
Abstract

FAN, THOMAS CHEN-CHUAN. Hybrid Reynolds-Averaged / Large-Eddy Simula-
tions of Ramped-Cavity and Compression Ramp Flow-fields. (Under the direction of
Dr. Jack R. Edwards.)

A procedure for simulating wall-bounded, separated flows utilizing hybrid large-

eddy / Reynolds-averaged strategies is presented in this work. Following the zonal

concept, the proposed hybrid method uses a distance-dependent blending function to

shift the turbulence closure from Menter’s two-equation model near wall surfaces to a

one-equation subgrid model away from walls. The code is parallelized using domain-

decomposition / MPI message-passing methods and is optimized for operation on

the 720 processor IBM SP-2 at the North Carolina Supercomputing Center. The

capabilities of the hybrid method are examined on two benchmark flows: a ramped-

cavity flow that is representative of the internal flow field of a high speed propulsion

device, and a compression ramp flow that features the classical problem of a shock

wave / boundary layer interaction. Results indicate that the hybrid method provides

generally good predictions for the ramped-cavity configuration, but less satisfactory

predictions for the compression ramp configuration. Nevertheless, the strength of the

hybrid method in capturing the recovery of the boundary layer downstream of reat-

tachment is found in both cases, and it is a major improvement over the simulations

produced by RANS alone. The weaknesses in simulating the compression ramp flow

are also discussed and possible remedies are provided for further investigation in the

future.
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1 Introduction

Turbulent fluid motion is characterized by a number of phenomena, including ran-

dom fluctuations of flow quantities over time and space, vortex stretching that ensures

presence of three dimensionality, a continuous spectrum of eddies and cascading of en-

ergy from larger to smaller scales, and vigorous mixing and diffusivity that enhances

transfer of mass, momentum, and energy.[1] Almost all flows in engineering appli-

cations are turbulent. Moving vehicles, such as airplanes, automobiles, and ships,

all have Reynolds numbers which are high enough in operating condition that the

fluctuation of flow properties cannot be neglected. Therefore, the effects of turbu-

lence must be considered when attempting to analyze any types of realistic flows. To

date, the computational techniques available to tackle the problem of turbulence can

be divided into three main categories. The first one is Direct Numerical Simulation

(DNS). A direct numerical simulation, namely, is the complete three-dimensional and

time-dependent solution of the Navier-Stokes equations. It essentially resolves all of

the turbulent scales ranging from the smallest Kolmogorov scales, which are only

about two orders of magnitude larger than the mean free path of the fluid, to the

largest scales that are about the same dimensions as the object on which the fluid

flows about. In order to accurately resolve this wide range of scales, the grid must

be fine enough to capture the small eddies and the computational domain must be

wide enough to contain the large eddies. As a result, the tradeoff for the superior

accuracy of this technique is the stringent requirement for grid resolution. Unfortu-

nately, the computer resources available today have limited the use of DNS to only

low Reynolds number, geometrically simple flows. Any flows of practical use would

have to turn to Large Eddy Simulation (LES) and Reynolds-Averaged Navier-Stokes

(RANS) approaches.

Unlike DNS, Large Eddy Simulation only resolves the scales that are larger than
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a prescribed length, i.e., a filter width, and models the smaller, subgrid-scale (SGS)

eddies. This is based on the assumption that the smaller eddies exhibit more isotropic

and universal behavior than the large, energy-bearing eddies, and thus can be handled

by modeling alone. Since the smaller eddies are being modeled, the grid does not

have to be as refined as a DNS grid, thereby making LES possible to simulate higher

Reynolds number flows or same regime of flows within a reasonable amount of time.

The third approach, RANS, is the least expensive of all. The basic idea of RANS is to

devise approximations for the turbulent stresses, which arise after time averaging of

the governing equations, in terms of flow properties that are known, so that numbers

of equations and variables are in balance. Since all of the scales of turbulent motion are

modeled and only the mean flow field is resolved, it is numerically cheaper to perform

such a computation as opposed to DNS and LES. The downside, however, is that

modeling is simply a mathematical manipulation and it cannot accurately account

for all the physics contained in the governing equations. Nevertheless, its satisfactory

predictions in attached flow regions and relatively low operational cost has made

RANS a popular choice in the Computational Fluid Dynamics (CFD) industry.

On the other hand, when attempting to analyze massively separated turbulent

flows as present in most engineering applications, RANS loses its edge because of the

inability to provide reliable predictions in large separation regions. LES seems like a

better candidate to confront such challenge, but again the issue of cost makes the tur-

bulence community reluctant to consider it as an economical tool. This dilemma pro-

vides an incentive for creating a hybrid approach that incorporates the best features of

RANS and LES. Spalart and co-workers [2, 3, 4] conceived the idea of Detached-Eddy

Simulation (DES), in which the state-of-the-art RANS technology is employed in the

attached boundary layers where its prediction is sound and reliable, and the large,

detached eddies in the separation region are better simulated by LES. The switching
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between the two methods is accomplished by replacing the distance to the nearest

wall in the Spalart-Allmaras (S-A) model with the minimum of this quantity and a

length scale proportional to the grid spacing. If the grid point is close to the wall, i.e.,

in the attached boundary layer, the RANS closure is retained. Otherwise, the model

becomes grid-dependent and performs as a subgrid-scale version of the S-A model in

regions away from walls. Strelets [5] further extended the idea by constructing DES

on a two-equation model, i.e., Menter’s shear-stress transport (M-SST) model.[6] He

reasoned that S-A model may potentially fail for certain “problem” flows and the use

of M-SST would provide more favorable predictions in these cases. The transition

of the two modes is similar to the procedure mentioned above, except this time the

working parameter is the dissipation length scale (k1/2/(β∗ω)) in the k equation, in-

stead of the distance to the nearest wall. After testing his formulation on a variety of

different configurations, Strelets found that while no results of DES performed worse

than RANS, DES did indicate promising improvement over RANS in a wide range of

flows. Works of Forsythe et. al. [7, 8] on supersonic axisymmetric base flow and sim-

ulation of fighter aircraft also reported findings that support this claim. In the same

line of work, Bush and Mani [9] took a slightly different approach by re-formulating

the LES description of eddy viscosity in terms of turbulent kinetic energy, so the

switching of models can be made within the eddy viscosity definition by comparing

the length scale with the filter width. They also modified the definition of filter width

by adding in convection velocity and SGS turbulence length scales that are based on

the time step, as these would ensure sufficient time resolution to resolve the captured

physical phenomena.

Another school of thought spawned by Speziale [10] computes the turbulent

stress as the product of a scaling function and a Reynolds stress tensor. The scaling

function is a function of the ratio of the local grid spacing (∆) to the Kolmogorov
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length scale (Lk). If the mesh is highly resolved (∆/Lk → 0), the scaling function

approaches zero and a direct simulation is thus present. On the other hand, as the

mesh coarsens (∆/Lk → ∞), the scaling function approaches one and the effect of the

Reynolds stress model dominates. Several researchers built their formulations upon

this fundamental concept. Arunajatesan and Sinha [11] proposed a method to solve

for the subgrid kinetic energy and overall turbulence dissipation rate equations. They

contended that subgrid kinetic energy is responsible for the extent of the unresolved

energy in the flow field, while the turbulent dissipation rate is dependent only on the

large-scale energy content. By solving these equations, the two turbulence quantities

obtained can be used to compute the eddy viscosity, which would adjust from a SGS

level in fine mesh regions to a RANS level in coarse mesh regions. The Limited Nu-

merical Scale (LNS) model introduced by Batten et. al. [12] used a different definition

of scaling function (they call it latency factor) that based on the ratio of products of

turbulence length and velocity scales in RANS and LES modes. The LNS behaves

as either RANS or LES depending on the value of the latency factor. Similarly, the

Flow Simulation Methodology (FSM) used by von Terzi and Fasel [13] has the same

form of scaling function (they call it contribution function) as in Speziale’s original

expression. It works the same way by comparing the local grid size with a local esti-

mate of the smallest relevant turbulent length scale. All of these formulations were

tested on several benchmark flows, and they all reported various levels of success over

pure RANS models.

All of the methods mentioned above share one common feature, i.e., the use

of length scale ratios to determine the proper limiting forms to treat the regions

of interest. In regions where grid is finely resolved, LES is used, whereas RANS is

used in otherwise coarsely meshed regions. Therefore, the user’s task is to make wise

judgments in selecting the grid so that in regions where LES is preferred, the mesh
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is “fine enough”, and in RANS regions, the mesh is “coarse enough”. An alternative

to the length scale-type approach is the zonal concept, wherein the regions of flow to

be treated by either LES or RANS are determined from other criteria independent of

the local grid spacing.[14, 15] The current work takes this approach by employing a

flow-dependent blending function that smoothly transitions from a RANS model near

solid surfaces to a one-equation subgrid model further away. The working parameter

in this hybrid method is again the distance to the nearest wall, but unlike the DES,

this quantity is not compared to the local grid spacing. Therefore, whether how

“refined” or “coarse” the grid is in certain region of flow field has no influence on the

type of technique to be implemented. The users, as a result, need not worry as much

about the gridding issue as in DES and other length scale-type approaches, as long

as the grid is fine enough to capture most of the large-scale structures.

The present work considers two types of geometries for testing and validating

the proposed hybrid method. The first one is a cavity flameholder configuration,

which is representative of the internal flow field of a high speed propulsion device.

The recessed cavity within such device may be used to provide flame stabilization.

Features commonly observed in this type of flow include a turbulent boundary layer,

a free-shear layer, and a recirculation zone that presents large-scale unsteadiness.

Conventional RANS methods do not fare well in this type of flow because the large

levels of eddy viscosity produced in the free-shear layer may suppress the unsteadiness.

It is of interest in this study to determine if the proposed hybrid method may improve

predictions of this flow. The other geometry to be tested is a supersonic turbulent

flow over a compression corner. This is a classical problem that involves interactions

of a shock wave and a turbulent boundary layer. This case presents a much more

severe challenge of the capabilities of the hybrid method. The presence of a separation

shock may have dire effects on the blending mechanism, as a clear delineation between
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regions to be treated as RANS and as LES is not present.

Section 2 presents the governing equations, the concept of filtering, and the co-

ordinate transformation. Section 3 discusses the issue of turbulence closure, and the

numerical scheme and time integration technique employed in the code. The imple-

mentation of the hybrid model on the two configurations is presented in Section 4,

along with an illustration of the recycling algorithm. In Section 5, the results from the

simulations are carefully analyzed and their significance is further discussed. Section 6

gives the concluding remarks and possible directions for future work.



7

2 Governing Equations

2.1 Navier-Stokes Equations

The fundamental governing equations in fluid dynamics are the continuity, momen-

tum, and energy equations. These equations, without body forces or external heat

addition, can be written in vector form as:

∂ρ

∂t
+

∂

∂xi

(ρui) = 0 (1)

∂

∂t
(ρui) +

∂

∂xj

(ρujui) = − ∂p

∂xi

+
∂tij
∂xj

(2)

∂

∂t
(ρEt) +

∂

∂xj

(ρhtuj) =
∂

∂xj

(uitij − qj) (3)

The laminar viscous stress tensor tij, total energy Et, total enthalpy ht, and heat-flux

vector qj are given by:

tij = µ

(
∂ui

∂xj

+
∂uj

∂xi

− 2

3

∂uk

∂xk

δij

)
(4)

Et = e +
1

2
uiui (5)

ht = h +
1

2
uiui (6)

qj = −γ
∂T

∂xj

(7)

where µ is the laminar viscosity and γ is the thermal conductivity. In this work,

the fluid is assumed to be calorically perfect so that its specific heat coefficients are

constant. Thus, the specific internal energy and specific enthalpy are

e = cvT, h = cpT (8)

where cv and cp are the specific heat coefficients for constant volume and pressure,

respectively. Furthermore, in order to close the system of fluid dynamic equations

the equation of state is needed to relate pressure, density, and temperature:

p = ρRT (9)
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The governing equations (Eqs. 1-3) are written in conservative form to provide nu-

merical and computer programming convenience:

∂U

∂t
+

∂E

∂x
+

∂F

∂y
+

∂G

∂z
= S (10)

where U is the vector of conserved variables

U =


ρ
ρu
ρv
ρw
ρEt

 (11)

E, F, and G are the flux vectors, and they can be further split into inviscid and

viscous components:

E = E − Ev =


ρu

ρu2 + p
ρvu
ρwu
ρhtu

 −


0

txx

tyx

tzx

utxx + vtyx + wtzx − qx

 (12)

F = F − Fv =


ρv
ρuv

ρv2 + p
ρvw
ρhtv

 −


0

txy

tyy

tzy

utxy + vtyy + wtzy − qy

 (13)

G = G − Gv =


ρw
ρuw
ρvw

ρw2 + p
ρhtw

 −


0
txz

tyz

tzz

utxz + vtyz + wtzz − qz

 (14)

S is the source vector, and it is equal to zero because body forces and volumetric

heating are assumed to be negligible in current work.

2.2 Filtering

The hybrid LES/RANS code is constructed essentially as an LES formulation with

the two-equation RANS model and one-equation subgrid model accounting for the
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subgrid stresses. LES is built upon the concept of filtering, which separates length

scales resolved on a particular mesh (resolved scales) from those unresolved on a

particular mesh (subgrid scales). This allows a flow variable f to be decomposed into

its large-scale f̄ and subgrid-scale f ′ components:

f = f̄ + f ′ (15)

It is analogous to the time averaging technique employed in RANS simulations, except

that the averaging operation is performed in physical space for LES. For a flow variable

f , its filtered form f̄ is written as a convolution integral,

f̄ (xi, t) =

∫ ∫ ∫
G (xi − ξi; ∆) f (ξi, t) d3ξi (16)

where ξi are the dummy variables representing integration over the entire physical

space, ∆ is the filter width, given by

∆ = (∆x∆y∆z)1/3 (17)

and the filter function G is normalized by requiring that∫ ∫ ∫
G (xi − ξi; ∆) d3ξi = 1 (18)

The filter function essentially performs a weighted average over the cell volume ∆3

surrounding the point xi at which the filtered resolved-scale variable f̄ (xi, t) is to be

computed. Several filter functions, including Gaussian filters, Fourier cutoff filters,

and volume-averaged “box” filters, are commonly used in LES research. For current

work, the “box” filter defined below is used:

G (xi − ξi; ∆) =

{
1/∆3, |xi − ξi| < ∆xi/2
0, otherwise

This filtering operation is performed on the instantaneous Navier-Stokes equations

(Eqs.1-3). Furthermore, the filtered variable can be recast in terms of a Favre-

averaged variable,

f̃ =
ρf

ρ̄
(19)
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The Favre filtered Navier-Stokes equations are then obtained:

∂ρ̄

∂t
+

∂

∂xi

(ρ̄ũi) = 0 (20)

∂

∂t
(ρ̄ũi) +

∂

∂xj

(ρ̄ũjũi) = − ∂p̄

∂xi

+
∂(t̄ij + τij)

∂xj

(21)

∂

∂t

(
ρ̄Ẽt

)
+

∂

∂xj

(
ρ̄h̃tũj

)
=

∂

∂xj

(ui(t̄ij + τij) − q̄j + Qj) (22)

where

t̄ij = µ(T̃ )

(
∂ũi

∂xj

+
∂ũj

∂xi

− 2

3

∂ũk

∂xk

δij

)
(23)

τij = −ρ̄ (ũiuj − ũiũj) (24)

q̄j = −γ(T̃ )
∂T̃

∂xj

(25)

Qj = −ρ̄cp

(
T̃ uj − T̃ ũj

)
(26)

ρ̄Ẽt = ρ̄cvT̃ +
1

2
ρ̄ũiũi + ρ̄k̃ (27)

ρ̄h̃t = ρ̄cpT̃ +
1

2
ρ̄ũiũi + ρ̄k̃ (28)

ρ̄k̃ =
1

2
(ρuiui − ρ̄ũiũi) = −1

2
τii (29)

The filtered equations set is identical to the original equations set except the addition

of subgrid-scale stress (τij) and heat-flux (Qj) terms. These two terms are modeled

employing the Boussinesq eddy-viscosity approximation and the gradient-diffusion

approximation:

τij = µt

(
∂ũi

∂xj

+
∂ũj

∂xi

− 2

3

∂ũk

∂xk

δij

)
(30)

Qj =
cp

Prt

µt
∂T̃

∂xj

(31)

where the specification of the eddy viscosity µt depends on the models chosen. Fur-

ther details about the choice of models and the hybrid strategy will be discussed in

Section 3.
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2.3 Coordinate Transformation

The filtered Navier-Stokes equations are formulated in a curvilinear coordinate system

by the following transformation:

ξ = ξ (x, y, z)

η = η (x, y, z) (32)

ζ = ζ (x, y, z)

They can be written in conservative vector forms:

∂Û

∂t
+

∂
(
Ê − Êv

)
∂ξ

+
∂

(
F̂ − F̂v

)
∂η

+
∂

(
Ĝ − Ĝv

)
∂ζ

= 0 (33)

The conservative variable vector is given by:

Û =
1

J


ρ̄
ρ̄ũ
ρ̄ṽ
ρ̄w̃

ρ̄Ẽt

 (34)

The inviscid flux vectors are

Ê =
1

J


ρ̄Ũ

ρ̄ũŨ + ξxp̄

ρ̄ṽŨ + ξyp̄

ρ̄w̃Ũ + ξzp̄

ρ̄h̃tŨ

 F̂ =
1

J


ρ̄Ṽ

ρ̄ũṼ + ηxp̄

ρ̄ṽṼ + ηyp̄

ρ̄w̃Ṽ + ηzp̄

ρ̄h̃tṼ

 Ĝ =
1

J


ρ̄W̃

ρ̄ũW̃ + ζxp̄

ρ̄ṽW̃ + ζyp̄

ρ̄w̃W̃ + ζzp̄

ρ̄h̃tW̃

 (35)
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and the viscous vectors are

Êv =
1

J


0

ξxi
(t̄i1 + τi1)

ξxi
(t̄i2 + τi2)

ξxi
(t̄i3 + τi3)

ξxi
[ũj (t̄ij + τij) − q̄i + Qi]



F̂v =
1

J


0

ηxi
(t̄i1 + τi1)

ηxi
(t̄i2 + τi2)

ηxi
(t̄i3 + τi3)

ηxi
[ũj (t̄ij + τij) − q̄i + Qi]

 (36)

Ĝv =
1

J


0

ζxi
(t̄i1 + τi1)

ζxi
(t̄i2 + τi2)

ζxi
(t̄i3 + τi3)

ζxi
[ũj (t̄ij + τij) − q̄i + Qi]


where the contravariant velocity components are defined as

Ũ ≡ ξxũ + ξyṽ + ξzw̃

Ṽ ≡ ηxũ + ηyṽ + ηzw̃ (37)

W̃ ≡ ζxũ + ζyṽ + ζzw̃

The Jacobian of the transformation J is defined as

J =
∂(ξ, η, ζ)

∂(x, y, z)
=

∣∣∣∣∣∣
ξx ξy ξz

ηx ηy ηz

ζx ζy ζz

∣∣∣∣∣∣ (38)

and 1/J is the cell volume.
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3 Numerical Formulation

3.1 Turbulence Closure

The process of filtering and Favre-averaging the Navier-Stokes equations results in

extra stress and heat-flux terms, which must be modeled in order to obtain turbulent

closure. The approximations of these terms (Eqs. 30-31) are similar to their laminar

counterparts (Eqs. 4 and 7), thus reducing the closure problem to the specification of

the eddy viscosity. The proposed hybrid model defines the eddy viscosity as the sum

of eddy viscosities obtained from the two-equation RANS model and the one-equation

subgrid model. The sections below will discuss the two-equation model chosen for the

RANS component of the closure and its modification to incorporate the one-equation

subgrid model in constructing the hybrid model.

3.1.1 RANS Models

Menter’s two-equation eddy-viscosity turbulence models [6] are selected as the RANS

component of the closure in this work. They are the models of choice because they

combine different features of existing models that are considered superior to their

alternatives. The first model is the baseline (BSL) model, which shifts from the

original k − ω model of Wilcox [1] in the inner region of the boundary layer to the

standard k− ε model [1] in the outer region and in free shear flows. The k−ω model

is well-suited in the inner layer because of its simplicity and numerical stability in the

sublayer and the superior performance over the k− ε model in the logarithmic region.

However, the k− ε model becomes more favorable in the wake region of the boundary

layer because the k−ω model has a very strong sensitivity to the freestream value of

ω. The transport equations for k and ω are shown as follows:

ρ
Dk

Dt
= µtΩ

2 − β∗ρωk +
∂

∂xj

[
(µ + σkµt)

∂k

∂xj

]
(39)
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ρ
Dω

Dt
= γρΩ2 − βρω2 +

∂

∂xj

[
(µ + σωµt)

∂ω

∂xj

]
+ 2 (1 − F1) ρσω2

1

ω

∂k

∂xj

∂ω

∂xj

(40)

where Ω is the magnitude of the vorticity vector. The constants φ appearing in the

model are calculated from the following equation:

φ = F1φ1 + (1 − F1) φ2 (41)

where the set of φ1 represents parameters from the k − ω model:

σk1 = 0.5, σω1 = 0.5, β1 = 0.0750

β∗ = 0.09, κ = 0.41, γ1 = β1/β
∗ − σω1κ

2/
√

β∗ (42)

and the set of φ2 represents parameters from the k − ε model:

σk2 = 1.0, σω2 = 0.856, β2 = 0.0828

β∗ = 0.09, κ = 0.41, γ2 = β2/β
∗ − σω2κ

2/
√

β∗ (43)

The eddy viscosity is defined the same way as in the original k−ω model (νt = k/ω).

The switching between the two RANS models is achieved through a mechanism that

involves the blending function, F1, which is defined by

F1 = tanh
(
arg4

1

)
(44)

arg1 = min

[
max

( √
k

0.09ωy
;
500ν

y2ω

)
;

4ρσω2k

CDkωy2

]
(45)

CDkω = max

(
2ρσω2

1

ω

∂k

∂xj

∂ω

∂xj

, 10−20

)
(46)

The y in Eq. 45 is the distance to the nearest wall and it is obvious for regions far away

from solid surfaces, all three terms on the right hand side of the equation approach

zero. Hence, F1 approaches zero and the constants of the k − ε model becomes

dominant in Eq. 41. The three terms also serve other purposes inside a boundary

layer: the first term is the turbulent length scale divided by y. It is equal to 2.5 in the
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log layer and goes to zero towards the boundary layer edge. The second term ensures

that F1 is equal to one in the sublayer, so that the k − ω model dominates near wall

surfaces. The third term is an additional safeguard against the freestream-dependent

solution.

The second model that Menter proposed is the shear-stress transport (SST)

model. It retains the transport equations of k and ω from the BSL model, but the

constants, φ1, are changed:

σk1 = 0.85, σω1 = 0.5, β1 = 0.0750, a1 = 0.31

β∗ = 0.09, κ = 0.41, γ1 = β1/β
∗ − σω1κ

2/
√

β∗ (47)

This model is designed to overcome the difficulty most models encounter in severe

adverse pressure gradient flows. The problem is that most models miss the important

effects of the transport of the principal turbulent shear stress. According to Bradshaw

[6], the principle turbulent shear stress is proportional to the turbulent kinetic energy

in the wake region of the boundary layer. By enforcing this proportionality, a lag

effect is introduced into the equations that accounts for the transport of the principal

turbulent shear stress. The SST model is constructed based on this principle and the

definition of eddy viscosity is modified to adjust for this effect:

νt =
a1k

max (a1ω; ΩF2)
(48)

where a1 is a constant, and F2 is a blending function that returns value of one for

boundary-layer flows and zero for free shear layers. It is given by:

F2 = tanh
(
arg2

2

)
(49)

arg2 = max

(
2

√
k

0.09ωy
;
500ν

y2ω

)
(50)

The new formulation of eddy viscosity works by replacing a1ω with ΩF2 in regions

where production of k is larger than its dissipation (Ω > a1ω), and retaining the
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original definition (νt = k/ω) for the rest of the flow. The eddy viscosity is thus

lowered in regions of high strain rate, such as near solid surfaces, in the vicinity

of strong shock waves, and in regions of flow separation and reattachment. As a

consequence, the SST model generally predicts a larger extent of flow separation

than the BSL model.

3.1.2 Hybrid Model

From a different perspective, either one of Menter’s models described above can be

considered a “hybrid” model in the sense that it incorporates best features of two

RANS models into one single formulation within a consistent framework. The pro-

posed hybrid LES/RANS method in current work attempts to follow the same con-

struct. It shifts the turbulence closure from a k − ω model near the wall to a one-

equation subgrid model away from walls. The switching is accomplished through a

blending function Γ that is dependent on the distance from the nearest wall (d):

Γ = tanh
(
η4

)
(51)

η = max

( √
k

0.09ωd
,
500ν

ωd2

)
(52)

This is similar to Menter’s formulation in Eq. 45 except that the last argument is

dropped. Like F1, Γ approaches unity in regions close to wall surfaces and approaches

zero in regions far away from walls.

The hybrid model solves the same transport equations of k and ω as in Menter’s

model but modifies the k equation to blends in the one-equation subgrid model. The

eddy viscosity is also modified the same way. The new transport equation of k and

definition of eddy viscosity take the forms as follows:

ρ
Dk

Dt
= Pk −

(
Γβ∗ρ kω + (1 − Γ) Cdρ

k3/2

∆

)
+

∂

∂xj

[
(µ + σkµt)

∂k

∂xj

]
(53)

νt = Γ
k

ω
+ (1 − Γ) Cs

√
k∆ (54)
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In these equations, Pk stands for the turbulence production term and is approximated

by µtΩ
2. Cs is the Smagorinsky coefficient scaling the subgrid eddy viscosity, and

Cd is the destruction constant that scales the subgrid dissipation term. Cs is kept

constant as 0.01 in all the simulations, while Cd is assigned values of 0.01 and 0.1 in

the compression ramp case to study the effects of changing the modeling constant.

∆ is a filter width defined as the cube root of the local cell volume. Note that in

the limit of balancing subgrid production and dissipation, the model above returns a

Smagorinsky-type subgrid eddy viscosity: νt = Cs

√
Cs

Cd
∆2Ω. The blending function

Γ determines the activation of either RANS or LES modes in the flow field. When

the region of interest is far away from walls (Γ = 0), the RANS component becomes

negligible in Eqs. 53 and 54 while the LES component dominates. On the other hand,

the RANS component is recovered when the grid point considered is close to walls

(Γ = 1).

Another hybrid strategy tested in this work is the Monotonically Integrated

Large Eddy Simulation (MILES) of Boris et. al.[16] This approach simply sets the

eddy viscosity to zero and relies strictly on the intrinsic dissipation inherent in the

numerical scheme to mimic the role of a subgrid closure. However, the grids used in

this study are too coarse in the streamwise and spanwise directions to be considered

suitable for a true LES within the inner part of the boundary layer. Therefore, the

MILES simulation behaves more like a “very large eddy simulation” (VLES).

3.2 Discrete Representation

The governing system of equations is solved utilizing a cell-centered, generalized co-

ordinate finite volume discretization. Associating the i index with the ξ coordinate,

the j index with the η coordinate, and the k index with the ζ coordinate, the discrete
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representation of the governing equation is given as

∂Ûi,j,k

∂t
+

(Ê − Êv)i+1/2,j,k − (Ê − Êv)i−1/2,j,k

∆ξ
+

(F̂ − F̂v)i,j+1/2,k − (F̂ − F̂v)i,j−1/2,k

∆η
+

(Ĝ − Ĝv)i,j,k+1/2 − (Ĝ − Ĝv)i,j,k−1/2

∆ζ
− Ŝi,j,k = 0 (55)

where ∆ξ, ∆η, and ∆ζ are assumed to be unity. The source term Ŝ is now present

after incorporating the transport equations of k and ω into the governing system of

equations. The discretized form shown above can be recast into unsteady and steady

parts:

∂Ûi,j,k

∂t
= −Ri,j,k (56)

where

Ri,j,k =
(Ê − Êv)i+1/2,j,k − (Ê − Êv)i−1/2,j,k

∆ξ
+

(F̂ − F̂v)i,j+1/2,k − (F̂ − F̂v)i,j−1/2,k

∆η

+
(Ĝ − Ĝv)i,j,k+1/2 − (Ĝ − Ĝv)i,j,k−1/2

∆ζ
− Ŝi,j,k (57)

is the residual vector that represents the steady part of the equation set at grid point

(i,j,k).

3.3 Upwinding

The inviscid fluxes in the governing equations set are discretized using the Low Diffu-

sion Flux Splitting Scheme (LDFSS) of Edwards [17], while the viscous and diffusive

terms are discretized using central differences. The LDFSS combines the accuracy of

flux difference splitting methods with the numerical efficiency of flux vector splitting

methods. It is capable of capturing both stationary and moving contact discontinu-

ities while preserving monotone resolution and satisfying an entropy condition. An

example is shown below in applying this algorithm to the ξ direction; the η and ζ
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direction fluxes are formulated similarly. For brevity, the bar/tilde notation used

in deriving the resolved-scale inviscid fluxes is omitted in the development that fol-

lows. The inviscid interface flux in the ξ direction, Êi+1/2, is split into convection and

pressure components:

Êi+1/2 = Êc + Êp =
1

J

(
ρUẼc + pẼp

)
(58)

where

Ẽc =



1
u
v
w
ht

k
ω


Ẽp =



0
ξx

ξy

ξz

0
0
0


(59)

The LDFSS scheme is performed at the cell interfaces (i + 1/2) using the flow prop-

erties stored in cell centers (i) and (i+1). These are denoted as the left (L) and right

(R) states in the following expressions. The pressure contribution to the interface

flux, Êp, is given by

Êp =
1

J
Ẽp

[
D+

LpL + D−
RpR

]
(60)

where D± is a function of the Mach number

D±
L,R = α±

L,R(1.0 + βL,R) − βL,RP±
L,R (61)

The subsonic pressure splitting is given by

P±
L,R =

1

4
(ML,R ± 1)2(2 ∓ ML,R) (62)

and the functions α± and β provide the correct sonic-point transition behavior:

α±
L,R =

1

2
[1 ± sign(1.0,ML,R)] (63)

βL,R = −max [0.0, 1.0 − int(|ML,R|)] (64)
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Rewriting the convective ξ direction flux Êc by denoting the contravariant velocity U
as a contravariant Mach number splitting C± times an interface speed of sound a1/2,

the convective contribution of the interface flux becomes

Êc =
|∇ξ|
J

a1/2

[
ρLC+Ẽc

L + ρRC−Ẽc
R

]
(65)

The Mach number splittings are defined as

C± = C±
V L ∓ M±

1/2 (66)

where

C+
V L = α+

L (1 + βL)ML − βLM+
L (67)

C−
V L = α−

R(1 + βR)MR − βRM−
R (68)

The split Mach number is defined as

M±
L,R = ±1

4
(ML,R ± 1)2 (69)

and the left and right state Mach numbers are given by

ML,R =
ξxuL,R + ξyvL,R + ξzwL,R

a1/2|∇ξ| (70)

The M±
1/2 are defined as:

M+
1/2 = M1/2

[
2pR

pL + pR

− 2|pL − pR|
pL

]
(71)

M−
1/2 = M1/2

[
2pL

pL + pR

− 2|pL − pR|
pR

]
(72)

and the interface Mach number is

M1/2 =
1

4
βLβR

[√
1

2
(M2

L + M2
R) − 1

]2

(73)

The interface speed of sound is given by

a1/2 =
1

2
(aL + aR) (74)
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where

a =
√

γRT (75)

The LDFSS is extended to second order to improve the accuracy of the solution. The

second order extension is accomplished by a slope-limited, upwind-biased interpola-

tion of the primitive variable vector

V̂ =



ρ
u
v
w
T
k
ω


(76)

to the cell interface. The unwanted oscillations are eliminated using the essentially

non-oscillatory (ENO) interpolation technique.[18] This procedure has an advantage

over the TVD-type limiters in that it preserves second order accuracy at solution

extrema.

3.4 Time Integration

The time integration of the discrete system of equations is performed by a planar

relaxation sub-iteration procedure to achieve second order temporal accuracy. At

a particular time level n + 1, the following sub-iteration procedure is performed to

obtain the correction ∆V n+1,k+1. First, the residual of the unsteady form of the

equations at time level n+1, sub-iteration level k is defined using a Crank-Nicholson

discretization:

Rn+1,k = −Un+1,k − Un

∆t
+

1

2

(
R(Un+1,k) + R(Un)

)
(77)

In Eq. 77, Un+1,k is the vector of conservative variables at time level n + 1, sub-

iteration level k. Un is the conservative variable vector obtained from the previous

time level n. Likewise, R(Un+1,k) is the discrete representation of the steady part of
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the filtered equation set (Eq. 57) at time level n+1, sub-iteration level k, and R(Un)

is the steady residual vector obtained from the conservative variables computed at

time level n. The update vector in primitive variables, ∆V n+1,k+1, is solved in a large

sparse linear system, formulated for a particular grid point as:[
M

∆t
+

1

2

(
Ã − ∂S

∂V

)]n+1,k

i,j,k

∆V n+1,k+1
i,j,k +

1

2
B̃n+1,k

i,j,k ∆V n+1,k+1
i,j−1,k +

1

2
C̃n+1,k

i,j,k ∆V n+1,k+1
i,j+1,k

+
1

2
D̃n+1,k

i,j,k ∆V n+1,k+1
i,j,k−1 +

1

2
Ẽn+1,k

i,j,k ∆V n+1,k+1
i,j,k+1

+
1

2
F̃ n+1,k

i,j,k ∆V n+1,k+1
i−1,j,k +

1

2
G̃n+1,k

i,j,k ∆V n+1,k+1
i+1,j,k

= −Rn+1,k
i,j,k (78)

where Ã − G̃ are functions of the inviscid and viscous flux Jacobians, as outlined in

Ref. [17]. M is the transformation matrix ∂U
∂V

, ∂S
∂V

is the Jacobian of the source term

vector, and ∆t is the physical time step.

The implicit operator is formed by ordering Eq. 78 over the grid nodes and

incorporating implicit representations for the boundary conditions.[19] The resulting

system Jacobian matrix is approximately solved using a symmetric planar Gauss-

Seidel (SPGS) algorithm. First, the matrix is partitioned by a planar Gauss-Seidel

partitioning method [19]:

(D + L)n+1,k
(
Dn+1,k

)−1
(D + U)n+1,k∆V n+1,k+1 = −Rn+1,k (79)

where D consists of matrix elements corresponding to an i = constant plane:

D =

[
M

∆t
+

1

2

(
Ã − ∂S

∂V
+ B̃ + C̃ + D̃ + Ẽ

)]
(80)

and L and U consist of the off-plane matrix elements:

L =
1

2
F̃

U =
1

2
G̃ (81)
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Then, the SPGS algorithm is implemented in two steps, a forward and a backward

step in the ξ direction:

forward sweep : ∆V
n+1,k+1/2
i =

(
Dn+1,k

i

)−1 [
−Rn+1,k

i − Ln+1,k
i−1 ∆V

n+1,k+1/2
i−1

]
backward sweep : ∆V n+1,k+1

i = ∆V
n+1,k+1/2
i −

(
Dn+1,k

i

)−1

Un+1,k
i+1 ∆V n+1,k+1

i+1 (82)

where the inversion of the block pentadiagonal matrix Di at each i index is solved

using an Incomplete LU (ILU) approximate factorization. The primitive variables at

the new sub-iteration level k + 1 are then updated by:

V n+1,k+1 = V n+1,k + ∆V n+1,k+1 (83)
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4 Implementation

4.1 Ramped-cavity Configuration

The hybrid strategies discussed in the previous section are implemented on two dif-

ferent configurations. The first one is the ramped-cavity geometry of Settles, et.

al. [20, 21] A two-dimensional view of the configuration is shown in Figure 1. The

X (m)

Y
(m

)

0 0.1 0.2
-0.05

0

0.05

0.1

0.15

0.2

Flat plate

Backward-facing step

Cavity Ramp

Outflow

Inflow

Figure 1: Schematic of ramped-cavity configuration

computational domain consists of three main sections: a flat plate at the entrance, a

cavity following the sharp 90-degree backward-facing step, and a 20-degree ramp that

extends to the outflow plane. The three-dimensional grid utilized for this geometry

consists of two blocks, containing 37×85×33 points in the flat plate region and 165

×125×33 points downstream of the backward-facing step. The bulk motion of the

mean flow is from left to right, thus the X direction is the streamwise direction. The

grid extends 0.0381 m in the spanwise (Z) direction and is clustered to all wall surfaces

and in the vicinity of the reattachment location. A refined grid, containing twice as

many points in the streamwise direction downstream of the backward-facing step, is
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Table 1: Ramped-cavity inflow conditions

Flow property Simulation
M∞ 2.92

P∞(Pa) 21240
T∞(K) 95.4

ρ∞(kg/m3) 0.77
µ∞(kg/m · s) 0.66 × 10−5

Re∞/m 6.7 × 107

δ∞(cm) 0.29

also used for selected simulations. The grid is further decomposed into smaller blocks

of equivalent sizes for parallel computing on the IBM SP-2 at the North Carolina

Supercomputing Center.

The hybrid simulation is initialized by reading in a RANS solution obtained from

solving the flow field in two dimensions using the Menter SST model. The inflow

conditions are obtained by computing two-dimensional flow over a flat plate until

the boundary layer properties just upstream of the cavity match the experimental

values. Some of the inflow properties are shown in Table 1. The region upstream

of the cavity is fixed at the initial conditions, while the velocity fields immediately

downstream of the leading edge of cavity are randomly forced at each time step. The

random forcing procedure is based on the work presented in Ref. [22], and it ensures

the generated fluctuation fields sustain mean, variance, and co-variance information

(obtained from the initial RANS solution) in the long-time average. The density and

temperature fluctuation fields are also computed from the velocity fluctuations based

on Morkovin’s hypothesis of negligible pressure and total-temperature fluctuations.

Results from both calculations with and without random forcing of the inflow profile

were compared and the former one was found to be slightly superior to the latter

one. Therefore, the forcing procedure was used in all simulations. As far as the
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other boundaries are concerned, extrapolation boundary conditions are applied along

the outflow boundaries at the top and right sides in Figure 1. Standard no-slip,

adiabatic wall boundary conditions are applied along the wall surfaces. Since the

flow is assumed to be spatially homogeneous in the Z direction, periodic boundary

conditions are implemented in this direction.

The computation time is measured in units of characteristic times. One charac-

teristic time is defined as the time it takes for a freestream fluid particle to traverse

the domain and is equal to 0.00043 seconds for present conditions. Time-dependent

simulations are run for 10.5 characteristic times to establish a statistically-stationary

state, i.e., a state in which the time averages of flow properties have reached steady

values. Time-averaged statistics are then collected for an additional 7 characteristic

times. A time step of 1.5 × 10−7 seconds is used for simulations run with the pla-

nar relaxation method, which requires 4 to 6 sub-iterations to reduce the residual at

each physical time step two orders of magnitude. During the process of collecting

time-averaged statistics, flow properties are averaged over spanwise direction before

temporal averages are taken. Whether the spatial averaging is performed before

or after temporal averaging may produce different results for fluctuation-dependent

statistics, but the differences were found to be very minor for present case.

4.2 Compression Ramp Configuration

The second configuration is a compression ramp geometry that is identical to the ex-

perimental model tested by Settles, et. al. [23, 24] Figure 2 shows a two-dimensional

view of the computational domain. This geometry consists of a flat plate that ex-

tends 0.2 m from the inflow plane, and followed by a 20-degree compression ramp.

The three-dimensional grid used for this case consists of 449×129×65 points, and it is

decomposed further into smaller blocks for mapping onto the IBM SP-2 architecture.
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Figure 2: Schematic of compression ramp configuration

Table 2: Compression ramp inflow conditions

Flow property Simulation
M∞ 2.79

P∞(Pa) 26001
T∞(K) 100.8

ρ∞(kg/m3) 0.89
µ∞(kg/m · s) 0.70 × 10−5

Re∞/m 7.2 × 107

δ∞(cm) 2.7

The grid extends 0.0783 m in the Z direction and is clustered in the Y direction to the

flat plate and ramp. The grid spacing is uniform in the X and Z directions. Inflow

conditions are obtained by calculating two-dimensional flow over a flat plate until the

boundary layer properties just upstream of the interaction match the experimental

values. Their values are shown in Table 2. Initial conditions are obtained by solving

the flow field in two dimensions using the Menter SST or the Menter BSL model,

depending on the run case considered. In the initial step of the simulation, a random
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perturbation is applied to all flow variables, constructed based again on the proce-

dure presented in Ref. [22], to enable a more rapid formation of three-dimensional

structures.

Two types of inflow boundary conditions are considered: one is the conventional

Dirichlet boundary conditions that fix the supersonic inflow profile, the other one is

time-dependent boundary conditions produced by a data recycling procedure similar

to that used by Urbin et. al.[25] Further details regarding this procedure will be

discussed in the next sub-section. The treatment of the other boundaries (outflow,

wall surfaces, spanwise direction) is the same as that used for the cavity configuration.

Hybrid simulations with fixed inflow boundary conditions are run for 4.8 charac-

teristic times (1 characteristic time equals 0.00062 seconds for this case) to establish a

statistically-stationary state. Simulations with time-dependent inflow boundary con-

ditions reach the statistically-stationary state quicker, taking 4.1 characteristic times.

Both cases are run an additional 4.8 characteristic times to collect statistics. A time

step of 7.5 × 10−8 seconds is used with the planar relaxation method, with three to

four sub-iterations required to reduce the residual at each time step two orders of

magnitude. A larger time step of 1.5 × 10−7 seconds is also used to speed up the

time averaging process. Like the cavity case, the flow statistics are averaged over

the Z direction to yield nominally two-dimensional predictions before the temporal

averages are taken.

4.3 Recycling

The compression ramp flow presents a rigorous challenge to the hybrid method, as a

clear delineation between regions modeled through RANS techniques and those mod-

eled through LES is not present in this type of flow. Figure 3 shows the instantaneous

eddy viscosity contours for a simulation performed with fixed inflow conditions. The
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Figure 3: Instantaneous eddy viscosity contours in compression ramp

RANS eddy viscosity is seen dominating the incoming boundary layer. Downstream

of the separation shock, a wake-like structure in the boundary layer is produced above

the axial separation region. The blending function sees this as a transition into a free-

shear layer and triggers a shift to the LES mode. The eddy viscosity is drastically

reduced as a result. This presents a potential problem as the hybrid method cannot

respond to the model change that quickly, and the boundary layer cannot sustain the

required levels of turbulence energy with the reduction in eddy viscosity. Therefore,

the separation shock has a tendency to propagate forward, leading to over-prediction

of the axial extent of the separation region. To correct this problem, a recycling pro-

cedure similar to Ref. [25] is used to generate time-dependent fluctuation data that is

fed into the inflow plane of the computational domain continuously. The goal is to re-

place the incoming RANS boundary layer with a time-dependent hybrid LES/RANS

boundary layer so that the correct levels of fluctuation energy are maintained.
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A schematic of the recycling procedure is shown in Figure 4. The instantaneous

flow properties are extracted out of a plane approximately 0.1 m downstream of the

inlet at each time step. They are decomposed into time mean parts f̄(x, y, z) and

time fluctuating parts f ′′(x, y, z, t) according to

f̄ =
1

tf − ti

∫ tf

ti

fdt, f ′′ = f − f̄ (84)

For the three velocity components (u, v, w), their fluctuating parts are recycled and

rescaled to the inlet according to

u′′inn
inl = βu′′

rec(y
+
inl, z, t) , u′′out

inl = βu′′
rec(ηinl, z, t)

v′′inn
inl = βv′′

rec(y
+
inl, z, t) , v′′out

inl = βv′′
rec(ηinl, z, t) (85)

w′′inn
inl = βw′′

rec(y
+
inl, z, t) , w′′out

inl = βw′′
rec(ηinl, z, t)

where the superscripts inn and out denote the inner and outer regions of the boundary

layer, respectively. The subscripts inl and rec represent the inlet and recycle stations,

respectively. y+ is the classical law of the wall coordinate(y+ = yuτ/νw), and it is
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used as the inner layer coordinate. η is defined as η = y/δ, and is used as the outer

layer coordinate. β is the ratio of the friction velocity between the inlet station and

the recycle station:

β =
uτ,inl

uτ,rec

=

(
δrec

δinl

) 1
10

(86)

where

δrec

δinl

=

[
1 +

(
xrec − xinl

δinl

)
0.27

6
5 Re

− 1
5

δinl

] 5
6

(87)

The fluctuating temperature is recycled similarly, but without the ratio of friction

velocity:

T ′′inn
inl = T ′′

rec(y
+
inl, z, t), T ′′out

inl = T ′′
rec(ηinl, z, t) (88)

The new fluctuating profiles for velocity and temperature at the inflow are then

obtained by forming a weighted average of the inner and outer profiles:

f ′′
inl = f ′′inn

inl [1 − W (ηinl)] + f ′′out
inl W (ηinl) (89)

where f can be substituted with u, v, w, or T , and the weighting function W is

defined as

W (η) =
1

2

(
1 +

1

tanh(4)
tanh

[
4(η − B)

(1 − 2B)η + B

])
(90)

using B = 0.2 to provide a smooth transition at y/δ = 0.2. The new inflow profiles

are then obtained by superimposing the recycled fluctuating components to the mean

components, which are extracted from the initial RANS solution and remain fixed

throughout the hybrid simulation.

The turbulence quantities k and ω are also decomposed into time mean and

time fluctuating parts. Unlike the velocity and temperature that just recycle their

fluctuating parts, the turbulence quantities recycle both mean and fluctuating parts.

They are recycled to the inlet according to

f̄ inn
inl = f̄rec(y

+
inl, z, t) , f̄ out

inl = f̄rec(ηinl, z, t)

f ′′inn
inl = f ′′

rec(y
+
inl, z, t) , f ′′out

inl = f ′′
rec(ηinl, z, t) (91)
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where f represents either k or ω. The new profiles at the inflow are then obtained by

an expression similar to Eq. 89:

finl =
(
f̄ inn

inl + f ′′inn
inl

)
[1 − W (ηinl)] +

(
f̄ out

inl + f ′′out
inl

)
W (ηinl) (92)

where the weighting function is the same as in Eq. 90
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5 Results and Discussion

5.1 Ramped-cavity Flow
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Figure 5: Instantaneous axial velocity contours

A snapshot of the axial velocity contours taken during the simulation of the

ramped-cavity flow is shown in Figure 5. The dominant features of the flow include:

an incoming turbulent boundary layer formed on top of the flat plate, a free-shear

layer evolving from the boundary layer over the cavity as the step drops, a large

recirculation zone developed behind the step, a compression fan formed and coalesced

into an oblique shock as a result of the impingement of the free-shear layer upon

the ramp, and a recovering boundary layer formed downstream of the reattachment

of the free-shear layer. Clearly seen on top of the shear layer are the elongated
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Kelvin-Helmholtz structures. They are nominally two-dimensional structures that

dominate the initial growth of the free-shear layer, but break down in a highly three-

dimensional manner after reattachment. The size of the horseshoe vortices present

in the recovering boundary layer is of the order of half of the domain extent in the

spanwise direction (about 0.75 cm). Note that a self-oscillating cycle characteristic of

rectangular cavity flow-fields is not observed in this simulation. This may be due to

the shallow ramp angle (20 deg.), which redirects acoustic disturbances away from the

the front cavity wall. Figure 6 shows the time-averaged axial velocity contours from
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Figure 6: Time-averaged axial velocity contours

the same simulation. The contour lines appear much smoother as compared to the

instantaneous plot, because the unsteadiness and randomness associated with time-
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dependent calculations is filtered out after the averaging process. The resulting flow

field contain valuable mean flow statistics that can be extracted at selected locations

and compared to the experimental data of Settles et. al.[20]

5.1.1 Baseline Grid
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Figure 7: Wall pressure in recovery region

Comparisons are made between the experimental data and the results from three

different approaches. These are Menter’s SST model, a hybrid model that uses the

SST model as RANS part of the closure, and MILES. Figure 7 presents wall pressure

comparisons on the ramped portion of the cavity. The x-coordinate x′ is the distance

measured along the ramp surface and originates from the juncture of cavity and ramp.

For the y-coordinate, the wall pressure is normalized by the freestream pressure. The

plot shows that the wall pressure has a value close to the freestream condition on the

bottom of the ramp and then rises to four times the freestream value close to the

outflow plane. The midpoint of the pressure rise represents roughly the reattachment
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location, whereas the rise itself indicates the rate of recovery of the boundary layer

downstream of reattachment. Both the hybrid and MILES solutions provide decent

predictions with respect to the rate of recovery of the boundary layer, while the RANS

solution results in a more gradual compression.
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Figure 8: Velocity profiles in shear layer

Figure 8 presents mean velocity profiles within the shear layer upstream of reat-

tachment. The mean velocity is normalized by the freestream velocity. The first

profile on the far left side of the plot is actually located on the flat plate prior to the

cavity. All three models show excellent predictions of the incoming boundary layer.

However, discrepancies begin to appear in the shear layer region. Both the hybrid

and MILES models under-predict the initial growth of the shear layer, and the fuller

profiles indicate that the computed shear layer spreads farther into the cavity than

the measured one. This has a potential effect of predicting the reattachment loca-

tion upstream of the experimental data. On the other hand, the RANS approach



37

U/U∞

y/
δ

0

0.5

1

Experiment

SST RANS

SST Hybrid

MILES

0 0 0 0 0 0.5 1.0

x’,cm = 6.86 9.65 11.68 13.72 15.49

Figure 9: Velocity profiles in recovery region

over-estimates the initial shear layer thickness but provides an excellent prediction of

the last profile. Figure 9 presents the velocity profiles in the recovery region. The

vertical distance is normalized by the experimentally-measured boundary layer thick-

ness. The velocity profiles are extracted normal to the ramp surface. The hybrid and

MILES approaches predict reattachment upstream of the experimental location, as

indicated by the first profile. They, however, manage to capture the velocity profiles

of the recovering boundary layer fairly well some distance downstream of the reat-

tachment. The MILES simulation results in slightly larger velocity levels than the

hybrid model in the inner part of the boundary layer. The RANS results consistently

under-estimate the rate of recovery of the boundary layer. This phenomenon is char-

acteristic of RANS models in post-separation recovery regions, and the success of the

hybrid strategies in removing this weakness is certainly encouraging.

Figure 10 shows the pressure profiles in the recovery region. It displays similar
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trends as the predictions of hybrid and MILES models are slightly superior to the

RANS model. Figure 11 presents the wall skin friction distribution in the same region.

As mentioned earlier, the hybrid model clearly predicts the reattachment location

farther upstream than indicated in the experimental data. For this model, the rate of

increase in skin friction is about the same as in the experiment, but the final level is

lower than the experimental data. The RANS solution reattaches at about the same

location as the experiment but under-predicts the rise in skin friction. The MILES

solution is more indicative of a laminar flow than a turbulent one. It never recovers to

the correct level of wall shear stress after reattachment. Coarse grid distributions in

the near-wall region in the streamwise and spanwise direction may be held responsible

for this failure, as a relatively coarse grid cannot capture the near-wall eddy structure

properly.

In addition to the comparisons of mean flow properties discussed above, a fluc-

tuating quantity, rms mass flow fluctuation, is also considered. The rms mass flow

fluctuation is determined by the superposition of resolved-scale and modeled data:[
(ρu)′

]2
= (ρu)2 − (ρu)2 +

[
(ρu)′

]2

mod
(93)

where the square root of the term on the left hand side is the rms mass flow fluctuation,

〈(ρu)′〉. The overbars in Eq. 93 denote temporal and spatial averages of the quantities

indicated. The last term on the right hand side represents the contribution of the

modeled component to the fluctuation mass flow. There is no good way to extract this

quantity directly from a Favre- or Reynolds-averaged description of the flow without

employing several assumptions. The expression used by Horstman, et. al. [21], which

assumes the validity of Morkovin’s hypotheses in the extraction of hot-wire data and

that the ratio of the streamwise to lateral to normal velocity fluctuation is 4:3:2, is

used in this work: [
(ρu)′

]2

mod
=

8

9
(1 + (γ − 1) M∞) ρ2k (94)
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This expression depends on the fluctuation kinetic energy k, which shifts from RANS

levels near solid surfaces to LES levels in the free-shear layer and recovery regions.

Figure 12 shows the mass flow fluctuation profiles in the shear layer. The general

trend of the data is captured by the hybrid approaches, but the profiles are shifted
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Figure 12: rms mass flow fluctuation profiles in shear layer

farther down into the cavity and the peak rms levels are well over-predicted. The

RANS approach captures the peak levels better but is overly diffusive. For the hybrid

approaches, the resolved-scale Eq. 93 is more dominant and determines the shape of

the profiles. Figure 13 presents slightly improved predictions of the hybrid models

in the recovery region. Both the locations and levels of peak rms are closer to the

experimental data in this region than in the shear layer. The RANS model fails to

capture the rms levels for the first peak and does not even show the second peak

farther away from the wall.
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Figure 13: rms mass flow fluctuation profiles in recovery region

5.1.2 Refined Grid

The results presented so far indicate that the hybrid approaches are not that successful

in predicting the structure of the shear layer. One reason may be insufficient stream-

wise grid refinement, which may delay the development and breakdown of nominally

two-dimensional Kelvin Helmholtz structures. Therefore, the number of streamwise

grid points is doubled downstream of the backward-facing step and the comparisons

of flow profiles are repeated again. Figures 14 and 15 show that both the hybrid and

MILES simulation results for wall pressure and skin friction are relatively unaffected

by the grid refinement, even though the hybrid model shows a slight deterioration

in skin friction prediction near the end of the ramp. The fact that MILES does not

improve its prediction of skin friction with grid refinement implies that some type of

RANS closure is necessary for the near wall flow. Grid refinement, however, improves

the MILES predictions of the velocity profiles above the cavity and just downstream
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of reattachment, as shown in Figures 16 and 17. The hybrid model displays a slight

improvement but is less sensitive to grid refinement. The fact that the MILES simu-

lation responds better to grid refinement than the hybrid model indicates that with

sufficient grid resolution, only minimal levels of eddy viscosity appear to be necessary

away from solid surfaces. The effect of grid refinement on fluctuation-dependent
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Figure 16: Velocity profiles in shear layer - effect of grid refinement

statistics appears less significant, though MILES does show some improvement in the

positioning of the peak in rms mass flow fluctuation in the shear layer. However, the

peak levels are still over-predicted. An interesting trend results from the grid refine-

ment study. The MILES simulation, which practically produces no eddy viscosity in

the entire flow field, appears to respond more positively to grid refinement than the

hybrid model, which treats the cavity flow and much of the recovering boundary layer

as RANS.
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Figure 17: Velocity profiles in recovery region - effect of grid refinement

5.2 Compression Ramp Flow

Snapshots of three-dimensional axial velocity and pressure contours for the com-

pression ramp flow field during hybrid simulations are shown in Figures 18 and 19.

Dominant features of this flow field include an incoming turbulent boundary layer

on the flat plate, an oblique shock that induces a region of flow separation in the

vicinity of ramp corner, and a boundary layer recovering on the ramp surface. Note

the fluctuating wave front of the shock system in the spanwise direction shown in

Figure 19. This phenomenon has also been observed in experimental works. Charac-

teristics of the shock wave/boundary layer interaction present in this flow include the

delayed response of the Reynolds stress to the initial shock-induced disturbance, the

eventual rapid amplification of the Reynolds stress through the interaction region,

and its relaxation toward an equilibrium state as the flow moves downstream.

Figure 20 presents the effects of the different treatments of inflow boundary
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Figure 20: Effects of inflow boundary condition treatments on instantaneous axial
velocity

conditions on the hybrid simulation results. The contour plot on the top shows the

hybrid model with the conventional Dirichlet boundary conditions imposed on the

inflow. A “smooth”, RANS-type boundary layer is seen developing from the inflow.

As this boundary layer encounters the separation shock, a wake-like structure forms

above the separation region. The blending function senses this as a transition into

a free-shear layer and thus lowers the eddy viscosity. Menter’s SST model, which

the hybrid simulation uses as its RANS closure, also helps lower the RANS eddy

viscosity in the vicinity of the separation shock, where the local strain rate exceeds

the turbulence frequency ω (see Eq. 48). This only makes the matter worse as the

computed boundary layer cannot maintain its energy level with the reduction in eddy
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viscosity and becomes vulnerable to the adverse pressure gradient. Thus, the pocket

of reverse flow enlarges over time as the shock continues propagating upstream. The

other treatment is to use the recycling procedure described in Section 4. The contours

on the bottom show that the incoming boundary layer contains time-resolved large-

scale structures as a result of recycling the fluctuation field back into the inflow. These

structures appear to maintain more of their energy content as the model shifts from

a RANS to a LES mode of operation. As shown later, this prevents the separation

shock from advancing too far upstream, and improves comparisons with experimental

data.

5.2.1 Fixed vs. Time-dependent Boundary Conditions

The time-averaged results from these two simulations (run with Cd = 0.01) are com-

pared with Settles’ experimental data [24] in Figures 21- 24. Results from a hybrid

simulation with a higher destruction constant (Cd = 0.1) are also shown. For clarity,

the hybrid model with fixed inflow boundary conditions will be called the original

hybrid model in the following discussion. Likewise, the hybrid model with the time-

dependent boundary conditions will be called the recycling hybrid model. Figure 21

shows the pressure distributions along the wall surface. In this and subsequent fig-

ures, the X coordinate is the distance measured along the ramp surface and its origin

(X=0.0 cm) is taken at the flat-plate/ramp juncture. The initial rise in pressure

corresponds to the positioning of the separation shock. The recycling hybrid model

clearly shows the improvement in prediction of the location of separation shock over

that of the original hybrid model. The extent of the initial pressure rise indicates the

strength of the separation shock, and all of the models predict a weaker shock than

the experiment. A compression fan forms downstream of the separation shock, as

indicated by a gradual rise in pressure on the ramp surface. All of the models capture

the rate of pressure rise reasonably well, but the rise itself takes place farther down-
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Figure 21: Wall pressure distributions - fixed inflow b.c. vs. recycling

stream than indicated in the experimental data. This is due to an over-prediction of

the axial extent of flow separation by all of the models. The recycling hybrid model,

again, shows an enhancement over the original hybrid model in predicting the loca-

tion of the compression fan closer to the experiment. Differences between predictions

of hybrid models run with Cd = 0.1 and Cd = 0.01 are seen to be minor.

Figure 22 shows the skin friction distributions. All of the models under-predict

the skin friction levels in the incoming boundary layer. All of the models predict the

drop in skin friction farther upstream than indicated by the experimental data, with

the original hybrid model separating the earliest. The recycling hybrid models predict

the reattachment point quite well but over-predict the upstream extent of axially

separated flow. The rise in skin friction downstream of reattachment is indicative of

the rate of recovery of the inner part of the boundary layer. The recycling hybrid

model with Cd = 0.01 predicts an excellent rate of recovery. The same model run with
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Figure 22: Skin friction distributions - fixed inflow b.c. vs. recycling

Cd = 0.1 produces lower skin friction levels in the recovery region because of a smaller

RANS component in this region. This is caused by lower turbulent kinetic energy

levels and the resulting shift in the blending function toward the wall (Eq. 52). The

original hybrid model shows the largest axial extent of flow separation and a slower

recovery of skin friction on the ramp.

Figures 23 and 24 present the velocity profiles in the vicinity of ramp corner and

the recovery region on the ramp, respectively. In both figures, the velocity profiles are

extracted normal to the surface and normalized by experimentally-measured reference

velocities. General shapes of the profiles are captured in the vicinity of ramp corner

by the recycling hybrid models, though the velocity levels are well under-predicted.

This is due to the inaccurate prediction of the separation shock location that causes

premature loss of momentum in the inner part of the boundary layer. The results are

not quite satisfactory in this region, but they are nevertheless better than the pre-
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dictions of the original hybrid model. In the recovery region, however, the near-wall

velocity levels are captured very well by the recycling hybrid model with Cd = 0.01.

The higher Cd case displays an under-prediction in the near-wall region. This dis-

crepancy reflects the observation made in Figure 22 in which the lower Cd simulation

produces a better recovery of skin friction than the higher Cd simulation. The veloc-

ity profiles of the original hybrid model show that they are separated at most of the

locations, reflecting the trend seen in Figures 21 and 22.

5.2.2 BSL vs. SST Model

The discussion presented so far indicates some level of success in replacing conven-

tional Dirichlet boundary conditions by time-dependent boundary conditions at the

inflow. However, the upstream extent of the axial separation is still not properly

predicted. This may be due to the fact that the SST model is used as the RANS

closure in the hybrid calculations. As discussed earlier, the eddy viscosity defined in

this model naturally lowers its value in regions of high strain rate (e.g. vicinity of

strong shock waves). This generally leads to more flow separation than predicted by

the BSL model, where the eddy viscosity definition remains unchanged. Therefore,

it is important to see whether the hybrid simulation based on the BSL model would

perform better than the one based on the SST model.

Figures 25 to 28 repeat the same comparisons of mean flow properties to highlight

the differences between the BSL and SST variants. The RANS results of these two

models are also included in the comparisons. Figure 25 shows that the BSL hybrid

model predicts the initial rate of pressure increase quite accurately but does not

improve over the SST hybrid model in terms of the positioning of the separation

shock. The compression fan actually takes place farther downstream than that of the

SST hybrid model, implying a larger separation region. The BSL RANS model, on the

other hand, predicts the least amount of separation and captures the compression fan
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quite well. The SST RANS results display more of a gradual compression throughout

the interaction region, and also over-predicts the extent of axial separation. The same

trend is evidenced in Figure 26, where the BSL hybrid model separates earlier and

reattaches later than the SST hybrid model. Both of the RANS models result in

a more accurate prediction of incoming skin friction levels than that of the hybrid

models. The BSL RANS model captures the skin friction distributions quite well

upstream of the reattachment point, but its performance in the recovery region is not

as good as the hybrid model. The SST RANS model consistently predicts the largest

extent of flow separation. The velocity profile predictions in Figures 27 and 28 show
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Figure 27: Velocity profiles in vicinity of ramp apex - BSL vs. SST model

similar outcomes. While the BSL RANS model does not predict the near-wall velocity

levels as well as the SST hybrid model in the recovery region, it captures the velocity

profiles exceptionally well further away from the wall. Both the BSL hybrid and SST

RANS models produce results that are representative of large flow separation.
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The BSL hybrid model is found to be disappointing after examining its results.

The failure of this model may be due to insufficient reduction in eddy viscosity in

the incoming boundary layer, as shown in Figure 29. The BSL hybrid model shows

higher levels of eddy viscosity on the flat plate than the SST hybrid model, indicating

the dominance of RANS in that region. The discrepancy between these two models

can be traced back to how each responds to the recycling procedure. Figure 30 shows

the snapshots of axial velocity contours taken at three different time instances during

the SST hybrid simulation. The recycling plane is positioned at about 0.1 m down-

stream of the inlet, as indicated by a dashed line in the figure. The simulation at 1.2

characteristic times shows that the axial extent of flow separation was so large that

the separation shock almost extended to the recycling plane. At t=2.4 characteristic

times, the shock crossed over the recycling plane, and started influencing the inflow

profiles. This triggered the formation of structures in the incoming boundary layer.
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These structures are able to offset the loss in turbulence energy caused by the abrupt

shift from RANS to LES, and their success in overcoming the over-prediction of flow

separation is clearly seen in the last time instant. The BSL hybrid simulation, how-

ever, does not have that much success with the recycling procedure. The problem

lies in the intrinsic behavior of the BSL RANS model in predicting less axial extent

of flow separation than the SST RANS model. Figure 31 shows that the BSL hybrid

simulation resulted in a much smaller extent of axial flow separation than that of

the SST hybrid simulation at t=1.2 characteristic times. The simulation was run

further, but the separation shock still had not reached the recycling plane at t=7.3

characteristic times. Attempts were made to move the recycling plane further down-
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stream to the vicinity of separation shock, but localized regions of unreasonably high

velocities started developing within the boundary layer, eventually destabilizing the

calculations. With the recycling plane at its original location, structures eventually

formed in the incoming boundary layer, but the process took too much computing

time. The simulation was forced to terminate at t=14.5 characteristic times before

an actual statistically-stationary state was reached, and the time-averaged statistics

presented in the above comparisons were collected from this point on.
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6 Conclusions

An approach for conducting hybrid large eddy / Reynolds-averaged simulations for

wall-bounded, separated flows has been presented in this work. The approach makes

use of a distance dependent blending function to shift the turbulence closure from

Menter’s RANS model near solid surfaces to a one-equation subgrid model away from

solid surfaces. The subgrid model is calibrated so that a Smagorinsky-type closure

is obtained in the limit of balancing production and dissipation of subgrid kinetic

energy.

The capability of the hybrid approach is tested and evaluated on two different

configurations. The first one is the ramped-cavity flow field experimentally mapped

by Settles, et. al. [20] The results indicate that while the predictions in the shear

layer are not that satisfactory, the hybrid approach performs well in capturing the

structure of the recovering boundary layer downstream of reattachment. This is a

major advantage over purely RANS models, as these generally fail to generate the

required levels of turbulent fluctuation amplification in order to produce a rapid

recovery. The MILES approach, which sets the eddy viscosity to zero, produces

similar results, but it responds better to grid refinement than the hybrid model does.

This implies that with sufficient grid resolution, only very minimal levels of eddy

viscosity are necessary away from solid surfaces.

The second configuration examined is the 20 degree compression ramp experi-

mentally mapped by Settles, et. al. [23, 24] Two types of inflow boundary conditions

are considered: Dirichlet and time-dependent boundary conditions. The results indi-

cate that the latter one improves over the former one in the prediction of the axial

extent of flow separation. Although the upstream extent of separation is still over-

estimated, the positive trait of the hybrid model in capturing the recovering boundary

layer is also present in this configuration. The effects of varying modeling constant
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are examined, and the results indicate that a higher Cd value produces slightly infe-

rior predictions. Additional comparisons are made between hybrid approaches that

use either Menter’s BSL or SST model. While the BSL RANS model gives promising

results, the hybrid approach based on the BSL model never attains the anticipated

success as the recycling procedure does not work as efficiently as in the SST hybrid

model.

The success achieved in implementing the proposed hybrid model in the ramped-

cavity configuration indicates that this type of hybrid strategy is well-suited for situ-

ations in which a clear delineation between free-shear, separated-flow, and boundary

layer regions is present. In other situations, such as a compression ramp, where flow

is only weakly separated and large free-shear regions are absent, the hybrid strat-

egy becomes less effective as the distinction between regions modeled through RANS

techniques and those modeled through LES is not as clear. Predictions do improve

with the recycling procedure, but the positioning of separation shock is still not cap-

tured well. Future work should be focused in this area to make the hybrid strategy

more complete. Methods should be sought to render the BSL hybrid model more

responsive to the recycling procedure, thus creating more structures in the incoming

boundary layer to overcome the tendency toward over-separation.
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