
ABSTRACT 

 

 

VIKTOROVNA, NATALIA. Genetic Algorithms for Multicriteria Project Selection and 
Scheduling. (Under the direction of Dr. Reha Uzsoy). 
 

The Project Selection and Scheduling problem requires the decision maker to allocate 

limited resources to competing projects over time in order to maximize (or minimize) a 

certain criterion. However, in real applications, multiple criteria need to be considered, 

leading to a Multicriteria Project Selection and Scheduling problem.  

 

Our study of this problem was motivated by an application at the Tourism Ministry of 

Michoacán State in Mexico, where the management team has to make decisions 

regarding selection and scheduling of a high number of projects over a planning 

horizon. There are several conflicting criteria to be considered, which is why a Multiple 

Objective Combinatorial Optimization (MOCO) model is constructed to support this 

decision. The projects are assumed to be strongly interdependent and this condition is 

expressed by specific constraints. To generate the set of non-dominated solutions for 

particular instances of the provided problem, a widely known heuristic algorithm – 

Non-Dominated Sorting Algorithm II (NSGAII) was used.  

 

For the solution of this problem, a genetic algorithm is proposed by introducing 

Random Keys and a Greedy Algorithm to decode these keys into the well-known NSGA 

II procedure to generate the Project Scheduling Non Dominated Sorting Genetic 

Algorithm II (PS-NSGA II). The performance of this new algorithm is then evaluated 



with extensive computational experiments comparing the approximations of the 

Pareto-optimal obtained by NSGA II and PS-NSGA II. 

 

Furthermore, an exploration of the data structure at iterations of the new genetic 

algorithm was performed. The main objective of this exploration is the generation of a 

new statistical stopping procedure (criterion) that improves quality of the solutions 

produced by the algorithm. We fit multivariate distributions to the observed objective 

function values and estimate the probability of creating new non-dominated solutions. 

This probability is then used as a stopping criterion in the modified NSGA II procedure. 

Computational experimentation was developed to test the performance of this stopping 

rule, showing significant improvement in terms of quality of solutions with the new 

stopping procedure. 
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CHAPTER 1 

INTRODUCTION 

 

 

In Chapter 1 we will introduce the reader into the research performed in this thesis. We 

will give a high level topic overview in Section 1.1 then will propose our research 

objectives in Section 1.2. The contributions are stated in Section 1.3 and structure of 

this document is discussed in Section 1.4. 

 

 

1.1 Overview 

 

Most real-world optimization problems naturally involve multiple objectives [1]. In 

project selection and scheduling, researchers from different areas have recognized the 

multiple-criteria nature of this problem [2], [1]. Several factors must be taken into 

consideration when a set of projects is selected and scheduled over the planning 

horizon, satisfying the underlying constraints.  

 

As an initial approach, in this thesis, an application of project selection and scheduling 

to the tourism sector in Mexico is analyzed. Tourism has been identified as a pillar of 

Mexico’s economy. As reported by INEGI [3], 5.4% of the population in Mexico work in 



2 

 

this economic sector, which also attracted investments of more than $12,833 million 

between 2001 and 2006. After this initial application in the Tourism Industry, the thesis 

 moves on to develop a more comprehensive mathematical formulation, as well as a 

solution algorithm for a generic multicriteria project scheduling problem. 

 

Project selection and scheduling is a combinatorial optimization problem, which even 

with a single objective is NP-hard [4]. Multiobjective combinatorial optimization 

(MOCO) problems have additional difficulties. A solution may perform well for some 

objectives but not so well for other objectives [5]. There exist several different 

approaches to multiobjective problems, such as weighting methods and interactive 

methods, among others [1]. In this thesis we take the approach of presenting the 

decision makers with a set of non-dominated solutions. Some of the most popular 

techniques in the research literature for generating an approximate set of non-

dominated solutions have been Evolutionary Algorithms [5-8], particularly the 

application of the Genetic Algorithms to Multicriteria Optimization problems. 

 

 

1.2 Research Objectives 

 

The main objective of this thesis is to develop an approximate multi-criteria 

optimization algorithm to support effective decision making in the area of Multicriteria 

Project Selection and Scheduling.  

Initially, we explore an innovative application of Multicriteria Project Selection and 

Scheduling to Tourism Management. Afterwards, we explore the solution generation 
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algorithms. Since this combinatorial problem is easily shown to be strongly NP-hard, 

even with a single objective function [4], our main goal is to develop a new Evolutionary 

Algorithm that will solve this problem efficiently, handling constraints such as budget 

limitations as well as interdependencies among projects (in terms of the objective 

functions and precedence relations). This particular approach differs from those 

already considered in the literature as most current research on Multicriteria 

Evolutionary Algorithms has been focused on unconstrained optimization.  

 

 

1.3 Summary of Research Contributions 

 

The research contributions of this dissertation can be summarized as follows: 

 A comprehensive mathematical formulation is developed for the Multicriteria 

Project Selection and Scheduling problem including interdependencies among 

projects as well as budget limitations in each period in the planning horizon. Most of 

the interdependencies in the literature address only the precedence among projects; 

several authors suggest using additional project interdependencies in MO 

applications [2]. 

 

 A new Evolutionary Algorithm, called the Project Scheduling Non Dominated 

Genetic Algorithm (PS-NSGA II) is developed for Multicriteria Project Selection and 

Scheduling under several constraints including budget constraints and 

interdependency among projects. In this algorithm, the well-known NSGA II of Deb 

[9] is combined with the Random Keys concept of Bean (1994) and a greedy 

heuristic to improve the effectiveness of the procedure. This greedy heuristic 
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procedure is explored and enhanced in order to improve algorithm performance. 

The performance of PS-NSGA II is significantly better than the original NSGA II for 

the generic Multicriteria Project Selection and Scheduling problem procedure in 

terms of the quality of the solutions. 

 

 A new statistical stopping procedure for the PS-NSGA II, involving bivariate 

distribution fitting at each iteration, is developed, tested and explored. The 

probability of obtaining new non-dominated solutions in the next iteration is 

estimated using a multivariate distribution representing the joint distribution of the 

two objective values. Computational results indicate that this stopping procedure is 

a promising approach to improving further the quality of the proposed PS-NSGAII 

procedure. 

 

 A literature review of Operations Research applications in the Tourism Sector was 

performed. This review provided an insight into the needs for further development 

of OR techniques in the Tourism Sector. 

 

 Several authors mention the lack of real life applications of Multicriteria 

Optimization theory [5, 10]. In this thesis, an application was developed to aid the 

Michoacán Ministry of Tourism in their decision making process to select and 

schedule Tourism projects. The ministry provided relevant information and data in 

order for us to construct the mathematical formulation according to their decision 

making process and solve this model with a successful Evolutionary Algorithm. 

Then the solution was delivered to the Ministry for validation. The main differences 

found were related to a particular set of highly expensive projects where the 

Ministry considered some additional criteria, while in the non-dominated set 

generated by the genetic algorithm, these projects were replaced by a different set 

of projects with a higher value of the 4 criteria. However, a considerable number of 
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projects were selected both by the Ministry and the non-dominated solution 

generated by the approximation algorithm. 

 

 

1.4 Thesis Structure 

    

In Chapter 2 we present a literature review of Operations Research applications to 

Tourism, Multicriteria Optimization, Evolutionary Algorithms and Performance 

Measures for Multicriteria algorithms. Chapter 3 details the application of the 

Multicriteria Project Scheduling to the Michoacan Ministry of Tourism. In Chapter 4, a 

comprehensive formulation of a generic Multicriteria Project Selection and Scheduling 

problem with complex interdependencies among projects and budget limitations is laid 

out. Chapter 5 presents the new evolutionary algorithm (PS-NSGA II) for the 

comprehensive formulation detailed in Chapter 4 while the experimentation and 

performance evaluation of this PS-NSGA II is described in Chapter 6. In Chapter 7, we 

propose a statistical stopping procedure for the PS-NSGA II that improves further the 

algorithm performance. This stopping criterion is also tested with computational 

experiments. Chapter 8 contains conclusions and further research.  
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CHAPTER 2 

LITERATURE REVIEW 

 

 

In this chapter, literature relevant to our research will be reviewed. The chapter is 

organized into five sections: Section 2.1 reviews Operations Research applications in 

the Tourism Sector. Section 2.2 discusses the most relevant literature on Multiobjective 

Optimization and Multiobjective Combinatorial Optimization; in Section 2.3 we present 

a detailed exploration of approximation algorithms for Multiobjective Programming, 

including Statistical Stopping Criteria and Quality Assessment. Section 2.4 reviews the 

literature on Multiobjective Project Selection and Scheduling. 

 

 

2.1 Operations Research in the Tourism Sector    

 

The initial motivation of this research was to support the decision making in the 

Tourism Industry; therefore we review existing Operations Research (OR) applications 

in the Tourism sector. For this review, only refereed journal papers were considered; 

the search engine used was Google Scholar with NCSU Libraries. After reviewing the 

collected citations, papers related to, applications of OR related to Revenue 

Management in hospitality and Aircraft/Aircrew/Personnel Scheduling were 
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eliminated as they refer to a very popular and specialized research problem while our 

literature review examines different areas of Tourism Optimization.  

Several applications focused on Demand Modeling and Resort Efficiency Analysis were 

also removed from consideration. Demand modeling by itself represented 46% of the 

applications of Dynamic Systems in Tourism Sector and Resort Efficiency Analysis 

represented 54% of Linear Programming and 50% of Integer Programming 

applications. This elimination was performed in order to analyze in detail papers 

related to less explored  and more general areas of OR applications to tourism, as 

opposed to relatively narrow topics that admit of a detailed mathematical formulation. 

 

Figure 2.1 illustrates the research process that resulted in the final 31 papers that are 

analyzed in this section. These 31 papers were found in 20 different journals with 16 

countries of application. 

 

 

 

 

 

 

 

 

Figure 2.1 
Research Methodology 

STAGE 1 

STAGE 2 

STAGE 3 

Revenue   
Management 

Airforce/ 
Aircrew/ 
Personnel 
Scheduling 

Demand Modeling 

Resort 

Efficiency 

Analysis 
Resort Investment / Planning 

Sustainable Development Crisis Management  

Tourists Decision Making 

Literature Review 

Tourism Marketing 

Economic Policy / Investment  
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In Stage 3, the Operations Research tools that were used in applications in the Tourism 

Sector are listed in Table 2.1.  

 

Table 2.1 
Operation Research Areas 

 

 

 

The OR tools presented in Table 2.1 were applied to the Tourism areas (including some 

of the papers that performed a literature review on the existing research) listed in 

Table 2.2. 

Table 2.1 
Tourism Application Areas 

 

 

81% of the papers are published in Tourism Journals, and not in publications related to 

Operations Research areas. 22% of the applications used Linear Programming, 16% 

1.      Linear Programming (LP)

2.      Non-Linear Programming (NLP)

3.      Integer Programming (IP)

4.      Dynamic Programming  (DP)

5.      Modeling and Analysis of Dynamic Systems (DS)

6.      Multiobjective Programming (MOP)

7.      Network Flows (NF)

8.      Metaheuristics (MH)

1.      Resort Investment / Planning

2.      Sustainable Development

3.      Crisis Management 

4.      Economic Policy / Investment 

5.      Literature Review

6.      Tourism Marketing

7.      Tourists Decision Making



9 

 

used Dynamic Systems (areas focusing on systems whose phases transform over time, 

usually involving differential equations formulations), and 13% used Multiobjective 

Programming. Within Multiobjective Programming, 7% used Goal Programming, and 

not Multicriteria Optimization; 58% of these papers were published during the last 10 

years, which indicates a growing interest in this area.  

 
 

Table 2.3 
Papers Summary by Areas 

 

 

 

Table 2.3 summarizes the application of OR tools to different tourism applications. We 

can observe wide spread and not a specific clustering in this cross-reference. 

 

Several prominent applications are reviewed next. These papers were selected to be 

discussed in this thesis due to their similarity to the application motivating our 

research, that of selection and scheduling of investment projects. These were the only 

papers found in the literature with similarity to our research. 

LP NLP IP DP DS MOP NF GA LR

Resort Investment / Planning 2 1 1 1 1 1

Sustainable Development 4

Crisis Management 1 1

Economic Policy / Investment 3 1 2 3 1

Literature Review 3

Tourism Marketing 2 1

Tourist Decision Making 1 1

Other areas 1

OPERATIONS RESEARCH AREAS
TOURISM AREAS
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The closest approach to that proposed in this thesis was proposed by Swart and 

Gearing [11] where the authors formulate a mathematical model to allocate 

government funds for tourism projects. They consider N different touristic locations, 

each one with K specific projects. Each project represents a competing investment 

proposal and there are two constraints involved: budget constraint and precedence 

constraints.  This paper is similar to our research in terms of the decision making 

process the authors claim to support, with the difference that in our development 

where we strive to solve a multicriteria problem. Swart’s and Gearing research was the 

only one found with direct similarity to our problem. We also mention, however, some 

additional papers aimed at the optimization of economic policy through governmental 

decision making as those too, have intrinsic closeness to our research. 

 

Feichtinger et al [12] worked on research related to terrorism control in the tourism 

industry, where terrorists try to decrease a country’s income, elaborating on the 

examples of Egypt and Turkey. The authors analyze this problem as a prey-predator 

relationship and construct a Dynamic Mathematical Model to analyze terrorism – 

tourism relations, with the Government as the decision maker and the objective of 

maximizing the countries’ income.  

 

Der Knijff & Oosterhaven [13] took a linear programming approach to optimizing 

tourism policy by maximizing total employment in the sector (overnight stays and 

beds) while considering several expenditures, government financial support being 

constrained by environmental protection. 

 

Davis and Taylor [14] used goal programming model to allocate promotional effort 

between particular tourist destinations (TD). They construct a model to decide to which 
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cities or origin region (OR) they should assign promotional effort and how much 

promotional effort to assign.  The constraints (goals) that the authors propose are 

promotional effort, ratio of persons-nights, mean household income, income 

concentration, ratio of total person-nights, population, person-nights for all outdoor 

recreation and person-nights for vacations travel. 

 

From this literature review it can be concluded that little work has been done in 

applications of Operations Research in the Tourism Sector; specifically, no research 

applying Multiobjective Programming (as opposed to Goal Programming) to the 

Tourism sector was found.  

 

 

Having reviewed the literature in the tourism sector that motivated this thesis, we now 

review the tools of multiobjective optimization that are applied in this work. 

 

 

 

2.2 Multiobjective Combinatorial Optimization 

 

 

A multiobjective combinatorial optimization problem has a number of objective 

functions which are to be minimized or maximized, and the variables are integer or 

binary. In this research we will use the terms “multicriteria” and “multiobjective” 

interchangeably. As in a single-objective optimization problem, the problem usually has 

a number of constraints which any feasible solution must satisfy.  
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There is little literature on Multiobjective Combinatorial Optimization (MOCO) relative 

to the very extensive literature on combinatorial optimization for single objective 

problems. Most MOCO problems can be written as mathematical programming models 

with multiple objectives and integer and/or binary variables. Such problems arise 

naturally in many applications with a finite, discrete set of feasible solutions. A general 

formulation for these problems can be stated as follows [15]: 

 

   {  ( )           } 

  {                          } 
 

 

where fj is the jth objective function and x the vector of decision variables.  The matrix A 

and vector b define the set of linear constraints. 

 

Some important concepts that will be used throughout this thesis are defined as follows 

[1] [15]: 

 

 

Definition 1: Dominance 

A solution x is said to dominate the solution y if both the following conditions hold for a 

minimization problem: 

 

1. The solution x is no worse than y in all objectives, i.e., fj(x) ≤ fj(y) for all j=1,2,…,J; 

2. The solution x is strictly better than y in at least one objective i.e.,  fj’(x) < fj’(y) for at 

least one     {       } 
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Definition 2: Efficient or Pareto-optimal solution 

A feasible solution is called efficient or Pareto-Optimal if there is no other feasible 

solution that dominates it. If the solution vector x is efficient, the vector f(x) whose M 

components are the values of the objective functions at the point x is called a non-

dominated point.  

 

Definition 3: Non-dominated set 

The non-dominated set of solutions, P’ is the set of all solutions that are not dominated 

by any member of the feasible solution set P. 

 

Definition 4: Pareto-Optimal set 

The non-dominated set of the entire feasible space is the globally Pareto-optimal set. 

This set is also being called the efficient frontier. 

 

Thus the objective of the Multicriteria Optimization problem is to find some members of 

the Pareto-optimal set. Some solution approaches seek to obtain all elements of the 

Pareto-set, while other techniques aid in the approximation of this set. This 

approximation could obtain a subset of the exact Pareto-set or a set of points within a 

specified distance of the Pareto-set. 

The general Multicriteria Combinatorial Optimization problem has been proven to be 

NP-complete [16], so in this research we focus on approximation algorithms rather than 

exact algorithms. In the next section we review the main approximation algorithms for 

combinatorial and continuous multiobjective problems.  
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2.3 Approximation Algorithms in Multicriteria Optimization 

 

Methods for Multiobjective Optimization (MO) are classified with regard to the 

involvement of the decision maker [10]. In “a priori” methods, all the preferences are 

known at the beginning of the decision making process. The techniques used seek a 

Pareto set  (or a subset of it) on the basis of these preferences.  A good example of this 

approach is goal-programming [17, 18], where objectives are organized in a pre-

specified hierarchy such that low-priority objectives are optimized subject to their not 

degrading the value of a more important one. In interactive approaches the decision 

maker’s preferences are introduced during the solution process. The methods involve a 

series of computing steps alternating with interaction with the decision maker. One of 

the first methods of this type was the interactive branch and bound procedure of 

Villarreal et al. [19] .  

 

In “a posteriori mode” the set of all efficient solutions is generated for the considered 

problem. After generation, this set can be reviewed by the decision maker and a 

solution selected based on their preferences. Many approximation (heuristic) methods 

are following this solution approach [10], which will be followed in this paper. 

 

In this dissertation we will work with the most general method, the purpose of which is 

to present to the decision maker as many solutions in the Pareto frontier as possible 

without involving them in the decision making process, due to the fact that in most 

cases, the decision maker is unavailable to be involved in all the stages of the process. 

The decision makers will then select one of the efficient solutions based on their 

assessment of the solutions, which may involve additional criteria. 
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Due to the NP-completeness of most Multicriteria Optimization problems, the literature 

mostly focuses on approximation (heuristic) algorithms in order to address reasonably 

sized problems. These algorithms aim at generating an approximated Pareto-set (or a 

subset of it) with solutions that either belong to the optimal Pareto-set or are 

sufficiently close as defined by a predefined parameter ε. 

 

The most commonly used “a posteriori” meta-heuristic algorithms have been 

Evolutionary Algorithms, which are discussed in Section 2.3.1. However, other 

metaheuristics such as Simulated Annealing (section 2.3.2) and Tabu Search (2.3.3) 

have also been explored, as well as less known procedures as Memetic Algorithms 

(2.3.4). A review of the literature on developing Statistical Stopping Criteria for such 

metaheuristic procedures is presented in Section 2.3.5 and the quality assessment of 

these approximate procedures is reviewed in Section 2.3.6.  

 

2.3.1 Evolutionary Algorithms 

 

In this section, some of the widely used Evolutionary Algorithms (EA) will be 

introduced. The particular algorithm that is going to be used in this dissertation, the 

NSGA II algorithm of Deb et al. [1] will be explained in detail in a later chapter of the 

thesis. 

 

EAs use simulated evolution to search for solutions to complex problems [20]. These 

algorithms use chromosomes (usually simple data structures) as solution 

representation that are mutated and crossed over to generate new and better solutions. 

EAs work with a set of solutions (population) at each iteration simultaneously . 
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Since 1985, various EAs have been developed for multicriteria optimization problems. 

Evolutionary Algorithms are metaheuristic procedures whose use has been increasingly 

popular in recent decades [21]. Because of their heuristic nature, EAs are less sensitive 

to particular characteristics of multiobjective problems that may render an exact 

approach computationally challenging. Their ability to handle complex problems, 

involving features such as discontinuities, multimodality, and disjoint feasible spaces 

have made them popular techniques to seek approximately Pareto optimal solutions for 

Multiobjective Programming [5-8]. The success of evolutionary approaches in 

multiobjective optimization is mainly based on this use of population of solutions we 

previously mentioned, in parallel with the ability to evaluate multiple solutions 

simultaneously, which matches very well the idea of multiobjective optimization. Van 

Veldhuizen [22] noted that EAs are nine times more frequently cited for MO problems 

than other metaheuristic approaches. These approaches, however, have difficulty in 

handling complex constraints, an issue which will be extensively addressed in this 

research.  

 

Although a variety of EAs exist for MOCO problems, some of them have become 

particularly popular [5, 22-24], especially the Vector-evaluated GA (VEGA) [25], the 

Non-dominated Sorting Genetic Algorithm (NSGA) [9], the Strength Pareto Evolutionary 

Algorithms (SPEA) [26] and the Niched Pareto Genetic Algorithm, or NPGA [27]. We will 

now discuss each of these techniques in more detail. 

 

The first evolutionary approach to multiobjective optimization was developed by 

Schaffer [25], who modified the simple tripartite genetic algorithm based on selection, 

crossover and mutation [28] by performing independent selection cycles according to 

each objective. Schaeffer randomly divided the population into M equal subpopulations, 

each of which was assigned a fitness based on a different objective function.  This 
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algorithm was called the Vector-evaluated GA (VEGA). The advantage of this approach 

is that it uses a simple idea and is easy to implement. However, because each solution in 

a VEGA is evaluated with only one objective function, it is likely that solutions near the 

optimum of an individual objective function will be preferred, preventing the algorithm 

from achieving diversity. This causes  VEGA to frequently find only extreme points of 

the Pareto front [27]. 

 

To address this weakness of the VEGA, Horn et al. [27] proposed the Niched Pareto 

Genetic Algorithm (NPGA). In this algorithm the authors altered the GA tournament 

selection, where sets of individuals are randomly chosen from the current population 

and the best subset placed in the next population. This alteration was performed in two 

ways:  First they added Pareto domination tournaments and second, inside a non-

dominant tournament (i.e., a tie), sharing is implemented to determine the winner. The 

results of the application of the Niched Pareto technique to three test problems (two 

test functions and an application in hydro systems) and were encouraging. However, it 

was found that the performance of the Niched Pareto GA is sensitive to the settings of 

several parameters as population size. In particular, it is important to have a large 

enough population to search effectively in terms of diversity of solutions and to sample 

the breadth of the Pareto front. 

 

Deb et al [9] suggested an elitist Non-dominated Sorting Genetic Algorithm they called 

NSGA-II. In elitist algorithms, as the name suggests, an elite-preserving operator favors 

the best solutions of a population by giving them an opportunity to be directly carried 

over to the next generation. NSGA-II uses an elite-preservation strategy together with 

an explicit diversity-preserving mechanism. This diversity is introduced using the 

crowding comparison procedure, which is used with the tournament selection 

(previously introduced in NPGA) during the population reduction phase. The authors 
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introduce the concept of non-domination levels where all solutions are categorized into 

fronts, the first front being the set of non-dominated solutions, the second front the set 

of solutions dominated only by solutions in front one and so on. Among GAs for 

Multiobjective Optimization, NSGA-II has been widely used [21]. Zitzler, Deb and Thiele 

[6] performed simulation experiments  on 6 different test problems for several EAs 

(NSGA, SPEA, VEGA and others) where NSGA outperformed the other EAs in several 

quality measures as the distance to the reference set and the distribution of the non-

dominated solutions; computational performance was not considered in this 

experiment. 

 

The fourth popular EA is proposed by Zitzler and Thiele [26] and involves an elitist 

Evolutionary Algorithm, which they called the Strength Pareto EA (SPEA). These 

authors introduce elitism by explicitly maintaining an external population of a fixed 

number of the non-dominated solutions. A particular clustering technique is used to 

create a spread among solutions and achieve a better distribution among the non-

dominated solutions obtained.  However, compared to the crowding sort algorithms 

introduced in NSGA-II, this clustering technique has higher computational burden.  

 

Little of the research done in the past decades focuses on theoretical analysis of 

Evolutionary Algorithms for Multicriteria Optimization [22]. This lack of quantitative 

theory clearly indicates that further theoretical development is needed. Less than one-

tenth of published papers focus on underlying theoretical analyses and these papers 

concentrate mainly on parameters, behavior, and concepts, some of which will be 

discussed next. In the early beginnings, the general Multiobjective Problem was proven 

to be NP-complete by Back [29]. Recently some researchers have proposed formalized 

experimental methodologies for general comparative analysis (Zitzler and Thiele [30]; 

Deb [31]; Shaw et al.  [32]). These researches propose test instances as well as present 
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extensive computational experiments focused on algorithm evaluation and comparison. 

An important component of these methodologies is a validated suite of numeric 

functions exhibiting relevant MOP problem domain characteristics to provide a 

common comparative basis. Veldhuizen [22], recommends that more theoretical 

development should be performed. 

 

Although evolutionary algorithms have been the most widely used techniques in the 

literature for MO problems [22], several other metaheuristic approaches such as 

Simulated Annealing, Tabu Search and Memetic Procedures have been proposed which 

we will discuss in the following section. 

 

2.3.2 Simulated Annealing Algorithms 

 

Simulated Annealing belongs to a group of algorithms also called Threshold Algorithms 

[33]. These algorithms are local search algorithms that move from one solution to a 

single neighboring solution via a specific move operator, unlike evolutionary methods 

that work with a population of solutions. This move operator has a stochastic 

component (probability function) when promoting the neighboring solution. 

 

Serafini [34] introduced the idea of using SA for solving MO problems. His algorithm is 

almost the same as the algorithm of single objective SA but uses a modification of the 

acceptance criteria (stochastic component) of solutions in the original algorithm. 

Various alternative criteria were investigated in order to increase the probability of 

accepting non-dominated solutions. A special rule given by the combination of several 
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criteria has been proposed in order to concentrate the search almost exclusively on the 

non-dominated solutions. 

 

Another early application of Simulated Annealed to multiobjective problems was 

Ulungu et al.’s [35] MOSA method for solving multiobjective combinatorial optimization 

problems. This method was applied to a multiobjective knapsack problem considering 

multiple performance measures, mainly related to proximity and uniformity of the 

approximation to the exact efficient set. Through experimentation, the method was 

found to provide a good approximation, except in the extremities of the efficient set. 

 

Pareto Simulated Annealing (PSA) for MOCO problems was developed by Czyzak and 

Jaszkiewicz [36]. The authors assign weights to the objectives, used for local 

aggregation, and the weights are tuned in each iteration in order to ensure a tendency 

for approaching the efficient solutions set while maintaining a uniform distribution 

over this set. The main differences from previous SA adaptations concern the 

management of these weights. The authors optimize each solution iteratively 

(neighboring solutions that may be accepted according a probabilistic strategy), but as 

mentioned before, the weights are tuned dynamically in such a way that a solution will 

tend to move away from other efficient solutions. 

 

Suppapitnarm et al [37] proposed a SA for Multiobjective Optimization where a new 

acceptance probability formulation was based on an annealing schedule with multiple 

temperatures (one for each objective) along with a novel restart strategy. 
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Smith et al [38] proposed a Multiobjective Simulated Annealer utilizing the relative 

dominance of a solution as the system energy for optimization, eliminating problems 

associated with composite objective functions. The authors also proposed a method for 

choosing perturbation scaling, promoting search both towards and across the Pareto 

front. 

 

Bandyopadhyay et al [39] incorporates the concept of an archive where the 

nondominated solutions seen so far are stored to generate a version of a SA algorithm 

called AMOSA. An extensive comparative study of the proposed algorithm with two 

other existing and well-known multiobjective evolutionary algorithms, NSGA II and 

PAES (Pareto Achieved Evolution Strategy) on seven test problems (mathematical 

formulations called ZDT1, ZDT2, ZDT6, SCH1, SCH2, Deb1 and Deb2 [1]) demonstrated 

effectiveness with respect to five selected effectiveness measures which are 

convergence, purity, spacing, minimal spacing and displacing. 

 

The simulated annealing method, which is reported to give good performance for many 

single-objective problems [40] and can be proven, under certain conditions, to 

guarantee convergence to a global optimum solution with probability 1;  has seldom 

been used for multiple objective problems. The main drawback of Simulated Annealing 

with respect to evolutionary algorithms application to MO is computation time, as it is 

generally known that simulated annealing takes a long time to find the optimum. 

However, the simulated annealing method is known to be a compact and robust 

technique, providing excellent solutions to single objective optimization problems as 

long as sufficient computational time is available [41]. 
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2.3.3 Tabu Search Methods 

 

Tabu Search (TS) Method [42] presents two main elements: constraining the solutions 

search by classifying as some moves (selections) as forbidden (tabu) and freeing the 

moves (selections) by providing a short term memory function that provides “strategic 

forgetting”.  As well as Simulated Annealing, this method is a local search that goes from 

one solution to a neighboring one, which differentiates it form the EAs that work with a 

population of solutions. 

 

The application of Tabu Search to Multiobjective Programming (MOTS) was first 

proposed by Gandibleux et al [43]. This TS adaptation uses the utopian point as point of 

reference with a particular scalarizing function to browse the nondominated frontier.  

Several very specific Tabu Search procedures for MO have been also developed. These 

applications include Gandibleux’s Tabu Search for 0-1 Multiobjective Knapsack problem 

[44], a Scatter Tabu Search for non-linear MO [45] and an application to a bi-criteria 

flowshop problem [46]. 

 

Tabu Search based methods haven’t been as popular in the literature as Evolutionary 

based approaches, mainly due to the one-to-one myopic solution approach versus 

treating a population of solutions at the same time that benefits when evaluating 

several criteria simultaneously. 
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2.3.4 Memetic Algorithms 

 

Memetic Algorithms use at least one form of a competitive mechanism that produces 

selective pressure, not driven entirely by the objective function value of the solutions 

already found [47]. These algorithms combine both population based approach with 

separate individual learning or local search, which differentiate them from classical EAs 

or Local Search methods. However, little literature has been done in memetic 

algorithms for multiobjective optimization [48].  

 

Knowles and Corne [49] present an adaptation of the memetic local search algorithm 

(M-PAES) to a multiobjective knapsack problem.  They compared their solutions and 

performance to those from the SPEA and came to the conclusion that the M-PAES 

outperforms the SPEA in a higher proportion of bi-criteria problems than for general 

multicriteria problems. 

 

A hybrid algorithm that uses a weighted sum of multiple objectives as a fitness function, 

function that is utilized when a pair of parent solutions are selected for generating a 

new solution was developed by Ishibuchi and Murata [50]. Authors randomly specify 

the weights in the fitness function as well as select only a small set of neighboring 

solutions. The algorithm was tested on flowshop scheduling problems and compared to 

VEGA, obtaining more non-dominated solutions that the previously mentioned 

algorithm.  

 

Jaszkiewicz [51] presents a memetic algorithm where in each iteration, the algorithm 

draws at random a utility function and constructs a temporary population composed of a 
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number of best solutions among the prior generated solutions. Then local search is applied to 

each offspring. The author tests his algorithm on multiobjective traveling salesman problem 

with 10 bi-objective instances and 10 three-objective instances and computational 

experiments seem to show that their algorithm outperform Pareto ranking based GA [52] 

evaluating CPU time and the distance to the optimum Pareto frontier – which was known for 

their instances. 

 

Some other metaheuristic techniques were developed to approach specific multiobjective 

project selection and scheduling problems as Stochastic Parameter Space Investigation 

(PSI) by Medaglia, Graves and Ringuest [53], SS-PPS (Scatter Search for Portfolio 

Selection) by Carazo et al. [54] and others. These specific approaches will be discussed 

in Section 2.4. 

 

As previously mentioned, EAs seem to adapt very well to multiobjective optimization 

due to their main advantage – treatment of a population of solution in parallel, as 

opposed to a single incumbent solution in other local search approaches. Given that in 

multicriteria optimization we evaluate several objectives at the same time and try to 

evolve towards a set of optimal (Pareto-optimal) solutions, EAs have been widely 

adapted to this problem. Zitzler et al [6] compare several metaheuristics, including 

NSGA, SPEA and VEGA,  on six different test functions that consist of three equations 

structured in the same matter as the test function proposed by Deb [31]. NSGA and 

SPEA clearly outperform other EAs in both quality measures: distance and distribution 

of the efficient solutions. This, together with the other valuable characteristics of the 

NSGA II mentioned in the EAs section, make NSGA II one of the most popular algorithms 

for Multicriteria Optimization. 
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In any metaheuristic algorithm, there is need for a reliable stopping criterion that 

would allow the procedure to stop when the predefined no-improvement conditions 

have been met. We will now examine the literature on statistical stopping criteria we 

will be developing in this research. 

 

2.3.5 Statistical Stopping Criteria 

 

Currently, the most common stopping criteria for evolutionary algorithms are: 1) the 

number of iterations as well as 2) the number of improving solutions in the current 

(new) population and 3) the combination of both. Ali et al [50] suggest that, in general, 

a topic for future research in global optimization algorithms is the establishment of 

statistical stopping criteria.  Safe et al. [55], in their review of stopping criteria for 

genetic algorithms, state that it is inadvisable to choose a termination condition based 

on a pre-established number of iterations and that some adaptive alternatives that 

depend (adapt) on the data of the current iteration are recommended. Given the 

abundance of data that the genetic algorithms provide at each iteration, Safe’s 

recommendation can be addressed with an adaptive-statistical approach.  Therefore, 

one of the objectives in this research is to generate a statistical rule by inferring the 

multivariate probability distribution of the solution values from a sample of solutions, 

which in this case is generated at each iteration of the genetic algorithm, and then 

assessing the probability of obtaining a better population in the next iteration. This 

sample is created by pooling together several populations of the genetic algorithm. We 

will now review existing statistical stopping procedures. 

 

McRoberts [56] applies the classic Fisher-Tippett results [57] using the Weibull 

distribution as the asymptotic distribution of the minima obtained from several 
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samples to formulate a point estimate of the minimum value of the optimization 

problem under consideration and then uses it as stopping rule for a local search 

heuristics. A similar approach, using the order statistics (without Fisher-Tippett results 

though) was proposed by Bartkut˙e and Sakalauskas [51].  These authors developed a 

probabilistic criterion based on order statistics, inferring with some confidence that the 

k-th best solution will not change further.  A stopping criterion based only on the trade-

off between potential (stochastic) improvement in the (one) best-observed solution 

value and cost of obtaining more solutions was stated by Reiter and Sherman [58]. 

 

Stopping Criteria developed for specific algorithms were proposed by Trautmann et al. 

[59] and Ribeiro et al. [48] for MOEA and GRASP respectively. Trautmann et al. 

designed a convergence detection algorithm, called testing-based run length detection, 

based on statistical testing of the similarity in the distribution of performance measures 

for consecutive generations relying on multiple parallel runs of the MOEA. Ribeiro et al. 

propose a probabilistic stopping criterion where they fit a normal distribution to the set 

of solutions and then estimate the probability of finding a new better solution. Authors 

validated the hypothesis that their solutions values fit a Normal distribution 

experimentally for all problems and test instances. 

 

Boender and Rinnooy Kan [60] developed statistical rules for a nonlinear optimization 

problem. Authors present two Bayes-optimal stopping rules for heuristic sampling on 

continuous variables. The first rule defines when the decision maker should stop 

searching for optimal solution and the second rule when he should stop sampling in 

order to estimate the number of local optima. Dorea [61] develops two stopping critera 

based on a stochastic algorithm for estimating the global minimum of a function. The 

first rule is based on the estimation of the region of attraction of the global minimum; 

the second rule is based on the existence of the asymptotic distribution of properly 

normalized estimators. The authors performed numerical simulations to compare both 
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rules. Depending on the parameters of the experimentation, first rule sometimes 

outperformed rule two; therefore results were inconclusive. 

 

The lack of a unifying probability model to support the sampling from the solution 

space of an optimization problem and the inference about it was also stated by Uzsoy et 

al. [62]. In our research we will attempt to create a multicriteria probability function 

that will not only give us descriptive information about our set of solutions, but also 

provide an effective measurement of the potential improvement in the next population, 

which measured to an input parameter will be used as a stopping criterion, addressing 

Safe’s [55] suggestions with regards to the adaptive stopping criteria mentioned at the 

beginning of this section. The only similar approach found in the literature, with 

regards to fitting a distribution function to the iteration data (not multicriteria 

distribution function though) was the one described by Ribeiro et al. [48].  In addition, 

the creation of these stopping criteria that would adapt to a multicriteria metaheuristic, 

not single criteria as all the papers reviewed in this section, will be of a value to the 

current literature. 

 

2.3.6  Quality Assessment 

 

With the increasing number of heuristics for multiobjective problems, the need for a 

strong quality assessment methodology arises. For many MO problems it may be 

necessary to settle for approximations of the efficient set that yield either a subset of 

the Pareto-optimal frontier, or a set of solutions close enough to the Pareto-frontier 

[63]. However, these approximations should be evaluated with predetermined 

techniques. 
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The issue of the evaluation of the performance of a particular algorithm is simpler if a 

single objective is considered instead of several objective functions. In that case, we 

evaluate and compare approximate solutions using the obvious quality measure, which 

is the value of the objective function. No such natural measure exists in the multiple 

objective case [63]. 

 

Some authors discuss the need for well-defined quality measurements for the different 

metaheuristic algorithms available for MO[64]. Particularly, Zitzler et al [65] prove that 

in general it is impossible to define a finite set of unary measures, e.g., distance and 

diversity, that uniquely describe the quality of an approximation set. 

 

Hansen [63] discusses the characteristics of a reference set - a set to which obtained 

solutions could be compared to - if the optimal Pareto Set is not available. The reference 

set should ideally be the full (optimal) non-dominated set but for computational 

reasons, one cannot expect to find all non-dominated points to use in the reference set. 

A second approach is then to use a set of potentially non-dominated points generated 

by approximation algorithms. In this second approach, the reference set should contain 

well dispersed points. 

 

Thus, a straightforward quality assessment of a particular solution is the direct 

comparison of the sets of solutions obtained with the known a priori optimal Pareto 

frontier, or with a reference set generated by approximation algorithms. However, even 

if this Pareto frontier is known, the comparison can be performed in several different 

ways that will be discussed in this section.  
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For problems for which the true Pareto frontier is known in its entirety, the quality of 

an approximation method can be estimated by the percentage of truly efficient points 

that the algorithm generated [24]. This is analogous to comparison of a heuristic 

solution to a proven exact optimal solution for single objective problems. To 

understand the complexity of this issue, the evaluation of the quality is itself 

multicriteria in nature – if the percentage of truly efficient points is considered, then the 

dispersion of the efficient points might be considered too.  

 

When the optimum Pareto frontier is unknown and no reference set is generated, 

Ehrgott and Gandibleux [24] suggest that the quality of a solution to a combinatorial 

optimization problem can be estimated by comparing lower and upper bounds on the 

optimal objective function values. The authors state, however, that for Multiobjective 

Combinatorial Optimization, the concept of bounds and quality assessment is not-well 

developed. The best possible bounds are given by the ideal and nadir points defined in 

Section 2.2. The quality of an approximation can be measured as the distance to both 

lower bound and upper bound sets.  

Surprisingly 

Another quality measurement that is popular for single criteria problems and does not 

rely on a reference set is the performance ratio, which is the ratio in which the solution 

obtained by the metaheuristic is guaranteed to be with respect to the optimum in the 

worst case analysis. Little is known about the performance and the definition of such 

ratios for multicriteria problems [24]. 

  

Several authors [63, 66, 67] propose the following measurements. Cardinality: the 

number of solutions in the final set is one of the quantitative measures. Coverage: the 

distance between the efficient points is one of the proposed measures. In other words, 
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the solutions obtained must be representative of the whole Pareto-set and not only of a 

certain region in it.  

 

Hansen and Jazkievich [63] suggest the use of so called utility functions, where a utility 

function is a model of the decision maker’s preference that maps each point into a value 

of utility. The drawback of this approach, though, is that “a priori” information 

regarding decision makers preferences for each criteria must be available. 

 

Additionally, the computational effort for the algorithm must be considered as a quality 

measurement of its performance [63].  

 

In this thesis, as will be defined  in detail later, the approach we take is to evaluate the 

quality of the solutions related to their cardinality. We construct a reference set as 

suggested by Ehrgott and Gandibleux [24] by pooling all the solutions from the entire 

experimental run and then obtaining the non-dominated frontier. Our performance 

measure is the percentage of solutions in the sample space (i.e., from a particular 

factor/level combination) belonging to the reference set. 

 

Having discussed the main issues in the application and evaluation of metaheuristic 

algorithms for multicriteria optimization (including a specific stopping criterion as well 

as wuality assesment), we will now discuss the applications of these different 

metaheuristic techniques to problems of project selection and scheduling. 
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2.4 Multicriteria Optimization in Project Selection and Scheduling 

 

The original Projects Scheduling (not selection) Problem was defined as the allocation 

of scarce resources to tasks pertaining to this project over time [68]. The Portfolio 

Optimization problem has been defined as the constrained assets allocation towards a 

subset of projects with the most common objective as revenue maximization [69]. 

Variations of these problem have arisen since. We will use the Project Selection and 

Scheduling Problem definition as 1) selection of a subset of projects from an existing set 

of projects and 2) scheduling of those projects over time with constrained resources. 

 

A comprehensive model of multicriteria project selection and scheduling was solved by 

Carazo et al [54]. These authors define binary decision variables dependent on project 

and time period. They analyze interdependence between projects in the following way: 

if in period k there are at least mj and at most Mj scheduled projects out of a set of 

projects Aj, then there is an increase or decrease in the value of some attribute, as cost. 

For example, if several projects are scheduled out of a specific set, there might be a 

reduction in the overall cost. Some additional constraints considered such as available 

resources, synergy among projects, and limitations on the number of active projects at a 

given time k. Additionally, some of the constraints restrict each project to start only 

once, other constraints define bounds on starting times and precedence restrictions. 

They adapt the Scatter Search [70] procedure for Multiobjective Optimization algorithm 

to SS-PPS (Scatter Search for Portfolio Selection). Using computational experiments 

they compare SS-PPS to SPEA2 (Strength Pareto Evolutionary Algorithm) [26]. 

According to these computational experiments, the results obtained from this meta-

heuristic are better than those using SPEA2. Authors compared the absolute value of 

the first objective function as the performance measure, disregarding values of the 

other 2-5 objective functions being evaluated. 
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Santhanam and Kyparisis [71] propose a multiple criteria decision model for 

multiobjective information technology project selection. They use a binary decision 

variable that indicates inclusion of the project in the portfolio, dependent only on the 

project. Criteria such as corporate priorities, financial benefits and risk are included. 

Interdependencies are modeled with non-linear terms in the objective functions and 

resource constraints. They also consider precedence constraints. To solve the problem 

they use Goal Programming with Preemptive Priorities. The non-linear terms are 

linearized with the addition of new variables. 

 

One of the papers where a specific algorithm was developed  for an Constrained MO 

Project Scheduling problem is that by Viana and Pinho de Sousa [72]. Their decision 

variable is binary depending on project (representing inclusion in the portfolio), time 

period and resource.  In computational experiments they work with PSA (Pareto 

Simulated Annealing) [36] and MOTS (Multiobjective Tabu Search) [73]. Their 

conclusions are that generally, for this problem, MOTS yields better results than PSA, 

both in terms of quality of the results and efficiency.  The authors also state that the 

evaluation of multiobjective results is a topic of discussion. For the quality of the 

results, they measure the closeness (distance) of the solution set to a reference set that 

ideally should be the Pareto-optimum set; however, since they did not have the 

optimum set for all instances, the reference set was defined as the set of the best 

approximations obtained by running all versions of the algorithms. 

 

Gabriel et al [74] present a formulation for determining optimal project selection that 

accounts for multiple objectives. The costs of the projects are random. The criteria the 

authors consider are project rank, expected value of project cost, number of managers 

needed, project risk, impacts on social welfare. They use Monte Carlo simulation to 

incorporate uncertainty in the data, particularly in the costs, combined with a 
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multiobjective generating method. The authors applied this method to a US 

Governmental agency where 84 projects were initially considered.  The authors do not 

perform any comparison with other algorithms and suggest that a special benefit of this 

approach is the characterization of tradeoffs that must be made in funding public sector 

projects. 

 

A multiobjective model for the selection and timing of public enterprise projects with 

constraints related to starting dates for projects, total number of projects to be selected, 

precedence constraints, budget and reinvestment was proposed by Medaglia et al [2]. 

The criteria include economic, financial and social indices. The social impact of each 

project is very difficult to determine and they use the number of people to be benefited 

by the project as a surrogate. They assign a weight to each criterion and work with a 

single objective problem. They provide a MOMILP (Multi Objective Mixed Integer Linear 

Program) that can be used with a used-friendly decision support system (DSS). 

 

Considering a multicriteria construction project scheduling problem, Jaskowski and 

Sobotka [75] used an evolutionary algorithm they specifically developed for this 

problem with an adapted Tchebycheff function evaluation. They not only scheduled 

tasks, but also decided which contractors to hire. There are precedence constraints and 

renewable constrained resources. The authors solved this as two sub-problems in 

parallel. The first problem consists in choosing the contractors, using an evolutionary 

algorithm; the second problem allocates resources to minimize project duration using a 

heuristic algorithm. 

 

One novel approach for Multicriteria Optimization is the interactive analysis of 

multiple-criteria project scheduling problems developed by Hapke et al [76].  The 
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problem is characterized by resource constraints, precedence constraints and project 

performance measures. The first stage of the solution procedure is the generation of an 

approximation of the non-dominated set by PSA. The second stage is an interactive 

procedure where after some computations, the decision maker inputs some preference 

information to improve the solutions selected in the next phase. 

 

Particle swarm optimization algorithm was developed by Rabbani et al [77] for project 

selection problems. The model maximizes benefit and minimizes cost and risk. Projects 

are interdependent and non-linear terms are included in the objective functions. They 

propose a discrete multi-objective PSO (Particle Swarm Optimization) for solving the 

project selection problem. In computational experiments, they compare the MOPSO to 

SPEA II (Strength Pareto Evolutionary Algorithm) on ten randomly generated test 

problems. MOPSO has generally achieved solutions with higher quality and produces 

more non-dominated solutions. However, we consider this set of problems to be too 

small to be useful for a comprehensive insight. 

 

A recent development by Medaglia, Graves and Ringuest [53] proposes a Multiobjective 

Evolutionary Algorithm for a project selection problem, where the projects can be 

partially funded. The problem includes multiple stochastic objectives, project 

interdependencies and linear resource contraints. This algorithm serves as an 

alternative to another similar algorithm called Stochastic Parameter Space 

Investigation (PSI). The key elements in this algorithms are the elitist strategy, 

parameter-less diversity, a fast stochastic dominance mechanism, and an efficient 

constraint-handling mechanism.  They take advantage of the linearly constrained 

solution space.  Compared to the stochastic PSI, the results showed that the method is 

faster and more robust, provides higher quality of the nondominated solutions 

(measured by the average fraction of these solutions belonging to the reference set, 
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which is obtained by aggregating the solutions from both tested algorithms), and is also 

able to consistently generate a controlled number of solutions that approximate the 

efficient frontier. 

 

Stummer and Sun [78] developed a new Multiobjective Metaheuristic Solution 

Procedure for capital investment planning. This is an integer programming project 

selection model with interdependencies in objective functions as well as in resource 

constraints. The authors solve the model with Ant Colony Optimization, Tabu Search 

and Variable Neighborhood search obtaining the entire efficient frontier by 

enumeration and compare the three algorithms in terms of computation time as well as 

the percentage of non-dominated solutions found. Computational results on benchmark 

and randomly generated test problems show that the Tabu Search procedure 

outperforms the others if the problem does not have too many objective functions and 

an excessively large efficient set. The improved Pareto-Ant Colony Optimization 

procedure performs better otherwise. 

 

We note that the particular interdependence structure, as it will be defined in Chapter 

4, leading to a double cost reduction in the projects – which is a practical addition to 

Project Scheduling decision making – has not been considered in almost any previous 

Multicriteria Project Scheduling formulations. In our mathematical model presented in 

Chapter 4, we include this feature. 

 

Additionally, no MO Project Selection and Scheduling problem formulation has been 

developed to aid in Tourism Sector decision making (also detected in the Tourism 

Operations Research review section), given their particularities that will be presented 

and explored in the next Chapter 3. 
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CHAPTER 3 

SELECTION AND SCHEDULING OF TOURISM PROJECTS: 

INITIAL FORMULATION 

 

 

In this Chapter we present an innovative application of Multicriteria Project Selection 

and Scheduling to the Tourism Industry, particularly to the Mexican Ministry of 

Tourism in Michoacan. In Section 3.1 we briefly introduce the reader to the Tourism 

Industry in Mexico. Section 3.2 presents the mathematical formulation and Section 3.3 

details the specifics of the Michoacan Ministry of Tourism and their data. The solution 

to the application is provided in Section 3.4 and the conclusions of this chapter can be 

found in Section 3.5. 

 

 

3.1 Tourism Industry in Mexico 

 

Tourism is one of the industries in Mexico’s economy with the largest potential for 

generating social, economic and environmental benefits. As stated by the World 

Tourism Organization [79] tourism activity is a strong engine of economic 

development, since it is capable of generating wealth and well-paid jobs in the short 

and medium term. Nevertheless, the consolidation of tourism activity cannot be 
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accomplished in isolation, and requires the coordinated efforts of the public, private 

and academic sectors. 

 

Tourism has been historically identified as a pillar of Mexico’s economy. As reported by 

INEGI [3], 5.4% of the people in Mexico work in this economic sector, which also 

attracted investments of more than 12,833 million USD between 2001 and 2006. 

Tourism is especially important in states like Michoacan, where, given the state’s 

cultural and historical heritage and low level of economic development, tourism can 

provide a base for creating wealth in the region. This is of particular importance since 

Michoacan is ranked 27th out of 32 states in Mexico in economic development [80] but 

at the same time it ranks 17 out of 32 in touristic competitiveness. 

 

Michoacan, located in the western part of Mexico is recognized because of its cultural, 

natural and historical heritage, which is attractive to tourists. An important percentage 

of the GDP of the state is generated by this sector [81]. National and international 

visitors have historically traveled to its ancient sites and attended its international 

cultural events, such as the world–famous “Noche de los Muertos” (Night of the Dead), 

the arrival of the monarch butterfly, the International Film Festival and the 

International Music Festival in the state’s capital city of Morelia. Morelia, UNESCO´s 

world cultural heritage site, is also recognized as a central location from which several 

other places of Michoacan can also be visited, increasing the appeal of the city for 

tourists. 

 

As stated in Turismo Michoacan, Memoria Sexenal [81], approximately 7.5 million 

people visited the state during 2009. The average duration of their stay in the state was 

4.2 nights, with average spending of $52.10 USD per person per day. The estimated 
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annual total income generated by tourism-related activities was more than 800 

thousand USD during 2009. 

 

Each year the Ministry of Tourism of Michoacan (MTM), whose responsibility is to 

promote the development of tourism throughout the state, performs a complex 

decision-making process to allocate its annual budget among a set of projects 

considered for implementation throughout the upcoming year in order to achieve 

several objectives describe in the state’s Economic Development Plan. This process 

involves not only the selection of projects, but also their timing and scheduling. The 

Ministry’s main goal in this decision making process is to select projects that will attract 

more tourists to Michoacan while improving the quality of life in Michoacan’s towns 

and cities with the assigned budget. Some of the projects may be supported not only by 

the State Ministry of Tourism, but also by other Federal and local governmental 

agencies.  If the State Government selects one of these projects, it will be funded by 

several additional sources. The objective of this chapter is to explore the use of 

quantitative multiobjective decision support tools for this decision process. 

 

As the first requirement for the development of such a decision support system, 

quantitative decision criteria or objective functions need to be identified. After 

discussions with MTM personnel, the following four objectives were selected. The first 

of these is the total benefitted population, which is a measure of the positive impact of a 

project in the affected communities. Currently, there are no formal quantitative 

methodologies or data available to the MTM to forecast the total tourist expenditure 

generated (or the number of tourists attracted) by each project. Because the main 

objective of this research is not to create specific forecasting methods but to help the 

current decision making process, for the next objective – the economic benefit - we used 

the total investment needed for each project as a proxy for the economic benefit the 
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project would bring to its community, especially since some projects bring additional 

investments from other governmental agencies. Another criterion was the Human 

Development Index (HDI) in Michoacan. The measure it, we verify whether or not the 

project will benefit a city that is among the 20% with the lowest HDI, in order to place 

more emphasis on projects related to the neediest communities. This is a binary 

criterion assigned to each project. As our fourth and last criteria, MTM suggested that 

we prioritize projects that have successfully completed the required documentation 

and organization process. Projects that comply with this requirement are given 

“Executive Project” status, and have a higher priority in the selection process. This is 

also a binary criterion assigned to each project. 

 

Taken together, these four objectives (total population benefitted, number of projects 

assisting underdeveloped communities, total investment in the community, and 

number of projects with “Executive Project” status) create the multicriteria problem, 

where projects that rank well on one criterion may not rank well on another. The 

challenge in this process is the fact that different objectives are conflicting in nature, 

which precludes an easily identifiable, unique optimal solution. Instead decision makers 

must consider nondominated solutions, which perform better than others on at least 

one criterion, and make a selection that reflects what they deem to be an appropriate 

tradeoff between the conflicting criteria[1]. This is the domain of multicriteria or 

multiobjective optimization, which is the technique we employ in this study. Since 

partial implementation of projects is not an option, the resulting problem is classified as 

a multicriteria combinatorial optimization problem. 
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3.2 Mathematical Formulation    

 

The mathematical formulation for the project selection and scheduling problem 

described in the Introduction Section is as follows: 
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where 

 

xit is a binary decision variable that takes value of 1 if project i is started in period t and 

0 otherwise 

yt is the remaining funds at period t 

bij is the benefit for criterion j generated by investment in project i  

ci is the investment needed for project i  

rt funds the government assign to period t 

 
 

Equation 4.1 denotes the criteria equations, where we have m objective functions. 

Constraint 4.2 represents a budget constraint allowing any funds remaining unused at 

the end of a period to be used in later periods. Constraint 4.3 allows each project to be 

selected at most once and the final constraints denote the binary nature of the decision 
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variables. There are no interdependencies between projects, other than budget 

constraints. 

 

The project selection and scheduling problem is NP-hard [82] and thus difficult to solve 

efficiently even for a single criterion and a simple budget constraint [83]. To generate 

solutions for this problem, we use the NSGA II algorithm [9] due to its effective 

performance in multiobjective optimization as mentioned in Chapter 2 of this thesis, as 

well as its wide use and application in the field.  As mentioned in Chapter 2, NSGA II is 

an elitist non-dominated sorting genetic algorithm. NSGA II will be detailed in Chapter 

5, however we mention the high level steps for the reader in this section. The first step 

of the algorithm is to combine parent and offspring populations. It then performs a non-

dominated sorting of this combined population and identifies different fronts, where a 

front corresponds to a set of solutions that are not-dominated by any solution 

belonging to the same front or to a front with a lower index. 

 

 

3.3 Michoacan Ministry of Tourism Environment and Information    

 

In this section, we will describe the application of approximate multicriteria 

optimization to the MTM project selection and scheduling problem. 
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3.3.1 Data 

 

A set of 55 projects were considered by MTM for possible selection and scheduling in 

the 2010 fiscal year. The cities or regions where such projects would be developed are 

given, as well as the type of project (infrastructure, marketing, research or other). 

Whether or not each project has advanced documentation is also given, as well as the 

budget required for each project, including investments from the federal, state and local 

government. All projects are either implemented completely or not implemented at all; 

they cannot be partially developed. Table 3.1 summarizes the information regarding the 

community and the category to which each project belong.  

 

There are seven categories in total: “Áreas Naturales Protegidas – Costa Michoacana”, 

the projects in this category are mainly focused on protecting and promote natural 

areas on Michoacan beaches; “Morelia Ciudad Patrimonio Mundial”, these projects focus 

on Michoacan’s capital, Morelia, which has been classified as a Worlds Heritage Site; 

“Pueblos Mágicos”, this is a category that promotes and develops cities that meet the 

national classification as Magic Town; “Rutas” or Routes, inside this category, there are 

mainly three Routes: “Ruta de la Salud”- Health Route, “Ruta Don Vasco” - Don Vasco’s 

Route and “Ruta País de la Monarca” - Monarch’s Country Route; and finally the 

Extraordinary Projects category, including projects that do not fit into any of the other 

categories. 
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Table 3.1 
Projects distribution among towns and cities 

 

 
  

The total population is also considered, since it is relevant to identify the number of 

people that may benefit from such initiative. Also, the HDI for each city or region is also 

identified, since underdeveloped communities represent a key target for the state 
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Aquila 1 1

Cuitzeo 1 4 5

Cuitzeo, Tzintzuntzan, etc. 2 2

Epitacio Huerta 1 1

Hidalgo 2 2

Huiramba, Tzintzuntzan, etc. 1 1

La Piedad 1 1

Lazaro Cardenas 4 4

Los Reyes 1 1

Los Reyes, Uruapan, Paracho 1 1

Morelia 1 3 1 5

Ocampo 4 4

Paracho 2 2

Patzcuaro 2 2 4

Salvador Escalante 2 1 1 4

Senguio 1 1

Taretan 1 1

Tlalpujahua 1 1 2

Tzintzuntzan 4 4

Uruapan 6 1 7

Villamar 1 1

Zamora 1 1

TOTAL 5 5 3 8 4 23 7 55
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government.  The population for each community was obtained from the 2004 National 

Census [3], while the Human Development Index was obtained from the study 

developed by the Department of Statistics at the University of Chapingo [84]. This 

information is shown in Appendix A. 

 

3.3.2 Algorithm and solution 

 

Using a specifically produced Matlab code for an adjusted Non-dominated Sorting 

Genetic Algorithm II (NSGA-II) for this multiobjective combinatorial mathematical 

formulation, 22 solutions on the Pareto frontier were obtained in 11.73 minutes of CPU 

time on a computer with 2.1GHz dual core and 4 GB of RAM. The size of the population 

used was 50, and 100 iterations were performed. These solutions are shown in 

Appendix B, where each column corresponds to one non-dominated solution and the 

number in each row states the period in which is project is scheduled to start. Figure 

3.1 describes the NSGA-II (adjusted for project scheduling) algorithm for this problem. 

 

The NSGA-II does not intrinsically handle constraints, specifically equality constraints. 

In this implementation we followed the suggestion by Deb [1] to involve feasibility 

evaluation in the non-dominated sorting procedure (step of the NSGA-II that will be 

described in Chapter 5).  

 

Figure 3.2 shows the pair wise comparisons among the criteria for the 22 Pareto 

solutions. For example, if we analyze the HDI vs Total Investment plot, we can detect 

that the higher the investment, the lower the HDI of that project. Therefore we can 

easily conclude that the objective functions are conflicting. In Figure 3.3, all 22 solutions 
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and the comparisons for the four criteria can be observed. The sizes of the circles 

represent the total investment; the shade of the circle represents the number of 

executive projects – the darker the shade, the higher the number of executive project 

chosen in the solution.  

N: population size 

N2: number of initial random keys to be generated 

It: stopping criterion as number of iterations to be performed. Note: this is the basic 

stopping criterion and through this chapter, this stopping criterion will be evolved. 

Fk: front k as defined in Section 5.1 

I: indices matrix for crowding sort procedure mentioned in Section 5.1 

P: population set 

 
Initialization: Generate N2 random solutions satisfying constraint 2 
      Set iterCount=1 
      While iterCount<=It 
Perform Non-Dominated Sorting to obtain fronts matrix F 
For each x ∈F1 

For each j 

 do 
1 1

n T

ij iti t
b x

    

End for 
End for 
Set S: = ∅, k=1 

While |S| < N 
S:=(S∪Fk) 
k=k+1 
End while 
If |S|=N 
End if 
Else 
S:=(S∩ Fk) 
Perform Crowding Sort to Fk to obtain I 
Set v=1; 
While |S|<N 
S:=(S∪Iv) 
v=v+1 
End while 
End if 
Perform mutation 
                Perform crossover 
iterCount=iterCount+1 
     End while 
End 

 
 

Figure 3.1 
Adjusted NSGA II Pseudocode 
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Figure 3.2 
Pair-wise Criteria Comparisons 
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Figure 3.3 
NSGA-II Solutions Comparisons 

 

 

3.4 Solutions and Discussion    

 

We were provided the actual selection (not scheduling) of the projects. MTM selected 

33 projects. Analysis of our 22 solutions and the MTM’s solution are shown below. The 

values of the objective functions of the 22 solutions provided by NSGA-II as well as from 

the MTM’s solution are given in Table 3.2. In this table, we can observe that the MTM’s 

solution is dominated by all 22 solutions produced by the genetic algorithm – all the 

four objective values are smaller (we are maximizing) in the MTM solution than in the 

NSGA II solutions. To normalize the variables, the # of executive projects were 

multiplied by 100 and the HDI is multiplied by 1000. 
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Table 3.2 
MTM solution and 22 Non-dominated solutions by NSGA-II 

 

 

 

The main differences were found in the selection of projects 5 (Michoacan’s Beach 

Category), 48 (Don Vasco Trail) and 50 (Monarch’s Country Trail). These projects, in 

MTM’s manual solution, were not selected in any of the 22 non-dominated solutions 

obtained from NSGA-II. Project 5 is actually the second most expensive project, whose 

cost alone consumes 14% of the MTM’s resources. Projects 48 and 50 can also be 

considered expensive projects, representing 6% and 3% of the available resources 

Num. Sol.
Executive 

Project
Population

Human 

Development 

Index

Total 

Investment

1 2500 8294 7023 34821

2 2900 7602 6942 34223

3 2800 8170 7450 35106

4 2800 7559 8098 33576

5 2700 8173 7186 34996

6 2800 8165 7700 34411

7 2600 8278 7760 34616

8 2700 8131 7315 35384

9 2900 7453 7689 34471

10 2600 8301 7130 34762

11 3000 7814 7620 34102

12 2900 7809 8007 33901

13 2600 8050 7139 35763

14 2700 8282 6919 35060

15 3000 7532 7770 33910

16 2600 8115 7472 35010

17 2800 8410 7652 34729

18 2900 7358 7338 34605

19 2900 7481 7716 33975

20 3000 7610 7651 32295

21 2800 8118 7251 35115

22 2700 8416 7290 33254

MTM 1900 5534 6081 20563
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respectively. In all 22 non-dominated solutions, Project 7 (Extraordinary category), 

Projects 15 and 20 (Magic Towns),  Project 22 (Health Trail), and Projects  31, 33, 43, 

44, 45, 46 and 47 that belong to Path Don Vasco were selected, while in MTM’s solutions 

they were not. In the non-dominated solutions from the genetic algorithm the funds not 

invested in expensive projects were used for these projects that generated in total more 

benefit for the four criteria considered in this study. In Figure 3.4 we can observe the 

comparison among selected six non-dominated solutions generated by NSGA II and the 

MTM’s solution with regard to the four criteria. Each of these six NSGA II solutions 

achieves an optimal value in one of the criterion. 

 

 

Figure 3.4 
Solution Comparisons 
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It is important to interpret these results in the appropriate context. The benefit of our 

quantitative multicriteria approach is to provide the decision makers at the MTM with a 

wide assortment of solutions that are not dominated according to the limited set of 

quantitative criteria we have considered. These solutions provide points of comparison 

for MTM staff against which they can compare other solutions and evaluate decisions 

more completely. However, it is quite likely that the differences in project selection 

between the MTM solution and those proposed by the NSGA procedure are due to the 

MTM employing a number of additional, more qualitative criteria that serve as an 

additional filter for project selection. The successful implementation of effective 

decision support systems of this nature require an ongoing dialogue between analysts 

and decision makers to ensure that as many criteria as possible are included in the 

analysis.  

 

To accomplish this ongoing dialogue, some interactive approaches, as the one suggested 

by Hapke [76] might be implemented. Słowiński [85] also developed an DSS (Decision 

Support System) algorithm that enables the decision maker continuous evaluation of 

the feasible solutions. A similar DSS approach based on vector maximization was 

developed by Davies et al. [86] This, however, falls outside the scope of this research 

and we shall continue with the meta-heuristic approach to the solution of this problem. 
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3.5 Conclusions and Further Research    

 

Unfortunately, once the analysis described in this Chapter was completed, we were 

unable to continue working with MTM to further develop and interactive approach that 

could include this on-going dialog stated in the previous section. 

 

A number of future research directions are suggested by this study. Currently there are 

no formal, quantitative methods available to MTM to forecast the tourist expenditure 

generated by the projects. However, increasing this expenditure should be the one of 

the main long-term objectives of any project. This issue might be addressed by 

separating the projects into three or more categories as infrastructure, promotion and 

other. This categorization would be useful due to the differences among possible 

forecasting methods for each type of project. Some literature exists on forecasting the 

benefits of marketing projects [87], and effective tools of this nature will definitely 

assist in better decision making.   

 

The model analyzed in this thesis chapter is a simple model, with no interdependencies 

between projects or benefit differentiation with regard to the time period in which the 

project is implemented. These should definitely be taken into account, due to the fact 

that the benefit for some criteria depends on when the project is fulfilled.  An example is 

a promotion campaign for the summer season. A promotion project would generate 

benefit if it is scheduled before such period, but not after. A more comprehensive model 

developed to address these issues, a generic comprehensive Multicriteria Project 

Scheduling mathematical formulation is presented in Chapter 4 in this thesis. With this 

new, comprehensive formulation solution algorithms could be expanded to other 
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contexts of the Tourism Project Selection and Scheduling or any different application of 

the Multicriteria Project Scheduling area. 

 

This innovative application gave us a better understanding of the formulation, as well 

as some grasp on the performance of the NSGA II algorithm. In the rest of the research, 

we will be focusing on developing a more comprehensive mathematical formulation 

that would include elements relevant to the decision maker (Chapter 4), as well as an 

effective and efficient algorithm to generate the corresponding solutions (Chapter 5, 6 

and 7).  
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CHAPTER 4 

COMPREHENSIVE FORMULATION FOR 

MULTICRITERIA PROJECT SELECTION AND 

SCHEDULING 

 

 

In this chapter we present an expanded mathematical formulation for the Multicriteria 

Project Selection and Scheduling. Section 4.1 states the motivation for this formulation 

while Section 4.2 details the formulation itself. The generation/extraction of the 

parameters to write this formulation is not straightforward and the corresponding 

discussion is provided in Section 4.3. Conclusions of this chapter and the link to the next 

one are stated in Section 4.4. 

 

 

4.1 Motivation 

 

After applying the formulation presented in Chapter 3 to the problem encountered by 

the MTM, we considered several extensions to the project scheduling formulation. 

The benefits should be evaluated per project per time period per criterion, and not only 

benefit per project per criterion. This would allow us to model the stream of benefits 
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from a project over time. If applied to Tourism Project Scheduling, this is particularly 

interesting for marketing campaigns: a campaign aimed at promoting a destination for 

Summer 2010, for example, will not generate any benefits if scheduled to start in 

September 2010. Similarly, to be able to manage budgets more efficiently, the costs of 

the projects must be considered by time period. In another vein, if applied to a Software 

Development Project, then the impact of a project for software devoted to help 

taxpayers to file their taxes wouldn’t be the same in February as in September on the 

same fiscal year. 

 

We also realized that to better represent reality, we must account for project 

interdependencies. These interdependencies can be classified into two main groups: 

precedence constraints and cost savings or increases that may arise when two projects 

are both selected. The next section outlines a mathematical formulation that takes these 

extensions into account. 

 

 

4.2 Mathematical Formulation 

 

The multiobjective mathematical programming formulation for the extended model 

discussed above can be stated as follows: 
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where 

xit:  a binary decision variable that takes value of 1 if project i is started in period t 

bijt:  the benefit generated by investment in project i during period t for criteria j 

uik:  the reduction in the investment generated by synergy among project i and k if 

started at the same time  

S:  the set of all interdependencies of projects 

Qi:  the set of all projects that must be started before project i 

cil: the investment needed for project i during its lth period of execution (these costs are 

independent of the time horizon, but depend on the execution time period of the given 

project) 

rw : budget available for period w 

yw :funds available at the beginning of period w 

di : duration of project i in multiples of time periods 
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Equation 4.2 expresses the precedence constraints: a project cannot be scheduled to 

commence unless all precedent projects have been scheduled. The summation in 4.2 

will add up to 1 if the project k has been already started. This is part of the 

interdependence relation among projects. Equation 4.3 constrains the funds available in 

each period. Another type of interdependency between projects is represented by the 

decrease (or increase) in total cost for both projects. The first summation represents all 

the costs that need to be covered for projects selected to start at that particular time or 

that are already started. The second summation represents the synergy of two projects 

(reduction or increase in costs). For instance, the cost of performing two projects at the 

same time might be smaller than the sum of both costs if the same infrastructure is 

used.  This interdependence relation is considered without regard to the starting time 

period of the projects and is represented as a quadratic term in equation 4.3. If the 

interdependence were considered with regard to time period in which the projects are 

being started, then the size of the problem would be greatly increased. We assume that 

unallocated funds from previous periods can still be used for projects in the future. A 

project cannot be started twice, which is represented by constraint 4.4. We also assume 

that a project started in a particular period, does not have to be finished the same 

period, but can be continued the following period. We’d like to empathize that this 

model involves interdependencies in two ways – precedence constrains and cost 

interdependencies. The size of those interdependencies could be as high as n2. 

 

Linearizing constraint 4.3 has been considered. This linearization would transform the 

nonlinear term:              in the constraint 4.3. 

The following equations would need to be added to the original formulation: 

                      (   )                                            4.6 

  (       )             (   )                                           4.7 
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  (       )             (   )                                           4.8 

                   (   )                                                       4.9 

                                                                                                                4.10 

 

Proof. 

To prove             , we remind the reader that the three variables    ,     and      

are binary variables and such we have the following four cases: 

Case 1:                .  

By equation 4.6       
 ⁄  ; by equation 4.7 and 4.8                

Case 2:                 

By equation 4.8                

Case 3:                 

By equation 4.7                

Case 4:                 

By equation 4.9                

  

 

In total, as many as 4Tn2 constraints would need to be added as well as Tn2 variables 

and cardinality of S set would be as high as n2. To quantify this, for a regular size 

problem, with 20 projects and 6 time periods, the number of constraints in our original 
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nonlinear formulation would be 32, with 406 variables. Using the linearization, the total 

number of constraints becomes 9,632 with 2806 decision variables. 

 

This linearization could be potentially useful in the case of single objective optimization, 

given the existence of exact algorithms for linear formulations. However, even in the 

linear case, integer programming algorithms are not by definition efficient as they are 

enumerative in nature. Even more, in the multiobjective context, the need to generate 

the Pareto frontier negates the benefits of the linearization of the formulation. 

Furthermore, by greatly increasing the number of constraints and decision variables, 

we would be diminishing the efficiency of the existent metaheuristics that by design are 

not constructed to deal with constrained optimization. Dealing with feasibility is one of 

the issues identified as a potential improvement in this field that we will be addressing 

in Chapter 5. 

 

 

4.3 Discussion of Parameter Estimation 

 

An interesting topic that is not going to be covered in detail in this thesis is the 

statistical estimation of the parameters for this comprehensive formulation. However, 

we consider it important to briefly discuss the complexity of this task as, for example, 

encountered in the MTM application discussed in Chapter 3. 

Initially, an important criterion to be considered would be the expenditure generated 

for the State’s Government by each project. For instance, there were several types of 

projects that the Michoacan Ministry of Tourism encountered, but mostly they can be 
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classified as marketing campaigns, infrastructure projects and educational activities for 

tourism enterprises. Each of these categories should have a different estimation 

strategy for the expenditure. The expenditure should involve not only the number of 

tourists that would be attracted to the State by investing in a particular project, but also 

the average amount of money that these tourists will leave in the State. While it might 

be more straightforward to estimate the number of tourists to be attracted to a new 

beach-town infrastructure, for example, it is definitely more complicated to estimate 

the number of tourists attracted to a beach-town site that has existed for several years 

but has been the subject of several different marketing campaigns during this time.  

 

The complexity of estimation of the parameters would be present not only in Tourism 

applications but in other areas as well. 

 

We also consider that the benefits should be classified in benefits per project per time 

period, as suggested in this comprehensive formulation. However, in practice, it is 

complicated to estimate the benefits per time period. This is due to the fact that it 

would be necessary to have a detailed estimate for each objective function’s behavior 

with regard to time period and project.  

 

The estimates of the individual costs for each project shouldn’t be complicated, but the 

estimation of the costs per time period adds complexity to this process. Furthermore, 

the estimation of the interdependency in the costs (reduction or increase in the costs 

while two projects are running at the same time) is far more challenging. Here again, 

while this interdependency might be a little easier to estimate for infrastructure 

projects (some part of the infrastructure will not need to be built twice, for example, 

and there would be a cost reduction for starting both projects at the same time), it is not 
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straightforward to estimate the decrease (or increase) in the costs of a marketing 

campaign if two projects are run [88]. 

 

 

4.4 Conclusions 

 

In this chapter we provided a new comprehensive mathematical formulation that 

includes important business elements such as cost interdependencies between projects. 

As previously stated in Chapter 2, this problem is NP-complete, therefore the focus of 

this research from now on will be to efficiently generate the approximate Pareto 

frontier solutions. With this purpose in mind, we present a new Evolutionary 

Multicriteria meta-heuristic called Project Scheduling Non-dominated Sorting Genetic 

Algorithm, or PS-NSGA II, in the next chapter. 
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CHAPTER 5:    

PROJECT SCHEDULING NON-DOMINATED SORTING 

GENETIC ALGORITHM: PS – NSGA II 

 

 

In this chapter a new algorithm for Multiobjective Project Scheduling is presented. 

Initially, in Section 5.1, the motivation for the development of this new algorithm is 

explained. Section 5.2 gives an overview of the algorithm and the pseudocode. In the 

Section 5.3, we focus on the use of Random Keys, a central element of our algorithm. 

Section 5.4 details the Greedy Decoding Procedure that takes as an input the random 

keys and returns a feasible solution to our problem. Section 5.5 presents some 

conclusions and prepares the reader for Chapter 6 – the experimental design that tests 

this new algorithm. Even though the PS-NSGA II is valid for an arbitrary number of 

objective functions, for the rest of the thesis, we will focus on the bi-criteria case. 

 

 

5.1 Motivation  

 

The Non-dominated Sorting Genetic Algorithm II has been widely used [21] for 

multicriteria optimization problems since its introduction in 2001. However, this 

algorithm was originally designed for non-constrained problems. Deb et al. [9] suggest 

approaches to ensure feasibility in the implementations of this algorithm. One of the 

most popular of these approaches is to address the feasibility in the dominance test, so 
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that feasible solutions will always dominate non-feasible ones, regardless of the values 

of the objective functions. 

 

However, this is still a shortcoming, particularly for our application due to the multiple 

constraints present in our model described in the previous chapter. In addition, due to 

the large number of solutions generated during the course of any GA, time-consuming 

feasibility checks that examine each constraint in each period one by one result in very 

high CPU times for the overall GA. After analyzing the solutions that the original version 

of NSGA II produced, we realized that during the crossover or mutation operations, the 

feasibility of the solution can be violated. 

 

To address this issue, we decided to implement the successful Random Keys approach 

introduced by Bean [89] to generate feasible job scheduling sequences. One of many 

successful applications of Random Keys in GA’s was performed by Uzsoy and Wang [90] 

to minimize the maximum lateness on a batch processing machine. With the concept of 

Random Keys and our Greedy Decoding Method, any perturbation of a particular 

solution with mutation or crossover operations does not affect the feasibility the new 

solution. That is the main motivation of the inclusion of the Random Keys procedure 

into NSGA II in order to create a specific algorithm for Project Scheduling: PS-NSGA II. 
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5.2 Algorithm Overview 

 

To initiate this section, we will first define the terminology used in the rest of this 

chapter.  

 

A solution is an n x T binary matrix representing the assignment of a project to a time 

period, where n is the total number of projects and T the total number of time periods. 

 

11 12 1

21 22 2

1 2

T

T

n n nT

x x x

x x x
X

x x x

 
 
 
 
 
   

 

A solution value is an m-dimensional vector (where m is the total number of objective 

functions), obtained by evaluating the solution matrix for each criterion.  

 

A chromosome is a representation of a solution within the genetic algorithm, and thus a 

working unit in this algorithm. This representation can take the form of the solution 

matrix just described, or a different form, as in the random keys representation 

introduced in Section 5.3.  

 

We will now give a brief review of the NSGA II algorithm for unconstrained problems. In 

this algorithm an initial population is generated with P random chromosomes. Then the 
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non-dominated sorting procedure is applied to generate different fronts, where each 

front is a level of non-domination as introduced in Chapter 2. This non-dominated 

sorting procedure involves two entities: a domination count ni (the number of solutions 

each solution i is dominated by) and a set Si (the set of solutions that solution i 

dominates). The procedure visits each member, performs the domination evaluation 

and updates the domination count. After the procedure is completed, the fronts will 

represent an ascending level of non-domination, with front 1 (with domination count 

equal to 0), containing all the non-dominated solutions.  

 

Next, from these fronts, a predefined number of chromosomes is selected, giving 

preference to lower rank fronts. In case of having more than the needed number of 

chromosomes in a front, a crowding sort procedure is performed to select these. The 

crowding sort procedure selects chromosomes based on their spread or distance from 

each other to ensure coverage. The crossover and mutation operators are then applied, 

generating the new population, together with the elite solutions from the previous 

population. If the stopping criterion is satisfied, the algorithm stops; if not, we continue 

iterating. 

 

The crossover and mutation probabilities were set up in a similar way for both NSGA II 

and PS_NSGA II. For each chromosome, a random number is generated; if the random 

number is smaller than the crossover probability (say 0.8) we perform crossover, if the 

random number is higher than the crossover probability but smaller than the crossover 

probability plus the mutation probability (say in between 0.8 and 0.85) we perform 

mutation to generate a set of solutions. These solutions, together with the elite 

solutions obtained from the previous iteration, form the new population. Both 

operations (crossover and mutation) are described in detail in Sections 5.2 and 5.3. 
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In PS-NSGA II, the initial population is created by generating NP random chromosomes, 

where both N and P are parameters defined by the user. Each random chromosome is 

represented by a sequence of n values between 0 and 1, using the concept of Random 

Keys [89]. From these Random Keys, a matrix of sequences is generated, where each 

sequence representing a chromosome is obtained by ordering the n projects. This 

procedure is presented in Section 5.3 of this chapter. We then apply the Greedy 

Procedure discussed in Section 5.4 to each such sequence in order to decode it into a 

feasible solution matrix Xij selecting and allocating projects. After all the chromosomes 

have been decoded and processed by the Greedy Algorithm, we perform the non-

dominated sorting proposed by Deb [9] to generate different fronts. We then select the 

solutions we need giving priority to lower rank fronts. If the number of solutions in the 

last front exceeds the number of solutions we still need to obtain, Deb’s crowding sort 

procedure is performed. Mutation and crossover operations are applied to the 

chromosomes creating the new population, where the stopping criterion is evaluated. 

 

A pseudocode for PS-NSGA II is given in Figure 5.1 and the definitions of the variables in 

the pseudocode are as follows: 

N: population size 

N2: number of initial random keys to be generated 

cross: crossover parameter for genetic algorithm 

mut; mutation parameter for genetic algorithm 

ε: epsilon parameter 

It: stopping criterion as number of iterations to be performed. Note: this is the basic 

stopping criterion and through this chapter, this stopping criterion will be improved. 

F: front matrix as defined in Section 5.1 

I: indices matrix for crowding sort procedure mentioned in Section 5.1 

P: population set 
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Initialization: Generate N2 Random Keys 
Set iterCount=1 
While iterCount<=It 

Obtain Rank  Random Key 
Decode Ranks into Solutions with Greedy Method  
Perform Non-Dominated Sorting to obtain fronts matrix F 
Set PiterCount+1: = ∅, countA=1 
While | PiterCount+1| < N 
PiterCount+1:=( PiterCount+1∪FcountA) 
countA=countA+1 
End while 
If |PiterCount+1|=N 
End if 
Else 
PiterCount+1:=( PiterCount+1∩FcountA) 
Perform Crowding Sort to FcountA to obtain I 
Set countB=1 
While |PiterCount+1|<N 
PiterCount+1:=( PiterCount+1∪IcountB) 
countB=countB+1 
End while 
End if 
                 Perform crossover with prob=cross 
                 Perform mutation with prob=mut 
                 iterCount=iterCount+1; 
                 End while 
End 

 
Figure 5.1 

PS-NSGAII Pseudocode 
 

 

5.3   Random Keys 

 

The main complication in applying the traditional NSGA II approach procedure to our 

Multicriteria Projects Selection and Scheduling Problem is the loss of feasibility due to 

application of the mutation and crossover operators. The following example illustrates 

how this problem arises. The common chromosome representation for our Project 

Selection and Scheduling problem that would be used by NSGA-II is: 
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where     {
                                                
                                                                               

} 

  

However, when we perform crossover or mutation, in most cases we immediately lose 

feasibility. For example, suppose we wish to crossover two solutions X1 and X2, where 

the randomly selected number of projects to crossover is 1 and: 

 

   [

   
   
   
   

]  and     [

   
   
   
   

] 

Even if the crossover is performed by moving entire rows (in order to avoid violating 

unique projects constraint), we can obtain the outcome illustrated in Figure 5.2: 

 The budget constraint might be violated by starting several projects in the same 

period (period 2 in this example). 

 If there is a precedence constraint of 3⟶2 (project 3 has to be completed before 2), 

this type of constraint can also be violated. 
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   [

   
   
   
   

]                [

   
   
   
   

] 

 

   [

   
   
   
   

] 

Figure 5.2 
Crossover Example 1 

 

The remedy for this situation, as suggested by Deb [1], is to introduce the feasibility 

consideration in the fronts generating procedure. In this case, when evaluating the 

dominance of one solution over the other, an infeasible solution will be always 

dominated by a feasible solution.  However, over the course of many NSGA II iterations 

the algorithm loses too much time in finding a feasible solution – most of the solutions 

evaluated in our early experiments were infeasible due to the multiple constraints 

present that link both projects and time periods. 

 

To avoid these difficulties we decided to employ the Random Keys concept.  

Bean et al. [89] describe Random Keys as a “…representation that encode a solution 

with random numbers. These values are used as sort keys to decode the solution. 

Random keys eliminate the offspring feasibility problem by using chromosomal 

encodings that represent solutions in a soft manner. These encodings are interpreted in 

the objective evaluation routine in a way that avoids the feasibility problem.” 
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Under this representation, the two chromosomes above might be represented by the 

vectors:  

 1 0.9674 0.4673 0.2370 0.0321Key 
 

 2 0.5737 0.2230 0.1597 0.7192Key   

where each element is a random variate with uniform distribution between 0 and 1. 

Each one of these vectors is initially decoded as sort keys, called Rank, which 

corresponds to a permutation of the projects being considered. In the example given 

above,  

 

     [                             ]              [        ] 

 

We will now describe the crossover and mutation operations with the Random Keys. In 

Section 5.4, we present the Greedy Decoding Algorithm, a procedure that decodes this 

Random Key and its related Rank into a feasible Project Schedule (solution). In Section 

5.5 we will also discuss some advantages and disadvantages of using the Random Keys 

versus the traditional matrix representation of the project scheduling solution. 

 

5.3.1   Crossover 

 

Two chromosomes are randomly selected for crossover procedure with a crossover-

probability (usually around 0.8 – for our experiments this input parameter is 

established in Chapter 6).  Given that two particular chromosomes have been scheduled 

for crossover (Key1 and Key2 in Figure 5.3), then a random number of elements from 
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each chromosome is selected (for this example, let’s assume the two first elements in 

these chromosomes have been selected).  The crossover is then performed as 

illustrated in Figure 5.3: the two elements are taken from Key1 and substituted for the 

two elements in Key2, generating Key3.  

 

 

 

 

 
Figure 5.3 

Crossover Example 2 
 

 

5.3.2   Mutation 

 

As in crossover, one chromosome is randomly selected for the mutation procedure with 

a mutation probability usually around 0.05 – for our experiments this input parameter 

is also set in Chapter 6.  

For this chromosome that has been selected for mutation (Key1 in Figure 5.4), a random 

number of elements is selected (for the Figure 5.4 example, let’s assume two out of four 

elements). Then new values for these selected elements are generated as shown in 

Figure 5.4 creating the new random key Key2. 

 

 

 1 0.9674 0.4673 0.2370 0.0321Key 

 2 0.5737 0.2230 0.1597 0.7192Key 

 3 0.9674 0.4673 0.1597 0.7192Key 
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Figure 5.4 

Mutation Example 1 
 

 

5.4 Greedy Decoding Algorithm 

 

The main advantage of Random Keys is the ability to decode the chromosome into a 

feasible solution. With this purpose in mind we developed the Greedy Decoding 

Algorithm. 

 

5.4.1 Simple Greedy Decoding 

 

The initial Greedy Decoding Procedure is presented in this section. A number of 

enhancements that significantly improved its performance are described in Section 5.4. 

The input for the Greedy Procedure is the vector of random keys, decoded into a 

sequence called Rank, as explained in Section 5.3. For example:  

 

     [                             ]              [        ] 

 0,1U uniform

 2 0.0146 0.2891 0.2370 0.0321Key 

 1 0.9674 0.4673 0.2370 0.0321Key 

 ~ 
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The initial greedy heuristic first randomly selects an objective function with respect to 

which the schedules will be evaluated. The algorithm then considers the projects one by 

one, in the order in which they appear in the Rank. Each project, when selected, is 

tentatively scheduled to begin in the time period that generates the best value for the 

objective function following the traditional greedy philosophy. Once the project has 

been tentatively scheduled, all constraints are checked to determine whether this 

assignment is feasible or not. If any constraint is violated, the project is tentatively 

rescheduled to the time interval that yields the next best value of the randomly chosen 

objective. If no interval permits a feasible assignment, this project is discarded and the 

next project in the sequence is selected.  The pseudocode is given in Figure 5.5 using the 

notation defined in Section 5.2. 

 

Note that due to the random nature of the Greedy Heuristic (in the selection of the 

objective function to consider making its decisions), each chromosome of random keys 

could be potentially decoded into several feasible schedules. Similarly, it is possible that 

a given feasible schedule can be represented by multiple chromosomes of random keys. 

This highlights the tradeoff at the heart of the random keys approach; it greatly 

enlarges the search space of the GA, but guarantees feasible solutions after application 

of the mutation and crossover operators. 

 

The number of operations to check feasibility is:  (        )    , where T is the 

number of periods and n is the number of projects. 
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Randomly assign one of the m objective functions to each i, obj(i) 

 
For each element of the key, starting with the lowest-ranked element, select the corresponding project i* 
               For t=1:T  

                       Select t*, such that bi*obj(i)t*>biobj(i)t   i,t, where j is randomly selected  
                       Do xi*t*=1 
                       Evaluate feasibility 
                       If not feasible 
                              Do xi*t*=0, and do not consider t* again 
                              Else, break for 
                       End if 
                End for 
End for   

  

 
Figure 5.5 

Pseudocode for Simple Greedy Procedure 
 

With this method, all solutions generated from the sequences derived from the Random 

Keys are feasible solutions. This is due to the feasibility evaluation performed in the 

Greedy Algorithm; if a particular project is scheduled for a time period and the 

feasibility evaluation fails, then the project will not be scheduled for this time. 

 

In Figure 5.6, we can observe all feasible solutions, as well as the solutions that the 

Initial Greedy procedure provides when fed with all random keys created by 

enumeration. This figure also shows that the Greedy Procedure does not generate all 

feasible solutions for a given instance. The method does, however, generate a significant 

number of solutions that are part of the optimal Pareto Frontier, as well as solutions 

that are close to the Pareto-Optimal solutions 
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Figure 5.6 
Feasible Solutions and Greedy Solutions 

 

5.4.2 Improvements to the Greedy Decoding Algorithm  

 

Two significant improvements were made to the initial Greedy Decoding Algorithm 

which are mentioned below. 
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Randomly assigned criterion 

Initially, the criterion with respect to which the time periods are selected for a given 

project was assigned randomly at the beginning of the Greedy Algorithm as presented 

in Figure 5.7. The enhancement focused on randomly selecting a new objective function 

every time a different project was picked up from the Rank. With this change, the flow 

of the algorithm was updated as shown in Figure 5.7 

 

 

 

 

 

 

 

 

Figure 5.7 
Flowchart for Adjusted Greedy Heuristic 

 

The reasons behind this enhancement is to create diversity in the solutions generated 

by the Greedy Procedure. When only one criterion was used through the entire Greedy 

procedure, the output solutions were clustered in the one-criterion optimum regions. 

However, when using the enhanced Greedy Procedure, the Pareto Frontier is better 

defined, as can be observed in Figure 5.8.   
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Figure 5.8 
Original vs Enhanced Greedy Solutions 

 

 

Partial initial feasibility adjustment 

In order to improve the time performance of the procedure, we created a pre-step, 

where each precedence constraint is evaluated and the random key adapted, if 

infeasible. In this way, iterations on infeasible solutions are avoided, which is reflected 

in the overall time performance of the method. The following example illustrates the 

operation of this pre-step. 
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Criterion 1 

C
ri

te
ri

o
n

 2
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A possible random key decoded into a rank could be:      [     ] 

For the same instance, the precedence relationship is established in the following 

matrix: 

                   [
   
   
   

] 

 

These  precedence constraints translate into the requirement of project 1 running 

before project 2 and project 3 running before project 1, i.e.: 

3⟶1⟶2 

 

From our Rank, we know that the Greedy procedure will try to schedule project 2 first 

(priority 1), which eventually will result in a loss of computational time, since all 

solutions scheduling project 2 before project 1 will be infeasible. To avoid this we 

rewrite the Rank as:      [     ]; where all the tentative project 2 assignments and 

feasibility evaluations will be skipped.  

 

To test the time improvement, we created two instance configurations: 

 

 Instance Configuration A: 30 projects and 12 time periods 

 Instance Configuration B: 50 projects and 12 time periods 

 

Then we created 10 random instances for each of these configurations, producing in 

total 20 test instances. We ran 100 Greedy Procedure replicates times on each instance, 
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generating the results summarized in Table 5.1. A detailed description of how these 

instances were generated is presented in the next chapter together with the full 

experimental design. The improvement, even though does not look significant in terms 

of absolute time (seconds) does represent from a 5% to a 12% time decrease. To be 

able to appreciate this enhancement, we remind the reader that a Greedy run is 

performed for each chromosome, at each iteration of the PS-NSGAII, making any saving 

in time significant. 

Table 5.1 
Adjusted vs Original Greedy Run Times (sec) 

 

 

 

Initial Population 

The initial population is also created with the Greedy Decoding Procedure. We generate 

RN (N being the size of the population and R a previously established input parameter) 

random chromosomes and run them through this algorithm. This allows the PS-NSGA II 

to start the genetic algorithm search from a very good initial population. 

 

An example of the initial population and the following iterations is presented in Figure 

5.9. This example is for an instance with 20 projects and 6 time periods. The stars come 

from the initial population and the circles represent the solutions obtained in the next 

two iterations. 

 

Instance Adjusted Greedy Original Greedy % Improvement

30x12 0.0537 0.0607 12%

50x12 0.3682 0.3864 5%
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This illustrates how the initial population from the greedy procedure can create a stable 

starting point that decreases the number of iterations needed to achieve the established 

stopping criterion. 

 

 

Figure 5.9 
Initial Population and Posterior Iterations 
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5.5 Conclusions 

 

The purpose of the creation of the PS-NSGA II is to deal effectively with the constraints 

in this Multicriteria Project Scheduling problem. 

 

With this purpose in mind, we developed a new metaheuristic based on the popular 

NSGA II approach by implementing the Random Keys approach as well as a specifically 

formulated Greedy Decoding Procedure. The main advantage of this Greedy Procedure, 

together with the Random Keys concept, is the guarantee for feasibility; the main 

disadvantage is the enlarged search space of random key vectors, and the inability of 

the greedy procedure to generate all feasible solutions as shown in Section 5.4.1. 

However, preliminary experiments indicate that using this greedy procedure in tandem 

with the random key chromosomes allows a substantial number of solutions close to 

the Pareto frontier to be generated. 

 

So far we have demonstrated the main advantage of our PS-NSGA II: all solutions that 

are produced by our metaheuristic are, in fact, feasible. However, to explore the 

performance of the procedure in more depth, computational experiments evaluating 

solution quality as well as computational time, need to be performed. This leads us to 

Chapter 6. 
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CHAPTER 6:    

EXPERIMENTAL DESIGN 

 

 

In this Chapter, the computational experiments used to test the quality of the solutions 

produced by the PS-NSGA II versus NSGA II, as well as its CPU time performance, are 

detailed. The random instances used for this experimentation are presented in Section 

6.1. We performed initial experiments to determine parameter settings for the full 

experiment; these pilot experiments are presented in Section 6.2. Section 6.3 presents 

the full experimental design, while Sections 6.4 and 6.5 present the results obtained 

evaluating the quality of the solutions and the time performance, respectively. Final 

conclusions are given in Section 6.6. 

 

 

6.1 Random Test Instances Generation  

 

Due to the unavailability of actual data we will explore the computational performance 

of our algorithm through computational experiments with randomly generated test 

instances. The mathematical formulation and the associated notation presented in 

Chapter 4 is restated here for the reader’s convenience. 
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where 

xit is a binary decision variable that takes value of 1 if project i is being started at period 

t 

bijt is the benefit generated by investment in project i during period t for criteria j 

uik is the reduction in the investment generated by synergy among project i and k if 

started at the same time (these values cannot be negative) 

S is the set of all interdependencies of projects 

Qi is the set of all projects that must be started before project i 

cil is the investment needed for project i during its lth period of execution  

rw budget available for period w 
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yw funds available at the beginning of period w 

di duration of project i 

 

We will now describe the generation of these parameters which are required to define a 

problem instance. We used uniform distributions (both continuous and discrete) in 

order to have better control of the values for these parameters and reduce the 

possibility of a bias in the instances that might generate preference for one of the 

comparing algorithms. In particular, the uniform distribution assigns equal probability 

to extreme values, allowing for the generation of quite diverse problem instances. 

 

We begin by generating the contribution of each project i to objective function 1, bi1t, as 

a random variate from a continuous uniform distribution in the interval (0,100). 

 

The contribution of the project to the second objective, bi2t, is a random variate that is 

generated involving bi1t such that  2 1100 * 0,1i t i tb b ContinuousUniform 
.
The idea 

behind this generation of bi1t is to create conflicting objectives functions 1 and 2. 

 

To obtain the savings obtained uik by starting projects i and k in the same time period, 

we first randomly generate the number of interdependencies to include in this matrix. 

This is generated using a discrete uniform distribution whose parameters are also 

randomly generated as follows 

 
~ 0,

3,6

n
N DiscreteUniform round

DiscreteUniform
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where n is the total number of projects. The number of interdependencies must be 

related to the number of projects in the instance. In order to have a high variation in the 

number of interdependencies in each randomly generated instance, the upper bound on 

this discrete uniform distribution is also a random variable. 

 

Then, to generate the matrix with N interdependencies, we use the pseudocode given in 

Figure 6.1. 

 

For m=1 through N 
Sav ~ ContinuousUniform(0,100) 
I1 ~ DiscreteUniform(n) 
I2 ~ DiscreteUniform(n) 
Min = minimum(I1, I2) 
Max = maximum(I1, I2) 
uMin,Max=Sav 
End for 

 

Figure 6.1 
Pseudocode for Generation of Interactions Matrix 

 

Through this procedure, we randomly select the pair of projects that will have the cost 

reduction (positive always) which are Min and Max, and also randomly generate the 

total cost reduction Sav. We make the distinction between a higher project number in 

order to use only the upper triangle of the savings matrix to save computational time 

during the main algorithm run. 

 

The qik are then generated as suggested by Hall and Posner [91] using the D parameter 

defined as the target density of the precedence constraint graph. 
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   {   (   )                                         } 

     {   (   )                                         } and calculated as 

following: 

    
 (   )     

   (  (   )     )
 

 

The cil are random variates with Continuous Uniform distribution in the interval (0,100) 

Budgets per time period rt are randomly generated with the following formula, in which 

we try to relate the available budget to the number of projects we have. This attempts 

to ensure that the budget constraint will be restrictive enough such that the problem 

instance will not be trivial to solve, but not so restrictive that there are no feasible 

solutions. If we have 20 projects, and the cost for a project for a particular period is 

uniformly distributed in the interval (0,100); then the available budget for time t is a 

uniform random variate in the interval (0,100) multiplied by a discrete uniform random 

variate in the interval (1,10), ensuring that, on average, the available budget will be 

enough for 5.5 projects. 

 0,100 * 1,
2

t

n
r ContinuousUniform DiscreteUniform round

  
   

  
 

The duration di of project i is a discrete uniform variate distributed in the interval (1,T) 

where T is the number of periods in the planning horizon.
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6.2 Initial Experimentation to Identify Parameter Settings  

 

To perform this exploration of both  NSGA II and PS-NSGAII and their comparisons, 

some initial computational experiments were run. In order to run these computation 

experiments, several extended Matlab functions and codes for generation of random 

instances as well as the experiments themselves were developed. An additional value of 

this initial experimentation is the generation of solutions from both algorithms (NSGA II 

and PS-NSGA II), as well as the real Pareto frontier by an enumeration algorithm. The 

evaluation from this initial experimentation is presented below. 

 

As an initial approach, a statistical analysis of a small experiment was performed for the 

computation time as well as the number of non-dominated solutions obtained. The 

experimental design is summarized in Table 6.1, where level represents the number of 

different values each factor is assigned in the experiments. 

 

Factors Definition (Table 6.1): 

 Two algorithms are compared: PS-NSGA II and NSGA II. 

 Population size represents the number of chromosomes at each iteration of the 

genetic algorithm.  

 The iteration factor is used to compute the number of iterations in a particular run 

by the following formula: 

Iterations = Iterations Factor * Population Size 
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Instance Configuration: 

 We used an instance configuration with 10 projects and 6 time periods 

 We created 5 instance replicates 

 The instance size is relatively small, due to the need to create an exact Pareto 

Frontier at this stage of the testing. 

As just stated, our interest here was also to generate the real Pareto frontier by an 

exact algorithm and compare both NSGA II and PS-NSGA II to the real frontier as 

described in a further step of this section. Due to the computational complexity, it 

was not possible to generate the complete Pareto frontier for larger instances, (i.e. 

more than 20 projects). 

 

It is relevant to mention here that the settings that will be defined here will be applied 

to both NSGA II and PS-NSGA II in order to not to bias our research. 

 

Table 6.1 
Initial Experimental Design 

 

 

 

 

Factor/Level Level 1 Level 2 Level 3

Algorithm PS-NSGA II NSGA II

Crossover/Mutation 

Probabilities
0.08/0.02 0.09/0.01

Population Size 5 10 15

Iteration Factor 2 4 10



88 

 

Results Analysis  

Initial analysis of the results indicated that the normal distribution of the error terms 

required for the use of formal Analysis of Variance (ANOVA) techniques [92] is not 

satisfied.  Because of this, we will not be able to continue with Analysis of Variance, but 

we perform other statistical and graphical analysis. 

 

Figure 6.2 shows the effects of the main factors on the dependent variable in our 

experiment, the number of non-dominated solutions generated. We can observe that 

the Iterations Factor and the Population must be included in the Comprehensive 

Experimentation, while the Crossover and Mutation probabilities do not seem to have a 

significant impact on the performance of the algorithms.  
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Figure 6.2 
Factor Effects on Number of Nondominated Solutions  
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The enumeration codes (referring to an exact solution to this problem) together with 

our algorithms were used to compare the solutions obtained by both algorithms and 

the complete set of efficient solutions generated by the enumeration (an exact solution 

approach). For these experiments we used 5 instance replicates (for the same instance 

configuration previously stated) with 5 algorithm replications for each instance due to 

the random nature of the GAs.  

 

The crosses in Figure 6.3 correspond to the exact Pareto frontier obtained by the 

enumeration algorithm, the circles represent PS-NSGA II solutions and the diamonds 

NSGA solutions.  It can be observed that the PS-NSGA II algorithms yield solutions 

significantly closer to the Pareto frontier in fewer iterations. 

 

From this initial experimentation, we can detect a better behavior of the PS-NSGA II in 

terms of number of non-dominated solutions and their closeness to the real Pareto 

frontier. We also determined which factors are going to be included in the 

computational experiments and which ones need not. In the following section, we 

present a larger computational experiment examining the performance of the algorithm 

in more detail. 
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Figure 6.3 
Solutions obtained by PS-NSGA II, NSGA II and Enumeration Algorithm 

 

 

6.3 Experimental Design 

 

We evaluate the performance of the different algorithms, NSGA-II and PS NSGA II, on 

the basis of both solution quality and CPU time. The discussion of solution quality is 

clearly complicated by the multiobjective nature of the problem. We decided to evaluate 

it as defined in Section 6.4 and as recommended by Viana and Pino [72] and Hansen 

[63].  Some discussion is also provided in Section 2.3.4 of this document.   

 



91 

 

The NSGA II algorithm was implemented as stated in section 5.2 in this thesis, more 

specifically, the chromosome was defined as: 

11 12 1

21 22 2

1 2

T

T

n n nT

x x x

x x x
X

x x x

 
 
 
 
 
   

where the solution value is an m-dimensional vector; m is the total number of objective 

functions, obtained by evaluating the solution matrix for each criterion and T is the 

number of time periods.  

 

The PS-NSGA II algorithms was implemented as defined in Chapter 5 in this document. 

After careful consideration and multiple preliminary experimentations, this was the 

final experimental design: 

 

Instance Factors: 

 

The instance factors that were deemed significant to include in the full experimental 

designed are stated in Table 6.2.  

 

The Budget level represents the tightness of the budget each time period, ½ being less 

tight than 1. The interdependence parameter D is used as defined in Section 6.1 of this 

Chapter. 
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Table 6.2 
Instance Factors 

 

 

 

As we implemented a factorial experiment, for each instance factors combination, we 

created 5 instances, having 80 instances in total for this experiment. 

 

Algorithm Factors: 

 

Similarly to instance factors, the algorithm factors defined as the ones to be explored in 

the final experiment are stated in Table 6.3. 

 

Table 6.3 
Algorithm Factors 

 

 
 

 

 

 

Instance Level 1 Level 2

Num Projects 20 30

Time Periods 6 12

Budget level 1/2 1

Interdependence D~U(0,0.5) D~U(0.5,1)

Factor Level 1 Level 2

Algorithm NSGA PS-NSGA

Population 20 50

Stopping Settings 5-5 8-3

Epsilon 0.01 0.1
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The stopping setting is composed of two elements: 

 Number of new non-dominated solutions: the minimum number of non-dominated 

solutions in the new population for the algorithm to continue iterating 

 Number of iterations to stop: the minimum number of consecutive iterations during 

which the algorithm did not find at least the minimum number of better solutions 

previously defined 

 

The parameter ε is used in the dominance evaluation:  solution x dominates solution y if 

 
  ( )     ( ) 

  ( ) 
        and 

 
  ( )     ( ) 

  ( ) 
     at least for one j 

 

Due to the random nature of the GAs each algorithm was run on each instance three 

times with independent random number seeds. These runs were performed on a 

computer with the following characteristics: Lenovo, Intel® Core™ i7-2620M CPU@ 

2.7GHz with 8GB RAM. The MATLAB version used was version 7.8.0 (R2009a). 

 

 

6.4 Analysis of Solution Quality 

 

In this research, the quality of solutions is measured by the percentage of non-

dominated solutions obtained in each run of each algorithm that belong to the 

approximate Pareto frontier consisting of all the non-dominated solutions obtained by 

all algorithms for that particular instance.  
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As discussed in Chapter 2, there are several approaches to assessing the quality of 

Multicriteria Metaheuristics. Due to the particular characteristics of our instances and 

algorithms, we decided to adopt Hansen’s [93] approach. For a given instance, the 

solutions from all different runs from both algorithms (for different number of 

iterations, population, etc…) are collected. The non-dominated frontier procedure is 

performed in order to obtain front 1, which becomes the reference Pareto frontier. 

Then, for each run, the percentage of solutions that belong to this reference Pareto 

frontier is considered as the response variable in this experiment. 

 

Assumptions Validation  

Before continuing with ANOVA analysis for factors significance, verification of the 

Residual Assumptions was performed. Examining the assumptions related to constancy 

of the variance of the error terms, as well as independency of the error terms, we can 

conclude that our data do satisfy those assumptions. However, regarding the normal 

distribution of the error terms, the Anderson-Test gave a P-value of 0.05. According to 

this value, we must reject the null hypothesis that the residuals are normally 

distributed. Due to the failure to satisfy the third assumption, we are not able to further 

continue with statistical analysis using ANOVA. Some transformations, as square root 

and logarithm, were performed in other to normalize the residuals; the behavior did 

improve, however the assumption was still not met. Hence, to be able to analyze the 

outcome of the experiments, other graphical analysis will be explored as well as 

Wilcoxon ranked tests. 
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Algorithms Comparisons 

All of the solutions obtained by PS-NSGA II dominate those obtained from NSGA-II.   As 

decided in the initial experimentation, the setting for both NSGA II and PS-NSGA II were 

the same (i.e., crossover, mutation probabilities, etc.). This can be observed in Figure 

6.4. 

 
 

Figure 6.4 
Average % of Non-Dominated Solutions by Algorithm 

 

Table 6.4 presents the overall average percentage of non-dominated solutions broken 

down by the population size. We observe that while the size of the population impacts 

the quality of solutions of the genetic algorithm, the time consumed for higher 

population size based approach is much higher too, as we will confirm in a later section. 

 
Table 6.4 

Impact of the Population Size on % of NDS 
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Table 6.5 
Wilcoxon tests (P-values) for % of NDS  

 

 

 

Both Table 6.5 and Figure 6.5 represent the analysis of impact of all factors on our 

response variable: percentage of non-dominated solutions.  

 Main significant factor is the algorithm (from Table 6.5), where PS-NSGA II clearly 

outperforms the NSGA II (from Figure 6.5). 

 Although considerably less than the algorithm factor, the population still has some 

influence in this response variable, and as expected and observed in Figure 6.5, by 

increasing the population size, there is some improvement in the quality of the 

solutions. 

 Other factors as epsilon and number of projects in the instance configuration 

apparently have some minor impact, but definitely not as significant as the main 

factor – the algorithm. 

 On average, the interdependence factor seems to be influencing the response 

variable in the graphical analysis, with higher interdependence making it harder to 

obtain a high proportion of nondominated solutions. 

 

P-value

Algorithm 5.93E-271

Population 9E-09

Stopping Settings 0.7358

Epsilon 0.0023

Projects 0.00003

Time Periods 0.9226

Budget Level 1.49E-04

Interdependence 0.4151

Algorithm 

Factors

Instance 

Factors

Factors
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Figure 6.5 
Factors Influence on % of Non-dominated Solutions 

 

The only relevant interaction among factors we detected for this response variable is 

shown in Figure 6.6. PS-NSGAII seems to be slightly more sensitive towards the 

interdependence in the instance configuration. 
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Figure 6.6 
Factors Interaction on % of Non-dominated Solutions 

 
 
 

6.5 Analysis of Time Performance 

 

Assumptions Validation  

For the assumptions validations, it can be concluded that the error terms in this model 

satisfy the Independence assumption. However, in the graph generated to check the 

constancy in the variance of the error terms, a quadratic pattern can be observed, due 

to which the assumption cannot be validated. Additionally, in the Anderson-Darling 

test, the P-value is again 0.005, which means rejecting the null hypothesis of normal 

distribution of the error terms. Due to the violation of the linear model assumptions, we 

will not proceed with regular statistical analysis such as ANOVA, but will continue with 

graphical analysis, Wilcoxon tests and exploration of the computational experiments. 
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Algorithms Comparisons 

Table 6.6 summarizes the average times (in seconds) for each algorithm by the main 

instance factors. NSGA II outperforms PS-NSGA II in computational time, but as 

explored in previous section, this is supported by the improvement in solutions quality. 

Additionally, an average time of 133 seconds (versus 74 seconds for the NSGA II) for the 

larger instance is an acceptable run time, given the quality of solutions as presented 

before. 

 
Table 6.6 

Computational Time (seconds) by Instance and Algorithm 
 

 

 

Table 6.7 
Wilcoxon tests (P-values) for CPU time (sec) 

 

 

 

PS-NSGA II NSGA II

20 projects 62 39

30 projects 133 74

6 time periods 72 35

12 time periods 124 77

98 56OVERALL
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P-value

Algorithm 1.49E-04
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Stopping Settings 6.25E-25
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Time Periods 8.15E-64
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Table 6.7 and Figure 6.7 summarize the factor influences over the CPU time. The main 

significant factors are naturally the population size and the instance factors as number 

of projects and time periods.  

 

However, another important factor that comes into play is the Stopping Settings factor - 

a factor we will be exploring further in the next chapter and using as a means of further 

improving the performance of our PS-NSGA II. 

 

When comparing the algorithm factor’s P-value with the other factors’ P-values, we can 

conclude that, while still significant, its contribution is much less influential on this 

response variable.  

 

Figure 6.7 helps understand the overall tendencies in terms of the averages for the 

levels of these factors. 
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Figure 6.7 
Factors Influence in CPU Time 

 

No significant interactions for the CPU time response variable were detected. 

 

In Figure 6.8, a general dispersion plot of average % of non-dominated solutions vs the 

CPU time is presented. Each point represents a combination of an algorithm settings 

(population size, epsilon value, etc.) and instance configuration (number of projects, 

budget size, etc.). While a few outliers are observed, we must remember that many 

other factors are influencing both, CPU time and our quality response variable, which is 

why this plot does not present a significant pattern. For example, the factor number of 

projects is a factor that increases the CPU time but decreases the quality of the 

solutions, therefore this plot is only informational at an overall level and cannot 

represent the relationship between CPU time and quality. 
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Figure 6.8 
CPU Time vs % NDS Scatter Plot 

 

 

6.6 Conclusions 

 

In this chapter we detailed the computational experiments for the PS-NSGA II. The 

quality of the solutions, measured by the fraction of solutions belonging to the 

reference set has been significantly improved with this new multicriteria metaheuristic 

for constrained project scheduling.  

The computational time for the run of this new metaheuristic is tested and falls in an 

acceptable range.  

 

Since the stopping criterion is a relevant factor and one we can control, it will be further 

explored in the next Chapter as a mean of improving CPU time and possibly the quality 

of solutions. Given the multicriteria nature of our problem, we will be exploring the 
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possibility of creating a new stopping procedure based on statistical analysis of the 

population sample at each iteration. 
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CHAPTER 7 

STATISTICAL STOPPING PROCEDURE 

 

 

In this chapter we present a new approach for a stopping procedure in a genetic 

algorithm – a statistical approach. In Section 7.1 we explain the motivation to develop 

such an approach as well as an overview of the procedure. Sections 7.2 through 7.4 

detail the relevant steps in this approach. Section 7.5 presents experimental design and 

the results that sustain our recommendation for the use of this procedure and Section 

7.6 closes the chapter with conclusions. 

 

 

7.1 Motivation  

 

After having analyzed the behavior of the Project Scheduling Non-Dominated Sorting 

Algorithm (PS NSGA II), we found that exploring the data structure at each iteration of 

the genetic algorithm could give us useful information that could help improve the 

efficiency of our algorithm and so reducing the computational time or increasing the 

quality of the solutions. This can be achieved by introducing a statistical stopping 

criterion. With this motivation in mind, we started exploring the behavior of the 

populations of the genetic algorithm. 
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However, after some experimentation and data analysis (with improvement of the 

performance of our algorithm in mind) we realized that, given the multicriteria nature 

of our research, it would be more beneficial to understand the pattern of the data 

(solutions). This was achieved by fitting a multivariate distribution to the values of the 

different objective functions. Then, using this multivariate distribution, we estimated 

the probability of generating new non-dominated solutions in the next iteration. This 

probability can then be used as a stopping criterion in our genetic algorithm, 

terminating the procedure when the probability of finding additional nondominated 

solutions has become sufficiently small. 

 

Now we will state the overall process used in our statistical stopping procedure. The 

individual steps will be detailed in subsequent sections. 

 

 

Statistical Stopping Procedure Steps: 

1. Fit a multivariate distribution to the sample data, which is obtained from the genetic 

algorithm populations at certain iterations (only those previously defined). 

2. Estimate the parameters for this distribution. 

3. Generate a random sample, using the multivariate distribution. 

4. Estimate the probability p of generating new non-dominated solutions. 

5. Use this probability p as a stopping criterion when comparing with a predefined 

parameter α. 

 

The decision with regard to the multivariate distribution function we decided to select 

for our experiment is discussed in Section 7.2. The method used to generate the random 

sample and the estimation of the probability of finding additional nondominated 
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solutions is detailed in Section 7.3. Different approaches to use this probability as a 

stopping criterion are discussed in Section 7.4. 

 

7.2 Bivariate Distribution Fitting 

 

To select the bivariate distribution (bivariate random variable) that would have the 

best fit to the sample of solutions extracted at each iteration of the genetic algorithm, 

we employed Scott’s method [94] to calculate the width of the bins for the bivariate 

histogram and then apply the well-known chi-square lack-of-fit test [95].  Scott derives 

the formulas for the bin widths by minimizing the integrated mean squared error that 

represents a global error measure of the histogram estimate [96]. 

 

We applied this method to the most commonly used and distributions as Bivariate 

Normal, Bivariate Exponential, Bivariate Weibull and Bivariate Beta. The final choice 

was Weibull distribution as supported below.  

 

Bivariate histograms: 

 

We calculated the width for each bin for the bivariate histogram using this approach: 
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where:  

wk is the width of the kth criterion 

sk is the standard deviation of the values of the kth criterion  

n is the number of solutions at each iteration 

 

The reader can observe an example of some of the bivariate histograms we created. 

Figures 7.1 and 7.2 represent two different instances: 30 projects - 6 time periods and 

30 projects – 12 time periods. We created plots for more instances with the same 

conclusions as those shown here. Due to the strong lack of fit of the bivariate 

Exponential distribution, the plot is not shown in this diagram. The matrices below each 

plot represent the frequency distribution for each bin. 

 

 

Figure 7.1 
Bivariate fits for iteration 1 of a 30x6 instance 
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Figure 7.2 
Bivariate fits for iteration 5 of a 30x12 instance 

 

We observed that the bivariate Weibull seem to follow the pattern of the solutions 

better, while the bivariate Normal does not account for any skewness and the bivariate 

Exponential seems to have a very aggressive lift in the corners of the pattern data. 

 

However, to be able to quantify and have a stronger basis to finally take a decision 

regarding a better distribution, we used the chi-square lack-of-fit test [95]. 

 

Chi-square lack-of-fit test: 

 

The chi-square statistic was calculated as follows: 
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   ∑∑
(         )

 

    

  

   

  

   

 

 

where: 

     is the number of solutions at a particular iteration in the bin (   ) 

     is the expected number of solutions in the bin (   ) given a specific bivariate 

distribution 

mk is the number of bins in the criterion k 

 

The test hypotheses in this scenario are: 

 

H0: Data are distributed with the proposed bivariate distribution 

HA: Data do not follow the proposed bivariate distribution. 

 

We present here results for this test for two instances (20 projects and 12 time periods 

and 30 projects 12 time periods) – five iterations (populations) for each instance. 

 

In Tables 7.1 and 7.2 we give the values of the chi-square statistics and the 

corresponding p-values for each bivariate distribution for these five iterations (i.e., five 

different solution populations). As observed in both Tables – 7.1 and 7.2 - we don’t have 
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enough evidence to conclude that the Weibull bivariate does not fit the data pattern. 

Additionally, based on visual criteria it seems to be the best distribution by far. 

 

Table 7.1 
Chi-square statistics values for 5 iterations for a 20x12 instance 

 

 

 
Table 7.2 

Chi-square statistics values for 5 iterations for a 30x12 instance 
 

 
 

 

7.3 Bivariate Random Number Generation and Probability Estimation 

 

Before the Weibull distribution was concluded to be the best and the most flexible fit, 

many specific techniques for beta bivariate random variable generation [97-101] were 

tested as this distribution was thought to be also flexible and easily adjustable to our 

population, which proved not to be the case.  

1 2 3 4 5

Chi-square 460.00 442.00 383.00 298.00 354.00

P-value 0.00 0.00 0.00 0.00 0.00

Chi-square 18.32 1.87 7.69 14.44 7.33

P-value 0.00 0.76 0.10 0.01 0.12

Chi-square 4.25E+08 381.11 4.25E+08 4.25E+08 2.56E+08

P-value 0.00 0.00 0.00 0.00 0.00

Bivariate Normal

Bivariate Weibull

Bivariate Exponential

ITERATION
DISTRIBUTION

1 2 3 4 5

Chi-square 1333.00 1286.00 1314.00 1314.00 1308.00

P-value 0.00 0.00 0.00 0.00 0.00

Chi-square 27.82 15.42 27.31 16.41 12.43

P-value 0.09 0.70 0.10 0.63 0.87

Chi-square 2.89E+08 1.69E+08 2.50E+07 2.50E+07 7.98E+02

P-value 0.00 0.00 0.00 0.00 0.00

DISTRIBUTION
ITERATION

Bivariate Normal

Bivariate Weibull

Bivariate Exponential
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We explored several approaches to generate bivariate random variables, including the 

possibility of developing the conditional function for the  Sarmanov type of bivariate 

distributions [102]. In this case, however, no closed form expression could be formed 

for the distribution explored. An algorithm suggested by Cruz at al [9] was applied to 

some bivariate distributions that are detailed in section 7.3, with no useful results.   

 

Eventually, it was found that the most effective approach to the generation of bivariate 

random variables was the Gaussian Copulas approach.  This method was selected due to 

the underlying statistical theory to support it [103] and the relative simplicity of its 

application. This approach allowed us to test the fits of several distributions as shown 

in the following sections.  Some important definitions, as well as the Gaussian Copula 

method for generation of bivariate random variables are described as following. 

 

Bivariate copula: 

 

If f is a 2-dimensional joint distribution function with 1-dimensional marginals F1 and F2 

then there exists a function C (called a "bivariate-copula") such that: 

 

   (   )   (  ( )   ( ))   (   ) [103] 

 

where   ( )       ( ) are cumulative distribution functions for random variables X 

and Y, respectively.  
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More intuitively, the copula can be defined as the joint cumulative distribution function 

of random variables X and Y. The main use of copulas is the estimation of joint 

multivariate distributions and the correlation among the random variables. 

 

The multivariate Gaussian copula arises when 

 

   (   )   (   ) [ ] 

 

where  (   ) is the cumulative bivariate normal distribution. 

 

This popular statistical concept is used in the following standard procedure to generate 

bivariate random variates (which we apply in our method). Strelen et al. [104] provide 

statistical support for this method. 

 

1. Given N solutions at a particular iteration, calculate the correlation among both 

criteria. 

2. Generate N random pairs from a Gaussian copula:  

 

 (   )  
 

  (    )   
∫ ∫  

 
(          )

 (    )
    

  

    
   ( )

  

 

 

using the linear correlation previously calculated in Step 1. These pairs are   generated 

with the conditional distribution function approach detailed by Strelen [104]. 
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The result of this step is an     matrix where each column is a sample from a 

Uniform(0,1) marginal distribution, but each pair has been generated taking the 

correlation between the elements of each pair into account.  

 

3. Use the inverse marginal probability distribution function for each element in 

the pair to generate the desired random number. 

 

 

An example of each step is illustrated below.  

1. Assume we have 5 solutions at a given iteration of the GA: 

   

[
 
 
 
 
       
      
       
      
       ]

 
 
 
 

   and      

[
 
 
 
 
       
       
       
       
       ]

 
 
 
 

. 

The correlation among these variables is -0.9572. 

 

2. 5 random pairs are created with this  correlation (-0.9572): 

   

[
 
 
 
 
      
      
      
      
      ]

 
 
 
 

    and      

[
 
 
 
 
      
      
      
      
      ]

 
 
 
 

 

 

3. Using the inverse, for example Weibull, distribution function, the following 

bivariate random sample is created: 
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       (  )  

[
 
 
 
 
      
      
       
      
       ]

 
 
 
 

    and          (  )  

[
 
 
 
 
       
       
       
       
       ]

 
 
 
 

 

 

To estimate the probability p of having non-dominated solutions in the new population, 

we use the following approach: 

 

  
                                          

                         
  

 

where the size of the random sample is the size of the population. 

 

 

7.4 Statistical Stopping Procedures 

 

To introduce the Weibull bivariate distribution and the probability p defined in the 

previous section into the Project Scheduling Non-dominated Sorting Algorithm II, we 

propose several approaches. 
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7.4.1 Pure Statistical Approach 1 

 

The pure statistical approach consists of the following steps: 

1. Given the set of solutions (population Pt) at a particular iteration t, estimate the 

parameters fitting the bivariate Weibull distribution to that set of solution.  

2. Generate the random sample Rt from Pt with the parameters obtained in Step 1. 

3. Run the non-dominated sorting procedure on Rt Pt to obtain the first front F1t. 

4. Estimate the probability pt of generating a new non-dominated solution by 

calculating the percentage of solutions in F1t that belong to Rt.  

5. If pt < α (predefined stopping input parameter) for a consecutive η number of 

iterations, then stop the algorithm; otherwise continue to iterate.  

 

7.4.2 Pure Statistical Approach 2 

 

In this approach, the steps are the same as in Approach 1, but the parameters are 

estimated only if the new population has at least Mα new non-dominated solutions, 

where M is a previously defined input parameter.  

 

The initial objective of this slight modification of the approach 1 was to save time in the 

parameter estimation process by not estimating parameters at each iteration. However, 

after further examination of this approach, it was discovered that by not estimating the 

parameters, the algorithm would keep iterating; i.e., at each iteration, we were 
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generating the random sample with the same parameters, the number of new non-

dominated solutions was very similar to the one from the previous iteration (less than 

Mα) indicating no need to estimate parameters again. This was not a successful 

approach and we did not explore it further. 

 

7.4.3 Mixed Statistical Approach 

 

This mixed approach is composed of two phases: 

 

Phase A: 

During first P1 iterations (where P1 is a previously defined input parameter), all steps in 

Statistical Approach 1 are performed, with α=α1. If after P1 consecutive iterations the 

stopping criterion has not been reached, continue to Phase B. 

 

Phase B: 

If during P2 consecutive iterations, the calculated probability of generating a new non-

dominated solution is greater or equal to α2 (where P2 and α2 are predefined input 

parameters) then change the statistical stopping procedure to the original stopping 

procedure (minimum number of non-dominated solutions in the new population). 
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7.5 Computational Experimentation 

 

To test the efficiency of these new stopping procedures, computational experiments 

were performed. To finally define the experiment stated below, some pilot experiments 

were conducted first, leading to this final experimental design: 

 

Instance Configurations: 

Instance Configuration A: 20 projects, 6 Time Periods 

Instance Configurations B: 30 projects, 6 Time Periods 

Instance Configuration C: 20 projects, 12 Time Periods 

Instance Configurations D: 30 projects, 12 Time Periods 

 

For each instance configuration we created 5 instances, having 20 instances in total for 

this experiment; each one of these instances had: 

 Budget level =1 

 Interdependence coverage distribution ~ U(0.5,1) 

 These settings where selected as these were the ones interacting the most with the 

stopping criterion in the experiment in Chapter 6. 
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Stopping Procedure Configurations: 

 3 Algorithm Replicates 

 Epsilon: 0.01 

 4 stopping procedures, with final evaluations for 2 of them 

 

Stopping Criterion Settings: 

 

Setting 1: 

 

Pure Statistical Approach 1:  

 α=0.15 

  

Standard Approach: 

 For Population 20:  

[4 solutions, 5 iterations] 

 For Population 50:  

[7 solutions, 5 iterations] 

 

Setting 2: 

 

Pure Statistical Approach 1:  

 α=0.05 

 

 Standard Approach: 

 For Population 20:  

[2 solutions, 5 iterations] 

 For Population 50:  

[5 solutions, 5 iterations] 

 

The second stopping procedure (Pure Statistical Approach 2) seemed to lead to cycling 

as explained in the previous section, as no progress was made after getting to a 

particular solution where no parameters were estimated any more as previously 
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explained and the third stopping criterion did not generate good results with respect to 

quality or time performance. The mixed approach was outperformed by both the 

original stopping procedure and the Pure Statistical Approach 1.  Hence results for only 

two of the stopping criteria are detailed in the plot results to be compared. 

 

In summary, the experimental design for the Stopping Criterion Procedure is presented 

in Table 7.3. 

 

Table 7.3 
Experiment Design Summary 

 

 

 

From the Table 7.4, the statistical stopping criterion is outperforming the original 

approach in terms of quality of solutions by allowing the algorithm to run for a higher 

number of iterations. It is important to mention here that to try to minimize some bias, 

we input the same initial population for both approaches. As the number of iterations 

increases, the computational time increases too. 

 
 
 
 

Factor Type Factor Level 1 Level 2

Num. Projects 20 30

Time Periods 6 12

Stopping Procedure Statistical Standard

Stopping Settings Set 1 Set 2

Population 20 50

5 Instance Replicates

3 Algorithm Replicates

Algorithm

Instance
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Table 7.4 
Experiment Results Summary 

 

 

 

This leads to the conclusion that the statistical stopping procedure prevents the PS-

NSGAII from stopping prematurely in the search for non-dominated solutions. 

 

An interaction we detected was among procedure and population as observed in Figure 

7.3; there is more sensitivity in the statistical stopping procedure to the population 

parameter than in the original stopping procedure with respect to the number of 

iterations.  

Stopping 

procedure

Average of 

%Non-

Dominated 

Solutions

Average 

CPU Time 

(sec)

Average # 

of 

Iterations

Standard 3.7% 44 6

Statistical 6.7% 450 62
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Figure 7.3 
Interactions for “Procedure” and “Population” factors 

for Iterations as a response variable 
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Figure 7.4 
Interactions for “Procedure” and “Settings” factors 

for % of Non-Dominated Solutions as a response variable 
 

Another significant interaction detected is the interaction among the Stopping 

Procedure and the Stopping Criterion Settings (i.e., level of α for Statistical approach or 

number of solutions for Standard approach) as observed in Figure 7.4. The Statistical 

Procedure is much more sensitive to the input parameter α, which potentially could 

allow the user to set up a small test experiment to define the final input parameter for 

the full experiment. 

 

 

 

 

Settings

Settings = 1

Settings = 2

1 2

0.04

0.06

0.08

1 2

0.04

0.06

0.08

 

 

Procedure

Procedure = 1

Procedure = 2



123 

 

7.6 Conclusions 

 

We formulate a new statistical stopping procedure for our genetic algorithm PS-NSGA 

II. We observed two benefits of this approach versus the original approach which 

considers only the number of non-dominated solutions in the newly generated 

population. 

 

First, it is more viable and user friendly to set up a parameter α that would be 

compared with the probability calculated at each iteration than to try to approach the 

number of better solutions. The latter quantity will have to vary depending on the size 

of the population, while α is an absolute value.  We have demonstrated through an 

experimental design that: 

 Statistical stopping procedure (for every level of α tested) allows the algorithm not 

to stop prematurely as in the original approach. 

 Even though the statistical stopping procedure runs for a higher number of 

iterations, and hence requires more computational time than the original approach, 

the increase in the quality of solutions is significant. 

 

The second benefit is related to the sensitivity of the behavior of the statistical 

procedure with respect to the input parameter α. This sensitivity allows the user to set 

up a relatively small initial experimental design to test a couple of parameter values and 

finally choose the appropriate one. While in the traditional approach, this lack of 

sensitivity would force the user to perform a higher number of tests. 
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These benefits of the newly developed statistical stopping procedure, together with the 

already demonstrated advantages of the PS-NSGA II in the previous chapters of this 

thesis, will allow an outstanding, effective performance leading to generation of non-

dominated solutions for Multicriteria Constrained Project Selection and Scheduling 

problem.  
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CHAPTER 8 

CONCLUSIONS AND FUTURE RESEARCH 

 

 

8.1 Conclusions  

 

The motivation for this research was to support Michoacan Ministry of Tourism (MTM) 

in their decision making in the Selection and Scheduling of Tourism Projects. We 

successfully implemented Deb’s [9] Non-dominated Sorting Genetic Algorithm to a real 

life scenario – 2010 Projects Selection and Scheduling. We were provided this 

information by the Ministry of Tourism as well as their final decision for our 

comparisons. As a conclusion, considering only the criteria included in the model, the 

adjusted NSGA-II gave better solutions than the solution provided by MTM – all of them 

dominated this solution. In general, most of the projects were similarly selected, with 

the difference of a few highly expensive projects that were selected by MTM, but not by 

our algorithm. It was not possible to continue exploring the implementation of further 

algorithms developed in this thesis at MTM. 

 

Based on this experience we developed a more comprehensive mathematical 

formulation for the Multicriteria Project Selection and Scheduling problem including 

interdependencies between the projects, in terms of synergies, as well as precedence; 

allowing the benefits of a project to depend on the time periods in which it is scheduled; 

and the costs to be time dependent as well.  
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For the solution of this comprehensive formulation, we developed a new metaheuristic 

that dealt with some complications we encountered in the application of the traditional 

NSGA-II to the Constrained Project Selection and Scheduling Problem. NSGA-II devoted 

a considerable amount of time to non-feasible solutions. We applied the highly 

successful Random keys [89] technique to code the solutions for Genetic Algorithm into 

NSGA-II. Then, we developed a specific Greedy Decoding Method that, together with the 

Random Key’s codification of the solutions, never leads the metaheuristic to an 

infeasible solution. 

 

As an initial approach to computational experiments, for several instances, we 

generated the optimum Pareto frontier by an enumeration algorithm in order to assess 

the NSGA II and the Project Scheduling NSGA II (PS-NSGA II). The performance, in terms 

of the closeness of the solutions to the real Pareto frontier, was much better in the PS-

NSGA II. 

 

Larger computational experiments were run in order to compare the quality of the 

solutions generated by both algorithms as well as computational performance. After 

detailed analysis, valuable information with regard to each metaheuristic was obtained. 

In terms of the percentage of non-dominated solutions, PS-NSGA II highly outperformed 

NSGA II, by generating a much higher number of non-dominated solutions. In terms of 

CPU time, NSGA II slightly outperformed PS-NSGA II. 

 

To be able to aid further the PS-NSGA II, we also developed a new statistical stopping 

procedure. During this procedure we fit a bivariate distribution function to the solution 

values of the populations at a given iteration of our algorithm and then, with this 

distribution, we generate a random sample of solutions. Using this random sample, we 
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estimate the probability of obtaining new non dominated solutions in the next iteration, 

and we compare this probability to an input parameter, depending on this comparison 

we stop the algorithm or continue iterating. This statistical stopping procedure was 

proven not to stop prematurely and outperform the standard stopping criterion in 

terms of quality of solutions. 

 

This research allowed an effective and efficient solution to the Multicriteria Project 

Scheduling problem, starting from the mathematical formulation, the development of 

an algorithm and the suggestion of the stopping criterion for this new algorithm. 

 

 

6.2 Future Research 

 

With regard to the metaheuristic evaluation, as several authors mention [21] effective 

quality measures for algorithms trying to approximate the Pareto frontier is an area 

that is not as yet well developed. The generation of a common set of quality 

measurements would be a very valuable addition to this field of research. 

 

As mentioned in Section 6.2, PS-NSGA II in general performed much better than NSGA II 

for the Multicriteria Project Scheduling and Selection problem considered in this thesis,. 

It might be insightful for the research community to compare its performance to other 

known algorithms, for example to SPEA [26].  

Theoretical developments for multicriteria optimization are definitely not a common 

research topic. For this particular problem, Multicriteria Project Scheduling, the 
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construction of a set of definitions of theoretical approximations to the Pareto frontier 

would be highly useful to the decision maker.  

In general, Multicriteria Project Selection and Scheduling is a promising research area, 

where several new developments might increase the confidence and the efficiency of 

the decision makers in real life scenarios. 
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APPENDIX A 

Numero 

Proyecto 
Categoria Municipio 

Proyecto 

Ejecutivo 
Poblacion HDI 

1 
Areas Naturales Protegidas - Costa 

Michoacana 
Aquila SI 20898 0.692 

2 
Areas Naturales Protegidas - Costa 

Michoacana 
Lazaro Cardenas NO 162997 0.866 

3 
Areas Naturales Protegidas - Costa 

Michoacana 
Lazaro Cardenas SI 162997 0.866 

4 
Areas Naturales Protegidas - Costa 

Michoacana 
Lazaro Cardenas SI 162997 0.866 

5 
Areas Naturales Protegidas - Costa 

Michoacana 
Lazaro Cardenas SI 162997 0.866 

6 Extraordinarios Cuitzeo SI 26213 0.867 

7 Extraordinarios Morelia NO 684145 0.885 

8 Extraordinarios Salvador Escalante NO 38502 0.793 

9 Extraordinarios Salvador Escalante NO 38502 0.793 

10 Extraordinarios Tlalpujahua NO 25373 0.747 

11 Morelia Ciudad Patrimonio Mundial Morelia NO 684145 0.885 

12 Morelia Ciudad Patrimonio Mundial Morelia NO 684145 0.885 

13 Morelia Ciudad Patrimonio Mundial Morelia NO 684145 0.885 

14 Pueblos Mágicos Cuitzeo NO 26213 0.867 

15 Pueblos Mágicos Cuitzeo SI 26213 0.867 

16 Pueblos Mágicos Cuitzeo SI 26213 0.867 

17 Pueblos Mágicos Cuitzeo SI 26213 0.867 

18 Pueblos Mágicos Patzcuaro SI 79868 0.843 

19 Pueblos Mágicos Patzcuaro SI 79868 0.843 

20 Pueblos Mágicos Salvador Escalante SI 38502 0.793 

21 Pueblos Mágicos Tlalpujahua SI 25373 0.747 

22 Rutas - De la Salud Hidalgo SI 110311 0.83 

23 Rutas - De la Salud Hidalgo SI 110311 0.83 

24 Rutas - De la Salud La Piedad SI 91132 0.866 

25 Rutas - De la Salud Villamar SI 15512 0.836 

26 Rutas - Don Vasco Cuitzeo, Tzintzuntzan, etc… NO 535977 0.589 

27 Rutas - Don Vasco Cuitzeo, Tzintzuntzan, etc… SI 535977 0.589 

28 Rutas - Don Vasco Huiramba y otros. NO 399546 0.834 

29 Rutas - Don Vasco Los Reyes SI 162997 0.866 

30 Rutas - Don Vasco Los Reyes, Uruapan, Paracho SI 51788 0.743 

31 Rutas - Don Vasco Morelia NO 684145 0.885 
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32 Rutas - Don Vasco Paracho SI 31888 0.781 

33 Rutas - Don Vasco Paracho SI 31888 0.781 

34 Rutas - Don Vasco Patzcuaro SI 79868 0.843 

35 Rutas - Don Vasco Patzcuaro SI 79868 0.843 

36 Rutas - Don Vasco Salvador Escalante SI 38502 0.793 

37 Rutas - Don Vasco Taretan SI 12294 0.849 

38 Rutas - Don Vasco Tzintzuntzan NO 12259 0.811 

39 Rutas - Don Vasco Tzintzuntzan NO 12259 0.811 

40 Rutas - Don Vasco Tzintzuntzan SI 12259 0.811 

41 Rutas - Don Vasco Tzintzuntzan SI 12259 0.811 

42 Rutas - Don Vasco Uruapan NO 279229 0.864 

43 Rutas - Don Vasco Uruapan SI 279229 0.864 

44 Rutas - Don Vasco Uruapan SI 279229 0.864 

45 Rutas - Don Vasco Uruapan SI 279229 0.864 

46 Rutas - Don Vasco Uruapan SI 279229 0.864 

47 Rutas - Don Vasco Uruapan SI 279229 0.864 

48 Rutas - Don Vasco Zamora SI 170748 0.858 

49 Rutas - País de la Monarca Epitacio Huerta NO 13060 0.735 

50 Rutas - País de la Monarca Ocampo NO 20689 0.885 

51 Rutas - País de la Monarca Ocampo NO 20689 0.885 

52 Rutas - País de la Monarca Ocampo NO 20689 0.885 

53 Rutas - País de la Monarca Ocampo SI 20689 0.885 

54 Rutas - País de la Monarca Senguio NO 15950 0.712 

55 Rutas - País de la Monarca Uruapan SI 279229 0.864 

  



146 

 

APPENDIX B 

Project S1 S2 S3 S4 S5 S6 S7 S8 S9 S10 S11 S12 S13 S14 S15 S16 S17 S18 S19 S20 S21 S22 

1 0 6 9 6 6 6 0 6 0 6 6 6 6 6 9 6 7 7 9 7 7 6 

2 6 9 6 9 6 6 9 6 6 9 6 9 11 6 0 6 9 0 9 9 0 6 

3 7 7 2 0 2 2 0 7 2 0 2 2 1 7 7 2 7 2 2 7 7 2 

4 10 10 7 12 12 1 7 0 7 0 12 10 7 7 10 1 7 10 10 7 7 12 

5 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

6 0 10 0 6 8 10 5 5 5 10 5 5 6 5 6 6 5 8 6 5 6 5 

7 6 6 7 6 6 6 6 6 6 6 6 6 7 7 6 6 6 7 7 6 6 6 

8 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 10 0 0 0 0 0 0 

9 7 1 1 1 7 7 1 7 1 1 7 1 1 1 1 0 7 1 7 1 1 7 

10 0 0 8 8 8 8 0 0 0 3 0 0 0 8 0 3 3 0 8 3 0 0 

11 7 7 1 7 7 1 7 7 7 1 1 7 1 1 1 1 1 8 8 7 7 7 

12 7 2 7 7 7 7 2 7 2 0 7 2 7 7 0 0 0 0 0 0 0 0 

13 12 12 12 12 7 12 7 7 12 7 12 12 12 12 12 12 7 12 12 12 7 12 

14 2 2 2 2 10 2 2 2 11 11 10 2 2 2 2 11 0 0 2 2 10 2 

15 8 7 2 7 2 3 3 3 7 7 2 3 3 3 3 2 7 7 2 7 3 8 

16 11 9 0 0 0 0 9 0 0 0 0 0 0 0 9 11 0 9 9 11 0 0 

17 0 0 0 0 0 0 0 0 5 0 0 6 5 0 0 5 6 0 7 6 5 0 

18 0 0 0 0 0 0 0 2 0 2 0 0 0 0 7 0 7 2 0 0 0 2 

19 0 1 1 1 5 5 3 3 5 5 5 3 3 5 3 0 1 5 5 5 5 1 

20 3 8 3 3 3 8 3 3 3 7 8 3 3 3 3 8 3 3 3 3 3 3 

21 6 6 6 6 3 6 3 0 0 3 3 0 3 0 3 3 3 6 6 3 3 3 

22 10 3 10 5 5 9 9 9 9 5 6 6 5 6 10 6 10 10 10 10 10 5 

23 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

24 12 7 7 2 0 7 7 12 7 7 7 12 7 7 7 7 0 7 2 7 7 7 

25 0 0 0 0 0 4 4 0 0 4 4 4 0 4 4 4 10 0 0 4 4 4 

26 5 7 2 7 7 7 7 11 7 7 7 7 7 5 7 11 11 5 7 7 5 11 

27 7 3 7 12 7 3 3 7 6 12 3 12 3 6 12 6 6 3 3 3 7 12 

28 4 12 12 12 11 12 11 12 11 11 12 12 8 11 12 12 12 12 12 12 11 12 

29 5 3 3 4 6 4 6 3 3 3 6 4 3 3 3 3 4 5 5 3 3 3 

30 3 3 3 3 3 3 12 4 4 6 4 8 3 8 3 8 8 3 8 8 3 3 

31 4 4 9 11 1 4 1 8 8 11 8 8 9 9 8 4 9 8 8 8 8 8 

32 5 8 5 5 10 5 8 5 5 8 5 8 5 5 0 5 5 5 5 5 5 5 

33 2 2 2 5 9 5 9 5 2 5 2 2 5 2 2 2 2 5 5 5 5 9 

34 3 11 9 3 3 3 11 11 11 6 11 6 11 3 3 3 6 3 3 6 3 3 

35 9 0 9 9 10 9 0 9 9 10 9 10 10 9 9 9 9 10 12 9 10 9 
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36 9 8 1 11 1 11 11 1 1 8 8 8 8 11 1 9 11 1 11 9 9 11 

37 5 11 4 0 11 11 11 11 11 11 11 5 11 11 11 5 5 11 11 5 11 11 

38 0 0 5 8 0 5 8 0 1 8 0 5 8 5 5 0 5 5 1 0 5 0 

39 9 0 0 10 0 0 0 0 0 10 10 10 0 0 0 0 10 0 10 10 0 0 

40 8 8 8 8 6 8 8 8 8 8 8 8 8 6 8 8 8 0 6 8 8 8 

41 12 1 12 1 1 0 1 12 1 12 1 1 1 12 12 1 1 12 0 12 12 1 

42 1 1 2 2 2 1 1 1 1 2 2 1 1 1 1 2 1 7 2 1 1 1 

43 5 10 5 5 5 5 5 5 5 3 8 5 5 3 10 3 10 10 5 8 5 3 

44 5 12 12 3 6 12 12 12 3 6 6 6 6 3 5 12 8 12 12 12 6 8 

45 6 6 1 9 6 6 6 6 6 12 1 6 1 12 6 6 9 6 9 9 1 6 

46 1 3 6 1 2 3 12 3 1 2 3 3 3 6 6 6 6 6 6 3 6 3 

47 10 10 10 8 8 10 10 10 8 10 8 10 9 8 10 10 5 10 10 5 9 10 

48 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

49 7 7 3 7 3 0 9 0 3 9 0 9 0 9 7 9 0 0 9 0 9 9 

50 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

51 10 10 0 10 2 0 0 2 10 2 0 8 10 0 0 8 10 0 2 10 10 10 

52 0 0 0 0 0 0 0 0 6 5 0 0 6 0 0 0 0 0 0 0 0 0 

53 0 0 6 6 0 6 7 6 8 8 8 6 6 6 6 8 8 8 6 6 6 6 

54 8 11 8 6 0 8 6 8 6 1 6 8 11 6 6 6 6 6 8 1 8 8 

55 10 0 0 8 8 0 8 10 10 10 0 0 0 2 0 0 0 10 8 0 10 8 

 


