p− 2i < p
0 ≤ i ≤ p− 1

1 ≤ p ≤ `

Cp,`+p−2i
2` (IIa, IIa, ε`−i) `+ p− 2i

sp(`− p+ i, i) + sp(`−
i, p− i)

BCi +
BCp−i
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Dq,p
` (Ia, Ia, εi)

q − p+ 2i ≤ p
1 ≤ p < q ≤ `− 1
(0 ≤ i ≤ p− 1)

Dq,q−p+2i
` (Ia, Ia, εi) 2i

so(q − p+ i, i) +
so(2`− q − i, p− i) Bi +Bp−i

Dq,p
` (Ia, Ia, εi)

p < q < q − p+ 2i ≤ `
1 ≤ p < q ≤ `− 1
(0 ≤ i ≤ p− 1)

Dq,q−p+2i
` (Ia, Ia, εp−i) p

so(q − p+ i, i) +
so(2`− q − i, p− i) Bi +Bp−i

Dq,p
` (Ia, Ia, εi)

p < q ≤ 2`− q + p− 2i < `
1 ≤ p < q ≤ `− 1
(0 ≤ i ≤ p− 1)

Dq,2`−q+p−2i
` (Ia, Ia, εq−p+ii) p

so(q − p+ i, i) +
so(2`− q − i, p− i) Bi +Bp−i

Dq,p
` (Ia, Ia, εi)

p ≤ 2`− q + p− 2i < q
1 ≤ p < q ≤ `− 1
(0 ≤ i ≤ p− 1)

Dq,2`−q+p−2i
` (Ia, Ia, ε2`−q−i) 2`− 2q + 2p− 2i

so(q − p+ i, i) +
so(2`− q − i, p− i) Bi +Bp−i

Dq,p
` (Ia, Ia, εi)

2`− q + p− 2i < p
1 ≤ p < q ≤ `− 1
(0 ≤ i ≤ p− 1)

Dq,2`−q+p−2i
` (Ia, Ia, ε2`−q−i) 2`− 2q + 2p− 2i

so(q − p+ i, i) +
so(2`− q − i, p− i) Bi +Bp−i
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Table 5.1 – Continued

Dp,q
` (Ia, Ia, εi)

q − p+ 2i ≤ p
1 ≤ p < q ≤ `− 1
0 ≤ i ≤ p− 1

Dq,q−p+2i
` (Ia, Ia, εq−p+i) q − p+ 2i

so(q − p+ i, i) +
so(2`− q − i, p− i) Bi +Bp−i

Dp,q
` (Ia, Ia, εi)

p < q < q − p+ 2i ≤ `
1 ≤ p < q ≤ `− 1
0 ≤ i ≤ p− 1

Dq,q−p+2i
` (Ia, Ia, εp−i) p

so(q − p+ i, i) +
so(2`− q − i, p− i) Bi +Bp−i

Dp,q
` (Ia, Ia, εi)

p < q ≤ 2`− q + p− 2i < `
1 ≤ p < q ≤ `− 1
0 ≤ i ≤ p− 1

Dp,2`−q+p−2i
` (Ia, Ia, εi) p

so(q − p+ i, i) +
so(2`− q − i, p− i) Bi +Bp−i

Dp,q
` (Ia, Ia, εi)

p ≤ 2`− q + p− 2i < q
1 ≤ p < q ≤ `− 1
0 ≤ i ≤ p− 1

Dp,2`−q+p−2i
` (Ia, Ia, εi) p

so(q − p+ i, i) +
so(2`− q − i, p− i) Bi +Bp−i

Dp,q
` (Ia, Ia, εi)

2`− q + p− 2i < p < q
1 ≤ p < q ≤ `− 1
0 ≤ i ≤ p− 1

Dq,2`−q+p−2i
` (Ia, Ia, ε2`−q−i) 2`− q + p− 2i

so(q − p+ i, i) +
so(2`− q − i, p− i) Bi +Bp−i
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D`,p
` (Ib, Ia, εi)

`− p+ 2i ≤ p
0 ≤ i ≤ p− 1
1 ≤ p < `

D`,`−p+2i
` (Ib, Ia, εi) 2i

so(i, `− p+ i) + so(`−
i, p− i) Bi +Bp−i

D`,p
` (Ib, Ia, εi)

p < `− p+ 2i ≤ `
0 ≤ i ≤ p− 1
1 ≤ p < `

D`,`−p+2i
` (Ib, Ia, εp−i) 2i

so(i, `− p+ i) + so(`−
i, p− i) Bi +Bp−i

D`,p
` (Ib, Ia, εi)

p ≤ `+ p− 2i < `
0 ≤ i ≤ p− 1
1 ≤ p < `

D`,`+p−2i
` (Ib, Ia, ε`−i) 2p− 2i

so(i, `− p+ i) + so(`−
i, p− i) Bi +Bp−i

D`,p
` (Ib, Ia, εi)

`+ p− 2i < p
0 ≤ i ≤ p− 1
1 ≤ p < `

D`,`+p−2i
` (Ib, Ia, ε`−i) 2p− 2i

so(i, `− p+ i) + so(`−
i, p− i) Bi +Bp−i

Dp,`
` (Ia, Ib, εi)

`− p+ 2i ≤ p
1 ≤ p < `
0 ≤ i ≤ p− 1

Dp,`−p+2i
` (Ib, Ia, ε`−p+i) `− p+ 2i

so(i, `− p+ i) + so(`−
i, p− i) Bi +Bp−i
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Table 5.1 – Continued

Dp,`
` (Ia, Ib, εi)

p ≤ `− p+ 2i ≤ `
1 ≤ p < `
0 ≤ i ≤ p− 1

Dp,`−p+2i
` (Ib, Ia, εp−i) p

so(i, `− p+ i) + so(`−
i, p− i) Bi +Bp−i

Dp,`
` (Ia, Ib, εi)

p < `+ p− 2i ≤ `
1 ≤ p < `
0 ≤ i ≤ p− 1

Dp,`+p−2i
` (Ib, Ia, εi) p

so(i, `− p+ i) + so(`−
i, p− i) Bi +Bp−i

Dp,`
` (Ia, Ib, εi)

`+ p− 2i < p
1 ≤ p < `
0 ≤ i ≤ p− 1

Dp,`+p−2i
` (Ib, Ia, ε`−i) `+ p− 2i

so(i, `− p+ i) + so(`−
i, p− i) Bi +Bp−i

D`,4p
2` (IIIa, Ia)

(1 ≤ 2p ≤ `− 1)
D`,`

2` (IIIa, εp) 2p su(2`− 2p, 2p) BC2p

D2p,`
2` (Ia, IIIa)

(1 ≤ 2p ≤ 2`− 1)
D2p,`

2` (Ia, IIIa) 0 su(2`− p, p) BCp

D`,`
2` (IIIa, εp)

(1 ≤ 2p ≤ `− 1)
D`,4p

2` (IIIa, Ia) 2p so∗(4p) + so∗(4`− 4p) Cp + C`−p

D`,4p
2`+1(IIIb, Ia)

(1 ≤ 2p ≤ `)
D`,`

2`+1(IIIb, εp) 2p su(2`+ 1− 2p, 2p) BC2p

D2p,`
2`+1(Ia, IIIb)

(1 ≤ 2p ≤ 2`)
D2p,`

2`+1(Ia, IIIb) 0 su(2`− p+ 1, p) + so(2) BCp
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Table 5.1 – Continued

D`,`
2`+1(IIIb, εp)

(1 ≤ 2p ≤ `)
D`,4p

2`+1(IIIb, Ia) 2p so∗(4p)+so∗(4`−4p+2)
Cp +
BC`−p

D2`,4`
4` (IIIa, Ib, ε0) D2`,2`

4` (IIIa, ε`) 2` su(2`, 2`) C2`

D2`,`
2` (Ib, IIIa, ε0) D2`,`

2` (Ib, IIIa, ε0) ` su(`, `) + so(2) C`

D2`,2`
4` (IIIa, ε`) D2`,4`

4` (IIIa, Ib, ε0) ` so∗(4`) + so∗(4`) C` + C`

D`,2`
2` (IIIa, Ib, ε`) D`,2`

2` (IIIa, Ib, ε`) ` so(2`,C) D`

D2`,`
2` (Ib, IIIa, ε`) D2`,2`

2` (Ib, ε`) ` so(2`,C) D`

D2`,2`
2` (Ib, ε`) D2`,`

2` (Ib, IIIa, ε`) ` sl(2`,R) + R A2`−1 + R

D`,2`+1
2`+1 (IIIb, Ib) D`,2`+1

2`+1 (IIIb, Ib) 0 so(2`+ 1,C B`

D2`+1,`
2`+1 (Ib, IIIb) D2`+1,2`+1

2`+1 (Ib, ε`) ` so(2`+ 1,C) B`

D2`+1,2`+1
2`+1 (Ib, ε`) D2`+1,`

2`+1 (Ib, IIIb) ` sl(2`+ 1,R) + R A2` + R

Dp,p
` (Ia, εp) Dp,`−2p

` (Ia, εp) p sp(p, p) + sp(`− 2p, 0) BCp

E6,4
6 (I, II, ε0) E6,2

6 (I, IV) 0 f4(4) F4

E4,6
6 (II, I, ε0) E4,2

6 (II, IV) 1 f4(4) F4

E6,2
6 (I, IV) E6,4

6 (I, II, ε0) 0 su∗(6) + su(2) A2

E2,6
6 (IV, I) E2,4

6 (IV, II) 1 su∗(6) + su(2) A2

E4,2
6 (II, IV) E4,6

6 (II, I, ε0) 1 sp(3, 1) BC1
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Table 5.1 – Continued

E2,4
6 (IV, II) E2,6

6 (IV, I) 1 sp(3, 1) BC1

E6,4
6 (I, II, ε1) E6,6

6 (I, ε2) 4 sp(4,R) C4

E4,6
6 (II, I, ε1) E4,6

6 (II, I, ε1) 4 sp(4,R) C4

E6,6
6 (I, ε2) E6,4

6 (I, II, ε1) 4 sl(6,R) + sl(2,R A5 + A1

E6,2
6 (I, III) E6,6

6 (I, ε1) 2 sp(2, 2) C2

E2,6
6 (III, I) E2,6

6 (III, I) 2 sp(2, 2) C2

E6,6
6 (I, ε1) E6,2

6 (I, III) 2 so(5, 5) + R B5 + R

E4,2
6 (II, III, ε0) E4,2

6 (II, III, ε0) 0 so∗(10) + so(2) BC2

E2,4
6 (III, II, ε0) E2,2

6 (III, ε1) 2 so∗(10) + so(2) BC2

E2,2
6 (III, ε1) E2,4

6 (III, II, ε0) 2 su(5, 1) + sl(2,R) BC1 + A1

E2,2
6 (III, ε2) E2,2

6 (III, ε2) 2 su(5, 1) + sl(2,R) BC1 + A1

E4,2
6 (II, III, ε1) E4,4

6 (II, ε4) 2 so(8, 2) + so(2) B2

E2,4
6 (III, II, ε1) E2,4

6 (III, II, ε1) 0 su(4, 2) + su(2) BC2

E4,4
6 (II, ε4) E4,2

6 (II, III, ε1) 2 so(6, 2) + so(2) B4

E4,4
6 (II, ε1) E4,4

6 (II, ε1) 4 su(3, 3) + sl(2,R) C3 + A1

E2,2
6 (III, IV) E2,2

6 (III, IV) 0 f4(−20) BC1

E2,2
6 (IV, III) E2,2

6 (IV, ε1) 1 f4(−20) BC1
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E2,2
6 (IV, ε1) E2,2

6 (IV, III) 1 so(9, 1) + R B1 + R

E7,4
7 (V,VI, ε0) E7,3

7 (V,VII) 0 e6(2) + so(2) F4

E4,7
7 (VI,V, ε0) E4,3

7 (VI,VII, ε1) 2 e6(2) + so(2) F4

E7,3
7 (V,VII) E7,4

7 (V,VI, ε0) 0 so∗(12) + su(2) C3

E3,7
7 (VII,V) E3,4

7 (VII,VI, ε1) 2 so∗(12) + su(2) C3

E4,3
7 (VI,VII, ε1) E4,7

7 (VI,V, ε0) 2 su(6, 2) BC2

E3,4
7 (VII,VI, ε1) E3,7

7 (VII,V) 2 su(6, 2) BC2

E7,4
7 (V,VI, ε1) E7,t

7 (V, ε1) 4 su(4, 4) C4

E4,4
7 (VI, ε1) E4,4

7 (VI, ε1) 4 so∗(12) + sl(2,R) C3 + A1

E4,4
7 (VI, ε4) E4,4

7 (VI, ε4) 4 so(8, 4) + su(2) B4

E4,7
7 (VI,V, ε1) E4,7

7 (VI,V, ε1) 4 su(4, 4) C4

E7,7
7 (V, ε1) E7,4

7 (V,VI, ε1) 4 so(6, 6) + sl(2,R) D6 + A1

E7,3
7 (V,VII, ε1) E7,7

7 (V, ε7) 3 su∗(8) A3

E3,7
7 (VII,V, ε1) E3,7

7 (VII,V, ε1) 3 su∗(8) A3

E7,7
7 (V, ε7) E7,3

7 (V,VII, ε1) 3 e6(6) + R E6 + R

E7,7
7 (V, ε2) E7,7

7 (V, ε2) 7 sl(8,R) A7

E3,4
7 (VII,VI) E3,3

7 (VII, ε3) 2 e6(−14) + so(2) BC2
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E4,3
7 (VI,VII) E4,3

7 (VI,VII) 2 e6(−14) + so(2) BC2

E3,3
7 (VII, ε3) E3,4

7 (VII,VI) 2 so(10, 2) + sl(2,R) B2 + A1

E3,3
7 (VII, ε1) E3,3

7 (VII, ε1) 3 e6(−26) + sl(2,R) A2 + A1

E8,4
8 (VIII, IX, ε0) E8,4

8 (VIII, IX, ε0) 0 e7(−5) + so(2) F4

E4,8
8 (IX,VIII, ε0) E4,4

8 (IX, ε4) 4 e7(−5) + so(2) F4

E4,4
8 (IX, ε4) E4,8

8 (IX,VIII, ε0) 4 so(12, 4) B4

E4,4
8 (IX, ε1) E4,4

8 (IX, ε1) 4 e7(−25) + sl(2,R) C3 + A1

E8,4
8 (VIII, IX, ε1) E8,8

8 (VIII, ε8) 4 so∗(16) C4

E4,8
8 (IX,VIII, ε1) E4,8

8 (IX,VIII, ε1) 0 so∗(16) C4

E8,8
8 (VIII, ε8) E8,4

8 (VIII, IX, ε1) 4 e7(7) + sl(2,R) E7 + A1

F 4,1
4 (I, II) F 4,4

4 (I, ε4) 1 sp(2, 1) + su(2) BC1

F 1,4
4 (II, I) F 1,4

4 (II, I) 1 sp(2, 1) + su(2) BC1

F 4,4
4 (I, ε4) F 4,1

4 (I, II) 1 so(5, 4) B4

F 4,4
4 (I, ε1) F 4,4

4 (I, ε1) 4 sp(3,R) + sl(2,R) C3 + A1

G2,2
2 (I, ε1) G2,2

2 (I, ε1) 2 sl(2,R) + sl(2,R) A1 + A1
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Type (θ, σ) diagram (θ, σ)

A2`+1,`
2`+1 (I, II) u

θ
e1 u

θ
e` u

θ

Type (θ, σθ) diagram (θ, σθ)

A2`+1,`+1
2`+1 (I, IIIb, ε0) e e e�� e`+1@@6

?

6

?

6

?
σθ∗

e1 e2 e`

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

`

u e1 u e` u
∅ `+1

e e e�� e`+1@@6

?

6

?

6

?

e1 e2 e`

(`+ 1) · A1

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

∅ A2`+1 id (`+ 1) · A1 0
- - - -

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sl(`+ 1,C) + so(2) AIxAI + C A`
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Type (θ, σ) diagram (θ, σ)

A2`−1,4`−1
4`−1 (II, I) u

σ
e1 u

σ
e2`−1 u

σ

Type (θ, σθ) diagram (θ, σθ)

A2`−1,2`
4`−1 (II, IIIb, ε`) u

σθ
e u

σθ
e u

σθ

u
σθ

e1 u
σθ

e`−1 u
σθ

��

e`@@6

?

6

?

6

?

6

?

6

?
σθ∗

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

2`-1

e1 e2 e2`−2 e2`−1

A2`−1 `
e e e�� e`@@6

?

6

?

6

?

e1 e2 e`−1

` · A1

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

` · A1 A2`−1 A(`) ` · A1 `
2 2 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sl(2`,C) + so(2) AIxAI + C A2`−1
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Type (θ, σ) diagram (θ, σ)

A2`,4`+1
4`+1 (II, I) u

σ
e1 u

σ
e2` u

σ

Type (θ, σθ) diagram (θ, σθ)

A2`,2`+1
4`+1 (II, IIIb) u

σθ
e u

σθ
e u

σθ
e

u
σθ

e1 u
σθ

e`−1 u
σθ

e`
��

u
σθ

@@6

?

6

?

6

?

6

?

6

?

6

?
σθ∗

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

2`

e1 e2 e2`−1 e2`
A2` `

e e e e6
?

6
?

6
?

e1 e2 e`−1 e`
` · A1

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

` · A1 A2` A(`) ` · A1 `
2 2 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sl(2`+ 1,C) + so(2) AI x AI + C A2`
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Type (θ, σ) diagram (θ, σ)

A2`−1,`
2`−1 (I, IIIb, ε0) e e e�� e`@@6

?

6

?

6

?
σ∗

e1 e2 e`−1

Type (θ, σθ) diagram (θ, σθ)

A2`−1,`−1
2`−1 (I, II) u

θ
e1 u

θ
e`−1 u

θ

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

`
e e e�� e`@@6

?

6

?

6

?

e1 e2 e`−1

` · A1 ` -1

u e1 u e`−1 u
∅

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

` · A1 A2`−1 A(`) ∅ 0
1 0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sp(`,R) CI C`
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Type (θ, σ) diagram (θ, σ)

A2`,4`−1
4`−1 (IIIb, I, ε0) e e e�� e2`@@6

?

6

?

6

?
θ∗

e1 e2 e2`−1

Type (θ, σθ) diagram (θ, σθ)

A2`,2`−1
4`−1 (IIIb , II, ε`) u

θ
e u

θ
e u

θ

u
θ

e1 u
θ

e`−1 u
θ

��

e`@@6

?

6

?

6

?

6

?

6

?
θ∗

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

2`

e1 e2 e2`−1 e2`
C2` `

u e1 u e`−1 u e`
` · A1

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

C2` C2` C(2`) ` · A1 `
1

1
λ` : 0

0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sp(2`,R) CI C2`
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Type (θ, σ) diagram (θ, σ)

A2`+1,4`+1
4`+1 (IIIb, I, ε0) e e e�� e`+1@@6

?

6

?

6

?
θ∗

e1 e2 e`
Type (θ, σθ) diagram (θ, σθ)

A2`+1,2`
4`+1 (IIIb, II) u

θ
e u

θ
e u

θ
e

u
θ

e1 u
θ

e`−1 u
θ

e`
��

u
θ

@@6

?

6

?

6

?

6

?

6

?

6

?
θ∗

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

2` +1

e1 e2 e2` e2`+1

C2`+1 `

u e1 u e` u
` · A1

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

C2`+1 C2`+1 C(2`+ 1) ` · A1 `
1

1
λ` : 0

0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sp(2`+ 1,R) CI C2`+1
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Type (θ, σ) diagram (θ, σ)

A2`−1,2`
4`−1 (II, IIIb, ε`) u

σ
e u

σ
e u

σ

u
σ

e1 u
σ

e`−1 u
σ

��

e`@@6

?

6

?

6

?

6

?

6

?
σ∗

Type (θ, σθ) diagram (θ, σθ)

A2`−1,4`−1
4`−1 (II, I) u

σθ
e1 u

σθ
e2`−1 u

σθ

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

`
e e e�� e`@@6

?

6

?

6

?

e1 e2 e`−1

` · A1 2` -1

e1 e2 e2`−2 e2`−1

A2`−1

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

` · A1 A2`−1 A(`) ` · A1 `
1 1 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so∗(4`) DIIIa C`
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Type (θ, σ) diagram (θ, σ)

A2`,2`+1
4`+1 (II, IIIb) u

σ
e u

σ
e u

σ
e

u
σ

e1 u
σ

e`−1 u
σ

e`
��

u
σ

@@6

?

6

?

6

?

6

?

6

?

6

?
σ∗

Type (θ, σθ) diagram (θ, σθ)

A2`,4`+1
4`+1 (II, I) u

σθ
e1 u

σθ
e2` u

σθ

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

`

e e e e6
?

6
?

6
?

e1 e2 e`−1 e`
` · A1 2`

e1 e2 e2`−1 e2`
A2`

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

` · A1 A2` A(`) ` · A1 `
1 1 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so∗(4`+ 2) DIIIb BC`
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Type (θ, σ) diagram (θ, σ)

A2`,2`−1
4`−1 (IIIb, II, ε`) u

θ
e u

θ
e u

θ

u
θ

e1 u
θ

e`−1 u
θ

��

e`@@6

?

6

?

6

?

6

?

6

?
θ∗

Type (θ, σθ) diagram (θ, σθ)

A2`,2`−1
4`−1 (IIIb, I, ε0) e e e�� e2`@@6

?

6

?

6

?
θ∗

e1 e2 e2`−1

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

`

u e1 u e`−1 u e`
` · A1 2`

e1 e2 e2` e2`−1

C2`

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

` · A1 C2` A(`) C2` `
1 1 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so∗(4`) DIIIa C`
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Type (θ, σ) diagram (θ, σ)

A2`+1,2`
4`+1 (IIIb, II) u

θ
e u

θ
e u

θ
e

u
θ

e1 u
θ

e`−1 u
θ

e`
��

u
θ

@@6

?

6

?

6

?

6

?

6

?

6

?
θ∗

Type (θ, σθ) diagram (θ, σθ)

A2`+1,4`+1
4`+1 (IIIb, I, ε0) e e e�� e2`+1@@6

?

6

?

6

?
θ∗

e1 e2 e2`

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

`

u e1 u e` u
` · A1 2`+1

e1 e2 e2` e2`+1

C2`+1

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

` · A1 C2`+1 A(`) C2`+1 `
1 1 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so∗(4`+ 2) DIIIb BC`
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Type (θ, σ) diagram (θ, σ)

A2`−1,`
2`−1 (I, IIIb, ε`) e e e�� e`@@6

?

6

?

6

?
θ∗

e1 e2 e`−1

Type (θ, σθ) diagram (θ, σθ)

A2`−1
2`−1(I, ε`) e1 e2 e2`−2 e2`−1

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

`
e e e�� e`@@6

?

6

?

6

?

e1 e2 e`−1

` · A1 2`-1

e1 e2 e2`−2 e2`−1

A2`−1

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

` · A1 A2`−1 A(`) ` · A1 `
1 0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(`, `) BI B`
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Type (θ, σ) diagram (θ, σ)

A`,2`−1
2`−1 (IIIb, I, ε`) e e e�� e`@@6

?

6

?

6

?
θ∗

e1 e2 e`−1

Type (θ, σθ) diagram (θ, σθ)

A`,2`−1
2`−1 (IIIb, I, ε`) e e e�� e`@@6

?

6

?

6

?
θ∗

e1 e2 e`−1

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

`

e1 e2 e`−1 e`
C` `

e1 e2 e`−1 e`
C`

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

C` C` B(`) C` `
1

1
λ` : 0

0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(`, `) BI B`
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Type (θ, σ) diagram (θ, σ)

A2`−1,2`−1
2`−1 (I, ε`) e1 e2 e2`−2 e2`−1

Type (θ, σθ) diagram (θ, σθ)

A2`−1,`
2`−1 (I, IIIb, ε`) e e e�� e`@@6

?

6

?

6

?
σθ∗

e1 e2 e`−1

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

2`-1

e1 e2 e2`−2 e2`−1

A2`−1 `
e e e�� e`@@6

?

6

?

6

?

e1 e2 e`−1

` · A1

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

` · A1 A2`−1 A(`) ` · A1 `
1 0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sl(`,R) + sl(`,R) + R AI + AI + C A`−1 + A`−1 + R
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Type (θ, σ) diagram (θ, σ)

A2`−1,2`
4`−1 (II, IIIb, ε0) u

σ
e u

σ
e u

σ

u
σ

e1 u
σ

e`−1 u
σ

��

e`@@6

?

6

?

6

?

6

?

6

?
σ∗

Type (θ, σθ) diagram (θ, σθ)

A2`−1
4`−1(II, ε`) u e1 u e2`−1 u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

`
e e e�� e`@@6

?

6

?

6

?

e1 e2 e`−1

` · A1 2` -1

e1 e2 e2`−2 e2`−1

A2`−1

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

` · A1 A2`−1 A(`) ` · A1 `
1 1 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sp(`, `) CIIb C`
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Type (θ, σ) diagram (θ, σ)

A2`,2`−1
4`−1 (IIIb, II, ε0) u

σ
e u

σ
e u

σ

u
σ

e1 u
σ

e`−1 u
σ

��

e`@@6

?

6

?

6

?

6

?

6

?
σ∗

Type (θ, σθ) diagram (θ, σθ)

A2`,2`−1
4`−1 (IIIb, II, ε0) u

σθ
e u

σθ
e u

σθ

u
σθ

e1 u
σθ

e`−1 u
σθ

��

e`@@6

?

6

?

6

?

6

?

6

?
σθ∗

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

`

u e1 u e`−1 u e`
` · A1 `

u e1 u e`−1 u e`
` · A1

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

` · A1 C2` A(`) ` · A1 0
1 1 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sp(`, `) CIIb C`
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Type (θ, σ) diagram (θ, σ)

A2`−1
4`−1(II, ε`) u e1 u e2`−1 u

Type (θ, σθ) diagram (θ, σθ)

A2`−1,2`
4`−1 (II, IIIb, ε0) u

σθ
e u

σθ
e u

σθ

u
σθ

e1 u
σθ

e`−1 u
σθ

��

e`@@6

?

6

?

6

?

6

?

6

?
σθ∗

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

2` -1

e1 e2 e2`−2 e2`−1

A2`−1 `
e e e�� e`@@6

?

6

?

6

?

e1 e2 e`−1

` · A1

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

` · A1 A2`−1 A(`) ` · A1 `
2 2 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

su∗(2`) + su∗(2`) + R AII + AII + C A`−1 + A`−1 + R
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Type (θ, σ) diagram (θ, σ)

A`,p` (I, IIIa)
1 ≤ 2p ≤ `

e e e u
θ

u
θ

u
θ

��

u
θ

u
θ

@@6

?

6

?

6

?

6

?

6

?

6

?

θ∗&σ∗

e1 e2 ep up+1

θ
u
θ

u
θ

Type (θ, σθ) diagram (θ, σθ)

A`,`` (I, εp) e1 e2 e`−1 e`

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p e e e u u u�� u
u@@6

?

6

?

6

?

6

?

6

?

6

?

σ∗

e1 e2 ep up+1 u u

p · A1 `

e1 e2 e`−1 e`
A`

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

p · A1 A` A(p) ` · A1 p
1 0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(`+ 1− p, p) BI,` even, DIa, ` odd Bp
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Type (θ, σ) diagram (θ, σ)

Ap,`` (IIIa , I)
1 ≤ 2p ≤ `

e e e u
σ

u
σ

u
σ

��

u
σ

u
σ

@@6

?

6

?

6

?

6

?

6

?

6

?

σ∗&θ∗

e1 e2 ep up+1

σ
u
σ

u
σ

Type (θ, σθ) diagram (θ, σθ)

Ap,`` (IIIa, I)

e e e u
σθ

u
σθ

u
σθ

��

u
σθ

u
σθ

@@6

?

6

?

6

?

6

?

6

?

6

?

σθ∗&θ∗

e1 e2 ep up+1

σθ
u
σθ

u
σθ

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep−1 ep
BCp p

e1 e2 ep−1 ep
BCp

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

Bp BCp B(p) Bp p

1
λp : 4

1
4

0
2λp : 1

0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(`+ 1− p, p) BI,` even, DIa,` odd Bp
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Type (θ, σ) diagram (θ, σ)

A``(I, εp)
1 ≤ 2p ≤ ` e1 e2 e`−1 e`

Type (θ, σθ) diagram (θ, σθ)

A`,p` (I, IIIa)

e e e u
θ

u
θ

u
θ

��

u
θ

u
θ

@@6

?

6

?

6

?

6

?

6

?

6

?

θ∗&σθ∗

e1 e2 ep up+1

θ
u
θ

u
θ

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

`

e1 e2 e`−1 e`
A` p e e e u u u�� u

u@@6

?

6

?

6

?

6

?

6

?

6

?

σθ∗

e1 e2 ep up+1 u u

p · A1

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

` · A1 A` A(b `+1
2
c) p · A1 p

1 0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sl(p,R) + sl(`− p+ 1,R) + R AI + AI + C Ap−1 + A`−p + R
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Type (θ, σ) diagram (θ, σ)

A2p,2`−1
4`−1 (IIIa , II)
1 ≤ 4p ≤ 4`

u
θ

e u
θ

e u u
σ

��

u
u@@6

?

6

?

6

?

6

?

6

?

6

?

θ∗

u
θ

e1 u
θ

ep u u
σ

Type (θ, σθ) diagram (θ, σθ)

A2p,2`−1
4`−1 (IIIa, II)

u
θ

e u
θ

e u u
σθ

��

u
u@@6

?

6

?

6

?

6

?

6

?

6

?

θ∗

u
θ

e1 u
θ

ep u u
σθ

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

u1 e2 u ep
∅ p

u1 e2 u ep
∅

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

∅ BC2p id ∅ 0
- - - -

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sp(2`− p, p) CIIa BCp
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Type (θ, σ) diagram (θ, σ)

A2p,2`
4`+1(IIIa , II)

1 ≤ 4p ≤ 4`

u
θ

e u
θ

e u u
σ

��

u
u@@6

?

6

?

6

?

6

?

6

?

6

?

θ∗

u
θ

e1 u
θ

ep u u
σ

Type (θ, σθ) diagram (θ, σθ)

A2p,2`
4`+1(IIIa, II)

u
θ

e u
θ

e u u
σθ

��

u
u@@6

?

6

?

6

?

6

?

6

?

6

?

θ∗

u
θ

e1 u
θ

ep u u
σθ

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

u1 e2 u ep
∅ p

u1 e2 u ep
∅

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

∅ BC2p id ∅ 0
- - - -

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sp(2`− p+ 1, p) CIIa BCp
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Type (θ, σ) diagram (θ, σ)

A2`−1,2p
4`−1 (II, IIIa)

1 ≤ 4p ≤ 4`+ 2

u
σ

e u
σ

e u u
θ

��

u
u@@6

?

6

?

6

?

6

?

6

?

6

?

σ∗

u
σ

e1 u
σ

ep u u
θ

Type (θ, σθ) diagram (θ, σθ)

A2`−1,2`−1
4`−1 (II, εp) u e1 u e2`−1 u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p e e e u u u�� u
u@@6

?

6

?

6

?

6

?

6

?

6

?

σ∗

e1 e2 ep up+1 u u

p · A1 2`− 1

e1 e2 e2`−2 e2`−1

A2`−1

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

p · A1 A2`−1 A(p) ` · A1 p
1 0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sp(2`− p, p) CIIa BCp
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Type (θ, σ) diagram (θ, σ)

A2`,2p
4`+1(II, IIIa)

1 ≤ 4p ≤ 4`+ 2

u
σ

e u
σ

e u u
θ

��

u
u@@6

?

6

?

6

?

6

?

6

?

6

?

σ∗

u
σ

e1 u
σ

ep u u
θ

Type (θ, σθ) diagram (θ, σθ)

A2`,2`
4`+1(II, εp) u e1 u e2`−1 u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p e e e u u u�� u
u@@6

?

6

?

6

?

6

?

6

?

6

?

σ∗

e1 e2 ep up+1 u u

p · A1 2`

e1 e2 e2`−1 e2`
A2`

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

p · A1 A2` A(p) ` · A1 p
1 0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sp(2`− p+ 1, p) CIIa BCp
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Type (θ, σ) diagram (θ, σ)

A`,`2`+1(II, εp)
1 ≤ 2p ≤ `+ 1 u e1 u e2`−1 u

Type (θ, σθ) diagram (θ, σθ)

A`,2p2`+1(II, IIIa)

u
σθ

e u
σθ

e u u
θ

��

u
u@@6

?

6

?

6

?

6

?

6

?

6

?

σθ∗

u
σθ

e1 u
σθ

ep u u
θ

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

`

e1 e2 e`−1 e`
A` p e e e u u u�� u

u@@6

?

6

?

6

?

6

?

6

?

6

?

σθ∗

e1 e2 ep up+1 u u

p · A1

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

b `+1
2
c · A1 A` A(d `+1

2
e) p · A1 p

2 2 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

su∗(2p) + su∗(2`− 2p+ 1) + R AII + AII + C Ap + A`−p−1 + R
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Type (θ, σ) diagram (θ, σ)

A`,`2`−1(IIIb, ε`) e e e�� e2`@@6

?

6

?

6

?
θ∗&σ∗

e1 e2 e2`−1

Type (θ, σθ) diagram (θ, σθ)

A`,`2`−1(IIIb, ε`) e e e�� e2`@@6

?

6

?

6

?
θ∗&θσ∗

e1 e2 e2`−1

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

`

e1 e2 e`−1 e`
C` `

e1 e2 e`−1 e`
C`

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

C` C` B(`) C` `
1

1
λ` : 0

0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sl(`,C) + R AI x AI + C A`−1 + R
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Type (θ, σ) diagram (θ, σ)

Ap,p` (IIIa, εp)
p < `+ 1− 2p

e e e u u u�� u
u@@6

?

6

?

6

?

6

?

6

?

6

?

σ∗&θ∗

e1 e2 ep up+1 u u Type (θ, σθ) diagram (θ, σθ)

Ap,`+1−2p
` (IIIa, εp)

e e e u u u�� u
u@@6

?

6

?

6

?

6

?

6

?

6

?

θ∗&θσ∗

e1 e2 ep up+1 u u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep−1 ep
BCp p

e1 e2 ep−1 ep
BCp

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

BCp BCp B(p) BCp p
1

2
λp : `− 2p+ 1

0
0
1

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

su(`+ 1− 2p, 0) + su(p, p) AIIIa BCp
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Type (θ, σ) diagram (θ, σ)

A`,p2`−1(IIIb, IIIa, εi)
`− p+ 2i ≤ p
0 ≤ i ≤ p− 1 e e e u

θ
u
θ

u
θ

e1 e2 ep u
θ

u
θ

u
θ

��

u@@6

?

6

?

6

?

6

?

6

?

6

?
θ∗&σ∗

Type (θ, σθ) diagram (θ, σθ)

A`,`−p+2i
2`−1 (IIIb, IIIa, εi) e e e u

θ
u
θ

u
θ

e1 e2 e`−p+2i u
θ

u
θ

u
θ

��

u@@6

?

6

?

6

?

6

?

6

?

6

?
θ∗&σθ∗

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep u u u`
Cp `− p+ 2i

e1 e2 e`−p+2i u u ul
C`−p+2i

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

Cp C` C(p) C`−p+2i 2i

2
λp : 1

0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

su(`− p+ i, i) + su(`− i, p− i) + so(2) AIIIb + AIIIb + C BCi +BCp−i

139



Type (θ, σ) diagram (θ, σ)

A`,p2`−1(IIIb, IIIa, εi)
p < `− p+ 2i ≤ `

0 ≤ i ≤ p− 1 e e e u
θ

u
θ

u
θ

e1 e2 ep u
θ

u
θ

u
θ

��

u@@6

?

6

?

6

?

6

?

6

?

6

?
θ∗&σ∗

Type (θ, σθ) diagram (θ, σθ)

A`,`−p+2i
2`−1 (IIIb, IIIa, ε`−p+i) e e e u

θ
u
θ

u
θ

e1 e2 e`−p+2i u
θ

u
θ

u
θ

��

u@@6

?

6

?

6

?

6

?

6

?

6

?
θ∗&σθ∗

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep u u u`
Cp `− p+ 2i

e1 e2 e`−p+2i u u u`
C`−p+2i

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

Cp C` C(p) C`−p+2i 2i

2
λp : 1

0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

su(`− p+ i, i) + su(`− i, p− i) + so(2) AIIIb + AIIIb + C BCi +BCp−i
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Type (θ, σ) diagram (θ, σ)

A`,p2`−1(IIIb, IIIa, εi)
p ≤ `+ p− 2i < `

0 ≤ i ≤ p− 1 e e e u
θ

u
θ

u
θ

e1 e2 ep u
θ

u
θ

u
θ

��

u@@6

?

6

?

6

?

6

?

6

?

6

?
θ∗&σ∗

Type (θ, σθ) diagram (θ, σθ)

A`,`+p−2i
2`−1 (IIIb, IIIa, ε`−i) e e e u

θ
u
θ

u
θ

e1 e2 e`+p−2i u
θ

u
θ

u
θ

��

u@@6

?

6

?

6

?

6

?

6

?

6

?
θ∗&σθ∗

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep u u u`
Cp `+ p− 2i

e1 e2 e`+p−2i u u u`
C`+p−2i

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

Cp C` C(p) C`+p−2i 2p− 2i

2
λp : 1

0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

su(`− p+ i, i) + su(`− i, p− i) + so(2) AIIIb + AIIIb + C BCi +BCp−i
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Type (θ, σ) diagram (θ, σ)

A`,p2`−1(IIIb, IIIa, εi)
`+ p− 2i < p
0 ≤ i ≤ p− 1 e e e u

θ
u
θ

u
θ

e1 e2 ep u
θ

u
θ

u
θ

��

u@@6

?

6

?

6

?

6

?

6

?

6

?
θ∗&σ∗

Type (θ, σθ) diagram (θ, σθ)

A`,`+p−2i
2`−1 (IIIb, IIIa, ε`−i) e e e u

θ
u
θ

u
θ

e1 e2 e`+p−2i u
θ

u
θ

u
θ

��

u@@6

?

6

?

6

?

6

?

6

?

6

?
θ∗&σθ∗

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep u u u`
Cp `+ p− 2i

e1 e2 e`+p−2i u u u`
C`+p−2i

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

Cp C` C(p) C`+p−2i 2p− 2i

2
λp : 1

0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

su(`− p+ i, i) + su(`− i, p− i) + so(2) AIIIb + AIIIb + C BCi +BCp−i
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Type (θ, σ) diagram (θ, σ)

Ap,`2`−1(IIIa, IIIb, εi)
`− p+ 2i ≤ p
0 ≤ i ≤ p− 1 e e e u

σ
u
σ

u
σ

e1 e2 ep u
σ

u
σ

u
σ

��

u@@6

?

6

?

6

?

6

?

6

?

6

?
σ∗&θ∗

Type (θ, σθ) diagram (θ, σθ)

Ap,`−p+2i
2`−1 (IIIa, IIIa, ε`−p+i) e e e u

θ
u
θ

u
e1 e2 e`−p+2i u

θ
u
θ

p u
��

u@@6

?

6

?

6

?

6

?

6

?

6

?
θ∗&σθ∗

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep−1 ep
BCp `− p+ 2i

e1 e2 e`−p+2i u u u`
BC`−p+2i

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

BCp BC` B(p) BC`−p+2i `− p+ 2i

2
λp : 2(`− q)

0
2(q − p)

0
2λp : 1

0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

su(`− p+ i, i) + su(`− i, p− i) + so(2) AIIIb + AIIIb + C BCi +BCp−i
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Type (θ, σ) diagram (θ, σ)

Ap,`2`−1(IIIa, IIIb, εi)
p < l − p+ 2i ≤ l

0 ≤ i ≤ p− 1 e e e u
σ

u
σ

u
σ

e1 e2 ep u
σ

u
σ

u
σ

��

u@@6

?

6

?

6

?

6

?

6

?

6

?
σ∗&θ∗

Type (θ, σθ) diagram (θ, σθ)

Ap,`−p+2i
2`−1 (IIIa, IIIa, εp−i) e e e u

σθ
u
σθ

u
e1 e2 ep u

σθ
u
σθ

`−p+2i u
��

u@@6

?

6

?

6

?

6

?

6

?

6

?
σθ∗&θ∗

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep−1 ep
BCp p

e1 e2 ep−1 ep
BCp

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

BCp BCp B(p) BCp p

2
λp : 2(`− q)

0
2(q − p)

0
2λp : 1

0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

su(`− p+ i, i) + su(`− i, p− i) + so(2) AIIIb + AIIIb + C BCi +BCp−i
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Type (θ, σ) diagram (θ, σ)

Ap,`2`−1(IIIa, IIIb, εi)
p ≤ `+ p− 2i < `

0 ≤ i ≤ p− 1 e e e u
σ

u
σ

u
σ

e1 e2 ep u
σ

u
σ

u
σ

��

u@@6

?

6

?

6

?

6

?

6

?

6

?
σ∗&θ∗

Type (θ, σθ) diagram (θ, σθ)

Ap,`+p−2i
2`−1 (IIIa, IIIa, εi) e e e u

σθ
u
σθ

u
e1 e2 ep u

σθ
u
σθ

`+p−2i u
��

u@@6

?

6

?

6

?

6

?

6

?

6

?
σθ∗&θ∗

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep−1 ep
BCp p

e1 e2 ep−1 ep
BCp

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

BCp BCp B(p) BCp p

2
λp : 2(`− q)

0
2(q − p)

0
2λp : 1

0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

su(`− p+ i, i) + su(`− i, p− i) + so(2) AIIIb + AIIIb + C BCi +BCp−i
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Type (θ, σ) diagram (θ, σ)

Ap,`2`−1(IIIa, IIIb, εi)
`+ p− 2i < p
0 ≤ i ≤ p− 1 e e e u

σ
u
σ

u
σ

e1 e2 ep u
σ

u
σ

u
σ

��

u@@6

?

6

?

6

?

6

?

6

?

6

?
σ∗&θ∗

Type (θ, σθ) diagram (θ, σθ)

Ap,`+p−2i
2`−1 (IIIa, IIIa, ε`−i) e e e u

θ
u
θ

u
e1 e2 e`+p−2i u

θ
u
θ

p u
��

u@@6

?

6

?

6

?

6

?

6

?

6

?
θ∗&σθ∗

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep−1 ep
BCp `+ p− 2i

e1 e2 e`+p−2i u u up
BC`+p−2i

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

BCp BCp B(p) BC`+p−2i `+ p− 2i

2
λp : 2(`− q)

0
2(q − p)

0
2λp : 1

0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

su(`− p+ i, i) + su(`− i, p− i) + so(2) AIIIb + AIIIb + C BCi +BCp−i
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Type (θ, σ) diagram (θ, σ)

Aq,p` (IIIa, IIIa, εi)
q − p+ 2i ≤ p < q

1 ≤ p < q ≤ 1
2
(`+ 1)

(0 ≤ i ≤ p) e e e u
θ

u
θ

u�� u
u@@6

?

6

?

6

?

6

?

6

?

6

?

σ∗&θ∗

e1 e2 ep u
θ

uq
θ

u Type (θ, σθ) diagram (θ, σθ)

Aq,q−p+2i
` (IIIa, IIIa, εi)

e e e u
θ

u
θ

u�� u
u@@6

?

6

?

6

?

6

?

6

?

6

?

σθ∗&θ∗

e1 e2 eq−p+2i u
θ

uq
θ

u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep u u uq
BCp q − p+ 2i

e1 e2 eq−p+2i u u uq
BCq−p+2i

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

BCp BCq B(p) BCq−p+2i 2i

2
λp : 2(`− q)

0
2(q − p)

0
2λp : 1

0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

su(`+ 1− q − i, p− i) + su(q − p+ i, i) + so(2) AIIIb + AIIIb + C BCi +BCp−i
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Type (θ, σ) diagram (θ, σ)

Aq,p` (IIIa, IIIa, εi)
p < q < q − p+ 2i
q − p+ 2i ≤ 1

2
(l + 1)

1 ≤ p < q ≤ 1
2
(l + 1)

(0 ≤ i < p) e e e u
θ

u
θ

u�� u
u@@6

?

6

?

6

?

6

?

6

?

6

?

σ∗&θ∗

e1 e2 ep u
θ

uq
θ

u Type (θ, σθ) diagram (θ, σθ)

Aq,q−p+2i
` (IIIa, IIIa, εp−i)

e e e u
θ

u
θ

u�� u
u@@6

?

6

?

6

?

6

?

6

?

6

?

σθ∗&θ∗

e1 e2 eq−p+2i u
θ

uq
θ

u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep u u uq
BCp q

e1 e2 eq eq−1

BCq

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

BCp BCq B(p) BCq p

2
λp : 2(`− q)

0
2(q − p)

0
2λp : 1

0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

su(`+ 1− q − i, p− i) + su(q − p+ i, i) + so(2) AIIIb + AIIIb + C BCi +BCp−i
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Type (θ, σ) diagram (θ, σ)

Aq,p` (IIIa, IIIa, εi)
q ≤ `+ 1− q + p− 2i
`+ 1− q + p− 2i < 1

2
(`+ 1)

1 ≤ p < q ≤ 1
2
(`+ 1)

(0 ≤ i ≤ p) e e e u
θ

u
θ

u�� u
u@@6

?

6

?

6

?

6

?

6

?

6

?

σ∗&θ∗

e1 e2 ep u
θ

uq
θ

u Type (θ, σθ) diagram (θ, σθ)

Aq,`+1−q+p−2i
` (IIIa, IIIa, εq−p+i)

e e e u
σθ

u
σθ

u�� u
u@@6

?

6

?

6

?

6

?

6

?

6

?

θ∗&σθ∗

e1 e2 eq u
σθ

u`+1−q+p−2i

σθ
u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep u u uq
BCp q

e1 e2 eq−1 eq
BCq

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

BCp BCq B(p) BCq p

2
λp : 2(`− q)

0
2(q − p)

0
2λp : 1

0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

su(`+ 1− q − i, p− i) + su(q − p+ i, i) + so(2) AIIIb + AIIIb + C BCi +BCp−i
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Type (θ, σ) diagram (θ, σ)

Aq,p` (IIIa, IIIa, εi)
p ≤ `+ 1− q + p− 2i < q
1 ≤ p < q ≤ 1

2
(`+ 1)

(0 ≤ i ≤ p) e e e u
θ

u
θ

u�� u
u@@6

?

6

?

6

?

6

?

6

?

6

?

σ∗&θ∗

e1 e2 ep u
θ

uq
θ

u Type (θ, σθ) diagram (θ, σθ)

Aq,`+1−q+p−2i
` (IIIa, IIIa, ε`+1−q−i)

e e e u
θ

u
θ

u�� u
u@@6

?

6

?

6

?

6

?

6

?

6

?

σθ∗&θ∗

e1 e2 e`+1−q+p−2iu
θ

uq
θ

u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep u u uq
BCp `+ 1− q + p− 2i

e1 e2 e`+1−q+p−2iu u uq
BC`+1−q+p−2i

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

BCp BCq B(p) BC`+1−q+p−2i `+ 1− 2q + 2p− 2i

2
λp : 2(`− q)

0
2(q − p)

0
2λp : 1

0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

su(`+ 1− q − i, p− i) + su(q − p+ i, i) + so(2) AIIIb + AIIIb + C BCi +BCp−i
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Type (θ, σ) diagram (θ, σ)

Aq,p` (IIIa , IIIa, εi)
`+ 1− q + p− 2i < q
1 ≤ p < q ≤ 1

2
(`+ 1)

(0 ≤ i ≤ p) e e e u
θ

u
θ

u�� u
u@@6

?

6

?

6

?

6

?

6

?

6

?

σ∗&θ∗

e1 e2 ep u
θ

uq
θ

u Type (θ, σθ) diagram (θ, σθ)

Aq,`+1−q+p−2i
` (IIIa, IIIa, ε`+1−q−i)

e e e u
θ

u
θ

u�� u
u@@6

?

6

?

6

?

6

?

6

?

6

?

σθ∗&θ∗

e1 e2 e`+1−q+p−2iu
θ

uq
θ

u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep u u uq
BCp `+ 1− q + p− 2i

e1 e2 e`+1−q+p−2iu u uq
BC`+1−q+p−2i

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

BCp BCq B(p) BC`+1−q+p−2i `+ 1− 2q + 2p− 2i

2
λp : 2(`− q)

0
2(q − p)

0
2λp : 1

0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

su(`+ 1− q − i, p− i) + su(q − p+ i, i) + so(2) AIIIb + AIIIb + C BCi +BCp−i
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Type (θ, σ) diagram (θ, σ)

Ap,q` (IIIa, IIIa, εi)
q − p+ 2i ≤ p

1 ≤ p < q ≤ 1
2
(`+ 1)

(0 ≤ i ≤ p) e e e u
σ

u
σ

u�� u
u@@6

?

6

?

6

?

6

?

6

?

6

?

θ∗&σ∗

e1 e2 ep u
σ

uq
σ

u Type (θ, σθ) diagram (θ, σθ)

Ap,q−p+2i
` (IIIa, IIIa, εq−p+i)

e e e u
θ

u
θ

u�� u
u@@6

?

6

?

6

?

6

?

6

?

6

?

σθ∗&θ∗

e1 e2 eq−p+2i u
θ

uq
θ

u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep−1 ep
BCp q − p+ 2i

e1 e2 eq−p+2i u u up
BCq−p+2i

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

BCp BCp B(p) BCq−p+2i 2i

2
λp : 2(`− q)

0
2(q − p)

0
2λp : 1

0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

su(`+ 1− q − i, p− i) + su(q − p+ i, i) + so(2) AIIIb + AIIIb + C BCi +BCp−i

152



Type (θ, σ) diagram (θ, σ)

Ap,q` (IIIa, IIIa, εi)
p < q − p+ 2i ≤ 1

2
(`+ 1)

1 ≤ p < q ≤ 1
2
(`+ 1)

(0 ≤ i ≤ p) e e e u
σ

u
σ

u�� u
u@@6

?

6

?

6

?

6

?

6

?

6

?

θ∗&σ∗

e1 e2 ep u
σ

uq
σ

u Type (θ, σθ) diagram (θ, σθ)

Ap,q−p+2i
` (IIIa, IIIa, εp−i)

e e e u
σθ

u
σθ

u�� u
u@@6

?

6

?

6

?

6

?

6

?

6

?

θ∗&σθ∗

e1 e2 ep u
σθ

uq−p+2i

σθ
u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep−1 ep
BCp p

e1 e2 ep−1 ep
BCp

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

BCp BCp B(p) BCp p

2
λp : 2(`− q)

0
2(q − p)

0
2λp : 1

0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

su(`+ 1− q − i, p− i) + su(q − p+ i, i) + so(2) AIIIb + AIIIb + C BCi +BCp−i
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Type (θ, σ) diagram (θ, σ)

Ap,q` (IIIa, IIIa, εi)
q ≤ `+ 1− q + p− 2i
`+ 1− q + p− 2i < 1

2
(`+ 1)

1 ≤ p < q ≤ 1
2
(`+ 1)

(0 ≤ i ≤ p) e e e u
σ

u
σ

u�� u
u@@6

?

6

?

6

?

6

?

6

?

6

?

θ∗&σ∗

e1 e2 ep u
σ

uq
σ

u Type (θ, σθ) diagram (θ, σθ)

Ap,`+1−q+p−2i
` (IIIa, IIIa, εi)

e e e u
σθ

u
σθ

u�� u
u@@6

?

6

?

6

?

6

?

6

?

6

?

θ∗&σθ∗

e1 e2 ep u
σθ

u`+1−q+p−2i

σθ
u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep−1 ep
BCp BCp

e1 e2 ep−1 ep
BCp

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

BCp BCp B(p) BCp p

2
λp : 2(`− q)

0
2(q − p)

0
2λp : 1

0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

su(`+ 1− q − i, p− i) + su(q − p+ i, i) + so(2) AIIIb + AIIIb + C BCi +BCp−i
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Type (θ, σ) diagram (θ, σ)

Ap,q` (IIIa, IIIa, εi)
p ≤ `+ 1− q + p− 2i < q
1 ≤ p < q ≤ 1

2
(`+ 1)

(0 ≤ i ≤ p) e e e u
σ

u
σ

u�� u
u@@6

?

6

?

6

?

6

?

6

?

6

?

θ∗&σ∗

e1 e2 ep u
σ

uq
σ

u Type (θ, σθ) diagram (θ, σθ)

Ap,`+1−q+p−2i
` (IIIa, IIIa, εi)

e e e u
σ

u
σ

u�� u
u@@6

?

6

?

6

?

6

?

6

?

6

?

θ∗&σ∗

e1 e2 ep u
σ

u`+1−q+p−2i

σ
u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep−1 ep
BCp p

e1 e2 ep−1 ep
BCp

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

BCp BCp B(p) BCp p

2
λp : 2(`− q)

0
2(q − p)

0
2λp : 1

0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

su(`+ 1− q − i, p− i) + su(q − p+ i, i) + so(2) AIIIb + AIIIb + C BCi +BCp−i
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Type (θ, σ) diagram (θ, σ)

Ap,q` (IIIa, IIIa, εi)
`+ 1− q + p− 2i < p < q

1 ≤ p < q ≤ 1
2
(`+ 1)

(0 ≤ i ≤ p) e e e u
σ

u
σ

u�� u
u@@6

?

6

?

6

?

6

?

6

?

6

?

θ∗&σ∗

e1 e2 ep u
σ

uq
σ

u Type (θ, σθ) diagram (θ, σθ)

Ap,`+1−q+p−2i
` (IIIa, IIIa, ε`+1−q−i)

e e e u
θ

u
θ

u�� u
u@@6

?

6

?

6

?

6

?

6

?

6

?

σθ∗&θ∗

e1 e2 e`+1−q+p−2iu
θ

up
θ

u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep−1 ep
BCp `+ 1− q + p− 2i

e1 e2 e`+1−q+p−2iu u up
BC`+1−q+p−2i

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

BCp BCp B(p) BC`+1−q+p−2i `+ 1− 2q + 2p− 2i

2
λp : 2(`− q)

0
2(q − p)

0
2λp : 1

0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

su(`+ 1− q − i, p− i) + su(q − p+ i, i) + so(2) AIIIb + AIIIb + C BCi +BCp−i
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Type (θ, σ) diagram (θ, σ)

Bp,p
` (Ia, εi)

p < `− p+ 2i
1 ≤ p < `

(0 ≤ i ≤ p)

e1 e2 ep u u u u
Type (θ, σθ) diagram (θ, σθ)

Bp,p
` (Ia, εi) e1 e2 ep u u u u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep−1 ep
Bp p

e1 e2 ep−1 ep
Bp

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

Bp Bp B(p) Bpi p

1
λp : `− q + 1

0
`− q 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(p, p) + so(2`+ 1− p− i, 0) BI Bp
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Type (θ, σ) diagram (θ, σ)

Bq,p
` (Ia, Ia, εi)

q − p+ 2i ≤ p < q
1 ≤ p < q ≤ `

(0 ≤ i ≤ p)

e1 e2 ep u
θ

uq
θ

u u
Type (θ, σθ) diagram (θ, σθ)

Bq,q−p+2i
` (Ia, Ia, εi) e1 e2 eq−p+2i u

θ
uq
θ

u u
rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep u u uq
Bp q − p+ 2i

e1 e2 eq−p+2i u u uq
Bq−p+2i

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

Bp Bq B(p) Bq−p+2i 2i

1
λp : `− q + 1

0
`− q 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(2`+ 1− q − i, p− i) + so(q − p+ i, i) BI +BI Bi +Bp−i
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Type (θ, σ) diagram (θ, σ)

Bq,p
` (Ia, Ia, εi)

q < q < q − p+ 2i ≤ `
1 ≤ p < q ≤ `

(0 ≤ i ≤ p)

e1 e2 ep u
θ

uq
θ

u u
Type (θ, σθ) diagram (θ, σθ)

Bq,q−p+2i
` (Ia, Ia, εp−i) e1 e2 eq u

σθ
uq−p+2i

σθ
u u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep u u uq
Bp q

e1 e2 eq−1 eq
Bq

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

Bp Bq B(p) Bq p

1
λp : `− q + 1

0
`− q 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(2`+ 1− q − i, p− i) + so(q − p+ i, i) BI +BI Bi +Bp−i
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Type (θ, σ) diagram (θ, σ)

Bq,p
` (Ia, Ia, εi)

q ≤ 2`+ 1− q + p− 2i < l
1 ≤ p < q ≤ `

(0 ≤ i ≤ p)

e1 e2 ep u
θ

uq
θ

u u
Type (θ, σθ) diagram (θ, σθ)

Bq,2`+1−q+p−2i
` (Ia, Ia, εq−p+i) e1 e2 eq u

σθ
u2`+1−q+p−2i

σθ
u u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep u u uq
Bp q

e1 e2 eq−1 eq
Bq

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

Bp Bq B(p) Bq p

1
λp : `− q + 1

0
`− q 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(2`+ 1− q − i, p− i) + so(q − p+ i, i) BI +BI Bi +Bp−i
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Type (θ, σ) diagram (θ, σ)

Bq,p
` (Ia, Ia, εi)

p ≤ 2`+ 1− q + p− 2i < q
1 ≤ p < q ≤ `

(0 ≤ i ≤ p)

e1 e2 ep u
θ

uq
θ

u u
Type (θ, σθ) diagram (θ, σθ)

Bq,2`+1−q+p−2i
` (Ia, Ia, ε2`+1−q−i) e1 e2 e2`+1−q+p−2iu

θ
uq
θ

u u
rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep u u uq
Bp 2`+ 1− q + p− 2i

e1 e2 e2`+1−q+p−2iu u uq
B2`+1−q+p−2i

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

Bp Bq B(p) B2`+1−q+p−2i 2`+ 1− 2q + 2p− 2i

1
λp : `− q + 1

0
`− q 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(2`+ 1− q − i, p− i) + so(q − p+ i, i) BI +BI Bi +Bp−i
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Type (θ, σ) diagram (θ, σ)

Bq,p
` (Ia, Ia, εi)

2`+ 1− q + p− 2i < p
1 ≤ p < q ≤ `

(0 ≤ i ≤ p)

e1 e2 ep u
θ

uq
θ

u u
Type (θ, σθ) diagram (θ, σθ)

Bq,2`+1−q+p−2i
` (Ia, Ia, ε2`+1−q−i) e1 e2 e2`+1−q+p−2iu

θ
uq
θ

u u
rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep u u uq
Bp 2`+ 1− q + p− 2i

e1 e2 e2`+1−q+p−2iu u uq
B2`+1−q+p−2i

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

Bp Bq B(p) B2`+1−q+p−2i 2`+ 1− 2q + 2p− 2i

1
λp : `− q + 1

0
`− q 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(2`+ 1− q − i, p− i) + so(q − p+ i, i) BI +BI Bi +Bp−i
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Type (θ, σ) diagram (θ, σ)

Bp,q
` (Ia, Ia, εi)

q − p+ 2i < p < q
1 ≤ p < q ≤ `

(0 ≤ i ≤ p)

e1 e2 ep u
σ

uq
σ

u u
Type (θ, σθ) diagram (θ, σθ)

Bp,q−p+2i
` (Ia, Ia, εq−p+i) e1 e2 eq−p+2i u

θ
up
θ

u u
rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep−1 ep
Bp q − p+ 2i

e1 e2 eq−p+2i u u up
Bq−p+2i

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

Bp Bp B(p) Bq−p+2i q − p+ 2i

1
λp : (2`− q
−p+ 1)

0
q − p 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(2`+ 1− q − i, p− i) + so(q − p+ i, i) BI +BI Bi +Bp−i
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Type (θ, σ) diagram (θ, σ)

Bp,q
` (Ia, Ia, εi)

p < q − p+ 2i ≤ `
1 ≤ p < q ≤ `

(0 ≤ i ≤ p)

e1 e2 ep u
σ

uq
σ

u u
Type (θ, σθ) diagram (θ, σθ)

Bp,q−p+2i
` (Ia, Ia, εp−i) e1 e2 ep u

σθ
uq−p+2i

σθ
u u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep−1 ep
Bp p

e1 e2 ep−1 ep
Bp

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

Bp Bp B(p) Bp p

1
λp : (2`− q
−p+ 1)

0
q − p 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(2`+ 1− q − i, p− i) + so(q − p+ i, i) BI +BI Bi +Bp−i
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Type (θ, σ) diagram (θ, σ)

Bp,q
` (Ia, Ia, εi)

q ≤ 2`+ 1− q + p− 2i < `
1 ≤ p < q ≤ `

(0 ≤ i ≤ p)

e1 e2 ep u
σ

uq
σ

u u
Type (θ, σθ) diagram (θ, σθ)

Bp,2`+1−q+p−2i
` (Ia, Ia, εi) e1 e2 ep u

σθ
u2`+1−q+p−2i

σθ
u u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep−1 ep
Bp p

e1 e2 ep−1 ep
Bp

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

Bp Bp B(p) Bp p

1
λp : (2`− q
−p+ 1)

0
q − p 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(2`+ 1− q − i, p− i) + so(q − p+ i, i) BI +BI Bi +Bp−i
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Type (θ, σ) diagram (θ, σ)

Bp,q
` (Ia, Ia, εi)

p ≤ 2`+ 1− q + p− 2i < q
1 ≤ p < q ≤ `

(0 ≤ i ≤ p)

e1 e2 ep u
σ

uq
σ

u u
Type (θ, σθ) diagram (θ, σθ)

Bp,2`+1−q+p−2i
` (Ia , Ia, εi) e1 e2 ep u

σθ
u2`+1−q+p−2i

σθ
u u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep−1 ep
Bp p

e1 e2 ep−1 ep
Bp

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

Bp Bp B(p) Bp p

1
λp : (2`− q
−p+ 1)

0
q − p 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(2`+ 1− q − i, p− i) + so(q − p+ i, i) BI +BI Bi +Bp−i
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Type (θ, σ) diagram (θ, σ)

Bp,q
` (Ia, Ia, εi)

2`+ 1− q + p− 2i < p
1 ≤ p < q ≤ l
(0 ≤ i ≤ p)

e1 e2 ep u
σ

uq
σ

u u
Type (θ, σθ) diagram (θ, σθ)

Bp,2`+1−q+p−2i
` (Ia, Ia, ε2`+1−q−i) e1 e2 e2`+1−q+p−2iu

θ
up
θ

u u
rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep−1 ep
Bp 2`+ 1− q + p− 2i

e1 e2 e2`+1−q+p−2iu u up
B2`+1−q+p−2i

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

Bp Bp B(p) B2`+1−q+p−2i 2`+ 1− q + p− 2i

1
λp : (2`− q
−p+ 1)

0
q − p 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(2`+ 1− q − i, p− i) + so(q − p+ i, i) BI +BI Bi +Bp−i
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Type (θ, σ) diagram (θ, σ)

C`,p
` (I, IIa)

(2p ≤ `) u
θ

e1 u
θ

ep u
θ

u
θ

u
θ

Type (θ, σθ) diagram (θ, σθ)

C`,`
` (I, εp) e1 e2 e`−1 e`

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

u e1 u ep u u u
p · A1 `

e1 e2 e`−1 e`
Cl

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

p · A1 C` A(p) C` p
1 0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

su(`− p, p) + so(2) AIIIa + C BCp
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Type (θ, σ) diagram (θ, σ)

Cp,`
` (IIa, I)

(2p ≤ `) u
σ

e1 u
σ

ep u
σ

u
σ

u
σ

Type (θ, σθ) diagram (θ, σθ)

Cp,`
` (IIa, I) u

σθ
e1 u

σθ
ep u

σθ
u
σθ

u
σθ

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep−1 ep
BCp p

e1 e2 ep−1 ep
BCp

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

BCp BCp B(p) BCp p

2
λp : 2(`− 2p)

2
2(`− 2p) 2λp : 1

0
2

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

su(`− p, p) + so(2) AIIIa + C BCp
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Type (θ, σ) diagram (θ, σ)

C`,`
` (I, εp)

(2p ≤ `) e1 e2 e`−1 e`
Type (θ, σθ) diagram (θ, σθ)

C`,p
` (I, IIa) u

θ
e1 u

θ
ep u

θ
u
θ

u
θ

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

`

e1 e2 e`−1 e`
C` p

u
θ

e1 u
θ

ep u
θ

u
θ

u
θ

p · A1

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

C` C` B(`) p · A1 p
1 0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sp(p,R) + sp(`− p,R) CI + CI Cp + C`−p
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Type (θ, σ) diagram (θ, σ)

C2`,`
2` (I, IIb, ε0) u

θ
e1 u

θ
e`−1 u

θ
e`

Type (θ, σθ) diagram (θ, σθ)

C2`,`
2` (I, IIb, ε0) u

θ
e1 u

θ
e`−1 u

θ
e`

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

`

u e1 u e`−1 u e`
` · A1 `

u e1 u e`−1 u e`
` · A1

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

` · A1 C` A(`) ` · A1 0
1 0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sp(`,C) CI x CI C`
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Type (θ, σ) diagram (θ, σ)

C`,2`
2` (IIb, I, ε0) u

σ
e1 u

σ
e`−1 u

σ
e`

Type (θ, σθ) diagram (θ, σθ)

C`
2`(IIb, ε`) u e1 u e`−1 u e`

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

`

e1 e2 e`−1 e`
C` `

e1 e2 e`−1 e`
C`

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

C` C` B(`) C` `
2

2
λ` : 1

0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sp(`,C) CI x CI C`
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Type (θ, σ) diagram (θ, σ)

C`,`
2` (IIb, ε`) u e1 u e`−1 u e`

Type (θ, σθ) diagram (θ, σθ)

C`,2`
2` (IIb , I, ε0) u

σθ
e1 u

σθ
e`−1 u

σθ
e`

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

`

e1 e2 e`−1 e`
C` `

e1 e2 e`−1 e`
C`

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

C` C` B(`) C` `
2

2
λ` : 1

0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

su∗(2`) + R AII + C A`−1 + R
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Type (θ, σ) diagram (θ, σ)

C2`,`
2` (I, IIb, ε`) u

θ
e1 u

θ
e`−1 u

θ
e`

Type (θ, σθ) diagram (θ, σθ)

C2`,2`
2` (I, ε`) e1 e2 e2`−1 e2`

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

`

u e1 u e`−1 u e`
` · A1 2`

e1 e2 e2`−1 e2`
C2`

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

` · A1 C2` A(`) C2` `
1 0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

su(`, `) + so(2) AIIIb + C C`
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Type (θ, σ) diagram (θ, σ)

C`,2`
2` (IIb, I, ε`) u

σ
e1 u

σ
e`−1 u

σ
e`

Type (θ, σθ) diagram (θ, σθ)

C`,2`
2` (IIb, I, ε`) u

θ
e1 u

θ
e`−1 u

θ
e`

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

`

e1 e2 e`−1 e`
C` `

e1 e2 e`−1 e`
C`

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

C` C` B(`) C` `

2
λ` : 1

0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

su(`, `) + so(2) AIIIb + C C`
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Type (θ, σ) diagram (θ, σ)

C2`,2`
2` (I, ε`) e1 e2 e2`−1 e2`

Type (θ, σθ) diagram (θ, σθ)

C2`,`
2` (I, IIb, ε`) u

θ
e1 u

θ
e`−1 u

θ
e`

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

2`

e1 e2 e2`−1 e2`
C2` `

u e1 u e`−1 u e`
C`

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

C2` C2` B(2`) C` `
1 0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sp(`,R) + sp(`,R) CI + CI C` + C`
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Type (θ, σ) diagram (θ, σ)

Cp,p
` (IIa, εi)

p < `− 2p+ 1
1 ≤ p <≤ 1

2
`

(0 ≤ i ≤ p)

u e1 u ep u u u u
Type (θ, σθ) diagram (θ, σθ)

Cp,`−2p+1
` (IIa, εi) u e1 u ep u u u u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep−1 ep
BCp p

e1 e2 ep−1 ep
BCp

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

BCp BCp B(p) BCp p

4
λp :

4(`− q − p)

0
4(q − p)

0
2λp : 3

0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sp(`− 2p, 0) + sp(p, p) CIIa BCp
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Type (θ, σ) diagram (θ, σ)

Cq,p
` (IIa, IIa, εi)
q − p+ 2i ≤ p
1 ≤ p < q ≤ 1

2
`

(0 ≤ i ≤ p)

u e1 u ep u u u u
Type (θ, σθ) diagram (θ, σθ)

Cq,q−p+2i
` (IIa, IIa, εi) u e1 u eq−p+2i u uq

θ
u u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep u u uq
BCp q − p+ 2i

e1 e2 eq−p+2i u u uq
BCq−p+2i

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

BCp BCq B(p) BCq−p+2i 2i

4
λp :

4(`− q − p)

0
4(q − p)

0
2λp : 3

0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sp(`− q − i, p− i) + sp(q − p+ i, i) CIIa + CIIa BCi +BCp−i
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Type (θ, σ) diagram (θ, σ)

Cq,p
` (IIa, IIa, εi)

p < q < q − p+ 2i ≤ 1
2
`

1 ≤ p < q ≤ 1
2
`

(0 ≤ i ≤ p)

u e1 u ep u uq
θ

u u
Type (θ, σθ) diagram (θ, σθ)

Cq,q−p+2i
` (IIa, IIa, εp−i) u e1 u eq u uq−p+2i

σθ
u u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep u u uq
BCp q

e1 e2 eq−1 eq
BCq

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

BCp BCq B(p) BCq p

4
λp :

4(`− q − p)

0
4(q − p)

0
2λp : 3

0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sp(`− q − i, p− i) + sp(q − p+ i, i) CIIa + CIIa BCi +BCp−i
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Type (θ, σ) diagram (θ, σ)

Cq,p
` (IIa, IIa, εi)

q ≤ `− q + p− 2i < 1
2
`

1 ≤ p < q ≤ 1
2
l

(0 ≤ i ≤ p)

u e1 u ep u uq
θ

u u
Type (θ, σθ) diagram (θ, σθ)

Cq,`−q+p−2i
` (IIa, IIa, εq−p+i) u e1 u eq u u`−q+p−2i

σθ
u u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep u u uq
BCp q

e1 e2 eq−1 eq
BCq

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

BCp BCq B(p) Bq p

4
λp :

4(`− q − p)

0
4(q − p)

0
2λp : 3

0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sp(`− q − i, p− i) + sp(q − p+ i, i) CIIa + CIIa BCi +BCp−i
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Type (θ, σ) diagram (θ, σ)

Cq,p
` (IIa, IIa, εi)

p ≤ q + p− 2i < q
1 ≤ p < q ≤ 1

2
`

(0 ≤ i ≤ p)

u e1 u ep u uq
θ

u u
Type (θ, σθ) diagram (θ, σθ)

Cq,`−q+p−2i
` (IIa, IIa, ε`−q−i) u e1 u e`−q+p−2i u uq

θ
u u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep u u uq
BCp `− q + p− 2i

e1 e2 e`−q+p−2i u u uq
BC`−q+p−2i

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

BCp BCq B(p) BC`−q+p−2i `− 2q + 2p− 2i

4
λp :

4(`− q − p)

0
4(q − p)

0
2λp : 3

0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sp(`− q − i, p− i) + sp(q − p+ i, i) CIIa + CIIa BCi +BCp−i
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Type (θ, σ) diagram (θ, σ)

Cq,p
` (IIa, IIa, εi)

`− q + p− 2i < p
1 ≤ p < q ≤ 1

2
`

(0 ≤ i ≤ p)

u e1 u ep u uq
θ

u u
Type (θ, σθ) diagram (θ, σθ)

Cq,`−q+p−2i
` (IIa, IIa, ε`−q−i) u e1 u e`−q+p−2i u uq

θ
u u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep u u uq
BCp `− q + p− 2i

e1 e2 e`−q+p−2i u u uq
BC`−q+p−2i

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

BCp BCq B(p) BC`−q+p−2i `− 2q + 2p− 2i

4
λp :

4(`− q − p)

0
4(q − p)

0
2λp : 3

0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sp(`− q − i, p− i) + sp(q − p+ i, i) CIIa + CIIa BCi +BCp−i

182



Type (θ, σ) diagram (θ, σ)

Cp,q
` (IIa, IIa, εi)
q − p+ 2i ≤ p
1 ≤ p < q ≤ 1

2
`

(0 ≤ i ≤ p)

u e1 u ep u uq
σ

u u
Type (θ, σθ) diagram (θ, σθ)

Cp,q−p+2i
` (IIa, IIa, εq−p+i) u e1 u eq−p+2i u up

θ
u u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep−1 ep
BCp q − p+ 2i

e1 e2 eq−p+2i u u up
BCq−p+2i

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

BCp BCp B(p) BCq−p+2i q − p+ 2i

4
λp :

4(`− q − p)

0
4(q − p)

0
2λp : 3

0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sp(`− q − i, p− i) + sp(q − p+ i, i) CIIa + CIIa BCi +BCp−i

183



Type (θ, σ) diagram (θ, σ)

Cp,q
` (IIa, IIa, εi)

p < q − p+ 2i ≤ 1
2
`

1 ≤ p < q ≤ 1
2
`

(0 ≤ i ≤ p)

u e1 u ep u uq
σ

u u
Type (θ, σθ) diagram (θ, σθ)

Cp,q−p+2i
` (IIa, IIa, εp−i) u e1 u ep u uq−p+2i

σθ
u u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep−1 ep
BCp p

e1 e2 ep−1 ep
BCp

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

BCp BCp B(p) BCp p

4
λp :

4(`− q − p)

0
4(q − p)

0
2λp : 3

0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sp(`− q − i, p− i) + sp(q − p+ i, i) CIIa + CIIa BCi +BCp−i
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Type (θ, σ) diagram (θ, σ)

Cp,q
` (IIa, IIa, εi)

q ≤ `− q + p− 2i < 1
2
`

1 ≤ p < q ≤ 1
2
`

(0 ≤ i ≤ p)

u e1 u ep u uq
σ

u u
Type (θ, σθ) diagram (θ, σθ)

Cp,`−q+p−2i
` (IIa, IIa, εi) u e1 u ep u u`−q+p−2i

σθ
u u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep−1 ep
Bp p

e1 e2 ep−1 ep
Bp

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

BCp BCp B(p) BCp p

4
λp :

4(`− q − p)

0
4(q − p)

0
2λp : 3

0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sp(`− q − i, p− i) + sp(q − p+ i, i) CIIa + CIIa BCi +BCp−i
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Type (θ, σ) diagram (θ, σ)

Cp,q
` (IIa, IIa, εi)

p ≤ `− q + p− 2i < q
1 ≤ p < q ≤ 1

2
`

(0 ≤ i ≤ p)

u e1 u ep u uq
σ

u u
Type (θ, σθ) diagram (θ, σθ)

Cp,`−q+p−2i
` (IIa, IIa, εi) u e1 u ep u u`−q+p−2i

σθ
u u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep−1 ep
Bp p

e1 e2 ep−1 ep
Bp

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

BCp BCp B(p) BCp p

4
λp :

4(`− q − p)

0
4(q − p)

0
2λp : 3

0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sp(`− q − i, p− i) + sp(q − p+ i, i) CIIa + CIIa BCi +BCp−i
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Type (θ, σ) diagram (θ, σ)

Cp,q
` (IIa, IIa, εi)

`− q + p− 2i < p
1 ≤ p < q ≤ 1

2
`

(0 ≤ i ≤ p)

u e1 u ep u uq
σ

u u
Type (θ, σθ) diagram (θ, σθ)

Cp,`−q+p−2i
` (IIa, IIa, ε`−q−i) u e1 u e`−q+p−2i u up

θ
u u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep−1 ep
BCp `− q + p− 2i

e1 e2 e`−q+p−2i u u up
BC`−q+p−2i

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

BCp BCp B(p) BC`−q+p−2i `− q + p− 2i

4
λp :

4(`− q − p)

0
4(q − p)

0
2λp : 3

0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sp(`− q − i, p− i) + sp(q − p+ i, i) CIIa + CIIa BCi +BCp−i
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Type (θ, σ) diagram (θ, σ)

C`,p
2` (IIb, IIa, εi)
`− p+ 2i ≤ p
0 ≤ i ≤ p− 1

1 ≤ p ≤ `

u e1 u ep u u
θ

u u
θ

Type (θ, σθ) diagram (θ, σθ)

C`,`−p+2i
2` (IIb, IIa, εi) u e1 u e`−p+2i u u

θ
u u

θ

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep u u u`
Cp `− p+ 2i

e1 e2 e`−p+2i u u u`
C`−p+2i

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

Cp C` B(p) C`−p+2i 2i

4
λp : 3

0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sp(`− p+ i, i) + sp(`− i, p− i) CIIa + CIIa BCi +BCp−i
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Type (θ, σ) diagram (θ, σ)

C`,p
2` (IIb, IIa, εi)

p < `− p+ 2i ≤ `
0 ≤ i ≤ p− 1

1 ≤ p ≤ `

u e1 u ep u u
θ

u u
θ

Type (θ, σθ) diagram (θ, σθ)

C`,`−p+2i
2` (IIb, IIa, ε`−p+i) u e1 u e`−p+2i u u

θ
u u

θ

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep u u u`
Cp `− p+ 2i

e1 e2 e`−p+2i u u u`
C`−p+2i

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

Cp C` B(p) C`−p+2i 2i

4
λp : 3

0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sp(`− p+ i, i) + sp(`− i, p− i) CIIa + CIIa BCi +BCp−i
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Type (θ, σ) diagram (θ, σ)

C`,p
2` (IIb, IIa, εi)

p ≤ `+ p− 2i < `
0 ≤ i ≤ p− 1

1 ≤ p ≤ `

u e1 u ep u u
θ

u u
θ

Type (θ, σθ) diagram (θ, σθ)

C`,`+p−2i
2` (IIb, IIa, ε`−i) u e1 u e`+p−2i u u

θ
u u

θ

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep u u u`
Cp `+ p− 2i

e1 e2 e`+p−2i u u u`
C`+p−2i

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

Cp C` B(p) C`+p−2i 2p− 2i

4
λp : 3

0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sp(`− p+ i, i) + sp(`− i, p− i) CIIa + CIIa BCi +BCp−i
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Type (θ, σ) diagram (θ, σ)

C`,p
2` (IIb, IIa, εi)
`+ p− 2i < p
0 ≤ i ≤ p− 1

1 ≤ p ≤ `

u e1 u ep u u
θ

u u
θ

Type (θ, σθ) diagram (θ, σθ)

C`,`+p−2i
2` (IIb, IIa, ε`−i) u e1 u e`+p−2i u u

θ
u u

θ

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep u u u`
Cp `+ p− 2i

e1 e2 e`+p−2i u u u`
C`+p−2i

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

Cp C` B(p) Cl+p−2i 2p− 2i

4
λp : 3

0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sp(`− p+ i, i) + sp(`− i, p− i) CIIa + CIIa BCi +BCp−i
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Type (θ, σ) diagram (θ, σ)

Cp,`
2` (IIa, IIb, εi)
`− p+ 2i ≤ p
0 ≤ i ≤ p− 1

1 ≤ p ≤ `

u e1 u ep u u
σ

u u
σ

Type (θ, σθ) diagram (θ, σθ)

Cp,`−p+2i
2` (IIa, IIa, ε`−p+i) u e1 u e`−p+2i u up

θ
u u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep−1 ep
BCp `− p+ 2i

e1 e2 e`−p+2i u u up
BC`−p+2i

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

BCp BCp B(p) BC`−p+2i `− p+ 2i

4
λp : 4(`− p)

0
4(`− p)

0
2λp : 3

0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sp(`− p+ i, i) + sp(`− i, p− i) CIIa + CIIa BCi +BCp−i
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Type (θ, σ) diagram (θ, σ)

Cp,`
2` (IIa, IIb, εi)

p < `− p+ 2i ≤ l
0 ≤ i ≤ p− 1

1 ≤ p ≤ `

u e1 u ep u u
σ

u u
σ

Type (θ, σθ) diagram (θ, σθ)

Cp,`−p+2i
2` (IIa, IIa, εp−i) u e1 u ep u u`−p+2i

σθ
u u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep−1 ep
BCp p

e1 e2 ep−1 ep
BCp

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

BCp BCp B(p) BCp p

4
λp : 4(`− p)

0
4(`− p)

0
2λp : 3

0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sp(`− p+ i, i) + sp(`− i, p− i) CIIa + CIIa BCi +BCp−i
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Type (θ, σ) diagram (θ, σ)

Cp,`
2` (IIa, IIb, εi)

p ≤ `+ p− 2i < l
0 ≤ i ≤ p− 1

1 ≤ p ≤ `

u e1 u ep u u
σ

u u
σ

Type (θ, σθ) diagram (θ, σθ)

Cp,`+p−2i
2` (IIa, IIa, εi) u e1 u ep u u`+p−2i

σθ
u u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep−1 ep
BCp p

e1 e2 ep−1 ep
BCp

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

BCp BCp B(p) BCp p

4
λp : 4(`− p)

0
4(`− p)

0
2λp : 3

0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sp(`− p+ i, i) + sp(`− i, p− i) CIIa + CIIa BCi +BCp−i

194



Type (θ, σ) diagram (θ, σ)

Cp,`
2` (IIa, IIb, εi)
`+ p− 2i < p
0 ≤ i ≤ p− 1

1 ≤ p ≤ `

u e1 u ep u u
σ

u u
σ

Type (θ, σθ) diagram (θ, σθ)

Cp,`+p−2i
2` (IIa, IIa, ε`−i) u e1 u e`+p−2i u up

θ
u u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep−1 ep
BCp `+ p− 2i

e1 e2 e`+p−2i u u up
BC`+p−2i

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

BCp BCp B(p) BC`+p−2i `+ p− 2i

4
λp : 4(`− p)

0
4(`− p)

0
2λp : 3

0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sp(`− p+ i, i) + sp(`− i, p− i) CIIa + CIIa BCi +BCp−i
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Type (θ, σ) diagram (θ, σ)

Dq,p
` (Ia, Ia, εi)

q − p+ 2i ≤ p
1 ≤ p < q ≤ `− 1

(0 ≤ i ≤ p− 1)

e1 ep u
θ

uq
θ

u u�� u
@@ u

Type (θ, σθ) diagram (θ, σθ)

Dq,q−p+2i
` (Ia, Ia, εi) e1 eq−p+2i u

θ
uq
θ

u u�� u
@@ u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep u u uq
Bp q − p+ 2i

e1 e2 eq−p+2i u u uq
Bq−p+2i

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

Bp Bq B(p) Bq−p+2i 2i

1
λp : 4(`− q)

0
4(q − p) 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(2`− q − i, p− i) + so(q − p+ i, i) DIa +DIa Bi +Bp−i
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Type (θ, σ) diagram (θ, σ)

Dq,p
` (Ia, Ia, εi)

p < q < q − p+ 2i ≤ l
1 ≤ p < q ≤ `− 1

(0 ≤ i ≤ p− 1)

e1 ep u
θ

uq
θ

u u�� u
@@ u

Type (θ, σθ) diagram (θ, σθ)

Dq,q−p+2i
` (Ia, Ia, εp−i) e1 eq u

σθ
uq−p+2i

σθ
u u�� u

@@ u
rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep u u uq
Bp q

e1 e2 eq−1 eq
Bq

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

Bp Bq B(p) Bq p

1
λp : 4(`− q)

0
4(q − p) 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(2`− q − i, p− i) + so(q − p+ i, i) DIa +DIa Bi +Bp−i
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Type (θ, σ) diagram (θ, σ)

Dq,p
` (Ia, Ia, εi)

q ≤ 2`− q + p− 2i < l
1 ≤ p < q ≤ `− 1

(0 ≤ i ≤ p− 1)

e1 ep u
θ

uq
θ

u u�� u
@@ u

Type (θ, σθ) diagram (θ, σθ)

Dq,2`−q+p−2i
` (Ia, Ia, εq−p+i) e1 eq u

σθ
u2`−q+p−2i

σθ
u u�� u

@@ u
rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep u u uq
Bp q

e1 e2 eq−1 eq
Bq

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

Bp Bq B(p) Bq p

1
λp : 4(`− q)

0
4(q − p)

0
2λp : 1

0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(2`− q − i, p− i) + so(q − p+ i, i) DIa +DIa Bi +Bp−i
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Type (θ, σ) diagram (θ, σ)

Dq,p
` (Ia, Ia, εi)

p ≤ 2`− q + p− 2i < q
1 ≤ p < q ≤ `− 1

(0 ≤ i ≤ p− 1)

e1 ep u
θ

uq
θ

u u�� u
@@ u

Type (θ, σθ) diagram (θ, σθ)

Dq,2`−q+p−2i
` (Ia, Ia, ε2`−q−i) e1 e2`−q+p−2i u

θ
uq
θ

u u�� u
@@ u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep u u uq
Bp 2`− q + p− 2i

e1 e2 e2`−q+p−2i u u uq
B2`−q+p−2i

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

Bp Bq B(p) B2`−q+p−2i 2`− 2q + 2p− 2i

1
λp : 4(`− q)

0
4(q − p) 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(2`− q − i, p− i) + so(q − p+ i, i) DIa +DIa Bi +Bp−i
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Type (θ, σ) diagram (θ, σ)

Dq,p
` (Ia, Ia, εi)

2`− q + p− 2i < p
1 ≤ p < q ≤ `− 1

(0 ≤ i ≤ p− 1)

e1 ep u
θ

uq
θ

u u�� u
@@ u

Type (θ, σθ) diagram (θ, σθ)

Dq,2`−q+p−2i
` (Ia, Ia, ε2`−q−i) e1 e2`−q+p−2i u

θ
uq
θ

u u�� u
@@ u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep u u uq
Bp 2`− q + p− 2i

e1 e2 e2`−q+p−2i u u uq
B2`−q+p−2i

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

Bp Bq B(p) B2`−q+p−2i 2`− 2q + 2p− 2i

1
λp : 4(`− q)

0
4(q − p) 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(2`− q − i, p− i) + so(q − p+ i, i) DIa +DIa Bi +Bp−i
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Type (θ, σ) diagram (θ, σ)

Dp,q
` (Ia, Ia, εi)

q − p+ 2i ≤ p
1 ≤ p < q ≤ `− 1

(0 ≤ i ≤ p− 1)

e1 ep u
σ

uq
σ

u u�� u
@@ u

Type (θ, σθ) diagram (θ, σθ)

Dp,q−p+2i
` (Ia, Ia, εq−p+i) e1 eq−p+2i u

θ
up
θ

u u�� u
@@ u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep−1 ep
Bp q − p+ 2i

e1 e2 eq−p+2i u u up
Bq−p+2i

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

Bp Bp B(p) Bq−p+2i q − p+ 2i

1
λp : 4(`− q)

0
4(q − p) 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(2`− q − i, p− i) + so(q − p+ i, i) DIa +DIa Bi +Bp−i
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Type (θ, σ) diagram (θ, σ)

Dp,q
` (Ia, Ia, εi)

p < q − p+ 2i ≤ l
1 ≤ p < q ≤ `− 1

(0 ≤ i ≤ p− 1)

e1 ep u
σ

uq
σ

u u�� u
@@ u

Type (θ, σθ) diagram (θ, σθ)

Dp,q−p+2i
` (Ia, Ia, εp−i) e1 ep u

σθ
uq−p+2i

σθ
u u�� u

@@ u
rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep−1 ep
Bp p

e1 e2 ep−1 ep
Bp

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

Bp Bp B(p) Bp p

1
λp : 4(`− q)

0
4(q − p) 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(2`− q − i, p− i) + so(q − p+ i, i) DIa +DIa Bi +Bp−i

202



Type (θ, σ) diagram (θ, σ)

Dp,q
` (Ia, Ia, εi)

q ≤ 2`− q + p− 2i < l
1 ≤ p < q ≤ `− 1

(0 ≤ i ≤ p− 1)

e1 ep u
σ

uq
σ

u u�� u
@@ u

Type (θ, σθ) diagram (θ, σθ)

Dp,2`−q+p−2i
` (Ia, Ia, εi) e1 ep u

σθ
u2`−q+p−2i

σθ
u u�� u

@@ u
rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep−1 ep
Bp p

e1 e2 ep−1 ep
Bp

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

Bp Bp B(p) Bp p

1
λp : 4(`− q)

0
4(q − p) 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(2`− q − i, p− i) + so(q − p+ i, i) DIa +DIa Bi +Bp−i
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Type (θ, σ) diagram (θ, σ)

Dp,q
` (Ia, Ia, εi)

p ≤ 2`− q + p− 2i < q
1 ≤ p < q ≤ `− 1

(0 ≤ i ≤ p− 1)

e1 ep u
σ

uq
σ

u u�� u
@@ u

Type (θ, σθ) diagram (θ, σθ)

Dp,2`−q+p−2i
` (Ia, Ia, εi) e1 ep u

σθ
u2`−q+p−2i

σθ
u u�� u

@@ u
rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep−1 ep
Bp p

e1 e2 ep−1 ep
Bp

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

Bp Bp B(p) Bp p

1
λp : 4(`− q)

0
4(q − p) 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(2`− q − i, p− i) + so(q − p+ i, i) DIa +DIa Bi +Bp−i

204



Type (θ, σ) diagram (θ, σ)

Dp,q
` (Ia, Ia, εi)

2`− q + p− 2i < p
1 ≤ p < q ≤ `− 1

(0 ≤ i ≤ p− 1)

e1 ep u
σ

uq
σ

u u�� u
@@ u

Type (θ, σθ) diagram (θ, σθ)

Dp,2`−q+p−2i
` (Ia, Ia, ε2`−q−i) e1 e2`−q+p−2i u

θ
up
θ

u u�� u
@@ u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep u u uq
Bp 2`− q + p− 2i

e1 e2 e2`−q+p−2i u u up
B2`−q+p−2i

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

Bp Bp B(p) B2`−q+p−2i 2`− q + p− 2i

1
λp : 4(`− q)

0
4(q − p) 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(2`− q − i, p− i) + so(q − p+ i, i) DIa +DIa Bi +Bp−i
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Type (θ, σ) diagram (θ, σ)

D`,p
` (Ib, Ia, εi)

`− p+ 2i ≤ p
0 ≤ i ≤ p− 1

1 ≤ p < `

e1 ep u
θ

u
θ

��
u
θ

@@ u
θ

Type (θ, σθ) diagram (θ, σθ)

D`,`−p+2i
` (Ib, Ia, εi) e1 e`+p−2i u

θ
u
θ

��
u
θ

@@ u
θ

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 ep u u�� u
@@ u

Dp `− p+ 2i

e1 e`−p+2i u u�� u
@@ u

D`−p+2i

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

Dp D` D(p) D`−p+2i 2i
1 0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(`− p+ i, i) + so(`− i, p− i) DIa +DIa Bi +Bp − i
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Type (θ, σ) diagram (θ, σ)

D`,p
` (Ib, Ia, εi)

p < `− p+ 2i ≤ `
0 ≤ i ≤ p− 1

1 ≤ p < `

e1 ep u
θ

u
θ

��
u
θ

@@ u
θ

Type (θ, σθ) diagram (θ, σθ)

D`,`−p+2i
` (Ib , Ia, εp−i) e1 e`−p+2i u

θ
u
θ

��
u
θ

@@ u
θ

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 ep u u�� u
@@ u

Dp `− p+ 2i

e1 e`−p+2i u u�� u
@@ u

D`−p+2i

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

Dp D` D(p) D`−p+2i 2i
1 0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(`− p+ i, i) + so(`− i, p− i) DIa +DIa Bi +Bp − i
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Type (θ, σ) diagram (θ, σ)

D`,p
` (Ib, Ia, εi)

p ≤ `+ p− 2i < `
0 ≤ i ≤ p− 1

1 ≤ p < `

e1 ep u
θ

u
θ

��
u
θ

@@ u
θ

Type (θ, σθ) diagram (θ, σθ)

D`,`+p−2i
` (Ib, Ia, ε`−i) e1 el+p−2i u

θ
u
θ

��
u
θ

@@ u
θ

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 ep u u�� u
@@ u

Dp `+ p− 2i

e1 e`+p−2i u u�� u
@@ u

D`+p−2i

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

Dp D` D(p) D`+p−2i 2p− 2i
1 0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(`− p+ i, i) + so(`− i, p− i) DIa +DIa Bi +Bp − i
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Type (θ, σ) diagram (θ, σ)

D`,p
` (Ib, Ia, εi)

`+ p− 2i < p
0 ≤ i ≤ p− 1

1 ≤ p < `

e1 ep u
θ

u
θ

��
u
θ

@@ u
θ

Type (θ, σθ) diagram (θ, σθ)

D`,`+p−2i
` (Ib, Ia, ε`−i) e1 el+p−2i u

θ
u
θ

��
u
θ

@@ u
θ

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 ep u u�� u
@@ u

Dp `+ p− 2i

e1 e`+p−2i u u�� u
@@ u

D`+p−2i

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

Dp D` D(p) D`+p−2i 2p− 2i
1 0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(`− p+ i, i) + so(`− i, p− i) DIa +DIa Bi +Bp − i
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Type (θ, σ) diagram (θ, σ)

Dp,`
` (Ia, Ib, εi)

`− p+ 2i ≤ p
0 ≤ i ≤ p− 1

0 ≤ p < `

e1 ep u
σ

u
σ

��
u
σ

@@ u
σ

Type (θ, σθ) diagram (θ, σθ)

Dp,`−p+2i
` (Ia, Ia, ε`−p+i) e1 e`−p+2i u

θ
up
θ

u u�� u
@@ u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep−1 ep
Bp `− p+ 2i

e1 e2 e`−p+2i u u up
B`−p+2i

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

Bp Bp B(p) B`−p+2i `− p+ 2i

1
λp : `− p

0
`− p 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(`− p+ i, i) + so(`− i, p− i) DIa +DIa Bi +Bp − i
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Type (θ, σ) diagram (θ, σ)

Dp,`
` (Ia, Ib, εi)

p < `− p+ 2i ≤ `
0 ≤ i ≤ p− 1

0 ≤ p < `

e1 ep u
σ

u
σ

��
u
σ

@@ u
σ

Type (θ, σθ) diagram (θ, σθ)

Dp,`−p+2i
` (Ia, Ia, εp−i) e1 ep u

σθ
u`−p+2i

σθ
u u�� u

@@ u
rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep−1 ep
Bp p

e1 e2 ep−1 ep
Bp

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

Bp Bp B(p) Bp p

1
λp : `− p

0
`− p 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(`− p+ i, i) + so(`− i, p− i) DIa +DIa Bi +Bp − i
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Type (θ, σ) diagram (θ, σ)

Dp,`
` (Ia, Ib, εi)

p ≤ `+ p− 2i < `
0 ≤ i ≤ p− 1

0 ≤ p < `

e1 ep u
σ

u
σ

��
u
σ

@@ u
σ

Type (θ, σθ) diagram (θ, σθ)

Dp,`+p−2i
` (Ia, Ia, εi) e1 ep u

σθ
u`+p−2i

σθ
u u�� u

@@ u
rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep−1 ep
Bp p

e1 e2 ep−1 ep
Bp

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

Bp Bp B(p) Bp p

1
λp : `− p

0
`− p 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(`− p+ i, i) + so(`− i, p− i) DIa +DIa Bi +Bp − i
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Type (θ, σ) diagram (θ, σ)

Dp,`
` (Ia, Ib, εi)

`+ p− 2i < p
0 ≤ i ≤ p− 1

0 ≤ p < `

e1 ep u
σ

u
σ

��
u
σ

@@ u
σ

Type (θ, σθ) diagram (θ, σθ)

Dp,`+p−2i
` (Ia, Ia, εl−i) e1 e`+p−2i u

θ
up
θ

u u�� u
@@ u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep−1 ep
Bp `+ p− 2i

e1 e2 e`+p−2i u u up
B`+p−2i

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

Bp Bp B(p) B`+p−2i `+ p− 2i

1
λp : `− p

0
`− p 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(`− p+ i, i) + so(`− i, p− i) DIa +DIa Bi +Bp − i
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Type (θ, σ) diagram (θ, σ)

D`,4p
2` (IIIa, Ia)

(1 ≤ 2p ≤ `− 1)
u
σ

e1 u
σ

e2p u u
θ

u u
θ

u
θ

��
u
θ

@@ u

Type (θ, σθ) diagram (θ, σθ)

D`,`
2` (IIIa, εp) u e1 u e u e`−1��

e`
@@ u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

2p

e1 e2 e2p u u u`
C2p `

e1 e2 e`−1 e`
C`

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

C2p C` B(2p) C` 2p

2
λp : 1

2
0

0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

su(2`− 2p, 2p) AIIIa BC2p
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Type (θ, σ) diagram (θ, σ)

D2p,`
2` (Ia, IIIa)

(1 ≤ 2p ≤ 2`− 1)
u
θ

e1 u
θ

ep u u
σ

u u
σ

u
σ

��
u
σ

@@ u

Type (θ, σθ) diagram (θ, σθ)

D2p,`
2` (Ia, IIIa) u

θ
e1 u

θ
ep u u

σθ
u u

σθ

u
σθ

��
u
σθ

@@ u
rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

u1 e2 u e u ep
p · A1 p

u1 e2 u e u ep
p · A1

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

p · A1 B2p A(p) p · A1 0

2
λp : 1

2
0

0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

su(2`− p, p) + so(2) AIIIa BCp
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Type (θ, σ) diagram (θ, σ)

D`,`
2` (IIIa, εp)

(1 ≤ 2p ≤ `− 1) u e1 u e u e`−1��
e`

@@ u

Type (θ, σθ) diagram (θ, σθ)

D`,4p
2` (IIIa, Ia) u

σθ
e1 u

σθ
e2p u u

θ
u u

θ

u
θ

��
u
θ

@@ u
rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

`

e1 e2 e`−1 e`
C` 2p

e1 e2 e2p u u u`
C2p

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

C` C` B(`) C2p 2p

2
λp : 1

2
0

0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so∗(4p) + so∗(4`− 4p) DIIIa +DIIIa Cp + C`−p
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Type (θ, σ) diagram (θ, σ)

D`,2p
2`+1(IIIb, Ia)

(1 ≤ 2p ≤ `)
u
σ

e1 u
σ

e4p u u
θ

u��
@@

u
θ

u
θ

θ∗

�

]

Type (θ, σθ) diagram (θ, σθ)

D`,`
2`+1(IIIb, εp) u e1 u e u�� e`

@@ eσθ∗&θ∗

�

]

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

2p

e1 e2 e2p u u u`
BC2p `

e1 e2 e`−1 e`
BC`

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

BC2p BC` B(2p) BC` 2p

2
λp : 2(2`
−2p+ 1)

2
2(2`

−2p+ 1)

0
2λp : 1

0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

su(2`− 2p+ 1, 2p) AIIIa BC2p
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Type (θ, σ) diagram (θ, σ)

D2p,`
2`+1(Ia, IIIb)

(1 ≤ 2p ≤ 2`)
u
θ

e1 u
θ

ep u u
σ

u��
@@

u
σ

u
σ

σ∗

�

]

Type (θ, σθ) diagram (θ, σθ)

D2p,`
2`+1(Ia, IIIb) u

θ
e1 u

θ
ep u u

σθ
u��
@@

u
σθ

u
σθ

σθ∗

�

]

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

u1 e2 u e u ep
p · A1 p

u1 e2 u e u ep
p · A1

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

p · A1 B2p A(p) p · A1 0
1 0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

su(2`− p+ 1, p) + so(2) AIIIa BCp
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Type (θ, σ) diagram (θ, σ)

D`,`
2`+1(IIIb, εp)

(1 ≤ 2p ≤ 2`) u e1 u e u�� e`
@@ eσ∗&θ∗

�

]

Type (θ, σθ) diagram (θ, σθ)

D`,4p
2`+1(IIIb, Ia) u

σθ
e1 u

σθ
ep u u

θ
u��
@@

u
θ

u
θ

θ∗

�

]

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

`

e1 e2 e`−1 e`
BC` 2p

e1 e2 e2p u u u`
BC2p

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

BC` BC` B(`) BC2p 2p
2 2

0
λ` : 1

0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so∗(4p) + so∗(4`− 4p+ 2) DIIIa +DIIIb Cp +BC`−p
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Type (θ, σ) diagram (θ, σ)

D2`,4`
4` (IIIa, Ib, ε0) u

σ
e1 u

σ
e u

σ
e`−1��

e`
@@ u

σ

Type (θ, σθ) diagram (θ, σθ)

D2`,2`
4` (IIIa, ε`) u e1 u e u e`−1��

e`
@@ u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

2`

e1 e2 e2`−1 e2`
C2` 2`

e1 e2 e2`−1 e2`
C2`

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

C2` C2` B(2`) C2` 2`
2 2

0
λ` : 1

0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

su(2`, 2`) AIIIb C2`
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Type (θ, σ) diagram (θ, σ)

D2`,`
2` (Ib, IIIa, ε0) u

θ
e1 u

θ
e u

θ
e`−1��

e`
@@ u

θ

Type (θ, σθ) diagram (θ, σθ)

D2`,`
2` (Ib, IIIa, ε0) u

θ
e1 u

θ
e u

θ
e`−1��

e`
@@ u

θ

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

`

u e1 u e u e`−1��
e`

@@ u
` · A1 `

u e1 u e u e`−1��
e`

@@ u
` · A1

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

` · A1 D2` A(`) ` · A1 `
1 0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

su(`, `) + so(2) AIIIb + C C`
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Type (θ, σ) diagram (θ, σ)

D2`,2`
4` (IIIa, ε`) u e1 u e u e2`−1��

e2`
@@ u

Type (θ, σθ) diagram (θ, σθ)

D2`,4`
4` (IIIa, Ib, ε0) u

σθ
e1 u

σθ
e u

σθ
e`−1��

e`
@@ u

σθ

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

2`

e1 e2 e2`−1 e2`
C2` `

e1 e2 e`−1 e`
C`

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

C2` C2` B(2`) C` `

2
λ` : 1

2
0

0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so∗(4`) + so∗(4`) DIIIa +DIIIa C` + C`
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Type (θ, σ) diagram (θ, σ)

D`,2`
2` (IIIa, Ib, ε`) u

σ
e1 u

σ
e u

σ
e`−1��

e`
@@ u

σ

Type (θ, σθ) diagram (θ, σθ)

D`,2`
2` (IIIa, Ib, ε`) u

σθ
e1 u

σθ
e u

σθ
e`−1��

e`
@@ u

σθ

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

`

e1 e2 e`−1 e`
C` `

e1 e2 e`−1 e`
C`

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

C` C` B(`) C` `

2
λ` : 1

2
0

0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(2`,C) D` x D` D`
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Type (θ, σ) diagram (θ, σ)

D2`,`
2` (Ib, IIIa, ε`) u

θ
e1 u

θ
e u

θ
e`−1��

e`
@@ u

θ

Type (θ, σθ) diagram (θ, σθ)

D2`,2`
2` (Ib, ε`) e1 e2 e2`−3 e2`−2��

e2`−1

@@ e2`
rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

`

u e1 u e u e`−1��
e`

@@ u
` · A1 2`

e1 e2 e2`−3 e2`−2��
e2`−1

@@ e2`
D2`

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

` · A1 D2` A(`) D2` `
1 0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(`,C D` x D` D`
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Type (θ, σ) diagram (θ, σ)

D2`
2`(Ib, ε`) e1 e2 e2`−3 e2`−2��

e2`−1

@@ e2`

Type (θ, σθ) diagram (θ, σθ)

D2`,`
2` (Ib, IIIa, ε`) u

θ
e1 u

θ
e u

θ
e`−1��

e`
@@ u

θ

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

2`

e1 e2 e2`−3 e2`−2��
e2`−1

@@ e2`
D2` `

u e1 u e u e`−1��
e`

@@ u
` · A1

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

D2` D2` D(`) ` · A1 `
1 0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sl(2`,R) + R AI + C A2`−1 + R
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Type (θ, σ) diagram (θ, σ)

D`,2`+1
2`+1 (IIIb, Ib) u

σ
e1 u

σ
e u

σ

��
e`

@@ eθ∗�
]

Type (θ, σθ) diagram (θ, σθ)

D`,2`+1
2`+1 (IIIb, Ib) u

σθ
e1 u

σθ
e u

σθ

��
e`

@@ eθ∗�
]

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

`

e1 e2 e`−1 e`
BC` `

e1 e2 e`−1 e`
BC`

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

BC` BC` B(`) BC` 0
2 2

0
λ` : 1

0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(2`+ 1,C) BI x BI B`
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Type (θ, σ) diagram (θ, σ)

D2`+1,`
2`+1 (Ib, IIIb) u

θ
e1 u

θ
e u

θ

��
e`

@@ eσ∗

�

]

Type (θ, σθ) diagram (θ, σθ)

D2`+1,2`+1
2`+1 (Ib, ε`) e1 e2 e2`−2 e2`−1��

e2`
@@ e2`+1

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

`

u
θ

e1 u
θ

e u
θ

��
e`

@@ eσ∗

�

]

` · A1 2`+ 1

e1 e2 e2`−2 e2`−1��
e2`

@@ e2`+1

D2`+1

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

` · A1 D2`+1 A(`) D2`+1 `
1 0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(2`+ 1,C) BI x BI B`
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Type (θ, σ) diagram (θ, σ)

D2`+1,2`+1
2`+1 (Ib, ε`) e1 e2 e2`−2 e2`−1��

e2`
@@ e2`+1

Type (θ, σθ) diagram (θ, σθ)

D2`+1,`
2`+1 (Ib, IIIb) u

θ
e1 u

θ
e u

θ

��
e`

@@ eσ∗

�

]

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

2`+ 1

e1 e2 e2`−2 e2`−1��
e2`

@@ e2`+1

D2`+1 `

u
θ

e1 u
θ

e u
θ

��
e`

@@ eσ∗

�

]

` · A1

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

D2`+1 D2`+1 D(2`+ 1) ` · A1 `
1 0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sl(2`+ 1,R) + R AI + C A2` + R
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Type (θ, σ) diagram (θ, σ)

Dp,p
` (Ia, εp)

p < `− 2p
e1 ep u u�� u

@@ u

Type (θ, σθ) diagram (θ, σθ)

Dp,`−2p
` (Ia, εp) e1 ep u u�� u

@@ u
rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

p

e1 e2 ep−1 ep
Bp p

e1 e2 ep−1 ep
Bp

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

Bp Bp B(p) Bp p

1
λp : 4(`− p) 0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sp(p, p) + sp(`− 2p, 0) CIIa + CIIa BCp
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Type (θ, σ) diagram (θ, σ)

E6,4
6 (I, II, ε0) e e e2

e1
e3 e4

σ∗
6 66 6

Type (θ, σθ) diagram (θ, σθ)

E6,2
6 (I, IV) e1 u

θ
u
θ

u
θ u

θ
e2

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

4

e e e2
e1

e3 e4
σ∗

6 66 6
D4 2

e1 u u
u

u e2
∅

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

D4 E6 A(4) ∅ 0
1 0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

f4(4) FI F4

230



Type (θ, σ) diagram (θ, σ)

E4,6
6 (II, I, ε0) e e e2

e1
e3 e4

θ∗
6 66 6

Type (θ, σθ) diagram (θ, σθ)

E4,2
6 (II, IV) e1 u

θ
u
θ

u
θ u

θ
e

θ∗
6 66 6

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

4

e1 e2 e3 e4
F4 1

u u u e1
A1

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

F4 F4 F (4) A1 1
1

λ1, λ2 : 0
λ3, λ4 : 1

0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

f4(4) FI F4
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Type (θ, σ) diagram (θ, σ)

E6,2
6 (I, IV) e1 u

θ
u
θ

u
θ u

θ
e2

Type (θ, σθ) diagram (θ, σθ)

E6,4
6 (I, II, ε0) e e e2

e1
e3 e4

σθ∗
6 66 6

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

2

e1 u u
u

u e2
∅ 4

e e e2
e1

e3 e4
σθ∗

6 66 6
F4

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

∅ E6 id F4 0
- - - -

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

su∗(6) + su(2) AII + C A2
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Type (θ, σ) diagram (θ, σ)

E2,6
6 (IV, I) e1 u

σ
u
σ

u
σ u

σ
e2

Type (θ, σθ) diagram (θ, σθ)

E2,4
6 (IV, II) e1 u

σθ
u
σθ

u
σθ u

σθ
e

σθ∗
6 66 6

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

2

e1 e2
A2 1

e e
σθ∗

6 6

A1

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

A1 A2 A(1) A1 1
4 4 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

su∗(6) + su(2) AII + C A2
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Type (θ, σ) diagram (θ, σ)

E4,2
6 (II, IV) e1 u

θ
u
θ

u
θ u

θ
e

θ∗
6 66 6

Type (θ, σθ) diagram (θ, σθ)

E4,6
6 (II, I, ε0) e e e2

e1
e3 e4

θ∗
6 66 6

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

1

u u u e1
A1 4

e1 e2 e3 e4
F4

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

A1 F4 A(1) F4 1
5 3 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sp(3, 1) CIIa BC1
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Type (θ, σ) diagram (θ, σ)

E2,4
6 (IV, II) e1 u

σ
u
σ

u
σ u

σ
e

σ∗
6 66 6

Type (θ, σθ) diagram (θ, σθ)

E2,6
6 (IV, I) e1 u

σθ
u
σθ

u
σθ u

σθ
e2

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

1

e e
σ∗6 6

A1 2

e1 e2
A2

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

A1 A2 A(1) A1 1
3 5 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sp(3, 1) CIIa BC1
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Type (θ, σ) diagram (θ, σ)

E6,4
6 (I, II, ε1) e e e2

e1
e3 e4

σ∗
6 66 6

Type (θ, σθ) diagram (θ, σθ)

E6,6
6 (I, ε2) e1 e3 e4

e2
e5 e6

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

4

e e e2
e1

e3 e4
σ∗

6 66 6
D4 6

e1 e3 e4
e2

e5 e6
E6

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

D4 E6 A(4) E6 4
1 0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sp(4,R) CI C4
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Type (θ, σ) diagram (θ, σ)

E4,6
6 (II, I, ε1) e e e2

e1
e3 e4

θ∗
6 66 6

Type (θ, σθ) diagram (θ, σθ)

E4,6
6 (II, I, ε1) e e e2

e1
e3 e4

θ∗
6 66 6

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

4

e1 e2 e3 e4
F4 4

e1 e2 e3 e4
F4

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

F4 F4 F (4) F4 4
1

λ1, λ2 : 0
λ3, λ4 : 1

0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sp(4,R) CI C4
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Type (θ, σ) diagram (θ, σ)

E6,6
6 (I, ε2) e1 e3 e4

e2
e5 e6

Type (θ, σθ) diagram (θ, σθ)

E6,4
6 (I, II, ε1) e e e2

e1
e3 e4

σθ∗
6 66 6

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

6

e1 e3 e4
e2

e5 e6
E6 4

e e e2
e1

e3 e4
σθ∗

6 66 6
F4

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

D4 E6 A(4) F4 4
1 0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sl(6,R) + sl(2,R) AI + AI A5 + A1
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Type (θ, σ) diagram (θ, σ)

E6,2
6 (I, III) e u

θ
u
θ

e1
u
θ

e2
σ∗

6 66 6

Type (θ, σθ) diagram (θ, σθ)

E6,6
6 (I, ε1) e1 e3 e4

e2
e5 e6

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

2

e1 u u
u

u e
σ∗

6 66 6

2 · A1 6

e1 e3 e4
e2

e5 e6
E6

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

2 · A1 E6 A(2) E6 2
1 0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sp(2, 2) CIIb C2
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Type (θ, σ) diagram (θ, σ)

E2,6
6 (III, I) e u

σ
u
σ

e1
u
σ

e2
θ∗

6 66 6

Type (θ, σθ) diagram (θ, σθ)

E2,6
6 (III, I) e u

σθ
u
σθ

e1
u
σθ

e2
θ∗

6 66 6

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

2

e1 e2
BC2 2

e1 e2
BC2

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

BC2 BC2 B(2) BC2 2

λ1 : 3
λ2 : 4

3
4

2λ1 : 0
2λ2 : 1

0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sp(2, 2) CIIb C2
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Type (θ, σ) diagram (θ, σ)

E6,6
6 (I, ε1) e1 e3 e4

e2
e5 e6

Type (θ, σθ) diagram (θ, σθ)

E6,2
6 (I, III) e u

θ
u
θ

e1
u
θ

e2
σθ∗

6 66 6

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

6

e1 e3 e4
e2

e5 e6
E6 2

e u u
e1

u e2
σθ∗

6 66 6
2 · A1

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

E6 E6 A(4) 2 · A1 2
1 0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(5, 5) + R DIb + C B5 + R
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Type (θ, σ) diagram (θ, σ)

E4,2
6 (II, III, ε0) e u

θ
u
e1
θ

u
θ

e2
θ∗&σ∗

6 66 6

Type (θ, σθ) diagram (θ, σθ)

E4,2
6 (II, III, ε0) e u

θ
u
e1
θ

u
θ

e2
θ∗&σθ∗

6 66 6

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

2

e1 u u e2
B2 2

e1 u u e2
B2

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

B2 F4 B(2) B2 0
1

λ1, λ2 : 0
λ3, λ4 : 1

0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so∗(10) + so(2) DIIIb + C BC2
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Type (θ, σ) diagram (θ, σ)

E2,4
6 (III, II, ε0) e u

σ
u
e1
σ

u
σ

e2
σ∗&θ∗

6 66 6

Type (θ, σθ) diagram (θ, σθ)

E2,2
6 (III, ε1) e u u

e1
u e2

σθ∗&θ∗
6 66 6

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

2

e1 e2
BC2 2

e1 e2
BC2

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

BC2 BC2 B(2) BC2 2
4

λ1 : 2
λ2 : 4

0
1

0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so∗(10) + so(2) DIIIb + C BC2
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Type (θ, σ) diagram (θ, σ)

E2,2
6 (III, ε1) e u u

e1
u e2

σ∗&θ∗
6 66 6

Type (θ, σθ) diagram (θ, σθ)

E2,4
6 (III, II, ε0) e u

σθ
u
e1
σθ

u
σθ

e2
σθ∗&θ∗

6 66 6

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

2

e1 e2
BC2 2

e1 e2
BC2

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

BC2 BC2 B(2) BC2 2
4

λ1 : 2
λ2 : 4

0
1

0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

su(5, 1) + sl(2,R) AIIIa + AI BC1 + A1
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Type (θ, σ) diagram (θ, σ)

E2,2
6 (III, ε2) e u u

e1
u e2

σ∗&θ∗
6 66 6

Type (θ, σθ) diagram (θ, σθ)

E2,4
6 (III, II, ε0) e u

σθ
u
e1
σθ

u
σθ

e2
σθ∗&θ∗

6 66 6

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

2

e1 e2
BC2 2

e1 e2
BC2

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

BC2 BC2 B(2) BC2 2
4

λ1 : 2
λ2 : 4

0
1

0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

su(5, 1) + sl(2,R) AIIIa + AI BC1 + A1

245



Type (θ, σ) diagram (θ, σ)

E4,2
6 (II, III, ε1) e u

θ
u
e1
θ

u
θ

e2
θ∗&σ∗

6 66 6

Type (θ, σθ) diagram (θ, σθ)

E4,4
6 (II, ε4) e e e2

e1
e3 e4

θ∗&σθ∗
6 66 6

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

2

e1 u u e2
B2 4

e1 e2 e3 e4
F4

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

B2 F4 B(2) F4 2
1

λ1, λ2 : 0
λ3, λ4 : 1

0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(8, 2) + so(2) DIa + C B2

246



Type (θ, σ) diagram (θ, σ)

E2,4
6 (III, II, ε1) e u

σ
u
e1
σ

u
σ

e2
σ∗&θ∗

6 66 6

Type (θ, σθ) diagram (θ, σθ)

E2,4
6 (III, II, ε1) e u

σθ
u
e1
σθ

u
σθ

e2
σθ∗&θ∗

6 66 6

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

2

e1 e2
BC2 2

e1 e2
BC2

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

BC2 BC2 B(2) BC2 0
4

λ1 : 2
λ2 : 4

0
1

0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

su(4, 2) + su(2) AIIIa + C BC2

247



Type (θ, σ) diagram (θ, σ)

E4,4
6 (II, ε4) e e e2

e1
e3 e4

θ∗&σ∗
6 66 6

Type (θ, σθ) diagram (θ, σθ)

E4,2
6 (II, III, ε1) e u

θ
u
e1
θ

u
θ

e2
θ∗&σ∗

6 66 6

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

4

e1 e2 e3 e4
F4 2

e1 u u e2
B2

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

F4 F4 F (4) B2 2
1

λ1, λ2 : 0
λ3, λ4 : 1

0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(6, 4) + so(2) DIa + C B4

248



Type (θ, σ) diagram (θ, σ)

E4,4
6 (II, ε1) e e e2

e1
e3 e4

θ∗&σ∗
6 66 6

Type (θ, σθ) diagram (θ, σθ)

E4,4
6 (II, ε1) e e e2

e1
e3 e4

θ∗&σ∗
6 66 6

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

4

e1 e2 e3 e4
F4 4

e1 e2 e3 e4
F4

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

F4 F4 F (4) F4 4
1

λ1, λ2 : 0
λ3, λ4 : 1

0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

su(3, 3) + sl(2,R) AIIIb + AI C3 + A1

249



Type (θ, σ) diagram (θ, σ)

E2,2
6 (III, IV) e1 u u

u
θ u e
θ∗

6 66 6

Type (θ, σθ) diagram (θ, σθ)

E2,2
6 (III, IV) e1 u u

u
θ u e
θ∗

6 66 6

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

1

u e1
A1 1

u e1
A1

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

A1 BC2 A(1) A1 0
8 0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

f4(−20) FII BC1

250



Type (θ, σ) diagram (θ, σ)

E2,2
6 (IV, III) e1 u u

u
σ u e
σ∗

6 66 6

Type (θ, σθ) diagram (θ, σθ)

E2,2
6 (IV, ε1) e1 u u

u
u e2

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

1

e e
σ∗6 6

A1 2

e1 e2
A2

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

A1 A2 A(1) A1 1
8 0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

f4(−20) FII BC1

251



Type (θ, σ) diagram (θ, σ)

E2,2
6 (IV, ε1) e1 u u

u
u e2

Type (θ, σθ) diagram (θ, σθ)

E2,2
6 (IV, III) e1 u u

u
σθ u e
σθ∗

6 66 6

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

2

e1 e2
A2 1

e e
σθ∗

6 6

A1

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

A1 A2 A(1) A1 1
8 0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(9, 1) + R DIa + C B1 + R

252



Type (θ, σ) diagram (θ, σ)

E7,4
7 (V,VI, ε0) e1 e2 e3

u
θ u

θ
e4 u

θ

Type (θ, σθ) diagram (θ, σθ)

E7,3
7 (V,VII) e1 u

θ
u
θ

u
θ u

θ
e2 e3

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

4

e1 e2 e3
u

u e4 u
D4 3

e1 u u
u

u e2 e3
C3

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

D4 E7 D(4) C3 0
1 0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

e6(2) + so(2) EII + C F4

253



Type (θ, σ) diagram (θ, σ)

E4,7
7 (VI,V, ε0) e1 e2 e3

u
σ u

σ
e4 u

σ

Type (θ, σθ) diagram (θ, σθ)

E4,3
7 (VI,VII, ε1) e1 u

θ
u
θ

u
u e2 u

σθ

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

4

e1 e2 e3 e4
F4 2

e1 u u e2
C2

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

F4 F4 F (4) C2 2
1

λ1, λ2 : 0
λ3, λ4 : 1

0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

e6(2) + so(2) EII + C F4

254



Type (θ, σ) diagram (θ, σ)

E7,3
7 (V,VII) e1 u

θ
u
θ

u
θ u

θ
e2 e3

Type (θ, σθ) diagram (θ, σθ)

E7,4
7 (V,VI, ε0) e1 e2 e3

u
θ u

θ
e4 u

θ

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

3

e1 u u
u

u e2 e3
3 · A1 4

e1 e2 e3
u

u e4 u
F4

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

3 · A1 E7 A(3) F4 0
1 0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so∗(12) + su(2) DIIIa + C C3

255



Type (θ, σ) diagram (θ, σ)

E3,7
7 (VII,V) e1 u

σ
u
σ

u
σ u

σ
e2 e3

Type (θ, σθ) diagram (θ, σθ)

E3,4
7 (VII,VI, ε1) e1 u

σθ
u
σθ

u
u e2 u

θ

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

3

e3 e2 e1
C3 2

e1 e2 u
B2

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

C3 C3 C(3) B2 2

λ1 : 1
λ2, λ3 : 4

0
4

0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so∗(12) + su(2) DIIIa + C C3

256



Type (θ, σ) diagram (θ, σ)

E4,3
7 (VI,VII, ε1) e1 u

θ
u
θ

u
u e2 u

σ

Type (θ, σθ) diagram (θ, σθ)

E4,7
7 (VI,V, ε0) e1 e2 e3

u
σθ u

σθ
e4 u

σθ

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

2

e1 u u e2
B2 4

e1 e2 e3 e4
F4

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

B2 F4 B(2) F4 2

λ1 : 2
λ2 : 1

2
0

0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

su(6, 2) AIIIa BC2

257



Type (θ, σ) diagram (θ, σ)

E3,4
7 (VII,VI, ε1) e1 u

σ
u
σ

u
u e2 u

θ

Type (θ, σθ) diagram (θ, σθ)

E3,7
7 (VII,V) e1 u

σθ
u
σθ

u
σθ u

σθ
e2 e3

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

2

e1 e2 u
C2 3

e3 e2 e1
C3

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

C2 C3 C(2) C3 2

λ1 : 6
λ2 : 1

2
0

0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

su(6, 2) AIIIa BC2

258



Type (θ, σ) diagram (θ, σ)

E7,4
7 (V,VI, ε1) e1 e2 e3

u
θ u

θ
e4 u

θ

Type (θ, σθ) diagram (θ, σθ)

E7,7
7 (V, ε1) e1 e3 e4

e2
e5 e6 e7

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

4

e1 e2 e3
u

u e4 u
D4 7

e1 e3 e4
e2

e5 e6 e7
E7

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

D4 E7 D(4) E7 4
1 0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

su(4, 4) AIIIb C4

259



Type (θ, σ) diagram (θ, σ)

E4,4
7 (VI, ε1) e1 e2 e3

u
u e4 u

Type (θ, σθ) diagram (θ, σθ)

E4,4
7 (VI, ε1) e1 e2 e3

u
u e4 u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

4

e1 e2 e3 e4
F4 4

e1 e2 e3 e4
F4

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

F4 F4 F (4) F4 4

λ1, λ2 : 1
λ3, λ4 : 2

0
2

0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so∗(12) + sl(2,R) DIIIa + AI C3 + A1

260



Type (θ, σ) diagram (θ, σ)

E4,4
7 (VI, ε4) e1 e2 e3

u
u e4 u

Type (θ, σθ) diagram (θ, σθ)

E4,4
7 (VI, ε4) e1 e2 e3

u
u e4 u

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

4

e1 e2 e3 e4
F4 4

e1 e2 e3 e4
F4

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

F4 F4 F (4) F4 4

λ1, λ2 : 1
λ3, λ4 : 2

0
2

0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(8, 4) + su(2) DIa + C B4

261



Type (θ, σ) diagram (θ, σ)

E4,7
7 (VI,V, ε1) e1 e2 e3

u
σ u

σ
e4 u

σ

Type (θ, σθ) diagram (θ, σθ)

E4,7
7 (VI,V, ε1) e1 e2 e3

u
σθ u

σθ
e4 u

σθ

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

4

e1 e2 e3 e4
F4 4

e1 e2 e3 e4
F4

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

F4 F4 F (4) F4 4

λ1, λ2 : 1
λ3, λ4 : 2

0
2

0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

su(4, 4) AIIIb C4

262



Type (θ, σ) diagram (θ, σ)

E7,7
7 (V, ε1) e1 e3 e4

e2
e5 e6 e7

Type (θ, σθ) diagram (θ, σθ)

E7,4
7 (V,VI, ε1) e1 e2 e3

u
θ u

θ
e4 u

θ

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

7

e1 e3 e4
e2

e5 e6 e7
E7 4

e1 e2 e3
u

u e4 u
F4

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

E7 E7 E(7) F4 4
1 0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(6, 6) + sl(2,R) DIb + AI D6 + A1

263



Type (θ, σ) diagram (θ, σ)

E7,3
7 (V,VII, ε1) e1 u

θ
u
θ

u
θ u

θ
e2 e3

Type (θ, σθ) diagram (θ, σθ)

E7,7
7 (V, ε7) e1 e3 e4

e2
e5 e6 e7

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

3

e1 u u
u

u e2 e3
3 · A1 7

e1 e3 e4
e2

e5 e6 e7
E7

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

3 · A1 E7 A(3) E7 3
1 0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

su∗(8) AII A3

264



Type (θ, σ) diagram (θ, σ)

E3,7
7 (VII,V, ε1) e1 u

σ
u
σ

u
σ u

σ
e2 e3

Type (θ, σθ) diagram (θ, σθ)

E3,7
7 (VII,V, ε1) e1 u

σθ
u
σθ

u
σθ u

σθ
e2 e3

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

3

e3 e2 e1
C3 3

e3 e2 e1
C3

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

C3 C3 C(3) C3 3

λ1 : 1
λ2, λ3 : 4

0
4

0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

su∗(8) AII A3

265



Type (θ, σ) diagram (θ, σ)

E7,7
7 (V, ε7) e1 e3 e4

e2
e5 e6 e7

Type (θ, σθ) diagram (θ, σθ)

E7,3
7 (V,VII, ε1) e1 u

θ
u
θ

u
θ u

θ
e2 e3

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

7

e1 e3 e4
e2

e5 e6 e7
E7 3

e1 u u
u

u e2 e3
3 · A1

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

E7 E7 E(7) 3 · A1 3
1 0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

e6(6) + R EI + C E6 + R

266



Type (θ, σ) diagram (θ, σ)

E7,7
7 (V, ε2) e1 e3 e4

e2
e5 e6 e7

Type (θ, σθ) diagram (θ, σθ)

E7,7
7 (V, ε2) e1 e3 e4

e2
e5 e6 e7

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

7

e1 e3 e4
e2

e5 e6 e7
E7 7

e1 e3 e4
e2

e5 e6 e7
E7

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

E7 E7 E(7) E7 7
1 0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sl(8,R) AI A7

267



Type (θ, σ) diagram (θ, σ)

E3,4
7 (VII,VI) e1 u

σ
u
σ

u
u e2 u

θ

Type (θ, σθ) diagram (θ, σθ)

E3,3
7 (VII, ε3) e1 u u

u
u e2 e3

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

2

e1 e2 u
C2 3

e3 e2 e1
C3

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

B2 C3 B(2) C3 2

λ1 : 6
λ2 : 1

2
0

0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

e6(−14) EIII + C BC2

268



Type (θ, σ) diagram (θ, σ)

E4,3
7 (VI,VII) e1 u

θ
u
θ

u
u e2 u

σ

Type (θ, σθ) diagram (θ, σθ)

E4,3
7 (VI,VII) e1 u

θ
u
θ

u
u e2 u

σθ

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

2

e1 e2 u
C2 2

e1 e2 u
C2

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

C2 F4 B(2) C2 2

λ1 : 6
λ2 : 1

2
0

0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

e6(−14) EIII + C BC2

269



Type (θ, σ) diagram (θ, σ)

E3,3
7 (VII, ε3) e1 u u

u
u e2 e3

Type (θ, σθ) diagram (θ, σθ)

E3,4
7 (VII,VI) e1 u

σθ
u
σθ

u
u e2 u

θ

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

3

e3 e2 e1
C3 2

e1 e2 u
C2

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

C3 C3 B(3) C2 2

λ1 : 6
λ2 : 1

2
0

0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(10, 2) + sl(2,R) DIa + AI B2 + A1
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Type (θ, σ) diagram (θ, σ)

E3,3
7 (VII, ε1) e1 u u

u
u e2 e3

Type (θ, σθ) diagram (θ, σθ)

E3,3
7 (VII, ε1) e1 u u

u
u e2 e3

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

3

e3 e2 e1
C3 3

e3 e2 e1
C3

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

C3 C3 B(3) C3 3

λ1 : 6
λ2 : 1

2
0

0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

e6(−26) + sl(2,R) EIV + AI A2 + A1
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Type (θ, σ) diagram (θ, σ)

E8,4
8 (VIII, IX, ε0) e4 u

θ
u
θ

u
θ u

θ
e3 e2 e1

Type (θ, σθ) diagram (θ, σθ)

E8,4
8 (VIII, IX, ε0) e4 u

θ
u
θ

u
θ u

θ
e3 e2 e1

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

4

e4 u u
u

u e3 e2 e1
D4 4

e4 u u
u

u e3 e2 e1
D4

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

D4 E8 D(4) D4 0
1 0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

e7(−5) + so(2) EV I + C F4

272



Type (θ, σ) diagram (θ, σ)

E4,8
8 (IX,VIII, ε0) e4 u

σ
u
σ

u
σ u

σ
e3 e2 e1

Type (θ, σθ) diagram (θ, σθ)

E4
8(IX, ε4) e4 u u

u
u e3 e2 e1

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

4

e1 e2 e3 e4
F4 4

e1 e2 e3 e4
F4

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

F4 F4 F (4) F4 4

λ1, λ2 : 1
λ3, λ4 : 4

0
4

0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

e7(−5) + so(2) EV I + C F4

273



Type (θ, σ) diagram (θ, σ)

E4,4
8 (IX, ε4) e4 u u

u
u e3 e2 e1

Type (θ, σθ) diagram (θ, σθ)

E4,8
8 (IX,VIII, ε0) e4 u

σ
u
σ

u
σ u

σ
e3 e2 e1

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

4

e1 e2 e3 e4
F4 4

e1 e2 e3 e4
F4

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

F4 F4 F (4) F4 4

λ1, λ2 : 1
λ3, λ4 : 4

0
4

0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(12, 4) DIa B4
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Type (θ, σ) diagram (θ, σ)

E4,4
8 (IX, ε1) e4 u u

u
u e3 e2 e1

Type (θ, σθ) diagram (θ, σθ)

E4,4
8 (IX, ε1) e4 u u

u
u e3 e2 e1

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

4

e1 e2 e3 e4
F4 4

e1 e2 e3 e4
F4

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

F4 F4 F (4) F4 4

λ1, λ2 : 1
λ3, λ4 : 4

0
4

0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

e7(−25) + sl(2,R) EV II + AI C3 + A1
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Type (θ, σ) diagram (θ, σ)

E8,4
8 (VIII, IX, ε1) e4 u

θ
u
θ

u
θ u

θ
e3 e2 e1

Type (θ, σθ) diagram (θ, σθ)

E8
8(VIII, ε8) e1 e3 e4

e2
e5 e6 e7 e8

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

4

e4 u u
u

u e3 e2 e1
D4 8

e1 e3 e4
e2

e5 e6 e7 e8
E8

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

D4 E8 D(4) E8 4
1 0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so∗(16) DIIIa C4

276



Type (θ, σ) diagram (θ, σ)

E4,8
8 (IX,VIII, ε1) e4 u

σ
u
σ

u
σ u

σ
e3 e2 e1

Type (θ, σθ) diagram (θ, σθ)

E4,8
8 (IX,VIII, ε1) e4 u

σθ
u
σθ

u
σθ u

σθ
e3 e2 e1

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

4

e1 e2 e3 e4
F4 4

e1 e2 e3 e4
F4

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

F4 F4 F (4) F4 0

λ1, λ2 : 1
λ3, λ4 : 4

0
4

0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so∗(16) DIIIa C4

277



Type (θ, σ) diagram (θ, σ)

E8,8
8 (VIII, ε8) e1 e3 e4

e2
e5 e6 e7 e8

Type (θ, σθ) diagram (θ, σθ)

E8,4
8 (VIII, IX, ε1) e4 u

θ
u
θ

u
θ u

θ
e3 e2 e1

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

8

e1 e3 e4
e2

e5 e6 e7 e8
E8 4

e4 u u
u

u e3 e2 e1
D4

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

E8 E8 E(8) D4 4
1 0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

e7(7) + sl(2,R) EV + AI E7 + A1

278



Type (θ, σ) diagram (θ, σ)

F 4,1
4 (I, II) u

θ
u
θ

u
θ

e1
Type (θ, σθ) diagram (θ, σθ)

F 4
4 (I, ε1) e1 e2 e3 e4

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

1

u u u e1
A1 4

e1 e2 e3 e4
F4

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

A1 F4 A(1) F4 1
4 3 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sp(2, 1) + su(2) CIIa + C BC1
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Type (θ, σ) diagram (θ, σ)

F 1,4
4 (II, I) u

σ
u
σ

u
σ

e1
Type (θ, σθ) diagram (θ, σθ)

F 1,4
4 (II, I) u

σθ
u
σθ

u
σθ

e1

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

1

e
BC1 1

e
BC1

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

BC1 BC1 B(1) BC1 1
4 4 3 4

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sp(2, 1) + su(2) CIIa + C BC1
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Type (θ, σ) diagram (θ, σ)

F 4,4
4 (I, ε4) e1 e2 e3 e4

Type (θ, σθ) diagram (θ, σθ)

F 4,1
4 (I, II) u

θ
u
θ

u
θ

e1

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

4

e1 e2 e3 e4
F4 1

u u u e1
A1

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

F4 F4 F (4) A1 1
1 0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

so(5, 4) BI B4
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Type (θ, σ) diagram (θ, σ)

F 4,4
4 (I, ε1) e1 e2 e3 e4

Type (θ, σθ) diagram (θ, σθ)

F 4,4
4 (I, ε1) e1 e2 e3 e4

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

4

e1 e2 e3 e4
F4 4

e1 e2 e3 e4
F4

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

F4 F4 F (4) F4 4
1 0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sp(3,R) + sl(2,R) CI + AI C3 + A1

282



Type (θ, σ) diagram (θ, σ)

G2,2
2 (I, ε1) e1 e2

Type (θ, σθ) diagram (θ, σθ)

G2,2
2 (I, ε1) e1 e2

rank rank
Φσ,θ σ|Φθ Φσ,θ ∩ Φθ Φσθ,θ σθ|Φθ Φσθ ∩ Φθ

2

e1 e2
G2 2

e1 e2
G2

max.involution Type W -conjugacy max. involution singular m+(λ) m−(λ) m+(2λ) m−(2λ)
Φσ,θ ∩ Φθ Φθ classes Φσθ,θ ∩ Φθ rank

G2 G2 B(2) G2 2
1 0 0 0

gσθInt(εi)(R) (gσθInt(εi), θ̄) Φ(t) or Φ(t1) + Φ(t2)

sl(2,R) + sl(2,R) AI + AI A1 + A1
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