
ABSTRACT

SAOVAPAKHIRAN, BOONYARITH. Dispatching Policies and Control of Energy and Delay
SLAs in Data Centers. (Under the direction of Dr. Michael Devetsikiotis.)

Workload distribution has high impact on several performance indices, such as delay and

energy costs in computing systems. Typically, average delays at servers and data centers are

seen as Service Level Agreement (SLA) at infrastructure levels. However, they are not explicitly

computed and dependent on various factors such as statistics of arrival and service processes,

flow controls, dispatching policies and others. In addition, energy costs that are incurred by

these servers become one of important issues in large-scale computing systems. As a result,

we investigate how to distribute incoming loads, so that the SLA requirement is achieved

and power consumption is optimized. When the SLA requirement is given, dispatching and

scheduling controls are utilized to bound the average delays and to optimize the energy costs.

Gauranteeing the SLA can raise system performances and revenues of service providers,

because it is a binding contract between customers and service providers. In general, penalty

costs will be highly incurred by the SLA violations. If the SLA requirements are achieved and

optimized under some constraints, quality for computing services can be ensured at a certain

degree.

In brief, our contributions are listed as follows. First, stability conditions and feasibility

regions of dispatching policies are shown by using stability and feasibility analysis. Relationships

between classes of policies are also determined in term of delays.

Second, static policies are investigated for bounding the average delays. Theoretical analysis

of waiting time is provided, and a LP method is proposed for determining a feasible set of

controls to bound delays. NLP optimization can be formulated to optimize the waiting time at

queues when the static policy is used.

Third, dynamic policies are considered for bounding the average delays. These policies can be

categorized into ideal and implementable cases. Stability conditions and convergence properties

of dynamic policies are demonstrated by using stability and convergence analysis. Performances

of these policies are evaluated via simulation, and an adaptive dynamic policy is proposed to

bound the average delays.

Lastly, scheduling controls for incoming requests with complex structures are investigated.

Analytical results related to the optimal execution time and the bound of system’s capacity are

provided. Even a simple scheduling can be shown to achieve the throughput close to this bound.

In addition, a scheduling method for optimizing energy and congestion costs is discussed for

tasks with complex structures.
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Chapter 1

Introduction and Motivation

1.1 Background

Recently, a tremendous number of web-based applications have increased, so resource utilization

in data centers becomes high. The Internet allows people from different geographic regions

to connect, collaborate and share online services. So, a large number of online applications

have been created to support increasing demands from people around the globe. An enormous

number of servers are installed to process thousands of incoming requests. However, idle time of

these servers is still high. As a result, service providers such as Amazon, Google and Microsoft

reutilize their resources by providing both infrastructures and application interfaces for small-

and-medium companies. They can reduce operating costs and increase revenues while small-

and-medium companies are paying low initial set-up costs to customize their online services.

Thus, computing loads are moving toward data centers where the Internet is the core platform

for connecting all services.

One example of these service is Software as a Service (SaaS) applications. Software as a Ser-

vice, SaaS, is a class of computing services or (web-based) applications where computing tasks

are executed at server sides while visual results are transmitting back to customers. SaaS appli-

cations emerge to lower the operating costs of companies. Demands for SaaS applications have

been highly increased because it helps reduce lead time of product delivery by sharing resources

among multiple users across regions via the Internet connections. For instance, Customer Re-

lationship Management (CRM) Software such as www.salesforce.com can help international

companies, whose their customers are across regions, improve their services.

Priorly, the SaaS applications merely allow minor changes in software to customize their

services. However, higher degrees of customization of low level hardware are permitted for

other classes such as Infrastructure as a Service (IaaS) and Platform as a Service (PaaS), so

computing services can be highly customized to meet requirements of incoming demands. In

1



short, these online services that are delivered via the Internet platform are defined as Cloud

computing. According to its definition in [79], Cloud computing is a model for ubiquitous, on-

demand network access to a shared pool of configurable computing services that can be rapidly

provisioned and released with minimal management effort or service provider interaction.

Cloud computing can be divided into four categories such as Private, Public, Community

and Hybrid Cloud computing according to [79]. First, Private Cloud computing is a shared group

of configurable computing services that is typically managed by an organization. In contrast,

Public Cloud computing is a pool of configurable services that are openly shared for public

purposes such as education services. Next, Community Cloud computing allows a community

of organizations with an agreement to operate and use the same infrastructure for providing

computing services. Recent work on Community Cloud computing is shown in [95]. Finally,

Hybrid Cloud computing is just a combination between Private, Public and Community Cloud

computing. Details of their definitions are shown in [79].

Indeed, Cloud computing is a large-scale computer that allows millions of users to access

its services. These computing services can be seen as utilities according to [22]. A concept of

utility which has high scalability allows service providers and customers to sell or buy computing

services like electricity services. In other words, people can customize the computing services

and buy them on demand via the Internet. Also, their service agreements can be negotiated

in different levels such as an individual user, a group of users and an organization. To be

sustainable, Service Level Agreement (SLA) between service providers and users are essential

to achieve low-price, reliable and scalable services.

An overview of a system architecture in Cloud computing is shown in Figure 1.1. When

consumers want to buy some computing services, they send requests to a service provider, whose

computing resources are located in multiple data centers. The service provider then manages

requests by allocating sufficient resources according to the user requirements at specific data

center, or even across multiple centers. When resources are allocated, services are constructed

by initializing necessary hardware and software. All computing services will be delivered back

to those users via the Internet connections. These procedures are the same for most service

providers.

However, resource allocation in data centers will require different approaches if a concept

of the computing service is changed. As mentioned before, computing services can be classified

into three levels : Infrastructure as a Service (IaaS), Platform as a Service (PaaS) and Software

as a Service (SaaS). IaaS services allow users to control the system at lower levels than PaaS

services do. On the contrary, SaaS services permit users to customize the system in a very limited

manner. So, if the service model is changed, the corresponding systems and their management

will require specific methods to optimize their performances.

By using IaaS services, users gain more controls to customize a system at lower levels
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Figure 1.1: An overview of Cloud computing

via a web console. Still, a number of servers, disk storages and network connections will be

automatically assigned by resource allocators within minutes. These services sometimes is called

Elastic Computing Clouds such as those used in Amazon EC2. Obviously, IaaS services are

highly scalable because a computing system can be constructed and customized on demand.

However, users will have to pay for their usages on an hourly basis.

In particular, users can create and customize their own computing systems according to

the following steps. First, users can securely log in to the system via a web-based console by

using their accounts. Next, they can customize their computing systems by filling requirements

of resources such as a total number of servers, types of Operating System and Input/Output

(I/O) utilization. After users input their specification, the resource allocator will monitor the

current resource usages, and it will automatically allocate these resources according to the

requirements. These servers will be typically used for multiple purposes such as Web servers

and Database servers.

In contrast, actual computing environments will be hidden from users if the PaaS service

model is used. In this platform, users can construct their systems by using software development

tools that are created by the service providers. Software Development ToolKits (SDK) can be

utilized by users to develop their applications while usage details of servers, storage devices

and networks are hidden. For instance, Google App Engine is one of these PaaS service models.

Users will have to upload Google codes to the Google file system where these applications will be

executed on the Google platform. These applications can also be shared among a large number

of users. If a number of requests are small, then Google will not charge anything. However, if

the number of requests become somewhat large, the company will charge additional costs.

In addition, virtualized technologies for computing and storage services are seen as key

components to implement such systems. Typically, computing services are executed on servers
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located in data centers that are distributed among different geographic areas. In data centers,

resources such as servers, storages and networks have to be efficiently provisioned, so that

guaranteed services can be delivered to consumers. Also, service providers have to customize

their software to match different requirements of customers by using the same physical hardware.

As a result, techniques for virtualized computing become critical to achieve highly scalable

services.

One of these techniques is Virtual Machine (VM) software which is capable of overlaying

Operating System (OS) software onto any physical machines. So, software at physical (low)

levels and application (high) levels will be independent. Instead of pre-installing software on

fixed hardware, VM software allows us to dynamically install software on physical hardware

such that customer’s requirements are achieved. Unlike traditional systems, a number of VM

instances can run on the same physical machine, and their size can be scaled according to

incoming loads. Different Operating Systems can be also executed on the same machine. As a

result, VM software helps service providers increase resource utilization in the system, and VM

provisioning process is important to scalability and reliability of services.

Nevertheless, an enormous number of online applications and businesses have substantially

increased, so several critical issues are needed to be solved.

First, power consumption has become a crucial problem because of exponential growing of

electronic components in data centers. This growth has high impact on both carbon footprint

and revenues of service providers. As a result, a number of recent research works concentrate on

how to reduce energy costs in these data centers. Typically, these energy costs originate from

two main sources : computing elements and cooling systems. Therefore, resource allocation to

optimize energy costs in both aspects has received special attention from researchers.

Second, online businesses are typically required to achieve Service Level Agreement (SLA)

between customers and service providers, so certain levels of quality of service can be ensured.

These SLA requirements are commonly related to one of the following performance indices

: delays, response time, energy costs, and reliability of servers. How to allocate resources to

achieve the SLA requirements in data centers is an important question. As a result, most prior

work focuses on SLA-based resource allocation to optimize a trade-off between profits and costs,

subject to the SLA constraints. For example, some of them attempted to minimize power usages

while achieving the SLA requirements.

Workload distribution among servers or data centers is also highly vital because of a tremen-

dous number of requests arriving to the system everyday. Because operating costs of each data

center are different, distributing incoming requests to minimize these costs can help service

providers raise their profits. In addition, delays, response time, throughput and power costs

are dependent on how workloads are distributed among resources. If the SLA at infrastructure

levels such as delays at servers and data centers are applied, then higher revenues can be gained
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by properly distributing incoming workloads In fact, workload distribution is controlled by a

centralized controller such as the dispatcher. As a result, some of previous work attempts to

design an optimized dispatching policy such that an interested objective function is achieved.

Moreover, a high percentage of computing workloads orginates from scientific research,

such as weather forecast models, simulations in astronomy and genetics. These applications in

scientific computing require processing an extremely large amount of data. Their structures are

also based on the concept of parallel programming, and their workflows are typically modelled as

Directed Acyclic Graphs (DAGs). They are executed on High Performance and Grid Computing

systems for the past few years. However, recent work attempts to search for an efficient method

to execute these workflow applications in data centers. So, applications with complex structures

are moving toward these data centers, and allocating these workflows is an important question.

As previously mentioned, all of computing services run on the virtual environment, so opti-

mizing a mapping between virtual machines and physical hardware can help service providers

differentiate their services from others. Workloads in data centers are highly dynamic, and a

large variation of their fluctuations occurs frequently. As a result, dynamic algorithms for vir-

tual machine allocations were proposed in a number of papers. Additionally, activating a proper

number of virtual machines to match with incoming requests can reduce power consumption of

servers. So, operating costs can be reduced by turning servers or virtual machines on and off.

Lastly, other works have studied a proper network structure for data centers. The current

network architecture in data centers is a tree-based topology with connections among a large

number of switches, rack switches and routers. The bandwidth bottleneck can be readily in-

curred, and large amoung of delays between depedent tasks can occur too. In short, the network

structure is unscalable for handling a large amount of communication loads. Adding or moving

servers is not reliable and scalable to maintain high quality of service. As a result, some work

studies how to construct a highly scalable network structure for connecting a large number of

servers.

In short, research problems of data centers can be classified into six categories : power

management, SLA-aware resource allocation, dispatching control, resource management for ap-

plications with complex structures, Virtual Machine provisioning, and highly scalable network

architecture. We will focus on the first four of these research areas in this work. Some of these

prior works will discussed in the subsequent sections.

1.2 Related Work

In this section, prior work that is related to resource allocation in computing systems will be

discussed. Typically, most of it will be in the following four areas : (1)power management,

(2)dispatching controls, and (3)SLA-aware resource allocation. Power management in comput-
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ing systems will be illustrated in section 1.2.1. Then, research in dispatching controls will be

discussed in section 1.2.2. Finally, recent studies in SLA-aware resource allocation will be dis-

cussed in section 1.2.3.

1.2.1 Power management in computing systems

Most research in power management of computing systems usually falls into one of these areas :

(1)power scaling techniques, (2)server consolidation, (3)dynamic server provisioning, (4)power-

and-thermal-aware resource allocation and (5)reduction of electricity bills.

Power scaling techniques

First, a number of papers [39, 40, 46, 101, 90, 53, 62, 102, 58, 52, 111, 105] studied novel

power scaling techniques, allocation frameworks and scheduling methods in order to decrease

energy costs because reducing power consumption of processors, servers and cluster systems is

a key issue. Early work [39, 40, 46, 101, 90] focused on how to decrease energy costs that are

incurred by embedded and mobile computing systems. In later work, power-scalable processors

were incorporated into Cluster Computing (CC), High Performance Computing (HPC) and

multiprocessor systems, and then scheduling methods or allocation frameworks were studied in

[53, 62, 102, 58, 52, 111] to reduce energy costs. They will be discussed below.

Several of power scaling techniques for reducing energy costs were summarized in [105].

Typically, power management can be divided into two categories : Static Power Management

(SPM) and Dynamic Power Management (DPM). SPM focuses on inventing low-power elec-

tronic components such as low-power processors because they can consume up to 50% of the

total power consumption in a computing system. In contrast, DPM exploits current states of

the system such as load utilization and load information to reduce energy usages.

There are two methods of DPM : using software for scaling power of electronic components

and scheduling methods for balancing loads and power dissipations. In the former, power scaling

techniques such as Dynamic Voltage Scaling (DVS), Dynamic Frequency Scaling (DFS), and

Dynamic Voltage and Frequency Scaling (DVFS) are utilized to scale down operating voltages

and frequencies when processors become idle. So, power consumption of processors is reduced.

Similar scaling techniques can also be used on other electronic parts such as memory com-

ponents. In contrast, scheduling methods are employed to allocate incoming requests and vary

voltage-and-frequency profiles of processors, so the requests are completed within deadlines and

loads of processors are balanced.

By exploiting these power scaling techniques, energy costs can be substantially reduced

[53]. Feasibility studies on lowering thermal and power usage of processors was introduced in

[53]. It was shown that 19% of energy consumption can be reduced in exchange to 5% slower
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performance by scaling frequencies and voltage of the processors. The experiment was conducted

by measuring changes in the energy consumption and the performance of a 16-processor Opteron

Beowulf cluster.

In addition, a power scaling algorithm for the HPC system was studied in [54]. It can auto-

matically change operating voltages and frequencies of processors to reduce power dissipation,

while minimizing the impact on the system performance. The algorithm was implemented in

a run-time environment. According to the results, the system could reduce power dissipation

by 20% for sequential benchmarking and 25% for parallel benchmarking with 5% sacrifice in

performance.

Moreover, power scaling techniques can also be utilized to restrict power usages under

constraints. For example, an adaptive power control algorithm was proposed by the authors in

[62] for a cluster system during a peak-load situation. It was implemented to control the total

power cost of the system under a power constraint. The algorithm has two phases. First, it

optimizes a number of active nodes (processors) that are necessary to complete tasks. Second,

it chooses voltage and frequency profiles of nodes at run-time. By optimizing the number of

active nodes and their clock frequencies, the algorithm can restrict the total power cost under

the constraint.

However, most incoming requests have deadline constraints, which are typically one of per-

formance indices. By using a power scaling technique such as Dynamic Voltage Scaling, a request

can miss its deadline if the operating voltage of the processor is too low. As a result, some work

focuses on reducing power costs (voltages and frequencies) of processors while keeping dead-

lines achievable. For instance, a power-aware scheduling method was studied by the authors in

[58] for bag-of-tasks applications in Cluster Computing. First, all requests are screened by an

admission controller to verify if their deadlines can be achieved. If their deadlines are feasible,

the scheduler will notify all processors to estimate an energy cost for each task, and then it will

choose the processor resulting in the lowest energy usage.

Still, even power scaling techniques can reduce power consumption of the system, but search-

ing for an optimized voltage-and-frequency (v-f) profile for each processor can consume a large

amount of time. So, these profiles are sometimes discretized into different levels where each of

them is called gear [52]. Each gear is seen as a pre-optimized v-f profile for using with a specific

computing load. As a result, the authors in [52] proposed to divide a program into different

regions such as computing or communication tasks. Each part of the program will be mapped

to a pre-optimized gear. Then, a method of profile-based power-performance optimization was

developed by using the DVS technique. In parallel computing, communication delay may occur

frequently, so lowering the voltage during that time could save a large amount of energy. The

authors define the product of energy and delay as their performance index. Their method was

shown to reduce Energy-Delay Product by 40% while keeping performance loss around 5%.
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Also, a high percentage of computing loads is originated from parallel programs which can be

divided into several sub-tasks with dependency or graph constraints. Allocating these dependent

tasks to minimize power consumption subject to deadline constraints is non-trivial. As a result,

a heuristic algorithm for DVFS-enabled clusters was studied in [111] to reduce the total power

costs of executing these parallel programs. The authors considered two schemes : best effort and

energy-delay trade-off scheduling. The best effort scheduling attempts to reduce energy cost by

scaling voltage down for non-critical and communication subtasks without deadline violation.

In contrast, energy-delay trade-off scheduling allows some of performance losses while allowing

the energy cost to be decreased more.

According to the above discussion, a large percentage of power consumption in computing

systems can be saved by using all these scaling techniques and scheduling algorithms.

Server consolidation

Second, server consolidation techniques can be utilized to save energy costs because all servers

are not necessarily active all the time. Since over-provisioning these servers can be costly and

wasteful, service providers have to allocate their limited resources wisely to satisfy the incoming

requests. Most algorithms for server consolidation in data centers attempt to minimize the

number of active servers to support current loads. By aggregating several VMs on the same

physical machine, it can effectively reduce power cost by a large percent. However, searching

for the optimal combination to minimize the energy cost is non-trivial. Several works on server

consolidation were [12, 44, 85], and they were discussed as follows.

An algorithm for server consolidation was proposed by the authors in [12], and it was

based on a machine-learning approach. Because of absence of information during run-time, the

machine-learning method is used to predict upcoming loads and their SLA requirements, so

turning off servers does not worsen the performance or cause SLA violation. Two performance

indicators were defined by the authors : health (SLA) and consumption (energy) factors. Both

are utilized to make rescheduling decisions of computing tasks over machines. By using the

prediction model, the algorithm greedily maximizes the benefits of moving and grouping jobs

among servers. In short, rescheduling can result in better health factor and lower consumption

cost.

In addition, a dynamic server consolidation policy was presented in [44] to decrease the

number of active servers while preserving the SLA requirements. The proposed method is score-

based and accounts for overheads, such as VM creation and migration. It was shown that a 15%

power reduction could be achieved when comparing to other policies. A scheduling algorithm

is initiated every time there are any changes in system states such as completing an execution,

creating a VM instance, or violating SLA criteria. It searches by an iteration method for the
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best combination between host machines and VMs, resulting in the best score. If an optimal

solution is founded, it will decide what to do next such as VM creation, migration, and so on.

Next, a heuristic algorithm for server consolidation was provided in [85] to minimize power

costs incurred by both servers and a cooling system. Off-line optimization of power costs was

demonstrated by formulating the Linear Programming problem. The algorithm can determine

which servers should be turned on or turned off in the steady state of room temperature.

According to simulation results, it was shown that the energy cost was reduced by 13% from

the baseline method.

Dynamic server provisioning

Third, other research topics close to the server consolidation are dynamic server provisioning

and VM provisioning. Slightly different, dynamic server provisioning saves energy costs by solely

switching server states from active to inactive, but there is no movement of computing loads

between servers. In addition, VM provisioning methods determine the optimal mapping between

VM instances and servers such that the total power cost is minimized and user requirements are

still achieved. Several of these provisioning methods were presented by the authors of [70, 108].

For instance, a dynamic algorithm for server provisioning was proposed by the authors of

[70], and it was called Lazy Online Algorithm (LCP). The algorithm has to adopt a number of

active servers and a dispatching rule together such that operating costs (delay and power costs)

with constraints are minimized. The authors designed it by exploiting the upper bound, the

lower bound and the backward recurrence condition of the optimal solution. The LCP algorithm

is proven to guarantee costs to be no greater than 3 times of costs incurred from the optimal

offline solution.

Next, an algorithm for VM provisioning was proposed by the authors of [108] for Cluster

Computing with DVFS-enabled feature. Each VM request was presumed to have specific profile

(processor speed, execution time, and starting time). The algorithm set the initial operating

frequencies and voltages of all available processors to their minimum values. A VM request

demanding for the largest resources will be allocated first. In brief, priorities for scheduling is

sorted in a descending order of sizes of requests. Then, the algorithm searches for the resource

with the minimum voltage while maintaining the processor speed to complete the request by

its requirement. If its requirement is not achievable, the algorithm will notify the users.

Power and thermal aware resource allocation

Forth, power-aware and thermal-aware scheduling in data centers have been received a lot of

attention lately because each of them requires a large amount of energy to feed its servers

and cooling systems that are used to maintain internal temperature in the data center. If the
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temperature in server rooms is greater than a threshold value, a failure rate of processors or

electronic components will exponentially increase. According to Arrhenius’equation [15, 105],

the failure rate of these components doubles every 18 F (or 10 C) increment of temperature.

So, most works such as [3, 82, 1, 73, 87, 110, 120, 103, 109, 9, 32, 26] studied power-aware

and thermal-aware scheduling algorithms to reduce power costs incurred from both servers and

cooling systems. Some of these works are discussed as follows.

A new approach to couple a thermodynamic problem with a workload scheduling was pro-

posed by the authors of [82], and incoming requests were placed to servers in order to minimize

the cooling cost. Two rules of thumbs for reducing the cooling cost were discussed in this work.

First, the control has to prevent inlet temperature in the safety zone. Second, it has to maxi-

mize the air flow pumped from Computer Room Air Conditioning (CRAC) into the data center.

Both rules can increase efficiency and reduce the power consumption from the cooling system.

In this work, three algorithms were studied : Baseline algorithm, Zone-based Discretization,

and Minimizing Heat Recirculation.

According to [1], a problem of server provisioning was formulated as a Binary Integer Pro-

gramming (BIP) problem. The concept of thermal-aware workload distributions among servers

was also introduced in this problem. Then, a series of heuristic approaches such as MiniMax, bb-

sLRH, CP-sLRH, and sLRH was studied in order to solve it. These algorithms were developed

to minimize the total energy cost subject to capacity and SLA constraints.

Next, PowerTrade, joint optimization between the amount of energy used for cooling and

the number of idle servers was introduced by the authors of [3] to optimize operating costs. In

addition, an over-provisioning technique for handling abrupt changes of loads was developed,

and it was called SurgeGuard. SurgeGuard was used for tuning of the number of active servers to

assure response time performance. It has two layer-scheme : coarse-grain (hours) and fine-grain

(minutes). According to the experiment, it was shown that power consumption was reduced by

30% while keeping response time within 1.7% of its deviation.

Additionally, a holistic approach was proposed by the authors of [73] to integrate both work-

load placement and power management of the cooling system, so that the total operation costs

could be optimized. In short, their framework was used to minimize the net cost (energy costs

- revenues) subject to the following constraints : workload capacity, energy storage capacity,

and demand-supply constraints. However, accurate methods for predicting loads and estimating

power supplies will be necessary for this approach.

A cyber-physical approach was presented in [87] to maximize revenues and to minimize

power consumption from two joint networks : a computational (cyber) network and a thermal

(physical) network. The computational network is just a network of servers and queues whereas

the thermal network is the thermodynamic of air/heat circulation in data centers. Both networks

are connected by coupling power dissipation of servers with air temperatures. When the traffic
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rate of requests and the temperatures are observed, the system will place incoming loads, so

that service quailities and energy costs are optimized.

Reduction of electricity costs

Lastly, some of other works focus on reduction of electricity bills of data centers [92]. These

data centers are typically distributed over different geographic areas. Because electricity fees

are different from places to places, distributing workloads to optimize the total electricity costs

is non-trivial.

For example, a problem of minimizing electricity costs of data centers over spatial and

temporal domain with time-varying price was investigated by the authors of [92]. It was modelled

as a Mixed Integer Programming (MIP) problem and its constraints were related to the SLA

requirements. Then, this MIP was approximated as the LP problem, and it was solved by

Brenner’s algorithm [20].

1.2.2 Dispatching control

Most works in dispatching control are involved one of these following problems : optimality of

policies, analysis of waiting time, methods to estimate waiting time, equilibrium distributions

of queue length and soujourn time, probabilistic routing policies, and dispatching policies for

solving specific optimization problems.

Optimality of policies

First, a number of papers attempted to determine which dispatching policies can achieve the

optimal point for some objectives such as sojourn time. For instance, prior works such as [36],

[74], [114], [63], [5], [4] studied which policies result in minimization of total weighted sum of

mean service/sojourn time. The details of these works are enumerated as follows.

Ephremides et al. showed in [36] that if queue states are observable, the Join-the-Shortest-

Queue (JSQ) policy is the optimal routing decision to minimize the total sum of expected

service time of two identical servers. In addition, service time of these servers are drawn from

Exponential distribution. However, if queue states are unobservable and their initial values are

the same, then the Round-Robin (RR) policy is also the optimal policy for minimizing the total

sum of expected service time. Similar analysis results were demonstrated in [74]. When queue

states are unknown, the authors in [74] also showed that the RR policy is the optimal where

job sizes are drawn from i.i.d. distribution with increasing failure rate.

Nevertheless, the long-run average delay is not always minimized by the JSQ policy ac-

cording to [114]. Whitt argued by giving several counter examples in [114] that the JSQ policy
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minimizes the long-run average delay per customer if service time is drawn from Exponential

distribtion or distributions with non-decreasing failure rate.

In addition, Krishnan investigated in [63] the problem of routing arriving customers to the

system with parallel queues such that the average sojourn time was minimized. The author

considered the problem as Markov Decision Process (MDP) and developed a rule which was

called a seperable rule. The rule is seen as a generalization of the JSQ rule where all servers

and queues are not identical. According to the result, if service rates and number of servers

are different, then the seperable rule is better than the JSQ rule. If service rates are the only

different thing, then it is still better than the JSQ one. However, if all servers are identical, but

the queues are different, then the JSQ rule will be better than the seperable rule.

Some of other works studying about the optimality of routing policies are [5] and [4]. Alt-

man studied balanced sequences and their relationships with the optimal routing decisions for

minimizing cost functions in [5]. Moreover, the author showed that the RR policy can be used

to minimize the total sum of expected loads in the system with parallel queues. The author

assumed that all servers are homogeneous and system states are not available to make routing

decisions.

Recently, Altman also studied the problem of load balancing for a multi-class system with

parallel servers in [4]. The author assumed that the arrival process is Poisson and all servers are

heterogeneous. Then, he determined a set of optimal policies such that the total weighted sum

of mean sojourn time was minimized under centralized and distributed settings. The centralized

setting means that all requests will be routed by a centralized controller or a dispatcher. The

distributed setting means that each request will choose its own destination in a non-cooperative

manner. Its routing decision is made by using knowledge of its service time and system states.

Analysis of waiting time and its approximation

Second, it is well-known that close-form expressions of expected waiting time at queues for

various (dynamic) policies are not explicitly computed. Its expression can be calculated only

for some special cases. So, a number of papers such as [122], [68] and [106] attempted to

determine the close-form expressions, upper bounds and lower bounds of expected waiting time

for some specific distributions. However, these expressions are not practical sometimes because

of too many assumptions and conditions. In practice, a good estimation method is necessary

for determining the average waiting time where the system environment is highly dynamic. As

a result, numerous approximation methods were proposed to estimate expected waiting time

such as those investigated in [69], [84], [59], [56] and [48].

As studied in [122],[68] and [106], the exact expressions of the expected delays can be

derived for some special cases such as Poisson arrivals, Exponential service time, and others.
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For instance, Zhang and Fan provided queueing results in [122] such as average waiting time and

probability distribution functions for a system with two parallel servers where the arrival process

was presumed to be Poisson. Policies in their considerations were Random Splitting policy,

Round-Robin policy and JSQ policy. In addition, Lian et al. provided analytical results in [68]

such as equilibrium distribution of queue length and sojourn time for MAP/M/m/JSQ system

where MAP was abbreviated from Markov Arrival Process. Next, Houtum et al. provided upper

and lower bound analysis for the JSQ policy in [106] where the arrival process was presumed

to be Poisson and the service time was drawn from Exponential distribution.

Because of the difficulty of derivation of delay expressions, other works such as [69] and

[84] attempted to estimate the close-form expressions of the expected delays for various sys-

tems. According to [69], Lin and Raghavendra provided analysis and approximation of average

response time. The policy in their consideration is the JSQ policy, and their method is based

on birth-death chain of Markov process. Next, Nelson et al. developed an estimation model of

average response time for a system with homogeneous servers in [84]. The arrival process is

Poisson and service time is drawn from general distribution. Also, they considered when the

JSQ policy was used for routing these arrivals.

In addition, some authors such as [59], [56], [49] and [48] studied how to estimate queueing

delays in more practical systems. Kim and Whitt proposed to employ Time-Varying Little’s Law

(TVLL) in [59] to approximate the mean waiting time for systems with time-varying processes.

Since a simple estimator is likely to be biased for time-varying (arrival/service time) processes,

the authors showed that TVLL can help reduce this bias and improve the estimation. Also,

Ibrahim and Whitt introduced a refined delay-history-based estimator to approximate queueing

delays in [56]. The estimator can reduce bias in estimation for systems with time-varying arrival

rates. Moreover, delay analysis of prior works are mostly considered when queue displines are

First-Come-First-Serve (FCFS), but only a few number of them provide analysis when queue

displines are Processor Sharing (PS). As a result, Gupta et al. provided approximations of queue

length distributions for M/G/m/JSQ systems in [49] and [48].

Equilibrium distribution

Third, a number of prior works attempt to determine equilibrium distributions of queue length

and sojourn time for some special cases such as [94], [61] and [2]. For instance, Sakuma pro-

vided an analysis of asymptotic behavior for the JSQ policy in [94]. The arrival process is

MAP process and service time is drawn from Phase-type distributions, and jockeying among

queues is also allowed. Moreover, Kobayashi et al. provided tail asymptotic characteristics of

stationary distribution for M/M/K/JSQ system in [61]. In [2], Adan et al. analytically derived

equilibrium distribution of the system with Erlang arrivals and Exponential service time when
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the dispatching policy is the JSQ policy.

Probability routing policy

Fourth, some of works are dedicated to analyze probabilistic routing policies such as those in

[30], [18], [47], [37], [7] and [4]. The probabilistic routing policy is widely investigated because

of its independence from states of queues and time. Typically, objectives of the policy are to

minimize the total sum of expected sojourn time in the system. Moreover, several of these

papers considered multi-class customer [98] and trade-off between centralized and decentralized

aspects [7],[4]. More details are listed as follows.

Probabilistic routing policy that was aimed to optimize linear weighted sum of mean sojourn

time was studied in [30], [18] and [47]. First, two static policies such as probabilistic routing and

deterministic routing were investigated by Combe and Boxma [30]. They attempted to optimize

the total weighted sum between a load factor and mean waiting time. Their analysis is mainly

based on assumptions of Poisson arrivals, and they extended to some general cases. Next, Borst

studied in [18] how to probabilistically route customers to parallel servers in order to minimize

linear weighted sum of mean waiting time. Still, Poisson distribution was presumed in this

work. In [47], Gua et al. provided theoretical analysis and optimal solutions for minimizing

mean sojourn time via stochastic-process limits with general assumptions of arrival and service

processes. The authors also considered when queue disciplines were both FCFS and Processor

Sharing.

Moreover, probabilistic routing policy in multi-class systems were studied in [98] and [4]. Ac-

cording to [98], Sethuraman and Squillante studied a system with parallel queues for multi-class

customers. A routing policy was proposed to minimize a function of per-class mean response

time. The policy was static, and it was derived from the optimal random splitting and fluid

analysis of M/GI/m and GI/GI/m systems. Also, a set of optimal (probabilistic) policies were

determined in Altman [4], so the total weighted sum of mean sojourn time for M/GI/m system

was optimized. The author considered for both centralized and decentralized settings.

In addition, deterministic policies have close relationships with the probabilistic policy. Some

of them were studied in [37]. Feng et al. showed in [37] that even if deterministic routing is

used to route fixed job sizes to certain queues, the optimal decision can be feasibly achieved for

M/GI/m system. The authors assumed that knowledge of sizes of requests were awared by a

dispatcher.

Optimizing specific functions

Lately, complexities of computing systems have become highly increased, so recent works have

been dedicated to design dispatching policies to optimize interested objective functions such as

14



sojourn time [117],[55][88], communication cost [75], energy cost [89], or revenues.

Still, some of these works focus on optimzing mean sojourn time, which is the key perfor-

mance indicator as previously mentioned. For example, Wu and Down proposed an optimized

RR policy with the shortest remaining processing time in [117]. They showed its optimality

under heavy-traffic assumptions. In addition, Hyyti et al. developed a dispatching policy to

minimize mean sojourn time for M/D/m systems under PS discipline in [55]. The policy is

state-dependent and based on MDP approach. Also, the authors considered another problem

for M/G/m systems in [88] where the sizes and states of queues are known by the dispatcher.

They developed a dispatching rule to minimize mean sojourn time by the MDP approach. The

proposed policy makes routing decisions by using only arrival statistics, instead of queue states.

In addition to delay performance, communication and energy costs are also other critical

performance indicators. As a result, dispatching policies are designed to reduce communication

costs [75] and energy costs [89]. First, Lu et al. proposed a new dispatching policy in [75],

Join-Idle-Queue (JIQ) policy, to reduce incurred communication overhead from the JSQ policy.

Also, the policy can improve the scalibility of web services. Recently, costs of power consumption

have become a major issue for large scale systems. So, Penttinen et al. proposed a heuristic

dispatching policy in [89], so that the total weighted sum of average delay and energy costs

could be minimized. The authors assumed that the dispatcher was fully aware of all system

states.

1.2.3 SLA-driven resource allocation

Even though power management is a key to success in Cloud computing, most works attempted

to reduce the cost without SLA violation. More related works in SLA-directed allocation are

discussed here. Since SLAs are closely related with revenues of service providers, many works

focused on maximizing profits under SLA constraints such as [77, 66, 113, 38]. Some of them

focused on SLA-aware scheduling [80, 81, 41, 27] and dispatching controls [17, 16]. In addi-

tion, SLA-based VM allocation was studied in [23, 116] and [45] investigated how to optimize

the allocation of resources for multi-tier applications. Lastly, supplementary systems such as

middleware, SLA monitoring system, SLA-aware data structure were illustrated in [112, 28, 35].

SLA types, SLA models and SLA-aware allocation

First, survey reports of SLA requirements in utility computing systems are illustrated in [19, 21,

115]. The authors showed how to categorize SLA requirements into different types and models.

Moreover, some of them provided research directions for SLA-driven allocation frameworks.

Details are discussed as follows.
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Typcially, SLAs can be categorized into two types : Application-level and Infrastructure-

level according to [19]. For SLAs at application level such as latency and response time, prices

of services are charged based on the level of achieved SLA. For instance, if a job is completed

within a deadline, its service provider can charge a higher price. Otherwise, a high penalty cost

will be incurred when SLA is violated. For SLAs at infrastructure level, the service providers

can specify the availability of resources, reliability, up/down time of servers, delay at queues of

their infrastructure. For instance, the service providers can configure their servers to have 99%

uptime and 0.01% failure rate. These SLAs are defined by service providers to express their

commitments to achieve statistic goals, so that minimum quality of services can be guaranteed.

In addition, SLA models can be divided into different models such as mean-value, tail-

distribution, individual-job based SLA, Hard SLA and Soft SLA. Mean-value SLA is used to

define the average value of some performance indicators in the SLA. Tail-distribution SLA is

employed to indicate that the performance indices have to follow a tail of some distributions.

For example, X% of the number of requests have to be completed within Y seconds as in [17].

Individual-job SLA means that each request has its own SLA criteria as shown in [28]. Hard

SLA means that the penalty cost will be incurred suddenly if jobs could not be completed by

the requirements. On the contrary, soft SLA allows the penalty to be gradually increased as

SLA is being violated more.

In fact, SLA affects revenues of service computing directly because it is a binding contract

between customers and service providers. Each time SLA is violated, the penalty cost set by both

parties incurs. When the number of SLA violations increases, the profits of service providers

decreases. So, SLA is a key to becoming successful in a competitive market. As a result, SLA-

oriented resource management was envisioned in [21].

Several challenges and issues of market-based provisioning (integration of customer-driven,

computational workload, risk management) were discussed in [21]. They classified issues into

three levels : Architectural framework, SLA-based scheduling policies, and SLA resource al-

locator. First, Architectural framework involves resource management at the application level

or run-time level such as SLA run-time allocator and VM interaction framework. Next, SLA-

based scheduling attempts to route arrivals to achieve the target SLA. In addition, SLA resource

allocators are responsible for performance optimizations, dynamic pricing, admission control,

accounting and service monitoring systems. Similar to [21], a system architecture in [115] com-

poses of users or brokers, SLA resource allocators, Virtual machines, and Physical Machines.

Profit maximization

Second, a revenue of a service provider is directly connected with a percentage of SLA achieve-

ments in data centers. So, most works in SLA-aware resource allocation such as those in
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[80, 81, 41, 27, 77, 66, 113, 38] focus on maximizing revenues of service providers while mini-

mizing costs of SLA violation. They are typically related to scheduling methods because load

balancing can help decrease a number of SLA violations and increase revenues. The details

regarding to their works are illustrated as follows.

SLA-aware scheduling methods for profit maximization of computing services was studied

in [80], [81], [27], [66] and [41]. A heuristic cost-based scheduling was proposed in [81] with per-

formance evalution of policies such as Shortest-Job-First (SJF), Earliest-Deadline First (EDF),

Adaptive EDF, cost-aware scheduling when SLA criteria are soft deadline and hard deadline.

Similar investigation was shown by the authors of [27]. Next, Two profit-aware scheduling algo-

rithms with a pricing model for composite service requests was proposed in [66]. In addition, an

admission control and a scheduling algorithm to maximize profits subject to SLA constraints

were proposed in [41]. In this work, fixed penalty cost, delay-dependent penalty cost and pro-

portional penalty cost were investigated for transaction jobs while the deadline constraint was

considered for non-interactive batch jobs.

In addition to scheduling algorithms, some of prior works such as [77] focus on implement-

ing other components of the SLA-driven allocation framework (e.g., negotiation systems). A

communication system, which was called Economically Enhanced Resource Manager (EERM),

was devised in [77] to support negotiations between market brokers and resource managers in

data centers. The architecture uses market information and business details to determine how

tasks should be assigned to maximize revenues of service providers. Moreover, several business

policies are investigated to optimize system performance under SLA criteria.

SLA-driven control of load distribution

Third, distributing incoming loads among data centers can siginificantly reduce a number of

SLA violations. As a result, SLA-driven dispatching policies were investigated by prior works

such as [16] and [17]. Typically, their objectives are to minimize total penalty costs incurred

from SLA violations of all data centers.

According to [16], heuristic methods were investigated to minimize the total penalty costs of

data centers. In this paper, the service provider promises to achieve the response time of X% of

customers to be less than few seconds. If the service provider fails, a penalty cost will be incurred.

Two heuristic policies were proposed to minimize the total penalty costs of data centers. First,

the authors studied a Simulated Annealing (SA) method which works by iteratively searching

for the optimal scheduling plan. Second, they proposed gi-FIFO policy which chooses the job

with the maximum penalty cost to be scheduled first (maximum waiting time).

In addition, a method for data-oriented dynamic request allocation with gi−FIFO schedul-

ing was proposed to maximize profits of data centers in [17]. Each data center is presumed to
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exchange system states, so that global performance can be monitored. Similarly, SLA specifi-

cation in this work was defined in [16]. The policy prioritizes each request with profit-assigned

scores and it allocates the request to end-server by using a rank-based method. The policy was

shown to outperform other policies such as FIFO and Weight Round Robin (WRR) policies.

Virtual machine allocation

Forth, virtual machine allocation is a fundamental issue in data centers, the authors in [23, 116]

studied how to optimize mappings of virtual machines to servers. So, the system performance is

at acceptable level and penalty costs incurred from SLA violations are minimized. The problem

is sometimes required us to deal with multi-dimensional resource allocation (processor, memory

and communication constraints) as shown in [45]. These works are described as follows.

Resource allocation for SaaS providers were presented in [116] to minimize infrastructure

costs and SLA violations. The scheduling algorithms incorporate VM types, prices, initiation

time and transfer time to minimize penalty from SLA violations. Infrastructure cost are asso-

ciated with VM mapping cost and penalty delay cost which are dependent on VM types.

Next, multi-dimensional allocation for multi-tier applications was studied in [45]. A frame-

work for handling strong (Gold) and weak (Bronze) SLA requirements was provided. Gold SLA

means that average response time is guaranteed, and if it is violated, penalty cost will be in-

stantly incurred. Bronze SLA allows service providers to charge customers with different prices

based on the degree of SLA violation. The objective function is to maximize utility functions

(SLA choices) of customers subtracted by operation costs (power) for servers subject to the

system capacity, the SLA constraints and the resource constraints. A mix-integer programming

problem was formulated and a heuristic algorithm (an iterarive-like method) was proposed.

Supplementary tools and systems

Finally, SLA-related supplemetary tools and systems are also important to help service providers

operate the system more efficiently. As a result, other works studied SLA-related supplemetary

tools such as SLA-aware middleware system [112], SLA-based data structure for scheduling,

dispatching and planning [28], and detecting system for SLA violations [35]. Their details are

described as follows.

In [112], the authors proposed a third party reputation system between service providers

and customers. The middleware monitors SLA-related information that are achieved by the

providers and SLA requirements requested by the customers. It is responsible for providing a

list of providers with user reviews on service qualities, attitudes, and credits. So, customers can

choose services or negotiate with the service providers such that their SLA requirements can

be fulfilled.
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In [28], SLA-tree data structure was proposed to support profit-oriented decision making

such as profit-aware scheduling, dispatching, and capacity planning. The SLA-tree is based on

two basis information : a set of buffered queries waiting to be executed and SLA information

corresponding to each query. Basically, when a list of waiting queries are given, the system

operator wants to attack the following questions. which query should the provider serve first

? and where (which server) should query be served ? and Is it time to expand servers ? to

maximize total profit. SLA-tree model is constructed by using a profit model such that executing

queries ordered in tree format can help answer these questions. Their profit model is based on

a step-wise model and uniquely associated with each query. In other words, each query has its

own SLA.

1.3 Motivation and contributions

Reducing energy costs and achieving the SLA requirements become keys to improve data cen-

ters. It is important to distribute incoming requests among servers or data centers such that

the SLA requirements are achievable. One of key performance indices is waiting time or delay

at servers or at data centers. In this work, average delays and average waiting time at servers

or at data centers are considered as the SLA criteria at infrastructure levels of data centers.

The average delays at servers are typically dependent on many factors such as flow control,

dispatching control, statistics of incoming requests and others. The dispatching control is our

main focus. Specifically, when delay bounds are given, a subset of dispatching policies to achieve

these bounds will be determined via analysis and simulation.

In brief, our contributions can be listed as follows. In Chapter 2, stability and feasibility anal-

ysis are conducted for various dispatching policies. Stability analysis is provided forGI/GI/m/π

system when the dispatching policies π are Bernoulli splitting (BS), Weight-Round-Robin

(WRR), Join-the-Shortest-Queue-Backlog (JSQB), Join-the-Shortest-Queue-Length (JSQL),

Join-the-Shortest-Completion-Time (JSCT), Join-the-Shortest-Expected-Delay (JSED), T-period

policies and Join-the-Longest-Queue (JLQ) policies. Also, a feasibility analysis is conducted to

determine conservation laws and feasible sets when the delay bounds are given. Lastly, relation-

ships among dispatching policies are studied to settle which policies dominate others in terms

of the average delays. These results are extended from our prior work [96].

In fact, dispatching policies can be categorized into either static or dynamic policies. As

a result, static policies are studied and utilized to bound the average delays at queues in

Chapter 3. Waiting time analysis is provided for the BS policy, and the upper bound of the

expected waiting time at queues is feasibly computed for GI/GI/m/BS systems. When the

delay bounds are given, a Linear Programming method is discussed for computing a feasible set

of control parameters. In addition, optimization methods for minimizing linear weighted sum
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of the expected waiting time are illustrated. Lastly, a heuristic method to bound the average

waiting time is discussed for a special case when the WRR policy is applied.

In addition to static policies, dynamic policies are investigated to bound the average waiting

time in Chapter 4. Dynamic policies can be categorized into ideal and implementable policies.

The ideal policies utilize future knowledge of waiting time of requests to make routing de-

cisions. In contrast, the implemetable policies use observable states of queues to make the

decisions. Similarly, stability and convergence analysis are illustrated for various policies such

as Join-the-Shortest-Weighted-Waiting-Time (JSW-W), T-period JSW-W (T-JSW-W), Join-

the-Shortest-Weighted-Queue-Length (JSW-QL), and T-period JSWQL (T-JSW-QL) policies.

Also, a dynamic policy, Adaptive JSW-QL (A-JSW-QL), is proposed to bound the average

waiting time because it possesses a desirable convergence property. These policies are also eval-

uated by using simulation. It is shown that the A-JSW-QL policy can be used to bound the

average waiting time if the problem is feasible.

Additionally, incoming requests sometimes have complex structures such as e-science appli-

cations or workflow applications. These applications are expected to be increasingly executed

on servers in data centers where their power consumption is a severe problem. It is important

to allocate these applications on resources in order to optimize a trade-off among delay, energy,

and network costs. As a result, scheduling controls for tasks with complex structures are inves-

tigated in Chapter 5. Analytical results that are related to the system capacity will be provided

[97], and it will lead us to a stability condition. Even a simple scheduling method can be used

to achieve a throughput close to the system capacity. Moreover, an allocation framework for

DAG requests is investigated when energy costs, congestion costs and makespan constraints are

considered.
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Chapter 2

Stability and Feasibility Analysis for

Dispatching Policies

In this chapter, we provide stability and feasibility analysis for various dispatching policies.

First, a basic system architecture, queueing model, statistical assumptions and policies in our

consideration are stated. Next, necessary and sufficient conditions for stability are shown for

these policies. Then, feasible regions of these policies are investigated and compared to determine

their relationships between classes of policies. Lastly, overhead analysis and conclusions are

provided.

2.1 Problem formulation

In this section, our basic system model, statistical assumptions and goal are illustrated. First,

a basic system model is demonstrated. Next, a corresponding queueing model and statistical

assumptions of this architecture are stated. Lastly, our problem is formulated with a list of

interested classes of dispatching policies.

2.1.1 System architecture

Since we focus on workload distribution among data centers, our basic system model is depicted

in Figure 2.1. The system is composed of m geographically distributed data centers and one

dispatcher. When job requests arrive to the system, a dispatcher is responsible for routing

them to one of these data centers. Thus, the dispatching control is utilized to control workload

distribution among them.

Under this system model, we want to determine how to bound average waiting time at each

data center because we consider this quantity as a high-level SLA. Since the average waiting
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Figure 2.1: A basic system architecture

Figure 2.2: A queueing model for the system architecture in Figure 2.1.

time is dependent on how workload is distributed, we focus on how to achieve this prespecific

SLA bound by employing dispatching controls. In addition, our problem can be generalized to

bound the average waiting time at server levels when scheduling control inside a data center is

considered instead of dispatching control.

2.1.2 Queueing model and assumptions

Next, a corresponding queueing model of this system is shown in Figure 2.2, and our assumptions

are stated as follows. Each data center is modelled as a server with seperated queues, and

we assume that these queues have infinite capacity. In addition, we assume that each job is

immediately routed to one of these queues upon arriving because there is no buffer at the

dispatcher. Neither rejecting requests nor switching jobs among queues are allowed. All queue

disciplines are presumed to be First-Come-First-Serve (FCFS).

Given a prespecific bound, we want to search for a subset of classes of dispatching policies
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that it is achievable. This subset of policies can be determined via stability and feasibility

analysis. First, stability analysis is conducted to determine what stability conditions are to

make all queues stable. Second, feasibility analysis is deployed to determine what feasibility

regions for policies are when statistics are given and system parameters are varying. When

feasible regions are known, we can determine a subset of control settings that can be used

to bound the average waiting time at queues. Moreover, we can use both analyses to derive

relationships between policies. Some policies may dominate others.

In this work, we focus solely on dispatching control to bound waiting time SLAs. If dropping

arrival requests is allowed, our problem will become trivial. The delay bound can be readily

achieved by limiting amount of incoming traffic. Moreover, migration control can incur more

communication, delay and energy overheads.

Our statistical assumptions are described as follows. Let m denote the total number of data

centers or servers in the system shown in Figure 2.2 where m ∈ {1, 2, ...}. For consistency, let

n be indices of the incoming requests where n ∈ {1, 2, ...}. Next, we define necessary notations.

Let tn be the arrival time of the n-th request where tn ∈ R+. Let τn be the interarrival time

between the n-th request and the (n − 1)-th request, or τn = (tn − tn−1) where τn ∈ R+. Let

sn be the size of the n-th request where sn ∈ R+. Let E[τ ] and E[τ2] denote the mean and the

second moment of τn. Let E[s] and E[s2] denote the mean and the second moment of sn. We

assume that each request originates from different users and independent to all other requests.

In particular, we define an as the arrival process and assume that an is an i.i.d. process where

an = {τn, sn}. Both τn and sn are drawn from i.i.d. distributions with finite mean and the

second moment or E[τ ],E[τ2] <∞ and E[s],E[s2] <∞.

In addition, we assume that all servers run at constant processing rates. So, we define µj

as the processing (service) rate of the server with index j where j ∈ {1, 2, ...,m} and µj ∈ R+.

Without loss of generality, we assume that the server with lower index has lower processing

rate than that with higher index. Specifically, µ1 ≤ µ2 ≤ ... ≤ µm−1 ≤ µm. When each request

arrives to the system, it will be processed by a dispatcher and routed to one of these servers by

a dispatching policy. The dispatching policy that is used at the dispatcher can be chosen from

a prespecific list, which will be defined later. Concisely, GI/GI/m/π system is considered here

where π represents for the dispatching policy.

2.1.3 Problem formulation

We start by stating the definition of our key performance metric, the average waiting time at

queues. Let W j(tk) be the waiting time seen by the k-th arrival when routed to queue j. Let

Ij(tn) be a set of indices of arrivals that are routed to queue j upto the time right before tn,

or Ij(tn) = {k ∈ {1, 2, ..., n − 1} : ak is routed to queue j}. Let T̄ j(tn) be the average waiting
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time of all arrivals to queue j upto the time right before tn. If |Ij(tn)| = 0, then T̄ j(tn) = 0.

Otherwise, if |Ij(tn)| > 0, then

T̄ jn , T̄ j(tn) =
1

|Ij(tn)|
∑

k∈Ij(tn)

W j(tk) (2.1)

In particular, our performance metric is the average waiting time in the long-run of all

incoming requests that are routed to each queue. We define our prespecific bound as a vector

~g = (g1, g2, ..., gm) where gj ∈ R+. Then, our problem statement is that we want to determine

a subset of dispatching policies such that

T̄ j∞ ≤ gj , ∀j = 1, 2, ...,m (2.2)

A number of reasons motivate us to solve this challenging problem. First, the waiting time is

typically not shown in an explicit form for general systems. Close forms of the average waiting

time are available for some interarrival and service time distributions under specific dispatching

policies. Additionally, waiting time is usually a key performance metric in queueing system.

Bounding this SLA can gaurantee both customer experiences and revenues to a certain level.

In general, dispatching policies can be categorized into four categories : Open-Loop Full-

Knowledge (OLFK), Open-Loop No-Knowledge (OLNK), Closed-Loop Full-Knowledge (CLFK),

Closed-Loop No-Knowledge (CLNK). Closed-Loop policies require feedback information from

data centers (states of queues) whereas Open-Loop policies do not. In addition, “Full Knowl-

edge” policies use knowledge of arrival and service statistics to make routing decisions, but

“No Knowledge” policies do not. Both Closed-Loop and Open-Loop policies have their own ad-

vantages and disadvantages. Closed-Loop policies can make better routing decisions and delay

performance, but communication overheads can be highly incurred. Open-Loop policies have

lower feedback overheads; however, their delay performance are inferior than that of Closed-

Loop due to lack of state information. Therefore, these features compel us to study four broad

classes of dispatching policies which are listed below.

1. Open-Loop Full-Knowledge (OLFK) :

(a) BS (Bernoulli Splitting) policy routes an arrival to queue j w.p. pj where
∑m

j=1 p
j =

1. Also, let ~p be the probability vector such that ~p = (p1, ..., pm).

(b) WRR (Weighted Round-Robin) policy routes W j number of arrivals to queue j for

every
∑m

j=1W
j number of incoming requests where W j is a weighted parameter of

the WRR policy for queue j and W j ∈ Z+. For example, if there are 2 ∗
∑m

j=1W
j

number of requests arriving to the system, then 2W 1, 2W 2, ..., and 2Wm number

of requests will be routed to queue 1, 2, ..., and m respectively. Also, let ~W be the
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weight vector such that ~W = (W 1, ...,Wm). WRR is divided into two sub-policies.

(i) WRR1 policy starts routing consecutive arrivals to queue 1 until the number of

arrivals is equal to W 1. Next, it stops routing to queue 1 and starts routing the next

consecutive arrivals to queue 2 until the number of arrivals is equal to W 2. Similarly,

it stops routing to queue 2 and starts routing the next consecutive arrivals to queue

3 until the number of arrivals is equal to W 3. It repeats the same steps until it

completes routing Wm number of arrivals to queue m. Then, it starts routing new

requests to queue 1 again and so forth.

(ii) WRR2 policy routes incoming requests in an alternating fashion. It routes a1, ..., am,

am+1, am+2, ... to queue 1, 2, 3, ...,m,1, 2, ... respectively. For every
∑

jW
j number of

arrivals, if the number of arrivals that are routed to queue j is equal to W j , then the

policy stops routing more requests to that queue j until the next
∑

jW
j number of

new arrivals. For instance, if there are two queues and W 1 = 4, W 2 = 2, then the

policy routes a1, a2, a3, a4, a5, a6 to queue 1, 2, 1, 2, 1, 1 respectively. Also, the policy

routes a7, a8, a9, a10, a11, a12 to queue 1, 2, 1, 2, 1, 1 respectively, and so forth.

2. Open-Loop No-Knowledge (OLNK) :

(a) ˆJLQl policy routes all arrivals to only one queue with index l where l ∈ {1, ...,m}.

U j(t) denotes the queue backlog at queue j at time t. A(t) denotes the amount of incoming

loads at time t. N j(t) represents the queue length at queue j at time t where N j(t) ∈ Z+.

3. Closed-Loop Full-Knowledge (CLFK) :

(a) JSCT (Join-the-Shortest-Completion-Time) policy routes arrivals to the queue with

the minimum completion time, or queue j∗ = arg minj=1,..,m{U
j(t)+A(t)
µj

}

(b) JSED (Join-the-Shortest-Expected-Delay) policy routes arrivals to the queue with

the minimum expected delay, or queue j∗ = arg minj=1,..,m{N
j(t)
µj
}

(c) T-JSCT and T-JSED (T-period JSCT and JSED) policy are as same as JSCT and

JSED except that they update queue states at every T period.

4. Closed-Loop No-Knowledge (CLNK) :

(a) JSQB (Join-the-Shortest-Queue-Backlog) policy routes arrivals to the queue with

the minimum backlogs, or queue j∗ = arg minj=1,..,m{U j(t)}.

(b) JSQL (Join-the-Shortest-Queue-Length) policy routes arrivals to the queue with the

minimum queue-length, or queue j∗ = arg minj=1,..,m{N j(t)}.
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(c) T-JSQB and T-JSQL (T-period JSQB and JSQL) policies are as same as JSQB and

JSQL except that they update queue states at every T period.

(d) JLQ (Join-the-Longest-Queue) policy routes arrivals to the queue with the maximum

backlogs.

Breaking ties uniformly at random is presumed for all policies if decision states of those

queues are equal.

Our justifications to include these policies are described as follows. First, the BS policy is

the simplest queue-and-time-independent policy. Second, the WRR policy is an approximation

policy for Generalized Processor Sharing (GPS), and it is utilized in data networks to bound

delay for multi-class systems. Next, the JSQB and JSQL policies are both popular policies

in queueing systems. In practice, the T-JSQB and T-JSQL policies are considered to reduce

bandwidth overheads by updating states to the dispatcher every T period. In addition, the JSCT

policy is expected to produce better sequences of decisions than those by the JSQB policy for

minimizing the total delays. Its implementable versions such as the JSED and T-JSED policies

are included too. Lastly, JLQ routing decision is considered to be the worst policy.

2.2 Stability analysis

In this section, preliminary results such as a stability definition and a necessary condition for

dispatching policies are considered first. Next, sufficient conditions are determined for these

policies and discussions are provided.

2.2.1 Preliminaries

Stability is a critical issue of queueing systems. An improper dispatching policy can cause

instability in some queues. For instance, alternate routing between a fast and a slow server can

cause instability at the slow server if its input traffic rate is greater than its service rate (slow

server). On the contrary, if the input traffic rate to fast server is less than its service rate, the

queue is still stable.

As a result, stability analysis is conducted on various dispatching rules to answer the follow-

ing questions. What is the stability region for each policy ? Which policies maximize stability

region ? Which policies within a given class maximize stability region ? Can a closed-loop policy

increase stability region ?

In fact, “a stable queue” can be intepreted in several fashions such as mean rate stable,

strongly stable [43]. In this work, the definition of stability of queues is defined as follows.

Definition for System Stability Define U j(t) as unfinished backlogs at queue j at time t

where j = 1, ...,m. In particular, U j(t) =
∑Nj(t)

k=1 sk +Rj(t) where N j(t) is the queue length of
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queue j at time t, Rj(t) is the residual loads of server j at time t and sk is size of the request.

A stable queue/system is defined as

(a) A queue is “stable” iff limt→∞
Uj(t)
t = 0. [83]

(b) A GI/GI/m/π system is “stable” iff all queues j = 1, ...,m are stable.

Now, we determine a necessary condition for stability which is shown in Lemma 2.2.1. This

necessary condition is applied regardless of dispatching policies π.

Lemma 2.2.1 (Necessary Condition for Stability) Assume the same statistical assump-

tions that are described in section 2.1. In addition, the system is initially empty, or all queues

are empty. Define λ as an input traffic rate to the system where λ , E[s]
E[τ ] . Recall that E[s] and

E[τ ] are mean of size of requests and interarrival time as previously defined. Define µj(t) as a

service process at queue j at time t where t ∈ R+ and j ∈ {1, ...,m}. Assume that the average

value of the service process at each server exists and converges to a value in the long-run, or

limT→∞
1
T

∫ T
t=0 µ

j(t)dt exists. Let µj be the service rate at queue j for all j = 1, ...,m where

µj , limT→∞
1
T

∫ T
t=0 µ

j(t)dt.

� If a GI/GI/m/π system is stable, then λ ≤
∑m

j=1 µ
j.

Proof In this lemma, we want to show that if all queues are stable, then the condition λ ≤∑m
j=1 µ

j is necessary.

First, we start by stating necessary notations as follows. Let U j(t) be the unfinished backlogs

which are seen at queue j and time t where U j(t) ≥ 0. Let tn be the arrival time of an where

tn ∈ R̄+. Time is divided into disjointed intervals (t0, t1], (t1, t2],...,(tn, tn+1] where 0 ≤ t0 <

t1 < ... < tn < tn+1 and ∪∞k=0(tk, tk+1] = (t0,∞]. Let Aj(tn, tn+1] be the amount of workloads

arriving to queue j during the interval (tn, tn+1]. So, Aj(tn, tn+1] = sn+1 if an+1 is routed to

queue j. Otherwise, Aj(tn, tn+1] = 0. Let µj(tn, tn+1] be the amount of completed work by the

server j during the interval (tn, tn+1]

Assume that there are no arrivals and all queues are empty at the starting time t0 = 0. Let

t+n be the time right after tn. So, U(t+n ) is the queue backlogs which are seen at the time right

after tn. It evolves by the equation

U j(t+n+1) = max(U j(t+n )− µ(tn, tn+1], 0) +Aj(tn, tn+1]

Because max(U j(t+n )− µ(tn, tn+1], 0) ≥ U j(t+n )− µ(tn, tn+1], we have
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U j(t+n+1) ≥ U j(t+n ) +Aj(tn, tn+1]− µj(tn, tn+1]

U j(t+n+1)− U j(t+n ) ≥ Aj(tn, tn+1]− µj(tn, tn+1]

U j(t+N+1)− U j(t+0 ) ≥
N∑
n=0

Aj(tn, tn+1]−
N∑
n=0

µj(tn, tn+1]

By summing over all queues j = 1, ...,m and using the fact that U j(t+0 ) = 0, we have the

following result.

m∑
j=1

U j(t+N+1)

tN+1
≥

m∑
j=1

1

tN+1

N∑
n=0

Aj(tn, tn+1]−
m∑
j=1

1

tN+1

∫ tN+1

0
µj(t)dt

If all queues are stable, then limN→∞
Uj(t+N+1)

tN+1
= 0 by the stability definition. So,

lim
N→∞

1

tN+1

N∑
n=0

m∑
j=1

Aj(tn, tn+1] ≤
m∑
j=1

µj

lim
N→∞

1

tN+1

N+1∑
k=1

sk ≤
m∑
j=1

µj

lim
N→∞

N + 1∑N+1
k=1 τk

1

N + 1

N+1∑
k=1

sk ≤
m∑
j=1

µj By LLN

λ =
E[s]

E[τ ]
≤

∑
j

µj

The proof for the necessity part is completed.

Also, we can show that if λ >
∑

j µ
j, then there is at least one queue that lim infn↑∞

Uj(tn)
tn

>

0 for some j ∈ {1, 2, ...,m}. By using previous equation, we have
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m∑
j=1

U j(t+N+1)

tN+1
≥

m∑
j=1

1

tN+1

N∑
n=0

Aj(tn, tn+1]−
m∑
j=1

1

tN+1

∫ tN+1

0
µj(t)dt

lim inf
N↑∞

m∑
j=1

U j(t+N+1)

tN+1
≥ λ−

m∑
j=1

µj > 0

lim inf
N↑∞

m∑
j=1

U j(t+N+1)

tN+1
> 0

Because lim inft↑∞
∑m

j=1
Uj(t)
t > 0, there is at least one unstable queue that lim inft↑∞

Uj(t)
t >

0 for some j ∈ {1, 2, ...,m}. Thus, the system is unstable.

Next, we want to show that if λ <
∑

j µ
j, then it is not sufficient for the system to be stable.

In other words, instability can occur at some queues. In particular, if λ <
∑

j µ
j is true, then it

is feasible that lim infn→∞
Uj(t)
t > 0 for some j ∈ {1, 2, ...,m}. We will show the sufficient part

by giving a counter example.

WLOG, let us consider the system with two queues where the dispatching policy is Bernoulli

Splitting. All requests (an) have constant job sizes, or sn = 1, ∀n = 1, 2, .... All servers have

constant service rates, or µ1 = 0.5 and µ2 = 0.8. The interarrival time is drawn from an

Exponential distribution with rate λ = 1.0. We set the routing probabilities to queues as follows

: p1 = 0.8 and p2 = 0.2. Still, the interarrival time of requests that are routed to queue j

is exponentially distributed with rate λpj. So, λp1 = 0.8 and λp2 = 0.2. We can see that

λ1 = 0.8 > 0.5 = µ1 and λ2 = 0.2 < 0.8 = µ2, so the necessary condition is violated at queue

1. Therefore, lim infn→∞
U1(t)
t > 0 even if λ <

∑2
j=1 µ

j. Similar examples can be presented for

systems with m queues.

Next, sufficient conditions for policies in our consideration will be determined.

2.2.2 Stability of various dispatching policies

First, sufficient conditions for static policies such as BS and WRR policies are derived, and

they are shown in Lemma 2.2.2.

Lemma 2.2.2 (Sufficient conditions of BS and WRR policies) Assume the same sta-

tistical assumptions that are described in section 2.1 and λ <
∑m

j=1 µ
j. Define pj as a routing

probability to queue j for the BS policy where pj ∈ [0, 1]. Define W j as a weighted parameter

for the WRR policy where W j ∈ Z+. For GI/GI/m/π, sufficient conditions of both BS and

WRR polcies for the stability are enumerated as follows.
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(a) If the BS policy is applied and λpj < µj for all j = 1, ...,m, then the system will be stable.

(b) If the WRR policy is applied and λ W j∑m
j=1W

j < µj for all j = 1, ...,m, then the system will

be stable.

(c) There exists at least one of BS policies that stabilizes the system, and its routing probability

pj = µj∑m
k=1 µ

k ,∀j = 1, ...,m.

(d) There exists at least one of WRR policies that stabilizes the system, and its weighted

parameter is given by W j = µj∑m
k=1 µ

k ∗K,∀j = 1, ...,m, where K is a rational number and

W j is an integer number.

Proof The conditions in part (a) and (b) will be firstly shown. All mathematical notations

are still the same as those defined in Lemma 2.2.1.

In Lemma 2.2.1, the stability condition is dependent on both input traffic rate and service

rates. So, we need to determine what the incoming traffic rate to each queue is for these policies.

Let λj be the input traffic rate to queue j where λj , limN→∞
1

tN+1

∑N
n=0A

j(tn, tn+1] and

j ∈ {1, 2, ...,m}. In particular, we will show that if the BS policy is applied, then λj = λpj ,∀j =

1, 2, ...,m. Also, if the WRR policy is applied, then λj = λ W j∑m
j=1W

j ,∀j = 1, 2, ...,m.

Let us consider the BS policy first. The input rate of workloads arriving to queue j at time

tN+1 is given by

1

tN+1

N∑
n=0

Aj(tn, tn+1] =
(N + 1)

tN+1

1

(N + 1)

N+1∑
k=1

skf
j
k

where f
(j)
k is a decision control, and it is equal to 1 if ak is routed to queue j, else it becomes

zero. Note that skf
j
k is also the i.i.d. random variable because sk and f jk are i.i.d. random

variables and independent to each other for all k ∈ {1, 2, ...} and for all j ∈ {1, 2, ...,m}.
Because skf

j
k and τk are i.i.d. for all k = 1, 2, ... and their mean and second moment are finite,

we can use the Law of Large Number (LLN). By taking the limit as N → ∞ and using LLN,

we have

λj = lim
N→∞

(N + 1)∑N+1
k=1 τk

1

(N + 1)

N+1∑
k=1

skf
j
k =

E[skf
j
k ]

E[τ ]
=

E[s]E[f jk ]

E[τ ]
= λpj (because sk⊥f jk)

Let us consider the WRR policy next. Recall that the WRR policy routes W j requests to queue

j for every
∑m

j=1W
j requests. Let N be a positive integer number such that N mod

∑m
j=1W

j =
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0 holds. As a result, it is true that N = n
∑m

j=1W
j for some n ∈ {1, 2, 3, ...}. If N j denotes the

number of requests that are routed to queue j, then N j = nW j for every N arrivals.

Similarly, we have

(N)

tN

1

(N)

N∑
k=1

skf
j
k =

(N)

tN

nW j

(N)

1

nW j

nW j∑
k=1

sk

=
(N)∑N
k=1 τk

W j∑m
j=1W

j

1

nW j

nW j∑
k=1

sk

λj =
W j∑m
j=1W

j

E[s]

E[τ ]
=

W j∑m
j=1W

j
λ

So, λj = λpj ,∀j if the BS policy is used, and λj = λ W j∑m
j=1W

j , ∀j if the WRR policy is used.

Now, the input traffic rate to each queue is known for both policies. We will utilize these results

to show their sufficient conditions for the stability.

Next, we want to show that if λj < µj is true, then it is sufficient for queue j to be stable,

or limt→∞
Uj(t)
t = 0. We want to show by the contradiction method. Assume that λj < µj and

limt→∞
Uj(t)
t = γ > 0. Then, we want to reach a contradiction.

Recall that the queue evolution is U j(t+n+1)−U j(t+n ) = Aj(tn, tn+1]−min(U j(t+n ), µj(tn, tn+1]),

and

N−1∑
n=0

{
U j(t+n+1)− U j(t+n )

}
=

N−1∑
n=0

Aj(tn, tn+1]−
N−1∑
n=0

min(U j(t+n ), µj(tn, tn+1])

Because µj(t) is finite,
∫ tn+1

tn
µj(t)dt is also finite since interarrival times are finite a.s..

However, we assume that queue j is unstable, so limt→∞ U
j(t) → ∞, or U j(t) is increasing

superlinearly with time. So, there exists a time tK that min(U j(t+n ), µj(tn, tn+1]) = µj(tn, tn+1]

for some tn > tK where tK ∈ R+ and K ∈ Z+. Then, we take the limit as N → ∞ in the

following equation.

U j(t+N )

tN
=

1

tN

N−1∑
n=0

Aj(tn, tn+1] − 1

tN

K∑
n=0

min(U j(t+n ), µj(tn, tn+1]) − 1

tN

N−1∑
n=K+1

µj(tn, tn+1]

lim
N→∞

U j(t+N )

tN
= γ = λj − 0− µj

According to the assumption, λj < µj. However, γ > 0 implies that λj > µj, which is a
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contradiction. As a result, if λj < µj, then it will be sufficient for queue j to be stable.

According to previous proofs, we knew that λj < µj is a sufficient condition for the stability

at the queue. Also, λj = λpj if the BS policy is used, and λj = λ W j∑m
j=1W

j if the WRR policy is

used. By both results, if the BS policy is employed and λpj < µj ,∀j = 1, 2, ...,m, all queues will

be stable. If the WRR policy is utilized and λ W j∑m
j=1W

j < µj , ∀j = 1, 2, ...,m, all queues will be

stable. The results in part(a) and part(b) hold.

Next, we want to show results for part(c) and part(d). Let us consider part(c) first.

According to Lemma 2.2.1 and Lemma 2.2.2, the system is stable iff λpj < µj ,∀j. So, we

need to show that if pj = µj∑m
k=1 µ

k for all j, then λpj < µj for all j and all queues are stable.

If pj = µj∑m
k=1 µ

k , then
∑m

j=1 p
j = 1 and λj = λpj = µj∑m

k=1 µ
kλ < µj. This is true because

λ <
∑m

k=1 µ
k by prior assumptions. As a result, all queues will be stable and the result in

part(c) is proven.

Moreover, a range of pj that produces the stability can be determined as follows. Let ε =∑m
j=1 µ

j − λ > 0 and ε =
∑m

j=1 ε
j where εj > 0. In other words, pj = µj−εj

λ and
∑m

j=1 ε
j =∑m

j=1 µ
j − λ. All solutions of ~p of these two equations will produce the stability at all queues.

There are more than one solutions for ~p since we have (m + 1) equations and 2m variables.

So, there is at least one solution of ~p that will stabilize the system, and the proof of part(c) is

complete.

Let us consider part(d) now. First, we claim that there always exists a rational number K

that W j = µj∑m
j=1 µ

j ∗K and W j ∈ Z+ where W j is the weighted parameter of the WRR policies.

We see that µj can be written as a rational number, or µj = aj

bj
where aj , bj ∈ {0, 1, 2, ...} and

bj 6= 0. So, µj∑m
k=1 µ

k = aj/bj∑m
k=1 a

k/bk
. Let K = (

∑m
j=1

aj

bj
) ∗ (b1b2...bm). Then, W j = K µj∑m

k=1 µ
k =

ajΠk 6=jb
k, ∀j = 1, ...,m and W j ∈ Z+ for all j.

Then, the rest of the proof will be the same as that in part(c). Let us show that if W j =
µj∑m
k=1 µ

k ∗ K for all j = 1, 2, ...,m, then λj < µj for all j = 1, 2, ...,m, where
∑m

j=1W
j = K.

Because λ <
∑

j µ
j, we have λ W j∑m

j=1W
j = λ µj(K)∑m

j=1 µ
j(K)

< µj. So, there is at least one solution of

~W , or W j = µj∑m
j=1 µ

j ∗K,∀j = 1, 2, ...,m, such that all queues are stable. The result in part(d)

holds.

Note that we can also utilize the solution ~p to determine the vector ~W . Because pj can be

written as a rational number, we can write W j = pj∑m
j=1 p

j ∗ K and W j ∈ Z+ where K is a

rational number too. So, λj < µj ,∀j will be true if these weighted parameters (W j) are utilized.

In parts (a) and (b), sufficient conditions for both BS and WRR policy are dependent on ~p

and ~W vectors, respectively. In Lemma 2.2.2, if there is only one server with a service rate µ,

then the condition λ < µ is sufficient for a queue to be stable. Because the input traffic rate

to queue j for both policies is dependent on control parameters such as pj and W j , sufficient
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conditions of both policies are some functions of pj and W j too.

In addition, we question whether we can determine a set of vector ~p and ~W that produces

the stability in the system. The conditions in part(c)-(d) help us determine a subset of both

BS and WRR policies that produces the stable system.

Next, sufficient conditions for dynamic policies such as JSQB,JSQL,JSCT,JSED and JLQ

policies are established in Lemma 2.2.3.

Lemma 2.2.3 (Sufficient conditions for dynamic policies) Assume the same statistical

assumptions that are described in section 2.1 and λ <
∑m

j=1 µ
j. If dynamic policies such as

JSQB, JSQL, JSCT, JSED and JLQ are applied, then their sufficient conditions for the system

stability are elaborated as follows.

(a) The JLQ policy will produce a stable system if λ < minj∈{1,.,m} µ
j. Conversely, the JLQ

policy will produce an unstable system if λ > minj∈{1,.,m} µ
j.

(b) The JSQB and JSQL policies always produce a stable system.

(c) The JSCT and JSED policies always produce a stable system.

Proof Let us consider part(a). First, we want to show that if λ < minj µ
j, then the JLQ policy

will stabilize the system. The necessary and sufficient conditions for the stability of one queue

are seen in Lemma 2.2.1 and 2.2.2. We can readily see that if λ < µj for all j = 1, 2, ...,m or

λ < minj µ
j, then the system will be stable regardless of policies. This is also true for the JLQ

policy.

However, if λ > minj µ
j, then the system possibly becomes unstable. We establish this

through a counter example. We assume that the interarrival times and sizes of all requests

are constants for all times. All system parameters are set as follows : µ1 = 0.1, µ2 = 0.9,

λ = 0.5, τn = 2,∀n, and sn = 1,∀n where n = 1, 2, .... Recall that if feedback states that are

used for routing decisions are equal among several queues, the dispatcher will uniformly choose

a destination (breaking ties uniformly at random). If all queues are empty, then the first request

can be routed to queue 1. Each request spends 10 time units at server 1 before its completion.

However, the interarrival time between requests is only 2 time units. By the JLQ policy, all

requests arriving after the first one will only be routed to queue 1. Hence, unstability will occur

at queue 1 because λ1 = 0.5 > µ1 = 0.1 even if λ < µ1 + µ2. The results in part(a) hold.

Let us consider part(b) next. In this part, we want to show that if the JSQB policy is

applied and λ <
∑m

j=1 µ
j, then all queues are stable. We use the contradiction method. Assume

that the JSQB policy is applied, λ <
∑m

j=1 µ
j, and there is at least one queue that is unstable

(lim inft↑∞
Uj(t)
t > 0). Then, we want to reach a contradiction.
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By the assumptions, we assume that there are two groups of queues : unstable and stable

queues. Let S be a set of indices of stable queues, or S , {j ∈ {1, ...,m} : limt↑∞ U
j(t)/t = 0}.

Let Sc be a set of indices of unstable queues, or Sc , {j ∈ {1, ...,m} : lim inft↑∞ U
j(t)/t > 0}.

Because λ <
∑m

j=1 µ
j, there is at least one stable queue, or S 6= φ.

If j ∈ Sc, then lim inft↑∞
Uj(t)
t = γ for some γ > 0. If j ∈ Sc and k ∈ S, then lim inft↑∞

Uj(t)
t >

limt↑∞
Uk(t)
t = 0 and lim inft↑∞

Uj(t)
t > limt↑∞

∑
k∈S

Uk(t)
t = 0. Because backlogs of all queues

with indices j ∈ Sc are increasing with higher rate than those of queues with indices k ∈ S,

there will be the time to such that

min
j∈Sc

U j(to) ≥M and min
j∈Sc

U j(to) ≥
∑
k∈S

Uk(to)

for some M > 0. If the JSQB policy is applied, there will be no arrivals routed to a group

of unstable queues j ∈ Sc for a time period after time t ≥ to. Decrement of backlogs of unstable

queues will occur because more workloads are completed by these servers. On the contrary,

increment of backlogs of stable queues will occur because incoming requests after time t ≥ to

will be routed to these queues. Then, there will be the time t1 ≥ to such that

∑
j∈Sc

U j(to) ≥
∑
j∈Sc

U j(t1) and
∑
k∈S

Uk(to) ≤
∑
k∈S

Uk(t1)

For some time tn that tn > t1, there will be an unstable queue that U j(tn) ≤
∑

k∈S U
k(tn)

for some j ∈ Sc. Let tn be a subsequence of time indices that these events occur. According to

the assumptions, lim inftn↑∞
Uj(tn)
tn

> 0 for all j ∈ Sc, so lim inftn↑∞
∑

k∈S
Uk(tn)
tn

> 0 too. This

is the contradiction to prior assumptions that limtn↑∞
Uk(tn)
tn

= 0 for all k ∈ S. Therefore, if the

JSQB policy is utilized and λ <
∑

j µ
j, then all queues will be stable.

Moreover, if the JSQB policy is utilized, then the limit of input traffic rate to each queue

(λj) will exist and converge to some values. Priorly, if λj <
∑

j µ
j and the JSQB policy is used,

all queues will be stable. Then, all busy periods are finite and all queues are empty infinitely

often. We will utilize these periods for showing the existence of the limit λj.

Let us define necessary notations of Busy and Idle periods as follows. Let ak and bk

be the starting and the ending times of the k-th Busy period respectively, where 0 ≤ ak <

bk < ∞ and k = 1, 2, .... Define Bk as the length of the k-th Busy period where Bk ,

(bk − ak) s.t.
∑m

j=1 U
j(t) > 0, ∀t ∈ [ak, bk). Define Ik as the length of the k-th Idle period

where Ik , (ak+1 − bk) s.t.
∑m

j=1 U
j(t) = 0, ∀t ∈ [bk, ak+1).

Every point ak is the regenerative point of the period (Bk+Ik) because of i.i.d. assumptions,

and all past states are not related to the current one. The system will restart itself to the

initial state where all queues are empty. Because the JSQB policy is a state-dependent policy,
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∫ ak+1

ak
U j(t)dt has the same distribution for every period of (Bk + Ik) by i.i.d assumptions. Bk

and Ik are random variables that are generated by two i.i.d. processes and the JSQB policy for

all cycles k ∈ {1, 2, ...}. Thus, Bk and Ik are i.i.d. random variables, which are finite because

these periods infinitely occur.

Now, we will show that the limit of λj exists. Define Aj(t) to be the amount of work that is

routed to queue j at time t. Define N j(Bk) to be the number of requests that are routed to queue

j during the period with length Bk where N j(Bk) is finite because Bk is finite. Define Aj(Bk)

as the total amount of workloads routed to queue j during the period with length Bk where

Aj(Bk) ,
∫
Bk
Aj(t)dt =

∑Nj(Bk)
i=1 si and E[Aj(Bk)] <∞ because Bk is finite. By a regenerative

process, let TC be the ending time of the C-th regenerative cycle where C ∈ Z+. Then,

lim
N→∞

1

tN

N−1∑
n=0

Aj(tn, tn+1] = lim
TC→∞

C

TC

1

C

C∑
k=1

Aj(Bk)

= lim
C→∞

C∑C
k=1(Bk + Ik)

1

C

C∑
k=1

Aj(Bk)

→ E[Aj(Bk)]

E(Bk) + E(Ik)
w.p. 1 (By SLLN)

where E[Aj(Bk)] = E[s]E[N j(Bk)] because si is drawn from i.i.d. distribution and indepen-

dent from N j(Bk). So, limN→∞
1
tN

∑N−1
n=0 A

j(tn, tn+1] = λj <∞ a.s. by SLLN.

For the JSQL policy, the proofs are the same as those of the JSQB policy. Let N j(t) be

the queue length of queue j at time t. The amount of queue backlogs at queue j can be written

as U j(t) =
∑Nj(t)

k=1 sk + Rj(t) where Rj(t) are residual loads at server j. It can be seen that

limt↑∞
Uj(t)
t = 0 if and only if limt↑∞

Nj(t)
t = 0 because sk and Rj(t) are finite for all k ∈

{1, 2, ...} and for all t ∈ R+. Also, we can prove by the same procedure that limt↑∞
Nj(t)
t =

0,∀j = 1, 2, ...,m. If limt↑∞
Nj(t)
t = 0, ∀j = 1, 2, ...,m, then limt↑∞

Uj(t)
t = 0,∀j = 1, 2, ...,m.

Thus, if λ <
∑

j µ
j and the JSQL policy is used, then all queues will be stable.

For part (c), the proofs can be proceeded as same as those of the JSQB and JSQL policies

except that T j(t) = U j(t)/µj and N j(t)/µj are considered instead of U j(t) and N j(t).

Sufficient conditions for the JLQ policy are the most restricted ones when they are compared

to other policies. We note that λ < µl is also the sufficient condition for the ˆJLQl policy. How-

ever, JSQB, JSQL, JSCT and JSED policies have the most relaxed condition, merely λ <
∑

j µ
j .

Their sufficient conditions are almost the same as the necessary condition in Lemma 2.2.1. These

contrasting results are caused by the fact that both JSQB and JSCT policies minimize the total

queue backlog for every decision. On the other hand, the JLQ policy maximizes it instead of

minimizing.
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Nevertheless, JSQB, JSQL, JSCT and JSED policies require feedbacks of queue states to

make routing decision. If a finite number of feedbacks are lost, we question whether “ both

JSQB and JSQL policies still produce a stable system” or not. Also, we investigate if “the

JSQB policy is robust to a finite number of feedback losses”. These questions will be answered

in Lemma 2.2.4. In practice, we consider T-period policies such as T-JSQB and T-JSQL policies

where feedbacks are sent at every constant period with length equal to T . As a result, sufficient

conditions for T-JSQB and T-JSQL policies are also determined.

Lemma 2.2.4 (Robustness of JSQB & T period policies) Assume the same statistical

assumptions that are described in section 2.1 and λ <
∑m

j=1 µ
j. Sufficient conditions of both

T-JSQB and T-JSQL policies for the stability and the robustness of the JSQB policy are enu-

merated as follows. In addition, length of periods (T ) for both policies are presumed to be finite.

(a) Both T-JSQB and T-JSQL policies always produce a stable system.

(b) For a finite number of feedback losses, the JSQB policy is robust and the system is stable.

(c) For an infinite number of feedback losses, it is not necessary for the JSQB policy to produce

a stable system.

Proof First, the statement in part(a) can be shown as follows.

Let us consider the T-JSQB policy. Recall that the T-JSQB policy uses feedback information

at every constant period with length equal to T . In particular, it updates feedbacks from the

system at time T, 2T, 3T, .... So, the T-JSQB policy routes all requests arriving between time

mT and (m+ 1)T by using the queue state at time mT (U j(mT )). For instance, if U1(mT ) <

U2(mT ), then all requests arriving during t ∈ [mT, (m+ 1)T ) will be routed to queue 1.

A similar argument to Lemma 2.2.3 will be used for the following proofs. We want to show

that if the T-JSQB policy is applied and λ <
∑

j µ
j, then all queues are stable. The statement

will be proven by contradiction. So, we assume that the T-JSQB policy is used, λ <
∑m

j=1 µ
j

and there is at least one unstable queue. We expect that a contradiction will be reached. All

notations are the same as those defined in Lemma 2.2.3.

As mentioned before, S and Sc denote the set of indices of stable and unstable queues

respectively. If queue k is unstable (k ∈ Sc) and queue j is stable (j ∈ S), then lim inft↑∞
Uk(t)
t >

0 = limt↑∞
∑

j∈S
Uj(t)
t according to the stability definition. So, there will be a time t1 such that

Uk(t1) > M and Uk(t1) >
∑

j∈S U
j(t1) for all k ∈ Sc and for some M > 0. At time nT ≥ t1

for some n ∈ {0, 1, 2, ...}, the T-JSQB policy will observe that

min
k∈Sc

Uk(nT ) >
∑
j∈S

U j(nT )
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During the period [nT, (n + 1)T ), all requests will be routed to a group of stable queues, or

queue with indices in S. In contrast, there are no requests that are routed to a group of unstable

queues during that period. As a result, at time (n+ 1)T ≥ (n)T , it is true that

∑
j∈S

U j(nT ) ≤
∑
j∈S

U j((n+ 1)T ) and
∑
k∈Sc

Uk(nT ) ≥
∑
k∈Sc

Uk((n+ 1)T )

Additionally,
∑

j∈S U
j(t) will increase and

∑
k∈Sc U

k(t) will decrease for subsequent peri-

ods after time nT . Whenever mink∈Sc U
k(nT ) >

∑
j∈S U

j(nT ), there will be a time mT that

Uk(mT ) ≤
∑

j∈S U
j(mT ),∃k ∈ Sc where m ∈ {0, 1, 2, ...} and m ≥ n. If queue k is unstable or

lim infm↑∞
Uk(mT )
mT > 0, then limm↑∞

∑
j∈S

Uj(mT )
mT > 0. This is the contradiction to prior as-

sumptions because limm↑∞
∑

j∈S
Uj(mT )
mT = 0. Hence, the T-JSQB policy will stabilize the system

if λ <
∑

j µ
j.

Let us consider the T-JSQL policy next. Recall that the T-JSQL policy routes each request

to a queue with minimum queue length or to queue j where j = arg minl∈{1,...,m}N
l(nT ) and

n ∈ {0, 1, 2, ...}. We can prove that if T-JSQL policy is used and λ <
∑

j µ
j, then the system is

stable. We will show this by using the same argument in Lemma 2.2.3. First, we assume that

the T-JSQL policy is used, λ <
∑

j µ
j and there is at least one unstable queue. We observe that

limn↑∞
Uj(nT )
nT = 0 if and only if limn↑∞

Nj(nT )
nT = 0 too because U j(nT ) =

∑Nj(nT )
k=1 sk+Rj(nT )

and sk, R
j(nT ) are finite for all k, n ∈ {1, 2, ...}. By the same procedure, it can be shown that

limn→∞
Nj(nT )
nT = 0 for all j = 1, 2, ...,m, so limn→∞

Uj(nT )
nT = 0 for all j = 1, 2, ...,m too. Thus,

the T-JSQL policy will stabilize the system if λ <
∑

j µ
j.

Second, the condition in part(b) will be shown as follows.

A few more notations are firstly provided. Let a lost period be the period that all feedbacks

of queue states are not available to the dispatcher. Define Lsn and Len as the starting and the

ending time of the n-th lost period where Lsn, L
e
n ∈ R+. So, (Lsn, L

e
n] is the n-th lost period. All

arrivals during (Lsn, L
e
n] will be routed by using the state at time Lsn or U j(Lsn),∀j = 1, 2, ...,m.

The same argument will be applied, and the contradiction method will be used again. As-

sume that λ <
∑m

j=1 µ
j and there is at least one unstable queue. Then, we want to reach a

contradiction.

If queue k is unstable or k ∈ Sc, then lim inft↑∞
Uk(t)
t > 0 = limt↑∞

∑
j∈S

Uj(t)
t . There is

some time Lsn that mink∈Sc U
k(Lsn) >

∑
j∈S U

j(Lsn). During the time in (Lsn, L
e
n], all requests

will be routed to a group of stable queues, and there are no requests routed to a group of unstable

queues. So,
∑

j∈S U
j(Lsn) ≤

∑
j∈S U

j(Len) and
∑

k∈Sc U
k(Lsn) ≥

∑
k∈Sc U

k(Len). There will be

a time tz ≥ Lsn such that Uk(tz) ≤
∑

j∈S U
j(tz) for some k ∈ Sc. The rest of the proof will be

the same as those of Lemma 2.2.3. We will obtain a contradiction that some of stable queues

are destabilized. Thus, if the JSQB policy is applied, λ <
∑

j µ
j and a finite number of feedback
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losses occur, all queues are stable.

Finally, we will prove the statement in part(c) by giving a counter example. Let us define

all parameters as follows : λ = 1, µ1 = 0.5, µ2 = 1.5 and sn = 1 for all n = 1, 2, ... (all requests

have constant sizes). Suppose that the dispatcher observes that U1(tL) < U2(tL) at the time

tL > 0, but all feedbacks are lost for all t ∈ (tL,∞). As a result, all requests arriving after time

tL will be routed to queue 1. It causes instability at queue 1 because λ1 > µ1 or the necessary

condition is violated.

We have seen that JSQB policy is robust for a finite number of feedback losses, but it is not

necessary for infinite losses. Still, the sufficient conditions of T-JSQB and T-JSQL policies are

the same as those of JSQB and JSQL policies. Similar results can be shown for JSCT, JSED

and T-JSED policies.

Now, the stability region between policies is compared by utilizing all the lemmas. We can

see that JSQB, JSQL, JSCT, JSED and T-JSQB policies have the maximal stability region, but

the JLQ policy has the minimal stability region. Also, both BS and WRR policies have smaller

regions than JSQB, JSQL, JSCT, JSED and T-JSQB policies do, but they have larger regions

than JLQ and ˆJLQl policies do. Their stability regions are functions of ~p and ~W parameters

and are dependent on service rates of all servers. Finally, Closed-loop policies can enhance the

stability region by exploiting queue states.

Formerly, we can determine at least one stable BS/WRR policy by computing ~p/ ~W accord-

ing to Lemma 2.2.2. For the BS policy, a subset of stable policies can be determined by solving

the problem :
∑m

j=1 p
j = 1 and pj < µj/λ for all j = 1, 2, ...,m. For the WRR policy, these

feasible solutions of ~p can be transformed to ~W by multiplying pj with some rational number.

2.3 Feasibility analysis

Feasibility studies are conducted for policies that are listed in section 2.1. First, delay analysis

for the BS policy is provided for classes of M/GI/m systems. Next, simulation results are used

to determine the feasible space of these policies for classes of GI/GI/m system. Lastly, the

relationships among classes of dynamic and static policies are analyzed.

In fact, we investigate the following three major questions. “When a set of dispatching

policies is given, can we determine the subset of [0,∞]m of the average waiting time that is

achievable ?” , “Which policy produces the smallest possible total delay?” , and “What are the

relationships among classes of policies ?”

Both analytical and simulation results are employed for answering these questions. A the-

oretical result is demonstrated for a tractable case such as M/BI/m/BS systems. However,

simulation is resorted to determine feasible regions for some cases where the exact analysis is
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not available.

The knowledge of feasible regions can help us determine ranges of achievable average delays

when statistics is given. Moreover, relationships among policies allow us to determine which

one is the best policy for bounding the average delays.

2.3.1 Theoretical results

First, we consider a theoretical result for the simplest case, a M/GI/m/BS system.

Lemma 2.3.1 (Conservation law of BS policies) Assume the same statistical assumptions

that are described in section 2.1. Let us consider a M/GI/m/BS system, where λpj < µj ,∀j =

1, ...,m or the system is stable. Define E[T j ] as the expected waiting time at queue j for

j = 1, ...,m. Define λjob as the arrival rate to the system where λjob = 1
E[τ ] (λ = λjobE[s]).

The expected waiting time E[T j ] is computed by

E[T j ] =
λjobp

jE[s2]/(µj)2

2(1− ρj)

where ρj =
λjobE[s]pj

µj
.

Proof The proof is trivial. The BS policy routes all incoming requests to queue j w.p. pj. If

the interarrival time of the arrival process is Exponentially distributed with rate λ, the inter-

arrival time of the splitting process will be also Exponentially distributed with rate λpj. This

result is well-known in the literature of queueing theory. By independence of routing and arrival

processes, M/GI/m/BS can be decoupled into m M/GI/1 systems. As a result, the Pollaczek-

Khinchin formula can be immediately applied, and the result holds.

According to the lemma, feasible regions of M/GI/2/BS and M/GI/3/BS systems are de-

picted in Figure 2.3(a) and (b), respectively.

Feasible points of the average waiting time are convex-like functions of ~p for all cases.

When pj increases on queue j, the average waiting time at queue j will exponentially increase.

Moreover, if traffic intensity increases, its feasible curve will scale up. These results allow us to

compute a range of feasible ~p to bound the average waiting time when statistics is given.

In addition, the feasibility is studied for other cases such as Bi/GI/2, W/GI/2 where the

exact analysis is not available. Similar results are expected, and they are shown in Figure 2.4(a)

and 2.4(b). We note that M, Bi, Er and W denote Exponential, Bimodal, Erlang, and Weibull

distribution, respectively.

Nevertheless, when input traffic is heavy and the BS policy is applied, the expected waiting

time at queues can be approximated by a heavy-traffic theory. In Lemma 2.3.2, an estimation
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Figure 2.3: (a) Feasible regions of M/GI/2/BS systems, and (b) Feasible regions of M/GI/3/BS
systems

Figure 2.4: (a) Feasible regions of Bi/GI/2/BS systems (ρ = 0.6−0.9), and (b) Feasible regions
of GI/GI/2/BS systems

of the expected waiting time is shown for GI/GI/m/BS systems when traffic intensity is close

to one.

Lemma 2.3.2 (Approximation for heavy traffic (BS)) Assume the same statistical as-

sumptions that are described in section 2.1 and λ <
∑m

j=1 µ
j. Let us consider GI/GI/m/BS

systems. The probability ~p is chosen such that λpj < µj ,∀j = 1, ...,m or the system is stable.

1. If λ ∼=
∑m

j=1 µ
j, the expected waiting time at each queue under heavy traffic can be esti-

mated as

E[T j ] ∼=
1
pj
σ2
τ + (1−pj)

(pj)2
(E[τ ])2 + σ2

s

(µj)2

2(1− ρj) 1
pj
E[τ ]

(2.3)
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Figure 2.5: (a) Feasible regions of GI/GI/2/WRR1 systems, and (b) Feasible regions of
GI/GI/2/WRR2 systems

Figure 2.6: (a) Relationships between dispatching policies for Bi/GI/2 (ρ = 0.4), (b) Relation-
ships between dispatching policies Bi/GI/2 (ρ = 0.8)

where ρj = λjobp
jE[s]/µj, λjob = 1

E[τ ] and λ = E[s]
E[τ ] .

Proof In this lemma, the expected waiting time at queues will be estimated when heavy traffic

occurs in GI/GI/m/BS systems. When the input traffic is heavy (λ = λjobE[s] ∼=
∑

j µ
j), the

vector ~p will be chosen such that λpj < µj or the stability condition is true. As a result, λpj ∼= µj

for all j = 1, 2, ...,m or incoming traffic to each queue is heavy too. In other words, when the

entire system is under heavy traffic, each queue will suffer from heavy traffic as well.

First, several observations are stated to decouple GI/GI/m/BS system to m indepedent

GI/GI/1 systems. Then, the heavy traffic theory can be used to estimate the expected waiting

time. The key observation is that the interarrival time between requests that are routed to each

queue is the only thing that is different. Still, job sizes and service rates of servers are drawn from

i.i.d. distributions. Because all random variables are drawn from i.i.d. distributions and routing
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Figure 2.7: (a) Relationships between dispatching policies for M/GI/2 (ρ = 0.4), (b) Relation-
ships between dispatching policies for M/GI/2 (ρ = 0.8)

Figure 2.8: Relationships between BS and WRR policies (ρ = 0.875− 0.9) for (a) Geom/Bi/2
and (b) Bi/Bi/2 when servers are symmetric and unsymmetric

decisions made by the BS policy are indepedent from all other variables, the GI/GI/m/BS system

can be decoupled into m indepedent GI/GI/1 queues by using coupling arguments in [8].

If {τ jk}k=1,2,... and {sjk}k=1,2,... are the sequence of r.v. of interarrival times and job sizes at

queue j, then we can see that sjk is drawn from an i.i.d. distribution and τ jk =
∑Nj

l=1 τl where

N j is Geometric r.v. with parameter pj. We can consider each queue seperately as shown in

[78] due to indepedent assumptions of all random variables. Let us consider an independent

GI/GI/1 queue with the sequence of interarrival times {τ̃k}k=1,2,... and job sizes {s̃k=1,2,...}
where τ̃k and s̃k have common distributions with τ jk and sjk respectively. Under the stability

condition (λpj < µj), there will be infinitely many points in time that workload of queue j is

empty [8]. Let T1 be the starting time of the first busy period of queue j in the GI/GI/m/BS

system. Let the second arrival process of the GI/GI/1 queue start at time T1 with arbitrary
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Figure 2.9: Relationship between dynamic policies JSQB, JSQL, T-JSQL, JSCT, JSED, and
T-JSED policies for M/GI/2 (ρ = 0.8) when T is varied from 1− 40

s̃0 = sj1. However, after time T1, τ̃k and s̃k are drawn from the same i.i.d. distributions as those

of τ jk and sjk. As a result, by coupling properties in [8], workload of both processes will couple

and has the same distribution.

By these observations, the waiting time analysis can be simplified, and the estimation of

the expected waiting time of GI/GI/1 queue can be borrowed from heavy traffic theory [60].

According to equation (2.10) in [60], the expected waiting time can be approximated as

E[T j ] ∼=
σ2
τ j

+ σ2
xj

2(1− ρj)E[τ j ]
(2.4)

where τ j is the interarrival time between requests that are routed to queue j where E[τ j ] and

σ2
τ j

denote its mean and variance respectively. xj is the service time of requests that are routed

to queue j where E[xj ] and σ2
xj

denote its mean and variance respectively.

Because the expected waiting time T j can be estimated by using only second order statistics,

so our tasks are simplified to compute E[τ j ], σ2
τ j

, E[xj ] and σ2
xj

and plug them in the equation

2.4. Let us consider how to compute the mean and variance of the service time xj as follows.

Since xj is i.i.d. random variable and xj is identical to sn
µj

,

E[xj ] = E[sn]/µj = E[s]/µj and σ2
xj = σ2

s/(µ
j)2

for all j = 1, ...,m.

In addition, we have to compute the mean and variance of the interarrival time τ j too. Its

mean and variance is expected to be a function of pj. We need to determine the expressions of

E[τ j ] and σ2
τ j

as functions of pj, E[τ ] and E[τ2]. Each request is dispatched to queue j w.p. pj,
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so τ j is the sum of the interarrival times τn. In particular, τ j =
∑Nj

k=1 τk where N j is a number

of times that requests are routed to other queues than queue j until the first request is routed

to queue j. So, N j is a Geometric random variable with parameter pj and its probability mass

function is P(N j = k) = (1− pj)k−1pj. Then, E[τ j ] is computed by.

E[τ j ] = E[
Nj∑
k=1

τk] = ENj{Eτ [
n∑
k=1

τk|N j = n]} = E[N j ]E[τ ] =
1

pj
E[τ ]

Next, we want to compute σ2
τ j

= E[(τ j)2]− (E[τ j ])2. Thus, we have

E[(τ j)2] = E[(

Nj∑
k=1

τk)
2] = ENj

{
Eτ [(

n∑
k=1

τk)
2|N j = n]

}

= ENj

Eτ [

n∑
k=1

(τk)
2 +

∑
l 6=k

n∑
k=1

τlτk|N j = n]


= ENj

{
nE[(τk)

2] + n(n− 1)E[τl]E[τk]
}

by independent

= E[N j ]E[τ2] + (E[(N j)2]− E[N j ])(E[τ ])2

=
1

pj
{
E[τ2]− (E[τ ])2

}
+ E[(N j)2](E[τ ])2

=
1

pj
σ2
τ +

(2− pj)
(pj)2

(E[τ ])2

By plugging in all results into equation 2.4, the estimation of the expected waiting time is

E[T j ] ∼=
1
pj
σ2
τ + (1−pj)

(pj)2
(E[τ ])2 + σ2

s

(µj)2

2(1− ρj) 1
pj
E[τ ]

where ρj = λjobp
jE[s]/µj.

2.3.2 Simulation results

For arrival-dependent policies like WRR policies, simulation is used to determine their fea-

sible spaces. First, we consider classes of WRR1 policies and plot their feasible regions for

GI/GI/2/WRR1 system. The results are shown in Figure 2.5(a) where the weighted vector

(W 1,W 2) is set to (1,99),(2,98),...,(99,1) such that W 1 +W 2 = 100 is satisfied.

According to the results, the shape of feasible points caused by the WRR1 policy changes

from a concave-like shape to a convex-like shape when the traffic becomes heavier. It is caused

by the fact that the WRR1 policy consecutively routes W j requests to queue j before switching
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to others.

Let us compare the average waiting time at queues when (W 1,W 2) = (1, 99) and (W 1,W 2) =

(50, 50). When the traffic volume is low, most requests arrive when queues are empty. The av-

erage waiting time at queue 2 when W 2 = 99 is slightly higher than that at queue 2 when

W 2 = 50. On the contrary, the average waiting time at queue 1 when W 1 = 1 is lower than

that at queue 2 when W 1 = 50.

When the traffic volume is high, most requests arrive when queues are occupied. Thus, the

average waiting time increases exponentially for queues with a large number of consecutive

arrivals, so the waiting time at queue 2 when W 2 = 99 becomes much greater than that when

W 2 = 50. In contrast, the average waiting time at queue 1 when W 1 = 1 is less than that when

W 1 = 50, because of a small number of consecutive requests that are routed to queue 1.

Next, feasible regions of classes of WRR2 policies are demonstrated in Figure 2.5(b). In

contrast to the WRR1 policy, the shape of feasible points caused by the WRR2 policy is convex-

like. The average waiting time at both queues are at the lowest point when (W 1,W 2) = (50, 50)

or service rates of servers are symmetric. When service rates are not equal, the average waiting

will be lower if W 1 and W 2 become balanced with service rates µ1 amd µ2.

In addition, let us consider feasible regions of WRR2 policies when the traffic volume is

low (ρ ∼= 0.4− 0.5). If (W 1,W 2) is changed from (50, 50) to (49, 51),(48, 52),...,(1, 99), then the

average waiting time at queue 1 is closely the same as that at queue 2 when ~W = (50, 50). Also,

it moves close to zero when (W 1,W 2) = (1, 99). However, the average waiting time at queue

2 will continuously increase when W 2 is changed from 50 to 99. The average waiting time at

queue 1 will be the same when W 1 ∈ {50, 49, ..., 30} because most requests arrive when queues

are empty and alternate routing does not result in high variation of their interarrival time. In

contrast, the average waiting time at queue 2 increases because there will be more consecutive

arrivals to queue 1 because W 1 < W 2. For every
∑

jW
j incoming requests, if the number of

requests that are routed to queue 1 reaches W 1, then all requests arriving after this time will

be consecutively routed to queue 2.

Nevertheless, when the traffic volume is high (ρ ∼= 0.8), the feasible regions of WRR2 policies

will be more sensitive to small changes in (W 1,W 2). In particular, simulation is conducted when

W 1 decreases from 50 to 49, 48, ... and W 2 increases from 50 to 51, 52, .... The results show

that the average waiting time at queue 1 decreases while the average waiting time at queue 2

increases because most requests arrive when queues are occupied. Moreover, slight changes in

weight parameters can make a large difference.

Similar to BS policies, feasible regions of WRR policies are some functions of the weighted

vector ~W . These results suggest us to utilize the WRR2 policy instead of the WRR1 policy

because of its superior performance in term of delays. When statistics and the bound are given,

the results from the feasibility study can be utilized to determine a feasible range of ~W .
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2.3.3 Relationships between classes of policies

Relationships between policies are studied via the analysis in Lemma 2.3.3 and simulation results

in Figure 2.6 and 2.7. First, we start by questioning whether “the WRR2 policy dominates the

WRR1 policy” for the same weighted vector ~W . According to Figure 2.6 and 2.7, it is shown

that the WRR2 policy dominates the WRR1 policy because alternate routing decreases the

accumulation of backlog when compared to consecutive routing.

Next, relationships between static policies such as BS and WRR policies are considered. In

Figure 2.8, the average waiting time of the WRR2 policy is lower than that of both BS and

WRR1 policies when servers are homogeneous. However, when servers become heterogeneous,

the BS policy can outperform the WRR2 policy for some cases. Still, the WRR1 policy is worse

than both WRR2 and BS policies for most cases in our experiments.

In addition, dynamic policies such as JSQB, JSCT and JLQ policies are compared with

themselves and static policies. First, we consider the JSQB policy whether it dominates others

or not. According to Lemma 2.3.3, the JSQB policy dominates the JLQ policy for the symmetric

case. By simulation results, the JSQB policy performs equally with the JSCT policy. Not only

that the JSQB policy performs better than the JLQ policy does, but the JSQB policy also

achieves lower delays than BS and WRR policies do.

Now the JSCT policy is analyzed to see whether it dominates other policies. According

to Lemma 2.3.3 and our simulation, the JSCT policy performs better than other policies do

for both homogeneous and hetereogenous cases. Definitely, the JSCT policy attempts to mini-

mize the total sum of waiting time at every decision. By the simulation, the JSCT policy also

dominates both BS and WRR policies for most cases in our experiments.

Next, we further compare the performances among JSQB, JSQL, JSCT, JSED, T-JSQL,

and T-JSED policies. The results are shown in Figure 2.9 for M/GI/2 system. According to the

outcomes, the JSQB policy is better than the JSQL policy because better knowledge of queue

states is used to make routing decisions. Similarly, the JSCT policy performs better than the

JSED policy does because of the same reason. To reduce bandwidth overheads, T-JSQL and

T-JSED policies update the queue states periodically, so their performances become worse than

those of JSQL and JSED policies respectively. Also, when the length of period T is higher, the

average waiting time caused by T-JSQL and T-JSED policies will increase.

Lemma 2.3.3 (Relationships between policies) Assume that λ < µj , ∀j = 1, 2, ...,m, or

the stability condition of the JLQ policy is satisfied. Also, the same statistical assumptions

in section 2.1 are still applied here except that the same random sequence of arrival requests

{an}∞n=1 is used for performance comparison between policies. Also, the system is initially empty

at the starting time. All servers are homogeneous and have the same service rates where µj =

1,∀j = 1, 2, ...,m without loss of generality.
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For the same random sequence an, the following statements are true.

(a) T̄ jJLQ = T̄ kJLQ, ∀j 6= k where j, k ∈ {1, ...,m}.

(b) T̄ jπ ≤ T̄ jJLQ, ∀j = 1, ...,m.

where π = BS, WRR, JSQB, JSQL, JSCT and JSED policies.

Proof First, the statement in part(a) will be shown. In other words, if the JLQ policy is

applied and all service rates are equal, then the average waiting time at all queues will be equal.

It will also be equal to the average waiting time at queue l that is caused by the ˆJLQl policy.

Let us introduce necessary notations. Define U jπ(t) to be the unfinished backlogs of queue j

and at time t when policy π is applied. Similar to previous lemmas, Bk is the length of the k-th

busy periods or Bk = bk − ak where t ∈ [ak, bk) :
∑m

j=1 U
j
π(t) > 0 for all k ∈ {1, 2, ...}. Ik is

the length of the k-th idle periods or Ik = ak − bk−1 where t ∈ [bk−1, ak) :
∑m

j=1 U
j
π(t) = 0 for

all k ∈ {1, 2, ...} and b0 = 0. Moreover, Ck denote the length of the k-the regenerative cycle,

or Ck = Bk + Ik. Recall that the time point ak is the regerative point where the system restart

itself to the initial state. In fact, the arrival process is the renewal process because interarrival

times and job sizes are drawn from an i.i.d. distribution.

According to the assumption, λ < minj µ
j, so idle and busy periods will alternatively occur

at all queues because there are infinitely many points in time that workload in queues is empty

[8]. Recall that if U lJLQ(t) = 0 for all l = 1, 2, ...,m, the JLQ policy will uniformly choose

the destination. So, there exists some of indices j ∈ {1, 2, ...,m} such that U jJLQ(t) > 0 and∑m
l=1 U

l
JLQ(t) = U jJLQ(t) for all t ∈ [ak, bk) at the k-th busy period. Let W j

π(Ck) be the accu-

mulated workload at queue j during the k-th regenerative cycle [ak, ak+1) when the policy π is

used. So, W j
π(Ck) ,

∫ ak+1

ak
U jπ(t)dt. Note that W j

π(Ck) =
∫ bk
ak
U jπ(t)dt because the queue is empty

during the idle periods. If tN is the ending time of the N -th regenerative cycle and Rj(tN ) is a

set of indices of the cycles that
∑

l U
l(t) = U j(t) for t ∈ [0, tN ), then

1

tN

∫ tN

0
U jJLQ(t)dt

=
1

tN

∑
kj∈Rj(tN )

∫ akj+1

akj

U jJLQ(t)dt

=
1

tN

∑
kj∈Rj(tN )

W j
JLQ(Ckj )

=

Nj(tN )
N ( 1

Nj(tN )

∑
kj∈Rj(tN )Ckj )(

1∑
kj∈Rj(tN ) Ckj

)
∑

kj∈Rj(tN )W
j
JLQ(Ckj )

1
N

∑N
k=1Ck
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where N j(tN ) is the cardinality of the set Rj(tN ).

Then, we consider independent properties of these random variables. Let us define M(Ck)

as the number of arrivals during the period [ak, ak+1) or the k-th cycle. In particular, M(Ck) ,

min{d ∈ Z+ :
∑d

l=1 sk < (
∑d

l=1 τl)}. Because τl and sl are i.i.d. random sequences, M(Ck) is

indepedent from M(Cr) for any k 6= r, and both M(Ck) and M(Cr) have a common distribution

for any k 6= r. Also, Ck and Cr with k 6= r have the same distribution and independent from

each other because Ck =
∑M(Ck)

l=1 τk. In addition, because W j
JLQ(Ck) =

∫
Ck
U j(t)dt w.p. pj and

W j
JLQ(Ck) = 0 w.p. (1− pj), W j

JLQ(Ck) and W j
JLQ(Cr) with k 6= r have the same distribution

and indepedent from each other too. Similar facts are true when the policy ˆJLQj is applied.

Next, we will use the regenerative arguments to compare the distribution of the workload

between two dispatching policies, JLQ and ˆJLQj. Let us consider at W j
JLQ(Ck) and W j

ˆJLQj
(Cr).

When kj ∈ Rj(tN ), W j
JLQ(Ckj ) > 0 and it has the same distribution as that of W j

ˆJLQj
(Cr).

Also, both are indepedent because the arrival process is i.i.d. and the system restart itself at

every regenerative point akj . Because λ is strictly less than 1, workload is finite a.s. by [8]. By

using Strong Law of Large Number, we have

lim
N↑∞

1∑
kj∈Rj(tN )Ckj

∑
kj∈Rj(tN )

W j
JLQ(Ckj ) = E[W j

JLQ(Ckj )]

Because both W j
JLQ(Ckj ) and W j

ˆJLQj
(Cr) have the same distribution, then E[W j

JLQ(Ckj )] =

E[W j
ˆJLQj

(Cr)]. This is the average of queue backlogs at queue j which is equivalent to the

average queue backlogs by the ˆJLQj policy for some j ∈ {1, 2, ...,m}. Recall that µj = 1, ∀j
and an = {τn, sn} is the i.i.d. random process. By i.i.d. assumptions of arrival process, Ck

is i.i.d. random variable as mentioned before and Ck is finite for all k = 1, 2, .... Thus, we

have the term limN↑∞

1

Nj(tN )

∑
kj∈Rj(tN ) Ckj )

1
N

∑N
k=1 Ck

→ 1 by using Strong Law of Large Number (SLLN).

Moreover, limN↑∞
Nj(tN )
N = 1

m because each busy period of queue j occurs w.p. 1
m . By taking

N →∞, the last equation will be reduced to

By previous regenerative arguments and Strong Law of Large Number (SLLN), we have

Ū jJLQ =
1

m
Ū j ˆJLQj

,∀j = 1, ...,m

Next, we want to compute the expression of the input traffic rate to queue j or λj when

the JLQ policy is applied. Let Aj(t) be the amount of loads arriving to queue j at time t. Let

λj(tN ) be the input traffic rate to queue j from starting time to the time tN where λj(tN ) ,
1
tN

∫ tN
0 Aj(t)dt. If the number of requests is equal to n(tN ) at time tN , then

∫ tN
0 Aj(t)dt =
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∑n(tN )
k=1 sk. We can proceed by the same steps for the derivation of Ū jJLQ, and we can compute

λj = limN→∞ λ
j(tN ) = λ

m . By Little’s law, we have

T̄ jJLQ =
Ū jJLQ
λj

=
U j ˆJLQj

/m

λ/m
= T̄ j ˆJLQj

, ∀j = 1, ...,m

All servers are identical, so T̄ j ˆJLQj
= T̄ kˆJLQk

for all j 6= k and j, k ∈ {1, 2, ...,m}. In addition,

T̄ jJLQ = T̄ kJLQ for all j 6= k too. The result in part(a) holds.

Next, we show part(b). Define C as dispatching policies excluding JLQ and ˆJLQl policies.

We consider the comparison policy ˆJLQl, and we want to show by the induction method that

T jC(tn) ≤ T j ˆJLQl
(tn) for all tn. Since µj = 1 for all j = 1, 2, ...,m, T jπ(t) = U jπ(t)/µj = U jπ(t).

By the evolution equation, we have

T jπ(t+n+1) = [T jπ(t+n )− τn+1]+ +Ajπ(tn+1)

First, let us consider at starting time t0 = 0 where all queues are empty T jπ(t0) = 0, ∀j =

1, ...,m and for all policies. At time t1, we have

T jC(t1) = T jC(t0)−min(T jC(t0), τ1) +AjC(t1)∑
j

T jC(t1) =
∑
j

AjC(t1) =
∑
j

AjJLQ(t1) = T l ˆJLQl

At time t2, we have

∑
j

T jC(t2) =
∑
j

T jC(t1)−
∑
j

min(T jC(t1), τ2) +
∑
j

AjC(t2)

≤ T l ˆJLQl
(t1)−min(

∑
j

T jC(t1), τ2) +
∑
j

AjC(t2)

= T l ˆJLQl
(t1)−min(T l ˆJLQl

(t1), τ2) +
∑
j

Aj ˆJLQl
(t2)

∑
j

T jC(t2) ≤ T l ˆJLQl
(t2)

The first inequality is true because
∑

j T
j
C(t1) = T l ˆJLQl

(t1) and min(A, x) + min(B, x) ≥
min(A+B, x). Let us consider case 1 where x ≤ A ≤ B. Then, min(A, x) + min(B, x) = 2x ≥
x = min(A+B, x). For case 2, when A ≤ x ≤ B, min(A, x)+min(B, x) = A+x ≥ x = min(A+
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B, x). For case 3, when A ≤ B ≤ x, min(A, x) + min(B, x) = A+B ≥ A+B = min(A+B, x)

if A+B ≤ x, and min(A, x) + min(B, x) = A+B ≥ x = min(A+B, x) if A+B ≥ x.

Thus, we have T jC(tn) ≤
∑

j T
j
C(tn) ≤ T l ˆJLQl

(tn), ∀j at time t1, t2. Next, we assume that

T jC(tn) ≤ T l ˆJLQl
(tn) is true at time tn for any n = 3, 4, .... We want to show that it is also true

at time tn+1. By the induction method, we consider at time tn.

T l ˆJLQl
(tn+1) = max(T l ˆJLQl

(tn), τn+1)− τn+1 +Al ˆJLQl
(tn+1)

≥ max(T jC(tn), τn+1)− τn+1 +Al ˆJLQl
(tn+1)

≥ max(T jC(tn), τn+1)− τn+1 +AjC(tn+1)

The first inequality is true because max(A, x) ≥ max(B, x) if A ≥ B. Let us consider when

x ≤ B ≤ A, max(A, x) = A ≥ B = max(B, x). When B ≤ x ≤ A, max(A, x) = A ≥ x =

max(B, x). When B ≤ A ≤ x, max(A, x) = x ≥ x = max(B, x). The second inequality is true

because Al ˆJLQl
(tn+1) = sn+1 ≥ AjC(tn+1), which AjC(tn+1) is either sn+1 or 0. Hence,

T l ˆJLQl
(tn+1) ≥ T jC(tn+1),∀j = 1, ...,m

This is also true during (tn, tn+1] for any n = 1, 2, ... because of constant service rate µj. By

the method of induction, T jC(t) ≤ T l ˆJLQ
(t) for all time t ≥ 0. We also know from part(a) that

T̄ j ˆJLQl
= T̄ jJLQ.

T̄ jC ≤ T̄
j
JLQ, ∀j = 1, 2, ...

where C is any dispatching policies such as BS, WRR, JSQB, JSQL, JSCT, JSED. The

result in part(b) holds.

2.4 Analysis of communication, computation and memory over-

heads

Each dispatching policy can incur different communication, computation and memory over-

heads. Thus, all aspects of the overheads are summarized in Table 2.1.

First, communication overheads for dynamic policies are usually greater than those of static

policies. JSQB, JSQL, JSCT, JSED, and JLQ policies use communication overheads propor-

tionally to the number of routing decisions. Therefore, it is costly in terms of the number of
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Table 2.1: Overhead considerations for dispatching policies

Policies Communication Complexity Memory

BS > B O(1) > S

WRR > B O(1) > S

JSQB,JSQL > N × (m×B) O(m) > S +m× L
JSCT,JSED > N × (m×B) O(m) > S +m× L
JLQ > N × (m×B) O(m) > S +m× L

ˆJLQl 0 O(1) > S

B is the least bandwidth required per transmission (bits/s), S is the fixed memory usage
required by a controller (bytes), L is the amount of memory required to maintain a state of one
queue (bytes), N be the total number of routing decisions.

communication expenses. T-period policies can reduce these overheads by updating feedbacks

at every period with the length equal to T . However, the performance will be worsen. In con-

trast, static policies such as BS and WRR policies require only one-time communication for

setting proper ~p, ~W .

Regarding complexities of computation, dynamic policies require O(m) time to search for

the minimum/maximum of the queue states whereas static policies use only constant time O(1)

to make routing decisions.

Since dynamic policies require queue states for making routing decision, they have to main-

tain feedback states in a dispatcher. Thus, memory usages by dynamic policies are dependent

on the number of queues m, but static policies require fixed memory.

2.5 Conclusion

In this chapter, stability, feasibility analysis, and relationships of the average waiting time for

GI/GI/m/π between policies are studied for both static and dynamic policies such as JSQB,

JSQL, JSCT, JSED, WRR, BS, and JLQ policies.

Since SLAs are critical to revenues of service providers, bounding the average waiting time

at queues can improve system performances.

According to the results, necessary and sufficient conditions for the stability are provided

for policies in our consideration. Moreover, several methods are discussed for determining fea-

sible regions caused by these policies. In addition, the relationships between these policies are

determined by both analysis and simulation.
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Chapter 3

Bounding Waiting Time by Static

Dispatching Policies

In this chapter, we investigate how to deploy static policies such as Bernoulli Splitting and

Weighted-Round-Robin to bound and optimize waiting time. First, our objectives are stated

in section 3.1. Next, a theoretical analysis of the waiting time is illustrated in section 3.2. We

propose to bound the expected waiting time by solving a LP problem, and then its numerical

studies are conducted in section 3.3. In addition, optimization of the waiting time is considered

in section 3.4. Finally, a heuristic method is proposed to bound the expected waiting time by

using the WRR policy for homogeneous systems in section 3.5.

3.1 Problem formulation

3.1.1 Basic system model, queuing model, and assumptions

The basic system architecture, which is shown in Figure 2.1, is still utilized in this section. In

addition, the queueing model is the one described in Figure 2.2 in section 2.1. All statistical

assumptions are defined in the same way as those listed in section 2.1 of Chapter 2.

3.1.2 Problem formulation

First, a definition of the average waiting time is provided. Let tn be the arrival time of the n-th

incoming request where tn ∈ R+. Define T jk as the waiting time seen by the k-th arrival that

is routed to queue j. Let |Ij(tn)| be a set of indices of requests routed to queue j at the time

right before tn. Let T̄ jn be the average of waiting time of all requests routed to queue j at the

time right before tn.
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T̄ jn ,
1

|Ij(tn)|
∑

k∈Ij(tn)

T jk (3.1)

Still, we are interested in the long-run average waiting time, or T̄ j , limn→∞ T̄
j
n. For now,

we assume that the system is Ergodic, or limn→∞ E[T jn] = E[T j∞] = T̄ j . We will see later that

this assumption will be satisfied when we consider a GI/GI/m system with a time-and-queue

independent dispatching policy such as Bernoulli Splitting. Hence, if a stability condition is

satisfied or the input traffic rate is strictly less than the service rate, the arrival process at each

queue will be a renewal process because of alternating between busy and idle periods. Then,

the Ergodicity of the waiting time will hold because of the Strong Law of Large Number and

Little’s law.

Then, our problem statements are stated as follows. First, when the arrival statistics and

the delay constraints are given, we want to determine a subset of static policies, so that these

constraints are achievable. Specifically, we want to

E[T j∞] ≤ gj , ∀j = 1, ...,m (3.2)

where ~g = (g1, ..., gm) is the vector of the SLA bound of each queue. Second, we consider

optimizing the linear weighted sum of the expected waiting time, or we want to minimize the

following expression.

Minimize :
m∑
j=1

cjE[T j∞] (3.3)

for some cj ∈ R+. This optimization problem is investigated both when the delay constraints

in equation 3.2 become active and inactive.

These two problems are challenging in several ways. One reason is that the expected waiting

time at queues cannot be explicitly derived in general. Its exact expression can only be computed

for some special distributions.

In this chapter, classes of static policies are investigated to bound and optimize the waiting

time. These policies require full knowledge of statistics such as interarrival time and job sizes for

setting parameters, so that acceptable routing decisions can be made. Even though performance

of static policies may be inferior than those of dynamic policies, they utilize low processing time,

memory and bandwidth overhead, while keeping their delays close to those of dynamic policies

in some cases. The static policies under consideration are enumerated below.

1. BS (Bernoulli Splitting) policy routes a request to queue j w.p. pj where
∑

j p
j = 1. Let

~p = (p1, ..., pm).
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2. WRR (Weighted Round Robin) policy routes W j requests to queue j for every
∑

jW
j

of incoming requests where W j ∈ {1, 2, ...}. The routing procedure is in an alternating

fashion. The dispatcher starts to route requests to queues by using the following sequence

of indices of queues 1, 2, 3, ...,m, 1, 2, ...,m, 1, 2, .... If W j requests are already routed to

queue j, then the dispatcher will route the next request to queue (j + 1) mod m instead.

In particular, the WRR2 policy is only considered here (see its definition in Chapter 2).

Let ~W = (W 1, ...,Wm).

These policies are considered because of the following reasons. First, the BS policy is the

simplest dispatching policy where its analysis is tractable. In addition, the policy is independent

from states of queues and time. Next, the WRR policy has a close relationship with the BS

policy. For example, the WRR policy outclasses the BS policy for most feasible ranges when all

servers are homogeneous.

3.2 Waiting time analysis

In this section, our main theoretical results will be established. Moreover, some numerical

examples will be provided to show how we can utilize the results for bounding the expected

waiting time.

3.2.1 Theoretical results

First, we start by referring to Theorem 7.4.1 from [93], which is related to the waiting time of

queues.

Theorem 3.2.1 ([93] Ross) For the GI/GI/1 queue with i.i.d. service times Y1, Y2, ... and

i.i.d. interarrival times τ1, τ2, ..., when E[Y ] < E[τ ], we have

Pr(T∞ ≥ A) ≤ e−θA

where T∞ is the long-run waiting time of the queue as time ↑ ∞ and θ > 0 such that

E[eθY ]E[e−θτ ] = 1.

In addition, if Yi is drawn from an Exponential distribution with rate γ, then

Pr(T∞ ≥ A) =
γ − θ
γ

e−θA,∃A > 0

Pr(T∞ = 0) =
θ

γ

54



where θ > 0 such that E[e−θτ ] = γ−θ
γ .

By using this theorem, we can extend it to determine useful conditions, so that a set of

feasible controls ~p for bounding ~g can be computed if arrival statistics are given. This result

will be shown in the Theorem 3.2.2.

Theorem 3.2.2 Assume the same statistical assumptions that are described in section 3.1. A

GI/GI/m/BS system is considered here. The control pj denotes the routing probability to queue

j where pj ∈ [0, 1],∀j = 1, ...,m. The bound gj denotes the waiting time constraint at queue j

where gj ∈ (0,∞),∀j = 1, ...,m. Also, ~p = (p1, ..., pm) and ~g = (g1, ..., gm).

If the BS policy is applied and the probability vector ~p satisfies the following conditions

pj ≤
(1− L( τ

gj
))

(G( X
gjµj

)− 1)L( τ
gj

)
,∀j (3.4)

L(
τ

gj
)(1− pj) < 1, ∀j (3.5)

m∑
j=1

pj = 1, (3.6)

then the expected waiting time of queue j is less than or equal to the delay constraint gj ,

or E[T j ] ≤ gj , ∀j = 1, ...,m. L( τ
gj

) , E[−τ/gj ] is defined as the Laplace transform (LT) of the

interarrival time r.v. τ . G( X
gjµj

) , E[X/(gjµj)] is defined as the Moment Generating Function

(MGF) of the job size r.v. X.

In addition, the exact analysis can be derived for the GI/M/m/BS system. Let Dj be the

expected delay at queue j where Dj ∈ [0,∞). In particular, if the BS policy is applied, job sizes

X are drawn from an Exponential distribution, and ~p satisfies the following conditions.

pj = (
Djµj

E[X]
− 1)

(1− L(τ/Dj))

L(τ/Dj)
,∀j

L(
τ

Dj
)(1− pj) < 1,∀j

m∑
j=1

pj = 1,

then the expected waiting time of queue j is equal to (Dj− E[X]
µj

), or E[T j ] = Dj− E[X]
µj

,∀j =

1, ...,m.

Proof By using Theorem 3.2.1, we will first show our results when the system is GI/GI/m/BS.

Let us consider carefully the first inequality in Theorem 3.2.1 for GI/GI/1 queue. Suppose that
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we want to bound the expected waiting time E[T∞] at a queue by the given bound g where g > 0.

Because T∞ is a non-negative random variable, we have

∫ ∞
0

Pr(T∞ ≥ A)dA ≤
∫ ∞

0
e−θ(A)dA

E[T∞] ≤ 1

θ

where θ > 0 such that E[eθY ]E[e−θτ ] = 1 is true. Note that E[T∞] ≤ g if θ = 1
g . Recall that

X is a r.v. of job sizes and Y is a r.v. of service times. If a server has constant service rate µ,

then Y = X/µ.

Next, let us consider a GI/GI/1 system when each arrival is admitted into the queue w.p. p

and dropped w.p. (1− p). If the probability p =
(1−L( τ

g
))

(G( X
gµ

)−1)L( τ
g

)
, L(τ/g)(1− p) < 1 and p ∈ [0, 1],

then we can show that E[T∞] ≤ g. This statement is established below.

Let us consider for the interarrival time r.v. between arrivals that are admitted to this queue.

We define τ̃ as the interarrival time between arrivals that are admitted to this queue. If τk is

the interarrival time between original arrivals, then it can be observed that τ̃ =
∑N

k=1 τk where

N is a Geometric r.v. with parameter p. N is the number of times of rejecting original requests

until the first successful admission to the queue, so it is the Geometric r.v. with parameter p.

Also, its probability mass distribution is Pr(N = k) = (1− p)k−1p where k = 1, 2, .... According

to the theorem 3.2.1, E[T∞] ≤ g if g satisfies the following equation where g > 0.

E[e
1
gµ
X

]E[e
− 1
g

∑N
k=1 τk ] = 1

E[e
1
gµ
X

]EN{E[e
− 1
g

∑N
k=1 τk |N} = 1

E[e
1
gµ
X

]EN{(E[e
− τk

g ])N} = 1(indep. of τk)

G(
X

gµ
)
∞∑
l=1

p(1− p)l−1(L(
τ

g
))l = 1

pG( Xgµ)L( τg )

(1− (1− p)L( τg ))
= 1(L(τ/g)(1− p) < 1)

By rearranging the last equation, we derive the result. It gives us sufficient conditions of

the probability p which guarantee that the expected waiting time is bounded, or E[T∞] ≤ g.

Also, this feasible control p can be seen as a function of g. In addition, if p ≤
(1−L( τ

g
))

(G( X
gµ

)−1)L( τ
g

)
,

then E[T∞] ≤ g will remain true because the expected waiting time decreases when there is less

incoming traffic into the queue.

Then, we extend this result from GI/GI/1 queue to GI/GI/m/BS system. Because the arrival
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an has to be routed to queue j w.p. pj, the interarrival times of these arrivals that are routed to

queue j is just the sum of the interarrival time between the original arrivals. In particular, let us

consider at queue j and let τ jk be the interarrival times between arrivals that are routed to queue

j. So, τ jk =
∑Nj

l=1 τl where N j is a number of routing to other queues until the first success

routing to queue j and it is a Geometric r.v. with parameter pj. Because of independencies

among control decisions, interarrival time and sizes of requests, the GI/GI/m/BS system can be

decoupled into m GI/GI/1 queues as in Lemma 2.3.2 where the interarrival time is a compound

random variable τ jk =
∑Nj

l=1 τl where N j is the Geometric r.v. with parameter pj. By using the

results of GI/GI/1 queue, if pj ≤
(1−L( τ

gj
))

(G( X

gjµj
)−1)L( τ

gj
)
, L(τ/gj)(1 − pj) < 1 and

∑
j p

j = 1, then

E[T j∞] ≤ gj for all j = 1, ...,m. Hence, the sufficient conditions in Theorem 3.2.2 is shown.

In addition, an exact analysis can be carried out for GI/M/m/BS system where the

service time is drawn from an Exponential distribution. The exact expression of the relationship

between the probability pj and the expected delay Dj can be determined by using the result from

Theorem 3.2.1. In other words, we can compute the exact expression of E[T∞] by using the

equation Pr(T∞ ≥ A) = γ−θ
γ e−θA in Theorem 3.2.1. Similarly, let us consider a GI/GI/1

queue first where D denotes the expected delay at the queue. If the service time is Exponential,

then we have the following equation according to the theorem 3.2.1.

E[T∞] =

∫ ∞
0

Pr(T∞ ≥ A)dA

=

∫ ∞
0

e−θA − θ

γ
e−θAdA

E[T∞] =
1

θ
− 1

γ
(1) = D − E[Y ], where θ = 1

D

where θ > 0 such that E[e−τ/D] = 1− θ
γ = 1− E[Y ]

D is satisfied.

Similar to prior proofs, let us consider a GI/M/1 queue when each request is admitted to the

queue w.p. p. According to the assumptions, job sizes are drawn from an Exponential distribution

with mean E[X], and the server has a constant service rate µ. So, the expected service time of

requests is equal to E[X]/µ, and the expected waiting time is just E[T∞] = D − E[X]/µ. When

the request is admitted to the queue w.p. p and dropped w.p. (1−p), the interarrival time among

the admitted requests becomes a compound random variable or
∑N

k=1 τk where N is a Geometric

random variable with parameter p and τk is the interarrival time random variable between orginal

arrivals. According to Ross’s theorem, D(= 1
θ ) is chosen such that E[e−τ/D] = 1− E[X]

Dµ .
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E[e−
∑N
k=1 τk/D] = 1− E[X]

Dµ
∞∑
l=1

p(1− p)l−1(L(τ/D))l = 1− E[X]

Dµ

pL(τ/D)

1− (1− p)L(τ/D)
= 1− E[X]

Dµ
( true if L(τ/D)(1− p) < 1)

p =
(1− E[X]/(Dµ))

E[X]/(Dµ)

(1− L(τ/D)

L(τ/D)

It is shown that E[T∞] = D − E[X]
µ if p =

(1−E[X]
Dµ

)

E[X]
Dµ

(1−L(τ/D))
L(τ/D) , L(τ/D)(1 − p) < 1 and

p ∈ [0, 1].

These conditions are for a GI/M/1 queue, and these can be extended to GI/M/m/BS system

by the same procedure as in the proofs of GI/GI/m/BS system. Thus, sufficient conditions

for feasibility of the control ~p for bounding the expected waiting time of GI/GI/m/BS and

GI/M/m/BS systems are derived.

According to Theorem 3.2.2, a feasible subset of ~p can be determined by using the MGF

function of service time (G( X
gjµj

)), the LT function of interarrival time (L( τ
gj

)) and the vector

~g. If all of them are given, then we can compute the feasible ranges of pj by solving this

constrainted problem. This feasible set of ~p guarantees that the expected waiting time at all

queues will be bounded. In addition, for GI/M/m/BS system, if the control ~p satisfies these

sufficient conditions, then the exact value of the expected waiting time can be calculated, or

E[T j∞] = Dj − E[X]
µj

.

Based on the analysis, linearity and nonlinearity in the problem of bounding the waiting

time can be observed. For GI/GI/m/BS system, if all statistics and ~g are given, we can deter-

mine feasible solutions of ~p by solving the Linear Programming problem where its constraints

are linear. On the contrary, the exact analysis is available for GI/M/m/BS system, and the

probability ~p can be seen as the function of ~D = (D1, ..., Dm). Since MGF and LT functions of

most probability distributions are non-linear, the relationships between ~p and ~D are typically

non-linear. If we want to optimize the linear weighted sum of the expected waiting time, then

we will have to deal with non-linear optimization.

Next, we will determine necessary conditions of the probability ~p for some special cases. If

the control ~p can bound the expected waiting time by ~g, then it will be necessary that these

conditions must be satisfied.

Lemma 3.2.3 Let us consider a M/M/m/BS system with homogeneous servers (WLOG, µj =

1,∀j). Assume that the interarrival time and the service time are drawn from an Exponential
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distribution with rate λ and γ respectively where λ, γ > 0. Note that E[X] = 1
γ and E[τ ] = 1

λ .

In addition, the stability condition λ < γ is satisfied.

When the bound ~g is given (~g ∈ Rm), we have

(i) The condition 1
E[X] −

1
E[τ ] ≤

1
gj

is sufficient for the feasible pj to satisfy pj ≤ 1.

(ii) The condition E[X] ≤ gj is necessary for the feasible pj to satisfy pj ≥ 0.

for all j = 1, 2, ...,m.

Proof According to Theorem 3.2.2, the feasible values of the control pj for achieving E[T j ] ≤ gj

must satisfy the following condition.

0 ≤ pj ≤
(1− λ

λ+1/gj
)

( γ
γ−1/(gjµj)

− 1) λ
λ+1/gj

=
γgjµj − 1

λgj
=

1

λ
(

1

E[X]
− 1

gj
)

So, pj is feasible if both pj ≥ 0 and pj ≤ 1
λ( 1

E[X] −
1
gj

) are true.

Obviously, if 1
E[X] −

1
E[τ ] ≤

1
gj

, then pj ≤ 1. By the condition γ > λ, we have 0 < γ − λ =
1

E[X] −
1

E[τ ] ≤ 1/gj. In other words, the difference between the service rate and the arrival rate

has to be bounded.

Next, it is not difficult to see that if pj ≥ 0, then the second condition will be true.

Then, another special case such as a Geom/Geom/m/BS system is considered in the follow-

ing lemma. Both service time and interarrival times are drawn from Geometric distributions.

Lemma 3.2.4 Let us consider a Geom/Geom/m/BS with homogeneous servers (WLOG, µj =

1,∀j) Assume that the interarrival time and the service time are drawn from Geometric dis-

tributions, with parameter qτ and qX , respectively. Note that E[X] = 1
qX

and E[τ ] = 1
qτ

. In

addition, the condition E[X] < E[τ ] or qτ < qX is satisfied (for stability).

When the bound ~g is given (~g ∈ Rm+ ), we have

(i) The condition ln( 1−qτ
1−qX ) ≤ 1

gj
is sufficient for the feasible pj to satisfy pj ≤ 1.

(ii) The condition gj ≥ 0 is necessary for the feasible pj to satisfy pj ≥ 0.

Proof By Theorem 3.2.2, if 0 ≤ pj ≤
(1−L( τ

gj
))

(G( X

gjµj
)−1)L( τ

gj
)
, then it is sufficient for E[T j ] ≤ gj. So,

if we let
(1−L( τ

gj
))

(G( X

gjµj
)−1)L( τ

gj
)
≤ 1, then this will be equivalent to the following equation.

1

L( τ
gj

)
≤ G(

X

gjµj
)
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This condition allows the feasible pj to satisfy pj ≤ 1. As a result, we have

1

L( τ
gj

)
≤ G(

X

gjµj
)

(1− (1− qτ )e−1/gj )

qτe−1/gj
≤ qXe

1/(gjµj)

(1− (1− qX)e1/(gjµj))

(1− (1− qτ )e−1/gj )(1− (1− qX)e1/(gjµj)) ≤ qτqXe
1/(gjµj)−1/gj

1− (1− qτ )e−1/gj − (1− qX)e1/gj + (1− qτ )(1− qX) ≤ qτqX (µj = 1)

(1− qτ )(1− e−1/gj ) + (1− qX)(1− e1/gj ) ≤ 0

(1− qτ )(e1/gj − 1) ≤ (1− qX)(e1/gj − 1)e1/gj

1− qτ
1− qX

≤ e1/gj

By taking ln(.), the first condition (i) for pj ≤ 1 holds. Note that (1−qτ )
(1−qX) > 1 due to the

assumption qτ < qX .

Next, we will show the second condition (ii). If pj ≥ 0, we must have L( τ
gj

) ≤ 1 according

to the inequality, or qτ e−1/gj

(1−(1−qτ )e−1/gj )
≤ 1. So, 1/gj ≥ 0 or gj ≥ 0. The result holds.

3.2.2 Numerical examples

In this section, we will demonstrate how to utilize the main results of Theorem 3.2.2, so nu-

merical examples for various distributions will be provided and discussed.

For GI/GI/m/BS systems, we can determine the feasible ranges of the probability vector ~p

such that all queue delays are bounded. However, this computation requires knowledge of statis-

tics such as the Moment Generating Function (MGF) of job sizes (service time) and Laplace

Transform (LT) of interarrival times. Both MGF and LT functions for various distributions are

provided in Table 3.1. They will be used in the following examples. Now, let us consider several

examples of systems such as M/Bi/m/BS, Geom/Bi/m/BS and Bi/Erlang/m/BS.

Examples of GI/GI/m/BS systems :

If the probability vector ~p satisfies the conditions in Theorem 3.2.2, then it is sufficient that

E[T j ] ≤ gj for all j = 1, 2, ...,m.

1. For M/Bi/m/BS system, L( τ
gj

) = λ
(λ+1/gj)

and G( X
gjµj

) = eX1/(gjµj)q1 + eX2/(gjµj)q2 ac-

cording to the table. Thus, we can determine the feasible ~p by solving
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Table 3.1: Moment Generating functions and Laplace Transform functions for distributions

Distribution MGF (E[eθX ]) Laplace Transform (E[e−βτ )

Exponential (λ) λ
(λ−θ)

λ
(λ+β)

Erlang (n, λ) ( λ
(λ−θ))n ( λ

(λ+β))n

Bimodal (X1 w.p. q1,X2 w.p. q2) eθX1q1 + eθX2q2 e−βX1q1 + e−βX2q2

Geometric (q) qeθ

(1−(1−q)eθ)
qe−β

(1−(1−q)e−β)

Normal ((µ, σ2) eθµ+ 1
2
σ2θ2 e−βµ+ 1

2
σ2β2

pj ≤
(1− λ

(λ+1/gj)
)

(eX1/(gjµj)q1 + eX2/(gjµj)q2 − 1) λ
(λ+1/gj)

=
1

λgj(eX1/(gjµj)q1 + eX2/(gjµj)q2 − 1)

for all j = 1, ...,m, λ
(λ+1/gj)

(1− pj) < 1 and the constraint
∑

j p
j = 1.

2. For Geom/Bi/m/BS system, L( τ
gj

) = qe−1/gj

(1−(1−q)e−1/gj )
andG( X

gjµj
) = eX1/(gjµj)q1+eX2/(gjµj)q2

according to the table. The feasible set of ~p can be computed by

pj ≤
(1− qe−1/gj

(1−(1−q)e−1/gj )
)

(eX1/(gjµj)q1 + eX2/(gjµj)q2 − 1) qe−1/gj

(1−(1−q)e−1/gj )

=
(e1/gj − 1)

(eX1/(gjµj)q1 + eX2/(gjµj)q2 − 1)q

for all j = 1, ...,m, qe−1/gj

(1−(1−q)e−1/gj )
(1− pj) < 1 and the constraint

∑
j p

j = 1.

3. For Bi/Erlang/m/BS system, L( τ
gj

) = (e−τ1/g
j
q1 +e−τ2/g

j
q2) and G( X

gjµj
) = ( λ

λ−1/(gjµj)
)n

according to the table. The feasible set of ~p can be computed by

pj ≤ (1− (e−τ1/g
j
q1 + e−τ2/g

j
q2))

(( λ
λ−1/(gjµj)

)n − 1)(e−τ1/gjq1 + e−τ2/gjq2)

for all j = 1, ...,m, (e−τ1/g
j
q1 + e−τ2/g

j
q2)(1− pj) < 1 and the constraint

∑
j p

j = 1.

According to these examples, we can see how to derive the feasible set of the probability
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vector ~p such that E[T j ] ≤ gj for all j = 1, ...,m. Next, we show how to formulate these

constraints problems into the Linear Programming problems.

3.3 Bounding waiting time

In this section, we utilize our main results to bound the expected waiting time of queues. First,

we show how to formulate the problem of bounding the waiting time into the standard forms

of Linear Programming (LP) problems. Next, some LP techniques for solving this problem are

provided and discussed. In addition, several numerical examples are shown to verify that both

theoretical analysis and numerical results are consistent.

3.3.1 Linear programming formulation

Prior analyses are now employed to bound the expected waiting time under the target ~g. As

previously stated, we can formulate the LP problem to solve for a subset of feasible ~p if all

statistics is known. It can be formulated as follows. Let bj =
(1−L( τ

gj
))

(G( X

gjµj
)−1)L( τ

gj
)

be the upper

bound of the feasible ranges of pj for all j = 1, 2, ...,m. In particular, we want to solve the

following LP.

min~p∈Rm+ cT ~p

(1) A~p ≥ ~b
(2) ~p ≥ 0

(3.7)

where A is (m+ 1)×m matrix, ~b is (m+ 1)× 1 vector, ~c and ~p are m× 1 vector. Also, let
~bT = (−b1,−b2, ...,−bm, 1), ~cT = (1, 1, ..., 1), ~pT = (p1, p2, ..., pm), and

A =



−1 0 . . . 0

0 −1 . . . 0
...

...
. . .

...

0 0 . . . −1

1 1 . . . 1


The matrix A represents the delay constraints (conditions pj ≤ bj , ∀j = 1, 2, ...,m) and

the assignment constraints (
∑

j p
j = 1) of the probability control ~p and the bound vector ~b.

Moreover, this LP problem has some important properties that are shown in the Lemma 3.3.1.

Lemma 3.3.1 For the LP problem in equation 3.7, the following statements are true.

(a) The primal problem is feasible iff
∑m

j=1 b
j ≥ 1 and it has no solutions if

∑m
j=1 b

j < 1.
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(b) If the primal problem is feasible, the solution of ~p in the eq. 3.7 will satisfy
∑m

j=1 p
j = 1.

(c) If
∑m

j=1 b
j ≥ 1, one of feasible solutions will be pj = bj∑m

j=1 b
j .

Proof Proofs for part (a) will be shown first.

For necessity part, if the primal problem is feasible, then the solution ~p must satisfy all

constraints, or
∑m

j=1 p
j ≥ 1 and 0 ≤ pj ≤ bj ,∀j are true. As a result, 1 ≤

∑m
j=1 p

j ≤
∑m

j=1 b
j.

Thus,
∑m

j=1 b
j ≥ 1 must be true. The necessity part is shown.

For sufficiency part, if
∑m

j=1 b
j ≥ 1, we want to show that the problem is feasible and it

has at least one solution. We want to show it by using the method of contradiction. Assume

that
∑m

j=1 b
j ≥ 1 and the problem is infeasible or it has no solution. Now, we want to reach a

contradiction. If
∑m

j=1 b
j ≥ 1, we will always have one solution, or 0 ≤ pj = bj/

∑m
j=1 b

j ≤ bj

and
∑

j p
j = 1, which satisfy all constraints. So, the problem is still feasible, which is the

contradiction to the assumptions. The sufficiency part is proven.

Therefore, if the primal problem is feasible iff
∑m

j=1 b
j ≥ 1.

Also, if
∑m

j=1 b
j < 1, then we want to show that the problem has no solution. Since all

constraints 0 ≤ pj ≤ bj must be satisfied for all j, if
∑m

j=1 b
j < 1, then

∑m
j=1 p

j < 1. Also,

{~p :
∑m

j=1 p
j < 1} ∩ {~p :

∑m
j=1 p

j ≥ 1; 0 ≤ pj ≤ bj} = φ where {~p :
∑m

j=1 p
j ≥ 1; 0 ≤ pj ≤ bj}

is the feasible domain of the LP problem in the equation 3.7. Thus, there is no solution for this

problem.

Second, we will show the fact in part (b). Assume that the problem is feasible and ~p is its

primal feasible solution. We want to show that
∑m

j=1 p
j = 1 must be true. Let us transform this

primal problem to the dual one as follows.

max~w∈Rm+ bT ~w = wm+1 −
∑m

j=1 b
jwj

(1) AT ~w ≤ ~c
(2) ~w ≥ 0

(3.8)

We write the constraints in (1) as −wj + wm+1 ≤ 1, ∀j = 1, ...,m and constraints in (2)

as wj ≥ 0∀j = 1, ...,m + 1. It can be seen that, for positive bj > 0, the optimal solution is

wm+1 = 1 and wj = 0,∀j = 1, ...,m. According to Strong Duality theorem, minp∈Rm+ cT ~p =

max~w∈Rm+ bT ~w = 1. So, if the problem is feasible, then
∑m

j=1 p
j must be equal to 1.

Lastly, the statement in part(c) will be proven. By setting pj = bj∑m
j=1 b

j , we can see that

all constraints will be satisfied. Specifically,
∑

j p
j = 1 and 0 ≤ pj = bj∑m

j=1 b
j ≤ bj because∑m

j=1 b
j ≥ 1. The objective value is also equal to one. Hence, this is one of the feasible solutions.

If
∑m

j=1 b
j ≥ 1, then at least one of the solutions will be found.

According to Lemma 3.3.1, the problem is feasible iff
∑m

j=1 b
j ≥ 1. More importantly, we
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can compute at least one of the feasible solutions of ~p by letting pj = bj∑m
j=1 b

j , which guarantees

that E[T j ] ≤ gj , ∀j.

3.3.2 LP Methods

The LP problem in equation 3.7 can be solved by using any standard techniques. Since its

structures is quite simple, the Simplex method is sufficient to solve medium-scale problems.

Nevertheless, for large scale problems, more efficient methods such as interior point methods

or primal-dual methods are required. Primal-dual methods can be employed to determine the

solutions by moving in both primal and dual domains at the same time for faster convergence.

One variation of primal-dual methods that is utilized in MATLAB for large scale systems

is suggested by [121]. We will briefly discuss it here. For more information, the reader can refer

to [121].

Let ~uT be a (m× 1) vector which is equal to (1,1,...,1), and our problem can be expressed

as follows.

min ~cT ~p

(1) ~uT ~p = 1

(2) 0 ≤ ~p ≤ ~b

for some coefficient vector ~c and ~b = (b1, ..., bm) where bj =
(1−L( τ

gj
))

(G( X

gjµj
)−1)L( τ

gj
)
,∀j. Then, the

problem is converted by adding slack variables ~s, or

min ~cT ~p

(1) ~uT ~p = 1

(2) ~p+ ~s = ~b

(3) ~p ≥ 0, ~s ≥ 0

This is the primal problem, and the dual problem is

max y −~bT ~w
(1) ~uy − ~w + ~z = ~c

(2) ~z ≥ 0, ~w ≥ 0

where y and ~w are dual variables and ~z are dual slack variables. According to the KKT

optimal conditions, we can define
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F (~p,~s, y, ~w, ~z) =


~uT ~p− 1

~p+ ~s−~b
~uy − ~w + ~z − ~c

pjsj

wjzj

 = 0

The algorithm used in MATLAB is based on the idea of Mehrota’s predictor-corrector. In

particular, the feasible solutions can be determined by iteratively moving in the descending

directions of F (.), which is similar to Newton-like methods. At every iteration, the algorithm

attempts to move such that the KKT optimal conditions become closer to zero. Let ~x =

(~pT , y, ~zT , ~sT , ~wT ). According to Mehrota’s algorithm, the solution ~xk+1 at an iteration k+ 1 is

updated by

~xk+1 = ~xk + α(∆xp + ∆xc)

where ∆xp = −(F T (~xk))−1F (~xk) and ∆xc = −(F T (~xk))−1F (~xk + ∆~xp) − µ~e which are

prediction and correction directions respectively. µ is a centering parameter. ~e is a unit vector

with ones associated with quadratic equations in F(.). α is a step size.

The algorithm will proceed until the duality gap become less than the predefined tolerant

value, then it will terminate the program.

Now, we perform an experiment on MATLAB to check how large the scale of systems the

algorithm can handle is. We increase the scale of the system upto 16, 000 queues. Our result

shows that the algorithm can still determine solutions with only a few number of steps where

the tolerance value is set to 10−6.

3.3.3 Numerical examples

In this section, we will provide several examples of how to utilize ~b to determine the feasible ~p,

so that the bound ~g is achievable. In particular, we investigate what the feasible regions of the

control ~p are and what their characteristics are. Then, we show how the average waiting time

is bounded by the feasible solution of the control ~p for several systems.

Feasible region of the probability vector ~p

Feasible regions of the control ~p will be investigated in the following results.

First, we show that prior analysis, numerical and simulation results are all consistent. In

Figure 3.1(a), the vector ~b = (b1, b2) is numerically computed for Bi/Er/2/BS system. Also, the

arrival rate λ is set to 0.1,...,0.9, and the vector (g1, g2) is varied from (19, 1) to (1, 19) where
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Figure 3.1: (a) The feasible bound ~b for Bi/Er/2/BS system when g1 + g2 = 20 and λ =
0.1 − 0.9, (b) The average waiting time at the queue for Bi/Er/2/BS system from simulation
when λ = 0.1− 0.9

g1 +g2 = 20. According to the result, if ~g = (10, 10) and λ = 0.7, then p1 and p2 have to be less

than 0.65 such that gj ≤ 10,∀j = 1, 2. In Figure 3.1(b), the simulation is conducted by using

the same parameters as those used in Figure 3.1(a). Let us consider when λ = 0.7, if gj = 10

and pj ≤ 0.65, then T̄ j ≤ 10. So, according to our analysis, numerical and simulation results

coincide.

In addition, we further verify if they are consistent in other systems such as M/Bi/m/BS.

The results of the M/Bi/m/BS system are plotted in Figure 3.2, and they are similar to those

of the Bi/Er/m/BS system. Let us consider the case for λ = 0.7. If we set the vector (g1, g2) to

(5, 5), then (p1, p2) will have to be less than (0.55, 0.55) according to Figure 3.2(a). In Figure

3.2(b), the expected waiting time is computed by using Pollaczek Khinchine (P-K) formula, and

it is plotted against the arrival rate (probability of routing). The same results can be observed,

or pj must be less than 0.55 if g1 and g2 are bounded. Still, both of our results and P-K formula

of the M/GI/m/BS system are close and quite good.

Next, the feasible regions of the probability ~p are shown to be highly affected by the input

traffic rate. When λ is low or around 0.2 − 0.4, most values of ~p ∈ [0, 1]2 will be feasible for

some values of ~g. However, if λ increases, the boundary of the feasible regions ~b will decrease.

If
∑

j b
j < 1, then it will be impossible to bound ~g without dropping requests. In other words,

the problem becomes infeasible when
∑

j b
j < 1.

The effect of the variance of interarrival time to the feasible set of ~p is investigated in Figure

3.3. Let us consider Norm/Bi/m/BS system. The bound ~g is varied such that the constraint

g1 + g2 = 10 is always satisfied. Also, the variance of interarrival time is changed from 1 to 9.

If the variance increases, then the feasible line of ~p will decrease. The same event occurs when
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Figure 3.2: (a) Range of feasible ~p for the system M/Bi/m/BS when g1 + g2 = 10, (b) the
average waiting time VS pj from PK formula

the arrival rate increases.

Feasible solutions for LP problems

Next, we show how the feasible solutions of the control ~p can be utilized to bound the expected

waiting time for GI/M/m/BS systems.

Feasible solutions of ~p for the GI/M/2/BS system are numerically studied in Figure 3.4

where ~g is set to (3, 5) and (6, 3). The interarrival times of the incoming requests are drawn from

Exponential, Bimodal, Erlang and Geometric distributions. Also, feasible regions of GI/M/2/BS

system are plotted as a function of the expected waiting time (E[T 1],E[T 2]) which is obtained

from the feasible solutions of ~p. Note that the feasible line of the GI/M/2/BS system is plotted

by using the exact expression of the expected waiting time in the prior section. It is shown that

E[T j ] ≤ gj ,∀j = 1, 2, but the total weighted sum of the expected waiting time is not necessarily

minimized.

In addition, the Geom/Bi/10/BS system with ten queues is considered, and its LP problem

is solved. The solutions of ~p and the corresponding average values of the waiting time are shown

in Table 3.2. Parameters are set as follows : λ = 50, µj = j and gj = 10 ∗ j. According to the

result, the average waiting time at each queue is bounded within the target.

In summary, we can utilize our analysis to bound the waiting time by doing the following

steps. When all statistics and ~g are given, we can compute the vector ~b by using Theorem

3.2.2. Next, a feasible set of the probability ~p can be determined by solving the LP problem

in equation 3.7. Moreover, Lemma 3.3.1(c) can be employed to calculate one of these feasible

solutions. This solution guarantees that the average waiting time at each queue will be bounded
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Figure 3.3: Range of feasible ~p for the system Norm/Bi/m/BS when variance increases from
1.0 to 9.0

in the long run.

However, several issues emerge in practice. First, we may have to deal with a large-scale

system, so more effective algorithms are essential. Because the BS policy is static, knowledge of

statistics is necessary to compute a feasible set of ~p to bound ~g. Second, it is also important to

consider ways for deriving statistics from actual systems. By solving both problems, our results

can be utilized in general systems.

3.4 Optimizing waiting time

In addition to feasibility, we focus on how to determine an optimal ~p such that the total weighted

sum of the expected waiting time is minimized. First, optimization problems are described, and

necessary conditions for the optimality are discussed. Next, analytical results for GI/M/m/BS

and GI/GI/m/BS systems are elaborated when the bound constraints are active and inactive.

If the bound ~g is given, then the system operator will not only become responsible for

achieving it, but also desire to optimize the waiting time of queues. The minimization of the

Table 3.2: LP solutions for the Geom/Bi/10/BS system

p1 p2 p3 p4 p5 p6 p7 p8 p9 p10

0.0 0.0006 0.0206 0.0507 0.0823 0.1130 0.1422 0.1702 0.1971 0.2233

E[T 1] E[T 2] E[T 3] E[T 4] E[T 5] E[T 6] E[T 7] E[T 8] E[T 9] E[T 10]

0.0 0.0302 0.3889 0.5724 0.6028 0.5638 0.5170 0.4649 0.4054 0.3492
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Figure 3.4: LP solutions for GI/M/2/BS and feasible space of the average delays when inter-
arrival time distribution is Exponential, Bimodal, Erlang, and Geometric when the bound is
(a) ~g = (3, 5) and (b) ~g = (6, 3).

total waiting time can increase the throughput of the system, lower total energy costs and

improve customer’s experiences.

Our results show that these optimization problems can be formulated as Non-Linear Pro-

gramming problems (NLP). The optimal values of the probability ~p can be determined by

solving these problems. Moreover, simulation results verify that the optimal solutions of ~p from

the theoretical results coincide with the actual values.

3.4.1 Non-linear Optimization

First, a general form of the optimization problem is stated as follows. We define Dj as the

expected delay at queue j where Dj , E[T j ]+E[X]/µj . Let ~D = (D1, ..., Dm). Let f : R2m → R
be an objective function, h : R2m → Rm+1 be functions of equality constraints, and z : R2m →
Rm be functions of inequality constraints.

min~x=(~p, ~D) f(~x) =
∑m

j=1 c
jDj

(1) hj(~x) = pj − V j(Dj) = 0, ∀j = 1, ...,m

(2) hm+1(~x) = 1−
∑m

j=1 p
j = 0

(3) zj(~x) = −pj ≤ 0,∀j = 1, ...,m

(3.9)

where V j(Dj) is a function of the expected delay at queue j, which has a non-linear relation-

ship with pj . We note that optimizing the expected waiting time and the expected delays are the

same problem because
∑m

j=1 c
jDj =

∑
j c
jE[T j ] +

∑
j c
jE[X]/µj , and the term

∑
j c
jE[X]/µj

is constant, so it can be removed from the original problem.

In fact, the problem formulation in equation 3.9 is the NLP problem due to constraint
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(1). It is typically expressed in a form of non-linear equations. This is caused by the non-linear

relationship between the control ~p and the expected delay ~D. For instance, it is shown in Lemma

3.2.2 that V j(Dj) is a non-linear function for GI/M/m/BS system.

In addition, necessary conditions for the optimality will be discussed for the GI/M/m/BS

system with and without constraints. If the bound ~g is excluded, then the conditions are shown

in Lemma 3.4.1. Otherwise, the results are stated in Lemma 3.4.5 where the constraints are

included. For GI/GI/m/BS system, similar results are expected and can shown by the same

procedure as those of GI/M/m/BS system.

3.4.2 Analysis for GI/M/m with no bound constraint

Next, we focus on the GI/M/m/BS system where the exact analysis is available for computing

the expected waiting time of queues. We assume that job sizes are drawn from an Exponential

distribution with rate γ, so the mean size of these requests is E[X] = 1
γ . According to Lemma

3.2.2, we can see that constraint (1) of the NLP in equation 3.9 becomes

pj = V j(Dj) = (
Djµj

E[X]
− 1)

(1− L(τ/Dj))

L(τ/Dj)
(3.10)

to achieve the expected delay at queue j with its value that is equal to Dj for all j =

1, 2, ...,m in GI/M/m/BS system. Note that if pj ≥ 0, then it can be verified that Dj ≥ E[X]
µj

> 0

and E[e−τ/D
j
] < 1 for strictly positive τ and Dj . Hence, we can neglect condition L(τ/Dj) < 1.

As a result, the optimization problem for the GI/M/m/BS system is the same as that shown

in equation 3.9 except that constraint (1) is changed to equation 3.10.

Let us consider the GI/M/m/BS system. The necessary conditions for the optimal ~p will be

provided in Lemma 3.4.1.

Lemma 3.4.1 Let us consider the NLP problem in equation 3.9 where the constraint (1) is

from the equation 3.10. Assume that the problem is feasible, cj > 0 for all j = 1, ...,m, and

V j(Dj) is differentiable for all j = 1, ...,m. Define ~p∗ as the optimal solution of the problem.

1. If the optimal ~p∗ is an interior point (pj∗ ∈ (0, 1)), or all inequality constraints are inactive

(z(~x) < 0), then the necessary condition for ~p to be optimal will be

1

cj
∂V j(Dj)

∂Dj
=

1

ck
∂V k(Dk)

∂Dk
, ∀j 6= k

2. If the optimal ~p∗ is at least on one of the boundaries (pj = 0,∃j), or some inequality

constraints are active zj(~x) = 0, ∃j ∈ {1, ...,m}, then necessary conditions for ~p to be the

optimal will be

70



(i) 1
cj
∂V j(Dj)
∂Dj

= 1
ck
∂V k(Dk)
∂Dk

, ∀j 6= k where j, k /∈ A(~x), and

(ii) 1
cl
∂V l(Dl)
∂Dl

≤ 1
cj
∂V j(Dj)
∂Dj

,∀l ∈ A(~x) and ∀j /∈ A(~x).

where A(~x) denotes a set of indices of active constraints, or {a ∈ {1, ...,m} : zj(~x) = 0}.

Proof First, we will show the condition in part(1) by utilizing Karush–Kuhn–Tucker (KKT)

conditions [13]. If ~p∗ is the interior point, then all inequality constraints will be inactive and

they can be discarded. As a result, the regularity assumptions of ~x are satisfied.

Define L(~x, ~α, ~β) as Lagrange function and

L(~x, ~α, ~β) = f(~x) +
m+1∑
j=1

αjhj(~x) +
m∑
j=1

βjzj(x)

where ~α and ~β are Lagrange multiplier vectors.

According to KKT conditions, if ~x∗ is the optimal solution, there exists unique Lagrange

multiplier vectors ~α∗ and ~β∗ such that (1) ∇xL(~x∗, ~α∗, ~β∗) = 0, (2) βj∗ ≥ 0, ∀j = 1, ...,m and

(3) βj∗ = 0, ∀j /∈ A(~x∗). Specifically, these conditions can be written as

αj − αm+1 − βj = 0,∀j = 1, 2, ...,m

cj − αj ∂V
j(Dj)

∂Dj
= 0,∀j = 1, 2, ...,m

βj∗ ≥ 0,∀j = 1, ...,m

βj∗ = 0,∀j /∈ A(~x∗)

If ~p∗ is the interior point, then βj = 0, ∀j = 1, ...,m. By solving the equations above, we can

determine the necessary condition as follows : 1
cj
∂V j(Dj)
∂Dj

= 1
ck
∂V k(Dk)
∂Dk

,∀j 6= k and j, k = 1, ...,m.

Second, we will show the conditions in part(b). Similarly, if some of inequality constraints

are active (zj(~x) = 0 for some j ∈ A(~x)), then 1
cj
∂V j(Dj)
∂Dj

and 1
ck
∂V k(Dk)
∂Dk

will not necessarily be

equal for all j 6= k and j, k ∈ A(~x). However, we can see that 1
cj
∂V j(Dj)
∂Dj

= 1
ck
∂V k(Dk)
∂Dk

, ∀j 6= k

and j, k /∈ A(~x) is still the necessary condition because Lagrange multipliers αj are equal for all

j /∈ A(~x).

In addition, we want to show that 1
cl
∂V l(Dl)
∂Dl

≤ 1
cj
∂V j(Dj)
∂Dj

,∀l ∈ A(~x),∀j /∈ A(~x). If pl = 0 for

some l ∈ A(~x), then βl ≥ 0 according to the complementary slackness condition βlpl = 0. So,

the following equation is true.
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αl − αm+1 − βl = 0

1/(
1

cl
∂V l(Dl)

∂Dl
) = αl ≥ αm+1 = αj = 1/(

1

cj
∂V j(Dj)

∂Dj
)

for all j /∈ A(~x). Then, the result holds.

To solve NLP in equation 3.9, we can either apply Lemma 3.4.1 or one of standard NLP

algorithms to determine the optimal ~p∗. Let us consider how to use this lemma for M/M/3/BS

system where the interarrival times and job sizes are drawn from an Exponential distribution

with rates λ and γ, respectively. Also, µj is defined as the constant service rate. The parameters

are set as follows : γµ1 = 1, γµ2 = γµ3 = 2 and λ = 0.8 For any M/M/m/BS systems,
∂V j(Dj)
∂Dj

= 1
λ(Dj)2

. According to the symmetry of service rates at queue 2 and 3, if ~p is the

optimal and the interior point, then D2 = D3 or 1
(γµ2−λp2)

= 1
(γµ3−λp3)

. Thus, p2 = p3 and we

can determine p∗ = (0, 1/2, 1/2) (p1 = 0 by the conditions in part(2) of Lemma 3.4.1).

Moreover, this NLP problem can be solved by using standard NLP techniques such as Active

Set method which is utilized in MATLAB. Active Set algorithm is based on Quasi-Newton

approximation method, and it is typically applied to medium-scale problems. We perform an

experiment to see how many queues it can handle to determine the optimal solution ~p∗ for

Geom/Geom/m/BS system. According to our results, a proper number of queues (m) should

be less than 100-200 queues. Otherwise, the processing time of the algorithm will become

extremely slow.

On the contrary, more information such as the Gradient/Hessian matrix is required to solve

for the optimal ~p∗ in large-scale problems more efficiently. If V j(Dj) is differentiable, both of its

Gradient and Hessian can be readily determined. One of NLP algorithms that is used for large-

scale systems in MATLAB is the Trust Region algorithm [29]. So, an experiment is conducted

to determine how many queues it can handle to search for the optimal solution. According

to the results, a number of queues can be increased to around 700 queues when the Gradient

vector is additionally used. If the number of queues are greater than that, the processing time

will be too slow.

In addition, we determine close forms of the optimal ~p for some of special cases such as the

M/M/m/BS system and the GI/M/m/BS system with homogeneous servers, which are shown

in the following lemmas.

Lemma 3.4.2 Let us consider the NLP 3.9 problem with the constraint (1) that is defined in the

equation 3.10. In particular, we consider the M/M/m/BS system where the interarrival times

and the job sizes are drawn from the Exponential distributions with rates λ and γ, respectively.
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Also, µj denotes the service rate at server j for all j = 1, ...,m where µ1 ≤ µ2 ≤ ... ≤ µm. Let

γj = γµj.

For some cj > 0, if the problem is feasible, then the optimal probability ~p∗ can be computed

by

pj∗ =
1

λ

{
γj −

√
cj

K

}
,∀j /∈ A(~x) (3.11)

and pk∗ = 0 for all k ∈ A(~x) where A(~x) is the set of active constraints (−pk = 0) and

K = (
∑
j /∈A(~x)

√
cj∑

j /∈A(~x) γ
j−λ)2.

Proof Recall that V j(Dj) = (D
jµj

E[X] − 1)(1−L(τ/Dj)
L(τ/Dj)

) and L(τ/Dj) = λ
λ+ 1

Dj

for M/M/m/BS

systems. So, the derivative of V j(Dj) = µj

λE[X] −
1

λDj
= 1

λ(γj − 1
Dj

) is ∂V j(Dj)
∂Dj

= 1
λ(Dj)2

where

γj = γµj and γ = 1
E[X] as priorly.

Next, we apply the necessary conditions in Lemma 3.4.1 to compute the optimal ~p∗. For

j 6= k and j /∈ A(~x), we have

1

cj
∂V j(Dj)

∂Dj
=

1

ck
∂V k(Dk)

∂Dk

cj(Dj)2 = ck(Dk)2

Since pj = V j(Dj), we have Dj = 1
(γj−λpj) . For some constants of K, cj

(γj−λpj)2 = ck

(γk−λpk)2
=

K and γj − λpj =
√

cj

K . As a result, the probability of routing

pj =
1

λ
(γj −

√
cj

K
)

Moreover, pl = 0 for any l ∈ A(~x), and
∑

j /∈A(~x) p
j = 1. According to this equality con-

straint, the constant K can be determined because
∑

j /∈A(~x)
1
λ(γj −

√
cj

K ) = 1. Then, K =

(
∑
j /∈A(~x)

√
cj

(
∑
j /∈A(~x) γ

j)−λ)2 by rearranging the terms. So, the results hold.

The expression of the optimal ~p∗ can be derived from Lemma 3.4.2 because V j(Dj) and
∂V j

∂Dj
can be written in the simple forms for M/M/m/BS systems. In other cases, non-linear

relationships between Dj and pj can make it difficult to determine the close form of the optimal

~p∗. This complicated situation can be explained as follows.

For instance, let us consider the Geom/M/m/BS system, which its optimal pj∗ cannot be

expressed in a close expression, but it can still be written in terms of expected delay of queue
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j, or Dj∗. Note that all job sizes are drawn from an Exponential distribution with rate γ and

let γj = γµj . In contrast, the interarrival time τ is drawn from a Geometric distribution with

parameter q.

According to equation 3.10 and table 3.1, V j(Dj) can be written as

V j(Dj) = (
Djµj

E[X]
− 1)

1

q
(e1/Dj − 1)

=
1

q
(Djγj − 1)(e1/Dj − 1)

1

cj
∂V j(Dj)

∂Dj
=

γj

cjq
(e1/Dj − 1)− (Djγj − 1)

e1/Dj

cjq(Dj)2

=
γj

cj(Djγj − 1)
pj − e1/Dj

cj(e1/Dj − 1)(Dj)2
pj

= K

for some constants of K for all j /∈ A(~x).

Next, we define the term P (Dj) , γj

cj(Djγj−1)
− e1/D

j

cj(e1/D
j−1)(Dj)2

. By using the equality con-

straint
∑

j /∈A(~x) p
j = 1, we can compute K =

∑
j /∈A(~x)(1/P (Dj)). According to the necessary

conditions, the optimal pj has to satisfy the following equation.

pj =
1/P (Dj)∑

j /∈A(~x)(1/P (Dj))

Obviously, pj has a non-linear relationship with Dj and it is hardly extracted to be inde-

pendent from each other. So, it is extremely difficult to derive the close form of the optimal

~p∗. Next, the result of the optimal ~p∗ for GI/M/m/BS systems with symmetric servers will be

given.

Lemma 3.4.3 Let us consider the NLP problem in equation 3.9 with the constraint(1) in equa-

tion 3.10. In particular, we consider a GI/M/m/BS system where all job sizes are drawn from

an Exponential distribution with mean E[X]. All servers are homogeneous with equal service

rates, and µj = 1, ∀j = 1, ...,m without loss of generality. In addition, V j(Dj) is presumed to

be differentiable for all j = 1, 2, ...,m, and ~p∗ is defined as the optimal solution for minimizing

the total weighted sum of the expected waiting time where the weighted parameter cj = 1 for all

j = 1, ...,m.

If the problem is feasible, then the optimal ~p∗ will be the interior point (not on the boundary)

and pj∗ = 1
m for all j = 1, ...,m.

Proof First, let us consider when ~p∗ is an interior point. If pj > 0,∀j, then pj = V j(Dj) =
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( Dj

E[X]−1) (1−L(τ/Dj))
L(τ/Dj)

,∀j for some Dj > 0. According to the necessary condition in Lemma 3.4.1,

∂V j(Dj)
∂Dj

= ∂V k(Dk)
∂Dk

. The optimal solution must result in Dj = Dk,∀j 6= k for some pj , pk > 0

because V j(x) = V k(x), ∀j 6= k. Moreover, pj = pk, ∀j 6= k too because pj = V j(Dj) and

Dj = Dk,∀j 6= k. Because of the constraint
∑

j p
j = 1, we have pj = 1/m, ∀j, so the optimal

~p∗ is an interior point.

Next, let us consider when ~p∗ is on a boundary (pj = 0 for some j). We want to prove that

~p∗ must be an interior point by using the contradiction method. Assume that ~p∗ is optimal and

there are some indices j ∈ {1, 2, ...,m} such that pj = 0. Then, we want to reach a contradiction.

If pj = 0 for some j ∈ A(~x), then the expected waiting time E[T j ] = 0, Dj = E[X] and

∂V j(Dj)

∂Dj
=

1

E[X]

(1− L(τ/Dj))

L(τ/Dj)
− (

Dj

E[X]
− 1)

1

(L(τ/Dj))2

∂L(τ/Dj)

∂Dj

=
1

E[X]

(1− L(τ/E[X]))

L(τ/E[X])

≥ 1

E[X]

(1− L(τ/Dk))

L(τ/Dk)
, for Dk ≥ Dj = E[X], k /∈ A(~x)

≥ 1

E[X]

(1− L(τ/Dk))

L(τ/Dk)
− (

Dk

E[X]
− 1)

1

(L(τ/Dk))2

∂L(τ/Dk)

∂Dk

≥ ∂V k(Dk)

∂Dk
, ∀k /∈ A(~x)

The third inequality is true because if 0 < Dj ≤ Dk < ∞, then 1−E[e−τ/D
j
]

E[e−τ/D
j
]
≥ 1−E[e−τ/D

k
]

E[e−τ/Dk ]
.

The fouth inequality is true because the latter term is negative. In particular, Dk ≥ E[X],

L(τ/Dk) > 0 and

∂L(τ/Dk)

∂Dk
=

∂L(τCk)

∂Ck
∂Ck

∂Dk
, where Ck = 1

Dk

= −∂L(τCk)

∂Ck
1

(Dk)2

= E[τe−τC
k
]

1

(Dk)2
≥ 0

The statement ∂V j(Dj)
∂Dj

≥ ∂V k(Dk)
∂Dk

, ∀k /∈ A(~x),∀j ∈ A(~x) is the contradiction to the necessary

conditions in Lemma 3.4.1. As a result, for a GI/M/m/BS system with homogeneous servers,

the optimal ~p∗ is an interior point and pj = 1/m for all j = 1, 2, ...,m.

Next, we want to numerically compute the optimal ~p∗ based on the prior analysis. Then,

simulations are conducted for various systems to verify whether the solution ~p∗ will minimize the
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Figure 3.5: The total weighted sum of the average waiting time and the routing probability to
queue 1 (p1) for (a) GI/M/2/BS with (c1, c2) = (1, 1), (b) GI/M/2/BS with (c1, c2) = (1, 10)

Table 3.3: Default parameter settings for GI/M/2/BS systems

System Case 1 Case 2 Case 3

GI/M/2 Interarrival τ Job size X Interarrival τ Job size X Interarrival τ Job size X

M/M/2 λ = 3 γ = 1/6 λ = 2 γ = 2/25 λ = 2 γ = 2/35

Bi/M/2 τ1 = 3 γ = 1/18 τ1 = 3 γ = 1/25 τ1 = 3 γ = 1/35
τ2 = 0.5 τ2 = 0.5 τ2 = 0.5
q1 = 0.2 q2 = 0.8 q1 = 0.2
q2 = 0.8 q2 = 0.8 q2 = 0.8

Er/M/2 λ = 9 γ = 1/6 λ = 4 γ = 2/25 λ = 4 γ = 2/35
n = 3 n = 2 n = 2

Geom/M/2 q = 1/2 γ = 1/36 q = 1/2 γ = 1/50 q = 1/2 γ = 1/50

total weighted sum of the actual average delays or not. We consider three cases : (1) λE[X] =

18,(µ1, µ2) = (10, 10), (2) λE[X] = 25,(µ1, µ2) = (10, 20), and (3) λE[X] = 35,(µ1, µ2) =

(10, 30), All parameter settings for three cases are listed in Table 3.3.

According to Figure 3.5, both numerical and simulation results are consistent for all cases.

The optimal solutions of ~p∗ which are solved by MATLAB are listed in Table 3.4 when (c1, c2) =

(1, 1). Note that the optimal points of ~p∗ are closely the same as those from various distributions

if their values of λE[X] and ~µ are the same. When (p1∗, p2∗) has the same value and (c1, c2) =

(1, 10), a common result is achieved. These results are stated for all cases as follows. The

optimal points of (p1∗, p2∗) are equal to (0.53, 0.47),(0.35, 0.65) and (0.25, 0.75) for case 1,2, and

3 respectively. Corresponding (simulation) results are plotted in Figure 3.5(a),(b). According to

these results, we can verify that all optimal points from our analysis and simulation coincide.
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Table 3.4: Optimal solutions for GI/M/2/BS systems when interarrival distributions are Ex-
ponential, Bimodal, Erlang, and Geometric ((c1, c2) = (1, 1))

System Case 1 Case 2 Case 3

GI/M/2 ~D∗ ~p∗ ~D∗ ~p∗ ~D∗ ~p∗

M/M/2 (6,6) (0.5,0.5) (5,5) (0.3,0.7) (7,7) (0.21,0.78)

Bi/M/2 (18.03,18.03) (0.5,0.5) (10.02,10.02) (0.3,0.7) (14.02,14.05) (0.21,0.78)

Er/M/2 (5.01,5.01) (0.5,0.5) (4.5,4.28) (0.3,0.7) (6.38, 5.88) (0.21,0.78)

Geom/M/2 (31.52,31.52) (0.5,0.5) (18.0,17.0) (0.3,0.7) (25.46,23.49) (0.21,0.78)

3.4.3 Analysis for GI/GI/m with no bound constraints

Unlike the GI/M/m/BS system, the exact analysis is not available for GI/GI/m/BS systems

where job sizes or service times are not drawn from Exponential distributions. The expected

delay Dj in equation 3.9 cannot be explicitly written in terms of pj . As a result, we have to

determine the optimal ~p∗ for GI/GI/m/BS systems by other means.

Nevertheless, the relationship between the probability pj and the bound gj is known from

Lemma 3.2.2 for GI/GI/m/BS systems. Even though Dj cannot be directly minimized, we

can compute an approximation of the optimal ~p∗ by minimizing the total weighted sum of the

bound ~g. To search for its approximation, the problem can be reformulated as follows. We define

Bj(gj) ,
(1−L( τ

gj
))

(G( X

gjµj
)−1)L( τ

gj
)
. A new NLP problem is written as follows.

min~x=(~p,~g) f(~x) =
∑m

j=1 c
jgj

(1) h(~x) = 1−
∑m

j=1 p
j = 0

(2) yj(~x) = pj −Bj(gj) ≤ 0, ∀j = 1, ...,m

(3) yj(~x) = −pj ≤ 0,∀j = m+ 1, ..., 2m

(3.12)

Intuitively, by minimizing
∑

j c
jgj , one can determine the optimal ~p∗ such that the lowest

possible bound is achieved. This approximation should be very close to the actual value of the

optimal ~p∗ that minimizes the total weighted sum of the expected delays, or
∑

j c
jDj .

The NLP problem in the equation 3.12 can be solved by using standard NLP techniques as

discussed priorly. In this work, we will use MATLAB program as a tool to solve for numerical

solutions of these NLP problems.

In addition, necessary conditions for the optimality of these NLP problems can be derived

by following the same procedure. In Lemma 3.4.4, we will see that the inequality constraint(2)

in the equation 3.12 can be transformed into an equality constraint. Then, the NLP problem

in the equation 3.12 will be in the same format as that of the equation 3.9. As a result, all of

prior conditions can be applied immediately. Next, Lemma 3.4.4 is stated and shown.
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Lemma 3.4.4 (Conversion of inequality Constraint) Let us consider the NLP problem

in equation 3.12. Assume that Bj(gj) is differentiable for all j = 1, 2, ...,m and the problem is

feasible.

If (~p∗, ~g∗) is the optimal solution of the problem, then the routing probability pj∗ must satisfy

pj∗ = Bj(gj∗),∀j = 1, 2, ...,m (3.13)

Proof In this lemma, Fritz John’s necessary conditions [13] are utilized to prove this statement.

We define the Lagrange function as L(f, α, ~β) where α and ~β are Lagrange multipliers, and

L(f, α, ~β) = f(~x) + αh(~x) +
∑2m

j=1 β
jyj(~x). By Fritz John’s conditions, there exists a scalar β0,

multipliers α and β1, ..., β2m for the optimal ~x∗ such that

(1) β0∇f(~x∗) + α∇h(~x∗) +
∑2m

j=1 β
j∇yj(~x∗) = 0, or it can be written as

−α+ βj − βm+j = 0, ∀j = 1, 2, ...,m

β0cj − βj ∂B
j(gj)

∂gj
= 0, ∀j = 1, 2, ...,m

(2) βj ≥ 0, ∀j = 1, 2, ..., 2m.

(3) β0, α, β1, β2, ..., β2m are not all equal to zero.

(4) βjyj(~x∗) = 0 for complementary slackness

We will argue by contradiction. We assume that (~p∗, ~g∗) is the optimal solution, and there

exist indices j ∈ {1, 2, ...,m} such that pj∗ 6= Bj(gj∗). We will see later that a contradiction will

be reached.

First, let us consider the case 0 < pj∗ < Bj(gj∗) for all j = 1, 2, ...,m. If 0 < pj∗ < Bj(gj∗),

then βj∗ = 0 and βj∗+m = 0 according to the complementary slackness condition. Also, α =

βj∗ − βj∗+m = 0, and β0cj∗ − βj∗ ∂B
j(gj)
∂gj

= β0cj∗ = 0. Because cj∗ is strictly positive, the

multiplier β0 = 0. If β0 = 0, then βj ∂B
j(gj)
∂gj

= 0 for all j = 1, 2, ...,m. Hence, if 0 < pj < Bj(gj)

is satisfied for all j = 1, 2, ...,m, then all multipliers β0, α, β1, ..., β2m will be zeroes. This is the

contradiction to the necessary conditions.

Next, we consider the case 0 < pj < Bj(gj) is not true for all j = 1, ...,m. In particular,

there is some of indices j, k ∈ {1, ...,m} such that pk = 0 or pk = Bk(gk) for some k and

0 < pj < Bj(gj) for some j. Because 0 < pj < Bj(gj) is true for some j, α = 0 is also true.

If pk = 0, then βk = 0 according to complementary slackness. Because α = 0 = βk − βm+k, we

have 0− βm+k = 0 and βm+k = 0. Similarly, if pk = Bj(gj), then βk ≥ 0. However, βm+k = 0,
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Figure 3.6: The total weighted sum of the average waiting time and the routing probability to
queue 1 (p1) for (a) Bi/GI/2/BS with (c1, c2) = (1, 10), (b) GI/GI/2/BS with (c1, c2) = (1, 10)

so α = 0 = βk − 0. As a result, all multipliers are still equal to zeroes, and the contradiction is

reached.

So, if ~p∗ is optimal, then pj∗ /∈ (0, Bj(gj∗)) for all j = 1, 2, ...,m. Let us consider that there

are indices l, k ∈ {1, ...,m} and l 6= k such that pl = 0 and pk = Bk(gk). If pk = Bk(gk), then

βk ≥ 0 and βm+k = 0. Also, α = βk − βm+k ≥ 0. For some l 6= k, if pl = 0, then βl = 0

and βm+l ≥ 0. As a result, 0 ≤ α = βl − βm+l = 0 − βm+l ≤ 0, and then we have α = 0.

If α = 0, then βj = 0 for all j = 0, 1, ..., 2m. We reach the contradiction again. Note that

pj∗ = 0,∀j = 1, 2, ...,m cannot be true because of the constraint
∑

j p
j∗ = 1.

Therefore, if ~p∗ is optimal, then the equality constraint pj∗ = Bj(gj∗) has to be true for all

j∗ = 1, 2, ...,m. If we exchange pj −Bj(gj) ≤ 0 with pj −Bj(gj) = 0, then the optimal ~x∗ will

be the same. Thus, the result holds. This result allows us to transform the current problem back

to the prior one. Also, all necessary conditions that are priorly derived are still valid for this

problem.

To verify the correctness of Lemma 3.4.4, we transform the inequality constraints pj −
Bj(gj) ≤ 0 to the equality constraints pj − Bj(gj) = 0. Then, the optimal solutions for both

problems are computed and compared whether they are the same or not. Two numerical ex-

amples are performed for Bi/Bi/2/BS and Geom/Geom/2/BS systems. For the Bi/Bi/2/BS

system, the new optimal solutions (~p∗, ~g∗) are (0.5, 0.5), (0.2982, 0.7018), and (0.2125, 0.7875)

when the constraint pj−Bj(gj) = 0 for case 1,2 and 3, respectively. For the Geom/Geom/2/BS

system, the new optimal solutions (~p∗, ~g∗) are (0.5, 0.5), (0.2970, 0.7030), and (0.2113, 0.7887) for

case 1,2 and 3, respectively. According to both results, the optimal solutions for pj−Bj(gj) = 0

and pj −Bj(gj) ≤ 0 are closely the same.

Next, we will show that the optimal solutions of equation 3.12 that are numerically computed
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Table 3.5: Comparison of the optimal solutions ~p∗ between MATLAB and simulations for the
Bi/Geom/10 system

Bi/Geom/10/BS (µj = j,∀j = 1, ..., 10)

~p∗ (solution) ~g∗ (MATLAB) ~D∗ (simulation) % Difference

p1 = 0.01 g1 = 195.3 D1 = 196.21 0.46%
p2 = 0.03 g2 = 194.6 D2 = 195.88 0.65%
p3 = 0.05 g3 = 193.9 D3 = 192.07 0.95%
p4 = 0.07 g4 = 193.3 D4 = 193.02 0.145%
p5 = 0.09 g5 = 192.6 D5 = 196.75 2.1%
p6 = 0.11 g6 = 192.0 D6 = 184.27 4.19%
p7 = 0.13 g7 = 191.3 D7 = 183.63 4.17%
p8 = 0.15 g8 = 190.7 D8 = 189.30 0.739%
p9 = 0.17 g9 = 189.9 D9 = 188.95 0.50%
p10 = 0.19 g10 = 189.3 D10 = 183.05 3.41%

are very close to the optimal points from the simulation results. Numerical solutions for various

distributions will be computed and compared with the average delays from simulation results. As

priorly discussed, three cases are considered. In Figure 3.6, the simulation results are depicted

for the Bi/GI/2/BS system with ~c = (1, 1) and the GI/GI/2/BS system with ~c = (1, 10)

respectively. Numerical solutions are provided as follows. For the Bi/GI/2/BS system, the

optimal ~p∗ is (0.50, 0.50), (0.3, 0.7) and (0.21, 0.79) for case 1,2 and 3 respectively. For the

GI/GI/2/BS system, the optimal ~p∗ is (0.53, 0.47), (0.35, 0.65) and (0.25, 0.75) for case 1,2 and

3 respectively. According to Figure 3.6, both numerical solutions and simulation results are

consistent.

In addition, numerical solutions of equation 3.12 are determined for the Bi/Geom/10/BS

system. Both numerical solutions and simulation results are shown in Table 3.5. According to

the table, the average delay of queue j (Dj) and the target bound of queue j (gj) are almost

the same. Also, the percentage of difference between both results is less than 5%. Thus, the

optimal solution of equation 3.12 is still closely the same as that of the simulation result.

According to these results, optimizing the bound ~g is a good approximation to determine the

optimal ~p∗ to minimize
∑

j c
jDj . The optimal ~p∗ of the problem 3.12 that is solved by MATLAB

is the same as the actual minimum point by simulation. Moreover, the optimal bound ~g is quite

close to the actual value of the average delay ~D.

3.4.4 Analysis for GI/M/m and GI/GI/m systems with bound constraints

So far, non-linear optimization problems are investigated when there is no bound constraint

of the expected delays. However, these bound constraints of delays at queues will be required

by the SLA contract with customers. So, the system operators sometimes desire to optimize
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the total weighted sum of the expected delay (
∑m

j=1 c
jDj) subject to these bound constraints

(Dj ≤ gj ,∀j = 1, ...,m). In this section, we will discuss how to solve these problems.

First, let us reformulate the problem in equation 3.9 for the GI/M/m/BS system. The

following constraints in equation 3.14 will be added to this NLP problem.

Dj ≤ gj , ∀j = 1, 2, ...,m (3.14)

Also, let zm+j(~x) = Dj − gj ≤ 0,∀j = 1, ...,m be the fourth constraint of the NLP problem

in equation 3.9.

In contrast to the GI/M/m/BS system, we want to optimize the bound ~g for the GI/GI/m/BS

instead of ~D. So, for the GI/GI/m/BS system, the constraints in equation 3.15 will be added

to equation 3.12.

gj ≤ Aj ,∀j = 1, 2, ...,m (3.15)

where Aj ∈ R+. For these new problems, we will show that the optimal ~p from numerical

solutions are the same as those from simulation results.

Similarly, necessary conditions for the optimality of ~p can be derived from Lemma 3.4.5 for

GI/M/m/BS system with bound constraints.

Lemma 3.4.5 Let us consider the NLP problem in equation 3.9 with the constraints in the

equation 3.14. Assume that V j(Dj) is differentiable, cj > 0 and gj > E[X] for all j = 1, 2, ...,m.

Define A(~p), B(~p) and C(~p) as sets of indices of the optimal pj∗ such that A(~p) = {j ∈
{1, ...,m} : 0 < pj∗ < V (gj∗)}, B(~p) = {j ∈ {1, ...,m} : pj∗ = 0} and C(~p) = {j ∈ {1, 2, ...,m} :

pj∗ = V (gj∗)}.
If the problem is feasible, then the optimal ~p∗ satisfies

(i) ∂V (Dj)
∂Dj

= ∂V (Dk)
∂Dk

for all j 6= k and j, k ∈ A(~p).

(ii) ∂V (Di)
∂Di

≤ ∂V (Dj)
∂Dj

≤ ∂V (Dl)
∂Dl

for all j ∈ A(~p), i ∈ B(~p) and l ∈ C(~p).

Proof Let V j(Dj) = V j for short. Note that the Lagrange function is defined exactly as in

Lemma 3.4.1.

Similar to the proofs of Lemma 3.4.1, we will utilize the KKT conditions to show this

lemma. According to KKT conditions, the following conditions are necessary : (1) ∇L(f, ~α, ~β) =

∇f(~x) +
∑m+1

j=1 αj∇hj(~x) +
∑2m

j=1 β
j∇zj(~x) = 0, or

αj − αm+1 − βj = 0,∀j = 1, 2, ...,m

cj − αj ∂V
j

∂Dj
+ βm+j = 0,∀j = 1, 2, ...,m
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, and

(2) βjzj(~x) = 0,∀j = 1, 2, ..., 2m

(3) βj ≥ 0, ∀j = 1, 2, ..., 2m

Equation (2) is the complementary slackness condition. Because pj = V j(Dj), if Dj = gj,

then pj = V j(gj). So, V j(gj) is seen as the upper bound of pj, or pj ≤ V j(gj). It is feasible

that the optimal pj is equal to V j(gj) for some j ∈ {1, 2, ...,m} if 0 < V j(gj) < 1.

First, let us consider the case 0 < pj < V j(gj) for some j ∈ A(~p). If 0 < pj < V j(gj) (also

Dj < gj), then βj = 0 and βm+j = 0 by the complementary slackness condition because the

constraints zj(~x) and zm+j(~x) are inactive. As a result, αj = αm+j and cj = αj ∂V
j

∂Dj
for all

j ∈ A(~p). So, we have

1

cj
∂V j

∂Dj
=

1

ck
∂V k

∂Dk
,∀j 6= k; j, k ∈ A(~p)

Next, if pi = 0 for some i ∈ B(~p), then βi ≥ 0 according to the condition βipi = 0. Also,

βm+i = 0 by using the condition βm+i(Di − gi) = 0 (since pi = 0 and the problem is feasible,

Di − gi < 0). As a result, if βi ≥ 0 and βm+i = 0, then αi − αm+1 − βi = 0 and αi ≥ αm+1,

then

1

ci
∂V i

∂Di
=

1

αi
≤ 1

αm+1
=

1

cj
∂V j

∂Dj
, ∀i ∈ B(~p), ∀j ∈ A(~p)

Lastly, if pl = V l(gl) for some l ∈ C(~p), then pl > 0 and βl = 0 according to the complemen-

tary slackness condition βlpl = 0. Also, if pl = V l(Dl) = V l(gl) and Dl = gl, then βm+l ≥ 0

by using the condition βm+l(Dl − gl) = 0. As a result, if βl = 0, then αl − αm+1 − βl = 0 and

αl = αm+1. If βm+l ≥ 0, then cl − αl ∂V l
∂Dl

+ βm+l = 0 and cl ≤ αl ∂V l
∂Dl

. So, we have

1

αl
=

1

αm+1
=

1

cj
∂V j

∂Dj
≤ 1

cl
∂V l

∂Dl
, ∀j ∈ A(~p),∀l ∈ C(~p)

Thus, all results hold.

The results for this lemma are similar to those of Lemma 3.4.1 except that pj∗ can be on

the boundary (pj∗ = V (gj∗)). Also, the optimal ~p∗ can be determined by using Lemma 3.4.5 as

discussed before. Otherwise, it can be solved by using standard NLP algorithms.

Next, we show that numerical solutions of these NLP problems with bound constraints are

consistent with simulation results. Let us consider both numerical and simulation results of

the Bi/M/2/BS and the Bi/Geom/2/BS systems in Figure 3.7(a) and (b), respectively. When

there is no bound constraints, we priorly see that the optimal ~p∗ of the Bi/M/2/BS system

are (0.5, 0.5), (0.3, 0.7) and (0.21, 0.79) for case 1,2 and 3, respectively. Also, the corresponding
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Figure 3.7: (a) The average delay at queue 1 VS queue 2 for Bi/M/2/BS when (c1, c2) =
(1, 1) and (g1, g2) = (6, 40), (10, 40), (15, 50), (b) The average delay at queue 1 VS queue 2 for
Bi/Geom/2/BS when (c1, c2) = (1, 1) and (A1, A2) = (2.5, 20), (3.5, 15), (4.5, 10)

average delays are equal to (18, 18), (10, 10) and (14, 14) for case 1,2 and 3. However, when

(g1, g2) is equal to (15, 50), (6, 40), and (10, 40) for case 1,2 and 3 respectively, the optimal

~p∗ moves to (0.49, 0.51), (0.23, 0.77) and (0.19, 0.81). The corresponding average delays are

changed to (15, 22.62), (6, 30.40) and (10, 23.46) for case 1,2 and 3. All optimal results are also

bounded by the constraints. The same results can be observed in the Bi/Geom/2/BS system,

which is shown in Figure 3.7(b). However, the optimal ~p∗ will be on the boundary (p1 = V (A1)).

According to these results, the optimal ~p∗ will move toward the boundary if the previous optimal

~p∗ causes the average delays to be greater than the bound constraints. This optimal ~p∗ from

both theoretical and simulation analyses is still consistent.

3.5 Using the BS policy to bound the average waiting time in

a GI/GI/m/WRR system

In addition, the Weighted-Round-Robin (WRR2) policy will be utilized to bound the waiting

time in this section. Prior analysis can be used to determine a feasible set of controls of the

WRR-2 policy for a special case. First, our intuition is stated by using comparisons of feasible

regions between the BS and WRR-2 policies for different distributions. Then, our heuristic

method is discussed.

In fact, both BS and WRR policies have close relationships for some special cases. For

instance, if all servers are symmetric, the WRR2 policy can achieve lower average delays than

the BS policy for most feasible areas. In contrast, if all servers are unsymmetric, it is not

necessarily true that the BS policy will be better than the WRR2 policy and vice versa. These
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Figure 3.8: (a) Feasible regions of the average waiting time for Geom/Bi/2/BS,WRR , (b)
Total sum of the average delays VS Routing Probability to Queue 1 (BS)/Routing Weight to
Queue 1 W 1/(W 1 +W 2) for Bi/Bi/2

observations can be explained by plotting their feasible regions, which are provided next.

Feasible regions for both BS and WRR-2 policies are depicted in Figure 3.8(a) where the

traffic intensity is quite high and the system is Geom/Bi/2. The WRR2 policy outperforms the

BS policy for most ranges if all servers are symmetric. However, this will not necessarily be

true if all servers are unsymmetric. For other distributions, similar results can be shown, but

they are not provided here. In addition, the total sum of the average delays is plotted for the

Bi/Bi/2 system in Figure 3.8(b). If (µ1, µ2) = (10, 10), the total sum resulted from the WRR2

policy is lower than that from the BS policy for all ranges. The optimal ~p∗ is equal to (0.5, 0.5)

and the optimal ~W ∗ is equal to W 1∑
jW

j = W 2∑
jW

j = 0.5.

The average delays at queues can be controlled by using the probability ~p for the BS policy;

however, they are dependent on the weighted parameter ~W = (W 1, ...,Wm) for the WRR-2

policy. According to prior results, a heuristic method can be used to determine a feasible set

of ~W to bound the average delays by ~g. Let us consider Figure 3.8(b) where µj = 10,∀j = 1, 2.

If the BS policy with p1 has the long-run average delay equal to D1, then the WRR2 policy

with the same threshold W 1∑
jW

j = pj will achieve the average delay lower than D1. Since pj

can always be written as a rational number, the integer W j can always be determined by

transforming from pj . These weighted parameters with the same threshold (pj = W j∑
jW

j ,∀j)
can be utilized to bound the average delays as well.

Hence, a heuristic method to determine a feasible control ~W can be described in the following

steps : (1) Compute L( τ
gj

) and G( X
gjµj

), (2) Determine a feasible ~p = (p1, ..., pm) by solving the

LP in the equation 3.7 and (3) Transform the real number pj to the integer number W j for all

j = 1, 2, ...,m.

84



3.6 Conclusion

In this chapter, we focus on using static dispatching policies to bound and optimize the average

delays of queues. We show how to determine a subset of feasible controls such that the delay

bounds are achieved by using these policies.

Typically, the average delay is a key performance metric in queueing systems. Bounding

these delays to be under specific values can guarantee a certain level of performance, such as

system’s throughput and response time, which are necessary in most computing systems.

Specifically, we provide theoretical analyses of the expected waiting time for the GI/GI/m/BS

systems. For the BS policy, we propose a LP method to determine a feasible set of controls to

bound the average delays. In addition, the optimization of the waiting time is investigated by

solving the NLP problems. Our objective is to minimize the total weighted sum of the expected

waiting time at queues. Also, these opimization problems are considered when constraints are

active and inactive. Both of our analysis and simulation results are shown to be consistent.

Finally, a heuristic method for the WRR policy is proposed to determine a feasible set of its

weighted parameters such that the average delays are bounded.
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Chapter 4

Bounding Waiting Time by Dynamic

Dispatching Policies

In addition to static policies, dynamic policies are utilized for bounding the average waiting

time at queues in this chapter. First, our basic system architecture, its queueing model and

related assumptions are described in section 4.1. Stability analysis for these dynamic policies

is established in section 4.2. In addition, convergence analysis for them is illustrated in section

4.3. Lastly, performance of these dynamic policies is evaluated by simulations in section 4.4.

4.1 Problem formulation

In this section, a basic system architecture, a queueing model and related assumptions used

for this chapter are described. Then, a definition of the average waiting time and a problem

statement are stated. Next, a list of dynamic policies in our considerations is enumerated, and

their policy definitions and our justifications for them are explained.

4.1.1 Basic system model, queueing model, and assumptions

We still consider the basic system model, which is depicted in Figure 2.1 in section 2.1. Moreover,

the queueing model in Figure 2.2 is utilized here, and the statistical assumptions are presumed

the same as those in Chapter 2.

4.1.2 Problem formulation

Next, the definition of the average waiting time, necessary notations, and then our problem

statement are provided subsequently. We note that the definition of the average waiting time is

still the same as that in Chapter 2. We define T j(tk) as waiting time, which is observed at the
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time right before tk at queue j. Let |Ij(tn)| be a set of indices of requests, which are routed to

the queue j until the time right before tn. Let T̄ j(tn) be the average waiting time of all requests,

which are routed to queue j until the time right before tn.

T̄ j(tn) ,
1

|Ij(tn)|
∑

k∈Ij(tn)

T j(tk) (4.1)

So, our performance metric is the average waiting time at queues, or T̄ j , limn→∞ T̄
j(tn),

for all j = 1, 2, ...,m. For brevity, let T j(tn) = T jn.

In Chapter 3, we see how to utilize static dispatching policies to bound the average waiting

time at queues. In contrast, we want to determine a subset of dynamic policies to achieve these

delay bounds in this chapter. We define ~g = (g1, ..., gm) as a vector of these delay bounds at

queues. In particular, we want to employ dynamic policies to bound the following constraints.

T̄ j ≤ gj , ∀j = 1, ...,m (4.2)

Next, a list of dynamic policies is discussed together with their justifications.

4.1.3 Policy definition

Dynamic policies are classified into two categories : ideal and realistic policies. Ideal policies use

future knowledge of waiting time of requests to make routing decisions, so they are not imple-

mentable. On the contrary, realistic policies utilize observable system states for routing decisions

and are implementable and practical. Definitions for both types of policies are discussed next.

Ideal policies

When the bound ~g is given, definitions of ideal policies can be described as follows.

� JSW-W (Join-the-Shortest-Weighted-Waiting-time) policy routes the n-th arrival at time

tn to the queue with the minimum weighted waiting time, arg minj=1,...,m T
j(tn)/gj .

� T-JSW-W (T-period JSW-W) policy routes the n-th arrival at time tn to the queue with

the minimum weighted waiting time, which is observed at every T period by receiving

feedbacks from the system, or queue j∗ = arg minj=1,...,m T
j(k ∗ T )/gj for some k =

max{a ∈ Z+ : a ∗ T ≤ tn}. In particular, T j(k ∗ T ) is the latest state of the waiting time

known by the dispatcher at time tn. This state will be updated at every time period T .

Recall that T j(t) is the expected waiting time at queue j at the time right before t.

Ideal policies such as JSW-W and T-JSW-W are included in our list because of the following

reasons. JSW-W is considered because it utilizes full knowledge of service time and waiting time
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of requests in queues for optimizing decisions. It is also expected to have the largest feasible

region or to be the best dynamic policy. Even though the policy is not implementable in prac-

tical systems, its variations can be applied for some context-aware applications where sizes of

requests are known by the dispatcher and the queues. Since the JSW-W policy requires a feed-

back for every routing decision, the T-JSW-W policy is studied to reduce high communication

cost incurred by JSW-W. In short, both JSW-W and T-JSW-W policies employ intractable

knowledge of waiting time of requests for making decisions. However, studies of these policies

can help us determine relationships between ideal and implementable policies.

Implementable policies

In practice, states of waiting time of requests are unobservable in most applications. As a result,

we investigate more realistic policies that use states of queue length for making routing decisions

instead of using waiting time. First, we define necessary notations that will be used to describe

their policy definitions. Let Qj(tn) be the average queue length from starting time t0 = 0 to tn.

Specifically, Qj(tn) , 1
tn

∫ tn
0 N j(u)du where N j(t) denotes the total number of requests waiting

in queue j (queue length) at time t. In addition, we define Q̄j , limt→∞Q
j(t) as the limiting

of the average queue length at queue j. These implementable policies are enumerated next.

� JSW-QL (Join-the-Shortest-Weighted-Queue-Length) policy routes the n-th arrival to the

queue with the minimum weighted queue length, or queue j∗ = arg minj=1,...,mQ
j(tn)/gj .

� T-JSW-QL (T-period JSW-QL) policy routes the n-th arrival to the queue with the min-

imum weighted queue length, which is observed at every T period by receiving feedbacks

from the system, or j∗ = arg minj=1,...,mQ
j(k ∗ T )/gj for some k = max{a ∈ Z+ : a ∗ T ≤

tn}. So, Qj(k ∗T ) is the latest state of the average queue length at queue j known by the

dispatcher at time tn.

� A-JSW-QL (Adaptive JSW-QL) policy routes the n-th arrival to the queue with the

minimum adaptive weighted queue length, or queue j∗ = arg minl=1,..,mQ
j(tn)/gj(k ∗ T )

for some k ∗ T ≤ tn ≤ (k + 1) ∗ T and k ∈ {0, 1, 2, ...}. Also, gj(k ∗ T ) is defined as an

adaptive bound at queue j, and this value is used by the dispatcher between time k ∗ T
and (k+1)∗T . Initially, we set gj(0) = gj ,∀j = 1, 2, ...,m. Then, gj(k∗T ) will be updated

at every period k ∗ T for some k = 0, 1, 2, ..., so that

gj((k + 1) ∗ T ) = λj((k + 1) ∗ T ) ∗ gj

where λj(k ∗ T ) is the arrival rate of requests to queue j starting from time t0 = 0 to

k ∗ T , and its initial value is λj(0) = 1.
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Our justifications for these realistic policies are discussed next. First, the JSW-QL policy is

considered because the policy can be implemented by using only information of queue lengths to

make routing decisions. However, it requires feedback for every routing decision, so its commu-

nication overhead is typically high. As a result, the T-JSW-QL policy is investigated to reduce

communication overhead by receiving feedback at every period with length T for routing mul-

tiple requests. The reader will see in later sections that even if both JSW-QL and T-JSW-QL

policies are implementable, they can be used to bound the average queue lengths instead of the

average waiting time. Hence, the A-JSW-QL policy is proposed to move the limit point of the

average waiting time at queues under the feasible region by adaptively changing parameters

g1(k ∗ T ), g2(k ∗ T ), ..., gm(k ∗ T ) at every T period when T is sufficiently large. This policy is

implementable and also possesses a desirable property of convergence that is used to bound the

average waiting time.

4.2 Stability analysis

In this section, stability analysis will be investigated for policies described in section 4.1. First,

a definition for the stability of queues and the system will be provided and then followed by

the necessary conditions for the system stability. Next, sufficient conditions for both ideal and

implementable policies will be enumerated.

4.2.1 Preliminaries

Since instability will cause the amount of queue backlogs and waiting time to increase to infinity,

we determine what the necessary and sufficient conditions of the stability for those policies are.

Specifically, we attempt to answer the following questions. What is the stable region for these

dynamic policies ? Which policies have the maximal stability region ? Do these dynamic policies

with a periodic update of feedback have the same stability region ?

In Chapter 2, one variation of stability definitions was shown, and the same definition is

still utilized here. So, the stability definition is restated as follows.

Definition for System Stability Define U j(t) as unfinished works at queue j at time t where

j = 1, ...,m. Definitions for a stable queue and for a stable system are defined below.

(a) A queue is “stable” if and only if limt→∞
Uj(t)
t = 0.

(b) A GI/GI/m/π system is “stable” if and only if all queues j = 1, ...,m are stable.

In Chapter 2, it is shown that the necessary condition for system stability is the same

regardless of dispatching policies. So, it is restated in the following lemmas.
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Lemma 4.2.1 (Necessary Condition for Stability) Assume the same statistical assump-

tions that are described in section 2.1. Define λ , E[s]
E[τ ] as the input traffic rate to the system.

Let µj(t) be the service process at queue j at time t where j ∈ {1, ...,m} and t ∈ R+. Also,

µj , limT→∞
1
T

∫ T
t=0 µ

j(t)dt denotes the service rate at queue j.

� If the GI/GI/m/π system is stable, then λ ≤
∑m

j=1 µ
j.

Proof The proof is in Chapter 2.

We know that the necessary condition is still the same regardless of policies, but sufficient

conditions may be not for different policies. So, sufficient conditions for those policies will be

shown next. We start by stating them for ideal policies and then for implementable policies.

4.2.2 Stability of ideal dynamic policies

First, sufficient conditions for the stability of JSW-W and T-JSW-W policies are shown in

Lemma 4.2.2.

Lemma 4.2.2 (Sufficient conditions for JSW-W and T-JSW-W policies) Assume the

same statistical assumptions that are described in section 2.1. Let us consider GI/GI/m/π sys-

tems where π = is JSW-W and T-JSW-W policies.

If λ <
∑m

j=1 µ
j is satisfied and the bound gj at queue j is in (0,∞) for all j = 1, ...,m, then

the following statements are true.

(a) The JSW-W policy always produces a stable system.

(b) The T-JSW-W policy always produces a stable system.

Proof First, we will show part(a) for the JSW-W policy. In particular, if the condition λ <∑m
j=1 µ

j is true and the JSW-W policy is applied, we want to show that the system will always

be stable.

We will prove this statement by contradiction. Let U j(t) be the total amount of queue backlogs

(unfinished works) at queue j, which is seen at time t. Assume that λ <
∑m

j=1 µ
j and there is

at least one unstable queue or lim inft↑∞
Uj(t)
t > 0 for some j ∈ {1, ...,m}. Now, we want to

reach a contradiction.

The system is composed of m queues and one dispatcher. Let S be a set for stable queues

or S = {j ∈ {1, ...,m} : limt→∞ U
j(t)/t = 0}. Let Sc be a set of unstable queues or Sc = {j ∈

{1, ...,m} : lim inft→∞ U
j(t)/t > 0}. Note that the set S is not empty and there is at least one

stable queue because λ <
∑

j µ
j. If queue j is unstable or j ∈ Sc, then lim inft↑∞

Uj(t)
t > 0 =

90



limt↑∞
∑

k∈S
Uk(t)
t according to the definition. Also, lim infn↑∞

T j(tn)
tn

> 0 = limn↑∞
∑

k∈S
Tk(tn)
tn

because the waiting time of the n-th arrival is computed by T j(tn) = Uj(tn)
µj

.

For a finite positive gj, there exists a time tx that minj∈Sc T
j(t)/gj ≥ M for all t ≥ tx

and for some finite constant M , and minj∈Sc T
j(t)/gj ≥

∑
k∈S T

k(t)/gk for all t ≥ tx. This

is true because all queues with indices j ∈ Sc are unstable, and lim infn↑∞
T j(tn)
tn

> 0 =

limn↑∞
∑

k∈S
Tk(tn)
tn

. The waiting time at queues with indices j ∈ Sc increases with higher

rate than that with indices k ∈ S.

However, we know that the JSW-W policy will route arrivals to the queue with the minimum
T j(t)
gj

. Thus, there will be no more arrival requests routed to unstable queues (Sc) after time

t ≥ tx. It will cause decrements of waiting time at unstable queues and increments of waiting

time at stable queues. As a result, there will always be a time ty ≥ tx and (ty− tx) is finite such

that

∑
j∈Sc

T j(tx)/gj ≥
∑
j∈Sc

T j(ty)/g
j and

∑
j∈S

T j(tx)/gj ≤
∑
j∈S

T j(ty)/g
j

Moreover, there will be a time tz that tz ≥ ty ≥ tx and an unstable queue j ∈ Sc such that

minj∈Sc T
j(tz)/g

j ≤
∑

k∈S T
k(tz)/g

k. This is true because queue backlogs in unstable queues will

continuously decrease while queue backlogs in stable queues increase after time t ≥ tx. We see

that T j(t) is finite if and only if U j(t) is finite. According to the assumption, lim infn↑∞
T j(tn)
tngj

>

0 for any unstable queues j ∈ Sc, so lim inftz↑∞
∑

k∈S
Tk(tz)
tzgk

> 0 must be true too. Then, we

reach the contradiction because limtz↑∞
∑

k∈S
Tk(tz)
tzgk

= 0. Thus, the JSW-W policy will always

produce a stable system if λ <
∑

j µ
j.

Second, we will show the sufficient condition for the T-JSW-W policy in part(b). Recall

that the T-JSW-W policy observes a feedback of states at every T period for some T ∈ R+.

Then, it decides to route the n-th arrival at time tn to the queue j∗ = minl∈{1,...,m} T
j(k ∗T )/gj

for some k = max{a ∈ Z+ : k∗T ≤ tn}. Also, these states of waiting time of queues are updated

at time 0, T, 2T, 3T, ..., kT, (k + 1)T, .... The proof will proceed similarly to the JSW-W policy

except that we consider the evolution of queues at every T period.

In particular, if λ <
∑m

j=1 µ
j, then we want to show that T-JSW-W will always produce

a stable system. The proof is shown by the method of contradiction again. So, we assume that

λ <
∑m

j=1 µ
j and there is at least one unstable queue in the system. Then, we want to reach a

contradiction.

As stated previously, we define S and Sc as the set of indices of stable and unstable queues

respectively. Also, S is not empty because λ <
∑

j µ
j. Let U j(t) be queue backlogs at queue j

and time t again. The waiting time at queue j and time t can be calculated by T j(t) = Uj(t)
µj

.

The proof for the T-JSW-W policy proceeds by similar arguments and illustrated as follows. If
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queue j is unstable (j ∈ Sc), then lim inft↑∞
Uj(t)
t > 0 and lim inft↑∞

T j(t)
t > 0 by the definition

of the stability and T j(t) = Uj(t)
µj

. On the contrary, limt↑∞
Uj(t)
t = 0 and limt↑∞

T j(t)
t = 0 for

any stable queue j ∈ S. As a result, limt↑∞
∑

k∈S
Tk(t)
t = 0 < lim inft↑∞

T j(t)
t . So, there exists

a time k ∗ T that the total sum of weighted waiting time of all stable queues is less than the

minimum of this sum of all unstable queues, or

m∑
j∈S

T j(k ∗ T )/gj ≤ min
i∈Sc

T i(k ∗ T )/gi

If the T-JSW-W policy is applied, then there is no arrival requests routed to a group of

unstable queues (i ∈ Sc) for a finite period r ∗ T where r = 1, 2, ... after time k ∗ T . As a result,

queue backlogs of unstable queues will decrease and queue backlogs of stable queues will increase

after time k ∗ T . In particular, we have

m∑
j∈S

T j((k + r) ∗ T )/gj ≥
m∑
j∈S

T j(k ∗ T )/gj and
m∑
i∈Sc

T i((k + r) ∗ T )/gi ≤
m∑
i∈Sc

T i(k ∗ T )/gi

for a time period of r ∗ T for some r = 1, 2, .... Moreover, for some R ≥ r, there will

be at least one of unstable queues such that mini∈Sc T
i((k + R) ∗ T )/gi ≤

∑
j∈S T

j((k + R) ∗
T )/gj. This event will happen whenever

∑m
j∈S T

j(k∗T )/gj ≤ mini∈Sc T
i(k∗T )/gi occurs. Since

lim infk↑∞
1
gi
T i(kT )
kT > 0 for all i ∈ Sc, lim infk↑∞

∑
j∈S

1
gj
T j(kT )
kT > 0 too. This statement is the

contradiction to the prior assumption because limk↑∞
∑

j∈S
1
gj
T j(kT )
kT = 0. As a result, all queues

are stable if λ <
∑

j µ
j and the T-JSW-W policy is used.

In Lemma 4.2.2, the stability region of both JSW-W and T-JSW-W policies are the same.

Updating feedback at every time period of T does not decrease the stability region as long as

these periods are finite. For an infinite number of feedback losses, instability will occur as shown

for the JSQB policy in Chapter 2.

4.2.3 Stability of implementable dynamic policies

Next, sufficient conditions of the system stability will be provided for implementable policies

such as JSW-QL and T-JSW-QL policies. Their conditions are expressed in Lemma 4.2.3.

Lemma 4.2.3 (Sufficient conditions for JSW-QL and T-JSW-QL policies) Assume the

same statistical assumptions that are described in section 2.1. Let us consider GI/GI/m/π sys-

tems where π is either JSW-QL or T-JSW-QL.

If λ <
∑m

j=1 µ
j is satisfied and the bound gj at queue j is in (0,∞) for all j = 1, ...,m, then

the following statements are true.
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(a) The JSW-QL policy always produces a stable system.

(b) The T-JSW-QL policy always produces a stable system.

Proof First, we will show the sufficient condition of the JSW-QL policy in part(a). Note that

the proofs will be similar to Lemma 4.2.2.

Let us consider the following key facts. If Qj(t1)
gj
≤ Qk(t1)

gk
for some queue j 6= k and j, k ∈

{1, ...,m} at time t1 ∈ R+, then there will be no arrival requests routed to queue k for the period

of time after t ≥ t1. In addition, some requests will be completed and departed from queue k

(Nk(t) decreases) while a number of requests may be routed to queue j (N j(t) increases). As a

result, there will be a time t2 ≥ t1 that Qj(t2)
gj
≥ Qk(t2)

gk
. By the same argument, there exists a

time t3 ≥ t2 that Qj(t3)
gj
≤ Qk(t3)

gk
is true again. Both events will alternatively occur. This fact

will be utilized for our proofs in the next part.

Next, we want to argue that if queue k is stable (k ∈ S and limt↑∞
Uk(t)
t = 0), then

limt↑∞
Nk(t)
t = 0 and limt↑∞

Qk(t)
t = 0 too. Because Uk(t) =

∑Nk(t)
l=1 sl + Rk(t) (sl is size of

the request and Rk(t) is residual loads of the server as previously defined), if limt↑∞
Uk(t)
t = 0,

then limt↑∞

∑Nk(t)
l=1 sl
t = 0 and limt↑∞

Nk(t)
t = 0 because sl and Rk(t) are finite for all l = 1, 2, ...

and for all time t ∈ R+. Since we have

inf
u∈[0,t]

N j(u) ≤ 1
t

∫ t
0 N

j(t) ≤ sup
u∈[0,t]

N j(u)

infu∈[0,t]N
j(u)

t
≤ Qj(t)

t ≤
supu∈[0,t]N

j(u)

t
,

if limt↑∞
Nj(t)
t = 0, then limt↑∞

Qj(t)
t = 0 too.

In addition, if queue j is unstable (j ∈ Sc and lim inft↑∞
Uj(t)
t > 0), then lim inft↑∞

Nj(t)
t >

0 and lim inft↑∞
Qj(t)
t > 0 too. Because U j(t) =

∑Nj(t)
l=1 sl + Rj(t), if lim inft↑∞

Uj(t)
t > 0,

then lim inft↑∞

∑Nj(t)
l=1 sl
t > 0 and lim inft↑∞

Nj(t)
t > 0 because sl and Rj(t) are finite for all

l = 1, 2, ... and for all time t ∈ R+. Since
infu∈[0,t]N

j(u)

t ≤ Qj(t)
t , if lim inft↑∞

Nj(t)
t > 0, then

lim inft↑∞
Qj(t)
t > 0.

We want to show that if λ <
∑

j µ
j and the JSW-QL policy is used, then all queues are

stable. The method of contradiction will be used again. Assume that λ <
∑

j µ
j, the JSW-QL

policy is used, and there is at least one unstable queue. Then, we want to reach a contradiction.

As defined in Lemma 4.2.2, let S and Sc be the sets of indices of stable and unstable queues

respectively. Since λ <
∑

j µ
j, there is at least one stable queue that λj < µj and S is not

empty. If queue j is unstable or j ∈ Sc, then lim inft↑∞
Qj(t)
t > 0 = limt↑∞

∑
i∈S

Qi(t)
t according
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to previous arguments. Also, Qj(t) will increase with faster rate than Qi(t) where i ∈ S. So,

there will be a time ta that

min
j∈Sc

Qj(ta)

gj
≥
∑
k∈S

Qk(ta)

gk

For a period of time after t ≥ ta, there will be no arrival requests routed to a group of

unstable queues j ∈ Sc. In contrast, all new incoming requests are routed to a group of stable

queues k ∈ S and all completed jobs at unstable queues will depart. As a result, at time tb for

some tb ≥ ta, there will be an unstable queue j ∈ Sc that

Qj(tb)

gj
≤
∑
k∈S

Qk(tb)

gk

Let tb be a subsequence of the original time that the above events occur. Since j ∈ Sc,

lim inftb↑∞
1
gj
Qj(tb)
tb

> 0, lim inftb↑∞
∑

k∈S
1
gk

Qk(tb)
tb

> 0 will be true. This statement is a con-

tradiction to the assumptions because limt↑∞
∑

k∈S
1
gk

Qk(t)
t = 0. Hence, if λ <

∑
j µ

j and the

JSW-QL policy is applied, then all queues will be stable.

Second, the sufficient condition in part(b) for the T-JSW-QL policy will be shown as fol-

lows. Recall that the T-JSW-QL policy routes the n-th request at time tn to the queue with the

minimum Qj(k∗T )
gj

where k = max{a ∈ Z+ : a ∗ T ≤ tn} and 0 < T < ∞. So, Qj(k ∗ T ) is

the latest state of the average queue length known by the dispatcher at time tn. Similar to the

JSW − QL policy, both events Qj(k∗T )
gj

≤ Qi(k∗T )
gi

and Qj(k∗T )
gj

≥ Qi(k∗T )
gi

are alternating, and

they infinitely occur for any queue j 6= i and j, i ∈ {1, 2, ...,m}. By this key observation, the

same argument can be used.

If queue j is unstable or j ∈ Sc, then lim infk↑∞
Qj(k∗T )
kT > 0 = limk↑∞

∑
i∈S

Qi(k∗T )
kT . So,

there exists a time c ∗ T that

min
j∈Sc

Qj(c ∗ T )

gj
≥
∑
i∈S

Qi(c ∗ T )

gi

for some c ∈ {1, 2, ...}. Then, there will be no arrival requests routed to a group of unstable

queues Sc for a period of time d ∗ T for some d ∈ {1, 2, ...}. In addition, a number of requests

will be completed and depart from unstable queues in Sc, but new incoming jobs will be routed

to one of stable queues in S. As a result, there will be the time (c+ d) ∗T and some j ∈ Sc that

Qj((c+ d) ∗ T )

gj
≤
∑
i∈S

Qi((c+ d) ∗ T )

gi

This event will occur whenever minj∈Sc
Qj(c∗T )

gj
≥
∑

i∈S
Qi(c∗T )

gi
. Because queue j is unstable
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or j ∈ Sc, lim inft↑∞
Qj(t)
tgj

> 0. As a result, lim inft↑∞
∑

i∈S
Qi(t)
tgi

> 0 too. This is a contradiction

to our assumption that all queues with indices i ∈ S are stable and limt↑∞
∑

i∈S
Qi(t)
tgi

= 0.

Therefore, if λ <
∑

j µ
j and the T-JSW-QL policy is utilized, then all queues are stable. All

results hold.

According to Lemmas 4.2.2 and 4.2.3, policies such as JSW-W, JSW-QL, T-JSW-W and T-

JSW-QL have the same stability region. Even though JSW-QL and T-JSW-QL policies utilize

only partial information such as queue lengths for making routing decisions, their stability

regions do not decrease. Moreover, T–period policies such as T-JSW-W and T-JSW-QL policies

have the same region as that of their original policies do. By updating feedback at every finite

period, the stability regions do not decrease too. Nevertheless, it will be shown later that, in

terms of delays, feasible regions of T-JSW-W and T-JSW-QL policies are worse than those of

JSW-W and JSW-QL policies.

4.3 Delay analysis

Although the stability analysis helps us measure stability regions, it does not tell us how these

policies can perform in the long run. Instead, their long-run behaviors can be determined by

convergence analysis, which will be provided in this section. Convergence is a desirable property

for every dynamic policy because its performance indicators can be guaranteed in the long-run.

For instance, we want a policy that its average queue backlogs will converge to the same value,

so that workloads at all queues are balanced. On the contrary, divergence can cause adverse

effects to the system due to unpredictable characteristics. For these reasons, we investigate

how the average waiting time of the considered policies will behave in the long run. Analytical

results of ideal policies will be shown first and then followed by those of practical ones.

4.3.1 Delay analysis for ideal dynamic policies

A delay analysis for the JSW-W and T-JSW-W policies are stated in Lemma 4.3.1.

Lemma 4.3.1 (Delay analysis for JSW-W and T-JSW-W policies) Assume the same

statistical assumptions that are described in section 2.1 and job sizes are bounded above by

some finite values. Let us consider the GI/GI/m/π system when the policy π is JSW-W or

T-JSW-W with a finite period of time T . Assume that limn↑∞ E[T j(tn)] = T̄ j. If the stability

condition λ <
∑m

j=1 µ
j is satisfied and the bound gj ∈ (0,∞) for all j = 1, 2, ...,m, then

(a) If the JSW-W policy is applied, then the following equation will be satisfied.
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∣∣∣T̄ j/gj − T̄ k/gk∣∣∣ ≤ ε(j, k) (4.3)

where ε(j, k) , sup(( E[s]
gjµj

+ E[τ ]
gk

)ML, (
E[s]
gkµk

+ E[τ ]
gj

)MR) for some MR,ML ∈ (0,∞). So,

0 < ε(j, k) <∞ for all j 6= k and j, k = 1, 2, ...,m.

(b) If the T-JSW-W policy is applied, then the following equation will be satisfied.

∣∣∣T̄ j/gj − T̄ k/gk∣∣∣ ≤ δ(j, k) (4.4)

where δ(j, k) , sup( E[s]
gjµj

(M∗TE[τ ] + 1) + M∗T
gk

, E[s]
gkµk

(P∗TE[τ ] + 1) + P∗T
gj

) for some finite M,P ∈
{1, 2, ...}. So, 0 < δ(j, k) <∞ for all j 6= k and j, k = 1, 2, ...,m.

In other words, the average value of weighted waiting times at each queue is bounded within

some finite distance from others.

Proof First, we will show part(a). If λ <
∑m

j=1 µ
j and the JSW-W policy is utilized, then all

queues will be stable according to Lemma 4.2.2. As a result, limt↑∞
T j(t)
t = 0 for all queues with

indices j = 1, ...,m. In addition, the event T j(tn)/gj = minl∈{1,...,m} T
l(tn)/gl will alternatively

occur among queues. This can be explained as follows. Suppose that the following inequality is

true at time tn.

T j(tn)/gj ≤ T k(tn)/gk

for some k 6= j and j, k ∈ {1, ...,m}. Let Ln be the least number of steps that the inequality

is flipped over, or T j(tn+Ln)/gj ≥ T k(tn+Ln)/gk where Ln ∈ {1, 2, ...}. (The least step means

that the event T j(tx)/gj ≤ T k(tx)/gk is still true for indices x ∈ {n, n+ 1, ..., n+ Ln − 1}.)

T j(tn+Ln)/gj ≥ T k(tn+Ln)/gk

where Ln is an integer random variable, which is finite because sizes of all requests and

interarrival times are finite. If T j(tx)/gj ≤ T k(tx)/gk for indices x = n, n + 1, ..., n + Ln − 1,

then there will be no arrivals routed to queue k during that time while completed requests at

queue k will depart, and some of new requests will be routed to queue j. As a result, the number

of waiting requests will decrease at queue k and increase at queue j. For some time tn+Ln,

the event T j(tn+Ln)/gj ≥ T k(tn+Ln)/gk will be true. For the same reason, the reverse of the

inequality will be true again. Both events will alternatively occur.

Next, we define more notations as follows. Let U j(tn) be the unfinished work at queue j

observed at the time right before tn. Let Aj(tn) be the amount of incoming loads routed to queue
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j at time tn. (If T j(tn)/gj = minl T
l(tn)/gl is true, then Aj(tn) = sn. Otherwise, Aj(tn) = 0.)

So, the evolution of the queue backlogs can be written as

U j(tn+1) = [U j(tn)− µjτn+1 +Aj(tn)]+

Since the observed waiting time T j(tn) is computed by T j(tn) = Uj(tn)
µj

, the evolution of the

waiting time is written as

T j(tn+1) = [T j(tn)− τn+1 +
Aj(tn)

µj
]+

T j(tn+1)− T j(tn) =
Aj(tn)

µj
−min(τn+1, T

j(tn) +
Aj(tn)

µj
)

T j(tn+Ln)− T j(tn) =

Ln−1∑
a=0

Aj(tn+a)

µj
−
Ln−1∑
a=0

min(τn+1+a, T
j(tn+a) +

Aj(tn+a)

µj
)

T j(tn+Ln)

gj
=

T j(tn)

gj
+

1

gj

{
Ln−1∑
a=0

(
Aj(tn+a)

µj
−min(τn+1+a, T

j(tn+a) +
Aj(tn+a)

µj
))

}

However, the waiting time at queue k from time tn to tn+Ln is evolving by

T k(tn+Ln)

gk
=
T k(tn)

gk
− 1

gk

{
Ln−1∑
a=0

min(τn+1+a, T
k(tn+a))

}

because there are no requests routed to queue k (Ak(tx) = 0 for x ∈ {n, n+1, ..., n+Ln−1}).

According to previous facts, at time tn+Ln, the inequality T j(tn)/gj ≤ T k(tn)/gk will be reversed,

and

T j(tn+Ln)/gj − T k(tn+Ln)/gk ≥ 0

≤ T j(tn)/gj +
1

gj
{
Ln−1∑
a=0

(
Aj(tn+a)

µj
)} − T k(tn)/gk +

1

gk
{
Ln−1∑
a=0

min(τn+1+a, T
k(tn+a))}

= [T j(tn)/gj − T k(tn)/gk] +
1

gj

Ln−1∑
a=0

Aj(tn+a)

µj
+

Ln−1∑
a=0

[
1

gk
min(τn+1+a, T

k(tn+a))]

≤ 1

gj

Ln−1∑
a=0

Aj(tn+a)

µj
+

Ln−1∑
a=0

[
1

gk
min(τn+1+a, T

k(tn+a))]

≤ 1

gj

Ln−1∑
a=0

sn+a

µj
+

Ln−1∑
a=0

1

gk
τn+1+a
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because T j(tn)/gj ≤ T k(tn)/gk, Aj(tn+a) ≤ sn+a, and min(τn+1+a, T
k(tn+a)) ≤ τn+1+a.

Now, we are taking the expectation to both sides of the equation.

0 ≤ E[T j(tn+Ln)]/gj − E[T k(tn+Ln)]/gk ≤ 1

gjµj
E[Ln]E[sn] +

1

gk
E[Ln]E[τn]

because sn and τn are i.i.d and independent of Ln, we have E[
∑Ln−1

a=0 sn+a] = E[Ln]E[sn]

and E[
∑Ln−1

a=0 τn+a] = E[Ln]E[τn]. Moreover, Ln is an integer random variable and it is finite,

E[Ln] < ∞, because both events T j(tn)/gj ≤ T k(tn)/gk and T j(tn)/gj ≥ T k(tn)/gk infinitely

occur, and sn and τn are finite a.s..

Next, we consider another case, which is complementary to the first case. For the same

reason, there will be a time tp that T k(tp)/g
k ≤ T j(tp)/gj for some j 6= k and j, k ∈ {1, ...,m}.

Moreover, there will be a least time tp+Rp that the inequality is reversed, or T k(tp+Rp)/g
k ≥

T j(tp+Rp)/g
j for some integer Rp. (The least step Rp means that the event T k(tx)/gk ≤

T j(tx)/gj is still true for indices x ∈ {p, p + 1, ..., p + Rp − 1}.) So, Rp is an integer r.v.

as Ln, which is finite by the same reason as Ln.

Obviously, Ln is seen as the r.v. of the number of interarrival periods to switch from

T j(tn)/gj ≤ T k(tn)/gk to the opposite way. In contrast, Rp is the r.v. of the number of in-

terarrival periods to switch from T j(tp)/g
j ≥ T k(tp)/gk to the opposite direction as well.

By following the same procedure, we have

0 ≤ E[T k(tp+Rp)]/g
k − E[T j(tp+Rp)]/g

j ≤ 1

gkµk
E[Rp]E[sp] +

1

gj
E[Rp]E[τp]

Let ML = supn∈Z+ E[Ln] and MR = supp∈Z+ E[Rp] where ML <∞ and MR <∞.

E[T j(tn+Ln)]/gj − E[T k(tn+Ln)]/gk ≤ (
E[s]

gjµj
+

E[τ ]

gk
)ML <∞

E[T k(tp+Rp)]/g
k − E[T j(tp+Rp)]/g

j ≤ (
E[s]

gkµk
+

E[τ ]

gj
)MR <∞

As a result,
∣∣E[T j(tn)]/gj − E[T k(tn)]/gk

∣∣ ≤ sup(( E[s]
gjµj

+ E[τ ]
gk

)ML, (
E[s]
gkµk

+ E[τ ]
gj

)MR) for all

n = 1, 2, ....

Then, we take the limit as n ↑ ∞. Moreover, we define ε(j, k) , sup(( E[s]
gjµj

+ E[τ ]
gk

)ML, (
E[s]
gkµk

+
E[τ ]
gj

)MR). Then, we have

lim
n↑∞

∣∣∣E[T j(tn)]/gj − E[T k(tn)]/gk
∣∣∣ ≤ ε(j, k) <∞

for all j 6= k and j, k = 1, 2, ...,m. The result in part(a) is shown.

Second, we will show the result in part(b). The following proofs will be similar to those in
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part(a). Similar to the same argument in part(a), if the event T j(l ∗ T )/gj ≤ T k(l ∗ T )/gk is

true at the time l ∗ T , then T j((l + Ml) ∗ T )/gj ≥ T k((l + Ml) ∗ T )/gk will be true at time

(l + Ml) ∗ T where l ∈ {0, 1, 2, ...} and Ml ∈ {1, 2, ...}. Note that Ml is the least number of the

period T that the inequality will be reversed, and it is a finte integer r.v. Also, let Nl(Ml, T ) be

a r.v. of the number of requests that arrive during a period [l ∗ T, (l +Ml) ∗ T ).

Similarly, we consider the evolution of the waiting time at queue j, which is written as

T j((l + 1) ∗ T ) = [T j(l ∗ T )− T +
Ajl,l+1

µj
]+

where Ajl,l+1 is the amount of workloads routed to queue j during the time [l ∗T, (l+ 1) ∗T ).

So, the waiting time seen at time (l +Ml) ∗ T and at queue j is

T j((l +Ml) ∗ T ) = T j(l ∗ T ) +

Ml−1∑
a=0

{
Ajl+a,l+1+a

µj
−min(T j(l ∗ T ) +

Ajl+a,l+1+a

µj
, T )

}
,

and the waiting time seen at time (l +Ml) ∗ T and at queue k is

T k((l +Ml) ∗ T ) = T k(l ∗ T )−

{
Ml−1∑
a=0

min(T k(l ∗ T ), T )

}
By following the same procedure, we derive

0 ≤ T j((l +Ml) ∗ T )− T k((l +Ml) ∗ T ) ≤
Nl(Ml,T )∑
n=1

sn
µjgj

+
Ml ∗ T
gk

because
∑Ml−1

a=0

Ajl+a,l+1+a

µj
≤
∑Nl(Ml,T )

n=1
sn
µj

and min(T k(l ∗ T ), T ) ≤ T . As a result, we can

take the expectation, use the i.i.d. property of sn and get the similar result.

E[T j((l +Ml) ∗ T )]/gj − E[T k((l +Ml) ∗ T )]/gk ≤ E[s]

gjµj
E[Nl(Ml, T )] +

E[Ml] ∗ T
gk

(4.5)

Now, we want to change the term Nl(Ml, T ) into a better expression. Let τi be the interar-

rival time between arrivals, which is an i.i.d. random variable by assumptions. Let us consider

Nl(Ml, T ) which can be written as

Nl(Ml, T ) = min{n ∈ Z+ :
n∑
i=1

τi > Ml ∗ T}
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Therefore,
∑Nl(Ml,T )−1

i=1 τi ≤ Ml ∗ T and E[
∑N(M∗T )−1

i=1 τi] ≤ E[Ml] ∗ T . By independence of

random variables of interarrival time τ1, τ2, ..., we have

E[τ ](E[Nl(Ml, T )]− 1) ≤ E[Ml] ∗ T

E[Nl(Ml, T )] ≤ E[Ml] ∗ T
E[τ ]

+ 1

Now, we replace the inequality of E[Nl(Ml, T )] into the eq. 4.5.

E[T j((l +Ml) ∗ T )]/gj − E[T k((l +Ml) ∗ T )]/gk ≤ E[s]

gjµj
(
E[Ml] ∗ T

E[τ ]
+ 1) +

E[Ml] ∗ T
gk

Next, we consider the complementary case where T j(r∗T )/gj ≥ T k(r∗T )/gk at time r∗T for

some r ∈ {0, 1, 2, ...}. Also, at time (r+Pr)∗T , the event T j((r+Pr)∗T )/gj ≤ T k((r+Pr)∗T )/gk

become true for some Pr ∈ {1, 2, ...}. By following the same steps, we have

E[T k((r + Pr) ∗ T )]/gk − E[T j((r + Pr) ∗ T )]/gj ≤ E[s]

gkµk
(
E[Pr] ∗ T

E[τ ]
+ 1) +

E[Pr] ∗ T
gj

Now, we define M , supl∈Z+ E[Ml] and P , supr∈Z+ E[Pr]. According to the stability

assumption, T j(t) is finite for all time t ≥ 0, so we take the limit and obtain the result in part

(b).

According to Lemma 4.3.1, the difference of the average values of weighted waiting time

between queues will converge within some finite distances with others. The upper bounds of

both JSW-W and T-JSW-W policies are dependent on integer parameters such as MR, ML, M

and P . When the statistics are given, if we can determine the maximum of the tightest ε(j, k) or

δ(j, k) (εmax , maxj 6=k ε(j, k) and δmax , maxj 6=k δ(j, k)) for any two queues j and k (j 6= k),

then all T̄ j will be within some finite distances εmax or δmax. If this distance is less than one,

then we will be able to determine whether T̄ j ≤ gj , ∀j can be achieved or not. However, those

parameters may not be explicitly derived.

4.3.2 Delay analysis for implementable dynamic policies

Priorly, analytical results for ideal dynamic policies are derived in Lemma 4.3.1. Now, we will

provide the delay analysis for the implementable JSW-QL policy in Lemma 4.3.2.
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Lemma 4.3.2 (Convergence of Mean Queue Length of the JSW-QL policy) Assume

the same statistical assumptions that are described in section 2.1 and gj ∈ (0,∞) for all

j = 1, ...,m. Let us consider GI/GI/m/JSW-QL systems. As previously defined, N j(t) de-

notes the total number of waiting requests, or the queue length, of queue j at time t. Also,

Qj(t) , 1
t

∫ t
0 N

j(u)du denotes the average queue length at queue j from the starting time to the

current time t. Let Q̄j be the long-run average queue length of queue j.

If the stability condition λ <
∑m

j=1 µ
j is satisfied and the JSW-QL policy is utilized, then

Q̄j/gj = Q̄k/gk, ∀j 6= k (4.6)

for all j, k = 1, 2, ...,m.

Proof First, we will show that if the JSW-QL policy is applied and the condition λ <
∑

j µ
j

is true, then the system will be stable. Recall that the JSW-QL policy routes each request to the

queue with j∗ = arg minl=1,...,m
Ql(t)
gl

where gj is constant for all time. Let us consider at some

time t1 > 0 and at queue j that

Qj(t1)

gj
≤ Qi(t1)

gi
, i 6= j

For a period of time after t1, there is no arrival routed to queue i. As a result, the quantity

Qi(t) will decrease when completed jobs leave the system while some new requests are being

routed to others. Note that if all queues have the same value of Qj(t)/gj, then the policy will

break ties by randomly choosing one of these queues with an equal probability. For some t2 > t1,

the following statement will be true.

Qj(t2)

gj
≥ Qi(t2)

gi
, i 6= j

Similarly, there will be time t3 > t2 where the inequality is reversed again. Both events will

alternatively occur for any two queues i 6= j and i, j ∈ {1, 2, ...,m}.
By using this key fact, we will show this stability condition by using the contradiction method.

Assume that if the condition λ <
∑

j µ
j is true and there is at least one unstable queue, or

lim inft→∞
U i(t)
t > 0 for some i ∈ {1, 2, ...,m} by the definition. Then, we want to reach a

contradiction.

If queue i is unstable or i ∈ Sc, then lim inft↑∞
U i(t)
t > 0 and lim inft↑∞

N i(t)
t > 0 as shown

in Lemma 4.2.3. Also, lim inft↑∞
Qi(t)
t > 0 too by using the same reasons in Lemma 4.2.3. As

in Lemma 4.2.3, let S and Sc be the set of indices of stable and unstable queues. S is not an

empty set and there is at least one stable queue (λj < µj for some j) because λ <
∑

j µ
j.

According to the above fact, there are alternating events between Qj(t)
gj
≤ Qi(t)

gi
and Qj(t)

gj
≥

101



Qi(t)
gi

for all i 6= j and i, j ∈ {1, 2, ...,m}. If the queue i is unstable or i ∈ Sc, then lim inft↑∞
Qi(t)
t >

0 = limt↑∞
∑

j∈S
Qj(t)
t according to the stability definition and Lemma 4.2.3. As a result, there

must be the time ta that

min
i∈Sc

Qi(ta)

gi
≥
∑
j∈S

Qj(ta)

gj

Then, there will be no arrival to a group of unstable queues (i ∈ Sc) for a period of time

after ta. As a result, Qi(t) will decrease after completed jobs leave the system while the new

incoming requests are being routed to a group of stable queues (j ∈ S). Also, Qj(t) will increase

for some j ∈ S. So, there will be the time tb such that the following statement is true for some

queue i ∈ Sc.

Qi(tb)

gi
≤
∑
j∈S

Qj(tb)

gj
, ∃i ∈ Sc

Let tb be a subsequence of the original time that the above event occurs. Since the queue i is

the unstable queue and lim inft↑∞
Qi(t)
tgi

> 0 for some i ∈ Sc, we have lim inft↑∞
∑

j∈S
Qj(t)
tgj

> 0

too. This statement is a contradiction because limt↑∞
∑

j∈S
Qj(t)
tgj

= 0. As a result, all queues

are stable if λ <
∑

j µ
j and the JSW-QL policy is applied.

Both alternating events between Qj(t)
gj
≤ Qi(t)

gi
and Qj(t)

gj
≥ Qi(t)

gi
infinitely occurs between

any two queues j 6= i when time increases to infinity. Then, we can choose an arbitrarily large

period T , and we want to show that at every time right before kT for k = 1, 2, ..., it is true that

Qj(kT )

gj
=
Qi(kT )

gi
+ εk(i, j)

for arbitrarily large T and for some εk(i, j) ∈ R. This is true for all T . Let us consider any

two queues i and j where i 6= j and i, j ∈ {1, ...,m}. At the time right before kT , there are two

possibilities that either Qj(kT )
gj

≤ Qi(kT )
gi

or Qj(kT )
gj

≥ Qi(kT )
gi

by the previous fact.

First, we consider the first possible event, or Qj(kT )
gj

≥ Qi(kT )
gi

. Because both events Qj(t)
gj
≤

Qi(t)
gi

and Qj(t)
gj
≥ Qi(t)

gi
infinitely occurs, there exists a period ∆Tk <∞ such that Qj(kT−∆Tk)

gj
≤

Qi(kT−∆Tk)
gi

is true.
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Qj(kT )
gj

=
1

gj
1

kT

∫ kT

0
N j(u)du

=
1

gj

{
1

kT

∫ kT

kT−∆Tk

N j(u)du+
kT −∆Tk

kT

1

kT −∆Tk

∫ kT−∆Tk

0
N j(u)du

}
=

1

gj

{
1

kT

∫ kT

kT−∆Tk

N j(u)du+
kT −∆Tk

kT
Qj(kT −∆Tk)

}
=

1

kTgj

∫ kT

kT−∆Tk

N j(u)du+
kT −∆Tk

kT

Qj(kT −∆Tk)

gj

≤ 1

kTgj

∫ kT

kT−∆Tk

N j(u)du+
kT −∆Tk

kT

Qi(kT −∆Tk)

gi

Because Qj(kT−∆Tk)
gj

− Qi(kT−∆Tk)
gi

≤ 0 at the time kT −∆Tk, we have

Qj(kT )

gj
− Qi(kT )

gi
≤ 1

kTgj

∫ kT

kT−∆Tk

N j(u)du+
kT −∆Tk

kT

Qi(kT −∆Tk)

gi
− Qi(kT )

gi

Qj(kT )

gj
− Qi(kT )

gi
≤ 1

kTgj

∫ kT

kT−∆Tk

N j(u)du+
1

kT

∫ kT−∆Tk
0 N i(u)du

gi
− 1

kT

∫ kT
0 N i(u)du

gi

Qj(kT )

gj
− Qi(kT )

gi
≤ 1

kTgj
(

∫ kT

kT−∆Tk

N j(u)du−
∫ kT

kT−∆Tk

N i(u)du)

Qj(kT )

gj
− Qi(kT )

gi
≤ (N j(kT −∆Tk) +M j(kT −∆Tk, kT ]) ∗∆Tk

kTgj

0 ≤ Qj(kT )

gj
− Qi(kT )

gi
≤ (N j(kT −∆Tk) +M j(kT −∆Tk, kT ]) ∗∆Tk

kTgj

Note that ∆Tk
T < ∞ and M j(kT − ∆Tk, kT ] < ∞ where M j(kT − ∆Tk, kT ] is a random

variable of the number of arrival requests routed to the queue j during the period ∆Tk. Second,

we consider another possible event that Qj(kT )
gj

≤ Qi(kT )
gi

at the time kT . Similarly, T is chosen

to be sufficiently large such that Qj(kT−∆Tk)
gj

≥ Qi(kT−∆Tk)
gi

is true at the time kT − ∆Tk. By

following the same steps, we can derive

0 ≤ Qi(kT )

gi
− Qj(kT )

gj
≤ (N i(kT −∆Tk) +M i(kT −∆Tk, kT ]) ∗∆Tk

kTgi

Therefore,
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∣∣∣∣Qi(kT )

gi
− Qj(kT )

gj

∣∣∣∣ ≤ εk(i, j)
where εk(i, j) , max( (Nj(kT−∆Tk)+Mj(kT−∆Tk,kT ])∗∆Tk

kTgj
, (N i(kT−∆Tk)+M i(kT−∆Tk,kT ])∗∆Tk

kTgi
) is

a new random variable. Next, we want to show that limk→∞ εk(i, j) = 0 for all i 6= j.

Also, we need the fact that limt↑∞
Nj(t)
t = 0. Priorly, if λ <

∑
j µ

j and the JSW-QL policy

is used, then all queues will be stable. If all queues are stable, then limt→∞
Uj(t)
t = 0 by the

definition of the stability. Recall that U j(t) =
∑Nj(t)

k=1 sk + Rj(t) where sk is the size of the

request, N j(t) is the queue length of queue j at time t, and Rj(t) is the residual loads of server

j at time t. So, if limt→∞
Uj(t)
t = 0 for all j = 1, 2, ...,m, then limt→∞

Nj(t)
t = 0 because sizes

of all requests are finite.

As a result, limt→∞N
j(t)/t = 0 for all j ∈ {1, 2, ...,m}. Also, M j(kT − ∆Tk, kT ] < ∞

because λ <
∑

j µ
j, and ∆Tk

T <∞.

lim
k→∞

(N j(kT −∆Tk) +M j(kT −∆Tk, kT ]) ∗∆Tk
kTgj

→ 0, ∀j = 1, ...,m

Thus, limk→∞ εk(i, j) = 0.

Now, we consider at every time kT for k = 1, 2, .... If
∣∣∣Qj(kT )

gj
− Qi(kT )

gi

∣∣∣ ≤ εk(i, j) for all

i 6= j, then

0 ≤
∣∣∣∣Qj(kT )

gj
− Qi(kT )

gi

∣∣∣∣ ≤ εk(i, j)

0 ≤ lim
k→∞

∣∣∣∣Qj(kT )

gj
− Qi(kT )

gi

∣∣∣∣ ≤ 0

Q̄j

gj
=

Q̄i

gi
, ∀j 6= i

where i, j ∈ {1, 2, ...,m}. In other words, the long-run average queue length Q̄j will converge

to a particular finite value for all queues, or Q̄j

gj
= limt↑∞

1
t

∫ t
0 N

j(u)du

gj
= γ for some γ <∞ and

for all j ∈ {1, 2, ...,m}. Thus, the result holds.

In addition, if T̄ j is the average of the waiting time at queue j and λj is the input traffic rate

routed to queue j, then, by Little’s law, the result from Lemma 4.3.2 become λj T̄ j

gj
= λkT̄k

gk
,∀j 6=

k where j, k = 1, 2, ...,m. This result will allow us to design a new policy.

By Lemma 4.3.2, the threshold of Q̄j/gj is shown to converge to the same value for all

j = 1, 2, ...,m. It is observed that the JSW-QL policy can be utilized to bound the average
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queue length Q̄j by the constraint gj , instead of the waiting time. Its convergence property is

desirable for system operators because the policy guarantees that Q̄j/gj = γ for some γ > 0.

When the vector of bounds ~g is given, if the problem of bounding queue lengths is feasible, the

policy will produce Q̄j/gj ≤ 1,∀j = 1, ...,m. It means that the average queue lengths of all

queues are bounded by the constraints. On the contrary, if the problem is infeasible, Q̄j/gj ≤ γ
for some γ > 1. Still, the average queue lengths are on the convergence line.

However, we are interested in bounding the average waiting time of queues, instead of

the average queue lengths. We will see through simulation results that even if the problem of

bounding the average waiting time is feasible, the JSW-QL policy can violate the waiting time

constraints. How can we solve this issue ? We use the key fact that Q̄j/gj = Q̄k/gk for all j 6= k

to design a new policy. If the limit of input traffic rate (λj) and the average waiting time (T̄ j)

exist, then, by Little’s law,

λj T̄ j

gj
=
λkT̄ k

gk
, ∀j 6= k

In addition, if λj can be known in advance for all j, then we can replace a new bound

ĝj = λjgj to the previous bound gj . The JSW-QL policy will produce the following result.

λj T̄ j

ĝj
=

λkT̄ k

ĝk
,∀j 6= k

T̄ j

gj
=

T̄ k

gk

As a result, the threshold T̄ j/gj will converge to the same value, instead of Q̄j/gj . If the

problem of bounding waiting times is feasible, or T̄ j/gj ≤ 1,∀j, then the average waiting time

at all queues will be bounded. However, the value of λj cannot be known in advance, so we

need an adaptive mechanism to update this quantity. Thus, we propose an adaptive policy that

utilizes the value of λj to update the bound gj at every time period T . The policy definition is

described as follows.

First, at every time k ∗T for k = 0, 1, 2, ..., the policy computes λj(kT ) and updates gj(kT )

by

gj((k + 1)T ) = λj((k + 1)T )gj

where λj(kT ) is the arrival rate to queue j from the starting time to time kT and λj(0) = 1.

Also, gj(kT ) is the adaptive bound used by the policy for queue j between time kT and (k+1)T

and gj(0) = gj .
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Second, the policy routes the n-th arrival request at time tn to the queue with the minimum

value of

j∗ = arg min
l=1,...,m

Qj(tn)

gj(kT )

for some k = 0, 1, 2, ... where kT ≤ tn ≤ (k+ 1)T . Moreover, this policy is called Adaptive

JSW-QL (A-JSW-QL). According to our simulation, it is verified that the policy will produce

the convergence of the average waiting time at all queues, or T̄ j

gj
= γ for all j = 1, 2, ...,m. As

a result, it possesses the desirable property, which guarantees that if the problem is feasible,

the average waiting time at all queues will be bounded. In contrast, if the problem is infeasible,

the average waiting time at all queues will be on the convergence line and out of the feasible

region. Next, performance evaluations of all dynamic policies will be studied.

4.4 Evaluation of dynamic policies

In this section, we conduct simulations to evaluate how these dynamic policies perform, what

the characteristics of the policies are and relationships among them. Ideal dynamic policies such

as JSW-W and T-JSW-W policies will be firstly evaluated and then followed by implementable

policies, such as JSW-QL, T-JSW-QL and A-JSW-QL policies.

4.4.1 Ideal dynamic policies

First, we investigate the performances of the JSW-W and T-JSW-W policies. Specifically, we

address the following questions. Can the JSW-W policy be applied to bound the average waiting

time ? Suppose that the JSW-W policy is used to bound the average waiting time, but the

problem is infeasible. What will the JSW-W policy do ? What is the feasible region of both

JSW-W and T-JSW-W policies ? How is the feasible region changing when traffic intensity is

varying ? What is the relationship between the JSW-W and T-JSW-W policies ? How will the

feasible region change if the update period T is increasing/decreasing for the T-JSW-W policy

? Is the JSW policy better the T-JSW policy in term of delays ? If T is sufficiently small, Does

the T-JSW-W policy behave like the JSW-W policy ? How do both JSW-W and T-JSW-W

policies converge in the long run ? (Lemma 4.3.1)

Policy : JSW-W

Prior questions related to the JSW-W policy are answered by the following results.

First, we investigate whether the JSW-W policy can be used to bound the average waiting

time or not. We set (g1, g2) to (4, 16), (5, 15), ..., (15, 5), (16, 4) where g1 + g2 = 20. In Figure

106



Figure 4.1: (a) The average waiting time at Queue 1 VS the average waiting time at Queue
2 for JSW-W policy when g1 + g2 = 20 for M/M/m/JSW-W system, (b) Feasible region for
M/M/m/JSW-W when (µ1, µ2) = (11, 11), (16, 6), (8, 14)

4.1, if (g1, g2) = (7, 13), (8, 12),..., (12, 8), (13, 7), then the average waiting time is bounded

by the constraints. However, if (g1, g2) = (4, 16), (5, 15), (6, 14) , (14, 6), (15, 5), (16, 4), the

bound constraint is violated. When ~g is infeasible, the policy tends to move T̄ j close to gj =

minl∈{1,...,m} g
l as much as it could. For example, when (g1, g2) = (4, 16), (T̄ 1, T̄ 2) = (3, 19).

Similarly, when (g1, g2) = (16, 4), (T̄ 1, T̄ 2) = (19, 3).

Second, we show what the feasible region of the JSW-W policy is. In Figure 4.1(b), we

plot the feasible region of the JSW-W policy when (µ1, µ2) = (11, 11), (16, 6) and (8, 14).

The weighted parameters (c1, c2) , (1/g1, 1/g2) are set to (0.01, 0.99), ..., (0.99, 0.01). If (c1, c2)

varies from (0.01, 0.99) to (1, 99), then T̄ j will still be the same because the policy yields the

same decision sequences. In Figure 4.1 (b), if µ1 = µ2, the feasible line is symmetric. However,

if µ1 > µ2, the line will be shifted toward queue 1 when it is compared to the symmetric case.

T̄ 1 will be closer to zero if µ1 > µ2 and g1 << g2. In contrast, there will be a larger gap between

the feasible points and the axis if g1 >> g2. Similarly, if µ1 < µ2, the opposite result is shown.

Next, if the traffic intensity is changed, the following result shows how the feasible region

will be moved. In Figure 4.2 (a), if the input traffic rate (λ) increases from 0.4 to 1.0, then

the limit of the average waiting time will increase toward the upper-left side. Also, its feasible

region will decrease if λ increases.

If the problem is feasible, then there always exists a weighted parameter (c1, c2) such that

the limit points are bounded by the constraints. However, if the problem is infeasible, what

will the JSW-W policy do ? According to Figure 4.2(b), we perform an experiment with the

M/M/m/JSW-W system by fixing g1 at 10 and varying g2 from 20 (feasible) to 1 (infeasible).

When (g1, g2) = (10, 8), the average waiting time will approach the infeasible region. After

the bound ~g becomes infeasible, the policy attempts to move in the direction that minimizes
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Figure 4.2: (a) Feasible region for M/M/m/JSW-W when λ = 0.4, 0.6, 0.8, 1.0, (b) Limiting of
the average waiting time for M/M/m/JSW-W when (g1, g2) is changed from (10, 20) to (10, 1)
(until the bound is impossible).

|h− T̄ j | where h = minl∈{1,...,m} g
l.

In addition, we determine how the JSW-W policy moves the average waiting time for dif-

ferent constraints and how its delays converge in the long-run. In Figure 4.3(a), if (g1, g2) are

set to (10, 15) and (5, 45), the average waiting time computed at every decision is moving in the

direction that minimizes the distance between (T̄ 1, T̄ 2) and (g1, g2). Moreover, the convergence

of the policy is tested and its result is shown in Figure 4.3(b). It is seen that |T̄ 1/g1 − T̄ 2/g2|
will converge within a finite distance, but both of T̄ 1/g1 and T̄ 2/g2 are not necessary the same.

Policy : T-JSW-W

More simulations are conducted to assess the characteristics of the T-JSW-W policy and rela-

tionships with the JSW-W policy.

We attempt to determine the feasible region of T-JSW-W. In Figure 4.4(a), results for

both the M/M/2/T-JSW-W and the Bi/Bi/2/T-JSW-W systems are shown when T = 10 and

(µ1, µ2) varies. If (µ1, µ2) = (11, 11), (16, 6) and (8, 14), the expected job size E[s] is set to 20.

Otherwise, E[s] is set to 40. In addition, λ = 1 for all cases. If all service rates at all servers

are equal, the feasible curve will be symmetric. However, if µ1 > µ2, the curve will be shifted

toward the y-axis when compared to the symmetric case, and vice versa for µ1 < µ2.

Unlike the JSW-W policy, the T-JSW-W policy updates feedback of queue states at every

time period T . It can be expected that those decision sequences made by the JSW-W policy

will outperform those made by the T-JSW-W policy in terms of delays. So, we verify whether

the feasible space of the T-JSW-W policy is smaller than that of the JSW-W policy or not. The

results for the Bi/Bi/2 system with T = 0.5 and T = 1 are demonstrated in Figure 4.4(b). The
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Figure 4.3: (a) Trajectory for M/M/m/JSW-W when (g1, g2) = (10, 15), (5, 45), (b) Evolving
of cj T̄ jn for j = 1, 2 as total number of arrivals increasing for M/M/m/JSW-W when (g1, g2) =
(10, 15), (5, 45)

Figure 4.4: (a) Feasible region of T-JSW-W policy when T = 10, (b) Performance comparison
between JSW-W and T-JSW-W policies

average waiting time of queues under the JSW-W policy is lower than that under the T-JSW-W

policy. In particular, (T̄ 1, T̄ 2) of the T-JSW-W policy is seen as the upper bound of the result

of the JSW-W policy. When T becomes sufficiently small (e.g., T = 0.5), the feasible line of the

T-JSW-W policy is almost the same as the JSW-W policy.

Furthermore, we study how the feasible regions of the T-JSW-W policy changes when T is

different. The results are shown in Figure 4.5 for both homogeneous and heterogeneous systems

where T = 0.5, 1, 5 and 10. The systems are M/M/2 and Bi/Bi/2. Similar results can be shown

for others. From the results, the feasible region of the T-JSW-W policy will become smaller if

T increases. Also, the T-JSW-W policy with a larger period T will be dominated by that with

a smaller period.
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Figure 4.5: (a) Feasible region of T-JSW-W when servers are symmetric and T is varying, (b)
Feasible region of T-JSW-W when servers are unsymmetric and T is varying

Figure 4.6: (a) Actual distance of |c1T̄ 1 − c2T̄ 2| when T = 1 for T-JSW-W when µ1 6= µ2 (b)
Actual distance of |c1T̄ 1 − c2T̄ 2| for JSW-W when µ1 6= µ2

According to the previous analysis (Lemma 4.3.1), the distances of T̄ j/gj between any two

queues are finite. To verify this result, we conduct an experiment by fixing g1 at 20 and varying

g2 from 1 to 20. The actual distances of T̄ j/gj among queues are plotted in Figure 4.6 for both

JSW-W and T-JSW-W policies. We set µ1 6= µ2. If g2 increases, the distance will decrease and

approach to zero for both cases. In contrast, if g2 decreases, the distance will increase. These

are true because both policies attempt to achieve T̄ 2 ≤ g2 for small values of g2, so T̄ 1 will be

substantially increased. As a result, |T̄ 1/g1 − T̄ 2/g2| becomes larger.

Next, we discuss the performance of implementable dynamic policies.
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Figure 4.7: (a) Feasible region of JSW-QL,T-JSW-QL, and JSW-W for M/M/2, (b) Feasible
region of JSW-QL,T-JSW-QL, and JSW-W for Bi/Bi/2

4.4.2 Implementable dynamic policies

In this section, we investigate how implementable policies such as JSW-QL, T-JSW-QL and

A-JSW-QL perform in terms of waiting time. In particular, simulation is conducted to address

the following questions. What are the feasible regions of the JSW-QL and T-JSW-QL policies

? What is the relationship between JSW-QL and JSW-W policies ? How do the average queue

lengths under the JSW-QL policy converge ? (Lemma 4.3.2) Can the JSW-QL policy be used

to bound the average queue lengths ? When the bound ~g is given, Can the JSW-QL policy be

used to bound the average waiting time if the problem is feasible? If not, How can we solve it ?

Does the average waiting time converge if the A-JSW-QL policy is used ? Can the A-JSW-QL

policy be used to bound the average waiting time ?

Policy : JSW-QL and T-JSW-QL

Feasible regions for JSW-QL and T-JSW-QL policies are firstly determined and depicted in

Figure 4.7. The results are evaluated for the M/M/2 and Bi/Bi/2 systems, and similar results

are expected for other systems. Their feasible regions are also compared to those of the JSW-W

policy to determine the relationship between ideal and implementable policies. According to

the results, the JSW-W policy outperforms both of implementable policies because it employs

the future knowledge for making routing decisions. The average waiting time resulting from the

T-JSW-QL policy is higher than that resulting from the JSW-QL policy. Note that all feasible

regions of policies are convex.

Second, we investigate whether the JSW-QL policy can be utilized to bound the average

waiting time for the given bound (g1, g2) or not. The result is shown in Figure 4.8(a) where

~g = (20, 20) and the system is M/M/2. Also, the long-run average delays of queues under the
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Figure 4.8: (a) Bounding average waiting time of queues by JSW-W and JSW-QL when
~g = (20, 20), (b) Bounding average queue length of queues by JSW-QL when ~g =
(20, 20), (20, 15), (20, 10), (20, 5)

JSW-QL policy are compared with those under the JSW-W policy. According to the result,

the average waiting time of both queues can be bounded when the JSW-W policy is applied.

However, the JSW-QL policy cannot achieve the same bound and (T̄ 1, T̄ 2) ∼= (12.5, 36). Even

if the problem is feasible, the JSW-QL policy can violate the constraints. Hence, the policy is

not appropriate for bounding delays.

Even though the JSW-QL policy should not be used to bound the average waiting time, it

can be applied to bound the average queue lengths. In Figure 4.8(b), we demonstrate how the

JSW-QL policy is used to bound the average queue lengths. The system in our consideration

is M/M/2/JSW-QL. When ~g is set to (20, 20), (20, 15), (20, 10) and (20, 5), both Q̄1 ≤ g1 and

Q̄2 ≤ g2 are true. In addition, Q̄j/gj converges to the same value for all j = 1, 2 and it is on the

same convergence line. If the problem is feasible, the policy guarantees to achieve the bound

( Q̄
j

gj
≤ 1, ∀j). So, it is more appropriate to bound the average queue length rather than the

average waiting time.

Similarly, the convergence property of the JSW-QL policy is further investigated, and the

result is shown in Figure 4.9(a). According to Lemma 4.3.2, the threshold Q̄j

gj
converges to the

same value for all j = 1, 2, ...,m. In Figure 4.9(a), our simulation shows consistent results that

the limit Q̄j

gj
will converge and be equal for all j. The experiment is conducted for the M/M/2

and Bi/Bi/2 systems where (g1, g2) = (20, 6). Similar results can be shown for other types of

systems.

In short, the JSW-QL policy possesses the desirable property of the convergence of Q̄j/gj .

If bounding the average queue length Q̄j by the constraints gj is feasible, then the policy will

certainly achieve it. However, the policy cannot be utilized to bound the average waiting time

T̄ j by gj , which is shown in Figure 4.8(a). To solve the issue, we propose an adaptive version
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Figure 4.9: (a) Convergence of Average Queue Length (Q̄1/g1 = Q̄2/g2) when ((g1, g2) =
(20, 6), (b) Bounding the average waiting time by A-JSW-QL policy

of the JSW-QL policy, or the A-JSW-QL policy, where its definition is stated previously.

Policy : A-JSW-QL

The following simulation is conducted to verify whether the A-JSW-QL policy can be used

to bound the average waiting time T̄ j by the constraint gj for all j = 1, 2, ...,m. Intuitively,

the policy adaptively modifies the values of gj , so that the threshold T̄ j/gj will converge to a

specific value (γ) for all j where γ > 0. If the problem is feasible, T̄ j ≤ gj will be true for all j =

1, 2, ...,m. In Figure 4.9(b), M/M/2 system is considered where ~g = (25, 25), (20, 35), (35, 20).

According to the results, T̄ 1/g1 and T̄ 2/g2 are on the convergence line, or T̄ j/gj converges to

the same value. In addition, the A-JSW-QL policy produces T̄ j/gj ≤ 1 for all j, but T̄ j > gj

for some j when the JSW-QL policy is used. Nevertheless, the A-JSW-QL policy performs

slightly worse than the JSW-QL policy does in terms of delays. Also, its time for convergence

is slower than that of the JSW-QL policy because the A-JSW-QL policy requires more time

for the convergence of the arrival rate λ1(kT ), ..., λm(kT ). The arrival rate λ1(kT ), ..., λm(kT )

will be used to periodically update the values of g1(kT ), g2(kT ), ..., gm(kT ). Also, these routing

decisions will result in the convergence of the average waiting time of queues according to our

discussions after Lemma 4.3.2.

4.5 Static VS Dynamic policies

In Chapters 3 and 4, we showed how to bound the average waiting time by using both static

and dynamic policies. Both types of policies have different advantages and disadvantages. For

static policies, there is no feedback control, so communication overhead is low which leads to
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Figure 4.10: (a) Comparison of feasible region between static and dynamic Policies, (b) Com-
parison of solutions between static and dynamic Polices

inferior performance. For dynamic policies, the states of queues or waiting times are continuously

required by the dispatcher to make routing decisions; hence, high bandwidth costs are incurred.

Still, most dynamic policies are expected to result in lower average delays than those resulting

from static policies. Thus, it compels us to compare the performance of both types of policies.

Next, we will determine the relationship and the performances between static policies and

dynamic policies. In particular, we attempt to answer the following questions. How is the

difference of the feasible regions for both static and dynamic policies ? When the same vector

~g is given, Which policies have the best solution (the lowest average waiting time) ?

Consequently, the simulation results for determining the relationships between static policies

(e.g., BS,WRR) and dynamic policies (e.g., JSW-W,T-JSW-W,JSW-QL,A-JSW-QL) are shown

in Figure 4.10. The feasible regions of all policies are plotted in part(a) where the systems are

M/M/2 and Bi/Bi/2 and the servers are homogeneous and heterogeneous. When servers are

homogeneous, the policies can be listed in a descending order of the average waiting time as

follows : BS �WRR2 � T−JSW−W,JSW−QL � JSW−W . On the contrary, when servers

are heterogeneous, the order is listed as follows : WRR2 � BS � T − JSW −W,JSW −QL �
JSW −W . Note that these results are true only for our current settings. They may not be true

for other cases.

When the same bound ~g is given, we want to determine which policies will give us the best

solution. The comparisons among solutions of BS, T-JSW-W, JSW-W, JSW-QL and A-JSW-

QL policies is shown in Figure 4.10(b) where (g1, g2) = (4, 20) and servers are heterogeneous.

The average waiting time of the BS policy is determined by the prior LP formulation, which

is discussed in Chapter 3. It is shown that the JSW-W policy has the best solution whereas

the T-JSW-W and A-JSW-QL policies are better than the BS policy. The WRR policy is not
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considered here because its feasible region is beyond the constraints. Still, the threshold T̄ j/gj

is on the convergence line when the A-JSW-QL policy is used.

4.6 Conclusion

In this chapter, we determine a subset of dynamic policies that can be deployed to bound the

average waiting time. Policies can be categorized into ideal and realistic policies. Ideal policies

require full knowledge of waiting time, but realistic policies utilize only information of the

average queue lengths at servers. Stability and convergence analyses are elaborated for both

types of policies. Their performances are mainly evaluated by simulations.

According to the results, the JSW-W and T-JSW-W policies are shown to be capable of

bounding the average waiting time for most cases. However, both of them are not implementable

because they utilize the future knowledge of waiting time of requests. In practice, both JSW-

QL and T-JSW-QL policies are typically used. The JSW-QL policy has a desirable convergence

property of the average queue length, but its average waiting time may violate the constraints.

As a result, an adaptive version of the policy, or A-JSW-QL, is proposed and verified by simu-

lation that it has capability of bounding the average waiting time.
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Chapter 5

Scheduling Control for Complex

Structure Tasks

Recently, jobs with highly intensive computation in scientific fields such as workflow applications

have become prevalent. Demands for these types of jobs are increasing and moving toward data

centers. Typically, these workflow applications are modelled as Directed Acyclic Graph (DAG).

Since energy and network congestion in data centers are important issues for service providers,

a new allocation framework has to be developed to support these emerging requirements. In

this chapter, we focus on problems of maximizing job flows and allocating DAG requests to

optimize energy and network costs with respect to power and time constraints.

5.1 Introduction

Demands for computing services are increasing as well as complexity of workloads. For example,

workflow applications in scientific computing for genetic researches require highly intensive

computation to process a large amount of data. These applications are modelled as Directed

Acyclic Graphs (DAGs) [118], and they were driven by Grid computing in the past years [6].

A number of studies attempt to invent effective scheduling methods over this platform [33].

However, recent works put effort into running these applications in data centers [50] because

little attention has been paid to manage these workloads in data centers [25]. Hence, we focus

on how to assign incoming requests with complex structures to improve the performance of the

system.

In fact, three performance indices in data centers are power consumption, network congestion

and processing delays. Since a large number of electronic components are running in a data

center, power cost for operating the system is extremely high. In addition, these components

are connecting among each other via a network infrastructure, which is typically a tree-based
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topology. So, network congestions can readily occur, and this will incur long communication

delays among dependent tasks. Finally, delays are seen as the SLA between a service provider

and its customers, which has direct impact to the revenues. Thus, the performance can be

significantly improved if these quality indices are optimized. How do we do that ?

First, power consumption can be reduced by controlling processing rates of servers while

keeping delays at an acceptable level. Each server consumes different amounts of energy to

operate at specific processing rates, which are dependent on operating voltages and frequencies.

The processing rates affect two performance indices : completion time and power cost. It is not

necessary for servers to run at maximum rates if a completion time still meet a deadline. In

other words, if the system feeds sufficient power to complete jobs within the deadlines, then the

power cost will be maintained at the minimal level without degradation of service qualities.

Next, a workflow application is composed of multiple subtasks with dependencies among

them, so congestion can cause a considerable amount of delays. However, by exploiting con-

gestion states, a job scheduler can allocate these subtasks to avoid low congestion links and

improve network performance. In a data center, a practical network is depicted in Figure 5.1.

All servers are connected through a number of switches and routers by the tree-based topology.

This structure will cause heavy congestion over a shared link if a large amount of traffic is pass-

ing. Still, it is feasible to implement a network monitoring system to measure congestion levels

at links among servers. The scheduler can employ feedback information to alleviate congestion

in networks.

In terms of delays, service providers are compelled to complete these applications within

their deadlines according to a SLA contract. A deadline violation will incur a high penalty cost,

which will lower their revenue. To maximize profits, the job scheduler is responsible for assign-

ing requests over servers and controlling their processing rates, so that deadlines of incoming

requests are met and power consumption is at the minimal level.

Energy costs, network congestion, and delays are critical performance indices, and they are

a trade-off among each other. As a result, we focus on how to allocate workflow applications

to optimize these performance metrics in this work. In particular, when a workflow with a

deadline is given and system states are monitored, the job scheduler has to assign subtasks on

parallel servers and scale power at servers to optimize these costs. So, a quality of services can

be guaranteed at a certain level.

Related works are discussed next. Most of them can be categorized in the following areas :

makespan minimization [76, 91, 11, 34, 104, 42], energy cost minimization [124, 72, 67, 10, 100,

71], multiple flow scheduling [14], and other objective functions [123, 64, 51].

In early works, a number of studies attempted to propose scheduling methods to minimize

the makespan such as [76, 91, 11, 34, 104, 42]. For instance, the authors of [104] invented

Heterogeneous Earliest-Finish-Time (HEFT) and the Critical-Path-on-a-Processor (CPOP) al-
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gorithms for minimizing makespans of each incoming request. Some works also attempted to

optimize the makespan together with other functions such as [42]. The authors of [42] proposed

a dual objective scheduling for minimizing the makespan and maximizing resource utilization.

However, recent studies have focused on optimizing energy costs with respect to deadline

constraints such as those in [71, 10]. According to [71], the authors proposed a scheduling

algorithm for a heterogeneous platform, and their method is called “Efficient-Energy based Task

Clustering Scheduling” (EETCS) which requires two phases. First, the algorithm constructs

clusters of tasks of each request and then duplicates them over multiple processors to minimize

the makespan. Second, it generates a list of schedules to minimize energy dissipation over

communication links and computing nodes.

Also, a heuristic method for minimizing both makespan and power costs was developed by

the authors of [10]. Their method is the combination between Decisive Path Scheduling (DPS)

[86] and Dynamic Voltage Scheduling (DVS). Both of them are used to minimize completion

time and energy cost. DVS ([99]) is well-known for dynamic scaling of voltage and frequency

during idle time of servers to reduce power dissipation. Similar to [71], their algorithm requires

two phases for assigning tasks over servers. First, DPS is executed to minimize the makespan,

and then an approximation of power cost for each server is computed. Then, DVS adjusts

operating voltages and frequencies according to idle time from the first phase while keeping the

completion time within the deadline.

In addition, other work focuses on different objectives such as load balancing, fairness,

business goals, and throughput. For instance, the authors in [64] proposed an algorithm to

minimize the total business cost for executing workflow applications. A method for maximizing

resource utilization was investigated in [119] whereas an algorithm for maximizing throughput

was developed in [51]. Other objectives such as load balancing and fairness are discussed in

[123].

Nevertheless, workflow applications typically have a large amount of data to be processed

and transferred among different servers, but little attention has been paid to investigate a

scheduling method when a network cost such as congestion is included. These network states

vary over time, and they are dependent on background processing jobs. According to [107], the

authors stated how networks can affect makespans of requests in Grid computing. Therefore, a

significant improvement can be made by using these network states as explained in the previous

discussion.

Unlike others, we provide an allocation framework for workflow applications when energy,

network, and delay are included. In this work, both energy costs at servers and congestion

costs over links are presumed to be observable by the scheduler. By utilizing this information,

the scheduler will assign the incoming requests to resources, so that it minimizes energy and

congestion costs with respect to deadline and power budget constraints.
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Figure 5.1: An example of a practical network in data centers

Additionally, most works attempted to design a number of heuristic scheduling methods, but

only few studies provided theoretical analyses. For this reason, we derive a detailed analysis for

computing a capacity’s bound of the system and a stability condition. In particular, an optimal

execution time for allocating a group of DAGs will converge if a number of DAGs in a group

increase to infinity. Also, it can be expressed as a function of a total sum of expected service

time and a number of resources. By this result, the capacity’s bound can be computed, and it

is verified that both theoretical and simulation results are consistent.

In short, our contribution is three-fold. First, theoretical results for the capacity’s bound

and a stability condition are provided (also shown in [97]). Next, a super-job static scheduling

is proposed and verified by simulations that it can achieve a throughput close to the capacity’s

bound. Lastly, a heuristic scheduling method is proposed to optimize energy, network and delay

costs.

The remainders of this chapter are organized as follows. Our framework for allocating DAG

jobs is discussed in section 5.2. Next, a basic system model, assumptions of job structures

and arrival statistics, performance indices and our problem are provided in section 5.3. Then,

analytical results and an algorithm for maximizing the throughput are shown in section 5.4.

Also, a heuristic DAG scheduling method for optimizing energy, congestion and delay costs is

investigated in section 5.5. Finally, performances of these methods are evaluated by simulations

in section 5.6, and a conclusion is discussed in section 5.7.

5.2 Allocation framework

In this section, our basic framework for allocating DAG jobs is illustrated in Figure 5.2. It

composes of six main components such as an admission control unit, a feasibility evaluation

unit, a resource classification unit, an energy information center, a network monitoring unit,

and a job scheduler. Their functions are explained below by starting from an arrival time of an
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Figure 5.2: A DAG allocation framework

incoming request.

When a workflow arrives, it will be evaluated by the admission control unit to receive a

permission to join the system. The admission control unit transfers a graph structure, a deadline

and an energy budget of the request to the feasibility evaluation unit. Then, it assesses if the

request can be completed within the deadline by using knowledge of resource types provided

by the classification unit. If the problem is feasible by available resources, the request will be

admitted into the system. Otherwise, it is rejected. After joining, subtasks of each request will

be scheduled on servers by the scheduler. It will use system states from the energy center and

the network monitoring to maximize a performance gain.

In addition, we investigate two cases when a power control feature of servers is enabled and

disabled. If the power control is off, the scheduler will not have an authorization to control

power at all servers. It can only observe states of power consumption of servers before the

scheduling. On the contrary, if the power control is on, the scheduler will be allowed to change

parameters for scaling power up or down. A specific power profile can be set for each server, so

that each job is completed by the deadline and the minimal energy usages.

In practice, both energy and congestion states are highly dynamic and fluctuating over

time. By using feedback and power control, the scheduler can assign subtasks to achieve a dual

objective of minimizing an estimation of total energy and congestion costs. However, we focus

solely on implementing functions of the admission, feasibility and scheduler units in this work.

Next, assumptions for system models, arrival statistics, performance indices and the problem

statement will be discussed.
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5.3 Problem formulation

In this section, a basic system model, statistical assumptions for arrivals, performance indicators

and our problem statement are described. First, details for a system model such as servers, their

power models and communication links are discussed. Next, assumptions for the structures of

DAGs and statistics are provided. In addition, our interested performance indicators such as

deadline and energy budget are specified. Our goal will be stated at the end of this section.

5.3.1 Basic system architecture

We provide basic assumptions of the system model and details of server models here. Also,

models of power consumption at servers and communication links among them will be stated.

Our basic system model is composed of N parallel servers for some N ∈ {1, 2, ...}. Also,

there is a scheduler responsible for mapping the incoming workflows to multiple servers inside

a data center, but not to different centers. These servers are connected among others via a

particular network structure. Information such as power consumption at servers and congestion

levels between links can be observed by the scheduler. For consistency, let i, j and k be indices

of computing resources, subtasks of each graph, and incoming requests, respectively.

Assumptions of server models are discussed as follows. Since a total number of servers is

N , we let C = {c1, c2, ..., cN} be a set of all available resources where ci denote the i-th server.

Each resource ci has its own attributes such as processing power, memory and disk space.

For simplicity, we assume that each server has sufficient memory and disk space to run jobs.

Thus, we consider only processing rates of servers. Let R be a set of available service rates or

R = {r1, r2, ..., rM} (e.g., R = {0.5, 1, 2} in unit of Gips) where a total number of service rates

is M for some M ∈ {1, 2, ...}. Without loss of generality, we assume that r1 < r2 < ... < rM .

In addition, power control features are presumed to be available at all servers, and it can be

enabled or disabled by software. All servers are capable of using power scaling techniques such

as Dynamic Voltage and Frequency Scaling (DVFS). Let vfi be a voltage-frequency (v-f) profile

or vfi = (wi, fi) at the i-th server where wi and fi are the operating voltage and frequency

at server ci respectively. Let Iv−fi be a set of feasible discrete v-f profiles at the i-th server.

So, vfi ∈ Iv−fi and Iv−fi = {(w(1)
i , f

(1)
i ), ..., (w

(Li)
i , f

(Li)
i )} where a total number of profiles is

Li ∈ {1, 2, ...}. Power cost at each server is dependent on the selected v-f profile and is written

as

Ei(ci, vfi) = α ∗ w2
i ∗ fi

for some positive α, which is dependent on a type of servers and a number of active gates.

Ei(ci, vfi) is an energy cost per unit time at the i-th server for the selected v-f profile. Let
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r(ci, vfi) be the processing rate of ci when the profile vfi is applied (e.g. r(ci, vfi) = 1 Giga

instructions per sec(Gips)). Note that r(ci, vfi) is shorten to r(ci) if vfi is not applied (power

control is off).

Lastly, these servers are typically connected with others via a network of switches and

routers. So, we assume that bandwidth bottlenecks and congestion levels between any two

servers can be monitored by the scheduler. Let b(ci1 , ci2) be the bottleneck of physical bandwidth

between ci1 and ci2 for any i1 6= i2 and i1, i2 ∈ {1, 2, ..., N}. For example, b(ci1 , ci2) = 100 Mbps

or 10 Gbps. The bottleneck is drawn from a set B = {b1, b2, ..., bL} where a total number of links

is L (e.g. B = {1, 10, 100, 1000} in unit of Mbps). Without loss of generality, we assume that

b1 < b2 < ... < bL. The congestion cost between ci1 and ci2 that is observed by the k-th DAG is

denoted by hk(ci1 , ci2). It is drawn from general distribution every time a new request arrives.

Also, we define Hk , (hk(ci1 , ci2))N×N as an observed matrix of congestion costs between links.

5.3.2 Assumptions for DAGs and statistics

In this section, we provide assumptions for a basic structure of incoming requests, and their

statistical assumptions.

First, we specify a basic structure of incoming workflows. The k-th arrival is characterized

by a Directed Acyclic Graph, or Gk = (Vk, Ek), where Vk is a set of subtasks (nodes) and Ek

is a set of precedence constraints (edges) between subtasks. Let nk be a number of subtasks

of the k-th arrival and we assume that all workflows have finite subtasks (nk is finite for all

k ∈ {1, 2, ...}). Then, Vk , {v1
k, v

2
k, ..., v

nk
k } where vjk is the j-th subtask of Gk. Ek , {(vj1k , v

j2
k ) :

vj1k 6= vj2k and vj1k , v
j2
k ∈ Vk}. An edge between two subtasks exists if there is a directed link from

vj1k to vj2k . Assume that there is no cycles in Gk for all k ∈ {1, 2, ...}. For any (vj1k , v
j2
k ) ∈ Ek, vj1k

is a Parent node of vj2k whereas vj2k is a Child node of vj1k . Note that the precedence constraint

means that all parent nodes must be completed before the current node can start being executed.

Moreover, we assume that each DAG has only one Entry node and one Exit node. The

Entry node is a node without parents, and the Exit node is a node without children. Even if

the request has multiple Entry nodes, they can be merged into one Entry node by creating a

dummy node with zero size and connecting this new node to them. Similar steps can be done

to collapse multiple Exit nodes to one Exit node. Note that v1
k and vnkk denote Entry and Exit

nodes, respectively.

Each subtask is either a computing or a communication task where all edges have zero

cost. In other words, communication cost on edges are moved to subtasks. For each vjk, σ(vjk)

is defined as a size of vjk (or sometimes refer to σjk for short). Note that a unit of a size of a

computing task is an instruction, and a unit of a size of a communication task is a bit. For the

k-th arrival, ~σk = (σ1
k, σ

2
k, ..., σ

nk
k ) represents a vector of sizes of tasks for Gk. Each Gk is drawn
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from a set with a finite number of patterns G = {g1, g2, ..., gK} where a number of patterns is

K for some K ∈ {1, 2, ...}.
Next, statistical assumptions of arrival DAGs are discussed. Let τk be the interarrival time

between k-th and (k − 1)-th arrival (τk = (tk − tk−1) and t0 = 0). Define dk and ebudgetk as the

deadline and the energy budget for the k-th arrival where ebudgetk ∈ R+. Meanings of Gk and

~σk remain the same. We assume that an arrival process {Ak}∞k=1 , {τk, Gk, ~σk, dk, ebudgetk }∞k=1

is Random Marked Point process. Both τk and σjk are drawn from general distributions with

finite moments. Also, the arrival rate is computed by 1
E[τk] , λ. By [8], the arrival process is

Stationary and Ergodic process with respect to time shifts.

Furthermore, few more variables are defined here and used in our analyses later. Let σ̃jk be

the service time of vjk when it is assigned to a benchmark resource with a unit processing power.

Let ξk be the total normalized service time (task size), or ξk =
∑nk

j=1 σ̃
j
k. These notations will

be mainly used in section 5.4.

5.3.3 Performance indicators

When a request arrives, a service provider will be required to complete it subject to its deadline

and energy constraints. So, we define completion time and an energy cost per request as our

key performance metrics. We discuss how to calculate these two quantities next.

First, we show how to compute a completion time for each request. Each task in each Gk

has to be executed on a specific resource (e.g., a server or a link). Let ~qk = (q1
k, q

2
k, ..., q

nk
k ) be a

mapping vector from subtasks of Gk to resources where qjk is a resource that is assigned to the

task vjk. When the deadline dk is given, the expected completion time is seen as a function of

Gk, ~σk and ~qk. Thus, let δAk be the expected completion time of Ak. Under this setting, δAk can

be explicitly written. Before that, when the task vjk is assigned to qjk, we define Earlier Start

Time (EST) as

EST (vjk, q
j
k) =

{
AT (qjk) if j = 1

max{AT (qjk), Tpred(v
j
k)} Otherwise.

where AT (qjk) is the available (earliest) time that qjk can start executing vjk and

Tpred(v
j
k) = max

vlk∈pred(vjk)
{EST (vlk, q

l
k) +

σlk
r(qlk)

}

where Tpred(v
j
k) is the maximum value of the estimated finish time of all parent nodes of

vjk. pred(vjk) = {vlk ∈ Vk : (vlk, v
j
k) ∈ Ek} is the set of all parent nodes. Also, r(qlk) is the service

rate (processing rate or link bandwidth) of the resource qlk.

In addition, we define Estimated Finish Time (EFT) as the finish time of the task vjk when

123



it is assigned to qjk.

EFT (vjk, q
j
k) = EST (vjk, q

j
k) +

σjk
r(qjk)

Hence, the estimated completion time δAk is indeed the EFT of the last task in Gk. Thus,

the deadline constraint is

δAk = EFT (vnkk , qnkk ) ≤ dk (5.1)

Next, we show how to compute the expected energy cost per arrival. We consider when

power control enabled and disabled. Define ejk(ci, vfi) as the energy consumption at the server

ci with v-f profile vfi for the task vjk. When power control is enabled, if vjk is a computing task,

ejk(ci, vfi) can be written by

ejk(ci, vfi) = Ei(ci, vfi) ∗ t(σjk, r(ci, vfi))

where t(σjk, r(ci, vfi)) is the service time to complete vjk at server ci with vfi profile. Ei(ci, vfi)

is the energy consumption per unit time at the server ci as previously mentioned. In contrast,

if vjk is a communication task, then ejk(ci, vfi) = 0. So, the total energy cost per arrival is

calculated by

etotk =

nk∑
j=1

ejk(ci, vfi)

and this cost has to be satisfied by the budget constraint ebudgetk . Otherwise, a penalty cost

will be incurred to the service provider.

etotk ≤ e
budget
k (5.2)

However, when the power control is disabled, power costs at servers can only be observed by

the scheduler. Let ~eobservedk = (eobservedk (c1), ..., eobservedk (cN )) be a vector of energy costs observed

by Ak where eobservedk (ci) is an energy cost monitored at the server ci. So, ejk(ci, vfi) is replaced

by eobservedk (ci) if vjk is assigned to ci, and the total cost is computed by the same way.

5.3.4 Problem statement

Now, we are ready to state our target problem. In short, we want to incorporate physical in-

formation (computing power r(ci, vfi) and physical bandwidth b(ci1 , ci2)) together with system

states (energy costs ~ek and congestion costs Hk) into the scheduling process. Also, both delay

and energy costs per arrival have to be controlled under the constraints. In particular, when
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Figure 5.3: An example of job scheduling

the k-th job with the structure Gk arrives, the deadline dk and the budget ebudgetk will be known

to the scheduler. It will be responsible for mapping all tasks over specific resources to satisfy

δAk ≤ dk,

etotk ≤ ebudgetk

This mapping should cost the system a minimum price of power consumption and conges-

tion. Next, the analysis of the capacity bound and the stability condition will be discussed.

5.4 Throughput maximization

In this section, we provide analytical results that allow us to compute a normalized optimal

execution time for a group of infinite number of DAGs over parallel servers. The results lead us

to determine a capacity bound of the system and a stability condition. For simplicity, commu-

nication costs are neglected and homogeneous systems (all servers are identical) are considered

here. In addition, a simple scheduling method to maximize the throughput will be discussed.

5.4.1 Theoretical results

First, we demonstrate that allocating a group of jobs at the same time is more effective than

allocating jobs individually in terms of resource utilization. We show by examining the following

example in Figure 5.3. Let us consider a simple job with 5 tasks in Figure 5.3(a) where the size

of each task is one unit of instructions. We suppose that only two processors are available. Both

processor 1 and 2 (P1 & P2) have the same processing power, which is equal to one. In Figure

5.3(b), the scheduling plan requires four units of time to finish a job. On the contrary, if two
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jobs are in the system, a new plan in Figure 5.3(c) can complete two jobs within five units of

time. Clearly, the scheduling choice in Figure 5.3(c) is more effective than that shown in Figure

5.3(b) in terms of utilization.

In other words, scheduling a group of requests together can reduce idle time of resources,

or scheduling’s holes, and increase the throughput of the sytem. We can take advantage of

this feature to compute the capacity bound of the system, and provide a simple algorithm to

maximize the throughput later.

In addition, we assume that our scheduling method will be processed as follows. The system

gathers m jobs with indices {k, k+ 1, ..., k+m− 1} in the buffer where k ∈ Z+, and it allocates

these jobs over servers together. During the current execution, the system collects the next

group of arrivals, and it will assign these jobs to servers after completing previous jobs. It

can be observed that scheduling’s holes decrease and the throughput increases as m increases.

However, the queueing delay will be worsen due to longer waiting time for grouping requests.

To calculate the bound, we first attempt to determine the asymptotic optimal execution time

for allocating infinite number of jobs under the optimal scheduling. Our main idea is described

here. When m increases to infinity and an optimal placement of these jobs is performed over

servers, all scheduling holes will be eliminated, or resource utilization will be at the maximum

level. Note that if knowledge of job sizes and service rates at servers are known, there always

exists an optimal placement of jobs over servers. So, we assume that there exists an optimal

algorithm for processing m jobs. If the optimal execution time per job can be compute, then it

will be feasible to determine the upper bound of the optimal throughput because the maximum

completion rate of jobs per unit time is known under the ideal case. This result will lead us to

determine the maximum capacity of the system and the stability condition.

Next, we establish that the limit of optimal execution time exists if a number of aggregated

jobs increases to infinity.

Lemma 5.4.1 (Existence of optimal execution time) Assume the same statistical assump-

tions that are described in section 5.3. Let T optk,m be the total time that an optimal algorithm takes

to execute jobs with indices {k, k+1, ..., k+m−1} when there are N servers and N ∈ {1, 2, ...}.
If a number of jobs m increase to infinity, it can be shown that

lim
m→∞

[
T optk,m

m
] = lim

m→∞
[
E[T optk,m]

m
] = inf

m>0
[
E[T optk,m]

m
] = γ (5.3)

for some γ ∈ R+. That is, under an optimal scheduling algorithm, a normalized version of

the optimal execution time of m jobs converges to a limit.

Proof First, we consider the key fact that {T optk,m}
∞
k=1 is subadditive.
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We see in the example of allocating two jobs in Figure 5.3. If two jobs are scheduled together

over two servers, the total completion time is only five time units. In contrast, if two jobs are

mapped separately, it will take six time units to complete both. By scheduling multiple jobs at

the same time, idle time at servers will be optimized. In other words, the total amount of idle

time is less than that resulting from individual assignment. If a job in a group is separately

scheduled on servers, only full knowlege of one job is known at a time. So, the completion time

of scheduling multiple jobs together is shorter than the time used for scheduling jobs separately..

Specifically, the completion time of the optimal placement of m jobs is less than or equal to

the sum of the completion time of optimal placement of l tasks and (m − l) tasks separately.

Thus, we have

T optk,m ≤ T
opt
k,l + T optl,m

for all k, l,m = 1, 2, ... when k ≤ l ≤ m. The result indicates that it is more efficient to

schedule m jobs together rather than separating them into two groups before scheduling them.

According to our assumptions, the arrival process Ak is Stationary and Ergodic, so T opt1,m and

T optk,m have the same distribution and are Ergodic. Furthermore, as m increases, T optk,m is non-

decreasing. Thus, T optk,m is a Stationary, Ergodic, pointwise and non-negative increasing function

of m. The above result follows from an application of Kingman’s Subadditive Ergodic theorem

( Theorem 1.6.2 in [8] ), which states as follows. Let {hn}n=1,2,.. be a subadditive, pointwise

and Ergodic sequence. If h1 ∈ L1 and non-negative, then there exists limn→∞
1
nhn = h̄ a.s. and

limn→∞
1
nE[hn] = h̄ for some constant h̄ ∈ R ∪ {−∞}.

Hence, we get

lim
m→∞

[
T optk,m

m
] = lim

m→∞
[
E[T optk,m]

m
] = inf

m>0
[
E[T optk,m]

m
] = γ

The result holds.

Next, we show in Lemma 5.4.2 that the limit γ can be expressed as a function of the number

of resources and the expectation of the total sum of service time of all subtasks, or E[ξ] for a

homogeneous system. Also, we assume that all servers have one unit processing power.

Lemma 5.4.2 (Convergence of optimal execution time) Assume the same statistical as-

sumptions that are described in section 5.3. For a system with N computing resources, if all

computing resources are homogeneous and have unit processing power, then the limit of nor-

malized optimal execution time (γ) for allocating m jobs converges to E[ξ]
N as m→∞, or

lim
m→∞

T optk,m

m
= γ =

E[ξ]

N
(5.4)
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Proof We observe that if there are N resources in the system, then the following statement is

true.

1

N

m∑
j=1

ξj ≤ T optk,m

Let Qm = maxj∈{k,k+1,...,k+m−1}{ξj}, then we have

1

N

m∑
j=1

ξj +NQm ≥ T optk,m

Thus,

1

N

m∑
j=1

ξj ≤ T optk,m ≤
1

N

m∑
j=1

ξj +NQm

Then, we divide both sides by m and take the limit as m go to ∞, we get

lim
m→∞

1
N

∑m
j=1 ξj

m
≤ lim

m→∞

T optk,m

m

and

lim
m→∞

T optk,m

m
≤ lim

m→∞

1
N

∑m
j=1 ξj

m
+N lim

m→∞

Qm
m

However, limm→∞
1
m

∑m
j=1 ξj = E[ξ], which follows from Ergodic of [8]. Thus,

lim
m→∞

1

N

∑m
j=1 ξj

m
=

E[ξ]

N

In addition, we show that limm→∞
Qm
m = 0. We knew that Qm is non-decreasing in m as the

maximum value of the {ξj} for all j ∈ {k, ..., k + m − 1}, by definition. Let jump points occur

at every index ms which implies that Qms = ξk+ms−1 for every integer ∈ [k, k + ms). Then, if

we take any increasing subsequence {ms} such that lims→∞ms = ∞ of the original sequences

{m}, and we will get

0 ≤ lim
ms→∞

Qms
ms
≤ lim

ms→∞

ξk+ms−1

ms
= 0

Since ξj is bounded and {ms} is arbitrary, the above is true for every subsequence. As a

result, if limm→∞
Qm
m = 0, then limm→∞

T optk,m

m = E[ξ]
N .

According to the result, the optimal execution time (γ) for processing m jobs as m → ∞
is just E[ξ]

N . So, we can explicitly compute the limit of the optimal execution time per request.
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Moreover, the quantity 1
γ can be intepreted as the limit of the completion rate of jobs per

time unit for the infinite number of jobs under the optimal scheduling. In fact, it is the upper

bound of the optimal throughput where all resources are maximally utilized and idle holes are

eliminated. Next, we want to show a stability condition by using the previous results.

Proposition 5.4.3 (Stability Condition) Assume the same statistical assumptions that are

described in section 5.3. For the system specified in Lemma 5.4.3, let λ = 1
E[τ ] be the arrival

rate of DAG jobs. If λ > N
E[ξ] = 1

γ , then the system will become unstable.

Proof First, we define TSt as the completion time for processing jobs that have arrived by time

t under any scheduling algorithm S. Let jo(t) be the index of the last job arriving before the

time t, and assume that no jobs is accepted after time t. Therefore,

jo(t) = max{k ∈ Z :

k∑
i=1

τi < t}

By the definition of T opt1,jo(t)
,

T opt1,jo(t)
≤ TSt + t

In addition, we have

lim inf
t→∞

TSt
t
≥ lim inf

t→∞

T opt1,jo(t)

t
− 1

≥ lim inf
t→∞

[
T opt1,jo(t)

jo(t)
][
jo(t)

t
]− 1

= γ lim inf
t→∞

[
jo(t)

t
]− 1, (by Lemma 5.4.1)

=
E[ξ]

N
lim inf
t→∞

[
jo(t)

t
]− 1, (by Lemma 5.4.2)

=
E[ξ]

N

1

E[τ ]
− 1, (by Ergodicity)

This is true by Lemma 5.4.2 where lim inft→∞
T opt
1,jo(t)

jo(t)
= γ. Also, we know that t =

∑k
i=1 τi+R

for some finite residual time R > 0. Since τi is drawn from a Stationary and Ergodic distribution,

we have

lim inf
t→∞

jo(t)

t
= lim inf

k→∞

k∑k
i=1 τi +R
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By Ergodicity as shown in Lemma 5.4.2, lim inft→∞
jo(t)
t = 1

E[τ ] = λ. Thus, if E[ξ]
N λ > 1,

then lim inft→∞ T
S
t →∞ as t→∞. So, the system will become unstable. The result holds.

In short, we establish the existence of the limit of the optimal execution time for allocating

a group of m jobs as m → ∞. It is expressed as a function of the total sum of the expected

service time and a number of resources. These results allow us to determine the upper bound

of the throughput of the system. The stability condition of the system can also be determined.

Next, details of how to implement the simple scheduling for maximizing job flows are discussed.

5.4.2 Super-job static scheduling

In this section, we want to show that there exists a method for scheduling DAG requests, so

that the throughput is maximized to the near-optimal. We will see later that our results yield

the throughput close to the bound shown in Lemma 5.4.2. Also, both theoretical and simulation

results are shown in section 5.6 to be consistent.

Even the simplified version of the problem (scheduling subtasks with unit time to a finite

number of servers) is a NP-hard problem [65], so we propose a heuristic scheduling method based

on the following procedures. First, the system starts with an empty buffer at starting time 0,

and it waits until there are m arrival jobs. It employs a low complexity algorithm described

below to schedule these jobs to servers. While the first set of m jobs is being processed, the

second set of m jobs is gathered. Once the first group finishes with the execution, the second

set will proceed. Then, another set of m jobs is gathered, and so forth. Note that a set of m jobs

is called a super-job (e.g. the k-th super-job consists of jobs with indices between (km+ 1)-th

and (k + 1)m where k ∈ Z+).

Next, we discuss how to implement a simple super-job scheduling for processing every m

jobs. Indeed, our scheduling method is based on the idea of dividing the main problem into sub-

problems, and employing a heuristic method called max-load-best-reply. We start by stating our

observations how to divide the problem into smaller sub-problems. Then, details of two phases

of the method will be illustrated.

Now, we discuss about some key facts that help us design a heuristic scheduling method.

First, vj1k is dependent with vj2k for some j2 6= j1 where vj1k , v
j2
k ∈ Gk. On the contrary, vj1k1 is

independent from vj2k2 for all j1, j2 where k1 6= k2. In other words, tasks in Gk have dependency

with other tasks from the same DAG, but they are independent from all tasks from other DAGs.

Second, every DAG can be divided into different depth levels. Clearly, all Entry nodes are on

the first depth level. Their child nodes are on the second level, and so forth.

Our method is motivated from the previous observations. Specifically, we consider aggregat-

ing a group of tasks at the same depth level together, and then scheduling them in an ascending

order of the level. First, all tasks at the first depth level are grouped and scheduled together.
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After all tasks in the first depth level are scheduled, tasks at the next level will be scheduled

without any dependency concern. The reason is to maximize degree of parallelism for running

tasks.

In fact, the super-job static algorithm has two phases, whose steps can be explained as

follows. First, when multiple requests of DAGs are gathered into a super-job, each job in the

group will be divided into different depth levels. Moreover, all tasks in the same depth level will

be aggregated together as a group of tasks. In the second phase, the scheduler allocates a group

of tasks in each depth level starting from the first level to the last one. At each level, the task

with the largest size (max load) will be firstly assigned to the server resulting in a minimum

execution time (best reply). Next, the second largest task will be allocated to the server with

the best reply, and so forth.

For more understanding, the pseudo code are shown in Algorithm 1. Let ζk(d) be a set of

tasks from Gk at the d-th level where d ∈ {1, ..., Dmax}. Also, ζ(d) , ∪kζk(d) is a set of all

subtasks at the d-th level. Finally, we define AFT (d) as the actual finish time of all tasks at

the d-th level.

Algorithm 1 Super-job Static Scheduling

Step 1 : Aggregate tasks at d-th level into ζ(d)
for each Gk do
ζ(d)← ζ(d) ∪ ζk(d)

end for
Step 2 : Allocate tasks at every d-th level, d = 1;
for each d ≤ Dmax do

sort(ζ(d)) in an descending order of task sizes
for each taskj ∈ ζ(d) do

Allocate taskj to resourcei that minimizes the completion time
end for
Compute makespan of the d-th level or AFT (d)
d = d + 1;

end for
Step 3 : Compute the total schedule length
schedule length ←

∑maxdepth
d=1 AFT (d)

Then, a simulation is conducted to verify that the throughput result is close to the bound.

Moreover, if the stability condition is violated, the number of jobs in the buffer will explode. We

note that the delay caused by this scheduling is extremely high when the throughput becomes

close to the bound. In practice, the system has to allocate incoming requests to optimize delay,

energy and network performance, which will be discussed next.
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5.5 Optimizing energy and congestion costs

In this section, we investigate how to schedule incoming requests, so that energy and conges-

tion costs are optimized with respect to the deadline and power budget constraints. By using

feedback of system states, we propose a heuristic algorithm for a single flow of arrivals and give

a numerical example for this case.

5.5.1 Heuristic algorithm

A heuristic method for the case of single flow of arrivals will be developed in this section. We

assume that all requests will be instantly scheduled upon their arrival time. There are many

feasible ways for scheduling each request to meet its deadline. However, searching for the best

scheme requires intensive computation and a long processing time because of a large number of

resources in a data center. Hence, our scheduling method is divided into two phases to reduce

the computation cost. These two phases are explained below.

In Phase I, the scheduler uses information of resource types (sets B and R) from the classi-

fication unit. It determines whether each request can be completed within its deadline by using

available resource types. A set of minimum service rates that is required for each task will be

computed. This minimum requirement of each request will allow us to determine the feasibility

of its deadline and power constraints. By doing so, the computation time for scheduling can be

reduced because the scheduler works on a small subset (only sets of resource types).

In Phase II, all subtasks will be assigned on servers by using a priority-based scheduling

method. The scheduler will determine the scheduling plan by using the results from Phase I

together with observable energy costs (~ek) and congestion costs (Hk). Details of each phase will

be illustrated next.

PHASE I : Searching for a feasible set

In this phase, the algorithm searches for a feasible set of resource types that can achieve the

deadline, so the feasibility of each request can be known and the computation cost can be

reduced. Typically, resources such as servers and communication links can be classified into

finite categories. Also, their sizes are much smaller than a number of total resources. Thus,

complexity of the computation can be reduced by working on this small subset.

The key idea is that the algorithm determines a set of resource types for each task that are

sufficient for completing the request by the deadline and power constraints. First, the algorithm

computes the critical path of Gk by using the lowest available computing power (r1) and network

bandwidth (b1) for the arrival Ak. If δAk ≤ dk, then all resources having greater service rates

can be used to achieve the deadline. Let Ak join the system. Otherwise, if δAk > dk, then the
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algorithm will iteratively reduce the service time of subtasks along the critical path. It will raise

either processing rates or link speeds (e.g. r1 → r2 or b1 → b2) at subtasks until a feasible set

of types of resources is received. Still, if δAk > dk when all subtasks are served at maximum

service rates, then the arrival will be rejected because of its infeasibility.

In particular, the procedure in Phase I is described as follows.

(i) Upon the arrival of Ak, the algorithm initially set the iteration number l = 1. If vjk is the

computing task, it sets the value of r(qjk) at the minimum processing rate, or r(qjk) = r1.

Otherwise, if vjk is the communication task, it will set r(qjk) at the minimum physical link,

or r(qjk) = b1. Let t(σjk, r(q
j
k)) =

σjk
r(qjk)

be the service time when the task vjk is executed by

any resources with service rates r(qjk).

(ii) The algorithm computes the critical path of Ak by traversing Gk to compute EST, EFT,

LST (Latest Starting Time), LFT (Latest Finish Time) and Float both in forward or

backward directions (see [57]). In addition, this path can be calculated by solving the

following LP [24].

max
∑nk

j=1 Tj ∗ xj
(1) a1 = −1, ank = 1

(2) ai = 0,∀i when i 6= 1, nk

(3)
∑nk

j=1 εijxj = ai

(4) xj ≥ 0

where Tj , t(σjk, r(q
j
k)) and εij is an incident number from node i to node j. Let Φl

k be

a set of nodes of Ak along this critical path at iteration l. Then, the algorithm adds all

indices of nodes along this path (nodes with xj = 1) to the set Φl
k.

(iii) The total completion time δk is calculated. If δk ≤ dk, then stop (All resource types are

now feasible for Ak). Then, if δk > dk and r(qjk) reaches the maximum service rates for all

j ∈ Φl
k, then Ak will be rejected because it will be infeasible for Ak to be completed within

the deadline. Otherwise, if δk > dk and some of r(qjk) is not at the maximum service rates,

then the algorithm will choose the index j such that

min
j∈Φlk

∣∣∣t(σjk, r(qjk))− t(σjk, sl(r(qjk)))∣∣∣
where sl(r(qjk)) is the least service rate that sl(r(qjk)) > r(qjk). If vjk is the computing

task, then sl(r(qjk)) ∈ R = {r1, r2, ..., rM}. Otherwise, if vjk is the communication task,

sl(r(qjk)) ∈ B = {b1, b2, ..., bL}. Next, the algorithm replaces r(qjk) with sl(r(qjk)) for the
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index j that minimizes the above expression. Then, it goes to the step (iv). In addition,

sl(r(qjk)) will not be changed if r(qjk) is already at the maximum value (r(qjk) = rM if vjk
is for computing or r(qjk) = bL if vjk is for communication).

(iv) Increase l = l+ 1 and repeat step (ii) until δk ≤ dk, then stop processing. The final vector

(r(q1
k), ..., r(q

nk
k )) is a set of the minimum service rates for each subtask to achieve dk. Let

~rmink denote (r(q1
k), ..., r(q

nk
k )). Note that the minimum rate for every computing subtask

can be mapped onto a specific type of processor and a v-f profile. As a result, we know

which types of processors and v-f profiles could be used for completing the request by the

deadline after this process. Similarly, we know which types of communication links could

be used for achieving the deadline.

In addition to eq. 5.1, the algorithm computes the total energy cost for each DAG whether

it satisfies the energy-budget constraint in eq. 5.2 or not. Since the power consumption at

servers is dependent on the adopted service rates (v-f profiles) r(ci, vfi), we define ~emink =

(emin,1k , ..., emin,nkk ) as the vector of minimum energy cost, which is computed from the cor-

responding vector ~rmink . Also, emin,totk denotes the total energy cost, which is computed by

emin,totk =
∑nk

j=1 e
min,j
k . Thus, when power controls at servers are enabled, if emin,totk > ebudgetk ,

then the problem will be infeasible. The DAG request will also be rejected because the minimum

energy cost exceeds the target budget. Otherwise, the arrival is admitted into the system.

Moreover, we introduce two more control parameters utilized to relax both deadline and

energy-budget constraints. We define Doffset and Eoffset as a deadline offset and an energy

offset respectively. In other words, the problem will still be feasible if δk ≤ dk + Doffset and

etotk ≤ e
budget
k + Eoffset.

In the next phase, the algorithm will compute rankings of tasks, then it will assign these

subtasks to resources that maximize a performance score.

PHASE II : Ranking and Task Assignment

In Phase II, when the feasible set of resource types is given, we discuss how to schedule the

request to actual resources by using the system states. The DAG scheduling is based on the

technique of Priority or List based scheduling ([104]). First, priorities are assigned to all tasks

in the graph Gk. Second, each task is allocated to a server in a descending order with respect to

its rank. In addition, the task will be executed on the target server, resulting in the maximum

performance score. The score is computed by using states of delay, energy and network costs.

Specifically, the scheduling method in Phase II proceeds as follows.

(i) First, each task is assigned a rank/priority. Let the priority of the j-th subtask of Ak be

pjk, which is computed by
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pjk =

{
tjk(σ

j
k, r

min,j
k ) if j = nk

tjk(σ
j
k, r

min,j
k ) + max

vlk∈succ(v
j
k)
{pjk} Else.

where succ(vjk) is a set of all Child nodes of vjk. Also, the value of rmin,jk is drawn from

the vector ~rmink . Note that pjk is called the upward ranking as explained in [104].

(ii) Next, the scheduler assigns each subtask in a descending order of pjk. If vjk is a communica-

tion task, it will do nothing. In contrast, if vjk is a computing task, then the algorithm will

calculate the following scores, which are related to delay, energy, and congestion costs.

In term of the delay, let xjk(ci, vfi) be a delay score when vjk is assigned to the server ci

with the v-f profile vfi.

xjk(ci, vfi) = (
σjk

rmin,jk

−
σjk

r(ci, vfi)
) + (EST (vjk, r

min,j
k )− EST (vjk, ci))

where rmin,jk is from the vector ~r
(min)
k . Note that EST (vjk, r

min,j
k ) is an abuse of the

notation, which means for EST when vjk is assigned to a resource with the rate rmin,jk

where the available time of the first subtask of Gk is set to 0. The former term is the time

gained from choosing ci whereas the latter one is the delay cost.

In aspect of energy usage, we define ejk(ci, vfi) , Ei(ci, vfi)∗t(σjk, r(ci, vfi)). If the subtask

is allocated to the server ci, then its energy score is computed by

ediff,jk (ci, vfi) ,

{
ejk(ci, vfi)− e

min,j
k if the power control is enabled

eobservedk (ci) if the power control is disabled

where eobservedk (ci) is the power usage at the i-th server observed by the k-th DAG.

In a network perspective, the matrix of congestion cost, h(ci, cj), is observed and used to

avoid scheduling dependent tasks among congestion links.

Specifically, the DAG scheduler assign the task vjk to the server ci with v-f profile vfi

that maximizes the performance score when delay, energy and congestion cost can be

monitored and controlled, or,

max
(ci,vfi)

[wdx
j
k(ci, vfi)− wee

diff,j
k (ci, vfi)− wn

∑
l∈pred(j)

h(qlk, ci)]

where wd, we and wn are weighted parameters corresponding to delay, energy and con-

gestion costs respectively. Moreover, wd, we, wn ≥ 0. These parameters can be employed
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Figure 5.4: A numerical example for the case of single flow

to control the trade-off among time, power and communication constraints. If wd is high,

each request will be prioritized by using its deadline. The same reasons are applied to we

and wn.

(iii) Repeat step (ii) until pjk reaches the smallest value. Eventually, a list of the mapping from

tasks to resources, or the vector ~qk will be obtained.

(iv) Still, if δk ≤ dk+Doffset and etotk ≤ e
budget
k +Eoffset are not satisfied, then the request will

be rejected. Otherwise, the scheduler assigns these tasks over the servers by the vector of

mapping, or ~qk.

5.5.2 Numerical example

In this section, a numerical example for the heuristic method is provided when the feature of

power control is disabled. Similar steps can be performed when the power control is enabled.

First, assumptions for the system such as servers, links, energy and network costs are stated

next. Let the total number of servers be three. The set of feasible service rates and bandwidth

of links are R = {1, 2, 4} and B = {0.5, 1, 2}, respectively. Let processing rates at servers be

r(c1) = 2, r(c2) = 1, and r(c3) = 1 Giga instructions per sec (Gips). All bottleneck bandwidths

of links between servers are equal to 2, or b(ci1 , ci2) = 2 Giga bits per sec (Gbps) for all

i1 6= i2. Energy costs at servers that are observed by the scheduler are e1 = 9.43, e2 = 3.22 and

e3 = 3.86. Congestion costs among links that are observed by the network monitoring system

are h(c1, c2) = h(c2, c1) = 1.64, h(c1, c3) = h(c3, c1) = 4.19 and h(c2, c3) = h(c3, c2) = 2.23.

Also, we set we = wd = wn = 1.0.
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Table 5.1: Numerical examples for energy,network-aware scheduling : phase I

Iteration critical path makespan target node and its service rate shorten

1 0-5-1-7-2-8-4 27.43 8(r8 = 1) 1.11
2 0-5-1-7-2-8-4 26.32 8(r8 = 2) 0.557
3 0-5-1-7-2-8-4 25.76 7(r7 = 1) 1.405
4 0-5-1-7-2-8-4 24.36 7(r7 = 2) 0.7025
5 0-5-1-7-2-8-4 23.65 2(r2 = 2) 1.78
6 0-5-1-7-2-8-4 21.87 2(r2 = 4) 0.89
7 0-5-1-7-2-8-4 20.97 0(r0 = 2) 1.81

Next, the structure of a sample request is shown in Figure 5.4. In Figure 5.4(a), all com-

munication tasks are on edges of the sample DAG. However, this DAG will be transformed, so

that computing/communication tasks are on nodes as shown in Figure 5.4(b) where costs at

all edges are zeroes. Note that blue nodes denote computing tasks, but orange nodes represent

communication tasks. Lastly, a deadline of this request is set to 20.

Under these settings, we will show how our scheduling method performs. In Phase I, the

algorithm iteratively computes and improves the critical path until the deadline is met. The

problem will be infeasible if the deadline could not be achieved even when the best types of

resources are used. First, the algorithm initializes r(qj) = 1 for computing tasks and r(qj) = 0.5

for communication tasks. So, (r(q1), ..., r(q10)) = (1, 1, 1, 1, 1, 0.5, 0.5, 0.5, 0.5, 0.5). After a

number of iterations, the final result for the critical path is shown in Table 5.1.

Details for the first few iterations of Phase I are illustrated here. At iteration #1, the

critical path, which starts from node 0 to node 4 and passes through node 1 and 2, has the

total makespan of 27.43. By upgrading the link at node 8 from 0.5 to 1, the total makespan

is shorten by 1.11, which is the minimal improvement. After iteration #1, the algorithm sets

r8 = 1 and proceeds to the next iteration, and so forth. After iteration #7, the vector of the

minimum resource types is ~r = (2, 1, 4, 1, 1, 0.5, 0.5, 2, 2, 0.5). The result guarantees that the

makespan is 19.16, and it is less than the deadline (d = 20). So, any resources with service rates

greater than ~r will complete the request by the deadline.

In addition, numerical procedures of Phase II are enumerated as follows. The algorithm

firstly computes upward rankings for nodes, which are prioritized in a descending order. The

order of nodes from the highest (left) to the lowest (right) priority is 0−5−6−1−3−9−7−2−8−4.

The corresponding values of pjk are 19.16, 17.34, 16.34, 11.88, 11.51, 9.51, 7.11, 6.40, 5.51, and

4.95 respectively. Next, we want to map each task to a specific resource starting from the highest

to the lowest rank. Remind that the performance scores are calculated for only computing tasks,

but not for communication tasks. These scores are computed from delay, energy and congestion

costs. Examples of computation for Task 0,1,3 are given in Table 5.2.
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Table 5.2: Numerical examples for energy,network-aware scheduling : phase II

Task Server delay score (xjk(ci, vfi)) energy scores (ediff,jk (ci, vfi)) congestion scores (
∑

l h(qlk, ci)) total scores

0 1 0.00 9.43 0 -9.43
0 2 -1.815 3.23 0 -5.045
0 3 -1.815 3.87 0 -5.685

1 1 4.62 9.43 1.64 -6.45
1 2 3.585 3.23 0 0.355
1 3 2.235 3.87 2.23 -3.865

3 1 2.78 9.43 1.64 -8.29
3 2 1.76 3.23 0 -5.025
3 3 1.785 3.87 2.23 -4.315

Figure 5.5: The scheduling plan on servers when energy and network costs are observable

According to Table 5.2, we show how to map subtasks over servers by using the previous

scores. First, Task 0 and 1 are assigned to Server 2 because Server 2 results in the highest scores

(−5.045 for Task 0 and 0.355 for Task 1). Because Server 1 has high processing rate and power

consumption, task 0 and 1 avoid to be executed on Server 1. They prefer to be on Server 2 and

3, which consume lower power costs. In contrast, Task 3 is assigned to Server 3 with the score

(−4.315) because of high delay cost incurred by two previous tasks at Server 2. So, the final

scheduling plan is shown in Figure 5.5.

In conclusion, computing tasks avoid to use Server 1 because of higher energy cost when

compared to others if the delay cost is low. However, when the delay cost is high, the algorithm

attempts to increase parallelism by allocating tasks to different servers. Still, those tasks on the

same critical path will be assigned to the same server to reduce communication delays. Next,

simulation is conducted for a large-scale systems.

5.6 Simulation results

Simulation is conducted to verify our analyses and evaluate the performance of the algorithms.

For brevity, the Super-job Static Scheduling is denoted by “3S”. Also, Energy and Network

Aware DAG scheduling is abbreviated by “ENDAG”. First, throughput performance of 3S

algorithm is evaluated and shown that it can achieve a throughput close to the bound. This

result is consistent with the previous analysis. Second, the performance metrics of the ENDAG
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scheduling method such as delay, energy, and network costs per request are evaluated. These

costs are a trade-off among others and dependent on parameters such as wd, we, and wn.

5.6.1 Simulation setup

We state our basic setup for the simulations in the following subsections. In particular, we

discuss how to generate DAG requests to feed into the system, and the necessary assumptions

of statistics are also provided.

All DAG requests are constructed by the Layer-by-Layer method [31]. First, an integer

number of layers is uniformly drawn from [Lmin, Lmax] where Lmin, Lmax ∈ {1, 2, ...}. Next, an

integer number of tasks (width size) at every layer is uniformly drawn from [Wmin,Wmax] where

Wmin,Wmax ∈ {1, 2, ...}. In addition, a random adjacency matrix is constructed with probability

of connecting p. Sizes of computing tasks are drawn from [T cpmin, T
cp
max] with Uniform distribution.

Sizes of communication tasks are drawn from [T ccmin, T
cp
max] with Uniform distribution. Note that

sizes of computing tasks are in a unit of instructions, and sizes of communication tasks are in

a unit of bits. Also, T cpmin, T
cp
max, T ccmin, T

cc
max ∈ R+. Finally, a finite number of patterns of DAG

requests (= K) are created with corresponding IDs and put DAG requests into a set G.

Next, assumptions of statistics are provided. Each request arrives to the system according

to Poisson distribution with the arrival rate λ. The DAG pattern of every request is chosen

uniformly from the set G. The following simulations are performed on an event-driven simulation

until the number of completed requests are 1000. The number of trials for each experiment is

100 times. Moreover, these requests will be scheduled on the system with N parallel queues and

servers where N = 1, 2, .... We will discuss about server models, power models, links, else later.

5.6.2 Super-job static scheduling

In this section, we investigate the throughput performance of 3S algorithm and verify if our

analysis is consistent with simulations. First, we provide specific details of the system settings

for the homogeneous case. Next, experiments are conducted to verify results of the capacity

bound in Lemmas 5.4.1 and 5.4.2. In addition, the stability condition in Lemma 5.4.3 is verified.

Lastly, we extend these results to the heterogeneous case.

The parameter settings for evaluating 3S algorithm are specified as follows. All processing

power rates of servers are uniformly drawn from [1, 5]. In addition, other parameters are set as

[Lmin, Lmax] = [1, 5], [Wmin,Wmax] = [1, 5], [T cpmin, T
cp
max] = [10, 50], p = 0.8, N ∈ {100, 200}

and K ∈ {10, 50}. For K = 10 and 50, the average of total service time of random DAG graphs

from G are computed and is equal to 144.4 and 108.34 respectively. Note that communication

tasks are neglected to verify our analytical results. WLOG, we consider scheduling requests

when resources are homogeneous with unit processing power.
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Figure 5.6: (a) The average throughput of 3S scheduling and the bound of the capacity for the
homogeneous case, (b) The capacity region for 3S scheduling

Next, we verify if our results for both Lemmas 5.4.1 and 5.4.2 are consistent with the

simulations. We compute the optimal execution time and the capacity bound by Lemmas 5.4.1

and 5.4.2, or β , 1
γ = N

E[ξ] . For N = 100, β = 0.69 and 0.92 for K = 10 and 50 respectively. For

N = 200, β = 1.385 and 1.846 for K = 10 and 50 respectively. According to Figure 5.6(a), it is

shown that both theoretical and simulation results are consistent.

In addition, Lemma 5.4.3 is validated whether the stability condition is true or not. For

more accuracy, a larger number of patterns are generated by setting K = 1000 and the average

total service time of these patterns is 107.44. The total number of servers is changed to 10, 25

and 80 to see how the bound of system’s capacity moves. According to Lemma 5.4.3, if λ > N
E[ξ] ,

then the system will be unstable and a number of waiting requests will explode. By computing

manually, we know that if λ > 0.093, 0.2326 and 0.744 for N = 10, 25 and 80 respectively, the

system will be unstable. As depicted in Figure 5.6(b), both analytical and simulation results

agree.

We also extend these results to the heterogeneous system as shown in Figure 5.7(a). A

number of DAG patterns (K) are set to 50 and a total number of servers (N) are 100 and

200. The average of the total service time for N = 100 and 200 are equal to 100.74 and 121.74

respectively. The total sum of service rates of all servers for N = 100 and 200 are 270 and 523

respectively. The upper bound can be computed by β =
∑N
i=1 r(ci)
E[ξ] . We can compute β = 2.68

for N = 100 and 4.3 for N = 200. According to the results, 3S scheduling can achieve the

throughput close to the bound for N = 100; however, a larger gap occurs for N = 200.
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Figure 5.7: (a) The average throughput of 3S scheduling and the bound of the capacity for the
heterogeneous case, (b) The average costs per DAG when the arrival rate is varying

Figure 5.8: (a) The average costs per DAG when the weight of delay cost (wd) is varying, (b)
The average costs per DAG when the weight of energy cost (we) is varying

5.6.3 ENDAG scheduling

In this section, performance of ENDAG scheduling is investigated for two cases : the power

control is enabled and disabled. First, we state our specific parameter settings and assumptions

for servers, links and arrivals. Then, we discuss results for a single flow of requests when the

power control features at servers are disabled. In addition, we show how the performance of the

algorithm changes when the power control is enabled.

Parameter settings

Still, the Layer-by-Layer method is used for generating DAG requests. Parameters for generating

DAG patterns are described as follows : [Wmin,Wmax] = [1, 5], [T cpmin, T
cp
max] = [1, 5], [T ccmin,

T cpmax] = [1, 5], p = 0.3, N = 100, K = 100, and a number of layers is 5.
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Figure 5.9: (a) The average costs per DAG when the weight of network cost (wn) is varying,
(b) The distribution of the average number of tasks per server when wd is varying

Our server models are categorized into three types : HIGH, MEDIUM, and LOW processing

rates. We define R as a set of service rates of servers where R = {1, 2, 4}. All units of service rates

are expressed in Giga instructions per sec (Gips). Servers with HIGH, MEDIUM, and LOW

processing rates are represented by numerical values of 4, 2 and 1 respectively. In addition, we

assume that 70%, 20% and 10% of servers are LOW, MEDIUM, and HIGH. Without loss of

generality, Servers with ID 1-70, 71-90 and 91-100 are LOW, MEDIUM, and HIGH.

Also, models of communication links are classified into three types : HIGH, MEDIUM, and

LOW bandwidth. We define B as a set of types of physical links where B = {0.5, 1, 2}. All

units of link bandwidth are expressed in Giga bits per sec (Gbps). Physical links with HIGH,

MEDIUM, and LOW rates denote links with rates equal to 2, 1 and 0.5, respectively. Moreover,

the type of link between two servers is assumed to be dependent on the minimum types of

servers. For example, if Server c1 is HIGH and Server c2 is LOW, then data transfer rate

between c1 and c2 is LOW, or b(c1, c2) = b(c2, c1) = 0.5. In contrast, if both servers are HIGH,

then b(c1, c2) = b(c2, c1) = 2.

Furthermore, when the power control is disabled, energy costs at servers will only be ob-

served by the scheduler. Upon the arrival, the energy cost of Server ci, e
observed
k (ci), is drawn

uniformly from [1, 5], [5, 10], [10, 15] for LOW, MEDIUM and HIGH servers respectively. On

the contrary, when the power control is enabled, energy costs are computed from the current

v-f profiles of servers, which are controllable by the scheduler. The v-f profiles of three types of

servers are shown in Table 5.3.

Other key parameters are set as follows. All requests are required to be complete by the

deadline of 40 time units. Next, the default arrival rate λ is set to 0.4 when the power control
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Figure 5.10: (a) The distribution of the average number of tasks per server when we is varying,
(b) The distribution of the average number of tasks per server when wn is varying

Table 5.3: Voltage-Frequency Profile Settings.

Server Low Server Medium Server High

v-f profile voltage freq. energy voltage freq. energy voltage freq. energy

1 0.988 0.8 7.809152 1.196 1.46 20.88 1.356 2.00 36.77
2 1.084 1.06 12.45 1.228 1.60 24.12 1.40 2.2 43.12
3 1.132 1.20 15.377 1.260 1.73 27.46 1.60 2.4 61.44
4 1.164 1.33 18.02 1.308 1.86 31.82 1.80 2.8 90.72

is disabled. It is set to 0.2 when the power control is enabled. Default values of the delay offset

Doffset and the energy offset Eoffset are 1000. Default values of parameters wd, we, wn are set

to one.

Power control is OFF

We investigate the case that power control features of all servers are disabled. All simulation

results are depicted in Figure 5.7 - 5.12. In our experiments, we focus on scheduling performance

such as average delay cost per arrival, energy cost per arrival, network cost per arrival, and

distribution of tasks over servers when parameters λ, wd, we, and wn are varied. The delay or

penalty cost is an actual makespan subtracted by the deadline. The energy cost is a total sum

of estimated power usages of all computing tasks. The network cost is a total sum of estimated

congestion costs incurred by all communication tasks.

First, effects of the arrival rate are shown in Figure 5.7(b). According to the results, the

average penalty (delay) cost is stable at around −12 when λ is between 0.1 and 4.1. It sharply

increases if λ > 4.1 because of large queueing delays. In addition, if λ is high, both of energy
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Figure 5.11: (a) The distribution of the average number of tasks per link when we = 0, (b)
The distribution of the average number of tasks per link when we = 9

Figure 5.12: (a) The distribution of the average number of tasks per link when wn = 0, (b)
the distribution of the average number of tasks per link when wn = 9

and network costs will increase, and they will be steady at some points. The average energy

cost increases because servers utilize high processing rates more often to clear waiting requests

as fast as they can. Also, the average network cost is high because the number of dependent

tasks in the system increases.

Second, the delay performance is investigated by varying the control wd from 0 to 9. The

result is shown in Figure 5.8(a). If wd = 0 (no delay control), the average penalty cost will

increase to around 100 whereas the average energy and network costs will be at the lowest

level. In contrast, if wd increases, the penalty (delay) cost will sharply decline to around −12.

Both energy and network cost will gradually increase and become steady at around 60 and 20

respectively. These results are caused by the trade-off among delay, energy and network costs.

Third, we show how the energy consumption is affected when the control we is changed
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between 0 and 9. According to Figure 5.8(b), if we = 0 (no energy control), most tasks will

be executed on HIGH servers to reduce delays. These HIGH servers consume a large amount

of energy. As a result, the average energy cost per request is quite high at 80, but the average

penalty (delay) and network costs are low at around -12 and 18 respectively. However, if we

increases, the average energy cost will decrease to compenstate for higher delay and network

costs because of the trade-off.

Next, we consider how to control the congestion cost in the network by adjusting the pa-

rameter wn. In Figure 5.9(a), if wn = 0 (no network control), the average congestion cost will

be high at around 35 because the scheduler allocates requests without including costs of data

transfer. However, the cost will be suppressed if wn increases. If wn = 9, the average conges-

tion cost will decrease to almost zero because most tasks will run on the same server to avoid

utilization of links. Also, both energy and delay costs will slightly increase.

In addition to these costs, two more indicators are defined and employed to determine

characteristics of the system. In particular, we analyze how the distribution of the average

number of tasks at servers and communication links will be if the controls wd, we and wn are

changed. All results are depicted in Figure 5.9(b) - 5.12. Also, servers with ID 61− 70, 81− 90

and 91 − 100 are sampled to represent for LOW, MEDIUM, HIGH servers respectively for a

better observation at figures.

Distributions of a number of tasks at servers will be firstly analyzed when the controls wd,

we, and wn vary. In Figure 5.9(b), if wd = 0 (no delay control), then a large percentage of tasks

will be executed on LOW servers (ID 61-70). If wd increases, the average number of tasks at

LOW servers will decline. Most tasks will be allocated to HIGH servers (ID 91-100) to reduce

the delay costs, but these servers incur a large amount of energy. In contrast, if we increases,

the average number of tasks at HIGH servers will decline according to Figure 5.10(a). Also, a

larger number of tasks are located in LOW and MEDIUM servers (ID 61-70 and ID 81-90) to

reduce the total power costs. If wn increases in Figure 5.10(b), the number of tasks will decrease

at HIGH servers, but they will increase at MEDIUM servers to reduce communication costs.

Lastly, distributions of average number of communication tasks over links are investigated

when the controls we and wn are adjusted. In Figure 5.11 and 5.12, the average number of

communication tasks are measured from source servers (y-axis) to destination servers (x-axis).

If we = 0 (no energy control), the result in Figure 5.11(a) show that traffic is intense at HIGH

servers (ID 91-100) because a large number of tasks are processed on HIGH servers. However, if

we = 9 as in Figure 5.11(b), higher traffic incurs among links of LOW and MEDIUM servers (ID

1-70 and 71-90) because a number of tasks are processed on low-power servers to decrease the

energy consumption. Now, the network costs will be controlled by setting wn = 0 and wn = 9.

In Figure 5.12(a), if wn = 0 (no network control), high traffic will occur at HIGH servers,

and more tasks tend to be transferred from LOW servers to MEDIUM and HIGH servers. In

145



Figure 5.13: (a) The average costs when power control is on and the arrival rate is varying,
(b) The average costs when power control is on and wd is varying

Figure 5.14: (a) The average costs when power control is on and we is varying, (b) The average
cost when power control is on and wn is varying

contrast, if wn = 9 in Figure 5.12(b), the average number of tasks over links will be flatten, so

that the overall network cost is at the minimum level.

Power control is ON

Next, we focus on the case that the power control is enabled. All parameters and assumptions

are set as same as those in previous section. All results are shown in Figure 5.13 - 5.15. Similarly,

performance indicators such as the average delay cost per arrival, the average energy cost per

arrival, the average network cost per arrival are evaluated when the controls wd, we and wn

are varied. We demonstrate what percentages of SLA violation are while these parameters are

changing in Figure 5.15. Also, Doffset and Eoffset are varied between values 0, 10 and 1000 to

see how relaxation of constraints affects the performance.
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Figure 5.15: (a) Percent SLA violations when we is varying, (b) Percent SLA violations when
wd is varying

First, we illustrate how the arrival rate λ affects to our performance indices. In Figure

5.13(a), both the penalty (delay) and network costs increase when λ is increased from 0.1 to

4.6. If the offsets are 1000 and 10, the penalty cost will abruptly rise from negative to positive

values when λ is changed from 1.6 to 2.1 because of long delays. In contrast, if the offsets are 0,

the penalty cost will still be negative because most requests will be achieved by the constraints.

Next, performances in terms of delay, energy, and network are investigated when the control

wd, we and wn are varied. The results are expected to be the same as those in prior section. If

wd increases, the penalty cost will decrease for all cases, but the energy cost will increase. In

contrast, if we increases from 0 to 1, the energy cost will sharply drop from around 800 to 300

because maximum processing rates (v-f profiles) are applied to all servers when we = 0. If wn

increases, the average network cost will scale down while other costs slightly increase.

In addition, we vary the offset parameters to verify how the performance indicators are

changed if the constraints are relaxed. We observe that if the offsets are high, the system will

admit a larger number of requests, so more energy consumption will be required to complete

them. Also, most requests will be completed with higher delays because of longer queue lengths.

This will incur long delays and high energy costs. However, if the offsets are low, the system

will reject more requests to maintain the performance.

Finally, we investigate how SLA violations occur if the controls are changed. In particular,

a number of violations of the constraints (deadline and energy budget) are counted for different

values of we and wd. All results are shown in Figure 5.15(a) and (b). If the offsets are 10 and

we is changed from 0 to 1, a percentage of deadline violations will increase from 0% to 40%

whereas a percentage of energy-budget violations will lower from 55% to almost 0%. According

to the results in Figure 5.15(b), if the offsets are 10 and wd increases, the percentage of deadline
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violations will decline, but the percentage of budget violation will gradually increase. Note that

if the offsets are zeroes, the percentages of violations will be zeroes because all requests will be

completed within the constraints.

5.7 Conclusion

As a number of computing tasks with complex structures have increased, service providers

have to optimize performance indices of their systems such as throughput, energy and delay.

So, we investigate two major problems in this chapter : maximizing a system throughput and

optimizing a trade-off between energy, network and delay costs.

Performance metrics such as throughput, energy, network and delay costs directly affect

to revenues of service providers and customer satisfaction. By optimizing these indices, service

providers can attain higher profits. If the throughput increases, idle time of servers will decrease

and resource utilization will become higher. Similarly, reducing energy, network and delay costs

will lower power usages and number of SLA violations.

Concisely, our contribution is three-fold. First, theoretical results are provided for deter-

mining the capacity bound and the stability condition. Then, we propose a super-job static

scheduling method for maximizing the system’s throughput, and we compare an actual through-

put with the capacity bound. It is verified by simulations that the throughput is quite close

to the bound. However, queueing delays become higher under this batch scheduling because it

has to aggregate multiple jobs before scheduling. So, we propose another scheduling method

for optimizing delay, energy and network costs, which is called ”Energy-and-Network-Aware

DAG scheduling” (ENDAG). It was developed to exploit energy and congestion information to

improve the system performance. Our results show that it can be used to control the trade-off

between delay, energy, network costs. By adjusting parameters, system operators can choose

the operating point to maximize their performance.
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Chapter 6

Future works

In this chapter, we discuss several future directions that can be extended from this research work.

Two possible future works such as dispatching control for a multi-class system and statistical

inference of energy models of data centers.

6.1 Dispatching control for multi-class system

So far, we have considered only the single class system where various dispatching policies are

investigated to bound delays at data centers. In practice, customers can be categorized into

multiple classes. Each class can have different SLA profiles, a list of requirements, a priority,

and a price charged for a service request. As a result, dispatching control for bounding delays

in the multi-class system will require more complicated analysis.

First, let us consider a short formulation for bounding waiting time in the multi-class system.

We assume that there are M classes of customers arriving to the system where M = 2, 3, .... In

addition, the system composed of m data centers geographcially distributed over areas where

m = 1, 2, .... Each class of customers will require a different value of the SLA, so we define gji
as the delay bound at the j-th queue for customers in the i-th class. Then, ~gi = (g1

i , g
2
i , ..., g

m
i )

denote a vector of the delay SLA of customers in the i-th class. If T̄ ji denotes the average waiting

time at the j-th queue experienced by customers in the i-th class, then we want to determine

dispatching policies such that the following constraint is satisfied.

T̄ ji ≤ g
j
i ,∀i = 1, 2, ...,M, j = 1, 2, ...,m

This problem is totally different from the one we have analyzed so far.

Bounding the average waiting time for multi-class users is more challenging, and several

issues have to be established. We know that our current analysis cannot be applied for a multi-

class system. Can we explicitly compute the bound or the close form of the waiting time for
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static policies in this system ? How can we bound the waiting time for this system by using

dynamic policies ? Can we determine relationship of the average waiting time among classes of

customers at each queue ? These are fundamental questions that require extensive analysis.

The same approaches can be utilized to answer these questions. For static policies, we need

the bound/exact analysis of waiting time for each class of customers, so that we can determine

a feasible set of control parameters of policies. For dynamic policies, we need to determine

convergence properties of policies for each class of customers. Other methods are feasible as

well, but they will be left for future investigations.

6.2 Statistical inference of energy model for data centers

In Chapter 2-4, we investigate how to dispatch requests, so that average waiting time at queues

are bounded by the given SLA. In practice, the system operator, however, want to minimize

the total energy consumption in addition to bounding delays.

By using dynamic policies, one can feasibly optimize the energy cost while keeping the delays

under the bound. An energy cost function at a data center is highly dynamic because of a large

fluctuation of workloads. In addition, this cost function can be utilized by the dispatcher to

route arrival requests, so that the total sum of power costs of all data centers is at the minimal

level. Hence, if an accurate model/prediction of this function can be determined, the efficiency

of the system will be substantially improved. This function is usually estimated by methods of

statistical inferrence.

Next, we provide the following specific example for this problem. Similarly, we define an =

{τn, sn} as the arrival process of requests where τn and sn are random variables of interarrival

time and job size. Let Êj(tn, {ak}nk=1) be a prediction model of the energy function at time

tn after the n-th request arriving to the j-th queue. Let Ej(tn, {ak}nk=1) be the actual cost

function at time tn after the arrival of the n-th request at the j-th queue. So, we want to

estimate Êj(tn, {ak}nk=1), so that the following equation is minimized.

min
∣∣∣Êj(tn, {ak}nk=1)− Ej(tn, {ak}nk=1)

∣∣∣
This problem of estimating the energy cost at the data center raises a number of important

questions as follows. How can we utilize the past collected statistics to predict this cost function

? How can we design the accurate estimator of this function ? Is the estimator effective in the

practical system ? How can we incorportate this predictor with dispatching policies to optimize

the energy cost subject to delay constraints ? By answering these questions, the system operator

can dramatically optimize energy usages and reduce delays.
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