ABSTRACT

ELAMAMI, ELGADDAFI ELSAAD. Augmented Strategies for 3D Elliptic Interface
Problems with Piecewise Constant Discontinuous Coefficients. (Under the direction of Dr.
Zhilin Li.)

The augmented strategies for three-dimensional interface problems are reviewed in this
thesis. A fast second-order accurate iterative method is proposed for the elliptic interface
problems in a cubic domain in 3D using Cartesian grids for three dimensional elliptic
interface problems in which the coefficients, the source term, the solution and its normal flux
may be discontinuous (may have jumps) across an irregular interface. The idea in our
approach is to precondition the differential equation before applying the immersed interface
IIM method proposed by LeVeque and Li [SIAM J. Numer. Anal., 31(1994), pp. 1019-1044].
In order to take advantage of fast Poisson solvers on a cubic domain, an intermediate
unknown function of co-dimension two, the jump in the normal derivative across the
interface, is introduced. Our discretization is equivalent to using a second-order difference
scheme for a corresponding Poisson equation in the domain, and a second-order
discretization for a Neumann-like interface condition. Thus second-order accuracy is
guaranteed. Weighted least square method is also proposed to approximate interface
quantities from a grid function.

Numerical experiments are provided and analyzed. The number of iterations in solving the
Schur complement system appears to be independent of both the jump in the coefficient and
the mesh size. The method is designed for interface problems with piecewise constant
coefficient. The method is based on the fast immersed interface method and a fast 3D
Poisson solver. There are at least two reasons to use augmented strategies. The first one is to
get faster algorithms, particularly, to take advantages of existing fast solvers. The second
reason is that, for some interface problems, an augmented approach may be the only way to
derive an accurate algorithm. Using an augmented approach, one or several quantities of co-
dimension two are introduced. The GMRES iterative method is employed to solve the Schur
complement system derived from the discretization and is often used to solve the augmented
variable(s) that are only defined along the interface or the irregular boundary. Several
examples of the augmented method are provided in this thesis. An application of the method

is that it has been modified to solve Poisson equations on irregular domains.
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Chapter 1

Introduction

1.1 Introduction

In this thesis, we develop a second order fast algorithm to solve three-dimensional elliptic
equations with piecewise constant discontinuous coefficients on a cubic domain. The
problem can be described as follows:
Let Qbe a cubic domain in the space R®. Consider the following elliptic problem of the
form:
V. (,B(x, y,z)Vu(x, y, Z)) + ku(x,y,z) = f(x,y,2), (x,y,z) € Q\I, (1.1a)
[u] = w(s), [Bu,] = v(s), onT, (1.1b)
with a specified boundary condition on 0(), where I'(s) is an interface that divides the
domain Q into two sub-domains, Q*and, Q~, and u,, = Vu.n is the normal derivative along
the unit normal direction n, s is the arc length parameterization of I' . We use [.] to represent
the jump of a quantity across the interface I'. The coefficients [, k, and the source term f
may be discontinuous across the interface I'. We assume that [(x,y,z) has a constant value

in each sub-domain, i.e.,

(B, inQY,
Bay={ o (12)
If B* = B~ = B is a constant, then we have a Poisson equations Au = f/f with the source

distributions along the interface that corresponds to the jumps in the solution and the flux.
The finite difference method obtained from the immersed interface method [26,27,30] yields
the standard discrete Laplacian plus some correction terms to the right hand side. Therefore,
a fast Poisson solver, for example, the Fishpack [2], can be used to solve the discrete system
of equations. If B* # B, we can not divide the coefficient 8 from the flux jump condition.

The motivation is to introduce an augmented variable so that we can take advantage of fast



Poisson solver for the interface problem with only singular sources. Our approach is based on
finite difference method. It is of second order accuracy and the algorithm is fast, requiring

only O(N3logN?3) arithmetic operations for a mesh of N grid points.

1.2 Some application examples

Equation (1.1) is called Poisson problem and such problems arises in several fields of
physical applications in material science, some mathematical biology problems modeled by
PDEs, and fluid dynamics when two distinct materials or fluids with different conductivities
or densities are interfaced. Classical examples can be found in the so-called heat equation.
For example, u may represent the temperature distribution in a material with heat
conductivity B and a heat source f. For composite materials, the coefficient £ is
discontinuous across the interface between two different materials. For example, the
temperature u should be continuous, which means [u] = 0 across the interface, where [.]
denotes the jump in a quantity across the interface. The heat flux fu,, should also be
continuous across any interface, i.e., [fu,] = 0, if no heat source is present there, where
n denotes the unit normal vector at the interface. If 8 is discontinuous, then there must be a
jump in the normal derivative u,. Mathematically, the temperature u can be modeled as
follows

u, = V.(BVuw), in Q,

with boundary conditions on d(Q, initial conditions, and jump conditions on I': [u] = 0,
[Bu,,] = 0. The coefficient B is given as above, where QO and Q™ denote the two sides of the
interface, and T denotes the interface between QF and Q™ . More physical applications of
interface problems can be found in Hele-Shaw flow [21,22,47], two-phase flow [6,11,50],
drop spreading [23] and electro-migration of voids [8,34,40], etc.



1.3 Elliptic interface problems

This thesis is concerned with numerical analysis of elliptic interface problems in three-
dimensional space. Let Q be a simple convex domain subset of R? which is divided into two
sub-domains by an irregular interface I such that Q = Q* U Q™. Consider the elliptic
equation (1.1) and (1.2a-b).

Assume that the coefficient § and source term f may be discontinuous across the interface T',

1e.,

g = {,BJF, in Qf,
B, in Q.
f= {f+, in QF,
U, in Q.

See Figure 1.1 for illustrations.

A0

ot Bt f+

Figure 1.1: A cubic domain () with an immersed interface I'. The coefficients 8

and the source term f may have jumps across the interface.



It is crucial for our approach that we have enough a priori knowledge about some interface
conditions. Equations (1.2a) and (1.2b) can be derived either by physical reasoning or

directly from the differential equation itself.

1.4 Overview of numerical methods for the elliptic equations

Solving interface problems efficiently and accurately has been a challenge because of many
discontinuities or non-smoothness of their solution across the interface or discontinuities in
the coefficients and singular source terms across the interfaces. Over years, interface problem
have attracted a lot of attention from numerical analysts, and many numerical methods have
been developed for the interface problems such as:

e Peskin’s immersed boundary method (IBM), see [6,16,43,44];

e Smoothing methods for discontinuous coefficients, see [4,49,51];

e The immersed interface method (IIM), see [26,27];

e Harmonic averaging for discontinuous coefficients, see [4,49];

e  Ghost fluid methods ( GFM), see [17,18,19];

e Finite elements methods (FEMs); with body-fitted meshes;

e Immersed finite element method (IFEM), see [3,24].

Some methods (immersed boundary methods, ghost fluid methods) are easy to implement,
but only achieve first order accuracy. Others (immersed interface method, finite element
methods with body-fitted meshes) achieve second order accuracy, but they are not easy to
implement. We refer the reader to [26,27,30,32,33] for an incomplete review of Cartesian
grid methods for interface problems. Moreover, most of the above numerical methods can be
second order accurate in L;or L, norm, but not in L., norm. And it seems that only the [IM

method can guarantee a second order accurate solution in L, norm for interface problems.



1.5 Interface expression

To solve interface problems numerically, we need the information about the interface such as
the position, tangential and normal directions, and sometimes curvatures as well. We choose
to use the level set approach in this thesis since we focus on three-dimensional interface
problems. The level set approach was introduced by Osher and Sethian in [42] and has been
applied for many moving interface problems (e.g., [9,10,21,32,50,52]) since then. In this
approach the interface is modeled as the zero level set of a smooth function ¢ defined on the
entire physical domain. The interface is then moved by updating values of ¢ through non-
linear Hamilton-Jacobi equation of the level set function. By the narrow band approach [10],
the Hamilton-Jacobi equation is solved only over a computational tube surrounding the
interface, and only the values of ¢ within the narrow tube are updated.

Furthermore, this approach can be used for complicated moving interfaces in two and
three dimensions. It can handle cusps and spikes and situations in which the interfaces break

or merge.

1.6 Our strategy

The main idea in our approach is to precondition the partial differential equation PDE
(1.1),(1.2a) and (1.2b) before we apply the immersed interface method IIM proposed by
LeVeque and Li [26], and in order to take advantage of fast Poisson solvers on a cubic
domain, an intermediate unknown function of co-dimension two which is the jump in the

normal derivative is introduced.

1.6.1 The sketch of our method

Our method is based on an approach that involves the following steps:



e We precondition (1.1),(1.2a-b) to get an equivalent problem before using the
M.

e  We use the IIM idea to discretize the equivalent problem and derive the Schur
complement system.

e We discuss the weighted least squares approach to approximate from the grid
function.

e We propose an efficient preconditioner for the Schur complement system.

1.6.2 The augmented variable and augmented equations

There are more than one way to introduce an augmented variable. Since the original partial
differential equation PDE (1.1),(1.2a-b) can be written as a Poisson equation in each
subdomain after we divide f from the original PDE excluding the interface I, it is natural to
introduce [u,] as the augmented variable.
Consider the solution set uy (x, y, z) of the following problem as a functional of g(s),
Au=f/B", in QF,
(1.3)
Au = f/BY, inQ".

with the same boundary condition on d(1 as in the original problem (1.1). Let the solution of
(1.1) be u*(x, y, z), and define

g7 (s) = [uzl(s), (1.4)
along the interface I'. Then u*(x, y, z) satisfies the PDE and the jump conditions in (1.3) with
g(s) = g*. In other words, uy+(x,y,2) = u*(x,y,z), and

Oug-
[ﬁ In l = v(s), (1.5)

is satisfied. The expression (1.5) is called the augmented equation. Therefore, solving the

original problem (1.1),(1.2a-b) is equivalent to finding the corresponding g*(s) that satisfies



(1.3) and (1.5). Note that g*(s) is only defined along the interface, so it is one-dimension
lower than that of u(x, y, z). If we are given [u,] = g(s), then it is easy to solve (1.3) using
the IIM since only correction terms at irregular grid points are needed to add to the right hand
side of the finite difference equations. A fast Poisson solver such as the FFT then can be
used. The cost in solving (1.3) is just a little more than that in solving a regular Poisson
equation on the cubic domain as in Figure (1.1) with a smooth solution.

As mentioned earlier, it requires only O (N3logN?) arithmetic operations for a mesh of N

grid points.

1.7 The outline of the thesis

In chapter 2, we will give the detailed description on how to apply the immersed interface
method IIM to solve 3D elliptic interface problems and introduce the interface relations of
the problem which will be utilized in the derivation of our augmented approach. The main
task of this thesis is to develop a second order fast algorithm for 3D elliptic interface
problems with piecewise constant but discontinuous coefficients which is established mainly
in chapter 3. In order to use fast Poisson solvers, we introduce the jump in the normal
derivative [u,,]| as an unknown variable (augmented variable). Then the GMRES method is
employed to solve a Schure complement system for [u,,]. Moreover, this method has no
significant storage need, f+and B~ are inputs, and it gives us [u,] in addition to the solution
u. In chapter 4, the fast Poisson solver for piecewise constant coefficients is investigated by
some numerical experiments.

In chapter 5, as a part of this thesis, we will investigate some applications to the proposed
fast augmented IIM method by using the domain embedding technique to solve interior or
exterior Poisson equations with Dirichlet boundary conditions on irregular domain. The main
idea is to embed the irregular domain into cubic domains, and treat them as interface
problems, and then use the fast algorithm to solve them. Finally, in chapter 6 we summarize

the contributions we have achieved and discuss several possible future research topics.



Chapter 2

The IIM for elliptic interface problems in 3D

2.1 Introduction

Let Q be a convex domain in R® and I’ be an arbitrary piecewise smooth surface in . The
interface divides Q into two sub-domains Q* and Q™ and therefore Q = QT U Q™ UT. See

figure (1.1). In this chapter, we discuss the IIM for the elliptic interface problems of the form

V.(BVu(x,y,z)) + ku(x,y,z) = f(x,y,2), (x,y,2) € Q\T, (2.1)

in three dimensions in a region () with a boundary condition on 0}, where all the coefficients
B,k ,and the source term f may be discontinuous across the interface I' , which is a surface
S: x = x(51,52),y = y(51,52),Z = z(51,53) . To make the problem well-posed, we assume

that we have knowledge of the jump conditions in the solution and the flux,

[u] = w(sy,s2),  [Bun]l = v(sy,s7), (2.2)
where w and v are two known functions defined only along the interface I'.

In this chapter, we will introduce the interface relations of the problem of that will be used
in the derivation of our method later in chapter 3. Now, let us start to present a complete set
of interface relations up to second order derivative by differentiating the jumps along the
interface I', and making use of the original partial differential equation (PDE) (2.1). Since the
flux jump condition [Bu,,] is given in the normal direction of the interface, it is convenient to

use local coordinates in the normal and tangential directions.



2.2 A local coordinate system in 3D
Given a point (X,Y, Z) on the interface I, let & (with |[¢||= 1) be the normal direction of T’

pointing to a specific side, say the “+’’ side. Let n and t be two orthogonal unit vectors

tangential to I, then a local coordinate transformation is given by

E = (x _X)axf + (y - Y)ayf + (Z - Z)azf:

n=&-X)ay,+@-—Yay, + 2z —2Z)ay, (2.3)

T=(x— X)ax'[ + (y - Y)ay‘[ + (z - Z)“Z‘D

where a,; represents the directional cosine between the x—axis and &, and so forth. See figure

(2.1) for an illustration. Note that the choice of the two orthogonal tangential vectors is not

unique.



Figure 2.1: A sketch of local coordinates transformation in 3D.

The three-dimensional coordinate transformation above can also be written in a matrix-

vector form. Define the local transformation matrix as

Axg  Ayr Qg
A=<axn ayn azn), (2.4)

Ayr  Ayr  Azg

Then we have

& x—X
(n) =A (y - Y)- (2.5)
T z—7Z

Also, for any differentiable function p(x, y, z) we have

10



ﬁf Px
Py | =A| Py, (2.6)
D |

lfnf l?nn Pz
P& Py Pt

Dyx Dyy DPyz (2.7)

ﬁf 3 ﬁf n ﬁff Pxx DPxy DPxz
AT ( >
Pzx DPzy DPzz

where p(¢,1,7) = p(x,y,z) and AT is the transpose of A. It is easy to verify that ATA = I,
the identity matrix. For two dimensional problems, the matrix-vector relations under the local
coordinates can be found in [29]. Note that under the local coordinates transformation (2.3),

the PDE (2.1) is invariant. Therefore we will drop the bars for simplicity.

2.3 Interface relations for elliptic interface problems in 3D

Using the superscript "+ " or " —" to denote the limiting values of a function from the

Ot side or the Q™ side of the interface, respectively, we can write the limiting differential

equation from the " — " side as

B~ (ugs +upy +uz) + Brug + Pyuy +Prur —kTuT —f" =0 (2.8)
Under the local coordinate system ¢ — 1 — 7, the interface I' can be expressed as
§=x(1), with x(0,0) =0, x,(0,0)=0, x.(0,0) =0. (2.9)

From the jump condition (2.2) and the differential equation (2.1), we can derive more

interface relations, which are summarized in the following theorem.

11



Theorem 2.1. Assume that the differential equation (2.1) has a solution u(x) ina

neighborhood of T'. Assume also that u(x) is a piecewise C? function in both sides of the

neighborhood of T excluding the interface I. Then we have the interface relations

ut=u"+w, (2.10a)
uf =5ur + 2, (2.10b)
B B
Uy = u; + wy, (2.10¢)
uf =u; + wy, (2.10d)
Uy = Upp + (ug — ug) X + Wiz, (2.10e)
Uiy = Upy + (Ug = uf)dom + Wiy, (2.10f)
uf = up + (up — ud)xer + W, (2.10g)
ug, = %us?n + (u,;r - z—;u;))(,m + (u;r — %u;) X + ﬁ—iug - ﬁ—’_’tug + %, (2.10h)
ug, = ﬁ—:ugr + (u,’]r — %u;))(m + (u;r - %u;)xn + ﬁ—iug — ﬁ—{u? + ;—L (2.10i)

_ BT — (B ~ (B - B¢ - B
ugf—Fu§f+(F—1)um]+(F—1)u”+ug()(,m +XTT_F>_u"; (XWI +){TT—F)+

1, _ 1, _ 1 - [f] .

F(ﬁn Uy _B;u;)'l'F(ﬁr Ur _ﬁ;u:)+F [o]u _0'+[u])+ﬁ_+_wn_wnn- (2.105)

Proof.
The first two interface conditions are the original jump conditions (2.2). By differentiating

the first jump condition [u] = w in (2.2) with respect to n and T respectively, we get

12



[uely + [wy] = wy, (2.11)
[ue ] + [ue] = wy, (2.12)

which give (2.10¢) and (2.10d) if we evaluate the equations at (¢,7,7) = (0,0,0) in the new
coordinate system and use the fact x,(0,0) = x.(0,0) = 0. Differentiating (2.11) with

respect to 7 yields

Xn % [ue] + xne[ue] + xc[wne] + [une] = wie, (2.13)

From which we get (2.10e). Differentiating (2.11) with respect to n and differentiating (2.12)

with respect to T respectively, we obtain
d
Xn oy [tte] + o] + 2 [une] + [atgn] = wiy, (2.14)

Xe =[] + deelee] + e[ ] + [ttee] = wee, (2.15)

from which we get (2.10f) and (2.10g). Before differentiating the jump condition of the

normal derivative [fu,] = v, in (2.2), we first express the normal vector of the interface I' as

(1' —Xn XT)

/1+Xﬁ+x$

Thus, the second interface condition [Bu,] = v in (2.2) can be written as

[ﬁ(uf — UpXy — ur)(‘r)] = V(U:T) /1 + XTZI + XTZ- (217)

Differentiating this with respect to 7, we get

13



d 0
[(ﬁs‘)(n + ﬁn)(% — UnXn — Urxe)] + [ﬁ(uff)(n T Usy — Xy %un T X g U T Undom T U Xe)

, XnX
= vy 1+X77 + 2+ vV —/— il (2.18)
/1+)(n+)(T

which gives (2.10h) at (¢,n,7) = (0,0,0). Similarly, differentiating (2.17) with respect to T,

we get the last interface relation (2.10j) by

d d
[(ﬁf)(r + B‘r)(uf - un)(n - u'r)(r)] + [ﬁ(uff)(r + uf‘r - Xn a_un - Xraur - un)(n‘r - u'rX‘r‘r)

=V /1+)(,,+)(T+v Xk
/1+)(,,+)(T

which gives (2.10i) at (¢,n,7) = (0,0,0).

To get the relation for ugf , we need to use the differential equation (2.8) itself, from which

we can write

[B(uee + upy + uee) + Beug + Bpuy + Bour — ku] = [£1. (2.20)

Notice that
-k u"+ktut=—k u +ktu" —ktum + ktut = [klu” + kt[u]. (2.21)

Rearranging (2.20) and using (2.21) above, we get

BT (ufe +uy + ) + Bug + Brug + Biud
= B (uge +upy +uz) + Brug + Byuy + Prur + [f1—k~u” + k¥ut, (2.22)

By solving u;{g from the equation above, we get the last interface relation, (2.10j).
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2.4 The finite difference scheme of the IIM in 3D

It is more convenient and also easier to use the zero level surface of the three-dimensional
function ¢ (x, y, z) to represent the interface I' compared with other approaches. Let

@(x,y,z) be a Lipschitz continuous function satisfying

olx,y,z) <0 if (x,y,z)EQ,
ox,v,z)=0 if (x,y,z) €T, (2.23)
px,y,2z)>0 if (x,y,2) €Qr.

Such a level set function is not unique but should be chosen as an approximation of the
signed distance function to the interface I'. We also assume that the level set function
@(x,y,z) has up to second-order continuous partial derivatives in a neighborhood of the zero
level set @ = 0. We refer the reader to [41,48] for more information about the level set

method.

Let the domain () be a convex cubic domain in three dimension space and let {xl-, Vi Zk} be a
uniform Cartesian grid. The level set function is defined at grid points @;; = @(x;, ¥, Z).

At a grid point, X, we define

I = min {Q 1) k-Pi j+1 )0 Pijjes1) (2.24)
@l = Max{Qir1,jk-Pij+10 Pijk+1): (2.25)

A grid point X, . s called an irregular grid point if

oo < 0 (2.26)
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in reference to the standard central 7-point finite difference stencil. Otherwise X; j is called a

regular grid point.

2.4.1 Finite difference scheme of the IIM in 3D

Similar to the IIM in two dimensions, given a Cartesian grid (xi,yj,zk), i=01,..,Lj=

0,1,..,M,k =0,,...,N, the finite difference scheme of (2.1) has the generic form:

ng

Z Ym Uivip,j+ jmk+km — OijcUijk = fijk + Ciji (2.27)
m

at any grid point (x;,y;,z;) where the solution u(x;,yj,2x) is unknown. In the finite

difference scheme above, ng is the number of grid points involved in the finite difference

stencil and Ujjis an approximation to the solution u(x,y, z) of (2.1) at (x;,y;, zx). The sum
over m involves a finite number of grid points neighboring (x;,y;, zx). So each ip, jm, kpy

will take values in the set {0,+1,+2,...}. The coefficients {y,,} and the indexes i,,, jm, km
depend on (i, j, k), so they should really be labeled as y; j, etc. But for simplicity of notation,

we will concentrate on a single grid point (x;, ¥;,2,) and drop the dependency. The local

truncation error at a grid point (x;, y;, Z,) can be defined as

ng

Tiji = Z YU (Xivi ) Viej s Zievky,) — Ottt (X0 V5, 2i) = fije — Cijic- (2.28)

m

A grid point (x;,yj,2z) is called a regular grid point in reference to the standard 7-point

finite difference stencil centered at (i, j, k) if all seven grid points are on the same side of the

interface.

At regular grid point, the local truncation errors are O (h?) if the standard centered 7-point in

(ns = 7) finite difference coefficients are given by
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Bislin Bijeli Bijesl
Yitrjk = 32 > Vijtrk = Tz > Vijkt1 T Tz o
Vijk = =X Vizrje + ZVijeie + X Vi) (2.29)

where f;_1 k= B (xi —h,/2, yj,zk), and so forth. Here, we have assumed for simplicity
.

that h, = h, = h, = h. The correction term is simply C;j; = 0 and the local truncation

errors are O (h?).

If (x;,yj,2x) 18 an irregular grid point, that is, the grid points in the centered 7-point stencil
are from both sides of the interface, then an undetermined coefficient method is used to set
up a linear system of equations for the finite difference coefficients {y,,} in (2.27) . The
correction term C;j, can be determined after {y,,}'s are obtained. With the assumption that
the solution is piecewise smooth, a point (x;,y;,z;) on the interface I' near the grid point
(xi,¥j,Z) 1s chosen so that Taylor expansion can be carried out from each side of the
interface. Usually (x;,;,z) is chosen either as the orthogonal projection of (x;,y;, z,) on
the interface or as the intersection of the interface on one of the axes. See Figure 2.2 below
for more illustrations. Let the local coordinates of (xi+im, Vitjms Zk_,_km) be (Emy My Tim)- The
idea is to minimize the magnitude of the local truncation error T;j; in (2.28) by matching the
finite difference equation to the differential equation up to all second-order partial
derivatives. Thus, the local truncation error would be zero if the exact solution is a piecewise

quadratic function, which implies second —order convergence if the stability condition is also

satisfied.
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(x.v.2)

Xso Vi34 I‘I r.l'.r.:

Figure 2.2 The irregular grid points and their one-sided projections on the interface I'.
The projection points are the control points on the interface I'.

More detail with the local truncation error and correction term can be found in [33].

2.4.2 Computing the orthogonal projection in 3D Cartesian grid

To derive the finite difference equation using the IIM at an irregular grid point X;j, =

(xl-, Vi Zk), we need to choose a point X;‘jk = (X{, Y}*, Z) on the interface that is close to
X;ji- At this point, we can use the Taylor expansion from each side of the interface so that
the jump conditions (2.2) and the interface relations (2.10a)-(2.10j) can be utilized. While we

can choose any point (on the interface) that is close to the grid point X; jy, it is natural to

choose the orthogonal projection of X;;; on the interface. Since iV(p(xi jk) is the direction

18



where the level set function has the largest rate increase/decrease, the orthogonal projection

can be determined from

X:]k = Xijk + aP,
where P = V@/||Ve|| and |a|~h is an approximation to the distance between the grid point
X;ji. and X7j;.. Neglecting O(a?®) and higher-order terms in Taylor expansion of (p(Xi*jk) =

(p(Xijk + aP) = 0 at x;ji , we get a quadratic equation for a,
1
(p(xijk) + |V(p(xijk)|a + E(PTHQ ((p(xljk)) P) aZ = 0,
where He ((p(xijk)) is the Hessian matrix of ¢.

Diex (ny Dz
He (‘p(xijk)) = <(Pyx ¢yy (Pyz>

Dzx (pzy Pzz
Evaluated at X;j. The values of @, @y, @y, 9, Oxx) Oxy» Pxzr Pyyr Pyz and @, are evaluated
at the grid point X, = (x;,y;, Zx) and can be approximated using the standard central finite

difference formulas, for example,

_Pitjk — Pi-1,jk

~

x 2h, ’
_Pij-1k ~ 2<Pi,j,k — Pij+1k
(pyy ~ hz )
y

Qi-1j-1k T Pit1j+1k — Pi-1,j+1,k — Pi+1,j-1k

Py = 4hyh,

Note that the truncation error of the quadratic approximation is O(a3®) ~ O(h3®). The

computed projections are typically third-order accurate.
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2.4.3 Setting up a local coordinate system using a level set function

Given a point X* = (x*, y*, z*) on the interface I, the unit normal direction of the interface at

X" is given by

T
_ Vo _ (eney0,)
Vol JoZ+ 2 + o2

$

where the partial derivatives are evaluated at (X, Y", Z*). Note that at the interface I, the
level set function should be chosen such that V| # 0. We prefer to choose the level set
function ¢ as the signed distance function, which satisfies |Vg| = 1 at least in two-sided
neighborhood of the interface I'. The choice of the tangential axis vectors is not unique. It is
recommended that if @2 + (pjz, > @2 + @2, then the two tangential directions should be

chosen as

N = (¢y,— 0, 0)"/\J 02 + @2,

T =
|s|

where s = (0,0, @y, —07 — 3).

Otherwise, the two tangential directions are chosen as

_ ((pz' 0: _(px)T
n -_——

Joz+oz
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where t = (—@, @y, 0z + @2, —fpyfpz)T-

The three unit orthogonal vectors §, B and T form local coordinates in the normal and

tangential directions.

Next in chapter 3, based on the IIM for elliptic interface problems in 3D, we will establish
our 3D augmented approach. It is second order fast algorithm for elliptic interface problems

with piecewise constant but discontinuous coefficients.
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Chapter 3

The augmented approach for 3D elliptic interface problems with

piecewise constant coefficients

In this chapter, we will develop a second order fast approach for elliptic interface equations

with large jump in the coefficients which are piecewise constant, in both cases, continuous

and discontinuous coefficients.

3.1 Introduction

The problem we are interested in solving is of the form:

Problem Formulation (I)

with boundary conditions on 9(). There are two main concerns in solving problem (I)

(3.1)

(3.2a)
(3.2b)

numerically. One is how to discretize it to certain accuracy. As we pointed out in chapter 1,

there are a few numerical methods presented in the past few years. Most of these methods

can be second order accurate in L; or L, norm, but not in L., norm.

The other concern is how to solve the resulting linear system efficiently. Usually the

number of iterations depends on the mesh size. Also, if the jump in the coefficient S is large,

then the resulting linear system is ill-conditioned, and thus the number of iterations in solving

such a linear system is large and may also be proportional to the jump in the coefficient.
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Based on integral equations, some fast solvers are available for Poisson equation with
piecewise constant coefficient and other problems [20,35,37,38]. In these methods, integral
equations are set up at some points on the interface and boundaries for unknown source
strength, and the solution then can be found using fast boundary integral techniques. Non-
homogeneous source terms can be decomposed as two homogeneous problems. For example,
Mayo and Greenbaum [36,37] have derived an integral equation for elliptic interface
problems with piecewise constant coefficients. By solving the integral equation, they can
solve such interface problems to second order accuracy in L, norm using the techniques
developed by Mayo in [35,36] for solving Poisson and biharmonic equations on irregular
regions. Basically, the region is embedded in a regular region where a fast solver can be used
on a uniform grid and the right-hand side is appropriately modified near the original
boundary. The total cost includes solving the integral equation and regular Poisson equation
using a fast solver, so this gives a fast algorithm. The possibility of extension to variable

coefficient 8 is mentioned in [36].

In this chapter, we develop a fast approach for elliptic interface equations with piecewise
constant but discontinuous coefficients. The idea is to precondition the original elliptic
equation before using the immersed interface method IIM. In order to take advantage of
existing fast Poisson solvers on cubic domains, we introduce a new problem by rewriting the
PDE and introducing an intermediate unknown jump in u,,. The new problem looks like a
Poisson equation, which can be discretized by using the standard seven point stencil with
some modification to the right-hand side. Then some existing fast Poisson solver can be
called directly. Basically, this approach is equivalent to using a second order finite difference
scheme to approximate the Poisson equation in Q* and Q™ , and a second order discretization

for the Neumann-like interface condition

Brun — B uy =gq.
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Thus from the error analysis for elliptic equations with Neumann boundary conditions, for
example, see [39], we would have second order accurate solution at all grid points including
those near or on the interface. The GMRES method is employed to solve the Schur
complement system derived from the discretization. This approach appears to be very
promising not only because it is second order accurate, but also because the number of
iterations in solving the Schur complement system is nearly independent of both the mesh

size and the f jump coefficients.

Now, we begin to describe the approach in detail.

3.2 The augmented IIM approach description

Now, we will describe our approach and strategies in detail as pointed out earlier in

Chapter 1.

3.2.1 Preconditioning the PDE to an equivalent problem

By dividing the coefficient f§ in each sub-domain of (), then we get that equation (3.1) can be

rewritten into the following differential equations

Au+v’[))'8+ 'Vu:[%’ in Q%
(3.3)
Au+v'[;)‘g.Vu=[£, in Q.

And since [ is piecewise constant, we get
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Auzi, in QF,

B+
(3.4)

Au= —, in Q.

B

The Poisson equation can be solved readily with a fast 3D Poisson solver if we know the
jump in the solution [u] = w and the jump in the normal derivative [u,], but unfortunately it

is given to us the flux jump condition (3.2b) which is [Bu,,] = q instead of [u,,].

Notice that we can not divide £ from the flux jump condition (3.2b) because £ is
discontinuous. In [29], a fast method for two dimensional problems is proposed, but in this
thesis, we describe our augmented method for three dimensional problems. As described in

[29], the idea is to augment the unknown [u, ]= g and equation (3.2b) to (3.4).

Another observation here is that: let u” be the solution of problem (I). Define

*

g =lunl,
Then u* will also be the solution of (3.3) with the jump condition [u]= w and [u,]= g*.

Therefore, solving problem (I) is equivalent to finding the corresponding g and then the

solution, ugy-, of the following problem with g = g*.

Problem Formulation (II).

Au + Vﬁ’%.w =L, ima, (3.5)
VB~ D T O

Au + 5 Vu = in Q7, (3.6)

[ul=w, on T, (3.7)

[u,] =g, onT. (3.8)
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with boundary conditions on Q. The key is how to find g~ efficiently. Basically, we choose
an initial guess and then iteratively update it until the flux jump condition in (3.2b) is

satisfied.

Notice that ¢g" is only defined along the interface T, so it two-dimensional in a three-
dimensional space. Problem (II) is much easier to solve because one jump condition is given

in [u,] instead of in [Su,,].

In this thesis, we are especially interested in the case that 8 is piecewise constant, so the
corresponding problem becomes a Poisson equation with discontinuous source term and
given jump conditions. We can then use the standard seven point stencil to discretize the left-
hand side of (3.6), but just modify the right-hand side to get a second order finite difference
scheme, see [26,27] for the detail. Thus we can take advantage of fast Poisson solvers for the

discrete system.

Here we want to compute uy+ to second order accuracy. We also hope that the total cost in
computing g~ and Ug- is less than in computing ugy+ through the original problem. The key to
success is to compute g~ efficiently. Now we begin to describe our approach to determine g .
Once g~ is found, we just need one more fast Poisson solver call to get the solution u". As we
briefed earlier in Chapter 1, only O(N3logN3?) arithmetic operations for a mesh of N grids

points are required.
3.2.2 Representation of the interface and jump conditions
We use the level set approach to represent the interface. For any quantity p defined along
the interface I', we represent it at some specified discrete points on the interface. We call

these points Control Points. Then any information of p is evaluated by its values at these

control points, see § 3.2.6.
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Obviously, one simple approach is to choose projections of irregular grid points as control
points. But it is quite possible that different irregular grid points may share the common
projections or some projections may be very close to each other. To avoid this situation, only
projections corresponding to the irregular grid points in one side of the interface are chosen
as control points. Usually, the number of control points is about half of that of total

projections.

Let the control points be Xj = (X, Yx, Zi), k = 1,2, ..., n,., where n, is the number of the
control points. Then any quantity defined on the interface can be discretized. For example,

we denote the discrete vector forms of w, g and g by

W = (wyg,w,, ...,WnC)T,
Q= (91,92 > qn)",
G = (91,92 > 9n)"
where
wi = w(Xy) = w(Xy, Y, Zp),
Q. ~ q(Xi) = q(Xy, Y, Z),
Ik = 9(Xi) = 9Ky, Yie, Zy).

3.2.3 Discretization

As we mentioned earlier in Chapter 2, the uniform Cartesian grid on the cube [a4, b;]|X

la,, by]%x[as, b;] where Problem (I) is defined and given by:

x; = aq +ih, yj = a; + jh, Z = az + kh, 0<i<] 0<j<m,
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Here, for convenience, we assume that the mesh size h is given as

h = (b; — a,)/l = (b, — az/m = (b3 — az)/n. From the IIM, it is known that the discrete
form of (3.6) can be written as

fijk

Lypugj = Bin
ij

+ Cijis 0<i<l, 0<j<m 0<k<n, (3.9)
where

L o Wimt ke T Wi jae T U1k + Uijrre T Wijae—1 + Upjrrr — OUjk 3.10
ijkUijk = 12 ) (3.10)

is the discrete Laplace operator using the standard seven point stencil. Note that if a grid
point (xl-, Vi Zk) happens to be on the interface, then f;;; and B; ;) are defined as the limiting
values from a pre-chosen side of the interface. For regular grid point, the correction term C;
is zero. For irregular grid points, C;jy is computed with the IIM. Then, a fast Poisson solver,

for example, a fast Fourier transformation (FFT), or a multigrid solver can be applied to

solve (3.9).

3.2.4 Updating the jump in the normal derivative

As presented earlier, the key idea of the fast approach is to guess a jump in u,, initially and
then update it gradually until we have that the original jump condition in fu,, is satisfied.

Hence the crucial part of the fast approach is how to update [u,, ] efficiently.

By choosing an initial guess on [u,], say g1, and solving Problem (II) for u,, we actually
have u;jy, the approximate value of u at grid points (x;,yj,2x), 0<i<[0<j<m,0<
k < n. Then based upon these values (defined on grid points, sometimes we call it a grid

function), for each control point X, k = 1,2, ... ,n., we may find the limiting values of u,,
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from both sides of the interface respectively, say u; (X)) and uf (Xy), k = 1,2, ... ,n.. This

can be done by an interpolation scheme, and we will cover this later. Let

3Q

n = (ur—l(Xl)lu;(XZ)ﬂ ""ur_l(ch))T'
Uit = (i X0,y (Xp), oo, 1 (X )T

The ideal situation would be that we already got the solution of Problem (I). In other words,

U,;; and U, already satisfy the discrete form of (3.4)
BrUr —pB U, —Q =0. (4.11)
Unfortunately, usually this is not true for an arbitrary initial guess.

If U, and U;} are exact, that is (3.14) is satisfied, then we can solve [U,] = U} — U, in

terms of Q, =, B+, and one of U,; and U, . It is straightforward to get

Q- (B Bz
[Un] - B+ )
or
Q=BT =-B)Uy
[Un] - B_ .

And these lead to the following updating scheme
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Q-(B*-B)Ux
Gnew = QBT F Un Bf Vn, (3.12)

or

Q-(B*-B)Ux
Grew = 22 (3.13)

We did some numerical experiments by using this updating approach. It turned out that in
most cases the iteration converged. However, the convergence rate was too slow, and the
number of iterations seemed to be proportional to 1/h. Now we describe the augmented

approach for the 3D IIM.

The solution U of Problem (II) depends on G and W continuously. When W= 0, G = 0, the

discrete linear system for Problem (II) is
AU =F,

which is the standard discretization of a usual Poisson problem. For non-homogeneous W or

G, the discrete linear system of problem (II), in matrix-vector form is
AU +Y¥Y(W,G) =F, (3.14)

where W(W, G) is a mapping from W and G to C;j's in (3.9). We also know that ¥(W, G)
depend on the first and second derivatives of w, and the first derivatives of g, where the
differentiation is carried out along the interface. At this time we do not know whether such a
mapping is linear or not. However in the discrete case, as we will see later, all the derivatives
are obtained by interpolation values of w or g on those control points. Therefore, ¥ (W, G) is

indeed a linear mapping and can be written as
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Y(W,G) =BG — B,W, (3.15)
where B and B; are two matrices with real entries. So (3.17) becomes

AU+BG=F+B,W =F, (3.16)
where F is defined as F + B, W.

The solution U of the equation above certainly depends on G and W we are interested in

finding G* which satisfies the discrete form of (3.2b)

B Uz (G) =B U (G)—Q =0. (3.17)

Later on, we will discuss how to use the known jump G, and sometimes also @Q, to interpolate
U to get U, and U, in detail. As we will see, U, and U,} depend on U, G, and Q linearly,
which implies

pTUY —Bp U, —Q=EU+DG+PQ—Q

= EU + DG — PQ. (3.18)

where E,D, P,and P are some matrices, and P = [ — P. Combining (3.16) and (3.18), we

obtain the system of linear equations for U and G

(Z"l g) (g) = (pFQ)- (3.19)
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Now the question is how to solve (3.19) efficiently. We will solve for G and U in turn using

the most updated information.

Solving for U is one fast Poisson solver call if § is piecewise constant. The question is how

to solve for G efficiently. Eliminating U from (3.19) gives us a linear system for G

(D —EA™'B)G = PQ — EA"'F = Q, (3.20)

where Q is defined as PQ — EA~'F . This is an n. Xn. linear system for G, a much smaller
system compared to the one for U. The coefficient matrix is the Schur complement of D in
(3.19). In practice, the matrices 4, B, E, D, P and the vectors Q, F are never explicitly formed.
They are merely used for theoretical purposes. Therefore an iterative method is preferred.
Especially, note that the Schur complement is not symmetric, then GMRES iterative method

will be employed to solve the Schur complement system.

Also note that if f is continuous, the coefficient matrix of (3.20) is invertible since E = 0

and D = I.

3.2.5 The Least squares approach

When we apply the GMRES method to solve the Schur complement system (3.20), we need
to compute U, and U,f with the knowledge of U. This turns out to be a crucial step in solving

the system of linear equations. Below we will describe a least square approach to interpolate

U, and U;.
Let u be a piecewise smooth function, with discontinuities only along the interface. For a

given point X = (X,Y,Z) on the interface, we want to interpolate u(x;,y;,zx), 0 < i <1,

0 <j<m, 0 <k <n,to get the normal derivatives u;, (X) and u;; (X).
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The approach is inspired by Peskin’s method [43] in interpolating a velocity field to get the

velocity of the interface using a discrete §-function. The continuous and discrete forms are

the following
u(X) = .Uf ulx,y,z)6(X —x)8(y —Y)6(Z — z)dxdydz, (3.21)
u(X) = h’ Yijk WijkOn (X — X)) (Y - y].) Sn(Z — zp), (3.22)

where X = (X,Y,Z) is a point on the interface and &, is a discrete Dirac §-function. A

commonly used one is

1 .
5, (x) = E(l + cos(mx/2h)), if |x| < 2h, (3.23)
0, if |x|=2h.

Notice that §,, (x) is a smooth function of x. Peskin’s approach is very robust and only a few
neighboring grid points near X are involved. However, this approach is only first order

accurate and may smear out the solution near the interface.

Our interpolation formula for u;, (X), for example, can be written in the following form

U, (X) = Z Yijk Wijk — C, (3.24)
i,/ )EN

where N denotes a set of neighboring grid points near X, and C is a correction term which

can be determined once y;j's are known. Usually, we choose N starting with those grid

points closest to X. Therefore, expression (3.24) is robust and depends on the grid function

u;ji continuously, one very attractive property of Peskin’s formula (3.25). In addition to the
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advantages of Peskin’s approach, we also have flexibility in choosing the coefficient y;j's

and the correction term C to achieve second order accuracy. See[13].

Now we discuss how to use the IIM method to determine the coefficients y;j;'s and the

correction term C. They are different from point to point on the interface.

We use the same idea as used in the IIM method. Since one jump condition is given in the

normal derivative of the solution, we use the local coordinates at X = (X,Y,Z)

& x—X
(n) =4 (y - Y); (3.25)
T z—7Z

where A is defined in (2.4) in. Recall that under such new coordinates, the interface can be

parameterized by
§=x(n,r) with x(0,0) =0, x,(0,0)=0, x,(0,0)=0, (3.26)
provided the interface is smooth at X = (X,Y,Z)

It is easy to check that when [ is piecewise constant, the interface relation (2.10a)-(2.10j)

from Chapter 2 for Problem (II) can be reduced to
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ut =u" +w,
ug =u; +g,
Uy = Uy + Wy,
uf =u; +wg, (3.27)
u:;-r = ur?r —9Xnr T Wyo
+ _ —
Uny = Uny — GXmgm T Wi,
u‘-[i-‘[ = ur_r — 99Xz + Wi
Uy = Ugy + WXy + Welle + G,

ugr = uf_r + WpXne t WeXer + 9o

- f
ufe = uge + g(Any + Xer) + [E] — Wyy — Wrp.

Let ($;,1;, Tx) be the § —n — 7 coordinates of (x;, y;, zx), then by Taylor series expansion

as we did in chapter 2,then we get

+ 1+ 1 1 +
u(Guny ) & ut FUFS Uy +ud e+ JuESE S umng + S uRTi + ug i +

UE &Tj + U Ty, (3.28)

where + and — sign depends on whether (;, 71, 74 ) lies in the + or - side of the interface I'.

Expressing + values by - values and collecting like terms, we get

Uy (X) = aqu” + apu” + azu; + a4uéF + asuy + aguy + azur + aguf + agug; +
ArolUgy + Qyillpy + Qpliy + A3y + Q14U + aisuy, + aeUg, + i ug, + aguf, +

A19Up; + AzoUsy — C + O(hPmax|y;jl), (3.29)

where the coefficient a;,'s are given by (2.36). After using the interface relations in (3.27),

we get
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Up (X) = (ay + az)u™ + (a3 + alu; + (as + agduy + (a; + aglug + (ay + aro)ug; +
(a1 + a)uyy, + (a3 + aga)u + (ags + a16)uf_11 + (a7 + als)ugr + (ay9 + azo)uy: +
a,[u] + a, [ug] + ae [un] + aglu,] + alo[u&c] + alz[um]] + agqlug] + alé[usen] +

alg[u&] + azo[um] —C+ 0(h3 max|yijk|). (3.30)

On the other hand, we know u;, = u;. Therefore, we have the system of linear equation for

4
Vijk S

(3.31)

If the system of linear equations (3.31) has a solution, then we can obtain a second order
approximate to the normal derivative u; (X) by choosing an appropriate correction term C.
The above linear system has ten equations. So the set of neighboring grid points N should be
large enough such that at least 10 grid points are included. Usually we take more than 10 grid

points and the above linear system becomes an underdetermined system which has an infinite

number of solutions.

When we get the coefficient y;;;’s we can compute the a;’s From the a;’s and (3.30), we

can determine the correction term C easily by
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C =ayu]l +a, [uf] + ag [un] + aglu,] + alo[ugg] + alz[unn] + ag4lug] + a16[u§n] +
ayg[ttgr] + azo[ty]
= a,w + asg + agW; + agw; + as0(g(Xyy + Xoz) + —Wpp — Wir)
+a12(Wyy — 9otn) + @14 Wer — gowe) + ar6 Wy X + Wedtyer Gy)

+ a18(Wr1Xr]r + Wi )Xo T .gr) + aZO(WI]T - ng]r)-
(3.32)

Therefore we are able to compute u,, (X) to second order accuracy. Similarly we can
derive a formula for u;(X) in exactly the same way, i.e., we may use the following

interpolation formula
upr (X) = X 7ijruijr — C. (3.33)

However, with the jump condition u; (X) = u; (X) + g(X), we can write down a second

order interpolation scheme for u;f (X) immediately

uy (X) = Z Yijrije — C + g(X), (3.34)
i,/ )EN

where y;ji’s 1s the solution we computed for u, (X).

The above least squares technique has several nice properties. First of all, it has second
order accuracy with local support. Second, it is robust. The interpolation formulas (3.24) and
(3.34) depend continuously on the location of the point X and the grid points involved, and
so does the truncation error for these two interpolation schemes. In other words, we have a
smooth error distribution. This is very important for moving interface problems where we do

not want to introduce any non-physical oscillations.
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With the augmented techniques described above, we are able to solve Problem (I) to second
order accuracy. In each iteration, we need to solve a Poisson equation with a modified right-
hand side. A fast Poisson solver using the FFT method, the cyclic reduction, etc, can then be
used. Also we need to solve a Schur complement system. The GMRES method can be used
and the number if iterations depends on the condition number of the Schur complement
system, if we make use of both (3.24) and (3.34) to compute u;, (X) and u;; (X) the condition
number seems to be proportional to 1/h. Therefore, the number of iterations will grow
linearly as we increase the number of grid points. This is what we do not want to see in the

fast augmented IIM approach.
A simple modification in the way of computing U,; and U, seems to improve the condition

number of the Schur complement system. The idea is simple. We have the jump condition

[Bu,] = q, which implies that if U, and U, are exact, then

BTUL ~B U7 =0

We can solve for U, or U, interms of Q,8~,B* and [U,] to have

- _ Q - B+[Un]
U, = 5 (3.35)
or
+ _ Q - ﬁ_[Un]
Ut = B (3.36)

If we independently compute U;; and U, from (3.24) and (3.34) respectively, due to errors,
usually they may not satisfy the flux jump condition. Therefore, in practice we use one of the

formulas (3.24) and (3.34) to approximate U, or U, , and then use (3.36) or (3.35) to
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approximate U,f or U;; to force the solution to satisfy the flux jump condition. This is an

acceleration process or a preconditioner for the Schur complement system.

Whether we use the pair (3.24) and (3.36) or the other, (3.34) and (3.35), has only a little
effect on accuracy of the computed solution and the number of iterations. In our numerical

experiment, we have been using the following criteria to choose the desired pair

Interpolation for U, by (3.34),
Ifpt<p:{ _ _ Q-BG

U, = 54—

B =B

Interpolation for U, by (3.24),

If B* > B :yy+r = @BG
n Br-p="

3.2.6 A least squares approach for computing an interface quantity from

its values at control points

To avoid unnecessary large and ill-conditioned Schur complement system, not all projection
points are chosen as control points. Therefore, when we solve the Schur complement system,
we only have values of the update jump at those control points. However, to apply the
immersed interface method to Problem (II), we need values of the jump and/or derivatives of
the jump at all projection points. Basically, this leads us to ask, given discrete values

Pr, kK =1,2,..,n. of a quantity p at control points X,k = 1,2, ..., n., how to find its value
or derivatives at a projection point X = (X, Y, Z) on the interface. Again a least square

approach can be used, say,

P(X) =37, axDp (3.37)
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pe(X) = X7 Lbr (3.38)
py(X) = 307 ayp (3.39)

p(X) = 07 i (3.40)

where the summation is over a set of n,, neighboring control points near the point X . Also

the coefficient ag's, A s ,0%'s and uy s can be found in the same way as discussed in [33].

3.2.7 Invertibility of the Schur complement system

As mentioned earlier in § 3.2.4, if § is continuous, the coefficient matrix of (3.20) is
invertible since E = 0 and D = I. For general cases, we can show that the coefficient matrix

D — EA™'Bisalso invertible if h is small enough.

We know the system of linear equations for the jump in the normal derivative G* is

implicitly defined in the discrete form of the flux jump condition
U —B U, —Q =0. (3.41)

With the least square interpolation (3.24) and (3.34) described earlier, the component of the

equation above at a control point is approximated by

(B* = B7) Zijien Yijrtije + (BT — (BT = B7)(as + a10Qtnn + Xor) — QazXyy —
A14X7r — A20Xn7)) 9 + 169y + Q189 —q — B*-B)C=0, (3.42)

where

C=aw+ aswy, + agw; + ao( [f/B] — Wpn — W)
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+a12Wnn + a14(Wr‘r - gxr‘r) + a16(Wr1er + Wr)(n‘[)

+a18(wr1)(m + WT)(TT) + azoWye. (3.43)

In vector form, it is the second equation in (3.22)
EU + DG = PQ. (3.44)

If B* = B, then we have the unique solution for G,G = Q/B*. Assuming now B+ # -,

we prove the following theorem on the invertibility of the Schur complement system (3.20).

Theorem 3.1

Assume that we use the least square interpolation formula (3.23) to compute uy, and the

equation (3.34) to compute uf . If h is small enough, then D — EA™1B is invertible.

Proof.

It is enough to consider the homogeneous case
w=0 f=0, g=0,andu=0, on 9.

In this case, Q = —EA~' F = 0. If the theorem is not true, then there is a G* # 0 such that
(D—EA Y B)G* = 0. Let U* = —A~! BG*, which is the discrete solution of Problem (II)
with [u,] = g* , a continuous extension of G* along the interface. Since(D — EA™'B)G*is
second order approximation of f*ut — B~ u;, we conclude [fu*] = 0 when h is small
enough. So u* is also the solution of Problem (I). However u = 0 is an obvious solution of
Problem (I). By the uniqueness of the solution of the interface problem, we must have

u* = 0 and g* = 0. This contradicts the assumption that G* = 0.
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Next, in Chapter 4 we will provide some numerical experiments of the augmented

approach based on the fast algorithm described earlier in this Chapter.
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Chapter 4

Numerical experiments

4.1 Numerical examples

We have done some numerical experiments here of the 3D fast [IM approach with different
jumps which show second order accuracy of the solution and more importantly also, discuss

the number of iterations for the GMRES iterative method.

The computations are done by using Dell Precision 690 Workstation running RHELA4,
OS: RedHat Enterprise Linux, ws release 4 RHEL4, CPU: 1 XEON 5160, 2 cores (
HT4 cores), memory 32GB. We used the gfortran compilier. The initial guess for g is
always chosen as 0, n,, as 50 and n,, as 50. The computational domain is [-1,1]X[-1,1]X[-
1,1] unless otherwise specified. We also used [ = m = n in all computations. The tolerance

for the GMRES iteration is taken as 107>.

We used the program hw3ert.f (Fishpack)[2] as the 3D fast Poisson solver, and the
program ssvde.f (Linpack) to perform the singular value decomposition (SVD) which is then
used to solve the undetermined linear system. The present version of hw3ert.f solves the
standard seven point finite difference approximation to the Helmholtz equation Au + ku = f

in Cartesian coordinates.
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Example 4.1

In this example we consider a problem with a piecewise constant coefficient [ and a

discontinuous source term f. The interface is a sphere x? + y? + z? = 1/4. The differential

equation is

(B + (Buy), + (Buy), =,

with
1
(,8+, ifr<-=,
B(x,y,z) =4 21
_ >
p~, ifr= >
( 1
—647, if r<-,
f(y,2) = ’
6ﬁ+, if r= E

Dirichlet boundary conditions and the jump conditions (3.3) and (3.4) are determined from the

exact solution and the level set function:

1
—r?, ifr< L

u(x,y,z) = 1
r?, ifr = o

ie.,

[ul = 21§ = 1/2,

[Bun] = (BT + B7),

where r = \/m andonl, r=1r,=1/2.

Note that there are jumps in u and fu,,.
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We tested three different cases, no jump case, samall jump case, and a big jump case. The
no jump case is with B~ = B+ = 1, the small jump case is with B~ = 1, ¥ = 2 and the big
jump case is with B~ = 1,87 = 2000. We see that the augmented approach does accurately
give the jumps in the solution and in the normal derivative of the solution, without smearing

out the solution.

Table (4.)-(4.3) show the results of a grid refinement analysis, where | = m = n is the
number of uniform grid points in the x, y, and z directions, respectively. The maximum

relative error over all grid points ( the infinity norm) is defined as

maxi’j,k|u(xi,yj,zk)—uijk|
maxi’j,k|u(xi,yj,zk)|

|Enlleo = 4.1)

where u; j; is the computed approximation of u(x;, y;, zx) . We also display the ratio of two

successive errors and order of accuracy, respectively, as

Ratio =[|Ey I/ [|Epl, order =log (Il Ey /1| Ezn I} /log2 4.2)

For a first order method, the ratio approaches to 2, and for a second order method, the
ratio approaches to 4. We will use the same notation for other examples in this thesis.
We see that an average ratio of 4 indicates that the augmented approach is a second order

accuracy.
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Figure 4.1 Plot of a slice of the computed solution —u(x, y, 0) for example (4.1) with
B* =2000, B~ =1,andl = m =n =52.

In Figure 4.1. The mesh size is h = 1/26. Both the solution and the flux [fu,] are
discontinuous across the interface I'. The source term f is discontinuous across the interface
as well. The interface is a sphere and the computational domain is a unit cube [-1,1]X]-
1,1]X[-1,1]. The plot of the solution is composed of two pieces. We see that our method does
accurately give the jumps in the solution and in the normal derivative of the solution, without
smearing out the solution. The discontinuity in the solution and the flux is captured sharply

by our numerical method.

46



Figure 4.2 Error plot of the slice of the computed solution for example (4.1) with

B+ =2000,f~ =1,andl =m=n = 52.

In Figure 4.2. The mesh size is h = 1/26. The largest error usually occurs at those points

which are close to the part of the interface which has large curvature. The errors of the

solution obtained by our approach are usually more evenly distributed. The largest error in

magnitude is about 0.8xX1073,

Table 4.1: The grid refinement analysis for example 4.1. Using Dell Precision

Workstation 690
n =1 Bt =2 B+ =10 B+ = 2000
[1Enll oo Ratio(order) [1Enll oo ratio(order) [1Enll oo ratio(order) [1Enll oo ratio(order)
26 0.1558E-2 0.1460E-2 0.1363E-2 0.1325E-2
52 0.4162E-3 || 3.743(1.90) 0.3773E-3 | 3.89(1.96) 0.3478E-3 | 3.92(1.97) 0.3414E-3 | 3.88(1.96)
104 | 0.9919E-4 | 4.195(2.07) 0.8544E-4 | 4.42(2.14) 0.8130E-4 | 4.28(2.10) 0.8103E-4 | 4.21(2.07)

The coefficient $~7in Q7is 1.
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Table 4.1 above shows the results of a grid refinement study with errors in the infinity
norm defined over all grid points. The first column is the number of uniform grid points in
the x, y and z directions. The third column is the ratio/order of convergence as defined in
(4.2). We can see clearly an average of 4 which confirms second order accuracy of our

method. The tolerance for the GMRES iterations is taken as 107>,

Example 4.2

In this example we consider a problem with a piecewise constant coefficient 3, but variable
and discontinuous source term f. The interface is a sphere x? + y? 4+ z% = 1/4 and the

differential equation is

(B + (Buy), + (Buy), =,

\

with
(.~ . 1
B lfT'<§
B(x,y,2) =4 1
+ ; _
kﬁ lfTZZ
(6 J <1
e if r >
f(x'YiZ)_< 1
2072 + %8¢, ifr=s.

The Dirichlet boundary conditions and the jump conditions (3.3) and (3.4) are determined

from the exact solution and the level set function:

r? )
> lf r<-—

u(x,y,z) =

r* +log(2r) N (%)2 B (%)4 ;
B* B~ B’

i.e.,
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loge

[ul =0, [Bu,]l = 415 +———2r,,

To

where v =/x? +y?2+z%2andon T, r =1y = 1/2.. Note that there is no jump in u in this

example, but in the normal derivative there is.

The jump in the coefficient B depends on the choice of the constants B and f~. Again, We

tested the different cases, no jump, small jump, and big case. Unlike in example 4.1, the

solution in this example is continuous.
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Figure 4.3 Plot of a slice of the computed solution —u(x, y, 0) for example (4.2) with

*=1 B =1andl =m=n=52.
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In Figure 4.3 The mesh size is h = 1/26. .The solution is continuous, but the flux [fu,] is
not. The source term f is discontinuous across the interface. The interface is a sphere and the
computational domain is a unit cube [-1,1]X[-1,1]X[-1,1]. The plot of the solution is
composed as one piece. We see that our method does accurately give the jumps in the
solution and in the normal derivative of the solution, without smearing out the solution. The

discontinuity in the flux is captured sharply by our numerical method.

Figure 4.4 Plot of a slice of the computed solution —u(x, y, 0) for example (4.2) with
t*=10, p~=1,andl=m =n = 52.

In Figure 4.4 The mesh size is h = 1/26. .The solution is continuous, but the flux [fu,] is
not. The source term f is discontinuous across the interface. The interface is a sphere and the
computational domain is a unit cube [-1,1]X[-1,1]X[-1,1]. The plot of the solution is

composed as one piece. We see that our method does accurately give the jumps in the
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solution and in the normal derivative of the solution, without smearing out the solution. The

discontinuity in the flux is captured sharply by our numerical method.

Figure 4.5 Plot of a slice of the computed solution —u(x, y, 0) for example (4.2) with
B* =2000, - =1,andl =m =n =52.

In Figure 4.5 The mesh size is h = 1/26. .The solution is continuous, but the flux [fu,] is
not. The source term f is discontinuous across the interface. The interface is a sphere and the
computational domain is a unit cube [-1,1]X[-1,1]X[-1,1]. The plot of the solution is
composed as one piece. We see that our method does accurately give the jumps in the
solution and in the normal derivative of the solution, without smearing out the solution. The

discontinuity in the flux is captured sharply by our numerical method.
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Figure 4.6 Error plot of the slice of the computed solution for example (4.2) with g+ =
1,7 =1,andl =m =n = 52.

Figure 4.6 is a plot of the error in the infinity norm of the slice of the computed solution. The
mesh size is h = 1/26. The largest error usually occurs at those points which are close to the
part of the interface which has large curvature. The errors of the solution obtained by our
approach are usually more evenly distributed. The largest error in magnitude is about

0.8x1073.
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Figure 4.7 Error plot of the slice of the computed solution for example (4.1) with B+ =
10,~ =1,andl =m =n = 52.

Figure 4.7 is a plot of the error in the infinity norm of the slice of the computed solution. The
mesh size is h = 1/26. The largest error usually occurs at those points which are close to the
part of the interface which has large curvature. The errors of the solution obtained by our

approach are usually more evenly distributed. The largest error in magnitude is about

1.3x107%.
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Figure 4.8 Error plot of the slice of the computed solution for example (4.1) with B+ =

2000, =1,and [ =m =n = 52.

Figure 4.8 is a plot of the error in the infinity norm of the slice of the computed solution. In

this Figure where B+ = 2000, 3~ = 1, we see that the error in the solution drops much more

rapidly. This is because the solution in Q% approaches a constant as 8 becomes large, and it

is quadratic in 07. The mesh size is h = 1/26. The largest error in magnitude is about

1.5x1075.

Table 4.2: The grid refinement analysis for example (4.2). Using Dell Precision

Workstation 690.
n =1 =2 B+ =10 B+ = 2000
[1Enll oo Ratio(order) [1Enll oo ratio(order) [1Enll oo ratio(order) [1Enll oo ratio(order)
26 0.5531E-3 0.5806E-3 0.1083E-2 0.4874E-2
52 0.1475E-3 | 3.74(1.90) 0.1596E-3 | 3.64(1.86) 0.2330E-3 | 4.65(2.22) 0.1314E-2 | 3.71(1.90)
104 || 0.3826E-4 | 3.86(1.95) 0.3792E-4 | 4.21(2.07) 0.6030E-4 | 3.85(1.94) 0.3382E-3 | 3.89(1.96)

The coefficient $7in Q7is 1.

54



Table 4.2 above shows the results of a grid refinement study with errors in the infinity
norm when [ = m = n = 52 as shown in Figure (4.6)-(4.8). Again second order convergence

is verified. The tolerance for the GMRES iterations is taken as 107>,

Example 4.3
In this example we consider a problem with a piecewise constant coefficient § and a
discontinuous source term f. The interface is a sphere x2 + y? + z? = 1/4. The differential

equation is

(B + (Buy), + (Buy), =,

with
1
ﬁ+, lf r< E,
B(x,y,z) = 1
- >
B if r=> >
1
—2008"r?%, if r< >
fly,2) = 1
20[3+T2, if r= E

Dirichlet boundary conditions and the jump conditions (3.3) and (3.4) are determined from the

exact solution and the level set function:

1

—107%, if r< >

u(x,y,z) = 1
T4) lf r 2 E.

ie.,

[u] = 117y = 11/16,

[Bun] = 4(108~ + B7)/2,

where r = \/mand onl, r=1ry=1/2.
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Note that there are jumps in u and fu,,.

AT
:}\1}\‘\‘:“::9::*3

Figure 4.9 Plot of a slice of the computed solution —u(x, y, 0) for example (4.3) with
B* =2000, B~ =1,andl = m =n =52.

In Figure 4.9 The mesh size is h = 1/26. Both the solution and the flux [Su,] are
discontinuous across the interface I'. The source term f is discontinuous across the interface
as well. The interface is a sphere and the computational domain is a unit cube [-1,1]X]-
1,1]X[-1,1]. The plot of the solution is composed of two pieces. We see that our method does
accurately give the jumps in the solution and in the normal derivative of the solution, without
smearing out the solution. The discontinuity in the solution and the flux is captured sharply

by our numerical method.
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Figure 4.10 Error plot of the slice of the computed solution for example (4.3) with
Bt =2000,~ =1,andl =m =n = 52.

Figure 4.10 is a plot of the error in the infinity norm of the slice of the computed solution.

The mesh size is h = 1/26. The largest error usually occurs at those points which are close

to the part of the interface which has large curvature. The errors of the solution obtained by

our approach are usually more evenly distributed. The largest error in magnitude is about

0.9x1072.

Table 4.3: The grid refinement analysis for example 4.3. Using Dell Precision

Workstation 690.
n =1 Bt =2 B+ =10 B+ = 2000
[1Enll oo Ratio(order) [1Enll oo ratio(order) [1Enll oo ratio(order) [1Enll oo ratio(order)
26 0.2180E-2 0.2849E-2 0.4672E-2 0.5234E-2
52 0.5686E-3 | 3.83(1.93) 0.6499E-3 | 4.38(2.13) 0.1121E-2 | 4.17(2.06) 0.1245E-2 | 4.20(2.07)
104 || 0.1229E-3 || 4.63(2.21) 0.1729E-3 | 3.76(1.91) 0.2997E-3 | 3.74(1.90) 0.3456E-3 | 3.60(1.85)
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The coefficient $~7in Q7is 1.

Table 4.3 above shows the results of a grid refinement study with errors in the infinity
norm when | = m = n = 52 as shown in Figure 4.10. Again. we can see again clearly the
average ratio is close to 4 indicating second order accuracy of our method. The tolerance for

the GMRES iterations is taken as 1075,

4.2 The augmented approach efficiency analysis

From the numerical tests we have already seen that the augmented approach is second order
accurate and can deal with large enough mesh size and large enough jumps in the coefficient.
We also want to know whether the number of iterations is dependent on the mesh size or the

jump in the coefficient f3.

Tables (4.4)-(4.6) list some statistics for the above examples, where Nj;...4 denotes the
number of irregular points, N, denotes the number of control points and Nj¢,, is the
number of iterations (i.e., the number of calls to the fast Poisson solver). It can be seen
clearly for all cases, that our method is fast in terms of number of iterations and in terms of
time (in seconds) considering the very large condition number of the system of equations
from a direct discretization even for a regular domain such as a cube, also the number of
iterations does not increase by a big jump greatly. If there is no jump in 8, the GMRES

method converges in one step.

However, the number of iterations seems to depend on the jump in the coefficient 5. This

is different from two-dimensional cases in [29].
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Table 4.4: CPU time for example 4.1. Using Dell Precision Workstation 690

n Nirreg | Nentr pt=1 Bt =2 pt =10 + =2000
CPU(S) Nite1 CPU(S) Niter CPU(S) Niter CPU(S) Niter

26 920 506 1.8202 |5 2.3821 10 2.7173 13 3.1565 17

52 3528 1820 | 7.6128 |5 10.2216 | 10 12.3317 | 14 14.9292 19

104 | 14048 | 7172 | 35979 |5 49.8391 | 10 61.0546 | 14 77.6706 20

The coefficient $7in Q7is 1.

In Table 4.4 we can see that our method is fast in terms of number of iterations and in

terms of time (in seconds) considering the very large condition number of the system of

equations from a direct discretization even for a regular domain such as a cube. However, the

number of iteration depends on the mesh size and the jump in the coefficient f, but that does

not increase the CPU time greatly.

Table 4.5: CPU time for example 4.2. Using Dell Precision Workstation 690

n Nirreg Nener :8+ =1 B+ =2 ﬁ+ =10 /3+ = 2000
CPU(S) Nit91 CPU(S) Niter CPU(S) Niter CPU(S) Niter

26 920 506 | 1.8148 |5 2.2664 9 2.6036 12 3.1553 17

52 3528 1820 | 7.6364 |5 9.7203 9 11.8205 | 13 149187 19

104 | 14048 | 7172 | 35924 |5 47.0968 |9 58.3436 | 13 77.8693 20

The coefficient $7in Q7is 1.
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In Table 4.5 above, again we can see that the number of iteration depends on the mesh

size and the jump in the coefficient 8, but that does not increase the CPU time greatly.

Table 4.6: CPU time for example 4.3. Using Dell Precision Workstation 690

n | Nireg | Nener pt=1 pt=2 gt =10 * =2000
CPU(S) Niter CPU(S) Niter CPU(S) Niter CPU(S) Niter

26 | 920 506 | 1.8125 |5 2.3849 |10 | 2.7095 13 | 3.2683 18

52 ] 3528 | 1820 | 7.5889 |5 10.236 | 10 ] 12.8407 |15 ]15.4590 |20

104 | 14048 | 7172 | 35.868 |5 49.854 |10 ] 64.0625 |15 ]80.5074 |21

The coefficient $7in Q7is 1.

In Table 4.6 again we can see that the number of iteration depends on the mesh size and

the jump in the coefficient £, but that does not increase the CPU time greatly.
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Chapter 5

Applications of the fast 3D solver

5.1 The augmented method for Holmholtz / Poisson equations on irregular

domains

Sometimes a problem on an irregular domain can be handled more easily as an interface
problem by embedding the domain into a cubic domain and then solving the equation on a
Cartesian grid in the cube. The original boundary then becomes an interface. As an example,
suppose we want to solve a three-dimensional elliptic equation on an irregular domain (). We
can embed the domain in a larger cubic domain R. For example, we could solve the

following Laplace equation with a Dirichlet boundary condition

Upy +Uyy + U, +hku=0, in

u=uv, on 0.

By extending it to the problem
M= [[FX)6(x—X)6(y —Y)6(z—2Z)dS, in R, (5.1)
u=20, on OJR.

The problem is then to determine F(X) so that the boundary condition u =v on 9Q is
satisfied.
The solution is still continuous on the enlarged region R, but not smooth across the interface
Q.

This particular problem has been extensively studied in the past and a number of domain

embedding procedures have been developed, e.g., capacitance methods [7,15,35,45] and
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methods based on solving integral equations along d(). With the idea of the augmented
approach, we can also develop an embedding technique to solve elliptic equations on
complicated regions with Dirichlet, Neumann, or Robin boundary conditions as will be
indicated in chapter 6 as future work. In this Chapter, we show how the augmented approach

can be utilized to solve exterior / interior Poisson equations on irregular domains.

First, consider 3D interface Poisson equation with Dirichlet boundary condition
Au+ku = f, in Q, (5.2)

u=uv, on Q.

where ) is a cubic volume with an arbitrary closed void region, 0{) is the interior boundary

of (1 and JR is the exterior boundary of (1, see Figure (5.1) below for an illustration.

0Q

Figure 5.1 : A diagram for exterior Poisson problem.

From the embedding or the fictitious techniques, we can imagine the irregular region as an

embedded region into a cube R. We may treat the original problem as an interface problem
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and use the IIM to solve it. However, recall that to make the resulting interface problem well-
posed, usually we need to know not only the jump in the solution [u], but also the jump in the
normal derivative of the solution [u,], across the boundary (now it becomes the interface).
We may simply use the Dirichlet boundary condition as the jump condition in the solution,
but unfortunately there seems no way to know the exact jump in the normal derivative of the

solution. Thus, it will be assumed to be an augmented variable.

Based on the same idea as used in the augmented approach, we can solve the above
problem by choosing an initial guess on [u, ], and then updating it until the original boundary

condition is satisfied. Below we begin to describe this approach in more detail.

We extend the source term in the Poisson equation by zero outside . On the irregular
boundary 911, we allow a finite jump [u] in the solution itself. One particular choice is just to
use the original boundary condition v as [u] and let u = 0 on the boundary dR of the cube R.
As for the jump in the normal derivative of the solution [u,], we may use an initial guess,

say, [u,] = g (usually 0). This extension leads to the following interface problem

ser=fy i G e n
[u] = v, on 0Q,
[u,] = g, on 01, (5.3)
u=020, on OR.

We then use the GMRES iteration to update g until the original boundary condition is
satisfied, i.e.,

u- =v, on 04, 5.4)

where u~ is the limiting value of the solution on the boundary from the inside of 0d().
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Now the augmented approach can be used and only some minor changes are needed. First,
instead of using [Bu,] = g as the convergence-checking rule, we use u~ = v. Therefore,
instead of interpolating u;; and u, with the knowledge of u;j;’s, we need to find u™ and u~.
The same least square approach can still be used here. For example, our interpolation formula
for u~can be written in the following:

u” = YijkVijkUijk — Q. (5.5)

The same idea also applies to interior Poisson problem with Dirichlet boundary conditions as

follows
Au+ku = f, in 01,
u=yv, on 01, (5.6)
U = Uy, on OR.

where () is an arbitrary closed region in 3D space, see Figure (5.2) for an illustrations.

By extending the source term in the Poisson equation by zero outside ()and forming

interface conditions across 91 , we get the following interface problem

e R i

[u] = v, on 019,

[u,] = g, on 04, (5.7)
U = u, on OR.
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10,

OR

Figure 5.2: A diagram for interior Poisson problem.

Similarly, we then use the GMRES iteration to update g until the original interior
boundary condition is satisfied, i.e.,
ut =, on 0. (5.8)
where u* is the limiting value of the solution on the interior boundary from the outside of

011, which can still be obtained by the same least square approach as in § 3.2.5 , i.e.,
ut = Y ik Vijklije — Q- (5.9)

We have tested the fictitious or embedding techniques by solving some exterior or interior
Poisson equations with Dirichlet boundary conditions. As mentioned earlier, the
computations are done by using Dell Precision 690 Workstation running RHEL4, OS:
RedHat Enterprise Linux, ws release 4 RHEL4, CPU: 1 XEON 5160, 2 cores ( HT4
cores), memory 32GB. and by using gfortran compiler. The tolerance for the GMRES is

taken as 107°.
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5.1 Numerical experiments

We will provide two examples in solving three-dimensional Poisson equations on exterior
and interior irregular domains, respectively, to show the efficiency of the augmented
approach. We want to show second order accuracy of the solution, and more importantly

also, show that the number of iterations is nearly independent of the mesh size in this chapter.

Example 5.1
In this example, the domain is the exterior of the sphere x* + y2 + z2 = 1/4. The
differential equation is

log (e)

r2

Uyy + Uyy + Uy = 2077 +

Dirichlet boundary condition is chosen from the following exact solution and level set

function:

3
u(x,y,z) =r*+log(2r) + I

where r = x2+4+y2+z%2 andonl,r=1,=1/2

Below, Figure 5.3 (outside of the sphere) shows a slice of the computed

solution: —u(x, y, 0). The sphere is embedded into a unit cube [-1,1]Xx[-1,1]X][-1,1].

Again we did the simulations, but on a 104x104x104 grids. The mesh sizeis h = 1/52.
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Figure 5.3 : Plot of a slice of the computed solution —u(x, y, 0) for example (5.1) with
l=m=n=104.

In Figure 5.3(outside of the sphere) shows a slice of the computed solution : —u(x,y,0) on a
104x104x104 grids. The mesh size is h = 1/52. Both the solution and the flux [fu,] are
discontinuous across the interface I'. The source term f is discontinuous across the interface
as well. The mesh size is h = 1/52. The interface is a sphere and the computational domain
is a unit cube [-1,1]X[-1,1]X[-1,1]. The plot of the solution is composed of two pieces. We
see that our method does accurately give the jumps in the solution and in the normal
derivative of the solution, without smearing out the solution. The discontinuity in the solution

and the flux is captured sharply by our numerical method.
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=10

Figure 5.4 : Error plot of the slice of the computed solution for example (5.1)

withl = m = n = 104.

Figure 5.4 is a plot of the error in the infinity norm of the slice of the computed solution
plotted in Figure 5.3 on a 104x104x104 grids. The mesh size is h = 1/52. The largest error
in magnitude is about 1.2x107%. The number of iterations for solving the Schur complement

system using a GMRES is almost independent the mesh size h.

Example 5.2
The differential equation is

Uyy + Uyy + Uy = f,
in the interior of the sphere x% + y2 + z2 = 1/4
with

—20072, ifr<1/2,

fGx,y,2) :{207,2' if r=1/2.
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Dirichlet boundary condition is chosen from the exact solution and level set function:

u(x,y,z) = —10r%

where r = \/x2+ y2+z%2andonT, r=1,=1/2.

Again the domain is embedded into the unit cube [-1,1]X[-1,1]X[-1,1].

M
[l H
Al

i

150

Figure 5.5: Plot of a slice of the computed solution —u(x,y,0) for example (5.2) with
l=m=n=104.

Figure 5.5 (inside on the top) shows a slice of the computed solution: —u(x,y,0) on a

104x104x104 grids. The mesh size is h = 1/52. Both the solution and the flux [fu,] are
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discontinuous across the interface I'. The source term f is discontinuous across the interface
as well. The mesh size is h = 1/52. The interface is a sphere and the computational domain
is a unit cube [-1,1]X[-1,1]X[-1,1]. The plot of the solution is composed of two pieces. We
see that our method does accurately give the jumps in the solution and in the normal
derivative of the solution, without smearing out the solution. The discontinuity in the solution

and the flux is captured sharply by our numerical method.

Figure 5.6: Error plot of the slice of the computed solution for example (5.2) withl =m =

n = 104.

Figure 5.6 is a plot of the error in the infinity norm of the slice of the computed solution on a
104x104x104 grids. The mesh size is h = 1/52.The largest error in magnitude is about
0.5x1073. The number of iterations for solving the Schur complement system using a

GMRES is almost independent the mesh size h.
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Table (5.1)-(5.2) show the results of a grid refinement analysis, where [l = m = n is the
number of uniform grid points in the x, y, and z direction, respectively. The infinity norm

over all grid points and order of convergence are defined as in (4.1) and (4.2) respectively.

show that the approach is second order accurate and we notice that the number of calls to
the fast Poisson solver on the cubic domain is independent of the mesh size similar to the
case of two space dimensions proposed in [29] although it may depend on the geometry of
the domain. They also show the error in the infinity norm and other information. In those
tables, Niyreg and Ny, are the number of total irregular grid points and the number of
control points respectively; Nj;q, 1s the number of iterations of the GMRES method or the

number the calls of the 3D fast Poisson solver.

Table 5.1: the grid refinement analysis of Example 5.1. Using Dell Precision

Workstation 690

n Nirreg Neper | CPU(S) | Niger|  llEnlle | Ratio(order)
26 920 506 2.1637 |5 | 0.3898E-04
52 3528 1820 8.6127 |5 | 0.9849E-04 |3.9577(1.98)
104 14048 7172 37.1104 |5 | 0.2419E-04 | 4.0715(2.03)

Table 5.1 above shows the results of a grid refinement study with errors in the infinity
norm and other information. We can see that the method still has second order accuracy
when we use the embedding technique. We see that only a few iterations (only 5) are needed
and the number is independent of the mesh size. The CPU time column (in seconds) shows
that our method is very fast considering the very large condition number of the system of
equations from a direct discretization even for a regular domain such as a cube. Furthermore,

in this Table we can see that the number of iterations (only 5) is independent of the mesh size
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as in the case of two space dimensions. The CPU time does not increase much. Thus, our

method here is fast in terms of number of GMRES iterations and in terms of CPU time.

Table 5.2: the grid refinement analysis for Example 5.2. Using Dell Precision

Workstation 690

n Nirreg Nener | CPU(S) | Niger|  llEnlle | Ratio(order)
26 920 506 2.1577 |5 | 0.2445E-01
52 3528 1820 8.5897 |5 | 0.6882E-02 |3.9577(1.83)
104 14048 7172 36.9984 |5 | 0.1744E-02 | 4.0715(1.98)

Table 5.2 above shows the results of a grid refinement study with errors in the infinity
norm and other information. Again, we can see that the method still has second order
accuracy when we use the embedding technique. Furthermore, in this Table we can see that
the number of iterations (only 5) is independent of the mesh size as in the case of two space

dimension. The CPU time does not increase much.

So far, in the discussion for a Poisson equation on an irregular domain, we form an
interface problem that requires a known fixed jump in the solution and set an unknown jump
in the normal derivative of the solution. Then we iteratively update the jump in the normal
derivative using the GMRES iteration to 10~ tolerance until the original boundary condition
is satisfied. Alternatively, we can set a known fixed jump in the normal derivative and an
unknown jump in the solution. Then we use a similar GMRES iteration to update the jump in
the solution until the original boundary condition is satisfied. For example, the following

interior Holmholtz/Poisson equation with a Neumann boundary condition

Au+ku=f, in Q, (5.10)
u, =q, on dQ.
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It may be treated as the following interface problem

Auz{ , if (x,y,2z)€q,

0, if(xyz)¢éq
[ul =g, on 01, (5.11)
u,|l =gq, on 01,
u=0. on JR.

Again, the solution u is a linear functional of g. We determine g(s;, s,) such that the
solution u(g) satisfies the original boundary condition in (5.10) above. i.e., u,(g) = q. This

can be solved using the GMRES iteration exactly as we discussed earlier in Chapter 3.
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Chapter 6

Conclusions and future work

6.1 Research Conclusions

In this dissertation, we described a numerical method for 3D elliptic interface problems in
which the  coefficient, the source term, the solution and its derivatives, have a discontinuity
across the interface I'. The fast solver can only be applied to the Poisson problems with
piecewise constant coefficients. The number of iterations is nearly independent of the mesh
size and the f coefficients jump. More importantly, the computed normal derivative from
each side of the interface I' appear to be second order accurate. The fast solver can be
applied to Holmholtz/Poisson problems on irregular domains which may have many
applications. In detail, we have presented the augmented approaches for solving 3D elliptic
interface problems and problems defined on 3D irregular domains. Using augmented
approaches, one or several augmented variables are introduced along a co-dimensional
interface or boundary. When the augmented variable(s) is known, we can solve the governing
PDE efficiently. In the discrete case, this gives a system of equations for the solution with
given augmented variable(s). However, the solution that depends the augmented variable(s)
usually do not satisfy all the interface relations or the boundary condition. The discrete
interface relation or the boundary condition forms the second linear system of equations for
the augmented variable whose dimension is much smaller than that of the solution to the
PDE. Therefore, we can use GMRES iterative method to solve the Schur complement system
for the augmented variable(s). In many instances, the GMRES method converge quickly,
although it is still an open question how to precondition the system of linear equations

without explicitly form a coefficient matrix.
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By using the level set method as we discussed in chapter 2 how to determine geometric
information of the interface, how to locate the projection of an irregular grid point on the
interface, how to reconstruct the interface by interpolation, and how to perform local

coordinate transformation.

Then in chapter 3, based on the IIM proposed by LeVeque and Li, 1994,[27] we have
developed our 3D augmented approach which is second order fast algorithm for elliptic
interface problems with piecewise constant but discontinuous coefficients. Before applying
the IIM, we precondition the PDE first. In order to take advantage of existing fast Poisson
solver on cubic domains, an intermediate unknown function, the jump in the normal
derivative across the interface, is introduced. Then the GMRES iteration is employed to solve
the Schur complement system derived from the discretization. Numerical experiments
showed that the fast algorithm was very successful and efficient when the coefficients are
piecewise constant.

In chapter 5, as apart of the dissertation, we have investigated some applications of the
fast 3D solver. We developed embedding techniques to solve interior or exterior Poisson
equations on complicated regions with Dirichlet or Neumann boundary conditions. The idea
is to embed the irregular region into a cube to extend the Poisson equation to the entire cubic
domain to introduce suitable jump conditions and to get an interface problem. In the future,

we hope to develop further analysis of the augmented fast [IM approaches.

6.2 Future work

In the future we plan to conduct further numerical investigations about other boundary
conditions, i.e., Neumann and Robin boundary conditions. Although the main theoretical
analysis is presented in chapter 3, the change of boundary condition may requires many
subroutines and functions due to the nature of our interface, which demands more time and
energy. Additional test examples in 3D space are also needed. We have so far explored large

enough ranges of coefficient jumps from 1 up to 2000 and large enough mesh size from 26
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up to 104. In many instances, the GMRES method converge quickly, although it is still an
open question how to precondition the system of linear equations without explicitly form a
coefficient matrix. Also, I plan in future to test this augmented approach dealing with

complicated interfaces.

There are other plan of work can be considered, maybe in a long term effect. There are
high convergence order IIM existing for 3D Poisson problems with discontinuous
coefficients and solution. It would be an interesting challenge to extend our work to 3D

biharmonic equations by adopting our 3D-IIM solver into our algorithm.
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