
ABSTRACT 

YAN, JING. Robust Design of the Parameters for a Distillation System. (Under the  

direction of Yahya Fathi.) 

  Control variables and noise factors are involved in many manufacturing systems, 

and the performance characteristics of the system typically depend on both types of 

factors. The idea of robust design is aiming at manipulating the control variables 

without eliminating the noise factors in order to achieve a stable system. The 

technologies to solve a robust design problem are classified as design of experiment 

and mathematical analysis. The former approach is convenient to implement, and the 

latter approach requires well established mathematical methodologies. In some 

industrial circumstances such as distillation systems, both mathematical analysis and 

statistical experiment are necessary to be applied due to its uncertainty and complexity. 

We propose a robust design problem based on a binary distillation column and 

introduced mathematical models for the problem. We also present a series of 

optimization analysis by the of Monte Carlo Simulation. 
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Chapter 1 

Introduction 

 

Robust design (also known as parameter design) has generated a great amount of research 

ever since Taguchi proposed and introduced this idea [5]. Robust design is aimed at 

reducing the variance of various performance characteristics of manufactured products 

and production processes. The approaches to solve this problem were originally based on 

statistical experiments. Then some notable approaches using well established 

mathematical methodologies were proposed. These methodologies are more accurate than 

the experimental techniques but require more specific information of the process. For 

most production processes, however, the mathematical model is hard or even impossible 

to generate. The techniques should be fully considered and adjusted according to the 

problem. 

This thesis is focused on problem solving under a complicated industrial circumstance. 

Distillation is a common production process with high uncertainty and complexity. Both 

mathematical and experimental approaches are required for this kind of problem. In the 

thesis, we apply the principles of robust design to a binary distillation process, discuss 

various approaches for carrying out the analysis, and present a case study.  

Chapter 2 is a literature review on the fundamentals of distillation process and robust 
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design. We will explain how the product is obtained through a distillation process, discuss 

the quality for a production system and its relationship to robust design principles. Some 

application examples are presented at the end of each topic. Chapter 3 introduces a binary 

distillation process and a case study based on a binary distillation column. The variables 

in this system are analyzed and discussed in great details. Then a mathematical model for 

the system is proposed. Chapter 4 focuses on problem solving. We will discuss the 

mathematical model and explain the procedures for solving the problem. A numeric 

example and the results are included later in this chapter. In the last section, we propose 

further analysis on the result and explore to improve the system. Chapter 5 is a conclusion 

for the analysis and provides some suggestions for future work.   

.  
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Chapter 2 

Background 

 

This chapter describes the fundamentals of distillation and basic concept of robust design. 

We explain how the product is obtained through distillation, what equipment is used for 

distillation, and the relationship between a distillation process and the principle of robust 

design.  

 

2.1 Fundamentals of Distillation 

2.1.1 Definition of Distillation 

Distillation is an operation in chemical engineering to separate mixtures. The separation is 

based on the differences in relative volatilities of components. Relative volatility is a 

measure comparing the vapor pressure of the components in a liquid mixture of chemicals 

[12]. A component with higher relative volatility boils at a lower temperature, and vice 

versa. In this way, the mixture can be separated by simply dividing vapor and liquid. For 

example, a liquid mixture consists of ethanol and water. Ethanol has a higher relative 

volatility so that the boiling point for ethanol is lower than that for water.  

The equipment used for distillation is called a distillation column. Distillation columns 

are widely used in industry. Figure 2.1 is an example of a distillation column for 

rectifying crude oil. There are a series of stages (trays) in the main body of the column. 
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The crude oil, known as the feed, enters the column at a certain stage. The feed may 

contain more than one stream in vapor, liquid, or a vapor-liquid combination. In the 

column, liquid flows from top to bottom stage by stage. Vapor flows upwards. At each 

distillation stage, vapor and liquid are in contact and exchange heat. Then the less volatile 

components will condense and the more volatile components will evaporate. As a result, a 

feed mixture of chemicals can be separated into the more volatile components at the 

upper body of a distillation column as vapor and the less volatile components near the 

bottom as liquid. Depending on the feed and the purpose of a distillation process, there 

may be more than one stream containing different components out of the column. Later in 

this chapter, we will go through the operation of the distillation column in more detail.  

 



5 

 

Figure 2.1: A Distillation Column 

 

2.1.2 Applications of Distillation 

Distillation technologies are widely used in industry, laboratories, and medicinal plant. 

The application of distillation can be divided into four groups: laboratory scale, industrial 

distillation, distillation of herbs for perfumery and medicinal, and food processing [1].  

Many common products in our daily life are produced through distillation. Fuels, 

including gasoline and diesel fuel, are distillation products of petroleum. Industrial 
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alcohol and medicinal alcohol are products with higher purity alcohol and are distilled 

from rough raw materials.  

2.2 Concept of Robust Design 

Robust design (also known as parameter design) is proposed by Taguchi [5] as a 

technique to achieve high quality products. To understand the concept of robust design, 

we define the term quality first and then illustrate how to improve quality by means of 

robust design.  

2.2.1 Definition of Quality 

Consistent with the manufacturing approach to quality, we define the quality of a product 

as its adherence to specification. If we have a performance characteristic t with a target 

value τ, any deviation of t from τ causes demunition in the quality of the product. Thus, in 

this context, our objective is to keep the value of t as close to the target value τ as possible. 

But in a production process usually many factors affect the value of the performance 

characteristic t. Figure 2.2 shows a diagram depicting all factors that affect the value of a 

performance characteristic (output) t. The inputs to the system are classified as control 

variables and noise factors by Taguchi. The control variables are easy to manipulate and 

there could be many feasible levels for each of the control variables. On the other hand, 

noise factors are difficult or even impossible to control. Some common noise factors 

include environmental conditions such as temperature or the atmosphere pressure. The 

performance value t is achieved by adjusting the levels for control parameters. Deviations 

in t are caused not only by the variations of control variables but also by the uncertainty 
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variation of the noise factors. In this way, the quality for a product depends on the 

deviation of the performance characteristic t from the target value τ.   

                                                                                                          

 

Figure 2.2 Inputs and Output in a Production Process 

 

2.2.2 Fundamentals of Robust Design 

Robust design is a technique to improve the quality of a product. As in 2.2.1, the quality 

for the product is measured by the deviation of the product’s performance characteristic t 

from its target value τ. Both control variable variations and noise factor variations are 

sources to cause the deviation in t. In this way, the idea for robust design is to determine 

an appropriate set of levels for the control variables so as to minimize this deviation from 

a target value without eliminating the noise factors.   

2.2.3 Implementations of Robust Design 

The technologies to implement robust design can be divided into two categories:  design 

of experiments and mathematical analysis. 
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• Design of Experiment (DOE) 

The design of experiment (DOE) approach is less accurate but is widely used to solve 

industrial problems. The advantage for DOE is the convenience of implementation and it 

is unnecessary to have a closed functional relationship between the performance 

characteristic (t) and control parameters. Taguchi and Wu [7] introduced a methodology 

of using orthogonal arrays as a DOE approach to robust design problems. The values in 

the orthogonal array are the possible levels for each control variable. Taguchi also defined 

a performance measure, signal-to-noise ratio (SN ratio), to distinguish robust design 

problems.  

• Mathematical Analysis 

Unlike the first approach, mathematical analysis requires more extensive calculations and 

a closed form function of input parameters and performance measurement is necessary. 

The result, however, is more accurate than those using DOE technologies as long as the 

function is precise.  

Some nonlinear programming models are proposed by Box and Fung [8], and Fathi [9]. 

The Taylor series expansion leads to a nonlinear programming model based on a linear 

approximation of the transfer function introduced by Fathi [10].  

Monte Carlo Simulation is a simulation method to estimate the mean value and 

variance of the product performance characteristic t. Recall that the idea of robust design 

is to determine an appropriate set of levels for the control variables so as to minimize the 

deviation from the target value τ. Monte Carlo Simulation can be used after the control 
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variables have been decided through DOE or mathematical analysis. By the means of 

Monte Carlo simulation, we can determine the mean value, variance, and other 

characteristics of the performance measure t.  

2.2.4 Applications of Robust Design 

Dating back to 1950s, Taguchi and his robust design ideas are widely used in Japanese 

companies and quality control associations [5]. In 1980s, robust design is introduced and 

promoted in the USA. Some companies including AT&T, Ford, Xerox play important 

roles in exposing Taguchi’s idea. A large amount of work has been done to improve this 

idea and adapt it to industrial problems. Now the technologies for robust design are 

accepted and adopted in industry.  
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Chapter 3 

Binary (two-component) Distillation Column 

 

In this chapter, we apply robust design technologies to a case study based on a binary 

distillation column. First, we go through the basic background of a binary distillation 

column, describe the case study, and identify control variables and possible noise factors 

that would be involved in future analysis. Then we present a mathematical model for the 

robust design problem in the case study. 

 

3.1 Introduction to the Binary Distillation Column 

Binary distillation is a special distillation process. It is a multistage process for separating 

a mixture of two components [2]. A binary distillation column is shown in Figure 3.1. 

Ideally, the less volatile component is separated as vapor and flows out from top. The 

more volatile component flows out at bottom as liquid. The product for a binary 

distillation process is a pure component, or technically a purer component. The 

component can be obtained by collecting the vapor flow or the liquid flow. 
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Figure 3.1: A Binary Distillation Column 

 

3.2 The Case Study 

The case is adopted from a pharmaceutical factory [3] with slight modifications. The 

factory produces Medicinal Ethanol which has 82.65% of ethanol (mole/mole). The 

binary distillation column is put into use as shown in Figure 3.2 [13]. There are 40 stages 

in the column. We number the stages from top to bottom as 1 to 40, i.e., the top stage is 

stage 1 and the bottom stage is stage 40. The feed is a product coming from the upstream 

equipment. We use F to represent the feed stream. It enters the column at the k
th

 stage. We 

define the feed stage as the stage to enter the feed. In this way, the feed stage is k. The 

temperature for the feed is a random variable centered at 363.15 Kelvin. We discuss this 
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variable in a more detail later in this chapter. There are two components in the feed: 

ethanol and water. As ethanol is more volatile than water, it is vaporized and flows out at 

the top of the column, known as V1 in Figure 3.2. Then the vapor is fully condensed by a 

condenser and then separated through a reflux drum (accumulator) into two streams: 

Reflux L and Distillate D. The reflux stream L returns to the column and the distillate 

stream D is collected as the product. Meanwhile, water flows downwards and leaves the 

system at the bottom, known as flow LNT in Figure 3.2. Then the water is boiled by a 

reboiler and separated into Boilup flow VB and Bottoms flow B. VB flows back to the 

system and bottoms B is collected as the waste. All the variables and the corresponding 

notations in this process are displayed in Table 3.1.   

 



13 

 

Figure 3.2: A Binary Distillation Column in the Case Study 
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Table 3.1: Variables and According Notations in the Process 

Notation Variable

F Feed entering the system (mole)

x F Ethanol composition in liquid phase in F

V 1 Stream flowing out of the distillation column from top (mole)

y 1 Ethanol compostion in vapor phase in V1

L Reflux stream (mole)

D Distillate stream (mole)

x D Ethanol compostion in liquid phase in D

V B Boilup stream (mole)

y B Ethanol composition in vapor phase in VB

B Bottoms stream (mole)

x B Ethanol composition in liquid phase in B

L NT Stream flowing out of the system from bottom (mole)

x NT Ethanol composition in liquid phase in LNT

N Total number of stages in the column

k Stage to enter the feed (feed stage)  

 

3.2.1 The objective for the case study 

The pharmaceutical factory in the case is aimed at producing ethanol for medical use. The 

desired ethanol composition for the product is 82.65% in mole percentage. There is only 

ethanol and water in the binary system and ethanol is more volatile than water. So ethanol 

would vaporize and flows out as Distillate D. On the opposite, water flows down and out 

of the column as Bottoms B. Then our objective is to keep the ethanol composition in D, 

xD, as close to 82.65% as possible. From a robust design perspective, the target value for 

the product is τ = 82.65%. The ethanol composition we obtain is the product’s 

performance characteristic t = xD. So the objective is to reduce the deviation in xD from 

82.65% by adjusting all the control variables. 
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3.2.2 Variables in the Case Study  

Which variable in the system can be decided and controlled by us? And which variables 

are noise factor disturbing the system? To answer these two questions, we will first divide 

the whole system, eliminate unnecessary information and then introduce the role of each 

variable.    

The feed stage divides the distillation column into two subsystems. The stages above 

the feed stage are referred to as the rectifying section. The stages below the feed stage 

(including the feed stage) are known as the stripping section. The distillate product is 

obtained in the rectifying section. The interactions in the stripping section produce waste 

in the bottom and have no direct impact on the rectifying section. So for further analysis, 

we will ignore the stripping process and focus on the rectifying section.  

Throughout the following chapters, we use y to represent the ethanol composition in 

vapor and use x to present the ethanol composition in liquid. For example, if the 

composition for ethanol is 0.85 in a vapor flow, then y = 0.85. If the composition for 

ethanol is 0.85 in a liquid flow, then x = 0.85. All the compositions are measured in mole 

fraction.  

3.2.2.1 Control Variables 

There are two control variables in the system: the feed stage, and the reflux ratio. 

● Feed Stage 

The location of the feed stage has a great influence on the whole system. Imagine two 

extreme situations: If the feed stage was at the very top of the column, the composition 
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for each component in the distillate would be the same as that in the feed. There was no 

product obtained. However, if the feed stage was at the bottom, a great amount of 

components would flow out immediately and be wasted. So the feed stage should be set 

appropriately to ensure the amount and composition accuracy of the distillate product. 

In the case study, there are 40 stages in the distillation column. We assume the feed is 

entered at the k
th

 stage. In this way, k is a control variable. The range for k is between 1 

and 40. We will explain how to decide the optimal k specifically in the analysis in Chapter 

4. 

● Reflux Ratio 

As discussed earlier in this chapter, back to Figure 3.2, the separated stream V1 is fully 

condensed and divided into two streams: reflux L and distillate D. The reflux ratio is a 

variable to measure the amount (mole) of reflux L divided by the amount (mole) of 

distillate D. We define the reflux ratio as: 

 

  
                

                    
  

 

 
                    (3.1) 

 

R can be controlled by adjusting the settings of the reflux drum. During a distillation 

process, the common value for R is set between 1 and 10. How does R affect the system 

and how to decide the value for R is discussed in section 3.2.3 and Chapter 4.   
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3.2.2.2 Noise Factors 

The temperature for the feed tF is a noise factor to the system. We assume tF is normally 

distributed with mean µ = 363.15K, and standard deviation ơ = 0.2K. The temperature for 

the feed has an influence on the temperature on each stage. Thus the temperature for the 

distillate product is also a random variable. Meanwhile, the composition for each 

component (i.e., ethanol and water) depends on the temperature. This relationship is 

explained in section 3.2.3. So wherever the temperature is random, the ethanol 

composition at that temperature is also random.  

3.2.2.3 Relative Volatility 

The relative volatility in the system is a dependent random variable. When we have a 

mixture of more than one component in a distillation column, the relative volatility of 

component p to component q is defined as: 

 

   
         

         
                            (3.2) 

 

Where x(p) is the composition for component p in the liquid phase and y(p) is the 

composition for component p in the vapor phase, and x(q) and y(q) are similarly defined 

for component q. In the case of a binary distillation column, we have only two 

components, namely, ethanol and water. If we use the notation x to represent the 

composition of ethanol in liquid phase and y to represent the composition of ethanol in 

vapor phase, then the corresponding composition for water become (1-x) and (1-y), 
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respectively. If we further use index i to represent the i
th

 stage (i.e. xi and yi represent the 

composition of ethanol in liquid phase and vapor phase, respectively, at stage i), then the 

relative volatility at the 1
st
 stage is:   

 

α1 = 
     

             
                        (3.3) 

 

And the relative volatility at the feed stage ( the k
th

 stage) is: 

 

αF = αk = 
     

             
                        (3.4) 

 

The average volatility for the rectifying section is defined as the average of these two 

values above. If we denote the average relative volatility by αA, we have: 

 

   
     

 
                           (3.5) 

 

3.2.2.4 Pressure in the column  

The pressure can be easily controlled and maintained at a desired value. In the case study, 

the pressure is assumed to be set at 101.325k Pascal. 

3.2.2.5 Other Parameters 

In addition to the parameters and variables defined above, we also define a number of 

variables that depict the state of the system at various stages of the distillation column. In 
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practice, we use xi and yi to represent the ethanol composition for stage i in the liquid and 

in the vapor, respectively. Later in section 3.2.3, we describe how these variables depend 

on the impact parameter tF. A complete listing of all parameters and variables in our 

system is shown in Table 3.2.   

 

Table 3.2: List of all Parameters and Variables in the System 

Notation Variable Value

Performance Characteristic x D Ethanol composition in the distillate Targeted at 0.8265

Control Variables k Feed stage Integer (1,40)

R Reflux Ratio Continuous (1,10)

Pressure P Pressure throughout the column Fixed at 101.325k Pa

Impact(Independent) Variable t F Temperature for the feed Random N(363.15,0.2^2)

Dependent Variables x F Ethanol composition for feed in liquid

y F Ethanol composition for feed in vapor

t i Temperature for stage i

x i Ethanol composition for stage i  in liquid

y i Ethanlo compostion for stage i  in vapor

α F Relative volatility in the feed

α 1 Relative volatility in the distillate

αA Relative volatility in the rectifying section  

 

3.2.3 Mathematical Model for the Case 

The mathematical model is applied on the rectifying section in the distillation column, for 

the product is obtained through this part of the system.  

3.2.3.1 Vapor-Liquid Equilibrium Mixture Graph of Ethanol and Water 

Vapor-liquid equilibrium is a steady-state for the phases in a vapor-liquid mixture. At this 

steady state, the rate of evaporation equals to the rate of condensation. For an ethanol and 

water system in the case study, the vapor-liquid equilibrium under pressure 101.325k 

Pascal [6] is presented in Figure 3.3. Vapor composition and liquid composition are 
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separate lines on the graph. Mole fraction of ethanol is graphed on the horizontal axis and 

temperature is graphed on a vertical axis. As the temperature goes down, the mole 

fraction of ethanol goes up, albeit at different rates for the liquid and the vapor, as shown 

in Figure 3.3. At the Azeotropic Point, the liquid composition retains the same value as 

the vapor composition. 

 

 

Figure 3.3: Vapor-Liquid Equilibrium for Ethanol and Water  

 

In order to implement our robust design analysis via a computer simulation model, we use 

linear regression to approximate the graph. To distinguish and to be consistent with the 
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notation that we defined earlier, we use x to represent the ethanol composition in liquid 

phase and y to represent the ethanol composition in vapor phase. Both x and y are 

measured in mole fraction (mole/mole). Notice that almost all the temperatures we need 

for calculation is between 361K and 364K, so the regression for the analysis is based on 

the interval in which T > 361K and T < 364K on the graph. The results are as follows: 

For the liquid phase: 

 

x = 3.700 – 0.010 T (360 < T < 364)                      (3.6) 

 

For the vapor phase: 

 

y = 9.774 – 0.026 T (360 < T < 364)                     (3.7) 

 

3.2.3.2 Two Equilibrium Equations 

With material balance principle and phase equilibrium principle [11], two equations are 

deduced as follows: 

Phase Equilibrium Equations: 

 

xi = 
  

           
                    (3.8) 

yi = 
     

          
                     (3.9)    

 

Equation (3.8) and (3.9) present a relationship between the ethanol composition in vapor 

phase at stage i (yi) and the ethanol composition in liquid phase at stage i (xi). Equation 

(3.9) is the opposite expression for equation (3.8). Thus, for a given yi, we could calculate 

for xi under (3.8). And for a given xi, the corresponding yi could be obtained under (3.9). 
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Operation Line Equations: 

 

yi+1 = 
 

   
   

  

   
                  (3.10) 

xi = 
   

 
     

  

 
                  (3.11) 

 

Equation (3.10) and equation (3.11) depict the relationship between the ethanol 

composition in liquid phase at stage i (xi) and the ethanol composition in vapor phase at 

stage (i+1) (yi+1). R is the reflux ratio as defined earlier and it is a control variable. The 

value for R is between 1 and 10. According to (3.10), when we know the information for 

stage i, xi, we can obtain the ethanol composition for the (i+1) stage yi+1. Equation (3.11) 

is the opposite equation for (3.10). For a given yi+1, xi could be calculated through (3.11). 

With the two equilibrium equations, we can calculate for the ethanol composition in both 

vapor and liquid phase stage by stage. In particular, we have the ethanol composition in 

the feed yF and the feed enters at the k
th

 stage. So yF is the value for our variable yk. We 

use equation (3.11) to calculate xk-1, and then use equation (3.9) to calculate yk-1. Back to 

equation (3.11), we can obtain xk-2. Repeat the procedure to calculate the value of xi and yi 

at any stage above the k
th

 stage. In the end, we will reach the ethanol composition y1 for 

the 1
st
 stage. The value for y1 is the product performance characteristic xD.  
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Chapter 4 

Analysis and Solutions 

In this chapter, we begin to solve the problem illustrated in the case study. The first 

section (4.1) is a general introduction to the simulation procedure. Sections (4.2) and (4.3) 

demonstrate the complete simulation for one desired numeral setting. Then by varying the 

settings, different results are obtained and presented in section (4.4).  

 

4.1 Introduction to Simulation Procedure  

In Chapter 3 we described how to calculate the product performance characteristic xD 

through mathematical relationships and equations. How do we carry out a Monte Carlo 

Simulation to the case study? How do we set the control variables? How many times does 

it need to run the simulation? The answers could be found in this introduction part.   

Because there is no closed form function between the input variables (tF etc.) and the 

output (xD), we will use Monte Carlo Simulation to solve this robust design problem. 

Monte Carlo simulation can achieve high accuracy. Through programming, the results are 

direct to view and the settings are easy to change.  

We use Excel and Excel VBA to conduct the simulation. Following the calculation 

procedures discussed in chapter 3, for a given tF, we first calculate xF and yF under 

equation (3.6) and (3.7). Then use equations (3.3) through (3.5) to calculate the relative 

volatility αA. Next, under equations (3.8) through (3.11), for any possible combination of 
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control variables R and k, we can obtain the corresponding value of xD. If we repeat the 

process for a collection of n randomly generated values of tF, we obtain a random sample 

of the corresponding value of xD. We can then determine the mean and standard deviation 

of this random sample to estimate the mean and standard deviation of xD. Obviously we 

seek a set of values for R and k which achieves the smallest standard deviation for xD 

while keeping its mean value equal to the target value 0.8265. 

4.2 Possible Combinations for R and k 

It seems that R and k can be any value as long as R is between 1 and 10 and k is an integer 

between 1 and 40. However, not every combination of R and k is feasible, since we need 

to achieve the target value τ = 0.8265 for xD, the output composition. Also recall that the 

two extreme situations, when k = 1, the product we obtained is almost the same with the 

feed material, and when k = 40, most of the feed material would flow out as waste. To 

eliminate the infeasible combinations and make the calculation process quickly, we 

evaluate the mean value of xD for every combination of R and k when the independent 

random variable tF is at its mean value 363.15K. The set of values for R and k, under 

which xD is at its target value 0.8265, is the feasible setting for the system and is used for 

calculation illustrated later in section 4.3.  

In order to determine these feasible settings for R and k, we use equation (3.8) through 

(3.11) as described above. For each value of k, we determine the corresponding value of R 

by trial and error; we start at a relatively low value for R (say R = 1.0) and increase this 

value incrementally, using a step like δ = 0.0001. For each value of R we determine the 
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corresponding value of xD through equation (3.8) through (3.11), and then determine the 

value of R that results in xD equal to its target value τ = 0.8265. The feasible values we 

obtain in this manner are depicted in Table 4.1. 

 

Table 4.1: Feasible Settings for R and k 

k R tF xD

3 6.9015 363.15 0.8265005

4 2.8719 363.15 0.8264985

5 2.4113 363.15 0.8264906  

 

Notice that all feasible feed stages are less than 6. This is because the mathematical model 

for the system is deduced assuming an ideal system. This value need to be adjusted when 

the model is put into practice. We discuss this issue in Chapter 5. 

4.3 Minimize Standard Deviation for xD 

From section 4.2, only at stage 3, 4, and 5, it is possible to obtain the desired product. So 

in the experiment in this section, we will fix the stage at 3, 4, or 5. Then for each stage, 

we determine the set point (mean) for R around the given value of R in Table 4.1. For 

each combination of values of k and the mean of R we run the Monte Carlo Simulation 

method, with sample size n = 1000. We increase the set point by a step size of δ = 

0.00001 and repeat the simulation to estimate the corresponding value of the mean and 

standard deviation of xD. We then report the value of the set point for R that achieves the 

smallest value for the standard deviation of xD while keeping its mean equal to τ = 0.8265. 

The results for R = 3, R = 4, and R = 5 are shown in Table 4.2. The complete result is 
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included in Appendix A. 

Table 4.2: Result under Different k 

Mean(xD ) Standard Deviation(xD )

3 6.90129 0.8265023 0.00283634

4 2.87195 0.8266312 0.011027782

5 2.41131 0.8166755 0.048138906

Best Performance
k R

 

 

The best performance (Mean of xD is 0.826502 and standard deviation of xD is 

0.00283634) is achieved at R = 6.90129 and k = 3. However, if we use 4
th

 stage to enter 

the feed, the standard deviation of xD goes up but the reflux ratio R drops down. This is 

more obvious when k = 5. 

Based on the best performance we achieved at each possible stage (3
th

 stage, 4
th

 stage, and 

5
th

 stage), we will illustrate the result in Figure 4.1 and Figure 4.2 to discuss the 

advantage and disadvantage on selecting different R and k. 
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Figure 4.1: The Relationship between Standard Deviation of xD and the Feed Stage k 

 

    

Figure 4.2: The Relationship between Reflux Ratio R and the Feed Stage k 

 

Figure 4.1 depicts the relationship between the feed stage k and the smallest standard 

deviation of xD (σxD) under that k. Along with the increment of k, the standard deviation 
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becomes larger. From stage 4 to stage 5, σxD increases more rapidly.  

Then we graphed k and the corresponding R on the same graph in Figure 4.2. From  

k = 3 to k = 4, R goes down from 6.9 to 2.9. Then R continues to drop slightly at k = 5. 

Recall that R is a ratio of the amount of Reflux (mole) and the amount of Distillate (mole). 

So if R is large, a greater portion of the product will flow back to the system to be reused. 

The advantage for a small R is to achieve a higher production rate. From this perspective, 

stage 4 and stage 5 can both be used to enter the feed in order to obtain a higher 

production rate. On the other hand, back to Figure 4.1, if the feed stage is 4 or 5, the 

product we obtain would not be in a good quality. The best performance is achieved when 

k = 3.  

How to determine k and the corresponding R is an essential issue in the whole system. It 

depends on the different production requirements. According to the values given in Table 

4.1 and 4.2, it appears that k = 4 and R = 2.87195 is a reasonable solution for the problem, 

since it is a compromise between having the quality (relatively small value of σxD) and the 

production rate (relatively low value for R). This is a potential topic deserving further 

analysis and will be discussed in Chapter 5.   

4.4 Results under different settings 

The settings for the previous example are: total experiment times = 1000, step size δ= 

0.00001, and tF ~ N(363.15, 0.2
2
). In this section, we compare different results by 

changing these settings.  
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4.4.1 Change experiment times 

Suppose we change the total experiment times to 100, 1000, 2000, and 5000, the results 

under different settings are displayed in Table 4.3. The step of R and distribution of tF 

remain the same.  

 

Table 4.3: Results under Different Experiment Times 

Mean(xD ) SD(xD )

100 0.8265033 0.00278564 6.90193 3

1000 0.8265023 0.00283634 6.90129 3

2000 0.8264996 0.00287021 6.90211 3

5000 0.8265000 0.00290647 6.90102 3

Experiment Times
Best Performance

Corresponding R Corresponding k

 

 

From Table 4.3, when the experiment times is increased, the mean of xD decreased and 

more targeted at 0.8265, but the corresponding standard deviation of xD increased slightly. 

Meanwhile, the optimal R is slightly different along with the increment of experiment 

times. As we introduced earlier, the product performance characteristic xD is very close to 

each other when R is within a small range. The opportunity that a more deviate value 

occurs is greater for a relatively large experiment times. However, the more times we run 

the simulation, the more accurate result we can obtain. 

4.4.2 Change distribution for tF 

In this part, we change the standard deviation for tF to 0.01, 0.05, 0.1, and 0.3, keeping 

experiment times at 1000 and the step of R at 0.00001. The results are displayed in Table 

4.4. 
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Table 4.4: Result under Different Standard Deviation for tF 

Mean(xD ) SD(xD )

0.01 0.8265000 0.00014312 6.90147 3

0.05 0.8265002 0.00073444 6.90089 3

0.1 0.8265005 0.00143529 6.90142 3

0.2 0.8265023 0.00283634 6.90129 3

0.3 0.8264971 0.00435034 6.90073 3

Best Performance
SD for tF Corresponding R Corresponding k

 

 

We will conduct a sensitivity analysis on the influence that the standard deviation of tF 

(σtF) has on the standard deviation of xD (σxD). Sensitivity analysis is a study to explore the 

impact of uncertainty in the input of a model on the uncertainty in model output. In our 

example, we use standard deviation to quantity the uncertainty of model input and model 

output, σtF and σxD respectively. If the deviation in tF leads to a relatively larger deviation 

in xD, xD has a high sensitivity to tF. We use the result in Table 4.6 to illustrate the 

sensitivity analysis graphically as shown in Figure 4.3. The standard deviation for tF is 

graphed on the horizontal axis and the standard deviation for xD is graphed on a vertical 

axis.  
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Figure 4.3: Sensitivity Analysis 

 

The sensitivity that xD has to tF is almost identical along with the change in the standard 

deviation of tF (σtF) within the range where σtF < 0.3. The feed stage fixed at 3 and the 

reflux ratio R changed slightly. If σtF is larger than 0.3, the regression equations (3.6) and 

(3.7) would no longer be valid. It deserves further sensitivity analysis if we modify the 

regressions and change σtF in a greater scale.   
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Chapter 5  

Conclusions and Suggestions for Future Analysis 

 

In this thesis, we have applied robust design principles to a complex distillation process. 

Mathematical models and programming simulation are developed to solve the problem. 

However, in a realistic production system, future works are strongly recommended to 

ensure the operation and system efficiency. There are two essential topics deserving 

further analysis: design of production strategy and determination of stage efficiency.   

• Design of Production Strategy 

The production strategy includes production quantity, operation hours, and cost 

minimization etc. In our analysis in the case study, the parameter R is crucial to the final 

production quantity. Recall R is defined as the ratio of the amount of reflux stream and the 

amount of distillate stream (mole/mole). If R is large, a great portion of product is 

refluxed back to the system and the final product we obtained could be much less. So the 

value of R should be adjusted to fulfill production requirements. Also, if the time for one 

production cycle could be estimated, we are able to decide the operation hours and total 

number of equipment accordingly.  

It is also a good topic to conduct a cost analysis for this production system. With cost 

estimation on the equipment, labor, maintenance, raw material and sales price, we could 

minimize the total cost by varying potential control variables such as R, operation hours 
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and labor arrangement.  

• Determination of Stage Efficiency 

In our analysis for the case study, we made an important assumption: the vapor and liquid 

within the distillation column is at steady state where the rate of evaporation equals to the 

rate of condensation and both rates are at desired levels. In practice, there would be some 

deviations to the ideal condition. The result is that the rate of evaporation and the rate of 

condensation are less than that in the ideal situation. We define the term stage efficiency 

as the ratio of the actual evaporation amount to the ideal evaporation amount (mole/mole). 

When the stage efficiency is determined, the feed stage should be reconsidered.    
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APPENDIX 
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Appendix A – Complete Results for Table 4.2 
 

k Possible R Mean(xD ) Sigma(xD )

3 6.9006 0.8266846 0.00284539

6.90061 0.8265185 0.00304423

6.90062 0.8263808 0.00287056

6.90063 0.8265996 0.00291695

6.90064 0.8265627 0.00296901

6.90065 0.8264906 0.00290733

6.90066 0.8264463 0.00299050

6.90067 0.8264107 0.00287073

6.90068 0.8266795 0.00289698

6.90069 0.8264008 0.00304367

6.9007 0.8265779 0.00283660

6.90071 0.8265612 0.00300656

6.90072 0.8265126 0.00286796

6.90073 0.826615 0.00291972

6.90074 0.8264602 0.00304842

6.90075 0.8264703 0.00284562

6.90076 0.8266689 0.00291931

6.90077 0.8266114 0.00293740

6.90078 0.8264522 0.00284427

6.90079 0.8265484 0.00286716

6.9008 0.8265227 0.00295131

6.90081 0.8266661 0.00292263

6.90082 0.8265453 0.00287914

6.90083 0.8265957 0.00301386

6.90084 0.8265137 0.00290993

6.90085 0.82658 0.00279885

6.90086 0.8265939 0.00286201

6.90087 0.8264665 0.00287520

6.90088 0.8264171 0.00291091

6.90089 0.8264344 0.00288057

6.9009 0.8264795 0.00284764

6.90091 0.8266543 0.00291346

6.90092 0.8265927 0.00286142

6.90093 0.8265603 0.00288466

6.90094 0.8264016 0.00303019

6.90095 0.8264975 0.00286239

6.90096 0.8266243 0.00289583

6.90097 0.8265838 0.00305847

6.90098 0.8263609 0.00294817

6.90099 0.8265583 0.00287777

6.901 0.8266062 0.00281251

6.90101 0.8266285 0.00285681

6.90102 0.8263718 0.00294027

6.90103 0.8266859 0.00299049

6.90104 0.8262986 0.00297095

6.90105 0.8266485 0.00285169

6.90106 0.8265399 0.00287974

6.90107 0.8265299 0.00285789

6.90108 0.8263192 0.00294705

6.90109 0.826617 0.00282720

6.9011 0.8265427 0.00304242  
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k Possible R Mean(xD ) Sigma(xD )

3 6.90111 0.8265925 0.00292621

6.90112 0.8265314 0.00295893

6.90113 0.8264514 0.00275886

6.90114 0.8267222 0.00284115

6.90115 0.8264466 0.00294340

6.90116 0.8264436 0.00268823

6.90117 0.826598 0.00298698

6.90118 0.8265865 0.00281347

6.90119 0.8267418 0.00294465

6.9012 0.8264531 0.00293668

6.90121 0.8264398 0.00286521

6.90122 0.8263805 0.00282326

6.90123 0.8266138 0.00283699

6.90124 0.8263521 0.00295814

6.90125 0.8265266 0.00290844

6.90126 0.826437 0.00298553

6.90127 0.8265757 0.00286698

6.90128 0.826547 0.00293559

6.90129 0.8265023 0.00283634

6.9013 0.8265164 0.00292063

6.90131 0.8265421 0.00286752

6.90132 0.8267018 0.00289939

6.90133 0.8265355 0.00291200

6.90134 0.8265363 0.00285566

6.90135 0.8266213 0.00301851

6.90136 0.8263394 0.00298850

6.90137 0.826572 0.00289169

6.90138 0.8265305 0.00285354

6.90139 0.8264885 0.00275999

6.9014 0.8264982 0.00293142

6.90141 0.8265294 0.00283119

6.90142 0.8265873 0.00290344

6.90143 0.826424 0.00294580

6.90144 0.826601 0.00287875

6.90145 0.8264514 0.00296185

6.90146 0.8265132 0.00287919

6.90147 0.8264981 0.00290190

6.90148 0.8266832 0.00284053

6.90149 0.8266186 0.00301735

6.9015 0.8264735 0.00291485

6.90151 0.8264921 0.00290212

6.90152 0.8264443 0.00293679

6.90153 0.8266819 0.00295106

6.90154 0.8265412 0.00297632

6.90155 0.8265441 0.00287625

6.90156 0.8265113 0.00296701

6.90157 0.8265559 0.00293738

6.90158 0.8265172 0.00292227

6.90159 0.8264863 0.00291515

6.9016 0.82671 0.00291682

6.90161 0.8264464 0.00304259  
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k Possible R Mean(xD ) Sigma(xD )

3 6.90162 0.8263229 0.00291973

6.90163 0.8265713 0.00289736

6.90164 0.8265784 0.00283839

6.90165 0.8264929 0.00293529

6.90166 0.8264181 0.00288279

6.90167 0.8264751 0.00293843

6.90168 0.8265633 0.00295551

6.90169 0.8265206 0.00289774

6.9017 0.8266935 0.00296149

6.90171 0.8264104 0.00288128

6.90172 0.8266487 0.00303344

6.90173 0.8263802 0.00295198

6.90174 0.8265325 0.00270281

6.90175 0.8266678 0.00288431

6.90176 0.8265885 0.00288089

6.90177 0.8263543 0.00290786

6.90178 0.8265363 0.00283465

6.90179 0.8266613 0.00297731

6.9018 0.8266538 0.00283587

6.90181 0.8265563 0.00290092

6.90182 0.8264305 0.00295379

6.90183 0.8264499 0.00288449

6.90184 0.8264403 0.00295600

6.90185 0.8266036 0.00283175

6.90186 0.8267064 0.002945559

6.90187 0.8264955 0.002911926

6.90188 0.8266874 0.002986223

6.90189 0.826468 0.002909538

6.9019 0.8265312 0.002928287

6.90191 0.826445 0.002993264

6.90192 0.8266475 0.002835197

6.90193 0.8266266 0.002966658

6.90194 0.8264275 0.002877023

6.90195 0.8265982 0.002968096

6.90196 0.8264836 0.003001853

6.90197 0.8264434 0.002933693

6.90198 0.8264496 0.00283973

6.90199 0.8266698 0.002871633

6.902 0.8264182 0.002984663

6.90201 0.8264845 0.003003026

6.90202 0.8265184 0.002956417

6.90203 0.8264677 0.002977389

6.90204 0.8265511 0.002872502

6.90205 0.8266909 0.00285749

6.90206 0.826499 0.003065197

6.90207 0.8263923 0.002835718

6.90208 0.826736 0.002901239

6.90209 0.8266624 0.002832872

6.9021 0.8266413 0.002962769

6.90211 0.8264132 0.002842254

6.90212 0.8265073 0.002962333  
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k Possible R Mean(xD ) Sigma(xD)

4 2.87186 0.8259138 0.0114619

2.87187 0.8259699 0.0117849

2.87188 0.8258231 0.0108961

2.87189 0.8254856 0.011279

2.8719 0.8258717 0.0109903

2.87191 0.8261343 0.0116191

2.87192 0.8260526 0.0114653

2.87193 0.8261378 0.0112863

2.87194 0.8254751 0.0110952

2.87195 0.8266312 0.0110278

2.87196 0.8250616 0.0115926

6.90071 0.9495685 0.123071  

k Possible R Mean(xD) Sigma(xD)

5 2.4113 0.8133626 0.0522973

2.41131 0.8164237 0.0481389

2.41132 0.8166755 0.0524767  
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