Abstract
RATHI, DHRUV. Performance Prediction and Dynamic Model Analysis of Vertical Axis
Wind Turbine Blades with Aerodynamically Varied Blade Pitch. (Under the direction of
Dr. Ashok Gopalarathnam).
Vertical axis wind turbines offer several advantages over horizontal-axis wind turbines
for small scale or residential use, including easier maintenance and potentially lower
noise output for comparable power harnessing capability. One drawback of lifting-type
vertical axis wind turbines (often referred to as Darrieus turbines) is their inability to
reliably self-start due to a ‘dead-band’ region of negative power generation in a certain
range of low tip speed ratios. This thesis used the Double-Multiple Streamtube model
with additional modifications to predict the power generated by a straight bladed, or HType Darrieus, wind turbines with blades of varying pitch. A dynamic model for freepitching blades was also devised and analysed. The intent was to identify ways to
enhance the power generating capability of vertical axis wind turbines and identify the
conditions that must be satisfied for such turbines to reliably self-start and produce
useful power.
The Double-Multiple Streamtube model, developed from Blade Element Momentum
Theory, was implemented in MATLAB and used with graphical output functions to
display velocity and force vectors at the blade level during any tip speed ratio. The
performance of several H-type Darrieus rotor geometries was analysed for fixed-pitch
blades with a NACA0012 section using available experimental airfoil test data. The
effect of blade lift and drag on rotor torque was demonstrated graphically and this
visualization capability helped show that blade stall is responsible for the presence of
the ‘dead-band’ in predicted rotor performance.
The results of aerodynamic analysis of sample H-type Darrieus turbine geometries with
constant pitch angle blades showed that torque is more directly dependent on the local
aerodynamic angle of attack of the blades, a parameter that is dependent on the
azimuth location of the blades and the tip speed ratio of the rotor. The MATLAB

implementation of the Double-Multiple Streamtube model was modified so that the
blade pitch angle was determined at each azimuth angle location based on the angle of
attack that maximised the blade’s chordwise aerodynamic force coefficient. The
predicted turbine performance for blades being pitched to maintain constant angle of
attack showed an increase in power coefficient and the absence of a dead-band region
at low tip speed ratios.
A state-space representation of a dynamic model for an H-type Darrieus turbine
concept with free-pitching blades was created and analysed with MATLAB’s ode113
function. An individual blade was modelled with an actuated trailing edge flap to
generate an aerodynamic pitching moment so that the blade aerodynamically trimmed
to a constant angle of attack relative to the local resultant air velocity. The dynamic
model was tested for a range of simulated rotor geometries and operating conditions.
The results from the dynamic model analysis did not offer measurable gains in
performance compared to a Darrieus turbine with fixed-pitch blades. Additionally, selfstarting capability was not expected based on the results from this model.
Another variable-pitch concept tested with the Double-Multiple Streamtube model used
an H-type Darrieus turbine with active blade pitch control. The turbine concept allowed
for the actuation of blades with continuous 360° rotation. The blade pitch was varied
using an optimisation subroutine to maximise the blade aerodynamic force coefficient
responsible for generating rotor torque. A rotor with blades pitching under an
optimised regime was shown to have self-start characteristics because of the absence of
a ‘dead-band’ region and higher power output at low tip speed ratios compared to a
rotor with fixed pitch blades. It is anticipated that the desired pitch control can be
achieved using software-controlled stepper motors that independently control each
blade's pitch based on wind conditions, rotor speed and blade azimuth location relative
to the prevailing wind.
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Chapter 1 – Introduction
1.1. Historical Background
Wind has filled the sails of boats since before the construction of pyramids in Egypt.
Shepherd [1] comments that historical anecdotes trace the use of wind energy in the
capacity of a prime mover back to the seventh century, AD. In preindustrial times, the
mechanical energy derived from wind was primarily used for agricultural applications;
drawing water or grinding grain. The Persians are widely credited with pioneering the
widespread use of windmills in the 10th century. Persian designs consisted of cloth
sails and later reed mats revolving around a vertical axis. The design evolved over time
to admit air from one direction, partially shrouding the rotor. This author’s first
encounter with non-academic references to Persian windmill design occurred while
playing the Age of Empires strategy game series. In Europe, Shepherd’s literature
survey [1] reveals the development of windmills very literally went in a different
direction with the development of horizontal axis windmills. These windmills have
been elevated to icons associated with preindustrial life in western European countries
like the Netherlands and Denmark. The layout of European windmills with cruciform
blades proliferated rapidly because the design was more efficient at extracting wind
energy than Eastern windmills. The difference in performance comes down to the
aerodynamic mechanism employed to extract power. Traditional Persian wind
machines were driven by the drag force from the wind, while the European horizontal
axis windmills utilized frame-braced sails driving the mill with aerodynamic lift.
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1.2. Lift and Drag: Unequal Sides of the Same Coin
Qualitatively speaking, every wind machine transfers kinetic energy from the wind to
the rotor by altering the momentum of wind. The reaction force resulting from
momentum exchange between wind and machine – or prime mover – may be split into
two components; lift is the force component generated perpendicular to the apparent
wind while drag is the force component along the direction of the apparent wind. The
word ‘apparent’ is used here because the blade locally experiences the vector sum of
the prevailing wind and the airflow relative to the blade due to rotation of the rotor.
By virtue of geometry, there is no limit to the apparent wind when a blade is being
propelled by lift at small angles of attack. However, drag-driven prime movers
experience a reduction in apparent wind the faster they move. A drag-driven rotor is
thus aerodynamically governed because the maximum speed on the downwind side is
limited to the prevailing wind speed. Wilson, R.E. [2] posits that for a given area, the
relative efficiency of a lifting device versus a drag device is approximately equal to the
square of the lift-to-drag ratio of the device.
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1.3. Vertical Axis Wind Turbines
Modern Vertical Axis Wind Turbines (VAWTs) derive their names from the individuals
responsible for framing the initial concept. Finnish engineer Sigurd Johannes Savonius
developed the modern drag-driven rotor in the 1920s. Figure 1.1 shows a variant of the
Savonius rotor (in service at time of writing) at Raleigh-Durham International Airport
in North Carolina.

Figure 1.1: Savonius rotor at Raleigh-Durham International Airport (RDU). The transparent elements are
stationary scoops to divert air to the rotor in the middle.
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Figure 1.2: A Darrieus Turbine with troposkein-shaped blades. Source: Public Domain image from
Wikimedia Commons website, accessed 4/9/2012

Darrieus [3] proposed the first known lift-driven device with a rotor spinning about a
vertical axis in 1926. VAWTs have not seen widespread adoption as a wind energy
conversion system (WECS) because of a difficulty in easily performing aerodynamic
analysis and predicting performance. At a fixed rotation speed and constant prevailing
wind speed, horizontal axis wind turbines are subject to an asymmetric aerodynamic
condition. VAWT blades experience cyclic changes to angle of attack with respect to the
blades’ position relative to the prevailing wind and the local wind velocity due to blade
rotation and the prevailing wind. The complex, time varying nature of VAWT
aerodynamics has meant that fewer man-hours and financial investment have gone into
VAWT performance studies and the use of the concept for large-scale projects
compared to Horizontal Axis Wind Turbines (HAWTs). Over time, these issues have led
to a performance gap developing between the two types of wind turbines.
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Performance Comparison of Wind Turbine Types
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2-Bladed VAWT
2-Bladed HAWT
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0
0

5
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15

Tip Speed Ratio
Figure 1.3: Typical Wind Turbine Performance for a variety of rotor types. From Musgrove [4].

In spite of historical shortcomings, Musgrove [4] states that theoretical models as well
as experimental results from Sandia Laboratories in the USA have demonstrated that
VAWTs are comparable in power extraction to the more popular HAWTs (see Figure
1.3). Consequently, most large-scale wind projects are HAWTs with VAWTs being the
exception. At the time of publication (1993), Gipe [5] estimated that only 5% of wind
turbines at utility-scale wind farms were Darrieus-type devices. Although the
troposkein-shaped blades on medium-large utility turbines are considered the ‘classic’
Darrieus shape, the designation has been expanded to include any lifting-type VAWT by
designating it based its principal morphological features. Figure 1.4 shows some
common configurations of the Darrieus Turbine.

5

H-Type

Y-Type

Diamond

Troposkein

Figure 1.4: Different types of Darrieus-type Vertical Axis Wind Turbine configurations

The latter half of the 20th century has seen renewed interest in the lifting-type VAWT
concept due to the development of tools that have made aerodynamic analysis of blade
loads and turbine power analysis a more tractable task. Following the oil crisis in the
1970s, energy policy makers in industrialized nations have increasingly realized the
virtues of developing a diverse portfolio of energy supplies to minimize the economic
impact of a crisis associated with reliance on a single energy supply chain. Vertical Axis
Wind turbines have the following key advantages over Horizontal Axis Wind Turbines
(HAWTs):


VAWTs harness wind energy without the need to re-orient when the wind
direction changes; no yaw control mechanism is required.



The support structure or tower can be considerably lighter than a HAWT of
similar size because the generator and associated support systems may be
located at the base of the tower.



Maintenance of electricity generation apparatus and main bearings is easier due
to their proximity to the ground.



Lower blade speeds at peak power compared to a HAWT typically result in lower
noise levels compared to a VAWT of similar size and power rating.
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1.4. Motivation
The Achilles’ heel of Darrieus turbines is their inability to reliably self-start. Dominy, et
al. [6] suggest that a 3-bladed arrangement of appreciable rotor solidity1 would possess
self-start capability in any orientation. However, Sanyer [7] needed to manually crank
his 3-bladed H-type (straight-bladed) Darrieus rig to a minimum of 40 RPM before it
became self-sustaining under wind tunnel conditions. Self-start is an issue because the
turbine blades stall when the rotor is spinning slowly (or not at all) against the
prevailing wind. The component of aerodynamic force generated by the blades in the
direction of desired rotor rotation is either weakly positive or negative for a range of
low tip speed ratios (TSR)2. This characteristic of VAWTs manifests itself as the ‘dead
band’ region described by Baker [8] and observed by Sanyer [7].
In practical terms, rotor solidity gives a sense of how much lifting area is present on a
rotor relative to its size. High rotor solidity means that the blades generate appreciable
amounts of lift (driving torque) at low TSR, making it more likely that the rotor will
self-start. However, this high-torque condition is detrimental to rotor performance at
higher TSR when the blade surface area contributes to aerodynamic drag, limiting the
top end TSR at which the rotor continues to be capable of generating power. An analogy
to a high solidity rotor is one of a motor vehicle in low gear. For a given engine RPM
range, low gear selection allows high torque operation that is beneficial at low speeds
for initial acceleration but this performance is at the expense of high-speed capability.

.

1

Rotor solidity is defined by

2

TSR (Tip Speed Ratio) is mathematically defined by

( )

( )
(

)

. It is one of

the most important parameters used to non-dimensionalize the performance of wind turbines when
comparing different rotor configurations. Lift-driven VAWTs are most powerful in the TSR range of 2-6.
Drag-driven devices are limited to operating at TSR<1.
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1.5. Research Outline
The objective of this project was to determine ways to alter the H-type Darrieus layout
to incorporate self-start characteristics and analyse rotor performance in the basic and
modified configurations. Chapter 2 details the development of the Double-Multiple
Streamtube Model in MATLAB; a VAWT power prediction model devised by
Paraschivoiu [9] and based on actuator disk momentum theory. A MATLAB model
employing the Double-Multiple Streamtube algorithm was used to graphically simulate
the effect of winds speed, blade pitch and TSR on blade loads. The effect of altering
blade pitch angle to maintain a constant angle of attack relative to the local apparent
wind was explored in Chapter 3. Chapter 4 deals with the development of a blade pitch
control method using aerodynamically induced moments about a blade with a spanwise pitch axis. The dynamic response of a turbine blade through several revolutions
for a hypothetical, single bladed H-type Darrieus rotor was analysed for several
combinations of blade static margins, rotor RPM, TSR and time scales. A means to
determine the optimum blade pitch angle for any operating condition was explored in
Chapter 5. For the purpose of analysis, performance prediction and discussion in the
following chapters, the default blade airfoil is a symmetrical NACA0012 section. Unless
otherwise stated, the aerodynamic analysis was performed on a Darrieus rotor of
radius 1m, height 1m and blade chord of 0.15m.
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Chapter 2 – Darrieus Rotor Aerodynamic Analysis
2.1. Background
In order to analyse how much power is being extracted by a wind turbine, a model
relating the blade loads to the change in momentum of the wind due to the presence of
the turbine is essential. Wind turbine analysis based on the principle of conservation of
momentum was first developed by Glauert [10] using the concept of an actuator disk
extracting momentum from the airstream in a defined control volume – a stream tube.
Hansen [11] provides a description of the Actuator Disk model (also referred to as the
Single Streamtube Model) along with the derivation of the Betz limit for a single
actuator disk.
The change in momentum is determined by applying Blade Element Theory to an
actuator disk at the rotor. The aerodynamic forces of lift and drag are determined using
available blade airfoil data along with rotor angular velocity and the free-stream wind
velocity. The stream-wise component of these forces is determined and then equated to
the change in momentum through the actuator disk. The reduction in stream-wise
momentum reduces the downstream velocity by an ‘induction factor’. This induction
factor is applied to the velocity at the actuator disk (initially the free-stream wind
velocity) to recalculate the stream-wise force due to blade lift and drag. The reduction
in downstream velocity (i.e. freestream momentum loss) is re-computed and the
process repeated until the induction factor for the actuator disk converges to a steady
value.
While the Single Actuator Disk model was initially proposed for the analysis of
propellers and is naturally applicable to Horizontal Axis wind turbines (HAWTs)
analysis, Templin [12] was also able to apply the Actuator Disk model with a single
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streamtube to estimate the power derived by vertical axis wind turbine (VAWT) with
curved blades. The induced velocity through the VAWT was assumed to be constant on
the upwind and downwind halves of the rotor and the actuator disk is set normal to the
free-stream wind velocity vector at the rotor’s axis. The Single Streamtube model, while
simple and computationally easy to implement, demonstrates deficiencies in accurately
predicting real VAWT performance beyond low TSRs. Moreover, it is impossible to
model aerodynamic loads and velocities at the blade level with only one streamtube.
The Multiple Streamtube model developed by J. H. Strickland [13] attempts to address
the deficiencies in accuracy by defining multiple adjacent stream tubes, each with an
idealized actuator element at the rotor mid-plane normal to the wind velocity vector.
The flow through each streamtube is assumed to experience a time-averaged streamwise momentum loss from the blades as they cross the streamtube. While the Multiple
Streamtube model addresses the accuracy issues associated with the Single Streamtube
model with a marginal increase in complexity, the model does not allow for an accurate
description of the flow field through the rotor. Crucially, the induced velocities
calculated in a single actuator plane do not account for the interference effect of the
upwind half of the rotor on the downwind half. As a result, the variation in a given
blade’s angle of attack and corresponding aerodynamic loads with the blade’s azimuth
location relative to the free-stream wind direction are not accurately determined in the
Multiple Streamtube model.
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2.2. Double-Multiple Streamtube Model – An Overview
The Double-Multiple Streamtube model developed by Paraschivoiu [9] goes beyond
Strickland’s model in that it assumes the presence of two tandem actuator elements at
each streamtube location to represent the upwind and downwind halves of the
Darrieus rotor. Each streamtube in the Double-Multiple Streamtube Model is assumed
to have a layout as shown in Figure 2.1.

Downwind Disk

Vd

Upwind Disk

Ve

Vu

V∞

Rotor Axis
Figure 2.1: Double Actuator Disk Model

Velocities induced by the presence of the rotor are calculated at several streamtubes
defined by angular distance (θ) from the rotor axis as shown in Figure 2.2.
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Vd

Ve

u

u

Vu

V
∞

R

Figure 2.2: Plan view of rotor with streamtube layout

rΔθ |cos θ|

Figure 2.3: Upwind view of streamtube layout (straight-bladed Darrieus rotor)

The resultant force on a blade section due to the velocity contribution from rotation and
the local induced velocity at an arbitrary location are shown in Figure 2.4 and Figure
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2.5. The forces are decomposed into lift and drag in Figure 2.4 and components
tangential and normal to the blade chord line in Figure 2.5.
=

cos
=

sin

+

sin
cos

Figure 2.4: Aerodynamic loads on VAWT Blade in terms of lift and drag
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Figure 2.5: Aerodynamic loads on VAWT Blade in terms of normal and tangential forces

The induced velocity ( ’ in Figure 2.4 and Figure 2.5) through a streamtube is related to
the upwind and downwind induction factors u and d:
=
= (2

1)
=

At the start of analysis, the blade forces and the velocities are unknown for both
actuator disks. In order to determine the induced velocities through the streamtube so
that local blade loads may be calculated, two separate iterations to determine u, then d
are executed. The upwind induction factor is initialized as u=1 and the time-averaged
streamwise forces on the blades for that velocity condition are equated to the loss in
freestream momentum. The loss of freestream momentum translates to an induction
factor less than 1. Using the updated induction factor, the blade forces are recomputed
and the iteration repeated until the upstream induction factor converges to a value.
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Convergence is rapid; the induced velocity for each streamtube actuator disk usually
reaches a precision tolerance of 0.001 within three to four iterations for analysis of
turbines with fixed blade pitch.
The downstream iteration uses Ve instead of V∞ as the initial velocity (see Figure 2.2
and Figure 2.8). The downwind induction factor d is initialised at 1 and the iterative
process is repeated until Vd is also known. Having established the velocity reduction
due to rotor drag on the upwind and downwind halves of the rotor, the Double-Multiple
Streamtube model allows us to simulate the variation in aerodynamic loads and
velocities experienced by turbine blades as they revolve around the rotor axis. The
rotor torque and power output are also calculated by integrating the blade forces
around the rotor.
The Double-Multiple Streamtube model is explained in [14] along with optional
modifications improve model fidelity. These modifications include the capability to
model the influence of dynamic stall on turbine blades at low TSR, the effect of the
turbine support structures on the velocity distribution through the rotor, Reynolds
number effects due to varying velocities at a given TSR, the effect of streamtube
expansion through the rotor and the variation in wind velocity with height above
ground level. Paraschivoiu [9] shows the Double-Multiple Streamtube model to be an
effective VAWT analysis tool by comparing model results to performance
measurements from selected Darrieus turbines in operation.
For this text, the start of blade rotation is conventionally set at β=-90 degrees (6 o’clock
position) when the rotor is viewed from top-down (see Figure 2.6). The rotor’s rotation
in the anti-clockwise direction is taken to be positive and the prevailing wind is
assumed to originate from the direction along β=0° (3 o’clock position).
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2.3. MATLAB Model – Darrieus.m
A MATLAB implementation of the Double-Multiple Streamtube model was developed to
explore the influence of blade and rotor parameters on the performance of a straightbladed Darrieus rotor. Graphical functions were formulated to visualize rotor and blade
loads as a blade revolves about the rotor axis. Velocities and loads at the blade level are
generated in easy-to-follow vector graphics to gain an intuitive understanding of
Darrieus rotor aerodynamics at any tip speed ratio. The graphical output of force and
velocity vectors at the blade level also assists in exploring avenues for rotor
performance enhancement.
An outline of the MATLAB implementation of the Double-Multiple Streamtube model is
given in Figure 2.8. The implementation differs from araschivoiu’s CARDAA code [9] in
the following ways:


Dynamic stall effects, which affect performance at low TSR, are not modelled to
minimize program complexity. However, this functionality may be easily added
in a future revision if desired.



Streamtube expansion and height-dependent velocity gradients are not
modelled to reduce program complexity



Blade pitch may be altered in a variety of ways to examine the effect of changing
this model parameter. The MATLAB program, designated Darrieus.m, allows the
user to input a fixed pitch angle or a pitch angle function that changes blade
pitch depending on the blade’s azimuth location. In addition to direct control of
the blade pitch, an angle of attack constraint may be provided such that the
blade’s angle of attack relative to the local velocity remains constant or varies as
a predefined function of blade azimuth location. This constraint may then be
used to compute the resulting blade pitch variation.



While the expression used to compute blade angle of attack at any azimuth
location is functionally identical to that implemented in [9], the angle of attack is
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computed differently in this study (see Section 2.3.1). This is done so that it is
possible to account for arbitrary blade pitch angle changes in the model.


The MATLAB model only accepts straight-bladed (H-type) Darrieus geometry
parameters while CARDAA is capable of analysing rotor geometries with curved
blades. Exclusion of this feature was possible because changing the pitch of nonstraight bladed rotors is not physically feasible and is therefore not relevant for
this study.



All velocities and forces are also computed in vector form in the global (rotor)
coordinate system. This allows for the aerodynamic force and velocity intensity
and direction changes to be displayed in a clear fashion over a time-lapsed plan
view of blade’s path around the rotor (see Figure 2.6).
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Force Coefficient Variation Around Rotor
@ TSR = 0.50 (Fixed Pitch)
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 = 0.0
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Figure 2.6: Aerodynamic Forces (Lift and Drag) and resultant velocity (Vlocal) at selected azimuth locations
around Darrieus rotor @ TSR=0.5. Prevailing wind (V∞) is from the right.
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2.3.1. Angle of Attack (α) Calculation
The MATLAB model implementation of the Double-Multiple Streamtube model features
a different expression to determine the angle of attack ( ) than the one described by
Paraschivoiu in [9]. For a straight-bladed AWT, the blade’s angle of attack is a function
of rotor angular displacement ( ), angular velocity( ), the local induced velocity ( ’)
and the blade’s instantaneous pitch angle ( ).
=

[(

2

)

tan2 (

cos
⁄2

,

sin

)]

3 ⁄
2

tan2-1( ) is the 4-quadrant inverse tangent function that has a continuous output in the
interval [-π, π]. It is defined as a function with two arguments (separated by the comma
in the above expression) in MATLAB.

19

2.3.2. CL and CD, CCirc and CRad, CT and CN

(-ve as shown)

CResultant CN
CRad

CL

CCirc

CD
CT

(-ve as shown)

Figure 2.7: Breakdown of the resultant aerodynamic force coefficient into equivalent mutually
perpendicular pairs. CL and CD, CN and CT, CRad and CCirc combine into CResultant.

The resultant aerodynamic force acting on a blade or airfoil is typically split up into two
components; lift and drag, which act through the quarter-chord point by established
convention. For Darrieus turbine analysis, it is more useful to decompose the resultant
force into components normal and tangential to the blade’s chordline. The force
coefficients for these components are CN and CT, respectively and are expressed as:
=

cos

=

sin

+

sin
cos

However, CN and CT are only useful for determining the driving torque provided by the
blade when the blade’s pitch angle is set to zero. When the blade is free to pitch or set at
a non-zero value, CN and CT remain relative to the blade’s frame of reference, not the
local tangential and radial (normal) vector at the blade’s position on the rotor. The
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resultant aerodynamic force (force coefficient = CResultant) therefore needs to be
decomposed to account for the location of blade relative to the wind direction as well as
its pitch angle. The radial force coefficient (CRad) and the circumferential force
coefficient (CCirc) are used instead of CN and CT for a variable pitch rotor to calculate the
streamwise momentum change for determining induction losses. Expressed
mathematically,
=

cos

=

sin

sin
+

cos

The relationship between the three ways to decompose the aerodynamic force is shown
in Figure 2.7. The streamwise momentum loss calculation in the MATLAB
implementation of the Double-Multiple Streamtube model accounts for pitch angle
changes by using CRad and CCirc instead of CN and CT.
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Figure 2.8: MATLAB implementation data flow (Darrieus.m)
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2.4. MATLAB Model Results
The results from the MATLAB model (Darrieus.m) are provided in this section. The
blade loads, induced velocities are calculated for a range of TSR in two ways;
 Holding V∞ constant and varying rotor angular velocity
 Holding rotor angular velocity and varying V∞
The differences in CP curves in Figure 2.9 are due to different Reynolds numbers
experienced by a blade during its revolution around the rotor axis. This is because
different combinations of freestream wind and rotor angular velocity are used to arrive
at the same value for the Tip Speed Ratio (TSR). Note the presence of a ‘dead-band’
region until a TSR≈4 in Figure 2.9. Also note that the Betz limit for the Double-Multiple
Streamtube model is not 16/27 (≈0.593) because this value is true only for a single
actuator element. When two actuator elements are set up such that one lies
downstream of the other, Newman [15] shows that the maximum CP limit for the
combined double-actuator element system is actually 16/25 (0.64).
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CP for Darrieus Wind Turbine
2 Fixed-Pitch Blades,  = 0.30

0.6

CP @ Constant V (5.0m/s)

0.5

P

Power Coefficient ( C )

CP @ Constant RPM (175 RPM)
Betz Limit - Tandem Actuator Disk

0.4

0.3

0.2

0.1

0

-0.1

0

2

4
6
8
Tip Speed Ratio (TSR = R / V )

10

12

Figure 2.9: Darrieus.m output – Variation in Power Coefficient (CP) when V∞ or rotor angular velocity is
held constant

At each TSR point, the blade loads, angle of attack, induced local velocities and torque
transmitted to the rotor are determined. In general, data in figures is limited to certain
TSR for the sake of clarity. A summary of results at these individual TSR conditions are
shown in Figure 2.11 through Figure 2.17.
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Figure 2.10: Fixed-Pitch Blade angle of attack at various TSRs

The blade angle of attack varies considerably at low TSR and smaller swings in angle of
attack are only observed at TSR greater than 1. The variation decreases as TSR
increases as shown in Figure 2.10. The tangential force generated by the blade is
dependent on lift and drag, both of which are functions of angle of attack. Because of
this, the tangential also varies considerably at any given TSR as the blade completes a
full circle around the turbine.
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Figure 2.11: Tangential Force Coefficient (CT) due at various TSRs

Figure 2.11 shows the variation in tangential force coefficient (CT). It should be noted
that because of the wide swings in blade angle of attack at low TSR, the blade generates
negative CT for a majority of its cycle around the turbine. At high TSR, the blade’s C T is
mostly positive throughout the revolution. The resulting torque output in Figure 2.12
shows a different trend because of the significantly higher velocities (Figure 2.13) the
blade experiences at high TSR. This means that while the blade is generating mostly
negative CT at low TSR, the resultant negative torque is of a smaller magnitude than the
positive torque generated due to mostly positive CT at high TSR. Figure 2.12 and Figure
2.13 show a slight variation in the magnitude of generated torque and apparent velocity
experienced by the blade at azimuth locations coincident with each other in the
streamwise direction. This is due to the reduction in streamwise velocity due to
induction effects through the rotor. The effect is more pronounced at higher TSR when
more momentum is extracted from the freestream by the rotor.

26

Blade Torque @ various TSR
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Figure 2.12: Blade instantaneous torque output at various TSRs
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Local Resultant Velocity @ various TSR
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Figure 2.13: Resultant velocity (Vlocal) experienced by blade at various TSRs
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Force Coefficient Variation Around Rotor
@ TSR = 0.50 (Fixed Pitch)
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Figure 2.14: Blade force variation due to Vlocal at various points around the rotor at TSR=0.5. Prevailing
wind (V∞) is from the right. CCirc is shown at 12x actual magnitude for clarity.

Figure 2.14 through Figure 2.17 show the variation in forces and induced velocities at
TSR = 0.5 and TSR = 5.0 for a single blade on a fixed pitch, H-type Darrieus wind
turbine. The MATLAB model automatically generates such figures for any specified TSR
by applying the Double-Multiple Streamtube model. The graphical plotting functions
are capable of modelling changes in blade loads and the net effect on rotor performance
due to blade pitch angle changes.
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Force Coefficient Variation Around Rotor
@ TSR = 5.00 (Fixed Pitch)
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Figure 2.15: Blade force variation due to Vlocal at various points around the rotor at TSR=5. Vector arrows
have been scaled to fit page. Prevailing wind (V∞) is from the right. CCirc is shown at 12x actual magnitude
for clarity.
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Wind Direction Vectors Around Turbine
@ TSR = 0.50 (Fixed Pitch)
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Figure 2.16: Velocity vector breakdown at TSR=0.5. Prevailing wind (V∞) is from the right.
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Wind Direction Vectors Around Turbine
@ TSR = 5.00 (Fixed Pitch)
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Figure 2.17: Velocity vector breakdown at TSR=5. Vector arrows have been scaled to fit page. Prevailing
wind (V∞) is from the right.

31

Chapter 3 – Avenues for Performance Improvement
3.1. Background
Figure 3.1 shows the variation in angle of attack for a single blade with no pitch angle
during a revolution around the Darrieus rotor axis.
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Figure 3.1: Fixed-Pitch Blade angle of attack at various TSRs

Figure 3.2 shows the variation in the tangential force coefficient (CT) of an airfoil with
change in angle of attack. This is the chordwise component of the airfoil’s total
aerodynamic force, and is along the circumferential force vector at the blade’s location
for a zero-pitch blade. Experimental data from Critzos, et al. [16] is compared with CT
predictions from an analytical model for airfoil lift and drag as described in Appendix A
and Appendix B.
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Figure 3.2: CT for a NACA0012 airfoil at various Reynolds numbers from experimental data [16], compared
with a model approximation for lift and drag

From the two figures, it is apparent that


The blade’s angle of attack varies considerably at low tip speed ratios



For a zero-pitch blade, the blade experiences un-stalled flow conditions
throughout its revolution around the rotor axis only at higher TSRs



The blade’s airfoil generates high negative tangential force – acting against blade
motion over a significant range of angles of attack.



Airfoils typically generate their highest positive CT close to stall at a fixed angle
of attack for a given Reynolds number



Higher Reynolds numbers produce greater CT values

Figure 3.3 shows the CT variation for a zero-pitch blade at several TSRs. These figures
show the reason behind the Darrieus rotor’s lack of self-starting ability. At low tip speed
ratios, the blade’s angle of attack to the local resultant wind becomes unfavourable
enough that CT is negative for a greater part of a revolution than it is positive. This
behaviour is the reason behind the ‘dead band’ zone; causing the rotor to be a power

33

sink over certain low TSRs. Depending on rotor geometry and wind conditions, a
Darrieus turbine may not generate any power (or require power to rotate) for TSRs
between 0.75 to 4. This ‘dead band’ means that Darrieus rotors have to be spooled up
by running the generator ‘backwards’ to a productive TSR when wind conditions are
suitable for generating power. For low cost, off-grid applications, this drawback makes
lift-type VAWT rotors unsuitable without a battery bank to store energy for start-up.
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Figure 3.3: CT Variation at several TSRs for zero-pitch blade

For self-starting capability, a positive CCirc for the blade’s path around the rotor is
required. To achieve this, the blade’s pitch may be changed depending on the local wind
vector so that the blade is at an angle of attack that allows for maximum positive C T to
be attained. While CT is not the same as CCirc for a blade with non-zero pitch angle,
varying the pitch angle with the intent to maximise CT will yield high positive values of
CCirc for small pitch angles because
=
And cos

≈ 1 and sin

cos

sin

≈ 0 for small values of

(blade pitch angle)
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3.2. Blade at Constant Angle of Attack
The MATLAB model described in Figure 2.8 is used to determine the expected rotor
performance when the blade is held at a constant angle of attack relative to the local
velocity vector at all azimuth locations on the rotor. The particular angle of attack for
each TSR is chosen based on the angle of attack that yields the maximum pre-stall CT at
the average Reynolds number experienced by the blade over a full revolution around
the rotor axis at that TSR. The average Reynolds number is based the blade chord,
kinematic viscosity of air and the average Vlocal over a blade revolution around the rotor
axis at the given TSR.
For the upwind section, the direction of the aerodynamic force generating positive
torque is opposite to the general direction of the aerodynamic force required for
positive torque in the downwind direction. For this reason, the sign of the blade’s angle
of attack needs to be reversed between the upwind and downwind sections of the rotor
in order to generate positive torque about the rotor axis at all azimuth locations. In
order to model a gradual transition between the positive and negative limits for the
angle of attack, a capped cosine function (Figure 3.4) is chosen to prescribe the angle of
attack regime for a blade as it moves around the rotor.

= {

cos

is angle of attack with the highest pre-stall CT for the average Reynolds number at
a particular TSR.
greater than

is an arbitrarily high value and should ideally be a few times
. For Darrieus.m,

was set at radians (45°).
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Prescribed Function for Blade Angle of Attack
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Figure 3.4: Capped Cosine function used to set the angle of attack for the blade as it moves around the rotor.

Blade  @ various TSR

Angle of Attack (degrees)

10

5

0
TSR =0.1
TSR =0.5
TSR = 2
TSR = 5

-5

-10
-90

-45

0
45
90
135
180
Blade Azimuth Location/  (degrees)

225

270

Figure 3.5: Blade angle of attack dictated by capped cosine function at different αlimit based on Reynolds
number dependence of alpha yielding maximum CT. α for TSR = 0.1 and TSR = 0.2 overlap.

The blade pitch angle for zero angle of attack (feathering blade) is given by
=(

2

)

tan2 (

cos

,

sin

)
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tan2-1( ) is the 4-quadrant inverse tangent function that has a continuous output in the
interval [-π, π]. It is defined as a function with two arguments (separated by a comma in
the above expression) in MATLAB.
Adding the local angle of attack to the expression that evaluates

gives the blade’s

pitch angle at any azimuth location as it revolves around the rotor. Figure 3.6 shows the
variation in pitch angle due to the prescribed angle of attack function.
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Figure 3.6: Pitch angle variation with prescribed angle of attack function.

Figure 3.7 and Figure 3.8 show the CT and the torque generated by the blade due to the
improved CCirc arising from pitch angle variation to maintain constant blade α. As
expected from Figure 3.2 and Figure 3.3, CT is mostly constant (with slight variation due
to local Reynolds number variation) for any azimuth angle when the angle of attack is
held at a constant value. The drop in CT at β≈90° and β≈270°/-90° is due to the
transitioning blade α in this part of the rotor. While the torque generated by the blade
on the rotor is mostly positive through the azimuth angle range, it has pronounced
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peaks due to the varying dynamic pressure and the CCirc reduction around β≈90° and
β≈270°/-90° as the blade revolves around the rotor.
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Figure 3.7: CT generated by a blade over one revolution around the rotor. CT is positive over most of the
revolution, independent of TSR.
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Figure 3.8: Blade torque output for a blade following a prescribed angle of attack function. Torque is
positive for most azimuth locations for all TSR.
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Force Coefficient Variation Around Rotor
@ TSR = 2.00 (Pre-set AoA Function)
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Figure 3.9: Blade force coefficients and pitch angle variation due to angle of attack constraint. Drag
coefficient is shown at 12x actual magnitude for clarity.

Figure 3.10 shows the benefit of varying blade pitch by constraining the angle of attack
experienced by the blade. Because the blade provides net positive torque at low TSR,
the rotor produces positive power at these TSR without a dead-band region.
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Figure 3.10: Comparison of Power Coefficient (CP) for zero-pitch blade and blade pitch varied to maintain a
constant angle of attack
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Figure 3.11: CT and CCirc variation at high TSR

The rotor with variable blade pitch due to angle of attack constraints does not generate
as much power as a fixed-pitch rotor at higher TSRs. As TSR increases, so does Reynolds
number. With increasing Reynolds number, the angle of attack at which CT reaches its
pre-stall maximum becomes high enough that CT is no longer close to CCirc. The torque
output plot for TSR=5 in Figure 3.8 and Figure 3.11 shows this discrepancy manifesting
itself at higher TSRs. Although CT is maintained at a high positive value, CCirc is negative
throughout the downwind half of the blade’s travel path (a similar plot at higher TSR
would show that CCirc is negative on both halves of the rotor). The variable-pitch rotor is
more effective at reducing freestream momentum than the fixed pitch rotor. This leads
to lower induction factors at high TSR. Lower induced velocities through the rotor mean
that less kinetic energy is available for power extraction by the blades as TSR increases.
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Chapter 4 – Vertical Axis Wind Turbine Concept with
Free-Pitching Blades
4.1. Concept Overview
Aerodynamically speaking, maintaining a blade at a constant angle of attack is the same
as maintaining a fixed-wing aircraft at a constant angle of attack (AoA) – a task essential
for controlled flight.

Figure 4.1: NASA Helios – a tailless aircraft (Image source: NASA, via Wikimedia Commons website,
accessed 30/8/2012)

An aircraft maintaining constant angle of attack is said to be ‘in trim’. Tail-less aircraft
like the NASA Helios (Figure 4.1) achieve trim by placing their centre of mass ahead of
the aerodynamic centre of the wing and shaping the wing section – the airfoil – such
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that it generates a positive (nose-up) pitching moment to counter the nose-down
moment generated because the centre of mass is ahead of the aerodynamic centre. Such
wing sections are typically referred to as reflexed airfoils. Airfoils with positive camber
generate a negative (nose-down) pitching moment through their un-stalled AoA range.
Reflexed airfoils have a reflexed camber-line gradient near the trailing edge that creates
a positive pitching moment while generating useful lift (see Figure 4.2). A trailing edge
flap on a symmetrical airfoil may also be used to achieve the same effect. Figure 4.3
shows the typical direction of the forces and pitching moment generated by airfoils
about their quarter-chord point at a positive angle of attack.
Reflexed airfoils offer a fixed value of lift at a fixed angle of attack, and if a wing with
such an airfoil is trimmed with its centre of mass forward of its aerodynamic centre, any
disturbance to the angle of attack generates a restoring moment to bring it back to the
original angle of attack and the same lift condition. Heinzen, et al. [17] used this effect to
develop an aircraft propeller for small-scale applications with self-stabilising, freepitching blades having a reflexed blade airfoil section. Such blades are expected to
operate at a constant angle of attack, generating lift with low drag independent of
propeller and aircraft speed. Propeller efficiency showed marked improvement
compared to a fixed-pitch propeller over a range of advance ratios.

Figure 4.2: MH78, a reflexed airfoil
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Figure 4.3 (anticlockwise from top right): Cambered, Symmetrical, Reflexed airfoils and a symmetrical
airfoil with a trailing edge flap deflected upwards. The direction of forces and moments are typical for the
indicated angle of attack (α).

Figure 4.4 shows the layout of a wind turbine concept with blades that are free to pitch
about an axis parallel to their span. Each blade has a trailing edge flap for pitching
moment control to ‘trim’ the blade at an angle of attack that generates a positive C T as
the blade revolves around the rotor axis. An aerodynamically induced pitching moment
on the blade causes the blade to trim at the same angle of attack independent of
ambient wind speed and rotor angular velocity. This is true as long as the static margin,
i.e. the relative distance between the aerodynamic centre of the blade (assumed to be
the quarter-chord point) and pitch axis of the blade is unchanged. In this sense, static
margin is defined differently for the blades in this Darrieus rotor configuration when
compared to the static margin definition for a fixed-wing aircraft (see Figure 4.5). For
an aircraft, the static margin is defined as the distance between the aerodynamic centre
of the aircraft and the aircraft’s centre of mass (c. g. location). Generally speaking, the
static margin relates the aerodynamic centre of a body to the centre of rotation. This
condition is satisfied when the blade’s pitch axis location is considered.
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Wind Vane
(For wind direction data)

Actuated
Trailing Edge
Flap

Free-pitching
blade
Counterweight to
balance blade
Figure 4.4: Darrieus Turbine Concept with free-pitching counterbalanced blades and actuated trailing edge
flap

Figure 4.5: Horizontal slice of a blade with aerodynamic pitch control using a trailing edge flap
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The trimmed angle of attack maintained by a blade with a deflected flap must be
changed twice during a revolution around the rotor. The points where the flap angle
must be reversed are located where the blade is moving directly into and directly away
from the freestream wind vector. Based on the convention established in Chapter 2, the
flap deflection angle must change sign at azimuth angle locations of +90° and -90° (see
Figure 4.6). The defined convention sets the wind vector as originating from the 0°
azimuth location. Because the wind direction is variable, a wind vane on the top of the
rotor sets the points at which the flap deflection changes for each blade as it revolves
around the rotor axis.
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Wind Direction Vector Around Turbine
@ TSR = 0.81 (AoA hold with Flap Deflection)
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Figure 4.6: Idealized wind vectors and flap angle change for a AWT blade that trims ‘instantly’ to a given
angle of attack due to pitching moment induced by flap deflection. Note the change in flap angle at β=+90°
and -90°.
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4.2. Dynamic Model
It is apparent that a free-pitching blade will not instantly trim to a desired angle of
attack in the varying flow field experienced by the blade. Furthermore, the flap
deflection angle on each blade is changed twice during every revolution around the
rotor and the blade’s response to the flap deflection will also not occur instantly.
Characterising the dynamic behaviour of a free-pitching blade rotating about the VAWT
rotor’s axis with an actuated trailing edge flap is the first step in determining whether
this concept is a viable means to generate power.
This chapter concerns a Darrieus rotor concept that may result in self-start behaviour
(no dead-band zone at low TSRs). For the sake of model simplicity and short solution
times for the large number of run cases tested, the reduction of wind velocity due to
rotor induction is not modelled. Accurate modelling of power prediction is not as
important and verifying that the dynamic model devised shows that the desired
behaviour with regard to the rotor blades’ response to flap deflections. Furthermore,
the MATLAB implementation of the Double-Multiple Streamtube model shows the
reduction of freestream wind velocity due to induction for a fixed-pitch rotor and the
variable pitch rotor shown in Figure 4.6 is expected to be less than 10% up to TSRs of 4.
The co-ordinate system of the rotor-blade system and its associated degrees of freedom
is shown in Figure 4.7. Aerodynamic and inertial loads are generated due to the blade
revolving about the rotor axis and the blade pitching about its own axis. These loads
feed back into affecting blade pitch behaviour about the blade axis and the resultant
rotor torque arising from the circumferential component of blade loads acting through
the blade pitch axis.
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Figure 4.7: Co-ordinate definition for a single blade free to pitch about its axis on a simulated Darrieus
Rotor

( ̇+ ̇

,

)

α(-ve as shown)

Figure 4.8: Velocity component breakdown for a freely pitching blade as it rotates about the rotor axis
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Figure 4.9: Aerodynamic force and moment coefficients for a freely pitching blade as it rotates about the
rotor axis. CCirc and CRad or CN and Ct or CL and CD are equivalent pairs that combine to give CResultant.
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Figure 4.10: Layout of inertial elements and inertial loads for the blade-counterweight subsystem
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If the blade as shown in Figure 4.10 does not pitch about its centre of mass, the
centrifugal force acting on the blade would induce a non-zero moment about the blades
pitch axis at any

, adding an additional transient load that would complicate the

qualitative characterisation of blade dynamics solely due to aerodynamic effects. To
mitigate the effect of centrifugal forces on the blade dynamics, a counterweight is
attached ahead of the pitch axis location to balance the blade about its pitch axis. Figure
4.10 shows the combined blade-counterweight system in the rotor’s frame of reference
and Figure 4.11 provides a detailed cross-section view of the blade-counterweight
subsystem. In the mathematical model described in the next section, the counterweight
is assumed to be a point mass and the blade’s centre of mass and rotational inertia of
the blade (Jblade,cg) alone is estimated from a SolidWorks model of a blade with the same
dimensions as that used in the analysis performed in Chapter 2 and Chapter 3.

Figure 4.11: Plan view of free-pitching blade with counterweight modelled as a point mass

The combined rotational inertia of the blade-counterweight subsystem is then
estimated with the Parallel Axis Theorem.

Using a hypothesized ‘point mass’

counterweight to estimate the rotational inertia of the blade-counterweight system (see
Figure 4.4) allows quick recalculation of rotational inertia for different blade
configurations. This model feature is useful when the blade’s static margin (blade pitch
axis location) is altered.
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Because the apparent velocity for the blade changes with its azimuth angle location and
the aerodynamic force on the rotor is dependent on a blade that is free to pitch, the
blade’s angle of attack relative to the local apparent wind changes continuously. Since
the blade’s lift and drag are functions of the angle of attack of the blade, there is a nontrivial relationship between the blade position on the rotor (azimuth angle), the blade
pitch angle and the instantaneous aerodynamic force driving the rotor. The forces and
moments about the pitch axis may be expressed in terms of two sets of coupled
differential equations by applying Newton’s second law about the blade pitch axis and
the rotor axis. The two systems of differential equations are described in the following
sub-sections.
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4.2.1. Blade-Counterweight Subsystem
Considering the blade subsystem alone and resolving forces about the blade’s pitch axis,
∑
,

=

=

,

,

+

+

,

̈
,

From Figure 4.9 and Figure 4.10, the moments about the pitch axis may be decomposed
into aerodynamic and inertial forces acting at a distance from the pitch axis:
∑

=∑

+∑

The moment about blade’s pitch axis due to centrifugal effects depends on the angular
velocity of the respective masses rotating about the rotor axis. While most of the
angular velocity is derived from the rotor’s angular velocity( ̇ ), the changing position
of the blade and its counterweight’s mass as they rotate about the blade’s pitch axis also
contributes to the effective rotor angular velocity as measured at the bladecounterweight subsystem’s centre of mass. Thus,
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The aerodynamic loads influencing blade rotation about its pitch axis are split into
components that are a function of the local angle of attack ( ) and the rate of change of
pitch angle (pitch rate/ ̇ ).
While a contribution to aerodynamic loads due to the changing angle of attack or alpharate ( ̇ ) exists, this effect was ignored in the dynamic model for the sake of simpler
implementation of the equations of motion. Low-order models that simulate the effect
of ̇ on aerodynamic loads (such as Theodorsen’s unsteady airfoil Theory described by
Leishman [18]) are restricted to small, harmonic variations in angle of attack. The
presence of

̇ tends to reduce transient lift coefficients and its omission will

presumably result in optimistic rotor performance predictions. Discounting alpha-rate
effects in the dynamic model was therefore deemed to be acceptable for the purposes of
exploratory analysis.
The calculation of the blade’s angle of attack for any arbitrary pitch angle is described in
Section 2.3.1. It is conventional to express aerodynamic forces as a product of an
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aerodynamic force coefficient, the local dynamic pressure and a reference area – for this
instance, the blade’s planform area is used. The local dynamic pressure is dependent on
the square of the local apparent velocity (

). While

is principally dependent

on rotor angular displacement ( ), rotor angular velocity ( ̇ ) and the freestream wind
(

), there is also a small contribution to

̇ as measured at the blade’s

and

aerodynamic centre due to blade pitch ( ) and pitch rate ( ̇ ).

( ̇+ ̇
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Where
=√
The contributions to

+

+2

sin

and ̇ at the blade’s aerodynamic centre from blade pitch and

pitch rate due to the offset distance between blade aerodynamic centre and blade pitch
axis are:
tan ( |
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Using the chain rule,
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The aerodynamic force coefficients dependent on angle of attack derive their values
from analytical functions ( ( ),

( )

,

( )) that model pre-stall and post-stall

data for any angle of attack input independent of Reynolds number effects. A blending
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function given by Beard and McLain [19] is used to link the typical pre-stall lift curve
given by Thin Airfoil Theory with a 5th-order rational polynomial function that models
lift beyond stall using data provided by Critzos, et al. [20]. A similar polynomial function
is used to model drag, also using data from [20] (see Figure 4.12 and Figure 4.13). The
pitching moment function uses linear interpolation of data extracted from [16] to
obtain

,

( ) for any angle of attack (see Figure 4.14). The main advantage of the use

of pre-defined functions over linear interpolation of raw data (as used in the MATLAB
implementation of the Double-Multiple Streamtube model) is faster ODE computation.
Because post-stall data for flapped airfoils is not readily available, the second advantage
is that the lift and pitching moment functions have the capability to account for changes
to force coefficients due to flap deflection, vital for analysing the dynamic response of a
flapped blade with reasonable fidelity.

∑

( )+

=

( ̇) +

,

( )+

,

( ̇)

( ) is the aerodynamic force normal to blade chord due to angle of attack ( )
acting at the quarter-chord point. It is related to the lift and drag of the blade by the
following expression:
( )=
Where

( ) and

1
2

( ( ) cos

( ) sin )

+

( ) are modelled in MATLAB as functions independent of Reynolds

number. These functions are described in Appendix A by liftcoefficient_model.m and in
Appendix B by dragcoefficient_model.m, respectively.
Similarly, the quarter-chord pitching moment due to angle of attack is given by:
,

( )=

1
2

,

( )
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,

( ) is a function that uses a constant value for

,

before stall at small angles of

attack and blends it with interpolated data from [16]. The function output is shown in
Figure 4.14 and allows user-defined shifts in pre-stall

and airfoil stall α due to flap

deflection. The function uses the Thin Airfoil Theory assumption of constant

for an

airfoil at any angle of attack at which the airfoil is not stalled.
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Figure 4.12: CL(α) as described by liftcoefficient_model.m
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Figure 4.13: CD(α) as described by dragcoefficient_model.m
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Figure 4.14: CM(α) as described by momentcoefficient_model.m
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The pre-stall

,

may be estimated from experimental data at the Reynolds number of

interest or through computational airfoil analysis tools like XFoil. The post-stall
behaviour of airfoils was deemed to be mostly independent of Reynolds number effects
based on analysis of data from [16], [18] and [21].
The lift and pitching moment coefficients dependent on the pitch rate are taken from
Quasi-Steady Thin Airfoil Theory as described by Etkin and Reid [22].

( ̇ ), the

aerodynamic force normal to chordline due to pitch rate ( ̇ ) is:
( ̇) =

1
2

[ ( ̇ ) cos ]

Where, from Quasi-Steady Thin Airfoil Theory [22]:
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̇
3
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)

The pitching moment due to ̇ from [22] is given by:
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From Thin Airfoil Theory,
= 2
Finally, the blade-counterweight system’s total rotational inertia is estimated using a
SolidWorks model. With this data, the model describing the dynamics of blade motion
about its pitch axis may be numerically analysed.
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4.2.2. Rotor Subsystem
Considering the rotor subsystem and resolving forces about the rotor axis,
∑

=

,

+

̈

=

+

,

∑

=

Circaero is the circumferential component of aerodynamic force generated by the blade
that acts through the blade pitch axis. To determine this force, we must examine the net
force acting through the blade pitch axis.

(-ve as shown)
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Figure 4.15: Aerodynamic force coefficients influencing rotor torque for a free-pitching blade
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In Figure 4.15, the chordwise tangential force (force coefficient = CT) and chordwise
normal force (force coefficient = CN) create a resultant force acting through the blade’s
pitch axis. The component of this force acting along the tangent of the blade’s path
around the rotor (Circaero) is given by:
=

1
2

(

cos

sin )
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4.2.3. Differential Equations and State Space Representation
The differential equations resulting from the two sub-systems described in the previous
sub-sections contain non-linear coefficients that are functions of one or more
independent and time variant variables. Because determining a closed-form solution is
not a practical option, this system needs to be evaluated numerically. To achieve this,
the two second-order differential equations were converted to four first-order
differential equations and expressed in state-space form. This system of equations was
implemented in MATLAB’s ode113 solver to study the dynamic behaviour of the
system. This ODE solver was used because it offered the fastest convergence and the
most number of computed points of all the in-built MATLAB ODE solvers. The
differential equations and the state vectors for the differential equations are described
below:
Blade Subsystem:
̈( ) =
+

1

( ( ), ̇ ( ))

∑

,

1
,

( ( ), ̇ ( ), ( ), ̇ ( ))

∑

Rotor Subsystem:
̈( ) =

1

( ( ), ( ), ̇ ( ))

∑

For the above 2nd-order differential equations, X is defined as the state vector:
=[ ]
Where
=
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= ̇= ̇
=
= ̇= ̇
Therefore,
̇
̇

̇ =[ ]
̇
̇

=[ ]

In Matrix form, the state of the system, X, is given by
̇=
Where
̇
⏞
⏞
̇
( ( ), ̇ ( ), ( ), ̇ ( ))
̇ =
[ ]
̇
̇
( ( ), ̇ ( ), ̇ ( ))
[
]
( ( ), ̇ ( ), ( ), ̇ ( )) and

( ( ), ̇ ( ), ̇ ( )) are functions that describe the blade

subsystem and rotor subsystem respectively. The system is implemented in MATLAB as
the function given in Figure 4.16.
function [Xdot] = dynam(~, X)
ODE_constants % Script to load system constants
Xdot(1,:) = X(2);
Xdot(2,:) = (1/J_blade_pivot)*...
( M_aero_norm(X(1),X(2),X(3),X(4))...Moment from aero loads normal to chord
+ Mc4_aero_alpha(X(1),X(2),X(3),X(4))...
Quarter-chord Pitching moment (alpha)
+ Mc4_aero_alphadot(X(1),X(2),X(3),X(4))...Quarter-chord Pitching moment (alpha_dot)
+ M_cent(X(1),X(2),X(4))...
Moment from inertial forces on blade
+ M_fric(X(2)) );
Bearing frictional moment
Xdot(3,:) = X(4);
Xdot(4,:) = ( 1/J_rotor(X(1)) ) * (rotor_flag*Rotor_aero_torque(X(1),X(2),X(3),X(4))...
+ rotor_flag*M_fric(X(4)) );
end

Figure 4.16: System Implementation in MATLAB (dynam.m)
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A visual outline of the model implementation and dataflow between key code elements
is given in Figure 4.17. The initial conditions for the system are as follows:
Initial blade pitch angle:
= 0
Initial blade pitch rate:
̇ = 0

/

Initial blade azimuth location:
=

2

Initial rotor angular velocity:
̇ =
Where

/

is a constant dependent on the operating condition set-up.
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ODE Model Constants
(ODE_Constants.m)
Rotor and blade
dimensions, mass/inertia
parameters and
c.g./pitch axis locations

Run Parameters
Rotor speed, V∞
and Differential
equations initial
conditions

ODE Execution script (ODE.m)
Moments about blade pitch axis
Aero forces normal to chordline
(M_aero_norm.m)

Dynamic model function
(dynam.m)

Pitching moment due to alpha
(Mc4_aero_alpha.m)
Pitching moment due to alpha rate
(Mc4_aero_alphadot.m)
Centrifugal forces from rotor motion
(M_cent.m)

Moment about rotor Axis due to Blade Loads
(Rotor_aero_torque.m)

ODE Solution

= [ ]=

̇
[ ̇]

ODE Output processing
(ODE_out_function.m)
α, Torque and power estimation
(ignoring induction effects)

Plotting Scripts
Figure 4.17: MATLAB ODE model data flow and basic code structure
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4.3. Results
The dynamic model described in the previous section is run several hundred times to
accommodate various combinations of rotor radii, initial rotor angular velocity,
freestream wind velocity and blade static margin. The blade chord was set at 0.15m and
the blade height was set at 1m.
While the model allows for the determination of rotor speed beyond the initial
condition imposed by the user, the functions affecting rotor torque were forced to
maintain the same initial condition for the rotor’s angular velocity for each time-step in
each ODE run case. This was done so that the response of the blade to the flap (or
pitching moment) forcing function could be discerned in the absence of transient rotor
acceleration effects. The flap forcing function is a ‘saturated’ adaptation of a
function, where any non-zero value is forced to the maximum prescribed
given

( )
,

at a

with the same sign as the prescribed by function. This allows the blade model to

behave as if the flap deflection instantaneously changes twice during each revolution
made by the blade about the rotor’s axis as shown in Figure 4.6. The dynamic response
of the free-pitching blade follows this flap deflection regime.
Figure 4.18 through Figure 4.22 show the results from dynamic model analysis for two
consecutive revolutions of a blade for different rotor radii by matching them with run
cases with identical angular velocities. In this fashion, the variation in blade dynamic
behaviour can be analysed for different TSR at the same time scale. The results of
analysis in Chapter 2 and Chapter 3 have established that the performance of Darrieus
rotors with fixed-pitch blades varies with respect to TSR and rotor solidity. Figure 4.18
through Figure 4.22 convey free-pitching blade dynamics at different timescales.
Separating rotor revolution period from TSR is important because the same TSR may be
experienced with different combinations of rotor radius and rotor angular velocity. This
difference affects the timescale over which blade dynamics play out over the course of a
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revolution. While only a small fraction of the data from all the ODE run cases are shown,
the general trends that are affected by certain key model parameters are described in
the following sub-sections.
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4.3.1. Influence of Static Margin on Blade Response
While a blade with a higher static margin is expected to have strongly damped
oscillations, the increased rotational inertia of the blade-counterweight system due to
the static margin increase results in more persistent oscillatory behaviour than a blade
with lower static margin. There is an inverse relationship between the trim angle of
attack for a blade with lower static margin for the same flap angle – see Figure 4.18 and
Figure 4.19.

Angle of Attack @ 4.8RPM
Static Margin = 0.25 , V  = 10.0 ms-1 , Time period/rev = 12.6 sec
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Figure 4.18: Angle of attack at 4.8 RPM, Static margin=0.25, V∞=10ms-1
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Angle of Attack @ 4.8RPM
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Figure 4.19: Angle of attack at 4.8 RPM, Static margin=0.1, V∞=10ms-1

Torque @ 4.8RPM
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Figure 4.20: Torque output at 4.8 RPM, Static margin=0.1, V∞=10ms-1
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4.3.2. Effect of α on Torque Output
Switching the deflection of the trailing edge flap twice per revolution changes the sign
of the trim angle of attack. As shown in Figure 4.19 and Figure 4.20, this results in
positive torque generation through both halves of the blade’s revolution around the
rotor axis. The quicker the oscillation of the blade damps out, the more effective the
blade is at generating torque. When the angle of attack for the blade does not stabilise
quickly, the resulting torque generated is erratic or sometimes negative for a rotor
forced to operate at a fixed speed. For example, the erratic angle of attack response for
the rotor geometries simulated in Figure 4.21 result in blade torque response shown in
Figure 4.22.
Angle of Attack @ 4.8RPM
Static Margin = 0.25 , V  = 1.0 ms-1 , Time period/rev = 12.6 sec
40

Angle of Attack,  (degrees)

20
0
-20
-40
-60

R = 0.5m, TSR = 0.25
R = 1.0m, TSR = 0.50
R = 5.0m, TSR = 2.50

-80

R = 10.0m, TSR = 5.00

-100

0

1
Revolutions

2

Figure 4.21: Angle of attack at 4.8 RPM, Static margin=0.25, V∞=1ms-1
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Torque @ 4.8RPM
Static Margin = 0.25 , V  = 1.0 ms-1 , Time period/rev = 12.6 sec
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Figure 4.22: Torque output at 4.8 RPM, Static margin=0.25, V∞=1ms-1

The trim angle of attack damps out quicker when the chosen static margin results in a
good balance of aerodynamic stability (i.e. static margin > 0) and low rotational inertia
of the blade-counterweight system due to short distances between the pivot axis and
the blade/counterweight centre of mass. The difference in damping behaviour may be
seen by comparing Figure 4.18 with Figure 4.19.
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4.3.3. Influence of Rotor Radius on Blade Response
Angle of Attack
-1
Static Margin = 0.10 , V  = 10.0 ms
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R = 0.5m,  = 1.0rad/s, Period = 6.25 sec, TSR = 0.05
R = 1.0m,  = 0.5rad/s, Period = 12.5 sec, TSR = 0.05
R = 5.0m,  = 0.1rad/s, Period = 62.5 sec, TSR = 0.05

Figure 4.23: Angle of attack variation for blades in different rotor radii that are experiencing similar
apparent velocities

Figure 4.23 shows the response of the same blade in different rotor systems in velocity
fields of similar magnitude and variation. Note that some of the results have been
stretched along the x-axis to assume the same space per revolution. The actual
revolution time periods are given in the legend. The blade undergoes a damped
oscillation about the same trim angle of attack dictated by static margin and flap
deflection independent of rotor radius and rotor angular velocity. Because rotors with
larger radii allow the blade to trim before the flap deflection is changed halfway
through a revolution, the torque output is more consistent and steady when compared
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to the oscillatory behaviour of a blade on rotors with smaller radii. The resulting torque
outputs corresponding to blade angle of attack responses in Figure 4.23 are shown in
Figure 4.24.
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Figure 4.24: Torque variation for blades in different rotor radii that are experiencing similar apparent
velocities
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4.3.4. Performance Variation due to Tip Speed Ratio
The projected performance for a free pitching blade at higher TSR is not impressive
especially when the data presented in Figure 4.21 and Figure 4.22 are considered. The
free pitching blade is unable to generate any useful torque due to the fast changes in
target trim angle of attack dictated by flap deflection for the rotor geometries
considered in this dynamic model analysis.

CP for Darrieus Wind Turbine with Free-Pitching Blades
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Figure 4.25: Performance of VAWT rotor configurations with free-pitching blades
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Figure 4.25 shows the power coefficient generated by the 4 rotor geometries
considered in this section, assuming a twin blade setup with an effective doubling of
torque generated. Induction loss effects are ignored; the velocity is assumed to be
constant upstream, through and downstream of the rotor. Both of these assumptions
should give optimistic estimates of performance. However, even with the favourable
assumptions, the rotor geometries analysed fail to generate power beyond very low
TSR. The rotor geometries analysed show neither potential as a concept for a Darrieus
rotor with self-start characteristics, nor as a means to enhance the power generating
capacity of a Darrieus rotor when compared to a rotor with fixed-pitch blades.

75

Chapter 5 – Other Means to Enhance VAWT
Performance
5.1. Background
To maximize Darrieus turbine performance, the turbine blades must generate the
maximum possible torque at all azimuth angles at any TSR in the operating range of
interest. The aerodynamic force the blade generates to drive the rotor is due to a nontrivial relationship between the following parameters:


Blade pitch angle



Blade azimuth location on the rotor relative to the prevailing wind



Apparent wind velocity at the blade as a function of rotor induction and rotation

A MATLAB optimization subroutine is used to find the blade pitch angle relative to the
local tangent that yields the best CCirc value at every azimuth angle step. This subroutine
– verified with a marginally slower brute-force method – demonstrated that there exists
a pitch angle at any azimuth location and TSR for which CCirc may be maximised.
Furthermore, because varying the pitch angle over the course of a blade’s revolution
around the rotor axis allows for the determination of a positive value for CCirc, the rotor
can be self-starting as long as the blades are individually pitched at the correct angles.
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5.2. Active Blade Pitch Control
The Double-Multiple Streamtube model is applied to a straight-bladed Darrieus turbine
model with pitch angle variation determined for TSRs up to 12. The rotor is 1m high
with a radius of 1m and 2 straight blades with a chord of 0.15m. Figure 5.1 shows that
superior performance is predicted up to TSR≈4.5 when compared to a Darrieus rotor of
identical size with fixed-pitch blades. The fixed pitch turbine is expected to generate
more power than the variable pitch rotor at higher TSRs.
The aerodynamic load driving the rotor (FCirc) is the product of the force coefficient
acting tangential to the blade’s circular path around the rotor (CCirc) and the dynamic
pressure in the vicinity of the blade. The local dynamic pressure at the blade is
dependent on the local induced velocity ( ’) and rotor speed. Since the local induced
velocity on both halves of the rotor depends on how much momentum is extracted from
the air by the turbine blades – which is in turn affected by blade pitch angle/angle of
attack, there is a non-trivial relationship between blade pitch angle and the torque
generated by the blade at any given azimuth location and TSR point being analysed. For
the sake of simplicity, fast analysis, and attacking the problem of reliable self-start, the
MATLAB algorithm employed focuses on maximising CCirc, not FCirc. This is why, at
higher TSR, the pitch angle regime for the blades results in momentum loss through
induction effects, lowering rotor torque and power output to levels below the fixed
pitch turbine (see torque output @ TSR = 5 in Figure 5.4 and the expected CP output in
Figure 5.1).
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CP for Darrieus Wind Turbine
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Figure 5.1: CP comparison of VAWT turbine with active blade pitch control to maximise torque at all TSR
with fixed-pitch H-type Darrieus turbine.

One way around the problem of lower CP at high TSR due to blade pitch variation aimed
at maximising CCirc is to analyse the full regime of pitch angle variation with azimuth
angle at each TSR using a pre-defined function and optimise the pitch angle function
parameters rather than the pitch angle at every azimuth location (β). Altering the pitch
angle function parameters instead of the pitch angle alone may allow the maximum the
power coefficient at a particular TSR to be determined. Paraschivoiu, et al. [23] used a
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2nd-order sine function to describe the pitch variation as a function of azimuth angle in
conjunction with a genetic optimization algorithm to achieve this end with a modified
implementation of the Double-Multiple Streamtube model. For the small-scale
applications being envisaged for this project, optimising the rotor for maximising
power is of lesser importance than guaranteeing self-start behaviour. Figure 5.2, Figure
5.3 and Figure 5.4 show the variation in blade angle of attack relative to local induced
wind, blade pitch angle and torque generated by a single blade during a revolution.
These figures are based on results from the MATLAB optimisation routine that
maximises CCirc for all azimuth angles. The optimisation search space was limited to
finding the maximum CCirc between ±15° of the local feathering angle of attack. The
restricted search space ensured that the blade pitch variation and pitching rate was kept at
a low level to account for potential limitations in the blade pitch actuation system. This
restriction was especially necessary at TSRs lower than 1 to ensure that the maximised CCirc
at certain azimuth angle locations was not the result of sharp changes in blade pitch angle.
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Figure 5.2: Angle of attack variation resulting from CCirc maximisation
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Figure 5.3: Blade pitch angle variation for maximising CCirc at any azimuth angle
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Figure 5.4: Torque output with active blade pitch control at various TSR
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Figure 5.5: Blade force coefficients and pitch angle variation from pitch angle optimisation (TSR=2). Drag
coefficient is shown at 12x actual magnitude for clarity.

81

Force Coefficient Variation Around Rotor
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Figure 5.6: Blade force coefficients and pitch angle variation from pitch angle optimisation (TSR=0.1). Drag
coefficient is shown at 12x actual magnitude for clarity.

Figure 5.3 shows that a system capable of pitching the blades a continuous 360° is
needed because of the variation in pitch angle that is required to vary the pitch angle as
desired by the optimisation routine at TSRs above and below unity. A conceptual
representation of a Darrieus rotor with this capability is shown in Figure 5.7.
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Figure 5.7: Darrieus Turbine Concept with active blade pitch control using actuators capable of continuous
360° rotation

While individual, independent pitching of Darrieus turbine blades has been examined
by Hwang, et al. [24], the concept shown in Figure 5.7 allows for continuous variation of
blade pitch, ideal for start-up and turbine operation at low TSR. Figure 5.3 shows that
as the rotor TSR increases, the pitch angle variation required to achieve maximum CCirc
does not deviate significantly from the zero-pitch angle. This indicates that the
actuation mechanism employed to successfully implement this concept will need to be
used less intensely as rotor speed increases. Figure 5.1 shows that the actuators may be
constrained to a fixed, zero-pitch mode at TSRs greater than 4.5 to maintain a high CP
value. This means of active blade pitch control also has the benefit of potentially
incorporating over-speed protection capability into the turbine – the blade pitch control
system may be programmed to allow the blades to feather into the wind and generate
zero torque at excessive wind speeds to protect the turbine.

83

Chapter 6 – Concluding Remarks
The Double-Multiple Streamtube model was implemented in MATLAB to gain an insight
into H-type Darrieus rotor operation and the factors affecting rotor performance.
Graphical output functions were developed to display velocities and aerodynamic force
coefficients at the blade level at any tip speed ratio (TSR) condition. These functions
made visualization of the local aerodynamics of a vertical axis wind turbine possible,
and provided an insight into the overall effect on performance due to a variety of
factors including Reynolds number effects, rotor geometry and TSR.
A dynamic model for an H-type Darrieus rotor concept with free-pitching blades having
actuated trailing edge flaps was developed with the objective of improving performance
compared to a rotor of similar geometry and fixed-pitch blades. The intent was to have
the blades aerodynamically trim to an angle of attack relative to the local resultant air
velocity that maximised rotor torque. The dynamic model was tested for a range of
simulated rotor geometries and operating conditions. The results from dynamic model
analysis were not promising enough to warrant further study into this concept or
develop an experimental test article – self-starting capability was not apparent and the
performance of a rotor with this arrangement is expected to be worse than the
performance of a fixed-pitch turbine.
A concept for an H-type Darrieus rotor with active blade pitch control was also
examined, with a focus on continuously varying blade pitch to maximise the blades’
aerodynamic force coefficient driving rotor torque at all TSRs of operational interest.
Based on the implementation of the Double-Multiple Streamtube model on a rotor with
active blade pitch control, it is expected that such a rotor will have self-start
characteristics. Additionally, performance is greatly improved at lower TSR compared
to a rotor with fixed-pitch blades, allowing more power to be generated at lower wind
speeds.
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Appendix A
Liftcoefficient_model.m
% Copyright Dhruv Rathi
% 2012 NC State University
function [Cl] = liftcoefficient_model(alpha,Cl0,AoA_st)
%
% Finds the Cl for a generic airfoil for any angle of attack (in radians)
% using thin airfoil theory blended with a curve-fitted polynomial function
% for post-stall modelling. Based on data from Critzos, et al in NACA
% Technical Report 3361 for NACA0012 @ Re=1.6e5. Capable of modelling Cl
% change due to flap deflection.
%
% The blending function is sourced from Equation 4.9 in "Navigation,
% Guidance and Control of Small Unmanned Aircraft" by Beard & McLain.
%
% =========================================================================
% Inputs:
% alpha = Angle of attack (radians)
% Cl0 = Zero-alpha lift coefficient (optional, defaults to zero if
% unspecified).
% AoA_st = Stall angle in degrees (optional, defaults to a value based on
% Cl0 if unspecified).
%------------------------------------------------------------------------% Output:
% Cl = lift coefficient at input angle(s) of attack.
%------------------------------------------------------------------------% Magic Numbers - Used in blending function:
% M = Blending function transition rate. Controls the severity of loss of
% lift after stall. Behaviour is comparable to NACA0012 @ Re=2e5 with
% forced transition @ 0.1c.
M = 0.2;
%------------------------------------------------------------------------% Default value for Cl0 if it is not specified
if exist('Cl0','var')==0
Cl0 = 0;
end
% Default value for AoA_st if it is not specified
if exist('AoA_st','var')==0
% Pre-computed AoA_st for specific Cl0 due to sample flap deflection:
Cl0_mat = [-0.56 0 0.56]; % Cl0 values
AoA_st_mat = [ 8.00 11 7.10]; % AoA_st values
% AoA_st based on table look-up:
AoA_st = abs(interp1(AoA_st_mat,Cl0_mat,Cl0,'linear','extrap'));
end
% =========================================================================
% The line below shifts alpha into a useful range [-pi,+pi].
alpha = 2*atan(tan(0.5*alpha));
% Pre-Stall lift curve (from Thin Airfoil Theory)
Cla = 2*pi*sin(alpha);
% Blending function
AoA = rad2deg(alpha);
sigma_a =
(1 + exp(-M.*(AoA - AoA_st)) + exp(M.*(AoA + AoA_st)))...
./( (1 + exp(-M.*(AoA - AoA_st))) .* (1 + exp(M.*(AoA + AoA_st))) );
% Post-stall flat plate lift curve approximation
Clb = flat_approx(alpha);
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% General lift coefficient expression
Cl = ((1 - sigma_a) .* ( Cl0 + Cla )) + (sigma_a .* Clb);
end
function [Cl_flat_approx] = flat_approx(alpha)
% Copyright Dhruv Rathi
% 2012 NC State University
% Post-stall function for liftcoefficient_model.m. Uses 5th-order
% rational polynomial to fit data at Re=1.6e5 for a NACA0012 airfoil.
% Based on data from Critzos, et al in NACA Technical Report 3361.
% =========================================================================
% Input:
% alpha = Angle of attack (radians)
%------------------------------------------------------------------------% Output:
% Cl_flat_approx = flat-plate approximation of lift coefficient at input
% angle(s) of attack.
% =========================================================================
% ========== DO NOT
% Rational Function
% toolbox):
p1 =
3.80e+004; %
p2 = -1.968e+005;
p3 = 2.674e+005;
p4 = -8.094e+004;
p5 =
6752;
p6 =
56.28;
q1 =
6849;
q2 = -1.519e+004;
q3 = 6.204e+004;
q4 = -1.921e+004;
q5 =
1596;
% ========== DO NOT

EDIT ========== %
coefficients (determined using MATLAB's curve fitting
modified from 3.74e+004 generated by MATLAB;

EDIT ========== %

% Determines whether alpha is a row or column vector
if size(alpha,1)==1 && size(alpha,2)>1
row_vector_flag = 1;
else
row_vector_flag = 0;
end
for I = 1:length(alpha)
if alpha(I)>0
Cl_flat_approx(I) = (p1.*alpha(I).^5 + p2.*alpha(I).^4 + ...
p3.*alpha(I).^3 + p4.*alpha(I).^2 + p5.*alpha(I) + p6) ./...
(alpha(I).^5 + q1.*alpha(I).^4 + q2.*alpha(I).^3 + ...
q3.*alpha(I).^2 + q4.*alpha(I) + q5);
else
alpha(I) = abs(alpha(I));
Cl_flat_approx(I) = -(p1.*alpha(I).^5 + p2.*alpha(I).^4 + ...
p3.*alpha(I).^3 + p4.*alpha(I).^2 + p5.*alpha(I) + p6) ./...
(alpha(I).^5 + q1.*alpha(I).^4 + q2.*alpha(I).^3 + ...
q3.*alpha(I).^2 + q4.*alpha(I) + q5);
end
end
if row_vector_flag == 0;
Cl_flat_approx = Cl_flat_approx';
end
end
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Appendix B
Dragcoefficient_model.m
% Copyright Dhruv Rathi
% 2012 NC State University
function [Cd] = dragcoefficient_model(alpha,Cd0)
%
% Approximates the drag coefficient of an arbitrary airfoil at any angle of
% attack between +pi and -pi radians. Uses 5th order rational polynomial to
% fit data at Re=160k for a NACA0012 airfoil. Based on data from Critzos,
% et al in NACA Technical Report 3361.
%
% =========================================================================
% Input:
% alpha = Angle of attack (radians)
% Cd0 = zero-alpha drag coefficient. Held constant until +/- deg_lim.
% Defaults to 0.015 if unspecified.
%------------------------------------------------------------------------% Output:
% Cd = drag coefficient at input angle(s) of attack.
%------------------------------------------------------------------------% Magic numbers:
deg_lim = 6;
% +/- degree limit on AoA for Cd0
% Default value for Cd0 if it is not specified:
if exist('Cd0','var')==0
Cd0 = 0.015;
end
% =========================================================================
% The line below shifts alpha into a useful range [-pi,+pi].
alpha = 2*atan(tan(0.5*alpha));
% The lines below flips -ve alpha into +ve values so that drag is always
% positive.
for I = 1:length(alpha)
if alpha(I)<=0
alpha(I) = abs(alpha(I));
end
end
% Rational Function coefficients (determined using MATLAB's curve-fitting
% toolbox):
% ========== DO NOT EDIT ========== %
p1 =
-1.693;
p2 =
14.66;
p3 =
-43.15;
p4 =
44.72;
p5 =
-4.197;
p6 =
0.1059;
q1 =
-7.065;
q2 =
19.7;
q3 =
-27.46;
q4 =
15.72;
q5 =
5.519;
% ========== DO NOT EDIT ========== %
Cd = (p1.*alpha.^5 + p2.*alpha.^4 + p3.*alpha.^3 + p4.*alpha.^2 + ...
p5.*alpha + p6) ./...
(alpha.^5 + q1.*alpha.^4 + q2.*alpha.^3 + q3.*alpha.^2 + ...
q4.*alpha + q5);
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% For loop 'floors' drag coefficient to pre-set value within +/-deg_lim
for I = 1:length(alpha)
if (alpha(I) < deg2rad(deg_lim)) && (alpha(I) > deg2rad(-deg_lim))
Cd(I) = Cd0;
end
end
end
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Appendix C
Momentcoefficient_model.m
% Copyright Dhruv Rathi
% 2012 NC State University
function [Cm] = momentcoefficient_model(alpha,Cm0,AoA_st)
%
% Approximates the pitching moment about the quarter-chord point of an
% arbitrary airfoil at any angle of attack between +pi and -pi radians.
% Based on post-stall data from NACA Technical Note 3361, authored by
% Critzos, Heyson and Boswinkle [1955]
%
% =========================================================================
% Inputs:
% alpha = Angle of attack in radians
% Cm0 = Pitching moment coefficient about c/4 point in pre-stall
% conditions. Set to a constant value determined from experiment,
% analytical estimation method or numerical 2D airfoil analysis for
% deflected trailing edge flap. Defaults to zero if unspecified.
% AoA_st = Airfoil Cl_max or stall angle (degrees). Defaults to 11 if
% unspecified.
%------------------------------------------------------------------------% Output:
% Cm = moment coefficient at input angle(s) of attack.
%------------------------------------------------------------------------% Magic numbers (table look-up data):
% AoA_data = angles of attack (in degrees) at which data points were
% extracted from Figure 5(c) in the data source.
% Cm_data = Quarter-chord pitching moment coefficient data at selected
% angles of attack graphically estimated from Figure 5(c) in the data
% source.
%------------------------------------------------------------------------% Default value for Cm0 if it is not specified
if exist('Cm0','var')==0
Cm0 = 0;
end
% Default value for AoA_st if it is not specified
if exist('AoA_st','var')==0
AoA_st = 11;
end
AoA_data = [0;
abs(AoA_st);
50;
90;
115;
130;
145;
155;
160;
165;
167.5;
172.5;
180];
Cm_data = [Cm0;
Cm0;
-0.40;
-0.56;
-0.60;
-0.575;
-0.49;
-0.375;
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-0.325;
-0.30;
-0.325;
-0.40;
0];
alpha_data = deg2rad(AoA_data); % Data conversion to radians
% =========================================================================
% The line below allows correct interpolation for any arbitrary alpha by
% shifting alpha into a useful range [-pi,+pi] for calculation.
alpha = 2*atan(tan(0.5*alpha));
% Determines whether alpha is a row or column vector
if size(alpha,1)==1 && size(alpha,2)>1
row_vector_flag = 1;
else
row_vector_flag = 0;
end
for I = 1:length(alpha)
% Cm in post-stall conditions if alpha is greater than zero
if alpha(I) > 0
X = alpha_data;
if size(Cm_data,2)>1
Y = Cm_data(:,I);
else
Y = Cm_data;
end
else
% Cm in post-stall conditions if alpha is less than zero
X = -alpha_data;
if size(Cm_data,2)>1
Y = [Cm_data(1:2,I);-Cm_data(3:end-1,I);Cm_data(end,I)];
else
Y = [Cm_data(1:2);-Cm_data(3:end-1);Cm_data(end)];
end
end
% Interpolation line
Cm(I) = interp1(X,Y,alpha(I),'cubic');
end
if row_vector_flag == 0;
Cm = Cm';
end
end
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