ABSTRACT

BALL, KENNETH RAY. Structure Preserving Integrators and Hamel’s Equations. (Under the
direction of Dmitry Zenkov.)

Hamel’s formalism is a representation of Lagrangian mechanics obtained by measuring the
velocity components relative to a frame which is not related to a system’s local configuration
coordinates. The use of this formalism often leads to a simpler representation of dynamics. This
dissertation extends Hamel’s formalism to the discrete setting, utilizing the methods of varia-
tional integrators. The research presented is motivated by observations that, in some mechanical
systems subject to non-integrable constraints and/or symmetries, an approach to discretization
based on Hamel’s formalism results in numerical integrators that preserve certain structures.
These discrete Hamel’s equations are demonstrated to be variational integrators, and their

application in mechanical systems is examined.
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Chapter 1

Introduction

This dissertation provides an exposition and examination of structure preserving integrators
that are motivated by Hamel’s formalism of Lagrangian mechanical systems. The work presented
is guided by two important observations in the study of mechanics. The first, dating back to
Fuler’s work on the rigid body in the mid-18th century, is that the use of moving frames
may greatly simplify the analysis of motion. The second is that integrators approximating the
evolution of Lagrangian mechanical systems may be derived through a discretization of the
variational principle that is equivalent to the differential equations of motion. Significantly,

these integrators naturally conserve various geometric and mechanical structures.

1.1 Hamel’s Equations: A Brief Introduction and History

As pointed out above, the first observation that motivates the work presented in this dissertation
is that the equations of motion of a mechanical system and their analysis may be greatly
simplified through the introduction of a non-coordinate frame in the velocity space. Euler [18]
was probably the first to use body frames to measure the angular velocity components of a
rotating rigid body; such frames tremendously simplify the study of rotational dynamics of a
rigid body. Lagrange [29], and later Poincaré [43], generalized Euler’s pioneering work to more
general Lagrangians on the rotation group and to systems on arbitrary Lie groups, respectively.
The general form of the differential equations of motion written with the aid of a frame has
been studied in the work of Hamel [22] (and more recently in Bloch, Marsden, and Zenkov [10])
and is referred to as Hamel’s equations.

The configuration of a mechanical system with n degrees of freedom can be represented
(locally) by n generalized coordinates (¢')?_; that are local coordinates in an n-dimensional
configuration space @ (a differentiable manifold). The dynamics are dictated by a Lagrangian—

a function on the tangent bundle of (), which is the system’s velocity phase space; for most



physical systems the Lagrangian is the difference between kinetic and potential energy.

A coordinate-induced frame is a set of n vector fields that are tangent to the n coordinate
lines at each point in a coordinate chart on @), and as such they form a basis of the tangent
space at each point in this neighborhood. We often use the notation (¢*, ¢*) to denote the lift of
the local coordinate chart to the tangent bundle; in doing so we assume that the components
g of a velocity vector in T are measured against the coordinate-induced frame. When we use
this frame as the basis to measure the velocity components the resulting equations of motion
of our mechanical system are the well-known Euler-Lagrange equations.

There are circumstances in which an alternate frame can make the analysis of dynamics
simpler. We have already mentioned the free rigid body: Euler’s body frame approach uncouples
kinematics and dynamics and makes analysis of the rigid body system manageable. This proves
to be a vast simplification over the approach of calculating the Euler-Lagrange equations in
local coordinates on the configuration space SO(3).

Next, we follow Poincaré in his 1901 paper [43], and consider the Euler—Poincaré equa-
tions on a Lie algebra [10,25,37]. The free rigid body is then just a particular implementation
of the Euler—Poincaré equations. The equations themselves, written in terms of generalized
coordinates, include structure constants of the associated Lie algebra. These are actually con-
sistent with the Euler—Poincaré equations as developed by Lagrange [29] for reasonably general
Lagrangians on the rotation group (see Marsden and Ratiu [35] for details and history).

Our next historical leap is relatively brief: in the early 20th century, the German mathemati-
cian Georg Hamel was studying unlinked velocity and position measurements on an arbitrary
configuration space, and in 1904 presented a particular generalization of the Euler—Poincaré

equations to the case of a generalized differentiable manifold [22].

Remark 1.1. For the sake of historical accuracy, we point out that it is not clear whether or not
Hamel was familiar with Poincaré’s 1901 work [43] when he published his 1904 paper [22]. As a
student of Hilbert who finished his thesis in 1901, it seems likely that Hamel would have been
familiar with Poincaré’s results, and by the end of his 1904 paper he does relate his findings
to contemporary results in Lie group theory. However, Hamel does not mention Poincaré’s
paper directly, instead arriving at his conclusions through examination of non-commutativity
of variations and time derivatives. Nonetheless, it is natural to consider Hamel’s equations as a

generalization of the aforementioned Euler—Poincaré equations.

An important observation that characterizes Hamel’s result (as a generalization of Poincaré)
is that the identification of T'G with G x g described above can be thought of as the introduction
of a mon-coordinate frame onto each of the fibers comprising T'G. From this perspective, the
components of the vector ¢ measured against the new frame are denoted by £.

An arbitrary (local) frame field over an n-dimensional differentiable manifold is a more



general object, which is a set of n vector fields that, at each point ¢, define a basis of the vector
space T;Q. These frames need not be tied in any formal way to a coordinate chart. Furthermore,
the structure constants of a Lie algebra become structure functions, as they will vary with the
configuration of the system. We will see that Hamel’s equations include a bilinear function,
identified with the structure functions and varying with configuration. This term does not
appear in the Euler-Lagrange equations and is a generalization of the bracket of the associated

Lie algebra in the Euler—Poincaré formalism mentioned above.

Remark 1.2. Bloch, Marsden, and Zenkov [10] (working locally) identify each tangent fiber T,Q
with an individual Lie algebra V,, and present a view of Hamel’s formalism as the mechanics
of a system on a Lie algebra bundle, formalizing the perspective that Hamel’s equations are
a generalization of the above formulation of the Euler—Poincaré equations. In this case, the
Lagrangian function is viewed as a mapping from the Lie algebra bundle to the reals. From this
perspective, we see that the Euler—Poincaré formalism is nothing but Hamel’s formalism on a
Lie group, where all fibers are the same Lie algebra.

This perspective is geometrically appealing, but not strictly necessary in the formulation
of Hamel’s equations. Indeed, we need not introduce any extra geometric structures in our
description of Hamel’s equations. In our development we will consider the components of velocity
as either measured against a frame induced by coordinates, or the components of the same
velocity vector measured against an alternate frame. More succinctly, each perspective is simply
a different coordinate chart of T'Q). Hamel’s equations are the Euler—Lagrange equations, after

a (linear) velocity substitution.

Hamel’s formalism provides a natural framework for incorporating non-coordinate frames
in the study of dynamics of complex mechanical systems. Study of Hamel’s equations has
been motivated by recent insight into their application in stabilization and control of systems
with nonholonomic constraints (see, for example, recent publications by Bloch, Marsden, and
Zenkov [9,10]). See e.g. Neimark and Fufaev [40] and Bloch et al. [10] for the history and

contemporary exposition of Hamel’s formalism.

1.2 Variational Integrators: A Brief Introduction and History

Numerical integration, in one form or another, of the differential equations describing the evo-
lution of mechanical systems has been an important topic of inquiry and a useful tool for
mathematicians. An early, although most likely entirely incidental, example of the use of nu-
merical integration occurs in the late 17th century. In the first book of his Principia [41],
Newton provides a geometric proof of Kepler’s second law (the well-known statement that the

ray connecting two masses in the two-body problem sweeps out equal area in equal time), which



from a modern-perspective is essentially geometric numerical integration of Newton’s law for
the two-body problem using the Stormer-Verlet scheme. In this early instance Newton was pre-
senting a geometric justification of an analytic solution to a solveable differential equation to
an audience largely ignorant of calculus: it should not be construed that Newton had geometric
numerical integration in the modern sense on his mind. See Figure 1.1 for Newton’s illustration,

and the introductory section of Hairer, Lubich, and Wanner [21] for more details.

Figure 1.1: An illustration from Newton’s Principia [41] describing his geometric analysis of
Kepler’s second law. Thanks to the Newton Project, www.newtonproject.sussex.ac.uk.

For any given system of ordinary differential equations, a variety of numerical integrators
that approximate evolution of the system may be developed. While the integrators converge
to exact solutions of the equations, for finite time steps the behavior of various integrators
may be quite different. In this paper we examine a particular class of integrators of mechanical
systems called variational integrators, so-named because rather than being derived via a direct
discretization of the differential equations of motion, they are instead obtained by discretization
of an underlying variational principle. This observation, that numerical integrators may be
derived by discretization of an underlying variational principle, is the second important idea
that gives rise to the results presented in this dissertation.

The general philosophy, illustrated in Figure 1.2, is that Hamilton’s principle is discretized,
and the resulting discrete variational principle will be a statement that discrete trajectories
satisfying the variational integrator must be critical points of a discretized action. The result-
ing update maps are second-order difference equations, and, as we shall see, have structural
similarities to the second-order ordinary differential equations they approximate.

A major advantage of variational integrators is that they are naturally structure-preserving,



Hamilton’s Principle Discretization Discrete Hamilton’s Principle

I ]

‘ Variational Integrator

Fuler-Lagrange Equations Discretization Other Numerical Integrators

Figure 1.2: Diagram of discretization approaches. It should be noted that particular discretiza-
tions of the Euler-Lagrange equations may inadvertently return an integrator that happens to
be variational (an idea that we shall use later in this paper), but this is not guaranteed to be
the case.

because they conserve a discrete symplectic two-form and display discrete momentum conser-
vation in the presence of symmetry [36]. Conservation of a symplectic form is a feature of
mechanics commonly presented in the context of the Hamiltonian formulation. In this case, a
symplectic two-form over the phase space is conserved by solutions of Hamilton’s equations.
Marsden and West detail an analogous formulation in the context of Lagrangian mechanics,
where Lagrangian flows conserve a symplectic two-form over the tangent bundle to the con-
figuration space T'Q [36]. In this paper we will favor the Lagrangian development, as Hamel’s
equations are viewed as a coordinate generalization of the Fuler—Lagrange equations.

Thus, by focusing on variational integrators, we contribute to the process of developing
structure-preserving integrators. In many circumstances, symplectic (and reversible) integrators
display relatively good long-term behavior in simulation, often evidenced by energy evolution
that is bounded, if not conserved [36].

The development of variational integrators that will be presented in the next chapter is
based largely on the extensive review of the subject by Marsden and West [36] and in some
aspects Hairer, Lubich, and Wanner [21]. Marsden and West themselves cite an extensive va-
riety of sources in control literature dating from the 1960’s as laying the groundwork for the

understanding of variational integration presented in their paper.

1.3 Variational Integration of Hamel’s Equations

Having presented the two observations in mechanics that are integral to our subsequent work,

we now state the central questions addressed in this dissertation.

1. Can we develop, via a discrete variational principle, numerical integrators that take ad-
vantage of simplifications that arise in the continuous equations of motion when we select

an appropriate, simplifying, non-coordinate frame?



2. Furthermore, are these discrete Hamel’s equations variational integrators, and conse-

quently are they structure-preserving integrators?

We will answer both of these questions in the affirmative by presenting geometrically-
motivated discrete Hamel’s equations that are variational integrators derived via a discretized
action principle.

An outline of the remainder of this dissertation follows. Chapter 2 will present a more de-
tailed background on Lagrangian mechanics, variational integrators, and Hamel’s equations.
In Chapter 3 we present the aforementioned geometrically-motivated derivation of the discrete
Hamel’s equations, documented in a preprint by Ball and Zenkov [5], and we will also describe
an application to the derivation of integrators of nonholonomic systems. Chapter 4 documents
results found in Ball, Zenkov, and Bloch [4] on a variational derivation of the Hamel’s equa-
tions, and also an extension of the Hamilton—Pontryagin principle to the discretization of non-
holonomic systems with symmetries. In Chapter 5 we demonstrate that the discrete Hamel’s
equations are, in fact, variational integrators, and we both examine and demonstrate the conse-
quential geometric structure preservation. Finally, in Chapter 6 we summarize our results and

suggest future avenues of work.



Chapter 2
Background

In this chapter we shall cover a variety of topics that serve as the foundation upon which we will
study numerical integration of Hamel’s equations. We will start with an overview of Lagrangian
mechanics, variational calculus, and frames leading to a definition of Hamel’s equations that
illustrates their relationship to the Euler-Lagrange equations. We will present a more detailed
account of how Euler’s equations for the free rigid body are a special case of Hamel’s equations
before transitioning into a discussion of variational integrators following the work of Marsden
and West [36].

2.1 Lagrangian Mechanics

A brief summary of Lagrangian mechanics follows, primarily intended to formally introduce
our notation. This formalism originated in [29]. For a more thorough discussion of the topic we
refer the reader to Arnold [3], Abraham and Marsden [1], and Marsden and Ratiu [35].

2.1.1 Lagrangian Mechanical Systems

A Lagrangian mechanical system is an abstract representation of a physical system the config-
uration of which may be described by a point in an n-dimensional differentiable manifold @,
called the configuration space. The system is specified by a Lagrangian L : TQ) — R, which
for most physical systems is the difference of kinetic and potential energies.

The differentiable manifold @ is described by a covering atlas of compatible coordinate
charts; each local coordinate chart mapping q — (qi)?:1 € R” for all ¢ € U where U C Q
is open. In the subsequent chapters we will work primarily in local coordinates; it will be
understood that (qi)?:1 refers to coordinates of the point ¢ € @) corresponding to an unspoken

choice of coordinate chart.



A coordinate chart over an open set U C ) induces a natural chart on the tangent bundle
TU such that (q,v) — (q*,v")™ ;. The induced charts on the fibers of the tangent bundle should
be understood in terms of the coordinate-induced frame. For every ¢ € U, the chart induces
n vector fields 8/dq', i = 1,...,n, such that at each point ¢ € U, span{d/d¢'}"; = T,Q.
In other words, the set {9/ (‘3qi}?:1 C T,Q forms a basis of the vector space T;Q), called the
coordinate-induced basis. A vector 9/9q" € T,Q has a useful interpretation of a differential
operator acting on smooth functions on @ and represented in local coordinates as a partial
derivative.

For a vector v € T,Q), we denote the components of v measured against the basis 9/ q" as
(V)i

Likewise, a dual frame (dq");; is induced on the cotangent bundle T*U; the n covectors at
each point ¢ € U span the fiber T,;Q of the cotangent bundle (note that dq'(0/0¢7) = 5;) This

in turn is associated with a chart on the cotangent bundle, (¢,p) — (q¢%, p;)™_;. In summary, for
(¢;v) € TQ and (¢,p) € T*Q,

9 .
) g

v=w o and p = p;dq’, (2.1)

where i = 1, ..., n and where the pairs of repeated indices are understood to indicate summation

as is typical with Einstein summation notation.

2.1.2 Path Space and the Action

Given an n-dimensional differentiable manifold @) and a time interval [to, tr] C R, we define the
path space C(Q) to be the set

C(Q)={q:Ito,tr] = Q¢ € C*(Q)}.

Furthermore suppose we select points qo, qr € @, then the set of paths in C(Q) between the

points and parameterized on the interval [to, tr| will be referred to by the notation

C(Q,q0,9r) = {q € C(Q) | q(to) = qo,q(tr) = qr}. (2.2)

Given a Lagrangian mechanical system on () specified with Lagrangian L : TQQ — R, the
action is defined as the functional S : C(Q) — R, a path integral of the Lagrangian:

s = [ L. wyar (2.3

to



2.1.3 Variations

Consider a path ¢ € C(Q,qo,qr). A variation of ¢ is a one parameter family of paths f :
[to,tr] X [—€,¢] = Q in C(Q) such that 5(¢,0) = q(t). A virtual displacement at q(t) is
defined in terms of a variation to be the vector dq(t) € Ty(;)@ such that

alt)= 5| Bt (2.4)

This definition of variations of curves on () induces a definition of variations of curves on the
tangent bundle T'Q) by differentiation of the parameterized path 3. The ¢ (time) derivative of ¢
is denoted as ¢ € C(T'Q). We define the (induced) variation of ¢ as a one parameter family of
paths £ : [to,tr] X [—€, €] — T'Q such that B(t,e) = %ﬁ(t,ﬁ) and therefore B(t, 0) = (q(t),q(t)).
A virtual displacement at () is then a vector (dq(t),d4(t)) € T(q(),4(t)T @ such that dq(t) is

defined as in (2.4) and

0 0

) = 5| _ 5Bt

By commutativity of mixed partial derivatives, we see that the we may either define virtual
displacements §4¢(t) in terms of equivalence classes of Bs, or equivalently take the time derivative
of virtual displacements dq(t) € Ty @ for ¢ € [to,tr]. In other words, the time derivative and

taking variations are commuting operators:

0 0 0

0 d
e 6:()&5(757 €) = 9% 9e ezoﬁ(t’ €) = a‘SQ(t)a

hence 0¢(t) = %5q(t).

2.1.4 Hamilton’s Principle

Recall that in local coordinates on the configuration space @, the dynamics of a mechanical

system is given by the Fuler—Lagrange equations

doL_or
dt 9t Oqi’

i=1,...,n. (2.6)

These equations were originally derived by Lagrange [29] in 1788 by requiring that simple force
balance F' = ma be covariant, i.e. expressible in arbitrary generalized coordinates. A variational
derivation of the Euler—Lagrange equations, namely Hamilton’s principle, came later in the work
of Hamilton [23,24] in 1834/35.

Theorem 2.1 (Hamilton’s Principle). The following statements are equivalent:

1. The path q(t), where t € [to,tF], is a critical point of the action functional (2.3) on C(Q),



where we choose variations such that 6q(ty) = 6q(tr) = 0 (in other words, we restrict the

one parameter families of paths B so that B(tg,€) = qo and B(tp,€) = qr for all €).

2. The path q(t) satisfies the Euler—Lagrange equations (2.6).

We refer the readers to Marsden and Ratiu [35] and Bloch [6] for details and proof.

2.1.5 Symplecticity of the Lagrangian Flow

In the subsequent section we follow the exposition of Marsden and West [36], and for the sake
of consistency use some of their notations and definitions to illustrate the conservation of a
symplectic two-form by the Lagrangian flow. Following Marsden and West [36], let Q be the
submanifold of TT'Q) defined as

@ ={w e TTQ | Tmg(w) = mro(w)},

where 7 : TQ — Q and 7pg : TTQ — TQ are the canonical tangent bundle projections. In
other words, elements of () are elements of the form ((¢,4),(q,4q)). Define the Fuler—Lagrange
map DprL : Q — T*Q by the formula

(2.7)

Doyl <8L d 8L> ”

gt dt dgi

We define a second order vector field Xz : TQ — Q on TQ to be a Lagrangian vector field
if it satisfies the condition that X; o Dgr L = 0, and the flow of Xy is the Lagrangian flow
Fr :TQ xR — TQ. We will write the Lagrangian flow evaluated at the instantaneous time ¢
as F} : TQ — TQ. Then if a path ¢ satisfies the Euler-Lagrange equations (2.6), (¢,¢) is an
integral curve of X. Note that for an arbitrary Lagrangian, the field X; may not be uniquely
defined, under which circumstances the flow may not exist; this matter is resolved by requiring
that L be hyperreqular. The Legendre transform of the Lagrangian is defined as a mapping
FL:TQ — T*Q and is expressed in coordinates as

FL(q,q) = <q, (%ng)) = (¢,p)

A function L is regular if FL is a local isomorphism, and is hyperregular if FL is a global
isomorphism. If L is regular then the Euler—Lagrange equations may be expressed in local
coordinates such that § is a well-defined function of (g,q), and X will be uniquely defined
locally and local flows exist for reasons discussed in Marsden and West [36].

We will define solution space Cr(Q) C C(Q) to be the set of paths ¢ € C(Q) that are

solutions of the Euler-Lagrange equations, or equivalently are integral curves of Xj. Such

10



curves are uniquely determined by an initial condition (g, vg), hence the solution space may
be identified with the space of initial conditions T'Q). We may therefore restrict the action S to
integral curves of Xy, identified by T'Q); define the restricted action S:T @ — R so that

S(qo,v0) = S(q), q€CL(Q) and (q(to),q(to)) = (qo,v0)- (2.8)

Given a C* Lagrangian L (where k > 2), we will see that the Euler-Lagrange map and a
unique C*~1 one-form O (q,q) € T(’; 0 (T'Q) called the Lagrangian one-form, defined in coor-

dinates as
oL

=22d
o524

are fundamentally related to the action (2.3). Suppose we arbitrarily select a variation of the

@L(q’ q)

curve ¢ € C(q), in other words we arbitrarily select smoothly varying virtual displacement
dq(t) € T,C(Q). The variational derivative of the action S(q) with respect to dq is defined
as the change in S to the first order in dq. Because S is a real-valued function on an infinite
dimensional space, we understand the derivative in a weak (Gateaux) sense. Thus the variational

derivative of S is expressible in coordinates as

tr (0L ., OLd _
sstw= [ (Lo + s
(9) .\ T ag
tr QL d AL\ ., oL _ ;
— ) 6¢idt + =64
/to (0(1@ dt 8(11) ¢ g1

by commutativity of mixed partial derivatives and and integration by parts. The term remaining

tp

7
to

in the integral is the Euler-Lagrange map (2.7), and we have integrated out the Lagrange one-

form paired with the virtual displacement so that variation of the action may be written as

tp

55(q) = / " (DELL(d), 6q) dt + (©1(d), (54, 64))

to

to

Now, taking the variation of the restricted action S for arbitrary (g, dv) € Ti4,0)(TQ) (of
course satisfying ¢ € Cr(Q) and (q(to), ¢(to)) = (¢,v)) we see that because the path is required
to be an integral curve of Xy, the Euler-Lagrange map term disappears and the variation of S

is written in terms of Oy, as

dS(q,v) - (6g,00) = OL(q(tr), 4(tr)) - (FI).(q,00) — OL(g,v) - (5q, 6v)
= ((Ffr)01(g,v) ~ ©1(¢,0)) - (64, 60).

Then, because d2S = 0 and by compatibility of the pullback with the exterior derivative, we
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see that
a((F{)0L = Or) =0 = (F7)"d0, —dOp =0 = (F{")"Qu(a,d) = u(a0)

where Q7,(q, ) is the Lagrangian symplectic form, given in coordinates as

2 2

9q 00 dg' A dg? + 8307 dg' A dg’.

QL(Qa q) =

To summarize, the Lagrangian flow Fp, preserves the Lagrangian symplectic form.

2.2 Hamel’s Equations

A variety of problems in mechanics are best treated by the introduction of a frame for measuring
the velocity components. In this section we shall endeavor to provide a concise and useful
definition of a frame and the space that frames “live” in and introduce a generalized use of
frames in mechanics that motivates our work. Finally we will illustrate the usefulness of Hamel’s

equations by examining its application in physical examples.

2.2.1 The Frame Bundle Associated with the Tangent Bundle

Suppose E is the total space of a vector bundle over base space M (a differentiable manifold),
so that the projection m : E — M is a continuous surjection and the fiber 7~ 1(p) = E, over
each p € M is an n-dimensional vector space. Then a frame at p € M is an isomorphism
mapping E, — R" [2]. Equivalently, a frame may be viewed as an ordered basis of the vector
space I,. The collection of all such frames related to all the fibers over M that constitute F

defines the frame bundle FM, a principal fiber bundle associated to E. Formally,
FM = {(p, f) | f is a frame at p}.

Because the tangent bundle T'Q) of an n-dimensional manifold @) is a vector bundle, () has a
special frame bundle associated with T'() that we denote as F'Q.

A frame can be identified with a set of vectors {u;(¢)}}_; at point ¢ € @ that forms a basis
of the tangent fiber 7,Q). A smooth section of the frame bundle is therefore a frame field (one
frame at each fiber) varying smoothly over the base space ). Whether or not the frame bundle
FQ is able to admit a global smooth section is closely related to the notion of whether or not
the manifold is parallelizable; for the remainder of this section we shall assume that we are
working on a local set in () over which the tangent frame bundle is trivial.

A local coordinate chart induces a frame {9/9¢'}?_; that forms a basis of the tangent fiber

12



T,Q, which we refer to as the coordinate induced frame. Then, given a coordinate chart
and a frame field {uj}?zl (a section of F'Q), there exists 1(q) € GL(n) at each ¢ such that, in

coordinates,

0
gt
In this way we see that F'Q is a principal GL(n) bundle with the projection 7 : FQ — Q;

u;(q) = ¥%(q) (2.9)

each fiber is isomorphic to GL(n) so that an element of a fiber F,;QQ may be identified with an
invertible linear operator on the vector space T,Q).

We shall hereon assume that a frame field {u;}7_; is a C? section of the frame bundle FQ,
i.e., the n? functions {¢; (@)} =1 are C? over the local coordinate neighborhood.

Just as we define F'() as the frame bundle associated to the vector bundle T'Q), we likewise
may define F*(@) to be the frame bundle associated with the cotangent bundle T*Q), itself a vector
bundle. We shall refer to frames in F*(Q) as coframes, paralleling the terminology of vectors
and covectors. Thus, a coframe at g is a set of n covectors that form a basis of the cotangent
space T7Q). The coordinate induced coframe at g is the dual to the coordinate induced
frame: it is denoted by the set of covectors {dqi}?:1 that are dual to the vectors comprising the
coordinate induced frame.

The covectors u/(q) comprising a particular coframe may be defined in terms of the coordi-

nate induced coframe as
W (q) = (™) (q)dq" = &) (q)dq". (2.10)

For the remainder of this document we shall denote the inverse of ¥ as ¢. Notice that in this

case the covectors u/(q) for j = 1,...,n are dual to the vectors u;(q).

2.2.2 Hamel’s equations

Let ¢ € C(Q, qo, qr) be a path parameterized by time ¢ € [to, tr|. Then given a coordinate chart
on @, (q(t),q(t)) € TQ has natural coordinates expressed as

(a(t),d(t)) = (¢'(1).4'(t)) € R*",

where ¢(t) are the components of the velocity vector ¢(t) measured against the coordinate
induced frame 9/0¢’. Now suppose we have selected a C? section of the frame bundle u;(q)
defined as in (2.9). Then the components of ¢(t) are likewise expressible in terms of the new

frame according to the equation

) 0 4
i=d5:= f’wj(q)aqi = {uj(q)
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so that
¢ = &Y (q).
We next rewrite the Lagrangian in terms of the new velocity components, so that in coor-

dinates
L(¢',¢") = L(¢",&i(q) = £(d", &). (2.11)

Define the structure functions c?}(q) by the equations

(@ um(q) = [ui(g), u;(q)], (2.12)
where [, ] is the Jacobi-Lie bracket of vector fields on Q. The structure functions at ¢ are also

expressible in terms of 1(q) € GL(n) and its inverse ¢(q) as

i (q) = V(@) (@) (0 (a) — Dha(q)). (2.13)

Given two vectors v, w € T,(Q), we define the anti-symmetric bracket [, ]q : T,QxT,Q — T,Q
so that

m

[0, W] um(q) = [v'ui(g), w'u;(q)]-

Then we see that the vector space T;,() is isomorphic to an n-dimensional Lie algebra V;, equipped
with the bracket operation [-,-];, and the tangent bundle is (locally) diffeomorphic to a Lie
algebra bundle. Furthermore, the bracket operation induces a dual bracket [-, -], : T4Q X ;Q —
T;Q by

(v, plgw) = {p, [v, wly)

for v,w € T;Q and p € TyQ, and where (-,-) denotes the natural pairing between 7,Q and
T;Q [10].

We denote the directional derivatives of the function ¢ at (g,&) along the vectors u(q) by
the notation u[¢](q, ), so that in index notation

u;[f(q, €) = 85(;, ) V5 (q)- (2.14)

The equations of motion expressed in this new coordinate chart on the velocity phase space
TQ are known as Hamel’s equations, originally appearing in the work of Georg Hamel [22].

Hamel’s equations in index notation read

d o ol o .
@378 = (97(_[11/]]((]) + aéuﬁ Cij(Q)- (2.15)

Theorem 2.2 (Zenkov, Bloch, and Marsden [10]). Let L : TQ — R be a Lagrangian and { be
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its representation in local coordinates (q,§). Then, the following statements are equivalent:

1. The curve q(t), where a <t <b, is a critical point of the action functional

b
/ L(g,q) dt (2.16)
a
on the space of curves in @ connecting qq to q, on the interval [a,b], where we choose
variations of the curve q(t) that satisfy dq(a) = dq(b) = 0.
2. The curve q(t) satisfies the Euler—Lagrange equations
doL 0L
dt 0§  0q’

3. The curve (q(t),&(t)) is a critical point of the functional

/ b (g, €)dt (2.17)

with respect to variations 0§, induced by the variations

dq = u(q) - ¢ = uwi(q)¢’, (2.18)

and given by
8¢ = ¢+ [€, (gt (2.19)

4. The curve (q(t),&(t)) satisfies the Hamel equations

do [ o)
dto¢

677

9€ + u[l]

q
coupled with the equations ¢ = u(q) - € = &'u;(q).

For the early development of these equations see [43] and [22]. More details, historical back-
ground, and proof can be found in Zenkov, Bloch, and Marsden [10]. We shall present a deriva-

tion of Hamel’s equations from an alternate variational principle in Chapter 4.

2.2.3 The Free Rigid Body and Hamel’s Equations

A fundamental result and a precursor of Hamel’s formalism is found in Euler’s equations de-

scribing the evolution of a freely rotating rigid body. This rich problem is found in a variety

'Tf Q is a Lie group, this formula is derived in Bloch, Krishnaprasad, Marsden, and Ratiu [11].
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of texts on mathematics and mechanics, including Arnold [3], wherein the equations are often
derived from and motivated by conservation laws and symmetries. We present a brief review of
the problem not designed for its historicity, but rather to illustrate the usefulness of Hamel’s
equations in a well-understood setting.

A rigid body is a system of point masses, subject to holonomic constraints that state that
the distance between each pair of points of the body is constant [3]. A free rigid body is neither
subject to external forces, nor is it subject to external constraints. In the case of the free rigid
body rotating about a fixed point, the configuration space is the Lie group SO(3) as long as at
least three points on the body are not in a straight line. Without loss of generality, we further
consider the rigid body as rotating around its center of mass.

The angles (¢')?_; = (0, ¢,v), Euler angles (see Figure 2.1), locally parameterize the rotation
group and thus are a local coordinate chart of the configuration manifold. The Lagrangian of

our system is then defined as

L¢",q") = 5Mij(9)d'¢’ (2.20)

where M;;(q) are the components of the inertia tensor that are functions of the configuration
coordinates, symmetric in its indices but not diagonal. Note the ¢ dependence of M; indeed
if we fix our coordinate system in space (as we have) and allow our body to rotate about its
center of mass the distribution of mass of the body will change (relevant to our fixed coordinate

system) and its moments of inertia must be updated to reflect the instantaneous distribution.

Figure 2.1: A depiction of the Euler angles, used as configuration coordinates for the free rigid
body.

The Euler—Lagrange equations describing the evolution of the system are then

Mija(q)d%d" + Mij(q)d" = §Mm,j((J)qzqa,
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which it first glance don’t seem complicated, but recall we have refrained from explicitly writing
out the functions comprising the inertia tensor M;;(q). In fact, expanded out in terms of the

Euler angles, the Euler—Lagrange equations of the rigid body are

(1 cos? 1 + Jo sin? ¥) 0+ (J1 — Jo)sin@sine cosh ¢ + (Jo — Jy) sin 20 04

— (1 sin? ¢ + Jp cos ) — J3) sin 26 $% 4 (J1 cos 20 — Jo cos 2up + J3) sin 6 pip = 0,

(J1 — Jg) sin @ sin cos 6 + (J1 sin? 0 sin ¥ + Jy sin? 0 cos® ¢ + J3 cos? 9) )

+J3 cos@iﬁ + (J1 — Jg) cos 0 sin 21) 0% + (J1 sin? W+ Jo cos? P — J3) sin 26 9¢
+(J1 cos 2t — Jo cos 21p — J3) sin @ 61 + (J1 — Jg) sin? @ sin 2¢) ¢pyp = 0,

J3 (COSGQ%;-FZL — sin99¢3) =0,

where Ji, Jo, J3 are the moments of inertia about the principle axes.
This system of three second-order equations may be greatly simplified by the introduction
of a moving frame; in this case the principle axes of inertia. Because M (q) is a real symmetric

matrix, it is always possible to find an orthogonal matrix ¢(q) that diagonalizes M as follows

Ji 0 0
M) =[o@]" |0 Jo 0] [6(q)]
0 0 Js

where J; is the moment of inertia about the i-th principal axis, and we shall refer to the
components of the above diagonal matrix as .J;;. Define (€1,€2,€3) to be the components of
q € T,S0(3) measured against the principal axes of inertia, our frame. Then we may rewrite

our Lagrangian as

i -1 1 i .a 1] .
L(q',q") = 5 Jijba(a)d" @3 (a)d"
1 o )
— STl = (&)
Note that £(q,&) is written as £(§), reflecting the rotational invariance of the free rigid body.

Referring to (2.15), Hamel’s equations written in the body frame describe the dynamics of

the rigid body and are expressed by the system of equations

4ot
dt DI

ol ol ;.
aqﬂ/}j(Q) + 3577" Cij (q) =

= JZJ§Z = Jam&"” ZC?} =

Ji€h = (o — J3)€283,
T2 = (J5 — J1)E%¢,
J3€3 = (J1 — )€€,
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which are Euler’s equations for a freely rotating rigid body. The full dynamics of the rigid

body are described by these equations coupled with the kinematic reconstruction equations

m
ij

Thus we see that Fuler’s equations of the free rigid body are a special case of Hamel’s

G = u(q) - £&. The structure functions ¢! may be verified by direct computation.
equations where the frame selected is the body frame. The advantage of the introduction of
the body frame is apparent in the comparative simplicity of Hamel’s equations to the Euler—

Lagrange equations.

2.3 Variational Integrators

2.3.1 Discrete Euler—Lagrange Equations

A discrete analogue of Lagrangian mechanics can be obtained by discretizing Hamilton’s prin-
ciple; this approach underlies the construction of variational integrators. See Marsden and
West [36], and references therein, for a more detailed discussion of discrete mechanics.

Our approach to discretization is motivated by the observation that the product of the
configuration manifold with itself, ) x @, is locally isomorphic to T'() and hence local open
subsets of @ x @ can be understood to contain the same information, locally, as T'Q) (again, see
Marsden and West [36]).

The use of T'Q) instead of @) x @ for constructing variational integrators has been studied
earlier in Bou-Rabee and Marsden [14] and in Kobilarov, Marsden, and Sukhatme [27]. Our
approach to some extent develops these ideas even further, but we should emphasize that our
version of the discrete Lagrange—d’Alembert principle is different from that of the aforemen-
tioned authors.

Assuming that we will use N integration steps in our approximation, we introduce a mesh
on the time interval [to,tr| by defining {ty = kh+1to | k=0,..., N}, such that ¢ty = tr. Then

we may define the the discrete path space to be the space of discrete trajectories:

Ca(Q) = {qa : {tr}ro — Q}

and the discrete trajectories may be identified by g = gq(tx) so that ¢4 = {qk}évzo.
A key notion is that of the discrete Lagrangian, which is a map Ly : Q x Q — R
that approximates the action integral along an exact solution of the Euler-Lagrange equations

joining the configurations g, qx1+1 € @Q,

l41
Ld(Qk? QkJrl) ~ ext / L(Qa q) dt7 (221)
9€C(Qak,ar+1) J1,,

where C(Q, qk, qx+1) is defined as in (2.2), and ext denotes extremum.
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In the discrete setting, the action integral of Lagrangian mechanics is replaced by an action

sum
N—

Salqa) = La(qr, qr+1)
k=0

—_

where ¢4 = {qk}ivzo C @ is a finite sequence in the configuration space. Equations implicitly
defining an update map are obtained by the discrete Hamilton’s principle, which extremizes
the discrete action given fixed endpoints ¢y and gy

Variations in the discrete setting are defined similarly to the continuous case: a variation
of a discrete trajectory g, is a one-parameter family of trajectories By : {tx}_ X [—€,¢] = Q

such that 84(tg,0) = gr. Then virtual displacements in the discrete setting are defined as

0
dqr, = B ezoﬁd(tkve)a (2.22)

and we refer to a set of discrete displacements as dgq = {(qx, dqx)}_, C TQ. In this manner

the discrete Hamilton’s principle may be written as
65a(qa) = dSa(qa) - 6ga =0 for dqo = dgn = 0.
Taking the extremum over q1,...,qgn_1 gives the discrete Fuler—Lagrange equations

D1La(qk, @e+1) + Da2La(qr—1,qx) = 0, (2.23)

for kK =1,...,N — 1. This implicitly defines the update map Fr, : Q x Q — Q x @), where
Fr,(qk—1,a9k) = (@&, qk+1) and @ x @ replaces the velocity phase space T'Q) of continuous-time
Lagrangian mechanics.

The equations (2.23) motivate a definition of discrete fiber derivatives mappings F™ L,
F~Lg: Q xQ — T*Q defined as

F*La(qks gk+1) - v = DaLa(qr, qit1) - v, (2.24)

F~La(qk, qt1) - v = —D1La(qr, qrt1) - v

The discrete fiber derivatives can also be understood as discrete Legendre transforms writ-

ten as

F*: (gk, k1) = (@1, Pkt1) = (qet1, D2La(q, qev1)) (2.25)

F~: (qr, qkt1) = (qr k) = (@ —D1La(qr, qet1)) -

When both discrete fiber derivatives are local isomorphisms, the discrete Lagrangian is said
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to be regular, and when these same fiber derivatives are global isomorphisms the discrete
Lagrangian is said to be hyperregular (see Marsden and West [36]). In our later derivations
we will assume that @) is a vector space and that L, is hyperreqular so that the update map is
well-defined.

We have seen that ()< Q is a discrete analogue of the velocity phase space; in the same vein we
replace submanifold Q of TT'Q with its discrete analogue, a submanifold Q4 of (@xQ)x(QxQ),
defined as

Qa = { (@ @r+1)s (T Ge1)) | @1 = G} € (Q x Q) x (Q x Q).

In other words, Qg is simply the subset of points in (Q x Q) x (Q x Q) that can be written as
((gk-1,9%); (qk, gr+1))- Then, as verified in Marsden and West [36], given a discrete Lagrangian
L, that is C*, there exists a unique C*~! discrete Euler-Lagrange map DprrLy : Qd —
T*Q and two unique C*~! one-forms @Zd and @Jer on the discrete velocity phase space @ x )
so that variation of the discrete action is expressible as

N—-1

S4(qa) = Y _ DperLa((gr-1, k), Gk, G+1))00k
= (2.26)

—07,(40,91)090 + OF (qn—1,4n)dqn,
where the discrete Lagrangian one-forms in the coordinate representation are

Or, (@ ak+1) = —D1La(qk: g+1)dgr,
©7,, (k> qk+1) = D2La(qr, arv1)dqes1,

and DperLa((qk—1,qk)s (Qk, Qrt1)) = ezd(Qkthk) — ©7,(qk, gk+1). Thus, the discrete Euler—
Lagrange equations (2.23) are equivalent to the condition DpgrLa((qk—1, k), (qk, @k+1)) = 0.

2.3.2 Update Maps are Symplectic

The update maps implicitly defined by (2.23) can be shown to conserve a discrete symplec-
tic two-form over @ X Q. In a manner similar to (2.8), we will define the restricted discrete
action Sy as the discrete action restricted to the solution space of discrete Euler—Lagrange
equations (2.23). A sequence {q;}h_, C Q is formed by iteration of the update map F,, so
assuming the update map is well-defined, such a sequence may be uniquely identified by initial
conditions (qo,q1) € @ X Q. The restricted action is then the map Sy:Q x Q — R such that

Salqo,q1) = Sal{ax}io)s  (arsarws1) = Fr,(qe—1,q%), Yk=1,...,N —1.
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Then variation of the restricted discrete action, that is restricting (2.26) to the solution space,

results in

dS4(g0,q1) - (6q0,6q1) = — O (g0, 1) - (340,0q1)
+ @zd(Fl{\;_1<QO7q1)) ’ (F[]Xi_l)*(qo,ql)((SQO75q1)
= ((FY7)ef, - er,) (. a0). (5a0, 0a1))

because Dpgr Ly evaluated over the solution space is necessarily zero. In fact, evaluation of
the discrete Lagrangian one-forms restricted to the solution space results in the condition
07, (@-1,0) = OF,(@k: @us1); and therefore dOF, (gi-1,ax) = dOF, (ge: @us1). Finally, because
d?S = 0 and by compatibility of the pullback with the exterior derivative, we see that the above

results imply conservation of a discrete two-form:
N—1
(F, ) (Qn,) = Qs

where Qp,, = d@zd = d@Zd is defined to be the discrete Lagrangian symplectic form on
Q@ x Q. The above process also holds for any single step, and thus a single step conserves the
discrete Lagrangian symplectic form: (Fr,)*Qr, = Qr,. The update map Fr,: Q X Q — Q X Q
is therefore defined as a discrete symplectic map (see Marsden and West [36]). €, is

expressible in coordinates as

O*La(qk, qr+1)

i J
94 8qj dg, Ndgy, ;-
k%11

QLd (qk7 Qk-‘rl) =
We have shown that the discrete Lagrangian flow F7, is a discrete symplectic map, conserving

the discrete symplectic form € ,.

2.3.3 Discrete Noether’s Theorem

In the presence of symmetry, variational integrators are symplectic-momentum integrators,
meaning that, in addition to the discrete symplectic two-form, they conserve a discrete analogue
of momentum associated with symmetry. We will describe the momentum conservation property
by presenting a discrete formulation of Noether’s theorem, following the exposition in Marsden
and West [36].

Suppose a Lie group G with associated Lie algebra g acts on @) via the left (or right) action
P : G x Q — Q. The lift of the action to the tangent bundle is a mapping 79 : G x TQ — TQ

21



defined so that ®7%(g, (¢,v)) = ®.,4(q,v), or in index notation:

o7%(g, (q,v)) = (‘Pi(m q), ?Z(Q,Q)vj) :

Furthermore, given a vector { € g we define the infinitesimal generator {g : Q — TQ in
the following sense. Consider the usual exponential mapping exp : g — G. Then the vector &
induces a one parameter subgroup of G as t — exp(t§) € G. The infinitesimal generator can be

thought of in this case as
d
Sala) = | _ (exp(tE) - q),

in other words as the action of the subgroup of G on g. Marsden and West [36] define the

infinitesimal generator in terms of the group action as

d

$olg) = o (®(g,9)) - &,

which can be expressed in index notation as:

olg) = <qi, gj;(a q)&’ )

where e € G is the group identity. The span of the all such generators at ¢ forms a vector
subspace of T, () that we identify as a symmetry space of the mechanical system when L is
tnwvariant under the tangent lift of the group action: i.e. when L o <I>§Q =1L.

The continuous-time Noether’s theorem states that when a Lagrangian system with La-
grangian L : T'() — R is invariant under the tangent lift of the action ® : G x Q@ — @, the
Lagrangian momentum map Jr : TQ) — g* defined by

Jo(a.4)-€ = <‘2§<q, q>,5Q<q>>,

is a conserved quantity of the Lagrangian flow Fp, i.e. for all ¢ € [to,tp|, Jr, o F, = Jr. More
details and proof can be found in Marsden and Ratiu [35] and Marsden and West [36].
The action ® can likewise be extended to @ x @ by defining ®9*9 : G x (Q x Q) = Q x Q
so that
g, (qrs qrr1)) = (D(9, 1), (9, qrr1)) - (2.27)

We also extend our definition of an infinitesimal generator so that for £ € g, {oxg : @ X Q@ —
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T(Q x Q) is a mapping given by

o 0P* LY .
Eowo (s dii1) = (€o(ar), Eolger) = <<qz,qz+1>, (W<e,qk>5f, w(e,qm)gﬂ)) C(2.28)

We may then define two discrete Lagrangian momentum maps chd @ X Q — g* so that

for some & € g,

Ir, (@ @r1) - € = (—D1La(ak, ak+1): o (ar)) = O, - Eox @k, Trt1), (2.29)
JE (ks Ger1) - € = (D2Lal(gr, ge1), £Q(qk11)) = OF , - €@x@ (s qr1)-

For reference, the discrete momentum maps may be written in index notation as

_ _ ., 09 .
JLd(Qk)Qk-l-l) : g - (GLd)i@(e7 QK)£J7

0P’ -
JE (G @rr) - € = (GZd)i@(ey%H)fj-

Now that we have formally defined our discrete Lagrangian momentum maps in terms of a
Lie group action on @ x @, we are almost ready to formulate and prove the discrete version
of Noether’s theorem. However, first recall that we defined a discrete symplectic map, such as
f:QxQ — QxQ, by the condition that it conserved a discrete symplectic form: f*Qr, = Qr,.
We will define a special discrete symplectic map by a more restrictive condition: that such
amap f:Q X Q — Q x @ satisfy the conditions f*@Jer = @Jer and f*@zd = @Zd.

Theorem 2.3 (Discrete Noether’s Theorem). Suppose Ly : Q x Q@ — R is the discrete La-
grangian of a discrete Lagrangian mechanical system on Q X Q, and furthermore suppose that
Ly is invariant with respect to the action ® of a Lie group G lifted to Q x Q as in (2.27). Then:

1. @?XQ :QXQ — QxQ is a special discrete symplectic map. Also, the discrete Lagrangian
momentum maps will be equivalent so that J;d = Jgd = Jr, and can thus be referred to

as one map Jr,: Q x Q@ — g*.

2. The discrete Lagrangian map Fr,, conserves the discrete Lagrangian momentum map Jr,,

e Jp,oFr, = Jg,.

Proof. A more detailed proof can be find in Marsden and West [36], who furthermore rely on
results in Marsden and Ratiu [35]. Nonetheless, we provide a basic outline of a proof here,
drawing from these sources but editing for clarity of exposition and relevance.

In the first statement, invariance of Ly with respect to ® can be expressed by the equation
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Lgo @gXQ = L4. Differentiating with respect to q; we see that

0®(g,
DLy (‘I)QXQ(% (ks Ge41))) - ((;;k%)

(@?XQ)* (-0,)=-0r,.

dq* = D1La(qk, qr1)dg® =

*
Similarly we can show (@gXQ> (@Jer) = —@Jer. Thus CI{E}QXQ is a special discrete symplectic
map. Furthermore, invariance of Ly implies infinitesimal invariance, which is expressible by the

condition dLg - {gxq = 0 for any { € g, so that

dLg - £0xq(ar, k1) = D1La(qr, qr+1) - {@(ar) + DoLa(qk, qk+1) - £ (qrt1)
= =07 (g arv1) - EQ(ak) + O7 (ak, Gh1) - E@(grr1) = 0.

Next by applying the definition of the discrete Lagrangian momentum maps (2.29), the above
implies that
I (ks Gk1) - € = TF (ks ae1) - €

Hence, the discrete Lagrangian momentum maps are equivalent and we may refer to them as
one map Jr,,.

To verify that Fy, conserves J ,, we first note that ® naturally induces an action of G on
the space of trajectories C4(@) (the trajectories simply being a set of N + 1 points in (). Then,

evaluating the discrete action with the infinitesimal generator, one obtains

N

dSa(qa) - &c,0)(2a) = Z dLa(qr, Gr+1) - §oxQ(ak, qht1) = 0,
=0

—_

because, as we have just seen, invariance of Ly implies infinitesimal invariance.
Next, if we restrict trajectories to solutions of the discrete Euler-Lagrange equations, the
definition of the discrete restricted action in terms of initial conditions (qg, ¢1) implies that the

above can also be written as

dSa(qa) - &cy(0)(aa) = dSa(q0. q1) - €gxq(a0, 1)
= ((F)6t, - ex,) - foxalan a1)
= (FE)“ T (a0, ) = J7 (a0, 01) ) - € =0,
This holds for arbitrary £ € g and, as before, the above argument is applicable to an arbitrary
number of time-steps, including a single time-step. Thus, since erd = JL_d = Jr,, we see that

(Fr,)*Jr, = Jr, o Fr, = Jr, and we have demonstrated that when the discrete Lagrangian is

invariant with respect to the action ® of group G on @), solutions of the discrete Euler—Lagrange

24



equations conserve discrete momentum maps.
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Chapter 3
Discrete Hamel’s Equations

In the following chapter we propose and derive via a discrete variational principle a numerical
integrator approximating the evolution of a Lagrangian mechanical system that we call the
discrete Hamel’s equations. The form of the integrators and their equivalent variational prin-
ciple will first be motivated by a second examination at the of the discrete Fuler—Lagrange
equations within which we shall present the discrete Hamilton’s principle in an alternate but
equivalent form. This alternate viewpoint will motivate a discrete variational principle that is
not equivalent to the discrete Hamilton’s principle, but that gives rise to the discrete Hamel’s
equations.

The material presented in this chapter may be found in a preprint by Ball and Zenkov [5],
submitted for publication in 2013.

As we have already seen, discrete Lagrangian mechanics is obtained by discretizing Hamil-
ton’s principle. This approach leads to symplectic- and, for systems with symmetry, momentum-
preserving integrators. By discretizing the Lagrange—d’Alembert principle, nonconservative
forces (see Marsden and West [36]) and nonholonomic constraints (see Cortés and Martinez [17])
can be incorporated as well. As pointed out in Cortés and Martinez [17], the versions of the
discrete Lagrange—d’Alembert principle used in [36] and [17] are incompatible in the following
sense: In the nonholonomic setting, discretizing constraints as opposed to discretizing their re-
actions generically results in different discrete models. In other words, the notion of an ideal
constraint of continuous-time mechanics is not preserved by the discretization of Cortés and
Martinez. Ideal constraints can be replaced by reaction forces, in other words work done by the
constraint forces disappears under virtual displacements.

We develop discrete Hamel’s formalism by discretizing Hamilton’s principle for Hamel’s
equations. The principal difficulty in extending this program to the Hamel’s setting is caused
by the bracket terms, as a discrete analogue of the Jacobi—Lie bracket is known only for left-

or right-invariant vector fields on Lie groups (Moser and Veselov [39], Marsden, Pekarsky, and
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Shkoller [34], Bobenko and Suris [12,13]). In this chapter we resolve the bracket term discretiza-
tion issue for systems on vector spaces.

When a continuous-time system is discretized, we first select the vector fields that are used to
measure the velocity components, and then set up the discrete variational principle. In general,
the outcome is a somewhat different discrete dynamical system than the outcome of the usual
variational discretization procedure. Remarkably, a modification of our formalism for systems
with nonholonomic constraints resolves the ideal constraint issue of Cortés and Martinez. That
is, the discrete Lagrange—d’Alembert principle for Hamel equations is identical to the discrete

Lagrange—d’Alembert principle of Marsden and West.

3.1 Discrete Lagrangian Mechanics Revistited

We have already seen how a discrete analogue of Lagrangian mechanics can be obtained by
discretizing Hamilton’s principle; this approach underlies the construction of variational in-
tegrators. In this section we present an alternate viewpoint on the same principle: this new
viewpoint will subsequently guide our derivation of the discrete Hamel’s equations.

Recall that the discrete Euler-Lagrange equations (2.23) are derived in the process of finding
a discrete trajectory qq € Cq(Q) that extremizes the discrete action Sy : Cq(Q) — R. The
discrete action is the summation of a discrete Lagrangian Ly : Q X @@ — R, and the discrete
Lagrangian is itself understood as an approximation of the continuous action (a path integral
of the Lagrangian function L) via an identification of the tangent bundle TQ with @ x Q.

In the case that @ is a vector space, it may be convenient to use (g1 /2 Uk k+1) € T'Q, where
Qt1/2 = %(qk + qr+1) and vg gy = %(qkﬂ —qr), as a state of a discrete mechanical system. In
such a representation, the discrete Lagrangian becomes a function of (g1 /25 Uk k+1), Which we
will denote as L% : TQ — R so that

L (qrs1/2, Vi git1) = Lal(qr, qrs1),
and the discrete Euler-Lagrange equations read
S(D1LYqr—1/9, vk—1,k) + D1LY(qr 11 /20 k1))
+ %(DzLd(qk—ym Vg—1k) — DQLd(Qk+1/27 Vgkt1)) = 0.

These equations are equivalent to the variational principle

N-1

557 = Z (D1L*(qx 41 /2, U gor1)0Gk 11 /2 + D2 L (@t 1 /2, Vipi1) 00k 1) = 0, (3.1)
k=0
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where the variations dg;1 /2 and dvg g1 are induced by the variations dgy and are given by the

formulae

Saki1/2 = 3 (0q+1 + 0ak), Okt = 3 (6qrs1 — Oai).

It is straightforward to show that the principle (3.1) is equivalent to the discrete Hamilton’s
principle expressed as (2.26), and that the form of the discrete Euler-Lagrange equations pre-
sented here is likewise equivalent to (2.23). The discrete Hamel formalism introduced below

may be interpreted as a generalization of the representation (3.1) of discrete mechanics.

A
Tli]k+1/2QE
A 0Gk11/2
y&lk
d----- >
15, Q

Figure 3.1: The virtual displacement vectors associated with an arbitrary variation at the step
defined by (gx, qx+1) € @ X @ in a flat two-dimensional vector space.

3.2 Discrete Hamel’s Equations

In the rest of the chapter we assume that @) is a vector space. Start with a sequence of config-
urations specified by a trajectory ¢4 = {Qk}ivzo- Given a parameter 7 € [0, 1], define the points
Qk+r = (1 = 7)qx + 7qr41 for each 1 < k < N — 1 to be interpolation points. We intro-
duce a procedure for defining a “discrete velocity” vy 1 € Ty, @ by taking the parameter

T-derivative of the interpolation point definition, so that

1d
Vk,k+1 = E

1
ds| (1= s)qr + sqr41) = h(Qk+1 — qk)- (3.2)
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T -
_____ Oirrjz | Ogkyd
T(qk+1/2,vk,k+1) (TQ)
A Ok k+1
0qk+1/2

Figure 3.2: Virtual displacements (dqy1/2, 0vkk11) € Tigy 1 p200n v (T'Q), again where Q is a
two-dimensional vector space.

Notice that in the case of 7 = %, the value of (g1 /2, vk k+1) under this definition is precisely the
midpoint representation of the state of a discrete mechanical system presented in the previous
section.

The velocity components relative to the frame wu(q) at gz, will be denoted & ry1 =
(§é7k+1, e fg’kﬂ). Similar to [14,27], the phase space for the suggested discretization of Hamel’s
equation is the tangent bundle 7'Q). That is, in local coordinates (¢,§) on T'Q the discrete La-
grangian % TQ — R reads (¢ = Kd(qurT, &k k+1). To discretize a continuous-time system, we

suggest the following procedure:
1. Select a frame u(q) and identify the continuous-time Lagrangian [(g, &), as in (2.11).

2. Construct the discrete Lagrangian using the formula
(N Ghrs Ehprr) = D Ghrrs Epppn)-

The action sum then is N

st = 0 (Ghrs $kkr1)s (3.3)
k=0

[y

which is an approximation of the action integral (2.3) of the continuous-time system.
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Given 7 € [0, 1], define (i, by the formula

Chrr = (1 = 7)Ck + TCrt1- (3.4)

The vectors (g, Cry1, and Cryr in Ty, Tp, @, and Tg, . Q will be used below to establish

dk4T1
the discrete analogues of the variation formulae.

Define the discrete conjugate momentum by

gt := Dol (Qrrry Ehr1)- (3.5)

Below, we use the notations

Utr = W Qrr)s Logr = L (Qotrs Egor1), w[l] by = W0 (Qhtr €k pt1)s

etc. Recall that the term u[¢9](g, €) is defined to be to the directional derivatives of the (discrete)
Lagrangian along the vectors u(q) as in(2.14), so that

9% (q,€)
d _ ) 7

u;[€%)(q, &) = o ¥i(q).

Theorem 3.1. The sequence (qk+T,§k’k+1) e TqQ for k=0,...,N —1 satisfies the discrete

Hamel’s equations

i (Be—1k = Hier1) +Tu [gd} ho1ar (1= T)“[fd] k+r

* *

+ (1= 7) [Er s 15 k1] =0 (3.6)

Qi+

+ 7 (k15 =1,k

dk—1+T1
if and only if

N-1
55t =4 Z ﬁd(qk+7,§k,k+1) =0,
k=0
where

5q}c+7‘ = U(QkJrT) : Ck+T = C]z;+7uj<Qk+T)7 (37)

68k et1 = (Cor1 — G) + [Eber1, Coor]

q}c+7"
Here (o = (n =0, and (g4r is defined in (3.4), k=0,...,N —1.

Remark 3.1. In order to obtain a complete system of equations, one supplements (3.6) with a
discrete analogue of the kinematic equation ¢ = u(q) - £&. There is a certain freedom in doing
that.
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Here we have already stated in (3.2) that the discrete velocity is related to the parameteri-

zation qi1r = (1 — 7)qr + Tqr+1. Thus, for now we assume this discrete analogue to be

gk+1 — 4k
T = Ukt Sk k+1

so that in index notation ‘ A
j Qpy1 — G, j
i7k+1 = T h &; (@retr)-

In coordinate form', the discrete Hamel’s equations and the formulae for variations read

%(/‘k—l,k;j - Hk,k:+1;j) +Tu; [Ed} h—1qr T (1—7)uy [gd] kT

+ 765 (@h147)Eh 1 k150 + (1= T)E5 (@r ) g1 Mot 130 = 0,

and

. . b
6‘][2:—‘,—7‘ = wz (q]f‘f'T)Ck:—f—T’

b b b b ; '
08 ji1 = 7 (G — G) + i @hr) &1 G

respectively.

Remark 3.2. Unlike the continuous-time case, the formulae for variations (3.7) and (3.8) cannot
be derived in a manner presented in the proof of Theorem 2.2 (see Zenkov, Bloch, and Mars-
den [10] or more recently Ball and Zenkov [5] for the proof). The situation here is somewhat
similar to the issue encountered and resolved by Chetaev in his work [16] on the equivalence of
the Lagrange—d’Alembert and Gauss principles for systems with nonlinear nonholonomic con-
straints. Recall that Chetaev’s approach was to define variations in such a way that the two

aforementioned principles become equivalent.

Proof. Using formulae (3.7) and (3.8) and computing the variation of the action sum (3.3), one

1We use a semi-colon to distinguish the index of the covector component from the index of the step (k, k4 1).
This should not be confused with the covariant derivative. Hence, pk k+1;o should be understood as the a-th

component of the covector g k+1 € T;k+1/2Q'
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obtains

>
&
o
I
i
A

Dl Qs k1) OQhrr + Dol (Qhprs Enpr1) 0kt

T
Ll

<D1£g+7, Uk+r - Ck+7’>

=
Il
o

=+ <D2£g+7—a (Ck-i—l - Ck’)/h‘ + [5k,k+1’ Ck+T:| Qk+T>

P

= <%<Mk71,k — M k1) Ck>

>
Il
—

*

 (ull] o+ [ o]y (1= TG+ TGt )

dk+1

F

<%(“k—1,k = M kt1), Ck> + <T“ [gd]k—l—&-‘r +(1 - T)u[gd] k+7° Ck>

i
I

*

+ (1= 7) [Bhr1s o) ,Ck>-

A+

+ <7' [e—1,k> E—1,]

dk—1+7

Thus, vanishing of ds® for arbitrary ¢, k = 1,...,N — 1, is equivalent to discrete Hamel’s
equations (3.6). O

The formulae for variations (3.7) and (3.8) in the discrete setting are motivated by the
following observations. First, recall that in the continuous-time setting the formula (2.19) for

0& follows from the formula
d

Cdt

A discrete analogue of §(u - £) is relatively straightforward to obtain. Indeed, using the formula

6(u-¢) (u-¢) =0, (3.9)

OQk+r = Uktr * Cppr = Uktr ((1 —7)Ck + TC]C“Fl)
and the interpretation of the operator ¢ as a directional derivative, one obtains
5uk+7' = (Ck-l—T : U[u]k+7)7

and therefore

O(Uptr - Epy1) = OUppr - Eppr1 + Ukr - 0k k1

= Ukr - 0k k1 + (CHT ’ “[&f,kﬂ ’ “DHT'

However, a discrete analogue of the formula %(u -() is not immediately available, as the opera~

tion of time differentiation is not intrinsically present in the discrete setting. A workaround that
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we suggest is to view the transition from g to gx11 as a motion along a straight line segment

at a uniform rate, as we defined in the beginning of the current section:
Gorr = (L= 7T)qk + 71, 0<7 <1, (3.10)

so that ¢4+ = qr when 7 = 0 and qxyr = qrx+1 when 7 = 1. Since the time step is h, the

analogue of continuous-time velocity is v x+1 = (gr+1 — qx)/h. From (3.10),

Gkl — Gk _ 1 dgryr
h h dr ’

leading to an interpretation of the operator

1d

hdr

as a discrete analogue of time differentiation of continuous-time mechanics.

The discrete analogue of the term %(u -¢) thus is

1d I R 1 dCryr
hdr (Uktr - Chtr) = n T dr Chtr + Uktr - n dr

1 dCr4r
= Uk4r - 7 %: + (fk,kJrl ) U[CkJrT ) u] k—l—T)

= Uggr QCL};@ + (Gt - w[Crorr vy )

To summarize, the discrete analogue of (3.9) reads

Chk+1 — Ck

Uptr 08k k1l = Uktr —hn + [u “ o1, U Ck+r] Q47

which implies formula (3.8) for variation d¢j j41.

Remark 3.3. The discrete Hamel’s equations are, generally, distinct from the discrete Euler—
Lagrange equations. That is, the discrete Hamel’s equations and the discrete Euler—Lagrange
equations are algebraically distinct second order difference equations. This will be discussed
further in Chapter 5.

3.3 Hamel’s Formalism and Nonholonomic Integrators

In this section we study some of the structure-preserving properties of discrete Hamel’s formal-

ism in the presence of velocity constraints.
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3.3.1 The Lagrange—d’Alembert Principle

Assume now that there are velocity constraints imposed on the system. We confine our attention
to constraints that are homogeneous in the velocity. Accordingly, we consider a configuration
space () and a distribution D on () that describes these constraints. Recall that a distribution
D is a collection of linear subspaces of the tangent spaces of (J; we denote these spaces by
D, C T,Q, one for each ¢ € Q. A curve ¢(t) € Q will be said to satisfy the constraints if
q(t) € Dy for all t. This distribution will, in general, be nonintegrable; i.e., the constraints
are, in general, nonholonomic.?

Consider a Lagrangian L : TQQ — R. Assume that the constraints are ideal, that is, they
can be replaced with reaction forces® that at each ¢ € @ belong to the null space D, CT;Q

of D,. The equations of motion are given by the following Lagrange—d’Alembert principle.

Definition 3.2. The Lagrange—d’Alembert equations of motion for the system are those

determined by
b
5/ L(q,q)dt =0,

where we choose variations 0q(t) of the curve q(t) that satisfy 6g(a) = dq(b) = 0 and dq(t) €
Dy(4) for each t where a <t <b.

This principle is supplemented by the condition that the curve ¢(¢) itself satisfies the constraints.
Note that we take the variation before imposing the constraints; that is, we do not impose the
constraints on the family of curves defining the variation. This is well known to be important

to obtain the correct mechanical equations (see [28] and [8] for a discussion and references).

3.3.2 The Constrained Hamel’s Equations

Given a nonholonomic system, that is, a Lagrangian L : TQQ — R and constraint distribution

D, select the independent local vector fields
u:Q—=TQ, i=1,...,n,
such that D, = span{u1(q), ..., un—p(q)}. Each ¢ € TQ can be uniquely written as

qg=u(q) P +u(q)-&, where u(q)-£P €Dy, (3.11)

2Constraints are nonholonomic if and only if they cannot be rewritten as position constraints.
3This means that the constraints are not present anymore, but forces are imposed on the unconstrained
system, and the dynamics of the forced Lagrangian system is identical to that of the constrained system.
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i.e., u(q) - €7 is the component of ¢ along D, and u(q) - & is the complementary component.

Similarly, each a € T*@Q can be uniquely decomposed as

a=ap-u*(q) +ay -u(q),

where ap-u*(q) is the component of a along the dual of D, where az-u*(g) is the complementary
component, and where u*(q) € T*Q x --- x T*(Q denotes the dual frame of u(q). Using (3.11),

the constraints read
E=¢6P or & =0. (3.12)

This implies
66 =660 or sY =0. (3.13)

The Lagrange—d’Alembert principle in combination with (3.13) proves the following theorem:
Theorem 3.3. The dynamics of a monholonomic system is represented by the constrained

dov [ p o0l B u
(e ~ €7 5], ), =0 =0

q

Hamel’s equations

coupled with the kinematic equation
q=u(q) "

The constrained Lagrangian is the restriction of the Lagrangian to the constraint distri-

bution. Thus, using Hamel’s formalism, the constrained Lagrangian reads

Ec(qa £D) = g(Q) gD’ 0) = E(qa £)|§u=0‘

It is straightforward to check that an alternative form of the constrained Hamel equations is

d ol p 001" B u
%agD - ({f 735] )D_UD[EC]—O, §'=0. (3.14)

q

3.3.3 Continuous-Time Chaplygin Systems

As an important special case, consider commautative Chaplygin systems, which are non-
holonomic systems with a commutative symmetry group H and subject to the condition that

at each ¢ € @ the tangent space T,Q is the direct sum of the constraint distribution and the
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tangent space to the orbit Orbg(gq) of H through g¢:
T,Q = Dy & T, Orby(q). (3.15)

To avoid technical difficulties, assume that the group H acts freely and properly on the config-
uration space @, so that 7 : @Q — @/H is a principle fiber bundle, where 7 is the projection.
Elements of Q/H and H will be denoted by x and s, respectively.

Following [8], define an Ehresmann connection by requiring that the group directions
and the constraint distribution provide a vertical and horizontal spaces, respectively. These
spaces are denoted V; and H,.

In other words, the nonholonomic kinematic constraints provide an Ehresmann connection
on the principal bundle 7 : @ — @/H. Under the assumptions made above, the equations of
motion drop to the reduced space D/H, which in this special case is the same as Q/H.

Recall that an Ehresmann connection A is a vertical-valued vector one-form that is a projec-
tion on Vy; ie., Ay : T,Q — V, for each ¢ and A(v) = v for all v € V. In the bundle coordinates
(z,s) the form A reads

0
A= wa%, where w?(q) = A%(z) dz® + ds*, (3.16)
where a = 1,...,(n—p), and where a = (n—p—+1),...,n. Recall also that the horizontal space
H, =ker A, so that T,Q = H, & Vg, in full agreement with (3.15).

The curvature of A is the vector-valued two-form defined by
B(X,Y) = —A([hor X, hor Y]),

where hor X and horY are the horizontal parts of the vectors X,Y € T;Q, respectively. In the

bundle coordinates (z%, s%),

0

_ 8
B(X,Y) = BiX°YP .

where
o _ 0Ay  0Af
B grB - Pro’

The constrained Lagrangian is the restriction of Lagrangian onto the constraint distri-

bution, L. = L|p. For Chaplygin systems, L and L. naturally reduce to function on TQ/H and
on D/H. In the bundle coordinates (x,s) this simply means that L is independent of s,* i.e.,

L = L(x,%,$), and the constrained Lagrangian reads

L.(x,2) = L(x, &, —A(z) ).

4For a noncommutative symmetry group, L depends on (s, 3) through the combination s~ '5.
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The equations of motion for Chaplygin systems

doL, 0L, /L

or, in coordinates,
iaLc _ 0L, :—8LB“ B
dt9z™ Oz 9se P

a,B=1,...,(n—p), were first derived, by a coordinate calculation, by Chaplygin in [15]. They

are called the Chaplygin equations.
We now obtain equations (3.17) using Hamel’s formalism. Recall that connection (3.16) is

defined by the constraint distribution. Equivalently, the constraints read
$+ A(x)z =0.
Associated with the constraint distribution are the vector fields
Uq = hor Opo = Opa — Al Osa, Ug = Osa. (3.18)

Using this frame,

G =% + (§* + A22Y)ug,
a=1,...,(n—=p),a=(n—p+1),...,n, or, equivalently,
=i, l=s+A@)i, j=up & +uy- &,

and

0(2,8) = L(z,&7, &1 — A(2)EP),  lo(z,€P) = L(z, 6P, —A(x)EP). (3.19)

Evaluating the Jacobi-Lie brackets of the fields (3.18), one obtains

a QA%
[Uas ug] = <8Aa B) ; = Ba ’ [Ue, Ua] = [ta, up] = 0,

9xf 9z | dse T TP gsa’

p 0017\ _ /oL
(3], ), = (es)

and thus (3.17) are just the constrained Hamel equations (3.14). Recall that B is the curvature
of the form A.

An important remark is that, form Chaplygin’s prospective, equations (3.17) are the Euler—

which implies
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Lagrange equations on the configuration space ()/H subject to a nonconservative force

oL
<aé71m B>

This force may be interpreted as a shape component of the constraint reaction.
Another important remark is that £ in the classical literature are viewed as the reduced
configuration velocities, whereas from the point of view of Hamel’s formalism % represent the

velocity components along the non-commuting fields u,.

3.3.4 Discrete Nonholonomic Systems

Discrete nonholonomic systems (nonholonomic integrators) were introduced by Cortés and
Martinez in [17].
Let @ be a configuration space. According to Cortés and Martinez, a discrete nonholonomic

mechanical system on @ is characterized by:
e A discrete Lagrangian L% : Q x Q — R;
e An (n — s)-dimensional distribution D on T'Q;

e A discrete constraint manifold D? C Q x Q which has the same dimension as D and
satisfies the condition (g, ¢) € D? for all ¢ € Q.

The dynamics is given by the following discrete Lagrange—d’Alembert principle (see [17]):

=

<D1Ld(Qk7 Git1) + Dol (qr—1, %))5% =0, 0qx € Dy, (qr, qrr1) € D
0

e
Il

Here D; L% and D, L% denote the partial derivatives of the discrete Lagrangian with respect to
the first and the second inputs, respectively.

As pointed out in [19, 20], the discrete constraint manifold should be carefully selected
when a continuous-time nonholonomic system is discretized. For the details on the properties
of discrete nonholonomic systems we refer the reader to papers [17,19,20]. In a recent paper [27],
a somewhat different approach to discretizing nonholonomic systems has been suggested.

Cortés and Martinez also study the dynamics of discrete Chaplygin systems. In particular,
given a continuous-time Chaplygin system, they discretize the Fuler—Lagrange equations with
constraint reactions, and conclude that in general the resulting discrete system is inconsistent
with the outcome of their discrete Lagrange—d’Alembert principle. In other words, the concept

of ideal constraints is not acknowledged by their discretization procedure.
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Lynch and Zenkov [31,32] proved that the discrete dynamics defined by the Lagrange—
d’Alembert principle of Cortés and Martinez may lack structural stability. For example, it is
possible for the discretization of a continuous-time Chaplygin system to change the dimension
and /or stability of manifolds of relative equilibria of the said continuous-time system.

Below, we will show that a different definition of the discrete Lagrange—d’Alembert principle
exists that is free of the aforementioned issues. In particular, the dimension and stability of
manifolds of relative equilibria are kept intact if this new version of the Lagrange—d’Alembert

principle is utilized.

3.3.5 Hamel’s Formalism for Discrete Nonholonomic Systems

Recall that the Lagrange—d’Alembert principle for continuous-time nonholonomic systems as-
sumes that the variation of action is carried out before imposing the constraints. The outcome
is the constrained Hamel equations, as discussed in Section 3.3.2. In a similar manner, we accept
that the dynamics of a discrete nonholonomic system is determined by the discrete Lagrange—
d’Alembert equations, obtained by first taking the variation of the discrete action, as in
Section 3.2, and then imposing the discrete constraints. We point out that the definition of the
discrete Lagrange—d’Alembert principle given here is not the same as the definition of Cortés
and Martinez reproduced in Section 3.3.4.

In the continuous-time setting, the constraints are represented by formula (3.12). We thus
suggest that, under the same assumptions on the frame selection as in Section 3.3.2, the discrete

constraints are
_ ¢D u _
Eekt1 =Epy1 OF ELpyr =0

The dynamics of a discrete nonholonomic system then is given by the constrained Hamel

equations

%(/‘k—lvk - Mk1k+1)D + (TU [fd] k—14r T (1- T)u[gd] k+T)D
+ (7 [51?—1,19, [tk +(1-7) [flfk“, [ 41

*

qkﬂ)v =0, (3.20)

qk—1+1
where, as before, 41 is given by formula (3.5). Of a special interest is the value 7 = 1/2, in
which case one verifies that the order of approximation of (3.20) is 2.

3.3.6 Discrete Chaplygin Systems

Given a continuous-time Chaplygin system, we construct its discretization by utilizing the
discrete Hamel formalism. Using the frame (3.18) and the continuous-time Lagrangians (3.19)

introduced in Section 3.3.3, the discrete Lagrangian and the discrete constrained Lagrangian
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read

0N @hiry Erpr1) = M Tpgry Eger1)

0 (Thsrs € pr1) = O (@r, Ehpgt) = Ple(Thprs €D prr)-

The dynamics is then given by equation (3.20), with

(Mk,k+1)D = Dy g?(kar‘rv §D) =Ds ed($k+7’ fk,kJrl)’gng:O

and py 41 defined as in (3.5).
We now convert this dynamics into a discrete analogue of the Chaplygin equations (3.17).

Following the general discretization procedure, we obtain the formulae
Soprr = Aag/h, &y = Asp/h+ Alzpyr)Axy/h,

where Az = (k41 — x) and Asg = (sg4+1 — sk). Then, invoking (3.19), it is straightforward
to see that

(N @hyry b gr1) = M Thrr Ep i)

= hL( ks, fl?,kH, fi’,kﬂ - A@kw)fi?,kﬂ) (3.21)

and

0 Thirs Epgr) = O (@ir Epr1) = Me(Thir, S psn)
= hLc(Tpsr, Efpr1) = hLe(Thir, ATp i1 /h)

= hL(xgtr, Az /h, —A(xptr ) Azi /), (3.22)

where L(zx,,$) is the Lagrangian of the continuous-time Chaplygin system. From formulae
(3.21), (3.22), and (3.18), one obtains

fiepr1 = Do 0 (@pir, Ep i),
(Wket1)D = Do b (Thir, € psn)
= hD2 Le(Thir: & i1) = hDa Le(@pyr, Ay /),
(Mkgs1)u = D3 fd(£k+mf)?k+1af%k+1)
= hD3 L(Tkir, Sy 1s S nsr — A@rir )6 rsn)

= hD3 L(zkyr, Az /h, Asg/h).
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Next, since we utilize the frame (3.18) just like in the continuous-time setting, the formula

*

D _ .
([gk,k—&-lv F‘k,k+1] qk+7_) D <,Uk7k+17 lngkH BQk+T>

= <(uk,k+1)u, iep | qu+¢> = (k1)1 1nzy /h Bayyr )

= <hD3 L($k+7—, Aa:k/h, —A($k+T)A:IZk/h), iAxk/h qu+7>

is established with an aid of the arguments of Section 3.3.3. To keep the formulae shorter, we
write the latter expression as

(hDs3 L,ing,jn By, .

Finally,

(u[fd] (Qhtrs fk,k+1))fD =D, gd($k+77 §£k+1)

= D1l (@hir, €L prr) = hD1 Le(@hir, Ay /h).

Summarizing, the dynamics of the discrete Chaplygin system reads

(D2 Le)jsr — (D2 Le)g—147) = T(D1 Le)g—14+ + (1 = 7)(D1 Le)

+ T<D3 L, iAack_l/h B>k_1+7— + (1 - 7—)<D3 L, iAxk/h B>k+77 (323)

where (D; L¢)kyr := D; Le(xpar, Axg/h). Remarkably, the discrete Chaplygin equations (3.23)
are identical to the discretization of continuous-time Chaplygin equations (3.17) viewed as
forced Euler-Lagrange dynamics. For more details on this latter discretization of the Chaplygin

equations see [17] and [32].

3.3.7 Stability

In this section we link up stability of relative equilibria of Chaplygin systems with structural
stability of nonholonomic integrators.

Consider a commutative Chaplygin system characterized by the Lagrangian L and the con-
straint distribution D, as discussed in Section 3.3.3. Assume that the dynamics of the Chaplygin
system (3.17) is invariant with respect to the action of a commutative group G on Q/H.% Often
such a situation is the result of the original system being invariant with respect to the semidirect
product of groups G and H. The elements of the group G are denoted g, and we assume that
the action of G on QQ/H is free and proper, so that @)/H has the structure of a principle fiber
bundle with the structure group G. Thus, locally, there exist the bundle coordinates = = (r, g)

®The general noncommutative setting is not studied in this chapter.
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on Q/H. Let dim G = m.

Under certain assumptions (see e.g. [26] and [52]), the dynamics has an m-dimensional
manifold of relative equilibria, which are the solutions of (3.17) that in the bundle coordinates
(r,g) read

T=Te, =T

As established in Karapetyan [26], some of these relative equilibria may be partially asymptoti-
cally stable. Karapetyan justifies stability using the center manifold stability analysis techniques,
which, for nonholonomic systems under consideration, reduces to verifying that the nonzero
spectrum of linearization at the relative equilibrium of interest belongs to the left half-plane.%

Partially asymptotically stable relative equilibria are a part of the w-limit set of dynam-
ics (3.17). Similarly, relative equilibria that become partially asymptotically stable after time
reversal are a part of the a-limit set of dynamics (3.17).

It is important for a long-term numerical integrator to preserve the manifold of relative
equilibria of (3.17) and their stability types. Indeed, if the limit sets of an integrator are different
from the limit sets of the continuous-time dynamics, this integrator will not adequately simulate
the continuous-time dynamics over long time intervals.

As shown in [31,32], the discrete Lagrange—d’Alembert principle of Cortés and Martinez may
produce discretizations that fail to preserve the manifold of relative equilibria. For instance, it
may change the dimension of this manifold, thus changing the structure of limit sets.

A relative equilibrium of a discrete Chaplygin system (3.23) with commutative symmetry
is a solution

ri = const, Agp = const.
Assume now that 7 = 1/2 in equations (3.23). Let h > 0 be the time step.

Theorem 3.4 (Lynch and Zenkov [31,32]). Discretization (3.23) preserves the manifold of
relative equilibria of the continuous-time Chaplygin system, that is, vy, = Te, Agr = hne is
a relative equilibrium of the discretization (3.23) if and only if r = re, g = ne is a relative
equilibrium of the continuous-time system. The conditions for partial asymptotic stability of the

equilibria of the continuous-time system and of its discretization are the same.

Summarizing, the proposed discrete Lagrange—d’Alembert principle ensures the necessary

conditions for structural stability of the associated nonholonomic integrator.

5The stability analysis of relative equilibria of nonholonomic systems has a long history, starting form the
results of Walker [48] and Routh [44]; see [52] for some of this history and for the energy-momentum method for
nonholonomic systems.
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Chapter 4

Variational Principles for

Continuous-Time Hamel’s Equations

In this chapter we present a variational derivation of Hamel’s equations from an extension of
Hamilton’s principle: the Hamilton—Pontryagin principle. The result is part of a recent paper [4]
by Ball, Zenkov, and Bloch.

An earlier variational derivation of Hamel’s equations (2.15) is based on the formula for
variations of velocity components that generalizes the variation formula for the Euler—Poincaré
equations (see Marsden [33], Marsden and Ratiu [35], and Bloch et al. [10] for details). In
this manner we may think of the Hamel’s equations as a generalization of the Euler—Poincaré
equations, which describe the mechanics of a system specified by a left-invariant Lagrangian
acting on the tangent bundle of a Lie group. Bou-Rabee and Marsden [14] develop structure-
preserving variational integrators for the Fuler—Poincaré equations through a discretization of
the Hamilton—Pontryagin principle.

It is plausible to assume that the derivation of variational integrators for Hamel’s equa-
tions may be based on the Hamilton—Pontryagin principle adapted for Hamel’s equations.
This approach, eschewing the constrained variation approach of Bloch et al. [10] in favor of
constraint-free variations, is examined below in the context of variational integrators for Chap-
lygin systems.

Just as in the Euler—Poincaré case, Hamel’s equations contain terms whose structure at
first appears to be non-variational. The presence of these terms is caused by non-vanishing
Jacobi-Lie bracket of the vector fields that are used to measure the velocity components. The
variational derivation of Hamel’s equations we present below utilizes the Hamilton—Pontryagin
principle and produces these bracket terms using unconstrained variations, albeit taken in a
different, larger-dimensional space.

The origins of the Hamilton—Pontryagin principle may be traced back to Livens [30]; see
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also Pars [42]. The recent results of Yoshimura and Marsden [49-51] reveal the links between
this principle, implicit Lagrangian systems, and Dirac structures. The latter are important in
interconnected mechanical systems, electric circuits, electromechanical systems, and control,
as discussed in e.g. van der Schaft and Maschke [46,47], van der Schaft [45], and Bloch and
Crouch [7]. As shown in Yoshimura and Marsden [50], the dynamics and the Legendre transform

are the outcomes of a variational procedure when the Hamilton—Pontryagin principle is used.

4.1 The Hamilton—Pontryagin Principle

Let @ be a manifold, T'Q be its tangent, and T*Q be its cotangent bundles. Let ¢, (¢,v), and
(¢, p) be local coordinates on @, T'Q, and T™*Q), respectively. Let t — (q(t),v(t), p(t)),t € [to, tr],
be a curve in the Pontryagin bundle TQ & T*@. Following Yoshimura and Marsden [49-51],
define the action functional on T'Q ® T*Q by the formula

Sip = / "L (q(t), v(®) + (D), d(t) — v(t))] . (4.1)

Consider the space of curves in T'Q @& T™*(Q that satisfy the conditions ¢(tg) = qo, ¢(tr) = qr,
with tg <t < tp, where qp and gr are two points in the configuration space Q. The variation

of action (4.1) on this space of curves is computed to be

tr [(OL oL
58 :/ [(—')6 +<— >5v+ '—vd}dt.
HP \ 9 D)% 5y P (@ —wv)op

Theorem 4.1. The following statements are equivalent:

1. The curve (q(t),v(t),p(t)) is a critical point of the action functional (4.1) on the space of
curves in TQ & T*Q connecting qy € Q to qr € Q on the interval |a,b], with variations
satisfying 6q(to) = dq(tr) = 0.

2. The curve (q(t),v(t),p(t)) satisfies the implicit Euler—Lagrange equations

oL oL

P = 07 = =, 1 = V. 42

9 P P= g q (4.2)
Equations (4.2) include the Euler-Lagrange equations, the Legendre transform p = 0,L,

and the second order condition ¢ = v. We emphasize that variations dv and dp are not induced

by variations dgq.
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4.2 Hamel’s Equations and the Hamilton—Pontryagin Principle

We start by rewriting action (4.1) using the frame u;(q), ¢ = 1,...,n, as defined in (2.9). Denote
the components of ¢, v, and p relative to the frame u;(q) and its dual by &, n, and p, respectively:

o 0
q= fjuj = fj ]8ql’ (43&)
. .9
p= ujuj = ,ujgbgdqi. (4.3¢)
The action functional (4.1) becomes
tr
Sup = [ [t n(e) + ple)d(6) — vie)] dt (1.4)
to

where ¢, v, and p are given by formulae (4.3).
Theorem 4.2. The following statements are equivalent:

1. The curve (q(t),n(t),u(t)),to < t < tp, is a critical point of the action functional (4.4)
on the space of curves in TQ & T*Q connecting qo and qr on the interval [to,tr], where
we choose variations of the curve (q(t),n(t), u(t)) that satisfy 6q(to) = dq(tr) = 0.

2. The implicit Hamel’s equations

will] = fuj + X, AT en’ — F T gt =0, (4.5)
or
E=n (4.5¢)

hold. Coupled with (4.3a), the implicit Hamel’s equations capture the dynamics for the
Lagrangian €(q,§).

Proof. Taking the variation of (4.4) gives

55 = [ 160 (qm) + 6 (b — v dt

to

ty ‘ ‘
:/ [Waqz O s s s — (o)
to aq* on'
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Next, we evaluate dv and obtain

, , . . 9
ov = on'u; + n'éu; = dn'u; + nzwﬂdqs&l—m

= o' + 10 (46)
= 1wy — ' P, 6q
where the last step is a consequence of the inverse matrix differentiation rule: d(¢)¢p = —10(¢).

Therefore, the term (p, dv) becomes
(p, 6v) = pidn' — pen' V7" ok, 6q°.
Integration by parts replaces the term (p,dq) with —(p,dq), as the term d(p, dq)/dt vanishes

after integration. Evaluating p, we obtain

dut

dt

= jiju’ + ¢f W uptdg®

= p¢ldg® + o T pidg’.

P =l +

Therefore,
—(p,0q) = —j1;$A04° — &3, f € oq”.

Using these formulae (and through a change of indices in the —(p,dq) term), the variation of

action (4.4) becomes

b ot Y| k .r % i, m ik s
6SHP = s /‘L]qbs - s,rwi :u’kg + HET) 11Z}z Qsm,s 5q
to 8q
ol ~
~ Mg (5 t 6 5 ] — dt
+ <anZ”> n' + (dp,q v)]
b ot m . k m, T ) k m, T ) js s
to 8q
ot -
+ <5nlﬂ> n' + (dp,q v)]
Recall that the variations dv and dp are not induced by dq. By the independence of the variation
dq, dn, and 0p, vanishing of the variation of the action functional (4.4) is equivalent to the

implicit Hamel’s equations (4.5).
O

Recall that structure functions are defined in index notation in (2.13). Thus substituting
(4.5b) and (4.5¢) in (4.5a) and utilizing (2.13) produces Hamel’s equations (2.15).
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We emphasize that equations (4.5) include Hamel’s equations, the Legendre transform p =
Opt, and the second order condition § = 7.
Remark 4.1. As we have seen from the above development, in the case of regular Lagrangian
mechanical systems, the Hamilton—Pontryagin principle unifies the Lagrangian and Hamiltonian
formulations of mechanics. This is illustrative in the case of variational integrators, as seen in
Bou-Rabee and Marsden [14], where integrators derived from a discretized Hamilton—Pontryagin
principle give rise to discrete analogues of the reconstruction condition (i.e. identifying £ with
¢) and Legendre transform. Bou-Rabee and Marsden further describe the implementation of an
s-stage Runge—Kutta discretization of the kinematic constraints in the discretized Hamilton—

Pontryagin principle, yielding higher order symplectic partitioned Runge-Kutta methods [14].

4.3 The Hamilton—Pontryagin Principle and Discrete Chaply-

gin Equations

In this section we present an alternate discretization of the Chaplygin equations using the
Hamilton—Pontryagin principle. The derivations presented below will illustrate both the use-
fulness of the Hamilton—Pontryagin perspective and of frame selection in non-holonomically

constrained systems.

4.3.1 A Discrete Variational Principle on the Pontryagin Bundle

We would now like to describe a discrete path through the Pontryagin bundle and a corre-
sponding discrete action mapping such discrete paths to the field of real numbers. Note that in
the arbitrary path through the Pontryagin bundle, v(¢) and p(t) do not necessarily correspond
to the dynamical velocity and momentum of the system but are arbitrarily selected smooth
sections of the tangent and cotangent bundles. It is only through the variational principle that
we identify v(t) with the time-derivative of position ¢(¢) and p(t) with the corresponding mo-
mentum via a Legendre transform. In the following development, note that vy, ;41 is similarly
considered to be an arbitrary vector, and is only identified with the discrete velocity through
the discrete Hamilton—Pontryagin principle.

Taking a cue from our previous discretization, we define discrete vectors and covectors at

the k-th steps as vectors and covectors at the interpolation points, so that

vk,k+1 € TQk+TQ a'nd pk7k+1 < T;k+TQ.

As such, our discrete path is the union of discrete positions, velocities and momenta

(@ Ve o1, D1} = {0k Yoo U {0k k1 Yoot U {Dkk+1 hg
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and the corresponding discrete action Sj‘fl p on the Pontryagin bundle is the mapping

N-1
1d

Si =0 > | gk o

{4k, Vk k+1, Phk+1}) 2 [ (Qtrs Vi o1) + <pk,k+1 sl

(Qrys) — Uk,k+1>:| :

=T

Variations in the discrete Pontryagin bundle case work similarly to discrete variations dis-
cussed previously, except now we consider the 2N arbitrarily selected perturbations of the
discrete vectors and covectors as dvy x+1 and 0pg r+1 at the quadrature point of each step in
addition to the variations of the (N — 1) step points dgy.

It is straightforward to show that the discrete variational principle

5% p ({a> Ok ks 1, Prks1}) =0, (4.7)

where variations are fixed at the endpoints so that dgg = dgn = 0, results in the usual discrete
Euler-Lagrange equations, and additionally identifies vy, ;41 with the discrete velocity %%QHT

and py p+1 with a discrete version of the Legendre transform.

4.3.2 The Chaplygin System and the Pontryagin Bundle

We now present a variational derivation of the equations of motion of a (commutative) Chaply-
gin system using the Pontryagin bundle. We refer to Section 3.3.3 for the overall development
of the system.

We consider an action on the Pontryagin bundle over @ (in the presence of structures

associated with a commutative Chaplygin system) to be

tp
SHP(:I:7 s,0,1,D, :u) - / [L(xa7 Saa ,UOl, na) + <p7 T — U> + </’L7 5 — 77>] dt
to

where p and v denote covector and vector sections of the Pontryagin bundle over @Q/H and
u and 7 likewise denote covector and vector sections of the Pontryagin bundle over H, a Lie

group acting on the configuration space.

Remark 4.2. In this section, we will constrain ourselves to the case when H is a commutative
group, as in Chapter 3. While the development in the noncommutative case is robust, it is also
significantly more complicated without offering additional insight into the usefulness of frames
in the treatment of nonholonomically constrained systems. The commutative case will also fit
better into the overall development of this dissertation.

In the noncommutative case left trivialized velocities are defined as £ = s7'$ € h. In the

commutative case, £ is trivially associated with §, so that s =& € b.

The Chaplygin systems have two distinguishing features. First, the Lagrangian L is invariant
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with respect to the group action of H. As mentioned in the remark above, the group velocity $
is naturally identified with a vector in b , and {0, } and {ds®} will correspond to ordered bases
of the Lie algebra h and its dual space h* respectively.

Second, the system is subject to velocity constraints given by the connection
A(z) : To(Q/H) x h — b.

Specifically, the constraint is such that when the connection acts on vectors in the tangent
bundle over the entire configuration space, the result is zero so that A(z)(&,$) = 0. The
connection itself is defined to be of the form A(x)(%, s) = §+ A(x)z. Thus, the constraint reads
$ = —A(x)x, and the connection form may be described in terms of components with respect

to the coordinate induced frame and coframe as a p x (n — p) matrix A(z):
A%(x) = ds® + Ag (x)dx”.

Now, according to the Lagrange—d’Alembert principle, we do not impose our constraints on
the system before we take variations in order to find suitable paths through the Pontryagin
bundle. Rather we impose constraints after after taking variations. However, the constraints do
come into play in the context of horizontal variations, as discussed below. This means that for

horizontal variations, (dz,ds) become
(0x,08) — (dx, —A(x)dz). (4.8)
To summarize, the action Syp defined for paths over the Pontryagin bundle corresponding to
our Chaplygin system is defined as
tp
Sup(z,s,v,1,p, 1) = / [L(z®,v% ") + (p, & —v) + (n, § — m)] dt.
to

In this setting it is fairly straightforward to show that the variational principle over the Pon-
tryagin bundle,
5SHP($7 87’0,"7,297#) = 07
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subject to horizontal variations defined in equation (4.8), reduces to the condition

/ ’
to

oL . . aa % pa o
(51 — o+ fa0) = [ 13430 ) o

+ oL _ v + oL _ on®
81)& pOé ana /’La 77

+ 0pa (2% —vY) + Spq (8% — n“)]dt =0.

Linear independence of the various displacement vectors and covectors allow us to look at each
piece of the above equation independently. The differential equations describing the evolution
of the Chapylgin system in terms of the unconstrained Lagrangian, given in coordinate form

with respect to the basis aﬂ% are

oL doL doL .,
dan ~ dtoin " arpge e =0
Now we would like to impose our constraint, namely s = —A(z)z. Notice this allows us to

define a new constrained Lagrangian L¢: T(Q/H) — R such that
L9(a®, %) = L(z®, &%, — A3 (2)i®),

which we will differentiate as follows in order to substitute into our differential equation

oL° 0L OL .,
=— - — x
dze Pz fgal P
doLe _d oL d oL a )_iL
dtoic  dtoic  dioge e\ T Haa

4.9
AL ()3 )

Thus our differential equations describing the evolution of the Chaplygin system in terms of

the constrained Lagrangian are

OL¢ d OL¢ OL
—_ - — g B a _ a
dre  di 0ic 950 (A%,5(2) ,B,a(l‘))

oL .
= %l‘ﬁBg’B (x)xﬁ

(4.10)

4.3.3 The Chaplygin System and Frame Selection

In the previous section, we derived the differential equations of motion of a Chaplygin system
through the Hamilton—Pontryagin principle. To describe vectors and covectors in this action we

used components defined with respect to the coordinate induced frame and coframe spanning
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the Pontryagin bundle, locally

o 0

spanq ——, ——, dz%,ds" » = (T,(Q/H) x h) & (T; (Q/H) x b").
Ox®’ 0s°

We now investigate a frame based on the connection A(z) that clarifies the imposition of the

constraint, consistent with work by Maruskin et al. [38]. Recall that our constraint may be

written (in the local coordinate-induced frame) as

A(w)(0,) = (A8 (2) + ) 5 =0,

so that a vector on the principal bundle (v, n) satisfies the constraints if and only if n = —A(z)v.
Suppose we (locally) select a new frame over each fiber such that span{u,(x),uq(z)} =
T,(Q/H) x h and we define the frame as an xz-dependent linear transformation of the locally

induced coordinate frame as

0 0

a pr—
0s?

Ug(x) = =— — Al(x)e, and  uq(z) (4.11)

- ox®

It is fairly straightforward (using the natural pairing (u® 4+ u®, ug + up) = 0) to show that the

corresponding dual spanning the covector bundle is
u(x) =dz* and u®(x) =ds® 4+ Al(x)dx®. (4.12)

Notice that this frame (and its dual) are a specific choice of the more general class of non-
coordinate frames that we might select in Hamel’s formalism. For the sake of convenience we
shall refer to (4.11) and (4.12) as the Chaplygin frame and coframe.

We would next like to examine the components of a vector written with respect to the
Chaplygin frame as they relate to the components of the same vector in the coordinate induced
frame. Suppose that our vector (v,7n) has coordinate-induced frame components (v*,n®) as

usual, but the components of the same vector with respect to (4.11) are (w®,{%). That is,

(0m) =02 4 g (@) + Cuala).

Ox® 0s®
Expanding the Chaplygin frame out in terms of the coordinate induced frame gives us the
equation
0 0 0 0
w Ox™ + (¢ — Aol 95t v ox® o 0s°

thus, we see that components of vectors over the orbit space are unaffected by the change of
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frame and components of vectors in the Lie algebra undergo a linear transformation, so that
Cua(z) = (0" + Ag(2)v)ua(z).

Through a similar calculation, we can show that the components of covectors in the dual Lie
algebra remain unchanged when we introduce the Chaplygin coframe, but components of the
covectors in the cotangent bundle over the orbit space undergo a linear transformation so that

the components in the Chaplygin coframe will be
wau® () = (pa — HaA%(2))u®(x), or equivalently, pa = e + o AL ().

Notice that because of our choice of Chaplygin frame, the constraint condition on a vector

(,$) (namely § = —A(x)%) is identical to the condition that the £* components of the vector

(2, $) with respect to the Chaplygin frame are zero. In fact, the vector £%u,(z) = S“aga +

Al (z)z™ a?a corresponds exactly to the term (2 defined in Kobilarov, Marsden, and Sukhatme
[27] as the fized angular velocity, and £ in the development in Chapter 3. This makes

implementation of our constraint almost trivial:
=0 = §"=-Al(x)z™

In particular, it is easy to see that the constrained Lagrangian £¢ is representable by first

examining the Lagrangian ¢ written in terms of our Chaplygin frame:
L(xav v, 77a) = L(xa7 v, (" — Ag(:z:)va) = g(xav v, Ca)

and when we impose the constraint, (* = 0 allows us to write £(z®,v%,0) = £¢(z®,v?). In fact,
this is equivalent to the approach of Kobilarov et al. dealing with systems with nonholonomic
constraints and symmetries: (®u,(z) corresponds to their fixed angular velocity term €. Since
we don’t wish to impose the constraint until after we carry through the Hamilton—Pontryagin
principle, our action function on the Pontryagin bundle may be written in terms of the Chap-

lygin frame (including the ¢* components) as

tp

Sip(, 0,y 1) = / [0, 0%, C) + (py e — o) + (1,6 — )] it
to
tp

= /t [£(2%, 0%, ¢") + (Pa = paAg(2)) (" — 0%) + pa (3 + AG(x)2 — ¢*)] dt

0

tp
= /t [0(z%, 0%, C") 4 pal@® — v*) + pa($* — (%) + pa A% (2)v®] dt.

0
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The Hamilton—Pontryagin principle results in the dynamical condition on the system

/tF
to

ot
(W — o+ fiaAS (@) — [, 354G (@) + uaA%,atv)vﬁ) oo

at
aca

ol
+ (o 1o+ padt@) ) 00" + (5 = ) 867

+ 0pa (2% — vY) + dpq (8% + AL (z)v* — (*) ] dt = 0.

Again, by linear independence of our virtual displacement vectors, we can start to identify our
arbitrary paths through the tangent and cotangent bundles with the dynamical velocity and
momentum of our system, so that

ol ol

v = j:a’ Ca =35+ Ag(x)g'ca, Ha = 87@’ and Pa =7+ :uaAg(x)'

oz

Thus, upon substitution of these terms (including the time-derivative of p,), and imposition of
the constraint, linear independence of the dz® displacement components again gives us the dif-
ferential equations (4.10) corresponding to the Chaplygin setting. Recall that, by commutativity
of H, the dual bracket term disappears:

d oee ore o
— _—— = e a _ Aa
dt 0z Ox® 8€a‘r ( B, Aaﬂ) :

In this case the differential equations are given in components with respect to the vectors
u®(x) of the Chaplygin coframe. Of course, recall that we have established that these (n — p)
covectors are identical to the coordinate induced coframe, that is u®(z) = dz®. In other words,
the Chaplygin equations are just the (n — p) Hamel’s equations associated with horizontal

variations.

4.3.4 The Discrete Chaplygin Equations

Now that we have defined the Chaplygin frame and coframe as (locally) spanning the Pontryagin
bundle built on the principal bundle @, it will be relatively straightforward to show how to use
our discretization technique (4.7) to find discrete difference equations that approximate the
dynamics of our system. In particular let us describe our interpolation paramaterizations in the
Orbit space Q/H and the Lie group H as

TTR+1 + (1 — T)m'k =Tpyr and TSEpy1+ (1 — T)Sk = Skir-

53



Then we may identify the discrete dynamic velocities scaled by time-step h' for parameter

value 7 € [0,1] as

1d T —x
Azp i1 = —— (Thgr) = as B Ty (Q/H),

hdr h
1d s — 5
ASp ky1 = ndr (Sktr) = % €b.

We then may define the discrete action of our Chaplygin system (in coordinates with respect

to the Chaplygin frame and coframe) as

N-1

d
Sup = th(lﬁm Uk k15 Ch 1) + Pkt 130 (AT k1 — VF jy1) (4.13)
k=0 .

+ ik k10 (ASE g1+ AQ(Thr ) ATE k1 — Chgr1)

where again, (* are the components of the section (v,n) through the tangent bundle corre-
sponding to the uy(z) terms of the Hamel frame. Now the discrete variational principle on the

given action results in the condition

N-1

Olprr Olys+ o
oxy .+ h 3]62 Ok kg1 +h 8]? 0Ck k1 — Phk+15000% 11

k=0
« a o «
+ Mk,k+1;aAa($k+r)5A$k,k+1 - Hk,k+1;a5Ck,k+1 + 5Pk,k+1;o<(Aﬂfk,k+1 - vk,k—f—l)

+ 5,uk,k+1;a(AS%7k+1 + AZ($k+7)Axg,k+1 - Clg,k+1) + Mk,k+1;aA?a,a(wk+r)Awf,k+159«“?+T

1d o 1d .
+ Pk,k+1;aﬁa(5ﬂ?k+7) + Nk,k—&-l;aﬁ%(ésk-i-r) =0.
(4.14)

We will go through the process of grouping like terms and using the linear independence of our
discrete virtual displacement vectors and covectors in the above condition in order to simplify
the equation to a difference relation involving only the dx virtual displacements. As such, we
will need to identify the virtual displacement of the quadrature in the symmetry group with
the displacements in our orbit space according to the constraint given by the connection A(x).
That is, we will say that

08k1r = —A(Tktr)0Tptr (4.15)

Returning to our discretization (4.14), it is straightforward to group terms by their linearly

independent virtual displacements to arrive at the identifications of the discrete velocities and

'Recall that in Chapter 3 we defined Azy, = (karT) In this chapter, for notational convenience we include
the time step A in our definition of discrete velomty In this way, Az r+1 is understood as a discrete analogue
of dynamical velocity.
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momenta as

1
(03 — o . o (e}
Uk k+1 = Axk,kJrl = E(karl - Tk,

a _ a a (67
Citr1 = Ak g1 + A (Thar ) ATE 11,

Uyt r
P k+130 = haa?(; , and
8€k+7'
w=nh .
Pk k+1; i

Thus, we see that (4.14) reduces to

8£k‘ T [e%
Z h 8; O}y r + Mk o+ 150AB, a(l‘kw)A% k+15$k+r
k=0

1 Olg1r o o o 4.16
+ A <h azk'nz +Mk,k+1;aAa($k+T)> (55%-1—1 - 5mk) ( )

1
+ ke 1ia(08) 4 — 0sg) = 0.

We rewrite the third line of (4.16) in terms of the constraint on the virtual displacements (4.15)
* 1d 1d

<Mk k+15 7 hdr (53k+r)> == <Mk,k+1; hdr (A(Q?k+r)5ﬂ3k+r)> .
Thus, carrying through with the parameter 7-derivative, and inserting our constrained La-
grangian function ¢¢, our whole condition becomes (with respect to the Chaplygin frame at

u® (xk:-‘r'r))

N—

Z (e o 0Tk + Mk k10 AG, a(ﬂfk+r)A$k et 107

k=
oL, . . 417
( ;a + Mk kr1,0 4G (%H)) (6afyy — 0af) (4.17)

1
— ik ki 10 Al g (Thpn) ATy 620, — 5 k104G (g r) (0 y — 0afy) = 0.

Then, the discrete dynamic condition describing our Chaplygin system reads

oty .
Z ( oo Tt k10 AT g1 (AG o (Thr) — A (2her))
k=0

106, X
+ <h ;Z (0jyy — 53%)) OATy ky1 =0,

wherein we include the discrete constraint on velocities Asy, 11 = —A(Tp4r) Ag 41 OF equiv-
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alently (i 41 = 0.

Finally, we note again that our discrete virtual displacements in the above equation take
the form dzpy, = 7dxK11 + (1 — 7)dzk. If we change the indices of summation to account for
the fact that variations at the endpoints dxg = dxny = 0, we arrive at the discrete Chaplygin

equations

1<8€Z+T 862+T—1> 1 My O
h

ox™ oz

— (=) ox® ’ oz

a a 4.18
= (1= k1] gy (AS o (2hr) — AL p(a1r) (4.18)

+ i1 ko AT (A 0 (ks 1) — A s(2h1r1))

These equations are identical to the discrete Chaplygin equations derived in Chapter 3. The de-
velopment presented in the current chapter is intended to emphasize the usefulness of both the
discrete Hamilton—Pontryagin principle and Hamel’s formalism to the incorporation of nonholo-
nomic constraints. We have assumed hyperregularity of the Lagrangian so that the “discrete”
Legendre transforms defined above are consistent; the discrete Hamilton—Pontryagin addition-
ally provides a discrete perspective on a unification of Lagrangian and Hamiltonian mechanics.

Again, notice that when we write the Lagrangian with respect to the Chaplygin frame as
described above, imposing the constraint becomes as easy as setting the components (* = 0 for
a =1,...,p. The Lagrangian /¢ also naturally incorporates the constraint; there is no need to
refer to formulas such as those in equations (4.9) to transform partial derivatives. The discrete
Chaplygin equations are the (n — p) discrete Hamel’s equations associated with horizontal

variation.
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Chapter 5

Discrete Hamel’s Equations as

Structure Preserving Integrators

5.1 A Road Map to Discrete Structure Preservation

In 2.3.2 we showed that the update map of associated with the discrete Euler-Lagrange equa-
tions conserves a discrete symplectic two-form. This was observed (in a procedure laid out
by Marsden and West [36]) to be a consequence of the discrete Lagrangian one-forms being

obtained via differentiation of the discrete Lagrangian function:

dLa(qr, qe+1) = D1La(qr, qr+1)dar + D2Lq(qr, Grt1)dqr+1
= —07,(ak qk+1) + OF (ars @ry1)-

Using the property of the external derivative (d(dLg) = 0),

0= —dOr (ak: qr+1) +dOF (qr: ar+1) =
dO7 (ars ar+1) = dOT (qk, k1) = QL (G Grr1)-

Thus, at each step specified by (gk,qr+r1) € @ x @, while there are two distinct Lagrangian
one-forms, there is guaranteed to be only one symplectic two-form Qr,(qk, gr+1). The form
itself is clearly conserved under the transformation Fp,: points (gx—1,qx), (qk, @k+1) € Q@ X Q
that satisfy Fr,(qx—1,qk) = (¢k, qr+1) by definition are solutions of the discrete Euler-Lagrange

equations (2.23) and hence

01, (@ ai1) = OF (ak-1,a1) =
Ao (k1) = dOF (ar-1,06) =
QLd (qka Qk-‘rl) = QLd (qk‘—lv Qk)
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We have recalled this procedure to provide context to a natural question about the discrete
Hamel’s equations obtained in (3.6): does the discrete update map Fy, induced by these inte-
grators similarly conserve a modified discrete symplectic two-form? The earlier derivation in
Section 3.2 does not lend itself to the above procedure; our variational principle in that case
was based on a flexible interpretation of variations themselves (see Figures 5.1, 5.2, and 5.3 for
a geometric illustration). Specifically, we defined variations in terms of vectors (i € T, @ for
k=1,...,N —1 so that

N-1
5% (qa) = AN Ghyr s ke ger1) (0qh47, Ok 1)
=0
N-1
= AN Ggrs o) (W(@htr)  Corrs + (Gt — C) + [t ChrrJor)
=0

where (4 = (1 —7)(k + 7Ck+1 and the transition from (6qx -, 0&k k+1) to the vectors (Ck, Crt1)
is defined by equations (3.7) and (3.8).

<—7--->
Y

(a) Virtual displacement vectors. (b) Vectors measured against new frame.

Figure 5.1: In Figures 5.1a and 5.1b, the virtual displacement vectors dqx and dqr41, and the
vector dqy1/2 induced by the pushforward of the discretization mapping @ x @ — T'Q are
transformed into the frame u;. The underlying configuration space is assumed to be Q = R2.
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U2(Qk+1/2) v
OQrs1/2 A OQrt1/2 A
: aVYN/ Ck+1/2
q1 D =
Y y Do
(a) Vector (i41/2 in the frame. (b) Transforming to the coordinate basis.

Figure 5.2: In Figure 5.2a, (;1 /7 is depicted in components as the linear average of &(qr)0qx
and ¢(qk+1)dqx+1. Furthermore, notice that in Figure 5.2b, (iy1/2 # &(qrr1/2)0k+41/2-

While this principle has been shown to be equivalent to the desired discrete Hamel’s equa-
tions (3.6), it is not immediately clear how to implement the above procedure of Marsden
and West to show symplecticity. Specifically, it is not immediately apparent that the exterior
derivative of an underlying function on @ x ) gives rise to two distinct one-forms. Nonetheless,
examining (3.6), one may ezpect that the discrete Hamel’s one-forms @Zd and @Zj over
@ x @ should be

0, (qk, @r1) = (;L,uk,k-i-l + (1= Ul esr + (1 = 7)[Eh gt Hk,k+1];k+7> “(u(qr), 0)
(5.1)

1 *
OF (ak, qr1) = (huk,kﬂ + Tl psr + 1 — T[E kot Mk,kﬂ]qu) (0, u(gr+1))

as it is then clear that the discrete Hamel’s equations will be equivalent to the condition

Oy (ks qk+1)j = OF (qh—1, k)
It is straightforward to verify that these one-forms @Z are not simply the discrete La-
grangian one-forms @jLEd written in a different frame; they are instead geometrically distinct

one-forms over @ x @, i.e.

0L, (ks ak1) # O, (ah, ars1) - (ulgr), w(grsa))-

Likewise, the one-forms @Z are not expressible in terms of exterior derivative of £¢ or any other
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LY

Ck +W

(a) Vectors Ck, Ck+1/2,Ck+1 in the coordinate frame. (b) Variation of the step at (g, qr+1)-

Figure 5.3: The vectors (g, Cry1/2,Ce+1 defined in Figure 5.2 are now written with respect
to the coordinate basis. In Figure 5.3b, we see an interpretation of the two displaced steps.
Vectors (g, Cxy1/2,Ck+1 correspond to the interpretation of variations presented in Chapter 3.
In the current chapter we will interpret variations in a manner consistent with the vectors
0k, 0qr41/2,0qk+1 and compensate with the diffeomorphism @ defined below. The problem can
be summarized up in the inequality:

&1 (qrs1/2)(0ah +0a% 1 1)/2 # &1 (ar)0aL /2 + & (ak41)0a) 41 /2-

discretization of the Lagrangian presented so far. This is just as well: if the converse were the
case then we might come to the conclusion that the discrete Hamel’s equations are algebraically
equivalent to the discrete Euler-Lagrange equations and would therefore not present any new
or useful insight (beyond some algebraic manipulation) into the mechanical systems we seek to
simulate.

Instead, the discrete Hamel’s equations are distinct from the discrete Euler—Lagrange equa-
tions. However, if we seek to prove that the resulting update maps conserve a modified discrete
symplectic two-form over @ x @ following Marsden and West [36], we must first show that there
exists a hypothetical function £;: @ x @ — R such that dL; = —@Zd + @Z.In the next section
we will make use of the Poincaré lemma to prove the existence of such a function in the case

where (@) is a vector space.
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5.2 Structure Preservation

As we have throughout this dissertation, we define a Lagrangian mechanical system and Hamel’s
equations as in 2.2.2, and a discrete Lagrangian function Ly : Q X @ — R as in equation (2.21).
Furthermore, recall that we restrict ourselves to the case where @) is a vector space. Again,
in order to prove that the discrete update map generated by solutions of the discrete Hamel’s
equations conserves a symplectic two-form over ) X @), we seek a function Ly : @ x Q — R such
that

dLq = -0, + 6, (5.2)

where @Z are defined in (5.1) as the discrete Hamel’s one-forms.

Recall that we have defined (gx4r, vk k+1) € TQ in Chapter 3 in terms of the discretization
mapping @ X Q = TQ as

(@ vnir) = (L= D+ 7qe0, 14| (1= s)ae+ sq1)) (5.3)

and furthermore we use the notation {41 to refer to the components of the vector vy 41 €

Ty, Q measured against the frame, i.e. {g x41 - U(Qrir) = Vg k41, OF in index notation:

(- s)qp, + Sq;gﬂ) ¢! (Qrtr)-

S=T

d
ds

§i,k+1 - %
5.2.1 A Modified Discrete Variational Principle

We start with the following observation: we may define a diffeomorphism ¥ : T(Qx Q) — T(T'Q)
so that hdL o W, oy = =0 (qk, Ght1) + OF (ars ary1) € THQ X Q).

Theorem 5.1. Define the mapping ¥ : T(Q x Q) — T(TQ) (in index notation) to be

\Il((QIW qurl)a (5QI€7 5Qk+1)>

= ((Qk—i—ﬂ Uk:,k:+1)7
(5.4)

Uk,k+1)>

for arbitrary ((qk, qk+1), (0K, dqk+1)) € T(Q x Q). Furthermore, recall that we have defined ¢

)
Ak+1

(1= 7)0al67 () + 708 1167 (@r41) ) (47 5

S /N

(((1 — 8)8q07T (ar) + Séqi+1¢;’n(%+1)> wfn(qm)) oo

a
ds

s=T

(and its inverse ¢) in 2.2.2 to represent a frame field comprised of C' sections of FQ. Then:

1. W is a C*-diffeomorphism when T = 1/2, and
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2, hdLo\If:—@Zd—F@Zl.

Proof. First, we note that ¥ acting on the spaces @ x Q — T'Q is nothing but the discretization
mapping (5.3), which is differentiable and an isomorphism when @ is a vector space.

Next, we carry out the parameter derivative in (5.4), and note that 0 acts on vectors

Tk qk+1)
(0qk, 0qr+1) linearly, so that in index notation:

\Il(QIc:quLl) (6‘]2:7 5qlic+1) =

( ((1 — T)Wﬁ(%ﬂ)ﬁl(%)) 5q;i + (T’(/J%l(qurT)qﬁ;n(qurl)) 5qli+17
(= 3o 00) 4 (1 = 7))o a) )
+ <}ILW}L(QI¢+7)¢T(%+1) + TW}L,a(C]Hr)Ug,Hl¢§n(Qk+1)> 6q,i+1>.

Thus, as the mapping ¥, . ) is a linear mapping between vector spaces T(%qkﬂ)(Q X Q)

and Tg, . vy oo )(TQ), the operation is expressible in matrix notation as

Oqy
[\II(Qk:QkJrl)] [ € T(QkJrrvvk,kJrl)(TQ)’

O0qk+1

where the matrix [V is written in block form as

Qk7Qk+1)]

[\Il(qk,%-s-l)] =

(1 = 7)Y(qh+r)b(ar) TY(Qh+7)P(qh+1) ]
(—%ﬂ)(%w) +(1— T)w,a(Qk-i-T)Ug,kJrl) o (ax) (%%ﬁ(%w) + Tw,a(qk-i-T)U]%,kJrl) O(qes1) |

A block matrix (é g) is invertible if A and its Schur complement D —CA~!B are invertible.
Clearly, “A” in the above matrix expression of W is nonsingular, since 1 and ¢ are necessarily
in GL(n) for all ¢ € Q. Furthermore, CA™!B is

CAT'B = (=0 (@kr) + (1= 1) a(@hrr)0f g41) Dlar) - (W

T

—1_ (—%%b(%w) +(1- T)¢,a(Qk+r)Uz,k+1) A(qr+1),

> “TY(Qrtr)O(qr+1)
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and hence the Schur complement of A is the matrix

D=0 = (5 (14 150 ) wlaen) 4 (7= (0= 1) bl ) olan)

= <f1L <1 i T) U(qrtr) + (27 = 1) ¢,a(Qk+T)UI%,k+1) P(qh+1)-

If we select 7 = 1/2 (the choice of parameter that leads to the midpoint approximation), the

Schur complement reduces to

2
D—-CA'B= Ew(Qk+1/2)¢(Qk+l>

and is clearly nonsingular. Therefore, the matrix representation of ¥ ) is invertible, hence

9k >qk+1
the mapping is a (at least C!) diffeomorphism. Thus, we see that ¥ : T(é x Q) = T(TQ) is a
Cl-diffeomorphism as long as 7 = 1/2.

The second result of the theorem is proved by direct computation. The exterior derivative
of the Lagrangian function L : TQ — R returns a one-form on 7'Q, i.e. dL € T*(TQ), or

dL : T(TQ) — R. This one-form is expressible in coordinates as

0L(q,v) g+ 0L(q,v)

dL(q,v) = . i

dv’,
and if we recall that in Hamel’s formalism we have expressed the Lagrangian as ¢(¢*,&/) =
(¢, qigbg (q)) = L(q", "), we see that the partial derivatives constituting the components of d.L

above may be written as

8_[/ 7' ag ’5 8£ ’5 . a
() _ O0E) o ) € )65 q) amd

0L(q,q)  00(q,¢)

Therefore, dL evaluated at the point (qr4r, vk k1) € T'Q is also expressible as

Olhsr  Mir s\ oy (e i
dL(QIH—‘rka,IH—l) = < al;lr + 8?; §b¢i(Qk+7)¢j,i(Qk+T)> dq ‘|‘< a]g; ng(Qk—&-T)) dv

where we recall that we have defined the shorthand notation fir = ¢(qk4r, &k k+1). Then,
applying equation (5.4), the one-form dL o ¥ € T*(Q x Q) acts on vectors (dqk,dqr+1) €
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T(Qk74k+1)(Q x @) so that

dlL o qj(%ﬂkﬂ)(&ﬂm 5q}c+1) =

(T o+ St anan)oi(ansn) ) wilansn) (1 = Moal68an) + oo

+

oq' oEm
ot T . m 1 i i r a j
(G o @) ) (= basen) + (0= s asr) ) 6h(a0)on]
ot T i m 1 i i r a j
( 82; o7 ( k+T)> (h%(QHT) +wa,a(Qk-i-T)gk,kJrlwr(qk+r)> ¢?(Qk+1)5Qi+1-

Considering that 0y - ¢ = —1 - ¢ because ¢ = 1p~!, and remembering that the structure

functions are defined in terms of ¢ and ¢ as

() = ¥ () (0 (q) — D7 (2)),

it takes only a small amount of index gymnastics to verify that the above equation may be split

up further so that:
hdL o \I’(Qk7f1k+1)(5q1€7 5q}c+1) =

o - o o m 1 00¢ - ,
((1—7)< ;t Y5 (Qk+7)+a§;;§k,k+lcij(Qk+T)> 5 8?; )Qﬁi(%)&lz

oty T ot} T ¢i m 18£ T .
+ <T< ST (qryr) + 8’;,—;&,%1%(%”)) 7 8?; >¢i(qk+1)5qz+1’

where we have also scaled by the time-step h (remember that /¢ = hf). Recall that we have

identified the directional derivative operator at gy, with respect to the frame as

ors

U [Ed]k-i-T = aquer ¢; (@tr)s

the discrete momentum as
8£k+T
HEk+1;5 = 853 )

and the dual bracket operating on discrete velocity and momentum as

(bt k1l W (Ghar) = kg 1mEh g1 6 () (qryr) € Ty Q-

Furthermore, notice that qbﬁﬁ(qk)éq}? are just the components of the vector dg; measured against

the frame on the fiber T}, Q). Then the coordinate expression for the one-form hdLoW¥ over @ x @
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is written as

. 1
hdL o U (qk, Grt1) = <(1 —7) (U[Ed]k+r + [gk,k-l-la,uk,k-i-l]mc-&-r) - h#kz,k+1> - u(qr)

. 1
+ (T (U[ﬁd]kw + [fk,k+1,ﬂk,k+1]qk+7) + hﬂk;,k—l—l) “u(qrr1)

= =0, (¢, q11) + O (qrs qrv1)

so that we see hdLoW is exactly the difference of the Hamel’s one-forms, i.e. hdLoW¥ = @Zt
as expressed in equation (5.1).
O

The above theorem also shows us that the discrete Hamel’s equations are equivalent to a

modification of the discrete Hamilton’s principle.

Corollary 5.2. The following statements are equivalent.

1. The discrete trajectory qq € C4(Q) satisfies the modified variational principle

N—

,_.

dL o \I/ Qk qk+1)(5qk, 5qk+1) 0 (5.5)
k=0

for arbitrary virtual displacements defined as in equation (2.22) where the variation is

fized at the endpoints so that §qo = dqn = 0.

2. The discrete trajectory satisfies the discrete Hamel’s equations (3.6) for k=1,...,N —1.

Proof. The proof is straightforward following the method of Marsden and West [36] and re-
counted in earlier 2.3. Specifically, note that the modified variational principle is written in

index notation as

N-1

—0y, (ak ar41);0] (ar)54j, + O (ar, ar41);0] (@r41)04j 4.1 = 0
k=0

as a consequence of the previous theorem. We may manipulate the summation index so that

the principle states

N—

)_.

N

—Oy, Q> Ge41) 567 (a1)04), + Y OF (qr—1, ax) 6] (g1)Sg}, = 0
k=0 k=1

and because variation at the endpoints is fixed we find the principle is equivalent to the state-
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ment
N-1

2 <7®Zd(q"” au+1); + 07, (qe-1, C]k)j) &1 (qr)dq}, = 0.
k=1

Finally, we note that because ¢ is an invertible matrix, for arbitrary displacements dq; the
discrete trajectory qq equivalently satisfies the discrete Hamel’s equations. These equations

may be expressed in terms of the one forms Gé_d’ @ZI eT*(Q x Q) as

+

70, (G, Gky1) = 7O (Gh—1, ),

where 7% are the two natural projections mapping 7%(Q x Q) — T*Q, defined so that

T (dar; A1) (grgnr) = dar € Ty, Q@ and
7T+(koJa qu+1)(Qk7Qk+l) = dgr41 € T;k+1Q

O

Remark 5.1. It is straightforward to demonstrate that the discrete Hamel’s one-forms @id, as
defined above, reduce to the discrete Lagrangian one-forms @fd when the transformations
and ¢ describing the frame are the identity. This corresponds to the trivial case when the frame
is the coordinate-induced frame, where in the continuous setting the Hamel’s equations reduce
to the Euler—Lagrange equations. In the discrete setting, this implies that the discrete Hamel’s

equations reduce to the discrete Euler-Lagrange equations in the case of a trivial frame.

5.2.2 A Closed One-Form and the Poincaré Lemma

Now that we have shown that hdL o ¥, a one-form over ) x () induces through a variational
principle the discrete Hamel’s equations in much the same way that the dL; induces the dis-
crete Euler—Lagrange equations, our next step will be to determine whether or not the form is
closed. We begin with a statement that illustrates how the exterior derivative behaves under

composition.

Proposition 5.3. Suppose M and N are n-dimensional differentiable manifolds, f : TN — R
such that f is differentiable, and ¥ : TM — TN where ¥ is a local C'-diffeomorphism. Then
the mapping is f oW : TM — R is (locally) differentiable. For arbitrary (a, ) € Tig )M, in

local coordinates

d(f © \I})(q,v)(a7 /B) = <df‘1/(q,v)v (\Ij*)(q,v) (aa 6)> (56)

where (-, ) is the natural pairing between the vector space Ty 4.,)(T'N) and its dual Ty, (T N).

Y(q,v)
Remark 5.2. This result is an easily verifiable consequence of the chain rule and the push-

forward in differential geometry. f in the above proposition can be thought of as a C'* one-form
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on the manifold N, likewise f o U as the same on M. The exterior derivative of f o ¥ can be
thought of as a mapping d(f o ¥) : T(T'M) — TR = R? such that

d(f o \I’)(q,v) : T(q,v) (TM) —R
d(f 0 W) (g0 € T3, 0y (TM).

The relation described above leads directly to the observation that the one-form hdL o ¥
that induces the discrete Hamel’s equations in our modified discrete variational principle (5.5)

is closed.
Theorem 5.4. The one-form hdL o W defined over QQ x Q is closed.

Proof. The verification of this theorem is made trivial by the above proposition. dL is a C*

one-form over @ x @, so by (5.6),

A(hdL o V) (g0.q0s1)(vrvons1)) (> Wkt1), (Brs Bry1)) =
<hd(dL)\Ij((Qk7Qk+1)7(Uk7Uk+1))7 (\IJ*)((Qk:QkJrl)y(vk’karl)) ((aku ak+1)7 (ﬂka Bk+1))> ’

and because d(dL) = 0, d(hdL o ¥) = 0 for arbitrary vectors in T((q, e 1), (vp.ons1) (T (@ X Q)).
O

Now, recall that one of our stated goals is to find a function L4 : Q x @ — R satisfying
equation (5.2). Because we have specified that @ (and hence @ x Q) is a vector space, by the
Poincaré lemma we may conclude that since hdL o ¥ = —@Zd + @2; is closed by theorem 5.4,

it is also exact and consequently there must exist a function L4 : @ X @ — R such that
dLq=hdLo¥ = -0, + O] (5.7)

Furthermore, this allows us to reformulate our modified variational principle (5.5) into a more
familiar form as a principle of critical action, where the modified discrete action is defined

as
N—

H

La(qks qet1) (5.8)
k=0

and the principle itself may be stated as follows.
Corollary 5.5. The following statements are equivalent:
1. The discrete trajectory qq € Cq(Q) is critical with respect to the modified discrete action

N—

,_.

»Cd qk‘v Qk+1
k=0
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where qq 1s fized at the endpoints qo,qn € Q.

2. The discrete trajectory qq = {qk}ivz_ol satisfies the discrete Hamel’s equations (3.6) for
k=1,...,N —1.

Proof. Variation of the action results in

Z
L

0s4(qq) = dLaq(qr, Qe+1)(0qk, Oqrt1)

i
|
— o

(—@Zd(qzc, r+1) + O (ar, ka—i-l)) (0K, Oqr+1)

B
Il
=)

by the relation specified in equation (5.7). Next, manipulation of the summation index reveals

N—-1 N
5salaa) = 3 (=07, (ak ar1) ) 0k, 0ak1) + 3 (O} (k-1 ax) ) (5011, 0r)
k=0 k=1
N-1
= {—GZd(Qk, k+1)0ar + O (qk-1, Qk)(SQk} — 0, (90,91)390 + OF (an—-1,4n)
k=1

and since the trajectory is fixed at the endpoints, i.e. g9 = dgn = 0, then the trajectory is
critical with respect to the action (that is, dsq(gq) = 0) if and only if

70, (@ ak+1) = 7O (ar-1,a)

for k =1,..., N — 1, which, again, is exactly the statement of the discrete Hamel’s equations
(3.6). O

Remark 5.3. The application of the Poincaré lemma above depends upon @ being a vector
space. If (Q were a general differentiable manifold, we could assert at least local existence of
L4 as long as the local coordinate chart is a mapping to an open contractible subset of R",
i.e. the manifold is locally contractible. The following arguments demonstrating conservation
of a symplectic form might be thus extended to the case were @ is a general differentiable
manifold by emphasizing that symplecticity would only be a local property. Nonetheless, for
our purposes and for applications it suffices to prove conservation of a symplectic two-form in

the case where () is a vector space.

Remark 5.4. In Section 2.3 we defined regular (and hyperregular) discrete Lagrangian functions
Lg: @Q x Q — R as functions whose discrete Legendre transforms/fiber derivatives are local

(or global) isomorphisms F¥Ly : Q x Q — T*Q. Consequently, the discrete Euler-Lagrange
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equations are said to be locally or globally well defined when the underlying discrete Lagrangian
is, respectively, regular or hyperregular.

Similarly, the discrete Hamel’s equations are well defined when the function £ is hyperreg-
ular. The discrete fiber derivatives and Legendre transforms can be developed in an identical
manner to the exposition in Section 2.3. However, for a Lagrangian function L, the relationship
between regularity /hyperregularity of the discrete functions Ly and L4 is not quite clear for an
arbitrary choice of non-coordinate frame. In other words, it is an open question as to whether
regularity of Ly implies regularity of L;. Of course, in applications a frame will be chosen so that
the discrete Hamel’s equations are a simplification of the discrete Euler—Lagrange equations, so
it is not too restrictive to assume that the function L; is hyperregular, as we shall do for the

remainder of this paper.

5.2.3 Structure Conservation

Corollary 5.6. The discrete update map Fy, induced by the discrete Hamel’s equations (3.6)
conserves a discrete symplectic two-form §}y, = d@;d = d@z; that we refer to as the discrete

Hamel’s symplectic two-form.

Proof. We have already shown that the one-form dL; = hdL o W is expressible as the difference
of the discrete Hamel’s one-forms so that hdL o ¥ = —@Zd + @L. As a consequence of theorem
5.4,

d(dLo W) =0=-dO, +dOf =

dOy (qrs qry1) = dOF (ks Ghr1) = Qe (ks Ghs1)

so that at each step specified by (g, qr+1) for & = 0,..., N — 1, there is a unique two-form
Qu, (qk> Ghv1)-

Next, as in Section 2.3.2, we observe that through iteration of Fy,, a discrete trajectory
g4 = {qx}1_, is uniquely identified by initial conditions (go,¢1) € Q@ x Q. We may similarly
define a restricted discrete modified action S5 : Q X Q — R as the modified discrete action sy
(5.8) restricted to the trajectory induced through iteration of the initial conditions (qg,q1) by
Fy,:

‘§d(q0a ql) = Sd({qk}]kvziol)’ (qk7qk+1) = Fﬁd(q.k:—la Qk)7 Vk = ]-7 s ,N -1

Then variation of the restricted modified discrete action returns

da(qo, q1) - (690, 6g1) = — ©, (g0, q1) - (690, 01)
+ 0, (F) a0, a1) - (F) ™ Ditgo.an) (090, 5q1)
= ((FY™ e}, - 67,) (a0, a1); (6a0,601))

69



where again we are left with only the terms that would otherwise cancel out when we con-
sider variation at the endpoints fixed, because when the trajectory is restricted to solutions
of the discrete Hamel’s equations, @g_d(ng (Qk, qp+1)) = G)Zl (qk, qk+1)- In fact, this implies that
d@Zi (qk—1,qx) = do,, (qk, qk+1) when we restrict the discrete Hamel’s one-forms to the solution
space. Finally, because d?5 = 0 and by compatibility of the pullback with the exterior derivative,

we see that the above results imply conservation of the two-form 2,
N-1
(Fp, )" () = Qo

where Qy, = d@t = —d@;d is defined as the discrete Hamel symplectic form on (Q x Q. Just
as in Section 2.3.2, the process holds for any contiguous sequence of substeps, and thus a single
step induced by the update map Fy, also conserves the discrete symplectic form: Fg; (Q,) = Q.
The update map Fy, : Q@ X Q — @ x @ is therefore a discrete symplectic map. Symplecticity
(i.e. skew symmetry, isotropy, and nondegeneracy) is easily verified because the two-form is

expressible in coordinates in terms of the function £, as

q, — O*Laqr, qr+1)

i J
Ly - - dq]z€ A qu+1.
8qllcaqi+1

It is important to remember that €2, is a two-form over @ x @, and hence is thought of as a

mapping 7(Q x Q) x T'(Q x Q) — R. Isotropy is demonstrated when we verify that, in fact:

PLalar, 1) (i ;o

() (qo.arsr) (ks Vit 1), (Vk, V11)) = —( 9:41) (U;c”iﬂ - thi) =0
063,05, 1.1

by commutativity of mixed partial derivatives. Skew-symmetry is a trivial consequence of

isotropy, and nondegeneracy is verifiable because L4 has been assumed to be hypperregular.
O

The discrete Hamel’s equations satisfy a discrete version of Noether’s theorem 2.3 in much
the same way as the discrete Euler-Lagrange equations. Again, we consider the group action
D:GxQ — Q extended to Q x Q as PY*? : G x (Q x Q) — Q x Q in (2.27), and infinitesimal
generator {ox@ : @ X Q@ — T(Q x Q) given in (2.28). The discrete Hamel’s momentum
maps Jeid 1 Q X @ — g* are defined such that for € € g

Jo (@ ae+1) - € = (—D1La(qk, @+1): 60 (ar)) = Oy, - Eox@ (ks qh+1), and (5.9)

T (@ ar41) - € = (D2Lal@r: 1), €@ (@r+1)) = O, - Eox(ars ar+1)

This proof of the following theorem is easily demonstrated by replacing all instances of the

discrete Lagrangian Ly with L4 in Section 2.3.3.
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Theorem 5.7 (Discrete Noether’s Theorem for Hamel’s Formalism). Suppose L4 : Q x Q — R
is a discrete function such that hdLoWV = dL;, approximating a Lagrangian mechanical system,

and furthermore suppose that Ly is invariant with respect to the action ® of a Lie group G lifted
to Q x @ as in (2.27). Then:

1. @?XQ :QXQ — QxQ is a special discrete symplectic map. Also, the discrete Lagrangian
momentum maps will be equivalent so that J'Z = Je; = Jy, and can thus be referred to as
one map Jo, : Q@ X Q — g*.

2. The update map Fy, conserves the discrete Lagrangian momentum map Jo,, i.e. Jy,0Fy, =
Jy

a4

Remark 5.5. We note that it is unnecessary for the actual derivation of the discrete Hamel’s
equations to explicitly compute £4. Thus, it may ultimately be useful to examine how invariance

of Ly might relate to invariance on L£4. We leave this for future development.
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Chapter 6

Conclusions and Future Work

This dissertation has introduced variational integrators motivated by Hamel’s formalism for
the equations of motion in mechanics. Recall that Hamel’s equations are a generalization of the
Euler—Poincaré equations, and also of the Euler-Lagrange equations. In much the same way,
from a very broad perspective the discrete Hamel’s equations introduced in this dissertation
might be thought of as a generalization of the discrete Euler—Poincaré numerical integrators
derived by Bou-Rabee and Marsden [14], and also of the discrete Euler-Lagrange equations
reviewed in Marsden and West [36].

Notably, it has been demonstrated that the discrete Hamel’s equations, as variational inte-
grators, are structure-preserving in that they conserve a discrete symplectic two-form and, in
the case of symmetry, conserve discrete momentum. In systems where the Hamel’s equations
are a simplification over the Euler—Lagrange equations, preliminary results indicate that similar
simplifications will carry over to the discrete setting.

While the results presented in this dissertation are largely theoretical, it should be reiterated
that the discrete Hamel’s equations have practical implications. It may be noted that, when
an appropriate frame is selected, simulations designed using the discrete Hamel’s equations
can preserve manifolds of relative equilibria of certain nonholonomic systems, and thus are of
interest in the construction of nonholonomic integrators.

The results presented in this dissertation offer a variety of future avenues of research. Such

possibilities include:

e It may be of particular interest to more closely examine the relationship between the
variational integrators developed in this dissertation and recent integrators developed by
Bou-Rabee and Marsden [14] on Lie groups, especially linking their retraction selection
with the idea of frame selection in this dissertation. This may also serve as a first step

towards extension of the discrete Hamel’s formalism to manifolds.
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e Extensions of the currently presented Hamel’s formalism to the development and study

of energy conserving integrators may be of interest.

e Future developments may also include an extension of Hamel’s formalism to higher order

approximations of mechanical systems.
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