ABSTRACT

BRENNEMAN, KATHRYN ALETA. Lifting k-Involutions from the Root System to the Lie
Algebra. (Under the direction of A. G. Helminck.)

We use the idea of admissibility as described in [Helminck(1988)]. Since every admissible
(T, #)-index is a combination of admissible absolutely irreducible (I',#)-indices, it suffices to
classify the admissible absolutely irreducible (I', #)-indices and the admissible k-involutions re-
lated to these indices. In this thesis, we begin the classification of k-involutions by building
the classification for the "first" non-algebraically-closed k, the R-involutions. It is a result of
[Helminck(1988)] that the R-involutions can be classified by commuting pairs of C-involutions.
Before we can classify the R-involutions by way of commuting pairs of C-involutions, we must
first know how to lift C-involutions. Since the existing results in the literature are incorrect

[Watson(2010)], we begin with our own construction and analysis of C-involutions.



© Copyright 2013 by Kathryn Aleta Brenneman
All Rights Reserved



Lifting k-Involutions from the Root System to the Lie Algebra

by
Kathryn Aleta Brenneman

A dissertation submitted to the Graduate Faculty of
North Carolina State University
in partial fulfillment of the
requirements for the Degree of
Doctor of Philosophy

Mathematics

Raleigh, North Carolina

2013

APPROVED BY:

Kailash Misra Amassa Faunteleroy

Ernest Stitzinger A. G. Helminck
Chair of Advisory Committee



DEDICATION

To my parents and all my friends and family who have supported me along the way.

I would not have done it without you.

i



BIOGRAPHY

The author was born in Fort Wayne, Indiana, and attended Canterbury School for her pri-
mary and secondary education graduating high school in the class of 2002. She discovered her
passion for mathematics and puzzle solving during her undergraduate career at Smith College
of Northampton, MA, whence she earned her Bachelors degree in Mathematics and Computer
Science in 2006. While at Smith, she was also épée squad captain of the Hell’s Belles Fencing
Club and took up karate while at NC State.

Kate loves languages, their histories, and linguistic theory, and has studied to varying degrees
French, Old English, Old Norse, Icelandic, and, of course, Mathematics. In her travels, she picked
up smatterings of Italian, Spanish, and Mandarin Chinese. She is often to be found enjoying

sunshine, atmosphere, and life in general, in a local coffee shop.

iii



ACKNOWLEDGEMENTS

I would like to thank my advisor for his longstanding support and for seeing my potential before
I could. Before him I had a long string of teachers and advisors who were my friends and mentors,

and who still inspire me today through their lessons and advice that I carry with me always. !

!The author was partially supported by NSF Research Grant CCF0634123.

v



TABLE OF CONTENTS

Li1ST OF TABLES . . . . . . . . e

LiST OF FIGURES . . . . . . . . e s s

I BACKGROUND AND PRELIMINARIES . . . . . . o v v v vttt i e

CHAPTER 1: INTRODUCTION . . . . . . o v i ittt e e s e s s,

1.1
1.2

1.3

1.4

1.5

BACKGROUND AND MOTIVATION . . . . . . . . . . . . ... ... .....
FINE STRUCTURE OF INVOLUTIONS AND k-GROUPS . . ... ... ...
1.2.1 RoOT DATA . . . . . . . e e e
1.2.5 ACTIONS ON ROOT DATA . . . . . . o o ittt it e
1.2.9 RESTRICTED FUNDAMENTAL SYSTEM . . . . . . . . . . ... ...
1.2.11 RESTRICTED WEYL GROUP . . . . . . . . . i v ii it ..
1.2.14 ACTION OF £ ON A . . . . . . . . . e
(T,0)-INDICES . . . . . . . . .. ittt
1.3.1 THEINDEX OF £ . . . . . . . . . . . ittt it
1.3.2
1.3.10 O-INDICES . . . . . . . it e s e e e e
1.3.13 T-INDICES . . . . . o v v i i e e e e e e e e e s e s s s e e e
1.3.14 . . e
1.3.16 (I',0)-INDICES . . . . . . . ..ottt et
1.3.19 (I',0)-ORDER . . . . . . . . . . i
ISOMORPHY CLASSES OF INVOLUTIONS AND k-GROUPS . . . . ... ..
1.4.1 CHARACTERIZATION OF THE ISOMORPHY CLASSES OF INVOLU-
TIONS . . . . o o e e e e e
1.4.5 CHARACTERIZATION OF THE ISOMORPHY CLASSES OF SEMISIM-

L1.4.230 . . e e e e
1.4.11 ISOMORPHY CLASSES OF Kk-INVOLUTIONS . . . . . . . . ... ...
1.4.16 INVOLUTIONS OF COMPACT REAL GROUPS . . . . . . .. .....
L.4.07 e e
R-INVOLUTIONS . . . . . . . o e e e e e e e e e e e e e e e e e e e
1.5.1 REDUCTION TO ORDERED PAIRS OF COMMUTING INVOLUTIONS

OF COMPLEX REDUCTIVE GROUPS . . . . . . . ... .. .......
1.5.2 REAL FORMS AND CONJUGATIONS. . . . . . . . o v ...
1.5.5 BUILDING R-INVOLUTIONS FROM CONJUGATIONS. . . . . . . ..
1.5.9 o0 AND d COMMUTE . . . . . . . . v it ittt st
1.5.10 REPLACE o ON g° WITH (0,0) ON g . . ... ... ........
1.5.11 CONSTRUCTING THE CARTAN INVOLUTION . . . . .. ... ...

1X

f—

© © 0 ~J 7O O T i W W NN

— = =
N = O

13

14
14
15
15
17
17
18

18
18
19
19
20
20



1.5.14 AN INVOLUTION IN R <— COMMUTING INVOLUTIONS IN C . 20
1.6 SUMMARY OF RESULTS IN THIS THESIS . . . . . . . o o v v v v v . 21

CHAPTER 2: RESULTS FROM S. KLEIN . . . . . . . . . . . ... . ... ... 23

CHAPTER 3: RoOT DECOMPOSITION AND THE CHEVALLEY CONSTANTS . . . 28

3.2 CHEVALLEY ORDERS . . . . . . v v v it it i e e e e s 31
3.2.4 TYPE A . . . . 31
3.2.8 TYPE B . . . . e 35
3.2.11 TYPES C AND D . . . . . . . . . .. . 38
3.3 CHEVALLEY CONSTANTS FOR DIAGRAMATICALLY ORDERED ROOT DE-

COMPOSITIONS. . . . . . v v o i e e e e e e e e e e e e e s e 40
3.3.1 DISJOINT DIAGRAMMATIC DECOMPOSITIONS. . . . . . . . .. .. 41

3.3.3 GENERAL OBSERVATIONS ABOUT DECOMPOSITIONS WHEN (v, d) #
(Cm). o o o 42
II SINGLE INVOLUTIONS . . . . . . . o vttt e e s 45
CHAPTER 4: C-INVOLUTION PRELIMINARIES . . . . . . . . . . . . ... ...... 46
4.1 DEFINITIONS AND NOTATION . . . . . . . . . o v it i e s e 46
4.1.1 ADMISSIBLE INVOLUTIONS . . . . . . . o v v ittt 46
CHAPTER 5: CORRECTION VECTORS . . . . . . . . . . . . . ... 51
5.1 CALCULATING CORRECTION VECTORS FOR ADMISSIBLE INVOLUTIONS 51
5.1.1 Int(h)(Xa) - -« 51
5.1.2 O0aInt(t)(Xa) - - - o o o o 52
5.2 CORRECTION VECTOR ALGORITHM FOR OA . . . . . . .. .. .. .... 53
5.3.1 D2IIIB EXAMPLE . . . . . . . . ..ot 56
CHAPTER 6: LIFTING TO 6o OVER C . . . . . . . . ... .. ... ... .. ..... 61
6.1 GENERAL RESULTS . . . . . . . v v vttt 61
6.2 O-DIAGRAM COMPONENTS. . . . . . . . . . . . . 65
6.3 ABSOLUTELY IRREDUCIBLE INVOLUTIONS . . . . . ... ... ...... 67
6.4 THE LIFTING CONSTANTS: Cz(Aai) ....................... 67
6.4.2 THE CLASSICAL ROOT SYSTEMS . . . . . . . . . .. ... ..... 68
6.5 TYPE A . . . . e 75
6.6 TYPE B . . . . . . e 75
6.7 TYPE C . . . . . e 76
6.8 TYPE D . . . . . . 76
6.8.1 0Oa IS ALMOST ALWAYS AN INVOLUTION. . . . . . . .. . ..... 76
6.9 TYPE E . . . . . . e 78
6.10 TYPE F . . . . . . e 87
6.11 TYPE G . . . . . . 88

vi



III COMMUTING PAIRS OF INVOLUTIONS . . . . . . v v v v i it 89

CHAPTER 7: INTRODUCTION . . . . . . . . . . . . . 90
7.1 PRELIMINARIES . . . . . . . o o i vt e e e e s e e s e s 91
7.1.1 ADMISSIBLE PAIRS . . . . . .« v v i ittt e 91

7.2 FINDING THE SIGNATURE FOR a € ®(T,\) . ... ... ... ... ... 93
7.2.1 WHAT WE KNOW ABOUT THE LIFTING CONSTANTS. . . . . . . . 94

723 ¢ WHEN o(a) =0(a) = —a . . . . oo oo 95

7.2.4 cZ WHEN 0(a) = 0(a) # —a . . .o oo 96
CHAPTER 8: LIFTING PAIRS OF COMMUTING INVOLUTIONS . . . . . ... ... 97
8.1 TERMINOLOGY . . . . . v it i e i e e s e e s e e e 97
8.2 CONSTRUCTING THE STANDARD PAIR . . . . . . . . . . ... ... .... 98
8.2.1 LIFTING ALGORITHM FOR COMMUTING PAIRS (0,0) . ... .. 98

8.3.1 CORRECTION VECTOR ALGORITHM FOR (5,60) . ... ...... 99
CHAPTER 9: RESULTS . . . . . . . . . 103
9.1 NICE PAIRS (A.K.A SiMPLY LIFTED PAIRS) . . . . ... ... ... .... 103
9.1.4 STANDARD VS. NON-STANDARD CORRECTION . . . . . . . ... 105

9.1.5 TYPE A . . . . . 106

9.1.6 TYPE B . . . . 108

9.1.7 TYPE C . . . . . 110

9.1.8 TYPE D . . . . . . 112

9.1.9 TYPE E . . . . s 114

9.1.10 TYPES F & G . . . . . . . 120

9.2 BETTER-THAN-OKAY . . . . . . . . .. . 121
9.2.1 TYPE D . . . . s 121

9.3 DECENT PAIRS (A.K.A. CORRECTED FOR STANDARD) . .. ... ... 122
9.3.1 TYPE A . . . 122

9.3.2 TYPE B . . . . 123

9.3.3 TYPE D . .. . . e 124

9.4 FEISTY PAIRS . . . . . . . 125
9.4.1 TYPE A . . . . 125

9.4.6 TYPEE . . . . . e 128

9.4.7 FEISTY PAIRS IN TYPE Fg . . . . . . . .. .. .. ... ..... 130
REFERENCES . . . . . . . o o o e e e e e s 131
APPENDIX . . . . . . . . 132
APPENDIX A: USEFUL REFERENCE TABLES . . . . . . . . . . .. . .. .... 133

vil



Table 3.1
Table 5.2

Table 6.1

Table 6.2
Table 6.3
Table 6.4
Table 6.5
Table 6.6
Table 6.7
Table 6.8
Table 6.9
Table 6.10
Table 6.11
Table 6.12
Table 6.13
Table 6.14
Table 6.15

Table 9.1
Table 9.3
Table 9.4
Table 9.5
Table 9.6
Table 9.7
Table 9.8
Table 9.9
Table 9.10
Table 9.11
Table 9.12
Table 9.13
Table 9.15
Table 9.17
Table 9.18
Table 9.19
Table 9.20
Table 9.21
Table 9.22
Table 9.23

Table A.2
Table A.3

Li1ST OF TABLES

Chevalley Constant Identities . . . . . . . . . .. . ... .. ... ..... 30
D211Ib: O Lifting Constants on the a-basis . . . . ... ... ... ... 57
CZ(Aai) for Classical Systems . . . . . . . . . ... ... ... ... ... 68
D211Ib: 6 Lifting Constants on the a-basis . . . . ... ... ... ... 7
D211Ib: O exp (ad (—3im (Ha, + Hay))) Lifting Constants on the a-basis 77
Egl: 0 Lifting Constants on the a-basis . . . . . . ... ... ... ... 78
E4IL: O Lifting Constants on the a-basis . . . . .. ... ... ... ... 79
EgIH: O Lifting Constants on the a-basis . . . . . ... ... ... ... 80
EZIV: O Lifting Constants on the a-basis . . . . . ... ... ... ... 81
E;V: O Lifting Constants on the a-basis . . . . . . ... ... ... ... 82
E3VI: 0 Lifting Constants on the a-basis . . . . . ... ... ... ... 83
E%)’VII: O Lifting Constants on the a-basis . . . . . . .. ... ... ... 84
ESVIIL: O Lifting Constants on the a-basis . . . . ... ... ... ... 85
E§IX: O Lifting Constants on the a-basis . . . . . ... ... ... ... 86
F{I: O Lifting Constants on the a-basis . . . . . ... ... ....... 87
FHI: O Lifting Constants on the a-basis . . . . . . ... ... ... ... 87
G2: O Lifting Constants on the a-basis . . . . . . . .. ... ... .... 88
Correction Vector Table Form . . . . . .. ... ... ... ... ..... 105
Nice Pairs in Type Ap—or . . . .« « o o o o 106
Nice Pairs in Type Ap—op_1 - - -« « o v o o v i e 107
Nice Pairs in Type By—op - -« « o« « o o 0 v v it e d 108
Nice Pairs in Type By—og—1 - « - « « o« v v v i i vttt 109
Nice Pairs in Type Cp—op_1 - - -« o« o o 0 i i s e 110
Nice Pairs in Type Cpeop . . . . o o o o o o oo 111
Nice Pairs in Type Dy where £ isevenorodd . . . ... ... ... ... 112
Nice Pairsin Type Dok . . . . . .« . . oo o oo oo 113
Nice Pairsin Type Eg . . . . . . . . . . . . . 114
Nice Pairsin Type E7 . . . . . . .. .. o o 116
Nice Pairsin Type Eg . . . . . . . . . . . o i 118
Nice Pairsin Type Fy . . . . . . . . . .o o 120
Nice Pairsin Type Go . . . . . . . . . . .. 120
Better-than-Okay Pairs in Type Dog_1 . . . . . . . . . . .. ... ... 121
Decent Pairs in Type Agyqr - - -« o o o oo o i i 122
Decent Pairs in Type By . . . . . . . . . 123
Decent Pairs in Type Dy . . . . . . . . . . . . 124
Feisty Pairs in Type Ayp—or_1 - - - -« o o o o 0o 127
Feisty Pairs in Type Eg . . . . . . . . . . . . . 130
Properties of Lie Maps . . . . . . . . . .. .o 135
Constants Formulas and Relations . . . . . . ... ... ... ... ... 136

viil



Figure 1.1

Figure 3.1
Figure 3.2

Figure 5.1

Figure 6.1
Figure 6.2
Figure 6.3
Figure 6.4
Figure 6.5
Figure 6.6

Figure 6.7

Figure 6.8

Figure 6.9

Figure 6.10
Figure 6.11
Figure 6.12
Figure 6.13
Figure 6.14
Figure 6.15
Figure 6.16
Figure 6.17
Figure 6.18
Figure 6.19
Figure 6.20
Figure 6.21
Figure 6.22

Figure 9.1
Figure 9.2
Figure 9.3
Figure 9.4
Figure 9.5
Figure 9.6
Figure 9.7
Figure 9.8
Figure 9.9
Figure 9.10
Figure 9.11

LI1ST OF FIGURES

DZI1Ib §-diagram

Black middle with 6* =id: a = )_ s;a; € Dy.
Black middle with 6* # id: o = ) s;c; € Py.
White adjacent to black middle with 6* = id.
Type A segment with only white dots with 0* =id: o; € A\Ag. . . . . .
In type A, the diagram automorphism maps «; <> ay_;11 for all a; € A.
In type D, the diagram automorphism maps ay <> ay_; and fixes all
other a; € A. . . . .
In type Eg, the diagram automorphism maps a1 <> ag and ag <> a5 and
fixesag and auq. . . . ...

White adjacent to black middle with * =id. . . .. .. ... ... ...
DiMa, Cevenand p=0/2 . . ... ... ... ... ... ... .....
Db O-diagram . . . . . . . . ..

EgI f-diagram
E¢II f-diagram
EgIII f-diagram
E2IV O-diagram . . . . . . . ...
E;V f-diagram
E3VIO-diagram . . . . . . . ...
E3VII §-diagram
ESVII f-diagram . . . . . . ..o vi i
E4IX O-diagram . . . . . . . ...
F}1 6-diagram
F}I §-diagram
G2 ¢-diagram

The (o, 0)-index of type Ag’2(1, Illa,¢)

The (o, 0)-index of type Ag*(I1,111a,¢;)
o-index
O-index . . .. ...
The (o, 0)-index of type A?’l?’ (II,11Ia,¢;)
o of type ESI
0 of type EgIII ................................
(0,0 Int(e;)) of type ES*(I,111,¢;)
o of type EéII
6 of type EZIV
(0,0 Tnt(e;)) of type Eg*(I1,1V, ;)

X

12

42
42

o7

62
62
65
65
65

66



PART 1

BACKGROUND AND PRELIMINARIES



CHAPTER 1:

INTRODUCTION

1.1 BACKGROUND AND MOTIVATION

Symmetric spaces have been studied for over 100 years. Initially they were only studied over the
real numbers, but in the last 25 to 30 years generalization of symmetric spaces over other fields
have become important in other areas of mathematics as well. In the following we will give a

brief introduction.

Definition 1.1.1. Let G be a group, 6 € Aut(G) an involution, i.e. 2 = id and
H=G"={zecCG|0x) =z}

the fized point group of 6. Let 7 : G — G be the map defined by 7(x) = z6(z)~! and
Q=1(G) = {z0(x)" |z € G}.

Then @ ~ G/H is called a generalized symmetric space. If G is a reductive linear algebraic
group defined over a field k of characteristic not 2, then @ is also called a symmetric k-variety.

When k # R, then it is usually called a reductive symmetric space.

If k = R, then @ is also called an affine symmetric space. Moreover if H is compact, then X
is also called a Riemannian symmetric space. These symmetric spaces play an essential role in
many areas of mathematics including mathematical physics, Lie theory, representation theory
and differential geometry. We note that with this definition every linear algebraic group is a

symmetric k-variety.



Example 1.1.2. Group case: Consider G; = G x G and 0(z,y) = (y,x), then H = {(x,z) |
r € G} ~ G embedded diagonally and Q = {(z,27!) | * € G} ~ G embedded anti-diagonally.

1.2 FINE STRUCTURE OF INVOLUTIONS AND k-GROUPS

There is a natural fine structure related to reductive algebraic groups, which comes from the
root system and associated Weyl group of a maximal torus. For a reductive algebraic group G
defined over a field k the k-structure of the group gives rise to a natural fine structure as well,
which is related to a maximal k-split torus. For an involution 6 of a reductive group G it was
shown in Helminck [Helminck(1988)] that there is a similar fine structure related to maximal
§-split tori. Here a torus A is called 6-split if 0(a) = a~! for all a € A. To study k-involutions
one needs to combine the fine structure related to the involution with the fine structure related
to the k-structure of the group. The natural fine structure related to symmetric k-varieties and
k-involutions comes from the maximal (6, k)-split tori. In this case, a torus A is called (0, k)-split

if it is both 6-split and k-split. In this section we will introduce all this fine structure.

1.2.1 Root DAtTA

To deal with the notion of root system in reductive groups it is quite useful to work with the

notion of root datum.

Notation 1.2.2. If T" is a torus of G, then we denote by

X = X*(T), the set of characters,
® = d(T), the set of roots,

XV = X,(T)
(I)V _ (I)V(

, the set of one parameter subgroups,
T), the set of co-roots, and

W =W(T), the Weyl group of T' with respect to G.

Definition 1.2.3. If T is a torus in a reductive group G, such that ®(7") is a root system
with Weyl group W (T'), then the root datum associated to the pair (G,T) is the quadruple
U= (X,®,XY,d).

Remark 1.2.4. If T} and 75 are tori and ¢ is a homomorphism of 7T} into 75, then the mapping
tp of X*(Ty) into X*(T1), defined by

‘o(x2) = x200, x2€ X (T2) (1.2.4 (a))

is a module homomorphism. If ¢ is an isomorphism, then ‘¢~! is a module isomorphism from

(X*(T1),®(T1)) onto (X*(T3), ®(T2)).



1.2.5 ACTIONS ON ROOT DATA

In the study of k-involutions one has to combine the k-structure of the group with the structure
of the involution. For this one has to combine the actions on the related root data. This can
be seen as follows. Let G be a reductive k-group, 7' a maximal k-torus of G, X = X*(T),
® = o(T), K a finite Galois extension of k which splits 7" and I' = Gal(K/k) the Galois group
of K/k. If ¢ € Aut(G,T) is defined over k, then ¢* := (¢|T)~! satisfies

o¢p* =¢*oforalloel. (1.2.5 (a))

If & € Aut(G,T) is a k-involution, then we will also write # for 6* := t(9|T)~! € Aut(X, ®). Both
I' and 0 act on (X, ®). Let & = {id, —0} C Aut(X, ®) be the subgroup spanned by —0|T". Let
Er C Aut(X, @) be the subgroup corresponding to the action of T on (X, ®) and let T'y = Ep.&p
be the subgroup of Aut(X, ®) generated by &r and &. It was shown in [Helminck(2000)] that
Iy is a finite subgroup of Aut(X, ®). The actions of I', 6, resp. I'y on (X, ®) all lead to natural
restricted root systems and as it turns out these are precisely the restricted root systems related
to a maximal k-split, 6-split resp. (6, k)-split torus. Since all three of these actions on the root
datum can be described in a similar manner we will consider in the remainder of this section

the action of an arbitrary finite group £ on (X, ®).

1.2.6. Let ¥ = (X, ®, XV, ®") be a root datum with ® # () and let £ be a finite group acting
on U. For o € £ and y € X we will also write x? or o(x) for the element o.x € X. Write
W = W(®) for the Weyl group of ®. Now define the following:

Xo=Xo(&) :={x€X|> x°=0}and &y = &y(&) := &N Xo. (1.2.6 (a))
el

Then X is a co-torsion free submodule of X and ®g is a closed subsystem of ®, both invariant
under the action of £. Denote the Weyl group of ®¢ by Wy and identify it with the subgroup
of W (®) generated by the reflections so,a € ®g. Put W¢ := {w € W | w(Xy) = Xo}, Xe =
X/Xo(€) and let m be the natural projection from X to Xe. If we take A = {t € T | x(¢t) =
e for all x € X} to be the annihilator of Xy and Y = X*(A), then Y may be identified with
Xe = X/Xp. Let &g := 71(® — ®(€)) denote the set of restricted roots of ® relative to E.

Remark 1.2.7. In the case that £ = I', then X is the annihilator of a maximal k-split torus
A of T'. Similarly in the case that £ = &y, then Xj is the annihilator of a maximal -split torus
A of G. In both these cases, if A is maximal k-split resp. 6-split in G then ®¢ is the root system
of A with Weyl group We.

We define now an order on (X, ®) related to the action of £ as follows.



Definition 1.2.8. A linear order on X which satisfies
if x =0 and x & Xo, then x? =0 forall o €& (1.2.8 (a))

is called a &-linear order. A fundamental system of ® with respect to a £-linear order is called

a &-fundamental system of ® or a E-basis of P.

A E-linear order on X induces linear orders on Y = X/X, and Xy, and conversely, given
linear orders on Xy and on Y, these uniquely determine a £-linear order on X, which induces
the given linear orders (i.e. if x € X, then define y > 0 if and only if 7(x) = 0). Instead of
the above &-linear order one could give a more general definition of a linear order on X using
only the fact that Xg is a co-torsion free submodule of X. In the following we give a number of

properties of an £-linear order on X.

1.2.9 RESTRICTED FUNDAMENTAL SYSTEM

Fix a E-linear order > on X, let A be a £-fundamental system of ® and let Ag be a fundamental
system of @y with respect to the induced order on Xy. Let A = {t € T'| x(t) = e for all x € X}
be the annihilator of Xy and define Ag = m(A — Ag). This is called a restricted fundamental
system of ® relative to A or also a restricted fundamental system of ®¢. The following proposition

lists some properties of these fundamental systems.

Proposition 1.2.10. Let X, Xy, ®, &g, ®g, etc. be defined as above and let A, A" be E-

fundamental systems of ®. Then we have the following
(1) Ag=ANdg.
(2) A =A"if and only if Ag = A and Ag = Z‘lg.

(3) If Ag = Zlg, then there exists a unique w' € Wy such that A" = w'A.

1.2.11 RESTRICTED WEYL GROUP

There is a natural (Weyl) group associated with the set of restricted roots, which is related
to W¢ /Who. Since Wy is a normal subgroup of W¢, every w € W¢ induces an automorphism
of X¢ = X/Xo = Y. Denote the induced automorphism by 7(w). Then 7(wy) = 7(w)mr(x)
(x € X). Define Wg := {m(w) | w € W¢}. We call this the restricted Weyl group with respect to
the action of £ on X. It is not necessarily a Weyl group in the sense of Bourbaki [Bourbaki(1981),

Ch.VIL,no.1], however, we do have the following.

Proposition 1.2.12. Let X, Xo, ®, ®g, Pe, A, Ao, Ag, Wy, WE, We be defined as above
and let A be the annihilator of Xy. Then we have:



(1) If w € W&, then w(A) is an E-fundamental system.
(2) Givenw € W&, we Wy iff n(w) = 1 iff 7(w)Ag = Ag.
(3) We = WE/W.

(4) W& /Wy =~ Ng(A)/Zg(A), where Ng(A) and Zg(A) are respectively the normalizer and

centralizer of A in G.

Remarks 1.2.13. (1) In the case that A is a maximal k-split, 6-split or (6, k)-split torus, then
®¢ is actually a root system with Weyl group We. (2) In the remainder of this section we will

also write ®, A, W instead of ®¢, Ag, W¢ whenever it causes no confusion.

1.2.14 ACTION OF £ ON A

From Proposition 1.2.12 it follows that W¢ acts on the set of £-fundamental systems of ®. There
is also a natural action of £ on this set. If A is a £-fundamental system of ®, and o € £, then the
E-fundamental system A% := {a” | a € A} gives the same restricted basis as A, i.e. A7 = A,
This follows from the fact that o; = of mod X for all ; € A, o € £. From Proposition 1.2.10
it follows that there is a unique element w, € Wy such that A? = w,A. This means we can

define a new operation of £ on X as follows:
=w, x°, xe€X, o€k (1.2.14 (a))

It is easily verified that xy — y[°) is an automorphism of the triple (X,®,A) and that ylolbl =
xlo for all o, v € &, x € X.

1.3 (T, 0)-INDICES

The actions of I' and 6 on the root datum can be described by an index. These indices not
only determine the fine structure of restricted root systems with multiplicities etc. of the corre-
sponding k-group and symmetric variety, but also play an important role in the classifications
of k-groups and symmetric varieties (or equivalently involutions of reductive groups). In this
section we extend these indices to get an index that describes the action of a k-involution. Sim-
ilar as for k-groups and symmetric varieties this index describes the fine structure of restricted
root systems with multiplicities etc. of the corresponding symmetric k-variety, and again plays

an important role in the classification of k-involutions.



1.3.1 THE INDEX OF &

Throughout this section let ¥ be a semisimple root datum with ® # (), £ a (finite) group acting
on ¥, as in 1.2.6, A a &-basis of ® and Ag = Ag(E) = AN Xp(E). In equation (1.2.14 (a))
we defined an action of £ on A, which we denote by [o]. The action of £ on W is essentially
determined by A, Ag and [o]. Following Tits [Tits(1966)] we will call the quadruple (X, A, Ay,
[0]) an index of £ or an E-index. We will also use the name E-diagram, following the notation
in Satake [Satake(1971), 2.4].

1.3.2

As in [Tits(1966)|] we make a diagrammatic representation of the index of £ by coloring black
those vertices of the ordinary Dynkin diagram of ®, which represent roots in Ay(&) and indi-

cating the action of [o] on A by arrows. An example in type Dy is:

o—o—&4—c<> o]

To use these £-indices in the characterization of isomorphy classes of reductive k-groups or

involutions, we need a notion of isomorphism between them.

Definition 1.3.3. Let ¥ and ¥’ be semisimple root data and £ a group acting on them. A
congruence @ of the E-index (X, A, Ag, [o]) of ¥ onto the E-index (X', A!, A, [0]') of U’ is
an isomorphism which maps (X, A, Ag) — (X', A’, A}), and satisfies [0] = p[o]p L.

For k-involutions it suffices to consider two actions of £ on the same root datum. In that
case we will also use the term isomorphic £-indices instead of congruent £-indices. In this case

one can differentiate between inner and outer automorphisms.

Definition 1.3.4. Let ¥ be a root datum and &, & C Aut(¥) the subgroups of Aut(¥)
corresponding to actions of € on . Two indices (X, A, A¢(&1), [0]1) and (X, A, AL(E2), [o]2)
are said to be W(®)-isomorphic (resp. Aut(®)-isomorphic) if there is a w € W(®) (resp.
w € Aut(®)), which maps (A, Ag(£1)) onto (A’ Af(&2)) and satisfies w([o];w™! = [o]2. Instead

of W (®)-isomorphic we will also simply use the term isomorphic.



Remark 1.3.5. An index of £ may depend on the choice of the £-basis of ®, i.e. for two £-
bases A, A’, the corresponding indices (X, A, Ag(€), [o]) and (X, A', A{(E), [0]') need not be

isomorphic. However this cannot happen if ®¢ is a root system with Weyl group We:

Proposition 1.3.6. Let ¥ be a semisimple root datum and € C Aut(¥) a group acting on ¥
such that ®g is a root system with Weyl group We. If A, A’ are E-bases of ®, then (X, A,
Ao(€), [o]) and (X, A, AY(E), [0]') are isomorphic.

Theorem 1.3.7. Let G1, G3 be connected semisimple groups defined over k. Fori = 1,2 let T;
be a mazimal k-torus of G;, ¥; = (X*(T), ®(T;), X«(T;), ®V(T;)) the root datum corresponding
to (G, T3), € a (finite) group acting on ¥;, Xo(E,T;) = {x € X*(T7) | Dpee x” = 0}, A; =
{teT; | x(t) =e forall x € Xo(E,T;)} the annihilator of Xo(E,T;), A(T;) a E-basis of ®(T5),
Ao(T;) = A(T;) N Xo(€) and [o]; the action of € on A(T;). If ¢ : (G1,T1, A1) — (Ga, T, Ag) is
a k-isomorphism and ©* = *(p|T1) ™! is as in (1.2.4 (a)), then there exists a unique w € W& (Ty)
such that w(e*(A(T1))) = A(Ty) and ) := we* is a congruence from (X*(T1), A(Ty), Ao(Th),
[0]1) to (X™(T2), A(T3), Ao(T2), [o]2).

Definition 1.3.8. If ¢ : (G1,T1, A1) — (Ga,T3, Ag) is a k-isomorphism as in Theorem 1.3.7,
then we will call the congruence pl*l := wy* of the E-indices (X*(T1), A(T}), Ao(T}), [o]1) and
(X*(T3), A(Ty), Ao(T3), [o]2) the congruence associated with .

In the cases of £ = & and € = I' we get the well known 0-index and I'-indez, which are
essential in the respective classifications. Since the classification of k-involutions depends on a
classification of these, we will briefly review these in the next subsections. First, though, we

need a notion of irreducibility for £-indices.

Definition 1.3.9. Let £ C Aut(X, ®) be a subgroup and A a E-basis of ®. An index D = (X,
A, Ay, [o]) is E-irreducible if A is not the union of two mutually orthogonal [o]-invariant (non-
empty) subsystems A’, A”. The system D is absolutely irreducible if A is connected. In the case
& = &r (resp. &) we will also call an E-irreducible index a k-irreducible index (resp. 0-irreducible

index).

By abuse of notation, we will say 8 € Aut(X, @) is an irreducible (resp. absolutely irreducible)

involution if it has f-irreducible (resp. absolutely irreducible) index.

1.3.10 6-INDICES

In this subsection we discuss the index associated with an involutorial automorphism of a re-
ductive algebraic group. Let G be a reductive algebraic group, # € Aut(G) an involution and T
a @-stable maximal torus of G. Again, write X = X*(T), ® = ®(T) and let & = {id, -0} C
Aut(X, ®) be the subgroup spanned by —6|T. In this case we will also write Xo(6), Xy, ®o(6),



69, Wh (9), W@, A()(Q), Z@ instead of, respectively, Xo((fg), Yge, @0(59), 559, W0(59)7 W1(59),
We,, Do(Ep), Ag,.

Definition 1.3.11. A &y-order on X will also be called a 8-order on X, a Ey-basis of ® a 0-basis

of ®, and a &y-index a O-index.

Let A be a 6-basis of ®. To find the #-index we need to find the action of [—60] on (X, @, A).
Since §(—A) is also a #-basis of ® with the same restricted basis, it follows from Proposition
1.2.10 that there is wo(0) € Wp(6) such that wy(0)0(A) = —A. Put 0* = 6*(A) = —wo(0)0.
Then 6* = [—0]. Note that 6*(A) € Aut(X, ®,A) = {¢ € Aut(X,®) | p(A) = A}, 0*(A)? =id
and 0*(Ag(0)) = Ap(6).

Proposition 1.3.12. Let A be a mazximal 0-split torus of G, T D A a mazimal torus and A a
0-basis of ®(T). The 0-index (X, A, Ag, 0%) is uniquely determined (up to congruence) by the

isomorphy class of 0.

1.3.13 TI'-INDICES

In this subsection we introduce the index related to the isomorphy classes of semisimple k-groups.
For the remainder of this section let G be a reductive k-group, A a k-split torus of G, T D A a
maximal k-torus, K the smallest Galois extension of k which splits T'. Let I' = Gal(K/k) be the
Galois group of K/k, X = X*(T), ® = ®(T), Xo = Xo(T'), ®g = $o(I"), etc. Let Gy = G(Py)
denote the connected semisimple subgroup of G generated by {U, | a € ®y}. Note that the
group Gy is the semisimple part of Zg(A). If A is a maximal k-split torus, then Gy is anisotropic
over k and is uniquely determined (up to k-isomorphy) by the k-isomorphism class of G. In

that case Gy is also called the k-anisotropic kernel of G.

1.3.14

Let A be a I'-basis of @, and let Ag = AN Xp. As in (1.2.14 (a)) we have an action of I" on
A, which we denote by [o]. The 4-tuple (X, A, Ay, [0]) is called the I'-index of (G,T,A). If
A is a maximal k-split torus of G, then we will also call this the I'-index of G. It was shown
by Tits [Tits(1966)] that the k-isomorphism class of G uniquely determines, up to congruence,
the I'-index of GG. Using Proposition 1.3.6 this can also be seen easily as follows. Let G1, G2 be
connected semisimple groups defined over k and ¢ : G; — G2 a k-isomorphism. For i = 1,2
let A; C G; be a maximal k-split torus, T; D A; a maximal k-torus of G; and A(T;) a T'-
basis of ®(7;). Now ¢(A;) is a maximal k-split torus of Ga, hence there exists a g € Gk
such that Int(g)¢(A41) = A2. Then Int(g)p(T1) DO Az is a maximal k-torus. Let K be the
smallest Galois extension of k which splits 77 and 75. Then there exists x € Gk such that
Int(z) Int(g)p(T1) = To. Let ¢1 = Int(z)Int(g)¢. Then ¢y : (G1,T1, A1) — (Go,T, A2) is



a K-isomorphism and by Theorem 1.3.7 ¢% = *(p1|T1)! as in (1.2.4 (a)) (modulo a Weyl
group element of W (T3)) is a congruence from the I'-index of (G1,T1, A1) onto the I'-index of

(G, Ty, A). Summarized we have now the following result:

Proposition 1.3.15 ([Tits(1966)]). The k-isomorphism class of G uniquely determines (up to
congruence) the I'-index (X, A, Ao(T), [o]) of G.

1.3.16 (T, 0)-INDICES

In this subsection we discuss indices related to the isomorphy classes of k-involutions. Let G
be a connected semisimple k-group, § € Aut(G) an k-involution, A a (6, k)-split torus of G,
T D A a f-stable maximal k-torus of G and X = X*(T'), ® = ®(T). Let K be a finite Galois
extension of k which splits 7', I' = Gal(K/k) the Galois group of K/k and & = {1,—-60} C
Aut(X, ®) be the subgroup spanned by —0|T" as in 1.3.10. Let &p C Aut(X, ®) be the subgroup
corresponding to the action of I' on (X, ®) and let I'y = &r.& the subgroup of Aut(X, ®)
generated by & and &. As in 1.2.6 (a) let Xg = Xo(Ty), @9 = Po(Ty), etc. We will also use
the notation ®o(I',0) (resp. Ao(T',8)) for @o(Iy) (resp. Ag(I'g)). In addition, let Gy = G(Po)
denote the connected semisimple subgroup of G generated by {U, | a € ®y}. The group Gy is
the semisimple part of Zg(A). Moreover @, = ®(A) is the set of restricted roots of A, which,
by [Helminck and Wang(1993), 5.9] is a root system if A is a maximal (6, k)-split torus of G. Let
A be a I'y-bases of ®, and let Ag = AN Xy. Similar as in (1.2.14 (a)) we have an action of T'y
on A, which we denote by [o]. The 4-tuple (X, A, Ay, [0]) is called the T'y-indez of (G, T, A,0).
If A is a maximal (6, k)-split torus of G, then we will also call this the T'g-indezx of (G, T,0). In
the case of #-indices or I'-indices the indices did not depend on the choice of the maximal torus,
when one choose the torus A involved to be maximal. The above I'y-index of (G, T, 6) depends
on the choice of "D A. For example one can choose T such that T}, is maximal ¢-split or one
can choose 1" such that T(;" is a maximal torus of Zg(A) N H. In most cases this leads to non
congruent I'g-indices. We can obtain a ['g-index uniquely determined by the isomorphy class of
the k-involution by taking A maximal (6, k)-split and 7' D A a f-standard maximal k-torus of
Zg(A), i.e. T contains a maximal k-split torus and 7, is a maximal 6-split k-torus of G. We
will call a I'g-index of (G, T, A,0) a I'y-indezx of (G,0) if A is a maximal (0, k)-split and T'D A
a f-standard maximal k-torus of G. This index is uniquely determined by the isomorphy class

of the k-involution 8:

Proposition 1.3.17. Let 61 be a k-involution of G. The k-isomorphism class of 61 uniquely
determines (up to congruence) the I'g-index (X, A, Ao(Ty), [o]) of (G, 01).

Remark 1.3.18. Similar as for the #-index and I'-index one easily determines the restricted
root system of a maximal (6, k)-split torus of G from the I'g-index (X, A, Ay, [o]) of (G, 0).
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1.3.19 (T, 0)-ORDER

The T'g-index of (G, ), as defined above, corresponds to a I'p-order on (X, ®). However there
is a lot of additional structure present, which is not represented in the I'g-index. We also have
a f-index and a I'-index. This can be seen as follows. Assume A is a maximal (6, k)-split torus
of G, A O A a maximal k-split torus of G and T D> A a 6-standard maximal k-torus. Let
X = X*(T') and ® = ®(T). Then we have the usual I'-order on (X, ®). On the other hand
since T}, is a maximal §-split torus of G, we also have a #-order on (X, ®). Finally since A is
maximal (6, k)-split we also have a I'g-order. All these can be defined simultaneously on (X, ®)

as follows.

Definition 1.3.20. Let ¥ be a semisimple root datum and let I', 6 act on (X, ®). A linear
order on X which is simultaneously a I'-, 8- and T'g-order is called a (T, §)-order. A fundamental

system of ® with respect to a (I', f)-order is called a (', 0)-fundamental system of ®.

From the above remarks it follows that if A, Ay, S, T are as above, then a (T',6)-order
on (X, ®) exists. However not every I'g-order is a (I, 0)-order. Another characterization of a

(T, 0)-order is given in the following result.

Proposition 1.3.21. Let ¥ be a semisimple root datum and assume T, 6 act on (X, ®). The

following are equivalent:
(1) (X,®) has a (I',0)-order.
(2) @o(I,0) = o(I') U Do (6).
(3) If &1 C ®o(T,0) irreducible component then &1 C ®o(0) or &1 C Po(T).

Remarks 1.3.22. (1) A (T, 0)-order, as above, is completely determined by the sextuple
(X, A, Ao(T), Aog(6), [o], 6°). (1.3.22 (a))

We will call this sextuple an indez of (I',0) or an (I, #)-index. This terminology follows again
Tits [Tits(1966)]. We will also use the name (I', §)-diagram, following the notation in Satake
[Satake(1971), 2.4|. (2) The above index of (I',6) determines the indices of both I" and 6 and
vice versa.

(3) We can make a diagrammatic representation of the (I', #)-index by coloring black those
vertices of the ordinary Dynkin diagram of ®, which represent roots in Ag(I",0) and giving the
vertices of Ag(I') UAg(#) which are not in Ag(I') N Ag(#) alabel I" or 0 if o € Ag(I") — Ap(I') N
Ap(0) or v € Ag(0) — Ap(T") N Ag(0) respectively. The actions of [o] and 6* are indicated by

arrows. Here is an example with ® of type Djg:
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Figure 1.1: (T, 0)-index with ® of type Djg

This (I, #)-index is obtained by gluing together the indices

of I" resp. 6 with the above recipe. (4) A (I, 0)-index of I'g may depend again on the choice
of the (T, §)-basis of ®. However if ®r, is a root system, then it follows similar as in Proposition
1.3.6 that the (I', #)-index is independent of the choice of the (I', #)-basis.

1.4 ISOMORPHY CLASSES OF INVOLUTIONS AND k-GROUPS

In each of the cases of symmetric varieties, symmetric k-varieties and semisimple k-groups
there is a natural fine structure associated with these spaces. For a study of these spaces and
their representation theory it is important to have a classification of these spaces together with
this fine structure of restricted root systems with multiplicities and Weyl groups. This fine
structure easily follows from the index as defined in section 1.3. On the other hand this index
can also be used as an invariant to characterize the isomorphy classes. In the case of isomorphy
classes of involutions these indices completely characterize the isomorphy classes. In the case
of isomorphy classes of semisimple k-groups one needs a second invariant to characterize the

isomorphy classes and in the case of isomorphy classes of k-involutions three invariants are
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needed. Since the classification of k-involutions depends on the classifications of semisimple k-
groups (see |Tits(1966)]) and the classification of involutions over algebraically closed fields (see
[Helminck(1988)]), we will first briefly review some facts about both these classifications, which

will be needed later in the classification of the k-involutions.

1.4.1 CHARACTERIZATION OF THE ISOMORPHY CLASSES OF INVOLUTIONS

The classification of isomorphy classes of involutions can be reduced to a classification of W (T')-
conjugacy classes of involutions normally related to a maximal torus 7' (see [Helminck(1988)]).
In this subsection we briefly review these results. We use the same notation as in 1.3.10. In
particular let G be a reductive algebraic group, # € Aut(G) an involution and 7' a maximal
torus of G. Write X = X*(T) and ® = ®(T). To relate the isomorphy classes of involutions to

the indices as in 1.3.10, we define the following:

Definition 1.4.2. Let T be a maximal torus of G. An automorphism 6 of G of order < 2 is
said to be normally related to T if (T) = T and T, is a maximal #-split torus of G.

Note that, since all maximal tori of G are conjugate under Int(G), every involutorial auto-
morphism of G is conjugate to one which is normally related to T'. The involutions normally

related to T' can be characterized now as follows (see [Helminck(1988), 3.7]).

Theorem 1.4.3. Let 01,0, € Aut(G) be such that 62 = 62 = id and assume 01,02 are normally
related to T'. Then we have the following:

(1) 61 and O3 are conjugate under Int(G) if and only if 01|T and 62|T are conjugate under
W(T).

(2) 61 and 0y are conjugate under Aut(G) if and only if 01|T and 02|T are conjugate under
Aut(T).

We showed in Proposition 1.3.12 that the G-isomorphy class determines the #-index up to

congruence. From Theorem 1.4.3 it follows now that these indices actually completely char-

acterize the isomorphy classes. To formulate this result we need to define first a notion of

admissibility.

Definition 1.4.1 (admissible involution). Let 8 € Aut(X,®) be an involution. Then 6 is
called admissible if there exists an involution § € Aut(G,T) such that 6T = 6 and T; is a

maximal f-split torus of G. If X is semisimple, then the indices of admissible involutions of
(X, ®) are called admissible 6-indices.

We have the following characterization of the isomorphy classes of involutions in terms of 6-
indices. Note that these #-indices yield most of the fine structure of the corresponding symmetric
variety G/Gy.
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Theorem 1.4.4. Let G, T be as above and assume G is semisimple. Then there is a bijec-
tion of the set of Int(G) (resp. Aut(G)) congugacy classes of involutorial automorphisms of G
and the W -congruence (resp. Aut(®)-congruence) classes of indices of admissible involutions of

(X(T),2(T)).

1.4.5 CHARACTERIZATION OF THE ISOMORPHY CLASSES OF SEMISIMPLE
k-GROUPS

In the remainder of this section we give a characterization of the isomorphy classes of semisimple
k-groups. Most of these results can be found in [Tits(1966)| and [Satake(1971)].

1.4.6

We use the same notation as in the previous section. In particular let G be a connected semisim-
ple groups defined over k and let A C GG be a maximal k-split torus, T' O A a maximal k-torus of
G, X =X"T),®=®(T), K the smallest Galois extension of k which splits 7" and A = A(T') a
I'-basis of ®(T'). In Proposition 1.3.15 we demonstrated that the I'-index is an invariant for the
isomorphy classes of semisimple k-groups. Another invariant is the following. Let Gy = G(®g)
denote the connected semisimple subgroup of G' generated by {U, | & € ®¢}. The group Gy is
the semisimple part of Zg(A) and is k-anisotropic if A is maximal k-split. Let Ty = T'N Gy.
This is a maximal k-torus of GGg. Since all maximal k-split tori of G are conjugate under Gy, it
follows that Gy is uniquely determined (up to k-isomorphism) by the k-isomorphism class of G.
We will call Gy the k-anisotropic kernel of G. We have shown now that the k-isomorphism class
of G uniquely determines the I'-index (X, ®, Ag(T"), [¢]) of G and the k-anisotropic kernel Gy
of GG. The following result shows that these two actually suffice to characterize the isomorphy
classes (see [Tits(1966)| or [Satake(1971)]).

Theorem 1.4.7. Let G, G’ be connected semi-simple algebraic groups defined over k. Let T,
A, X, Go, To, ete., T', A', X', Gi, T} etc. be as defined above, and corresponding to G and
G', respectively. There exists a k-isomorphism ¢ : (G, T, A) — (G, T', A’ if and only if the

following conditions are satisfied:

(t) There ezists a congruence ¢ : (X, A, Ao(T), [o]) = (X', A, AY(T), [0]') of the T'-index
of G onto the T-index of G'.

(it) There exists a k-isomorphism ¢o : (Go,To) — (Gy, T})) such that the restriction ¢o of ¢
to (Xo, Ao(T), [0]| X0) is associated to ¢o as in 1.3.8 (i.e., cpg*] = ¢p).

The TI'-indices, which belong to connected semi-simple groups will be called admissible. They

are defined as follows:
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Definition 1.4.8. If X is a free module of rank n, A a fundamental system of a root system & in
X, Ag(T") a subset of A, and [ - | a homomorphism of the Galois group I' into Aut(X, A, Ay(T")),
we will say that the system D = (X, A, Ag(T), [0]) is admissible if there exists a connected

semi-simple group G defined over k having D as I'-index.

Remark 1.4.9. The above result reduces the problem of classifying connected semisimple al-

gebraic groups defined over k to the following two problems:
(1) Classification of all admissible I'-indices.
(2) Classification of all k-anisotropic semisimple algebraic groups.

For arbitrary base fields not much is known about the k-anisotropic semisimple algebraic groups.
The first problem is discussed in Tits [Tits(1966)].

1.4.10

For k = R every complex semisimple group contains a compact real form, which is unique up
to isomorphism (see [Helgason(1978)]). So in this case there is a one-to-one correspondence be-
tween isomorphy classes of k-anisotropic semisimple groups and isomorphy classes of complex
semisimple groups. Since the latter (modulo the center) are completely characterized by the
corresponding Dynkin diagram, the classification of real semisimple groups reduces to a classi-
fication of the admissible I'-indices. For a p-adic field k = Q, the only k-anisotropic semisimple
groups are SL(1,K), where K/k is a normal division algebra . So in particular the I'-index of
a k-anisotropic semisimple group over QQ, can only consist of copies of the Dynkin diagrams of

type An.

1.4.11 ISOMORPHY CLASSES OF k-INVOLUTIONS

The characterization and classification of k-involutions is much more complicated than simply
combining the invariants characterizing involutions in the algebraically closed case and invariants
characterizing the k-structure of a reductive algebraic group defined over a field k. In most cases
a third invariant is needed and the interplay of these 3 invariants adds additional complications.
In this subsection we briefly review the characterization of the k-involutions. Let G be a reductive
k-group and 6 a k-involution of G. We will consider isomorphy classes of k-involutions under
the action of Int(Gy), Intk(G) and Auty(G). We will say that two k-involutions are isomorphic
under Gy, (or Gi-isomorphic) if they are isomorphic under Int(Gy). We want to characterize the
isomorphism classes in a such a way that we also get a classification of the natural root systems
of the symmetric k-varieties. This means we need to characterize the isomorphism classes of the

k-involutions on a fixed maximal k-split torus. For this we define the following notion:
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Definition 1.4.12. Let A be a maximal k-split torus of G. A k-involution 6 of G is normally
related to A if (A) = A and A, is a maximal (6, k)-split torus of G.

Lemma 1.4.13. Let A be a mazimal k-split torus of G and T D A a mazimal k-torus. Every

k-involution is Gy-isomorphic to one normally related to A and T.
The admissible k-involutions are now defined as follows.

Definition 1.4.2 (admissible k-involution). Let G be a reductive k-group, A a maximal
k-split torus of G and T D A a maximal k-torus of G, K D k a splitting extension for 7.
An involution 0 € Aut(X*(T'), ®(T)) is said to be an admissible k-involution (with respect to
(G, T, A)) if there exists a k-involution 8 of G, normally related to A and T such that 6|T = 6.
We will call the (T, #)-index corresponding to an admissible k-involution an admissible (T, 6)-

indezr.

Involutions normally related to A and 7" determine the (I', §)-index up to congruence:

Theorem 1.4.14. Let A be a mazimal k-split torus of G, T D A a mazimal k-torus, K a finite
Galois extension of k which splits T and I' = Gal(K/k) the Galois group of K/k. Let 61,62 be
k-involutions of G normally related to A and T'. If 61 and 6y are isomorphic under Gy then the

corresponding (I', 8)-indicies of 01 and 02 are congruent.

The second invariant characterizing the k-structure of a reductive algebraic group defined
over k was the k-anisotropic kernel. Combining this with the characterization of involutions
over algebraically closed fields, we get that the induced involutions of the k-anisotropic kernel

need to be isomorphic. These involutions can be characterized as follows.

Theorem 1.4.15. Let G be a connected semi-simple algebraic group defined overk, A a mazimal
k-split torus of G and 61, 02 k-involutions of G, normally related to A. Then 01|Zg(A) and
02|Zc(A) are isomorphic under Gy if and only if 61 is Gi-isomorphic to 02 Int(a) for some
a€ A,

k-INNER ELEMENTS

Denote the set of a € A, such that ¢ Int(a) is a k-involution of G' by Iy (A, ). This will be called
the set of k-inner elements of A, . Note that for any a € A, the automorphism 0 Int(a) is an
involution of G. So the question is for which a € A, this involution is in fact a k-involution of G.
Since 6 is a k-automorphism this is equivalent to the condition that Int(a) is a k-automorphism
of G. What remains to determine is the different G-isomorphic classes of involutions 6 Int(a)
for a € Ix(A, ). Unfortunately this isomerphy can not always be restricted to the normalizer in
G of the maximal k-split torus A. The main reason for this is that there is not always a unique

Hy-conjugacy class of maximal (6, k)-split tori.
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REDUCTION OF THE CLASSIFICATION OF Kk-INVOLUTIONS

It was shown in [Helminck(2000)] that the classification of k-involutions of G reduces to the

following 3 problems:
(1) Classification of admissible (I, #)-indices.

(2) Classification of the Gy-isomorphy classes of k-involutions of the k-anisotropic kernel of

G.
(3) Classification of the G-isomorphy classes of k-inner elements of G.

For more details, see [Helminck(2000)]. The admissible (I, #)-indices determine most of the fine
structure of the symmetric k-varieties and a classification of these was included in [Helminck(2000)]
as well. For k algebraically closed the full classification can be found in [Helminck(1988)]. For
other fields a classification of the remaining two invariants is still lacking. In particular the case

of symmetric k-varieties over the p-adic numbers is of interest.

1.4.16 INVOLUTIONS OF COMPACT REAL GROUPS

For k = R there is a one-to-one correspondence between isomorphy classes of k-anisotropic
semisimple groups and isomorphy classes of complex semisimple groups (see 1.4.10). For invo-
lutions of compact groups we have a similar correspondence. This can be seen as follows. If
f is an involution of a complex group G, then there exists a conjugation o of a compact real
form U of G such that o = o6 (see [Helminck(1988), 10.3]). Then 6|U is an involution of
U. Conversely any involution of U can be lifted to an involution of G by extending the base
field. It is easy to show then that there exists a one to one correspondence between isomorphy
classes of involutions of k-anisotropic semisimple groups and isomorphy classes of involutions of
complex semisimple groups (see |[Helgason(1978), Chap. X, 1.4]). By Theorem 1.4.3 the latter
are characterized by isomorphy classes of admissible involutions. This means that the classifica-
tion of the k-involutions reduces to the first and third problem in 1.4.11. A classification of the
isomorphy classes of k-involutions, for k = R, together with all the fine structure, can be found
in [Helminck(1988)].

1.4.17

In this thesis we are concerned with the problem of explicitly constructing the k-involution of
G from a given (I',#)-index using the a suitable Chevalley basis. By finding this k-involution
explicitly, we will be able to do computations symbolically in symmetric k-varieties, which is
impossible without an explicit realization of the involution. The first step in this process is to

liftt C-involutions from the root system to involutions of the Lie algebra and to establish the
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algorithmic infrastructure for constructing the Lie algebra involutions from the root system
data. The next step toward lifting k-involution for arbitrary k is to lift R-involutions. We can

do this by lifting pairs of commuting C-involutions as described below.

1.5 R-INVOLUTIONS

1.5.1 REDUCTION TO ORDERED PAIRS OF COMMUTING INVOLUTIONS OF
COMPLEX REDUCTIVE GROUPS

The isomorphic classes of involutions of real reductive groups correspond bijectively with the
isomorphic classes of ordered pairs of involutions of a complex group. We review these results

in this section.

1.5.2 REAL FORMS AND CONJUGATIONS.

We reference Knapp [Knapp(2005), p. 34] for the following. Let V' be a vector space over k and
consider the tensor product space V ®y K. If ¢ is a member of K, then multiplication by ¢, which
we denote temporarily by m(c), is k linear from K to K. Thus 1 ® m(c) defines a k linear map
of V @i K to itself, and we define this to be scalar multiplication by ¢ in V ®; K. With the
definition V @y K becomes a vector space over K. We write V¥ for this vector space. The map
¢+ v ® 1 allows us to identify V canonically with a subset of V. If {v;} is a basis of V over
k, then {v; ® 1} is a basis of V¥ over K. If W is a vector space over the extension field K of k,
we can restrict the definition of scalar multiplication to scalars in k, thereby obtaining a vector
space over k. This vector space we denote by W, In the special case that k = R and K = C
and V is a real vector space, the complex vector space VC is called the complezification of V.

By these definition we have the identification
(VOR =vaiv (1.5.2 (a))

as real vector spaces, where V means V ® 1 in V ®r C and the ¢ refers to the real linear

transformation of multiplication by 1.

Definition 1.5.3 (real form, [Knapp(2005), p. 35]). When a complex vector space W and a

real vector space V' are related by
WE=vaiv,

we say that V' is a real form of the complex vector space W.

Note that any real vector space is a real form of its complexification.
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Definition 1.5.4 (conjugation). In eq. (1.5.2 (a)) the R linear map that is 1 on V and —1 on
iV, i.e. conjugate linear, is called the conjugation of the complex vector space VC with respect
to the real form V.

Similarly, if go is a real Lie algebra, the complex Lie algebra (go)C is called the complezifi-
cation of go, and when a complex Lie algebra g and a real Lie algebra gy are related as vector

spaces over R by

o™ = go @ igo (1.5.4 (a))

we say that gg is the real form of g. Any real Lie algebra is a real form of its complexification. The
conjugation of a complex Lie algebra with respect to a real form is a Lie algebra isomorphism
of g® with itself.

1.5.5 BUILDING R-INVOLUTIONS FROM CONJUGATIONS.

Let G be a connected reductive group defined over a field k, let G, denote the set of k-rational
points of G, and let g denote the Lie algebra of G. If k = R, then the Galois group I' = Gal(C/k)
has order 2. If § # id € I", then § acts on the complex Lie algebra g of G as a conjugation , i.e.

e 0 has order 2,
e § is linear with respect to addition, and
e J is conjugate linear with respect to scalar multiplication.

For the rest of this section, the symbol § denotes the conjugation defined by the Galois group
Gal(C/R).

Definition 1.5.6 (g°). Let g° denote the set of fixed points in g of the conjugation §:
o ={Xecg|oX)=X)}

Lemma 1.5.7. g% is ezactly the (real) Lie algebra of the group GR.

Lemma 1.5.8. The Lie algebra g° is a real form of g and there is a one-to-one correspondence
between real forms of g and conjugations of g.

1.5.9 o AND 6 COMMUTE

Let 0 € Aut(GRr) be a R-involution. Denote the involution of g° induced by ¢ also by o. By
extending the base field we can lift our involution o from GR to G and similarly from g° to g.

Since o is an involution of g’ we can write g’ = b + g as a sum of eigenspaces, i.e.
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h={X e’ |o(X)=X} (o-stable)
g={Xeg|o(X)=-X} (o-split)

The space q is called a local affine symmetric space.

Note. From o(g®) = g° it follows that ¢ and 6 commute.

1.5.10 REPLACE o ON g° WITH (0,8) ON g

So, instead of considering the action of o on g’ we can consider the action of the pair (0,8) on
the complex Lie algebra g. Simplifying further: Instead of the pair (o, d) of an involution and a
conjugation commuting with it, consider a pair of commuting involutions by replacing ¢ with
the Cartan involution, 6, corresponding to g°.

1.5.11 CONSTRUCTING THE CARTAN INVOLUTION

In order to construct the Cartan involution we have to consider a compact real form. Helminck

showed that there is a compact real form u that is J- and o-stable.

Lemma 1.5.12. Let u be a compact real form of g that is §- and o-stable and T a conjugation
of u. Then

ocr=7170 and OT=T0

Let § = 76 = d7. Since both ¢ and 7 are conjugations (therefore of order 2), it follows that

6 is an involution of g° and g and 0} g’ is a Cartan involution of g°. Furthermore,

00 =076 =705 =71d0 = 0o (1.5.12 (a))

Remark 1.5.13. Up to isomorphy there exists a unique compact real form u defined by the
fact that the Killing form is negative definite on u [Helminck(1988), 10.3].

1.5.14 AN INVOLUTION IN R +— COMMUTING INVOLUTIONS IN C

Theorem 1.5.15. 3 bijection between the isomorphy classes of real forms of complex semisimple

Lie algebras and the isomorphy classes of involutions of complex semisimple Lie algebras.

[or Cg] +— [0 € Aut(g),6? = id] (1.5.15 (a))

20



This gives us a bijection between involutions in Aut(gr) and ordered pairs of involutions
(0,0) € Aut(g):

complexification

bijection (1.5.15 (a))

2

o € Aut(gr),0” =id (0,0) € Aut(g) such that o0 = 0o

ordered pair

o € Aut(gr),0? = id (0,0) € Aut(g) such that 00 = 0o

ensures 1-to-1

Remark 1.5.16. This means we can identify real algebras with Cartan involutions.

1.6 SUMMARY OF RESULTS IN THIS THESIS

Since every admissible (I, #)-index is a combination of admissible absolutely irreducible (I, 8)-
indices, it suffices to classify the admissible absolutely irreducible (T, #)-indices and the admis-
sible k-involutions related to these indices. Hence, from now on we will restrict our attention
to these. In the remainder of this thesis, we begin the classification of k-involutions by building
the classification for the "first" non-algebraically-closed k, the R-involutions. Before we can
classify the R-involutions by way of commuting pairs of C-involutions, however, we must first
know how to lift single C-involutions. Since the existing results in the literature are incorrect
[Watson(2010)], we begin with our own construction and analysis of C-involutions.

In the following we use this notation:

Notation 1.6.1. Let X, ®, A, Ag, g,t,60 be as in Section 1.2.9, and A = Ay. Let the set of X,
where oo € ® be a Chevalley basis of g. For an automorphism of order two 7 of a vector space

V we denote by V* the (+1)-eigenspaces of 7 in V.

The main result of Part II is the following theorem:

Theorem 1 (6a). Let O € Aut(g,t) be the unique automorphism lifted from 6 € Aut(X, ®)
such that Oalt = 0 and
Oa (Xo,) = Xq, for all a; € A.

Then O is an involution for any admissible absolutely irreducible involution 6 except when 0
s of type Dée_l)ﬂﬂlb.

In Part III we give a classification of admissible ordered pairs of commuting involutions,
(0,0) € Aut(X, ®), for which we construct a standard lifted pair from (oa,0a) € Aut(g,t).
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Definition 1.6.2 (|[Helminck(1988), 6.11]). Let A be a basis of ®(T, ). A pair of commuting

involutorial automorphisms (7,6) of G is called a standard pair if, for all A € A we have
dim(g)7; > dim(gy) .

Helminck showed that there is always a standard pair and it is unique [Helminck(1988)], and
in particular that it is useful because of the following result: For a subgroup M € G, denote by
Wi (A) = Na(A)/Zy(A) the Weyl group of A in M.

Proposition 1.6.3. If (0,0) is standard, H = G° and K = G? the fized point subgroups of o

and 0 in G respectively, and A a maximal (o,0)-split torus, then
W(A) =Wy (A) = Wk (A) = Whnk (A).

Hence we can compute representatives of the W(A) orbits of the k-inner elements and
therefore representatives of non-isomorphic involutions on the Lie algebra.

We find that in most cases, the corresponding pair (oa,0a) € Aut(g, t) is a pair of commuting
involutions and is standard. We call these "Nice" pairs. The next largest class of (o,0) is the
set of "Decent" pairs for which the pair (ca,fa) commutes but is not standard. We also call
these pairs "Corrected-for-Standard." The few remaining cases fall into two classes: "Better-

than-Okay," which is the closest that any pair containing 6 of type Déeil)/ *IIIb can come to

!

being "Nice," and "Feisty," which describes those pairs for which the lifted involutions found in

Part II do not commute and hence are also not standard.
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CHAPTER 2:

RESULTS FROM S. KLEIN

We will take advantage of the following results from S. Klein [Klein(2009)], the interested reader
may refer to the proofs there. By abuse of notation, we will refer to a Lie algebra with compact

real form as a compact Lie algebra.

Notation 2.1.4 ([Klein(2009), 3]). Let g be a compact semisimple Lie algebra. We consider the
complexification g€ of g; via the complexification of the Lie bracket of g, g€ becomes a complex
semisimple Lie algebra. It should be noted that the Killing form of g€ equals the complexification
r of the Killing form of g. The complexification t€ of the Cartan subalgebra t of g is a Cartan
subalgebra of g©, and we put for any o € (t©)V

gs = {X € ¢" |VH e (*,ad(H)X = a(H)X}
={X e g®|VH € t,ad(H)X = a(H)X}

The the root system {a € (t)V\{0} | g€ # {0}} of g equals the roots system ® of g, and

we have the root space decomposition

o“=t"o) g
aced

Definition 2.1.5 (Chevalley basis of g€). A family of vectors (X )aco is called a Chevalley
basis of g©, if we have X, € g€ for every a € ® and if there exists a family of real numbers

(Na,8)a,sed, called the Chevalley constants corresponding to (Xo), so the for all o, f € ® we
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have

NopXoyp ifat+pec®

[(Xa, Xgl =1 a¥ ifa+8=0 (2.1.5 (a))
otherwise
and
Noo,—p=—Nap (2.1.5 (b))

For formal reasons we put N, g := 0 whenever «, f € ® such that o + 5 ¢ ® and 3 # —a.

Note. Though the Chevalley constants do depend on the choice of the Chevalley basis, their
squares are uniquely determined by the structure of the Lie algebra (as shown below in propo-
sition 2.1.8), and therefore the transition from one Chevalley basis to another can change the

corresponding Chevalley constants only in sign.
Proposition 2.1.6 ([Klein(2009), 3.2]). ¢ has a Chevalley basis.

Definition 2.1.7 (root string coefficients). We will refer to the coefficients (p, ¢) defining the
a-string through B, {8 + ka | —p < k < ¢}, as the root string coefficients corresponding to the

ordered pair of roots (a, 3).

Proposition 2.1.8 ([Klein(2009), 3.3]). Let (X,) be a Chevalley basis of g© and (N, ) be the
corresponding Chevalley constants. Suppose o, 3,7, € ®. Then we have

(¢) Ng,o = —Nap-

(b) k(Xa , X_o) =1, where  is the Killing form of g©.

(c) Xo=0a-X_q, witha:= k(X , Xa) <O0.

(d) Suppose o+ B+~ = 0. Then we have Nog = Ng~ = N, q.

(e) Suppose a+ 3+~ + 38 =0 such that none of the roots «, 3,70 is the negative of one of the
others. Then we have No gN~ 5+ NgyNaos + NyaNgs =0

(f) We have

q'(1+p)‘”a”2

2
Navﬁ = 2

)

where {8 + ka | —p < k < g} is the a-string through (; note that this implies that we
have Nog # 0 if o+ 3 € ®.
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Proposition 2.1.9 ([Klein(2009), 3.4]). Let (X,) be a Chevalley basis of g© with the corre-
sponding constants (Nq.g).

(a) Let constants z, € C* for every a € ® be given, so that the following properties are
satisfied:

(i) For every o € ® we have zq - 2_q = 1.

(ii) For every a, B € ® with a + B € ® we have g, 5 = £ € {£1}.

Za+B
Then (Zo - Xa)aco 15 another Chevalley basis of g©, the corresponding Chevalley constants

are (€a.8* Na,8)a,Bed-

(b) Bvery Chevalley basis of g© is obtained by the construction of (a).

Proposition 2.1.10 (|Klein(2009), 3.5]). For every non-simple positive root o« € ®T\A, fix a
decomposition o = (o + Mo With (o, na € ®1. Then there exists a Chevalley basis (X,) (with
corresponding Chevalley constants (No g) with the following properties:

(i) For every a € ®* we have X _, = —X,. (Compare Proposition 2.1.8 (c).)
(ii) For every a € ®T\A we have N, ,,. > 0.
Any two such Chevalley bases have the same Chevalley constants (N g).

To completely describe the Lie bracket of g, it suffices to fix a Chevalley basis (Xg) of

©

g-, and calculate the corresponding Chevalley constants (N, g). Up to sign, they are deter-

mined by proposition 2.1.8(f). We now show how to calculate the sign correctly if (X,) is a
Chevalley basis of the kind of proposition 2.1.10, corresponding to a family of decompositions
(@ = Ca + Na)aca+\a- By Proposition 2.1.8 (a) and (d) and eq. (2.1.5 (b)) we have for any
a, € T with 8 # «

N(B—a),a iff—ae ot
N_q-pg=—Nap and No_p=-N_qp= Na-p)p iff—-ae (=) (2.1.10 (a))
0 otherwise
The above identities show us that it suffices to calculate N, g for o, 5 € ®*. This is achieved
by the following algorithm, but first a definition.
Definition 2.1.11 (ht(a) = 3 r;). Write any root o € ® as o = >~ A 75, then define the
height of the root to be

ht(a) = Zri where r; € Z such that r; > 0 or r; < 0Vs
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Note that ht(«) may be positive or negative but never zero, and more often than not we will

restrict ourselves to the positive roots so that r; > 0.
Algorithm 2.2 ([Klein(2009), p. 34]).

(C1) [Nap with a+ 3 ¢ ®.] Tterate the following for all o, 8 € &
Ifa+ B¢ T, put Nyg=0.

(C2) [Iterate on height.| Iterate steps (C3) to (C8) for ht = 2,..., L where L denotes the

maximal height of roots occurring in ®.

(C3) [Iterate on roots of height ht.| Iterate steps (C4) to (C8) with « running through all
positive roots in ® of height ht.

(C4) Set ¢ :=(q and 7 = 7,.

(C5) [Calculate N¢, and N, ¢.] Let p be the smallest integer so that n— (p+1)¢ ¢ ® holds and

— 9 m0)
put ¢ :=p = 25,

q-(1+p)
Ney = — <l

and ch = _NCW'

(C6) |Iterate on decompositions of a.| Iterate step (C7) for all pairs (y,d) of positive roots
with v+ 6 = a and v,6 ¢ {(,n}.

(C7) [Calculate N, ;.| Put

(Nm(w—n) ity —nedt 'Na,(g_a) if (—6edf
ni = Ny oy fy—ne—0F ni2 =4 Nes_¢y if (-6 € -0t
\ 0 otherwise 0 otherwise
(N, ifC—vyeat (N, 5.y if6—nedt
no1 = Niy_¢)e f¢—vye -t n22 := § Ny o5 ifd—ne -0t
0 otherwise 0 otherwise

Then put N%(; = ﬁ . (n11n12 + n21n22)

(C8) [End of loops.|
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Remark 2.2.1. It is useful to note that since ( +7 = a = v+ § it will always be the case that

n—n=0-C <= y-—n=(-9 (2.2.1 (a))

and likewise

b—n=C—y <= n—-0=v7-¢ (2.2.1 (b))

which implies that n1; = 0 <= nq2 = 0 and likewise for no; and nge. We will make use of this

identity repeatedly in later proofs.

Lemma 2.2.2 (lifting constants on X,). Let (Xo)aco as in proposition 2.1.10 and (Xa) =
(zaXa) as in proposition 2.1.9. It follows immediately that if ¢ € Aut(g,t) such that ¢"|yv = ¢
where ¢ € Aut(X, @) defined by

©(Xa) = ch X g(a);
then

~ ZO(

p(Xa) = cf
Z(a)

Xo(a)-

Proof. This follows directly from the linearity of the Lie algebra automorphism:
Define ¢(X,) and X, as above, then

- 1 ~ Yo =~
@(on) = SO(Zaon) = ZocSO(on) = ZongX(ﬁ(a) = Zoccg <Z¢(a) Xd)(a)) = Ci Z () X(b(a)-

O

Remark 2.2.3. It is useful to note that if ¢ is an involution on the chosen Chevalley basis
(X4), then it is also an involution on any other Chevalley basis. That is, if ¢*(X,) = X, for
all o € @, then gpz()?a) = 2,0 (Xa) = 2aXa = )Z'a for all a € ®. This means that in lifting an
involution from the root system to the Lie algebra it is sufficient to construct an involution on
the chosen basis (X,).
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CHAPTER 3:

LROOT DECOMPOSITION AND THE CHEVALLEY
CONSTANTS

In order to optimize our computation, we use the root decompositions {4, 14} derived during

the computation of the positive roots.

Algorithm 3.1 (Construction of the Positive Roots, ®*). Let ¢ denote the rank of the root
system. SetupLPrts[]:=Module|

Local Variables: 4,5, ht,ialpha,ibeta,alpha,beta, diffroot, zerovector,ind, g, newroot;

(* start by constructing the simple roots *)

LPrts:={a1,a9,...as}

LPrtsHeight:={{1,...£}}; (*LPrtsHeight is a list of lists each containing the indices of
the roots of a particular height *)

LPrtZetaEtaPQ:=Constant Array|Undefined,¢|;

zerovector:=Constant Array|0,£];

ht=1;

While [Length|LPrtsHeight] > ht,

For Each ialpha € LPrtsHeight[1] and ibeta € LPrtsHeight[ht]
alpha=LPrts|ialphal; (* a simple root *)
beta=LPrts|ibetal; (* a root of height ht *)
diffroot=Dbeta-alpha;
(* if beta # alpha and we’re working with simple roots or beta-alpha isn’t a root,

then calculate q for the root string construction with p=0, otherwise do nothing

¥)
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If diffroot#zerovector AND
(ht=1 OR diffroot ¢ LPrts[LPrtsHeight[ht-1]]),
then
¢ = —((2 RtInnerProd|beta,alphal|) /RtInnerProd|alpha,alphal);
For[j=1,j<gq,j++,
newroot=beta+j*alpha;
(* if the newroot has not already been added to LPrts, then append it to the
list,otherwise do nothing *)
If newroot ¢ LPrts[ibeta. . .-1]
then
AppendTo|LPrts,newroot|;
(* if the ht to which newroot belongs has not been created, then append an
empty list to LPrtsHeight *)
If Length|[LPrtsHeight]<ht-j
then
AppendTo|LPrtsHeight,{ }|;
(* put the index of new root in its ht *)
AppendTo[LPrtsHeight[ht+j|,Length[LPrts];

(* record the initial decomposition of newroot along with its root string data
p.q )
AppendTo[LPrtZetaEtaPQ,{{ialpha, Position|LPrts,beta+(j-1) alpha]}, {j—
Lg=j+11 1 |;
I;
ht=ht+1];

LMaxHeight=ht-1;
LNumPrts=Length[LPrts|;

I;

As we proceed through the rest of this chapter (and beyond), we will find the following
Chevalley identities in Table 3.1 useful.
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Table 3.1: Chevalley Constant Identities

Identity =

Condition

Ref

2 _q(4p)|a]|?
= 2

Nopg  =Ngy = Nya

N7a7a+B:Niﬁ’7a = _Nfazfﬁ

ifa,f,bye®anda+B+~v=0
ifo,B,a+p8€®

where 8+ na € @, with —p <n <gq.

Nog =—N_o-8=N_q a8 Combining the above relations.
=—No—a-8=N_a-8a

Nys =5 (NopyNogs+ NyNoys) | (+n=a=7+0 2.1.8(e) and 2.1.5 (b)

N_yny =Ny - 2.1.8(d)
=—N_, (v—p) 2.1.5 (b)
=N(y—n),—~ 2.1.8(a)
=Ny.(v=n) 2.1.8 and 2.1.5 (b)
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3.2 CHEVALLEY ORDERS

Definition 3.2.1 (lexicographic ordering). We will say a decomposition of a root o« =y + 0 is

lexicographically ordered if v = Zf rjo and 6 =Y. s;a;. We will also denote this by

7>
Y <lex 0.

Remark 3.2.2. Notice that for any non-simple positive root we take an initial minimal decom-
position in the following sense. For a € T\ A, we write a = (4 + 7o, Where (, is a simple root
a; with the smallest possible index i (i.e. the one encountered first by our algorithm). However,
there may be some «; in the support of a such that j < 7, and hence the minimal decomposi-
tion may not be lexicographically ordered. By choosing N¢, ;. > 0, we dictate the signs of the

Chevalley constants for all other decompositions of «.

Definition 3.2.3 (N¢, ;. in minimal form). We will say N¢, ,, is in minimal form if it corre-

sponds to a minimal decomposition a = {, + 7, as described in remark 3.2.2.

3.2.4 CHEVALLEY ORDER FOR TYPE A

Lemma 3.2.5. For any connected root (sub)system of type A,
N%(; >0 < v <ez 0.

Proof. Given any non-simple positive root of height m, we choose an initial minimal decompo-

sition o = «; + B;41 such that G411 = Zi+1§j§m a; where a;, a; € A and put

q(1+p)| a; ||?
Ny i1 = ( 2)” al > 0.

Suppose for induction that Nai,Z? > 0 for any n < m.

=i+1 %

Note. This implies that we also assume that sz < 0.

—i1 @

We then determine the Chevalley constants for all other decompositions of « relative to the
initial one. In type A, these are of the form v = (a — B¢) + By where B, = >, a; such that
k > i+ 2. That is, if K = i + 2, we find Ny, 1a,,,,8,.. Py step (CT7). Case k =i + 2: In order
to apply our rules from (C7) with

(=ai, n=PFip1, v=aoi+taiq1, 0=PFio, (3.2.5 (a))
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we determine that

m
y-n=(-0=0—Pia=0a;— Y ¢ o
i+2

d—n=C—v=0; — (a; + ajq11) = =1 e -t

and, so, we find by Algorithm 2.2 and the definition of the minimal form:

ni1 = 0 nig = 0
n21 = Najiq,0; <0 n22 = Nai+2+~~-+am,(ai+1) <0,
and
1
Nojtaii1,8iss = v+ (miniz2 + naingz) > 0.
a;,Bit+1
Case k=1+ 3:
Let
C=a;, n=PFir1, 7= (a+ap1+aiy2), 0=Piys,

then

y—n=(0; +ait1+aip2) = Biy1 =a; — Birg=(— 6 ¢ o

C—v=0a; — (05 + i1 +iq2) = —ip1 —qip2 =6 — 1 € -0t
Hence

ni1 = 0 nio = 0
21 = N(aitaiii+ai)—ai)a <0 n22 = Ng, \5,(Bip1—Bivs) < U
and so, again N, s > 0. If we continue in this manner, we see
k—1
Yo=Y ;B =a;— =5 ¢ @
Jj=t
k—1 k—1
C—’y:ai—Zaj:—Zaj:(S—n c —dt,
j=i j=it1

(3.2.5 (b))

(3.2.5 (¢))

(325 (j))

It follows from induction on the index k, that if the root decomposition (7, d) is in lexicographic

order, the corresponding Chevalley constant will be positive.

O

Definition 3.2.6 (diagrammatically ordered). Assuming we draw and label the simple Dynkin

diagrams as in Helgason [Helgason(1978)|, we will say a root decomposition oo = ¢ + 1 used to
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index a Chevalley constant N¢ , is diagrammatically ordered if ¢ is supported on roots which

come before the support of 1 in the Dynkin diagram when reading left to right.

Lemma 3.2.7. Let ® be a simple root system of type A, B, C, D, E, F, or G. Let the Chevalley
constants (No ) be chosen as in Algorithm 2.2. Let o € ®T\A be a non-simple positive root
that is only supported on simple roots which form a type A subsystem. Let o« = oy + 8 be the
minimal decomposition of «, then any diagrammatically ordered decomposition o = v + & will
have positive Chevalley constant:

Ny = Noyp > 0.

Proof. Let o = Z;":Z aj € T where 1 <4 < m < ¢ — 1. Then the minimal decomposition of «

1S

a=a;+p (3.2.7 (a))
where 8 =", | a; is of height ht a — 1. By construction, || a; || = || ;|| for all 4, j < £ and
1+ . ||2 . |]2
Moy ft PP [Tl
’ 2 2
We claim Ny, 5 = Noyjvai iz = 0 = NZ;n:—ilaj7am > 0. We will prove this using the

following relation:

1
N =N (NeyyN—¢s + Nyo¢N—ps) suchthat (+n=a=v+4d  (3.2.7 (b))

where we take ( = a; and n = = Z?:Hl 07

1
N

e = Nos “(N_gyN_a,5+ Ny—a;N_gs) suchthat o;+F=a=~v+d (3.2.7(c))
g,

Base Case: Let v = a; + ;41 and § = § — a;+1, then noting that we have

v=n=(a; +aip1) = (B) = ;s + jp1 — (g1 + -+ ) = 0 — Qo — -+ ¢ P
d—n=(B—aiy1) = (B) = —ait1 = () — (v +aip1) =C—7 € —dT,
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we see that

1
Nai+ai+1,5*ai+1 = Ne, 5 ) (N*B,OéiJraiHN*az‘,ﬁ*aiﬂ + Nai+ai+1,—aiN*5,ﬂ*ai+1)

Qg
1

= Nai,ﬁ ) (0 + Nai+ai+1,—aiN—ﬁ75—ai+1)
1

=~ 0+ NVarya) (=Ns-aii1,-5)) by eq. (2.1.10(a))
a;,B
1

= N : (0 + (_Nﬂéi,aiﬂ)(_Nai+1,ﬁ—ai+1)) by €q. (2.1.10(&)).
a;,B

Now, since both (N, ;) and (Na,,, —a,,,) are in minimal form, we have

[ (T

Q041 2

2 2
Q41 (67}
= N, g and No,,\ goas,y = \/’1;” — \/”21” = N, -

Hence No;ta;i1,6-ai1 = Nay,p- Inductive step: Suppose now for roots p = Z?d aj € dF,
such that ht p < ht « that all diagrammatic decompositions correspond to positive Chevalley

constants:

Naittar) (s +-+ap) > 0

Let v = a; + ajp1 + -+ +ag and 6 = f — (@11 + -~ + ag), then

(=0=7—n=(ai+aip+- - +ax)—(B)
= (o + g1+ -+ ag) = (1 + -+ + am) ¢ P

(—y=6-n=(B— (i1 +--+ag)) —(B)
= —(@ip1 + -+ ag)
= (ag) = (i + a1 + -+ + ) e —ot,

= N,s5= - (n11m12 + no1nge)

Ném

1
- N 5 (0 + N(ai+ai+l+"'+06k—0¢i)7ai ’ Nﬁ_(aiJrl+"'+0¢k)7(ﬁ_ﬁ_(Oéi+1+"'+04k)))
Qs

1

= N (_Nai,ai+1+'“+ak) ) (N(ai+1+"'+ak)+(ak+1+"'+Oém)7_(ai+1+"’+ak))
a;,8
1

N (_Naivo‘i+1+"'+ak) ' (_N*(Oéiﬂ+---+ak)7(0¢¢+1+"'+ak)+(ak+1+'"+am))
a;,B
1

N, (_Nai,ai+1+"'+ak) ' (_N(ai+1+"'+ak)v(ak+l+"‘+0‘m)) :
a;,B
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Since all roots of a type A subsystem have the same length, the Chevalley constants in the
previous equation all have the same magnitude because the ordered pairs of roots all have root
string coefficients (p,q) = (0, 1):

_ eall _

i, — \/5 Q01+ o

i1t tag), (gt tom)

Hence N, 5 = Ng, 3 > 0 for any diagrammatically ordered decomposition of c. O

3.2.8 CHEVALLEY ORDER FOR TYPE B

Lemma 3.2.9 (Type B Chevalley ordering). Let ® be a root system of type By. Let oy be the

short simple root and (Nq,g) be chosen as in Algorithm 2.2. If & = Z?:i ria; =y 40 such that
¢

(v,8) are in lexicographic order with v = 3" sjaj, with s; >0, and 6 =Y, 4 (rj — sj)oy

j=i
and

(1) (7,0) have disjoint support in A, then Ny 5> 0.
(2) (v,6) do not have disjoint support in A (i.e. m+1 < k <), then N, s < 0.

Remark 3.2.10. Note that for a = Zgzi

simply choose the smallest index i so that r; = 1 = s; by our ordering.

rjog € &t we have that s; < r; < 1 and so we can

Proof. By our construction, we assume that non-simple positive roots in type B have the form
a;+ -+ + 200,41 + - +2ap  such that @ <m </, (3.2.10 (a))

and we have the following identities to work with:

n—d=(@-¢—(a—7)=-C+y=7-( (3.2.10 (b))
N—y=n—-0+0—-y=7-C+0—-7y=0-C. (3.2.10 (c))

This follows directly from lemma 3.2.7.
Suppose o = Eﬁ:i rja; =C+n=~+06¢e ®\A such that (¢,n) and (v, ) are both ordered

decompositions of a. Let (¢, n) be the minimal decomposition of v such that ( € A andn = a—(
be , then N¢, = N¢o—¢ > 0. Without loss of generality, let (v,0) # (¢,n) be any other ordered
decomposition of a.

By the skew-symmetry of the Lie bracket, it is sufficient to consider the diagrammatically-

ordered pairs (v, d).

Case 1: (v, 9) have disjoint support in A.
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Case (a): @ = > ['a; with i < n < £. In this case any decomposition (y,d) of a must
have disjoint supports in A. We take ¢ = oy, v = 3" aj, and 0 = > | ;. By
following an argument similar to that of the proof for lemma 3.2.7, we find that
N%(s > 0.

Case (b): a = Zf-:i rjag =30 aj + 2E§:m+1 a; such that i« < m < £. In this case,

our construction gives us the following minimal decomposition,

m+1 y4
C:am+land7]:ZC¥j+2 Z Q.
=i j=m+2

Note that in assuming that N¢, > 0 we determine that the Chevalley constant
corresponding to the lexicographically-ordered pair N, < 0, which is in accor-
dance with the statement of (1).

(7, d) have disjoint supports and are in lexicographic order:

k m J4
’yzZog, such that : < k <m, and § = Z aj + 2 Z o

J=i j=k+1 j=m+1
We see that
k
N=0=7-(=> aj—amp (3.2.10 (d))
j=i
¢ ® since k < m (3.2.10 (e))
and
m ¢
n—v=90-(= Zaj—i—Z Z aj | — amg (3.2.10 (f))
j=k+1 j=m+1
m+1 l
= > o+2 ) q (3.2.10 (g))
j=k+1 j=m+2
edtco (3.2.10 (h))
Since
1
Nys = (n11m12 + n21m22)
¢n
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such that

Ny (v—n fry—ne ot Ns -5 if¢—0¢€ o
=4 N,y ify—ne—-®F ni2:= (N if(—6e—-0F
0 otherwise 0 otherwise
Ny ifC—ye @t Ny s—n ifd—nedt
n21 =4 Niy_¢) ¢ if{—ve -0  ng:=q N5, 5 ifd—nec—-0F,
0 otherwise 0 otherwise

in this case we have

1 Ny =9 Ne,5-¢)
5= ——(niinz) = — :
NCJ] NCm
N.

k +1 ¢ N +1 Y
2 aj,(ZT:kH 2 o O‘J’) am+1,(2§”:k+1 Q23 e O‘j)

Ny

m—+1 VA
mt 1,0 g0y 023 0y

Then by straightforward (but somewhat tedious) induction on k£ and m and the
definition of the minimal form we have N, 5 > 0 using the base case where v = «;
and § = ay41 + 2040 such that k=im=k+1=i+1,l=m+1=14i+2:

N _ M Nes-9

6 = o (n1ini2) =
NCJ] NCm

_ Naiyaﬂ»l +ai42 Nai+2yai+l +aii2

Nai+27ai+ai+1+ai+2
(D)
(+)

> 0 by Case 1(a) and the minimal form.

Case 2: (,9) do not have disjoint support in A.

As in Case 1(b) we write o = Zgzi riag =30 o+ 2E§:m+1 a; such that i <m < ¢,

and have the minimal decomposition ( = q;,+1 and n = Z;n:tl aj +2 Z§:m+2 aj. In
this case, v = Zf:z sjo; and § = Z;zmﬂ(rj — sj)aj such that m +1 < k < ¢, and we
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see that

k
N—6=9-C=)_ 805 — tm1
j=t

m+1 k
= (ZO&]’—FQZO@') — QU1
7 m-+2
m
“S
i

cdonlyifk=m+1

and
V4

N—y=0-(= Z (rj = sj)o — amya
j=m+1

k 1
= (am+1 + Z aj —i-QZaj) — Q41

m+2 k+1
€ ®* only if k > m + 1.

Hencen —d=v—-C€®=>n—v=6—( ¢ ® and vice versa, and N, 5 < 0:

5o WNomoc Noes) = (D((+) () ifk=m+1
5o (Vo) Neo—o) = (D((=) - () if b >m+1.

Nys =

This again follows by a straightforward induction using the base case where m = i,m+1 =

i+ 1,k=i+2 and £ =i+ 2.

3.2.11 CHEVALLEY ORDERS FOR TYPES C AND D

We find the following two results by a similar proofs process:

Note. In our construction, we assume that non-simple positive roots in type C have the form:

o+t a1+ 200 4 -+ 2001 + oy

suchthat i <k</l—-1ori+1<k—-1</.

Lemma 3.2.12 (Type C Chevalley ordering). Let ® be a root system of type Cy. Let oy be the
long simple root and (No. ) be chosen as in Algorithm 2.2. Let « =Y ;' rjaj = v+ 6 € T with
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rj > 0 such that (,9) is any ordered decomposition such that

m
v = Zsjaj, with 0 < s; <rj
X

and
n

= Z(rj — sj)oj, with m <n
y
then Ny s > 0.

Remark 3.2.13. Note that in this ordering the important thing is that the simple root of

greatest index o, with r, # 0 is only in the support of 4.
If ® is of type D, we assume that non-simple positive roots have the form:

l
erozj such that r, =1, rp_1,7, <1

K]
and if rp, =2 thenr; =2V jsuch that k < j</{—-2andry_1 =r, <1=1

Lemma 3.2.14 (Type D Chevalley ordering). Let ® be a root system of type Dy. Let ayy—1 and
ay be the spin nodes and (Nog) be chosen as in Algorithm 2.2. If & = > " rjo; = v+ & such

that (v,0) are in lexicographic order with

k n
V=it Zsjaj and 6 = Z(Tj — sj)a such that i <k <n
i+1 m

such that
(1) (v,0) have disjoint support in A and

(a) k> € —2 such that 0 is one of the spin nodes, i.e. § = ay_1 or § = ay = N, 5 < 0.
(b) k< l—2 and k <m such that « is in a type A subsystem or ¢ is supported on both
spin nodes = N, 5 > 0.

(2) (v,6) do not have disjoint support in A (i.e. m <k <l —2= 1, =2), then N5 <O0.

Remark 3.2.15. Note that by our ordering if o = Z;L:Z

ay, is only in the support of § except in the case where § = ay_1 and n = 4.

rjo € &t we have r; = 1 = s; and

Proof Outline. Let a = Y 7' rja; =5+ & such that v = a; + 3.7, sj0; and
6= (rj—sj)a; where 0 < s; < 1,i <k <n.
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(1) (v,0) have disjoint support in A and

(a) k> (-2 (= a=73;«a;) such that ¢ is one of the spin nodes, i.e. § = ay_1 or § = ay
-2 (-2
vy = Zaj—i—ag,l or v = Zaj + Q.
i i

= N%(; < 0.

(b) kK <¢—2and k < m such that « is in a type A subsystem or ¢ is supported on both

spin nodes.

Case 1: If v is in a type A subsystem such that
k -2 -2
v = Zaj and § = Zaj 4+ ay_qord= Zaj+ag.
i k+1 k+1
Case 2: If « is supported on both spin nodes such that
k (-3
v = Zaj and § = erozj + (ap—o + ap—1 + ay).
i k+1
= Nys > 0.

(2) a= ai+Zf+1 rjo such that (v, 0) do not have disjoint support in A. That is, in following
decomposition m < k < £ — 2 such that r, = 2:

k -3
N = Z sja; and 6 = Z(rj —sj)o + (oy—o + a1 + ap)
i m

such that s, =0Vj >kands; =1Vi<j<k = N, <0.

O

3.3 CHEVALLEY CONSTANTS FOR DIAGRAMATICALLY ORDERED ROOT
DECOMPOSITIONS.

Let ® be a connected root system and A the set of simple roots. Let the Chevalley constants be
chosen by Algorithm 2.2 with the ordering of the positive roots as determined by Algorithm 3.1.
Let aum, i1 € A be simple roots such that (ay,, ami1) # 0 so that a,, + @,y € @1, For
simplicity, assume without loss of generality that «,, < a1 as indicated by the indices so that
N,

am,ami1 > 0 is in minimal form.

40



3.3.1 DISJOINT DIAGRAMMATIC DECOMPOSITIONS.

Notation 3.3.2. Write a = 7+ § in diagrammatic order such that their supports on the simple

roots are disjoint. We will use the following notation
o O, =< suppa(y) >, the root system generated by the support of v on the simple roots.

e &5 =< suppa(d) >, the root system generated by the support of § on the simple roots.
Note that by our diagrammatic ordering, for any o; € suppa () and «; € suppa(9) we

assume that ¢ < j.

e &, =< suppp(a) >, the root system generated by the support of a on the simple roots.
Note that &, = @, © Ps.

® «;, ayy, € suppa () such that ¢ is the least index and m the maximum in the support of ~.

® (i1 € suppa(0) such that m + 1 is the least index in the support of § and adjacent to

Q.-
By the above notation we assume that ht(y) = m — i and ht(6) > 1.

Case 1: @, is type A. In this case v is connected to § according to the Cartan matrix of ® in

one of the following ways.

m m—+1

Case (a): (Qm,@m+1) = —1, such that O——CO = P;sistype A, B,C, D, E, or F. Note
that in types D and FE, the m + 1 index may, in fact, correspond to a different
index in the diagram, though this changes nothing about the relation between the

simple roots.

Case (b): (am,am+1) = 0 but (m—1,m) = —1 and {(ay—1,m+1) = —1, such that
m—2 m—1 m
= ® is type D or E and ®s is type A.
m+1
m m+1

Case (¢): {aym,am41) = —2, such that O—==0 = ®; is type B or F.

m m+1

Case (d): (am+1,@m) = —2, such that O—==0O = s is type C.

m m—+1

Case (e): {aym, my1) = —3, such that O==0 = ® is type G and the only root with
disjoint decomposition is o, + am+1 and hence only the minimal decomposition

has Nys = Noapyamey > 0.

QAm,
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Case 2: @, is not of type A. In this case, we have two options for ®:

Case (a): @ is of type Fy. In this case, ® is of type Bz and ®s is of type A;.

m m+1

O—OC—=—=—0C—"-=o0

Figure 3.1

Case (b): @ is of type Eg, E7 or Eg. In this case, ®, is of type D5 or type E. In either of
these cases, ®; is of type A.

1 3 4 m m+1

Figure 3.2

3.3.3 GENERAL OBSERVATIONS ABOUT DECOMPOSITIONS WHEN (v, d) # (¢, n).

Let « = > " rja; = v+ 0 = ¢ + n such that the pair (v,0) is lexicographically ordered and
the pair ({,n) is the minimal decomposition of a. Recall that the minimal decomposition is not

always lexicographically ordered. We then have the following cases.
Case 1: v and ¢ have disjoint support: suppa () N suppa (0) = 0.
m n
7:eraj such that : <m o= eraj such that m+1<mn
7 m+1
=i1<m+1<n.

Case (a): suppa (¢) Nsuppa(n) = 0.
Case i: (= a; =>77=Z?+1rjaj, and since t <m+ 1 and r; = 1:

n
fy—n:C—ézai—eraj ¢ P
m+1
m m
5—n:§—fy:ai—2rjaj:—2rjaj c -t
i i+1
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Caseii: ¢ = a, =n=37"

; rjog,and sincen >m+1and r, =1:

n n—1
’y—n:C—ézan—eraj:—eraj € -t
m+1 m+1

m
5—n:C—’y:an—eraj ¢ o

i

Case (b): suppa (¢) Nsuppa(n) = ¢.
Casei: ( =a; = n=(r; —1)a; + > 7 rjoy such that i <m +1
y=n=(—-6¢® and 6-n=(—y€ -
follows from the same argument as above.
Case ii: ¢ = ay such that ¢ < k <n and ri > 2
=0 =320y + (= Dag + 3704 rjay

" € —®" onlyifn>k>m+1
7—77:C—5:Oék—z7“j04j

m+1 ¢¢’ ifi<k<m

" € —®" onlyifi<k<m
5—n=§—7:ak—2rjaj

i ¢ o ifn>k>m+1

n—1

Caseiii: (=0, =n=>," rja;+ (r,— 1)y,
y—n=(—-6€—-®" and §-n=(—-v¢d

follows from the same argument as above.

Case 2: v and § do not have disjoint support: suppa (y) N suppa(d) # 0. If there is such a
decomposition of a then it must be the case that 3 a minimum k such that r; > 2 in the

coefficients of the simple roots composing «.
m n
'Y:ero{j such that ¢ <m 5:erozj such that i <k <m <n
g k

Case (a): suppa(¢) Nsuppa(n) = 0.
Casei: ( =a; = n=77" rjaj i<k <m (otherwise ¢ =) and r; = 1:

n
’y—n:C—(S:ai—eraj §é(I)
k
m m
5—n:§—’y:ai—2rjaj:—2rjaj e —P"
i i+1
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Caseii: (=ay, =>n= Z?il rjo;, and since r, = 1 we know that n >m >k :

n n—1
fy—n:C—ézan—eraj:—eraj e —P"
k k
m
6777:§“77:an72rjaj ¢ P

(2

Case (b): suppa(¢) Nsuppa(n) = C.
Casei: (=a; =n=(r;— 1)a,~+2?+1rjaj such that : < m +1
y=n=(—-6¢® and 6-n=(—y€ -0
follows from the same argument as above.
Case ii: ¢ = oy, such that ¢ < k <n and ri > 2

=n=S1"rja+ (r — Dag + Y 0y

" € —®T onlyifn>k>m+1
Yen=C—6=ar— Y rjay .

Ui € —®T onlyifi<k<m
S—n=C—y=ar—Y ra _

n—1

Caseiii: (=ap =n=>2"" rjoj+(rn— 1)y,
y=n=(-6€—-®" and §-—n=(—-v¢d

follows from the same argument as above.

In the next Part, we will explore lifting single involutions from the root system to the Lie algebra
over C using the results of Part I.
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PART 11

SINGLE INVOLUTIONS
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CHAPTER 4:

C-INVOLUTION PRELIMINARIES

Since every admissible (I', f)-index is a combination of admissible absolutely irreducible (I",0)-
indices corresponding to connected (I', #)-diagrams, it suffices to classify the admissible abso-
lutely irreducible (T", §)-indices and the admissible k-involutions related to these indices. Hence,
from now on we will restrict our attention to these. In the remainder of this thesis, we begin
the classification of k-involutions by building the classification for the "first" non-algebraically-
closed k, the R-involutions. Before we can classify the R-involutions by way of commuting pairs
of C-involutions, however, we must first know how to lift single C-involutions. Since the existing
results in the literature are incorrect, we begin with our own construction and analysis of C-
involutions. The main result of this Part is the following theorem which follows from the results
of Chapter 6.

Theorem 1 (0a). Let Oa € Aut(g,t) be the unique automorphism lifted from 6 € Aut(X, ®)
such that Oalt =0 and
Oa (Xq,) = Xq, for all o € A

Then O is an involution for any admissible absolutely irreducible involution 0 except when
0 is of type Dy_l)m[]]b.

We begin with some definitions and notation:

4.1 DEFINITIONS AND NOTATION

4.1.1 ADMISSIBLE INVOLUTIONS

We will use the same notation as in Part I. Recall,
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Definition 1.4.1 (admissible involution). Let § € Aut(X, ®) be an involution. Then € is called
admissible if there exists an involution § € Aut(G,T) such that 6|7 = 6 and T3 is a maximal
6-split torus of G. If X is semisimple, then the indices of admissible involutions of (X, ®) are

called admissible 0-indices.

Equivalently, in terms of the Lie algebra,

Definition 4.1.2 (admissible involution, [Daniel and Helminck(2008)]:3.3.2). An involution 6
of (X (t),®(t)) will be called admissible if there is an involution 0 of (g,t) such that # induces
6 on (X(t),®(t)) and such that t; = {X € t| §(X) = —X} is a maximal toral subalgebra

contained in p.

Definition (ht(a) = > ;). Write any root a € ®(T) as v = ), A 7ii, then define the height
of the root to be

ht(a) = r (4.1.2 (a))

Note that this may be positive or negative but never zero.

Definition 4.1.3 (6 lifting constants). The action of any automorphism 6 € Aut(g,t) lifted

from an involution # € Aut(X, ®) is determined by its action on the root spaces
0: Xo, = & Xpa) Va€d (4.1.3 (a))

We will call these constants ci the lifting constants for 6.

Lemma 4.1.4 (Ci+[3>' For any 0 € Aut(g,t) such that O]y = 0 and for any o, 8 € ® such that
a+ped,
5 5N,
0 6-'0()008)
= —_— 414
L (114 ()
Corollary 4.1.5 (cz). For any o € @, cg is determined by the czi for a; € A.

The following unique automorphism was defined by Steinberg (see [Steinberg(1968), Theo-
rem?29|):

Definition. Let A be a basis of ®. For an involution 6 € Aut(X, ®) let 6o € Aut(G,T') denote

the unique automorphism of G such that
Oa(2a(E)) = To(a)(€) for all € A€ € k. (4.1.5 (a))

From [Steinberg(1968), Theorem 29] it follows that ¢4 = +1 for all a € ®.
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Due to the relation between a maximal torus T' C G and its Lie algebra t € g, it is sufficient
to work with the corresponding involution on the Lie algebra whose structure constants are

likewise defined. In fact, the lifting constants are the same in both definitions.

Definition 4.1.6 (6a). Let A be a basis of ®. For an involution € Aut(X, ®) let 0o € Aut(g, t)

denote the unique automorphism of g such that

GA(XQZ.) = X@(ai) for all o; € A (4.1.6 (a))
and

Oa(Xa) = 22 X for all o € @ (4.1.6 (b))

in general.

N
o+

establish an order on the Chevalley basis since the Jacobi identity on g enforces that N, g =

In order to determine the lifting constants ¢ for a non-simple root, o + 3, we must
—Ng . We will choose a natural ordering given by the Dynkin diagram and our construction
of the positive roots by Algorithm 2.2. In Chapter 3, we determined the partial orders for the

simple root systems given by our construction which we will use to prove results about 6.

Example 4.1.7. In type A, recall that the Chevalley order is both diagrammatic and lexico-
graphic on the simple roots such that not only Nu, ayta; > 0 but also Ny tas,a5 > 0.

In the non-simply laced cases, we have differing results:

Example 4.1.8. In type C, our Chevalley ordering is again diagrammatic, i.e. if ¢ is the greatest
index such that o; is in the support of 7 and j the least index such that «; is in the support of
9, then N, 5 > 0 only if ¢ < j. For example, if @ = a1 + ag and 8 = a1 + as + 2a3 + 2a4 + as,
then No g > 0 and if @ = oy + a5 and 8 = a3 + ay, then N, g < 0.

In type B, however, the Chevalley ordering is only lexicographic if the supports of the

decomposing roots on the simple roots are disjoint. For example in type Bs,
Na1+a27a3 >0 but Noc1+a2,a2+2a3 < 0.

Lemma 4.1.9. Any automorphism of a root system ¢ € Aut(X, ®) preserves the magnitude of
the Chevalley constants

[Na,sl = [Ng(a),008) |- (4.1.9 (a))

Proof. To be an automorphism of a root system, ¢ must preserve the geometry of the system
and therefore also the root strings: If {# + na € ®| —p < n < ¢} is a root string in ® then
{6(8) + no(a) € | —p < n < ¢} must also be. In preserving the geometry, ¢ must preserve the
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inner product (a, 8) = (é(a), 6(8)) and so (a,) = | [ = || #(a) |2 = (#(a), é(a)). Hence

o ql+p)fel?  ql+p)le@|® s
Nop = 5 = 5 = Not).0(9)

and so
q(1+p)| o ?

5 = [No@) o9

|Na,6| = |
O

In addition to the results above, the following proposition will allow us to determine when 6

is an involution. It will be pivotal in the classification of the absolutely irreducible 6 € Aut(®).
Proposition 4.1.10. 0a € Aut(g, t) if and only if CZ(AQ) =1 for alla € A.
Proof. By definition,
Or(H)=H VH e t =0(H)=H
Oa(Xa) = Xo(a) Yo € A = 07 (Xa) = i,
Oa(Xars) = 2 5 Xpais) Ya+BED = 0A(Xayp) = 3 sl 5 Xats

Xo Ya€A  (41.10 (a))

(level 1) (=) If O is an involution then Cz(Aa) =1 VaeA.
(<) If CZ(AQ) =1 for all @ € A then cgﬁrﬁcz?a+5) = 1, and this implies 0% (X,) = X, for all
v € ®:

By the skew symmetry of the Lie bracket, we have the following identities to work with for any
a,B,a+ B € o

N,
0 6(c),0(8 0
Cotp = #ﬂ() cop i (4.1.10 (b))
and
1 0
s = o (4.1.10 (c))
So,
N,
0 0(a),0(8 0
e (4.1.10 (d))
N,
(7N _ A _ a,B On  Oa
Olars) = W) T Ny oz 0 0E) (4.1.10 (e))
and
N, N,
CYNISUIN _ 1V0(a),0(8) o.B On Oa Oa On
€a+8%(a+p) — Nop  Now) s Ca 3" Ch(a)C0(3)
0 0 6
= P gt ety (4.1.10 ()
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(level 2) Let o, f € A,a+ B € ®, then

92 On O

A .0n OA OA
Cotp = = Cat8%(a+p) T Ca €

4 Ce( )Ce(ﬂ)

= 1-1-cgfchfy,
= 1 Vo,peA

(by defintion)

(level 3) Let o, B,y € A,a+ B,a+ [+ v € ®, then

92 9 GA _ COA a CQA QA
O“*‘B‘*‘V CatB+7C0(a+B+y) = CatBCY Co(a+B)Co(v)
- cgﬁ-ﬁCZ(thg) 2 69(7) (const’s commute)
0
= 1-p Coim) (by level 2)
= 1 Vo, fyeA (by level 1)

Inductive assumption: Assume Vo = Z;n:1 a; €@ a; e Am<k—1, ca = 094\ e(a) =1.
(level k) Let a = a1 +ag + -+ i, B = g1+ -+ ag, o+ f € ® then

92 9A 9A — CGACOA CeA On
a+ﬁ Ca+8%(a+) a g (0) Z(ﬁ)
_ (NP A OA
€a” (o) 8 Co(5)
= 1-1
=1

Thus by induction, if cg(Aa) =1 Va € A, then cg = ceﬂcz(A) =1 Va € & and therefore
Va € ® by equation 4.1.10 (c). O
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CHAPTER b5:

CORRECTION VECTORS

5.1 CALCULATING CORRECTION VECTORS FOR ADMISSIBLE IN-
VOLUTIONS

By definition, any admissible involution 6 can be lifted and therefore by proposition 5.2.2, there
exists an h € T such that OaInt(h) is an involution. If A is already an involution then h = id € T'
so that 0o = Oalnt(h).

Suppose we have 0 such that for some a; € A,

O (Xa,) = 2t Xa, # Xa,- (5.1.0 (a))

For admissible involutions @, we find the only occurrence of this is when

OA(Xq,) = =1+ Xa,. (5.1.0 (b))

5.1.1 Int(h)(Xa)

Let h € G and H € g such that H = SAS™!, H = > y;jH; where H; € t such that
2H, .
Hj =«af = —L so that H = y1 Hy + yoHo + - - + ygH; where y; € C for any H € t and

J T (ay,04)

2o ) _20) (o

(aj, aj) (aj, aj)

a(H)) = o <
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Then
Int(h)(Xa) = thhil = Ad(h)(XOé) = Ad(eXp(H))(Xa)
= exp(ad(H) (X))
[, [H, Xdl]

:Xa+[H7—XOL]+ 91 +e

a(H)?X
:Xa+04(H)Xa+(2)la+"‘

5.1.2 0a Int(t)(Xa)

In order to determine an involution from 6a, we can find a vector H € t corresponding to an
h € T such that

Oa Ad(h)(X,) = 0a (6<2yj<a,aj>> Xa)

=0 . E yj<a,aj>)X9(a)

and
(0a Ad(R))? (Xa) = P2 eXvileas) . Cg(Aa)e(Z vi0(e)e5)) x|
— CZACZ(A ) e vilenas)) oo yi(0(a).a5) x|
= chcg(A - e vilaa;)+30y;(6(e).e5)) x|

= X,.

In fact, by a result of Helminck (see proposition 5.2.2), we know that we can limit our search

to h € Tj. By the above we need to solve the equation

s - elZulman) +Tub@an) — 1
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or, since %2 £ 0,
(S ustonos) + S ui(0(a).0q) — _ L

Oa On
Coy CG(O&)

We find that ﬁ = +1. Let k € Z, then

ca e

e yilena) 3oy (0(a),05)) — | — G2kim

giving us the equation
(Z yila,aj) + > y;(6(a), aj>> = ki
Sy (o a5) + (0(a), ) = 2k,

e vilaa)+3 0y 0(e),a;)) — 1 — o(2k+1)im

corresponding to

>y (s ag) + (6(a), ) = (2K + 1)im.

In order to ensure that Oa Ad(h) is indeed an involution, we must satisfy a system of such
equations. Given that we have previously seen that all the lifting constants ¢4 are determined
by the set {cgﬁ\ai € A}, and therefore also all the cz(Aa), we need only consider the system of

equations corresponding to the set of a; € A.

5.2 CORRECTION VECTOR ALGORITHM FOR 0,

In the following example, 64 is not the standard involution and we show the relation between
the two.

Example 5.2.0.1 (Involutions in sl(2,C)). In sl(2,C) there is only one conjugacy class of
involutions, which may be represented by abuse of notation by #(X) = —X7, corresponding
to the opposition involution on the root system A;, (o) = —a = —0*(a) = —id*(a). If

we take a natural basis of sl(2,C), it is clear by simple calculation that the lifting constants
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A =-1=¢_
a O 01 0 0
R T
then
[Ho , Xo] =aXy — (—a)Xo = 2aX,
[Hy , X_o)=—-aX_o—aX_4=-2aX_,
and

0 a)
0 0
Xo — ( 0) =—X o= _XG(a) = CchG(a)
X (070 X X b'e
—a = Ao = —a) = C_q —a
0 0 0(—a) 0(—a)

Composition with

. =
Int(hy) = Int (exp (;ZHQ)> = Int <€02 e_i;>

gives us another involution that has the same action on the root space, but different lifting

constants:
Int(ha) a 0 0 —a 0
0 Int(hy) : H, ——— (O —a) = < 0 a) = —Ho = H o = Hy,)
Int(ha) 0 -1\ o (0 O 0 Int(hea)
A <o 0 > ” <1 0) = e = Koy = G ot
Int(ha) 0 0\ o (0 1 B B _ O0Int(ha)
X_ o —= (_1 0> — <0 0) = Xo = Xp(—a) =4 Xo(—a)

So in this example we have shown that o = 6 Int(h,).
This process allows us to choose the € Aut(G, T) to which we lift § € Aut(®).

For the admissible involutions, 6 , if A is not an involution on g , and hence not on G, then
by the following results we can find a correction vector H € t; such that O Int(exp(H)) is an

involution in g. First, the following lemma is well-known:
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Lemma 5.2.1. The exponential map from the Lie algebra of a torus to the torus is surjective:
exp:t—T

Proposition 5.2.2 (|[Helminck(2000), 10.8]). Let 6 € Aut(X, ®) be an involution and A a basis
of ® (T, G). Then the following are equivalent :

(1) 0 can be lifted.

(2) There is a h € T such that a Int(h) is an involution.

(3) There is a h € T, such that Oa Int(h) is an involution.
(4) There is a h € T such that CZ(AQ) = a(f(h)h) for all « € A.

(5) There is a h € T, such that Cz(Aa) = a(h) for all o € A.

Corollary 5.2.3. Let 6 € Aut (X, ® ) be an involution and A a basis of ® (T, G). Then the

following are equivalent :
(1) 6 can be lifted.

(2) There is a H € t so that exp(H) = h € T such that 6aInt(h) = 6a Ad(exp(H)) =
Oa exp(ad(H)) is an involution.

(8) There is a H € t so that exp(H) = h € T, such that O exp(ad(H)) is an involution.
The following algorithm is implemented in our k-Involutions Mathematica package as
getCorrectionVectors [myInvol_admissibleInvolution].

It is the method by which we correct o to an involution and follows from the computations

above.

Algorithm 5.3 (Correction Vector for fa ).

Input: N
Output: all solutions H € t; such that oa eXp(ad(H))cz(Aa(;Xp(ad(H ) —q
As usual, let ¢ be the rank of ®, § € Aut(®) the root action corresponding to Oa, H; = a}/ et

and denote H = (Hy,Ho, ..., Hy).

(CorrVec 1) If 64 is an involution, then put H = 0 and cla exp(ad(H)) s,
Go to (CorrVec 3).

(CorrVec 2) If O is an not involution, then
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(a) Let 7 = (y;){ be the coefficient vector of H as in Section 5.1.1,

(b) Put M = ((cu, ;) + ({(8(), o)) for o, 5 € A so that
cf@ exp(ad(H)) cz(Aaei;«p(ad(H)) _ C% Cg(Aai) (M),

(¢) Let from = Y-b;B; for B € Ao, bj € C= H € 4] , and

(d) Solve the system of equations ch eXp(ad(H))cz(A;))(p(ad(H)) = 1 for ¢ with the
restriction that ¢ is of the form ¥orm.
(CorrVec 3) Return all solutions H = 7.H along with the general form of CZA exp(ad(H) 1 q

assumptions for each. End.

5.3.1 DZ2IIIB EXAMPLE

Let A = {a1, a2, a3, as, a5} be a basis for a root system ® of type D5 and 6 an involution on ®
of Cartan Type DZI1Ib. Then the #-diagram is shown below in Figure 5.1 and the #-action on
A and the lifting constants for o are shown in Table 5.2.
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Figure 5.1: D2IIIb #-diagram

Table 5.2:  D2IIIb: 5 Lifting Constants on the a-basis

a; 0(a) cha cz(Aai)
a1 o1 1 1
a9 =  —a] — g — Q3 1 1
ag +— as 1 1
oy —> —ag — Qs 1 -1
as — —Qi3 — Qg 1 -1
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We choose a Chevalley basis with respect to A and a maximal toral subalgebra, t, of the
corresponding complex Lie algebra, g, such that H; corresponds to «; in the normal way and

therefore the H;’s form a basis of t as a vector space. Thus any H € t may be expressed as
H =y Hy +yoHo + y3Hz + yaHy + ys Hs

such that y; € C.
In order to find the correction vector H € t such that O exp(ad(H)) is an involution, we need
to solve the following system:

62?:1 yj ((an,a5)+(0(a1),a5)) _

62?:1 yj ((az,05)+(0(a2),05)) _

o25=1 Y5 ({a3,05) +(0(a3).05)) _ | (5.3.1 (a))
o2g=1 Y (a,05) +(0(n),e) — _q
62]5-:1 yj((as,05)+(0(as),a5)) _ 1

which can be solved as the following linear system where k; € Z:

5
3 w5 (ln, ) + (), ) = 2kyir
j=1

Z:yj ({az, ;) + ((—o1 — a2 — a3), o)) = 2kgim
Z:yj ({os, ) + ((a3), j)) = 2kgim (5.3.1 (b))
i?/j (o, aj) + (a3 — a5), o)) = (2ks + 1)im
]25;%‘ ({a5, 05) + ((—a3 — aa), ;) = (2ks + 1)ir.
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Cartan Matrix for &:

2 -1 0 0 o0
-1 2 -1 0
((ai, o)) o -1 2 -1 -1
0 -1 0
0 -1
f-Permuted Cartan Matrix:
2 -1 0 0 O
-1 0 -1 1 1
((0(c o -1 2 -1 -1
o 1 -1 1 -1
0 1 -1 -1 1
y;-Coeflicient Matrix:
4 -2 0 0 O
-2 2 =2 1 1
M = (o) + (as)ia)) = | 0 —2 4 —2 -
o 1 -2 3 -1
o 1 -2 -1 3
So, we solve the equation
o1 —2yo 1
72y1+2y2 2y3+ya+ys 1
(c% CZ(Aal) e(M.4)i a = | e 2v2tdys—2ua—2ys 1
eY2—2y3+3ya—ys 1
e¥2—2y3—ya+3ys 1
and by restricting to our ¥orm, this becomes
1
o—2u1—2y3 1
(C9A Cz(A e (M. yform) 1
o—2u3 1
o—2us 1
giving us the solution
{y1,92,Y3, Y4, Y5 } = {; (4z1 —1),0, ;iw(4x3—1),0,0}
or
H= §z7r ((4x1 — 1) Hy, + (423 — 1) Hyy)
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where x; € Z. For computation purposes we choose the simplest representation where x; = 0:

1
H = —§Z7T (HOll + HCYS) .

Hence we find the lifting constants for the corrected automorphism

O exp <ad <—;i7r (Hoy + Ha3)>>

and see that it is clearly an involution:

o b)) ™ G
a1 — (%1 -1 -1
Qo —  —Q1] — Qg — O3 -1 -1
a3 — s -1 -1
ay — —a3 — Qs ) —1
an — —Q3 — Oy ) —1
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CHAPTER 6:

LIFTING TO 6o OVER C

This results in this chapter can be generalized to any algebraically closed field of characteristic

not 2. We restrict our attention to the complex numbers.

6.1 GENERAL RESULTS

Recall, we define the height of a root to be the sum of the coefficients in the basis:

ht(a) = Z Ti
i=1
when oo = Y"1 | e for o € A
Lemma 6.1.1 (Black roots). Any fized root o € ®,(0) has &» = 1:
Oa : Xo — Xo Vo€ Py(0) (6.1.1 (a))

Proof. For any a = 3_A (g sici € Po(f), either o = a; € +£A¢ in which case a e o
a = 4« such that 8,v € ®3. Which gives us

Nowroy)  Nay

— b _q
Np~ Np
and N
(N d_ef OA OA 9(5)10(7) _ OA OA
ol = cf A —F—— =,
“ v Np v
so, by simple induction ¢/2 = 1 for any a € ®¢(h). O
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Alternatively, recall that by definition we take the black dots of a 6-diagram to be the simple

roots fixed by 6, see for example Figures 6.1 and 6.2. Since 6 acts linearly on @, it is also true for
any a = Y a () Sici € Po(0) that 0(a) =0 (ZAO((,) Siai) = Do) Sif(s) = DA (p) Sivi = .

Q1 (67} Qi1 Qjpm—2 Qjpm—1 Qjpm

--O—0—0 —0—0—O--

Figure 6.1: Black middle with 6* =id: o =) s;; € Po.

Q1 (67} Q41 Qjpm—2 Qjpm—1 Qjpm
9*

Figure 6.2: Black middle with 68* #£id: a = s;; € Pp.

1
Remark 6.1.2. We also have the relation that if («;) = —a; then sza; =35 = 1if o; € A.
¢ C

o
Lemma 6.1.3 (All white dots and 0* = id). If —id = 0 € Aut(X, ®), corresponding to the
involution diagram of all white dots and no arches, then any automorphism 6 c Aut(g, t) lifted

from 8 must be an involution. In particular, Oa is an involution with structure constants

CgA _ (_1)ht(o¢)—1.

Proof. First we will show that any automorphism 6 € Aut(g, t) lifted from —id = 6 € Aut(X, ®)

is an involution and then we will prove the claim about the lifting constants, ch.

(Part 1) In this case, 0(a) = —a for all &« € &. We know that for any set of structure constants

for a lifted involution, ceia =1/ cg. Hence

02(X,) = cécz(a)Xa = Ci

«
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and 6 is an involution of the Lie algebra. In the particular case of 6,

1
02> (Xa) = ch2 2 Xa (ﬂ)(ﬂ)xa (£1)2X, = X..

Part 2) Next we will prove ¢?2 = (—=1)"@)~=1 for all & € ®. By definition I8 = fa and
(63 [e% (03
(—=1)"1 = (=1)7"! for any n € Z, so, it is sufficient to consider only o € ®*.

Case 1: ht(a) = 1. By definition, for any simple root a; € A, %2 =1 = (-1)°.
Case 2: ht(a) = 2. Assume «a, 8 € A are simple roots. Recalling Table 3.1 and eq. (4.1.10

(b)):
Na,p = —N_a,—3 = —=Ny(a),0(8)

giving us
N, N_ _N
0 Oa Oa 1Y0(),0(8) 6 ,—B On 0 B On 0
Coﬁ—ﬁ = CaACBA#B = CQACﬁAﬁ — CaACﬁA Naaﬁ -1 CCXACBA
hence
0 Or 0
Ghg=—l-crct =—1-1-1=(=1)".

Case k: ht(a) = k.

Case k+1: ht(a+ a;) = k+ 1. Assume ht(a) = k and ht(a;) = 1, then ht(a + o) =k + 1
by definition. Then

da = a N]—Vz;a (6.1.3 (a))
=—1-ca fa (6.1.3 (b))
=—1-(-DF1.1 (6.1.3 (c))
= (=1)k+D-1, (6.1.3 (d))
Therefore by induction, ¢/2 = (=1)®)~1 for all o € ®.
O

Remark 6.1.4. wy(6) only acts non-trivially on roots containing or adjacent to roots containing
a; € Ag(#). This is because all other roots are orthogonal to the roots in ®y and therefore also

to the reflections that compose wy(). Hence for any root oo € ®\ Py that is acted on trivially
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by wy(0):
O(a) = —id 6" wo(f)(a) = —0" ()

Lemma 6.1.5. Remark 6.1.4, in turn, implies that Oa acts as involution on the root spaces

corresponding to o € ®\ Py upon which wy(0) acts trivially.

Proof. Let a € ®\®p upon which wp(#) acts trivially as in remark 6.1.4. Since we’ve already

proved this to be true in the case when 6* = id, it is sufficient to prove the result when 6* # id.

Base Case 1: Consider first @ = a; € A\Ap :
0
92A (Xai) - Cg(?CQ(Aai)Xa,-

_ [N
=1 C—Ozj o

= X, by remark 6.1.2.

such that o; € A

Base Case 2: Let a = «; + ;41 such that o1 ... ;11 € A\Ap. Then

6a _ 0 on  0a . No(:)00(0is1) Noy i1

CO(a) = Ce(ai)+9(ai+1) - CG(ai) ' CO(ai+1) Ne(a,-) 9(cviz1) - Ng(ai) O(cit1) '

In types A and E,
N, o N, o Ny o
GA Qij,00 41 Qij,00 41 Q001 0 2
Cory = = = =1=c2 = 0x(X0n) = Xa.
ble) NG(ai)ﬂ(aiH) N—aj,—aj_1 N%’—l»%‘ “ ¢ :

In type D, this can only occur when «o; = ay_o and «;4+1 is a spin node. Since

0% : ap_q <> ay, it is sufficient to consider one of these cases:

C9A _ Naiﬂwl _ Nay_g,004 _ Noy_g,004 _ Noy g0 4
8(a) NG(O@'),G(O(H_l) Na(ag_g),e(az_l) N*O%727*al _Naif%af
and
Aa — Ng(af—ﬂﬂ(ae—l) _ N_qay 5,—a _ —Nay_g,00 _ 1
“ Na£—270418—1 Naz-27a5—1 Nae—%aé—l Cz(Aa) ,
hence again 0% (X») = X,.
The result follows by induction on ht(«). O

64



6.2 6O-DIAGRAM COMPONENTS.

In this section we make a few remarks pertaining to the diagrammatic representation of irre-

ducible #-indices.

Example 6.2.1. Consider the following #-diagram component in Figure 6.3 and suppose the
white dots continue on to the left and the black dots in the middle. Then wq(0)(a;—1) = a;—1

whereas wo(6)(c;) # «; because «; is adjacent to a fixed root and «;_; is not.

Q1 (67} Q41 Qg2 Qjpm—1 Qjpm Qj4m+1 Qi pm+42

---0—O0—0—0 —0—0—0O—O---

Figure 6.3: White adjacent to black middle with 8* = id.

Remark 6.2.2 (6 action on white segments). Let o; € A\Aq such that its immediate neighbor-
ing a; are also white (€ A\Ay), then 0 acts on «; only by —id .0*. If * = id then 0 : oy = —ay;,
if 0* # id then 6 : o — —ay; for some oj € A\Ag. In either case cg(Aa,) = 1 and hence 0x acts

as an involution on the corresponding root spaces X,,.

---O—O0—0—-0—0—0--

Figure 6.4: Type A segment with only white dots with 6* = id: a; € A\A,.

- 0—0 - —O—O—O--
T T

6*

Figure 6.5: In type A, the diagram automorphism maps «; <+ ay—; 41 for all a; € A.
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Q-1
] P ¢ b o e— 8*

ay

Figure 6.6: In type D, the diagram automorphism maps oy <+ ay_1 and fixes all other «; € A.

Figure 6.7: In type Fg, the diagram automorphism maps a; <+ ag and a3 <> a5 and fixes o
and oug.

Proof. This follows directly from remark 6.1.4 above and the definition of a diagram automor-

phism. O

Lemma 6.2.3 (White next to black middle). 0a acts as an involution on X,, for any root
supported on an simple root like oy in Figure 6.8 with white dots to the left and black dots to the
right all simply laced.

Qi1 [e%] Qi+ Q42 Aitm—1 Qitm Ajtm+1 it m+2

---0—O0—0—0 0 —0—O—0O---

Figure 6.8: White adjacent to black middle with 6* = id.

Proof. First note that 6 : a; = —idw,(0)(e;) = —a; — @j11 — ++ + — Q. For cleaner notation,
let 8 = ajt1 + -+ + @iy be the sum of the black roots, so, 6(«;) = —a; — B. Then

Aa  _ Oa _ Ia | Oa .Ne(—ai)ﬁ(—ﬂ)
0(as) i
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By definition 4.1.6 and lemma 6.1.1, we have

1
N N
ch =—=1=c"
%] Cgﬁ ﬁ
and, so,
g _ Natp—p  —NopatsB _ —Nap
B(e) Va8 _Naiﬁ _Naiﬁ

6.3 LIFTING ABSOLUTELY IRREDUCIBLE INVOLUTIONS OVER C

Theorem 1 (0a). Let Oa € Aut(g,t) be the unique automorphism lifted from 6 € Aut(X, ®)
such that Oalt = 0 and

Oa (Xq,) = Xq, for all o € A.

Then Oa is an involution for any admissible absolutely irreducible involution 6 except when
0 is of type Dy_l)/QIUb.

Proof. This follows directly from the results in Table 6.1 and the explicit computations for the

exceptional root systems E, F, and G found below. O

6.4 THE LIFTING CONSTANTS: Cz(Aa.)

Lemma 6.4.1. Let o € DT\A and (¢,n) be the minimal decomposition of «, then
fa = fa N, 0
Ca” = O~ = No).0m) > -

No(¢),00m)

Proof. We know |Ny¢).a()| = |N¢,n| and hence = +1. By the definition of the minimal

M
decomposition, we also know that N, > 0. Therefore

ba _ ga oa Noom _ o oa Noow _ on

@ K NC,n ! NC,n K

if and only if NG(C),QW) > 0. O
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6.4.2 CZ(Aa‘) FOR THE CLASSICAL ROOT SYSTEMS

For ease of reference, we present the #-permuted lifting constants cg@ for the simple roots of the classical Lie algebras in the following

Table 6.1. Proofs which are immediate from previously results are omitted.

Table 6.1: Cz(Aa_) for Admissible Involutions on the Simple Roots of Classical Lie Algebras.
O(y) = « cgfai) = cIa O-type(s)
0(c) = oy 1 AIl, Allla, BI,CIla, (1)
DIa
O(e) = —ay 1 Al, BI, CI, DIa, DIb (2)
0(c;) = —q 1 DIb (¢ —1 <> £ odd) (3)
G(CKZ) = —0yp—_j4+1 1 Allla (4)
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Table 6.1: Continued

0
O() = « CO(A%) = ch O-type(s)
O(y) = —i1 — ; — a1 1: All, Clla, DIIIa, DIIIb  (5)
Proof. Let v = a;j—1 and § = o; + 41, then () =5
and 0(0) = —a; — 7, so
Aa — 1.0 Nevytas
6(cvi) -5 _ 45
_oa  oa Noooan) Ny
T e N*ai,*aiﬂ _N%Oé¢+ai+1
.1 Msenn . Ny
_Naiyaiﬁ»l _N’Y,Oéi-i-aiﬂ
. Nai—1+ai,ai+1 Q1,04 -1
_Naiaai+1 _Nai—l,ai+ai+1
by disjoint decomposition and lexicographic ordering
(see lemma 3.2.7). O
0a 0a 0a No(—ar_s).6(—ar_a—a) .
O(e;) = —i—1 — aj — Q2 L Ghlay = oy Coygmar I DIlla (i = ¢ — 2) (6)
—Qyp_3,"0p_2—0Qy
This minimal disjoint decomposition behaves like the
lexicographically-ordered one in row (5).
Ng(_ o
0(a;) = —0; — i1 — Qg2 1: c‘iﬁml -CG,AOWTW L o) 0Cara—ar) Dla (i = ¢ —2) (7)

N_afflv_a272_a€
This minimal disjoint decomposition behaves like the
lexicographically-ordered one in row (5).
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Table 6.1: Continued

0
O() = « ce(Aal) =l O-type(s)
(9(0(1) = =041 — Q42— Oj4m+1 1: Allla (8)
Proof. Let v = 41 + a2+ + aipm € Po(f) and
0 = Qiym+1 € A, then 0(y) = v and 0(5) = —a; — 7,
and ch =1= c,eyA, S0
N,
0 N 0(=),0(=9)
CG(ACY,L') - C_A’Y ’ C—A(; ’ — iy
_ 1. No=o=o _ =1 Nowow)
N_’Y?_d 71 N’%(S
Nys Nys Ny Nys
Using lemma 3.2.7, we know that both the numerator
and the denominator are positive, and since the mag-
nitude of the Chevalley constants are all the same in a
type A subsystem, we have:
(N _ Q4142+ pm _
C@(ai) o N, Farjo-tay ) =+
i+1TOG42 +O¢z+maaz+m+l
O
O(e;)) = —Qj—m—1 — Qi -+ — a;—1 | 1 : Follows by similar argument as in row (8). Allla (9)
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Table 6.1: Continued

Proof. Let v = a;11 and 6 = «o; + a1 + 2Zf+2 such
that 6(c;) = —v — 6, (s = a; and 15 = i1 + 2254—2'
Then we know that (5 € A and ~,n5 € ®o(0)
such that cgﬁ =1 =~ = C%\. We also know
0(¢s) = O(ci) = —y—(s—ns and () = —G — -
Hence,

N,
G G 0 0(=7),0(-9)
Ce(Aai) :C—%‘C—%‘ﬁ
(o Nocoons) | Mo o(-0)
e N_¢s—ns N_y,-s
_ (Ne@a),e(m)) No().6(5)
NC(SJ’](S N’Yaé
_ (N—Ca—ms—%na Ny —¢s—
NC&J]S Nﬂfaé

By lemma 3.2.9, given a lexicographic decomposition
(7,9), Nys > 0if v and § have disjoint support and
N5~ > 0 if they do not. Hence

CGA — <N7767C6+'Y> NQ;,’Y =1-1=1.
Ble) Ne¢s s Nys
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Table 6.1: Continued

f-type(s)

Proof. Let v = a;_1 and § = a; + 2 Zf;% a; + oy, then
0(v) = v and 6(5) = —a; — 7, so by the work in row (8)
we have N

(N _ On  ZVQ6,0—1

o) Nys
Now letting (5 = «a; and ns = 0 — a; € Pp(0), and
noting that 6(¢s) = 0(a;) = —y — 9 = —y — ns — (s,

N,

N 0(¢s),0(ns)
it o o=1—2220 ()

fle) NC(W?&

- _1. N ns—¢ms - 1. Nis y+¢s

Ney 5-ai Ny 5-ai

-1
200641+2 35 5 ajtagai—1+ay

a;,0—a

=—1-—1=1 by lemma 3.2.12.

Clla

(11)

(9(0(1) = —2051',1 — Oy

1 : Follows by similar argument.

CIIb (i = 0)
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Table 6.1: Continued

6-type(s)

Proof. Let v = a1 and § = o + a1 + 225;5 a; +
Qp—1 + oy
N,
On  _ ba . s 10)0(=0)
Bl T TN 6
:1.69_%.m:1,C§A,_Nau’Y N
TV, _N'yﬁ
Now let (5 =ca; € A and n5 =0 — a; € Pp(0):
0 s . 1V0).00)

=C
o NC&J?&
—1.1- N¢s—y—nsns _ Nusstn
NC(SJ?& NCW?&

Then we see that we have a reverse lexicographic
non-disjoint form in the numerator and a lexico-
graphic disjoint form in the denominator, and hence
by lemma 3.2.14:

N Nai+1+2 Zf;i ajtag_14ayg,(ai+aipr)

C@(Oéi) = Nai 6—052- = 1

Dla (i < € —2)

(13)
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Table 6.1: Continued

O(ai) = Cz(Aal) = cfa O-type(s)
0(ci) = —ay—n — a1 —1: DIIb (i = £ —1orf) (14)

Proof. 1t is sufficient to prove the case when i = /.

CGA _CQA . N . N9(7a£72)79(*al)
(o) ~— T2 oy N_

Qp—2,—0p

ag_2),0(ay)

—N,

Qp—2,00

=1-1
. _Naéf%_aéfZ_aZ—l

—N,

Qyp_2,0¢
_ N—ae—z,az—2+ae—1 _ Naz—27a5—1 -1

_Nag_g,ozg _NOCZ—270‘Z
by definition of the minimal form.

Note: This appears to
be the only instance
when a simple rootis
mapped to a root of
height 2.
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6.5 TYPE A

Oa IS ALWAYS AN INVOLUTION.

Theorem 6.5.1 (Type A: 6o € Aut(g,t) is an involution). For any admissible absolutely
irreducible involution § € Aut(X,®) where ® is a type A root system, On € Aut(g,t) is an

mvolution.

Proof. Follows directly from the results in Table 6.1. O

&2 FORMULAS

Remark 6.5.2. Let § € Aut(X, ®) have absolutely irreducible #-index, then there are two cases
in Type A:

Case 1: 6* is the identity (i.e. 8 = —id - wp(f)) = 0 is an outer automorphism (i.e. acts by
transpose inverse on the group level and by —id-X7 on the Lie algebra) and %2 =
(_1)ht(a)71.

Case 2: 6* is not the identity (i.e. 8* = —6 wo() = —wp) = 6 is an inner automorphism (i.e.

acts by conjugation on the group level and by ad on the Lie algebra) and cﬁA =1

6.6 TYPE B

fa IS ALWAYS AN INVOLUTION.

Theorem 6.6.1 (Type B: o € Aut(g,t) is an involution). For any admissible absolutely ir-
reducible involution § € Aut(X,®) where ® is a type B root system, Oa € Aut(g,t) is an

mvolution.

Proof. Follows directly from the results in Table 6.1. O

&2 FORMULAS

Lemma 6.6.2 (Type BJI: 0o Constants). For any involution 0 of type ByI, write o € ®T(T)
as o =y ria; + ) 535 where o € A\Ag and B; € Ao, then the structure constants for O are
determined by > r;:
Oa — (—1)=mi! 6.6.2 (a)
s — (662 (a))

Note. Roots that include an odd number of white roots have +1 coefficient and roots with even

number of white roots have coeflicient —1.

Proof. Follows from relations of the Chevalley constants and the action of the involution. [
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6.7 TYPE C

Oa IS ALWAYS AN INVOLUTION.

Theorem 6.7.1 (6a in Type C). For any admissible absolutely irreducible involution 6 €
Aut(X, @) where ® is a type C root system, Oa € Aut(g,t) is an involution.

Proof. Follows directly from the results in Table 6.1. O

6.8 TYPE D

6.8.1 6 IS ALMOST ALWAYS AN INVOLUTION.

DIa & DIb Write a =37, ca\a, Ti%% + 2o g,en, 55535, then

Ia = ()=l (6.8.1 (a))

Note. DIb falls into the general case for —id = 0, i.e. /& = (=1)27i—1 = (—1)ht(@)—1,

DIIIa For type DIlla, defined only for even rank, 64 is and involution and we can define the

structure constants piecewise: Let ¢ = rank(®), and write o = Zle i

Figure 6.9: DJ1lIa, £ even and p = £/2

DIIIb This is the only case when 64 is not an involution. As we observed in Table 6.1, this is
precisely because there are o; € A such that CZ(AQ-) = —1 # 1 . Rather unsurprisingly, it
is the spin nodes that require the correction of 6a. To correct O, we find a (non-unique)

correction vector H € tg corresponding to h € T, ; of the following form:

H=— Z (4xz; — 1)H,,, where z; € Z.
aq;EAo(@)
Using this correction vector we find our lifted involution

O Int(h) = 0aexp (ad (H)) .
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For computation, we may choose a simplest form of H such that x; = O:

(e
H=-= > Ha,
a; €A ()

Example 6.8.2 (Lifting 0 of type D2IIIb.). Recall the example from Chapter 5:

Figure 6.10: D%IHb f-diagram

Table 6.2: DZ2IIIb: 65 Lifting Constants on the a-basis

a 0(a) da cZ(Aa)
aq — (051 1 1
g = —Q] — Qg — O3 1 1
a3 — s 1 1
Qg > —Q3 — Qi 1 -1
Qa5 — —Q3 — 04 1 -1

Table 6.3: D2IIIb: O exp (ad (—3im (Ha, + Ha,))) Lifting Constants on the a-basis

o 9(0[) CZA Int(h) cg(AaI)nt(h)
a1 > o1 -1 —1
Qo — —Q1 — Qg — O3 -1 —1
a3 — a3 -1 -1
Qg — —Q3 —as { —i
an — —Q3 — Oy ) —1
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6.9 TYPE E

Oa IS ALWAYS AN INVOLUTION.

Lemma 6.9.1 (Type E: CZ(AaQ) = 1). For any absolutely irreducible involution in type E, /2

s
Proof. For any absolutely irreducible € on a type E root system 6|,, = id or 6|,, = —id. Hence

by previous results 032

Henceforth we will only address the lifting constants of the remaining simple roots in A in

order to show cﬁ? = 1 and hence that 04 is an involution.

TYPE E RANK 6

EI All white dots with #* = id: The lifting constants are &2 = (—1)P®~1 (see lemma 6.1.3).

1 3 4 5 6

O O O O O

Figure 6.11: EgI f-diagram

Table 6.4: ESL: O Lifting Constants on the a-basis

a—  O(a) cﬁA cg(Aa)
o] —  —Oq 1 1
a9 — —Q9 1 1
a3 +—  —O3 1 1
a4 — —0y 1 1
a5 —  —Qp 1 1
Qg — —0Og 1 1
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EII 65 is an involution: € acts as —id on {ag, a4}, therefore by lemma 6.1.3, CZ(AOQ) =1=
CZ(AM). Similarly, 6 acts as —6* on the remaining simple roots and so for o € A such that
0*(a) # a, O(o;) = —yj and so Cz(Aa,) = cﬂAaj = 1. Hence, cgj‘_cz(Aav) =1 for all a; € A and

O is an involution.

Figure 6.12: EZII 6-diagram

Table 6.5: FEgII: O Lifting Constants on the a-basis

a—  O(a) ch Cg(Aa)
a1 — —Qg 1 1
a9 =  —Q9 1 1
a3 —  —Q5 1 1
ay =  —0y 1 1
a5 —  —Q3 1 1
g — —0O1 1 1
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EIII For 0 of type EIII, 64 is an involution. It is sufficient to show that ai,as € A\Ag have

CZ(AQ) = 1 which in fact follows from the arguments presented for type A.

Figure 6.13: EgIII f-diagram

Table 6.6: EZIIL: o Lifting Constants on the a-basis

o 0(a) ch Cz(Aa)
a1 —Q3 — g — Q5 — Qg 1 1
a9 =  —og — g — 204 — Q5 1 1
a3 — a3 1 1
oy —r (o7} 1 1
as — (073 1 1
g —r —Q] — 3 — Og — O 1 1
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EIV For 6 of type EIV, 6 is an involution. It is sufficient to show that a;,as € A\Ag have

9
cg(Aa) = 1.

1 3 4 5 6

O ® ® O

Figure 6.14: E2IV #-diagram

Table 6.7: EZIV: 6 Lifting Constants on the a-basis

o 0(a) a cg(Aa)
ap—  —op — g — 203 — 204 — Qs 1 1
a9 —r Q9 1 1
a3 — (0%} 1 1
oy > (7)) 1 1
Qa5 — (6733 1 1
ag— —og — a3 — 204 — 205 — Qg 1 1
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TYPE E RANK 7

EV All white dots with #* = id: The lifting constants are ¢/ = (—1)P®)~1 (see lemma 6.1.3).

1 3 4 5 6 7
O O O O O O

Figure 6.15: E7V f-diagram

Table 6.8: E;V: O Lifting Constants on the a-basis

a—  Oa) 2 cz(Aa)
al—  —ag 1 1
a9 — —02 1 1
a3 —  —03 1 1
oy —oy 1 1
a5 —  —05 1 1
Qg —  —Qg 1 1
a7 — —oy 1 1
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EVI For 0 of type EVI, 6 is an involution.

Figure 6.16: EéVI f-diagram

Table 6.9: E#VI: a Lifting Constants on the a-basis

> 0(a) I Cz(Aa)
a1 — - 1 1
Qg — Qa9 1 1
a3 — —Q3 1 1
g = —og—oaqg—o5 1 1
Qa5 (673 1 1
ag—  —o — g — Qy 1 1
g — o % 1 1
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EVII

Lemma 6.9.2. For 0 of type EVII, O is an involution.

Proof. 1t is sufficient to show that a; € A\A( have czA )= 1. This follows from the proof

(o

of Section 6.9 and O

Figure 6.17: E3VII §-diagram

Table 6.10: E3VIIL: 6 Lifting Constants on the a-basis

o 0(a) ch cgfa)
o] = —ap — oo — 2a3 — 204 — Qi 1 1
a9 —> (e%) 1 1
asg — a3 1 1
QY > QY 1 1
Qa5 — (071 1 1
ag— —ag — g — 204 — 205 — Qg 1 1
a7 — —Q7 1 1
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TYPE E RANK 8

EVIII All white dots with * = id: The lifting constants are 2 = (—1)"(@)~1 (see lemma 6.1.3).

1 3 4 5 6 7 8
O O O O O O O

Figure 6.18: ESVIII f-diagram

Table 6.11: ESVIII: 05 Lifting Constants on the a-basis

a—  O(a) CgA CZ(AQ)
o] —  —0q 1 1
a9 — —Q9 1 1
a3 — —Q3 1 1
Qa4 — —0y4 1 1
a5 — —Q5 1 1
g — —Og 1 1
ay — —Qy 1 1
ag—  —O8 1 1
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EIX It from the proofs of Section 6.9 and lemma 6.1.3 that For 6 of type EIX, A is an

involution.

Figure 6.19: EgIX f-diagram

Table 6.12: EJIX: O Lifting Constants on the a-basis

> 0(a) I Cz(Aa)
aq —al—a2—2a3—2a4—a5 1 1
ag — (6%) 1 1
a3 — a3 1 1
Qy > oy 1 1
ag (673 1 1
ag—  —ao — oz — 20 — 205 — O 1 1
a7 — —Qy 1 1
ag > —Qg 1 1
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6.10 TYPE F

Oa IS ALWAYS AN INVOLUTION.

FI All white dots with 8* = id: The lifting constants are /2 = (=1)P*(®)~1 (see lemma 6.1.3).

1 2 3 4 Table 6.13: F{I: 65 Lifting Constants on
o—0O0="hp—=0—"o0 the a-basis

: . 4 : 0
Figure 6.20: F;I #-diagram ar—  0(a) Cg(Aa)

Qg — —Q
a3 —  —O3

ch
a1 —  —Ooq 1 1
1
1
Q4 = —0Oy 1

FII Write a =) rjoi; + > sj8; where oy € A\Ag and ; € Ag. Then the lifting constants are

1 if r4 = 0 (all black dots)
Cop =
(—1)=% ifry #0
1 2 3 4
*—>p—0—O

Figure 6.21: F{1I #-diagram

Table 6.14: FL1I: O Lifting Constants on

the a-basis
o 0() A cz(Aa)
o = o 1 1
a9 > (e%) 1 1
a3 = ag 1 1
ag— —ap — 200 — 33 — gy 1 1
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6.11 TvypPE G

Oa IS AN INVOLUTION.

All white dots with 6* = id: The lifting constants are & = (—1)P®)~1 (see lemma 6.1.3).

1 2 Table 6.15: G3: 6 Lifting
C ' C Constants on the a-basis
: . 2 0_4; 7] 0
Figure 6.22: G35 0-diagram a—  Oa) A CG(Aa)
o] =  —Qq 1 1
Qg — —02 1 1
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PART 111

COMMUTING PAIRS OF INVOLUTIONS
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CHAPTER 7:

INTRODUCTION

As discussed in Part I, we will now classify commuting pairs of involutions over the algebraically
closed field C of the simple Lie algebras. From now on we will let ®(g,t) be an irreducible root
system and hence g a simple Lie algebra. Let (o, 0) € Aut(X, ®) be an ordered pair of commuting
admissible involutions of the root system, (&,0) € Aut(g, t) be the corresponding arbitrary lifted
involutions of the Lie algebra and (oa, 6a) € Aut(g, t) be as in definition 4.1.6. For each ordered
pair of admissible involutions in Aut(®) we will find the standard pair (see definition 7.1.11),

and for this we will need the notion of the signature of a lifted pair and some more notation.

Notation 7.0.1. The following notation will appear in our discussion of commuting pairs of

involutions:
Table 7.1: Notation

Symbol : Definition

G . a semisimple (usually simple) Lie group

T : a fixed maximal torus (i.e. maximal connected diagonalizable subgroup) of
G

g the simple Lie algebra of G

t a maximal toral subalgebra of g

a a toral subalgebra C t

o ®(T) the root system with respect to T

X Z® - an integer lattice of ®, may be a root or weight lattice, (X*(7") char-
acters)

w W(T) Weyl group with respect to T
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Table 7.1: Continued

Symbol : Definition

v : (X*(T), ®(T) , X«(T) , ®V(T)), the root datum corresponding to T

No s . Chevalley constants

ch,ch : lifting constants of oA and 6a respectively

7? lifting constants of the involution lifted from o6 = o

(aj, aj) : The product defined by the Killing form on g that relates the root system
and its dual.

T, Tf : the o-split and o-stable tori respectively, likewise for Tgt

T(;e), T(;e) . the (o, 0)-split and (o, 0)-stable tori respectively

T ,,T ;9 . the o6-split and of-stable tori respectively

g(A, ) : For A € ®(A) let g(A,\) = {X € g | [H,X] = N(H)X VH € a} be the
corresponding root space. Since of(\) = A, we have 00(g(A,\)) = g(4, \).

SANE, ¢ (X €a(A,N) | 0f(X) = £X)

mE(\,00) : dimgg(A, )\);tg

O(T, )  {ae®(T) | alA=)}

Meplit (A, 00) © | Pepiit (A, 08)| such that Pgpiic (N, 08) = {a € (T, ) | 00(a) # a}
Mecheck(A 00): | Peheck (A, 00)| such that @epeck (A, 00) = {a € ®(T,\) | 00(r) = a}
dimg g(A,\) =mt(\,00) +m~ (A 00) = |®(T,\)]

m(A)
= msplit()\y 0'0) + mcheck()\’ 00)

In this chapter we will discuss the following lifting admissible involutions to simple Lie

algebras. Let us first recall some definitions.

7.1 PRELIMINARIES

7.1.1 ADMISSIBLE PAIRS

The formal definition of an admissible pair of commuting involutions is as follows:

Definition 7.1.2 (admissible pair,[Helminck(1988), 5.18] ). Let 7' be a maximal torus of G. A

pair of commuting involutorial automorphisms (o, ) of (X*(T),®(T)) is said to be admissible

(with respect to G) if there exists a pair of commuting involutorial automorphisms (7, 6) of G,

normally related to T" and such that 5}T =0, §|T =40.

We will however use the following equivalent definition which is more combinatorial.
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Definition 7.1.1 (admissible pair). Let (o,6) be a pair of commuting involutions of (X, ®).
Then (0,60) is admissible if and only if (o,60) is basic and both ¢ and 6 are admissible
[Helminck(1988), 7.11].

Such that "basic" is defined as follows:

Definition 7.1.3 (basic). A pair of commuting involutions (o, #)of (X, ®) is called basic if
has a strong (o, 8)-basis A for which wy (), wo(c),c*, 8* mutually commute, where a (o, 8)-order
= on @ is called a strong (o,0)-order if it is simultaneously a o- and a 8-order of ®. A basis of

® with respect to a strong (o, #)-order will be called a strong (o, 0)-basis.
We again have nice combinatorial equivalent definition:

Theorem 7.1.4 (Combinatorial Conditions of basic (o,6)). Let 0,0 be related involution of
(X,®) and A a [Helminck(1988), relating basis, 7.12] of ® with respect to (0,0). Then (o,0) is
basic if and only if

(1) o* and 6* commute,
(2) Ao(0) is o*-stable and Ao(o) is 6*-stable

(3) for every connected component Ay of Ay(0)UAg(0) we have Ay C Ag(0) or Ay C Ag(o).
[Helminck(1988), 7.16]

Definition 7.1.5 ([Helminck(1988), 5.2]). A torus A of G is called (o, )-split if A is o- and
0-split. A torus T of G, which is o- and 6-stable shall be called (o, #)-stable. We then put

Tog=f{teT|o(t)=0(t)= t~110,

7.1.6 (|Helminck(1988), 5.6]). Let T" be a (o, #)-stable maximal torus of G, denote by ¥ =

(X*(T), ®(T), X.(T), ®V(T)) the corresponding root datum and write A = T, For the

moment we do not yet assume that A is a maximal (o, #)-split torus of G. Using the notations

of Part I we have the following identifications:
Lemma 7.1.7. Let T, V,0,0 and A be as above. Then
(i) Xo(o,0) ={x € X*(T) [ x(A4) =1}
(i) D(5,0) = P(A);

(iii) Wi(e,0) ={w e W(T) | w(A) = A} and Wy(0,0) ={w € W(T) | w|A =id};

K|

(iV) W(A) ~ Wl(O', 9)/1110(0’, 9) =~ W(aﬂ)'
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Lemma 7.1.8 ([Helminck(1988), 5.10]). If ®(G,T) is irreducible, i.e. G is simple, and o #
id, 0 # id, then non-trivial (o, 0)-split tori exist.

Proposition 7.1.9 (|[Helminck(1988), 5.13|). There exist (o, 0)-stable mazimal tori T of G such
that T(; 0) is a maximal (o,0)-split torus of G, T,; is a maximal o-split torus of G and T, is a

mazimal 0-split torus of G. Moreover all such mazimal tori of G are conjugate under (G,NGg)°.

[Helminck(1988), Section 6] Let T" be a (o, 6)-stable maximal torus of G and A = Tio0)

non-trivial maximally (o, #)-split torus of G with (not necessarily reduced) root system ®(A) =

a

®(0,0), the restricted root system of the pair of involutions, (o, #).

Definition 7.1.10. For A € ®(A) call m()\) the multiplicity of A and (m™ (X, 060),m™(\, o0))

the signature of M.

For every A € ®(o,0), the signature is determined by the dimension of the 41 eigenspace of
the lifted involution 56 in the Lie algebra, g. For A € D(A) let

g( AN ={Xeg|[H,X]=XNH)X VHEca}

be the corresponding root space. Since c6(\) = A, we have c6(g(A, \)) = g(A, \).

AN (Xeg|HX]=NH)X VHEa]

g(ANE © {X €g(A,N) | 00(X) = X}

mE(\ 00) : dimgg(A, N,

O(T,N) : {aec®(T)|afA=2A}

m(A) : dimg g(A4,A) = mt (AN, 00) + m™ (A, 00) = |D(T,\)|

Now, we can define the standard pair in terms of the signature.

Definition 7.1.11 ([Helminck(1988), 6.11]). A pair of commuting involutorial automorphisms

(7,0) of G is called a standard pair if m*(X\,060) > m~ (), 00) for any maximal (o, §)-split torus
A of G and any A € ®(A) such that 1) ¢ ®(A).

7.2 FINDING THE SIGNATURE FOR a € ®(T, \)

For a € ®(T, \), we get two cases. Let A = myp(a).

Case 1: 0f(a) # a. If 00(a)) # «, then it must be the case that of(a) = 8 € ®(T,\) and

00(8) = «. In this case, the corresponding subspace splits nicely regardless of the lift-
of

97, into the two eigenspaces: one vector to the +1- and one to the —1-

ing constants, ¢
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eigenspace. i.e.
70(Xo + 00(Xa)) = 00(Xa + 20 X o)
= cgzeXa + Cgecgg(a)Xa
= UG(XQ) + Xa
— X, + 00(X,) € g(A,0) 5

00(Xo — 00(Xa)) = 00(Xa) — Xa
= —(Xo — 00(Xa)) € 9(A )

Case 2: 0f(a) = a. If a € ®(T, \) such that 00(«) = «, then since o and 6 are both involutions:

and

In this case, there are two possible forms for \.
Case (a): If o(a) = 0() = —av, then

)\:i(Qa—FQQ):a.

Notice that this means a € ®, N &y and H, € T(; o)
Case (b): If o(ar) = 0(a) # —a, then

1
)\zi(a—a(a)).

7.2.1 WHAT WE KNOW ABOUT THE LIFTING CONSTANTS.

In the first case when o6(a) # «, as seen above, the lifting constants do not effect the the
dimension of the eigenspaces. In the second case when of(a) = «, however, we can see easily

that ¢Z¢ = +1: Given that we assume & and § commute on the Lie algebra, and hence 56 an
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involution, we know

50(Xa) = 2’ Xop(a) = €2’ Xa (7.2.1 (a))
and
&’ oy = () =1 (7.2.1 (b))
which implies that
7% = +1. (7.2.1 (c))
In this case, we also know that o(a) = 0(«) and, so,
Gl =l Gy = A ) = B e (7.2.1 (d))

Again considering the two possible forms of A:

Definition 7.2.2. Let 6 € Aut(G) be an involution stabilizing T. Then a root a € ®(T') is
called

e O-singular, if () = £ and 0| Zg((Kera)?) # id;
e real with respect to 0, if O(«a) = —a;

e noncompact imaginary with respect to 0, if f(a) = a and « is f-singular. In this case

Ca,p = —1, as follows also by simple computation in SLo.

e compact imaginary with respect to 0, if (o) = a and « is not -singular, then ¢, 9 = 1.

7.2.3 ¢7? WHEN o(a) = 6(a) = —«a

When « is real with respect to ¢ and 6, and imaginary with respect to ¢f. This indicates that
2% will be decided by whether or not « is also of-singular. Equivalently, if ¢5 = ¢/, then ¢2¢ = 1
and « is compact imaginary with respect to o6. If ¢, = —cg, then cge = —1 and « is noncompact
imaginary with respect to 6. To determine the lifting constant, we can consider the action of
each involution restricted to g.. By our maximality condition on T, g, is one dimensional and

so the subalgebra t, @ go @ g—a =~ sl(2,C). Recall our example in sl(2,C),
Example 5.2.0.1 (Involutions in sl(2,C)). In sl(2,C) there is only one conjugacy class of

involutions, which may be represented by abuse of notation by #(X) = —X7 corresponding
to the opposition involution on the root system Ap, 6(a) = —a = —0*(a) = —id*(«). If
we take a natural basis of sl(2,C), it is clear by simple calculation that the lifting constants
cg =—-1= ce_a:

Ha:ao7Xa:01’Xia:00
0 —a 00 10
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then

=
&
[

aXy — (—a)Xo = 2aX,
[Hy , X_o]=—aX_o—aX_4=-2aX_,

and

0 a)
0 0
Xo ( ) =-X_a=—"Xga)= CiXe(a)
-1 0
0 -1
X_ o = —Xo=—Xpa) = Xpi_a
(O 0 ) 0(—a) 0(—a)

Composition with

i es 0
Int(hy) = Int (exp <2aHa)> = Int ( 0 e_l-;f)

gives us another involution that has the same action on the root space, but different lifting

constants:
Int(ha) a 0 0 —a 0
GInt(ha) : Ha > (0 _a> — ( 0 a) = —Ha = H_a = HO(a)
Int(ha) (0 =1\ o (0 O 0 Int(h)
A <o 0 > ” <1 0) = e = ooy = T Aoty
Int(hq) 0 0\ o 0 1 o o _ OInt(ha)
X_ o —5 <_1 0> — <0 0> = Xo = Xg(—a) = C_4 Xo(—a)

So in this example we have shown that Oa = 6 Int(h,).
This process allows us to choose the § € Aut(G,T) to which we lift § € Aut(®).

7.2.4 ¢7? WHEN o(a) = 6(a) # —«a

This case is in fact composed of several smaller cases which analyzed in a similar manner.
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CHAPTER §&:

LIFTING PAIRS OF COMMUTING INVOLUTIONS

8.1 TERMINOLOGY

Let us first define some short-hand terminology to make discussing these pairs easier.

Definition 8.1.1. We will use the following to refer to different categories of involutions:
Nice Pair We will call a pair of involutions (o, ) "nice" if both oA and

O are involutions, cafa = Opa0a and (oa,0a) is standard.

Simply Lifted Another name for "Nice." We will also say a single involution
0 is "simply lifted" or "nice" if O is an involution.

Better-than-Okay Pair ~ We will call a pair of involutions (o, §) "better-than-okay" if at
least one of oA and 0a is not an involution, but the (possibly
both) corrected involutions commute oa Int(hy)0a Int(hy) =
Oa Int(hg)oa Int(h,) and (oA Int(hy ), Oa Int(hy)) is standard.
Note that w.l.o.g. Int(h,) may act as the identity.

Decent Pair We will say a pair of involutions (o, ) is "decent" if the lifted
pair (&, 5) commutes but is not standard. In this case, we cor-
rect to the standard pair (7,0 Int(h)) where h € T

Corrected for Standard Another name for "Decent".

Feisty Pair We will say a pair of involutions (o, 0) is "feisty" if our lifted
single involutions ¢ and 6 do not commute. It happens to be
the case that these only occur for a handful of involutions such
that 6 = oA and 0 = Oa. Again, we correct to the standard
pair (7,0 Int(h)) where h € T
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Definition 8.1.2. Given any lifted pair of involutions (&,6), we will say the pair (&, 6 Int(h))
is a corrected pair of (6,5). We will refer to h € T or its corresponding H € t such that
Int(h) = exp(ad(H)) as the correction vector for this pair. Since we "correct" to the standard

pair (or to an involution), to avoid confusion we will distinguish these shifted pairs as having

n "

"standard" or "non-standard" correction vectors.

8.2 CONSTRUCTING THE STANDARD PAIR

8.2.1 LIFTING ALGORITHM FOR COMMUTING PAIRS (o, 0)
The following algorithm is implemented in our k-involutions Mathematica package as
makeAdmissiblePair[{sigma_admissibleInvolution, theta_admissibleInvolution}].

It is the method by which we find the standard pair for each admissible pair of commuting

involutions (o,6) C Aut(®).

Algorithm 8.3 (Lifting a Commuting Pair of Involutions).
Input: (&,0) with all data including the root ac-
tions of each
Output: Standard pair with all correction vectors.
See Algorithm 8.4.

(LiftPair 1) Compute the root action of o6.
(LiftPair 2) Compute the projected roots 7, g)(®") and determine &' and A.

(LiftPair 3) For each restricted root A € 5+, record the preimage of the projection map
TN C 0T ={a € ®(T) [ alA= A} = O(T,N).

(LiftPair 4) Record data for computing the signature of the correction vectors. For each A\ €

g
m(A) =mT (X, 06) +m~ () of) (8.3.0 (a))
= msplit()\a 0'9) + mcheck()\, 0'0) (8.3.0 (b))

and
mE (A 00) = my (A) + m g (V) (8:3.0 (0))

(a) Determine ®gp)it (A, 00) = {a € ®(T, \) | 00(r) # a}.

Note. m;;ht()\) = mg,;(A), and so does not indicate whether or not (g, 0) is

standard.
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(b) Determine ®check(A,00) = {a € &(T,\) | 06() = a}.
Note. Meneck(A, 0) = my .5 () + mgeq(N) and (6,0) is standard if
myoa(A) > my. (A) which is true if and only if m7 _, (A) —m7, 4 (A) > 0.
(c) getReducedRoots since our definition of standard only depends on A € ®(A)
such that 3\ ¢ ®(A).
LiftPair 5) Call Algorithm 8.4: getCorrectionVectors [myPair_admissiblePair].
g y

(LiftPair 6) getSignatures to differentiate Standard and Non-Standard Correction Vectors,

noting that lifted pairs with the same signature are isomorphic.

(LiftPair 7) Choose a representative Standard Correction Vector and use this to determine

the lifting constants ch exp(ad(H)) ¢ the standard pair. Whenever possible choose

H such that exp(ad(H)) = id.

(LiftPair 8) End.

8.3.1 CORRECTION VECTOR ALGORITHM FOR (&, 0)

Assuming & and 6 are involutions on the Lie algebra such that 06 = 6o on the root system, if

50(X4s) # 60(X,) for some a € ® we need to solve the equations

50 (X)) =0 5(X,) (8.3.1 (a))
and

(6 () = Xo. (8.3.1 (b))

This gives us the condition that #e?¥) is an involution that commutes with & and hence
that 60e2d() is an involution on the Lie algebra. We can limit our search still further by applying

Proposition 5.2.2 to the involution ¢6:

8.3.2. Suppose (o, 0) is admissible then 06 = o <= (06)? = id. By abuse of notation denote
5|T = o and likewise for 0. Let A be a relating basis so that o(T) = 6(T) = T. Recall

T,y ={tcT|ot)

o(t) =t 1}"
Try={teT|o(t)=0

(t) = t}°.

Similarly,
T, ={teT|ot)=t"1}°
TF={tcT|olt)=t}"=(T'NG,)°
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and likewise for T," and T 9+ . So we have the identities,
T)y= (TS NTy)
T, o= (T, NT,).

By definition, (o, ) is admissible if and only if 35,0 € Aut(G, T) such that

G|T =0 and O|T =0
52 =id = 6?

0 =

D™

o

Qe

which is true if and only if

= 560 € Aut(G,T) is an involution.

Suppose we lift (o, 6) to (o, 5) such that 52 = id = 62 and G|T = o and 6|T = 6 but 50 + 05
and so 56 # id. Since (o, 6) is admissible, 3(5, ) as above such that

56 = 60 Int(t) for some ¢ € T

~

such that by Proposition 5.2.2 (50)2 = id = (66 Int(¢))? and 56Int(¢) = Int(c6(t))50 = Int(t)56.

Note. T, ={t € T | 06(t) =t} = (TN Gpp)* =T,y x T, ,, 80t =t t_ where ty € T, and
t-eT,

So in order to determine conditions on t, we observe the following.
id = (G0 Int(t)) - (0 Int(t))
= (66)% Int(c0(t)t),
for t € T9+0'9,
= (66)% Int(¢?)
= (660)? = Int(t?) "' = Int(t~ )%
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Now, given t € T:e, we also have

[Gme(n)]” = Fme(o(0)0)
= id Int(6(¢)t)
= Tnt(t, t" 't t )
= Int(t3) = id
if 2 € Z(QG).

It follows that:

Proposition 8.3.3. Let (o, 9\) be as above, then Eé\Int(t) = 5Int(t)3 if and only if t =ty t_ €
T;e such that t2 € Z(G) is a quadratic element. Hence t € T, N T9+ orteTy NTy .

The following algorithm is implemented in our k-involutions Mathematica package as
getCorrectionVectors[myPair_admissiblePair].

It is the method by which we correct the pair (&, é) to the standard pair and determine the

quadratic elements corresponding to standard and non-standard lifted pairs of involutions.

Algorithm 8.4 (Correction Vectors for a Pair of Involutions).

Let 0,6 € Aut(®) be commuting admissible involutions on the root system. Let &,6 €
Aut(g, t) be their lifted involutions of the Lie algebra. Note that in most cases (&,0) = (oa, 0a),
though we do not assume this to be true. It is again sufficient to do computations only on the
positive roots ®+.

For the purposes of this algorithm we will use the following notation:

® =9(0,0) A=A(0,0)

Input: (5,0)
Output: The set of all correction vectors for which 50 = é&, the set of
Standard Correction Vectors, the set of Non-Standard Correction

Vectors.

(PairCV 1) Let 7 = (y;)! be the coefficient vector of H such that H = §.H,, for which we will

solve.

(PairCV 2) For each «o; € A, solve the system of equations given by

cii - ei(H) . cg(ai) = cgi -cz(ai) - 7@ (H) (8.4.0 (a))

& iy = 1. (8.4.0 (b))

«
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(a) Find H € t_ , such that (7, 0 exp(ad(H))) is standard if one exists.

(b) It #H € t, , such that (&, f exp(ad(H))) is standard, then find H € ¢} ; such
that it is.

(¢) Find quadratic elements H € t_, such that (7, 0 exp(ad(H))) is non-standard

to find other non-isomorphic pairs.

(PairCV 3) End.
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CHAPTER 9:

RESULTS

9.1 NICE PAIRS: BOTH 0o AND Oao ARE INVOLUTIONS,
oAOa = Op0a AND (0a,60A) IS STANDARD.

Remark 9.1.1 (a = oa). If 0A(X,) = 0a(X,) for all & € &, then op and fa commute.
Proposition 9.1.2 (Ag(c) = Ag(0) =0). If Ag(c) = Ag(0) =0, then oa and Oa commute.

Proof. If Ag(o) = Ag() =0, then oa and O commute:
If Ao(O') = Ao(e = @ then

oc=—id o" and 0=—id 0" (9.1.2 (a))

Case 1: 0 = 6. In this case, oo = 0a by definition and and hence they commute. In fact, we
know that ¢* = id or ¢* # id and we showed in part I that in either of these instances,

oA 1s an involution and so oAf0a = id.

Case 2: g # 0. If 0 # 0, then w.l.o.g. we can assume that ¢* = id # 6* and so
ol = 6" = fo. (9.1.2 (b))

As in Case 1, we know that oA and 6a are both involutions defined so that cf@ =1=cg2
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for any simple root «; € A. Therefore we can deduce the following:

oala(Xa,) =275, X (o)

—0* (az)
and
HAO-A (Xaz) = CgiA CG—AOQ X_g* (aq)

where for any a; € A

OA OA _ OA _ 0A — OA .
Caiy € 0 (a) = C_p*(as) = Cor(as) = Coy = 1 such that o € A

and

TA on _ On
Cos €y, = Cor = 1

Therefore oa and 6 commute.

(9.1.2 (c))

(9.1.2 (d))

(9.1.2 (e))

(9.1.2 (f))

O

Remark 9.1.3. For all simple root systems the pair (fa, 0 Int(g;)) is nice except in the one

case in type D when 0 is not an involution. In the following sections we describe the other nice

pairs. But first, a little explanation of the tables in this Chapter.
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9.1.4 STANDARD VS. NON-STANDARD CORRECTION

We will present our results for the standard and non-standard correction vectors in the following type of table. In these tables, we have
represented the restricted roots \; € ®(c,0) and their corresponding fundamental weights wy, in terms of the simple roots A of ®.

To reduce the size of the tables in the classification, however, we have often omitted these exph(nt representations. Here, aq,,bq, € Q

such that A\; = )\ ajay, wy, = Y A bjaj, j,y; € C, and w)y, acts oanuch that z;.wy, .H = x> A bjHa,.

Table 9.1: Correction Vector Table Form

(0,0)-type restricted basis fundamental weights ~ Standard  Non-Standard

¢P4(Cartan Type o, Cartan Type 0,&;) A {aay,---,0q,} wx, {bar,-- >0,y Axjwn, Hy  {yjwn H}

For Example, let z; € Z

Table 9.2: Decent Pairs in Type A7

(0,0)-type restricted basis fundamental weights Standard Correction ~ Non-Standard Correction
Mo {G 0,11 l} Wy {l i1 111 l} = (dimzy) wy, - H
APHIL IITD, &) 4’2’%’ ”1*’2’4 S A A A 2 (221 + 1)) .wy, . H T
Ay {0,0,3,1,5,0,0}  wy {55515 57) (2im ) s, (dimz1) wy, . H
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9.1.5 TYPE A

Even Rank: All pairs are nice.
Odd Rank: (o, 0) such that o* = 6*, note this automatically includes (6,0 Int(g;)) or Ag(o,8) = 0.

NICE PAIRS IN TYPE Ap—op.

Table 9.3: Nice Pairs in Type Aj—op

(0,0)-type restricted basis fundamental weights Standard Correction Non-Standard Correction
AE:Z(I, 1, Si) (/\)p (W)\ )p (2’571’21) .CU)\q.H (’L’/‘(’ (221 + 1)) .CU)\q.H
L)1 i - -
1<qg<p={ ! (2imz1) wy,.H (im (221 + 1)) .wy,.H
APF(I11a,111a,e;) - -
¢ ! dirz1) wy, - H 2im (221 + 1
L<p<h<l)? ) @)} Wima) o 1 im e+ ) o 1
1<qg<p-1 (8imz1) wy, -H (dim (221 + 1)) wy,.H
AYP(I,111a,e;) -
L 2imz1) wy, -H
1<p<i)? oo (r )} i) -2 0
1<g<p-1 (4imz1) wy, . H
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NicE PAIRS IN TYPE Ap—or_1.

Table 9.4: Nice Pairs in Type Ap—op_1

(0,0)-type restricted basis fundamental weights Standard Correction Non-Standard Correction
A?Z(LI’EZ') p p . o . -
1<qg<p=¢ (AT (w7 (2im21) Wy, -H (im (221 + 1)) wy, - H
AN 1T ) -
1 geq <p=(-1)/2 (Ao)Y (wx, ) (2im21) wa,-H {}
A1 11Th &) IR -
1 i g<p=(L+1)/2 (A7 (@)Y (2imz1) wy, -H (im (221 + 1)) wy,.-H
ASTIEEDE T T e ~ -
i <g<p= ((K —1)/2 ) ()‘l)zl) (W/\i)]lJ (dimzy) wy,-H (2im (221 + 1)) wy,-H
ASDREDR T 111, &) (tinzs) an B
0+ 3+ 4k ()Y (wn,)? ) O 0
1<qg<p=({-1)/2 (8imz1) .wy, . H
APR(I1Ta,I11a,¢;) . P . P
1<p<k<(f—-1)/2 () (@) (dimzy) .wkq.fi (2im (221 + 1)) .w/\q.il
1<qg<p (8imz1) wy, -H (4im (221 4 1)) wy, . H
AP (T 0, TTTD, <) (4imz1) wy, . H R
AN (i1 (wr,) g 2im (221 + 1)) wy,.H
1<g<p<(+1)/2 ! ! (dimz1) wy, . H (2im 221+ 1)) w,
Aéz+1)/2,(£+1)/2(jllb, I110b,¢;) AP » (dirz1) wy,.H (2im (221 + 1)) wy, . H
Sqg<p= (2imz1) wy, - H (im (221 + 1)) wy,.H
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9.1.6 TYPE B

NiIcE PAIRS IN TYPE By—sp

Table 9.5: Nice Pairs in Type By—a

(0,0)-type restricted basis fundamental weights Standard Correction Non-Standard Correction

BYM(IL,1,e))

p and k both odd )2 (wn,)? (2imz1) .w/\q.lz (im (221 + 1)) .w,\q.fi
l<p<k<{-3 ' (dimz1) wy, - H (2im (221 + 1)) wy,.H
l<g<p-1
BYM(IL,1,e)) - =
p and k both even (M) (wr, )P (2im21) .w,\q.il (im (221 + 1)) .qu..Fi
2<p<k</t o1 1 ; ;
(dimzr) wy, . H (2im (221 + 1)) wy,-H
1<g<p-1
BYYNIL e 2imz1) wy, . H -
14 ( ) 761) » » ( ) 1) A - (’Lﬂ' (221 + 1)) .w,\q.H
1<p<i-1 (A7 (W) (4im21) wy, . H . =
1<qg<p-—-1 - (2Z7T21).w>\p.H

(2im (221 + 1)) .wy, . H
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NicE PAIRS IN TYPE By—_sr_1

Table 9.6: Nice Pairs in Type Bp—ox_1

(0,0)-type restricted basis fundamental weights Standard Correction Non-Standard Correction

B?k(la I7 5i)

p and k both odd ()7 ()7 (2imz1) .w,\q.I;I (im (221 + 1)) .w/\q.fi
l<p<k<t (4imz1) wy, . H (2im (221 + 1)) wy, H
l<g<p-1
Bg’k(lv I,ﬁi) - =

p and k both even » » (2im21) wa,-H (im (221 + 1)) .wy, . H
SPERS (dimz1) wy, . H (2im (221 + 1)) wy,.H

l<g<p-1
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9.1.7 TvypPE C

ALL ADMISSIBLE PAIRS ARE NICE.

Table 9.7: Nice Pairs in Type Cy—op_1

(0,0)-type

restricted basis fundamental weights

Standard Correction

Non-Standard Correction

Cy'(I, 1), L # 4k + 3
2<qg</{-—1iseven
2<p</lisodd

NN

(im (221 +1)). wy,-H 1
(207 (221 + 1)) ., - H

CH (I, 1,e:), ¢ = 4k + 3
2<qg</f—1iseven
2<p</isodd

(2im21) wy, - H
(dimz1) wy, - H
(2imz1) wy, - H
(dimz1) wy, - H

RN

(im (221 + 1)) .wy,_,.H

(im (221 +1)). w,\q
(2im (221 + 1)) wy,.H
( im (221 + 1 ) Wx, -

CyP(I,I1a, ;)
1<p<(£-1)/2
1<q¢g<p-—-1

(2im21) Wy, -H
H

(4i7TZl) .(.d)\p .

{

CP*(I1a, I1a,e;)
1<p<k<(-1)/2
1<qg<p-1

(dimz1) wy, . H
(8imz1) .wy,.-H

RN

(2im (221 + 1)) wy, . H

JEEN

(4im (221 + 1)) wy,.H

Cf’(g_l) 2([[(1, Ila,e;)
p is even
1<g<p<(t-1)/2

-

(dimz1) wy,-H

RN

(8imz1) wa,-H

-

(2im (221 4 1)) wy, . H

RN

(4im (221 + 1)) wy, . H

Cep’(e_l) 2(IIa, I1a,e;)
p is odd
1<g<p<(t—1)/2

(dimzy) .qu.iI
(dimz1) wy, - H

RN

(2im (221 + 1)) wy, . H




Table 9.8: Nice Pairs in Type Cy—gg,

(0,0)-type restricted basis fundamental weights Standard Correction = Non-Standard Correction
2<q</liseven (N (wx, 7 (i) T (Lim (221 + 1)) w,_,, - H
. iT21) Wy, - -
2 < p < £ —11is odd 1 Ap (2,1/71_ (221 + 1)) .W)\p-H
P, ) —
C, (I,I{b, &) ) » (2imz1) wy, . H p
2<q</{/2is even (Ai)y (w/\i)1 ) s (im (221 + 1)) 'w)‘e/2:4n'H
1<p<(/2—1isodd (dimz1) wh,-H
£]2,0]2
C, " (IIb,I1b,¢;) . o , s
¢ o 4 wy, . H 2im (221 + 1)) .wy, . H
2 < q < £/2 is even ()2 ()7 ( Z.7r21) wa,-H ‘( i (221 + 1)) wn,-H
1<p<f/2—1isodd (4imz1) wy, . H (im (221 + 1)) Wiy p_y, -H
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9.1.8 TYyPE D

NiceE PAIRs IN TYPE Dy, WHERE ¢ 1S EVEN OR ODD.

Table 9.9: Nice Pairs in Type Dy where £ is even or odd

(0,0)-type restricted basis fundamental weights Standard Correction Non-Standard Correction
DY (Ia, Ia, ;) - -
Lo 2imz1) .wy, . H im (221 + 1)) wy,.H
p < k, both even or both odd (N} (wr,)} ( Z'Wzl) “ha- (m( 2t 1))y, N
1<qg<p (4imz1) wy,-H (2im (221 + 1)) wy,.H
DY (Ia, Ib, ;) (2im21) wy T R
1<p</ (N7 (W)} ‘ . (im (221 + 1)) wy, . H
1<q<p (2i721) wy, - H
DYY(Ib, 1b, ¢ - -
) f<(q <y :12 (A)f (wn)Y (2im21) wy,-H (im (221 + 1)) wy, . H
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NicE PAIRS IN TYPE Djy_op

Table 9.10: Nice Pairs in Type Do

(0,0)-type restricted basis fundamental weights Standard Correction Non-Standard Correction
l .
Dgp’ /Z(Ia,IIIa,ai) (\)? ()7 (2imz1) w,\q.il 0
1<g<p ' (dimz1) wy, . H
0,0/2 ‘
D, "(Ib,111a,¢;) p (2imz1) wy, . H —
) (M) (wx )Y s im (221 + 1)) wy, . H
1<qg<p=1¢/2 i)1 1 @in1) won, J (im (221 + 1)) wa,
DE/ZE/Q([IIG,, IIla,¢;) ()P (wy.)? (4imz1) wy, . H (207 (221 + 1)) .wy,.H
7 i — N
1<q<p=1¢/2 ' ' (2imz1) wy, H (i (221 + 1)) wn, . H
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9.1.9 TYPE E

Rank 6: We only get nice pairs and feisty pairs.
Ranks 7 & 8: All admissible pairs are nice.

NICE PAIRS IN TYPE Eg

Table 9.11: Nice Pairs in Type Eg

(0,0)-type restricted basis fundamental weights Standard Correction Non-Standard Correction
M {1,0,0,0,0,0}  wy {5,1,3,2,%2
X2 {0,1,0,0,0,0} wy, {1,2,2,3,2,1}
Eg®(I,1,2) N {0,0,1,0,0,00  wy, {5.2,29,45,1 , = ‘ =
1<q<p=6 M {0,0,0,1,0,0}  wy {2,3,4,6,4,2) (Zimz1) wa, H (im (221 +1)) wa, H

)\5 {070707071)0} w/\5 {3727§a4a 130)2}
)\6 {07070707071} Wi {§a15372727§

)\1 {%70’070707%} Wiy {1717372737 }

Eg’4(l, 11,¢) A2 {0,1,0,0,0,0} wy, {1,2,2,3,2,1} o; FI (9 ) E
1<q¢g<p=4 A3 {0 0,%70’;0} Whs {%’2’3’4,37%} ( Z7T21).W)\q. (im (221 + )).w)\q:%.

A+ {0,0,0,1,0,0} wy, {2,3,4,6,4,2}
Eg’Z(I,IV75i) )‘1 { 72717172)0} Wiy {%7%7%717%5% (2i7‘[‘z ) w }__\[ {}
1<g¢<p=2 A2 {03272) ) 71} Wy %7%)%717%5% L

)\1 {27070707072} Wiy {1717%727%71} N N
Eg'III1,e) X {0,1,0,0,0,0} wy, {1,2,2,3,2,1} (2im21) Wi,y H (im (221 + 1)) wa,_y, - H

— 1 1 3 3 - -

I<gsp=4 X {0,0,5,0,50F  wy {5:23435}  (inz)wn,_, H Qi (22 +1))ws,_p  H

A {0,0,0,1,0,0} wy, {2,3,4,6,4,2}
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Table 9.11: Continued

o,0)-type restricted basis undamental weights tandar orrection on-Standar orrection
0 icted basi fund 1 weigh Standard C i Non-Standard C i
Y Lol l1ll1l 1137131 44 s H ~
gL e 0 tR0meeal e dead g Wt
> {0,1,3,1,5,0} wy {31,151 3} (dimz1) wy, -H
1l 111 1134931 : ;
E§’2(III, II1,2) A {5,0, 51, 3 ?, 5} W, {51, 5 Z,;, - 15} (8imzy) .w,\l.il (4im (221 + 1)) .w)\l.il
A {0.1,5.1,5,04  wy {311,315} (dimz1) sy H (2ir (221 + 1)) o, . H
2,2 113731 1 3 3 1 .
Eﬁ (Iljaj‘/vg’b) )\1 {57571717175} Wy {Z7i7§7%7§71} (8271'21).00)\1.[{ {}
1 1 215121 : ;
E§’2(I‘/’ I‘/:gl) )\1 {1,?,1,175,0} Wi {§,?,§,1,§,§} (47/7'('21).&))\1.{{ (2’1/77 (221 + 1))W)\1-E
A {055, LL1 wy {33515 3) (dimz1) wy, . H (2im (221 + 1)) wy, . H
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Nice PAIrRs IN TYPE E;

Table 9.12: Nice Pairs in Type E7

(0,0)-type restricted basis fundamental weights Standard Correction Non-Standard Correction

A {1,0,0,0,0,0,0}  wy, {2,2,3,4,3,2,1}

A2 {0,1,0,0,0,0,0} wy, {2,%,4,6,3,3,3

A3 {0,0,1,0,0,0,0}  wy, {3,4,6,8,6,4,2} , =
EXT(V,V,&) A+ {0,0,0,1,0,0,0} wy, {4,6,8,12,9,6,3} (2im21) _%E (z.w (221 +1)) .y, - H

N {0,0,0.0,1,0,00  wn {3.2,6,9,12.5 3} (im (221 +1)) wa, - H

Ao {0,0,0,0,0,1,0}  wy, {2,3,4,6,5,4,2}

A7 {0,0,0,0,0,0,1}  wy {1,3,2,3,5,2,3}

A {1,0,0,0,0,0,0} wy,  {2,2,3,4,3,2,1} .
EXYV,VI,e) X2 {0,0,1,0,0,0,0} wy, {3,4,6,8,6,4,2} , - (im (221 + 1)) wr, . H
1<q<p=4 X {0,3,0,1,100}  w, {2346233) (2imz1) wa,-H (i (221 + 1)) oon, H

A {0,0,0,0, 3,1, 3} wy, {1,3,2,3,3,2,1}

)\1 {1727 3 72700} Wiy {171737273717%}

7,3
?S(Z’gi? Yo {045 11,1,00 wy, {1,3,2,3,3,2,1) (2iz1) wy, H (i (221 + 1)) wny H
A3 {0,0,0,0,0,0,1} wy, {1,3,2,3,5,2,3}
A {1,0,0,0,0,0,0} wy, {2,2,3,4,3,2,1} (2imz1) wx, H (i (221 4+ 1)) .wy, - Ij
EMVILVIL ) X2 {0,0,1,0,0,0,0} wy, 1{3,4,6,8,6,4,2} (2im21) wAQ.IiI (im (221 + 1)) .wy, . H
! A3 {0,3,0,1,5,0,0}  wy, {2,3,4,6,5,3,5} (dimz1) wry H (2im (221 + 1)) wy,. H
Ao {0,0,0,0,5,1,3 W {123,521} (dimzy) .w)\4.?1 (2im (221 + 1)) .wy, . H
EM(VILVILe,) M{L3.1,1,5.0, ?} Wiy {i év %év %7 ’%l} (4757TZ1) wx-H (i (221 + 1)) .w,\l.ﬁ
A {0.3,3,1,1,1, 5} wye {3:5L3 5Lt (dimzy) wy, . H
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Table 9.12: Continued

(0,0)-type restricted basis fundamental weights Standard Correction Non-Standard Correction
A\ {17%’1,17%,0,0} Wy, {1,17%72,%71’%} (4imz1) .wy, -H (2im (221 + 1)) .wy, . H
E’?73(VII7 VII7€Z) )\2 {07%7%71717170} Who {17%72737%7271} (47:7T21).W)\2.H (2Z7T (221 +1))(,L))\2H
3 59 3 = =
23 {0,0,0,0,0,0,1} @y {1,5:23,3,2,5} (2imz1) wyg - H (im (221 + 1)) .wy,.H
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Nice PAIRs IN TYPE Eg

Table 9.13: Nice Pairs in Type Ejg

(0,0)-type res basis  fund weights Standard Non-Standard

- (220 4+ 1)) .wy, . H
ES(VIIL,VIILe) — (\) (wa,) (2imz1) wy,-H (im (221 + 1)), H

(im (221 + 1)) .wy,.-H

(o, 0)-type restricted basis fundamental weights

A1 {1,0,0,0,0,0,0,0} Wiy {4,5,7,10,8,6,4,2}

X2 {0,1,0,0,0,0,0,0} Wy {5,8,10,15,12,9,6,3}
A3 {0,0,1,0,0,0,0,0} wy,  {7,10,14,20,16,12,8,4}
Ay {0,0,0,1,0,0,0,0} wy, {10,15,20,30,24,18,12,6}
As {0,0,0,0,1,0,0,0} wy,  {8,12,16,24,20,15,10,5}
x¢ {0,0,0,0,0,1,0,0} wy,  {6,9,12,18,15,12,8,4}
A7 {0,0,0,0,0,0,1,0} W, {4,6,8,12,10,8,6,3}

As {0,0,0,0,0,0,0,1} Wg {2,3,4,6,5,4,3,2}

ESS(VIIT,VIII,e;)
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Table 9.14: Continued

(0,0)-type res basis fund weights Standard Non-Standard
At {1,2, ,1,1,0,0,0}  wy, {2,93,;,5;; 3,21y (imz).wy H R
ESA(VIILIX, =) Ao {035 L1,1,0,08  wy, {3,569 5,642} (2ira)wy,H o (in (22 + 1)) wy, H
Az {0,0,0,0,0,0,1,0}  wy, {4.6,8,12,10,8,6,3}  (2rz)wn H  (in (221 + 1)) g H
Mo {0,0,0,0,0,001}  wy 23465432 5
Mo {1,11,1,1,0,0,00 wy, {2,2,2,5 4,3,2,1}  (imz)wn H o (207 (220 + 1)) wn, H
EM(IX, X, 2) Yo {0,3,3.1,1,1,0,08  wy, {3,569 3,642} (dinzn).wy, H o (27 (221 1)) w, H
Aa {0,0,0,0,0,0,1,0)  wyy {4,68,12.10.8,63}  (9imz) wy H  (im (221 +1)) o, H
Mo{0,0,0,0,0001}  wh {234654320 o B (2 1) s B
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9.1.10 TvypPeEs F & G

All admissible pairs are nice. See Tables 9.15 and 9.17 below.

NiIcE PAIRS IN TYPE Fy

Table 9.15: Nice Pairs in Type Fjy

(0,0)-type res. basis fund. weights
)\1 {1,0,0,0} Wi {2,3,4,2}
X {0,1,0,0}  wy, {3.6,8,4}
As {0,0,1,0)  wy, {2,4,6,3)
Ar {0,0,0,1} wy, {1,2,3,2}

FpMIL T e)

Fy'(IILe) M {3,1,3,1)  wy {11,231}
T,T
AL 0 (b 0h 1) e (Lhid]
(0,0)-type Standard Non-Standard
F44,4(I)Iagi) % FI (2 1 ;[
1<q<4 (2im21) Wy, - (im (221 + 1)) w,-
FPNILILe)  (dinz) o, H 0
FPMILILE)  (dinz) wy, H 3!

NiceE Pairs IN TYPE G

All admissible pairs are nice. (The one and only.)

Table 9.17: Nice Pairs in Type Go

(0,0)-type  res. basis  fund. weights Standard Non-Standard
G2’2(6') A1 {1, O} W {2, 1} (2i7TZl> .w)\l.H (ZT( (22’1 + 1)) .w)\l.H
2 A2 {0,1} wy, {3,2} (2im21) wr, - H (im (221 + 1)) .wy, . H
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9.2 BETTER-THAN-OKAY: 0pn AND 0a Int(h) COMMUTE AND ARE A STANDARD PAIR.

9.2.1 TyPE D

These would be nice except that 6 for 6 of type Dée_l)/ JITh must be corrected to an involution:

OaTnt | exp _T” 7 4z + 1) H;
ajEAo(e)

BETTER-THAN-OKAY PAIRS IN TYPE Dy_sp_1

Table 9.18: Better-than-Okay Pairs in Type Doj_1

(0,0)-type restricted basis fundamental weights Standard Correction Non-Standard Correction
D?p’(é_l)ﬂ(fa,fffb, 5i) Y. » <2i7r21) .w,\q.H
(Aihy (wx 1y - {}
1§q<p (4i7r21).w)\ H
0,(6-1)/2 ' .
Y O )t Z’_m; . 0
— - 1T 21 .o.))\p
Dge—l)/Z,(Z—l)/Z(IIIb, I11b,¢;) ()P ()7 (dimzy) .w,\q.if (2im (221 + 1)) .w,\q.Ij
l1<g<p=({-1)/2 Z (8imz1) wy, H (4im (221 + 1)) wy, . H
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9.3 DECENT PAIRS : 0o AND 6o COMMUTE BUT (0a,6A) IS NOT STANDARD.

9.3.1 DECENT PAIRS IN TYPE A

Odd Rank £ = 3+ 4k: AL (11 1Ib, &)

DECENT PAIRS IN TYPE Ay_3.4;

In the following table, for 1 < g <p

restricted basis

fundamental weights

_152q A A . )
Ag=17 Zj:2q—1 (aj + o1+ ap—j + ap—jy1)

2 —j+1
)‘p:% Eji2p71 (Zz:g ;)

2 {—j5+1
=00 (125 o)

W

1520 (15 —j+1
pzizg‘il (izizj O‘Z’)

Table 9.19: Decent Pairs in Type Asqqx

fundamental weights

Standard

Non-Standard

(0,0)-type restricted basis
ALEDREDR 1 111, &)
¢ =3+4k
)P
p=(0+1)/4 ol
l<g<p

(wAi )f

RN

(2im (221 + 1)) wy, - H

RN

(4i7TZ1) .(,U)\q.H

-

(4i7‘(’21) .O.))\p H
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9.3.2 DECENT PAIRS IN TYPE B

DECENT PAIRS IN TYPE By

In the following table z; € Z as usual and we use 1 € Z to alert the reader to a special case.

Table 9.20: Decent Pairs in Type By

(0,0)-type restricted basis fundamental weights Standard Correction Non-Standard Correction

B?:n%—l([? I’ Ei)

1< ‘-1 N
_]fz;lzép Aq:aq W)\q q: (Z 27 ) (2, (2 +1)) ;{‘ (iwzl).qu.H
= L 1T\ 42 Wy, - -
)‘P:Zp @ =32 Z (Z z) 1 Ap (47:71_21) .OJ)\p.H

p odd and n even,
or p even and n odd

BYE L (1,1,e;) -
t=2k—1\1s 4> i = ' wy,-H
1<p<f—1,podd (N)] asabove (wy,)] as above (%m (2x1 + 1)) Wy H (z?rzl) WAq -
1<q<p (2imz1) wy, - H
B?:an(Ia Iv Ei)
1<p<n</t -
=psn= » » — (imz1) .wa,-H
1<g<p (Xi)] as above (wy,;)] as above (2im (221 + 1)) wy, . H -

p odd and n even, (dimz1) wy, - H

or p even and n odd
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9.3.3 TYPE D
DECENT PAIRS IN TYPE Dy

In the following table, for 1 < g < p

restricted basis fundamental weights
-2
Ag=0y wn =01 (S0 i+ aw + ar)
_N¥-2 1 _
Ap=2_, i+ (a1 + ap) w)\p:% E?:l (Ef:? a; + %(Oze_l + o@)

Table 9.21: Decent Pairs in Type Dy

(0,0)-type restricted basis fundamental weights Standard Correction Non-Standard Correction

Dy (Ia, Ia,g;)
1<p<n</i-1 (i) ;[
— iTZ1) Wy, -
1<qg<p (N)f (wx,)f (2im (221 + 1)) wn, . H T
p odd and n even, (dimzy) wy, - H
or p even and n odd
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9.4 FEISTY PAIRS: 0o AND A DO NOT COMMUTE.

9.4.1 TYPE A

Odd Rank: APTITa with AT or AII (if admissible).

Remark 9.4.2. Any involution o of type AI or AIT has lifting constants ¢Z& = (—1)M* =1 for
any o € ® and 6 of type AIIIa has lifting constants /2 = 1 for all a € ®.

Example 9.4.3 (Admissible AJI with A}II1a). Note the connected components in Ag(c, 6)
are contained in either Ag(o) or Ag(#) (or in both):

O O @ @ @ @ @ O O
\\‘\\///
9*

Figure 9.1: The (o, 6)-index of type Ag’Q(I,IIIa, £;)

Example 9.4.4 (Admissible Ayfl)/ IT with AJITIa). Note the connected components in
Ag(o,0) are contained in either Ag(c) or Ag(#) (or in both):

0 o o 6
® O L @ @ @ L O L ]
\&///

0*

Figure 9.2: The (o, #)-index of type A3’2(II, Illa,e;)

In rank € = 7,11,...,3 + 4k, k > 0 , the (0, 6)-pair of type A2 (11 11Ta,&;) is not
admissible because the connected component in the center of the diagram that is in Ag(o, 6) is

contained in neither Ag(o) nor Ag(6).
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Non-Example 9.4.5 (Non-admissible A?m_lllla with AIT). Note that when p = 2m — 1 is
odd the connected component in the center of the diagram which is in Ag(c, ) is contained in
neither Ag(o) nor Ay(6):

9*

Figure 9.4: 6-index

0 6 o o o 0 (7
@ O @ @ @ @ @ @ L 2 O . ]
\‘\\_’///

0*

Figure 9.5: The (o, 6)-index of type A} (I, I11a,¢;)
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FEISTY PAIRS IN TYPE A/—9p_1

In the following table, for 1 < g < p

(0,0)-type restricted basis fundamental weights
_\¢ 1 N~M=g+1
tp Ag=3 (g + Qp—g11) WA= 21j=1 (5 2is] a$>
AP(I I, €;) A=1 TP, 1w [(1x~t—j+l
P2 Lup @i WX, =3 Zj:l <§ Zi:j ai)
2 _N2¢ (1N~-i+1
AP 11 ey T a1 (05 0 by aega) - Ou=in (e o)
) »~1 _ 1 D -1 2 —j+1
Ap=7 2jmop-1(2oizj i) W/\p:% Zj]il (i Zizjﬁ ai)

Table 9.22: Feisty Pairs in Type Ay—or_1

(0,0)-type restricted basis fundamental weights Standard Correction Non-Standard Correction
4, .
ASP(I, I 1a, &) ()Y (wr )} (2im (221 + 1)) wy, . H {}
/—
ASDR (1 TTTa,ey) (A (wx, )Y (dim (221 + 1)) wy,-H U
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9.4.6 TYPE E

FEsITY PAIR Eg’2(I, I11,¢;)

2 2
1 3 4 5 6 1 3 4 5
O O O O O O @ @ O
v
o
Figure 9.6: o of type Eg[ Figure 9.7: 0 of type EGQIII
O o @ @ O

Figure 9.8: (0,0 Int(e;)) of type Eg’Z(I, I11,¢;)
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FEisTY PAIR Eg’z(II, IV,e;)

2 2
1 3 4 5 6 1 3 4 5
O O O O O O @ @ O
v
&
Figure 9.9: o of type Eé][ Figure 9.10: 6 of type EgIV
a o a
O o @ O

Figure 9.11: (0,6 1Int(g;)) of type E§’2(II, IV, &)

129



9.4.7 FEISTY PAIRS IN TYPE FEj

Table 9.23: Feisty Pairs in Type Ejg

fundamental Weights Standard Correction

Non-Standard Correction

RN

(2im (221 + 1)) wy, . H

{

(4im (221 + 1)) wy, H

{}
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Table A.1: Notation

Symbol Definition

G a semisimple (usually simple) Lie group

T a fixed maximal torus (i.e. maximal connected diagonalizable subgroup) of
G

g the simple Lie algebra of G

t a maximal toral subalgebra of g

a a toral subalgebra C t

o ®(T') the root system with respect to T’

X Z® - an integer lattice of ®, may be a root or weight lattice, (X*(T") char-
acters)

w W (T) Weyl group with respect to T’

v (X*(T), ®(T), X«(T) , ®Y(T)), the root datum corresponding to T

No g Chevalley constants

ch,cgﬁ lifting constants of oA and Oa respectively

7? lifting constants of the involution lifted from 06 = 6o

(ag, o) The product defined by the Killing form on g that relates the root system
and its dual.

T, , T+ the o-split and o-stable tori respectively, likewise for T, (;E

— +
Ty Tion)

the (o, 0)-split and (o, 6)-stable tori respectively

T 4 T;re the of-split and of-stable tori respectively

g(A, ) For A € ®(A) let g(A,\) = {X € g | [H,X] = AMH)X VH € a} be the
corresponding root space. Since of(A) = A, we have 00(g(A,\)) = g(4, \).

g(A, N5, {X € g(AN) | 00(X) = £X}

m*(\, 00) dimpg(4, )5,

O(T,\) {a € ®(T) | a|]d =1}

Meplit (A, 00)
MMcheck ()‘7 06) :

m(A)

| Psplit (A, 00)| such that Pyt (A, 00) = {a € O(T,N) | 00(a) # a}
|Pcheck (A, 08)] such that Pepeck(N, 08) = {a € (T, \) | 00(ar) = o}
dimg g(A,\) =mT(\,00)+m~ (N 00) = |D(T,\)]
= Mplit (A, 00) + Meheck (A, 00)
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Table A.2: Properties of Lie Maps

U: G — Aut(G) V,:G—=G

Lie group homomorphism: Lie group automorphism:

Uy =W, 0y U,(ab) = Wy(a)¥,y(b)
(Ty) =0,

Ad: G — Aut(g) Adg:g—g

Lie group homomorphism: Lie group automorphism:

Adgh =AdgAdh Ad, is linear

(Adg)_l = Adgfl
Ady [z, y] = [Adgz , Adyy]

ad : g — Der(g) ady g — g

Lie algebra homomorphism: | Lie algebra derivation:

ad is linear adp, | 4 = [adz , ady]

ad, is linear adz [y, z] =[adzy, 2]+ [y, ady 2]
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Table A.3: Constants Formulas and Relations

Symbol Relation Condition
N_o -3 —Nu
Ng,a —Na,p
NaﬁQ M where 8 + na, with —p < n < g, is the a-string
through f.
Nop Ng = Nya ifa,f,yePand a+8+~v=0
N_v,o0+8 N_g_q=—N_q_p|ifa,f,a+Bec®
No g —N_o -3 Combining the above relations.
N_a,a+p
~Noap
N_o-B,a
% % a1, ag, a3 € ® form a connected subsystem such
2,03 that «; is orthogonal to as, i.e. a1 +ag ¢ ®
Ciw ci cg %ﬁ;ﬁ) for any 6 € Aut(g, t), such that 6|y = 6
ceia clé for any 6 € Aut(g, t), such that | = 6

R
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