
ABSTRACT 

ZHAO, JIEYUAN. Three Essays on Agricultural Commodity Market Linkages: Volatility 

Spillovers, Cross Hedging, and Market Integration. (Under the direction of Barry K. 

Goodwin). 

 

This dissertation consists of three essays on price and volatility transmission among 

agricultural commodity markets and the application of private market instruments, such as 

futures and options contracts, to manage the excessive price volatility and risk. Markets are 

tightly connected nowadays either horizontally or vertically. Analyzing a commodity market 

separately may result in misleading conclusions because changes in one market will rapidly 

spread out to other relevant markets. In the first essays, we study volatility spillover effects 

between the corn and soybean markets in the U.S. by examining the relationship between 

implied volatilities that are derived from option pricing formulas. Results confirm that 

significant volatility spillover effects exist in these two markets and these effects behave 

differently between a low volatility regime and a high volatility regime. The second essay 

introduces the application of copula models to estimate dynamic cross-hedge ratios. We 

discuss the use of corn futures contracts to cross hedge grain sorghum and the use of Kansas 

wheat and corn futures contracts to cross hedge barley. Our results demonstrate the 

effectiveness of cross-hedging as a mechanism for managing price risks. Finally, we develop 

a new approach to investigating spatial market integration in the third essay. It is a Markov-

switching autoregressive model with time-varying transition probabilities. This model 

provides new ways to describe the mechanism of switching between the arbitrage and non-

arbitrage regimes, such as transition probability functions and smoothed probabilities of 

being in either regime. We find that significant regime switching relationships have 

effectively characterized regional corn and soybean markets in North Carolina. Our results 

are also consistent with previous research that demonstrates different properties of price 

transmission in different regimes. 
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1 

Introduction 

Many studies have been extensively conducted on the analysis of market linkages in either 

vertical or horizontal contexts. Investigating market linkages has significant implications for 

various fields. Many researchers suggest that analyzing a commodity market separately may 

induce misleading conclusions because different markets are tightly connected nowadays. 

Changes in one market will rapidly spread out to relevant markets. This dissertation consists 

of three essays that discuss price and volatility transmission among agricultural commodity 

markets and the application of private market instruments, such as futures and options 

contracts, to manage the excessive price volatility and risk. 

    The first essay provides a new approach to analyzing the issue of volatility spillovers. In 

particular, we investigate the relationship and transmission between implied volatilities that 

are derived from option pricing formulas. Volatility spillovers have been extensively 

discussed in studies of stock markets, foreign exchange markets, and commodity markets. By 

definition, it studies the problem of how price volatility in one market is affected by previous 

price volatilities in other relevant markets. A commonly used method to examine volatility 

spillover effects is to apply (multivariate) GARCH models to historical price data. Differing 

from the historical volatility, an implied volatility is calculated from an option pricing 

formula, such as the Black-Scholes model and the Cox-Ross-Rubinstein binomial model, and 

it is a forward-looking and market-base measure of the future price variability. We discuss 

volatility spillover effects in the corn and soybean markets because they are two of the most 

important agricultural commodity markets in the United States. Using weekly average data 

from 2001 to 2010, we first estimate a vector autoregressive (VAR) model for the implied 

volatilities with Fourier seasonal components as exogenous variables, and test for volatility 

spillovers effects. We also use impulse response functions derived from this VAR model to 

analyze the spillover effects. In the next step, we construct a threshold VAR model with four 

regimes that depend on the previous levels of implied volatilities to improve the accuracy of 

our model. The main reason that we develop the model in this way is because we observe 

significant structural break points in the VAR model from three bootstrap versions of Chow 

tests (sample-split, break-point, and Chow forecast). The threshold VAR model also allows 
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volatility spillover effects to behave differently from a high volatility regime to a low 

volatility regime. Finally, we also estimate a BEKK-GARCH model using futures price data, 

a commonly used model to investigate volatility spillover effects, to compare results with 

what we have obtained from the VAR model.  

    In the second essay, we introduce the application of copula models to estimate optimal 

dynamic cross-hedge ratios. Hedging has become an important way to control risks and 

offset losses. The basic idea of hedging is to reduce the risk of an investment by investing in 

another asset with similar or reversed price movements. A cross hedge, by definition, is used 

to hedge in one market by taking a position in the market for another good whose price is 

highly correlated. Hedge (or cross-hedge) ratios are generally calculated by using variances 

of cash and futures returns and the correlation between these returns. The time-varying 

variances of returns are generally obtained by using generalized autoregressive conditional 

heteroskedasticity (GARCH) models, and the correlation is usually measured by the Pearson 

correlation. One of the limitations of the Pearson correlation is that it is only a measure of 

linear dependence (or correlation) in the elliptical family of distributions. Therefore, the 

Pearson correlation may miss the nonlinear aspect in the dependence. One feasible way to 

overcome this problem is to measure more flexible types of dependence by using copula 

models which have been widely discussed as a more effective tool to model dependence 

between variables either jointly or separately from their marginal distributions. For the 

empirical analysis, we discuss the use of corn futures contracts to cross hedge grain sorghum, 

and the use of Kansas wheat and corn futures contracts to cross hedge barley. We estimate 

eight types of copula models – two elliptical copulas (Gaussian and Student’s-t) and six 

Archimedean copulas (Frank, Plackett, Clayton, rotated Clayton, Gumbel, and rotated 

Gumbel) to obtain the time-varying correlation between cash and futures returns, and 

compare the performance of these copula models by the Akaike information criterion (AIC). 

Finally, we also conduct out-of-sample forecasts to evaluate the cross-hedging strategies we 

have proposed.  

    In the third essay, we develop a new approach to investigating spatial market integration. 

In particular, it is a Markov-Switching autoregressive (MSAR) model with time-varying state 
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transition probabilities. Markets with related goods are said to be integrated if prices from 

these markets move proportionally or follow similar patterns in the long run. Market 

integration has been widely discussed and evaluated by studying the mechanism of price 

transmission among interrelated markets. A popular way to study market integration is to 

construct various types of regime-switching models. These models become commonly 

accepted because they allow for different situations (e.g., arbitrage and non-arbitrage) in the 

analysis, and they also take into account the unobservable transactions costs. Most of the 

existing studies in this area treat the regimes as observable and control the switching between 

regimes by observable variables. In the MSAR model, we assume that the state (regime) 

variable is a latent process and control the switching between regimes by time-varying 

transition probabilities. One advantage of this model is that it allows the transition 

probabilities to vary according to the previous price difference and the previous state. A 

version of the EM (Expectation-Maximization) algorithm is derived for the estimation of this 

MSAR model. For the empirical application, we examine market integration among four 

regional corn markets (Statesville, Candor, Cofield, Roaring River) and three regional 

soybean markets (Fayetteville, Cofield, and Creswell) in North Carolina by analyzing 

parameter estimates in different regimes, transition probability functions, and the smoothed 

probabilities of being in the arbitrage or non-arbitrage regime. 
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Chapter 1 

Volatility Spillovers in Agricultural Commodity 

Markets: An Application Involving Implied 

Volatilities from Options Markets 

 

1.1  Introduction 

A large amount of research has been conducted on patterns of volatility across different 

commodities, times, and locations. In financial economics, price volatility is considered to be 

an important measure for price variation or price risk. One popular topic of recent research 

on price volatility is to investigate volatility spillover effects across different markets, such as 

stock markets, foreign exchange markets, and commodity markets. By definition, volatility 

spillovers solve the problem that how changes in the price volatility of one market affect 

price volatilities in other markets in the future. A commonly used method in most existing 

studies that examine volatility spillover effects is to apply (multivariate) GARCH models by 

using historical “backward-looking” price data.  

    In this essay, we introduce a new approach to analyzing the issue of volatility spillovers. In 

particular, we examine the relationship and transmission between implied volatilities that are 

derived from options prices. An implied volatility is calculated by applying an option pricing 

formula, the most common of which is the Black-Scholes formula. The advantage of using 

this kind of volatility instead of alternatives that are based on historical or lagged data is that 

the implied volatility is a forward-looking and market-based measure of price variability and 

uncertainty, thereby interpreting the market’s collective expectation of the future volatility of 

the price of the underlying asset. 
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    Research on volatility spillovers in agricultural commodity markets has become an 

important issue for market participants whose production and marketing decisions are often 

impacted by uncertainty and risks in commodity markets. To date, only a few studies have 

addressed this topic. Volatility spillovers exist among agricultural commodity markets 

because most such commodities share common market information, are typically imperfect 

substitutes in demand, and compete in the usage of some common inputs, such as land and 

labor. Changes in the volatility of one market will often trigger reactions in other markets. 

Our intent is to model such interactions. An understanding of the overall market behavior and 

the transmission of risks and shocks across interrelated markets requires an understanding of 

these relationships and in particular the mechanism for transmission among different 

markets. The dynamics of these linkages is also an important indicator of overall market 

behavior and performance. 

    For the empirical analysis, we examine volatility spillover effects between the U.S. corn 

and soybean markets. These two markets are selected because of their important roles in U.S. 

agricultural commodity markets. Section 1.2 briefly introduces the development of topics on 

volatility spillovers and implied volatilities over the past three decades. Section 1.3 provides 

a detailed description of the methods we use to analyze volatility spillover effects. The first 

method is to construct a vector autoregressive (VAR) model with Fourier seasonal 

components as exogenous variables using data of implied volatilities of corn and soybeans. 

We also discuss the impulse response functions that are derived from this model. The second 

method is to estimate a threshold VAR model with four regimes that depend on the previous 

levels of implied volatilities. The main reason that we develop the model in this way is that 

volatility spillover effects could behave differently from a high volatility regime to a low 

volatility regime, according to the significant structural changes found from test results of 

three bootstrap versions of Chow test for that VAR model. Finally, we also estimate a BEKK-

GARCH model using futures returns, a commonly used model to investigate volatility 

spillover effects, to compare results with what we have found from the VAR model. Section 

1.4 describes the special features of implied volatilities of corn and soybeans we used in this 

study and analyzes the volatility spillover effects in the corn and soybean markets by 
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presenting the results of the VAR model, bootstrap versions of Chow test, the threshold VAR 

model, and the BEKK-GARCH model. Section 1.5 summarizes the results and discusses 

some possible future development in this topic. 

 

1.2  Previous Research  

The time-varying volatility, as a measure of risk, has attracted considerable attention since 

the 1980s due to its importance in analyzing price data and the development of time series 

models. Understanding the behavior of price volatility is crucial for making important market 

decisions such as hedging strategies and asset location decisions. The commonly used 

models to measure the time-varying volatility are Engle’s autoregressive conditional 

heteroskedasticity (ARCH) models and Bollerslev’s generalized autoregressive conditional 

heteroscedasticity (GARCH) models.  

    In agricultural economics, researchers started to realize the importance of price volatilities 

and to study the source of volatilities three decades ago. For example, among those early 

studies, Anderson (1985) investigated determinants of futures price volatilities in eight major 

agricultural commodity markets. Streeter and Tomek (1992) performed a comprehensive 

study on futures price volatility in the soybean market, which discussed factors that affect the 

soybean price volatility, for example, information flows, market structures, and seasonality. 

Since the 1990s, ARCH and GARCH models have become very popular in a considerable 

amount of research on agricultural commodity prices. For instance, Holt and Aradhyula 

(1990) applied a GARCH model to estimate risk effects in aggregate supply equations and 

measure price risk that changed over time. 

    GARCH models have also been extended to allow multivariate analyses. Those new types 

of multivariate GARCH models then triggered the popularity of another research topic – 

volatility spillovers. By definition, examining volatility spillover effects solves the problem 

that how price volatility of one commodity is affected by previous price volatilities in other 

relevant commodity markets. Understanding the transmission mechanism of price risks 

among different markets is especially important for market participants, producers, 

researchers, and policy makers. For example, when making decisions about policy changes in 



 

7 

one commodity market, policy makers need to consider how the price volatility in that 

market spills over to price volatilities of its substitutes through market channels.  

    Although volatility spillover effects have been extensively discussed in considerable 

research on financial markets, very few studies have focused on agricultural commodity 

markets. Among these few studies, Natcher and Weaver (1999) discussed the transmission of 

price volatilities in vertically linked beef markets. Apergis and Rezitis (2003) investigated 

volatility spillover effects across agricultural input prices, output prices and retail food prices 

in Greece. Buguk, Hudson, and Hanson (2003) tested volatility spillovers for prices in the 

U.S. catfish supply chain, and found strong evidence of volatility spillovers from feeding 

material (corn, soybeans, menhaden) prices to catfish feed, farm-level and wholesale-level 

catfish prices.  

    Another type of volatility, the “implied volatility”, can also be used to investigate the price 

variability (or risk). Differing from the historical volatility, an implied volatility is a forward-

looking measure of the price variability, and it is calculated from an option pricing formula, 

such as the Black-Scholes model and the Cox-Ross-Rubinstein binomial model. Given the 

values of the option price, interest rate, and time to expiration, the option pricing formula 

relates the option price to the volatility of the underlying asset. To calculate the implied 

volatility, we need to enter the current market price of that option and other required 

information into an option pricing model and then solve for the volatility. This type of 

volatility is the market’s estimate of how volatile the underlying futures prices will be from 

the present until the option’s expiration. The question that whether the implied volatility is a 

good forecast of future volatility was discussed by many researchers during the 1970s and 

1980s. Some of them (e.g., Latane and Rendleman 1976; Chiras and Manaster 1978; Beckers 

1981) suggested that the implied volatility performed better than the historical volatility. 

Although some researchers found conflicting results, most studies still supported the 

conclusion that the implied volatility could forecast the future volatility effectively.  

Although the implied volatility is widely considered to be a good way to measure the 

future volatility, very little research on implied volatilities has been done in agricultural 

economics. McNew and Espinosa (1994) demonstrated that USDA reports have significant 
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impacts on implied volatilities in the corn and soybean markets by showing the evidence that 

a decrease in those implied volatilities could be found a few days after the release of the 

USDA crop reports. To examine the importance of implied volatilities in agricultural 

markets, Giot (2003) compared the incremental information content of lagged implied 

volatility to volatilities that are derived from GARCH models. He found that past squared 

returns only slightly improve the information content provided by the lagged implied 

volatility, and VaR (Value at Risk) models that rely on lagged implied volatility perform as 

well as VaR models using the volatility derived from GARCH models. A more recent study 

refers to the work of Isengildina-Massa, Irwin, Good and Gomez (2008). They found that the 

release of World Agricultural Supply and Demand Estimates (WASDE) reports would lead to 

a significant reduction of implied volatilities in corn and soybean markets shortly. 

 

1.3  Methodology 

1.3.1  VAR Model with Fourier Seasonal Components 

Considering the advantage of implied volatility and the importance of volatility spillovers in 

agricultural commodity markets, we develop a new method to examine volatility spillover 

effects between the corn and soybean markets. In particular, it is a vector autoregressive 

(VAR) model with Fourier seasonal components as the exogenous variables, using implied 

volatilities of corn and soybeans. 

    After testing for stationarity for implied volatilities of corn and soybeans, if they both 

appear to be stationary, a vector autoregressive model of order 𝑝 with exogenous variables 

(VAR(𝑝)) can be constructed to analyze the problem of volatility spillovers. The VAR(𝑝) 

model is shown as follows: 

1

1

p

t i t t t

i

y a y Dx u



     , (1.1), 

where   = [𝑐 𝑠 ]′ , 𝑐  and 𝑠  are the implied volatilities of corn and soybeans, 𝑎 =

[𝑎1 𝑎2]′ is a 2 × 1 vector of intercept terms, matrix 

𝐵𝑖 = [
 11,𝑖  12,𝑖
 21,𝑖  22,𝑖

] 
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is the coefficient matrix, 𝑥  is a 𝑘 × 1 vector of exogenous variables, 𝐷 is a 2 × 𝑘 matrix of 

parameters, and 𝑢 = [𝑢1 𝑢2 ]′  is a 2-dimensional white noise, that is, given the 

information at time 𝑡 − 1, 𝐸(𝑢 ) = 0, 𝐸(𝑢 𝑢 ′) = Σ𝑢, and 𝐸(𝑢 𝑢𝑠′) = 0 if 𝑠 ≠ 𝑡. 

    In this study, we apply Fourier seasonal components as exogenous variables to depict the 

periodicity of implied volatilities. The Fourier seasonal component is defined as 

1

2 2
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52 52
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where w  represents the number of week in the year. Thus, the VAR(𝑝) model in this analysis 

can be written as 

111, 12, 1,1

1 21, 22, 2,2

1

2 2
cos sin

52 52

2 2
cos sin

52 52

J

j jp
ji i tt t i

J
i i i tt t i

j j

j

j j
w w

b b uc ca

b b us sa j j
w w

 
 

 
 



 



     
     

                                    
      

      






. 

    In the above equation, testing for volatility spillover effects is equivalent to testing the 

statistical significance of parameters  12,𝑖’s and  21,𝑖’s. For example, if the null hypothesis is 

no volatility spillover from the soybean market to the corn market, then we should test the 

significance of  12,𝑖’s. Similarly, if  21,𝑖’s are not statistically significant (for example, at a 

significance level of 5%), we can conclude that there is no volatility spillover effect from the 

corn market to the soybean market. 

    We also use impulse responses to measure volatility spillover effects. With stationary time 

series variables, an impulse response function is generally applied to discuss responses of a 

variable to a shock. A VAR(𝑝) model with stationary time series can be rewritten as a vector 

moving average model with an infinite order (VMA(+∞)): 

1

t t i t i

i

y c  






    ,  (1.2) 

where Ψ𝑖 ’s are 2 × 2  coefficient matrices, and 𝜀  is a 2-dimensional white noise. The 

response of the i
th

 variable to one standard positive shock (one unit change) in the j
th

 variable 

h periods before is estimated by the ij
th

 element in Ψℎ (coefficient matrix at lag h).  
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1.3.2  Bootstrap Versions of Chow Tests 

In the second step of this study, we conduct structural change tests to check the time 

invariance property of the VAR(𝑝 ) model described in the previous section. The most 

commonly used structural change test in time series analysis is the Chow test. When the 

structural break point is unknown, although the structural change test can be conducted 

repeatedly for a range of potential structural break points, the outcomes of these repeated 

tests are not independent, and thus the p-values from the series of tests may be misleading 

(Andrews, 1993). Some research has been performed on resolving this problem (see, for 

example, Andrews and Ploberger 1994; and Hansen 1997), by making corrections to the p-

values or critical values. Furthermore, Candelon and Lutkepohl (2001) developed the 

bootstrap versions of Chow tests to improve the accuracy for testing structural changes with 

unknown structural break points in common sample sizes. Lutkepohl (2004) also extended 

the bootstrap versions of Chow tests to multivariate models.  

    We conduct three bootstrap versions of Chow tests to examine the time invariance property 

of our VAR( 𝑝 ) model. In particular, they are sample-split, break-point, and forecast 

bootstrapped Chow tests. Assuming that a structural break has happened at time t , the 

sample-split and break-point tests compare parameter estimates obtained from the model 

using data before t  with those from the same model but using data after t . The sample-split 

test assumes that the variance-covariance matrix is invariant for the two subsamples, while 

the break-point test also checks the constancy of the variance-covariance matrix. The Chow 

forecast test checks whether forecasts from the model for the first subsample are compatible 

with observations in the second subsample. For more details, please refer to Appendix A.  

 

1.3.3  Threshold Model 

From the results of the three bootstrap versions of Chow tests, we found significant structural 

break points in the VAR model (see Section 1.4.3). To improve the estimation accuracy of 

our model, we develop a threshold VAR model with four regimes: 

High volatility of corn – High volatility of soybeans, 

High volatility of corn – Low volatility of soybeans, 
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Low volatility of corn – High volatility of soybeans,  

Low volatility of corn – Low volatility of soybeans. 

    The regimes are defined by the previous levels of implied volatilities of corn and 

soybeans. The main reason that we construct the threshold VAR model in this way is that we 

believe the dynamic transmission of price volatilities may behave differently from a low 

volatility regime to a high volatility regime, according to the properties of the data and the 

results of the bootstrap versions of Chow tests. The threshold VAR model we propose is 

written as 
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                                                                                                                    (1.3) 

    The constants  1 and  2 in the above equations define the thresholds of this model, and 

they are chosen by using a grid search approach which contains the following steps. 

(1) Find the minimum and maximum values of 𝑐  and 𝑠  in our data: 𝑐𝑚𝑖𝑛, 𝑐𝑚𝑎𝑥, 𝑠𝑚𝑖𝑛 and 

𝑠𝑚𝑎𝑥. 

(2) Define small intervals (   and   𝑠) for 𝑐  and  𝑠  by 

  = (𝑐𝑚𝑎𝑥 − 𝑐𝑚𝑖𝑛)   ⁄  and  𝑠 = (𝑠𝑚𝑎𝑥 − 𝑠𝑚𝑖𝑛)  𝑠⁄ , 

where    and  𝑠 are integers that are chosen according to the properties of our data. 

(3) List two series of potential threshold values for  1 and  2. 

 1: 𝑐𝑚𝑖𝑛 +   , 𝑐𝑚𝑖𝑛 + 2  , …, 𝑐𝑚𝑖𝑛 + (  − 1)   

 2: 𝑠𝑚𝑖𝑛 +  𝑠, 𝑠𝑚𝑖𝑛 + 2 𝑠, …, 𝑠𝑚𝑖𝑛 + ( 𝑠 − 1) 𝑠 

(4) Estimate equation (1.3) by the maximum likelihood approach using each combination 

of  1 and  2 listed above (totally (  − 1) × ( 𝑠 − 1) combinations), and record the 
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Sum of Squared Errors (SSE) for each combination. 

(5) Compare the (  − 1) × ( 𝑠 − 1) values of the SSEs, and the  1 and  2 that yield the 

minimum SSE are the optimal thresholds for our model. Pay attention that the number 

of observations in each regime should be sufficient for conducting the estimation. 

 

1.3.4  BEKK-GARCH Model 

A traditionally used approach to investigating volatility spillover effects is estimating a 

(multivariate) GARCH model and then testing the significance of corresponding parameters. 

A popular type of bivariate GARCH models is the BEKK-GARCH model, which is 

introduced by Baba, Engle, Kraft, and Kroner to ensure the positive semi-definite property of 

the variance-covariance matrix. The purpose of estimating a BEKK-GARCH model using 

futures price returns is to compare our results from the VAR model shown in section 1.3.2 

with those from the traditionally used method. The BEKK-GARCH model we applied in this 

study with futures price returns of corn and soybeans is shown as follows: 
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  (1.5) 

where     and  𝑠  are corn and soybean futures returns (defined as    = 100 × [  (𝑝  ) −

  (𝑝 ,  1)] and  𝑠 = 100 × [  (𝑝𝑠 ) −   (𝑝𝑠,  1)], where 𝑝   and 𝑝𝑠  are the nearest futures 

prices of corn and soybeans), Ψ  1 is the known information at time 𝑡 − 1, and    is the 
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time-varying variance-covariance matrix. After several steps of derivation,  1, 
2 ,  12,  and  2, 

2  

can be rewritten as  

 
2 2 2 2 2 2 2 2 2 2

1, 1 11 1, 1 11 21 1, 1 2, 1 21 2, 1 11 1, 1 11 21 21, 1 21 2, 12 2t t t t t t t t                                  

2 2

12, 1 2 11 12 1, 1 11 22 1, 1 2, 1 12 21 1, 1 2, 1 22 21 2, 1

2 2

11 12 1, 1 12 21 21, 1 11 22 12, 1 22 21 2, 1           

t t t t t t t

t t t t

               

           

     

   

    

   

 

2 2 2 2 2 2 2 2 2 2 2

2, 2 3 12 1, 1 22 12 1, 1 2, 1 22 2, 1 12 1, 1 22 12 12, 1 22 2, 1( ) 2 2t t t t t t t t                                

 

    From the equations above, testing for return spillover effects from one market to the other 

is equivalent to testing the significance of  12,𝑖 and  21,𝑖 in equation (1.4). To test volatility 

spillover effects from the soybean market to the corn market, we need to perform the 

following hypothesis test:  

0 21 21: 0H     (No volatility Spillover from soybeans to corn) 

: at least one of them is not 0aH . 

Similarly, to test volatility spillover effects from the corn market to the soybean market is 

equivalent to perform the hypothesis test: 

0 12 12: 0H     (No volatility Spillover from corn to soybeans) 

: at least one of them is not 0aH
 

    The BEKK-GARCH model is estimated by the maximum likelihood method. In particular, 

it is to find the optimal parameter estimates that maximize the following log-likelihood 

function: 

 ( ) = −
( − 𝑝) 

2
   (2 ) −

1

2
∑ (   |  | + 𝜀 ′  

 1𝜀 )

 

    1

   (1  ) 

where   is the unknown parameters in the model,   is the number of mean equations (in our 

study,  = 2),   is the sample size of the futures returns, 𝑝 is the lag order in the mean 

equations, and 𝜀 = [𝜀1 𝜀2 ]′. 



 

14 

1.4  Results 

1.4.1  Data 

The data we use in this study consist of weekly average implied volatilities derived from 

nearby option contracts in corn and soybean markets from 1/5/2001 to 10/29/2010 (512 

observations). These implied volatilities are calculated from the Black option pricing model, 

using the mean of the two nearest-the-money calls and the two nearest-the-money puts. As 

with most existing studies, to avoid expiration effects (i.e., liquidation bias), we roll over to 

the next nearest contract one month prior to expiration of the contract. 

    Figure 1.1 shows the time series plots for the weekly average prices of the nearest corn and 

soybean futures contracts. It is evident that the futures markets of corn and soybeans have 

undergone dramatic changes since 2007. Specifically, both price levels have increased 

significantly since 2007. The main cause of these severe changes is generally considered to 

be the significant structural shocks from the Energy Independence and Security Act of 2007. 

This Energy Act sets a modified standard that starts at 9.0 billion gallons of renewable fuel in 

2008 and rises to 36 billion gallons by 2022. 21 billion gallons of the latter total is required to 

be obtained from ethanol and other advanced biofuels. This modified standard has increased 

the demand for corn which is the major source for ethanol. On the other hand, the price of 

soybeans is highly correlated with the price of corn, because corn and soybeans are basically 

grown in the same region and compete for the same land. Changes in the demand for corn 

will probably incur changes in production decisions of soybeans, and therefore affect the 

price of soybeans. In particular, as higher corn prices bid away acreage toward corn, soybean 

prices will rise. 

    Figure 1.2 and 1.3 show the time series plots of weekly average implied volatilities in the 

corn and soybean markets. For the corn market, the implied volatility displays a strong 

periodical pattern before 2007. The maximum implied volatilities appear approximately in 

June and July, immediately prior to the harvest season of corn. This is a period of time when 

new information regarding the upcoming crop is being processed by the market. The 

minimum implied volatilities appear in winter, following harvest. For the soybean market, 

though the seasonal pattern of the implied volatility is not as significant as in the corn 
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market, the implied volatility still displays regular patterns before 2006. Similar with the corn 

market, the minimum implied volatilities of soybeans also appear in winter. 

    Changes in futures prices will also result in changes in price volatilities. Implied 

volatilities in these two markets have changed remarkably since 2007. For example, the 

implied volatility of corn remained at a relatively high level after 2007. The average implied 

volatility increased by approximately 47%, compared with the average over the period from 

2001 to 2006. For the soybean market, the implied volatility increased to an extremely high 

level from the beginning of 2008, and then started to decline from the middle of 2009. 

Descriptive statistics of these implied volatilities are reported in Table 1.1.  

    In the analysis of time series data, generally, the first step is to test for stationarity (or unit-

root) for the data because non-stationary data under the ordinary least squares framework 

tend to result in biased estimates. We perform the Dickey-Fuller (DF) test to evaluate the 

stationarity for the two endogenous variables in the model. Table 1.2 shows the results for 

the DF test, which indicates that both variables are stationary. Thus, no cointegration test 

needs to be conducted. 

  

1.4.2  Results for VAR model with Fourier Seasonal Components 

The lag order of the VAR model and the lag order of the Fourier seasonal components are 

decided by the Schwartz Bayesian Criterion (SBC), a commonly used criterion for 

determining the lag order of a VAR model. According to the minimum value of SBC, the 

order of the VAR model and the order of the Fourier seasonal components are both one. That 

is, two trigonometric exogenous variables,    (2   2⁄ ) and    (2   2⁄ ), are included as 

exogenous variables in the VAR model. Thus, the VAR(1) model in this analysis becomes 
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.   (1.7) 

    Estimates of coefficients in this VAR(1) model are displayed in Table 1.3. Results of the 

model estimates indicate that volatility spillovers exist from the corn market to the soybean 
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market at a significance level of 5%. The magnitude of this spillover effect is about 0.0518. 

We also observe a negative volatility spillover effect with a magnitude of -0.0118 from the 

soybean market to the corn market, but this effect is not statistically significant at a 10% 

significance level. The significance of the exogenous variable    (2   2⁄ ) also confirms 

the seasonality in those two implied volatilities. 

    An impulse response function can be used to analyze the effect of a positive shock (a one 

unit change) in a variable on the future values of the other variables and itself. In this study, 

we used the simple impulse response functions to examine volatility spillover effects from a 

shock in an implied volatility. Unlike an orthogonal impulse response function, a simple 

impulse response function (equation (1.2)) is not affected by the ordering of the variables. 

Figure 1.4 and 1.5 illustrate the impulse responses of the estimated VAR(1) model up to 40 

weeks after a positive shock (a one unit change in level) in one of the implied volatilities. 

The two blue lines in both figures provide the confidence interval at a 5% significance level. 

A shock in the implied volatility of corn has a positive and significant impact on the implied 

volatility of soybeans. The significance persists for approximately 33 weeks. The response of 

implied volatility of soybeans first increases for about 13 weeks, and then declines slowly 

until it is not significant. A shock in the implied volatility of soybeans has a negative impact 

on the implied volatility of corn; however, as is found from results of the VAR(1) model, this 

impact is not statistically significant. 

 

1.4.3  Results for Structural Change Tests 

From Figure 1.2 and 1.3, we observe dramatic changes in implied volatilities of corn and 

soybeans since 2007. To check the time invariance property of our VAR(1) model, three 

bootstrap versions of Chow tests (break-point, sample-split and forecast) are conducted. 

Figure 1.6 shows the results for these three types of Chow tests. The values on the vertical 

axes are used to measure the possibility of a structural change, which are defined by 

(−   1 (𝑝 )), where 𝑝  is the p-values for those three bootstrap versions of Chow tests at 

time 𝑡, assuming that structural change points are unknown. A larger value of −   1 (𝑝 ) 

suggests a higher probability of a structural change at time 𝑡 . For example, Figure 1.6 
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indicates that significant structural changes happened around 2003, the second quarter of 

2006, and the first quarter of 2008. 

    After conducting the structural change tests, we separate the data set into two subsamples 

and compare results from each subsample. The first subsample contains observations from 

01/05/2001 to 04/28/2006, and the second subsample is from 05/05/2006 to 10/29/2010. We 

separate the data set in this way because severe changes can be observed after 2007 in either 

prices or volatilities from Figure 1.1 to 1.3, and significant structural changes have been 

found during 2006 (especially in the second quarter) from the three bootstrap versions of 

Chow Tests. In additional, we want to analyze the changes that are aroused by the shock of 

the Energy Act of 2007.  

    Table 1.4 shows the results of the estimated VAR models for the two subsamples. Results 

from the first subsample suggest that a significant positive volatility spillover effect exists 

from the corn market to the soybean market at a 10% significance level. But in the second 

subsample, no spillover effect with the same direction can be observed. In both subsamples, 

the volatility spillover effect from the soybean market to the corn market is positive (but not 

significant), which is different from the results in Section 1.4.2 for the complete data set. The 

magnitudes of volatility spillover effects are quite different in those two subsamples. Figure 

1.7 through 1.10 illustrate the impulse responses up to 40 weeks after a shock in one of the 

implied volatilities for each subsample. Patterns of these impulse responses also differ from 

those in Section 1.4.2. For the first subsample (Figure 1.7 and 1.8), a shock in the implied 

volatility of corn has a positive effect on the implied volatility of soybeans (the two blue lines 

provide the confidence interval at a 5% significance level), while the impact of a shock in the 

implied volatility of soybeans on the implied volatility of corn is almost zero. For the second 

subsample (Figure 1.9 and 1.10), a shock in the implied volatility of corn also has a positive 

effect on the implied volatility of soybeans, and another positive impact of a shock from the 

other direction can be found. The magnitude of response of the implied volatility of corn to a 

shock in the soybean market is larger than the magnitude of response of the implied volatility 

of soybean to a shock in the corn market. 
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1.4.4  Results for the Threshold VAR Model 

Results in Section 1.4.3 indicate that significant structural changes may exist in our model, 

and the transmission of price volatilities between the corn and soybeans markets may behave 

differently from a low volatility regime to a high volatility regime. Therefore, we develop a 

threshold VAR model with four thresholds (see Section 1.3.3), and results of this model are 

shown in Table 1.5. This model is estimated by a grid search approach which is described in 

Section 1.3.3
1
. The optimal values of  1 and  2 that are used to define the thresholds are 

35.355 and 31.926, which are obtained by comparing the SSEs for all (  − 1) × ( 𝑠 − 1) 

possible combinations of  1 and  2. These two values are both in the middle of the ranges of 

those two implied volatilities. 

    From the results of Table 1.5, coefficients of  12 in equation (1.3) are significant in the 

two regimes where 𝑠  1   1  2 , which means volatility spillovers exist from the soybean 

market to the corn market when the volatility of soybeans is high (Regime 1 and 3). In 

Regime 1 when both volatilities are at relatively high levels, the volatility of soybeans has a 

positive spillover effect with a magnitude around 0.1397 on the volatility of corn; while in 

Regime 3 (a regime with high soybean volatility but low corn volatility), this effect becomes 

negative with a magnitude around -0.4667. The estimated coefficient of  21 is significant 

only in Regime 4 where 𝑐  1          and 𝑠  1   1  2 , which suggests that the 

volatility spillover effect from the corn market to the soybean market only exists when both 

volatilities are at relatively low levels, and this effect is positive with a magnitude of 0.0573. 

In all other regimes, estimated coefficients of  21 are all negative but not significant. Results 

from this threshold VAR model are quite different from those we have obtained in Section 

1.4.2. We can observe different spillover effects for different regimes. The threshold VAR 

model provides a more precise way to solve the problem of volatility spillovers, especially 

for the situation that significant structural changes have been detected in the VAR model. 

 

 

                                                 
1
 We set   =  𝑠 =  0 in the model estimation, and the number of observations in each regimes should be 

greater than 25. 
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1.4.5  Results for the BEKK-GARCH Model 

The data we use in this section are weekly average prices of the nearest corn and soybean 

futures contracts from the Chicago Board of Trade (CBOT) over the period of 1/5/2001 to 

10/29/2010 (512 observations). Similarly, we roll over to the next nearest contract one month 

prior to expiration of the contract to avoid expiration effects. Table 1.6 reports some 

descriptive statistics for the futures returns. The average returns for     and  𝑠  are both 

positive. Results from the Dickey-Fuller (DF) unit root test indicate that both returns are 

stationary. The Jarque-Beta normality test statistics suggest that both of the unconditional 

returns follow the normal distribution.  

    Table 1.7 shows the results for the bivariate BEKK-GARCH(1,1) model (equation (1.4) 

and (1.5)). The lag order 𝑝 in the mean equation, which is one in our case, is determined by 

the Schwartz Bayesian Criterion (SBC). A positive and significant estimate of parameter  21 

reveals that the futures return in the corn market has a positive spillover effect on the futures 

return in the soybean market. Parameter estimates of  12,  21,  12, and  21 in equation (1.5) 

are all statistically significant, which means volatility spillover effects exist between these 

two markets in both directions. Results from the BEKK-GARCH model are quite different 

from those in Section 1.4.2 which imply that volatility spillovers exist only from the corn 

market to the soybean market.  

 

1.5  Conclusion and Discussion  

We develop a new approach to examining volatility spillover effects among interrelated 

markets. In particular, we investigate the relationship and transmission between implied 

volatilities that are derived from option pricing formulas. The advantage of using this type of 

volatilities instead of alternatives that are derived from historical data is that the implied 

volatility is a forward-looking and market-based measure of price variability and uncertainty, 

and it has been generally considered to be an effective indicator that interprets the market’s 

expectation of the future volatility. 

    To study the volatility spillover effects between the corn and soybean markets, we first 

construct a VAR model with Fourier seasonal components as exogenous variables using data 
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of implied volatilities in those two markets. Results from the VAR model suggest that 

volatility spillovers exist from the corn market to the soybean market, but there is no 

volatility spillover from the soybean market to the corn market. A commonly used BEKK-

GARCH model with historical futures price data provides different results, which implies 

that volatility spillover effects exist in both directions. From the results of three bootstrap 

versions of Chow tests, we can conclude that there should be significant structural break 

points in the VAR model. Taking into account the dramatic changes for both implied 

volatilities from 2007, we then develop a threshold VAR model with four regimes that 

depend on the levels of previous volatilities. Results from the threshold VAR model suggest 

that the volatility spillover effect from the corn market to the soybean market only exists 

when both volatilities are at relatively low levels. When the soybean market is in a high 

volatility state, volatility may spill over from the soybean market to the corn market. 

    Many researchers have argued that the implied volatility is an effective forecast for the 

future volatility in the market, and some of them have proved that the performance of implied 

volatilities is better than alternatives that are derived from historical price data. Price 

variability and its transmission mechanism have been extensively discussed in agricultural 

economics, but only a few studies have focused on using implied volatilities. Applications of 

implied volatilities to measure price uncertainty or price risk could be important and 

meaningful in future research. 
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Tables and Figures 

 

Table 1.1  Summary Statistics 

  𝑐    𝑠   

Observations 512 512 

Mean 29.436 27.339 

Standard Deviation 8.499 8.219 

Minimum 15.07 13.71 

Maximum 55.64 54.19 

Skewness 0.419 0.879 

Kurtosis -0.518 -0.052 

 

 

 

Table 1.2  Dickey-Fuller Unit Root Test Results 

Variable Single Mean Trend 

  𝑐  -3.51***          -4.42***  

  𝑠  -3.70***          -3.93**   

Note: (1) *** and ** refer to the rejection of the null hypothesis of a unit root at 1% and 5%, respectively.  

(2) No unit root in the single mean type is found at 1% significance level.  
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Tabel 1.3  Estimates of the VAR(1) model 

  𝑐  equation   𝑠  equation 

constant 1.5342 1.0141 

 (0.4351)*** (0.4372)** 

𝑐  1 0.9601 0.0518 

 (0.0209)*** (0.0210)** 

𝑠  1 -0.0118 0.9078 

 (0.0211) (0.0212)*** 

   (2   2⁄ ) -0.0234 -0.0683 

 (0.1661) (0.1669) 

   (2   2⁄ ) 0.4664 0.3222 

 (0.1565)*** (0.1573)** 

Note: (1) Standard errors are in parentheses.  

(2) *** and ** denote significance level of 1% and 5%, respectively. 

 

 

 

Table 1.4  Estimates of VAR(1) for two subsamples 

   2001-2006     2006-2010  

  𝑐  equation   𝑠  equation  𝑐  equation   𝑠  equation 

constant 3.8514 1.2998 3.4400 0.8279 

 (0.8069)*** (0.8965) (0.9750)*** (0.9278) 

𝑐  1 0.8340 0.0851 0.8679 0.0308 

 (0.0462)*** (0.0513)* (0.0419)*** (0.0398) 

𝑠  1 0.0077 0.8641 0.0433 0.9374 

 (0.0325) (0.0361)*** (0.0319) (0.0303)*** 

   (2   2⁄ ) -0.7913 -0.0897 0.1058 -0.0206 

 (0.2856)*** (0.3174) (0.2473) (0.2354) 

   (2   2⁄ ) 0.9552 0.3406 0.2234 0.2118 

 (0.2036)*** (0.2262) (0.2493) (0.2372) 

Note: (1) Standard errors are in parentheses.  

(2)***, **, and * denote significance level of 1%, 5% and 10%, respectively. 
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Table 1.5  Estimates of the Threshold VAR model 

 
𝑐  1         and 𝑠  1   1  2  

( 1 =   )   

𝑐  1         and 𝑠  1   1  2  

 ( 2 =   ) 

 𝑐  equation 𝑠  equation 𝑐  equation 𝑠  equation 

constant 13.5332 12.6088 13.0048 2.5186 

 (2.9193)*** (2.9804)*** (7.5188)* (7.6763) 

𝑐  1 0.5455 -0.1043 0.6563 -0.0434 

 (0.0827)*** (0.0844) (0.2030)*** (0.2073) 

𝑠  1 0.1397 0.7963 -0.0277 0.9783 

 (0.0712)* (0.0727)*** (0.1579) (0.1612)*** 

   (2   2⁄ ) 2.3773 0.3679 -0.3342 -0.2417 

 (0.4776)*** (0.4876) (0.7805) (0.7968) 

   (2   2⁄ ) 0.1806 0.6964 0.4089 0.1117 

 (0.3618) (0.3694)* (0.8160) (0.8330) 

 

 
𝑐  1         and 𝑠  1   1  2  

(  =  0) 

𝑐  1         and 𝑠  1   1  2  

(  =    ) 

 𝑐  equation 𝑠  equation 𝑐  equation 𝑠  equation 

constant 22.2063 25.4889 1.4283 1.9121 

 (7.2912)*** (7.4438)*** (0.8335)* (0.8510)** 

𝑐  1 0.7605 -0.0899 0.9977 0.0573 

 (0.1211)*** (0.1236) (0.0325)*** (0.0332)* 

𝑠  1 -0.4667 0.2954 -0.0475 0.8587 

 (0.1696)*** (0.1731)* (0.0410) (0.0419)*** 

   (2   2⁄ ) -3.3117 -3.8479 -0.1193 0.0538 

 (1.1095)*** (1.1328)*** (0.2064) (0.2107) 

   (2   2⁄ ) 1.7058 0.5635 0.3914 0.2067 

 (0.6364)*** (0.6498) (0.1891)** (0.1931) 

Note: (1)  𝑖 indicates the number of observations in Regime  . 
          (2) Standard errors are in parentheses.  

(3)***, **, and * denote significance level of 1%, 5% and 10%, respectively. 

 

 

 

 

 

 



 

26 

Table 1.6  Summary Statistics for returns of corn and soybeans 

              𝑠  

Observations 511 511 

Mean 0.1810 0.1740 

Standard Deviation 3.6343 3.3019 

Minimum -15.1191 -13.3001 

Maximum 13.4527 9.6849 

Skewness -0.1711 -0.7504 

Kurtosis  1.4904  1.7989 

DF Tau (single mean)  -18.55***  -17.65*** 

Note: *** denotes significance level of 1%. 

 

 

Table 1.7  Estimates of the BEKK(1,1) Model 

Parameter Estimate   Standard Error 

  1 0.1891 0.1562 

 11 0.1939*** 0.0649 

 12 -0.0420 0.0739 

  2 0.0939 0.1294 

 21 0.1157** 0.0534 

 22 0.1282* 0.0680 

 1 1.5443*** 0.2889 

 2 0.6879** 0.2696 

   0.0000 0.0156 

 11 0.2315 0.1934 

 12 0.3536*** 0.0701 

 21 -0.3023** 0.1338 

 22 -0.5802*** 0.0881 

 11 -0.1598** 0.0806 

 12 -0.8346*** 0.0556 

 21 1.1203*** 0.0962 

 22 0.8971*** 0.0771 

Log-likelihood -2541.275  

Note: ***, **, and * denote significance level of 1%, 5% and 10%, respectively. 
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Figure 1.1  Prices for the Nearest Futures Contracts of Corn and Soybeans (Weekly Average) 

 

Note: The Prices are quoted in dollars per bushel. 
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Figure 1.2 Weekly Average Implied Volatility in the Corn Market 

 

 

 

 

 
Figure 1.3 Weekly Average Implied Volatility in the Soybean Market 
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Figure 1.4  Responses to Impulse in the Implied Volatility of Corn 

 

 

 

 

 

Figure 1.5  Responses to Impulse in the Implied Volatility of Soybeans 
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   Figure 1.6  Bootstrap Versions of Chow Tests 

 

   Note: (1) The values on the vertical axis are negative base-10 logarithms of the bootstrapped p-values. 

             (2) The three horizontal lines (1,1.301, and 2) on the graphs represent p-values of 0.1, 0.05, and 

0.01. ( −   1 (0 1) = 1, −   1 (0 0 ) = 1.301, −   1 (0 01) = 2) 

             (3) When the p-value is less than 0.001, we set it equal to 0.0009. 
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Figure 1.7  Responses to Impulse in the Implied Volatility of Corn (2001-2006) 

 

 

 

 

Figure 1.8  Responses to Impulse in the Implied Volatility of Soybeans (2001-2006) 
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Figure 1.9  Responses to Impulse in the Implied Volatility of Corn (2006-2010) 

 

 

 

 

Figure 1.10  Responses to Impulse in the Implied Volatility of Soybeans (2006-2010) 
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Chapter 2 

Dynamic Cross-Hedge Ratios: An Application of 

Copula Models 

 

2.1  Introduction 

In financial markets, hedging has become a popular way to control risks and offset losses. A 

hedge can be constructed across many different types of financial instruments, such as 

stocks, futures, options, and swaps. The basic idea of hedging is to reduce the risk of an 

investment by investing in another asset with offsetting or similar price movements. A cross 

hedge is used to hedge in one market by taking a position in the market for another good 

whose price is highly correlated. In agricultural economics, investigating the optimal hedge 

ratio has important implications for controlling price risk for agricultural commodities. For 

example, for goods that have no futures market, a cross hedge is an effective way to reduce 

price risks (Anderson and Danthine 1981).  

    An extensive literature has examined the methodology of estimating optimal risk-

minimizing hedge ratios. In most empirical research, hedge (or cross-hedge) ratios are 

estimated by using the variances of cash and futures returns and the correlation between these 

returns. The time-varying variances of returns are generally obtained by using GARCH 

(generalized autoregressive conditional heteroskedasticity) models, and the correlation is 

usually measured by the Pearson correlation. One limitation of the Pearson correlation is that 

it is only a measure of linear dependence (or correlation) in the elliptical family of 

distributions. And since it only measures linear dependence, it misses the nonlinear aspect in 

the dependence between the returns. One feasible way to overcome this shortcoming of the 

Pearson correlation is to measure more flexible types of dependence using copula models. In 
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many of the recent studies, copula models have been extensively discussed as a more 

effective tool to model more flexible types of dependence (or correlation) between variables 

either jointly or separately from their marginal distributions. 

    For the empirical analysis in this study, we discuss the use of corn futures contracts to 

cross hedge grain sorghum, and the use of Kansas wheat and corn futures contracts to cross 

hedge barley by applying copula models. Grain sorghum is used as a substitute for corn in 

some industries. However, it lacks an explicit futures market, which again leads to a 

dependence on corn futures as a risk management instrument. On the other hand, wheat is 

considered as a good substitute for barley in many uses. However, barley is generally thinly 

traded in futures markets. Therefore, investigating optimal cross-hedge ratios has significant 

impacts on managing risks for prices in the grain sorghum and barley markets.  

    The remainder of this chapter proceeds as follows: Section 2.2 provides a brief review of 

previous research on estimating optimal risk-minimizing hedge ratios. Section 2.3 discusses 

the method that we develop to estimate dynamic optimal cross-hedge ratios. In particular, the 

optimal cross-hedge ratios are obtained from the correlation (or dependence) derived from 

copula models and the variances calculated from a bivariate error correction model (ECM) 

with GARCH error terms. Two elliptical copulas (Gaussian and Student’s-t) and six 

Archimedean copulas (Frank, Plackett, Clayton, rotated Clayton, Gumbel, and rotated 

Gumbel) are utilized to estimate the degree and behavior of dependence. Section 2.4 

describes the data in this study, presents results of model estimates, and also provides 

forecasts of the optimal cross-hedge ratios. Section 2.5 summarizes the results and discusses 

some possible extensions of this essay. 

 

2.2  Previous Research 

A considerable amount of research has been conducted on the estimation of optimal risk-

minimizing hedge ratios. In traditional hedging theory, it is emphasized that holders of an 

asset can protect themselves against the loss from a cash price decline by selling futures 

contracts with an amount exactly equal to the size of the long cash position. However, 

Working (1953), an early contributor to the study of hedging, argued that most hedging was 
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done in expectation of a change in the correlation of spot and futures prices and the 

traditional hedging theory failed to explain how futures markets work. Considering both the 

concept of risk avoidance from the traditional hedging theory and Working’s idea that hedge 

depends on the expected change, Johnson (1960) constructed a model that applied the basic 

portfolio theory to clarify the concept of hedging. This model is the first one to include both 

the expectation of returns and variances of returns in the analysis of hedging.  

    Early research on the optimal hedge ratio (e.g., Ederington 1979; Hills and Schneeweis 

1982) mainly focused on the approach of regressing cash prices on futures prices (or cash 

price returns on futures price returns), and used the estimated slope as a measure of the 

optimal hedge ratio. Many subsequent studies (e.g., Myers and Thompson 1989; Cecchtti, 

Cumby and Figlewski 1988), however, pointed out that the estimate of the slope coefficient 

is not satisfactory. The main reason is that this constant hedge ratio from a simple regression 

is only a ratio of the unconditional covariance between the cash and futures prices (or 

returns) to the unconditional variance of the futures prices (or returns), but in practice the 

variance and covariance should be considered as conditional, for they are calculated using the 

available information when the hedging decision is made. Researchers then continued to 

investigate the conditional optimal hedge ratio under a dynamic framework. In agricultural 

economics, the first study of dynamic hedging models was provided by Karp (1987).  

Since the 1990s, ARCH or GARCH types of models have become popular in many 

research areas including studies of hedging strategies. Baillie and Myers (1991) are the first 

researchers to apply GARCH models to estimate time-varying hedge ratios, using conditional 

variances and covariance of cash and futures price returns. The advantage of using GARCH 

models is that they enable the second moments of the conditional distributions of returns to 

change over time, and they also allow for leptokurtosis in the unconditional distribution of 

returns. Furthermore, when extending to multivariate GARCH models, we can also examine 

the time-varying dependence from the conditional variance-covariance matrices. To improve 

the performance of GARCH models for estimating dynamic hedge ratios, Kroner and Sultan 

(1993) developed a bivariate error correction model with GARCH error terms to deal with 

the problem of long-run cointegrating relationships among financial assets. This model has 
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now become generally accepted as a basis for most recent research on dynamic hedge ratios. 

Subsequent research has been extended to the application of out-of-sample forecasting 

techniques (e.g., Lien 2005).  

For an investor who holds a long (or a short) position in a good, hedging is an popular 

investment strategy that takes an offsetting position in a related security, such as futures 

contracts (usually for the same good); while cross hedging, as an important part of hedging, 

refers to taking a position in a separate security for another good with highly correlated price 

movements. In agricultural commodity markets, cross hedging is often considered as an 

effective way to control price risk, especially for goods that have no futures market. Among 

early studies, Anderson and Danthine (1981) provided a theoretical model of cross hedging 

in futures markets and explained the important role of cross hedging in risk management. A 

large amount of subsequent work examined the use of (cross) hedging to control price risks 

for agricultural commodities (e.g., Hayenga and DiPietre 1982; Blake and Catlett 1984; 

Vukina and Anderson 1993; Haigh and Holt 2000; Franken and Parcell 2003). Most of the 

recent empirical applications have been conducted by using GARCH types of models. For 

example, Haigh and Holt (2000) investigated the time-varying hedge ratios by applying a 

multivariate GARCH model, and explained how international grain traders could reduce 

price risks by selecting combinations of different cash and futures contract positions. Studies 

on cross hedging remains attractive nowadays, and most of them are mainly focusing on 

financial and foreign exchange markets (e.g., Chang and Wong 2003; Wong 2007). 

 

2.3  Methodology 

This section provides the details of our new approach to estimating dynamic optimal cross-

hedge ratios. Section 2.3.1 describes the basic model we use to analyze hedge strategies. 

Section 2.3.2 through 2.3.5 provide a comprehensive description of eight copula models, the 

estimation technique, and how to use these copula models to measure the time-varying 

dependence between cash and futures returns.  
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2.3.1  Hedging Model: Bivariate GARCH model with Error Correction Terms 

Suppose an investor has a fixed long cash position of one unit of a commodity and a short 

position of −  units in a futures market at time 𝑡 − 1. Let 𝑠  and    be the changes in the spot 

and futures prices (or returns of these prices) at time 𝑡. In this case, the return on holding this 

portfolio of cash and futures positions between time 𝑡 − 1 and 𝑡, 𝑥  , is denoted by 

𝑥 = 𝑠 −    1   . 

Assume that the utility function for the investor is the mean-variance expected utility, 

𝐸 (𝑥) = 𝐸(𝑥) −   𝑎 (𝑥),     0, 

where   is the degree of absolute risk aversion. Thus, the investor’s decision problem under 

the information at 𝑡 − 1 can be expressed as 

   
    

𝐸  1 (𝑥 ) =𝐸  1(𝑠 ) −    1𝐸  1(  )

−  { 𝑎   1(𝑠 ) +    1
2  𝑎   1(  ) − 2   1𝑐    1(𝑠 ,   )}   

The first-order condition implies that the optimal value of    1 is 

   1
 =

−𝐸  1(  ) + 2 𝑐    1(𝑠 ,   )

2  𝑎   1(  )
   

If the futures price (  ) follows a martingale, which means 𝐸  1(  ) =    1 or 𝐸  1(  ) = 0, 

then    1
 , the optimal hedge ratio, becomes 

   1
 =

𝑐    1(𝑠 ,   )

 𝑎   1(  )
 ,    

   1
 = 𝑐     1(𝑠 ,   )√

 𝑎   1(𝑠 )

 𝑎   1(  )
    (2 1)   

Kroner and Sultan (1993) proposed a bivariate error correction model with GARCH error 

terms to solve for the dynamic optimal hedge ratio,    1
 , which is derived as follows.  

𝑠 =   𝑠 +  1𝑠(   1 −     1) + 𝜀𝑠    (2 2) 
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  =    +  1 (   1 −     1) + 𝜀     (2  ) 

[
𝜀𝑠 
𝜀  
]|Ψ  1  (0,  ) 

  =

[
 
 
  𝑠  √ 𝑠    

 √ 𝑠       ]
 
 
 

 

 𝑠 =   𝑠 +  1𝑠𝜀𝑠,  1
2 +  2𝑠 𝑠,  1   (2  ) 

   =    +  1 𝜀 ,  1
2 +  2   ,  1   (2  ), 

where    1 and    1 are spot and futures prices at 𝑡 − 1, and Ψ  1 is the information set at 

𝑡 − 1. The dynamic optimal hedge ratios,   , are then calculated by the estimates of  𝑠 ,    , 

and    

In equation (2.2) and (2.3), the term (   1 −     1) is called the error correction term 

which imposes the long-run relationship between the spot and futures prices,    and   , into a 

short-run model. Kroner and Sultan demonstrated that, in the long-run,    and    could share 

the same stochastic trend (i.e.    and    are cointegrated). Therefore, the ignorance of the 

term (   1 −     1)  could lead to a statistical bias in    1
 .  

  Kroner and Sultan assumed that the conditional GARCH residuals are normally distributed. 

However, a large amount of empirical evidence suggests that most financial returns may not 

follow a normal distribution. Thus, for the distribution assumptions of the conditional 

GARCH residuals, we extend to Student’s- t  and skewed- t , which are commonly used as 

distributions for returns in recent studies of financial markets. The density functions of these 

distributions are showed as follows: 

(1) Normal distribution (with zero mean): 

   (  |Ψ  1) =
1

√2 
   (−

  
2

2
)   (2  ), 

where    is ratio of the GARCH residual to its conditional variance, or   = 𝜀 √  ⁄   

  (2) Student’s-t distribution with degrees of freedom (DoF)  : 
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   (    |Ψ  1) =
 (
 + 1
2 )

 (
 
2)√  (1 +

  
2

 )
(
  1
2
)
   (2  ) 

where  ( ) is the Gamma function which is defined as  (𝑥) = ∫ 𝑡𝑥 1   𝑡
 

 
, and if 𝑥 is an 

integer, then  (𝑥) = (𝑥 − 1) . The normal distribution is nested in (a special case of) the 

student’s-t distribution. When the degrees of freedom   is large enough (e.g. greater than 50), 

then the student’s-t distribution can be reduced to a normal distribution. 

(3) Skewed-t distribution: 

   (    ,  |Ψ  1) =

{
 
 

 
 

2

 +
1
 

 (   | ),     0   

2

 +
1
 

 (
  
 
|  ) ,     0 

   (2  ) 

where  ( | ) is the symmetric (unit variance) Student’s-t density (equation 2.7) with DoF  , 

and   measures the degree of asymmetry. For example, if   is not significantly different from 

1, then the skewed-t distribution can be reduced to the standard student’s-t distribution.  

 

2.3.2  Estimating Optimal Hedge Ratios by Using Copula Models 

Instead of constructing a bivariate GARCH model, we estimate the correlation term in 

equation (2.1),  𝑐     1(𝑠 ,   ) , by applying copula models, and obtain the time-varying 

variances,   𝑎   1(𝑠 )  and  𝑎   1(  ) , by estimating the two univariate GARCH models 

(equation (2.2) and (2.4), and (2.3) and (2.5)) with different distribution assumptions.  

  The application of copula models has become a significant innovation in modeling 

conditional dependence. The idea of copula, which was first proposed by Sklar (1959), states 

that any N-dimensional joint distribution function can be decomposed into N marginal 

distributions and a copula function, and the copula function can properly describe the 

dependence between the N variables. By Sklar’s theorem, for a 2-dimensional joint 
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distribution function  (𝑥,  ) with continuous marginal cumulative density functions   (𝑥) 

and   ( ), there exists a copula function  ( ) that satisfies  

 (𝑥,  ) =  (  (𝑥),   ( ))  

This equation implies that marginal distributions and the dependence described by the copula 

can be separated. Thus, copula functions allow greater flexibility in measuring dependence 

and modeling joint distributions.  

  The bivariate joint CDF of the standardized GARCH residuals,  𝑠  and     , can be 

rewritten as 

  ( 𝑠 ,    |Ψ  1) =   (    ( 𝑠 ),     (   )|Ψ  1) 

And therefore the dependence of the two returns, 𝑠  and   , conditional on the information at 

𝑡 − 1 can be measure by a copula function with marginal CDFs of  𝑠  and    . 

  Assume that   ( ) is twice differentiable. Then the conditional joint PDF becomes 

  ( 𝑠 ,    |Ψ  1) =
   ( 𝑠 ,    |Ψ  1)

  𝑠     

= 𝑐 (    ( 𝑠 ),     (   )|Ψ  1) ×     ( 𝑠 |Ψ  1) ×     (   |Ψ  1)  (2  ) 

where     ( ) and     ( ) are marginal PDFs of  𝑠  and    , and 𝑐 ( ) is the copula density 

function, that is,  

𝑐 (𝑢,  |Ψ  1) =
   (𝑢,  |Ψ  1)

 𝑢  
   

From equation (2.9), the log-likelihood function for all parameters is  

   (  ( 𝑠 ,    |Ψ  1,  ))

=    (𝑐 (𝑢 ,   |Ψ  1,   )) +    (    ( 𝑠 |Ψ  1,  𝑠))

+    (    (   |Ψ  1,   )) , 

where  ’s represent parameter sets in the copula density and marginal densities, 𝑢 =

    ( 𝑠 ), and   =     (   ). One popular approach to estimating the parameters is the two-



 

41 

step estimation. In this approach, parameters in the copula function and those in the density 

functions of  𝑠  and     are estimated separately, which implies 

 ̂𝑠 =       
  
∑       ( 𝑠 |Ψ  1,  𝑠)

 

  1

 

 ̂ =       
  

∑       (   |Ψ  1,   )

 

  1

 

 ̂ =       
  
∑   𝑐 (𝑢 ,   |Ψ  1,   )

 

  1

   

From equation (2.9),  

𝑐 (    ( 𝑠 ),     (   )|Ψ  1) =
  ( 𝑠 ,    |Ψ  1)

    ( 𝑠 |Ψ  1) ×     (   |Ψ  1)
     (2 10) 

By the invariance property of copulas, monotonic transformations of variables  𝑠  and     

do not affect the form and parameters of the copula (See Nelson 1999, Theorem 2.4.3), so the 

dependence of variables derived from the copula model will not change if we impose  a 

monotonic transformations on  𝑠  or    . In other words, the dependence measured from 

  (    ( 𝑠 ),     (   )|Ψ  1,   )  is the same as the one measured from 

  (  ̃  ( ̃𝑠 ),   ̃  ( ̃  )|Ψ  1,   ), where  ̃𝑖  is a monotonic transformation of  𝑖  for  = 𝑠 and 

 . For example, in the Gaussian copula, the monotonic transformation is 

 ̃𝑖 =  
 1 (   𝑡(  𝑡)), where   1( ) is the inverse of the standard normal CDF (Cumulative 

Density function); while in the Student’s-t copula, the monotonic transformation  ̃𝑖 =

  1(   𝑡(  𝑡),  ) , where   1( )  is the inverse of the student’s-t CDF with Degrees of 

Freedom (DoF)  . The invariance property of copulas explains why we can use elliptical 

copulas to measure the dependence between the two GARCH residuals even if the 

distributions of these residuals deviate from the marginal distributions derived from the 

corresponding bivariate distribution of an elliptical copula. 



 

42 

2.3.3  Measuring Dependence 

    Copula models can be used to measure dependence or association among random variables 

either jointly or separately from their marginal distributions. There are various ways to 

measure dependence between two random variables, for example, Kendall’s   and 

Spearman’s  . Let   and   be two continuous random variables whose copula is  . Then the 

(population version of) Kendall’s    for   and   is given by 

  , =  ∬  (𝑢,  )  (𝑢,  )
  

− 1   

And the (population version of) Spearman’s   is given by 

  , = 12∬  (𝑢,  ) 𝑢  
  

−      (2 11) 

    Another important measure we will discuss in this study is the tail dependence, which 

measures the dependence between the two variables in the upper-right quadrant and in the 

lower-left quadrant of  2. Let   and   be two continuous random variables with CDF    and 

  , respectively. The upper tail dependence parameter    and the lower tail dependence 

parameter    are defined as 

  =    
  1 

 [    
 1(𝑡)|    

 1(𝑡)]   (2 12) 

  =    
    

 [    
 1(𝑡)|    

 1(𝑡)]   (2 1 ) 

Let   be the copula of   and  . If the limits in equation (2.12) and (2.13) exist, then  

  = 2 −    
  1 

1 −  (𝑡, 𝑡)

1 − 𝑡
, 

  =    
    

 (𝑡, 𝑡)

𝑡
   

For some copulas with tail dependences,    and    can be expressed in terms of the copula 

parameters.  

 

2.3.4  Elliptical Copulas and Archimedean Copulas 

We use two elliptical copulas (Gaussian and Student’s-t), and six Archimedean copulas 

(Clayton, rotated Clayton, Gumbel, rotated Gumbel, Frank, and Plackett) to measure the 



 

43 

dependence between 𝑠  and   , and compare the performance of these copulas by the AIC 

(Akaike information criterion).  

For elliptical copulas, the Gaussian (or normal) copula and the Student’s-t copula are 

popular in applications due to their convenience for computation. The Gaussian copula has 

no tail dependence, while the Student’s-t copula allows for different degrees of symmetric 

tail dependence which is determined by the estimated DoF parameter. A smaller DoF implies 

greater tail dependence. As the DoF goes to infinity, the Student’s-t copula converges to the 

Gaussian copula. For these two elliptical copulas, there exists a bivariate joint density 

function    ( ,  ) that satisfies  

 (𝑢,  ) = ∫ ∫    ( ,  )    
  
  ( )

  

  
  (𝑢)

  

 , 

where 𝑢 =   (𝑥) ,  =   ( ) , and   ( )  and   ( )  are marginal CDFs derived from 

   ( ,  ). In a Gaussian copula,    ( ,  ) is the density function of a bivariate standard 

normal distribution, and   ( ) and   ( ) are standard normal CDFs. In a Student’s- t  copula, 

   ( ,  ) is the probability density function of a bivariate Student’s- t  distribution with 

DoF  , and   ( ) and   ( )  are univariate student’s- t  CDF with DoF  .  

From the above discussion, a Gaussian copula is, 

  
 (𝑢 ,   |  ) = ∫ ∫

1

2 √|  |
   (−

 ′  
 1 

2
)    

   (  )

  

   (𝑢 )

  

 

where 𝑢 =     ( 𝑠 ),  𝑠 = 𝜀𝑠  𝑠 ⁄ ,   =     (   ),    = 𝜀     ⁄ ,  = [  ]′,   1( ) is 

the inverse standard normal cumulative density function (CDF), and    is the correlation 

matrix defined as 

  = [
1   
  1

]   

From equation (2.10), the Gaussian copula density function is 

𝑐 
 (𝑢 ,   |  ) =

1

√1 −   
2
   (−

 ̃𝑠 
2 +  ̃  

2 − 2   ̃𝑠  ̃  

2(1 −   
2)

+
 ̃𝑠 
2 +  ̃  

2

2
) , 

where  ̃𝑠 =  
 1(𝑢 ), and  ̃  =  

 1(  ).  
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A student’s-t copula with DoF   is  

  
 (𝑢 ,   | ,   ) = ∫ ∫

 (
 + 2
2 )

 (
 
2)√

(  )2|  | (1 +
 ′  

 1 
 )

  2
2

    
  
  (  )

  

  
  (𝑢 )

  

 , 

where  = [  ]′, and   
 1( ) is the inverse t CDF with DoF  . 

The student’s-t copula density function is 

𝑐 
 (𝑢 ,   | ,   ) =

 (
 + 2
2 )  (

 
2) (1 +

 ̌𝑠 
2

 )
(
  1
2
)

(1 +
 ̌  
2

 )

(
  1
2
)

√(1 −   
2) (1 +

 ̌𝑠 
2 +  ̌  

2 − 2   ̌𝑠  ̌  
(1 −   

2) 
)

(
  2
2
)

( (
 + 1
2 ))

2
 

 

where  ̌𝑠 =   
 1(𝑢 ) and  ̌  =   

 1(  ). 

    Figure 2.1 presents the contour plots for these two elliptical copulas with   = 0   and 

 =  .  

    In contrast to elliptical copulas, Archimedean copulas, although they can only be used to 

measure positive dependence in practice, allow for asymmetric tail dependence in some 

cases. For example, the Clayton and the rotated Gumbel copulas allow for lower tail 

dependence but zero upper tail dependence, while the rotated Clayton and the Gumbel 

copulas allow for upper tail dependence but zero lower tail dependence. A copula is called 

Archimedean copula if it satisfies   

 (𝑢1,  , 𝑢 ) = Ψ
 1(Ψ(𝑢1) +  +Ψ(𝑢 )) , 

where Ψ 1( )  is called generator and Ψ 1( )  with range [0,1]  is continuous and 

nonincreasing on [0,∞). The CDFs and PDFs of six Archimedean copulas – Clayton, rotated 

Clayton, Gumbel, rotated Gumbel, Frank, and Plackett – in bivariate cases, and the 

generators of Clayton, Gumbel and Frank copulas are shown as follows. 

 

  1. Clayton copula 

Ψ 
 1(𝑡) = (1 + 𝑡) 1  ⁄  ,      (0,∞) 
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 (𝑢 ,   |  ) = [𝑢 

   +   
   − 1]

 1   ⁄
 

𝑐 
 (𝑢 ,   |  ) = (𝑢   )

 1   (1 +   )[𝑢 
   +   

   − 1]
( 1 2  )   ⁄

 

  2. Rotated Clayton copula
 

  
  (𝑢 ,   |  ) = 𝑢 +  − 1 +   

 (1 − 𝑢 , 1 −   |  ) 

𝑐 
  (𝑢 ,   |  ) = 𝑐 

 (1 − 𝑢 , 1 −   |  ) 

  3. Gumbel copula 

Ψ  
 1(𝑡) =    (−𝑡1  ⁄ ) ,      (1,∞) 

      
1/

, exp log log
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  4. Rotated Gumbel copula 

  
  𝑢(𝑢 ,   |  ) = 𝑢 +  − 1 +   

 𝑢(1 − 𝑢 , 1 −   |  ) 

𝑐 
  𝑢(𝑢 ,   |  ) = 𝑐 

 𝑢(1 − 𝑢 , 1 −   |  ) 

  5. Frank copula 

Ψ 
 1(𝑡) = −

   (1 − [1 −     (− )]    (−𝑡))

 
 

  
 (𝑢 ,   |  ) = −

1

  
   {1 −

(1 −     (−  𝑢 ))(1 −     (−    ))

1 −     (−  )
} 

𝑐 
 (𝑢 ,   |  ) =

  (1 −     (−  ))   [−  𝑢 −     ]

{1 −    (−  ) − (1 −     (−  𝑢 ))(1 −     (−    ))}
2 
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6. Plackett copula 

  
 (𝑢 ,   |  ) = {

1

2

1

(  − 1)
 − √ 2 −  𝑢     (  − 1)           0 𝑎    ≠ 1

𝑢                                                      = 1

 

where  = 1 + (  − 1)(𝑢 +   ). 

𝑐 
 (𝑢 ,   |  ) =

  [1 + (  − 1)(𝑢 − 2𝑢   +   )]

{[1 + (  − 1)(𝑢 +   )]2 −  𝑢     (  − 1)} 2⁄
   

Figure 2.2 presents selected contour plots for these Archimedean copulas.  

 

2.3.5  Estimating the Time-Varying Correlations from Copula Models 

Following Patton’s (2006) work which extends the standard copula concept to model time-

varying conditional heteroskedasticity, we impose some restrictions on the dependence 

parameter in each copula model to estimate the time-varying correlation between cash and 

futures returns. We assume that    in the elliptical copulas (or    in the Archimedean 

copulas), depends on the previous dependence (   1 or    1) and the previous cumulative 

densities 𝑢  1  and    1 . Thus,    (or   ) can be written as a function of 

  (𝑢  1,    1,    1| ) (or   (𝑢  1,    1,    1| )), where   represents a set of parameters. In 

this study, cash and futures prices have very strong positive correlation, so we assume that    

should be positive (0     1 ). The expressions of    and    are defined differently 

according to the specific properties of each copula. For example,  

In the two elliptical copula cases,    is defined as  

  =
1

1 +    {  +  1𝑢  1
2 +  2   1

2 +   𝑢  1   1 +      1}
  (2 1 ) 

Therefore, estimating the dynamic dependence    is equivalent to estimating the parameters 

of   ,  1,  2,     and   . The parameter    in the two elliptical copulas will be used as the 

dynamic correlation when we compute the optimal cross-hedge ratio (equation (2.1)). 

    Similarly, for the six Archimedean copulas, the dependence parameter t  is defined as 

  (𝑢  1,    1,    1| )  According to the different properties of    in each copula and the fact 
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of positive correlation between spot and futures prices, we construct different forms of    for 

the six Archimedean copulas. Table 2.1 shows the equations we used for estimating the 

dynamic dependence parameters. 

 

Table 2.1  Equations of    for Six Archimedean Copulas 

 Grain Sorghum –  

Corn 

Barley –  

Kansas Wheat 

Barley –  

Corn 

Frank (A.1) (A.1) (A.2) 

Plackett (A.1) (A.1) (A.1) 

Clayton (A.2) (A.2) (A.2) 

rotated Clayton (A.2) (A.2) (A.2) 

Gumbel (A.3) (A.3) (A.3) 

rotated Gumbel (A.3) (A.4) (A.5) 

Note.    (A.1)   =   +  1𝑢  1
2 +  2   1

2 +   𝑢  1   1 + 0 01 ×      1 
                     if    +  1𝑢  1

2 +  2   1
2 +   𝑢  1   1 + 0 01 ×      1  0 then   = 0 

(A.2)   =    {  +  1𝑢  1
2 +  2   1

2 +   𝑢  1   1 + 0 01 ×      1} 
(A.3)   = 1 +    {  +  1𝑢  1

2 +  2   1
2 +   𝑢  1   1 + 0 01 ×      1} 

(A.4)   = 1 + (  +  1𝑢  1 +  2   1 +   𝑢  1   1 + 0 01 ×      1)
2  

(A.5)   = 1 +    {  +  1𝑢  1 +  2   1 +   𝑢  1   1 + 0 01 ×      1} 

 

    After estimating   , we continue to compute the dynamic Spearman’s    by its definition 

in equation (2.11), and use it as the dynamic correlation in the optimal cross-hedge ratio 

(equation (2.1)) for these six Archimedean copulas.  

 

2.4  Data 

The data we use in this study consist of weekly average cash prices of grain sorghum (or 

milo) and barley, and weekly average futures prices of corn and Kansas wheat from 1/3/2003 

to 10/29/2010 (408 observations). We use weekly average prices because the daily cash price 

of sorghum (or barley) often keeps constant for a week or even longer, which complicates the 

analysis because it leads to an excess of zero return observations. Futures prices of corn and 

Kansas wheat are weekly average closing prices from the Chicago Board of Trade (CBOT) 

and the Kansas City Board of Trade (KCBT), respectively. These futures prices are obtained 

from the nearby contracts. To avoid expiration effects (i.e., liquidation bias), we roll over to 

the next nearest contract one month prior to expiration of the current contract. The cash price 
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of grain sorghum is on the basis on the Gulf Coast, and the cash price of barley is on the 

basis of Lethbridge. Prices of corn, Kansas wheat, and barley
2
 are quoted in dollars per 

bushel, while the price of grain sorghum is quoted in dollars per hundredweight. 

    As with most existing studies in commodity prices, it is reasonable to base the inference on 

the natural logarithms of prices. So, the cash and futures returns in this study are calculated 

by the percentage change in prices: 

  = 100 × {  (𝑝 ) −   (𝑝  1)} , 

where 𝑝  represents the cash or futures price at time 𝑡 . Figure 2.3 through Figure 2.5 

illustrate the natural logarithms of the three pairs of prices – grain sorghum and corn, barley 

and Kansas wheat, and barley and corn. Similar patterns of trends can be observed for all 

three pairs of prices.  

    Table 2.2 reports descriptive statistics for the four unconditional price returns. The mean 

returns for those four markets are all positive. Negative skewness can be observed except for 

the Kansas wheat. Strong deviation from the normal distribution is found for all 

unconditional returns, as evidenced by the kurtosis coefficients and the significant Jarque-

Bera test statistics. Results from the Dickey-Fuller (DF) test indicate that all returns are 

stationary processes at a 1% significance level. Table 2.3 shows the results of unit root and 

cointegration tests in price levels. The cash price of grain sorghum and the futures price of 

corn (in natural logarithms) are both nonstationary and have common stochastic trend. As a 

result, the error correction terms in equation (2.2) and (2.3) are necessary for the grain 

sorghum and corn case. The cash price of barley and the futures price of Kansas wheat are 

also nonstationary, however, they are not cointegrated. The common trend for these two 

prices is not as significant as in the grain sorghum and corn case. Similar results can be found 

for the barley and corn case. From Table 2.3(c), when  = 0   for the grain sorghum and 

corn case, and  = 0   for the barley and Kansas wheat (or barley and corn) case, the error 

correction term (   1 −     1) becomes stationary based on the DF tau statistics. The values 

                                                 
2
 The original data for the cash price of barley are quoted in Canadian dollars per ton. We convert the Canadian 

cash price to US dollars by using the exchange rate obtained from the FOREX. We also divide the price by 

45.93 to get the price per bushel. 
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0.8 and 0.9, which represent the long-run relationships between the cash and futures prices, 

are derived from the beta vector of the bivariate VEC (vector error correction) models that 

only involve the price data. Therefore, we will impose  = 0   for the following analysis of 

using corn futures contracts to cross hedge grain sorghum, and  = 0   for the case of using 

Kansas wheat (or corn) futures contracts to cross hedge barley.  

    Table 2.4 shows several types of correlations between the three pairs of unconditional 

returns (𝑠  and   ). A very strong positive correlation exists between the returns of grain 

sorghum and corn, according to the evidence that the Pearson correlation and the Spearman 

correlation are both close to 0.9. The Pearson and Spearman correlations between returns of 

barley and Kansas wheat (or barley and corn) are not as strong as the one in the grain 

sorghum and corn case, only around 0.3 (or 0.4). However, they are still significantly 

different from 0. These significant positive correlations confirm the feasibility of using corn 

futures contracts to cross hedge grain sorghum, and using Kansas wheat (or corn) futures 

contracts to cross hedge barley. 

 

2.5  Results 

2.5.1  GARCH Model Results 

We estimate the bivariate ECM with GARCH error terms under three different distribution 

assumptions – normal, Student’s-t, and skew-t. Results of the parameter estimates are shown 

from Table 2.5 to 2.7. For these three distributions, the normal distribution is nested in (a 

special case of) the Student’s-t distribution, and the Student’s-t distribution is nested in the 

skew-t distribution. Therefore, as is mentioned in section 2.3.1, we can choose the optimal 

distribution for each return by testing the significance of corresponding parameters.   

    Results of the Bivariate ECM with GARCH error terms indicate that the skewness 

parameters in the skew-t distribution are not significantly different from 1 for all returns 

except for Kansas wheat, which means that only the return of Kansas wheat needs a skew-t 

distribution assumption. For grain sorghum, the inverse of   in the student’s-t distribution is 

0.0871 with a standard error of 0.0538, which suggests that 1  ⁄  is not significantly different 
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from 0 and its 5% confidence interval is (0, 0 1 2 )3. In other words,    is not significantly 

different from positive infinity and a standard normal distribution
 
is sufficient for the 

conditional distribution assumption of the grain sorghum price return. Similarly, for the corn 

price return, neither of the estimates of 1  ⁄  is significantly different from 0 at a 5% 

significance level (see Table 2.5 and 2.7). And for barley, we can also observe that, in Table 

2.6 and 2.7, the estimates of 1  ⁄  are not significant. As a result, we will choose the normal 

distribution assumption for returns of grain sorghum, corn, and barley, and the skewed-t 

distribution for the return of Kansas wheat in the following analysis. 

    Figure 2.6 through 2.8 illustrate the price volatilities of grain sorghum, corn, barley, and 

Kansas wheat, which are derived from the bivariate ECM with GARCH error terms. We may 

notice that patterns of volatilities of grain sorghum, corn, and Kansas wheat have changed 

dramatically since 2008. It is generally believed that the major cause of these great changes is 

the Energy Independence and Security Act of 2007. This new act sets a standard on 

renewable fuel which requires more ethanol and other advanced biofuels, and this modified 

standard also has increased the demand for corn because corn is the major source for ethanol. 

The increase in the price of corn also triggered the increase in prices in other relevant grain 

markets, such as sorghum and wheat, and therefore all these markets became more volatile, 

compared with the past few years. The price volatility of barley increased to more than 60% 

in the third quarter of 2004, but then abruptly dropped to less than 10% during the following 

two years. Since 2007, we can still observe remarkable changes in the pattern of barley price 

volatility. These dynamic variances are then used to estimate the optimal cross-hedge ratios 

as is shown in equation (2.1) in the following section. 

 

2.5.2  Copula Model Results and Optimal Cross-Hedge Ratios 

In this section, we estimate the correlation term in equation (2.1) by applying copula models 

using the conditional (or standardized) GARCH residuals,   ’s, that are obtained from the 

previous section. Figure 2.9, 2.10, and 2.11 illustrate the histograms and scatter plots of all 

                                                 
3
 The inverse of degrees of freedom cannot be negative. So, the lower bound of the confidence interval should 

be 0. 
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three pairs of standardized GARCH residuals. It is evident that the cash return of grain 

sorghum and the futures return of corn have very strong positive correlation. This result 

again confirms the feasibility of using corn futures contracts to cross hedge grain sorghum. 

For the case of barley and Kansas wheat, or barley and corn, we can still observe positive 

correlation, but the correlation is not as strong as in the first case.  

    Table 2.8, 2.9, and 2.10 report the estimated results for the eight copula models that are 

introduced in Section 2.3.4 for all three pairs of returns. We first estimate the eight copula 

models with constant dependence parameters, and then use these constant parameter 

estimates as the first dependence when computing the time-varying dependence. Both 

constant and time-varying copula models are estimated by the maximum likelihood 

technique. By comparing the log-likelihood values, we can conclude that the time-varying 

copula models perform much better the constant copula models. The next step is to compare 

the performance of the eight time-varying copulas models using the AIC
4
. Among the 

Archimedean copulas, the two symmetric ones, Frank and Plackett, seem to perform better 

than those four asymmetric copulas for all three market pairs. Among the four asymmetric 

copulas, the Gumbel copula has smaller values of AIC than the other three copulas for the 

first two market pairs. This result suggests that, in the grain sorghum and corn (or the barley 

and Kansas wheat) case, upper tail dependence is more likely to exist than lower tail 

dependence, or those two returns may have more dependence for gains than for losses. In the 

last case, the rotated Gumbel copula provides a smaller value of AIC, which indicates that 

returns of barley and corn may have more dependence for losses than for gains. 

    We then choose one copula model from the elliptical group and one from the Archimedean 

group by the AIC, and compare the dynamic correlations that are computed from these two 

different copulas. As is described in Section 2.3.5, the conditional correlation from the 

elliptical copula is the estimated    on the copula density, and the one from the Archimedean 

copula is computed from    using equation (2.11). We also use time series plots of    

estimated from those two copulas to provide hedging strategies for different time periods. 

                                                 
4
 A smaller value of AIC means better performance. 
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    In the grain sorghum and corn case, the t and the Plackett copulas are selected from either 

group based on the AIC, and the dynamic correlations estimated from these two copula 

models are shown in Figure 2.12. The average correlations from these two copula models are 

approximately 0.9. The dynamic correlation from the t copula is slightly greater than that 

from the Plackett copula, with a higher degree of variation. For both correlations, there exists 

an outlier at the beginning of 2008. The symmetric tail dependence that derived from the t 

copula is shown in Figure 2.13. We can also observe that the tail dependence also dropped 

down to almost 0.1 at the beginning of 2008. Combining the dynamic variances from the 

previous section and the dynamic correlation computed in this section, we can obtain the 

optimal cross-hedge ratios according to equation (2.1). Figure 2.14 and 2.15 illustrate the 

cross-hedge ratios,   , that are estimated with a constant correlation using the Gaussian 

copula and with dynamic correlations using t and Plackett copulas for the grain sorghum and 

corn case. When dynamic correlations are applied, the range of    becomes relatively wider. 

The average    estimated from the t copula is 0.8854, very close to the one from the Plackett 

copula, 0.8739. For most of the time, similar patterns of    could be found except for the first 

quarter of 2008. The maximum    in the t copula is smaller than that in the Plackett copula 

during this period, with a difference around 0.3. From both copula models, we can observe a 

very low cross-hedge ratio at the beginning of 2008 because of the extremely small 

correlations (see Figure 2.12). As has been demonstrated in a large number of empirical 

studies, many agricultural commodity markets have suffered severe changes since the year 

2008 due to various political and financial reasons. 

    In the barley and Kansas wheat case, we select the Gaussian and Plackett copulas for the 

analysis in the next step. In these two copulas, the Gaussian copula gives a higher value of 

AIC. Figure 2.16 shows the dynamic correlations that are estimated from these two copulas. 

Figure 2.17 and 2.18 illustrate the optimal cross-hedge ratios,   , with a constant correlation 

obtained from the Gaussian copula, and with dynamic correlations from both time-varying 

copula models. It is obvious that, the patterns of dynamic correlations are quite different in 

those two selected copula models, and the range of    that is computed from the Gaussian 

copula is much wider than in the case of the Plackett copula. Therefore, the   ’s that are 
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estimated from those two different copula models display different patterns, and    obtained 

from the Gaussian copula has a wider range. From Figure 2.18, we find that,    is very small, 

usually less than 0.2. When the optimal hedge ratio is estimated from the time-varying 

Gaussian copula, the average hedge ratio is around 0.1577. We can also observe the two 

highest   ’s in the third quarter of 2004 and the fourth quarter of 2008 because of the 

extreme values of variances or correlation. For most of the time, the optimal cross-hedge 

ratio in this case is below 0.2 and sometimes even less than 0.05. This result indicates that, 

although wheat is generally considered to be a good substitute for barley, the use of Kansas 

wheat futures contracts to cross hedge barley may not be very effective. 

    In the barley and corn case, we first select the Gaussian and Frank copulas to analyze the 

dynamic correlations. We find that, however, in both time-varying copula models, the 

dynamic correlations are too volatile as is shown in Figure 2.19
5
. That is because when the 

parameter estimate of    in equation (2.16) (or in equation (A.2)) is too large, the dynamic 

correlation will become very unstable. For example, it could be close to 0 at first, then jumps 

up to a relatively high value in the next period, and then moves back towards 0 again, as is 

shown in Figure 2.19. A too volatile    may induce unreliable results for the estimated 

optimal hedge ratio (see Figure 2.21 and 2.23,   ’s are too volatile), so, instead of using the 

time-varying Gaussian and Frank copula models, we choose the constant Gaussian and 

Frank
6
 copula models for the following analysis. Figure 2.20 and 2.22 illustrate the   ’s that 

are estimated from the constant correlations derived from both selected copula models. 

Compared with the   ’s that are estimated from dynamic correlations,   ’s obtained from 

constant correlations seem less volatile and therefore more reliable. The average    that is 

estimated from the constant Gaussian copula is 0.2275, and the average    from the constant 

Frank copula is slightly greater, which is around 0.2476. This is because the correlation 

                                                 
5
 We also tried some other functional forms for the dynamic dependence (  ) in the case of barley and corn, but 

those different forms of    also give similar results.  
6
 The constant Plackett copula model provides a higher log likelihood value (a smaller AIC) than the constant 

Frank copula, but since we want to compare the results from a constant copula with those from a time-varying 

copula, we choose the Frank copula here instead of the Plackett copula.    that is estimated from a constant 

Plackett copula is almost the same as in the constant Frank copula case. 
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estimated from the Gaussian copula (0.3380) is slightly less than the one from the Frank 

copula (0.3678). 

    In all cases, we find that the two symmetric Archimedean copulas perform better than the 

four asymmetric ones, according to the values of AIC. From Figure 2.1 and 2.2, the Plackett 

copula looks quite similar to the Gaussian copula – symmetric and without tail dependence. 

The Frank copula, which is also symmetric and without tail dependence, allows for a more 

concentrated center at point (0,0) (see Figure 2.2). When Frank copula performs better than 

other copulas, we can conclude that the two returns of interest may have stronger dependence 

when losses or gains are relatively small or close to zero.  

 

2.5.3  Out-of-sample Forecasts 

The main purpose of this section is to calculate the out-of-sample forecasts of the optimal 

cross-hedge ratios for the following 30 weeks (from 11/05/2010 to 05/27/2011). According 

to the model results in the previous section, we will choose the time-varying Plackett copula 

and Gaussian copula for the following analysis of forecasting optimal cross-hedge ratios for 

using corn futures contracts to cross hedge grain sorghum and using Kansas wheat futures 

contracts to cross hedge barley, respectively. For the case of barley and corn, we will focus 

on the constant Frank copula. 

    We first compute the in-sample estimates of optimal cross-hedge ratios,   , with the same 

method we applied in the previous section but using the data for the whole time period (from 

01/03/2003 to 05/27/2011). The out-of-sample forecasts of    from 11/05/2010 to 

05/27/2011 (30 weeks) are calculated by using the model estimates in the previous section. 

The details of the forecasting approach are described as follows. 

    Suppose we want to forecast    for time  + 1,  + 2, ,  +  0, we will first need the 

forecasts of  𝑠,    and  𝑠,    for  = 1,2,  , 0. For  = 1, the two forecasts of variances are 

calculated by 

 ̂𝑠,  1 =  ̂ 𝑠 +  ̂1𝑠𝜀�̂�, 
2 +  ̂2𝑠 ̂𝑠,  

 ̂ ,  1 =  ̂  +  ̂1 𝜀 ̂, 
2 +  ̂2  ̂ ,  



 

55 

where  ̂𝑖𝑠  and  ̂𝑖  are the GARCH model parameter estimates in the previous section for 

 = 0,1,2, and 𝜀�̂�, , 𝜀 ̂, ,  ̂𝑠, , and  ̂ ,  are residuals and volatilities estimated from the same 

model. To compute the forecast of    for  + 1, we also need to forecast    1 (or    1) 

which is computed based on the values of    (or   ), 𝑢 , and   . These three values can be 

directly found from the existing estimated copula models in Section 2.5.2. 

    For  = 2, ,  , 0, we assume that we are forecasting    based on the information up to 

 +  − 1. To forecast  𝑠,    and  𝑠,   , we need to obtain the estimates of 𝜀�̂�,    1, and 

𝜀 ̂,    1, which are calculated by 

𝜀�̂�,    1 = 𝑠    1 −  ̂ 𝑠 +  ̂1𝑠(     2 −       2) 

𝜀 ̂,    1 =      1 −  ̂  +  ̂1 (     2 −       2)   

We then calculate the forecasts of  𝑠,    and  𝑠,    by 

 ̂𝑠,   =  ̂ 𝑠 +  ̂1𝑠𝜀�̂�,    1
2 +  ̂2𝑠 ̂𝑠,    1 

 ̂ ,   =  ̂  +  ̂1 𝜀 ̂,    1
2 +  ̂2  ̂ ,    1 

where  ̂𝑠,    1 and  ̂ ,    1 are the forecasted variances from the previous period. We also 

have to forecast the dependence parameter       (or     ) based on      1  (or      1), 

𝑢    1, and      17. The two cumulative densities are calculated by 

𝑢    1 =  𝑠( 𝑠,    1) =  𝑠

(

 
𝜀�̂�,    1

√ ̂𝑠,    1)

  

     1 =   (  ,    1) =   

(

 
𝜀 ̂,    1

√ ̂ ,    1)

  

where  𝑠( )  and   ( )  are the cumulative density functions for  𝑠,    1  and   ,    1 , 

respectively. 

                                                 
7
 For the case of barley and corn, the correlation (or dependence) parameter is constant. 
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    By the above approach, we compute the out-of-sample forecasts of    for the grain 

sorghum and corn, and the barley and Kansas wheat (or corn) cases. The in-sample estimates 

and out-of-sample forecasts for the following 30 weeks (from 11/05/2010 to 05/27/2011) are 

shown in Figure 2.24 and 2.25. We can observe that the out-of-sample forecasts are very 

close to the in-sample estimates. The main reason for those tiny differences is that the 

parameter estimates for GARCH models and copula models using the data for the whole time 

period are very close to those from Section 2.5.2. So, the forecasts of variances and the 

forecasts of dependence parameter       (or     ) do not deviate too much from the in-

sample estimated ones. 

 

2.6  Conclusion and Discussion 

We propose a new approach to estimating optimal dynamic cross-hedge ratios. In particular, 

we apply a bivariate ECM model with GARCH error terms and eight time-varying copula 

models. Copula models have become very popular in recent years, for they can be used to 

measure more flexible types of dependence (or correlation), compared with the traditional 

Pearson correlation coefficient. We also impose restrictions on the dependence variables in 

the copula models to obtain time-varying correlations, according to the different features in 

each copula model.  

    For the empirical analysis, we discuss the use of corn futures contracts to cross hedge grain 

sorghum, and the use of Kansas wheat and corn futures contracts to cross hedge barley. Our 

results confirm the significant linkages between these markets and also demonstrate the 

effectiveness of the use of corn futures contract to cross hedge grain sorghum and barley. The 

optimal cross-hedge ratio for the grain sorghum and corn case is varying between 0.2 and 

1.6, with an average around 0.88. The optimal cross-hedge ratio for the barley and Kansas 

wheat case is very low for most of the time, which indicates that the use of Kansas wheat 

futures contracts to cross hedge barley may not be very effective, although wheat is usually 

considered to be a good substitute for barley. In the case of using corn futures contracts to 

cross hedge barley, the cross-hedge ratio is a little bit higher than in the case of using Kansas 

wheat, with an average around 0.25, when we apply the constant Frank copula model.   
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    Grain sorghum lacks an explicit futures market, and barley is thinly traded in futures 

markets. These circumstances lead to a dependence on corn futures contracts as a risk 

management instrument to control the price risks of grain sorghum and barley. In addition, 

grain sorghum has become increasingly important as a substitute for corn, especially in the 

situation of very high corn prices. Our results are particularly timely in this regard. 
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Tables and Figures 

 

Table 2.2  Summary Statistics for Returns (  ) 

 sorghum    corn   barley  Kansas wheat 

Observations 407 407 407 407 

Mean 0.1584 0.2189 0.0913 0.1786 

Standard Deviation 3.8588 3.8094 2.6862 3.6432 

Minimum -14.6556 -15.1191 -11.1291 -10.4936 

Maximum 15.1596 13.4527 9.4306 12.7852 

Skewness -0.1125 -0.3144 -0.4688 0.3504 

Kurtosis 1.8683   1.3653   2.0982  0.7667 

Jarque-Bera 57.688***   36.827***   86.611***  17.617*** 

DF Tau  

(single mean) 
  -16.72*** -16.26*** -14.19*** -16.32*** 

 

Note: (1) For Jarque-Bera tests,  *** refers to the rejection of a normal distribution at 1%.  

          (2) For the DF Tau test statistics, *** refers to the rejection of the null hypothesis of a unit root at 

1%.  
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Table 2.3  DF Test and Cointegration Test for Cash and Futures Prices 

  (a) DF test for    and                                   (b) Cointegration test for    and    

 ADF Test  Cointegration Test 

Variable 
Single 

Mean 
Trend   

H0:rank=0 

Ha:rank>0 

H0:rank=1 

Ha:rank>1 

sorghum -0.95 -1.98  sorghum and corn 34.4186 2.3329 

corn -0.57 -1.64  barley and  

Kansas wheat 
13.0538 0.7726 

barley -0.77 -1.39  

Kansas wheat  -0.90 -1.60  barley and Corn   8.6302 0.2191 

Note: (1) Price data are in natural logarithms.  

          (2) The 5% critical value for cointegration test is 15.34 when H0: rank=0, and is 3.84 when       

H0:rank=1. The 10% critical value for cointegration test is 13.31 when H0: rank=0, and is 2.71 

when H0:rank=1. 

 

 

   (c) DF test for (   1 −     1)  

  ADF Test 

   Zero Mean Single Mean Trend 

sorghum and corn 0.8 -0.45 -3.37** -3.36* 

barley and Kansas wheat 0.9 -0.45 -2.66* -2.66 

barley and corn 0.9 -2.56** -2.53 -2.59 

Note: ***, **, and * refer to the rejection of the null hypothesis of a unit root at 1%, 5% and 10%, 

respectively.  

 

 

 

 

Table 2.4  Correlations for Unconditional Returns (Cash and Futures) 

 Pearson Spearman Kendall Tau Hoeffding 

sorghum and corn 0.893*** 0.890*** 0.726*** 0.437*** 

barley and Kansas wheat 0.327*** 0.305*** 0.210*** 0.029*** 

barley and corn 0.393*** 0.368*** 0.254*** 0.042*** 

Note: *** indicates the correlations are significantly different from zero at 1% significance level. 
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Table 2.5  GARCH Model Results for the Grain Sorghum and Corn Case 

  Grain Sorghum 

  normal t  skew-t 

Intercept -7.3204 -5.9562 -5.8136 

 (2.8813)** (2.8701)** (3.1057)* 
   1 −     1 8.2965 6.7898 6.6177 

 (3.2136)*** (3.2042)** (3.4495)* 

  𝑠 0.8341 0.8778 0.8727 

 (0.3653)** (0.4779)* (0.5261)* 

𝜀𝑠,  1
2  0.1555 0.1583 0.1632 

 (0.0466)*** (0.0556)*** (0.0560)*** 

 𝑠,  1 0.7933 0.7882 0.7875 

 (0.0535)*** (0.0671)*** (0.0726)*** 

inverse of df - 0.0871    - 

 - (0.0538)    - 

df - - 10.9360 

 - - (5.9014)* 

skewness - - 0.9739 

  - - (0.0707)*** 

 

  Corn 

  normal t skew-t 

Intercept -12.9918 -12.7062 -12.6198 

 (2.8754)*** (2.8736)*** (3.0126)*** 

   1 −     1 14.7561 14.4557 14.3435 

 (3.2014)*** (3.2005)*** (3.3473)*** 

    0.5428 0.6899 0.6806 

 (0.3282)* (0.5271) (0.4668) 

𝜀 ,  1
2  0.0909 0.0836 0.0838 

 (0.0340)*** (0.0403)** (0.0381)** 

  ,  1 0.8749 0.8702 0.8729 

 (0.0446)*** (0.0626)*** (0.0545)*** 

inverse of df - 0.1063 - 

 - (0.0561)* - 

df - - 9.0648 

 - - (4.0261)** 

skewness - - 0.9807 

  - - (0.0734)*** 

Note: (1) Standard errors are in parentheses.  

(2)***, **, and * denote significance level of 1%, 5% and 10%, respectively. 
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Table 2.6  GARCH Model Results for the Barley and Kansas Wheat Case 

                                         Barley 

  normal         t       skew-t 

Intercept -0.1635 -0.2109 -0.2473 

 (0.3273) (0.3183) (0.3040) 
   1 −     1 -1.2129 -1.2781 -1.3003 

 (0.7431) (0.7543)* (0.7206)* 

  𝑠 0.7172 0.6791 0.6453 

 (0.2220)*** (0.2652)** (0.2936)** 

𝜀𝑠,  1
2  0.3650 0.3358 0.3348 

 (0.0740)*** (0.0843)*** (0.1028)*** 

 𝑠,  1 0.5738 0.6018 0.6120 

 (0.0650)*** (0.0814)*** (0.1010)*** 

inverse of df - 0.0901 - 

 - (0.0563) - 

df - - 11.0966 

 - - (6.1893)* 

skewness - - 0.9492 

  - - (0.0707)*** 

 

  Kansas Wheat 

          normal t skew-t 

Intercept 0.2107 -0.0683 0.5440 

 (0.5166) (0.5187) (0.4989) 

   1 −     1 0.0042 -0.4819 0.7455 

 (1.2028) (1.2060) (1.1603) 

    0.5183 0.3683 0.0895 

 (0.3661) (0.3429) (0.1483) 

𝜀 ,  1
2  0.0635 0.0582 0.0430 

 (0.0283)** (0.0291)** (0.0191)** 

  ,  1 0.8979 0.9150 0.9528 

 (0.0484)*** (0.0471)*** (0.0254)*** 

inverse of df - 0.0783 - 

 - (0.0429)* - 

df - - 29.7437 

 - - (46.7739) 

skewness - - 1.3857 

  - - (0.1340)*** 

Note: (1) Standard errors are in parentheses.  

(2)***, **, and * denote significance level of 1%, 5% and 10%, respectively. 
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Table 2.7  GARCH Model Results for the Barley and Corn Case 

  Barley 

    normal t skew-t 

Intercept 0.3583 0.3425 0.3119 

 (0.1029)*** (0.1044)*** (0.1130)*** 

   1 −     1 -3.1316 -2.7931 -2.9542 

 (0.9222)*** (0.9628)*** (1.1213)*** 

  𝑠 0.6997 0.6726 0.6441 

 (0.2290)*** (0.2580)*** (0.2756)** 

𝜀𝑠,  1
2  0.3690 0.3483 0.3448 

 (0.0814)*** (0.0863)*** (0.0955)*** 

 𝑠,  1 0.5694 0.5892 0.5985 

 (0.0741)*** (0.0845)*** (0.0926)*** 

inverse of df - 0.0634 - 

 - (0.0529) - 

df - - 16.2450 

 - - (12.7962) 

skewness - - 0.9255 

  - - (0.0673)*** 

 

  Corn 

   normal t skew-t 

Intercept 0.2444 0.2753 0.2436 

 (0.1786) (0.1731) (0.1896) 

   1 −     1 1.0045 1.2627 1.2146 

 (1.6356) (1.6286) (1.5645) 

    0.6577 0.8096 0.7918 

 (0.3978)* (0.6124) (0.5644) 

𝜀 ,  1
2  0.0801 0.0761 0.0736 

 (0.0319)** (0.0382)** (0.0371)** 

  ,  1 0.8771 0.8698 0.8757 

 (0.0466)*** (0.0658)*** (0.0602)*** 

inverse of df - 0.1035 - 

 - (0.0537)* - 

df - - 9.2230 

 - - (4.1399)** 

skewness - - 0.9615 

  - - (0.0708)*** 

 Note: (1) Standard errors are in parentheses.  

 (2)***, **, and * denote significance level of 1%, 5% and 10%, respectively. 
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Table 2.8  Results for Copula Models in the Grain Sorghum and Corn Case  

 

Gaussian t Frank Plackett 

constant rho 0.8885 0.8997 13.3386 53.4734 

 (0.0072)*** (0.0084)*** (0.6562)*** (6.1035)*** 

df (in constant rho) - 4.7864 - - 

 - (1.3289)*** - - 

Log Likelihood 317.1273 330.7512 328.7331 345.8168 

   0.9241 0.3250 15.1960 50.5258 

 (0.7935) (1.0675) (6.2702)*** (25.9828)* 

 1 7.9437 9.5375 -47.1922 -72.4634 

 (2.3191)*** (2.9800)*** (12.4096)*** (117.5112) 

 2 5.6931 8.3182 -38.7553 -149.8123 

 (2.1149)*** (2.9300)*** (9.4843)*** (27.0529)*** 

   -13.4707 -17.6292 88.4692 221.4352 

 (4.3151)*** (5.7420)*** (21.3883)*** (119.0307)* 

   -3.6467 -3.1121 -11.2224 13.5814 

 (0.8461)*** (1.1468)*** (49.1112) (46.3221) 

df (in dynamic rho) - 5.3173 - - 

 - (1.6808)*** - - 

Log Likelihood 332.0579 340.4866 336.8917 350.8370 

AIC -654.1157 -668.9731 -663.7833 -691.6740 

 

 

Clayton 

Rotated 

Clayton Gumbel 

Rotated 

Gumbel 

constant rho 2.9444 2.9644 3.2273 3.2126 

 (0.1886)*** (0.1856)*** (0.1357)*** (0.1355)*** 

Likelihood 235.9364 246.7657 311.0492 304.6892 

   1.9573 0.9914 0.4032 2.0087 

 (0.0861)*** (0.3324)*** (0.7346) (0.0905)*** 

 1 -9.1027 -7.8016 -7.9971 -7.1655 

 (2.0376)*** (2.1790)*** (3.4868)** (1.8492)*** 

 2 -6.7278 -6.7731 -7.0684 -5.8289 

 (1.9359)*** (2.1035)*** (3.3048)** (1.7482)*** 

   16.2282 14.3316 14.9216 13.3405 

 (3.8704)*** (4.1312)*** (6.5269)** (3.5253)*** 

   -26.1385 11.3875 18.1176 -34.8915 

 (2.2113)*** (7.5082) (17.7055) (3.0326)*** 

Likelihood 255.1387 265.3167 327.1362 320.1568 

AIC -500.2775 -520.6335 -644.2725 -630.3136 

Note: (1) Standard errors are in parentheses.  

(2)***, **, and * denote significance level of 1%, 5% and 10%, respectively. 
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Table 2.9  Results for Copula Models in the Barley and Kansas Wheat Case 

 Gaussian t Frank Plackett 

constant rho 0.2534 0.2542 1.7353 2.3655 

 (0.0416)*** (0.0422)*** (0.3003)*** (0.3350)*** 

df (in constant rho) - 107.6170 - - 

 - (503.7823) - - 

Log Likelihood 15.9829 16.0004 16.9232 17.2907 

   1.9677 1.9742 2.4380 2.6900 

 (0.1078)*** (0.1780)*** (0.8357)*** (1.4083)* 

 1 0.9248 0.8025 -1.7038 -1.8457 

 (0.9861) (1.6849) (1.7023) (1.4501) 

 2 3.1903 2.8144 -0.4186 -1.5766 

 (3.0127) (5.2307) (2.9869) (2.2469) 

   -1.6847 -1.2301 -0.5013 0.8649 

 (3.4877) (6.3006) (4.0514) (3.2802) 

   -4.8457 -4.8407 1.0184 18.3364 

 (0.4348)*** (0.6821)*** (45.1445) (47.6186) 

df (in dynamic rho) - 112.1019 - - 

 - (249.3415) - - 

Log Likelihood 22.6950 22.6117 18.6311 18.9629 

AIC -35.3900 -33.2233 -27.2621 -27.9259 

 

 

Clayton 

Rotated 

Clayton Gumbel 

Rotated 

Gumbel 

constant rho 0.1953 0.3892 1.2187 1.1214 

 (0.0515)*** (0.0814)*** (0.0449)*** (0.0331)*** 

Likelihood 9.8533 14.0952 15.4480 11.2031 

   -1.0350 0.5116 -0.8337 -1.5036 

 (0.3750)*** (0.2683)* (0.4202)** (0.5997)** 

 1 -1.8766 -3.3563 -1.9819 -2.1052 

 (2.9871) (1.7292)* (1.7286) (2.9718) 

 2 -3.3752 -1.4406 -1.9929 -4.2459 

 (3.7808) (1.3539) (2.4940) (4.2692) 

   2.4882 1.7316 1.0359 3.4075 

 (6.4117) (2.5741) (4.0657) (6.6194) 

   0.4001 -180.5017 0.4993 0.6167 

 (9.8073) (88.6722)** (23.9304) (40.1011) 

Likelihood 11.6265 17.5724 18.4060 12.9751 

AIC -13.2531 -25.1447 -26.8121 -15.9502 

Note: (1) Standard errors are in parentheses.  

(2)***, **, and * denote significance level of 1%, 5% and 10%, respectively. 
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Table 2.10  Results for Copula Models in the Barley and Corn Case  

 

Gaussian t Frank Plackett 

constant rho 0.3380 0.3428 2.3667 3.1452 

 

(0.0415)*** (0.0435)*** (0.3257)*** (0.4532)*** 

df (in constant rho) - 24.1011 - - 

 

- (27.1070) - - 

Log Likelihood 24.6889 25.1310 26.3226 27.0618 

   0.2210 0.1952 1.1565 5.2902 

 (0.1859) (0.1885) (0.2336)*** (0.8027)*** 

 1 -0.9373 -0.9259 0.9071 1.6664 

 (0.3376)*** (0.3398)*** (0.3295)*** (0.8285)** 

 2 0.3302 0.3246 0.2662 0.0918 

 (0.4857) (0.4842) (0.3433) (0.9473) 

   -1.7380 -1.7231 0.2891 1.2722 

 (0.7141)** (0.7209)** (0.4389) (1.0283) 

   6.7042 6.6143 -65.0802 -92.4958 

 

(0.5444)*** (0.5384)*** (15.6415)*** (0.1795)*** 

df (in dynamic rho) - 277.7030 - - 

 

- (1611.7411) - - 

Log Likelihood 33.4730 33.5203 33.7429 31.4870 

AIC -56.9460 -55.0407 -57.4858 -52.9739 

 

 

Clayton 

Rotated 

Clayton Gumbel 

Rotated 

Gumbel 

constant rho 0.3431 0.3826 1.2595 1.2252 

 (0.0688)*** (0.0778)*** (0.0481)*** (0.0450)*** 

Likelihood 17.4822 16.1978 20.3908 20.4382 

   -0.7399 -0.4771 0.4974 3.9198 

 (0.3913)* (0.4545) (1.3142) (0.7546)*** 

 1 1.3521 1.3193 1.0272 0.5744 

 (0.7110)* (1.0146) (1.0566) (0.2235)** 

 2 0.8102 -1.4994 -1.8989 0.5368 

 (0.7671) (1.4845) (1.8056) (0.3143)* 

   -0.4399 0.2944 0.8103 0.4026 

 (1.0156) (2.1530) (2.4619) (0.4109) 

   -243.4130 -84.5556 -137.3630 -501.7851 

 (63.1554)*** (73.0804) (106.4234) (95.7268)*** 

Likelihood 22.1161 20.6801 24.3665 26.7805 

AIC -34.2321 -31.3602 -38.7331 -43.5610 

Note: (1) Standard errors are in parentheses.  

(2)***, **, and * denote significance level of 1%, 5% and 10%, respectively. 
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Figure 2.1  Contour Plots of Selected Elliptical Copulas 
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Figure 2.2  Contour Plots of Selected Archimedean Copulas 
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Figure 2.3  Cash Price of Grain Sorghum and Futures Price of Corn
8
 

    
 

 

 

 
 

Figure 2.4  Cash Price of Barley and Futures Price of Kansas Wheat 

 

 

                                                 
8
 The prices in Figure 2.3 through 2.5 are in natural logarithms. 
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Figure 2.5  Cash Price of Barley and Futures Price of Corn 
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Figure 2.6  Price Volatilities in the Grain Sorghum and Corn Case 
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Figure 2.7  Price Volatilities in the Barley and Kansas Wheat Case 
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Figure 2.8  Price Volatilities in the Barley and Corn Case 
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Figure 2.9  Scatter Plot and Histograms for   ’s in the Grain Sorghum and Corn Case  

 

 

 

 

 
Figure 2.10  Scatter Plot and Histograms for   ’s in the Barley and Kansas Wheat Case 
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Figure 2.11  Scatter Plot and Histograms for   ’s in the Barley and Corn Case 
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Figure 2.12  Dynamic Correlation (  ) in the Grain Sorghum and Corn Case 
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Figure 2.13  Tail Dependence from t Copula in the Grain Sorghum and Corn Case 

 

Note: The coefficient of tail dependence for the t copula is calculated by  

 = 2   1(−√ + 1√1 −  √1 +  ⁄ ), 

          where   +1( ) is the t CDF with  + 1 DoF and   is the (dynamic) correlation. 

 

 

Figure 2.14     with Constant Correlation from Gaussian Copula Model in the Grain Sorghum and Corn 

Case 

 

Note: The horizontal line in the graph is the average of   . 
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Figure 2.15     with Dynamic Correlation in the Grain Sorghum and Corn Case 

 

Note: The horizontal line in the graph is the average of   . 
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Figure 2.16  Dynamic Correlation (  ) in the Barley and Kansas Wheat Case 
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Figure 2.17     with Constant Correlation from the Gaussian Copula in the Barley and Kansas Wheat Case 

 

Note: The horizontal line in the graph is the average of   . 
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Figure 2.18     with Dynamic Correlation in the Barley and Kansas Wheat Case 

 

Note: The horizontal line in the graph is the average of   . 
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Figure 2.19  Dynamic Correlation (  ) in the Barley and Corn Case 
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Figure 2.20     with Constant Correlation from the Gaussian Copula in the Barley and Corn Case 

 

Note: The horizontal line in the graph is the average of   . 

 

 

 

 
 

Figure 2.21     with Dynamic Correlation from the Gaussian Copula in the Barley and Corn Case 

 

Note: The horizontal line in the graph is the average of   . 
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Figure 2.22     with Constant Correlation from the Frank Copula in the Barley and Corn Case 

 

Note: The horizontal line in the graph is the average of   . 

 

 

 

 
 

Figure 2.23     with Dynamic Correlation from the Frank Copula in the Barley and Corn Case 

 

Note: The horizontal line in the graph is the average of   . 
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Figure 2.24 Out-of-Sample Forecasts of    (1) 
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Figure 2.25 Out-of-Sample Forecasts of    (2) 
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Chapter 3 

A New Approach to Investigating Market 

Integration: a Markov-Switching Autoregressive 

Model with Time-Varying Transition Probabilities 

 

3.1  Introduction 

Markets for related goods are said to be integrated if prices from these markets move 

proportionally or follow similar patterns in the long run. Market integration has been widely 

discussed and evaluated by studying the mechanisms of price transmission among 

interrelated markets. Studies that investigate market integration generally focus either on 

spatially separated markets or on vertically related markets. Examining the integration of 

markets has significant impacts for market participants, policy makers, and researchers. A 

typical example concerns spatial arbitragers who make their profit-seeking decisions by 

comparing the prices of the same good among different markets. In particular, spatial 

arbitragers can make positive profits if the price difference between two markets is higher 

than the transactions costs of delivering the good from the market with a lower price to the 

market with a higher price. In this case, these markets are considered as not being integrated, 

and non-integration is the main reason for spatial speculation or arbitrage. On the other hand, 

studying market integration is an effective way to test whether the law of one price (LOP) 

holds across geographically separated markets; in other words, to test whether these markets 

perform efficiently or not.  

    Early research on market integration mainly focused on the static correlation between 

prices from spatially separated markets. Spatial arbitrage exists only when the price 

difference is large enough to cover the transactions costs. Although markets may experience 
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brief periods when positive profits to arbitrage are implied, such opportunities should not 

persist in the long run. This is because profits from arbitrage will gradually fall to zero when 

more and more traders are getting involved. When arbitrage becomes unprofitable, price 

linkages between the two markets will finally switch to a different pattern, and co-

movements of prices will not be as easy to observe. By this argument, the static correlation is 

not sufficient to investigate market integration, and research on this area has been extended in 

multiple directions. Among more recent studies, a group of regime-switching models has 

become widely accepted due to some significant advantages. For example, it allows for 

different situations (e.g., arbitrage and non-arbitrage) in the analysis and, in the same fashion, 

it also takes into account the unobservable transactions costs.  

    To improve the performance of regime switching models for testing for market integration, 

we develop a novel Markov-Switching autoregressive (MSAR) model with time-varying 

state transition probabilities. The basic idea is that the model contains two regimes – 

arbitrage and non-arbitrage, and the switching between regimes is governed by a Markov 

chain process. For example, the probability that the next period is in one regime depends on 

the current regime and current market prices. The main advantage of this model is its 

flexibility in the transition probabilities which are not constant over time. In addition, 

because of the unobservability of the state (regime) variable, we derived a version of 

Expectation-Maximization (EM) algorithm based on Diebold, Lee, and Weinbach’s work 

(1994) for the MSAR model estimation. 

    The remainder of this chapter proceeds as follows: Section 3.2 briefly reviews the 

innovation of research on testing for market integration and introduces some typical models 

in this area over the past half century. Section 3.3 provides the details of the MSAR model 

and the EM algorithm which is used to estimate this model. Section 3.4 describes the data in 

this study and presents the results of parameter estimates. We also analyze the transition 

probability functions and smoothed probabilities which provide a completely new perception 

of price transmission mechanisms. Section 3.5 summarizes the results and discusses some 

possible extensions of this study. 
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3.2  Previous Research 

In the context of spatial market integration, the first general approach to investigating spatial 

competitive equilibrium was developed by Takayama and Judge (1964). They reformulated 

the problem as a quadratic programming one based on the previous work of Enke (1951) and 

Samuelson (1952). In the following two decades, this approach was extended to a variety of 

dimensions of empirical work, for example, to compute optimal spatial locations, to examine 

the spatial boundary between markets, and to test for spatial market efficiency.  

    As the subsequent development of the Takayama and Judge’s point-location model, testing 

for market integration, or market efficiency, has attracted researchers’ attention since the 

1980s. Early studies generally examined market integration by studying the constant 

correlation between prices from spatially separated markets. Ravallion (1986), however, 

proposed a stronger test procedure and argued that using such static price correlation as a 

measure of spatial market integration may lead to inferential dangers. He also developed a 

new method to investigate the dynamic relationships among market prices from different 

regions, which considered both the long-run equilibrium and the short-run deviation from 

equilibrium. The subsequent research mainly focused on cointegration, error correction 

models, and Granger causality (Fackler and Goodwin 2001).  

    The first application of regime switching models for testing market integration was 

introduced by Sexton, Kling, and Carmen (1991). They extended Spiller and Huang's (1986) 

method of testing for market integration, and tested for the three different regimes they 

defined – efficient arbitrage, relative shortage (the price difference is less than transactions 

costs), and relative glut (the price difference is greater than transactions costs). Since then, 

regime switching models have become popular in this area because they allow for different 

price transmission behaviors under different market conditions such as arbitrage and non-

arbitrage. 

    In the development of methodology for testing for market integration, very little work has 

considered transactions costs (or delivery costs). Although transactions costs play an 

important role in the analysis, these costs are difficult to observe or to correctly estimate 

using correlated variables. Therefore, most of the existing research only applied market price 
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data to examine market integration. The ignorance of transactions costs or treating them as 

constant, however, would cause some estimation bias such as to reject market integration 

even when no spatial arbitrage exists (Baulch, 1997). To improve the reliability of the test, 

Baulch (1997) proposed a parity bounds model (PBM) which takes transactions costs and 

trade flows into account. The PBM including transactions costs or variables highly correlated 

with transactions costs has been extended in a variety of directions, but it was still criticized 

by some researchers about its limitations. Moreover, the difficulty in collecting transactions 

costs data or correctly predicting them remained a problem in this area and resulted in the 

ignorance of transactions costs in subsequent research. Most researchers continued to test for 

market integration only with price data. 

    The limitation of ignoring transactions costs and the nonstationary nature of price data 

triggered the application of a group of empirical models with nonlinear techniques. Among 

these models, a generally accepted one is the threshold error correction model which was 

first applied by Goodwin and Piggott (2001) to test for spatial market integration for regional 

corn and soybean markets in North Carolina. This model allows price transmission to adhere 

to regime switching, and it is regarded as a more appropriate way to deal with unobservable 

transactions costs which are generally considered to be nonstationary. 

    In a more recent study, Brummer, von Cramon-Taubadel, and Zorya (2008) proposed a 

Markov-switching vector error correction (MSVEC) model to study vertical price 

transmission between wheat and wheat flour in Ukraine. The application of an MSVEC 

model was motivated by the unstable policy environments in Ukraine. Another important 

work refers to the use of a Markov-switching vector autoregressive model which is presented 

by Ihle, von Cramon-Taubadel, and Zorya (2009) to analyze the maize price transmission 

between Tanzania and Kenya. Both of these models are estimated under a constant transition 

probabilities framework, which fails to consider the fact that the probability of a regime 

switch (say from autarky to trade) likely depends on market characteristics such as prices and 

price differences. 
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3.3  Methodology 

3.3.1  The Model 

This section provides a new approach, a Markov-Switching autoregressive (MSAR) model 

with time-varying transition probabilities, to investigate spatial market integration. An 

MSAR model is a subclass of the regime switching autoregressive models. A specification of 

the regime switching autoregressive model that is commonly used by the most recent 

literature for spatial market integration is given by  

∆  =  (𝑠 ) +  (𝑠 )   1 +∑𝜙𝑗(𝑠 )∆   𝑗

  1

𝑗 1

+ 𝜀  , (  1) 

𝜀 |Ψ  1   𝐷(0,  (𝑠 )) , 

where   =   (𝑝 
𝑎 𝑝 

 ⁄ ) , 𝑝 
𝑎  and 𝑝 

  are the cash prices for a homogenous commodity at 

location 𝑎 and   at time 𝑡, ∆  =   −    1, Ψ  1 is the information set at 𝑡 − 1, and  (𝑠 ), 

 (𝑠 ), 𝜙1(𝑠 ), … , 𝜙  1(𝑠 ), and  (𝑠 ) are parameters which depend on the state variable 𝑠 . 

In this study, we assume that the state variable 𝑠  contains two unobservable states – non-

arbitrage and arbitrage. The parameter  (𝑠 ) also represents the degree of “error-correction” 

that characterizes the departure from the long-run equilibrium. Assume that the per-unit 

revenue for spatial arbitragers transporting the same good from location 𝑎  to   is (1 −

𝜅𝑎 )𝑝
 , where 𝜅𝑎  is the rate of transactions costs from location 𝑎  to location  , and 

0  𝜅𝑎  1. Therefore, the non-arbitrage conditions for location 𝑎 and   are 

(1 − 𝜅𝑎 )𝑝
  𝑝𝑎 and (1 − 𝜅 𝑎)𝑝

𝑎  𝑝 . 

These inequalities can be combined as 

(1 − 𝜅𝑎 )  𝑝
𝑎 𝑝 ⁄  1 (1 − 𝜅 𝑎)⁄    

After taking natural logarithms, we obtain a non-arbitrage condition: 

  (1 − 𝜅𝑎 )    −   (1 − 𝜅 𝑎)     (  2) 

From a large number of empirical studies,  =   (𝑝𝑎 𝑝 ⁄ ) has been confirmed to behave 

quite differently from a non-arbitrage regime to an arbitrage regime, and this property can be 
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properly captured by threshold (vector) autoregressive or threshold (vector) error correction 

models (e.g., Goodwin and Piggott, 2001). It is generally believed that   has (or is close to) a 

unit root in the non-arbitrage regime, while   is a stationary process outside the non-arbitrage 

regime. This ensures a regime-switching model to be more appropriate to investigate market 

integration. In this study, we say it is in state 1 (𝑠 = 1) if the absolute value of  (𝑠 ) is 

smaller than the one in the other state, that is, | (𝑠 = 1)|  | (𝑠 = 2)|. Most existing 

research has demonstrated that the absolute value of  (𝑠 ) is smaller in the non-arbitrage 

state than in the arbitrage state. We also assume that the state variable 𝑠  is governed by the 

time-varying transition probability matrix Π : 

Π = [
 11(   1)  21(   1)

 12(   1)  22(   1)
] 

where  𝑖𝑗 is the probability of switching from state   at time 𝑡 − 1 to state 𝑗 at time 𝑡 given 

   1 , the previous price difference in percentage. So,  𝑖𝑗(   1) =  (  = 𝑗|  = 𝑗,    1), 

and ∑  𝑖𝑗(   1)
2
𝑗 1 = 1, for  = 1,2. 

    In this study we apply two types of transition probability functions for  𝑖𝑖(   1). The first 

one is a logistic function that is symmetric around 0:  

 𝑖𝑖(   1| 𝑖𝑖, 𝑐𝑖𝑖) =
1

1 +     { 𝑖𝑖(|   1|) − 𝑐𝑖𝑖}
 ,    = 1,2   (   )   

The maximum or minimum transition probability at    1 = 0 and the shape of this function 

depend on both values of  𝑖𝑖 and 𝑐𝑖𝑖. The second type of the transition probability function is 

a second order logistic function: 

 𝑖𝑖(   1|𝑐 ,𝑖𝑖 , 𝑐1,𝑖𝑖, 𝑐2,𝑖𝑖) =
1

1 +     {𝑐 ,𝑖𝑖(100   1
2 ) + 𝑐1,𝑖𝑖   1 + 𝑐2,𝑖𝑖}

 ,  = 1,2  (   )  

In contrast to equation (3.3), the above equation allows the center to deviate from 0, which 

could reflect static differences in prices across locations. Figure 3.1 illustrates examples of 

these two functions with different values of parameters. In following analysis, we assume 

 11  0 and  22  0 when using the transition probability function of (3.3), and 𝑐 ,11  0 
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and 𝑐 ,22  0 when using equation (3.4)
9
. With these constraints, when the previous state is 

non-arbitrage (  = 1) , the probability of staying in the non-arbitrage regime would be 

relatively high if the previous price difference (   1)  is small. Similarly, when the previous 

state is arbitrage (  = 2), then the probability of staying in the arbitrage regime would be 

very high at extreme values of     1 because a larger price difference is more likely to trigger 

spatial arbitrage. 

    We also compare the performance of these two types of transition probability functions by 

conducting a Rivers and Vuong (2002) model selection test. For more details, please refer to 

Appendix B. 

 

 

Figure 3.1  Examples of Equation (3.3) and Equation (3.4). 

 

                                                 
9
 We also tried to estimate the model without these constraints, but if we don’t impose these constraints, we will 

obtain estimates with smaller log-likelihood values. Therefore, we put these constraints in this study to get 

better estimation. 
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3.3.2  Model Estimation: The EM Algorithm 

The estimation of the MSAR model with time-varying transition probabilities can be 

accomplished by applying the Expectation-Maximization (EM) algorithm. This algorithm 

was first developed by Hamilton (1990) to solve for Markov-Switching models with constant 

transition probabilities. Diebold, Lee, and Weinbach (1994) extended it to a time-varying 

transition probabilities framework. The main challenge for the estimation of this model is 

that, first, the state process {𝑠 } is unobservable and depends on the model parameters ( (𝑠 ), 

 (𝑠 ), 𝜙1(𝑠 ), … , 𝜙  1(𝑠 ),  (𝑠 )); second, the model parameters also depend on the state 

process {𝑠 }. The EM algorithm has been considered to be an effective way to deal with this 

two-way dependence problem. 

    In the first step of the EM algorithm, the expectation step, we initiate some starting values 

for the model parameters. Then, we compute the probabilities of being in each regime 

conditional on data up to time 𝑡 − 1 in order to obtain the filtered probabilities conditional on 

the data up to time 𝑡. After filtering, the smoothed probabilities conditional on observations 

until time   are obtained based on the filtered probabilities. The second step of the EM 

algorithm, the maximization step, computes the maximum likelihood estimates of the 

parameters using the smoothed probabilities. These two steps are iterated until the 

convergence criterion is achieved. Section 3.3.2.1 and 3.3.2.2 provide the details of a version 

of this algorithm for the estimation of the MSAR model. 

 

3.3.2.1  The complete-data log-likelihood function 

In equation (3.1), we assume that 𝜀 |Ψ  1   𝐷(0,  (𝑠 )), which can be rewritten as 

∆  −  (𝑠 ) −  (𝑠 )   1 −∑𝜙𝑗(𝑠 )∆   𝑗

  1

𝑗 1

|Ψ  1   𝐷(0,  (𝑠 )) 

for 𝑡  𝑝 + 1. Therefore, the conditional density function for    (𝑡  𝑝 + 1) is 
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 (  |  =  ,    1  𝑖,  𝑖, 𝜙1,𝑖, 𝜙2,𝑖,  , 𝜙  1,𝑖,  𝑖)

=
1

√2  𝑖
2

   {−
[  −  𝑖 − (1 +  𝑖)   1 − ∑ 𝜙𝑗,𝑖∆   𝑗

  1
𝑗 1 ]

2

2 𝑖
2 } (   ) 

where  = 1,2 indicates State 1, non-arbitrage, and State 2, arbitrage. 

    Let  = [ 1,  1, 𝜙1,1,  , 𝜙  1,1,  1,  2,  2, 𝜙1,2,  , 𝜙  1,2,  2]′, the parameters in equation 

(3.1), and  = [ 11, 𝑐11,  22, 𝑐22]′ (or  = [𝑐 ,11, 𝑐1,11, 𝑐2,11, 𝑐 ,22, 𝑐1,22, 𝑐2,22]′ in the case of 

the second order logistic transition probability function), the parameters in equation (3.3). We 

also need a probability for the beginning state (𝑠  1 ), so we define  =  (   1 = 1) . 

Therefore, the vector of all parameters in our model is 

 = [ ′,  ′,  ]′, 

a (2𝑝 +  )-dimensional vector in the case of equation (3.3). 

    The complete-data likelihood function (from 𝑡 = 𝑝 + 1 to  ) is given by 

 (  , 𝑠 |𝑥   ) =  (   1, 𝑠  1|𝑥   ) ∏  (  , 𝑠 |   1, 𝑠  1, 𝑥   )

 

    2

=  (   1|𝑠  1, 𝑥   )  (𝑠  1) ∏ { (  |𝑠 ,    1, 𝑠  1, 𝑥   ) ×

 

    2

×  (   1 = 𝑠  1 |   1, 𝑠  1, 𝑥   )} , 

where   = [  ,    1,  ,    1], 𝑠 = [𝑠 , 𝑠  1,  , 𝑠  1], and  

𝑥 = [  ,    1,  ,  1]. So, the log-likelihood function for the complete-data is  

    (  , 𝑠 |𝑥   ) =     (   1|𝑠  1, 𝑥   ) +     (𝑠  1)

+ ∑ {    (  |𝑠 ,    1, 𝑠  1, 𝑥   ) +      (   1 = 𝑠  1 |   1, 𝑠  1, 𝑥   )   }

 

    2

    

    For convenience, we will use the complete-data log-likelihood function with indicator 
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functions in the estimation, which is given by 

    (  , 𝑠 |𝑥   )

=  (   1 = 1) [    (   1|   1 = 1, 𝑥   ) +     ]

+  (   1 = 2) [    (   1 |   1 = 2, 𝑥   ) +    (1 −  )] 

+ ∑ { (  = 1)     (  |  = 1,    1, 𝑥   )

 

    2

+  (  = 2)     (  |  = 2,    1, 𝑥   ) +  (  = 1,    1 = 1)   (π ,11)

+  (  = 2,    1 = 1)   (1 − π ,11) +  (  = 1,    1 = 2)   (1 − π ,22)

+  (  = 2,    1 = 2)   (π ,22)}  (   ) 

where π ,11, and π ,22 are transition probabilities that are calculated from equation (3.3) or 

(3.4).  

 

3.3.2.2 The EM algorithm 

The complete-data log-likelihood function cannot be used for estimation because the state 

variable 𝑠  is unobservable. Therefore, following the Diebold, Lee, and Weinbach (1994), we 

propose an EM algorithm to maximize the incomplete-data log likelihood. The procedure of 

the EM algorithm is shown in Figure 2.2. As is described in Diebold, Lee, and Weinbach 

(1994), this procedure consists of the following four steps: 

  (1) Pick a vector of starting values,  ( ). 

  (2) Construct the expected log-likelihood function 𝐸 [    (  , 𝑠 |𝑥   
( ))] by replacing 

the  ’s in equation (3.7) with the following smoothed probabilities:  

 (  = 1|    
( )) 

 (  = 2|    
( )) 

 (  = 1,    1 = 1|    
( )) 

 (  = 2,    1 = 1|    
( )) 
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 (  = 1,    1 = 2|    
( )) 

 (  = 2,    1 = 2|    
( )) 

  (3) Set  (1) =        𝐸 [    (  , 𝑠 |𝑥   
( ))], (3.8). 

  (4) Iterate to convergence
10

. 

 

 

 
Figure 3.2  The EM Algorithm  

 

 

3.3.2.2.1 The Expectation Step 

As discussed in Diebold, Lee, and Weinbach (1994), the expected log-likelihood function 

with smoothed probabilities is given by 

                                                 
10

 We assume that the convergence criterion is achieved when ‖ (𝑗 1) −  (𝑗)‖  10  . 
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𝐸 [    (  , 𝑠 |𝑥   
(𝑗))]

=  (   1 = 1|    
(𝑗)) [    (   1|   1 = 1, 𝑥   

(𝑗)) +     (𝑗)]

+   (   1 = 2|    
(𝑗)) [    (   1|   1 = 2, 𝑥   

(𝑗)) +    (1 −  (𝑗))]

+ ∑ { (  = 1|    
(𝑗))     (  |  = 1,    1, 𝑥   

(𝑗))

 

    2

+  (  = 2|    
(𝑗))     (  |  = 2,    1, 𝑥   

(𝑗))

+  (  = 1,    1 = 1|    
(𝑗))    (π ,11)

+  (  = 2,    1 = 1|    
(𝑗))    (1 − π ,11)

+  (  = 1,    1 = 2|    
(𝑗))    (1 − π ,22)

+  (  = 2,    1 = 2|    
(𝑗))    (π ,22)}       (   ) 

    In equation (3.9),  (  =  |    
(𝑗)) and  (  =  ,    1 = 𝑗|    

(𝑗)) (for  , 𝑗 = 1,2) are 

the smoothed probabilities for the j
th

 iteration which are calculated from the following four 

steps:  

Step 1. Calculate the (conditional) densities (a ( − 𝑝) × 2 matrix) from equation (3.5), and 

the transition probabilities (a ( − 𝑝 − 1) ×   matrix) from equation (3.3) (or (3.4)):  

[
 
 
 
 
  (   1|   1 = 1, 𝑥   

(𝑗))         (   1|   1 = 2, 𝑥   
(𝑗))        

  (   2|   2 = 1,    1, 𝑥   
(𝑗))   (   2|   2 = 2,    1, 𝑥   

(𝑗))

⋮

 (  |  = 1,    1, 𝑥   
(𝑗))       

⋮

 (  |  = 2,    1, 𝑥   
(𝑗))       ]

 
 
 
 
 

 

 

[
 
 
 
 
   2
11 =  (   2 = 1|   1 = 1,    1  

(𝑗))

    
11 =  (    = 1|   2 = 1,    2  

(𝑗))

⋮
  
11 =  (  = 1|   1 = 1,    1  

(𝑗))  

1 −    2
11

1 −     
11

⋮
1 −   

11

1 −    2
22

1 −     
22

⋮
1 −   

22

   2
22

    
22

⋮
  
22
]
 
 
 
 

 

 

Step 2. Calculate the filtered joint conditional probabilities of (a ( − 𝑝 − 1) ×   matrix) by 
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iterating the following steps: 

Step 2.1 Calculate the joint conditional probabilities of (  , 𝑠 , 𝑠  1) for = 𝑝 + 2,  ,  , given 

   1 and 𝑥  (a ( − 𝑝 − 1) ×   matrix): 

For 𝑡 = 𝑝 + 2, the joint conditional distribution is  

 (   2, 𝑠  2, 𝑠  1 |   1, 𝑥   
(𝑗))

=   (   2|𝑠  2,    1, 𝑥   
(𝑗))  (𝑠  2|𝑠  1,    1  

(𝑗)) (𝑠  1)   

In this equation, the first two terms are obtained from Step 1, and the last term, the 

unconditional probability, is  (𝑗) estimated from the j
th

 iteration. 

For 𝑡  𝑝 +  , the joint conditional distribution is 

 (  , 𝑠 , 𝑠  1 |   1, 𝑥   
(𝑗))

= ∑  (  |𝑠 ,    1, 𝑥   
(𝑗))  (𝑠 |𝑠  1,    1  

(𝑗)) (𝑠  1, 𝑠  2 |   1, 𝑥 )

2

𝑠    1

   

Similarly, the conditional density  (  |𝑠 ,    1, 𝑥   
(𝑗)) , and the transition probability 

 (𝑠 |𝑠  1,    1  
(𝑗)) are given by Step 1. The filtered probability  (𝑠  1, 𝑠  2 |   1, 𝑥 ) is 

obtained from the execution of Step 2 for the previous period (See Step 2.2 to 2.3). 

Step 2.2 Calculate the conditional likelihood of    (a number): 

 (  |   1, 𝑥   
(𝑗)) = ∑ ∑  (  , 𝑠 , 𝑠  1|   1, 𝑥   

(𝑗))

2

𝑠    1

2

𝑠  1

 

Step 2.3 Calculate the filtered probabilities for time 𝑡 (four numbers): 

 (𝑠 , 𝑠  1 |  , 𝑥   
(𝑗)) =

 (  , 𝑠 , 𝑠  1 |   1, 𝑥   
(𝑗))

 (  |   1, 𝑥   
(𝑗))

 , 

where the numerator is obtained from Step 2.1 and the denominator is obtained from Step 

2.2. Repeat step 2.2 to 2.3 for 𝑡  𝑝 +  , and finally we can obtain a ( − 𝑝 − 1) ×   matrix 
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of filtered joint probabilities. 

Step 3. Calculate the smoothed joint probabilities (a ( − 𝑝 − 1) ×   matrix) by the 

following steps: 

Step 3.1 For 𝑡 = 𝑝 + 2 , calculate the joint probability of (𝑠 , 𝑠  1, 𝑠 , 𝑠  1) given   , for 

 = 𝑡 + 2, 𝑡 +  , ,   (a ( − 𝑝 −  ) × 1  matrix): 

For  = 𝑡 + 2, 

 (𝑠 , 𝑠  1, 𝑠 , 𝑠  1|  , 𝑥   
(𝑗))

=
 (𝑠 , 𝑠  1, 𝑠 , 𝑠  1,   |   1, 𝑥   

(𝑗))

 (  |   1, 𝑥   
(𝑗))

=
 (  |𝑠 ,    1, 𝑥   

(𝑗)) (𝑠 , 𝑠  1, 𝑠 , 𝑠  1|   1, 𝑥   
(𝑗))

 (  |   1, 𝑥   
(𝑗))

=
 (  |𝑠 ,    1, 𝑥   

(𝑗)) (𝑠 |𝑠  1,    1, 𝑥   
(𝑗)) (𝑠  1, 𝑠 , 𝑠  1|   1, 𝑥   

(𝑗))

 (  |   1, 𝑥   
(𝑗))

 

 

where  (  |   1, 𝑥   
(𝑗))  is given by Step 2.2,  (  |𝑠 ,    1, 𝑥   

(𝑗))  and 

 (𝑠 |𝑠  1,    1, 𝑥   
(𝑗)) are given by Step 1. The third term on the numerator is calculated 

by  
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 (𝑠  1, 𝑠 , 𝑠  1|   1, 𝑥   
(𝑗))

=  (𝑠  1, 𝑠 , 𝑠  1|   1, 𝑥   
(𝑗))

=
 (   1, 𝑠  1, 𝑠 , 𝑠  1|  , 𝑥   

(𝑗))

 (   1|  , 𝑥   
(𝑗))

=
 (   1|𝑠  1,   , 𝑥   

(𝑗)) (𝑠  1, 𝑠 , 𝑠  1|  , 𝑥   
(𝑗))

 (   1|  , 𝑥   
(𝑗))

=
 (   1|𝑠  1,   , 𝑥   

(𝑗)) (𝑠  1|𝑠 ,   , 𝑥   
(𝑗)) (𝑠 , 𝑠  1|  , 𝑥   

(𝑗))

 (   1|  , 𝑥   
(𝑗))

 

where  (𝑠 , 𝑠  1|  , 𝑥   
(𝑗)) is given by Step 2.3. 

For  = 𝑡 + 2, 𝑡 +  , ,  , 

 (𝑠 , 𝑠  1, 𝑠 , 𝑠  1|  , 𝑥   
(𝑗))

=
 (  |𝑠 ,    1, 𝑥   

(𝑗)) (𝑠 |𝑠  1,    1, 𝑥   
(𝑗)) (𝑠  1, 𝑠  2, 𝑠 , 𝑠  1|   1, 𝑥   

(𝑗))

 (  |   1, 𝑥   
(𝑗))

 

where  (𝑠  1, 𝑠  2, 𝑠 , 𝑠  1|   1, 𝑥   
(𝑗)) is obtained by the previous   in Step 3.1.  

  For each  , we obtain a (1 × 1 )  vector of probabilities corresponding to the sixteen 

possible combinations of (𝑠  1, 𝑠  2, 𝑠 , 𝑠  1) . Thus, upon reaching  =  , we have 

computed a ( − 𝑝 −  ) × 1  matrix. The last row of this matrix is used to calculate the 

smoothed joint probability for 𝑡 = 𝑝 + 2, which is given by 

 (𝑠 , 𝑠  1|  , 𝑥   
(𝑗)) = ∑ ∑  (𝑠 , 𝑠  1, 𝑠 , 𝑠  1|  , 𝑥   

(𝑗))

2

𝑠𝑇   1

2

𝑠𝑇 1

 

Step 3.2 Repeat step 3.1 for 𝑡 = 𝑝 +  , 𝑝 +  , ,  − 2. For 𝑡 =  − 1, the smoothed joint 

probability is calculated by 

 (𝑠  1, 𝑠  2|  , 𝑥   
(𝑗)) = ∑  (𝑠 , 𝑠  1, 𝑠  2|  , 𝑥   

(𝑗))

2

𝑠𝑇 1

, 
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where 

 (𝑠 , 𝑠  1, 𝑠  2|  , 𝑥   
(𝑗))

=
 (  |𝑠 ,    1, 𝑥   

(𝑗)) (𝑠 |𝑠  1,    1, 𝑥   
(𝑗)) (𝑠  1, 𝑠  2|   1, 𝑥   

(𝑗))

 (  |   1, 𝑥   
(𝑗))

  

Then, we obtain a ( − 𝑝 − 1) ×   matrix of smoothed joint probabilities. The last row of 

this matrix is just the last row of the matrix of filtered joint probabilities. 

 

Step 4 Calculate the smoothed marginal probabilities by summing over the smoothed joint 

probabilities: 

 (𝑠 =  |  , 𝑥   
(𝑗)) =∑ (𝑠 =  , 𝑠  1 = 𝑗|  , 𝑥   

(𝑗))

2

𝑗 1

 

for  = 1,2  

Finally, a ( − 𝑝 − 1) ×   matrix of smoothed probabilities is obtained. 

 

3.3.2.2.2 The Maximization Step 

In this step, we need to substitute the smoothed probabilities for iteration 𝑗  from the 

expectation step into expected log-likelihood function (equation (3.9)), and search for the 

parameter estimates that maximize this log-likelihood function as is shown in equation (3.8). 

After that, we continue to iterate the expectation step and the maximization step until the 

parameter estimates converge.  

 

3.4  Results 

3.4.1  Data 

For our empirical application, we examine spatial market integration among four regional 

corn markets (Statesville, Candor, Cofield, and Roaring River) and three soybean markets 

(Fayetteville, Cofield, and Creswell) in North Carolina. Prices of these markets are quoted 

daily in dollars per bushel from 3/1/2005 to 4/30/2010 for the corn markets (1276 

observations), and from 3/1/2007 to 4/30/2010 for the soybean markets (783 observations). 
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Six pairwise spatial price relationships for these corn markets, and three others for the 

soybean markets are examined
11

. We examine market integration among these nine pairs of 

price differences by analyzing the parameter estimates of the MSAR model, the two types of 

transition probability functions, and the smoothed probabilities of being in the arbitrage or 

non-arbitrage regime. 

    Figure 3.3 and 3.4 show the time series plots of corn and soybean prices in those seven 

markets. Corn prices increased dramatically from the fourth quarter of 2006, and reached 

almost eight dollars per bushel in June 2008. For the soybean markets, prices kept increasing 

from the beginning of 2007 to mid-2008, achieving a record-high level of more than sixteen 

dollars per bushel in July 2008. The main cause of these severe changes is generally 

considered to be the Energy Independence and Security Act of 2007. This energy act 

established a modified standard of renewable fuel which is required to be obtained from 

ethanol and other advanced biofuels. As a result, the demand for corn has increased 

substantially because corn is the major source for ethanol. On the other hand, soybean prices 

are highly correlated with corn prices, because soybeans and corn are basically grown in the 

same area. The increase in the demand for corn apparently cut down the soybean acreage, 

and therefore increased the price of soybeans due to reduced supply of soybeans. Prices of 

corn and soybeans then dropped to around four dollars and ten dollars respectively from the 

middle of 2009. 

    Table 3.1 and 3.2 report the notations and descriptive statistics for the nine market pairs of 

price differences in natural logarithm (  ’s). Figure 3.5 through 3.7 illustrate the time series 

plots for these nine price combinations. We can observe that price differences between two 

markets are basically fluctuating within a range of ±30%. The first three pairs of price 

differences – Statesville vs. Candor (𝑐12), Stateville vs. Cofield (𝑐1 ), and Stateville vs. 

Roaring River (𝑐1 ) – experienced a sudden increase to 20% (in absolute value) or even more 

in the fourth quarter of 2008, and this great change then lasted for approximately one year. It 

                                                 
11

 We omit those observations with missing values in all corn markets or all soybean markets, and interpolate 

the remaining missing values of price differences by using the PROC EXPAND procedure in SAS, either 

without changing series frequency or in conjunction with expanding or collapsing the series. In those cases 

where all prices are missing, markets are assumed to not be trading (e.g., holidays). 
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is because the corn price in Statesville became much lower than those in the other three 

markets from the fourth quarter of 2008, and this relatively low price lasted for about a year. 

The price differences between Candor and Cofield (𝑐2 ), and Candor and Roaring River (𝑐2 ) 

increased to their highest records in the middle of 2007. The corn price difference between 

Cofield and Roaring River (𝑐  ) is usually below zero, which indicates that corn price in 

Roaring River has been higher than that in Cofield over a long period of time, oscillating 

from about 0% up to 18%. For the soybean markets, the average price differences are greater 

than zero for all three market pairs. In the cases of Fayetteville vs. Creswell ( 1 ), and 

Cofield vs. Creswell ( 2 ), the price differences remain positive for most of the time, which 

indicates that the soybean price in Creswell is generally lower than those in the other two 

markets. All three market pairs achieved the highest records in the second half of 2009. For 

 1  and  2  in 2008 and 2009, price differences are much higher during the harvest season 

(generally in September and October) than in the rest of the year. According to the results of 

ADF tests, all price differences (  ’s) are stationary. 

 

3.4.2  Results of the MSAR models 

We first estimate the ordinary autoregressive (AR) models and determine the optimal lag 

length p in equation (3.1) using the Bayes Information Criterion (BIC). Results of these non-

regime-switching AR models are displayed in Table 3.3 and 3.4. All parameter estimates of   

are significantly different from 0 at a 1% significance level. This indicates that, under the 

condition of not being separated into two regimes, each    is stationary and no unit root 

process can be observed.  

    We then continue to estimate the MSAR models with the same lag length p as in the 

simple AR models by applying the EM algorithm described in Section 3.3.2. Table 3.5 

through 3.10 show the results of MSAR models with the two unobservable regimes – non-

arbitrage and arbitrage – under different assumptions of transition probability functions 

(equation (3.3) and equation (3.4)). As is describe in Section 3.3.1, we determine the status of 

state by the value of  (  ). When the absolute value of  (  ) is smaller, we say it is in state 

1 (  = 1), or in the non-arbitrage state. In all cases, the absolute values of  (  = 1) are 
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smaller than the absolute values of  (  = 2). A greater  (  = 2) in absolute value means 

the deviation from the long-run equilibrium is larger in the arbitrage regime than in the non-

arbitrage regime, and also the speed of adjustment to the long-run equilibrium is faster in the 

arbitrage regime. As expected,  (  = 1) in most cases is very close to 0 or not significantly 

different from 0; while  (  = 2) is always negative and statistically significant, indicating a 

significant movement in the markets to eliminate large price deviations through arbitrage. 

This result is consistent with efficiently linked markets. On the other hand, it also reveal that, 

within the non-arbitrage regime, the price difference between two markets (  ) is more likely 

to display the unit root property; while in the arbitrage regime, the price difference is a 

stationary process. In addition, estimates of  (  = 1) are much smaller than estimates of 

 (  = 2), mainly because the price difference in an arbitrage regime appears to be more 

volatile than in a non-arbitrage regime. In the soybean markets, the absolute values of 

 (  = 1) (or  (  = 2)) are almost at the same level across different market pairs; while in 

the corn markets, the range of absolute values of  (  = 1) (or  (  = 2)) is much larger 

than in the soybean markets (for example, from 0.04 to 0.28 for   (  = 2)). This indicates 

that patterns of adjustment to the equilibrium or deviation from the equilibrium are similar 

for different soybean market pairs, but patterns of adjustment or deviation are quite different 

across the six corn market pairs. 

    Figure 3.8 through 3.12 illustrate the two types of estimated transition probability 

functions for the nine market pairs. The first order logistic function (equation (3.3)) is 

centered around 0; while the second order logistic function (equation (3.4)) allows for a more 

flexible setting on the center that can deviate from 0. For the soybean markets, the patterns of 

transition probability functions appear to be very similar for different market pairs. The 

maximum probability of switching from a non-arbitrage regime to a non-arbitrage regime, or 

the minimum probability of staying in an arbitrage regime, does not differ too much from one 

market pair to another. For the corn markets, transition probability functions present different 

shapes for different market pairs. In some market pairs for the case of the first order logistic 

function, we observe that, when the parameter estimate of  11 (or  22) are not significant (at 

a 10% significance level), the transition probability function tends to be flatter, which means 



 

107 

the transition probability is more likely to be a constant (see, for example, the case of 𝑐2  or 

𝑐  ). Compared with the existing studies, these transition probability functions provide a 

brand-new approach of viewing the mechanism of switching between different regimes in the 

investigation of market integration. 

    We also compare the performance of the two types of transition probability functions by 

conducting a Rivers and Vuong model selection test for nonlinear dynamic models (2002). 

For the details of this test, please refer to Appendix B. The test statistic follows a standard 

normal distribution, so when the test statistic is significantly different from 0, one of the 

transition probability functions may perform better than the other. Results from this test (in 

Table 3.5, 3.6, and 3.9) indicate that the two transition probability functions do not have 

significant difference except for the case of 𝑐   in which equation (3.3) performs 

significantly better than equation (3.4). This also suggests that for the corn market pair of 

Cofield and Roaring River, the almost constant transition probabilities may be more 

appropriate to describe the mechanism of switching between regimes than those with obvious 

time-varying property.  

    We continue to examine spatial market integration by analyzing the smoothed probability 

of being in an arbitrage regime for each market pair. As is defined in Section 3.3.2, a 

smoothed probability is  (  =  |    ) or  (  =  ,    1 = 𝑗|    ). Specifically, it is a 

probability of being in a regime at time t or the joint probability of regime status at time 𝑡 and 

time 𝑡 − 1, given the information of the whole data set. Figure 3.13 to 3.15 illustrate the time 

series plots of  (  = 2|    ), accompanied by the time series plots of   . All of these 

smoothed probabilities are computed from the transition probability functions that give 

higher log-likelihood values. In the first three market pairs of the corn markets, a long period 

with extremely high probabilities of being in the arbitrage regime could be observed from the 

fourth quarter of 2008. For the last three market pairs, although we cannot find such a long 

period with very high (or low) probabilities, we can still note that high probabilities of being 

in the arbitrage regime appear along with extreme values of price differences. Similar results 

are obtained for the three market pairs of soybeans. For example, in the case of  1  and  2 , 
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smoothed probabilities of being in the arbitrage regime tend to be higher during the harvest 

season of 2008 and 2009 when the price differences are in relatively high levels. Scatter plots 

of    vs  (  = 2|    ) that are shown in Figure 3.16 also support the perspective that high 

price differences are more likely to encourage arbitrage activities among spatially separated 

markets with homogeneous goods. 

 

3.5  Conclusion 

We develop a Markov-Switching autoregressive (MSAR) model with time-varying state 

transition probabilities to investigate spatial market integration. This model provides a new 

approach to viewing the mechanism of switching between the arbitrage and non-arbitrage 

regimes. Regime-switching models are especially popular in this area, and researchers have 

tried various types of technique to construct this type of models. Most of the existing regime-

switching models in this area treat the regimes as observable and control the switching 

between regimes by using observable variables. In this study, we assume that the state 

variable is a latent process and control the switching between regimes by time-varying 

transition probabilities. We also display the unobservable regime status by the plots of 

transition probability functions and smoothed probabilities. 

    Our results demonstrate that significant regime switching relationships have effectively 

characterized the behavior of price differences in the regional corn and soybean markets in 

North Carolina. This has important implications for more conventional models of spatial 

price relationships and market integration. Our results are also consistent with previous 

research that illustrates different properties of price transmission in different regimes. In 

particular, we demonstrate that regime switching appears to occur in response to market 

shocks that signal arbitrage opportunities. In this manner, our results are consistent with 

efficiently linked markets where large price differences tend to trigger arbitrage, which then 

adjusts market prices to eliminate arbitrage opportunities. 

    For future studies, a vector error correction model can be considered when this approach is 

used. Although a vector error correction model may contain more parameters and makes the 

estimation of the model more complicated, it analyzes the behavior of price transmission for 
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all markets simultaneously. On the other hand, the probability transition function can be 

improved to more flexible types, for example asymmetric around certain values. And more 

accurate types of transition probability functions are essential for future studies. 
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Tables and Figures 

 

Table 3.1  Summary Statistics for    (1) 

 Corn Markets 

 
Statesville  

- Candor 

Statesville  

- Cofield 

       Statesville 

- Roaring River 

Notation       𝑐12       𝑐1          𝑐1  

Observations 1276 1276 1276 

Mean -0.0710 -0.0087 -0.0741 

Standard Deviation 0.0616 0.0633 0.0612 

Minimum -0.2783 -0.2051 -0.2868 

Maximum 0.1142 0.1520 0.1044 

Skewness -0.1666 -0.2132 -0.3697 

Kurtosis -0.2509 -0.0487 -0.2305 

ADF Tau (single mean)   -2.85* -2.66* -2.99** 

 

 Corn Markets 

 
   Candor 

- Cofield 

    Candor 

- Roaring River 

       Cofield 

- Roaring River 

Notation       𝑐2        𝑐2          𝑐   

Observations 1276 1276 1276 

Mean 0.0622 -0.0031 -0.0656 

Standard Deviation 0.0369 0.0243 0.0401 

Minimum -0.1140 -0.1503 -0.1773 

Maximum 0.1878 0.0779 0.0048 

Skewness 0.8642 -0.9707 -0.4630 

Kurtosis 1.2550 4.6102 -0.6043 

ADF Tau (single mean)   -4.09*** -6.96*** -4.23*** 

 

Note: (1) The lags for the ADF test are decided by the SBC.  

          (2) ***, **, and * refer to the rejection of the null hypothesis of a unit root at 1%, 5% and 10%, 

respectively.  
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Table 3.2  Summary Statistics for    (2) 

 Soybean Markets 

 
Fayetteville 

- Cofield 

Fayetteville 

- Creswell 

        Cofield 

- Creswell 

Notation        12        1           2  

Observations 783 783 783 

Mean 0.0107 0.0532 0.0427 

Standard Deviation 0.0223 0.0346 0.0322 

Minimum -0.0736 -0.0222 -0.0140 

Maximum 0.1610 0.2396 0.1840 

Skewness 1.6175 2.3716 1.7476 

Kurtosis 5.8651 6.8663 3.2014 

ADF Tau (single mean)   -3.59*** -3.33** -3.57*** 

 

Note: (1) The lags for the ADF test are decided by the SBC.  

          (2) *** and ** refer to the rejection of the null hypothesis of a unit root at 1% and 5%, respectively.  
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Table 3.3  AR Model Results for the Corn Markets 

 
𝑐12       𝑐1       𝑐1       𝑐2        𝑐2       𝑐        

   -0.00099 -0.00018 -0.00118 0.00171 -0.00038 -0.00174 

 (0.00044)** (0.00029) (0.00048)** (0.00048)*** (0.00029) (0.00053)*** 

   -0.01293 -0.01254 -0.01371 -0.02707 -0.09201 -0.02684 

 (0.00466)*** (0.00455)*** (0.00489)*** (0.00671)*** (0.01255)*** (0.00708)*** 

𝜙1  0.28864 0.21650 0.24969 0.19426 0.23847 0.14809 

 (0.02877)*** (0.02787)*** (0.02819)*** (0.02833)*** (0.02986)*** (0.02920)*** 

𝜙2  0.09851      

 (0.02885)***      

   0.01373 0.01224 0.01287 0.01025 0.01222 0.01092 

Log 

likelihood 
3525.363 3731.379 3530.765 3944.062 3542.025 3734.359 

Note: (1) Standard errors are in parentheses.  

(2)***, **, and * denote significance level of 1%, 5% and 10%, respectively. 

 

 

Table 3.4  AR Model Results for the Soybean Markets 

 
 12           1            2         

   0.00044 0.00159 0.00135 

 (0.00023)* (0.00059)*** (0.00049)*** 

   -0.03432 -0.02826 -0.03071 

 (0.01107)*** (0.00961)*** (0.00909)*** 

𝜙1  0.06507 0.10575 0.08714 

 (0.03798)* (0.03727)*** (0.03743)** 

𝜙2  0.23744 0.17072  

 (0.03715)*** (0.03731)***  

𝜙   -0.00760 -0.05578  

 (0.03946) (0.03824)  

𝜙   0.17945 0.08898  

 (0.03750)*** (0.03718)**  

𝜙   0.11769 0.12921  

 (0.03833)*** (0.03706)***  

   0.00875 0.01157 0.00863 

Log 

likelihood 
2495.329 2298.566 2502.011 

Note: (1) Standard errors are in parentheses.  

(2)***, **, and * denote significance level of 1%, 5% and 10%, respectively. 
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Table 3.5  MSAR Model Results for Corn Markets in Case 1 (equation (3.3))  (1) 

 
𝑐12       𝑐1       𝑐1       

 
  = 1    = 2    = 1    = 2    = 1    = 2  

   -0.00005 -0.00693 0.00001 -0.00232 -0.00002 -0.00533 

 (0.00013) (0.00437) (0.00007) (0.00263) (0.00007) (0.00212)** 

   -0.00001 -0.07661 -0.00062 -0.08098 -0.00159 -0.05196 

 (0.00145) (0.03613)** (0.00121) (0.03258)** (0.00084)* (0.01773)*** 

𝜙1  -0.01900 -0.69817 -0.04652 -0.46426 0.00106 -0.48767 

 (0.00735)*** (0.11849)*** (0.00691)*** (0.12010)*** (0.00381) (0.07638)*** 

𝜙2  -0.00345 -0.49218     

 (0.00621) (0.19685)**     

   0.00279 0.03439 0.00244 0.03235 0.00138 0.02316 

 (0.00007)*** (0.00195)*** (0.00006)*** (0.00182)*** (0.00004)*** (0.00087)*** 

 11  3.84181 
 

7.24566 
 

7.27636 
 

 (2.23153)* 
 

(2.84283)** 
 

(1.98671)*** 
 

𝑐11  2.56781 
 

2.61418 
 

1.59456 
 

 (0.20916)*** 
 

(0.19090)*** 
 

(0.17088)*** 
 

 22  -12.46592 
 

-7.07335 
 

-14.02102 
 

 (2.72164)*** 
 

(3.18802)** 
 

(2.44209)*** 
 

𝑐22  -2.01878 
 

-1.16399 
 

-2.37062 
 

 (0.36229)*** 
 

(0.28055)*** 
 

(0.31666)*** 
 

Log 

likelihood 
4841.905 

 
4988.472 

 
4836.941 

 

     -0.3156 
 

1.1944 
 

-1.2227 
 

Note: (1)      is the test statistic for the Rivers and Vuong test (2002) for model selection.  

          (2) Standard errors are in parentheses.  

(3)***, **, and * denote significance level of 1%, 5% and 10%, respectively. 
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Table 3.6  MSAR Model Results for Corn Markets in Case 1 (equation (3.3))  (2) 

 
𝑐2        𝑐2       𝑐        

 
  = 1    = 2    = 1    = 2    = 1    = 2  

   0.00010 0.01279 0.00002 -0.00150 -0.00016 -0.00805 

 (0.00007) (0.00464)*** (0.00007) (0.00137) (0.00016) (0.00222)*** 

   -0.00250 -0.14547 -0.00235 -0.30724 -0.00134 -0.12256 

 (0.00100)** (0.04766)*** (0.00312) (0.05106)*** (0.00211) (0.02822)*** 

𝜙1  -0.00455 -0.69951 -0.00267 -0.40145 -0.01998 -0.37990 

 (0.00343) (0.15357)*** (0.00640) (0.08871)*** (0.00807)** (0.09493)*** 

   0.00111 0.02614 0.00219 0.02274 0.00257 0.02035 

 (0.00003)*** (0.00148)*** (0.00006)*** (0.00097)*** (0.00007)*** (0.00083)*** 

 11  18.18625 
 

12.04444 
 

0.94390 
 

 (4.64970)*** 
 

(5.20906)** 
 

(1.98719) 
 

𝑐11  3.51019 
 

1.53288 
 

1.38366 
 

 (0.37305)*** 
 

(0.12322)*** 
 

(0.15327)*** 
 

 22  -0.67330 
 

-17.24130 
 

-0.79208 
 

 (4.61970) 
 

(5.97453)*** 
 

(3.02326) 
 

𝑐22  -1.38670 
 

-1.57047 
 

-0.95213 
 

 (0.45883)*** 
 

(0.19848)*** 
 

(0.24024)*** 
 

Log 

likelihood 
5918.765 

 
4658.277 

 
4441.495 

 

     1.4775 
 

-0.5496 
 

4.5468 
 

Note: (1)      is the test statistic for the Rivers and Vuong test (2002) for model selection.  

          (2) Standard errors are in parentheses.  

(3)***, **, and * denote significance level of 1%, 5% and 10%, respectively. 
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Table 3.7  MSAR Model Results for Corn Markets in Case 2 (equation (3.4))  (1) 

 
𝑐12       𝑐1              𝑐1       

 
  = 1    = 2    = 1    = 2    = 1    = 2  

   -0.00006 -0.00647 0.00001 -0.00212 -0.00002 -0.00491 

 (0.00013) (0.00426) (0.00007) (0.00259) (0.00007) (0.00207)** 

   -0.00019 -0.07033 -0.00062 -0.07176 -0.00158 -0.04664 

 (0.00145) (0.03502)** (0.00121) (0.03164)** (0.00085)* (0.01712)*** 

𝜙1  -0.01887 -0.70616 -0.04585 -0.47337 0.00234 -0.47548 

 (0.00726)*** (0.11766)*** (0.00682)*** (0.12070)*** (0.00378) (0.07510)*** 

𝜙2  -0.00340 -0.48317     

 (0.00615) (0.19530)**     

   0.00277 0.03404 0.00243 0.03203 0.00136 0.02297 

 (0.00007)*** (0.00191)*** (0.00006)*** (0.00179)*** (0.00004)*** (0.00085)*** 

𝑐 ,11  0.65508 
 

0.72235 
 

0.64019 
 

 (0.18947)*** 
 

(0.14842)*** 
 

(0.36249)* 
 

𝑐1,11  5.85744 
 

0.99548 
 

3.30489 
 

 (3.17701)* 
 

(1.39398) 
 

(5.55780) 
 

𝑐2,11  -2.36099 
 

-2.44493 
 

-1.31410 
 

 (0.15703)*** 
 

(0.12522)*** 
 

(0.14965)*** 
 

𝑐 ,22  -0.87656 
 

-0.28791 
 

-1.09933 
 

 (0.24777)***  (0.27056)  (0.26120)***  

𝑐1,22  -7.33225  4.09311  -6.69989  

 (4.60066)  (2.78925)  (5.11561)  

𝑐2,22  1.43038  1.21306  1.71523  

 (0.29768)*** 
 

(0.24350)*** 
 

(0.26203)*** 
 

Log 

likelihood 
4842.981 

 
4983.614 

 
4842.768 

 

Note: (1) Standard errors are in parentheses.  

(2)***, **, and * denote significance level of 1%, 5% and 10%, respectively. 
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Table 3.8  MSAR Model Results for Corn Markets in Case 2 (equation (3.4))  (2) 

 
𝑐2        𝑐2       𝑐        

   = 1    = 2    = 1    = 2    = 1    = 2  

   0.00008 0.00910 0.00002 -0.00142 -0.00015 -0.00708 

 (0.00007) (0.00407)** (0.00007) (0.00136) (0.00016) (0.00212)*** 

   -0.00187 -0.09848 -0.00281 -0.30102 -0.00099 -0.10698 

 (0.00099)* (0.04021)** (0.00312) (0.05111)*** (0.00210) (0.02663)*** 

𝜙1  -0.00488 -0.74103 -0.00258 -0.40525 -0.01897 -0.36914 

 (0.00323) (0.14051)*** (0.00639) (0.08897)*** (0.00790)** (0.09268)*** 

   0.00104 0.02439 0.00219 0.02276 0.00252 0.01990 

 (0.00003)*** (0.00128)*** (0.00006)*** (0.00097)*** (0.00007)*** (0.00079)*** 

𝑐 ,11  2.13227 
 

1.44433 
 

0.35509 
 

 (0.38859)*** 
 

(0.69900)** 
 

(0.21855) 
 

𝑐1,11  -6.08186 
 

0.47819 
 

2.37700 
 

 (6.57776) 
 

(3.53487) 
 

(3.77270) 
 

𝑐2,11  -2.75652 
 

-1.38244 
 

-1.12420 
 

 (0.28520)*** 
 

(0.08658)*** 
 

(0.16842)*** 
 

𝑐 ,22  -0.88527 
 

-1.78760 
 

-0.72982 
 

 (0.29029)***  (0.64107)***  (0.66568)  

𝑐1,22  5.70667  -9.45191  -10.53498  

 (5.95016)  (5.63212)*  (10.76048)  

𝑐2,22  1.43454  1.35364  0.73389  

 (0.40281)*** 
 

(0.15439)*** 
 

(0.35858)** 
 

Log 

likelihood 
5900.518 

 
4659.703 

 
4419.712 

 

Note: (1) Standard errors are in parentheses.  

(2)***, **, and * denote significance level of 1%, 5% and 10%, respectively. 
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Table 3.9  MSAR Model Results for Soybean Markets in Case 1 (equation (3.3)) 

 
 12        1        2       

 
  = 1    = 2    = 1    = 2    = 1    = 2  

   -0.00003 0.00146 0.00005 0.00487 -0.00003 0.00564 

 (0.00004) (0.00115) (0.00008) (0.00216)** (0.00009) (0.00210)*** 

   0.00435 -0.08756 -0.00352 -0.06134 -0.00054 -0.08686 

 (0.00190)** (0.04097)** (0.00160)** (0.02717)** (0.00196) (0.02834)*** 

𝜙1  -0.00085 -0.00462 -0.03249 -0.08031 0.00403 -0.11776 

 (0.00479) (0.08946) (0.00505)*** (0.06711) (0.00813) (0.08852) 

𝜙2  -0.01046 -0.38902 -0.00175 -0.21833   

 (0.00461)** (0.09038)*** (0.00391) (0.07504)***   

𝜙   -0.00061 -0.04971 -0.00615 0.07776   

 (0.00405) (0.11033) (0.00381) (0.07467)   

𝜙   0.00528 -0.37193 0.00618 -0.13451   

 (0.00458) (0.08810)*** (0.00389) (0.07222)*   

𝜙   0.00008 -0.35845 -0.00301 -0.13862   

 (0.00396) (0.10583)*** (0.00465) (0.06721)**   

   0.00077 0.01505 0.00067 0.01868 0.00117 0.01667 

 (0.00003)*** (0.00072)*** (0.00003)*** (0.00080)*** (0.00004)*** (0.00087)*** 

 11  17.20378 
 

21.48473 
 

21.44188 
 

 (7.73166)** 
 

(7.82903)*** 
 

(4.76307)*** 
 

𝑐11  1.46979 
 

2.31526 
 

2.76483 
 

 (0.15410)*** 
 

(0.38392)*** 
 

(0.25161)*** 
 

 22  -15.75346 
 

-17.04039 
 

-8.18859 
 

 (8.76887)* 
 

(4.06805)*** 
 

(5.13391) 
 

𝑐22  -0.72952 
 

-0.74052 
 

-0.37774 
 

 (0.23450)*** 
 

(0.27659)*** 
 

(0.33908) 
 

Log 

likelihood 
3331.466 

 
3221.251 

 
3287.974 

 

     0.0334 
 

-0.4151 
 

0.7772 
 

Note: (1)      is the test statistic for the Rivers and Vuong test (2002) for model selection.  

          (2) Standard errors are in parentheses.  

(3)***, **, and * denote significance level of 1%, 5% and 10%, respectively. 
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Table 3.10  MSAR Model Results for Soybean Markets in Case 2 (equation (3.4)) 

 
 12        1        2       

 
  = 1    = 2    = 1    = 2    = 1    = 2  

   -0.00003 0.00130 0.00004 0.00459 0.00002 0.00528 

 (0.00004) (0.00115) (0.00009) (0.00214)** (0.00009) (0.00204)*** 

   0.00439 -0.07996 -0.00338 -0.05686 -0.00251 -0.07983 

 (0.00192)** (0.04112)* (0.00183)* (0.02667)** (0.00197) (0.02738)*** 

𝜙1  0.00052 -0.03189 -0.02775 -0.08243 0.00523 -0.12450 

 (0.00474) (0.09124) (0.00575)*** (0.06577) (0.00795) (0.08723) 

𝜙2  -0.01120 -0.39450 -0.00248 -0.21516   

 (0.00464)** (0.09083)*** (0.00397) (0.07426)***   

𝜙   0.00025 -0.04023 -0.00602 0.08197   

 (0.00413) (0.10827) (0.00414) (0.07267)   

𝜙   0.00579 -0.36463 0.00589 -0.12237   

 (0.00464) (0.08831)*** (0.00417) (0.07059)*   

𝜙   0.00055 -0.34869 -0.00436 -0.13945   

 (0.00401) (0.10564)*** (0.00470) (0.06686)**   

   0.00078 0.01509 0.00067 0.01869 0.00114 0.01645 

 (0.00003)*** (0.00072)*** (0.00004)*** (0.00080)*** (0.00004)*** (0.00084)*** 

𝑐 ,11  4.24454 
 

1.87720 
 

1.90844 
 

 (2.15760)** 
 

(1.55199) 
 

(1.27143) 
 

𝑐1,11  -3.71682 
 

-2.02485 
 

0.12050 
 

 (9.64067) 
 

(20.30846) 
 

(16.94177) 
 

𝑐2,11  -1.36768 
 

-1.68443 
 

-2.16016 
 

 (0.11812)*** 
 

(0.58250)*** 
 

(0.42214)*** 
 

𝑐 ,22  -3.20133 
 

-2.02270 
 

-0.38080 
 

 (2.05546)  (1.11766)*  (0.78589)  

𝑐1,22  14.16031  9.21490  0.12103  

 (11.95380)  (16.42705)  (12.69181)  

𝑐2,22  0.59204  0.01896  0.12261  

 (0.16076)*** 
 

(0.52160) 
 

(0.40216) 
 

Log 

likelihood 
3330.451 

 
3222.563 

 
3284.847 

 

Note: (1) Standard errors are in parentheses.  

(2)***, **, and * denote significance level of 1%, 5% and 10%, respectively. 
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Figure 3.3 Daily Prices of Corn in Four NC Markets 

 

 

 

Figure 3.4 Daily Prices of Soybeans in Three NC Markets 
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Figure 3.5  Time Series Plots of   ’s for the Corn Markets (1) 
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Figure 3.6  Time Series Plots of   ’s for the Corn Markets (2) 
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Figure 3.7  Time Series Plots of   ’s for the Soybean Markets 
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Figure 3.8  Transition Probabilities for the Corn Markets (1) 

Note: (1) The horizontal axis is    1, and the vertical axis is the transition probability ( 𝑖𝑗). 
          (2) Case 1 indicates that the transition probability function is a first order logistic function (equation 

(3.3)), and Case 2 indicates a second order logistic function (equation (3.4)).  

          (3) NA and A represent non-arbitrage and arbitrage, respectively. For example, NA to NA means 

switching from a non-arbitrage regime to a non-arbitrage regime, and A to A means switching 

from an arbitrage regime to an arbitrage regime. 
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Figure 3.9  Transition Probabilities for the Corn Markets (2) 

Note: (1) The horizontal axis is    1, and the vertical axis is the transition probability ( 𝑖𝑗). 

          (2) Case 1 indicates that the transition probability function is a first order logistic function (equation 

(3.3)), and Case 2 indicates a second order logistic function (equation (3.4)).  

          (3) NA and A represent non-arbitrage and arbitrage, respectively. For example, NA to NA means 

switching from a non-arbitrage regime to a non-arbitrage regime, and A to A means switching 

from an arbitrage regime to an arbitrage regime. 
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Figure 3.10  Transition Probabilities for the Corn Markets (3) 

Note: (1) The horizontal axis is    1, and the vertical axis is the transition probability ( 𝑖𝑗). 

          (2) Case 1 indicates that the transition probability function is a first order logistic function (equation 

(3.3)), and Case 2 indicates a second order logistic function (equation (3.4)).  

          (3) NA and A represent non-arbitrage and arbitrage, respectively. For example, NA to NA means 

switching from a non-arbitrage regime to a non-arbitrage regime, and A to A means switching 

from an arbitrage regime to an arbitrage regime. 
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Figure 3.11  Transition Probabilities for the Soybean Markets (1) 

Note: (1) The horizontal axis is    1, and the vertical axis is the transition probability ( 𝑖𝑗). 

          (2) Case 1 indicates that the transition probability function is a first order logistic function (equation 

(3.3)), and Case 2 indicates a second order logistic function (equation (3.4)).  

          (3) NA and A represent non-arbitrage and arbitrage, respectively. For example, NA to NA means 

switching from a non-arbitrage regime to a non-arbitrage regime, and A to A means switching 

from an arbitrage regime to an arbitrage regime. 
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Figure 3.12  Transition Probabilities for the Soybean Markets (2) 

Note: (1) The horizontal axis is    1, and the vertical axis is the transition probability ( 𝑖𝑗). 

          (2) Case 1 indicates that the transition probability function is a first order logistic function (equation 

(3.3)), and Case 2 indicates a second order logistic function (equation (3.4)).  

          (3) NA and A represent non-arbitrage and arbitrage, respectively. For example, NA to NA means 

switching from a non-arbitrage regime to a non-arbitrage regime, and A to A means switching 

from an arbitrage regime to an arbitrage regime. 
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Figure 3.13  Smoothed Probabilities of Being in the Arbitrage Regime for the Corn Markets (1) 
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Figure 3.14  Smoothed Probabilities of Being in the Arbitrage Regime for the Corn Markets (2) 
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Figure 3.15  Smoothed Probabilities of Being in the Arbitrage Regime for the Soybean Markets  
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Figure 3.16  Scatter Plots of    vs Smoothed Probability of Being in the Arbitrage Regime 
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Conclusion 

This dissertation consists of three essays on agricultural commodity market linkages. We 

discuss price and volatility transmission among agricultural commodity markets and the 

application of private market instruments, such as futures and options contracts, to manage 

the excessive price volatility and risk. Investigating market linkages and relevant applications 

have significant implications for various fields. Markets are tightly connected nowadays 

either horizontally or vertically. Analyzing a commodity market separately may induce 

misleading conclusions because changes in one market will rapidly spread out to other 

relevant markets. 

    The first essay provides a new approach to analyzing the issue of volatility spillover 

effects in the U.S. corn and soybean markets. We examine the spillover effects by 

investigating relationships and transmissions between implied volatilities that are derived 

from option pricing formula. Using weekly average data from 2001 to 2010, we first estimate 

a VAR model with Fourier seasonal components as exogenous variables and results from this 

model indicate that volatility spillovers exist from the corn market to the soybean market, but 

there is no volatility spillover from the soybean market to the corn market. A commonly used 

BEKK-GARCH model with historical futures price data provides different results, which 

implies that volatility spillover effects exist in both directions. To examine the time 

invariance property of the VAR model, we conduct three bootstrap versions of Chow tests 

(sample-split, break-point, and Chow forecast). All of these tests suggest significant 

structural break points in several time periods. Taking into account the dramatic changes for 

both implied volatilities from 2007, we then develop a threshold VAR model with four 

regimes that depend on the levels of previous volatilities. Results from the threshold VAR 

model suggest that the volatility spillover effect from the corn market to the soybean market 

only exist when both volatilities are at relatively low levels. But when the volatility of 

soybean is relatively high, volatility may spill over from the soybean market to the corn 

market. Implied volatility is an effective forecast for the future volatility in the market, and 

some researchers have proved that the performance of implied volatilities is better than 

alternatives that are derived from historical price data. Applications of implied volatilities to 
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measure price uncertainty or price risk could be important and meaningful in future research 

for agricultural economics. 

    In the second essay, we propose a new approach to estimating optimal dynamic cross-

hedge ratios. In particular, we apply copula models to discuss the cross-hedge strategies for 

the use of corn futures contracts to cross hedge grain sorghum, and the use of Kansas wheat 

and corn futures contracts to cross hedge barley. Hedge (or cross-hedge) ratios are generally 

calculated by using variances of cash and futures returns and the correlation between these 

returns. In this study, the time-varying variances of cash and futures returns are estimated 

from a bivariate Error Correction Model with GARCH error terms, and the dynamic 

correlation between the two returns, which is essential for calculating dynamic cross-hedge 

ratios, is obtained from eight copula models. Our results reveal the significant linkages 

between those markets and also demonstrate the effectiveness of the use of corn futures 

contract to cross hedge grain sorghum and barley. Although wheat is generally considered to 

be a good substitute for barley, the use of Kansas wheat futures contract to cross hedge barley 

may not be very effective, because the cross-hedge ratio is very low for most of the time. The 

optimal cross-hedge ratio in the grain sorghum and corn case varies between 0.2 and 1.6, 

with an average around 0.88; while the optimal cross-hedge ratio for the barley and corn case 

fluctuates in a range of 0.1 to 0.8, with an average around 0.25, when we apply the constant 

Frank copula model. Our results again confirm that, for goods that have no futures market or 

goods with a thinly traded futures market, cross hedging can be an effective way to manage 

price risks. 

    In the third essay, we develop a new approach to investigating spatial market integration. 

In particular, it is a Markov-Switching autoregressive (MSAR) model with time-varying state 

transition probabilities. Studying market integration is an effective way to test whether the 

law of one price holds across geographically separated markets, in other words, to test 

whether these markets perform efficiently or not. In the MSAR model, we assume that 

parameter estimates depend on a state variable which describes two unobservable states, non-

arbitrage and arbitrage. The switching between states is governed by a time-varying 

transition probability matrix. The main advantage of this model is that it allows the transition 
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probabilities to vary according to the previous price difference and the previous state. We 

examine market integration among four regional corn markets (Statesville, Candor, Cofield, 

Roaring River) three regional soybean markets (Fayetteville, Cofield, and Creswell) in North 

Carolina. Six pairwise spatial price relationships for the corn markets and three others for the 

soybean markets are analyzed. We found that deviation from the long-run equilibrium is 

much larger in the arbitrage regime than in the non-arbitrage regime, and also the speed of 

adjustment to the long-run equilibrium is much faster in the arbitrage regime. High price 

differences are more likely to encourage arbitrage activities among spatially separated 

markets with homogeneous goods. This model provides a new approach to viewing the 

mechanism of switching between the arbitrage and non-arbitrage regimes by the plots of 

transition probability functions and smoothed probabilities. 

    In all three essays, we observe significant structural changes in most agricultural 

commodity markets around 2007. When analyzing agricultural commodity prices, the impact 

of structural changes cannot be ignored. Models with nonlinearity can be used to solve this 

problem, for example, the threshold VAR model in the first essay and the MSAR model in 

the third essay. Applications of nonlinear models to investigate market linkages could be 

important and meaningful in future research for agricultural economics. 
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APPENDICES 

Appendix A: Bootstrap Versions of Chow Test 

Suppose that the structural break occurred at time BT  for a K -dimensional VAR(p) model 

with M  exogenous variables: 

1

1

p

t i t t t

i

y a y Dx u



     . 

Then the model under consideration is estimated from the full sample T  observations and the 

first 1T  and last 2T  observations, where 1 1BT T   and 2 1BT T T   . The residuals from the 

full sample and the two subsamples are denoted as ˆ
tu , (1)ˆ

tu , and (2)ˆ
tu , respectively. ˆ
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and (2)ˆ
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2 1 (2) (2)
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2

ˆ ˆ
ˆ

T T

t tu u
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, 

The sample-split test statistics is given by  

 
   1 21 2

1 2 12

1 2

ˆ ˆ
ˆlog logSS

T T
T T

T T


    
    

  

. 

The break-point test statistics is given by 

       1 2 1 212 1 2
ˆ ˆ ˆlog log logBP T T T T        . 

SS  and BP  have approximate 
2 -distributions. The degrees of freedom (DoF) are the 

difference between the sum of the number of free coefficients in the first and last subsamples 

and the number of free coefficient in the full sample model. For SS , the DoF is 

2pK K KM  , and for BP , the DoF is  2 1 2pK K KM K K    . 
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The Chow forecast test statistic is given by 
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, 

where 
1k T T    is the number of forecast periods considered by the test, 
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, 

1 2
2 2
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, 1

2

Kk
q



  , 

 1 1 2N T k k K k       , 

and 1k  is the number of regressors in the restricted time-invariant model. 

    Bootstrap versions of Chow tests are obtained by estimating the model of interest, 

denoting the residuals as ˆ
tu , computing the centered residuals 1̂u u , 2û u ,…, ˆ

Tu u , 

where 
1

ˆ
T

tt
u u T


 , and generating bootstrap residuals 

1u ,
2u ,…,

Tu  by randomly drawing 

with replacement from the centered residuals. These quantities are then used to compute the 

bootstrap time series recursively given the presample values of 1py  ,…, 0y . The model of 

interest is then reestimated with and without stability restrictions, and a bootstrap version of 

the test statistic ( SS , 
BP , or 

CF ) is computed. By repeating these steps a large number of 

times, a critical value could be obtained as the relevant percentage point, say crit , from the 

empirical distribution of the bootstrap test statistic, and the stability hypothesis is rejected if 

crit  . The p-value of the test can also be estimated as the fraction of times that the values 

of the bootstrap statistics exceed  . 
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Appendix B: Rivers and Vuong Model Selection Test 

Suppose we want to compare the performance between the first order logistic function 

(equation (3.3)) and the second order logistic function (equation (3.4)), the null hypothesis of 

this test can be written as 

     1 and  2 are equivalent 

where  1 represents Model 1 with equation (3.3), and  2 represents Model 2 with equation 

(3.4). According to Rivers and Vuong’s work (2002), this null hypothesis is equivalent to 

        = 0 

where      is a test statistic that follows a standard normal distribution, or       (0,1). 

Based on the derivation in Rivers and Vuong (2002), the test statistic for our MSAR model is 

calculated as follows.  

    =
√ − 𝑝

 ̂
( (1)( ̂(1)) −  (2)( ̂(2))) 

where   is the number of observations in the data set, 𝑝 is the optimal lag length in the 

MSAR model,  (1)( ̂(1)) and  (2)( ̂(2)) are the average of individual log-likelihoods, and  ̂ 

is the estimated square root of the asymptotic variance of ( (1)( ̂(1)) −  (2)( ̂(2))) . 

 (1)( ̂(1)) and  (2)( ̂(2)) are calculated by 

 (1)( ̂(1)) =
1

 − 𝑝
∑   

(1)
( ̂(1))

 

    1

 

 (2)( ̂(2)) =
1

 − 𝑝
∑   

(2)
( ̂(2))

 

    1

 

where   
(1)
( ̂(1)) and   

(2)
( ̂(2)) are individual log-likelihood from time 𝑝 + 1 to  , which 

can be obtained from equation (3.9). The estimated asymptotic variance  ̂2 is decomposed 

into 

 ̂2 =  ′ ̂  

where  = [1 −1]′, and  ̂ is the long-run variance which is calculated by 



 

140 

 ̂ =  ̂(0) +∑ 𝑖( ̂( ) +  ̂( )′)

𝑚 

𝑖 1

 

 𝑖 = 1 −
 

 𝑛 + 1
 

 ̂( ) =
1

 − 𝑝 −  
∑  ̂ 

   

  𝑖 1

 ̂  𝑖′ 

 ̂ = [
  
(1)
( ̂(1)) −  (1)( ̂(1))

  
(2)
( ̂(2)) −  (2)( ̂(2))

] 

 

where  𝑛 = ( − 𝑝)
1  , or the integer part of ( − 𝑝)1  . According to the numbers of 

observations in our data set, we choose  𝑛 =   for the corn market pairs and  𝑛 =   for the 

soybean market pairs. The two alternative hypotheses of this test are: 

 1   1 performs better than  2, or       0 

 2   2 performs better than  1, or       0 

where the test statistic      follows a standard normal distribution. 


