ABSTRACT

TOLLEY, MELISSA MARIE. The Connections Between A, and L., Algebras. (Under the
direction of Dr. Thomas Lada.)

In the work of Kajiura and Stasheff, we are given the definition of A, strong homotopy
derivations. By proving an alternate, but equivalent, definition for these derivations, we are able
to take this idea and develop a corresponding definition for L., strong homotopy derivations.
From here we show this definition is not only consistent with the ideas behind our alternate
A strong homotopy derivation definition, but also consistent with the symmetrization of A,
algebras to Lo, algebras, thus showing this is the correct definition to use. We then define
strong homotopy inner derivations for these algebras, resulting in examples of A, and L.

strong homotopy derivations.

One of our goals here is to find connections between A, and L., algebras. We show that
there are two ways to start with a lower level A, algebra structure and lift to an L., algebra
structure on the corresponding coalgebra, both resulting in exactly the same L., algebra. We
show that skew-symmetrizing then lifting maps is equivalent to lifting then symmetrizing the

maps of the lower level Ay, algebra.

To show these connections throughout the paper, we start with the work from Michael
Allocca, where an explicit example of an A, algebra is given. By using definitions of Stasheff and
Lada, we are then able to construct a corresponding L., algebra, then lift these two examples
on coalgebras, resulting in four explicitly stated Ay, and Lo algebras which we use throughout
the paper. To complete our concrete examples, we find explicit strong homotopy derivations for
the lifted Ao, and Lo algebras, giving two concrete examples of algebras and corresponding

homotopy derivations.
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Chapter 1

Definitions

From Stasheff, we obtain the definition of an A, algebra [9]:

Definition 1 (A, Algebra). Let V be a graded vector space. An Ay structure on V is a
collection of linear maps my, : V¥ — V of degree 2 — k that satisfy the identity

n—1n—X\

Z Z My g1 (71 @ DTN @ Mp(TA41 @+ @ Tayk) D Tappy1 @ @ xy) =0 (1.1)
py—

where a = (—1)ktAtRAtentk(zl++aal) for all n > 1.

From Lada and Stasheff, we have the definition of an L., Algebra [8]:

Definition 2 (L., Algebra). An L., algebra structure on a graded vector space V' is a collection

of skew symmetric linear maps I, : V" — V of degree 2 — n that satisfy the relation

S D D=1 I (10615 - -5 V(i) Va(i41)s - - -5 Vo) =0 (1.2)

ij:n—l—l o

where (—1)7 is the sign of the permutation, e(o) is the product of the degrees of the permuted

elements, and o is taken over all (i,n — ¢) unshuffles.

There are equivalent descriptions of A, and L, algebras given by degree one coderivations
on the coalgebras T¢(| V) and S (] V), respectively, with D? = 0. From Kajiura and Stasheff

[5], we obtain the following definitions:
Definition 3 (A, Algebra). Let A be a Z-graded vector space A = @Ar and suppose that

reZ
there exists a collection of degree one multi-linear maps

m = {mk : A®k — A}k’Zl



(A,m) is called an Ay algebra when the multi-linear maps my, satisfy the following relation

k
Z Z(—1)°1+”'+0F1mk(01, ey 0i—1,my(04, ..., 04,-1), 0ig 1y - ., 0p) =0 (1.3)
k+l=n+1 i=1

for n > 1, where oj on (—1) denotes the degree of o;.

Definition 4 (L., Algebra). Let L be a graded vector space and suppose that a collection of
degree one graded symmetric linear maps [ := {l;, : L®% — L};>; is given. (L,[) is called an

L algebra if and only if the maps satisfy the following relation

Z (_1)6(U)ll+l(lk(ca(1)> ce 7ca(k))a Co(k+1)s-+ > Ca(n)) =0 (14)

0ESkti1=n

for n > 1, where (—1)¢(?) is the Kozsul sign of the permutation.

Theorem 5. [6] If {m,, : V®" — V} is an A structure, then l,, = Z (=1)"my, o o where T

O’GSn
is the multiplication of the sign of o and the Koszul sign, gives an Lo, structure.

We will use the definitions from Lada and Stasheff for beginning work, and the alternate
definitions once we move to the coalgebras in later work.
Before we go any further, we discuss permutations versus unshuffles. If we consider the

element (x,y, z), the permutations are



However, the unshuffles are:

The difference here is that permutations do not keep order, whereas unshuffles do. For the
unshuffles, we look at ways to break up the number of elements, so in our example we can break
up 3 by (3,0), (2,1), and (1,2). Note that (3,0) and (0, 3) are the same. We use unshuffles in
the definitions of L., algebras and permutations in the above theorem and in the definition of

A algebra.

Definition 6. (Strong homotopy derivation for A,, Algebras) A strong homotopy derivation
of degree one of an Ay-algebra (A, m) consists of a collection of multi-linear maps of degree
one

0 := {0, A% — A} >1

satisfying the following relations:

r—1
0= Z Z(—l)ﬁ(s’i)ﬁr(ol, e 305, Mg (0i4 1,5 -+, Oigs), - - 0q)

r+s=q+1 i=0 (1'5)
+ (—1)B(S’i)m7«(01, 305, 05(0i41, - ., 0i4s), ..., 0q)
Here the sign 3(s,7) = 01 + - - - + 0; results from moving myg, respectively 6, past (o1,...,0;).

Definition 7. (Strong Homotopy Derivation for Lo, Algebras) A strong homotopy derivation
of degree one of an L., algebra consists of a collection of symmetric, multi-linear maps of degree

one
0 .= {9q|L®q — L}q21



satisfying relations:

<.
Il
3

(=101 (Li(To(1)s - - > To())s To(j41)s - - - s Lo(n))

J=1
UGU( 777'_.])

+ (=D 11(05(To(1)s - - -+ To())s To(i41)s - - - s Tom)) =0

<

where (—1)(%) is the sign of the unshuffle.

(1.6)



Chapter 2
Finite Examples

In Chapter 1 we gave definitions for our two algebras, in this chapter we present (and justify)

two Ao and two Lo, one at each level, that we will reference throughout this paper.

2.1 Finite A, Example

Allocca and Lada used our first definition to find a small finite dimensional example [1]:

Example 8. Let V denote a graded vector space given by V = &V,, where V has basis
< wv1,v9 >, V7 has basis < w >, and V,, = 0 for n # 0, 1. The structure on V is defined by the
linear maps m,, : V" — V:

mi(v1) = my(vg) = w
Forn >2:my(v; ® w® @ v ® w®("_2)_k) = (—1)ksnvl, 0<k<n-2
My (01 @ w22 @ vy) = sp401

mp (v @ W) = 5, w

(n+1)(n+2) . .
where s, = (— 2 , and m,, = 0 when evaluated on any element of V®" that is not listed

above.

Our goal here was to show an L., algebra could arise from this finite A, algebra example.
To do our work, we used the following theorem that creates a relationship between the two

algebras (at the lower level). [6]

Theorem 9. If {m,, : V" — V} is an A structure, then I, = Z (=1)"my, o o where T is

O'ESn
the multiplication of the sign of o and the Koszul sign, gives an Lo, structure.



For the Koszul sign and sign of o, this comes from the degree of the permuted elements
along with the number of transpositions done. For example, on the element (z,y, z), the Koszul
sign for lo(11(y), x, z) would be (—1)'(—1)*!¥l because = and y have been switched, so we have

one transposition. These signs will play an important part in our work.

2.2 Finite L., Example

From this finite example and using the above theorem, we are able to construct a finite Lo

algebra:

Example 10. Consider the graded vector space V = Vj @ V; where V has basis < vy, v9 >
and V] has basis < w >. We show that this space has an L., structure given by:

11(1}1):[1(1}2) = w

For n > 2, l,(vy ® w®("_1)) = (n—1lsppw
ln(v1 ® w®(=2) g va) = (n—2)lsp11v1
(n+1)(n+2) A
where s, = (—1) 2 and [, = 0 when evaluated on any element of V®" that is not

listed.

Here, the tensor product, ®, is the skew-symmetric tensor, i.e. the wedge product. Through-
out this paper will will use ® instead of A for L., algebra to keep notation consistent, but keep
in mind at the lower level of L., algebras, we have that ® is the skew-symmetric tensor product

and at the higher level, ® is the symmetric tensor.

First, note that from the Theorem and the maps m,, (and using that [,, is skew-symmetric),

the only nonzero terms in the sum Z (=1)"m,, o o, will be those acting on the following
oESy
elements of V& vy, vg, v1 @ W @ 11 @ WDk for 0 < k < n —2, v; ® W2 @ vy, and

11 ® w®("_1), for n > 2.

Now look at l;. Since the only permutation of one element is the identity, we have that
ll(Ul) = ml(vl) =w

and

ll(vg) = ml(vg) =w



Next, we look at [ before we look at a generic n, to get a feel for how these permutations
work. From our list above, the only terms that will give nonzero entries are v; ® w and v; ® va.
We look at each of these individually.

We have that

la(vi ®@v2) = ma(vi ®vg) —ma(v2 ®vy)
= s3v1 — 0
= s311

lo(vi @w) = ma(v; @w) —ma(w vy)
= s3w—0
= s3w

Now, let n > 3. We first look at I, (v; @ w®™1)). When we look at the sum Z (—=1)"mpo0
O’ESn
acting on this element, the only non-zero terms will be m,,(v; ® w®("_1)) for each o permuting

the w's. Any other term will have m,(w ® ---), which is zero, as A.-algebra mappings are
neither symmetric nor skew-symmetric. Now we consider the Koszul sign of each of these terms.
Since w € V7, when we permute any two w's we get a coefficient sign of +1. That is, we get
(—1) for a transposition of two w’s and a (—1)(—1)*! as the Koszul sign since these terms are
in V7, giving a positive sign for each term. The number of nonzero terms is the number of ways

we can permute the n — 1 w’s, which is (n — 1)!. Now we have (n — 1)! terms, each one is
mp (v @ WD) = 5, w
therefore

Ly (v1 ® w®(n—1)) = Z (—=1)"my 0 0)(v1 @ w®(n—1))
O'eSn
= (n—1Dlsppw

Next, look at I, (v; @w®™ 2 @v;). When we expand this in the summation Z (=1)"myo0,
O—GSTL
we see that the only nonzero terms will be of the form m,, (v; Qw2 ®wv2), when we permute;

this is because the m,, maps involving v; and vy for n > 3 are only defined when v is the first



term and vy is the last term.

In a similar fashion as before, when we permute w’s we get a positive Koszul number. The
number of terms in the sum will be the number of ways we can permute the w®™=2) which is

(n — 2)!. Since each term is positive, we get:

(v @ w2 @uvy) = (n—2)lma(v1 @ W @ vy)

= (n—2)lspq1v1

The last nonzero element to consider is v; @ W®* @ v, @ w®m=2)~k We will show for n > 2,
(v @ WP @ v ® w®("_2)_k) = 0. For explanation purposes, we will distinguish the two vy as

vy, and vy,, so we are looking for
Ln(v1, @ w®F @ vy, ® WD 7R)
When we expand the summation, the only nonzero terms will be of the form
M (v1, ® W2 @ vy, @ W=D 7R)

and
M (v, ® W2 @ vy, ® WPTD7R)
for some permutations on w’s.

Note that there are n — 1 terms of the form m,,(vi, ® w®* @ vy, ® WEM=2)=F) these are:
vy, ® vy, @ w2

vy, @ W vy, @ w3

v, ® w?2) g V1,

Similarly, there are n — 1 terms of the form my, (v, ® w®* @ vy, ® W™~2=F) each one
corresponding to switching v1, and v, from above. These are the only nonzero terms since a

w in the first coordinate gives a zero for m,,, that is m,(w,...) = 0.

We look at the correspondence of the sign of my, (v1, ® w®* ® vy, ® wW2"=2~F) and the sign
of my,(v1, @ WP @ vy, ® wPM=2)7k) Say the sign of my,(v1, @ W @ vy, @ WEPD7F) is 1.



Then the sign of
mn(vll RV, ® w®k ® w®(n—2)—k;)

is (+1)(—1)* since we have done k transpositions, with each transposition between two elements
of degree +1. Continuing, the sign of

My (V1, ® V1, ® w* @ w®("72)*k)

is (4+1)(—=1)¥(—1) since we’ve transposed two elements, each of degree 0.

Moving those k w’s back to the right, gives the sign of
My (v1, ® w®* @ v, & w®(n_2)_k)

as (+1)(—=1)¥(—1)(—1)* since we've done k transpositions, each with two elements of degree 1

and 0, so a sign of 4+1. Simplifying this sign gives:

FD(DFD(=)* = (—)(=n*
= -1

Hence, when the sign of m,, (v1, @ w®*F @ vy, @ wWPM™2)7F) is +1, the sign of my,(vy, @ WP* @
vy, @WP=2=F) is —1. The n — 1 of the first type then cancel out with the n — 1 of the second

type, giving us 0 in the summation.

Therefore,
ln(vl ® w@k QU ® w®(n—2)—k) -0

for n > 2.

Because we used the theorem presented before, we know this is an example of an L, algebra,
but we explicitly prove this is an L., algebra in the next section. Although these calculations
are unnecessary (as the theorem provides our proof), this is a way to show how the mappings

work together in addition to proving the accuracy of our calculations.

2.2.1 Showing Sum Relation

Next, to verify that this finite example is, in fact, an L., algebra, we show the relation

> D7D (1) VL0615 V(i) Va(ia1)s - - -5 Vo) =0

ij=n+l1 o

holds on the maps for each n. It is important to note that we are still using the definitions

for Ao and Lo, algebras that have not been desuspended, that is, we are using the first two



definitions.

For n = 1, we have that

h(l(v) = h(w)
and

Lh(l(v2) = lLi(w)

For n = 2, the only elements of V' that are nonzero when maps are applied are v; ® w and

v1 ® v2, so we show this sum is zero on each element:

For v1 ® w we have:

3 3 (1) (- )ED (1) D (1o (01, w)))

i;=n+1 o

= (=1)°(=D)°(=1*" Vi (la(v1 @ w) + (1) (=1)° (=)' Va1 (v1), w)
H(=DH =D (=) D1 (w), 01)

= li(la(v1 @ w)) — la(l1(v1),w) + la(l1(w), v1)

= li(ssw) — la(w,w) + 12(0,v1)

= 53:-0-0+0

— 0

For v; ® v9 we have:

10



3 S ()7 (1) O (~1) VLo (v, 02))

ij=n+1 ©

= (=)°(=1)°(=1)*" Dl (la(v1 @ v2)) + (=1)°(=1)°(=1) Vs (I (v1), v2)
(=)= (=) Dy (1 (v2), v1)

= l1(la(v1,v2)) — la(l1(v1),v2) + l2(l1 (v2),v1)

= li(s3v1) — la(w,v2) + la(w, v7)

= s3l1(v1) — 0 —l2(v1,w)

= S3w — S3w

= 0

Next, we move to n > 3. As a precursor to the generalized result, we will show the relations
hold on the two elements that give nonzero maps, v; ® w ® w and v; ® w ® vo. Two comments
are of importance here, we use w; and wy to keep track of order. These do not denote two
different elements in Vi, as both are w. Secondly, in terms where multiple transpositions occur,

we multiply by more than one Koszul sign, one for each transposition.

For v; ® w ® w we have:

D D) I o (o, w,w))

+lo(l2(v1, w2), wi) + la(la(w1, w2),v1) + L (I3(vi, w, we))

= B(w,w,w) —13(0,v1,wa) — I3(0,v1,w1) + l2(s3w, w) + l2(s3w, W)
—HQ(O,’Ul) + 11(218471))

= 0

11



For v1 ® w ® vy we have:

)7 (=) (=)0 V1 (1o (01, w, v2)))

g
(]

= (=1)°(=1)°(=1)'EVi3(1y (v1), w, v2)
+H(=D)"H (=) (=) Vi (1 (w), 01, va)
(=)= (1) (= 1) Vi (11 (va), v1, w)
+(=1)°(=1)°(=1)2C D1y Iy (v1, w), v)
H(=1)" (=) (=1)2E Dy (Iy (01, v2), w)
H(=1)20(=1)% (=1)*(—1)2F Vg (I (w, v2), v1)
+(=D(=1)°(=1)3OD (I3 (v1, w, v2))

—la(la(v1,v2), w) + la(l2(w,ve),v1) + 11 (I3(v1, W, v2))
= I3(w,w,vy) — I3(0,v1,v2) + l3(w, v1,w) + la(s3w, va)
—la(s3v1,w) 4+ 12(0,v1) + 11 (s4v1)
= —2s4w — S3S3W + Sqw
= 2w—w-—-w

= 0

Now we move to the generalized case of n > 3. The two elements to consider here are
v @ w1 and v, @ W2 ® vy.

For v; ® w®™ ! each entry in the sum is of the form:
(L1, w®n—j—2)7 w®j—1) or lj(li(w®i), v, w®n_i_1)
But simplifying these gives:
l]((Z — 1)!8i+1w), w®j—1) or lj (0, v, w®n—i—1)

In either case, the term is zero. Hence the sum is zero and the relation holds.

Our last case to consider is the sum acting on v; ® w®" 2 ® vy. First, we note that the only
way we are able to get nonzero terms is when we have elements from our initial list where the

maps were defined. All other terms in the sum will be zero. Hence, the only nonzero terms are:

12



Lo (11 (v2), v1, w®2) 1y (I (01, v2), wE2), 1y (L (01, wBP=2v2))

®(i—2)

and ly—i+1(li(v1,,w ,v2), w®" ")) where n > i > 2

Also note that for each ¢ where 2 < i < n, we will have (7:1 2) terms because we can choose

any n — 1 of the w-elements. Without considering the coefficients, our sum is:

11 (1 (v1, w2 09)) & Ly—1(la(v2, va), W™ 2) % 1, (1 (v2), vy, WE™™2),

-9 . .
and =+ Z <n ) lnfzurl(li (Ul, w®z_2, U2), w®"_’)

n—1

Now we find the coefficients. For our last term, we first permute the w-elements, then move
the ¢ — 2 w-elements past the vo element. Permuting elements from Vj results in a positive
sign (a —1 for the permutation multiplied by a (—1)'! for the Koszul sign), so we leave these
positive one multiplications out. The only sign that is left is the (—1)%1(—=1)""" = (—1)"7¢,

which comes from moving vs past n — i w-elements. Now our sum becomes:

= (=)™ (In(v1, w2, v2)) 4+ (=122 (=1)" 21, _1 (Iy (va, va), wE2)
(=D (=) (I (v2), 01, wE"2)
+ ) (—yr(=)e (2:?)%i+1(li(vlaw®i_2,02),w®"_i)

2<i<n
D™l ((n — 2)!spy101) + (—1)2072 (=1)" 21, _1 (s301, w®"2)

(=
( 1) ( )n_lln(w7v1?w®n_2)
+ > (=)= (Z:f) bn—i1 (i = 2)!si 101, w* ™)

2<i<n

= (n— 2)'sn+1w + (=) 25w — (n — 1)s,qw

TL — 2 n—i i(n—i
+ Z m( 1) (71) : )(Z - 2)'51+1(n - Z)'Sn i+2W
2<i<n

To show this sum is zero, it is equivalent to show the coefficients of w add to 0. And since

each has a factor of (n — 2)!, we can divide by (n — 2)! and simplify exponents to get:

(_1)(n+2)2(n+2) i (_1)n_2(_1) (n+1)2(n+2) C(n—1)(=1) ('n+2)2(n+3)
i Z (_1)71_2.(_1)2.(”_1.)(_1)(¢+2)2(i+3) (_1)(n7i+3)2(n7i+4)
2<i<n

13



(n42)(n+3)
Also note that (—1)"*2 = (—=1)""2, so we can simplify the second term to be (—1) e

and so our sum becomes:

(n+2)(n+3)
2

(142)(i+3) (n—i+3)(n—i+4)
2 -1 2

B —=n)(=1) + Y ()Y

2<i<n
We use a computer programming language (Maple) to simplify the sum. Also note, that

our sum only depends on exponents being even or odd. And since these exponents are being

divided by 2, we can take every term modulo 4 in the numerator of the exponents. So we have:

(3 — n)(—1) 2 4 %)(_1)@ + g “1)"™%5 from Maple
= B m) () g g (1) - Ly
= @)D" ()T g(—n% mod 4
= @)D g - g)(—n"QB"” mod 4
= B—n) (=) " L (= 3)(=1) " mod 4
_ (3 . n)(—l (”+2)2(n+3) i (n _ 3)(_1 (n+2)2(n+3)

=0

Now we have shown that for any n,

Z Z(_l)a(_l)e(a)(_1)i(j_1)lj(li(va(1)7 S ava(i))> Vo(it1)s - - 7Ua(n)) =0

ij=n+1 o

thus proving that our finite example is, in fact, an L, algebra.

2.3 Finite Desuspended A, Example

On a higher level (where all maps have degree one and we use our second definition), we use
work from Michael Allocca. From Allocca’s paper [1], he desupsended our previous A, algebra

and proved the following gives an A, algebra structure:

Example 11. Let V = V_; + V|, be given by V_; = (x1, z2) and Vj = (y). The following maps

describe an A, structure on V:

14



mi(z1) =ma(z2) = y

For n > 2, fnn(x1®y®k®w1®y"*2*k) = xyfor0<k<n-—2
Mn(r1 @y 2 @10) = 1
Mg (21 @y =y

2.4 Finite Desuspended L., Example

From our previous example of an L., Algebra, we need to desuspend this algebra to find a
finite example on a desuspended coalgebra. To do this, we look at Lada’s paper [6] where he
shows how to obtain these desuspended maps, we let W = W_; + Wy where W_1 = (z1, x2)
and Wy = (y) such that the desuspension operator, |, is given by: | v1 = 1, | va = x9, and
4 w = y. Then the collection of degree one symmetric linear maps L, : WO o W given by
[, = (—l)w 1 ol,,0 1¥™ gives an L, algebra structure, given by our second definition of L.,

algebra.

To find these I, maps, we apply the above map to 1, x2, 1 ® y*" !, and 21 ® y*" 2 @ 2,
as these come from the maps of [,,. As a note about signs, each time we apply a desuspension,

we need to consider how many terms this operator has moved past, as an example
l30 T®3 (xlv Y, y) = (_1)|$1|+|y|+|x1|l3(vl’ w, w)

since one operator has moved past 1 and y, one has moved past x1, and one hasn’t moved past

anything. Then we have four calculations to perform:

(i) On z7:

~ 1(1-1

1) e 1 oljo 191 (z7)
1(1-1)

1)" 2 |oly(vy)
1(1-1) (1+2)2(1+3)

(—
(—

= (=)= L (-1
Yy

w

15



(ii) On z2:

N 1(1-1)
ll (.TQ) = (—1) 2 \L Ollo T®1 (51:2)
1(1-1)
= (=1)" 7 lol(vz)
1(1-1) (1+2)2(1+3)

= (" L

w

(iii) On the element 71 ® y*"~1, we have:

. _ n(n—1) _
(1 @y ") = (=1)" 2 |olo1®" (z3 @y )
_ n(n—1) n—1 Rn—1
= (-1 =z (=) Loly(vy @w® )
n(n— (n n
= )" ) ()R - D
_ (_1)n(n71)+2n7§+(n+2)(n+3) " — 1)'y
= (n—1ly

The reason we can simplify this last exponent so much is due to the fact that everything is

modulo 2 in the exponent of —1. Since we have that n("_1)+2"_22+("+2)("+3) = (n+1)(n+2),
where either n + 1 or n + 2 is even, the exponent of —1 is even, so
(71)n(n—1)+2n—2+(n+2)(n+3) _
(iv) Lastly, we look at 71 ® y®" 2 ® x9:
~ n(n—1)
ln(z1 ® y®”‘2 ®x2) = (=1)" 2 Jol,o T®n (1 ® y®n_2 ® x2)
n(n—1)
= (—1) 2 (—l)n_1 d Oln(’Ul X w®”_2 & 1}2)
n(n—1)42n—2 (n+2)(n+3)
= (DT ()T L (-2l
n(n—1) (n+2)(n+3)
= (D) ()T T (= 2)lay
= (n — 2)':1,‘1

Again, we can simplify this exponent because everything is modulo 2 in the power of —1.
This work gives us the following:

Example 12. Let W = W_; + W} be given by W_; = (z1,29) and Wy = (y), which has been
desuspended from our previous finite L., algebra given by V. The maps given by L : WO — W
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where

li(z1) =li(z2) = y
h(z1®y®" ™) = (n—1)ly
Ih(z1 @y " ?@x0) = (n—2)xy

give an L., structure, as defined in the second definition using a coalgebra.

2.4.1 Showing Sum Relation

By the work of Lada [6], we know our desuspended algebra is an example of an L, algebra, as
he proves that by setting Iy =] ol,0 1®", the result is an L, algebra. To verify the accuracy of
our work, and to show how the mappings work inside the double sum, we show (by definition)
that this is, in fact, an Ly, algebra. To prove this, we look to our sum in the second definition
of Lo (1.4) algebra and show that

Z (—D)“ty (I (co)s - - - s Co(k)) Co(k+1)s -+ > Ca(n)) = 0

0ESktizn
We show this double sum is zero on each of our four inputs as follows
(i) We have that Ij o l(z1) = I1(y) = 0, so the definition holds.
(ii) We also have that ; o [y (z2) = I1(y) = 0, so again the definition holds.

(iii) When we look at this double sum on z1 ® y®"~1, the only terms we need to consider are

those where z1 is in the first position. Here we have:

j:[n*jJrl(lAj(xl @y ),y ) = :I:lAnfj+1((j — D)ly,y®" )

or we have the term

~ ~ ~

n(l(21),y"" ™) = Iy, y®" )

Therefore each term in the double sum is zero and hence the definition holds.

(iv) Lastly, we look at the double sum on the element z1 ® y®"~2 ® z5. Inside the double
sum there are two types of elements we need to consider, as all others will be zero. These

nonzero terms are

17



We go through these and look at each element, then add them to get zero.

(I) Since we have switched z1 and z2, both of degree —1, we have that

(I (z2), 1,y 2) = —ln(y, 21,472
= —(n-1ly
(IT) Lastly, we have that,
Hi(lj(r1 @ y® 2 @ 2),y"" ) = Li((J - 2)lw,y®" )

= (=70 -2

-2

-2
there are (’;:g) terms, when we add them all up we get:

Now note that there are (? ) elements of this form for each j = 2,...n.. Since

Now, we have these two types of terms, only one each of type (I), and we’ve already added
up the (?:22) terms of type (II) for j = 2,...,n. We add all of these to get:

mn—=2)—(n—y+—-(n—-Dy = [-n=1)(n—=-2)1+(n—-1)(n—2)!y
= (n-2-(n-1)+ -1y
0

Therefore, the double sum from our definition of L., algebra holds on all types of elements and
our maps on the desuspended algebra do, in fact, give an L, algebra from the second definition

given.
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2.5 Desuspended Connection

From our work, we’ve seen that we can get an example of an L., algebra from an A, algebra

at the lower level by setting [,, = Z (—=1)"my, o o, where (—1)7 is the product of the sign of

O’ES’n
the permutation with the degrees of the permuted elements. Then, we can lift each of these

algebras to achieve Ay, and L., algebras that have been desuspended. The question we then
asked, is are these desuspended algebras related in the same was that the lower level algebras

are? That is to say, for our example, does the following diagram commute:

(A, 1) (L, 1)
(~)™F | omyo o7 (~1)™F L olyo 1o
(A,m) (L,1)
Z (=1)"mp o0
oceSh

Figure 2.1: Ways to Lift Our Example

Where (—1)7 comes from the degrees of the permuted elements. That is to say, if we per-
muted z and y within our sum, we would have a coefficient of (—1)/*ll¥l. Note that at the
upper level, because the maps are symmetric, we do not need to account for the degree of the

permutation inside the summation, only the degree of the permuted elements.

For our example, this answer is yes, as we show by acting Z (—1)"my, oo on the elements,
o€ESh
z1, x2, 1 QY"1 21 @ yPF @21 @ y®? 27 and 1 @ y®" 2 @ 9, and show this gives our Lo

algebra example.

Look at [;. Since the only permutation of one element is the identity, we have that

~

hi(z1) =nma(z1) =y

19



and

hi(z2) =mi(z2) =y

Now, let n > 2. We first look at I,, (1 ® y®"~1)). When we look at the sum Z (=1)"myo0
oESh

acting on this element, the only non-zero terms will be 7, (21 ® y®(”*1)) for each o permuting

the y's. Any other term will have 7, (y ® - - - ), which is zero. Now we consider the degree sign

of each of these terms. Since y € Wy, when we permute any two 3's we get a coefficient sign of

190 = 1, giving a positive sign for each term. The number of nonzero terms is the number of

ways we can permute the n — 1 ¢/s, which is (n — 1)!. Now we have (n — 1)! terms, each one is
i (21 @ y®" D) = y

therefore

(w1 @y V) = (3 (=1)7rg 0 0) (w1 @ y= )
G’GSTL

= (n—1ly

Next, look at [, (1 @y® ™" 2 ®25). When we expand this in the summation Z (—=1)"myo0,
O’ESn
we see that the only nonzero terms will be of the form 1, (z1 Qy®n—2) ®x2), when we permute;

this is because the m, maps involving x; and xo for n > 2 are only defined when z; is the first

term and x9 is the last term.

In a similar fashion as before, when we permute 3's we get a positive degree number. The
number of terms in the sum will be the number of ways we can permute the y®("~2) which is

(n — 2)!. Since each term is positive, we get:

(1 @y®" 2 @xy) = (n—2)ln(x; ©y®"?)

= (n — 2)'1‘1

The last nonzero element to consider is z1 ® y®* @ z; @ y®"=2~*_ We will show for n > 2,
Zn(xl QY @z ® y®(”*2)*k) = 0. For explanation purposes, we will distinguish the two x; as

x1, and z1,, so we are looking for

Zn(l'll ® y®k ® T1, ® y®(n—2)—k)
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When we expand the summation, the only nonzero terms will be of the form
i (21, @ y®F @ 21, @ y®M=2D k)
and
1M (21, ® @ 1, & y®("_2)_k)
for some permutations on y’s.
Note that there are n — 1 terms of the form 7, (z1, ® y®* ® 21, ® y®~2)7%) these are:

xll ® 1.12 ® y®(n—2)

1, QYR x1, @ y®("_3)

T, ® y®("72) X X1,

Similarly, there are n — 1 terms of the form 7, (z1, ® ¥®* ® 21, ® y®"=2)=%) each one
corresponding to switching z;, and z1, from above. These are the only nonzero terms since a

y in the first coordinate gives a zero for m,,.

We look at the correspondence of the sign of 1, (21, ® y®* ® z1, @ y®™~2=F) and the sign
of iy (x1, ® y®F @ x1, @ y®=2D=k) Say the sign of 1, (z1, ® y&F @ z1, ® y©"=D=F) is +1.
Then the sign of

(1, ® 1, @ y=F @ y@ =2k

is (+1) since time we permute any y and x1, the degrees of which are 0 and —1, respectively,

we get a corresponding (—1)%~! = +1. Continuing, the sign of
M (1, @ 1, @ y®k & y®(n_2)_k)

is (+1)(—1) since we’ve transposed two elements, each of degree —1.

Moving those k w’s back to the right, gives the sign of

M (21, ® y®lC ®xr; ® y®(n_2)_k)

is (+1)(=1)(+1), for the same reasoning as above. Hence, when the sign of 7, (71, ® y*F ®

1, @ y®(”_2)_k) is 41, the sign of my,(r1, ® y®F @ 21, ® y®(”_2)_k) is —1. The n — 1 of the

first type then cancel out with the n — 1 of the second type, giving us 0 in the summations.

21



Therefore,
In(z1 ® y®* @ 21 @ y®=D7k) = 0

for n > 2. Another way to look as this is that from properties of fn, we have:

In(z1, ® y*F @ 21, @ y°I7F) = (21 @21 @ y®"7Y)
= (=) (r @ 21 @ y®™ ) from the degrees of

And since
Zn(ml Kxr & y®("_2)) = (—1)[71(1/‘1 R x1 X y®(n—2))

we must have that ,(z1, ® y®* @ 21, @ y®=2)=F) = 0.

From this work, we can see that these [ are precisely those we found by lifting our finite L.

algebra, and therefore our diagram:

(A i) (L.0)
(_ )n(n2—1) 1 om, T(Xm (_ )n(n;l) Lol T®n
(A,m) (L,1)
Z (=1)"mp o0
oESy

Figure 2.2: Commuting Diagram to Lift in Our Example

does, in fact, commute, which gives rise to the idea that you can symmetrize and then
lift to go from a lower level A, algebra to a desuspend L, algebra, or you can lift and then

symmetrize. We will look at this in more detail in chapter 7.
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2.6 Owur Four Examples

For simplicity, our four concrete examples we will use through this paper are:

Example 13 (Ay). Let V denote a graded vector space given by V' = @V,, where Vj has basis
< w1,v2 >, V] has basis < w >, and V;, = 0 for n # 0, 1. The structure on V is defined by the
linear maps m, : V" — V:

mi(v1) = mi(ve) =w
Forn >2:m,(v ® w* Qv ® w®(”*2)*k) = (—1)ksnvl, 0<k<n-2
mn(vl X w@(n—?) X 'UZ) = Sp+101

mp(v1 @ w®(”_1)) = Spiiw

(n+1)(n+2) . .
where s, = (—1) S , and m,, = 0 when evaluated on any element of V™ that is not listed

above.

Example 14 (Desuspended Ay). Let W = W_; + Wy be given by W_; = (z1,z2) and
Wy = (y). The following maps describe an Ay, structure on V:

ml(.%'1> = ml(l'g = w

For n > 2, mn(x1®y®k®x1®y"_2_k = z1for0<k<n—-2

Example 15 (L,). Consider the graded vector space V- = V@ V] where V| has basis < vy, vy >
and V] has basis < w >. We show that this space has an L., structure given by:

11(1)1>:l1(1)2> = w

For n > 2 l,(v; @ w®™ V) = (n—Dlspw
(v @0 @ug) = (n—2)lspp1v1
(n+1)(n+2) .
where s, = (—=1) 2 and [, = 0 when evaluated on any element of V®" that is not

listed.

Example 16 (Desuspended L,). Let W = W_; + Wy be given by W_; = (z1,22) and
Wy = (y), which has been desuspended from our previous finite Lo, algebra given by V. The
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maps given by I, : W& — W where
= (n—1ly

FRr) = (n—2)la

give an L., structure, as defined in the second definition using a coalgebra.
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Chapter 3

Alternate A, Strong Homotopy

Derivation Definition

It is important to note that for the remainder of this paper, we will use the definitions of A

and L, algebras on a desuspended algebra.

We next look into the work of Hiroshige Kajiura and Jim Stasheff on homotopy algebras
inspired by classical open-closed string field theory [5]. Here, Kajiura and Stasheff give the

following definition:

Definition 17. (Strong homotopy derivation) A strong homotopy derivation of degree one of

an Ax-algebra (A, m) consists of a collection of multi-linear maps of degree one
0 .= {Gq]A@)q — A}qu

satisfying the following relations:

r—1
0= Z Z(—l)ﬁ(s,i)&n(Ol, - ,Oi,ms(oH_l, ... 70i+s)7 RN Oq)

r+s=q+1 i=0 (3'1)
+ (—l)ﬁ(s’i)mr(ol, 04, 05(0i41, - ., 0i4s), ..., 0q)
Here the sign 3(s,7) = 01 + - - - + 0; results from moving myg, respectively 0, past (o1,...,0;).

In their paper, Kajiura and Stasheff go on to say that this sum is equivalent to seeing 6 as a
coderivation of T°A with no constant term and such that [m, ] = 0. Keep in mind, these maps

have been lifted, so we are now using our second definition of A, algebra.

First we note that for lifted m and 6, these maps have degree one. So when we apply these

maps to elements, we don’t need to worry about multiplying by the degree of the map, also the

25



commutator bracket is given by
mo @ — (=1)mlgom

and since both degrees are one, that is |m| = |#| = 1, we have the commutator bracket is
reduced to m o 8 4+ 6 o m. We show this is equivalent to Kajiura and Stasheff’s definition of a

strong homotopy derivation.

We look at this bracket on one element:

[m,0)(z) = mb(z)+ Om(x)
= mlel(m) + 017711(11))

This is equivalent to the sum given by (3.1), and we later use that mi0; = —6;my, since

the sum (and hence the bracket) are set to zero by definition.

Now we work on two elements:

[m,0)(z,y) = m(ba(z,y) +01(z) @y + (-1)z @ 01(y))
+0(ma(x,y) +ma () @ y + (—1)"z @ ma(y))
= miba(x,y) +ma(01(z),y) + mibi(z) @y + (=1) @ (z) @ ma (y)
+(=1)ma(z, 61(y)) + (=1)*lma (2) © 61 (y) + (=1l @ mi61 (y)
+01ma(x, y) + b2 (my (2), y) + Orma () @y + (=)™ hmy (2) @ 61 (y)
+(= 1)y (z,m1 (y)) + (=1)"61 () @ ma(y)

These signs come from the elements that m; or 8; has moved past. Technically, the coefficient
for, say, x @ mq(y) is (—1)#™1l but as we said before |m;| = 1, so we don’t write the degrees

of the maps. Now we look at terms that cancel:
(—1) gy (2) @ ma(y) + (—1)161 (2) @ ma(y) =0

since |61 (z)] = 1 + |z, so (=D)I16;(z) @ my(y) = —(=1)!" @16 (z) @ my (y).

Similarly,
(=1)"lma(2) @ 0(y) + (=)™ @lmy (2) © 61(y) = 0
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Now we use the fact that m;0; = —61m; to get that
mibh(z) @y + 0imi(x) @y =0

and
(=)l @ ma 6y (y) + (1)l @ 01my (y) = 0

This leaves us with

[m,0)(z,y) = miba(z,y) +ma(01(2),y) + (—1)"lma(z, 01(y))
+ Oima(x,y) + O2(ma(@),y) + (=)0 (x,m (y))

which is equivalent to (3.1) on two inputs.

Before we generalize this on n inputs, we show the process in more detail with three elements:
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[m, 0)(2,y, 2)

mi10s(x,y, z) + ma(O2(x,y), 2)
+miba(z,y) ® z + (=1)12@Dgy (2 1) @ my(2)
(=) my(1, 02(y, 2)) + (=1)"lma (z) @ 02(y, 2)

(=D)L @m0y (y, 2) + ms(01(2), y, 2)ma(61(2), y) ® 2
+(=D)1 @Yy (2) @ ma(y, 2) + mibi(z) @y @ 2
+(=D)I @Gy (@) @ mi(y) @ 2 + ()"0, (2) @ y @ ma(2)
H(=D)Plmg(x, 01 (y), 2) + (—1)¥ima(x, 01 (y)) ® 2

H=D)P L @ ma(01(y), 2) + (=D (2) @ 01 (y) @ 2
(_1)Iw\+\w|$ ® mi161(y) @ z + (_1)Ix|+l01(y)|+lr|x ® 01 (y) ® mi(2)

H(=D) P Wy (2, 01(2)) + (—1) Wiy (2, ) © 01(2)
(=Dl @ my (y, 01 (2)) + (1) WImy (2) @ y @ 01(2)
+(_1)Ir|+|91(y)\+|x\x ® mi(y) @ 01(z) + (_1)|m\+|yl+\wl+\ylx ® y @ m161(2)
+01ms(z,y, 2) + O2(ma(z,y), 2) + O1ma(z,y) ® 2

(=) lmy (2, ) @ 01(2) + (—1)"105 (21, ma(y, 2))

+(=1)"10; (2) @ ma(y, 2) + (=1)FHl2 @ 6,ms (y, 2)

+03(ma(2), 9, 2) + Oa(ma (2),y) ® 2 + (=1)™lmy (2) @ 65(y, 2)

+01ma (2) @y @ 2 + (=1)™Olmy (2) @ 61(y) © 2

+(=1)M @y (2) @ y @ 01(2) + (=1)*103(2, ma (y), 2)
+(=1)M02(z,ma(y)) ® 2z + (= 1)HWe © 02(m1 (y), 2)

+(=D)gy () @ my(y) ® 2

(D)2 @ 01ma (y) @ 2 + (=)L @ my (y) @ 01 (2)

+(= )Py (@, y, ma (2)) + (D), (2, ) @ ma (2)

+H(= )P @ 05 (y, mi (2)) + (=)0 (2) @ y @ ma(2)

+ (=DM @I+l @ 0, (y) @ my(z) + (=1)FFHRIHYE @ 4 @ 6,m (2)

As a remark on the signs, consider the last element, (—1)IZH1+e+13 © 4 @ 6;my (2). This

came from 6 acting on the element (—1)*T¥2 @y @m; (). The sign of (—1)*HW¥z @ y@m,(2)

came from moving m past = and y (we aren’t permuting elements, so we only include signs

obtained by moving the map past elements), and the fact that m; has degree one. The reason
for the extra (—1)*1+¥l in the term (—1)*H+¥+=1+vl2 @y @ 0m1(2) came from moving the 6y

past x and y, just like the m1. Again, since the degree of 0 is one, we don’t bother to multiply
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the exponent by the degree of the map.

Now we show that every term involving a tensor cancels out. First we look at those terms

involving a m16;(x;). Those that cancel are:

mifi(x) @y ®z with Omi(z) @y ® 2
(—D)PFHl @ 0mi(y) @ 2 with  (=D)PHle @ mye(y) ® 2
(=Dl @ 4 @ 0ymy(2)  with  (=1)RHWHREYL @ 4 @ mi6)(2)

Note that the coefficients are the same for these terms, which is no coincidence and we prove

later.

Next, we look at repeated terms and show they add to zero. For example,

(=1)2ENGy (2, y) @ ma(2) + ()02, y) @ ma(z) = (D)WY, (2, ) @ ma(2)
+(—1)|x‘+|y|92($, y) @ my(z)
= —(=D)FHWIGs (2, y) @ ma(2)
F(=D) g, (2, y) @ my (2)
= 0

All others of this form are:

(=) (@) @ 62(y,2) + (=1 (2) © 05(y.2) = 0
(-1 @lgy (2) @ ma(y,2) + (- 1)‘””'91( ) @ ma(y,z) =0
(D" @oy (@) @ mi(y) © 2 + (—1)01(2) @mi(y) @2 =0
(—)@HRY (@) 0y @mi(z) + (=D (@) @y @ mi(z) =0
(D)l (@) @0(yez) + (—1)M@n(2)®6(y®2) =0
(_1)|w\+\91(y)l+\w|$®gl(y)®m1(z) + (- 1)\wl+|y|+|w|x®gl( )@ mi(z) =0
(=)W (2, ) @ 61(2) +  (=1)"2EWmy(z,y) @ 61(2) = 0
(—D)eHimy () @y 61(z) + (—1)M@HL, () @y 61(2) =0
(_1)|x\+\91(y)l+\w|$®m1(y)@91(2) + (- 1)\x|+|y|+lr\x®m1(y)®91(2):0

Now, we consider those tensor terms that are left. These are of the form x®--- and - - ® z.

Simplifying these gives:
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miby(x,y) ® z +ma(01(x),y) @ z + (=1)my(x, 01 (y) @ 2 + O1ma(z,y) ® 2
+02(m1(x),y) ® 2+ (=)0 (2, m () ® 2

= [mibs(x,y) + ma(61(2),y) + (=1)"'ma(x,61(y)) + b1ma(, y)
+02(ma (), y) + (=1) 102z, m1 (y)] @ 2

= 0® z from the relationship on two elements previously

= 0

In the same way, we have,

(=D @ maba(y, 2) + (=) Fz @ ma(61(y), 2) + (=D)L @ ma(y, 61(2))
H=D)IHe @ 01ma(y, 2) + (D)2 @ 05 (ma (), 2) + (=D)L @ 65 (y, ma(2))
= 2@ [miba(y, ) + ma(01(y), 2) + (=1)¥Ima(y, 01(2))
+01ma(y, 2) + 2(ma(y), 2) + (=1)105(y, m (2))]
= 2 ®0 from the relation on two elements and (—1)2* =1

=0
After all these cancellations, we are left with

[m,0)(z,y,2) = mabs(z,y,2) +ma(0a(z,y), 2) + (1) ma(z1,05(y, 2))
+ma(01(2),y, 2) + (1) "lmg (@, 01(y), 2) + (1) Wimg(2, y,01(2))
+01ma(z,y, 2) + O2(ma(2, y), 2) + (—=1)*02 (21, ma(y, 2))
+03(ma(2),y, 2) + (—1)"05(2, m1(y), 2) + (=1) " ¥o5 (2, y,m1 (2))

which is precisely the sum given by Kajiura and Stasheff.

Now we prove that this bracket is equivalent to the (3.1) on a generic number of inputs. We
have that
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[m, 0](x1,x2,...,,2,) = mb(z1,22,...,2,) + O0m(x1,22,...,2,)

n
j=1
n .
+9(Z(—1)B(Z)xl R Rx; ® mj(l’i+1, Ce al'i+j) R X fn)
j=1
n n '
- Z Z(_l)a(S)(_l)B(z)xl R xs ® mp(.TS_A,_l, C. 7x$+p) RE; Q-
p=1j=1
"'ej($i+1a~--,$i+j)®-~-®xn
n n
+ Z Z(_I)Q(S)(—l)ﬁ(i)xl Rrs X 9p(a:5+1, e x5+p) Rx; @+
p=1 j=1
C MG (Tig s Tigy) @ @ Xy

where 3(q) = a(q) = |z1]| + -+ + |z4|. We only need to show that any term with a tensor
product cancels in the above sum to show this is equivalent to (3.1). We do this in the same

way as with three elements.
Note that there are three types of tensor terms:
(i) 21®--- @0mi(zj) ® - @ xy (or mby)
(i) 21 ® - @mi(xj,...,Tj4i) ® - @ Og(zq, ..., T14q) ® - @ xy (0or m; and 6, are switched)
(ili) 21 @ @ x; @ Mj(Tig1,-..,0¢(Ts, ..., Tstq),...) ® - @y, (or m; and 6, are switched)
Note that we’ve shown the bracket is equivalent to (3.1) for two and three inputs, as we will
be using induction to show these equations are equivalent. Let two elements be our base case
and assume that [m,0](x1,...,2p—1) = 0. We prove [m, 8](z1,...,2,) = 0 (or is equivalent to
(3.1)) by induction. Consider term (i). This comes from 6 acting on 1 ®---@m1(z;)®- - - ® zp.
Firstly, the sign for 21 @ --- @ my(z;) ® - -+ @ x,, is (—1)l*H+2i-1l since we have moved my

past the first j — 1 terms. When we apply 6, we move 0y past the first j — 1 terms again, giving
(with the coefficient) the term:

So, this term has a coefficient of +1. Note that there is another term from the second half

of the sum, again with a coefficient of +1 (for the same reason as above) of the form
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And since m160; = —601m; (from before), we have that
131®"'®91m1($j)®'”®$n+$1®"‘®m191(l’j)®”'®$n:0

So all terms of form (i) sum to 0.

Next, we move to terms of form (ii). The term
x1®-~-®mi(a:j,...,xj+i)®-'-®9q(xl,...,xl+q)®'~®xn

comes from applying 6, to the term (—1)|x1|+”"xi—1‘x1 @ Qxj_1 @My (Tj, ..., Tjy1) - Ry,

where m; has moved past the first j — 1 terms. Once we apply 6,,, we have the term:

(=1)lmlttlzial et tmies, oz p)lFlegrinl -ty g

ce@m(Tg, e Tjgi) @ ® 0g(T - Tgg) @ R Ty
Now we have another term in the second half of the sum by applying m; to
(_1)|901|+"'+|90171|w1 D @0y(Tpy e Tpgg) @ D Ty,
which came from moving 6, past the first ¢ — 1 terms. This gives the term:
(=1)llttloaltlalttoialy @ . g Mi(T, s Tjai) @ - @ 0g(Tpy . Tprg) @ D Ty,

And note that

(_1)|$1|+~~~+|$j—1|+|1?1|+-'~+\mi($j7---7$j+i)|+|$j+i+1|+~~-+|zz—1|
= (=D)lltetleialtlo e gl g e
_ (71)|11|+"'+|sz1|+|9E1|+"'+|93j—1|+1

= —(=1)lerltml et

Hence,
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(_1)‘xl‘+“.+‘xj71|+|x1+."+|mi(mj""’xj+i)‘+|Ij+i+1‘J’»“'J’»‘xlfl‘xl %@
®mi(xj7---,xj+i>®"'®0q(wl,.._,xl+q)®...®xn
H(lmlEtlmaltmttrialy, @ o @ m(ag, . r) ©

®"'®9q($l;-'-7$l+q)®"'®mn

— _(_1)|9f»‘1|-5-~~~+Iff»‘l—1I-S-Iu’vl|+...—s—|~’vjfl|ac1 R @My i) @ ROy, Tprg) @
R S 2
+(=1)lmltr ety o g Mi(Tgy ey Tjgi) @ - @ O (X1, -, Tpag) @
R T 2

=0

So these terms of type (ii) also sum to 0.

Lastly, we look to those of type (iii). Consider all the terms left (after canceling those of
form (i) and (ii)) of the form

1@ @ @My (Tig1, .., 0q(Ts, o Tstg)s ) BT ® -+ @ apy

where i is the largest subscript on the left and b is the smallest subscript on the right of this

form. Then factoring out on the left and right gives:
T1®-- @2 ® M, 0](Tit1,..., Tp-1) QT @ - - @1y
Note that by induction,
[m, 9](l‘i+1, PN ,$b—1) =0

so these terms combine to zero. Also, we can work our way outward, meaning after performing
this cancelation for ¢ and b, we look to z; where j < ¢ and z, where a > b, and perform
induction again. Hence, all terms of form (iii) combine to zero.

Therefore, our three types of terms add to zero, leaving only those of the form
(—1)'B(i)0r(x1, ey @iy Mg (T, ooy Tigg)y e o vy Tp)

and

(—1)B(i)mr(:ﬂ1, ey @iy Os(Tig 1y e oy Tigs)y e v oy Tn)

which is precisely (3.1).
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From this work, our double sum can be thought of as a commutator bracket on m and 6.
This gives an alternate definition for a strong homotopy derivation on an A, algebra and helps

us develop a corresponding definition for an L, strong homotopy derivation in our later work.

34



Chapter 4

Lso Strong Homotopy Derivation

Definition

4.1 Strong Homotopy Derivations on L., Algebras

Given the definition of strong homotopy derivations of A, algebras [5], we knew there should
be a corresponding definition for L,. As we looked previously, a strong homotopy derivation for
A consists of a collection of maps satisfying (3.1), but an equivalent definition is a collection
of degree one maps, 0, where [m, 0] = 0. Using this same idea, we worked backwards by saying
if (L,1) is an Lo algebra and 6 a strong homotopy derivation, then [I,0] = 0. (We give these

details later.) From this relation, we get the definition:

Definition 18 ((Strong Homotopy Derivation for Lo, Algebras)). A strong homotopy derivation
of degree one of an L, algebra consists of a collection of symmetric, multi-linear maps of degree

one
0 :={0,/L%1 — L};>1

satisfying relations:

J=n

Z (=)0 1@ty - To(j))s To(i41)5 - - > Ton))
J

=1
c€eU(j,n—j)
+ (_1)6(U)ln—j+1(0j(xa(l)7 s )wa(j))7 Lo(j+1)s - - >$U(n)) =0

where (—1)¢(%) is the sign of the unshuffle.
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4.2 Developing this Definition

We now show this is consistent with [6,{] = 0. First, note that as with the Ay, case, we don’t
bother multiplying exponents by the degree of the maps when we carry through the [ or 6, as
these both have degree one. The difference here is we have to consider the signs of unshuffles

as we carry through the maps, and for the same reason
0,0 =00l — (=) oh=00l+100
Consider this bracket on one element:

[0,1](z) = (0ol)(zx)+ (lob)(x)
= 9111(.71)—1—[191(1‘)

which is consistent to (4.1), since there are no unshuffles to consider. Now we look to two

inputs. Note the signs of the unshuffles as we apply 6 and I.

0,0(z,y) = 0(a(z,y) +h(z) @y + (1) (y) @ 2)
H (02 (2, y) + 01(z) @y + (1) WIoy () @ )
= Oily(z,y) + O2(l(x), ) + 011 (2) @ y + (=)@, () @ 1) (x)

(=)0, (11 (y), ) + (1) Woy 1 (y) @ @

(=)W, (2) @ 1 (y) + L02(, y) + la(61(2), )
+1161 (z) @ y + (= 1)@ (y) @ 0, (z)

+(= 1)y (01 (y), ) + (1) 1,6, (y) @ @

+(=1) I+ W2l (1) @ 0, ()
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Now we use the property that z ® y = (—1)*l¥ly @ 2. So,

1)|ll(r IIylgl( )@ 1y (x) + (_1)Irlly\+|01(y)\lw|ll(x) ® 01 (y)

1)+, () @ 13 () 4+ (=D)lHAEDI () © 6, (y)
1)(ZHDHLE IO @I () @ 1 (y) + (—1)llHDIl (2) © 6, (y)
1) (Jz|+1) |y\+(\y|+1)(lx|+1)ll( Y@l (y) + (_1)\xlly|+(|y\+1)|w|ll(x) ® 01 (y)
1)l Y1 (1) @ 1 (y) + (—1)lvHellviHelg () @ 6 (y)
1) (2) @ 1 (y) + (~1)ll () © 01 (y) since (~1)*™ =1 for all m
= (DL @) @ h(y) + () h@) @ 6i(y)

= 0

(=
(=
(=
(=
(=
(=

Similarly,
(_1)|$Hy|+|ll(y)l\w|91 (z) @ L (y) + (_1)\01(r)\|y\ll(y) ®01(z) =0

Now look at our other tensor terms. We use the fact that 6, o l; = —I; o 8, from before, to

say:

()L @+ () LG @) e = (D)) + ()06 () @ o
= (=)o (y) — (=)0, (y)] @ 2
= 0®z
=0

Similarly,
1191(.73) Ky + 91ll($) Ky = 0

Now, we have reduced the bracket to:

0,0(z,y) = O1la(z,y) + O2(la(@),y) + (—1) Wy (11 (), 2)
F102(2,y) + 1o (61 (2), y) + (—1)115(01 (y), 2)

Which is consistent with (4.1).

We next show that (4.1) is consistent with our bracket on n inputs. Much like the A, case,

we show this by induction (since we have proved our base case of n = 2), so assume the bracket
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definition for strong homotopy derivation is consistent with (4.1) for any number of inputs less
than n. We look at

0,(x1,...,2n) = Ool(xy,...,2n) +1l00(x1,...,2p)

Since we only consider unshuffles and don’t actually move 6 and [ through the term

(T1,...,Tp)

ever €rm begins wi Liy...)Or L{Xi,...). DO, LO SNOW 1S 1S consistent wi . we on
v term begins with 0(z;,...) or I(z,...). So, to show this i istent with (4.1), ly

need to show that all terms of the form

lp(a:ql,. . .,xqp) ®0m($]‘1, .. .,.Z'jm) &
and
gq(lj(l'ip e ,:Eij),l‘ij+l7 e ,$q+j_1) Q-

cancel with some other term(s) in the sum. Note that in no instance will we have a term of the

form:

bp(xqys- s 2g,) @ 20 @ Oy, s 25, @ -

because in an unshuffle we always keep order, meaning after applying 6, the term involving
f is now the first term when we apply [, so this has to remain either in the first part of the
unshuffle (this would result in the second form from above) or the second part of the unshuffle

(resulting in the first form from above).

First we consider term one,

lp(a:ql, ... ,xqp) & Hm(l'jl, e ,.Z'jm) &
and note there is a corresponding term of the form

Om(@j1s - - s @) @ Lp(Tgy, - - 7x‘1p) Q-

Our primary goal is to find the coefficients of these two terms, then add the two terms,

resulting in zero.

Consider
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Ip(Tgys- oy %q,) @ Om(zjy, .. 2j,) @ -+

This comes from applying I to 0,,(z;,,...,x;j, ) ® ---. For this term, we need to figure the
sign of the unshuffle. Each time we move x;, past another x5, we get a factor of —1 from a

transposition, but we want to be careful not to double count transpositions. Here, we get the

ol D f@il gl D lwil oo+ g D il

coefficient of

1<J1 1<j2 1<Jm
(_]_) i#ja i#ja i#ja
Now, once we apply [ we get the term l,(zg,...,%q,) ® On(zjy,...,2),) ®--- with a coef-

ficient of —1 to the following exponent:

v =l Y el el D lwil e e Y e+ lzg] Y e+

1<j1 1<j2 1<jm <q1
i i iZia i
i#qga
+Hg,| Y |l +Z g 10m (20, - - - 25, )
1<qp
#Jja
1#qg

This gives the term
(_1)”17(‘%(117 cee 7xQP) X Qm(le, EER) xjm) @

and using properties of the skew-symmetric tensor product, we know that:

(_1)7lp(1"Q1""7‘TQ;D) ® em(ajﬁ?" x]m)®:
(=

1 ( )llp Tqp5esTap)||Om (Tjy .- ,Z]m)‘g (xju""xjm)

)’
(

Rlp(Tqys- -+ 2q,) @ -
= (=1)7H(za [+ tzgp [+ 1) (25, [ Flaim [F1) g, (Zjys- -5,
®lp(Tgys - Tg,) @+

1)F0m(a;]1, ces ) @ U (g, -  Tgy) ® -

A

Hence, we have rewritten our first term as

(_1)F9m(xj1> s 7:Ejm) ® lp(xfh’ s axq;z> @ (42)
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Now, consider (as we said previously) the corresponding term:

Om(zjys- s 2j,,) @ lp(Tg,, .- ,xqp) R

Doing the same process on this term gives the coefficient of —1 with exponent:

§ = gl Y lwil+ -+ g D Sl w4 o | Y vl + -+
<q 1<j1
1#qa i#ja
i#£4qp

m
g D il + > |zl (g, - 2, )]
i#qga
1#Ja

Giving us the term the finalized term:
(—1)507”(:11]‘1, cee 7xj7n) ® lp(xlh’ cee 7x(1p) K- (4'3)

If we can show that (4.2) 4+ (4.3) = 0, then we have shown that all terms of the form
Op(Tqy,- - -+ Tgy) @l (T, ..., xj,) @+ sum to 0. We do this by showing that —(—1)I' = (-1)°,
which is equivalent to showing that I' + 1 = 4.

We first expand out I' and ¢ slightly:

U= el Do Jwal el Do Jwil - g, | D el + lwg | Y lal + -

1<j1 1<j2 1<jm <q1
i#jo i#ja i#ja 7477?0(
i#qg

Hag, | D il + |z | + -+ g, | + |zq o) | + lwg o] + - +
1<qgp
i#jo
i#4qp
Hagllzj |+ + |2g T, + -+ |zg, |z + -+ |zg, |2, +1+
"thh’ +eee ’xqp‘ + ‘xtthjl’ + ‘quHth + A+ \%H%’m\ + ‘xQ2|’mj1’ + e

g [ | + -+ lwg g+ - lwg |2g,] + 2]+ + |2,

Note that z4, + -+ + 4, appears twice in this sum, so we can make ' where:
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D= Jay | D il 4 |2l D il 4 ] D il + |2y D il + -+

i<ji i< i<jpm i<a
i# o 1#Jja i#ja @;éja
i#qg

gl Y Jzil + |zg llej] + lwg llzg] + - - + logllzs |+ +
1<qp
1#ja
i#4qp
g llTj, |+ + |zg |z |+ + |2g, [|T) | + 1+ |2q, |2 | +
"qule]é‘ +eeet |xq1ijm’ + ’xqule‘ +oeeet ‘x%H:Ejm’ et ’$qp|’xj1| +

4z, |z, | 4 2 | 4+ g,

And we have that

0 = g | D Jwil + -+l DS il A |z | D | + -+

<q 1<j1

1#qa 17£‘7a

i#4qp

g, > il + 2l D il + || + -+ |2g,] + |25, |24, |

i<jm 1<gp
iiqﬁ 1#ja
i#ja i#qp

g [2g |+ Az llzg, | + [2pl2g |+ 4 [, [,

o T [T |+ 2, [T, |
Also note that both I' and § have the terms

’mlequ‘ + ‘lethI2| +o + ’leHsza’ + ‘1'j2qu1’ +

o F apllrg [+ fzglleg | - |zl

and
2y |+ + |25,

so we can reduce these terms to say showing I' + 1 = § is equivalent to showing I+1= d,

which is equivalent to showing [+ 1 =6 where
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U= a4 gl D fwil - 4 |2 > il + J2g, | D |l + -

i<ji i<j2 i<im i<
i#ja i#ja i#ja ;;éja
17£qp

"qup’ Z |2i| + ‘quHfL'jl’ + |$Q1H$J‘2’ +ot ‘xCIlejnJ + ‘x@Hxh’ +
1<qgp
i7#ja
i#£4qp

g [ | + -+ wg g [+ - - |og, |2, +1

and

0 = Jagl Y lwil+ -+ g ) D Sl w4 |ojy | D |l + -+
i<q1 1<j1
1#qa i#ja
i#qp
| D Ll + g, | D i)

i<im i<qp

i;’é(ﬂ? 1o

1#jo iiqﬂ

We show this by showing each term appears the same number of times in [ and in & , with

the exception of the +1 appearing in T.

(I) Consider the term |z, ||z;|. We have two cases:

(a) if ¢ # j, for any a, then we don’t need to worry about repeating this element, as it

appears exactly once on each side.

(b) if i = j, for some «, then we again have two possibilities.

(i) Say gx < ja- Then this term appears twice in f‘, once in x;, Z |z;| and once in
1<ja
~ i#53

the non-summation terms. For §, since g < ja, this term does not appear in

U= on

Appearing twice in T is equivalent to appearing zero times in ¢ since (—1)2 =
(ii) Now say g > jo. This term will appear once as a non-summation term in T',

and once in ¢ in the sum |z, | Z |z;]. So this term appears the same number

1<qp
1#qp
of times in each exponent.

(IT) Now consider the term (the only other type), |z;,||2;|. We have two cases:
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(a) If i # g, for any «, then we don’t need to worry about repeating this element, as it

appears exactly once on each side.

(b) If i = g, for some «a, then we again have two possibilities.

(i) Say jk < qo. This appears only as a non-summation term in f‘, so only one term.

For §, this appears again only once in the sum |z, | Z |z;|, appearing the

same number of times in each exponent.

i<Qai;£Q5

Now say ji > ¢o. Then this term appears twice in T, once in xj, Z |z;| and

i<
i#£jg

once in the non-summation terms. For §, since jp < ¢q, this term does not

appear in 5. Again, appearing twice in Lis equivalent to appearing zero times

in o.

Since these are the only types of terms and they appear an equal (or equivalent) number of
times in both T' and &, we have that T + 1 = 6 and so ' + 1 = §. Therefore,

(_1)7lp(33q17 e 737qp)

m + ®

So all terms of the form 60,,(z;,, ..

O (Tjys -y T ) @
(—1)60m(xj1,...,wjm)®lp(mq1, [ Tgy) ® -
(=1) Oy, ) @ lp(2gys -0 Tg,) @ - -
(=10 (2, 5,) @ Up(Tgy, - Tg,) @ -
(=10 (s - 25) @ Lp(Tgy s Tg,) ® -
(=10 @y s 25) @ lp(Tgys s Tg,) @ -
0

‘7mjm)®lp(mq17‘“’xq;))®.”

sum to 0, keeping consistent

with our definition of an L, algebra strong homotopy derivation (4.1).

Lastly, we consider elements of the form

0y (1 (s, -

.,l‘ij),xij+1,..

i) ®

Recall that (by our induction argument), (4.1) is equivalent to the bracket structure on n — 1

elements. Start with n — 1 elements in the otimes, so as an example, all elements of the form

0111 (25(1)) @ To(2) @ -+

If we take all the terms (of which there are only two), we now can use induction and the
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properties of skew-symmetric tensor products to say this is 0 ® x,(2) ® ---. We continue this
by collecting terms with n — 2 terms in the otimes. Then by induction, we again will get their

sum to be zero. Hence, all of these terms add to zero.

Since both types of terms

lp(z:ql,...,xqp) ® O (2, .y 24,) @
and
aq(lj(l‘il, . ,Iij),xij+1, ... ,xq+j_1) & -

add to zero, we are only left with terms such as

0n7j+1(l]’ (130.(1), e ,ﬂfa.(j)), ﬂfg(j+1)7 e ,ﬂfa.(n))

and

ln*jJrl(Hj (‘Z‘a(l)v <o axa(j))7 Lo(j4+1)s -+ 7$a(n))

which is exactly what we see in (4.1). Hence, this definition for L., strong homotopy deriva-
tion is consistent with the bracket. So our definition works in the same way the definition of

A strong homotopy derivation does.

4.3 Relating Strong Homotopy Derivations

After finding a definition for L..-algebra strong homotopy derivation, we then asked the ques-
tion, if an L.-algebra is produced from symmetrizing an Ay-algebra, does an Lq,-strong ho-

motopy derivation result from symmetrizing an A..-strong homotopy derivation?

Our result here is, yes, the two are connected the same way A, and Ly-algebras are. To
prove this result, we look at Lada’s work in Commutators of As Structures [6]. In this paper,
we use the notation that A*V is the cofree commutative coalgebra on V', and T*V the cofree
coalgebra on the graded vector space V. Here the projections are given by m, : T*V — T"V
and p, : A*V — A"V. We have a correspondence between the two coalgebras via a coalgebra
injective map

X(Ul R ® Un) — Z (fl)e(g)va(l) R--® Ver(n)

gESy

where (—1)¢(?) is the sign of the permutation.

We now reference Lada’s Proposition 5 [6]:
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Proposition. (Proposition 5) Suppose that f: T*V — V is a linear map which extends to the
coderivation f: T*V — T*V. Then the diagram

X
NV —— TV

fox f

AV —— T*V 1%

X

Figure 4.1: Lada’s Proposition 5

commutes. Here, f oy is the estension of the map fox : A*V — V to the coderivation
fox: ANV — A*V.

Now, let (V,m) be an A structure and extend this to an L, structure given by (V,1),
where [ is found by skew-symmetrizing m, as we did before in Theorem 3. This gives us the

diagram:

ACVLTCV
. S|
l=mbdx m
X
AV TV —"— v
l=mox

Figure 4.2: Proposition 5 With Ay, & L. Maps

We let (V,6) give a strong homotopy derivation structure and we define ¢’ to be the sym-

metriczation of 6, again using Theorem 3. This gives the picture:
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AV ey

. . . s
0 =0oy 0
X 0
0 =60o0x

Figure 4.3: Proposition 5 With A, & L., SH Derivation Maps

Our goal here is to show that 6’ is an Lo, strong homotopy derivation. Using our definition
and work with L., strong homotopy derivations, we know the definition holds if and only if
[i , é’] = 0. We have shown this is equivalent to the definition in previous work. To prove this,
we use that 6 gives an A, strong homotopy derivation on V', so [, é] = 0. Now we apply x to

get:

X[, = x(6 +01)
= X0+ 01
= 1yl + 01
= mby + Oy
m,é]x
=0

This comes from the fact that the diagrams commute, so x o [=1mo X, and the fact that
[, 0] = 0 since 0 is a strong homotopy derivation.

So we’ve shown that X[Z , é’] = 0, and since Y is injective, this means that [i , é] = 0. Hence,
when we symmetrize a strong homotopy derivation for an A, algebra, we do, in fact, get a
strong homotopy derivation for an L., algebra. Another point of importance here is that by
showing that strong homotopy derivations are connected in the same way that A, and L.
algebras are connected shows that our definition of L., strong homotopy derivations is the

definition we should be using.
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Chapter 5

Example of Ay and L

SH-Derivations

After giving the definition of strong homotopy derivations for both A., and L, algebras, we
next look to finding a canonical example for these derivations. To do this, we look back to basic
Lie algebras from [4] and notice how he defines an inner derivation to fix an element a, then

D,(x) = za — ax.

5.1 On A, Algebras

Our goal was to use this to define 6; for an A, algebra using mo as the multiplication, so we
set 01(x) = ma(x,a) — ma(a,x), where a is a fixed element in the vector space. This definition
worked with the double sum from (3.1), but when we defined something similar for 6, we
noticed the problems with negatives. So, we went back and redefined 61 = mo(x,a) + ma(a, x).
We first show this is consistant with (3.1), i.e., does given a strong homotopy derivation.

First, let 0; = ma(z,a) + ma(a, z). From the double sum, (3.1), we have that
017711(33‘) + mq101 (.%) =0

should hold. Expanding this out and using our basic relation on A, algebra maps (using our

second definition of Ay, algebra since maps have been lifted), we know that

myma(z,y) + ma(mi(z),y) + (=1)"ma(z,m1(y)) = 0
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So we have,

Oimi(x) + mib1(z) = ma(mi(z),a) + ma(a,mi(z)) + mima(x,ayrmims(a, )

‘x|m2(x,m1(a))

= mima(x,a) +ma(mi(z),a) + (1)
+mims(a, @) + (=1)1ms(a, mi (2)) + ma(ma(a), y)

= 0

This last line comes from setting restrictions on a. We set mj(a) = 0 and |a| = 2k for some
k € Z. Thus, our definition for #; is consistent with (3.1) and can be used to define a strong

homotopy derivation for A, algebras.

Next, we define 0(z,y) = ms(z,y,a) + ms(x,a,y) + ms(a, z,y) and show this is consistent
with the definition of strong homotopy derivation, (3.1). For this, we look back to the definition

of A, algebra to get the relationship among the m;’s. From this we have:

||

mimg(x,y, z) + ma(ma(z,y), 2) + (=1)"'ma(z, ma(y, 2)) + ms(mi(r),y, 2)

+(=1) mg(a, mi(y), 2) + (=) Wmg (2, y,mi (2)) = 0

To show 6 is consistent with the definition of a strong homotopy derivation, we plug into the
double sum, (3.1), to get:

Orma(x,y) + O2(mi (x),y) + (=1)102(z, ma(y))
+maba (2, y) + ma(01(2), y) + (—1) I ma(x, 01 (y))

= ma(ma(z,y),a) + ma(a, ma(z,y)) + m3(mi(z),y,a)
+m(mi(x), a,y) + ms(a,mi (@), y) + (=1)Fmg(z,m1(y), a)
+(=Dlms(z, a,m1(y) + (=D)"'ms(a, 2, m1(y)) + mims(z, y, )
+mims(x,a,y) + mims(a, z,y) + me(ma(z,a),y)

+ma(ma(a, z),y) + (=1)"ma(z, ma(y, @) + (1) lma (2, ma(a, y))
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And since mj(a) = 0 and |a| = 2k for some k € Z, we can alter this sum to the following way

= ma(ma(z,y), a) + my(mi(2),y,a) + (1) lmy(z, mi(y), a)
+mims(z,y,a) + (=D ®ma(z, ma(y, @) + (=1)FHWlins (2, 4, m1(a))
+ma(a,ma(z,y)) + (=1)ma(a, mi(x),y) + (=1)'m3(a, 2, m1 (y))
+mims(a, z,y) + ma(mz(a, ), y) + mg(mi(a), z,y) + ms(mi(z), a, y)
+(=D)lHelns (2, a,mi(y)) + mims(z, a,y) + ma(ma(z, a),y)
+(=1)ma (2, ma(a, y)) + (=1)*Ims (2, m1(a), y)

= 04040

=0

Hence, the way in which we defined 6, is consistent with the definition of strong homotopy

derivation on an Ao, algebra.

Now, we define 6, for a generic n and show this works with (3.1). Define
9n(£17 .. 7xn) = mn—‘,—l(xl, ey Ty a) + mn+1(x17 ey Tp—1, Q, xn)
+- o+ mpgi(z,a,z2,. ., 2n) +F Mpg1(a, 1, ..., 2p)
Let’s look at the double sum, (3.1) on n elements:

Z Z 5(2)9 (1, iy Mg (Tig1y -+ s Tis)y oo s Tp)

r+s=n+1 i=1

+ Z Z mT xla"'7xi508(xi+17"‘7$i+s))"'a$n)

r4+s=n+1 1=1

where 5(i) = |x1| + |z2| + - - - + |z;] and we know from the definition of A, algebra that

Z Z mk :Ela"'7xi717ml($ia"'7xi+l—1)7"'axn):0

k+l=n+1 i=1

Using how we’ve defined 6;, the double sum now becomes:
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Z Z )0 :L‘l,...’:L'i,ms(xl'+1,...,$i+3),...,mn)

r+s=n+1i1=1
+ E E m,, :L'l, . ,xi,es(xiﬂ,...,xi+s),...,mn)
r4s= n—l—lz 1
= E E mr-i—l(l‘lu”'7xi7m8(l‘i+17"-)$i+8)7”'7xn7a)
r+s=n+11=1

+(_1)6(i)mr+l(mla ey Ty, ms($i+17 C) :EiJrS)a ce. ,$n,1,a,$n) + -+

+mpy1(21,a, 2,0, 2y, M (Tig1, -+, Tigs)y - oo Tn)

+myy1(a, 561,'- s Ty Mg (Tig 1y oy Tigs)s oo, Tn)]
+ Z Z mr (155 iy M1 (Tig 15 -, Tigsy @)oo, Tn)
r4+s=n+1 i=1

+(_1)6(Z)mr($17 ceey Ty, ms-i—l(l'i—i-l’ ey Ljgs—1,Q, $i+s)7 ceey l‘n) + - +
(1),
+(=1)%0m,

(CU]_, 7x’i7m8+1(xi+1)a7$i+27"'7x’i+5)7"')xn)
(a’7$17 o 7l‘iam8+1($i+17 cee 7xi+8)7 o ,fL‘n)]

And since |a| = 2k for some k € Z and m(a) = 0, we can make this sum as follows:

r—1

= [(—I)B(i)mr+1(m1, ey Ty Mg (Tig 1y e v oy Tigs)y o v oy Ty Q)
r+s=n-+11=1

_.
-
Il

( ) mr+1($1,...,$i,m5($i+1,...,$i+s),...,.fl?n_l,a,.f[?n)+"‘+
+( ) Otla ImT‘-i-l('rlaa?xQ?-"7xi7ms<xi+17"‘7xi+8)7"'7xn)
+(=

) +| ImT‘+1(a Tly.w- 7xi7ms(xi+17"'7$i+8)7'"7xn)]

+ E E m?“ xlv . ,xi,ms—&-l(xi—i-l;'--,wi—&-s,a)’-'-,xn)
r4+s=n+1 i=
+

PO m (21,2, M1 (Tist, ooy Tis 1, Gy Tigs)y ooy Tp) 4+ - +

1)’8 me\Q, L1, ... ,xi,ms+1(:ﬂi+1, . ;xi—i-s)’ . ,.%'n)]

_l’_

1
(— (
(=P, o i Mg 1 (Tig1s Gy Tig2, - oy Tigg)s - -y T
(— (
[

H(=D M mp (21, w0, ma(a) + (0P Vme g (21,21, ma(a), 20) +

44 (—1)1mn+1(331,m1(a),x2, ey @) F mpg1(ma(a), z1, ... 2)]

Note that when we originally expanded out the sum with only m;’s, at no point would
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m1(a) appear because we only have m; acting on (z1,...,x,), so if m; acts on an element, it
must contain an x;. This is why we add the last set of terms. Additionally, in the first set of
terms, we need to point out the added (—1)“1| because a has been moved past m;, and to keep
signs consistent we need this extra coefficient. Note that we can keep the equality here because

|a| = 2k for some k € Z.

Now we rewrite the double sum yet again:

k
= Z Z(—l)ﬁ(l)mk+1([1}1,...,l’i_l,ml(l'i,...,$i+171),...,I’n,a)
k+l=n+1 i=1

k
+ Z Z(_l)ﬁ(l)mk—i—l(xl""71‘i*17ml(l‘i7"')xi-‘rl—l)a"'axnflyaa'xn)+"'+

ktl—n+1i=1
k
i)+
+ Z g (—1)POFel (1, ay 20, @i, (@, Ti1)s - )
k+l=n+1 =1
k
i)+
+ § E (—1)PO% iy (a2, 29, mimr, (@i Tiie1), - T)
ktl—n+1i=1

Each of these is 0 as a direct result of the definition of A, algebra maps on n+1 elements, or
we could think of this at n+ 1 copies of the sum definition of A, algebra. Hence, our definition

for 0,, gives a strong homotopy for an A, algebra because the double sum, (3.1), holds.

5.2 On L, Algebras

Just as we did before with finding a canonical example of an A, algebra strong homotopy

derivation, we will do the same for a Lo, algebra strong homotopy derivation.

For this section, we again use our second definition of L., algebra (1.4) along with our
definition of an L, algebra strong homotopy derivation (4.1). Now, let (L,) be an L., algebra
and a be a fixed element in our algebra such that /;(a) = 0 and a has even degree, i.e., |a| = 2k

for some k € Z. We will show that by setting
On (21, xn) = lnt1(z1, ..., XTp, a)

we obtain a strong homotopy derivation. Before we prove that this works with our definition,

we look at the case where n = 1 first.

Define 0 (z) = l2(x,a). To prove this is consistent with our definition of strong homotopy

derivation, we should get 0 when we plug in one element to our double sum (4.1). Additionally,
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we use our relationship from the definition of L., algebra (1.4) to say that /;(l1(x)) = 0. Here

we get:

01(l1(x)) +11(01(2)) = l2(li(x),a) + L(l2(z,a))

And if we make our a such that /;(a) = 0, then this is equal to:

= b(lL(2)a) + h(la(z,a) + (=) (1 (a), 2)
=0

Because this comes directly from our definition of L., algebra on (z,a).

Now let 01(x1,...,zp) := lpy1(x1, ..., 2, a). We show that by defining 6, in this way, we
have an Lo, strong homotopy derivation, i.e., that the sum from (4.1) is 0.
Acting the sum on n-inputs gives:

(*1)6(0)971*]41 (lj (xa(l)’ s 7:60(]'))7 LTo(j4+1)s -+ axa(n))

)
(=1 105 (Zo(1)s - - - T (j))s To(j1)s - - - » To(n))

j=n
= > D)ooy, - To()s Ta(j1)s - > Tain) @)
j=1
oc€U(j,n—j)
+(_1 6(U)ln—j—l—l(lj-i-l (:1:0(1)7 s Lo(g)s CL), Lo(j+1)s .-+ 7x0(n))
j=n
= Z (_1)6(0)Z7L—j+2(lj (x0(1)7 R xcr(j))v Lo(j+1)s -+ rLa(n)s CL)
j=1
c€eU(j,n—3)
+(—n)HlellraGen o Hallzomly, o 140 (@), - To(3) @) To(41)s - - Ta(m))
+(—)llleltetlenllely, (10 (a), 20, )
=0
because this is precisely the relation between /;’s in the definition of Lo, algebraon (z1, ..., x,, a).

Since we get that (4.1) is 0, defining 6,, in this way does give a strong homotopy derivation.

By finding these two ways to find A, and L., strong homotopy derivations, we can now

write out explicit examples in the next chapter.
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Chapter 6
Concrete Examples

Now that we have a way to construct these strong homotopy derivations, we go back to our

concrete examples and explicitly define a strong homotopy derivation.

6.1 Concrete A,, Example

Recall from Allocca’s paper [1]:

Example 19 (A finite Ay, Algebra). Let W = W_; + Wy be given by W_; = (x1,x2) and
Wy = (y). The following maps describe an A, structure on W:

mi(z1) =ma(z2) = y

For n > 2, mn(m@y@k@x ®y"2k) = gpifor0<k<n-—2
(11 @Y P @) =
M (r1@y®" ) =y

From this definition, we can see that the degree of y is even and 7 (y) = 0. Now we define

Hn(xl, .. ,xn) = ’ﬁln_H((El, ... ,a:n,y) —+ - +mn+1(y,x1,. . .,l‘n)

as we did before, but replacing a with y. Now we go through and find explicitly what these 6

are. Note that the only terms we need to check are:
(i) I
(11) T X T2

(iii) To Q@ 11
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(iv) =1 ® x1
(v) 71 @ y®* @ 1 @ y®r 2k
(vi) 21 @ Y2 ® x9
(vii) 71 ®@ y®F @ 29 @ y®n 27k
(viii) z; @ y®n~!
We go through each of these, apply 6,, then find a more simplified form.

(i) For z;, we get

O1(x1) = ma(xr,y) +ma(y, 1)
=Y
(ii) For x; ® 2, we have that
Oa(x1,22) = (w1, 2,y) +m3(x1,y, x2) + m3(y, v, 12)
= l‘l

(iii) For zo ® x1, we have that f2(x2, 1) = 0 because ms is 0 whenever x4 is our first element

or y is our first element.

(iv) For z1 ® x1, we have

Oo(z1,21) = mg(z1,21,y) +m3(x1,y,21) + m3(y, x1,71)

= 21’1

(v) For z; ® y®* @ 21 ® y®" 2%, we have

O (21 ® y®k Rz ® y®n—2—k) = iz ® y®k Rz ® y®n—1—k) 4o
it (21 @ YEF @ 21 @y R +
i1 (21 @ YT @2 @y ) 4
Hitg g1 (21 @y @ 21 @y ) +
Fiins1(y @ 21 @ yF @ 21 @ y¥ )

Note that there are n — 1 — k terms of the form 1, 11 (21 ® y®F ® 21 ® y®*~17%) and

54



k + 1 terms of the form 7, 1(z1 ® y®* 1 @ 21 ® y®772), so if we add these together we
get:

On(z1 @y*F @21 @y 2K = (n—1—-k)xy + (k+ Dy

= nx

(vi) For 21 ® y®"~! @ 29, we have:

021 QY 2 @ 29) = N2 QYT @ 20 @ Y) + g1 (21 @y @ o) +
(21 @ YT @ 1) F 1 (y, 11 @ ¥ @ a9)

Note that there are n — 1 terms of the form 1 (z1 ® y®”*1 ® x2), SO we get:

On(z1 @ Y*" 2 @22) = x4+ (n— 173

= nx

(vii) For z ®y®k X x9 ®y®"‘2_k, we have that m,, 1 is nonzero only when x5 is the last element
to be acted on. Since this won’t happen when we distribute the extra y throughout, then
On (71 @ y®F @ 20 @ y®"=27F) = 0

®@n—1 " we have that:

(viii) Lastly, for 71 ® y
On(z1@y*" ) = dinga(er @ yP") + o g (21 © Y©) g (y @ 1 @ y©" )
And since there are n terms of the form m,1(z1 ® y®"), we get that:

On(z1 @ y*" ) = ny

Then if we write out the explicitly defined strong homotopy derivation we have:

Example 20. Let W = W_; + Wy be given by W_; = (x1,z2) and Wy = (y), where an A

algebra structure has been given by

mi(z1) = ma(z2) = y

For n > 2, 1y, (11 ® v @z ® y"fsz) = zifor0<k<n-—2
(21 @y 2 @ 1) = o
(21 @y =y
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Then the following gives a strong homotopy derivation on this coalgebra:

Or(z1) = y
Forn>20(w1®y®k®x1®y®"2k) = nz; where 0 <k <n-—2
On(z1 @y*" ) = ny
On(21 @Y 2@ 10) = nay

6.1.1 Verifying the Definition

To reiterate that this is consistent with our definition of strong homotopy derivation, we show
the double sum (3.1) from our definition works on z; ® 21 and 1 ® y ® ¥y, just to show how

cancellation works and to double check ourselves.

From the definition of A, strong homotopy derixation, we have:

01(ma(x1,21)) + O2(my (1), 21) + (—1|‘E1|)02(SC1, mi(x1)) + my(O2(z1,21)) +
g (01(x1), 21) + (= 1)1ty (a1, 01 (1))
= O1(21) + 02y, 21) + (—1)"0a (21, ) + (1) + oy, 1) + (1) g (21, y)
= y+()Ply+y+ (-1)ly
= y-y+ty-y
= 0

And now on 1 ® y ® y we have:

01 (s (21,y,v)) + 02 (ha(x1,9), y) + (=1)"162 (21, Ma(y, ) + O3(a (1), v, )
H(=1)"03 (21,01 (), ) + (1)1 (21, y, 11 () + a1 (B3(21, 9, ) +
g (Ba(1,y), ) + (—1) g (21, 02(y, ) + s (01 (1), 5, ) +
(=)t hmg (2, i (y), y) + (=) g (21, 4,61 (y))

(y) + 02y, 9) + (=1)1"102(21,0) + 03y, y,y) +

(=D (21,0,y) + (1) W03 (21, 4, 0) + 1001 (2y) + 102y, y) +

(=) hng(21,0) + ma(y, y, ) + (1) ma(21,0,) +

(- 1)|961||y\m3($1 y,0)

_l’_

_l’_

_l’_

I
o

These are two examples to show that our example of a strong homotopy derivation on an

A algebra is consistent with our definition. We know the technique for that 6,, works, as we
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proved this earlier. This is just a way to double check our work.

Next we more to a concrete example of an Lo, algebra. As a reminder, here was our finite

L algebra from before:

6.2 Concrete L,, Example

Our definition of strong homotopy derivation is only defined on the desupsended coalgebras, so

here, we use the work from chapter 2 to use the lifted L., algebra example:

Example 21 (Desuspended Lo). Let W = W_; + Wy be given by W_; = (x1,z2) and
Wy = (y), which has been desuspended from our previous finite Lo, algebra given by W. The
maps given by I, : W& — W where

1(z1) =li(z2) = vy
n(T1 ® ¥ = (n—1ly
lAn(iUl X y”_2 X .1‘2) = (TL — 2)'.%'1

give an L., structure, as defined in the second definition using a coalgebra.

From here we can now give an explicit example of a strong homotopy derivation on our L,

algebra.

From our work before, we know that setting én(azl,...,xn) = Zn+1(931,...,xn,a) where
la| = 2k for some k € Z and [1(a) = 0 gives a strong homotopy derivation structure on our Leg

algebra. In our example, y has the properties that I (y) =0 and |y| = 0. So we set

~

en(fL’l,. . .,$n) - Zn+1($1, cee anay)

and find what these 6, actually are. For this, we only need to plug in z1, 1 ® y®* !, and

1 ® y®" 2 @ 9. The reason we don’t worry about z is that Zg(xg, y)=0.

Now we plug in our three terms:

(i) For x1, we have,

01(z1) = la(w1,y)
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(ii) Next, we evaluation on x1 ® y®"~ !, to get

~

Op(z1 @y"" ") = Lga(z1 @y")

= nly

(iii) Lastly, we plug in 21 ® y®" 2 ® xy,

én($1 @y @1y = Zn+1($1 @ y®" 1 ® 1)

= (n—1)lx

What we wish to show is that by setting

br(x1) = y
On(z1@y°"1) = nly
én(-rl ®y®”_2 ®l’2) = (n— 1)'$1

then we get a strong homotopy derivation structure on our L., algebra. Before we explicitly
state this example, we prove, using the definition, that this is an L., strong homotopy derivation

structure by showing

(=101 (1), - -+ To(j))s To(i41)s - - > Ton))
(6.1)

+ (=11 (05(To(1)s - -+ To(j))s To(41)s - - > To(n)) = 0

where (—1) is the sign of the unshuffle. We show this double sum is zero on the elements 21,
1 @ y®" 1, and 21 ® y®"2 ® 9. Although we have already showed this 6 structure should

work, we do it again now that 6 has been defined explicitly.
(i) For z1, we have that 61 (I1(x1)) + [1(01(x1)) = 0, so the double sum definition holds.

(ii) For z1 ® y®"~1, the only terms of importance are:

(05 (01 @ y™ ), y= ) £ 0l (1 @ Y= ),y )
= (7 — Dy, y®" ) £ 0,(( — V)ly,y®" )
= 0

So each term in the double sum is zero, hence the definition holds.
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(iii) Lastly we have the term z1 ® y®" 2 ® 3. The terms that will give us nonzero elements

are:
(I) :l:lATL*jJrl(éj(xl ® y®j_2 @ :L‘2)> y®n—j) for ] = 27 N2
(11) £0n(l1(22), 71,y 2)

(I10) 01 (lj(z1 @ y®I 72 @ @9),y®" 7)) for j = 2,...,n.

For the second type, we have that

ign(ll (552), T, y®n—2) = *én(yv Ty, y®n—2)

= —nly

For those of of type (I), note that there are (7;:22) of these for each 7 =2,...,n. So when

we add these terms up, we get:

Z Z Zn—j—l—l(éj (:Cl 02y y®j_2 & x2)7 y®n—j)

j=2 o

= n—2)! N ) e
) ;<j—(2)!(n)—j)!l”Hl(@—l)’%y@ )
R U ) LI .
= Ly e
= > (-Dn-2Yy

j=2
= > =2y =Y (n-2)y

Jj=2 j=1
= (n—2)!n(n;1)y—(n—2)!y—n(n—2)!y+(n—2)!y
= (n—2)!n(n2+1)y—n(n—2)!y

Lastly, for those of type (III), note that there are (?:;) of these for each j = 2,...,n.
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Adding these together gives:

" /n—2)\ - ~ - i
Z( >9n—j+1(lj($1®y®] > ®x9),y*" )

=\ T2

- 22(”-9;&j¥2ﬂé”ﬂ+ﬂﬁf—2ﬂxhy®“j)
P
" (n—2)!

n n

= Y (D" nm -2y - (n-2)hy+ Y (n—2)ly
j=2 j=1 j=1
= n2(n—2)!y—n(n—2)!y—(n—2)!n(n;1)y+

+(n—=2)ly+n(n—2)y—(n—2)ly
B n(n+1)
= nQ(n—Q)!y—(n—2)!T

Now that we have added up the three different types of terms, we add the results together
which will give us the double sum on the element z; ® y®" 2 ® 5. Adding these together

gives:

n+1)

n( n+1)
n*(n —2)ly — (n — 2)! 5 _

g+ (n— 2™ 5
—n(n —2)ly —nly

= n%(n—2)ly —n(n—2)ly —nly

= (n—2)ly[n? —n—n(n—1)]

= 0

Therefore, this example is consistent with the definition of a strong homotopy derivation for

L algebras, so formally we state this example as:

Example 22. Let W = W_; + Wy be given by W_; = (x1,x2) and Wy = (y) with maps given
by Iy, : W& — W where
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as an Lo structure. Then a strong homotopy derivation on W is given by the following sym-

metric maps 6 : W& — W:

él(fﬁl) =Y
Op(z1 ®y®" ) = nly
én(m @y 2 @ay) = (n—1)n

Where 6,, is zero on elements where no permutation is listed.

Now we have concrete examples for an A, strong homotopy derivation and a L., strong

homotopy derivation to go along with our previous A, and L, algebras.
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Chapter 7

Two Ways to Lift

In chapter 2, we saw that for our examples of A, and L., algebras, the following diagram

commutes:

(A1) (L,0)
n(n—1) n(n—1)
(=)™ | omyo fon (—1)" 5§ ol0 1o
(A,m) (L,1)
Z(—I)Tmnoa
O'GSn

Figure 7.1: Two Ways to Lift

Where (—1)7 comes from the degrees of the permuted elements and 7 = 7 - ¢(o), where €(0)

gives the degree of the permutation.

In this chapter we prove that this diagram, in general, commutes and thus show that there

are two ways to go from a lower level A, algebra to an upper level L., algebra.

Before we start our work, we briefly clarify the desuspension operator, 1. When we apply

this map, much like the maps for an A, algebra map, any time we move the operator past an
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entry, we have to account for the degree of that element. Looking at

19 (21, )

To desuspsned x; we haven’t moved an operator past any entries. To desuspend x3, we have
moved 1 past x1. To desuspend z3, we have moved 1 past x1 and x2. To desuspend x4, we have

moved 1 past 1, x2, and x3. This gives the coefficient of
(_l)lxll . (_1)|r1|+|~’02| . (_1)|$1|+\x2\+\$3\ . (_1)|~’01|+|x2|+'“+\$n—1\

Combining these exponents, we see that there are n — 1 of |z1|, n — 2 of |x2|, etc. Therefore,

the sign that comes from 1%" is

n

S n— i

(1)

To show this diagram commutes, we start with fn(xl, ...,Zp) at the upper level, and work
backwards to show we achieve the same results. There are a few things to note here, when we
desuspend, we will let 1 x; = v;, and denote 7, and -, as the signs that come from permuting

x;’s and v;’s, respectively.

Working backwards along the left side of this diagram, we have that

~

In(@1,..mn) = Y (=1 o0(z1,... o)

O‘ES’n
~ n(n—1) @n
= D (-1)"(=1) = Lomuot® oo (wy,...,7n)
O’ESn
Along the right side, we have
~ n(n—1) Qn
ln(z1,...,zn) = (=1)" 2 Jolpo 19" (z1,...,2p)
n(n—1)
= ()77 Lo Y (-1 mu 0001 (a1,..., 20
gESy
— (D" Lo 3 (—1) im0 00 19" (o, . )
gESy
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Our goal is to show these two sums are equal. To do this, we look at terms. Once we apply
the desuspension operator, all terms will be of the form (vg(l), ey ’UU(n)). If we can show that

all coefficients for each o are equivalent, the we will have show these two sums are equal.

Instead of looking at a general permutation, we look at a general transposition and show
the coefficients are equal. Once we show this equality, we will use the fact that any permutation
can be written as a product of transpositions, so coefficients of a permutation will be a product

of coefficients of transpositions.

Let o be a transposition that transposes v; and v;_1, or x; and z;_; at the higher level. We

now find the coefficient along the two sides of the diagram.

Along the left side, (—1) = (—1)1*sll#i-1l since we have only transposed these two ele-

n(n—1)
ments. We will still have (—1)~ 2z, and by applying the operator ¥, we have a coefficient of

Jj—2 n
(n—i)|j—1]|+(n—i—1)|z; |+ Z(n — i — )|z + Z (n —1)|x
(-1 =1 =it . These two terms (n — i)|z;_1|

and (n—i—1)|x;| in the exponent come from the operator 1 having to move past one less entry

to desuspend z; and moving past one extra to desuspend x;_;.

Along the right side of the diagram, we have (—=1)~ 2 from the lifting, (—1)<(?) = (=1),
and (—1)" = (=1)lillvi-1] from one transposition switching v; and v;_;. Since we applied
the desuspsension operator first, this was applied to all x;, hence we get a coefficient of

n

S (0 — i)
(~1)i=1

Therefore our two coefficients for (vi,va,...,v,vj-1,Vj4+1,...,v,) are:
72 n
200D g =i D+ (=i = Dlag| + > (n— )|l
(-1) =l =gt (7.1)
and

n

D 1oy [+ (0 — )|
(1) i=1 (7.2)

Showing these are equivalent, reduces to showing the two exponents of (—1) are equivalent

modulo 2, so we working backwards starting with the left side (7.1)
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nin—1
=D | allega] + (= Dlajoa] + (n— i — D] +

J

+ (n—id)|z| + Z (n — )|

i i=j+1
n(n—1) -
= ——— Flajllzjmal+ Y (n -zl +

2 =
i=j+1

2
—92 n
(
=1

j—2

+(n—d)laja] + ) (0=l + (0 — i — 1)
i=1

And the right side (7.2) can be seen as:

n
e IR I
=1
n(n —1) - .
= = 1 (gl 4+ D(Jzjma] + 1)+ (= d)la
=1
= M—Hx]ﬂx]‘_l\+’$j\+’$j—1’+zn:(”_i)|xi|m0d2
2

i=1

Note that both terms have %2 as well as |zj||z;—1], so we can cancel these. Also, note

2
that
n Jj—2 n
Y =izl = QO (n =izl + D (n—d)lwi)
=1 =1 i=j+1

= (n=J + Dlzj1| + (n = j)la;]

Once we cancel these last terms from our reduced forms of (7.1) and (7.2), we are left with

showing that

(n = lzj-al+ (n—j—Dlxj| = [z + 21| + (n — § + D]zj—1] + (n — j)|z;]

modulo 2. This is true, as

(n = dejal+ =7 =Dl = nlzjal = glajal+nle] - jle;] - l;]
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and

lzj| + |zj1] + (n— 4+ Dlxj1| + (0 —d)laj]l = |zjoa] + |zj_1] + |z;]

+nlzja| = jleja| + nlag] - jlag|

12

25| 4+ nlaj_1] — jloj—1| + nlz;| — jlog]

Thus, the two coefficients for (vi,v2,...,vj,vj-1,Vj41,...,0y) are equivalent, and any ele-
ment that comes from one transposition has equivalent coefficients. Therefore, when working
backwards in both ways to look at Zn(xl, ..., Tp) and expanding the sum, any transposition has

the same coeflicient.
Consider the following theorem from Garrett [3],

Theorem 23. The permutation group S, on n things {1,2,...,n} is generated by adjacent

transpositions s; .

Instead of looking at a general permutation, we have looked at a general adjacent transpo-
sition and shown the coefficients are equal. Since any permutation can be written as a product
of transpositions, the coefficients of a permutation will be a product of coefficients of transpo-
sitions. Therefore, the coefficients of each of the permutations on (vy,...,v,) are equivalent,

resulting in the two sums being equal, and so our diagram

(A, 1) (L.1)

n(n—1) n(n—1)
(~1)™F | ompgo 1o (=)™ | ol on
(A,m) (L,1)

Z(—I)Tmnoa
oES,

Figure 7.2: Commuting Diagram for Two Ways to Lift

does, in fact, commute.
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The result of this chapter is that if we start with a lower level A, algebra, we can either
skew-symmetrize then lift, or lift and then symmetrize to result in exactly the same desuspended

L algebra.
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Chapter 8
An Extra L, Example

By overlooking a degree of a mapping, I was able to find an additional example of an L, algebra
and corresponding strong homotopy derivation:

This work gives us the following:

Example 24. Let W = W_; + W, be given by W_; = (z1,22) and Wy = (y), which has been
desuspended from our previous finite Lo, algebra given by V. The maps given by I, : W& — W

where

give an L., structure, as defined in the second definition using a coalgebra.

We first show that this is, in fact, an Lo, algebra. To prove this, we look to our sum in the

second definition of L., algebra and show that

Z (_1)6(U)ll+l(lk(ca(1)> ce 7ca(k))a Co(k+1)s-+ > Ca(n)) =0 (81)

0E€Sktion
We show this double sum is zero on each of our four inputs as follows
(i) We have that Iy ol (21) = [1(y) = 0, so the definition holds.
(ii) We also have that 1 o 1 (x2) = l1(y) = 0, so again the definition holds.

(iii) When we look at this double sum on z1 ® y®"~!, the only terms we need to consider are
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those where x is in the first position. Here we have:

Flp 1z @ y®I71), 20y = iin—j+1((_1)j2+1(j — D)ly, y®" )
— 0

Therefore each term in the double sum is zero and hence the definition holds.

(iv) Lastly, we look at the double sum on the element z1 ® y®"~2 ® z5. Inside the double sum
there are four types of elements we need to consider, as all others will be zero. These

nonzero terms are

(1) £in(l1 (22), 21 @ y®"2)
(1) +1;(lj(z1 @ y®T 2 @ @9),y®" ) for j =2,...n — 1.

We go through these and look at each element, then add them to get zero.

(I) Since we have switch z; and 2, both of degree —1, we have that

~ ~

~ln(li (), 21,y %) =

_in (ya Xy, y®n72)

= (-1 (n-1)ly
= (-)"(n—1)ly

(IT) Lastly, we have that,

~ ~

il (21 @ yP 2 @), y"" ) = Doy (1) - 2)l, y®" )
2 —7 2 . .
= (D) )i - 2)ly

—2
-2

2) terms, when we add them all up we get:

Now note that there are (? ) elements of this form for each j = 2,...,n.. Since

there are (?:2

M-

(e (07 Y i - 2

=2 J-2
_ - _1)PH (1) (i) (n —2)! n— (i —2)
2D (=G -2

<
Il
V)

(1) (n - 2)ly

I
NE

I
I\

1) Hlp(n = 2)ly — (=1) T (n — 2)ly

I
—~ .
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For the exponent of —1, we have that

PHl+n—j+12+1 = 2+n?—2mj+2m+52-2j+1
= n?41

Hence, the exponent simplifies when we look modulo 2.

Now, we have these two types of term, only one each of type (I), and we’ve already added

up the (?:22) terms of type (II) for j = 2,...,n. We add all of these to get:

(1" (n - Dly + (~1)" Ha(n - 2)ly — (~1)" L (n - 2)ly
= ()" (n—1)+ ()" — (=) H(n-2)ly
( (~

(1" — (=)™ = (=" n+ (=1)")(n - 2)ly

Therefore, the double sum from our definition of L, algebra holds on all types of elements
and our desuspended algebra is, in fact, an L., algebra. From here we can now give an explicit

example of a strong homotopy derivation on our L., algebra.

From our work before, we know that setting én(:cl, ceyTp) = in+1(x1, ...y Zp,a) where
la| = 2k for some k € Z and [;(a) = 0 gives a strong homotopy derivation structure on our Le,

algebra. In our example, y has the properties that I1(y) = 0 and |y| = 0. So we set

é1’L(w17 ey xn) - Zn+1($1’ cooy Ty y)

®@n—1 " and

and find what these 6, actually are. For this, we only need to plug in x1, x1 ® y

21 ® y®" 2 @ 9. The reason we don’t worry about o is that Zg(xg, y) =0.

Now we plug in our three terms:

(i) For x;, we have,

O1(x1) = bo(z1,y)
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(ii) Next, we try z1 ® y®" 1, to get

~

On(z1 @y®" ") = lja(z1 ®y")
_ (_1)(n+1)2+1n!y

(iii) Lastly, we plug in 21 ® y®" 2 ® x9,

én(gﬁl @y @1y = [n+1($1 @ y®" 1 ® 1)

2

= (=1D)"(n—1)lxy

What we wish to show is that by setting

b1(r1) =

Yy
O(z1@y®" ) = (~1)"nly
(a1 @y 2@ 25) = (=1)"(n—1)lay

then we get a strong homotopy derivation structure on our L., algebra. Before we explicitly
state this example, we prove, using the definition, that this is an L., strong homotopy derivation

structure by showing

j=n

Z (—1)6(0)9n,j+1 (lj(xa(l)a ce ,J?a(j)), ‘/EJ(j—i-l)’ cee ,{L‘J(n))

J=1 (82)
+ (1)1 (05(To(1)s - -+ o (j))s To(41)s - - > To(n)) = 0

where (—1)° is the sign of the unshuffle. We show this double sum is zero on the elements 21,

21 ® y® 1 and 21 @ y®"2 ® zo. Although we have already showed this 6 structure should

work, we do it again now that 6 has been defined explicitly.
(i) For x1, we have that 61 (I1(x1)) + [1(01(x1)) = 0, so the double sum definition holds.

(ii) For z1 ® y®"~1, the only terms of importance are:

(05 (1 @y ), y= ) £ 6l (11 @ Y= ),y )
= Loy, y®"7) £ bi(ay, y*" )
= 0
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So each term in the double sum is zero, hence the definition holds.

(iii) Lastly we have the term z1 ® y®" 2 ® x3. The terms that will give us nonzero elements

are:

(1) in— § + 108 (1 © 572 @ 22), y®7) for j = 2,...n.
(I1) 0 (I (22), 21, y®"2)
(III) én,jﬂ([j(ml QYT 2 ® x9),y®" ) for j =2,...,n.

For the second type, we have that

~ ~

:tan(ll(xQ)?xl)y@niQ) = _én(y)xlay®n72)
= —(-1)"nly

For those of of type (I), note that there are (?:22) of these for each j =2,...,n. So when

we add these terms up, we get:

2D g (0o ®y* T @ 29),y¥" )
j=2 o

- (j _(7;)'_(73)l j)!infjﬂ((_l)jg(j — Dy, y®" )
=2

n

- Z( (n—2)! !(—1)1'2(]-_1)!(_1)(n7j+1)2+1(n_j)!y

2 G-
= S (=) - D -2y
j=2
= Y 07— 2y =Y (1) (n-2)ly
Jj=2 j=1
= (e 2y ) - 2y - (1 - 2ty 4 (1) - 2ty
= 2Dy - o)y

2

Lastly, for those of type (III), note that there are (?:22) of these for each j = 2, ... ,n.Adding
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these together gives:

" =2\ . R o .
> <J’2>9n—j+1(1j($1®y®J ? @ 22),y"")
=2

(n—=2)! .

i o (GG = 2ty

I
NE

<
[|
N

n—2)!
n—j)!

(=1 (n—j + )y

(=) (=)D (= j 1)y

I
INgh
~— |

[|
N

I
<
S

n

()" n(n -2y =3 (D)™ (n—2)ljy+ Y _(=1)" (n —2))ly
j=1

=1

<
Il
N

I
.M:

1
= (- 2y~ ()Pl - 2ty — (-1 -2

D" (= 2ly + ()" n(n - 2)ly - (-1)" (n - 2)ly

1

= -2y - ()7 - 2
Now that we have added up the three different types of terms, we add the results together
which will give us the double sum on the element z1 ® y®" 2 ® x9. Adding these together
gives:

n(n+1) 2 n(n+1)

()" n(n =2y — (1) (n ==y + ()" (n — )=

Y
—(=1)"n(n - 2)ly — (-1 nly

= (—D"n*(n—-2)ly — ()" n(n—2)ly — (~1)"nly

= (=)™ (n-2)ly[n* —n —n(n - 1)]

=0

Therefore, this example is consistent with the definition of a strong homotopy derivation for
L, algebras, so formally we state this example as:

Example 25. Let W = W_; + Wy be given by W_; = (x1,x9) and Wy = (y) with maps given
by Iy : W& — W where

Zl(xl) = Zl ($2 = Yy
(z1@y®" ™) = (=) (n-1)ly
(1 @y 2 @) = (~1)" ' (n—2)
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as an Lo structure. Then a strong homotopy derivation on W is given by the following sym-

metric maps 6 : W& — W:

él(l‘l) =Yy
fo(z1 @ %) = (1) nly
On(z1 @ y*" 2 @ a9) = (*1)712(”* !y

Where 6,, is zero on elements where no permutation is listed.

This is another example of an L., algebra and strong homotopy derivation. Again, this
resulted by overlooking a corresponding sign from a previous L., algebra example, but in the
end, we have another concrete example of an L., algebra and corresponding strong homotopy

derivation.
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