
ABSTRACT

KENDELLEN, DAVID PATRICK. Cryogenic Design for the Neutron Electric Dipole Moment
Experiment. (Under the direction of Dr. David G. Haase and Dr. Paul R. Huffman.)

The search for a non-zero neutron electric dipole moment (nEDM) proposed for the Spal-

lation Neutron Source (SNS) is a precision test of time reversal symmetry. Lowering the upper

limit on the nEDM, currently ∼ 10−26 e·cm, by a factor of 100 will test the validity of ex-

tensions to the Standard Model. Measuring a non-zero nEDM would provide a new source of

violation of the combined symmetries of charge conjugation and parity that could help explain

the matter-antimatter imbalance in the universe.

The experiment utilizes ultracold neutrons and polarized 3He atoms in a bath of superfluid
4He at 0.45 K. Cold neutrons from the SNS are slowed and trapped in two ∼ 3.1 liter cells

by collisions with the 4He. A large dilution refrigerator (DR) cools the cells and a surrounding

1000 liter volume of liquid helium (LHe). In order to ensure that the DR will have adequate

cooling power to maintain the bath at 0.45 K we have examined two of the anticipated heat

loads.

The first heat load comes from transporting polarized 3He throughout the system. Polarized
3He is added to the measurement cells to act as an analyzer of the neutron precession frequency

and as a comagnetometer. In the apparatus, an atomic beam of polarized 3He will be injected

into a free surface of LHe and then transported to the target cells via heat flush. The 3He

atoms depolarize through interactions with the target cell walls and must be removed and

replenished prior to each measurement. Activating heaters to sweep the 3He into and out of the

target causes a significant heat load on the DR mixing chamber. We have developed a complete

thermal model to estimate this heat load and inform the design of the DR heat exchangers.

The second heat load arises from the 0.5 inch and larger diameter tubes that connect volumes

of superfluid liquid helium under vapor pressure at T ≤ 0.5 K to volumes at temperatures

above the superfluid transition temperature. There are large heat flows due to the creep of

superfluid film up the tube and the reflux of warm gas caused by the evaporation of the film at

higher temperatures. This effect has been modeled in the literature and previously measured

at T ≥ 0.9 K. We have measured this effect in a closed thermal column, cooled to 0.3 K by

a dilution refrigerator. Our results test the reflux model at nEDM operating temperature and

will guide the design of heat sinks in the nEDM apparatus.
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Chapter 1

Introduction

An experiment to measure the electric dipole moment of the neutron (nEDM) is planned for the

Spallation Neutron Source (SNS) at Oak Ridge National Laboratory. The nEDM Collaboration

is a group from 21 universities and laboratories. The collaboration’s goal is to either measure a

non-zero nEDM or to lower the current experimental limit by a factor of 100 to dn ∼ 10−28 e·cm.

In this chapter we begin with the motivation for studying the nEDM and finding new sources

of T - and CP -violation. Then we describe a series of experiments designed to measure the

nEDM, including the SNS experiment. Finally we discuss the cryogenic challenges in the SNS

nEDM apparatus and introduce our work to measure and model two dilution refrigerator (DR)

heat loads. These are the subjects of Chapters 3 and 4.

Throughout this chapter we draw upon a text on CP -violation and several reports related

to the SNS nEDM search. For more information, see [1–4].

1.1 Motivation for nEDM Searches

The symmetries of charge conjugation C, parity P, and time-reversal T have been the subject

of many theoretical and experimental investigations. Their corresponding transformations are:

• C : Reverse charge and all quantum numbers

Particle → Antiparticle

• P : Spatially reverse all coordinates

x→ −x, y → −y, z → −z

• T : Reverse time or “play the movie backwards”

t→ −t

The behavior of a system subjected to any one of these transformations should be unchanged. A

host of experiments, several of them referenced in Section 1.3, show that these symmetries can

1



be violated both individually (as in P -violation) and in pairs (as in CP -violation). The combined

symmetry of CPT, however, is conserved for any theory with local Lorentz invariance. nEDM

experiments, for example, test time-reversal invariance, but also an implied CP -violation such

that CPT is conserved.

CP -violation is a key ingredient in explaining why there is more matter than antimatter in

the universe. Following Beyer [1], the baryon asymmetry of the universe (BAU) is commonly

written

η =
nb − nb̄
nγ

, (1.1)

where nb and nb̄ are the numbers of baryons and antibaryons, and nγ is the number of photons

from the cosmic microwave background. Since there is no evidence of large pockets of antimatter

in the visible universe,

nb − nb̄ =⇒ η ' nb

nγ
(1.2)

Big-bang nucleosynthesis (BBN) theory predicts the abundances of light elements (D, 3He, 4He,
7Li) shortly after the big bang. One can examine the BAU by finding a single (or narrow range)

of η’s which reproduce the primordial abundances inferred from observations of the present

universe. Restricting the range of possible η’s to

η = 5.1–6.5× 10−10 (1.3)

yields good agreement between BBN theory and abundances inferred from observations [5, 6].

By the standard model of cosmology, quarks and antiquarks (and then nucleons and antin-

ucleons) were created in equal abundance in the early universe. Conditions shortly after the

big bang created this ∼ 10−10 asymmetry which made possible our matter-dominated universe.

These conditions, first described by Sakharov [7], are:

1. Nonconservation of baryon number

2. CP - and C -violation

3. Interactions outside of thermal equilibrium

The second condition, CP -violation, has been observed in neutral kaon and B meson decays,

but not at a level sufficient for baryogenesis [8, 9]. Therefore new sources of CP -violation are

required. nEDM measurements are sensitive to two sources of CP -violation in the Standard

Model: electroweak CP -violation via a complex phase in the CKM matrix and a CP -violating

term in the strong Lagrangian [3]. In addition to possible contributions to baryogenesis, nEDM

measurements also test extensions to the Standard Model which predict a value for the nEDM,

including supersymmetric models.

2



1.2 Neutron Electric Dipole Moment

Though the neutron is electrically neutral, it is composed of charged up and down quarks. If

there is a separation in the centers of positive and negative charges it will have an electric dipole

moment. Figure 1.1 is a cartoon of the neutron with an exaggerated charge separation. The

neutron is a non-degenerate system and its ground state is described completely by its spin

quantum number s = ±1/2. Any electric dipole moment must be parallel to s, otherwise the

ground state would have additional quantum numbers [2]. A non-zero nEDM is direct evidence

of T -violation because s is odd under time-reversal, but dipole moment vector d is not, as

depicted in Figure 1.1.

The Hamiltonian for a neutron in a magnetic field B and electric field E is

H = − (µns ·B + dns ·E) /s, (1.4)

where s is the spin of the neutron, µn is the neutron’s magnetic moment, and dn is the electric

dipole moment. As outlined in [4], one method to measure an nEDM uses a similar technique

to Alvarez and Bloch’s measurement of the neutron magnetic moment [11]. One begins by

preparing polarized neutrons so that their spin axes precess perpendicular to parallel E and B

fields. The neutron Larmor precession frequency is

ν =
−2µnB0 − 2dnE0

h
(1.5)

where E0 and B0 are the magnitudes of the magnetic and electric fields, repectively. Keeping

the B field fixed, reversing the direction of the E field shifts the precession frequency by

∆ν = −4dnE0

h
(1.6)

Thus we attempt to measure an nEDM by looking for this change in the neutron precession

frequency while reversing the E field.

The uncertainty in a single nEDM measurement, which is related to maximizing the fre-

quency difference in Eq. 1.6, is

δdn ∝
1

E0

√
tN

, (1.7)

where t is the measurement time and N the number of neutrons [4]. The SNS nEDM experiment,

described in Section 1.4, is designed to maximize the electric field, the number of neutrons, and

the measurement time.

In contrast to the neutron, molecules can have non-zero EDMs without T -violation, the

classic example being ammonia (NH3) [12]. The difference stems from the fact that the ground

3
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Figure 1.1: Cartoon of the neutron electric dipole moment and its transformation under time
reversal operator T .

Figure 1.2: nEDM measurement apparatus from reference [10]. A is the neutron polarizer. A′

is the analyzer which leads to neutron counter D. The plates B create a homogeneous magnetic
field and plates E generate an electric field. Coils C and C ′ provide RF pulses.
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state of NH3 is a superposition of states symmetric in T. Neutrons, on the other hand, have

a non-degenerate ground state and obey the Pauli principle, so a non-zero nEDM implies T -

violation.

1.3 History of nEDM Searches

Early Experiments

At one time it was assumed that nature is invariant under P -symmetry. In 1950 Purcell and

Ramsey called for tests of P -symmetry and announced an ongoing attempt to measure the

neutron EDM [14]. In 1956 Lee and Yang reviewed the experimental evidence of the day and

found no reason to rule out P -violation in weak interactions. They proposed experiments to

test P -violation in a variety of systems, including beta decay [15]. The following year Wu et al.

discovered P -violation in 60Co nuclei [16]. Polarized 60Co nuclei were found to emit beta-decay

electrons preferentially in the direction opposite their spin.

Wu et al.’s discovery spurred Smith, Purcell, and Ramsey to publish their nEDM result in

1957 [10]. Smith et al.’s apparatus, shown in Figure 1.2, utilized a beam of polarized neutrons

traveling through a homogeneous magnetic field. An RF field was applied to the beam in small

coils at opposite ends of the homogeneous field region. Depending upon the frequency of the

RF field, a varying amount of neutrons transitioned to the other spin state. This resulted in

a decrease in the intensity of neutrons in the initial polarization state when the beam was

analyzed. Smith et al. dialed through different frequencies and found a resonant frequency at

which the maximum number of neutrons transitioned out of the original spin state. Then they

applied an electric field in parallel to the homogeneous B field and looked for a shift in this

resonant frequency. As described in Section 1.2, if there is an nEDM the electric field causes

an additional torque on the neutron spin and alters the precession frequency. This RF pulse

method of measuring the nEDM is known as the Ramsey method of separated oscillatory fields.

Smith et al. tuned their RF pulses carefully and flipped the E field back and forth over many

runs. They did not measure a non-zero nEDM but placed an upper limit on dn of 5×10−20 e·cm.

When Smith et al. published their upper limit on the nEDM there was no experimental

evidence of T -violation (or CP -violation via the CPT theorem). In 1964 CP -violation was

discovered in neutral kaon decays [8]. This discovery revived interest in nEDM searches. Fig-

ure 1.3 contains limits from the many nEDM experiments throughout the decades. There are

three classes of nEDM experiments:

1. nEDM limits inferred from neutron scattering data

2. Thermal or cold neutron beam measurements

5



 

 
Fig. I-1. Upper limits of nEDM plotted as a function of year of publication. The solid 

circles correspond to neutron-scattering experiments. The open squares represent 
in-flight magnetic-resonance measurements, and the solid squares signify ultracold 
neutron (UCN) magnetic-resonance experiments. 

B. Theoretical Motivation 
 The search for a nEDM, dn, aims to discover new physics in the CP violating sector. A 
focus on CP violation is suggested by the critical importance which this symmetry has assumed 
in constructing theories of modern particle physics. More broadly, it acknowledges the 
importance of CP violation in shaping our understanding of the origins and evolution of the 
universe. In particular, explaining the origin of the baryonic matter of the universe is an 
important goal for nuclear physics [7]. While the CP violation present in the SM suffices to 
explain what has been observed in the kaon and B meson systems, it is not sufficient to explain 
the small excess of baryons over antibaryons in the present universe. This new measurement of 
dn—with its substantially greater sensitivity to new CP violation—provides a powerful tool in 
this quest. 
  The role of symmetry, including the observed breaking of the discrete symmetries of 
parity P and CP, has been particularly significant for the construction of the SM. Parity violation, 
which has been measured in many systems, is well represented in the SM through a definitive 
chiral V-A coupling of fermions to gauge bosons. The information available on CP violation, 
while much more limited, has had a profound impact. Indeed, the decay of neutral kaons 
anticipated the three-generation structure of the SM as we now know it. 
 Although the deeper reasons for the P and CP violation of the SM have yet to be 
understood, CP violation is arguably the more mysterious of the two. It occurs in two places 
within the model: as a complex phase  in the Cabibbo-Kobayashi-Maskawa (CKM) matrix that 
characterizes charge changing weak interactions of quarks, and as total derivative in the SU(3)C 
Lagrangian that does not vanish because of the topology of the vacuum. The CP violation 
observed in the neutral kaon system and in the decays of B mesons is consistent with the 
presence of the  phase factor. On the other hand, present limits on dn and the 199Hg EDM imply 
that the coefficient of the CP violating term in the strong Lagrangian is exceedingly small. In 
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Figure 1.3: Upper limit on dn in e·cm versus year published from reference [3]. Black dots are
limits from neutron scattering, open red squares are limits from thermal and cold neutron beam
experiments, and the filled blue squares are limits from measurements using bottled ultracold
neutrons.
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An experimental search for an electric dipole moment (EDM) of the neutron has been carried out at the
Institut Laue-Langevin, Grenoble. Spurious signals from magnetic-field fluctuations were reduced to
insignificance by the use of a cohabiting atomic-mercury magnetometer. Systematic uncertainties,
including geometric-phase-induced false EDMs, have been carefully studied. The results may be
interpreted as an upper limit on the neutron EDM of jdnj< 2:9! 10"26e cm (90% C.L.).
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Measurements of particle electric dipole moments
(EDMs) [1–3] provide some of the tightest constraints on
extensions to the standard model, such as supersymmetry,
that attempt to explain the mechanisms underlying CP
violation [4–11]. This neutron-EDM experiment has
been discussed in earlier publications [1,12]. The final
result presented in this Letter incorporates a comprehen-
sive analysis of systematic errors, some of which were
undiscovered at the time of the earlier measurements.

The measurement was made with ultracold neutrons
(UCNs) stored in a trap (Fig. 1) permeated by uniform E
and B fields. The neutron spin polarization precesses about
the field direction at the Larmor frequency !:

 h! # j2"nB$ 2dnEj; (1)

where the% (") sign corresponds to parallel (antiparallel)
fields. Thus, the experiment aimed to measure any shift in
! as an applied E field alternated between being parallel
and then antiparallel to B.

The UCNs were prepared in a spin-polarized state by
transmission through a thin, magnetized iron foil and
entered a cylindrical 21-liter trap within a 1 "T uniform
vertical magnetic field B0.

Approximately 20 s were needed to fill the trap with
neutrons, after which the entrance door was closed pneu-
matically. The electric field, of approximately 10 kV=cm,
was generated by applying high voltage (HV) to the elec-
trode that constituted the roof of the trap, while grounding
the floor electrode. The electrodes were made of diamond-
like-carbon coated Al, and the side wall was SiO2.

The transition frequency ! of the neutrons was measured
using the Ramsey separated-oscillatory-field magnetic
resonance method. During the storage period, the neutrons
interacted coherently with two 2 s intervals of oscillating
magnetic field having a chosen frequency close to the
Larmor frequency. The two intervals were separated by a
period T # 130 s of free precession. The last step was to
count the number of neutrons N" and N# that finished in
each of the two polarization states. This was achieved by

opening the entrance door to the trap and allowing the
neutrons to fall down onto the polarizing foil, which then
acted as a spin analyzer. Only those in the initial spin state
could pass through to the detector, which was a propor-
tional counter in which neutrons were detected via the
reaction n% 3He! 3H% p. During one-half of the count-
ing period, an rf magnetic field was applied in the region
above the polarizing foil; this flipped the spins of the
neutrons, thereby also allowing those in the opposite spin
state to be counted. Each batch cycle yielded about
14 000 UCN counts. Within a run, the data-taking opera-
tions were cycled continuously for 1–2 days. Periodically,
after a preset number (normally 16) of batches, the direc-
tion of E was reversed. All other settings were held con-
stant during a run. Every 10–20 runs, B0 was reversed so
that half of the full data set was taken with B0 upwards and
half with B0 downwards. We adopt a system as in
Ref. [13], where the k̂ vector of our z axis follows the
direction of B0. Hence, B0 is always positive, while the
gravitational displacement of the UCNs changes sign.
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Figure 1.4: Schematic of the apparatus used to measure the current nEDM experimental limit
in reference [13].
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3. Bottled ultracold neutron measurements

The limit on dn from the most sensitive beam experiment is ∼ 10−24 e·cm. Beam measurements

in general are limited by the so-called ~v × ~E effect.

In the rest frame of the neutron, the neutron could see an additional motional or ~v × ~E

magnetic field ~Bm:

~Bm =
1

c
~v × ~E0, (1.8)

where ~E0 is the applied electric field, and ~v is the neutron velocity in the lab frame. In a cold

neutron beam experiment with v = 100 m/s, if E0 and B0 are misaligned by only 1.5 × 10−3 ra-

dians, Bm will have a component along B0 which mimics an nEDM ∼ 10−23 e·cm [4].

To overcome this hurdle, experimenters began using bottled ultracold neutrons (UCN).

UCN have energies of less than 335 neV and will reflect from some materials at all angles of

incidence [17]. They can be stored in magnetic or gravitational traps for storage times on the

order of the neutron lifetime, 880 s [6]. They are produced by a variety of methods, including

low-temperature moderators and the superthermal source method (see Section 1.4 for more on

superthermal sources). Using UCN, which have lower velocities than the neutrons in thermal

or cold beams and move in all directions, helps suppress the ~v× ~E effect. UCN bottles have the

additional benefit of interaction times around 102–103 seconds, as opposed to beam experiments

where the neutrons spend only ∼ 10−2 seconds in the B and E fields before they are analyzed [4].

Even with these improvements the most recent UCN measurement shown in Figure 1.3 is

well above the Standard Model prediction of dn ∼ 10−31 e·cm [3]. With each new experiment to

reduce dn there is the potential for the discovery of an nEDM and physics beyond the Standard

Model. In the march downward, lowering dn rules out extensions to the Standard Model which

predict nEDMs above ∼ 10−31.

Current Experimental Limit

The current limit, dn < 2.9 × 10−26 e·cm, comes from an experiment by Baker et al. at the

Institut Laue-Langevin (ILL) in Grenoble, France [13]. Their apparatus, shown in Figure 1.4,

was a 21-liter cylindrical cell which stored polarized UCN. Vertical electric and magnetic fields of

10 kV/cm and 1 µT permeated the trap. They used the Ramsey method of separated oscillatory

fields. In the beam experiment of Smith, Purcell, and Ramsey, the RF pulses applied to the

neutrons were separated by the distance between the two RF coils [10]. In the ILL UCN bottle

experiment, the neutrons remained in the same container and the RF pulses for the Ramsey

method were separated by a time period during which the neutrons were left to precess.

After Baker et al. applied their second pulse the UCN were released from the trap and fell

to a polarizing foil that acted as a spin analyzer. Then a detector counted neutrons in both

7



spin states. They reversed the E field every 16 “batches” of UCN.

A 199Hg comagnetometer occupied the same volume as the UCN. Baker et al. used a Hg

UV lamp to track the precession of the 199Hg atoms. While the comagnetometer allowed them

to correct for some magnetic field non-uniformities, they also noticed that a geometric phase

effect shifted both the UCN and the 199Hg atom precession frequencies.

The geometric phase effect, pictured in Figure 1.5, is the interference between the ~v × ~E

magnetic field and a magnetic gradient in the measurement volume. For a detailed account of

this effect, see [18–21]. For UCN in a cylinder, the frequency shift is

δω =
γ2
(
∂B
∂R

)
R2E

c
, (1.9)

where γ is the gyromagnetic ratio of the neutron and R is the radius of the cylinder. This effect

can cause a false nEDM since Eq. 1.9 changes sign when E is reversed. The magnetic field

uniformity along the direction of E must be controlled to suppress this effect since gradients

along this axis lead to radial B fields. The severity of the geometric phase systematic also varies

with cell geometry and temperature. This and many other systematic effects account for the

limit of dn < 2.9× 10−26 e·cm.

Other nEDM and EDM Experiments

Current-generation nEDM searches are underway at the ILL and at the Paul Scherrer Insti-

tute (PSI) in Switzerland. CryoEDM at the ILL uses a superthermal source of UCN. The UCN

are produced in the source and transferred to three Ramsey method measurement cells. Instead

of using a comagnetometer, the central cell in CryoEDM does not have an E field and fluc-

tuations in the B field of the inner cell are used to correct for B field variations in the outer

cells. In the experiment at PSI they are using the previous Baker et al. apparatus with a new

neutron source.

There are also searches for electron and neutral atom EDMs which complement nEDM ex-

periments. These EDMs depend upon electroweak CP -violation in different ways than the

nEDM. Among these experiments are those on diamagnetic atoms which measure nuclear

EDMs. Their results can be quoted as an nEDM, but these estimates rely on some model-

dependent assumptions. One such experiment at the University of Washington on 199Hg found

an equivalent nEDM of dn < 5.8× 10−26 e·cm [22].
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Figure 1.5: Illustration of geometric phase effect: (left) overhead view of a cylindrical mea-
surement cell from reference [3] and (right) side view showing an example gradient ∂B0/∂z
from reference [19]. The electric field is in the z direction. The arrows in the overhead view
represent radial B fields which arise from ∂B0/∂z. The two-headed arrow (half blue and half
red) indicates that that the sign of ~v × ~E changes depending upon the direction the particle is
moving along the light blue spiral trajectory.
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UCNs are copiously produced in the 
bottle by cold neutrons if the bottle is 
filled with low-temperature ultrapure 
liquid helium-4 (which has spin 0).

The change in precession rate 
due to the electric field is so small 
that fluctuations in the magnetic 
field could mimic an EDM signal. 
In order to eliminate this systematic 
effect, another species with a similar 
response to a magnetic field (that is, a 
similar magnetic moment) but without 
an EDM is placed inside the mea-
surement volume. Helium-3, a light 
isotope of helium, has the same spin 
as the neutron. Moreover, it can exist 
inside the liquid helium and occupy 
the same space as the neutrons. The 
helium-3 atoms provide a control 
measurement to reduce many system-
atic effects.

The quantity of helium-3 must 
be controlled carefully because 
helium-3 atoms absorb neutrons. The 
amount needs to be quite small to 
keep the neutron storage time long, 
about one helium-3 atom for every 
1010 helium-4 atoms. However, 
the helium-3 absorption is highly 
spin-dependent and provides for the 
method of measurement. If both the 
neutrons and the helium-3 atoms are 
polarized (that is, the spins of each 
species are separately aligned), the 
neutrons are absorbed only when the 
spins of the neutron and helium-3 
are pointing opposite to each other. 
As the magnetic moments of the two 
species differ by 10 percent, they 
oscillate between being aligned and 
antialigned. Thus, the neutron absorp-
tion rate is proportional to the beat 
frequency of the two rates of preces-
sion. When the neutrons are absorbed 
into a helium-3 nucleus, the positively 
charged reaction products (a tritium 
nucleus and a proton) scintillate in 
the liquid helium, emitting light in 
the hard ultraviolet. That light can be 
observed with a photosensitive detec-
tor if it is wavelength-shifted into the 
visible spectrum by scattering from an 

organic fluor lining on the surface of 
the measurement cell. That detection 
process is illustrated in Figure 2. The 
other piece of the experimental signal 
is a direct measurement of the preces-
sion rate of helium-3, which is accom-
plished by detecting the magnetization 
of the helium-3 with a superconduct-
ing quantum-interference device. In 
summary, the experiment consists of 
measuring the characteristic frequen-
cies of two oscillating signals: one 
from the scintillation light produced 

by neutron absorption and one from 
the precession of the helium-3 nuclei. 
The signal for a nonzero EDM is 
a slight shift in the absorption fre-
quency when the strong electric field 
is applied (Figure 3).

The apparatus to produce the 
conditions described is quite compli-
cated and is shown as an engineering 
schematic in Figure 4. The essential 
parts are labeled. The final experiment 
requires the most intense source of 
neutrons available, and this experi-

Figure 1. Possible Electric Dipole Moment of the Neutron
The neutron has a net charge of zero. A dipole moment would appear as a 
separation between a positive and negative charge along the spin axis of the 
neutron, as illustrated in (a). Helium-3, shown in (b), is known to have no EDM. 
The spin axes of both neutrons and helium-3 nuclei precess in the applied 
magnetic field B but at different rates. Applying an electric field E changes the 
precession rate of the neutrons in proportion to their EDM but not that of the 
helium-3 nuclei.

Figure 2. Detection of Neutron Absorption by Helium-3
The capture of a neutron by a helium-3 nucleus creates a proton and a 
hydrogen-3 nucleus (tritium). The energy from these particles excites helium 
molecules to higher energies, which then de-excite by emitting very short 
wavelength ultraviolet photons. Interaction with a deuterated-TPB organic fluor 
lining converts those ultraviolet photons into visible photons, which can be 
more readily detected.

(a) Neutron
B

–

+

E B E
(b) 3He

s = 1/2

dn Dipole moment d3 = 0

n + 3He++ 3H+ + p

p, 3H+

Liquid helium

dTPB

4He2*

γ – 430 nmγ – 80 nm

Fundamental Physics.indd   209 1/24/06   9:41:10 AM

Figure 1.6: Products from neutron capture on 3He, ionizing tracks in LHe from reference [23].
The excited He2 molecules decay and give off EUV light, which is converted to blue by the
dTPB coating on the measurement cell walls.
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1.4 SNS nEDM Experiment

Golub and Lamoreaux developed the technique used in the SNS nEDM measurement [2]. In

the following section, we draw upon their original description as well as reports prepared by

the nEDM Collaboration [3,4]. As stated above, the collaboration’s goal is to either measure a

non-zero nEDM or lower the current experimental limit by a factor of 100 to dn ∼ 10−28 e·cm.

Measurement Technique

The measurement utilizes a three-component fluid of polarized neutrons and 3He atoms in

a bath of superfluid 4He at 0.45 K. The neutron and 3He spins are made to precess in the

plane perpendicular to static electric and magnetic fields. As described in Section 1.2, if the

electric field is reversed, a non-zero nEDM would appear as a change in the neutron’s precession

frequency. The expected precession frequency with B0 = 10 mG and E0 = 50 kV/cm is around

29.2 Hz. With a nominal dn of 4 × 10−27 e·cm, reversing the electric field shifts the frequency

by only 0.19 µHz [3].

Polarized 3He atoms in the measurement cells provide a method to monitor the precession

frequency. The 3He neutron cross section is ≈ 5 kb for neutrons with v = 2200 m/s and scales

as 1/v [24]. Measurements of polarized thermal neutrons incident on a polarized 3He target

indicate that the interaction is highly spin-dependent; the cross section is almost completely

dominated by the state with neutron and 3He spins aligned antiparallel rather than parallel [25].

During the measurement the spins of the 3He atoms and neutrons precess at slightly different

rates since the 3He atom’s magnetic moment is ∼ 10% larger. When their spins are aligned

antiparallel, a 3He atom can capture a neutron via the reaction

n +3He −→ p + T. (1.10)

The reaction products ionize tracks in the LHe which create excited He2 molecules, as shown in

Figure 1.6. These molecules decay and emit extreme ultraviolet (EUV) light, λ ∼ 80 nm. The

EUV light is wavelength shifted to blue by a deuterated tetraphenyl butadiene (dTPB) coating

on the walls of the container and directed to photomultiplier tubes (PMTs). dTPB has low

neutron absorption and a good conversion efficiency. The recorded scintillation light measures

the beat frequency between the precessing 3He and neutron spins since 3He has a negligible

EDM due to electron shielding. An nEDM would appear as a change in the capture frequency

when reversing the direction of the electric field.

Two signals are recorded in the apparatus:

1. The scintillation signal from neutron captures displays the beat frequency between the

precessing neutron and 3He spins

10



2. SQUIDs track 3He precession and provide information on spatial variations in the B field

The signature of a non-zero nEDM would be a shift in the capture rate signal on reversing the

E field with no corresponding change in the 3He precession signal.

Operating Temperature

In the nEDM apparatus the liquid helium (LHe) in the measurement cells is cooled to 0.45 K. At

this temperature cold neutrons are readily slowed and trapped as UCN. Golub and Pendlebury

developed the superthermal source method, which uses a LHe bath to create and store ultracold

neutrons [26,27]. As noted above, ultracold neutrons have energies less than 335 neV, will reflect

from some materials for all angles of incidence, and can be stored in magnetic or material bottles.

Golub and Pendlebury’s method relies on the intersections between the free neutron dis-

persion curve and the dispersion curve for elementary excitations in LHe, shown in Figure 1.7.

These two intersections, at zero and 8.9 Å, reveal that the combination of neutrons and LHe will

act as a two level system for a “magic” wavelength of neutrons. An 8.9 Å neutron will scatter

in the LHe and create a phonon, giving up nearly all of its energy. Cooling the LHe to temper-

atures below ≈ 0.7 K suppresses upscattering of the newly-created UCN by other phonons in

the liquid [2,28]. The UCN source is outside of thermal equilibrium, but in a steady-state where

energy from the incoming neutrons creates phonons, and this energy is removed by cooling the

LHe.

The LHe dispersion curve in Figure 1.7 has been studied experimentally with neutron scat-

tering [29]. Excitations in LHe are split into two groups: those with wavenumber less than 1 Å−1

are called phonons and those with wavenumber greater than 1 Å−1 are called rotons. For UCN

production, the intersection of the two curves is within the phonon regime:

Q =
2π

λ
=

2π

8.9 Å
= 0.7 Å

−1
, (1.11)

where Q is the wavenumber. The free neutron dispersion curve has the form

E =
~2Q2

2mn
, (1.12)

where mn is the neutron mass. Plugging in 0.7 Å−1 for Q, the energy at the intersection can

be recast as T = E/k ≈ 12 K.

In addition to its ability to slow neutrons, liquid 4He is a desirable UCN source material

since it has low neutron absorption. With the superthermal method the expected UCN density

in the nEDM measurement cells is around 150/cm3 [3]. Baker et al. did not use a superthermal

source in their experiment and reached UCN densities around 1/cm3 [3, 13].
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Figure 1.7: Phonon excitation energy versus wavenumber for LHe and free neutrons from refer-
ence [4]. The LHe dispersion curve points were measured by neutron scattering and the dashed
line is a parameterization by Maris [29]. The free neutron dispersion curve (solid) matches
Eq. 1.12.
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As stated above, the upper bound on the operating temperature is ∼ 0.7 K to suppress UCN

upscattering. A lower bound on the temperature comes from the geometric phase systematic,

which affects both the neutrons and the 3He atoms in the cell. The 3He diffusion coefficient, and

thus geometric phase effects on 3He, varies rapidly with T . The exact temperature at which this

effect is minimized depends upon the geometry of the cells and the nature of the magnetic field

gradients, but calculations suggest using an operating temperature above 0.4 K [3]. Below this

value the increasing diffusion coefficient makes for longer 3He atom mean free paths. Longer

trajectories in the cell lead to a greater impact from geometric phase that would otherwise

be suppressed by more randomized motion. The apparatus will be able to operate at different

temperatures over 0.3–0.5 K, which will allow for studies of the geometric phase effect.

Apparatus

The following is a brief description of the various components in the SNS nEDM apparatus.

For more details, see the nEDM Conceptual Design Report [3].

A diagram of the apparatus is shown in Figure 1.8. A dilution refrigerator and polarized 3He

injection volume are located in the upper cryostat. The lower cryostat contains the measurement

cells, magnet package, and high voltage electrodes. The measurement cells and their associated

components are surrounded by a 1000 liter electrical insulation volume filled with 0.45 K LHe.

The main features of the apparatus are:

• Neutron guides

Cold neutrons from the SNS are transported down a series of supermirror guides and

polarizers to the measurement cells.

• Measurement cells

Two ∼ 3.1 liter acrylic cells with dTPB-coated walls contain the superfluid 4He and

polarized 3He. UCN are produced via the superthermal process and trapped and stored

in the cells. During the measurement, the polarized 3He concentration of the LHe is

∼ 10−10. Aside from the desired capture by 3He, UCN can be absorbed or depolarized

through interactions with the cell walls. UCN polarization-friendly materials and low wall

temperatures increase the storage time. Low temperatures also reduce upscattering of

UCN by LHe excitations, as described above.

• High voltage

High voltage and grounding electrodes surround the cells and produce the 50 kV/cm

E field. The LHe is able to sustain these fields due to its high dielectric strength at low

temperatures.

13



Dilution
Refrigerator

3He Plumbing &
Actuators

Magnetic Shields

Magnet Package

Measurement
Cells (TGT)

Neutron
Guides

Cryostat
LHe Insulation
Volume (INS)

Figure 1.8: The SNS nEDM apparatus. The upper cryostat contains the dilution refrigera-
tor and the lower cryostat houses the measurement cells, magnet package, and high voltage
electrodes. Four layers of mu-metal magnetic shielding surround the cryostat.
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• Magnetometry

Spatial or temporal B field non-uniformities interfere with the measurement and can

mimic an nEDM. Polarized 3He acts as a comagnetometer and its magnetization is mon-

itored using SQUIDs.

• Magnetic field and shielding

A cosθ coil of wire on the surface of a cylinder produces a uniform B field at the mea-

surement cells. The magnet package includes a superconducting lead and ferromagnetic

shields which isolate the SQUIDs from ambient magnetic fields. Four layers of mu-metal

shielding surround the cryostat to isolate the apparatus from external B fields. Another

cosθ coil provides a π/2 RF pulse to set the spins of the neutrons and 3He precessing

perpendicular to B0 and E0. Finally, there are two additional cosθ coils installed for the

dressed spin technique. In this technique, coils are activated to alter the precession of the

neutrons and 3He so that their effective gyromagnetic ratios are equal. RF spectroscopy

can then be performed to extract an EDM independent of the SQUID measurements.

• Light collection

Acrylic light guides attached to the walls of the measurement cells carry scintillation light

to PMTs operating at 4 K.

• 3He services

A series of liquid helium volumes in the upper and lower cryostat, depicted in Figure 1.9,

will transport the polarized 3He into and out of the measurement cells. Polarized 3He is

produced in an atomic beam source and injected onto a free surface of liquid helium in

the upper cryostat. From there it must be moved to the measurement cells by creating

temperature differences between volumes of liquid helium (see Section 2.2). Once the

polarized 3He is in the cells, neutrons are loaded and the measurement is performed. Over

time the 3He atoms will interact with the walls and become depolarized. They must be

removed and refilled prior to each measurement. There are additional volumes of liquid

helium for sweeping the depolarized 3He out of the measurement cells. Chapter 3 contains

a description of our thermal model of 3He services, including the sequence, timing, and

heat load on the DR from the heat flushes.

• Cryogenics

Several components keep the measurement cells and LHe volumes at 0.45 K: an evacuated

cryovessel, thermal shields, and the dilution refrigerator which cools the LHe volumes.

Section 1.5 contains more details on the dilution refrigerator and the two heat loads

examined in Chapters 3 and 4.
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≈ 1000 L Central Volume 

T0 

Thermal Link to DR 

Figure 1.9: Volumes of LHe in the nEDM apparatus, adapted from reference [30]. Light blue
lines correspond to free surfaces of LHe. Connections to the mixing chamber at temperature T0

are denoted by blue squares and dashed lines. Only two full thermal links are shown, the rest
are omitted for clarity. Red arrows are the sequence of heat flushes which load the polarized
3He into measurement cells; purple arrows show the sequence for removing the depolarized 3He
from the cells. Orange arrows are the heat flushes which remove residual depolarized 3He from
the rest of the LHe volumes and connecting tubes.
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Table 1.1: Dilution Refrigerator Heat Budget [31]

Subsystem Source Amount (mW)

General Radiative heating to insulation volume
and 3He/4He volumes

0.2

Mechanical support to 1.5 K 5
Conduction through electrical leads 1

3He Flush Heater currents 20
Purifier Film Burner 6

Valves 1.5
Bellows 1.5

Injector Radiation through injection pipe 2
Film burner 6

Light Guides and PMTs Radiative heating from 8 K 3
Valves 10
Bellows 6
Magnets I2R losses 1

Eddy currents 5
Contingency 20

Heat load at 0.35–0.40 K 88.2

The SNS nEDM apparatus is designed to maximize the electric field, the number of UCN,

and the storage time in order to minimize the uncertainty in dn (see Eq. 1.7). To accomplish

this:

1. LHe has good dielectric properties and can sustain high electric fields

2. The LHe superthermal source yields high UCN densities

3. Low-temperature measurement cells made of UCN-friendly materials reduce wall losses

to increase storage times

All of these key features rely on a robust cryogenic system which cools large volumes of LHe to

0.45 K and isolates the measurement cells from the outside world.

1.5 Cryogenics

Cryogenic components in the nEDM apparatus include: the cryovessel that surrounds the appa-

ratus, thermal shields at various temperatures, and a dilution refrigerator that must cool large

volumes of liquid helium to 0.45 K, including the 1000 L insulation volume.

17



Cryovessel
Top Plate

80 L LHe
Volume

1.5 K Pot

Still

Heat
Exchanger

Mixing
Chamber

Moveable
Plug

Plug
Operator

Figure 1.10: SNS nEDM dilution refrigerator diagram from reference [32]. With the plug down,
the device operates as a standard DR. Moving the plug upwards provides a high-conductance
path to pump on a bath of 3He or 4He.
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A schematic of the large DR that cools everything is shown in Figure 1.10. It will operate

at base temperatures between 0.3–0.5 K. It has a unique plug that can be moved upwards to

provide a high conductance path to a pumped bath of 4He or 3He. When the plug is lowered

the refrigerator operates as a standard DR. See Chapter 4 for more information on DR design

and operation.

We must carefully account for a variety of heat loads to ensure the designed DR will have

adequate cooling power at 0.3 K. The designed cooling power is around 80 mW at 0.3 K. The

heat budget in Table 1.1 contains heat load estimates for mechanical supports, valves, radiation,

and other sources. Two particular heat loads are from:

1. 3He transport: Electrical heaters create temperature differences to move polarized 3He

into and out of the measurement cells. They cause a significant heat load to the DR.

Figure 1.9 shows the volumes of LHe and depicts the series of heat flushes required for
3He transport. We have created a thermal model of this sequence to estimate this heat

load and guide the design of the DR heat exchangers. The model could also be used to

fine-tune the heating and cooling of LHe volumes in the final apparatus.

2. Superfluid film flow and vapor reflux: Several of the LHe volumes in Figure 1.9 have

a free surface of LHe at 0.3 K and tubes leading to warmer areas of the apparatus.

In each of these volumes, a superfluid film coats the walls and flows in response to a

temperature gradient. After flowing up the walls, the film evaporates, creating a pressure

gradient which drives the warm vapor back to the liquid surface, where it recondenses.

This refluxing vapor transports heat to 0.3 K, where it is costly to remove. There is a

model of this effect in the literature which has been verified with pure 4He at T ≥ 0.9 K

in small diameter tubes. We have tested the model at 0.3 K and in larger tubes to

approach conditions in the final nEDM apparatus. The results suggest optimal locations

and temperatures of heat sinks to reduce the heat load on the low-temperature stage of

the nEDM DR.

The bulk of this work is focused on the measurement and modeling of these two heat loads

for the nEDM DR. Chapter 2 contains the properties of superfluid helium underpinning these

forms of heat transfer. Our thermal model of 3He transport is described in Chapter 3. See

Chapter 4 for our measurements of heat transfer due to superfluid film flow and vapor reflux

at 0.3 K.
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Chapter 2

Background and Literature

Our goal is to estimate the expected heat loads on the nEDM dilution refrigerator from two

sources:

1. Heat applied to volumes of superfluid 4He to move polarized 3He throughout the nEDM

apparatus.

2. Superfluid film creep from volumes of LHe at 0.3 K up tubes that lead to T ≥ 4 K. The

film vaporizes, carrying heat back to the cold liquid surface.

In this chapter, we first describe the properties of superfluid helium. Then we explain the

heat flush method for sweeping 3He between volumes of superfluid 4He. We also outline calcu-

lations that provide the required heat flushes in the nEDM apparatus. Finally we examine a

model from the literature for the heat transport in a tube from superfluid film flow.

2.1 Superfluid Helium

In the following section we draw upon the excellent summaries in Pobell, Enns and Hunklinger,

and Wilks [33–35].

Helium has two stable isotopes, 4He and 3He. 4He is a boson with nuclear spin I = 0 and
3He is a fermion with nuclear spin I = 1/2, which leads to differences in their low-temperature

behavior. Table 2.1 lists several properties of the two isotopes.
4He is obtained from natural gas sources; which may contain up to 10% helium. The fraction

of 3He in these sources is around 10−7–10−8 and atmospheric helium has a 3He fraction of about

1×10−6 [36]. Separating the small amounts of 3He from either source is cost-prohibitive. Instead
3He is primarily produced as a byproduct of tritium beta decays in nuclear reactor waste or

waste from the manufacture or maintenance of hydrogen bombs.
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Table 2.1: Properties of Liquid Helium [33,34]

3He 4He

boiling temperature at normal pressure Tb (K) 3.19 4.21
critical temperature Tc (K) 3.32 5.19
critical pressure pc (bar) 1.16 2.29
density ρ0 (g cm−3) as T → 0 0.076 0.145
density ρb (g cm−3) at boiling point 0.055 0.125
melting pressure at T = 0 (K) 34.39 25.36

The two electrons in the helium atom are in a closed s shell, which leads to very low atomic

polarizability and weak van der Waals forces binding the atoms in both liquid 3He and liquid
4He. The small atomic mass of both atoms leads to large zero-point energies

E0 =
h2

8m(Vm/NA)2/3
, (2.1)

where m is the atomic mass, NA is Avogadro’s number, and Vm is the molar volume. The

competition between weak binding forces and large zero-point vibrations explains the very low

boiling points of liquid 4He and 3He, 4.2 K and 3.2 K, respectively. Both are known as permanent

liquids, as they remain in the liquid state even for T → 0, except under significant pressure, as

shown in the phase diagrams in Figure 2.1.

The specific heat of liquid 4He has a striking maximum near 2.17 K, as shown in Figure 2.2.

Below 2.17 K at saturated vapor pressure (SVP), 4He enters its superfluid phase as the 4He

atoms condense in momentum space in a manner similar to a Bose-Einstein condensate. The

shape of the CV vs. T curve gave rise to referring to this superfluid transition temperature as

the lambda point, Tλ. The two phases are sometimes referred to as He I (normal fluid) and

He II (superfluid). Both are pictured in the phase diagram in Figure 2.1.

The thermal conductivity of He I is a factor of 104 less than copper, but He II has a much

higher thermal conductivity, rivaling that of metals. This is evident when one pumps on a bath

of LHe. Pumping removes the most energetic atoms from the surface of the liquid. Above Tλ

vapor bubbles form in the liquid since the pumped surface is cooler than the bulk liquid. On

cooling through Tλ, boiling suddenly ceases as the higher thermal conductivity of He II prevents

temperature gradients and vapor bubbles from forming.
3He, a fermion, undergoes a different process to reach its superfluid state around 2.5 mK.

Our calculations and measurements in Chapters 3 and 4 are all well above this transition

temperature, so we will focus on superfluid 4He for the remainder of this chapter.
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2.3 Liquid Helium 15
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Fig. 2.4. Phase diagrams of (a) 4He and (b) 3He. Note the di!erent temperature
scales

phases coexist. The melting pressure of 4He is constant to within about 10!4

below 1 K but for 3He it shows a pronounced minimum at 0.32 K (Chap. 8).
Then the two liquids have a rather small density or large molar volume. The
molar volume Vm of 4He (3He) is more than a factor of two (three) larger than
one would calculate for a corresponding classical liquid.

The origin for all these observations are two essential properties of helium.
First, the binding forces between the atoms are very weak. They are van der
Waals forces and are weak because of the closed electronic s-shell of helium,
giving rise to the absence of static dipole moments and to the smallest known
atomic polarizibility ! = 0.1232 cm3 mol!1 (the resulting dielectric constants

Figure 2.1: Phase diagrams for (a) 4He and (b) 3He from reference [33].
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8 1 Helium – General Properties

might have been caused by experimental problems [18]. In 1932 Keesom and
Clusius investigated the specific heat of liquid 4He again and observed a
pronounced maximum at about 2.17 K, which they attributed to a phase
transition [19].

Since the true nature of the phase transition was unclear for a long time,
the two phases were distinguished by naming them helium I and helium II,
where helium I denotes the liquid phase above the transition. It was at first
believed that helium II represented a crystalline phase under normal pressure.
Within this description the fact that it still looked like a fluid was explained
in terms of a liquid crystal with flexible planes. This misconception was dis-
proved in 1938 when X-ray di!raction measurements showed undoubtedly
that helium II is, in fact, a liquid phase. Surprisingly, it took more than
30 years from the initial observation to the successful explanation of this
phase transition. As we will discuss in Sect. 2.3, the nature of the phase tran-
sition at 2.17 K can be understood as Bose–Einstein condensation. One of the
most intriguing features of helium II is certainly its ability to flow through
narrow capillaries without any friction at all. Following the naming of the
frictionless transport of electrons in metals as the superconducting state one
often refers to helium II as superfluid helium.

Figure 1.3a shows more recent data of the specific heat of liquid 4He as a
function of temperature. At a temperature of 2.17 K a pronounced maximum
occurs. Because of the shape of this curve, which reminds one of the Greek
letter !, the transition temperature is often referred to as the lambda point .
Since the phase transition at the lambda point depends unambiguously on the
bosonic character of 4He, the occurrence of a similar transition in 3He, which
carries a nuclear spin I = 1/2, was considered to be very unlikely for a long
time. Instead, the absence of a superfluid state in 3He was seen as important
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Fig. 1.3. Specific heat of (a) 4He [20] and (b) 3He [21] in the temperature range
where the transition from the normal to the superfluid phase occurs, as a function
of temperature

Figure 2.2: Specific heat of liquid 4He near Tλ as a function of T from reference [34]. The
specific heat goes through a maximum as the liquid helium enters its superfluid phase.

20 2 Superfluid 4He – Helium II

happen, because, unless special care is taken, temperature gradients between
the inside and the outside of the beaker occur, leading to dissipation and thus
to a rapid damping of the oscillation.

2.1.3 Thermomechanical E!ect

The thermomechanical e!ect is another unique property of helium II. A
schematic illustration of an experimental setup to observe this e!ect is shown
in Fig. 2.6. Two vessels (A and B), both containing helium II are connected
via a very thin capillary. Temperature and pressure are equal in both vessels
at the beginning of the experiment and thus the helium levels in the two
vessels are the same. Increasing the pressure in A results in a flow of helium
towards B. Surprisingly, this causes a di!erence in temperature in the two
vessels. The temperature in B decreases somewhat, whereas it increases in A.
Equalizing the pressure di!erence again brings the system back to its starting
condition indicating that this is a reversible process. This experiment clearly
shows that there is mass flow in helium II associated with the heat flow. How-
ever, the fact that the direction of heat flow is actually opposite to the flow
of mass is very peculiar.

B

!p

T

!TT "

A

Fig. 2.6. Schematic illustration of the
principle of the thermomechanical e!ect

The reversal of the experiment discussed above, namely generation of
a pressure di!erence by heating makes possible the observation of a very
attractive phenomenon, the so-called fountain e!ect (Fig. 2.7). It was first
observed by Allen and Jones in 1938 in connection with thermal transport
measurements [46]. The fountain e!ect can be realized by using a flask with
a thin neck immersed in helium at T < T!. The lower part of the flask is
filled with a fine compressed powder and is open at the bottom. Above the
powder tablet an electrical heater is located in the flask. Without heating,
the flask fills up with helium until the level of the bath is reached. Heating
the helium in the flask results in a fountain of helium ejected from the top
of the flask due to the thermomechanical e!ect. Stationary fountains with
heights up to 30 cm have been achieved in this way. Usually, such fountains
show turbulent flow. However, under certain conditions (low heater power,

Figure 2.3: Illustration of the thermomechanical effect from reference [34]. Increasing the pres-
sure above volume A causes a rise in the liquid level in volume B. Correspondingly, the tem-
perature of A increases and the temperature of B decreases.
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Properties of Superfluid Helium

The thermal and kinetic properties of He I are similar to those of a classical liquid or even a

dense gas. The superfluid state, on the other hand, exhibits some remarkable properties. They

include:

1. Zero viscosity: He II will flow through small capillaries or thin slits with near zero viscos-

ity [37–39]. Observation of the vanishing viscosity of He II led Kapitza to coin the term

“superfluid” to invoke a comparison with superconductors [37].

2. Thermomechanical effect: Consider two volumes of liquid helium connected by a thin

capillary, initially at the same level, temperature, and pressure above the liquid surfaces. If

we increase the pressure above Volume A in Figure 2.3, the level in B will rise. At the same

time, the temperature in A will increase and the temperature in B will decrease [40, 41].

The mass and heat flows are in opposite directions.

This effect can be operated in reverse by constructing a spout with a heater and superleak

in the bottom. Activating the heater to create a temperature difference drives a pressure

difference and forces LHe out of the spout in what is known as the fountain effect.

3. Beaker experiments: Below Tλ, a beaker placed in a bath of LHe will become covered by

a film that flows up (or down) the walls in order to equalize the levels between bath and

beaker [42,43].

Two-fluid Model of Superfluid Helium

Tisza proposed the two-fluid model to explain the unusual properties of He II [44]. This phe-

nomenological model separates He II into two components: a superfluid component which carries

no entropy and flows with zero viscosity and a normal fluid component which has a non-zero

viscosity and carries all of the entropy. The total density of the superfluid helium becomes

ρ = ρn + ρs, (2.2)

where ρn and ρs are the densities of the normal and superfluid components, respectively. Their

proportions vary with temperature as shown in Figure 2.4. Only superfluid is present at T = 0;

at T = Tλ, there is only normal fluid.

Landau developed a set of hydrodynamic equations to describe the motion of the two fluids,

as relayed in reference [35]. He found expressions for the momentum of the liquid helium and the

velocities of the superfluid and normal fluid components. Then he applied constraints imposed
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24 2 Superfluid 4He – Helium II

determined by the simple relation v2 = 2L!/n for longitudinal resonances.
Here, ! denotes the heater frequency and n the number of half-waves in the
resonator. With this setup, it is possible to generate temperature waves with
frequencies up to 100 kHz. It is remarkable that the velocity of second sound
has been found to be independent of the frequency of the heat pulses up to
this experimental limit.

2.2 Two-Fluid Model

In this section, we will see that the anomalous properties of helium II can be
described phenomenologically with the so-called two-fluid model . The basic
idea of this concept was first suggested in 1938 by Tisza, in order to describe
transport phenomena of helium II. According to this model, helium II be-
haves as if it were a mixture of two completely interpenetrating fluids with
di!erent properties, although in reality this is not the case. To avoid any
misunderstanding, it must be clearly stated at the outset that the two flu-
ids cannot be physically separated; it is not permissible even to regard some
atoms as belonging to the normal fluid and the remainder to the superfluid
component, since all 4He atoms are identical. But accepting these limits of
the physical interpretation, many of the phenomena just described can be
relatively clearly understood by formally expressing the density of helium II
as the sum of a normal-fluid and a superfluid component:

" = "n + "s , (2.2)

where ", "n and "s denote the total, normal-fluid and superfluid densities,
respectively. Both "s and "n depend on temperature, as shown schematically
in Fig. 2.11. At absolute zero, helium II consists entirely of the superfluid
component ("s = " and "n = 0) and at the lambda point it consists entirely
of the normal-fluid component ("s = 0 and "n = "). As we have seen in
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lium II as a function of temperature

Figure 2.4: Normal and superfluid component densities as a function of T from reference [34].
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!s = 0, the film can move. If two containers which are partly filled with liquid
He II to di!erent levels are connected, their levels will equalize by means of
frictionless flow of the He II film from one container to the other one driven
by the di!erence in gravitational potential (Fig. 2.13); the film acts as though
being siphoned. This superfluid film flow [2.17,2.33] will lead to an enhanced
evaporation rate from 4He baths at T < T! because the superfluid film flows
to hotter places and evaporates there.

Here, I will calculate the thickness d of a helium film at a height h above
the bulk liquid level (Fig. 2.14). For the chemical potential of the film we have

µfilm = µ0 + mgh ! "/dn , (2.15)

where µ0 is the chemical potential of the bulk liquid, and mgh is the grav-
itational term. The last term in the above equation is the van der Waals
potential which the substrate supplies to the film (with n = 3 for d " 5 nm;
n = 4 for d # 10 nm). For thin films, the van der Waals constant is "/kB =
(10–200 (K)) $ (no. of helium layers)3 for various solid substrates [2.33].
In thermal equilibrium an atom has to have the same chemical potential on
the surface of the bulk liquid and on the surface of the film (µfilm = µ0); this
condition leads to (for d " 5 nm)

d = ("/mgh)1/3 . (2.16)

m film = m0+ mgh!a /d3

d

h

m= m0

Vapour

Film

Bulk
liquid

Fig. 2.14. Profile of a helium film on a vertical wall in equilibrium with its bulk
liquid and with its saturated vapour. The chemical potential is given for the bulk
liquid (µ0) and for the liquid film (µfilm) at a height h above the bulk liquid

Figure 2.5: Chemical potential for a film and bulk liquid helium in thermal equilibrium from
reference [33].
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by mass conservation and thermodynamic relations to write the equations of motion for the

two components:

∂vs

∂t
= S∇T − 1

ρ
∇p (2.3)

∂vn

∂t
= − ρs

ρn
S∇T − 1

ρ
∇p, (2.4)

where vs and vn are the velocities of the superfluid and normal components, p is the pressure,

and S is the entropy per unit mass.

We can apply the two-fluid picture to explain the unusual properties of superfluid helium:

1. Zero viscosity: The vanishing viscosity observed in flow through capillaries and narrow slits

is attributed to the capillary blocking the normal component but allowing the superfluid,

which has zero viscosity, to flow through.

2. Thermomechanical effect: Again, the thin capillary connecting the two volumes of liquid

helium in Figure 2.3 acts as a superleak and blocks the normal fluid component. Eq. 2.3

governs the flow of the superfluid component, which in equilibrium becomes

∂vs

∂t
= S∇T − 1

ρ
∇p = 0, (2.5)

from which we find the London equation,

∆p

∆T
= ρS, (2.6)

which relates the differences in pressure and temperature observed in the thermomechan-

ical effect [45, 46]. This expression, derived from the two-fluid picture of the thermome-

chanical effect, is supported by experimental evidence [41].

The thermomechanical effect apparatus in Figure 2.3 also gives us information on heat

transport in He II. Although we have said that only superfluid travels through the capil-

lary, for a finite-diameter capillary there is a steady-state flow of normal fluid even when

the system is at equilibrium and the fountain pressure from Eq. 2.6 is established. There

is also a superfluid counterflow such that there is no net mass transfer (outside of the

difference in liquid levels in equilibrium). The normal fluid component, which carries the

entropy, transports heat between volumes B and A. According to the two-fluid model,

the heat transport is determined by the viscosity of the normal component. This has also

been confirmed by experiment [47].

3. Beaker experiments: Above Tλ, helium vapor adsorbs on the walls of a container and
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forms a film typically tens of nanometers thick. When the container is cooled below the

lambda point the film becomes a superfluid and flows with zero viscosity in response to

gradients in temperature or gravitational potential. The film flows so as to minimize the

chemical potential of the system, in the case of the beaker experiments equalizing the

liquid levels.

For more details on the film flow we consider the container of LHe in Figure 2.5. If the

system is in thermodynamic equilibrium, the chemical potentials of the film and bulk

liquid are equal

µfilm = µ0. (2.7)

Following the treatment in Pobell [33], the chemical potential of the film is

µfilm = µ0 +mgh− α/dn, (2.8)

where the gravitational term mgh is balanced by the van der Waals potential term which

characterizes the interaction between the film and the substrate. For a film thickness of

d ≤ 5 nm, n = 3. Combining Eq. 2.7 and Eq. 2.8 we solve for the film thickness

d = (α/mgh)1/3 . (2.9)

The van der Waals constant α, and thus the film thickness d, depends strongly upon the

interaction between the film and substrate, including the cleanliness of the surface and

the surface material. For more information on film flow transfer rate experiments over

different substrates, see Section 4.6.

The flow rate out of the beaker is also limited by a temperature-dependent critical ve-

locity vc, above which turbulence sets in and the superfluid properties break down. The

volumetric flow rate is constrained by this vc as well as the thickness of the film and the

perimeter of the beaker:

V̇liq = 2πRdvc. (2.10)

The equations above give approximate thicknesses and flow rates of superfluid films on

almost every substrate material. There are rare examples of substrates that do not support

a film or allow superfluid film to flow. The heavy alkali metals Cs, Rb, and K are all

predicted to be nonwetting materials. Cheng et al. review the underlying theory as well

as experiments on Cs [48].

Helium wets a substrate as a result of van der Waals attraction, but there is a competing

repulsive force from the substrate atoms. The very weakly bound outer electrons in Cs

provide a strong repulsive potential and prevent wetting. In a typical beaker experiment,
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if we raise a Cs beaker full of superfluid helium above the surrounding bath, it would not

empty itself because there would be no superfluid flowing up the walls in response to the

difference in gravitational potential.

Evidence of nonwetting was found in experiments on a Pyrex thermal column at temper-

atures as low as 1.04 K with a small ring of Cs in the center [49, 50]. The experimenters

cooled the bottom of the apparatus, condensed LHe in the base, and heated the top. Above

and below the Cs ring, the walls were kept isothermal by convective loops of superfluid

film flowing towards the heat source and a counterflow of warm vapor. (This effect is

discussed in detail in Section 2.3 and studied experimentally at 0.3 K in Chapter 4.) At

the Cs ring, however, there was no superfluid to transport heat and a temperature gradi-

ent developed. The gradient in this small section of the tube was determined by thermal

conduction through the Pyrex walls.

Although the two-fluid model as described above explains the properties of He II, a more

detailed approach ties the normal fluid and its ability to transport heat to the elementary

excitations in liquid helium [35]. For our purposes we simply note that the experimental evidence

supports using the two-fluid picture to describe the heat transport in superfluid helium as

well as the phenomenon of superfluid film flow. In heat transport the normal fluid component

carries heat away from the source while superfluid flows in the opposite direction. For film flow,

the superfluid component will flow in response to differences in temperature or gravitational

potential to minimize the system’s chemical potential.

2.2 Heat Flush Method for Transporting Polarized 3He

During each nEDM measurement cycle polarized 3He is injected into the system at a free

surface of LHe, moved to the measurement cells at 0.45 K, and then removed from the cells

after a fraction has become depolarized due to wall interactions. A sequence of heat flushes,

described in Section 1.4, will move the polarized 3He between several volumes of LHe. During

these flushes, the 3He concentration in the measurement cells varies between 10−10 (loaded)

and 10−12 (depolarized 3He removed).

We can describe the heat flush method using the two-fluid model of superfluid 4He from

Section 2.1. Consider two volumes of LHe cooled by a DR to T ∼ 0.5 K and connected to each

other by a tube filled with LHe. If we activate a heater to raise the temperature on the “hot”

volume, heat flows down the connecting tube to the “cold” volume. The heat is transported by

normal fluid flowing away from the heat source while the superfluid component, which carries

no entropy, flows in the opposite direction. 3He atoms in the hot volume will scatter off of

the normal fluid and be transported to the cold volume. During the nEDM measurement cycle

28



we will add heat to the system to adjust the temperature of various volumes of LHe to drive

temperature gradients which move the polarized 3He into and out of the measurement cells.

The various heat flushes have been modeled by our collaborators [30]. They modeled each

flush with its pair of LHe volumes individually; there are separate calculations for the flush to

send the polarized 3He to measurement cells, to remove the depolarized 3He from the measure-

ment cells, and to clean depolarized 3He out of the rest of the system. Their calculations begin

with the drift velocity of the phonons created by activating the heater in the hot volume

vph,drift =
φ

TS
=

Q̇

ATS
, (2.11)

where φ is the heat flux, Q̇ the heater power, A the cross-sectional area of the tube, and S is

the entropy per unit volume. The 3He atoms diffuse and scatter from the phonons such that

∂x3

∂t
= ~∇ ·

(
D34

~∇x3 − ~vph,driftx3

)
, (2.12)

where x3 is the 3He concentration and D34 is the mass diffusion coefficient for 3He in superfluid
4He, which Lamoreaux et al. measured over the temperature range 0.45 K to 0.95 K [51].

For a rough calculation of the heat flush we picture a tube of length L and cross-sectional

area A, in the small temperature difference limit where S and D34 are constant. The steady-state

concentration ratio is
x3,hot

x3,cold
= exp

[
− Q̇L

ATSD34

]
. (2.13)

Using the parameters in Table 2.2 from a typical heat flush and taking S and D34 at the average

temperature in the tube,
x3,cold

x3,hot
∼ 103 (2.14)

The heat flush causes a significant reduction in x3,hot and a corresponding enhancement of

x3,cold.

A more detailed calculation is necessary to determine the required magnitudes of the heat

flushes in the nEDM apparatus. Our collaborators start by dividing the LHe volumes into

segments and calculating the steady-state temperature distribution for the two volumes and

their connecting tubes, using measured values for the thermal conductivity of LHe over the

temperature range 0.1 K to 0.7 K [52]. Then they time evolve the 3He concentration in each

segment until the required concentrations are reached. This process is repeated for each flush in

the measurement cycle. Their results are the required temperatures, heater powers, and times

to achieve the desired concentrations of 3He for the entire nEDM measurement cycle.

Although their concentration calculations cover each part of the cycle, they do not include
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Table 2.2: Concentration Ratio Calculation Parameters

Thot (K) Tcold (K) Q̇ (mW) L (cm) A (cm2) S (J/(cm3 K)) D (cm2/s)

0.49 0.46 5 100 5 9× 10−5 293

how the system as a whole is cooled by the DR or how the network of LHe volumes responds to

temperature changes. We have created a full thermal model of the cooling system using their

results as inputs to track the heat load on the DR mixing chamber from polarized 3He transport

(see Chapter 3).

Heat Flush Experiments

The technique of using electrical heaters in mixtures of 3He and 4He to create 3He concen-

tration gradients has been verified experimentally. McClintock used the heat flush technique

to produce isotopically pure liquid helium [53]. His purifier contained a heater that set up a

thermal counterflow to concentrate 3He at one end of a flushing tube, as shown in Figure 2.6.

The superleak in Figure 2.6 directed the normal fluid away from the end of the tube where pure
4He is extracted, though the design was eventually modified and successfully operated without

a superleak [54]. McClintock operated his purifier at T ≈ 1.3 K where the 3He impurities scat-

ter from rotons rather than phonons. His initial sample had x3 ≈ 2 × 10−7 and he purified it

to where the 3He was undetectable at 4 × 10−10, the limit of the mass spectrometry method

he used to measure the concentration. The McClintock apparatus performed two sequential

heat flushes. There was no detectable concentration of 3He in the samples taken after either

stage. McClintock included an additional reduction in x3 from the secondary heat flush when

he estimated an ultimate purity of < 5× 10−16.

Hayden et al. mapped concentration gradients in a dilute 3He–4He mixture caused by the

heat flush effect [55]. In their experiment a cold neutron beam passed through an Al container

filled with the 3He–4He mixture at T ∼ 1 K. Their container was able to move in two dimensions,

perpendicular to the beam, so that they could scan the liquid inside. The cell had a window

with a PMT on one side and was attached to a DR mixing chamber on the other. In the same

process that will be used in the nEDM measurement cells, 3He atoms captured neutrons and

the reaction products ionized tracks in the LHe to produce extreme UV light. This XUV light

was downscattered by a TPB coating on the walls and detected by the PMT. Hayden et al. used

a relatively high 3He concentration compared to the nEDM apparatus, x3 ∼ 10−6, since their

goal was not to produce and store UCN with relatively rare captures, but to use the captures
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separation using a heat flush techniquel*~‘g was, for his- 
torical reasons, directed towards the production of He3, 
no particular effort being made to isolate or to measure 
the purity of the He4 which was being produced as a by- 
product. It is shown below that heat flush is, in fact, an 
extraordinarily powerful technique for separating the 
isotopes, and particularly so for preparing isotopically pure 
He4. The concentration of He3 which can be reduced is 
curtailed by the non-superfluidity of He3 -He ? solutions” 
containing more than about 67% of He3 ; but no such 
intrinsic limitation exists to govern the purity of the He4 
which can be prepared by this method. 
The basis of He4 purification by means of heat flush is 
shown diagrammatically in Fig. 1. The normal fluid compo- 
nent, flowing away from a heater, will tend to carry with it 
any He3 atoms which initially were within the flushing 
tube and to prevent others from entering. The isotopically 
pure superfluid component can then be drawn off as indi- 
cated in the opposite direction. The particular function of 
the superleak is to define the direction in which most of the 
normal fluid flows away from the heater; it is not intended 
to act as a purifier in its own right and its quality (as a 
barrier to normal fluid) is not, therefore, a critical factor 
on which the success of the technique will depend. The 
degree of purification achieved will depend on the extent 
to which He3 atoms are able to diffuse against the counter- 
stream of normal fluid; and this in turn is likely to depend 
on factors such as the normal fluid velocity, the coefficient 
of diffusion for He3 atoms in He II, and the length of the 
flushing tube. 
To analyse the situation quantitatively, we treat the gen- 
eral problem of diffusion within a moving medium. For 
simplicity, however, we consider only the steady state 
situation and we ignore the transient effects which will 
occur just after the initial conditions are established: a 
steady state should be approached within a few normal 
fluid transit times after the heater is energized; and, for our 
experimental conditions, the transit time from heater to 
main bath is at most a few seconds. We will assume that, 
viewed from a frame of reference f=ed in the normal fluid, 
movement of the He3 atoms by thermal diffusion is 
unaffected either by the magnitude of the relative velocity 

I 6. 

;- 
I x 

Xl0 

Fig. 1 Isotopic purification of He’ by using heat flush in He II: 
normal fluid flows away from the heater at velocity Y,, carrying 
with it the impurities (which are unaffected by the fact that the 
superfluid component is simultaneously flowing at velocity us 
toward the heater) a -flushing tube, b - superleak, c - heater, 
d - main bath of He II of natural isotopic composition with dots to 
represent Hes atoms (which in reality would be separated by an 
average spacing of about 7 X 10m8 m), e - purer He II whose He3 
content falls with increasing distance x from the main bath, 
f- isotopically purified He4 drawn off to receiving vessel. 

between the normal fluid and the laboratory, or by that 
between the normal fluid and the superfluid. 
In the laboratory frame of reference the flux (i of He3 
atoms is given generally by 

t = -Dgradu + uv (I) 
where D is their coefficient of diffusion at the relevant 
temperature, u is the number density of He3 atoms and v 
is the velocity of the moving medium (the normal fluid 
component). We now consider an arbitrary volume V 
bounded by a surface S. In the steady state, conservation 
of matter requires that the net rate of flow across the 
surface must be zero so that, using (l), we obtain 

s (-D grad u t uv) - ds = 0 
S 

which, on applying Gauss’ theorem, becomes 

s 
Vdiv(Dgradu - uv) * dr = 0 

Remembering that the volume I/ is arbitrary, and using a 
standard vector identity, this yields 

DV’U - udivv - v * gradu = 0. (2) 
To a good approximation, the temperature and hence the 
normal fluid density remain constant throughout a bath of 
He II, so that the equation of continuity for the normal 
fluid implies div v N 0. 
We therefore obtain finally 

DV2u - v * gradu = 0 (3) 
We note that this differs from Laplace’s equation, which 
describes steady state diffusion in a stationary medium, by 
virtue of the translational term v - grad u but that, as 
required, the expression reduces to Laplace’s equation 
in the limit where v tends to zero. 
If the coordinate frame of reference is orientated such 
that Y, = -v,,vy = v2 = 0, (3) becomes 

v2u + v!5!_ au = 0 
D ax 

a form which, in allusion to an obvious analogy, is some- 
times known as the equation of gas attack. For diffusion 
within a long tube of constant cross section, (4) reduces 
to the one-dimensional form 

d2u Vn dU 

dx2 +ixG=” 
(5) 

Solving subject to the boundary conditions appropriate to 
a semi-infinite tube open at one end to the bath: 
u = du/dx = Oatx = 00; u = uoatx = 0;(5)yields 

u = u, exp (-vnx/D). (6) 

This simple expression determines the extent to which 
He3 atoms are able to diffuse against a wind of counter- 
flowing normal fluid component within the flushing tube 
of an isotopic purification cryostat arranged as shown in 
Fig. 1. Substitution of typical numerical values demon- 
strates immediately the remarkable efficacy of heat flush 
as a means of removing He3 isotopic impurities from He II: 
with v, = 2 ems-‘,x = 5 cm D = 2 x 10-j cm2 s-l 
(for T = 1.4K)21, we fmdu/ud = 3.4 x 10-2’72; 
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Figure 2.6: Heat flush purifier from reference [53]. Activating the heater c in the flushing tube
a causes normal fluid to flow away from both the heat source and superleak b at velocity vn.
Superfluid flows in the opposite direction with velocity vs.

3He atoms are swept to d and pure
4He is extracted at f .

sorption and scattering we are able to measure the resid-
ual detection efficiency ! of our apparatus for neutron-
induced scintillation events in the ‘-4He. This measure-
ment is performed after cooling the cell well below 1 K
(typ. 400–600 mK) where the diffusivity of 3He in ‘-4He
is large [12,16], ensuring a highly uniform impurity-atom
distribution. We find empirically that if the photomulti-
plier tube count rate is normalized by the geometric path
length

!!!!!!!!!!!!!!!!!!!!!!!

1! "y=R#2
p

of the beam through the cell, the
detection efficiency is largely independent of the vertical
coordinate y, temperature, and the 3He concentration X,
and that it varies as ! $ !0"1! z2=L2# along the hori-
zontal coordinate z. Here R is the radius of the cell and the
length scale L is of order 6 cm. The detection efficiency
near the optical window is thus about 40% that of the
peak efficiency !0 near the mixing chamber wall.

As the temperature is raised to 1 K the distribution
of 3He impurities remains uniform, and the gross features
of the background- and sensitivity-corrected scintillation
rate continue to reflect the geometric length of the neu-
tron beam path through the cell. Under these conditions
the 3He mean free path is of order 1 "m [12]. In order
to illustrate a more substantive application of this imag-
ing technique, an electrical current was passed through
the resistive heater located near the bottom of the cell.
This has the effect of driving a heat current between the
heater and the mixing chamber of the refrigerator. In
terms of the two-fluid model for helium II, this heat

current is carried by the normal component of the liquid
[2]. The 3He impurities in the cell act as tracer particles
that are carried along with the convecting fluid [17].
Microscopically, they scatter from excitations associated
with the heat flow. Their steady-state distribution (which
results from the competing effects of forced convection
and diffusion) satisfies r lnX $ vn=D [12], where vn is
the velocity of the normal component of the liquid and D
is the impurity-atom mass-diffusion coefficient.
Alternately, r lnX $ q=#sTD where #, s, and T are the
4He density, entropy, and temperature, and q is the heat
flux transported by the liquid. In other words, measure-
ments of the spatial variation of the 3He concentration X
probe the heat flux or equivalently, the velocity of the
normal component of the fluid. Mass conservation implies
that these data can also be thought of as a probe of the
superfluid-component of the liquid. These concepts are
illustrated in Fig. 3, which shows the results of a model
calculation for a simplified geometry, and two images
generated from gray scale mappings of tomographically
determined 3He impurity distributions in our experimen-
tal cell. Figures 3(a) and 3(b) clearly indicate that a
substantial reduction in the concentration of 3He occurs
in the immediate vicinity of the heat source.

Figure 3(c) shows data that provides remarkable insight
into a phenomenon known as the HEVAC effect [18].
Under partial filling conditions at temperatures of 1 K
and higher, the application of a heat current drives most

FIG. 3 (color online). Neutron-tomography images. Under our experimental conditions (very low heat flux, very low 3He
concentration, laminar flow) the normal component of the liquid undergoes potential flow; that is vn $ r! where the velocity
potential ! satisfies Laplace’s equation r2! $ 0. This leads to a 3He distribution X $ C exp"!=D#, where C is a geometry-
dependent normalization factor [12]. Figure 3(a) shows a simple two-dimensional model calculation illustrating the effect that a
heat current _Q has on the distribution of 3He atoms (dots) confined to a square cell with a single wall (left side) that acts as a perfect
heat sink. The competing effects of forced convection and diffusion lead to the formation of a progressively larger 3He-depleted
zone in the vicinity of the centrally-located heater as _Q is increased [subpanels (i) through (iv)]. Figure 3(b) shows data representing
the relative 3He concentration integrated along the path of the neutron beam ( "X) in the lower-half of our experimental cell near the
heater at 0.92 K. A gray scale mapping of the ratio of the background-subtracted neutron-induced scintillation rates measured with
and without _Q $ 5 mW was used to generate this image. Dark regions correspond to low 3He concentrations. Dashed and labeled
contour lines (representing "X) and solid streamlines (representing the average direction of q or vn) have been drawn to illustrate the
manner in which these experiments probe the underlying (three-dimensional) velocity fields. Figure 3(c) shows data representing "X
in the upper-half of the cell at 0.99 K when a free liquid surface is introduced and _Q $ 14 mW; the imaged region extends to within
5 mm of the surface, which was in turn located immediately below the fill tube. A dramatic and uniform gradient in the 3He
concentration directed toward the liquid surface is evident. These data reflect a relative concentration resolution of order 2%, and
imply normal and superfluid velocities of order 10!1 and 10!3 cm=s, respectively. Scale drawings of the experimental cell [inserted
between Figs. 3(b) and 3(c)] indicate the location and extent of the imaged regions.
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Figure 2.7: Heated 3He–4He mixture concentration contours at 0.92 K from reference [55]. X̄
is the relative 3He concentration integrated along the path of the neutron beam. Q̇ was set to
5 mW.
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to image the distribution of 3He in the liquid bath. After preparing their system they activated

a resistive heater in the bottom of the container and measured contours of increasing x3 going

out from the heat source, as depicted in Figure 2.7. Their results are not only evidence of the

heat flush effect, but also a map of the velocity field of the normal fluid moving away from the

heat source.

2.3 Superfluid Helium Film Flow and Vapor Reflux

As introduced in Section 1.5, in the nEDM experiment there are several volumes with a free

surface of LHe at 0.3 K, each with a tube that leads to warmer parts of the apparatus. The

containers and tube walls will be coated with a superfluid film. As discussed in Section 2.1,

the film will flow to warmer areas in response to the temperature gradient. Once there it will

vaporize and create a pressure gradient that drives the warm vapor back to the cold liquid

surface. The vapor then recondenses and transports heat which must be carried off at the DR

mixing chamber. Rollin and Simon hypothesized this effect, including the idea that He II films

flow, to explain mysterious heat flows in a number of experiments [56].

Nacher, Cornut, and Hayden modeled the heat transport due to this so-called refluxing

vapor for the device shown in Figure 2.8 [57, 58]. Their model includes two volumes connected

by a thin-walled tube. The cold volume at the base contains bulk liquid helium. A heater is

attached to the top volume. When the heater is activated, superfluid film flows up the walls of

the tube, evaporates in the hot volume, and refluxes to the cold end. Though we are primarily

interested in heat transport, this effect can be exploited to confine hydrogen or 3He atoms in

the base of a cell. The device which does this is called a HEVAC for Helium Vapor Compressor.

Nacher et al. refer to the “HEVAC effect” in this context, but throughout this thesis we will

call it the “reflux effect.”

The Nacher et al. model provides a temperature profile (T vs. vertical height z) for a given

heater power applied at the top of the cell. Additionally, for a mixture of 3He–4He in the base

of the cell it can predict the 3He concentration gradient along the z-axis. Our ultimate goal is

to test the model under conditions relevant to the nEDM experiment. Since the volumes of LHe

in the nEDM apparatus have x3 ≤ 10−10 and our test apparatus will use natural He, which has

x3 ∼ 10−7, we will focus on a pure 4He version of the model.

Nacher et al. make several simplifying assumptions in their model of the apparatus depicted

in Figure 2.8:

• Bulk liquid is condensed in the cold volume C at the bottom and only evaporates in the

hot volume H. A superfluid film coats all surfaces.

• Any transverse gradients in temperature and pressure can be neglected and the one-
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h 
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~ 
V ~  ~ 

"L_] 

heating 

Thin walled 
tube 

To f'ridge 
Fig. 1. Sketch of a helium heat pipe. A tube of negligible thermal conductivity connects 
two end volumes, H and C. Liquid helium (pure 4He or an isotopic mixture) partially 

fills the lower volume C. A superfluid film is assumed to cover all internal surfaces of 

the system, in local thermal equilibrium with the vapour (see text). A heat current Q 
is driven from the heated volume H to the cold end C, which is thermally linked to a 

refrigerator. 

Figure 2.8: Nacher et al. model apparatus from reference [57]. Liquid is condensed in the cold
volume C, which is attached to a refrigerator. All surfaces are covered with a superfluid film
which will flow, evaporate in the hot volume H, and reflux in response to heater power Q̇.
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dimensional system can be solved to yield equations for temperature and pressure as a

function of height above the condensing volume, z.

• For tubes with diameter d ∼ 1 mm or larger, the flow of the refluxing vapor is laminar.

• The cell is surrounded by vacuum and there is no external heat load from convection or

radiation.

• The only path for heat to travel between the hot and cold ends is through convecting 4He.

Any thermal conduction down the walls of the tube or through the superfluid film itself

is negligible.

To generate expressions for pressure and temperature as a function of z, they begin with

the condition that the gas flow is not turbulent and undergoing Poiseuille flow with a parabolic

velocity profile—zero at the walls and maximum at the center. The average velocity of 4He

atoms for a section of tube at height z is denoted v4. The pressure gradient is then given by

∇zP = −32ηv4

d2
, (2.15)

where η is the dynamic viscosity of 4He and d the diameter of the tube. Nacher et al. use an

empirical formula for the viscosity that adjusts for cases where gas densities are low and the

flow deviates from Poiseuille’s law.

Assuming the gas moving from H to C is the only source of heat flow and that there is no

net transfer of atoms between vapor and film along the length of the tube, the 4He vapor molar

flow rate is

ṅ4 =
πd2v4P

4RT
, (2.16)

where R is the ideal gas constant and we have written the volumetric flow rate in terms of the

cross-sectional area of the tube and v4.

The molar flow rate of the film is determined by the rate of evaporation at the top of the

cell

ṅ4 = −Q̇/L, (2.17)

where L is the latent heat of evaporation of 4He and Q̇ is the heater power. In steady-state

conditions, the flow rates in Eq. 2.16 and Eq. 2.17 are equal. Combining them gives another

expression for v4,

v4 = − 4Q̇RT

πd2LP
. (2.18)

The chemical potential is uniform along the tube since the vapor and film are assumed to

be in local thermal equilibrium. Nacher et al. use the customary expression for the chemical
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potential of an ideal gas to write

kT log

[
P

kT

(
h2

2πm4kT

)3/2
]

= µ4 = constant, (2.19)

where k is Boltzmann’s constant, h is Planck’s constant, and m4 is the atomic mass of 4He.

Differentiating Eq. 2.19 with respect to z yields

∇z logP −
(

5

2
− µ4

kT

)
∇z log T = 0. (2.20)

The saturated vapor pressure of 4He below 1.25 K is given by

P =

(
2πm4kT

h2

)3/2

kT exp

[
− L0

RT

]
, (2.21)

where L0 is the latent heat at T = 0 [59]. This expression is valid down to 0.5 K; we will

extrapolate down to 0.3 K [59]. Plugging this into the left-hand side of Eq. 2.19 yields a constant,

satisfying the assumption that there are no net atoms exchanged or heat transferred between

vapor and film along the tube.

Nacher et al. combine Eq. 2.15, 2.18, and 2.20 to generate the following equations for pressure

and temperature gradients in z:

∇zP =
128η

πd4

Q̇R

L

T

P
(2.22)(

5

2
− µ4

kT

)
∇zT =

128η

πd4

Q̇R

L

T 2

P 2
. (2.23)

We can solve Eq. 2.23 numerically to compute the temperature gradient along a cell with pure
4He at the base and all heat transported through refluxing vapor. Nacher et al. performed

this calculation for a tube with d = 3 mm where they recast Eq. 2.23 as an effective thermal

impedance rather than a temperature profile T (z). The result, which uses the saturated vapor

pressure for P , is shown in Figure 2.9 along with typical thermal impedances for a copper rod

and a Pyrex tube (o.d. = 6 mm, i.d. = 3 mm). The d = 3 mm tube with refluxing vapor is

a good thermal conductor or “heat pipe” at temperatures ≥ 0.8 K. Below 0.5 K, however, its

thermal impedance is on the same order as the Pyrex tube and the thermal conduction along

the tube walls can no longer be neglected.

Hayden, Cornut, and Nacher measured the reflux effect for pure 4He at T ≥ 0.9 K [60].

They also performed measurements with a 3He–4He mixture with x3 ≈ 4% at T ≥ 0.6 K. Their

apparatus consisted of two vertical thin-walled stainless steel tubes of diameters 0.6 mm and
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128r/0R T 
V z P  7rd 4 L P (10) 

--k--T V z T -  red 4 L p2 (11) 

The latter equation can be used to compute the effective thermal 

impedance per unit length Ze~-= Vz T/Q of a heat pipe, as a function of 

temperature. It is rapidly varying function of T, because of the strong tem- 

perature dependence of the saturated vapour pressure of 4He. Hence, the 

excact way in which the other functions in equation ( 11 ) depend on T does 

not influence the final result significantly, and we are justified in using the 

approximations listed in appendix A.2. 

The results for Zeff obtained from Eq. (11) by setting the pressure to 

its saturation value are shown in Fig. 2 for a tube diameter d = 3 mm. The 
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Fig. 2. The temperature dependance of the effective thermal impedance Zez,( = 
VzT/Q of a tube which contains pure 4He. The diameter d has been set to 
3 mm, and the local pressure is assumed to be that of a saturated vapour. Typical 
thermal impedances for a copper rod of the same diameter, and for a Pyrex glass 
tube (6 mm o.e., 3 mm i.d.) are also indicated (dashed lines). Zexf was computed 
assuming an ideal viscous flow regime (dotted line), and with the corrections dis- 
cussed in appendix A.1 (solid line). 

Figure 2.9: Effective thermal impedance ∇zT/Q̇ versus temperature for a tube with d = 3 mm
from reference [57] and Eq. 2.23. The effective thermal impedances for a copper rod and a Pyrex
tube with o.d. = 6 mm, i.d. = 3 mm are included for comparison.
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3.1 mm. A single reservoir filled with superfluid He cooled the base of the tubes. From there,

the tubes continued upward to where they were thermally anchored at 4.2 K and beyond that

they were open to room temperature pressure gauges. A superfluid film crept up the walls of

the tubes to just below the 4.2 K section of tubing. The pressures and pressure differences

measured agreed with a modified version of their reflux model. After adding 3He they saw a

reduction in pressure gradients as well as a low concentration of 3He in the gas collected at room

temperature, which indicated 3He confinement in the base of their tubes. Both of these features

were predicted by their reflux model for 3He–4He mixtures. For pure 4He their measurements

confirm that the model accurately predicts pressure gradients in narrow tubes due to superfluid

film flow and refluxing vapor at T ≥ 0.9 K.

Modified Model

The LHe volumes in the nEDM apparatus will have x3 ≤ 10−10 and be cooled by a DR mixing

chamber operating at T ≈ 0.3 K. By Figure 2.9, at 0.5 K the thermal impedance of a 3 mm

diameter cell is on the order of that of a Pyrex tube of comparable dimensions. To estimate

the reflux-induced heat load on these LHe volumes, we must modify the Nacher et al. model to

include conduction through the tube walls. For the tube walls alone, the temperature gradient

is

∇zT =
Q̇

ktubeA
, (2.24)

where ktube is the temperature-dependent thermal conductivity of the wall material and A is

the tube’s cross-sectional area. Combining Eq. 2.24 with the thermal gradient due to reflux

from Eq. 2.23, we have

∇zT = Q̇

( 1

ktubeA

)−1

+

(
1(

5
2 −

µ4
kT

) 128η

πd4

R

L

T 2

P 2

)−1
−1

, (2.25)

which we will solve for T (z) at T ≥ 0.3 K for a given Q̇. The conductance through the walls

and the reflux effect are combined in parallel. The saturated vapor pressure P (T ) and latent

heat L in Eq. 2.25 are taken from experimental data [59]. We also use the effective viscosity in

Nacher et al. and chemical potential from Eq. 2.19, both functions of T [57]. Although most of

these quantities are temperature-dependent, P varies strongly with T and has the largest effect

on the temperature dependence of ∇zT/Q̇.

Now we compare the modified version of the model to the original for a 4′′ (10.2 cm) long

stainless steel tube with d = 0.25′′ (6.35 mm) and 0.02′′ (0.51 mm) thick walls. We take ktube for

stainless steel as a function of T from a fit to experimental data, choose Q̇ = 20 µW, and solve

for T (z) [61]. The results for T0 = 0.3 K and 0.75 K are shown in Figure 2.10 and Figure 2.11.
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Figure 2.10: Temperature profiles (a) for T0 = 0.3 K and Q̇ = 20 µW for a stainless steel
tube (dashed), the Nacher et al. model (black, Eq. 2.23), and the modified version of the model
(red, Eq. 2.25). (b) Adjusted scale to show the bottom end of the tube where conduction through
the tube walls competes with the reflux effect.
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Figure 2.11: Temperature profiles (a) for T0 = 0.75 K and Q̇ = 20 µW for a stainless steel
tube (dashed), the Nacher et al. model (black, Eq. 2.23), and the modified version of the model
(red, Eq. 2.25). The curves for the two versions of the model overlap. (b) Expanded scale
showing the overlap of profiles from the original and modified model at T0 = 0.75 K.
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In both cases the tube alone is a poor thermal conductor compared to the tube with refluxing

liquid. In the T0 = 0.3 K profiles, the modified version of the model alters T (z) near the base of

the cell. At T0 = 0.75 K the reflux effect is strong, the cell is a good heat pipe, and the original

and modified model profiles are indistinguishable.

In addition to T0, the tube’s dimensions and the choice of Q̇ affect the shape of these profiles

and the magnitude of the heat transport through the tube walls versus the reflux effect. For

more details, see Chapter 4, in which we describe an experiment we performed to test the

Nacher et al. model at temperatures relevant in the nEDM apparatus.

Critical Heater Power Experiments

If we increase Q̇ at the top of the cell, eventually we reach a point where the superfluid film at

the top of the cell is evaporating too rapidly to be replenished by the film flowing up the walls.

The reflux effect’s convective loop is disrupted and the temperature at the top of the cell rises

dramatically. The critical heater power Q̇c at which this occurs is

Q̇c = (L+ TS)ρV̇ = (L+ TS)ṁ, (2.26)

where L is the latent heat per kilogram, S is the entropy per kilogram, V̇ is the volumetric flow

rate, ṁ is the mass transport rate, and ρ is the density of LHe [62, 63]. The latent heat and

entropy in Eq. 2.26 are those of the bulk liquid. The TS term, called the thermomechanical

term, is the heat required to transform the superfluid film into normal fluid at the top of the

tube. Measuring Q̇c for an apparatus at a particular T gives us the transfer rate V̇ (or ṁ).

V̇ provides additional information on the film flow since it is proportional to the perimeter of

the cell, the superfluid critical velocity, and the film thickness, as discussed in Section 2.1 and

Eq. 2.10.

The “runaway” effect which occurs for heater powers above Q̇c has been observed in several

experiments on superfluid helium in closed cells [62–66]. Though these experiments were pri-

marily concerned with studying the onset of superfluidity in unsaturated films, they do include

some measurements with bulk liquid. They share the following features and results:

• The apparatuses were all 5–10 cm long thin-walled tubes with d ∼ 2–5 mm. They were

made of glass, german silver, or copper-nickel. Each tube was heat sunk at the base to

T0 < Tλ and had a heater attached to the top.

• They were measurements of pure 4He over the range 1.3 K < T < Tλ (except Fokkens et al.

who went down to 0.8 K and collected some data with 3He–4He mixtures [63]).

• For unsaturated films, the film did not flow as a superfluid until going below an “on-

set” temperature. Conversely, at a given temperature, films remained normal fluid until
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1446 Correspondence 

off by condensation at the bot tom to the heat sink. Incidentally, the heat 
of evaporation from the film is slightly larger than that  of the bulk liquid 
(L~), since it also contains the energy of excitation of the superfluid into 
the normal state (TAS) .  The circulation process must break down when 
a film flow rate larger than the critical rate r c is required to maintain it. 
The critical heat input Q~ thus provides an accurate means of determining 
the criticM rate of mass transport  of the He II  film since 

0o 
r c - -  (LB_~TzJS) 

Fig. 1. 

HEAT SiNK 

Such factors as might influence the validity o£ this equation, e. g. viscous 
drag in the returning gas, heat flow by conduction along the metal tube 
and through the gas, and heat resistance of the parti t ion between the tube 
and the heat sink, were negligibly small in our case. A check on the 
validity o£ the method was provided by plotting the critical flow rates 
obtained at various temperatures under saturation conditions (~) against 
the absolute temperature. The values derived are in satisfactory agree- 
ment with the shape of the curve of transfer rate out of a beaker 
(Mendelssohn and White 1950). 

Transfer rates under various percentage saturations have been obtained 
for four different temperatures, and the results are given in fig. 2, where 
the reduced transfer rates rc/r s are plotted against the percentage saturation. 
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Figure 2.12: Apparatus diagrams from (a) Bowers et al. [64] and (b) Long and Meyer [65].
Both include a cell with a heater at the top and a heat sink at the base. In (b), the 4.4 mm
diameter copper-nickel alloy cell is contained in vacuum can A which is evacuated through P . A
heater H is attached to the hot volume E and the cold volume D is in contact with a superfluid
helium bath. Thermometers Th 1, Th 2, and Th 3 are arranged along the cell and their leads
are heat sunk at B. Gas is admitted to the cell through stainless steel fill line C.
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Figure 2.13: Heater power versus temperature difference between the top and bottom of the
cell from reference [65]. The base temperature was 1.700 K. Curves are labeled with values of
P/P0, where P0 is the saturated vapor pressure at the bath temperature.
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reaching an onset pressure.

• For both saturated and unsaturated films small ∆T values were observed between the

top and bottom of the cell due to the reflux effect. The runaway phenomenon occurred

at some critical heating rate Q̇c.

• ∆T ’s were on the order of tens of millikelvins and Q̇c’s were on the order of tens of

microwatts.

The first of these experiments was performed by Bowers, Brewer, and Mendelssohn [64]. A

diagram of their apparatus is shown in Figure 2.12. They placed a heater at the top of a thin-

walled german silver tube and attached the bottom to a constant temperature heat sink. They

measured film transfer rates at fixed pressures and base temperatures. First they admitted an

amount of gas to the cell at a pressure below the saturated vapor pressure. Then they activated

the heater at the top of their cell and observed the high thermal conductance from the reflux

effect. They increased the heater power until they saw a dramatic increase in temperature at the

top of the cell and recorded the critical heater power Q̇c. With Q̇c, they used Eq. 2.26 to find

the mass transport rate of the superfluid film. They repeated the process for different pressures

and for base temperatures over 1.3 K to 1.8 K. Bowers et al. found that mass transport rates

decreased sharply for pressures only slightly below the saturated vapor pressure.

Long and Meyer followed up on the work of Bowers et al. using the apparatus shown in

Figure 2.12. They also observed high thermal conductances in their cell until reaching Q̇c and

seeing the runaway effect. Their base temperatures ranged from 1.3 K to 2.0 K and the majority

of their data was taken with pressures below the saturated vapor pressure. Figure 2.13 is a set

of their measurements at T = 1.700 K which illustrate the runaway effect. The flattening of the

Q̇ versus ∆T curves indicates that the temperature at the top of the cell is climbing rapidly for

small increases in the heater power. The critical heater power decreases rapidly for pressures

just below the saturated vapor pressure.

Film Flow and Reflux Summary

The nEDM apparatus contains several volumes of LHe at 0.3 K with tubes of diameter 0.5′′

(13 mm) or larger leading to areas at temperatures of 4.2 K and above. We want to estimate

heat load on the DR due to 4He vapor reflux in these tubes. The Nacher et al. model for the

reflux effect with pure 4He in the base of a cell has been tested at T ≥ 0.9 K, but should be

modified to include conduction along the tube walls for temperatures below 0.5 K. Previous

experiments with a similar geometry to the Nacher et al. model on saturated and unsaturated

films at T ≥ 1.3 K confirm the reflux effect and show a runaway phenomenon at heater powers
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greater than Q̇c. In Chapter 4, we describe our measurement of the reflux effect using a stainless

steel tube with d ≈ 0.25′′ (6.4 mm) at T ≈ 0.3 K, the nEDM DR operating temperature.
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Chapter 3

Thermal Model of 3He Transport in

the nEDM Measurement Cycle

To carry out the nEDM measurement at 0.45 K, we require a cryovessel to insulate the compo-

nents from the outside world, a liquefier to produce quantities of liquid helium, and a dilution

refrigerator to cool the target cells and volumes of liquid helium. A 1000 liter volume of LHe

surrounds the measurement cells and other components. At 0.45 K, thermal neutrons from the

Spallation Neutron Source are slowed down and trapped in two 3.1 L measurement cells by

collisions with the superfluid 4He.

The DR must cool these large amounts of LHe. To ensure that the DR has adequate cooling

power, we must carefully account for heat loads from internal and external sources. The DR will

provide 80 mW of cooling power when the mixing chamber is at 0.3 K and the measurement

cells are at 0.45 K. The DR must carry off heat from a variety of sources such as mechanical

supports and external radiation.

One significant heat load on the DR, introduced in Section 1.5 , comes from moving polarized
3He between several different volumes of LHe. The 3He is injected into the system and is

then sent to two target cells filled with LHe, where it interacts with the ultracold neutrons.

During the measurement the 3He depolarizes, primarily due to wall interactions, and must be

replaced by new polarized 3He atoms prior to each measurement. Electrical heaters produce

heat flows between volumes of liquid helium to sweep 3He into and out of the target. The heat

must eventually be transferred to the dilution refrigerator’s mixing chamber (MC) through

strategically placed plastic or sintered metal heat exchangers. We have modeled the heat flows

in order to determine the total heat load on the dilution refrigerator and to guide the design

of the heat exchangers. By adjusting the thermal conductances in our model, we seek cases

which reduce the heat load on the dilution refrigerator’s mixing chamber while maintaining the

desired operating temperatures.
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3He is moved throughout the system via the heat flush method, described in Section 2.2.

To recap, we can understand the heat flush by using the two-fluid model of superfluid helium.

In the two-fluid model the superfluid liquid is split into two parts: the normal fluid component

and the superfluid component, which flows with zero viscosity and carries no entropy [35]. In

the presence of a heater, the normal fluid, which below 0.6 K is composed of phonons, will

carry heat away from the source [30]. There is no net mass flow since the superfluid component

flows in the opposite direction. Any 3He that is present interacts with the normal fluid and is

swept away from the heat source. McClintock exploited this phenomenon to create quantities

of pure 4He above 1 K [53]. In the nEDM experiment we will use this technique to drive 3He

into and out of the target at temperatures around 0.45 K. As outlined in Section 2.2, some

of our collaborators have calculated the required temperatures and heat flushes to produce
3He concentrations suitable for the measurement [30]. They simulated individual heat flushes

between pairs of LHe volumes, but did not track the heat load on the DR. Their results provide

the required temperatures and heat flushes for our complete thermal model of 3He transport

(see Table A in the Appendix for the heat flush requirements).

The target is at 0.45 K in our model. In the nEDM experiment the target will occasionally

operate at ≈ 0.30 K to check systematic effects. At this temperature diffusion of 3He in 4He

is a more efficient means of transport than heat flushing. Therefore, for the lower temperature

systematic runs we are not concerned with an additional heat load from 3He transport.

In this chapter we first describe the layout of the LHe volumes, the model equations, and

the measurement cycle. Then we choose an arbitrary set of parameters and run the model. We

use this initial run as a starting point from which to alter individual parameters and monitor

the temperatures in the system and the heat load to the DR. We then adjust our baseline case

until we have a set of parameters that transport the polarized 3He while attempting to reduce

the heat load on the DR. Finally we suggest some future enhancements to the model.

3.1 Setting Up the Model

The volumes of LHe and connections between them are shown schematically in Figure 3.1. They

allow us to isolate and heat different volumes of LHe to move the 3He throughout the apparatus.

Polarized 3He is injected into a free surface of LHe in the injector (INJ). It then diffuses into

intermediate volume one (IV1). Next IV1 is isolated from the injector and its temperature

is raised to flush the polarized 3He into the target cells (TGT). After the measurement the

depolarized 3He is flushed from the TGT to intermediate volume two (IV2), which is cooled

below the target temperature. IV2 is then isolated from the TGT and heated to drive the

depolarized 3He to a sequestration volume (SV). Finally the depolarized 3He is removed from

the system (DUMP).
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INJ 

IV1 
(1.6 L) 

IV2 
(4.4 L) 

TGT 
(2 x 3.1 L) 

INS 
(1000 L) 

SV 
(0.075 L) 

DUMP T0 

κ1 
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κ2b 

κ2a κF3 

T0 

κ3 

T0 

κ4 

QIV1 

QIV2 QINS 

κF2 

κF1 

κF6 

κF5 

κF4 

Figure 3.1: Thermal model diagram. Arrows represent heaters and the lines connecting the
volumes are conductances. T0 is the temperature at the dilution refrigerator’s mixing cham-
ber. The lines connecting the volumes to T0 are thermal links. κ1, κ3, and κ4 are adjustable.
Individual volumes and 3He transport are described in the text.
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Figure 3.2: TTGT (black) and TINS (blue) versus time during the 2500 second measurement cy-
cle. The labels on the cycle parts along the bottom correspond to steps in the measurement cycle
(see text). The ninth 2500 second measurement cycle is shown to ensure that the temperatures
have reached their steady state values. All temperatures are set to T0 at t = 0.
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Equations

Our model is based on a set of differential equations which track each volume’s temperature in

time. The injector and the dump volumes are held at fixed temperatures. The equations are:

CIV1
dTIV1

dt
= Q̇IV1 − κ1(TIV1 − T0)− κF1(TIV1 − TTGT)− κF4(TIV1 − TIV2)

− κF6(TIV1 − TINJ)

CTGT
dTTGT

dt
= −κ2a(TTGT − TINS) + κF1(TIV1 − TTGT)− κF2(TTGT − TIV2)

CINS
dTINS

dt
= Q̇INS + κ2a(TTGT − TINS)− κ2b(TINS − T0)

CIV2
dTIV2

dt
= Q̇IV2 − κ3(TIV2 − T0) + κF2(TTGT − TIV2)− κF3(TIV2 − TSV)

+ κF4(TIV1 − TIV2)

CSV
dTSV

dt
= −κ4(TSV − T0) + κF3(TIV2 − TSV)− κF5(TSV − TDUMP),

where CV and TV are the heat capacity and temperature of volume V , and the conductances and

heaters match those depicted in Figure 3.1. T0 is the temperature at the dilution refrigerator’s

mixing chamber. The C’s are temperature-dependent and found by performing a quadratic fit

to experimental specific heats and multiplying it by V [59]. We have assumed that the heat

capacity of the LHe is greater than that of the surrounding containers.

Notice that the right-hand side of the above equations is simply the power into each volume

of LHe minus the power out. As a first step we solve these equations in the limiting case by

setting dT/dt = 0. To begin we specify the temperatures and conductances that will produce

the desired heat flushes for each part of the cycle. Then we solve the limiting case equations

to obtain the proper heater settings for use in the model. We use MATLAB/Simulink [67] to

solve the set of differential equations numerically and output volume temperatures versus time,

the time-average heat load on the mixing chamber, heat flush sizes, etc. The solver uses the

Euler method and a 0.1 step size. The model also stores the total heat load on the dilution

refrigerator’s mixing chamber and the total input power from the heaters:

Q̇TOT = κ1(TIV1 − T0) + κ2b(TINS − T0) + κ3(TIV2 − T0) + κ4(TSV − T0)

Q̇TOTIN = Q̇IV1 + Q̇INS + Q̇IV2.

After each run we verify that the model is behaving as expected by comparing the time-average

values of these two quantities, as well as plots of them versus time. We also check that the

volumes approach their limiting case temperatures.
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Thermal Links

The thermal conductances in the model include: (a) the connecting tubes between volumes of

LHe (κF1, κF2, etc. in Figure 3.1), (b) links between the volumes of LHe and the DR mixing

chamber (κ1, κ2b, κ3, and κ4), and (c) the walls of the measurement cells (κ2a).

(a) To set up the heat flushes we assign different values for the conductances between

volumes throughout the cycle. When two given volumes are separated by a closed valve, we

set the conductance to a low value, 0.01 W/K. Whenever a heat flush is taking place we use a

higher conductance to represent the open valve and tube of LHe connecting the two volumes.

For example, for a 5 mW flush between IV1 (at 0.485 K) and the TGT (0.458 K), we have

κF1 =
Q̇flush

TIV1 − TTGT
=

0.005 W

0.485− 0.458 K
= 0.185 W/K.

The closed valve conductance of 0.01 W/K is chosen somewhat arbitrarily to be an order of

magnitude lower than κF1 and κ2a, which is the conductance between the cell walls and the

surrounding insulation volume calculated in (c) below. The closed valve conductance governs

how well the LHe in the cells is isolated from heat flushes occurring outside of the target during

the measurement. For now we note that the actual closed valve conductance could be lower

than 0.01 W/K as the conductance of a 0.25′′ (6.4 mm) long, 1.5′′ (3.8 cm) diameter acrylic

disk is around 0.001 W/K. We will explore the consequences of lower closed valve conductances

in Section 3.5.

(b) Three of the connections to the MC in Figure 3.1 are adjustable thermal links (ATLs).

During the cycle we can set κ1, κ3, and κ4 to a range of values to carry off heat as required by

the heat flushes. During a flush between two volumes, heat sent into the higher temperature

volume leaves through two main paths: down the open tube as part of the heat flush or through

the volume’s thermal link to the mixing chamber. For example when we flush from IV2 to SV,

we can decrease the heat load on the mixing chamber by setting the ATL connected to IV2, κ3,

to the low value of 0.0005 W/K. When IV2 is on the lower temperature end of a flush, as in the

flush from the TGT to IV2, a larger conductance is required so that it does not overheat. Here

we switch κ3 to 0.0749 W/K. (See Table A in the Appendix for details on the high conductance

values of the ATLs.)

(c) The conductance between the TGT and the surrounding insulation volume, κ2a, is

dictated by the geometry and material of the measurement cells. It also depends upon the

Kapitza resistance, which can be described as an acoustic mismatch between LHe and a solid

where only a fraction of the phonons in the LHe are transferred to the solid [61]. (For more on

Kapitza resistance, see Section 4.6.) Considering the Kapitza resistance at both the inner and
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outer surfaces of the acrylic cells, as well as the conduction through the walls, we write

κ2a =

(
2RK

A
+

L

kA

)−1

,

where RK is the Kapitza resistance, A the average area of the inner and outer surfaces (both cells

combined), L the cell wall thickness, and k the thermal conductivity of the wall material. We

combine two Kapitza resistance terms in the above expression by assuming a small difference

in temperature between the LHe inside and outside the cell and by taking RK at a single

temperature and using the average area for A. To obtain an approximate RK we use a value

for an Epibond 100A–3He interface at 0.45 K [61]. We take k of PMMA at 0.45 K, as well [33].

With A = 0.378 m2 and L = 0.0127 m, our κ2a = 0.187 W/K.

Measurement Cycle

For simplicity we divide the measurement cycle into three main phases: loading the target,

measurement, and emptying the target. The times required for the heat flushes are set by 3He

transport calculations [30]. The cycle parts, along with their durations, are:

1. Loading the TGT

Polarized 3He is flushed from IV1 to the TGT (30 s).

2. Measurement and cleaning

Once the polarized 3He is loaded into the TGT, the TGT is closed off from the rest of

the system and the measurement phase can begin. During this part of the cycle the rest

of the system is cleaned of any residual 3He which has depolarized over time due to wall

interactions.

(a) Loading neutrons (1000 s)

Several cleaning flushes from IV2 to SV (each 150 s), IV1 to IV2 (50 s), and diffusion

from INJ to IV1 (2 s) overlap with this part.

(b) Spin flip (1 s) and measurement (1000 s)

The TGT remains closed off and the rest of the system is “idle” — all valves are

closed and no flushes are taking place.

3. Emptying the target

After the measurement a flush from the TGT to IV2 (350 s) removes the depolarized 3He

from the TGT. During part of this time period the INJ is filled with polarized 3He which

is then allowed to diffuse from INJ to IV1 (with both volumes at 0.35 K).
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The cycle timing is marked on the plot of TTGT versus time in Figure 3.2. In a more detailed

picture of the cycle there are additional steps where flushes are not occurring as valves are

opened and closed and volumes are pressurized. For these periods of time in the model we use

the “idle” valve settings from Step 2 (b).

3.2 Result of a Run

After setting up the model we run it for 9 cycles and monitor the volume temperatures and

the heat load on the MC. Running for 9 cycles gives the volumes ample time to warm from

T0 and approach their steady state temperatures. Figures 3.2, 3.3, and 3.4 are from a run with

T0 = 0.32 K and κ2b = 0.0824 W/K. With our initial set of parameters the time-average input

power is 14.8 mW. Although this is below the nominal 20 mW budgeted for 3He transport, this

sample run does not meet the requirements on either TTGT or the heat flushes.

TTGT is at 0.45 K for most of the limiting case calculations, though we increase it to 0.458 K

during the 30 second flush from IV1 to the TGT. In Figure 3.2, we observe that TTGT remains

above 0.45 K for the entire cycle, notably during the measurement phase. To explain this we

look to the INS, since the temperature of the LHe in the TGT is regulated by cooling through

the walls of the cell and the surrounding helium bath. With our choices for κ2b and the other

parameters, the limiting case temperatures for TINS throughout the cycle vary from around

0.43 K to 0.49 K. Due to its large heat capacity, the insulation volume responds slowly to

changing conditions and does not reach the limiting case temperatures on the time scale of the

cycle. Instead of rising and falling over a range of 60 mK, TINS values drift in a 4 mK range

around 0.460 K. Since the target cools through the insulation volume, the full 60 mK range of

TINS is required to keep the target at 0.45 K throughout the cycle (or 0.458 K during the flush

from IV1 to IV2).

A clear example of the effect on TTGT is the sharp drop at the start of the flush from the

TGT to IV2 (Part 3 of the cycle in Figure 3.2, t ≈ 2.23 × 104 s). At this point TTGT should

approach 0.45 K. During this flush the TGT should be at 0.45 K and IV2 at 0.40 K for 3He

transport. By the limiting case calculations TINS should be near 0.485 K for the TGT to reach

0.45 K. The slow rise in TINS at this point means that the INS is not warm enough to make up

for the heat lost through the flush to IV2. Therefore TTGT drops and does not recover within

the duration of the flush. Additionally, a TTGT below 0.45 K reduces the heat flush out of the

target, which reaches 5.1 mW instead of the desired 6 mW. Similarly the spike in TTGT during

the flush from IV1 to the TGT (Part 1 in Figure 3.2, t ≈ 2.01× 104 s) lowers the 5 mW flush’s

peak value to 4.3 mW. The other two flushes, IV2 to SV and IV1 to IV2, rise to their limiting

case values by the end of their respective flushes.

The results of this initial run do not meet both of our main goals:
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Figure 3.3: TIV1 (black), TIV2 (red), and TSV (blue) versus time during the ninth 2500 second
measurement cycle.
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Figure 3.4: Heat load on the DR mixing chamber Q̇TOT (red) and input heater power Q̇TOTIN

(black) versus time. Q̇TOT includes the heat to INJ and DUMP.
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1. Keep the heat load on the dilution refrigerator’s mixing chamber . 20 mW.

2. Maintain measurement cycle operating conditions:

(a) Keep TTGT at 0.45 K during the measurement phase.

(b) Heat flushes must reach their limiting case values.

Though TINS and TTGT do not reach their limiting case values, the other volumes reach

their expected temperatures, with slight shifts due to overheating. The heat load on the mixing

chamber in Figure 3.4 differs from the input power in parts of the cycle, as more heat than

expected is going into raising volume temperatures. Again, we can verify that the two curves

follow the same general path, though they are offset.

One additional requirement is that the TGT and INS volumes be close in temperature.

A temperature difference could produce heat flows through the acrylic walls and problematic

concentration gradients in the cells. This temperature difference is strongly influenced by the

conductance of the closed TGT valves. For now we will explore the parameter space with some

heat transfer (possibly exaggerated) through the closed valves. Closed valve conductances are

discussed further in Section 3.5.

We also note that the heat load on the mixing chamber in Figure 3.4 includes terms for the

heat “lost” through INJ and DUMP, since these volumes do not have links to T0 in the model.

An adjusted heat load on the mixing chamber which includes these terms is given by

Q̇TOTADJ = κ1(TIV1 − T0) + κ2b(TINS − T0) + κ3(TIV2 − T0) + κ4(TSV − T0)

+ κF6(TIV1 − TINJ) + κF5(TSV − TDUMP).

The extra terms typically add < 2 mW of power. We are chiefly interested in the time-average

value of the heat load on the fridge. Even with the differences in the individual parts of the

cycle, the time-average of the quantities in Figure 3.4 — the adjusted heat load and input power

— match to within 0.3 mW. In the following we quote the input power as the heat load on the

MC.

Our sample run of the model does not meet the temperature requirements to move the 3He,

so we will adjust parameters to bring the temperatures to their limiting case values. We will

also observe how each parameter affects the time-average heat load on the mixing chamber.

3.3 Parameter Space

We can vary several parameters to meet the requirements on the heat flushes and target oper-

ating temperature. Note that often a change which increases volume response times and heat
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Table 3.1: Heat Load on the DR for Different Mixing Chamber Temperatures

T0 (K) TTGT (K) Q̇TOTIN (mW)

0.28 0.452 18.2
0.30 0.452 16.5
0.32 0.452 14.8
0.34 0.453 13.2

flushes, such as increasing a conductance to the MC, will also increase the total heat load. For

each parameter considered below we begin with the settings from our initial run. Each model

run lasts for 9 measurement cycles to ensure the simulation reaches a steady state cycle.

Changing T0

We first alter the mixing chamber temperature, T0, and observe the effect on the input power

and TTGT. The results are given in Table 3.1.

Although the heat load on the DR is significantly lower with a higher T0, TTGT remains

largely unchanged. At the end of the measurement portion of the cycle (beginning of Part 3,

t ≈ 2.23 × 104), the target temperature is only 0.5 mK higher with T0 = 0.34 K. Our upper

limit on T0 from the required injector temperature is 0.35 K. Also, setting T0 to 0.35 K causes

IV1 to overheat during both the flush from IV2 to SV and diffusion from INJ to IV1. A higher

T0 also requires higher conductances for the ATLs that carry off the heat in certain parts of the

cycle. With T0 = 0.34 K, the highest ATL is κ1 at 0.25 W/K (see Table A in the Appendix for

details).

Conductance Between Insulation Volume and Mixing Chamber (κ2b)

With a larger conductance between the INS and the MC, the insulation volume will have a

smaller time constant and the INS and TGT temperatures more closely approach their limiting

case values. We can see this by increasing κ2b and recording the target temperature at the end

of the measurement segment of the cycle, which approaches 0.45 K as shown in Table 3.2.

Increasing κ2b does decrease TTGT, but at the cost of a much larger heat load on the mixing

chamber. The low κ2b in Table 3.2 is the lowest value that prevents the INS from overheating

during the flush from IV1 to TGT in the limiting case calculations.
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Table 3.2: Target Temperature and Heat Load on DR for Different Values of κ2b

κ2b (W/K) TTGT (K) Q̇TOTIN (mW)

0.0398 0.453 9.0
0.0824 0.452 14.8
0.1592 0.451 25.4

Adjustable Thermal Links Set to High Conductances During Idle Periods

In the sample run of the model the adjustable thermal links (ATLs) are kept at their low-

conductance setting of 0.0005 W/K during the idle parts of the cycle, when no heat flushes are

occurring. If we put these ATLs in their high-conductance setting, there is a drop in TTGT (see

Figure 3.5). At the end of each of the cleaning flushes during Part 2 (a), the temperatures of

IV1 and IV2 relax to their low, idle values faster with the high-conductance ATLs. The IV1 and

IV2 limiting case temperatures, both around 0.34 K, are lower than the target temperature.

When these volumes relax faster, the target cools more through the closed valves that lead to

IV1 and IV2. Maintaining high conductances in the ATLs during the idle parts of the cycle

increases the heat load from 14.8 mW to 16.0 mW.

Conductance Through the Cell Walls to the Insulation Volume (κ2a)

Although κ2a is set by the geometry and material of the cells, if we arbitrarily quadruple the

calculated κ2a, TTGT approaches 0.45 K (Figure 3.6). The higher thermal conductance between

the cells and the surrounding bath brings the TINS limiting case temperatures closer to 0.45 K.

The insulation volume, with its long time constant, will then move closer to reaching its limiting

case temperatures on the time scale of the cycle. This contrasts with increasing κ2b to bring

TTGT closer to 0.45 K where the insulation volume limiting case temperatures remain the same,

but the INS time constant decreases.

The lower INS limiting case temperatures also decrease the heat load by 0.4 mW. There

is a reduction in the increase in target temperature during the flush into the target (Part 1 of

the cycle) and the flush from the target to IV2 (Part 3). There is also a smaller gap between

TTGT and TINS during the measurement. It is instructive to see how a different κ2a value than

expected could impact the ability to cool the apparatus, but it should be noted that altering

κ2a, by changing the size of the measurement cells for instance, has a far greater impact on the

experiment than adjusting a thermal link to the MC such as κ2b.

55



2 2.05 2.1 2.15 2.2 2.25
x 104

0.43

0.44

0.45

0.46

0.47

0.48

t ime (s)

T
T

G
T

(K
)

Figure 3.5: TTGT versus time for ATLs set to low (black) and high (red) conductances during
idle parts of the cycle.
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Figure 3.6: TTGT and TINS versus time for κ2a = 0.187 W/K (black and gray) and κ2a =
0.749 W/K (blue and cyan).
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Figure 3.7: The flush from IV2 to SV, Q̇F3, versus time with low κ3 (black) and high κ3 (red).
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Adjusting Heat Flushes

With our sample set of parameters the heat flushes either do not reach their desired values (IV1

to TGT and TGT to IV2) or take too long to climb to the limiting case values (IV2 to SV and

IV1 to IV2). Looking at the flush from IV2 to SV, if we use the high-conductance ATL setting

on IV2 (the “hot” volume) during this flush, it will decrease the IV2 time constant. A more

rapid rise to the limiting case TIV2 leads to a faster rise in the flush, as in Figure 3.7. Switching

κ3 to its high value for this flush increases the heat load on the MC by 2.4 mW. We can apply

the same method to the flush from IV1 to IV2 by using the high conductance value for κ1. If

these heat flushes need to be boosted further, we could increase the conductances of the ATLs

beyond the values suggested by the limiting case calculations.

The jumps in TTGT make altering the other two flushes more problematic. Using the pro-

cedure above, if we have a high κ1 during the flush from IV1 to the TGT, the flush decreases.

With κ1 set to a low conductance, IV1 exceeds its limiting case temperature during the flush

and is slow to recover. This helps maintain the temperature difference that drives the flush.

With κ1 set to a high value, however, TIV1 decreases to its lower, limiting case value while

the spike in TTGT causes a decrease in the flush. Similarly the flush from the TGT to IV2,

which is affected by the drop in TTGT, is also difficult to increase. Changes to the “hot” end of

this flush are complicated by the TGT cooling through the slow-responding INS. On the other

hand, adjusting the thermal link at the “cold” end, IV2, would mean lowering its value so that

it could not remove the heat should the flush reach its limiting case value.

We can change the standard limiting case calculations to affect these flushes. First we keep

the same conductances from the original limiting case temperatures that represent the open

valve and tubing between the volumes. Then we raise TIV1 by 10 mK in the limiting case

temperatures during the flush from IV1 to the TGT and solve for the heater values. In the

resulting run the flush now reaches the required 5 mW though it still falls short of its new

limiting case value. We can do the same for the flush from the TGT to IV2 by lowering TIV2 by

10 mK and setting κ3 to 0.0985 W/K to keep IV2 from overheating during the flush. Shifting

the temperatures should be checked against 3He transport calculations. For now, we will take

our adjustments as an approximate picture of the temperatures reached and the heat load on

the DR.

3.4 Adjusted Case

Using our model we have found a set of parameters that can be tuned to maintain the desired

operating conditions while reducing the heat load on the DR mixing chamber (see Table A in

the Appendix for the full set). To find an approximate heat load on the MC for a working cycle,
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Table 3.3: Adjusted Parameters and Their Effects on DR Heat Load

Run conditions Q̇TOTIN (mW)

κ2b = 0.0824 W/K 13
High-conductance ATLs while idle to help lower TTGT + 1
High κ3 during flush from IV2 to SV + 1
High κ1 during flush from IV1 to IV2 + 1
κ2b = 0.17 W/K to bring TTGT to 0.45 K during measurement + 11

Total 27

we begin with T0 = 0.34 K, TINJ = 0.35 K, TEVAP = 0.34 K, κ2a = 0.187 W/K and set TIV1 to

10 mK above its usual limiting case value during flush from IV1 to the TGT. We also set TIV2

to 10 mK below its usual value during the flush from the TGT to IV2 (and κ3 to 0.140 W/K

to keep IV2 from overheating). The impact on the heat load on the DR from these changes is

shown in Table 3.3.

With these settings the heat flushes roughly reach their limiting case values. The flushes

from IV1 to TGT and IV2 to SV take time to rise to their limiting case values, as in Figure 3.7.

During the measurement part of the cycle, TTGT is at 0.45 K and stable to 0.1 mK, as shown

in Figure 3.8. There is a 10 mK difference between TINS and TTGT during the measurement.

3.5 Enhancements

Though the settings above roughly achieve the desired operating cycle, we are left with the

following questions:

• How close is the target temperature to 0.45 K and how stable is it during the measurement

cycle?

• Since we are concerned with 3He concentration gradients in the cells, how large is the

allowable temperature difference between TINS and TTGT?

• Is it necessary to mount a heater on the insulation volume surrounding the target?

• Are there additional modifications we could make to increase the model’s accuracy?

Although some of these issues require input from detailed 3He transport calculations, we will

discuss some enhancements to our thermal model that could help address these questions.
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Figure 3.8: TTGT (black) and TINS (blue) versus time with modified parameters.
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Figure 3.9: TTGT (black) and TINS (blue) versus time with closed valve conductances of
0.0001 W/K. (They are set to 0.01 W/K in Figure 3.8).
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Closed Valve Conductances

In the model runs above we used a conductance of 0.01 W/K to represent closed valves. This

value could be lower for the actual valves. To see the impact of a lower value we can use

0.0001 W/K for the closed valves, which is close to the low conductance values of some of

our collaborators’ adjustable thermal link calculations [68]. Figure 3.9 shows the effects of this

change on TTGT with the rest of the parameters from our adjusted case in Section 3.4 and

Table A in the Appendix. The main differences with the lower closed valve conductances are:

• The target is better isolated from IV1 and IV2 during the measurement phase, when it

is closed off from the rest of the system. The “bumps” in TTGT from cleaning flushes

occurring outside of the target in Figure 3.8 do not appear in Figure 3.9.

• With less heat being transferred through closed valves to the TGT, setting the IV1 and

IV2 ATLs to their high conductance values during the idle parts of the cycle does not

significantly change TTGT.

• The difference between TINS and TTGT is greatly reduced, which reduces the potential for
3He concentration gradients in the cells.

Shifting Temperatures

TTGT is still above 0.45 K in Figure 3.9. It also decreases by ∼ 2 mK over the measurement

period. If the closed valve conductances are indeed lower, we would need a large κ2b to decrease

and steady TTGT since there would be less cooling through the closed target valves during

idle periods. Using κ2b alone to accomplish this would greatly increase the heat load. Instead

we could try shifting the temperatures of the flushes into and out of the target to keep the

insulation volume at 0.45 K. By keeping the INS at 0.45 K during these flushes the slow-

responding insulation volume need not vary much in temperature during the cycle. This leads

to greater TTGT stability. Or, instead of new fixed temperatures for the flushes into and out of

the target, one could attempt to keep TINS near 0.45 K by allowing TTGT to drift during the

flushes.

Fine tuning any shifts in temperature during these flushes would require checks against

detailed 3He transport calculations. As a rough estimate, using the lower closed valve conduc-

tances and shifting the temperatures of the flushes into and out of the target by 10–20 mK,

a working cycle could be established with a heat load on the DR of 12–16 mW. The actual

value will depend upon the requirements on TTGT and the impact of shifting the heat flush

temperatures on 3He concentrations.

The actual value for the closed valve conductances could lie somewhere between 0.01 W/K

and 0.0001 W/K. Taking both the low- and high-conductance cases into account, the model
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indicates a working cycle with an approximate range for the heat load on the DR of 12 mW to

27 mW.

Insulation Volume Adjustable Thermal Link

It might be beneficial to make the thermal link between the INS and DR, κ2b, an adjustable

thermal link. With a judicious choice of conductances throughout the cycle, it could be possible

to control the temperature of the insulation volume with greatly reduced INS heater use, or

perhaps even removing the heater entirely. This could significantly reduce the heat load on the

DR. Having an ATL for κ2b has the additional benefit of providing flexibility in dialing in its

value. As indicated by our model, varying κ2b by a factor of 4 has a dramatic effect on the heat

load (see Table 3.2).

Miscellaneous Additions

Aside from the modifications mentioned above, one could make the following changes to increase

the accuracy of the model:

• Use non-fixed temperatures for INJ and DUMP volumes

• Take into account the heat transferred through the walls of the tubes going though the

INS to the TGT

• Implement temperature-dependent conductances

• Include the heat capacity of the LHe in the tubes connecting the volumes

3.6 Results

We have created a thermal model to estimate the heat load on the DR from transporting

polarized 3He in the nEDM apparatus. The model roughly reproduces the required temperatures

and heat flushes with a total time-average heat load of 27 mW. This heat load is within the

proposed heat budget for the DR. We believe that this is an upper bound on the heat required

to transport the 3He, so long as provisions are made to keep the insulation volume surrounding

the target near 0.45 K throughout the measurement cycle, as the slow response time of the INS

can have sizable effects on TTGT and heat flushes into and out of the target.

We have explored various parameters that illustrate the tradeoff between reaching the de-

sired operating temperatures and decreasing the heat load on the DR. We have also proposed

enhancements to the model to increase its accuracy, verify the stability of the target tempera-

ture, and reduce the temperature difference between the TGT and the INS. In its present form
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the model provides suggested values for the thermal links between the mixing chamber and the

various volumes of LHe. In the future it could be used to fine-tune the cooling of the nEDM

apparatus.
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Chapter 4

Superfluid Helium Film Flow and

Vapor Reflux at 0.3 K

In the proposed nEDM experiment there are several volumes of liquid helium at T0 ∼ 0.3 K

with tubes leading to warmer parts of the apparatus, as introduced in Section 1.5. In each

volume a superfluid film creeps up the tube walls, vaporizes, and creates a pressure gradient

which drives the warm vapor back to the liquid surface. The refluxing vapor recondenses and

causes a heat load on the nEDM DR mixing chamber.

Creeping superfluid film itself was hypothesized by Rollin and Simon to explain anomalous

heat flows in early LHe experiments [56]. Figure 4.1 is their depiction of the reflux effect in a

closed cell. Superfluid film flow was also invoked to explain higher-than-expected evaporation

rates from LHe baths. Pioneering experiments on superfluid film flow and vapor reflux in a

closed cell are described in Chapter 2. These were primarily studies at pressures below the

saturated vapor pressure.

Heat transport in a thermal column with bulk liquid in the base has been modeled by

Nacher, Cornut, and Hayden, as detailed in Section 2.3. They tested their model with pure 4He

at T ≥ 0.9 K in tubes with d ≤ 3 mm. We have constructed a thermal column to measure the

heat transport due to refluxing vapor at 0.3 K, the operating temperature of the nEDM DR.

Higher temperatures make for higher vapor pressures and more efficient heat transport. For

sections of tubing near 0.3 K, though, the thermal conductance through the tube walls could

begin to compete with the reflux effect conductance.

In this chapter, we begin by describing the film flow apparatus, thermometers, and the dilu-

tion refrigerator which cools the apparatus to 0.3 K. Then we present our reflux measurements

that test the Nacher et al. model with the base of the cell at T ≥ 0.3 K. Finally we apply the

model to the problem of heat sinking tubes in the nEDM apparatus and removing heat from

above 0.3 K.
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Figure 4.1: Film flow and vapor reflux convective loop from reference [56]. Superfluid film
creeps up the tube walls, vaporizes, and returns to the liquid surface, transporting heat.

Figure 4.2: Reflux measurement apparatus. Cu and SS parts are soft soldered together. The
heater at the top is a 500 Ω metal film resistor. T6–T10 are ruthenium oxide thermometers. z is
the vertical height along the cell.
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4.1 Thermal Column

Our film flow test apparatus, pictured in Figure 4.2, consists of a series of stainless steel (SS)

tubes separated by copper flanges. The tubes have an inner diameter of 0.257′′ (6.53 mm) and

the walls are 0.031′′ (0.79 mm) thick. The base of the cell is attached to a Cu plate which, in

turn, is bolted to the mixing chamber of a DR. The heater at the top is a 500 Ω metal film

resistor epoxied to a Cu tab. The heater has four 36 AWG phosphor bronze leads that connect

to an RS-232 connector mounted on the mixing chamber. A Keithley Model 220A generates the

current through the resistor, dissipated as heater power Q̇. Measured Q̇’s and their associated

uncertainties are described in Section 4.6.

Five Lake Shore RX–102A ruthenium oxide resistance thermometers (RuO2, hereafter short-

ened to RuO) are attached to Cu parts along the cell. They provide temperature profiles for

different heater powers, liquid levels in the cell, and base temperatures to test the Nacher et

al. model [57]. Each RuO thermometer is cleaned, greased with Apiezon N grease, and inserted

into a Cu bobbin. The thermometer’s 32 AWG copper leads are wound around the bobbin and

secured with grease and Teflon tape. Phosphor bronze extensions, also 32 AWG, are attached

to the Cu leads and run from the bobbins to the same RS-232 connector as the heater leads.

The thermometers are numbered S6 to S10, from top to bottom, to match their labels on a

selector switch at the electronics rack. The corresponding temperatures are T6 to T10. An SHE

Model PCB potentiometric conductance bridge measures the conductances.

Before attaching the thermometers to the cell, we cleaned the Cu surfaces and applied a

thin layer of grease to decrease thermal contact resistances. We did the same for the bolted

connections between the cell, Cu base plate, and the mixing chamber. Cu and SS parts in the

cell are soldered together with 63Sn–37Pb solder. The two breakable connections along the tube

are sealed with In o-rings.

Several features are designed to reduce external heat loads on the DR and film flow appara-

tus. The DR and thermal column are housed in a vacuum can. An activated charcoal adsorber

traps residual He exchange gas which would otherwise transfer heat to the contents of the

vacuum can from 4 K. On entering the vacuum can electrical leads are heat sunk at 1.2 K,

0.7 K, and 0.3 K before they reach an RS-232 connector attached to the mixing chamber. The

thermometer and heater leads from the film flow apparatus are heat sunk at the Cu plate which

connects the cell to the mixing chamber. The cell’s helium fill line is also heat sunk at 1.2 K,

0.7 K, and 0.3 K.

In addition to the reduced convective and conductive heat loads, a radiation shield surrounds

the thermal column. The shield is heat sunk at 0.3 K. For an estimate of the radiative heat

load on the cell, we simplify the geometry and calculate the heat transferred between two long

concentric cylinders. The outer cylinder, which represents the Al vacuum can, is 17.5′′ (44.5 cm)
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in diameter, 38′′ (97 cm) in length, and held at 4.2 K. The inner cylinder is 0.319′′ (8.10 mm)

in diameter, 6.5′′ (17 cm) in length, and at 0.3 K. The power transferred between a surface of

area A2 at temperature T2 which encloses a surface of area A1 at temperature T1 is given by

Q̇rad = A1F12σ
(
T 4

2 − T 4
1

)
, (4.1)

where σ is the Stefan-Boltzmann constant and F12 is a form factor based on the geometry [69].

For concentric cylinders,

F12 =
ε1ε2

ε2 + A1
A2

(1− ε2)ε1
, (4.2)

where ε’s are the emissivities of the two materials. SS and unpolished Al have emissivities of

0.1 and 0.07 at 4 K [69]. Plugging these values in, the radiative heat load on the cell from 4.2 K

is ∼ 10−9 W. Our measured background heat load, which will be discussed in Section 4.5, is

well above this level.

4.2 Dilution Refrigerators

Dilution refrigerators provide continuous cooling below 1 K and can reach a minimum temper-

ature of around 2 mK. Extensive details on the history and design of these devices are given

in references [33, 34, 61, 70]. The cooling process, which exploits the heat of mixing of 3He and
4He, was first proposed by H. London in 1951 and refined by London, Clarke, and Mendoza in

1962 [71]. The first working prototype, which reached a base temperature of 0.22 K, was built

by Das, De Bruyn Ouboter, and Taconis in 1965 [72].
3He, with nuclear spin of 1/2, is a fermion while 4He is a spin-zero boson. As such the two

isotopes have very different low-temperature properties. On cooling below ∼ 0.87 K, a mixture

with at least 6.5% 3He will spontaneously separate into two phases [33]. The exact temperature

below 0.87 K at which phase separation occurs depends upon the initial concentration of the

mixture. At a concentration of x ≈ 25%, for example, phase separation occurs near 0.5 K.

The upper, “concentrated” phase is rich in 3He and floats atop the denser, 3He poor, “dilute”

phase. As the temperature is lowered further the concentration of the dilute phase decreases,

but remains above 6.5% even as T → 0. The 3He-rich phase is ∼ 100% 3He.
4He atoms have a lower zero-point energy than 3He atoms, but the two isotopes have the

same closed s shell and attractive van der Waals forces. This means that liquid 4He atoms

will take up less space than liquid 3He atoms. Thus a single 3He atom in liquid 4He will be

closer to, and more strongly bound by, the surrounding atoms than it would be if it were in

pure liquid 3He. Therefore it is energetically favorable for a single 3He atom to be in the dilute

phase. While this is true for one atom, there is a limit to the amount of 3He in the dilute phase

67



11.4 Dilution Refrigerators 473
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Fig. 11.20. (a) Scheme of the inner 3He/4He circuit of a dilution refrigerator
After [573]. (b) Design of the dilution unit of a commercial dilution refrigerator [583]

is driven by pumping the still. The still is heated to about 0.7 K to increase
the e!ciency of the pumping. Because of its higher vapor pressure, 3He is
predominantly evaporated from the liquid, although the 3He concentration
in the liquid in the still is only about 1%. Once it has been pumped, the 3He
is cleaned outside the cryostat in a nitrogen trap before being returned to the
cryostat. Further cleaning often takes place in a helium trap in the helium
bath. Following this step, the 3He enters the vacuum chamber in a capillary
and is precooled at the 1 K pot.

The pressure of the 3He is maintained su!ciently high by using a flow
impedance before the still so that it condenses. After the still, the 3He is
led into the counterflow heat exchanger that consists, in most systems, of
two di"erent types of heat exchangers (see Sect. 11.4.3). The first one is
called a continuous heat exchanger and is normally made of two tubes that
are arranged with one inside the other in a rather complicated manner so
that the interface between the two is as large as possible. The second heat
exchanger consists of several chambers each of which has a dividing wall with
sintered silver attached to it in order to increase the thermal contact area.

Figure 4.3: Dilution refrigerator components and 3He circulation loop from reference [34].
Removing 3He from the still induces 3He atoms in the concentrated phase to cross the phase
boundary in the mixing chamber. Not pictured is the coldplate, a separate pumped volume of
LHe which cools the 3He returning to the concentrated phase.

7.1 Properties of Liquid 3He–4He Mixtures 153
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Fig. 7.3. Cooling power of a 3He evaporation cryostat and of a 3He–4He dilution
refrigerator, assuming that the same pump with a helium gas circulation rate of
5 l s!1 is used [7.9]

up with the following temperature dependence of the cooling power of this
dilution process:

Q̇ ! x!H ! T 2 ; (7.8)

this result is shown in Fig. 7.3.
This substantial advantage of the 3He–4He dilution process, that the tem-

perature dependence of the cooling power is weaker than that of the evapora-
tion process, was only realized after researchers detected the finite solubilityof
3He in 4He even for T approaching absolute zero. Before this experimental
discovery it was believed that the liquid helium isotopes – like other two-
component liquids – have to fully separate into the two pure liquids when the
temperature is low enough to fulfil the third law of thermodynamics, so that
the entropy of mixing is zero for T = 0. Of course, the helium liquids have to
fulfil this law as well, and they can do so even if they do not separate com-
pletely for T " 0 because they are quantum liquids. For T = 0 the 3He–4He
mixtures are in their fully degenerate Fermi momentum ground state for the
3He part (“one 3He particle per state”) and with 4He being superfluid, both
with S = 0, whereas for a classical system, a finite solubility means S > 0.

7.1.2 3He–4He Mixtures as Fermi Liquids

The isotope 4He has a nuclear spin I = 0 and therefore in its liquid state
it obeys Bose statistics. Such a Bose liquid will undergo a so-called Bose
condensation in momentum space at low-enough temperature, and for liquid
4He this corresponds to its transition to the superfluid state at 2.177 K. At
T < 0.5K liquid 4He is almost totally condensed into this quantum mechan-
ical ground state; there are essentially no excitations (phonons, rotons) left.

Figure 4.4: Cooling powers versus T for a dilution refrigerator and a 3He bath cryostat out-
fitted with comparable pumps, from reference [33]. The DR cooling power remains high at low
temperatures due to the finite concentration of 3He in the dilute phase as T → 0.
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imposed by the fact that the 3He atoms are fermions and obey the Pauli exclusion principle.

They fill higher and higher energy levels, which reduces their binding energy until equilibrium

is reached between the dilute and concentrated phases.

The main parts of a DR’s 3He/4He circulation loop are shown schematically in Figure 4.3.

While the DR is running, a volume at the bottom called the mixing chamber contains the phase

boundary. Experiments attached to the mixing chamber are cooled to the base temperature,

≈ 0.3 K for our thermal column measurements.

A volume called the still is connected to the dilute side of the mixing chamber. Because

of the high vapor pressure of 3He relative to 4He, though the liquid in the still has a 3He

concentration under 1%, the vapor is over 90% 3He. A pumping line on the still leads to a room

temperature gas handling system (GHS). Pumping on the still removes 3He from the dilute

side of the mixing chamber. To maintain the equilibrium concentration in the dilute phase, 3He

atoms from the concentrated phase will migrate across the phase boundary. In doing so they

remove heat from the surrounding container and thus provide cooling. This process is analogous

to evaporation, with 3He atoms evaporating across the phase boundary into a superfluid 4He

“vacuum.” Upon its removal from the still the mostly 3He gas goes through the GHS pumps,

is cleaned of impurities by LN cold traps, and then returns to the concentrated side of the DR.

The returning 3He gas is cooled and liquified in a flow impedance heat sunk at 1.2 K. The

coldplate or 1 K pot, not pictured in Figure 4.3, provides the cooling. It is a separate pumped

bath of 4He, located above the still. Though it is inside of the IVC the coldplate is filled from

the surrounding LHe bath. After the returning 3He condenses, the liquid is then precooled by

a series of heat exchangers before it enters the concentrated side of the mixing chamber.

Depending upon the efficiency of the heat exchangers, the returning 3He will be at some

Tex, the temperature at the last heat exchanger before it enters the mixing chamber. Tex > Tmc

and the returning stream imparts heat to the mixing chamber. Following Pobell [33], if cooling

is taking place as 3He atoms migrate from the concentrated to the dilute phase at a molar flow

rate ṅ3, the enthalpy balance for the mixing chamber is given by

ṅ3 [H3,d(Tmc)−H3 (Tmc)] = ṅ3 [H3(Tex)−H3 (Tmc)] + Q̇, (4.3)

where H’s are enthalpies, Q̇ is the cooling power, and subscript d denotes the dilute phase.

Enthalpies in Eq. 4.3 are found by integrating experimental heat capacities. Using the limiting

concentration of 6.6% while calculating the enthalpies, the cooling power is

Q̇ = ṅ3

(
95T 2

mc − 11T 2
ex

)
, (4.4)

with Q̇ in watts and ṅ3 in moles. With ideal heat exchangers there is no heat load from the
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returning 3He (i.e., Tex = Tmc) and Eq. 4.4 becomes

Q̇ = 84 ṅ3 T
2
mc, (4.5)

which is a good estimate of cooling power for a typical DR. Eq. 4.5 also represents the maximum

cooling power attained when operating the DR in one-shot mode by pumping on the still while

stopping recirculation of 3He to the concentrated side. Eq. 4.5 is strictly valid over 5 to 200 mK

and is less accurate at higher temperatures as classical, non-degenerate behavior begins to affect

the dilute stream [70].

Eq. 4.4 implies that efficient heat exchangers are essential for a functioning DR. Setting

Q̇ = 0 yields Tex/Tmc ≈ 3, which is a stringent upper limit on the temperature of the concen-

trated stream before it enters the mixing chamber [34].

The finite concentration of 3He atoms in the dilute phase for T → 0 means that the cooling

power of the dilution process at low temperatures is greater than that of a pumped 3He bath,

which decreases exponentially with T :

Q̇ = ṅ3 (Hliq −Hvap) = ṅ3L ∝ P ∝ e−L/RT , (4.6)

where P is the vapor pressure and L is the latent heat. Figure 4.4 compares cooling powers for

a pumped 3He bath cryostat and a DR with the same gas circulation rate. As T decreases in

a bath cryostat, the rapid drop in vapor pressure makes it increasingly difficult to remove gas.

With this challenge, and including external heating, the lowest temperatures reached using 3He

and 4He bath cryostats are typically ≈ 0.30 K and 1 K, respectively [33].

SHE Dilution Refrigerator

Our thermal column is attached to the mixing chamber of an SHE Model DRI-430 dilution

refrigerator. Figure 4.5 is a diagram of the DR and Figure 4.6 is a schematic of its associated

gas handling system. The 3He concentration of the mixture is around 25%. An Edwards 9B3

oil diffusion pump, backed by an Alcatel 2063H mechanical pump, recirculates the 3He at a

flow rate of 300 µmol/s. At this flow rate the cooling power of a DR with ideal heat exchangers

from Eq. 4.5 is around 2 mW. The cooling power of our DR, as measured during previous

experiments, is ≈ 1 mW at 0.3 K [73].

The following is a brief overview of the DR operating procedure. While running, the cell

and DR are enclosed in an inner vacuum chamber (IVC, also used to refer to the vacuum can

itself), which is surrounded by a LHe bath. The LHe is held in a 7-foot-tall dewar (2.1 m) which

contains a LN shield. There are layers of radiation shielding and styrofoam insulation above

the IVC and LHe bath. GHS pumping lines for recirculating the 3He, evacuating the IVC, and
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Figure 4.5: Diagram of the SHE Model DRI-430 dilution refrigerator from reference [73]. Not
pictured are: (1) The cold plate fill line, which runs to the LHe bath surrounding the IVC.
(2) The film flow apparatus and the Cu plate which attaches it to the mixing chamber. (3) A
radiation shield, which attaches to the still and extends down to just above the mixing chamber.
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Figure 4.6: Schematic of the SHE Model DRI-430 gas handling system from reference [73].
The 3He circulation loop diffusion pump is an Edwards 9B3, backed by an Alcatel 2063H. This
pump removes 3He from the still. Impurities are filtered out by a LN cold trap before the
3He is returned to the DR through the condenser line. The left-most mechanical pump is an
Alcatel 2033, which pumps on the coldplate. Instead of a second diffusion pump, as pictured,
the vacuum can is pumped on with a Leybold TURBOVAC 361 tubromechanical pump backed
by a mechanical pump.
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removing 4He to cool the coldplate enter the cryostat from room temperature, go through the

radiation shields and LHe bath, then penetrate the IVC.

1. Room temperature checkout: Check the cell for leaks, flush it with dry N2 gas a few times,

and evacuate it. After pumping the cell out overnight with a tubomolecular pump (TMP),

close it off at the external gas handling panel. Clean the 3He–4He mixture, also called

the mash, by recirculating it though the LN traps, then pump it into the storage tank.

Ensure that there are no leaks between the DR volumes and the IVC or between the LHe

fill space and the IVC. Record the conductances of all thermometers, heaters, and level

sensors (repeat this periodically throughout the cooldown).

2. Cool to 77 K: Put N2 exchange gas in the IVC for thermal contact between its walls

and contents. Transfer LN into the LHe fill space. Monitor the temperatures at the top

and bottom of the IVC until they reach 77 K. Stop filling and remove any accumulated

LN from the dewar. Check for leaks at 77 K. Fill the dewar’s LN jacket. Replace the N2

exchange gas in the vacuum can with < 1 Torr of He gas. Also admit around 20 Torr of

mash to the DR for thermal contact.

3. Cool to 4 K: Transfer LHe into the fill space slowly, watching the gas flow rate at the

exhaust. Make sure that the transfer tube is pushed to the bottom of the cryostat so that

cryogenic He gas will cool the apparatus as it flows upwards towards the vent. When the

DR temperature approaches 4 K, start pumping the exchange gas out of the vacuum can.

Activate the heaters on the still, mixing chamber, and coldplate for around an hour while

pumping on the IVC to bake out the DR surfaces.

4. Condense the mash: When the LHe level is above the coldplate fill line, begin pumping

on the coldplate; it should cool to ≈ 1.2 K. Send the mash into the DR to condense.

5. Begin recirculation: Start pumping on the still and recirculating the mash. Turn on the

still heater to warm it to 0.7 K. This will increase the vapor pressure and recirculation

rate. The mixing chamber will cool to its base temperature.

6. Operation: Now that the DR is running, begin recording cell temperature profiles while

activating the heater on the thermal column, admitting liquid to the cell, altering the base

temperature, etc. The DR will operate as long as there is enough LHe in the fill space

to reach the coldplate fill line. Fill the dewar LN jacket and LN traps every 24 hours.

Monitor the pressure gauges on the 3He loop for blockages in the DR flow impedances or

the LN traps. Clean the traps and clear blockages as necessary.

During a cooldown Speer carbon resistance thermometers, labeled S1–S5, give temperatures

T1–T5 of the DR components. 470 Ω resistors are attached to the coldplate and still, while three
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100 Ω resistors are on the heat exchangers and mixing chamber. A calibrated Ge thermometer

is also attached to the mixing chamber.

4.3 Thermometer Calibration

The five RuO thermometers along the cell have a room temperature resistance of 1 kΩ. Their

resistance increases with decreasing temperature. RX–102A thermometers are commonly used

over 0.050 K ≤ T ≤ 40 K, but have low sensitivity above ∼ 5 K, as illustrated by the slope

of the R versus T curve in Figure 4.7 and the sensitivity curve shown in Figure 4.8. Our set

of five RuO’s were not calibrated by the manufacturer. RuO thermometers from the same

manufacturer generally have very similar sensitivities, though there may be small shifts in

their absolute resistances. We calibrated the cell thermometers in order to turn our measured

conductances into temperatures and compare them to T (z) curves calculated from the Nacher

et al. model [57]. Throughout this section we will use the thermometer numbering scheme in

Figure 4.2. Thermometers S6–S10 gave conductances that corresponded to temperatures T6–T10.

T6 was the temperature at the top of the cell, T10 the temperature at the base.

Ideally when calibrating the RuO’s there would be no temperature gradient across the cell

and thermometers S6–S10 would be at the same temperature as the calibrated thermometer

on the mixing chamber. Then we would record sets of S6–S10 at a number of different mixing

chamber temperatures. From these sets of conductances each RuO would have its own calibra-

tion curve and function T (R). In practice, however, there were temperature differences across

the cell near 0.3 K, even with the heater off, due to a small amount of background heating (see

Section 4.5). Since the base of the cell was in good thermal contact with the mixing chamber,

we will find T (R) for S10, the RuO at the bottom, and apply the calibration to thermometers

S6–S9.

A factory calibrated Lake Shore GR-200A-30 Ge thermometer was attached to the mixing

chamber. Mixing chamber temperature TMC was supplied by measuring the Ge conductance

and converting it to a temperature with the factory calibration curve. In TMC, we neglected

deviations from the factory curve and errors associated with the PCB measurements.

Our data contains around 150 sets of conductances S6–S10 over 0.28 K ≤ TMC ≤ 5 K. After

converting the conductance S10 to a resistance R10, we have around 150 (TMC,R10) pairs. From

the SHE PCB conductance bridge manual, the uncertainty ∆G in a measured conductance G

is

∆G = ±0.05%G± 0.05%Gmax, (4.7)

where Gmax is the scale on the PCB, in this case 2 m/Ω. Converting ∆G to a resistance yields
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Figure 4.7: Single exponential fit to (TMC, R10 ±∆R10) pairs. The points are the measured
pairs and the curve is the fit using the software package Gnuplot [74]. Signal sensitivity dR/dT
for R10 is greatly reduced above a few kelvin.
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Figure 4.8: Dimensionless sensitivity Sd for thermometer S10 versus T . The solid curve is Sd

calculated directly from R(T ) using Gnuplot fit parameters given in Figure 4.7. The red points
are from multiplying measured pairs of R10 and TMC in (T/R) by dR/dT from the Gnuplot fit.
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pairs of (TMC,R10 ±∆R10). The function

R = a exp

[
b

T c

]
, (4.8)

where and a, b, and c are fit parameters, is often applied to RuO thermometers. Li et al. found

good agreement with Eq. 4.8 for Dale 1 kΩ RuO thermometers over 0.1–2.5 K by setting c

to 1/4 [75]. To fit to all of our measured pairs between 0.3 K and 5 K, we leave c as a free

parameter.

Values of a, b, and c shown in Figure 4.7 are from fitting Eq. 4.8 to the (TMC,R10 ±∆R10)

pairs using Gnuplot [74]. The reduced χ2 for this fit was around 9. With this set of fit parameters,

T (R) from Eq. 4.8 converts measured R10’s into T10’s.

The dimensionless sensitivity of a resistance thermometer is given by

Sd =
T

R

dR

dT
=
d(lnR)

d(lnT )
, (4.9)

where dR/dT is known as the signal sensitivity [76]. Sd for thermometer S10 is shown in Fig-

ure 4.8. Though separated by background heating at 0.3 K, the other RuO’s should have similar

sensitivities, and we use the T (R) from thermometer S10 for S6–S9. In the end, knowing the

exact absolute temperature of each thermometer is less important than looking at temperature

differences between thermometers and across the entire cell as we activate the heater to test

the reflux model.

Jumping ahead we can use data with the base temperature above 0.3 K to see how closely

the five RuO’s agree in temperature. At 0.75 K, the reflux effect is strong and the cell is

isothermal to within a few millikelvin. With the calibration described above and our data at

0.75 K, shown in Figure 4.27, we observed that the temperatures of the five RuO’s were the

same to within ≈ 20 mK. T7 and T10 were consistently lower than T6, T8, and T9. The profiles

in Figure 4.27 were also taken with the liquid level in the cell past thermometer S9. The cell

remained isothermal below the liquid level since the liquid has a high thermal conductivity

and any rise in the liquid temperature at 0.75 K due to Kapitza resistance is minimal (see

Section 4.6).

Each temperature has an associated uncertainty which includes contributions from both the

calibration fit and the thermometer resolution,

∆Ttot =

√
(∆Tfit)

2 + (∆Tres)
2. (4.10)

For the uncertainty in the fit, the Gnuplot results include a ±∆a, b ±∆b, and c ±∆c, along

with a 3 × 3 correlation matrix of the fit parameters. The off-diagonal elements of the matrix
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(b)

Figure 4.9: Conductances S6–S10 versus T from two different cooldowns, (a) before and (b)
after attempts to reduce external background heating. The solid line is the RuO factory curve.
The smaller spread in conductances indicates that background heating was reduced.
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indicate the degree to which changes in a given parameter could be compensated for by altering

the other two. An off-diagonal element of ±1 indicates that two parameters are completely

correlated. Uncertainties in a, b, and c from the fit in Figure 4.7 are all less than 1%. The three

parameters are highly correlated, with correlation matrix off-diagonal terms close to ±1. As

such we estimate the uncertainty using a formula for the maximum uncertainty with completely

correlated variables [77]

∆Tfit ≤
∣∣∣∣∂T∂a

∣∣∣∣∆a+

∣∣∣∣∂T∂b
∣∣∣∣∆b+

∣∣∣∣∂T∂c
∣∣∣∣∆c+

∣∣∣∣∂T∂R
∣∣∣∣∆R, (4.11)

rather than the more commonly used propagation of uncertainty formula

∆Tfit =

√(
∂T

∂a

)2

∆a2 +

(
∂T

∂b

)2

∆b2 +

(
∂T

∂c

)2

∆c2 +

(
∂T

∂R

)2

∆R2 (4.12)

which would underestimate the uncertainty in this case since it neglects covariance terms.

The contribution to the uncertainty from the thermometer resolution, ∆Tres, is given by

∆Tres =

(
dT

dR

)
∆R, (4.13)

where the RuO signal sensitivity, dR/dT , is evaluated using the Gnuplot fit parameters and

∆R is from Eq. 4.7, recast in terms of resistance. Of the two sources of uncertainty in ∆Ttot,

∆Tfit is larger with our data set and fit. For example, at T ≈ 0.3 K, ∆Tfit is around 9 mK

while ∆Tres is only 2 mK. All together, Eq. 4.8, Eq. 4.10, and the Gnuplot fit convert a given

measured RuO conductance into a T ±∆T .

Once again, temperature differences from background heating motivate the use of the S10

calibration for the rest of the RuO’s. Figure 4.9 includes conductances taken at a variety of

mixing chamber temperatures from two separate cooldowns. All of these sets were recorded with

the heater at the top of the cell turned off. Several of the sets at the same base temperature

were taken ∼ 15 minutes apart to ensure that these were steady-state temperature gradients.

Between these two cooldowns we attempted to reduce background heating by adding more

charcoal adsorber to the vacuum can, heat sinking the thermometer and heater leads to the Cu

base plate, and adding the Cu radiation shield to the cell. We also performed a longer bakeout

before operating the DR. These changes greatly reduced temperature gradients across the cell

below 2 K, as evidenced by the smaller spreads in S6–S10 in Figure 4.9. Even after these changes

enough background heating remained at 0.3 K to cause almost a 0.2 K temperature difference

along the cell (see Section 4.5). All of the measurements in the remainder of this chapter were

taken after these steps to reduce background heating.
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4.4 Cell Characterization

Our measurements at different liquid levels, base temperatures, and heater powers test the

Nacher et al. [57] reflux model at T ≥ 0.3 K in a tube with d = 0.257′′ (6.53 mm). To investigate

the heat transport in the cell we address the following questions in Sections 4.5 and 4.6:

• Is the empty cell’s thermal conductance similar to that for a stainless steel tube?

• Does the conductance increase after adding a small amount of liquid?

• How much background heating is there?

• How well do our measurements at 0.3 K match the Nacher et al. model?

• Do the stainless steel walls of the cell influence the temperature gradients?

• On adding more liquid do the temperature profiles agree with the model?

• What role does Kapitza resistance play in the temperatures at the base of the cell?

• Are measurements with the base at 0.5 K and 0.75 K consistent with those at 0.3 K?

• Does the cell have a critical heater power and exhibit the runaway effect?

4.5 Empty Cell Measurements

While cooling down from room temperature to 0.3 K the thermal column was valved off and

under vacuum, as described in the operating procedure in Section 4.2. Once at 0.3 K we recorded

temperatures along the empty cell while activating the heater at the top. Measured T versus

z profiles for several values of Q̇ are shown in Figure 4.10, with the RuO’s located at the z

positions from Figure 4.2. Solid T (z) curves in Figure 4.10 are calculated from

∇zT =
Q̇

kSSA
, (4.14)

where A is the cross-sectional area of the cell and kSS is the thermal conductivity of stainless steel

from reference [61]. The expected curves in Figure 4.10 are non-linear due to the temperature-

dependence of kSS. For temperature differences that are small enough to treat k as a constant

Eq. 4.14 takes the customary form

∆T =
L

kA
Q̇ = R Q̇ =

Q̇

κ
, (4.15)
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Figure 4.10: RuO temperature T versus vertical height z for the empty cell at 0.3 K. From top
to bottom, Q̇ = 100 µW, 50 µW, 25 µW, and 0 µW. Curves are calculated using kSS from the
literature [61].
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Figure 4.11: T versus z for Q̇ = 100 µW for the empty cell (points) and with liquid (triangles).
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where L is length of the object, R the thermal resistance, and κ the thermal conductance. Both

Eq. 4.14 and Eq. 4.15 indicate that temperature differences are proportional to Q̇ and inversely

proportional to k.

The SS sections of the cell determined the temperature gradients since the thermal con-

ductivity of Cu is ∼ 103 larger. There is good agreement in Figure 4.10 between the measured

temperatures and the expected curves. Modest heater powers produced large temperature gra-

dients and the empty cell transported heat similar to a stainless steel tube.

Adding LHe to the cell greatly enhanced its thermal conductance. Figure 4.11 contains two

temperature profiles at the same Q̇, one with liquid in the cell and one without. There was

ample liquid to form a saturated film, but not enough to accumulate an appreciable amount

in the base. Even this small amount of liquid caused the temperature difference from top to

bottom for 100 µW of heater power to drop from ≈ 3 K to 0.3 K. Increased thermal conductance

also caused the cell to respond faster when the heater was turned on and off. The cell’s time

constant was ∼ 3 minutes when empty and only 20 seconds with liquid inside. The observed

heat transport appears to be due to the convective loop set up by film flow and vapor reflux.

Helium gas without this bulk convection does not transport heat well; its thermal conductivity

at 1 K is around a factor of 100 lower than that of stainless steel [33].

Background Heating

In Figure 4.10, the profile with the heater off has a small temperature gradient due to back-

ground heating. Steps taken to reduce this background were discussed in Section 4.3.

We estimated the amount of background heating using the finite element modeling capabil-

ities of the 3D design software SolidWorks [78]. Figure 4.12 includes a simulated temperature

map of our cell with heat entering from 4 K via convection. The heat load due to convection

on a surface at temperature T1 from a surface at T2, where T2 > T1, is

Q̇ = hcA (T2 − T1) , (4.16)

where hc is the convective heat transfer coefficient. In this case, A is the cell’s surface area.

In the SolidWorks simulation T2 was held at 4.2 K and T1 was the temperature at a given

height along the cell. The base temperature in the calculation was set to match the measured

T10 from the Q̇ = 0 profile. We adjusted hc until the temperature at the top matched the

measured T6. SS tube sections and Cu parts were assigned different temperature-dependent

thermal conductivities in the simulation.

Simulated temperatures are compared to the measured background profile in Figure 4.12.

There are two simulated profiles: one for convective heating from 4 K, the other with the heat

coming in at the top of the cell only. The two calculations have comparable heat loads. In the

81



(a)

Û

Û

Û

Û

Û

·

·

·

·

·

0.00 0.05 0.10 0.15
0.25

0.30

0.35

0.40

0.45

0.50

z HmL

T
HK

L

Printed by Mathematica for Students

(b)

Figure 4.12: Background heating from (a) SolidWorks simulation with convective heating coef-
ficient hc ≈ 60 µWm−2K−1 and (b) Temperature profiles: measured at Q̇ = 0 (points), simulated
with heat at the top of the cell (squares), and simulated convective heating (triangles).
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convective case, plugging hc ≈ 60 µWm−2K−1, A ≈ 20 in2, and Tc = 0.3 K into Eq. 4.16 yields

a heat load of 3 µW. With the heat coming in at the top alone, the simulation matched the

measured T6 when Q̇ was set to 2 µW. By Figure 4.12, the measured background temperatures

are closer to those for a cell being heated via convection than for one heated at the top. In

the following section the 3 µW background heat load suggested by the calculation is neglected

when analyzing our reflux temperature profiles for Q̇ ≥ 25 µW at the top of the cell.

As mentioned in Section 4.1, the background heating due to radiation is negligible. The

convective heating from residual He gas between the IVC walls at temperature T2 = 4.2 K and

the cell at temperature T1 ≈ 0.3 K is

Q̇ ≈ 0.02aAP (T2 − T1) , (4.17)

where A is the surface area of the cell in cm2, P is the pressure in the IVC in millibars, and Q̇

is in watts [33]. The factor a is an accommodation coefficient between the surfaces and the He

gas atoms. a is 0.02 for clean metal surfaces and has a maximum value of 1. Using a = 0.02 and

a = 1, along with Q̇ = 3 µW from the simulation, the range of pressures in the IVC to produce

the observed background heating is ∼ 10−5–10−7 Torr. Guckelsberger et al. reported pressures

∼ 10−5 Torr with a charcoal cryopump in their IVC [79].

4.6 Reflux Measurements at T ≥ 0.3 K

Profiles for several different heater powers with a small amount of liquid in the cell are shown

in Figure 4.13. Profiles with 25 µW and 100 µW of heater power are distinguishable from each

other and rise above the background. There was a 0.2 K increase in temperature along the cell

with the heater off. The solid curve in Figure 4.13 is from the reflux model with Q̇ set to 3 µW,

the same heater power from our convective heating estimate for the empty cell in Section 4.5.

Comparing the curve and the Q̇ = 0 measured profile, 3 µW appears to be a reasonable estimate

of the background heat load. The model curve and measured background temperatures should

not necessarily match exactly, as the model assumes that the heat enters at the top of the cell.

The estimated background of 3 µW is small compared to the 25 and 100 µW applied to

the cell in the other measured profiles in Figure 4.13. At the same time, a 0.2 K rise with

the heater off approaches the temperature differences across the helium-filled cell at the larger

heater powers. The relatively small increases in T6 as we increased the heater power are from

the reflux effect transporting heat to the base efficiently.

Measured temperature differences between the top and bottom of the cell, ∆T , for a range of

heater powers are shown in Figure 4.14. The temperature differences across the cell “saturated”

for higher heater powers. Thus the observed background heating did not affect reflux profiles
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Figure 4.13: Temperature profiles with a small amount of liquid in the cell. From top to bottom,
Q̇ = 100 µW, 25 µW, and 0 µW. The approximate background heating curve is calculated from
the modified reflux model with Q̇ = 3 µW.
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Figure 4.14: Temperature difference between top and bottom versus Q̇. ∆T saturates with
increasing heater power.
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Table 4.1: Heater Powers with and without Lead Resistances

Q̇ (µW)

I (mA) Labeled Rleads = 4 Ω Rleads = 0

0 0 0 0
0.222 25 24.6 24.5
0.313 50 48.8 48.6
0.443 100 97.8 97.4
0.543 150 147 146
0.627 200 196 195
0.700 250 244 243
0.767 300 293 292
0.886 400 391 390
1.000 500 499 497
1.250 800 779 776

taken with Q̇ ≥ 25 µW. A few microwatts of power did cause a sizable increase in ∆T compared

to an isothermal cell, but the change in ∆T for 3 µW out of 25 µW is not noticeable. Going

forward, we will neglect background heating and compare measured temperatures directly to

Nacher et al. model curves with the same Q̇.

Heater powers at the top of the cell were set by the current source and heater resistance.

The uncertainty in applied heater power is determined by ∆Rheater, using the PCB conductance

uncertainty from Eq. 4.7, and ∆I, the current source accuracy of around 0.05%. Combining these

uncertainties, ∆Q̇ is negligible compared to 3 µW of background heating. For Q̇ = 200 µW,

∆Q̇ is only 0.3 µW. Even at the highest heater power used in the measurements that follow,

800 µW, the uncertainty is ≈ 1 µW.

There is a small additional correction to the heater power from the resistance of the heater

leads themselves. If we estimate that half of the power dissipated in the leads makes it to the

top of the cell,

Q̇ = I2R = I2

(
1

2
Rleads +Rheater

)
(4.18)

In our apparatus, Rheater ≈ 500 Ω and the resistance of the heater leads from room temperature

to 0.3 K was ≈ 26 Ω. Since the leads were heat sunk at 1.2 K, 0.8 K, and 0.3 K after they

entered the vacuum can, we take Rleads to be a fraction of this, 4 Ω. The small differences in

heater power with and without the leads are shown in Table 4.1. Heater powers throughout

this chapter are stated as rounded values, also given in Table 4.1.
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Measured Profiles and Reflux Model Curves at 0.3 K

Temperature profiles with liquid in the cell for Q̇ = 25 µW, 50 µW, 100 µW, and 200 µW are

shown in Figure 4.15. Base temperatures were all near 0.3 K. Solid curves are calculated from

the modified reflux model, Eq. 2.25:

∇zT = Q̇

( 1

ktubeA

)−1

+

(
1(

5
2 −

µ4
kT

) 128η

πd4

R

L

T 2

P 2

)−1
−1

.

(4.19)

To satisfy the condition that the chemical potential µ is constant with respect to z, P is the

saturated vapor pressure as a function of T . According to the model, film and vapor are in local

thermal equilibrium at all points along the cell. The measured temperatures in Figure 4.15 are

in good agreement with the reflux model curves. (For more on the model itself, see Chapter 2.)

In all of our measurements, T7 was consistently shifted downward from the curve suggested

by T6, T8, T9, and the reflux model calculation. As mentioned in Section 4.3, this is likely an

artifact of applying the calibration from the base thermometer, S10, to the rest of the RuO’s,

which results in ∼ 20 mK differences in temperatures. Though offset, T7 increased along with

Q̇ in a similar pattern to the other RuO’s.

The left term on the right-hand side of Eq. 4.19 is the contribution of the SS tube walls

to the temperature gradient. This distinction matters at the lowest heater powers and base

temperatures, where the pressure is low and there is less refluxing vapor to transport heat.

The original reflux model is compared to this modified version for two different heater powers

in Figure 4.16. When Q̇ = 25 µW, the measured temperatures agree with the modified reflux

model. At the higher heater power, though, there is a steeper temperature increase in the base

of the cell and the temperature profiles from the two versions of the model nearly overlap.

To gain confidence in the agreement between our measurements and predictions from the

reflux model at 0.3 K we performed several consistency checks. First we added known amounts of

liquid to the cell, recording profiles for a range of Q̇’s after each aliquot. The temperature profiles

shifted in the cell, especially affecting the thermometers near the base. Then we increased the

base temperature and verified that the reflux effect is enhanced at higher temperatures. Finally

we measured a critical heater power at which the reflux effect broke down and the temperature

at the top of the cell increased rapidly.

Liquid Levels

Adding bulk liquid to the cell alters the temperature profiles and provides another way to test

the reflux effect. Imagine shifting the model curves in Figure 4.15 to the right so that they

begin at some liquid level h above z = 0. T9 should decrease significantly as the liquid level
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Figure 4.15: Temperature profiles at 0.3 K with enough liquid in the cell to form a satu-
rated film. From top to bottom, Q̇ = 200 µW, 100 µW, 50 µW, and 25 µW. The solid curves,
which agree well with the measured points, are calculated using the modified reflux model from
Eq. 4.19 for the same set of heater powers.
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Figure 4.16: Reflux model curves with conductance through the tube walls (solid) and without
(dashed) for (a) Q̇ = 25 µW and (b) Q̇ = 100 µW. The points are measured temperature
profiles. The term for the conduction through the tube walls alters the profile near the base of
the cell as shown by thermometer S9 in the 25 µW profile.
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Table 4.2: Pressure Measurements and Liquid Levels

Aliquot Pi (Torr) Pf (Torr) Pclose (Torr) nliquid (mol) h (in.) h (cm)

1 758 656 28 0.040 0.28 0.71
2 569 490 42 0.030 1.19 3.02
3 490 432 125 0.016 1.68 4.27

approaches thermometer S9. To verify this we added three aliquots of liquid and recorded a set

of temperature profiles over different Q̇’s for each.

When adding an aliquot, room temperature He gas travels through a 1/16′′ (1.6 mm) ID fill

line from an external gas handling panel to the top of the cryostat, then down through the

cryostat and IVC to the base of the cell. It condenses in the line, which runs through the 4 K

bath of LHe and is heat sunk at 1.2 K, 0.8 K, and 0.3 K. Two dial pressure gauges, with an

internal volume of 1 L, and a 6.4 L tank of He gas are attached to the gas handling panel. To

track how much liquid was added we began by opening the pressure gauges to the tank and

measuring pressure Pi. The tank was then closed off and the He in the gauges was opened to

the cell. Helium condensed in the line and filled the cell until the gauge reached some pressure

Pclose and the cell was closed off from the gauges. We removed the remaining gas at pressure

Pclose from the dials. Finally we measured the pressure in the storage tank with the dial gauges

again, this time as pressure Pf. Using these pressures, the number of moles of He added to the

cell is given by:

nliquid =
(Pi − Pf) (Vtank + Vdials)

RT
− Pclose (Vdials + Vpanel)

RT
, (4.20)

where R is the gas constant and Vtank, Vdials, and Vpanel are the volumes of the He gas tank,

dial gauges, and gas panel tubing, respectively. The left term is the amount of gas removed

from the tank and pressure gauges. From this, we subtracted the remaining He in the dials and

gas panel tubing which was pumped away before measuring Pf. Eq. 4.20 neglects the gas in the

1/16′′ (1.6 mm) tubing between the cryostat and gas handling panel at pressure Pclose since its

volume, approximately 0.01 L, is small compared to the 1 L dial gauges.

From the number of moles added to the cell, the liquid level is given by

h =
nliquidM

ρ (Acell +Atube)
, (4.21)

where M is the molar mass, and Acell and Atube are the cross-sectional areas of the cell and fill
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Figure 4.17: Liquid helium levels and thermometer positions for the first, second, and third
aliquots. The thinner lines indicate the uncertainty in h of ±0.1′′ (2.54 mm).
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Figure 4.18: Temperatures (a) T8 and (b) T9 versus Q̇ for all three aliquots of liquid. For the
second and third aliquots of liquid, the rise in T9 became more linear and T9 “bottomed out.”
The same did not happen for T8, though the liquid level overlaps with the Cu collar on T8’s
flange.
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line. Measured pressures for the three aliquots and liquid levels are shown in Table 4.2. These

h’s are reduced by 0.317′′ (8.05 mm), the height between the bottom of the cell and z = 0.

The first aliquot also fills a 10′′ (25.4 cm) horizontal section of fill line tubing; its liquid level is

adjusted accordingly.

Figure 4.17 shows the liquid levels and thermometer positions at the base of the cell. By

the pressure measurements, the first aliquot remained below thermometer S9, and the third

aliquot was below S8, though it did overlap with the flange’s Cu collar. For a rough estimate of

the uncertainty in the liquid level, ∆h, we note that the scale divisions on the dial gauge were

5 Torr and we did see some variation in the gas panel tube volumes suggested by pressure drops

from aliquot to aliquot. For a conservative estimate the pressures in Eq. 4.20 were measured

to the nearest 2.5 Torr and the volumes are known to ∼ 10%. Propagating these uncertainties

though Eq. 4.20 and Eq. 4.21, ∆h ≈ ±0.1′′ (2.54 mm), as marked in Figure 4.17.

Measurements of T8 and T9 at different heater powers are shown in Figure 4.18. As the liquid

level approaches a thermometer, its temperature decreases as the steep rise in the temperature

profile “hits” the thermometer at a lower point. Thus T8 and T9 provide information on the

liquid levels which we can compare to the liquid levels suggested by the pressure measurements

(Table 4.2 and Figure 4.17).

Beginning with T9, its response to heating changed when it was under liquid. For the first

aliquot in Figure 4.18, temperatures rose quickly at low heater powers and then saturated,

similar to the temperature difference from top to bottom in Figure 4.14. In the second and

third aliquots T9 versus Q̇ was more linear. The temperatures were very close in the second and

third aliquots and were closer still when adjusted for small differences in base temperatures. It

appears that at a given Q̇, T9 “bottomed out” once S9 was under liquid. This indicates that

T9 versus Q̇ in Figure 4.18 supports the liquid levels suggested by pressure measurements – the

liquid was below S9 for the first aliquot, but above S9 for the second and third aliquots.

Conversely, the similar non-linear rise in T8 versus Q̇ for all three aliquots suggests that

S8 was not under liquid after the third aliquot. This is at odds with the liquid levels from

pressure measurements, which show the level for the third aliquot overlapping with a presumably

isothermal Cu collar. Heat transfer between the Cu collar and SS tube, however, could be

complicated by thermal contact resistance from the solder, which is superconducting below

∼ 7 K. The thermal conductivity of a superconducting solder joint below 1 K is a just few

times larger than that of glass [80]. Perhaps a temperature gradient developed along the SS

underneath the collar though the Cu collar itself was isothermal. In support of this the measured

empty cell profiles in Figure 4.10 match up well with curves using kSS from the literature, even

though the calculation does not take isothermal Cu sections into account and assumes an

uninterrupted SS tube.

Measured temperature profiles for the first aliquot of liquid are shown in Figure 4.19. The
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Figure 4.19: Temperature profiles at 0.3 K with the first aliquot of liquid in the cell. From
top to bottom, Q̇ = 200 µW, 100 µW, 50 µW, and 25 µW. Solid curves are calculated using
the modified reflux model from Eq. 4.19. The vertical band indicates the liquid level h, ±0.1′′

(2.54 mm).
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Figure 4.20: Temperature profiles at 0.3 K with the first aliquot of liquid in the cell for
Q̇ = 100 µW. The dashed curves from the model with h = 0.28′′±0.1′′ (h = 7.1 mm±2.5 mm)
remain within the error bars on the measured temperatures.
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Figure 4.21: Temperature profiles at all liquid levels for heater powers of (a) 25 µW and (b)
200 µW, along with reflux model curves. Vertical lines indicate the liquid levels for each aliquot.
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calculated reflux curves are adjusted to begin at z = 0.28′′ (7.1 mm), per the liquid level in

Table 4.2. Model curves and measured profiles are in good agreement, indicating that the liquid

level suggested by the temperature profiles is consistent with the level estimated from room

temperature pressure measurements. Reflux model curves at different h’s with the first aliquot

and Q̇ = 100 µW are shown in Figure 4.20. Curves with h ≈ ±0.1′′ (2.54 mm) fit within the

error bars of the measured temperature profile. Since the temperature measurements are not

sensitive to 0.1′′ (2.54 mm) uncertainties in height, we will omit error bars on the liquid levels

in subsequent plots.

Figure 4.21 shows temperature profiles for two particular Q̇’s at all four liquid levels: the first

small amount of liquid and all three aliquots. Again, the liquid levels from measured pressures

set the starting z of the reflux model calculations. The model curves are close to the measured

temperature profiles, especially for Q̇ = 200 µW. This is further evidence that thermometer S8

was not under liquid after the third aliquot, despite the liquid level from pressure measurements

overlapping with the Cu collar.

Above the liquid level the reflux effect determined the temperature gradients and changes

in T8 and T9. Below the liquid level we might have expected the liquid to remain at the base

temperature due to its high thermal conductivity. For both values of Q̇ in Figure 4.21, after

the first aliquot T9 was under liquid and remained near the same value in the second and

third aliquots. The T9’s were, however, above T10 and the temperature difference between T9

and T10 increased with Q̇. The difference between these two thermometers could indicate a

temperature difference between the LHe and the Cu base caused by Kapitza resistance, which

will be discussed in detail in the next section. Anticipating this effect, in Figure 4.21 we set

the base temperature in the reflux model to T9 instead of T10 for the second and third aliquot

curves.

Finally, increasing the vapor pressure inside the cell via heating did not create enough of a

pressure difference to force an appreciable amount of liquid out of the cell. The heater power

required to raise the pressure enough to push h down by only 0.1′′ (2.54 mm) is well above the

DR cooling power.

Kapitza Resistance

In the second and third aliquot profiles in Figure 4.21, though liquid is above thermometer S9,

∆T = T9−T10 at the base of the cell increases with Q̇. Thermal resistance between the LHe and

the Cu base could cause a rise in the liquid temperature Tliq relative to the base temperature

T10. We want to determine whether these differences in liquid and base temperature could

explain the measured ∆T ’s between T9 and T10.

The following is a brief introduction to Kapitza resistance, the thermal boundary resistance
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474 11 Cooling Techniques

This type of heat exchanger is called a step heat exchanger. After passing
through the heat exchangers the 3He enters the mixing chamber. The return
line to the still starts in the mixing chamber below the phase boundary in
the 4He-rich phase. On the way back to the still, the cold mixture again flows
through the heat exchangers and in this way precools the incoming 3He.
Pumping the still results in a concentration gradient and, in turn, to an
osmotic pressure that causes 3He to flow from the mixing chamber to the
still. This is, of course, only possible if 3He atoms cross the phase boundary
in the mixing chamber, which leads to cooling. With this method, typically
base temperatures of about 5 mK can be produced. The lowest temperature
obtained with a dilution refrigerator is 1.5 mK [584].

11.4.3 Problem of the Thermal Boundary Resistance

A special problem in constructing a dilution refrigerator is the enormous
di!erence in acoustic impedance between liquid helium and solids. This dif-
ference in impedance leads to large thermal resistances at the boundaries
between liquid helium and the metals that are used in the heat exchanger or
in the mixing chamber. This phenomenon is called Kapitza resistance [585].
One can mitigate this problem by enlarging the helium–metal contact in-
terface. Before discussing how this is realized technically, we shall briefly
consider, in the following section, the theoretical background of this e!ect in
the framework of a simple model.

Kapitza Resistance

In the so-called acoustic mismatch model, which was first introduced by Kha-
latnikov in 1952 [586], the fraction of phonons that can pass from one material
to the other despite the refraction taking place at the contact interface due
to the di!erent acoustic impedances is calculated. A sketch of the situation
at the boundary is shown in Fig. 11.21.

A crucial quantity in these considerations is the critical angle of total
reflection. Using Snell’s law of refraction

!l

!s

Phonon

Liquid He

Solid state

Fig. 11.21. Schematic illustration of
the transition of a phonon from liquid
helium into a solid

Figure 4.22: Phonon transmission between LHe and a solid from reference [34]. αl is the incident
phonon’s angle and αs is the angle of the transmitted phonon. Few phonons cross the boundary
due to the small critical angle and acoustic mismatch between the liquid and the solid.
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Figure 4.23: Measured ∆T = T9 − T10 versus Q̇ (solid points) and ∆T = Tliq − T10 versus
Q̇ (open), the latter estimated using the Kapitza resistance for polished Cu–4He from the
literature.

96



between LHe and a solid. For more information see references [33–35, 61]. At the solid–liquid

interface heat is transported across the boundary via phonons, as depicted in Figure 4.22. At

low temperatures there is a pronounced acoustic boundary mismatch between the phonons in

the liquid and the solid. An estimate of the number of transmitted phonons begins with Snell’s

law
sinαliq
sinαs

=
vliq
vs

, (4.22)

where the α’s are angles, v’s are phonon velocities, and subscripts liq and s correspond to

the liquid and solid states. Phonons with angles of incidence above a critical angle αc are

reflected internally and do not cross the boundary. For typical values of vliq ≈ 238 m/s and

vs ≈ 3000 m/s, αc ≈ 5◦. Transmission is reduced further by differences in acoustic impedance

between the liquid and the solid, which are related to their densities. In the end, for a Cu–
4He interface, only ∼ 10−5 of the incident phonons make it across the boundary. The power

transmitted through the interface is

Q̇ =
A
(
T 4
liq − T 4

s

)
S

, (4.23)

where A is the contact area and S is a material-dependent factor which has units of K4m2W−1.

S is related to the Kapitza resistance by S = RKAT
3, with RK in K/W. Experimental results for

different materials are often presented as S versus T curves. For small temperature differences

(∆T � T ),

RK =
∆T

Q̇
, (4.24)

where ∆T is the temperature difference between liquid and solid. Because our measured tem-

perature differences are up to 0.1 K with the base of the cell at 0.3 K, we will use Eq. 4.23 to

calculate expected ∆T ’s.

Acoustic mismatch theory indicates that RK falls off as T−3. This agrees with data in the

literature for T < 0.1 K [81]. Above 0.1 K, however, Kapitza resistances are lower than acoustic

mismatch predictions. If single-particle excitations in the liquid are included along with the

collective excitations, there is a better match in temperature dependence between theory and

experiment [81]. In both temperature regimes, RK decreases with increasing T .

To generate the expected temperature differences between the liquid and the Cu base in

our cell due to Kapitza resistance, we set Ts in Eq. 4.23 to measured T10’s and solve for Tliq

at each Q̇. S as a function of T is taken from the literature for an electropolished, annealed

Cu and 4He interface, and evaluated at the average temperature [61, 82]. Kapitza resistance is

very sensitive to differences in surface preparation; it decreases for materials with lower surface

strain and damage [81]. We multiply the calculated ∆T ’s by a factor of 3 to correct for the fact
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Figure 4.24: ∆T versus Q̇ for base temperatures of 0.3 K (circles), 0.5 K (triangles), and 0.75 K
(squares), (a) estimated using Cu–4He Kapitza resistance from the literature and (b) measured.
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that our Cu base was not specially annealed or polished.

Calculated and measured ∆T ’s versus Q̇ at 0.3 K are shown in Figure 4.23. The displayed

values were recorded with the third aliquot of liquid in the cell. With the factor of three increase

the calculated and measured values are ≈ 3–7 mK apart, with the exception of the Q̇ = 0 points.

The 20 mK difference in the measured points at Q̇ = 0 is the small offset from applying the S10

calibration to S9 (see Section 4.3). Regardless of their absolute values both sets of ∆T ’s exhibit

a similar dependence on Q̇.

As an aside, ∆T ’s from the second aliquot with the base at 0.3 K are very similar to those

in Figure 4.23 from the third aliquot, even though the liquid level is 0.5′′ (1.3 cm) lower. This

implies that the temperature differences are dominated by Kapitza resistance between the LHe

and Cu at the base of the cell rather than resistance between the LHe and the SS tube walls.

Returning to measurements taken with the third aliquot of liquid in the cell, Figure 4.24

contains calculated and measured ∆T ’s versus Q̇ for base temperatures of 0.3 K, 0.5 K, and

0.75 K. Measured and calculated points follow the same pattern – the temperature differences

are reduced, as is the Kapitza resistance, at higher base temperatures. The 20 mK offset from

RuO calibration at Q̇ = 0 persists at the higher base temperatures.

Judging from the agreement between calculated and measured ∆T ’s in Figure 4.24, it is

plausible that the observed temperature differences were caused by Kapitza resistance and that

T9 ≈ Tliq. When comparing calculated T (z) curves to measured profiles from the second or

third aliquot, we are justified in setting the reflux model base temperature to T9 instead of T10.

Revisiting our comparison between the model curves and the measured temperatures with

the first small amount of liquid (Figure 4.15) and with the full first aliquot (Figure 4.19), we

note that the model curve base temperatures were set to T10. For these liquid levels below

thermometer S9, T9 is determined by the reflux effect and does not provide information on Tliq.

Adjusting for the observed temperature differences due to Kapitza resistance at higher liquid

levels, these profiles are likely for liquid temperatures over a range of base temperatures from

0.3 K to 0.4 K.

There is a great deal of overlap for reflux model curves which have different base tempera-

tures, but are at the same heater power. As such, although the model curves in Figure 4.15 and

Figure 4.19 have T0 ≈ 0.3 K, we could increase the base temperatures by 20 mK to 100 mK

and the curves would still agree with the measured profiles. Thus we have verified the reflux

model over base temperatures of ≈ 0.3 K to 0.4 K.

Higher Base Temperatures

Measured temperature profiles for base temperatures of 0.3 K, 0.5 K, and 0.75 K with the third

aliquot of liquid in the cell are displayed in Figure 4.25. The base temperatures in the reflux
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Figure 4.25: Temperature profiles with the third aliquot of liquid at base temperatures of 0.3 K,
0.5 K, and 0.75 K for (a) 25 µW and (b) 200 µW. Curves are from the modified reflux model.
Temperature profiles flatten out due to the stronger reflux effect at higher base temperatures.
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model curves are set to T9 to account for the increase in Tliq from Kapitza resistance. Two

separate effects appear across the different base temperatures in Figure 4.25:

1. Below the liquid level (T9 and T10): For Q̇ = 200 µW, ∆T = T9 − T10 decreases at higher

base temperatures as RK decreases. This is another way to visualize the change in ∆T at

a given Q̇ from Figure 4.24.

2. Above the liquid level (T6–T8): As the base temperature is increased, the vapor pressure in

the cell rises and the reflux effect transports heat more efficiently. Recall that the effective

thermal impedance in Figure 2.9 predicts that a 3 mm ID tube at 0.8 K readily transports

heat, acting as a heat pipe. At 0.5 K and below the effective thermal impedance is greater

and comparable to that of a Pyrex tube. The measured profiles in Figure 4.25 flatten

out at higher base temperatures such that the upper section of the cell is isothermal at

0.75 K, aside from shifts due to thermometer calibration.

Critical Heater Power

As introduced in Chapter 2, the cell has a critical heater power at which the film is evaporated

too quickly to be replenished by flow up the walls. At this point the flow of refluxing vapor is

interrupted and the temperature at the top of the cell rises dramatically. Critical heater power

is given by Eq. 2.26:

Q̇c = (L+ TS)ρV̇ , (4.25)

where V̇ is the volumetric flow rate of the film. From this expression, measuring Q̇c for a closed

cell also determines a value for V̇ . The runaway effect provides two consistency checks: firstly we

want to measure Q̇c and observe the breakdown of the reflux effect as reported in experiments

on closed cells below the saturated vapor pressure (see Section 2.3). Secondly we can compare

the resulting V̇ to values from film flow transfer rate experiments.

Transfer rate experiments in the literature often consist of measurements of liquid levels as

superfluid film flows between beakers made from glass, stainless steel, or other materials. The

volumetric flow rate in such experiments, from Eq. 2.10, is

V̇ =

(
ρs

ρ

)
2πRvcdfilm, (4.26)

where R is the radius of the beaker, vc is the critical velocity, dfilm the thickness of the film,

and ρs and ρ are the superfluid and total densities, respectively. Often the densities are omitted

from this expression since ρs ≈ ρ below 1 K. The exact form of dfilm may differ between open

beaker experiments and a closed cell. In the cell, gravity tends to thin the film with increasing

z, while higher temperatures cause it to accumulate at the warm end. In their calculations of
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film thickness for the same 3 mm tube from Figure 2.9, Nacher et al. estimate that gravity

controls the film thickness for T > 0.7 K [57]. Assuming a similar stabilizing effect in our cell,

we measured the transfer rate at 0.75 K for comparison with values from beaker experiments.

Many factors influence reported transfer rates. Daunt and Mendelssohn’s seminal work on

flow rates verified that the transfer rate in a beaker is limited by the section with the smallest

perimeter, as in Eq. 4.26 [42]. Consequently many experiments quote results in film transfer rate

per unit perimeter. For example, rates over glass per unit perimeter versus T from Hebert et al.

are shown in Figure 4.26 [83]. The flow rate is 0 at Tλ and increases with decreasing temperature

until it flattens out somewhat around 1.2 K. Enhanced flow rates in this temperature regime

are from ρs/ρ increasing as more of the LHe enters the superfluid state [83]. Below 1.2 K, the

liquid is almost all superfluid and further increases in transfer rate must be contained in the

product vcdfilm. In their measurements of transfer rates and film thickness Crum et al. found

that the thickness is roughly constant below 1 K and attributed the increasing transfer rate

to an increasing critical velocity [84]. This is consistent with our picture of film thickness in a

beaker from Chapter 2, where dfilm is determined by the balance between gravitational and van

der Waals forces between substrate and wall.

Transfer rates in beaker experiments can vary widely based on experimental conditions. Sur-

face roughness, substrate material, and contamination all influence film flow. Smith and Boorse

tested a variety of substrates including Al, Cu, Ni, and SS and found little variation in transfer

rates due to the substrate material [85]. This agrees with theoretical calculations of van der

Waals forces between the material and the film which predict similar film thicknesses for dif-

ferent substrates [86]. Smith and Boorse also examined surface finish and found 10–20% higher

transfer rates for rough surfaces [87]. The largest increases in transfer rate, though, arise from

contamination of the substrate with other atoms, most commonly adsorbed air. Contamination

can occur either from residual gasses left in the apparatus before it is cooled down or through

impurities in He gas admitted to the experiment. Transfer rates up to 10–20 times larger than

those for clean surfaces have been reported with contaminated surfaces [87–89]. Contamination

caused confusing differences in rates between early, ostensibly similar, experiments, as seen in

the higher rate curves in Figure 4.26. The exact mechanism that causes increased film flow over

substrates with layers of solid air is not well understood. Modifications to the van der Waals

force alone do not explain the observed increases in flow rates [35].

Exactly how much, if any, contamination was present in our cell is unknown. After assem-

bling the parts, we cleaned the cell with acetone and isopropanol before attaching it to the DR

mixing chamber. Then the cell was flushed with nitrogen gas and pumped out thoroughly with

a turbomolecular pump before it was closed off and cooled down. We also flushed and pumped

out our small He storage tank, but did not filter the industrial purity He gas before sending it

into the cell. There could indeed have been an amount of adsorbed air or N2 that increased the
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Figure 4.26: Measured film flow transfer rates per unit perimeter versus T in a glass beaker
from reference [83]. The star marks our transfer rate extracted from a measurement of the cell’s
critical heater power. The higher rates in the curves marked “Waring” and “Ambler and Kurti”
are thought to be due to substrate contamination.
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maximum transfer rate in the cell. Enhanced transfer rates at Q̇c are not problematic for our

reflux measurements since the film flow rate is driven by evaporation at heater powers below

Q̇c, as in Eq. 2.17.

Figure 4.27 is a series of our measured temperature profiles at 0.75 K, recorded with the

third aliquot of liquid in the cell. Q̇ was set to 25 µW, 200 µW, and 500 µW, then increased

to 800 µW. The lower heater power profiles were nearly isothermal, though there were the

aforementioned ≈ 20 mK differences in temperature from applying the S10 calibration to the

other RuO’s. The reflux effect transported heat efficiently in the upper part of the cell until the

heater power was set to 800 µW. At this point the temperature started heading upward within

30 seconds and reached 2.7 K after a few minutes. When we turned the heater off, or set it to

a lower heater power, the temperature returned to ≈ 0.75 K.

To get a closer fix on Q̇c we started with the current source set to I = 1.00 mA, which is

equivalent to Q̇ = 500 µW, and increased the current in 0.05 mA steps. S6 was steady over

1.00 mA to 1.15 mA. At 1.20 mA there was a slow rise in temperature, then T6 went up rapidly

after 1 minute. Repeating the test runaway occurred within 30 seconds of switching directly

from 1.10 mA to 1.25 mA. In the equivalent heater powers, T6 was steady over 500 µW–610 µW

and started upward with Q̇c’s around 730 µW and 800 µW. Our measurements confirm the

breakdown of the reflux effect in the cell with a critical heater power ≈ 730 µW to 800 µW.

Using Eq. 4.25, the volumetric film flow rate for Q̇c = 730 µW is V̇ ≈ 3 × 10−4 cm3/s.

Converting this to a transfer rate per centimeter of perimeter gives 14 × 10−5 cm2/s. This is

within a factor of 2 of the transfer rate on glass from Hebert et al. in Figure 4.26, which is

7.5× 10−5 cm2/s at 0.75 K [83]. The measured transfer rate agrees with the curves from other

experiments in Figure 4.26 whose increased rates were likely due to contamination. Our value

is also comparable to Crum et al.’s of 11.5 × 10−5 cm2/s over stainless steel at 0.75 K. Their

apparatus had a smaller distance between bath and beaker lip than Hebert et al.’s, which led

to thicker films and increased transfer rates apart from the relatively small difference in rates

over SS versus glass.

Q̇c for the cell can be estimated directly using Eq. 4.25 with approximations from the

literature for film thicknesses and critical velocities. From Pobell [33], a typical vc is 30 cm/s,

and the film thickness a distance h above a bath is

dfilm ≈ 30h−1/3, (4.27)

with h in centimeters and dfilm in nanometers. With LHe properties at 0.75 K and the dimensions

of our cell, Eq. 4.25 gives Q̇c ≈ 230 µW. An alternative estimate comes from using

vcdfilm = 1.25× 10−4 cm2/s, (4.28)
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Figure 4.27: Temperature profiles with the third aliquot of liquid in the cell and the base at
0.75 K. Panels (a) and (b) are the same profiles on different scales to show the runaway in
temperature at the top of the tube for Q̇ = 800 µW (top profile). The other profiles from
bottom to top, Q̇ = 25 µW, 200 µW, and 500 µW, are essentially isothermal though there are
≈ 20 mK shifts from thermometer calibration.
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reported for films around 1 K with dfilm between 2 nm and 35 nm [90]. Plugging this into

Eq. 4.25, Q̇c = 700 µW. As described above, actual film flow rates and critical heater powers

may be a factor of 10 larger than predicted values depending upon surface contamination,

surface roughness, etc. Our measured Q̇c of 730 µW to 800 µW is consistent with both of these

estimates.

Reflux Measurements Summary

We have verified the modified Nacher et al. reflux model over 0.3–0.4 K in a cell with d = 0.257′′

(6.53 mm). Conduction through the tube walls competed with the reflux effect over a short

section at the base of the cell for the lowest heater powers and base temperatures. When the cell

was empty the temperature gradients at different heater powers resembled calculated curves

for a stainless steel tube. Condensing a small amount of liquid in the cell greatly increased

the thermal conductance. Adding known amounts of liquid to the cell altered the measured

temperature profiles, matching predictions from the reflux model. When the liquid was above

thermometer T9, the temperature differences between T9 and T10 agreed with Kapitza resistance

estimates. At base temperatures of 0.5 K and 0.75 K the reflux effect transported heat more

efficiently and the temperature gradients were smaller. With the base at 0.75 K we observed a

large increase in the temperature at the top of the cell for a critical heater power in the range

of 730 µW to 800 µW. The superfluid film flow rate in the cell was comparable to rates in glass

and SS beaker experiments.

4.7 Heat Sinking Tubes in the nEDM Apparatus

The model and results discussed above can be applied to heat sinking tubes in the nEDM

apparatus. As described in Section 1.5, several volumes in the experiment have a free surface

of LHe at 0.3 K and a tube which leads to warmer parts of the apparatus. Adding orifices to

these tubes could reduce the amount of heat transported to the DR mixing chamber. The reflux

model can be modified to suggest orifice locations, diameters, and temperatures. Consider the

cell in Figure 4.28 with an orifice of diameter dorifice at some height h1. A heat load Q̇ from

warmer parts of the apparatus enters at the top. Heater power Q̇0 is transported to the mixing

chamber while Q̇1 is removed at the orifice such that

Q̇ = Q̇0 + Q̇1. (4.29)

Without an orifice the reflux effect provides a high conductance path to T0. Adding an orifice

reduces the heat transferred to T0 in several ways:
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the expected temperature at the top of the tube for a given Q̇. Alternatively, if we heat sink the orifice at a known

T1 and then measure a T2, the model gives Q̇, Q̇1, and Q̇2. The desired T1 and T2 will also determine the dimensions

of the tube and orifice.

Restrictions on the parameters come from a variety of sources: apparatus dimensions, required pumping conductance

through the orifice, expected heat loads at the top of tube, the amount of heat which can be removed by orifice, and

suitable orifice temperatures based on DR operation. Table I contains more information on each parameter. The

series of T versus z plots referenced in Table I are for tubes that are 100 in diameter, 800 long, and have a 3 mm orifice,

unless otherwise noted. T0 is 0.3 K, vertical dimension z is equal to 0 at the liquid surface, and the orifice is at z = 400.

Note that some of the profiles do not include a heat sink at temperature T1 (Q̇1 = 0 or, equivalently, Q̇ = Q̇0).

We have explored the parameter space in Figures 3–6. Figure 7 is single sample profile choosing Q̇0 = 50 µW and

setting Q̇ = 300 µW. The other 250 microwatts are removed at T1. The heat sink temperature T1 = 0.484 K and the

temperature at the top of the tube T2 = 0.585 K.

To ponder:

1. How much heat can be removed at the 50 mK plate? What is the temperature at the 50 mK plate with the MC

around 300 mK?

2. Find Q̇c for the upper section of tubing (reduced due to reduced film flow, though keep enhancement of 3–10x

in mind). Is the heat that can be removed at the 50 mK plate comparable to Q̇c, upper? Note that reaching the

critical heater power will make the upper section a poor thermal conductor, which is desired. Expect heater

power up to Q̇c to still be delivered to Q̇1 and Q̇0 in this case.

3. Is it OK to use the factor of d/dorifice in Eq. 5? If we just multiplied Eq. 3 by dorifice/d and plugged it in, the

reduced film flow would enhance thermal conductance. Do we need to account for the film leaving the lower

section through the orifice in the lower reflux calculation (or do we lump this in with neglecting gas flow through

the orifice when we separate the top and bottom calculations)?

4. What does the XRS paper have to say about film flow through an orifice or the temperature di↵erence at the

orifice? How does the product vcd
0 a↵ect V̇orifice?

TABLE I: Model Parameters

Parameter Comments Figure

Q̇0 Heat load on DR mixing chamber. Set this to the desired maximum heat load to T0.

Increasing Q̇0 increases T1, but does not have a large e↵ect on T2.

3

Q̇1 Heater power at orifice from Eq. 1. Q̇1 is limited by how much the heat sink can

remove as well as the critical heater power in the upper section of the tube.

–

Q̇ Heater power at the top of the tube from warmer parts of the apparatus. For a given

Q̇0, larger Q̇’s will produce higher T2’s.

4

dorifice Orifice diameter. As the diameter is increased, T2 decreases and the temperature

profile approaches the profile with no orifice. Smaller orifices reduce the thermal

conductance of the tube, but at the cost of reduced pumping conductance.

5

h1 Vertical position of the orifice. h1 a↵ects both T1 and T2. 6

h2, d Tube length (h1 + h2) and diameter. Thermal impedance in the reflux e↵ect scales

as ⇠ 1/d4. Longer tubes will have higher T2

–

Figure 4.28: Thermal column with an orifice located at height h1. A generic heat load Q̇ from
warmer parts of the apparatus enters at the top. Heater power Q̇1 is removed at the orifice,
which is heat sunk at T1. Q̇0 is the heat load on the DR mixing chamber at T0. The orifice
restricts the flow of warm refluxing vapor to T0 as well as the film flow to the upper section of
the tube.
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1. The smaller diameter limits film flow to the upper section of the tube since V̇ is propor-

tional to tube diameter d. Additionally, the critical heater power in the upper section of

the tube is reduced because Q̇c ∝ V̇ .

2. Flow of warm refluxing vapor to T0 is restricted.

3. The orifice can be heat sunk, and some of Q̇ can be removed, at warmer temperature T1

where there is more cooling power.

To use the reflux model for the cell with an orifice, we split the tube into two sections and

do two reflux calculations. To simplify things, since dorifice � d, the reflux calculations for the

upper and lower sections are completely separate, outside of sharing temperature T1 at the

orifice. Therefore the lower calculation does not explicitly include film flowing to the upper part

of the apparatus. Likewise the refluxing vapor entering the lower part of the tube from above

is considered negligible.

In the lower section of the tube the film flow rate is driven by evaporation at the orifice.

From Eq. 2.17,

ṅ4 = −Q̇/L, (4.30)

where L is the latent heat. Assuming the orifice does not alter the convective loop in the lower

part of the cell, we use the standard reflux model calculation for a tube of length h1 and

diameter d with the base cooled to T0 and heater power Q̇0 supplied at the top.

The upper section has length h2, diameter d, base temperature T1, and heater power Q̇. We

will modify the upper calculation and attempt to account for the reduction in film flow through

the orifice. A first thought might be to model the upper part of the tube using the reflux

calculation and setting d to dorifice. Recall, however, that the molar flow rate of the refluxing

vapor from Eq. 2.16 is

ṅ4 =
πd2v4P

4RT
, (4.31)

where v4 is the average velocity of the gas atoms. In steady state conditions the molar flow

rates of gas and film in Eq. 4.30 and Eq. 4.31 are equal. Setting d to dorifice in Eq. 4.31 would

restrict the gas flow in the upper section of the tube.

Taking the volumetric film flow rate as proportional to the perimeter of the tube as in

Eq. 4.26, the film flow rate in the upper section is a factor of dorifice/d lower than an orifice-free

tube. Folding this into the upper reflux calculation, the contribution of the reflux term to the

thermal gradient is enhanced by a factor of d/dorifice:

∇zT = Q̇

( 1

ktubeA

)−1

+

((
d

dorifice

)
1(

5
2 −

µ4
kT

) 128η

πd4

R

L

T 2

P 2

)−1
−1

(4.32)
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Adding this factor to the calculation for the upper part of the tube attempts to reduce the film

flow without artificially restricting the gas flow.

With reflux calculations for both the upper and lower sections of the tube, we could choose

the desired heat loads and then determine T1 and T2 for different orifice heights and diameters.

More often experimental conditions will suggest a base temperature T0, a convenient heat sink

temperature T1, and an expected T2. In this case, the two-part reflux model will determine the

heat loads Q̇, Q̇0, and Q̇1, for a given orifice height and diameter. Restrictions on these pa-

rameters come from a variety of sources: apparatus dimensions, required pumping conductance

through the orifice, the amount of heat which can be removed at the orifice, and convenient

orifice temperatures.

Adjusting Parameters

In the following calculations the cell is 6′′ (15.2 cm) long, has a wall thickness of 0.031′′

(0.79 mm), and has an inner diameter of 1′′ (2.54 cm). We begin by setting T0 to 0.3 K,

T1 to 0.5 K, and T2 to 0.6 K. The upper and lower calculations are separate, so the lower reflux

calculation will find the Q̇0 that raises its temperature at the top to T1. Orifice temperature T1

is also the base temperature in the upper reflux calculation. The upper calculation then deter-

mines the value of Q̇ which corresponds to a top temperature of T2. Finally the heat removed

at the orifice Q̇1 is found by subtracting the heat to the mixing chamber Q̇0 from the total heat

load Q̇.

Keeping the temperatures and other dimensions fixed, dorifice and h1 will affect the three heat

loads. Beginning with dorifice, Figure 4.29 shows the heat loads for different orifice diameters

with the orifice at a height h1 of 3′′ (7.62 cm). Since the model neglects gas flow from the

upper part of the tube back through the orifice, Q̇0 is set solely by T1 and does not change

on increasing the orifice diameter. So long as this simplification remains valid the total heat

load Q̇ increases along with dorifice without affecting the heat to the mixing chamber Q̇0. The

additional heat is removed at the orifice as Q̇1.

Altering the orifice height alters all three heat loads. Figure 4.30 shows the heat loads versus

h1 with a 1 mm diameter orifice. Increasing the orifice height allows the temperature in the

lower section of the tube to climb over a greater length, meaning that a smaller Q̇0 is required

to reach the same T1. Conversely the distance between the orifice and the top of the tube is

shortened, so a higher Q̇ and Q̇1 are necessary for the top to reach T2. This is shown directly

in Figure 4.31, which contains temperature profiles for two different values of h1. In terms of

ratios of Q̇0 or Q̇1 to the total heater power, the heat load on the DR mixing chamber decreases

with increasing h1, as seen in Figure 4.32.
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Figure 4.29: Heater powers versus dorifice for a tube with d = 1′′ (2.54 cm). Q̇ is the total heat
load at the top of the cell. Q̇1 and Q̇0 are the power removed at the orifice and mixing chamber,
respectively. With fixed orifice temperature T1, and neglecting refluxing vapor from the upper
section of the tube returning to the lower section, the increased power is removed at the orifice.
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Figure 4.30: Heater powers versus h1. For fixed T1, moving the orifice up provides a longer
section of tubing over which the temperature can climb from T0 to T1. Thus, a lower Q̇0 is
required to reach the same T1.
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Figure 4.31: T versus z for h1 = 2.5′′ (6.35 cm) (solid curve) and 3.5′′ (8.89 cm) (dashed).
Temperatures must rise faster in shorter tube sections, which leads to higher heater power
requirements.
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Figure 4.32: Ratios of heater power Q̇1 (points) and Q̇0 (triangles) to the total heater power.
Though the total heat load is increasing, Q̇0/Q̇ steadily decreases.

111



Critical Heater Powers

From Eq. 4.25, critical heater power is proportional to the volumetric film flow rate, so adding

an orifice reduces the critical heater power in the upper part of the tube. Should the heat load

at the top exceed Q̇c the reflux effect will break down in the upper part of the cell and result

in a reduced thermal conductance over a section at the very top of the tube. We observed this

behavior in our critical heater power measurements without an orifice in Figure 4.27, where the

800 µW profile was flat from the base up to T7, then rose over a short section at the top of the

cell.

Using the product of vc and dfilm in Eq. 4.28 and a 3′′ (7.62 cm) tube, 1′′ (2.54 cm) in

diameter at 0.5 K, Q̇c is 2.5 mW. Reducing the diameter to 1 mm, Q̇c is 200 µW. Film flow

rates and critical heater powers may be up to a factor of 10–20 higher depending upon surface

conditions, as detailed in Section 4.6.

Removing Heat at the Orifice

The DR offers several places to heat sink orifices at temperatures above 0.3 K. One option is

the still, which is usually around 0.7 K but can be operated at lower temperatures and 3He

circulation rates. An orifice could also be heat sunk at one of the heat exchangers between the

mixing chamber and still.

For the still, the available cooling power is found from an enthalpy balance

Q̇S + ṅ3 [H3(T4)−H3(TS)] = ṅ3 L3D(TS, xDS), (4.33)

where the H3’s are enthalpies, L3D is the latent heat of evaporation per mole, xDS is the
3He concentration in the still, and T4 and TS are the temperature of the coldplate and still,

respectively [61]. Q̇S represents a variety of heat loads on the still, including the heat applied to

raise its temperature and increase 3He circulation rates. The right-hand side of Eq. 4.33 is the

cooling provided by removing vapor from the still, which is > 90% 3He. This cooling is balanced

against Q̇S and the heat load from the returning 3He in the condenser line, which is heat sunk

at the still. For T4 = 1.1 K, TS = 0.7 K, and ṅ3 = 30 µmol/s, Q̇S = 0.7 mW [61]. Scaling this

up to the SHE DR, which has a circulation rate of 300 µmol/s, Q̇S ∼ 7 mW. The nEDM DR

will have flow rates of tens of millimoles per second and Q̇S ∼ hundreds of milliwatts.

Heat loads from pumping line orifices on the order of a few milliwatts could be heat sunk at

the still along with electrical leads, mechanical supports, etc., depending upon the DR operating

requirements and desirable orifice temperatures.
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Heat Sinking Summary

The addition of an orifice to a pumping line alters the film flow, critical heater power, and

reflux to T0. We have verified that the Nacher et al. model describes heat transport for closed

cells without orifices connected to bulk LHe at 0.3 K. The two-part reflux model with an orifice

outlined above estimates the heat loads on the mixing chamber and the orifice due to refluxing

vapor. For a given set of temperatures the two-part model predicts heat loads for different

tube dimensions, orifice diameters, and orifice positions. The model can be used to evaluate the

benefits and feasibility of adding orifices to tubes in the nEDM apparatus.

Other Tube Configurations

Our measurements support using the Nacher et al. [57] model to predict heat flows in a closed

thermal column leading from bulk LHe at 0.3 K to warmer parts of an apparatus. In addition

to a closed cell we could also consider a volume of LHe heat sunk at T ≈ 0.3 K with:

1. An open tube, heat sunk at 4.2 K, which eventually reaches room temperature

Hayden, Cornut, and Nacher’s reflux model measurements at T ≥ 0.9 K were performed

using an open cell [60]. Their apparatus had a volume of LHe cooled at the base to

T < Tλ. This volume was connected to two vertical, thin-walled tubes which were heat

sunk at 4.2 K. From there, the tubes continued upward and out of the cryostat to room

temperature pressure gauges. A superfluid film climbed 17 cm above the bath, or to

within 1 cm of the section heat sunk at 4.2 K. Hayden et al. observed pressure differences

consistent with their predictions from the reflux model.

2. An open tube, pumped on by room temperature pumps

A pumped LHe bath could be useful for the purification of 4He in the nEDM apparatus.

In one of the early experiments on a closed thermal column mentioned in Section 2.3,

Fokkens et al. found an “onset” pressure for superfluid film flow as a fraction of the

saturated vapor pressure [63]. Depending upon LHe bath and tube wall temperatures,

lowering the pressure (via pumping) above a section of heated of tubing can immobilize

a superfluid film. Pratt designed a DR still with film flow suppression which exploited

this effect [91]. Going forward the Nacher et al. model could be adapted to predict reflux

heat flows in a pumped tube or perhaps in a tube where the film is actively burned or

immobilized.
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Chapter 5

Summary

In this dissertation I have reported our work on two SNS nEDM dilution refrigerator heat loads.

The first is from creating temperature differences to transport polarized 3He between volumes

of liquid helium. The second is caused by superfluid film creeping up tube walls and vapor

refluxing to 0.3 K. We have studied these anticipated heat loads to ensure that the DR has

adequate cooling power and to guide the design of the DR heat exchangers and LHe volume

heat sinks.

Thermal Model of 3He Transport

During the measurement cycle electrical heaters will create temperature differences between

volumes of liquid helium to heat flush polarized 3He into and out of the measurement cells.

There are also heat flushes which remove residual depolarized 3He from the system. We created a

thermal model to estimate the heat load on the DR from this sequence of flushes (see Chapter 3).

According to the model the proposed sequence of heat flushes could work with an average

heat load on the DR of ≈ 27 mW. This represents a significant, but reasonable, heat load on

the designed DR. The required LHe volume temperatures used in the model are supplied by

our collaborators’ 3He transport calculations for individual heat flushes.

We examined a number of parameters, including adjustable thermal link conductances, for

their effects on steady-state temperatures and the heat load. In general larger conductances

between LHe volumes and the DR mixing chamber decreased the amount of time to reach

steady-state temperatures at the cost of increased heat load on the DR.

The model indicates that it would be prudent to keep the 1000 liter insulation volume, with

its slow response time, close to 0.45 K. This is helpful for maintaining a stable target temperature

of 0.45 K during the measurement. Keeping the insulation volume near 0.45 K allows for a

weaker thermal link between the insulation volume and the DR mixing chamber, which should
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reduce the required heater powers applied to the insulation volume or even eliminate the need

for an insulation volume heater entirely. The average heat load of 27 mW is then, in effect,

an upper bound. Acceptable temperatures and heat flush magnitudes that would keep the

insulation volume near 0.45 K while producing the desired 3He concentrations must be obtained

from detailed calculations of individual heat flushes.

Conductances of closed valves, especially those between the measurement cells and the

rest of the system, also influence insulation volume and target temperatures. Lower closed

valve conductances isolate the target from heat flushes in the rest of the system, bringing

target and insulation volume temperatures closer together. Detrimental temperature and 3He

concentration gradients in the measurement cells are reduced as a result.

In its present state the model provides an upper bound on the heat load to the DR of 27 mW

and suggests conductances for the links between the DR mixing chamber and LHe volumes.

Going forward it could be enhanced and eventually employed to track cooling in the final nEDM

apparatus.

Superfluid Film Flow and Reflux Measurements

Another heat load on the nEDM DR comes from superfluid film creeping up tubes connected

to volumes of 0.3 K LHe. As the film climbs to warmer parts of the tube, it vaporizes, creates

a pressure gradient, and the warm vapor refluxes to the liquid surface. The vapor then recon-

denses, transporting heat to 0.3 K. Nacher et al. created a model of the reflux effect and tested

it with pure 4He at T ≥ 0.9 K in tubes with d ≤ 3 mm [57,60].

We built a thermal column with d = 0.257′′ (6.53 mm) and cooled it to 0.3 K using a dilution

refrigerator to test the reflux model at the lower temperatures and larger tube diameters found

in the nEDM apparatus. After activating a heater at the top of the cell to induce superfluid to

creep up the walls, we recorded temperature profiles and measured the reflux effect with the

base of the cell at 0.3 K–0.4 K. In a series of measurements, described in Chapter 4, we found

that:

• The empty cell conducted heat as if it were a stainless steel tube. A heater power of

100 µW produced a temperature difference along the cell of ∼ 3 K.

• After we added a small amount of liquid to the cell its thermal conductance increased

dramatically. The temperature difference from top to bottom dropped to ∼ 0.3 K for the

same 100 µW of power.

• There was ≈ 3 µW of background heating, likely due to convection from 4 K. This

background heating was negligible in our reflux temperature profiles, which were recorded
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with Q̇ ≥ 25 µW and whose temperatures at the top of the cell increase non-linearly

with T .

• Our series of measured temperature profiles at 0.3 K with different heater powers agreed

well with the Nacher et al. model.

• At the lowest heater powers and temperatures, conductance through the SS tube walls

affected temperature profiles near the base of the cell.

• Temperature measurements with different amounts of liquid in the cell were consistent

with the expected liquid levels based on room temperature pressure measurements.

• Base temperatures were not strictly at 0.3 K since Kapitza resistance between the LHe

and the Cu base of the cell caused temperature differences ≈ 20 mK–100 mK.

• Temperature gradients were reduced with the base at 0.5 K and 0.75 K, since the reflux

effect is stronger at higher temperaturess.

• At 0.75 K, we observed the breakdown of the reflux effect at a critical heater power

≈ 730 µW–800 µW.

• The superfluid film transfer rate in the cell was within a factor of 2 of rates in the literature

for glass and SS substrates.

Our measurements indicate that the reflux model is valid over 0.3 K–0.4 K, with a slight

modification at the lowest heater powers for conduction through the tube walls. We also applied

the model to a tube with an orifice inside. The orifice reduces the flow of warm refluxing vapor

to the liquid and can be heat sunk at some temperature above 0.3 K. For a given set of tube

dimensions and temperatures, the orifice model predicts the heat load to 0.3 K. The model

could be used to find optimal orifice diameters and positions for removing heat above 0.3 K in

nEDM apparatus tubes.
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Thermal Model Parameters and

Files

Valve Conductances and Other Settings

The adjustable thermal link and valve conductances used in the model are given in Table A.1. A

blank cell indicates a low-conductance ATL (0.0005 W/K), or a valve that is closed (0.01 W/K),

or a heater that is deactivated (0 mW). Part 2 of the cycle includes multiple flushes. Some flushes

are split into two parts: one with the flush alone and a second part to include the settings for

diffusion from INJ to IV1 while continuing the flush. The second part is marked with a “+ d.”

The values in Table A.1 are for the run described in Section 3.4 with T0 = 0.32 K, TINJ = 0.35 K,

TDUMP = 0.32 K, κ2a = 0.279266 W/K, and κ2b = 0.0824 W/K. All conductance values are

given in units of W/K and the heater settings are in mW.

Heat Flush Sizes and Volume Temperatures

The heat flushes, along with the temperatures of the relevant volumes, are given in Table A.2.

These values are set by our collaborators’ 3He transport calculations [30].

Adjustable Thermal Link Settings

The high-conductance settings for the ATLs with T0 = 0.32 K, with values for T0 = 0.34 K in

parentheses, are shown in Table A.3.
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Table A.1: Thermal Model Conductances (W/K) and Heater Settings (mW)

Part 1 Part 2 Part 3

IV1 to
TGT

IV2 to
SV

IV1 to
IV2

IV2 to
SV

IV2 to
SV + d

IV1 to
IV2

IV2 to
SV

TGT
to IV2

TGT to
IV2 + d

κ1 0.0833 0.0833
κ3 0.0749 0.0749 0.0749 0.0749
κ4 0.0433 0.0433 0.0433 0.0433
κF1 0.1852
κF2 0.12 0.12
κF3 0.2667 0.2667 0.2667 0.2667
κF4 0.1 0.1
κF5

κF6 1 (a) 1 (a)

Q̇IV1 8.9 14.1 14.1 1.1

Q̇INS 7.2 18.1 20.0 18.1 19.7 20.0 18.1 33.5 19.8

Q̇IV2 21.2 21.2 10.1 21.2 0.5

(a) Set to a high value to represent the open valve during diffusion from INJ to IV1

Table A.2: Heat Flush Temperatures (K)

IV1 to TGT IV2 to SV IV1 to IV2 TGT to IV2

TIV1 = 0.485 TIV2 = 0.50 TIV1 = 0.44 TTGT = 0.45
TTGT = 0.458 TSV = 0.47 TIV2 = 0.39 TIV2 = 0.40

5 mW 8 mW 5 mW 6 mW

Table A.3: Adjustable Thermal Link Settings (W/K) for T0 = 0.32 and 0.34 K

Value Description

κ1 0.0833
(0.25)

Keeps IV1 from overheating with TINJ at 0.35 K during dif-
fusion from INJ to IV1

κ3 0.0749
(0.1068)

Set so that IV2 does not overheat during the flush from IV1
to IV2 (also prevents overheating during flush from the TGT
to IV2)

κ4 0.0433
(0.0515)

Set so that T25 = 0.47 K during flush from IV2 to SV
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Thermal Model Files

The thermal model of 3He transport consists of three files:

1. A Mathematica [92] notebook which performs the model’s limiting case calculations (set-

ting dT/dt = 0 in the model equations in Chapter 3). The notebook generates an initial-

ization file with the heater settings, temperatures, and thermal link values throughout

the cycle.

2. The MATLAB [67] initialization file, which includes an array with timing information

for each segment of the cycle, as well as arrays of the corresponding heater, adjustable

thermal link conductances, and heat flush values.

3. A MATLAB/Simulink [67] model which solves the set of thermal model differential equa-

tions. The model provides temperatures of the volumes of LHe, tracks the heat flushes,

and stores the total heat load on the DR.

The files below are from the initial model run shown in Figures 3.2, 3.3, and 3.4 and described

in Section 3.2.

1. Steady State Calculations Notebook

(∗ Limit ing case c a l c u l a t i o n s and MATLAB i n i t . f i l e genera to r ∗)

kappa2a=0.187169;

kappa2b=0.0824;

T0=0.32;

Tinj =0.35;

Tevap=0.32;

(∗ 1 . Flush from IV1 to TGT ∗)
(∗ Set Q2 = 0 , Solve f i n d s TIV2 ∗)

Clear [ TIV1 , TIV2 ]

kappa1A=0.0005; kappa3A=0.0005; kappa4A=0.0005;

TIV1=0.485; Ttgt =0.458;

QF1=5∗10ˆ−3; QF2=0;QF3=0; QF4=0;

kappaF1A=QF1/(TIV1−Ttgt ) ; kappaF2A=0.01; kappaF3A=0.01; kappaF4A=0.01; kappaF5A=0.01;

kappaF6A=0.01;
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p1=Solve [{Q1−kappa1A∗(TIV1−T0)−kappaF1A∗(TIV1−Ttgt )−kappaF6A∗(TIV1−Tinj )−kappaF4A
∗(TIV1−TIV2) ,−kappa2a ∗( Ttgt−Tins )−kappaF2A∗( Ttgt−TIV2)+kappaF1A∗(TIV1−Ttgt ) ,

Qins+kappa2a ∗( Ttgt−Tins )−kappa2b ∗( Tins−T0) ,Q2+kappaF2A∗( Ttgt−TIV2)−kappaF3A∗(
TIV2−T25)− kappa3A∗(TIV2−T0)+kappaF4A∗(TIV1−TIV2) , kappaF3A∗(TIV2−T25)−
kappa4A∗(T25−T0)−kappaF5A∗(T25−Tevap ) ,Q2}=={0 ,0 ,0 ,0 ,0 ,0} ]

{{Q2−>0.,Qins−>0.00445431 ,Tins−>0.432341 ,T25−>0.377687 ,TIV2−>0.438258 ,Q1

−>0.00689992}}

(∗ 2 . I d l e ∗)
(∗ Set Q1 and Q2 = 0 , Solve f i n d s TIV1 and TIV2 ∗)

Clear [ TIV1 , TIV2 ] ;

kappa1B=0.0005; kappa3B=0.0005; kappa4B=0.0005;

Ttgt =0.45;

QF1=0;QF2=0;QF3=0;QF4=0;

kappaF1B=0.01; kappaF2B=0.01; kappaF3B=0.01; kappaF4B=0.01; kappaF5B=0.01; kappaF6B

=0.01;

p2=Solve [{Q1−kappa1B∗(TIV1−T0)−kappaF1B∗(TIV1−Ttgt )−kappaF6B∗(TIV1−Tinj )−kappaF4B
∗(TIV1−TIV2) ,−kappa2a ∗( Ttgt−Tins )−kappaF2B∗( Ttgt−TIV2)+kappaF1B∗(TIV1−Ttgt ) ,

Qins+kappa2a ∗( Ttgt−Tins )−kappa2b ∗( Tins−T0) ,Q2+kappaF2B∗( Ttgt−TIV2)−kappaF3B∗(
TIV2−T25)− kappa3B∗(TIV2−T0)+kappaF4B∗(TIV1−TIV2) , kappaF3B∗(TIV2−T25)−
kappa4B∗(T25−T0)−kappaF5B∗(T25−Tevap ) ,Q1 ,Q2}=={0 ,0 ,0 ,0 ,0 ,0 ,0} ]

{{Q1−>0.,Q2−>0.,Qins−>0.0121394 ,Tins−>0.455295 ,T25−>0.359835 ,TIV1−>0.399233 ,TIV2

−>0.401662}}

(∗ 3 . I d l e ∗)

p3=p2 ;

kappa1C=kappa1B ; kappa3C=kappa3B ; kappa4C=kappa4B ; kappaF1C=kappaF1B ; kappaF2C=

kappaF2B ; kappaF3C=kappaF3B ;

kappaF4C=kappaF4B ; kappaF5C=kappaF5B ; kappaF6C=kappaF6B ;

(∗ 4 . F i r s t f l u s h IV2 to SV ∗)
(∗ Set T25 = 0.47 K, Solve f i n d s kappa4D . Set Q1 = 0 , Solve f i n d s TIV1 ∗)

Clear [ TIV1 , TIV2 ] ;
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kappa1D=0.0005; kappa3D=0.0005;

Ttgt =0.45;TIV2=0.5;

QF1=0;QF2=0;QF3=8∗10ˆ−3;QF4=0;

kappaF1D=0.01;kappaF2D=0.01; kappaF3D=QF3/(TIV2−T25) ; kappaF4D=0.01; kappaF5D=0.01;

kappaF6D=0.01;

p4=Solve [{Q1−kappa1D∗(TIV1−T0)−kappaF1D∗(TIV1−Ttgt )−kappaF6D∗(TIV1−Tinj )−kappaF4D
∗(TIV1−TIV2) ,−kappa2a ∗( Ttgt−Tins )−kappaF2D∗( Ttgt−TIV2)+kappaF1D∗(TIV1−Ttgt ) ,

Qins+kappa2a ∗( Ttgt−Tins )−kappa2b ∗( Tins−T0) ,Q2+kappaF2D∗( Ttgt−TIV2)−kappaF3D∗(
TIV2−T25)− kappa3D∗(TIV2−T0)+kappaF4D∗(TIV1−TIV2) ,kappaF3D∗(TIV2−T25)−
kappa4D∗(T25−T0)−kappaF5D∗(T25−Tevap ) ,Q1 , T25}=={0 ,0 ,0 ,0 ,0 ,0 ,0 .47} ]

kappaF3D=(1/(125 (0.5 ‘−T25 / . p4 ) ) ) [ [ 1 ] ] ;

kappa4D=kappa4D / . p4 [ [ 1 ] ] ;

{{Q1−>0.,T25−>0.47 ,Qins−>0.0102587 ,Tins−>0.448318 ,TIV1−>0.431475 ,Q2−>0.00927525}}
(∗ 5 . I d l e ∗)
p5=p2 ;

kappa1E=kappa1B ; kappa3E=kappa3B ; kappa4E=kappa4B ; kappaF1E=kappaF1B ; kappaF2E=

kappaF2B ; kappaF3E=kappaF3B ; kappaF4E=kappaF4B ; kappaF5E=kappaF5B ; kappaF6E=

kappaF6B ;

(∗ 6 . F i r s t f l u s h IV1 to IV2 ∗)
(∗ Set Q2 = 0 , Solve f i n d s kappa3F ∗)

kappa1F=0.0005; kappa4F=0.0005;

TIV1=0.44; Ttgt =0.45;TIV2=0.39;

QF1=0;QF2=0;QF3=0;QF4=5∗10ˆ−3;

kappaF1F=0.01; kappaF2F=0.01; kappaF3F=0.01; kappaF4F=QF4/(TIV1−TIV2) ; kappaF5F=0.01;

kappaF6F=0.01;

p6=Solve [{Q1−kappa1F ∗(TIV1−T0)−kappaF1F∗(TIV1−Ttgt )−kappaF6F∗(TIV1−Tinj )−kappaF4F
∗(TIV1−TIV2) ,−kappa2a ∗( Ttgt−Tins )−kappaF2F∗( Ttgt−TIV2)+kappaF1F∗(TIV1−Ttgt ) ,

Qins+kappa2a ∗( Ttgt−Tins )−kappa2b ∗( Tins−T0) ,Q2+kappaF2F∗( Ttgt−TIV2)−kappaF3F∗(
TIV2−T25)− kappa3F ∗(TIV2−T0)+kappaF4F∗(TIV1−TIV2) , kappaF3F∗(TIV2−T25)−
kappa4F ∗(T25−T0)−kappaF5F∗(T25−Tevap ) ,Q2}=={0 ,0 ,0 ,0 ,0 ,0} ]
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kappa3F=kappa3F / . p6 [ [ 1 ] ] ;

{{Q1−>0.00586 ,Q2−>0.,T25−>0.354146 ,Qins−>0.0117202 ,Tins−>0.45374}}

(∗ 7 . I d l e ∗)

p7=p2 ;

kappa1G=kappa1B ; kappa3G=kappa3B ; kappa4G=kappa4B ; kappaF1G=kappaF1B ; kappaF2G=

kappaF2B ; kappaF3G=kappaF3B ; kappaF4G=kappaF4B ; kappaF5G=kappaF5B ; kappaF6G=

kappaF6B ;

(∗ 8 . Second f l u s h from IV2 to SV ∗)

p8=p4 ;

kappa1H=kappa1D ; kappa3H=kappa3D ; kappa4H=kappa4D ; kappaF1H=kappaF1D ; kappaF2H=

kappaF2D ; kappaF3H=kappaF3D ; kappaF4H=kappaF4D ; kappaF5H=kappaF5D ; kappaF6H=

kappaF6D ;

(∗ 9 . Continue f l u s h from IV2 to SV ( repeat ) , d i f f u s i o n from INJ to IV1 ∗)

kappa3I =0.0005; kappa4I=kappa4D ;

TIV1=0.35; Ttgt =0.45;TIV2=0.5 ;

QF1=0;QF2=0;QF3=8∗10ˆ−3;QF4=0;

kappaF1I=0.01; kappaF2I=0.01; kappaF3I=QF3/(TIV2−T25) ; kappaF4I=0.01; kappaF5I=0.01;

kappaF6I=1;

p9=Solve [{Q1−kappa1I ∗(TIV1−T0)−kappaF1I ∗(TIV1−Ttgt )−kappaF6I ∗(TIV1−Tinj )−kappaF4I
∗(TIV1−TIV2) ,−kappa2a ∗( Ttgt−Tins )−kappaF2I ∗( Ttgt−TIV2)+kappaF1I ∗(TIV1−Ttgt ) ,

Qins+kappa2a ∗( Ttgt−Tins )−kappa2b ∗( Tins−T0) ,Q2+kappaF2I ∗( Ttgt−TIV2)−kappaF3I ∗(
TIV2−T25)− kappa3I ∗(TIV2−T0)+kappaF4I ∗(TIV1−TIV2) , kappaF3I ∗(TIV2−T25)−
kappa4I ∗(T25−T0)−kappaF5I ∗(T25−Tevap ) ,Q1}=={0 ,0 ,0 ,0 ,0 ,0} ]

kappaF3I=(1/(125 (0.5 ‘−T25 / . p9 ) ) ) [ [ 1 ] ] ;

kappa1I=kappa1I / . p9 [ [ 1 ] ] ;

{{Q1−>0.,Q2−>0.01009 ,T25−>0.47 ,Qins−>0.0114321 ,Tins−>0.452671}}

(∗ 10 . Continue f l u s h from IV2 to SV ( repeat ) ∗)

p10=p4 ;
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kappa1J=kappa1D ; kappa3J=kappa3D ; kappa4J=kappa4D ; kappaF1J=kappaF1D ; kappaF2J=

kappaF2D ; kappaF3J=kappaF3D ; kappaF4J=kappaF4D ; kappaF5J=kappaF5D ; kappaF6J=

kappaF6D ;

(∗ 11 . I d l e ∗)

p11=p2 ;

kappa1K=kappa1B ; kappa3K=kappa3B ; kappa4K=kappa4B ; kappaF1K=kappaF1B ; kappaF2K=

kappaF2B ; kappaF3K=kappaF3B ; kappaF4K=kappaF4B ; kappaF5K=kappaF5B ; kappaF6K=

kappaF6B ;

(∗ 12 . Second f l u s h from IV1 to IV2 ∗)

p12=p6 ;

kappa1L=kappa1F ; kappa3L=kappa3F ; kappa4L=kappa4F ; kappaF1L=kappaF1F ; kappaF2L=

kappaF2F ; kappaF3L=kappaF3F ; kappaF4L=kappaF4F ; kappaF5L=kappaF5F ; kappaF6L=

kappaF6F ;

(∗ 13 . I d l e ∗)

p13=p2 ;

kappa1M=kappa1B ; kappa3M=kappa3B ; kappa4M=kappa4B ; kappaF1M=kappaF1B ; kappaF2M=

kappaF2B ; kappaF3M=kappaF3B ; kappaF4M=kappaF4B ; kappaF5M=kappaF5B ; kappaF6M=

kappaF6B ;

(∗ 14 . Third f l u s h from IV2 to SV ∗)

p14=p4 ;

kappa1N=kappa1D ; kappa3N=kappa3D ; kappa4N=kappa4D ; kappaF1N=kappaF1D ; kappaF2N=

kappaF2D ; kappaF3N=kappaF3D ; kappaF4N=kappaF4D ; kappaF5N=kappaF5D ; kappaF6N=

kappaF6D ;

(∗ 15 . I d l e ∗)

p15=p2 ;

kappa1O=kappa1B ; kappa3O=kappa3B ; kappa4O=kappa4B ; kappaF1O=kappaF1B ; kappaF2O=

kappaF2B ; kappaF3O=kappaF3B ; kappaF4O=kappaF4B ; kappaF5O=kappaF5B ; kappaF6O=

kappaF6B ;
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(∗ 16 . Flush from TGT to IV2 ∗)

Clear [ TIV1 , TIV2 ]

kappa1P=0.0005; kappa3P=kappa3F ; kappa4P=0.0005;

Ttgt =0.45;TIV2=0.40;

QF1=0;QF2=6∗10ˆ−3;QF3=0;QF4=0;

kappaF1P=0.01; kappaF2P=QF2/(Ttgt−TIV2) ; kappaF3P=0.01; kappaF4P=0.01; kappaF5P=0.01;

kappaF6P=0.01;

p16=Solve [{Q1−kappa1P ∗(TIV1−T0)−kappaF1P∗(TIV1−Ttgt )−kappaF6P∗(TIV1−Tinj )−
kappaF4P∗(TIV1−TIV2) ,−kappa2a ∗( Ttgt−Tins )−kappaF2P∗( Ttgt−TIV2)+kappaF1P∗(TIV1

−Ttgt ) , Qins+kappa2a ∗( Ttgt−Tins )−kappa2b ∗( Tins−T0) ,Q2+kappaF2P∗( Ttgt−TIV2)−
kappaF3P∗(TIV2−T25)− kappa3P ∗(TIV2−T0)+kappaF4P∗(TIV1−TIV2) , kappaF3P∗(TIV2−
T25)− kappa4P ∗(T25−T0)−kappaF5P∗(T25−Tevap ) ,Q1}=={0 ,0 ,0 ,0 ,0 ,0} ]

{{Q1−>0.,T25−>0.359024 ,Qins−>0.0200925 ,Tins−>0.484798 ,TIV1−>0.398689 ,Q2

−>0.000413115}}

(∗ 17 . Continue f l u s h from TGT to IV2 and f i l l INJ with po l a r i z ed 3He ∗)

p17=p16 ;

kappa1Q=kappa1P ; kappa3Q=kappa3P ; kappa4Q=kappa4P ; kappaF1Q=kappaF1P ; kappaF2Q=

kappaF2P ; kappaF3Q=kappaF3P ; kappaF4Q=kappaF4P ; kappaF5Q=kappaF5P ; kappaF6Q=

kappaF6P ;

(∗ 18 . Continue f l u s h from TGT to IV2 ∗)

p18=p16 ;

kappa1R=kappa1P ; kappa3R=kappa3P ; kappa4R=kappa4P ; kappaF1R=kappaF1P ; kappaF2R=

kappaF2P ; kappaF3R=kappaF3P ; kappaF4R=kappaF4P ; kappaF5R=kappaF5P ; kappaF6R=

kappaF6P ;

(∗ 19 . Continue f l u s h from TGT to IV2 and d i f f u s i o n from INJ to IV1 ∗)

kappa1S=kappa1I ; kappa3S=kappa3F ; kappa4S=0.0005;

TIV1=0.35; Ttgt =0.45;TIV2=0.40;

QF1=0;QF2=6∗10ˆ−3;QF3=0;QF4=0;
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kappaF1S=0.01; kappaF2S=QF2/(Ttgt−TIV2) ; kappaF3S=0.01; kappaF4S=0.01; kappaF5S=0.01;

kappaF6S=1;

p19=Solve [{Q1−kappa1S ∗(TIV1−T0)−kappaF1S ∗(TIV1−Ttgt )−kappaF6S ∗(TIV1−Tinj )−
kappaF4S ∗(TIV1−TIV2) ,−kappa2a ∗( Ttgt−Tins )−kappaF2S ∗( Ttgt−TIV2)+kappaF1S ∗(TIV1

−Ttgt ) , Qins+kappa2a ∗( Ttgt−Tins )−kappa2b ∗( Tins−T0) ,Q2+kappaF2S ∗( Ttgt−TIV2)−
kappaF3S ∗(TIV2−T25)− kappa3S ∗(TIV2−T0)+kappaF4S ∗(TIV1−TIV2) , kappaF3S ∗(TIV2−
T25)− kappa4S ∗(T25−T0)−kappaF5S ∗(T25−Tevap ) }=={0 ,0 ,0 ,0 ,0} ]

{{Q1−>0.001 ,T25−>0.359024 ,Q2−>0.0009 ,Qins−>0.0207937 ,Tins−>0.487399}}

(∗ 20 . Continue f l u s h from TGT to IV2 ∗)

p20=p16 ;

kappa1T=kappa1P ; kappa3T=kappa3P ; kappa4T=kappa4P ; kappaF1T=kappaF1P ; kappaF2T=

kappaF2P ; kappaF3T=kappaF3P ; kappaF4T=kappaF4P ; kappaF5T=kappaF5P ; kappaF6T=

kappaF6P ;

(∗ Omitting code that gene ra t e s the MATLAB i n i t i a l i z a t i o n f i l e us ing the

f o l l ow i n g commands :

” Se tDi r ec to ry [ ] ” , ” OpenWrite [ ] ” , ” WriteStr ing [ ] ” , ”NumberForm [ ] ” , and ”Close [ ] . ” ∗)
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2. MATLAB Initialization File

% Set volumes [L ]

VIV1=1.6; VTGT=6.2; VINS=1000; VIV2=4.4; V25=0.075;

% Set c y c l e t imes [ s ]

p1=30; p2=71; p3=21; p4=150; p5=92; p6=50; p7=42; p8=59; p9=2; p10=89; p11=92;

p12=50; p13=42; p14=150; p15=1222; p16=273; p17=15; p18=50; p19=2; p20=10;

cyc1=p1 ; cyc2=cyc1+p2 ; cyc3=cyc2+p3 ; cyc4=cyc3+p4 ; cyc5=cyc4+p5 ; cyc6=cyc5+p6 ;

cyc7=cyc6+p7 ; cyc8=cyc7+p8 ; cyc9=cyc8+p9 ; cyc10=cyc9+p10 ; cyc11=cyc10+p11 ;

cyc12=cyc11+p12 ; cyc13=cyc12+p13 ; cyc14=cyc13+p14 ; cyc15=cyc14+p15 ; cyc16=

cyc15+p16 ; cyc17=cyc16+p17 ; cyc18=cyc17+p18 ; cyc19=cyc18+p19 ; cyc20=cyc19+p20

;

% Timing array [ s ]

tvar=[0 cyc1 cyc1 cyc2 cyc2 cyc3 cyc3 cyc4 cyc4 cyc5 cyc5 cyc6 cyc6 cyc7 cyc7

cyc8 cyc8 cyc9 cyc9 cyc10 cyc10 cyc11 cyc11 cyc12 cyc12 cyc13 cyc13 cyc14

cyc14 cyc15 cyc15 cyc16 cyc16 cyc17 cyc17 cyc18 cyc18 cyc19 cyc19 cyc20 ] ;

% Constants

T0 = 0 . 3 2 ; TINJ = 0 . 3 5 ; TEVAP = 0 . 3 2 ; k2a = 0 .187169 ; k2b = 0 . 0824 ;

% Heater s e t t i n g s [W]

QIV1 = [0 .00689992 0.00689992 0 . 0 . 0 . 0 . 0 . 0 . 0 . 0 . 0 .00586 0.00586 0 . 0 . 0 . 0 .

0 . 0 . 0 . 0 . 0 . 0 . 0 .00586 0.00586 0 . 0 . 0 . 0 . 0 . 0 . 0 . 0 . 0 . 0 . 0 . 0 . 0 .001

0 .001 0 . 0 . ] ;

QIV2 = [ 0 . 0 . 0 . 0 . 0 . 0 . 0 .00927525 0.00927525 0 . 0 . 0 . 0 . 0 . 0 . 0 .00927525

0.00927525 0.01009 0.01009 0.00927525 0.00927525 0 . 0 . 0 . 0 . 0 . 0 . 0 .00927525

0.00927525 0 . 0 . 0 .000413115 0.000413115 0.000413115 0.000413115 0.000413115

0.000413115 0 .0009 0 .0009 0.000413115 0 . 000413115 ] ;

QINS = [0 .00445431 0.00445431 0.0121394 0.0121394 0.0121394 0.0121394 0.0102587

0.0102587 0.0121394 0.0121394 0.0117202 0.0117202 0.0121394 0.0121394

0.0102587 0.0102587 0.0114321 0.0114321 0.0102587 0.0102587 0.0121394

0.0121394 0.0117202 0.0117202 0.0121394 0.0121394 0.0102587 0.0102587

0.0121394 0.0121394 0.0200925 0.0200925 0.0200925 0.0200925 0.0200925

0.0200925 0.0207937 0.0207937 0.0200925 0 . 0 2 00925 ] ;

% Conductances [W/K]

k1 = [0 . 0 005 0 .0005 0 .0005 0 .0005 0 .0005 0 .0005 0 .0005 0 .0005 0 .0005 0 .0005

0 .0005 0 .0005 0 .0005 0 .0005 0 .0005 0 .0005 0.0833333 0.0833333 0 .0005 0 .0005

0 .0005 0 .0005 0 .0005 0 .0005 0 .0005 0 .0005 0 .0005 0 .0005 0 .0005 0 .0005 0 .0005

0 .0005 0 .0005 0 .0005 0 .0005 0 .0005 0.0833333 0.0833333 0 .0005 0 . 0 0 0 5 ] ;
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k3 = [0 . 0 005 0 .0005 0 .0005 0 .0005 0 .0005 0 .0005 0 .0005 0 .0005 0 .0005 0 .0005

0.074878 0.074878 0 .0005 0 .0005 0 .0005 0 .0005 0 .0005 0 .0005 0 .0005 0 .0005

0 .0005 0 .0005 0.074878 0.074878 0 .0005 0 .0005 0 .0005 0 .0005 0 .0005 0 .0005

0.074878 0.074878 0.074878 0.074878 0.074878 0.074878 0.074878 0.074878

0.074878 0 . 0 7 4 8 7 8 ] ;

k4 = [ 0 . 0 005 0 .0005 0 .0005 0 .0005 0 .0005 0 .0005 0.0433333 0.0433333 0 .0005 0 .0005

0 .0005 0 .0005 0 .0005 0 .0005 0.0433333 0.0433333 0.0433333 0.0433333

0.0433333 0.0433333 0 .0005 0 .0005 0 .0005 0 .0005 0 .0005 0 .0005 0.0433333

0.0433333 0 .0005 0 .0005 0 .0005 0 .0005 0 .0005 0 .0005 0 .0005 0 .0005 0 .0005

0 .0005 0 .0005 0 . 0 0 0 5 ] ;

kF1 = [0 . 185185 0.185185 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01

0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01

0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 . 0 1 ] ;

kF2 = [ 0 . 0 1 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01

0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01

0 .12 0 .12 0 .12 0 .12 0 .12 0 .12 0 .12 0 .12 0 .12 0 . 1 2 ] ;

kF3 = [ 0 . 0 1 0 .01 0 .01 0 .01 0 .01 0 .01 0.266667 0.266667 0 .01 0 .01 0 .01 0 .01 0 .01

0 .01 0.266667 0.266667 0.266667 0.266667 0.266667 0.266667 0 .01 0 .01 0 .01

0 .01 0 .01 0 .01 0.266667 0.266667 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01

0 .01 0 .01 0 . 0 1 ] ;

kF4 = [ 0 . 0 1 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .1 0 .1 0 .01 0 .01 0 .01

0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .1 0 .1 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01

0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 . 0 1 ] ;

kF5 = [ 0 . 0 1 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01

0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01

0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 . 0 1 ] ;

kF6 = [ 0 . 0 1 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01

0 .01 1 1 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01 0 .01

0 .01 0 .01 0 .01 0 .01 0 .01 1 1 0 .01 0 . 0 1 ] ;
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3. MATLAB/Simulink Model

The Simulink model diagram is shown in Figure A.1. Table A.4 contains the block names and

their functions. The blocks and connections between them correspond to the thermal model

differential equations in Chapter 3. Running the initialization file above stores a number of

arrays and constants in the MATLAB environment. The Simulink model calls upon these stored

values as it runs. For example, in Figure A.1 one can see small markings on the block labeled

“QIV1.” These markings represent a plot of heater power versus time. The heater powers come

from the array labeled ”QIV1” in the initialization file. The x-axis is from the initialization file

array “tvar.”

Several blocks whose substructure is hidden in the main diagram. For example, the block

labeled “1/C” contains blocks which take the input signal and multiply it by the inverse of the

heat capacity. The heat capacity itself is a function of temperature, which is also fed into the

“1/C” block.

As configured in Figure A.1, the model plots and stores the total heater power (QTOT), the

input heater power (QTOTIN), target temperature (T TGT), and insulation volume temper-

ature (T INS). Before running the simulation, one sets the starting and stopping times, solver

type (Euler, Runge-Kutta, etc.), and time step size.

Table A.4: Simulink Model Blocks

Block Type Function Label in Figure A.1

Constant Outputs a constant value, which is stored in
MATLAB by running the initialization file

T0, TINJ, TEVAP

Gain Multiplies input signal by a constant value k2a, k2b

Repeating table The output value (or multiplier, if there is an
input signal) is set by the corresponding array
in the initialization file. Timing is set by the
“tvar” array in the initialization file

QIV1, QIV2, QINS,
kF1–kF6, k1, k3, k4

Sum Adds or subtracts input signals Circles (unlabeled)

Scope Plots the signal T TGT, T INS,
QTOT, QTOTIN

To workspace Stores values in the MATLAB workspace QTOT, QTOTIN
(rectangles)
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Figure A.1: Simulink model of heat load due to 3He transport. See Table A.4 for a description
of the types of blocks and their functions. The model solves the set of differential equations in
Chapter 3 and outputs the measurement cell and insulation volume temperatures, along with
the total input heat and the heat load on the dilution refrigerator. It can also be configured to
monitor the simulated heat flushes or track the temperatures of the rest of the LHe volumes.
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