
ABSTRACT 

XU, ZELIN. An Improved Thermal Conductivity Model for Nanofluids with Applications to 

Concentration Photovoltaic-Thermal Systems. (Under the direction of Dr. C. Kleinstreuer). 

Improvements in solar photovoltaic and thermal conversion efficiencies may 

accelerate the development of economically viable concentration photovoltaic-thermal 

(CPV/T) systems. Nanofluids, used as coolants, promise improved solar-to-electric as well as 

solar-to-thermal energy conversion efficiencies due to their enhanced thermal conductivities.  

A nanofluid is a mixture consisting of nanometer-size particles or fibers dispersed in 

a liquid. It has been found that even at low volume fractions of nanoparticles the thermal 

conductivities of the mixtures were significantly enhanced with relatively small penalties in 

pressure drop, indicating potential applications as a new type of heat transfer fluid. On the 

other hand, despite many efforts, theories cannot fully explain the reasons for elevated 

thermal conductivities. Hence, a theory based on solid physical grounds is needed to describe 

the enhanced thermal conductivity of nanofluids. A model for nanofluid thermal conductivity 

is presented in Chapter 2 and compared to experimentally observed evidence. This model is 

an improvement of an existing model of nanofluid thermal conductivity based on Brownian 

motion effects, i.e., the F-K model (Kleinstreuer & Feng, 2012). The new model incorporates 

nanoparticle aggregation effects and interfacial thermal resistance, in addition to the 

Brownian motion induced “micro-mixing” effects. Specifically, nanoparticles may form 

fractal-like aggregates in the base fluid due to particle-particle as well as particle-fluid 

interactions. The aggregation provides bridges for fast heat transfer between particles. In 

addition, the aggregates can be treated as effective spheres that undergo Brownian motion in 

the base fluid. The Brownian motion of aggregates perturbs the base fluid and introduces 



micro-scale mixing effects that enhance the heat transport between fluids with different 

temperatures. On the other hand, the interfacial thermal resistance creates a barrier against 

effective heat transfer across the interface between the solid and the fluid; thus, weakening 

the effective thermal conductivity. In general, the effective thermal conductivity of the 

nanofluids consists of two parts, i.e., knf = kstatic+kmm, where the static part, kstatic, is due to the 

existence of the nanoparticle aggregates, and the “micro-mixing” part, kmm, is due to 

Brownian-motion induced fluctuations. The new knf model predictions for different 

nanoparticles in water were compared with benchmark experimental data sets as well as 

recent experimental results to validate the model. 

The newly developed knf model has been incorporated in a numerical study of thermal 

analyses of a CPV/T system. Specifically, a two-dimensional cooling channel with 

photovoltaic cells, subject to heat conduction and turbulent nanofluid convection, was used to 

study the effects of inlet temperature, inlet Reynolds number, and channel height on cell 

efficiency. An analysis of entropy-generation minimization was employed to determine an 

optimal geometric configuration and best operational conditions. Simultaneously, we used a 

counter-flow double-tube heat exchanger to evaluate the influence of inlet Reynolds number 

and inlet temperature on the thermal as well as overall efficiencies of the system. It was 

determined that a high Reynolds number for flow in the annular and a low Reynolds number 

for flow in the inner tube are desirable; but, performance was limited in the laminar flow 

regime. Moreover, high nanofluid temperature promotes the overall efficiency of the system. 

The performance of nanofluid in the heat recycling part was compared with that of pure 

water, demonstrating that a better efficiency was achieved when using nanofluids.  
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Chapter 1  

INTRODUCTION AND OVERVIEW 

1.1 Nanofluids as Coolants  

A nanofluid is a mixture consisting of nanometer-size particles (e.g. metal-oxide particles or 

nanodrugs) or fibers (e.g. carbon nanotubes) dispersed in a liquid at low volume fractions 

(see Fig. 1.1). Nanofluids have emerged as a new type of heat transfer fluid more than a 

decade ago, during which period a lot of experimental, theoretical and numerical work has 

been done to investigate the convective and conductive heat transfer characteristics of 

nanofluids and their applications. It has been found that with low volume fractions of 

nanoparticles, the thermal conductivities of the mixtures were significantly enhanced (up to 

200% when using carbon nanotubes) with relatively small penalty in pressure drop. In 

addition to the advantages of nanofluids for microchannel cooling, they are also part of 

nanodrug delivery (see Fig. 1.2 and Kleinstreuer et al. (2013)).  

Among many of the properties of nanofluids, the thermal conductivity, knf, has been 

studied extensively. Experiments have been conducted for nanofluids with metal, metallic, 

and organic nanoparticles dispersed in different base fluids, including water, ethylene glycol 

(EG), and oil. However, the results scattered from minimal to substantial enhancement of knf 

over the thermal conductivity of the base fluid. This may be due to a number of reasons, e.g., 

aggregation, complex colloidal chemistry, and thermodynamic conditions (Shima & Philip, 

2014). Meanwhile, because the enhancement cannot be predicted using convectional models  
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Figure 1.1: Typical nanoparticles and nanofibers: (a) Nanodrug carriers in blood vessel 

(http://www.inforural.com.mx/spip.php?article49682); (b) Transmission electron microscope (TEM) 

image of a 0.06% Al2O3/water nanofluid (http://www.users.muohio.edu/sommerad/research.html); (c) 

An atomic force microscope (AFM) image of carbon nanotubes, before removing the metallic tube 

(http://www.news.cornell.edu/stories/2009/01/cornell-dupont-make-nanotubes-flexible-electronics); 

and (d) Multi-wall carbon nanotubes (http://www.nanotech-now.com/nanotube-buckyball-sites.htm) 

 

Figure 1.2: Selected applications of nanofluids: (a) Nanomedicine delivery system(Kleinstreuer et al., 

2008); (b) Nanofluid cooling of microchannel heat sinks (http://www.mae.ncsu.edu/cmpl/nanoflow. 

htm) 

(a) (b) 

http://www.inforural.com.mx/spip.php?article49682
http://www.users.muohio.edu/sommerad/research.html
http://www.news.cornell.edu/stories/2009/01/cornell-dupont-make-nanotubes-flexible-electronics
http://www.nanotech-now.com/nanotube-buckyball-sites.htm
http://www.mae.ncsu.edu/cmpl/nanoflow.%20htm
http://www.mae.ncsu.edu/cmpl/nanoflow.%20htm
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based on the effective medium theory (Keblinski et al., 2002), four major mechanisms have 

been proposed to account for the anomalous knf –augmentation. Specifically,  

 Brownian motion of nanoparticles;  

 molecular-level layering of the liquid at the liquid/particle interface;  

 ballistic heat transport in the nanoparticles; and  

 effects of nanoparticle clustering.  

Various knf models have been proposed based on one or several of these mechanisms. 

However, they have limited abilities in accurately predicting knf of different nanoparticle-

base fluid pairings as well as under broad ranges of temperatures and nanoparticle volume 

fractions. Equation Section (Next) 
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1.2 Solar Photovoltaic-Thermal Systems  

Electricity production via solar photovoltaic cells is believed to have the potential to be the 

next-generation energy source. However, cooling of photovoltaic cells has been a challenge 

especially for high concentration photovoltaic (CPV) systems, where concentrated sun 

radiation requires more efficient heat removal methods. Moreover, the collected heat could 

be recycled for later applications instead of energy dissipation to the environment. Therefore, 

it is highly desirable to find a cooling fluid that has a superior heat transfer performance over 

convectional ones, and to analyze the heat transfer characteristics for both CPV cooling and 

waste-heat recycling.   
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1.3 Thesis Overview  

This thesis has two parts. In the first part, an existing model of nanofluid thermal 

conductivity based on Brownian motion, i.e., the F-K model (Kleinstreuer & Feng, 2012), 

will be improved to better explain the experimentally observed enhancement. In the second 

part, the model developed in the first part will be used for a numerical study of nanofluid heat 

transfer characteristics with applications to thermal analyses of a CPV/T system.  

Specifically, Chapter 2 provides the derivation of the improved F-K model by 

incorporating nanoparticle aggregation effects and interfacial thermal resistance, in addition 

to the Brownian motion induced “micro-mixing” effect. The new thermal conductivity 

expression still consists of a static part and a micro-mixing part. However, the static part is a 

modified expression of the Maxwell model, with aggregate units replacing the nanoparticles. 

In addition, the micro-mixing part is simplified from the F-K model by neglecting the inter-

particle surface forces. The new knf model predictions for different nanoparticles in water 

were then compared with selected experimental data sets.  

In Chapter 3, the new knf model was first used to analyze the performance of nanofluid 

cooling of CPV cells. The effects of different parameters (i.e., inlet temperature, inlet 

Reynolds number, and channel height) on the cell efficiency were investigated. An analysis 

of entropy-generation minimization was employed to determine an optimal geometric 

configuration and best operational conditions. Then the performance of nanofluid in the heat 

recycling part was examined and compared with that of water, using a counter-flow double-

tube heat exchanger. Again, the effects of different parameters on the thermal performance of 

the heat exchanger were investigated and an analysis of entropy generation minimization was 
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conducted for different nanofluid inlet Reynolds number, inlet temperature, and nanoparticle 

volume fraction.  
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1.4 Motivation 

Dispersing millimeter- or micrometer-size particles in a base liquid has long been a method 

to enhance the thermal conductivity of a coolant. Recent developments in nanotechnology 

have enabled the preparation of nanofluids that are able to overcome many of the 

shortcomings of conventional particle suspensions in cooling applications, such as 

filter/channel clogging and particle settling. Hence, with experimentally confirmed 

augmented thermal conductivities (see Sect. 1.6), nanofluids are considered to be promising 

coolants. However, the mechanisms that cause this enhancement are still under debate. 

Because of this, a reliable model based on sound physics for the prediction of nanofluid 

thermal conductivities, knf, is still unavailable. Though different models have been proposed, 

considering different mechanisms, no single mechanism can explain the enhancement. 

Instead, the combined effect of nanoparticle aggregation and Brownian motion induced 

micro-convection in addition with interfacial thermal resistance can provide a satisfying 

explanation. For example, Kleinstreuer & Feng (2012) developed a knf theory (i.e., the F-K 

model) based on Brownian motion induced micro-mixing. However, they did not consider 

the nanoparticle aggregation effect as well as the interfacial thermal resistance. Hence in the 

present study, we improve the F-K model by including these additional effects.  

The low heat transfer performance of conventional fluids (typically water) used in CPV 

systems may keep heat exchanger efficiencies too low or even cause dangerously high 

system temperatures. Employing a nanofluid with an enhanced thermal conductivity could 

lead to improved energy efficiencies and smaller systems with lower capital costs. Hence it is 

necessary to examine the thermal performance of nanofluids in cooling of CPV cells as well 
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as the recycling of the heat collected in the cooling section. In addition, in order to optimize 

system performance with minimal cost, entropy generation should be analyzed as well. 
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1.5 Research Objectives and Novel Results 

The research objectives of the current study are: 

 Identification of important mechanisms for enhanced thermal conductivity of 

nanofluids. 

 Derivation of a novel model for nanofluid thermal conductivities. 

 Evaluation of the thermal performance of nanofluids as applied to cooling and heat 

recycling systems. 

 Performance estimation and entropy analysis of nanofluid flow, leading to the 

improvement of the overall efficiency of a combined concentration photovoltaic-

thermal system.  

The novel contributions of the current study are:  

 Improved F-K model by including aggregation effects and interfacial thermal 

resistance. Specifically, the new model reduces the correlation factor in the F-K 

model from 38 to around unity; the new model compares better with experiments in 

terms of knf/kwater vs. φ; and the new model is applicable to a broader range of 

conditions, i.e., up to 10% in volume fraction, up to 80nm in particle diameter, and up 

to 350K in mixture temperature. 

 A first-time numerical investigation of the performance of nanofluid flow in a 

combined concentration photovoltaic-thermal system, using a reliable thermal 

conductivity model.  
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1.6 Nanofluid Heat Transfer Properties 

1.6.1 Experimental observations 

Nanofluids are a new class of heat transfer fluids by dispersing nanometer-sized particles 

with typical length scales on the order of 1 to 100 nm in traditional heat transfer fluids. 

Experiments have confirmed that at very low volume concentrations of nanoparticles (i.e., 

less than 5%) there is a measurable enhancement in thermal conductivity over the base fluid 

alone, e.g., water, ethylene glycol, or oil (Kleinstreuer & Feng, 2011). Various experimental 

methods have been developed to measure the thermal conductivities of nanofluids with 

different accuracies. For example, the Transient Hot Wire (THW) method was widely used 

over the few years after Eastman et al. (1997) published the pioneer paper. However, the 

THW method was found to give contradictory results due to the unavoidable convective 

effects (Hong et al., 2011). To overcome such limits, alternative methods have been 

introduced, including the thermal-lensing measurement method (Rusconi et al., 2004; 

Rusconi et al., 2006), the forced Rayleigh scattering method (Venerus et al., 1999; Venerus 

et al., 2006), the optical beam deflection technique (Putnam & Cahill, 2004; Putnam et al., 

2006), among others. It was found through the experimental investigations that the effective 

thermal conductivity (keff) could be affected by several parameters, i.e., nanoparticle material, 

particle volume fraction, particle size, particle shape, particle aggregation, basic fluid 

properties, temperature, and pH value (Yu et al., 2008). 
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1.6.1.1 knf vs. temperature (T)  

Both temperature dependent and temperature independent nanofluid thermal conductivity 

have been reported during the past decade or so. For example, the independent studies of 

(Buongiorno et al., 2009; Colangelo et al., 2012; Kole & Dey, 2012; Li et al., 2008; Putnam 

et al., 2006; Rusconi et al., 2006; Shima et al., 2010; Turgut et al., 2009) reported various 

nanoparticle-base fluid pairings with a large range of nanoparticle sizes under different 

volume fractions, all of which showed no obvious increase of thermal conductivity with 

temperature. However, many of the investigations used optimal measurement methods 

instead of the THW method for the thermal conductivity measurement, implying that the 

measured augmentation of knf with temperature may be due to the convection effect affiliated 

with the THW method (Hong et al., 2011). On the other hand, some studies found that at low 

volume concentrations, nf bfk k  shows no trend of augmentation, and sometimes even 

decrease with the increase of temperature; while at higher volume fractions, a positive 

correlation with temperature emerged (Lee et al., 2012; Sundar et al., 2012). Still, a lot of 

researches have shown increase in thermal conductivity ratio with temperature (Das et al., 

2003; Karthik et al., 2012; Li & Peterson, 2006; Li & Peterson, 2007a; Sundar et al., 2013) . 

Some of the most recent experimental measurements are displayed in Fig. 1.3.  

It should be noted that the increase of absolute values of nfk  with temperature is evident 

in most studies. Therefore, some attribute the increased nfk  to the increase of base fluid 

thermal conductivity with temperature. On the other hand, it was argued that as the nanofluid 

viscosity declines when the temperature increases, while at the same time the Brownian 
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Figure 1.3: Recent experimental data of nanofluid thermal conductivity as a function of temperature T 

motion of particles intensifies, the nanofluid thermal conductivity should increase. Yet it was 

also reported that the average hydrodynamic size of nanoparticle aggregates increases with 

temperature. Because of all the conflicts in the literature, more careful and deliberate 

experimental studies are required in the future. 

1.6.1.2 knf vs. volume fraction (φ) 

Various groups have published a large volume of experimental data concerning the effect of 

nanoparticle volume fraction on the effective thermal conductivity of nanofluids. It may be 

safe to conclude now that the thermal conductivity increases with volume fraction, as has 

been observed by almost all research groups. However, the rate of increase of nfk  with 
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respect to φ has not shown the same functional dependence among the different studies. Both 

linear dependence (Xie et al., 2002a; Yu et al., 2011) and non-linear dependence (Pang et al., 

2012; Paul et al., 2012) of thermal conductivity on volume fraction have been reported for 

spherical nanoparticles. For nanomaterial with high aspect ratios like carbon nanotubes, the 

relation is usually non-linear (Chandrasekar et al., 2010; Xie et al., 2003). Moreover, the 

magnitudes of enhancement of thermal conductivity reported by various studies differ from 

each other, even under the same experimental conditions, i.e., nanoparticle-base fluid pairing, 

particle diameter, temperature, and volume fraction. For example, for TiO2-water nanofluid 

at room temperature, Yiamsawasd & Wongwises (2012) measured a 12% increase of thermal 

conductivity over water at 3% volume fraction using transient hot wire method, while Turgut 

et al. (2009) measured a much meager increase, i.e., just 7% using the 3-ω method.  

Recently, the effects of temperature and volume fraction were investigated using a new 

class of heat transfer fluids as well as nanoparticles. For example, Nieto de Castro et al. 

(2012) measured the thermal conductivity of multi-wall carbon nanotubes in base ionic 

liquids (ionanofluid) as a function of temperature and volume fraction. The results show that 

larger enhancement of thermal conductivity of ionanofluids can be obtained with higher 

particle concentrations. However, the effect of temperature on thermal conductivity 

enhancement was found to be insignificant. Liu et al. (2014) used graphene as the dispersed 

phase in an ionanofluid and measured an enhancement of thermal conductivity by 15.2% to 

22.9% at a room temperature of about 20°C and a mass concentration of 0.06%. Also, 

thermal conductivity behavior of non-Newtonian fluid based nanofluids has been reported  
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Figure 1.4: Recent experimental data of nanofluid thermal conductivity as a function of volume 

fraction φ 

(Maciej et al., 2013; Yang et al., 2012). Some of the most recent measurements on the 

relationship between nfk  and   are shown in Fig. 1.4.  

In summary, despite the inconsistencies, higher particle volume fractions give larger 

thermal conductivity enhancements. The increase rate differs between different studies and is 

highly dependent on the experimental conditions. Further experiments should be conducted 

under more consistent conditions.  

1.6.1.3 knf vs. particle size (dp) 

Particle size affects the thermal conductivity of nanoparticles mainly through two possible 

mechanisms. First, more rigorous Brownian motion is encountered by smaller particles, 
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hence stronger particle-particle as well as particle-base fluid interactions can be expected, 

which enhance the effective thermal conductivity. Second, for the same mass fraction, 

smaller nanoparticles drastically increase the total surface area for heat transfer.  

Again, there has been controversy over the relationship between particle size and 

nanofluid effective thermal conductivity. By comparing a few experimental results, Yu et al. 

(2007) concluded that larger particle diameters produce a larger enhancement in thermal 

conductivity. Timofeeva et al. (2010) reported data for nanofluids with 16-90nm α-SiC 

nanoparticles. According to their observations, larger particles of the same material and 

volume fraction provide higher thermal conductivities. This trend was also confirmed by 

Beck et al. (2009), using alumina nanoparticles 8-282nm in diameter dispersed in water and 

ethylene glycol. In contrast, other researchers (Colangelo et al., 2012; Kim et al., 2007; Li & 

Peterson, 2007a; Moghadassi et al., 2010; Paul et al., 2012) provided an opposite trend, i.e., 

an inverse dependence of thermal conductivity enhancement on particle diameter.  

The nanoparticle aggregation effects may provide some clue on explaining these 

conflicting results. As smaller particles are more likely to form aggregates, they exist in the 

base fluid essentially as clusters in the absence of electric surface charge, batch mixing, etc.. 

Clusters are usually not as compact as single particles, i.e., they are having voids that are not 

filled with particles; thus, weakening the Brownian motion effect. However, one can still 

argue that the form of chains of particles, forming “solid bridges”, facilitate the transport of 

heat, therefore enhancing the thermal conductivity.  

Because of the difficulty of direct observation and measurement of the effect of 

aggregation, a final conclusion cannot be made at this point. Yet this holds the key to a better 
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understanding of the relationship between nanoparticle size and thermal conductivity 

enhancement, as clearly demonstrated with carbon nanotubes.  

1.6.1.4 knf vs. pH 

Although most of the earlier works have not shown the pH values of the nanofluids used in 

the measurement of thermal conductivity, recent experimental studies have addressed this 

parameter effect. By changing the pH of the solution the surface charge density and surface 

potential that can be reflected by the zeta potential can be controlled. The value of thermal 

conductivity ratio nf bfk k  dependents on the difference between the pH of the solution and 

the isoelectric point of particles (the pH values at which the zeta potential is zero, meaning 

no repulsive force between particles). As the pH departs further away from the isoelectric 

point, nf bfk k  becomes larger (D. Lee et al., 2006; Xie et al., 2002b)Lee et al., 2006; Xie et 

al., 2002). In other words, nf bfk k  increases with the absolute value of the zeta potential on 

particle surfaces, which may point to an optimal value of pH for nanofluids (Zhu et al., 

2009). (Lee et al., 2006) proposed that the charged surface site facilitates heat transport by 

providing a more effective passage through which heat carriers move. Another important 

aspect to be considered is that nanoparticle aggregation and nanofluid stability is directly 

related to the pH value. Moreover, the formation of electrical double layer (EDL) on 

nanoparticles due to the existence of ions enhances the Brownian motion through the 

Coulomb force (Iranidokht et al., 2013; Jung & Yoo, 2009).  

The experimental evidence on particle size and pH value of the mixture suggests that the 

aggregation effect is a key factor that affects the mechanism of heat transfer in nanofluids at 
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the micro-scale. Hence, it is necessary to consider this effect when measuring and explaining 

the macroscopic character of nanofluids, i.e., knf vs. T and knf vs.  .  

1.6.1.5 Other factors 

A number of other parameters have been found to affect thermal conductivity enhancement 

of nanofluids; for example, base fluid properties, particle shape, sonication, etc..  

The enhancement of thermal conductivity of the base fluid is found to depend on the 

thermal conductivity of the base fluid itself. For example, (Xie et al., 2002) found that for a 

particle loading of 5%, pump oil, ethylene glycol, and deionized water show maximum 

enhancements of 38%, 29.5% and 22.2%, respectively. Therefore they suggested that there 

might be an inverse relationship between the enhancement of thermal conductivity and the 

thermal conductivity of base fluid itself. Timofeeva et al. (2011) reported lower enhancement 

of thermal conductivity of SiC-water nanofluids as compared to SiC-EG/water nanofluids for 

the same nanoparticle size. They proposed that the difference may be due to lower value of 

the interfacial thermal resistance between nanoparticles and EG/water mixture. Others 

(Khedkar et al., 2012; Moghadassi et al., 2010) found opposite results. They suggested that 

base fluids with lower viscosities favor particle Brownian motion and particle interaction, 

hence have larger thermal conductivity enhancement. Also layered structure of base fluid 

molecules at the nanoparticle surface may be another reason. Recently Shima & Philip 

(2014) measured hexadecane and kerosene based Ag and Fe2O3 nanofluids with average 

diameter of 7nm and concluded that the thermal conductivity of nanoparticle does not 

influence the k enhancement in stable nanofluids at low particle loading.  
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Proper preparation of stable nanofluids is a key issue in nanofluid research. Ultra-

sonication has been used to break large aggregations and obtain a stable suspension. 

However, ultra-sonication time varied from less than hour to a few days among different 

studies (Haddad et al., 2014). It was found that thermal conductivity of nanofluids increases 

with sonication time until certain limit (Khedkar et al., 2012; Kole & Dey, 2012; 

LotfizadehDehkordi et al., 2013; Yang et al., 2012). Lee et al. (2008) found that extending 

sonication time produced more stable suspensions; although good dispersion with little 

aggregates was already observed after 5h sonication. Clearly, it is important to have long 

enough sonication before measuring the properties of nanofluids.  

The thermal conductivity enhancement of nanofluids is also affected by particle shape, as 

reported by a number of studies (Elias et al., 2014; Jeong et al., 2013; Murshed et al., 2005; 

Timofeeva et al., 2009). Nanofluids with non-spherical nanoparticles usually have higher 

thermal conductivity enhancement compared with spherical nanoparticles suspension at the 

same volume fraction. Especially elongated nanoparticles generate the largest enhancements. 

In fact, nanofluids with carbon nano-tubes (CNTs) usually show much higher thermal 

conductivity enhancement than spherical particles. This may be because of the much higher 

total surface area of CNTs than spheres at the same volume fraction and that CNTs are more 

likely to form aggregations.  

In conclusion, it has been found that a number of factors would affect the enhancement of 

thermal conductivity of nanofluids. However, no general consensus has been reached 

qualitatively or quantitatively on the behavior of knf under different conditions. The 

microscopic behavior of nanoparticles like aggregation and Brownian motion make it 
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difficult to conduct direct observations and measurements of these effects. Clearly, future 

experiments should focus on the microscopic behavior of nanoparticles in order to have a 

better understanding of the characteristics as well as underlying mechanisms of the enhanced 

thermal conductivity of nanofluids.  

1.6.2 Theoretical models 

The effective thermal conductivity of particle-liquid mixtures have long been developed 

(Maxwell, 1881) and continuously improved for various situations based on the effective 

medium theory (Bruggeman, 1935; Davis, 1986; Garnett, 1906; Hamilton & Crosser, 1962; 

Jeffrey, 1973; Leal, 1973). The key underlying assumptions for all of these theoretical 

approaches is the diffusion-like heat transfer in both the components of the mixture, 

stationary state of particles, and mono-dispersity of particles in the liquid. However, as these 

models predict micrometer or larger-size multi-component mixtures, they usually fail to 

predict the thermal conductivity of nanofluids. Experimental results for nanofluid thermal 

conductivity indicate a significant underestimation when using the models based on the 

effective medium theory.  

Keblinski et al. (2002) proposed four possible explanations for the anomalous increase of 

the thermal conductivity of nanofluids, i.e., Brownian motion of particles, molecular-level 

layering of the liquid at the liquid/particle interface, ballistic heat transport in the 

nanoparticles, and the effects of nanoparticle clustering. There have been a number of models 

developed over the years to address each of the four mechanisms or combined mechanisms, 

with quite a few review articles summarizing the pros and cons of them. Since we believe 
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that the enhanced thermal conductivity originates from the micro-mixing caused by 

nanoparticle Brownian motion and the clustering of nanoparticles, we narrowed the literature 

review of theoretical models based on these two effects.  

1.6.2.1 Brownian models 

Though there have been opponent voices to the effectiveness of Brownian motion on 

enhancing the thermal conductivity of nanofluids (Evans et al., 2006; Keblinski et al., 2002; 

Wang et al., 1999), it still remains a physically sound mechanism to explain the anomalous 

augmentation.  

The mere existence of particles in a fluid matrix can promote the thermal conductivity of 

the fluid. This has been well studied in a number of works starting with Maxwell (1881). For 

nanofluids, additional enhancement is realized due to the vigorous random motion of 

nanoparticles as a result of the collisions with randomly moving fluid molecules, i.e., 

Brownian motion. 

Jang & Choi (2004) suggested that the vigorous Brownian motion of nanoparticles 

produces convection-like effects at the nano-scale, which translate into conduction at the 

macro-scale. The resulted knf has three parts 
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where 1C  is a constant, bfd  is the base fluid molecule diameter, and Re
pd  is the Reynolds 

number based on nanoparticle diameter. The first term on the right hand side of the equation 

is due to heat transfer through base fluid, the second term is due to heat transfer inside 

particles, and the third term is due to micro-convection induced by nanoparticle Brownian 
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motion. The Brownian motion velocity of nanoparticles can be determined using Einstein’s 

diffusion coefficient. Though this model considers convection like heat transfer between 

particles and the base fluid, the micro-mixing effect induced by the particle random motion 

was neglected. Moreover, as pointed out by Kleinstreuer & Li (2008), this model is 

inconsistent and has limited accuracy in predicting the thermal conductivity of nanofluids.  

In an attempt to consider the Brownian motion effect, Kumar et al. (2004) used the 

kinetic theory of heat flow and assumed the thermal conductivity due to Brownian motion is 

proportional to the average velocity of particles. However, this assumption has little 

justification. Moreover, based on the model, the calculated enhancement ratio due to 

Brownian motion is on the order of 10
-6

 for Au-water nanofluid with 1% volume fraction 

(Bastea, 2005), which can be safely ignored.  

Prasher et al. (2005) proposal a semi-empirical model incorporating both Brownian 

motion induced micro-convection effect and the interfacial resistance. The convection 

contribution of a single particle is given by the analytical solution provided by Acrivos & 

Taylor (1962), while the thermal contact resistance is considered by modifying the Maxwell-

Garnett model as: 
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where 2 b m pR k d   is the nanoparticle Biot number, bR  is the thermal contact resistance. 

The intensity of micro-convection effect due to multi-particles and the magnitude of the 

interfacial resistance were both determined by matching experimental results. Kleinstreuer & 
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Li (2008) pointed out that the model has a very narrow application range in terms of particle 

diameter, and the semi-empirical nature of the model will inevitably require curve-fitting. 

Koo & Kleinstreuer (2004) postulated that the enhanced thermal conductivity is mainly 

due to Brownian motion induced micro-mixing. Specifically, a particle under Brownian 

motion brings with it a portion of the fluid adjacent to it. The perturbation to the fluid thus 

creates a convection-like micro-effect between fluid fields with higher and lower 

temperatures, thereby enhancing the thermal conductivity of the mixture.  They considered a 

model comprised of two parts: 

 static Browniannfk k k   (1.3) 

where statick  is due to the higher thermal conductivity of nanoparticles and can be determined 

by the Maxwell model 
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and Browniank  is due to the perturbation of particles to the base fluid which induces velocity 

components. The induced velocity field was calculated using the solution for Stokes flow 

around a sphere and the affected fluid volume was determined using the 99% criterion of 

vanishing impact. The final expression was given by 
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where   and ( , )f T   are two empirical functions. This model takes into account the effects 

of temperature, volume fraction, and particle size dependence as well as type of nanoparticle 

and base fluid combinations. Later Li & Peterson (2007b) provided simulation evidence that 

this mixing effect can have a significant influence on the effective thermal conductivity of 

nanofluids. 

Li & Kleinstreuer (2008) modified the model of Koo & Kleinstreuer (2004) by 

incorporating the interfacial thermal resistance between particles and base fluids, and 

combining the functions beta and f into a new g-function which considers the influence of 

multi-particle interaction. In the modified model, Browniank  has an expression of  
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where ( , , )pg T d  has the form 
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where a-k are the empirical coefficients based on the type of particle-liquid pairing.  

The original pk  in Eq. (1.4) becomes peffk  
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Here 
8 2 14 10 K m WfR      is the interfacial resistance. In this model, the base fluid 

properties are also functions of temperature.  
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Based on the Langevin equation for random particle motion, Xuan et al. (2006) proposed 

a thermal fluctuation equation to describe the stochastic temperature variation of the 

nanoparticles. The superposition principle and the Green-Kubo theorem was applied to 

derive the explicit expression for Browniank . Particles are assumed to be spherical and well 

dispersed.  

In an approach similar to that of Koo & Kleinstreuer (2004), Yang (2008) also 

decomposed nfk  into a static part and a Brownian motion part, and focus on the Brownian 

motion within one time interval to calculate the thermal energy flow due to perturbation 

velocity. The author suggested that since the Langevin equation does not consider the fluid 

inertia around the particles, the relaxation time for particle Brownian motion can only be 

determined in a semi-empirical way.  

On the other hand, Shukla & Dhir (2008) considered the interaction force between 

particles and the Brownian force on the particle to determine the particle velocity in the base 

fluid. Then assuming small departure from equilibrium and pairwise additive interaction 

potential between particles, the Brownian contribution to the heat flux was calculated to give 

the expression of Browniank . The inter-particle potential was calculated using the DLVO theory 

for colloidal dispersions. However, the assumption for pairwise additive inter-particle 

potential has little justification, because the effective range of this potential is limited to the 

case of small particle separation. In this case strong particle interaction would lead to 

aggregation. Yet the model assumed that particles are well separated and hydrodynamic 

interactions among particles are negligible.  
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Recently, Kleinstreuer & Feng (2012) developed a knf model which considers random 

temperature and velocity fluctuations as conceived by Reynolds for turbulent flow. It 

encapsulates various effects, such as Brownian motion induced nanoparticle fluctuation, 

particle-particle interaction, and particle-base fluid interaction. In this model, each 

nanoparticle induces a velocity field in the surrounding base fluid, and the induced 

fluctuation velocities are superimposed to realize multi-particle effects. With this induced 

velocity, the Reynolds-averaged heat transfer equation is solved to give the expression of 

mmk , the dynamic part of the effective thermal conductivity of nanofluids, nfk  
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 (1.9) 

There have also been a few empirical correlations developed from experimental data that 

show the relationship between nfk  and both T and  . For example, Chon et al. (2005) gave a 

correlation based on data measured on Al2O3-water nanofluids with volume fraction ranging 

between 0 and 4%, and working temperature as high as 370K:  
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where Pr bf bf   , 2Re 3bf B bf bfT l   , in which B  is the Boltzmann constant, and bfl  is 

the mean free path of water molecules.  
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Corcione (2011) provided a correlation based on a variety of experimental data for 

different kinds of nanoparticles dispersed in water and ethylene glycol (EG), with particle 

diameter ranging from 10nm to 150nm:  
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where Re is the nanoparticle Reynolds number, 
2Re 2 bf B bf pT d   , Pr is the Prandtl 

number of the base liquid, T is the nanofluid temperature, Tfr is the freezing point of the base 

liquid, kp is the nanoparticle thermal conductivity. This correlation is applicable to 

nanoparticle volume fractions in the range from 0.2% to 9%, temperatures from 294K to 

324K. Figure 1.5 shows the comparison between the empirical correlations and recent 

experimental data.  

  

Figure 1.5: Comparisons between empirical correlations and recent experimental data on nanofluid 

thermal conductivity as a function of temperature. Clearly, only poor agreement was obtained.  
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In a more recent study, Mallick et al. (2013) compared a number of models for thermal 

conductivity of nanofluids in terms of matching a selective experimental data. By comparing 

with the results of Longo & Zilio(2011), they suggested that better agreement can be 

obtained using cluster size in the model of Koo & Kleinstreuer (2004) compared to nominal 

particle size, indicating the need to consider the aggregation effect.  

1.6.2.2 Aggregation models 

The particles move independently under Brownian motion until they come close enough for 

the van der Waals forces to become important and result in a stick-together. Particles may 

repel each other several times due to the electrostatic barrier before actually joining into an 

aggregate (Gharagozloo & Goodson, 2011). Under the action of these forces, the randomly 

moving particles tend to aggregate in order to minimize the surface energy of the whole 

system.  

Nanomaterials are commonly manufactured with surface coatings (e.g., surfactants, 

polymers, and polyelectrolytes) to enhance dispersion stability, i.e., by increasing surface 

charge and electrostatic repulsion or by reducing interfacial energy between particle and 

solvent (Rosen & Kunjappu, 2012). Moreover, procedures like sonication, magnetic stirring, 

or adding surfactants to the mixture were used to weaken the aggregation effect. However, 

through SEM (scanning electron microscope) observations, many experiments suggest that 

aggregation formation is inevitable. Therefore the aggregation effect has been another aspect 

that has inspired many studies. 

Since the thermal conductivity of nanoparticles is usually orders of magnitude higher 

than that of the base fluid, the heat transfers much more rapidly through the particles when 
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compared to the base fluid. The aggregates provide a bridge for the rapid heat transport 

through particles in close contact with each other. Hence, despite the risk of forming very 

large agglomerates that sediment out of the fluid, the formation of relatively small aggregates 

actually enhance the heat transport rate. 

Wang et al. (2003) introduced a model to describe the aggregation effect of nanofluids 

using a fractal model for the cluster structure. The effective thermal conductivity of a cluster 

is determined by the Bruggeman model (Bruggeman, 1935) because of its ability to consider 

large volume fraction dispersions, where a log-normal function is used to provide the size 

distribution of clusters. Then the effective thermal conductivity of clusters and the size 

distribution function are substituted into a multi-component Maxwell-Garnett (Garnett, 1906) 

model to obtain the effective thermal conductivity of nanoparticle suspension. Wang et al. 

(2003) also indicated an increase in the fractal dimension with volume fraction. 

Xuan et al. (2003) conducted an aggregation simulation and found that the aggregation 

structure of Cu-water nanofluid has a fractal like feature. They assumed separable 

contribution from the mere addition of particles into the base fluid, and from the random 

motion of aggregates, and proposed a model which is comprised of two parts: the thermal 

conductivity due to effective medium theory and the thermal conductivity that combines the 

aggregation effect and the Brownian motion effect: 
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where the first term on the right hand side of the equation is the Maxwell model and the  

second is due to Brownian motion of aggregates. A quick examination of the expression 
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reveals a problem with this model: given that the nanoparticles are assumed to aggregate and 

form clusters of size cr , the Maxwell model is still used which assumes perfect dispersion.  

Xu et al. (2006) considered the Brownian motion induced micro-convection in the 

thermal boundary layer near the particles. However the thickness of the boundary layer is 

determined by matching experimental data. To take particle aggregation into consideration, 

they assumed a particle size distribution that obeys the power law. The ratio of largest and 

smallest fractal cluster size was given to be 10
-3

 without further justification. The proposed 

model is expressed as a function of the average size of nanoparticles, fractal dimension, 

volume fraction, temperature, and fluid properties. The model predicted a critical 

concentration above which nf bfk k  decreases with the increase in concentration, which 

indicates weakened Brownian motion effect.  

Prasher et al. (2006) added the aggregation effect into the Brownian motion micro-

convection model (Prasher et al., 2005) with the aggregation structure again depicted by the 

fractal theory. For modeling the contribution of the aggregated system, they adopted the 

approach of Wang et al. (2003). On the other hand, Evans et al. (2008) built a three-level 

homogenization model to describe the particle aggregates which also considers the thermal 

contact resistance (see Fig. 1.6). The aggregate is decomposed into a backbone which has a 

fractal structure, and dead-ends with the fluid, which has an effective thermal conductivity 

calculated by the Bruggeman model. The effective thermal conductivity of the aggregate 

sphere ak  is determined using the model of Nan et al. (1997) and then replace the thermal 

conductivity of particle in the Maxwell-Garnett model to give nfk . The authors claim that  
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Figure 1.6: Three-level homogenization model described in Evans et al. (2008) 

aggregation of nanoparticles contributes to the enhanced thermal conductivity of the 

nanofluid while the interfacial thermal resistance impedes the enhancement. A similar 

approach was adopted by Chen et al. (2009) and Gharagozloo & Goodson (2011).  

Recently, Nabi & Shirani (2012) modified the model proposed by Koo & Kleinstreuer 

(2004) to include the aggregation effect. The description of the clusters is similar to that 

adopted by Prasher et al (2006). The simultaneous effects of Brownian motion induced 

micro-mixing and aggregation kinetics of nanoparticles were taken into consideration.  

1.6.2.3 Thermal contact resistance 

For the transport of energy across interfaces between two phases, continuum theory usually 

assumes continuity of both the heat fluxes and the temperatures. The latter assumption, 

however, has little theoretical foundation, and is known to work only at the macroscopic 

scale. In fact, the discontinuity in temperature drop across an interface has been discovered 
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and further proved decades ago (Kapitza, 1941). This discontinuity arises from the 

combination of a poor mechanical or chemical adherence at the interface and a mismatch in 

the coefficients of thermal expansion (Hasselman & Johnson, 1987).Thermal contact 

resistance, or interfacial resistance, which refers to the temperature discontinuity at the solid-

liquid interface that equivalent to an additional thermal resistance, has significant influence 

on the thermo-physical properties on the mixture (Barrat & Chiaruttini, 2003; Hasselman & 

Johnson, 1987).  

A consistent description of transport process across an interface should allow for a jump 

in the temperatures between the two phases, proportional to the heat flux (Barrat & 

Chiaruttini, 2003). This can be expressed as  

 1 2
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T T
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   (1.13) 

where EJ  is the heat flux and n  is the direction perpendicular to the interface, KR  is the 

Kaptiza resistance (thermal contact resistance) of the interface, whose existence was pointed 

out by Kapitza in the context of liquid helium physics (Kapitza, 1941). It is common to 

express the thermal contact resistance in terms of a length scale: 

 K K bfA R k  (1.14) 

where KA  is the Kapitza length, which is the thickness of the base fluid material equivalent 

to the interface from a thermal point of view (see Fig. 1.7). 

Thermal contact resistance has been considered by most theoretical models for effective 

thermal conductivity of nanofluids. However, the prominent issue related to this effect is the 

value of the equivalent resistance, bR . Scattered values have been adopted in the literature 
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Figure 1.7: Illustration of interfacial thermal resistance 

spanning two orders of magnitude, i.e., 
8(0.1) 10O   K∙m

2
W

-1
 to 

8(10) 10O   K∙m
2
W

-1
 (J. Li 

& Kleinstreuer, 2008) for bR . For example, Timofeeva et al. (2007) suggested 0.2×10
-8

 

K∙m
2
W

-1
 for alumina-water interface, Prasher et al. (2005) 0.25-2.5×10

-8
 K∙m

2
W

-1
 to match 

different experimental data, Li & Kleinstreuer  (2008) chose an average value of 4.0×10
-8

 

K∙m
2
W

-1
. 

Since the reason for this phenomenon is believed to be poor mechanical or chemical 

adherence of liquid molecules at the interface, and a thermal expansion mismatch, the value 

is consequently a function liquid molecule structures, solid and liquid physical properties, 

and the hydrophobic or hydrophilic nature of the solid surface. In fact, many have suggested 

large effect of different bR  value on the model prediction of nfk  (Hasselman & Johnson, 

1987; Nan et al., 2004; Prasher et al., 2005; Shenogin et al., 2004). Typically, the particle 

size is an important parameter when evaluating the effect of thermal contact resistance which 

can be seen from the function  
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Till now, there is no experimental data that suggest proper values for different nanoparticle-

base fluid composites. Nevertheless, the importance of thermal contact resistance is widely 

recognized and this effect should be considered when developing theoretical models for nfk .  

1.6.2.4 Summary 

A number of theoretical models have been proposed for nfk , accounting for Brownian 

motion effects, nanoparticle aggregation, and thermal contact resistance. The models were 

derived via several semi-empirical and/or phenomenological approaches, resulting in 

different accuracies and ranges of application. It seems that no model can match 

experimental results for most types of nanofluids. This may be due to the complexities of 

nano-scale transport phenomena as well as the very different properties of both the 

nanoparticles and the base fluids. However, it is clear that to have a reliable model based on 

sound physics that predicts accurate nfk  values, all of the three listed effects should be 

considered.  
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1.7 Nanofluid Turbulent Convection Heat Transfer 

The superior thermal conductivity of a nanofluid over its base fluid indicates potential 

applications in the field of convective heat transfer. Over the past decade or so, the heat 

transfer and pressure drop characteristics have been studied extensively for laminar 

nanofluid flow regimes, while fewer can be found addressing turbulent nanofluid flow. 

However, in many practical applications turbulent flow is usually required to deal with high 

heat fluxes, e.g., cooling of concentration photovoltaic cells. Therefore we give a brief 

discussion of the nanofluid convective heat transfer performance focusing on the turbulent 

flow regime.  

1.7.1 Experimental data and correlation for nanofluid flows 

In comparing the performance of turbulent convective heat transfer between nanofluid and 

the base fluid, a proper comparison base and a meaningful parameter of merit are necessary. 

The latter is the quantity used to measure the convective heat transfer performance and to 

determine the utility of a nanofluid relative to its base fluid. The comparison base specifies 

the condition under which parameters of merit are evaluated (Yu et al., 2012). To assess the 

convective heat transfer performance of nanofluids, flow velocity, and pumping power are 

two proper bases while the Reynolds number is not, because it completely ignores the 

pumping power penalty effect. The convective heat transfer coefficient is preferred over the 

Nusselt number as the parameter of merit. This is because the Nusselt number is the ratio of 

convective to conductive heat transfer, and a low Nu may mean either low convective heat 
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transfer coefficient or high thermal conductivity, making it ambiguous in evaluating the 

convective heat transfer performance of nanofluids.  

Unfortunately, the comparison bases and parameters of merit used in the literature for the 

convective heat transfer performance of nanofluids are not always the same. In fact, the 

Nusselt number has been frequently used, making it difficult to obtain the conclusion on 

whether the nanofluids are superior to the base fluid in terms of convective heat transfer 

performance. Nevertheless, the existing experimental results do provide some characteristics 

of the convective heat transfer performance of nanofluids, which are summarized next. 

1.7.1.1 Turbulent convective heat transfer coefficient 

For turbulent convective heat transfer, elevated, unchanged and reduced nfh  values have all 

been reported in comparison to bfh . No consensus has been reached as of whether the 

dispersion of nanoparticles in the base fluid enhances the convective heat transfer. However, 

most studies which found elevated nfh values also reported increased convective heat transfer 

coefficients with increased nanoparticle loadings. Another widely recognized character is the 

nanoparticle size effect on the convective heat transfer coefficient. Larger particles seem to 

give better nfh  results for the same particle volume fractions. A few results are provided here 

for reference.  

Pak & Cho (1998) reported turbulent friction and heat transfer behavior in a tube using 

alumina-water and titania-water nanofluids. They found that under constant velocity 

condition the convective heat transfer coefficient for nanofluids is smaller than that for the 

base fluid.  
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Li et al. (2003) investigated convective heat transfer and flow features of Cu-water 

nanofluid in a tube under turbulent conditions, enhanced convective heat transfer coefficients 

over that of the base fluid were found under constant velocity conditions. Moreover, the 

enhancement was found to increase with nanoparticle concentration, which was confirmed by 

Heyhat et al. (2012) for Al2O3–water nanofluids with volume fraction range between 0.1% 

and 2%.  

Williams et al. (2008) tested alumina-water and zirconia-water nanofluids under fully 

turbulent conditions. The results suggested that if the measured thermo-physical properties of 

the nanofluids are used in calculating the dimensionless numbers, the existing correlations 

accurately reproduce the convective heat transfer and viscous pressure loss behavior in tubes. 

Therefore, they concluded that no abnormal heat transfer enhancement was observed. 

However, they comparison was made under constant Reynolds numbers.  

The effect of nanoparticle concentration on nanofluid turbulent convective heat transfer 

performance was observed by Timofeeva et al. (2011), where under constant velocity, the 

SiC-EG/water nanofluid exhibits higher  nfh  than bfh   for 66nm and 90nm particles, yet 

lower nfh  than bfh  for 16nm and 28nm particles. Moreover, the convective heat transfer 

coefficient not only increases with particle size, but also increases with temperature and 

particle concentration.  

Duangthongsuk & Wongwises (2010) studied the heat transfer performance and pressure 

drop of TiO2-water nanofluids in a double tube counter-flow heat exchanger with 

nanoparticle volume fraction ranging from 0.2% to 2%. While a 26% enhancement in heat 

transfer coefficient over water was measured for 1% volume fraction nanofluid, a 14% 
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reduction was also found for 2 vol.% nanofluid. The authors attribute this to the higher rate 

of increase of nanofluid viscosity over that of thermal conductivity with particle 

concentration. Similarly, Sahin et al. (2013) reported an optimal volume concentration of 1% 

for Al2O3-water nanofluid, and Azmi et al. (2013) reported optimal volume concentration of 

3% for SiO2-water nanofluid with 22nm particle diameter under constant Reynolds number 

condition.  

Fotukian & Nasr Esfahany (2010a; 2010b) measured turbulent convective heat transfer 

and pressure drop behavior of dilute (φ<0.3%) CuO-water and Al2O3-water nanofluids. The 

results indicate significant increase in heat transfer coefficient. Also, no variation with 

nanoparticle concentration was observed for this augmentation. However, large penalty in 

pressure drop was also observed accompanying increased heat transfer coefficient. Moreover, 

the thermo-physical properties used in the calculation of nfh  were themselves calculated 

from theoretical models instead of direct measurements, which makes the results vulnerable. 

The results also showed effects of zeta potential (or, effects of aggregation) on the heat 

transfer performance.  

Yu et al. (2009) used silicon-carbide-water suspension consisting of 3.7% volume of 

170nm particles for turbulent convective heat transfer measurements. While the convective 

heat transfer coefficient increased by 50-60% above the base fluid when compared on the 

basis of constant Reynolds number, it decreased by 7% when constant velocity was sued. 

This again suggested the ambiguity raised by the use of constant Re.  

Liao & Liu (2009) tested the flow drag and heat transfer characters of carbon nanotube-

water suspensions in a tube. While little pressure drop penalty was observed, the convective 
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heat transfer coefficient of the suspension was found to increases with the increase of the 

multi-wall carbon nanotube concentration under constant velocity condition. Also observed 

is the sharp increase of nfh  with the fluid temperature. 

Abbasian Arani & Amani (2013) studied the effect of particle size on the convective heat 

transfer and pressure drop under fully developed turbulent condition with TiO2-water 

nanofluid have a volume fraction of 0.01-0.02. A thermal performance factor was used to 

exclude the increased viscosity of nanofluid: 
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They found that for all particle concentrations investigated, while nanofluid with all particle 

sizes from 10nm to 40nm exhibit better performance than the base fluid, 20nm particle 

diameter give the best convective heat transfer performance based on the thermal 

performance factor. A similar study can be found in Meriläinen et al. (2013).  

Recent studies have been focus on different kind of nanoparticle-base fluid pairings, e.g., 

(Akhavan Zanjani et al., 2013; Hemmat Esfe et al., 2014) and novel configurations, e.g., 

(Jamal-Abad et al., 2013; Naik et al., 2013). For example, Nguyen et al. (2007) investigated 

the Al2O3-water nanofluid performance in a jet type system designed for electronic device 

cooling. The heat transfer coefficient increased as much as 40% compared to that of the base 

fluid for a particular particle volume concentration of 6.8%. In contrast to other studies, they 

reported decreased convective heat transfer coefficient when 47nm nanoparticles were 

replaced by 36nm particles with the same volume fraction.  
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It can be seen from the above discussion that though the dispersion of nanoparticles in the 

base fluid generates higher nfk  than bfk , a increased viscosity also comes along with it. 

Hence the ability of nanofluid to enhance the convective heat transfer performance is 

dependent on the selection of nanoparticle as well as base fluid types, and on different 

operational conditions, e.g., particle size, concentration. More experimental data with reliable 

comparison bases and parameters of merit are needed to provide the guide for practical 

applications. 

 1.7.1.2 Heat transfer coefficient and Nusselt number correlations 

A large volume of studies have been devoted to validate correlations used in the prediction of 

turbulent heat transfer characteristics. Similar to the definition for convectional fluids, the 

heat transfer coefficient nfh  and Nusselt number Nunf for nanofluids are defined as: 
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where the subscript nf denotes nanofluid property, wq  is the wall heat flux, wT  and bT  are 

wall temperature and bulk temperature, respectively, and D is a characteristic length scale of 

the flow system. Clearly, large values of nfh  and Nunf  indicate better heat transfer 

performances. For turbulent flow, the Dittus-Boelter correlation can be used to calculate Nu 

for conventional fluids:  

 
0.80.023Re PrnNu   (1.19) 
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Table 1.1: Nusselt number correlations for turbulent nanofluid flow in fully developed regions 

References Expressions 

Pak and Cho (1998) 
0.8 0.50.021Re Prnf nf nfNu   

Xuan & Li (2003) 
0.6886 0.001 0.9238 0.40.0059(1.0 7.6286 )Re Prnf d nf nfNu Pe   

Buongiorno (2006) 
8

2/3

8

(Re 1000)Pr

1 (Pr 1)

f

nf nf

nf
f

v v

Nu
 




 
 

Maïga et al.(2006) 
0.71 0.350.085Re Prnf nf nfNu   

Duangthongsuk & Wongwises (2010) 
0.707 0.385 0.0740.074Re Prnf nf nfNu   

Sajadi & Kazemi (2011) 
0.71 0.350.067Re Pr .0005Renf nf nf nfNu    

 

where Re is the Reynolds number, Pr is the Prandtl number, and n=0.3 for cooling of the 

fluid, n=0.4 for heating of the fluid. Eq. (1.19) is valid for 0.7<Pr<160, Re>10000, and 

L/D>10 in which L is the pipe test section length and D is the pipe diameter. 

Many experimental results suggested that Eq. (1.19) under-predicts Nunf  when measured 

thermo-physical properties of nanofluids were used to calculate the dimensionless numbers 

(Yu et al., 2008). Hence new correlations have been proposed to fit the experimental data. A 

list of expressions for Nunf  proposed by different researchers is provided in Table 1.1.  

Yu et al. (2012) recently reviewed the existing experimental data for turbulent heat 

transfer of nanofluids in horizontal tubes. Despite the many new expressions proposed for 

Nunf , they concluded that the actual heat transfer coefficient enhancement of nanofluids 

over their base fluids can be predicted quite accurately using the Dittus-Boelter equation.  
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1.7.2 Numerical study of nanofluid turbulent heat transfer 

Concerning nanofluid properties and nanofluid flow in the turbulent regime, the chaotic 

mixing is typically much stronger than the nanoparticle-induced micro-mixing effect. 

Furthermore, turbulent entrainment could significantly change nanoparticle behavior and 

hence the resulting heat transfer characteristics.  

Maïga et al. (2006) used a single phase model to study the turbulent heat convection of 

nanofluids, heat transfer coefficient was found to increase with nanoparticle volume fraction 

and Reynolds number. The enhancement of nfh  is more pronounced for flows with moderate 

to high Reynolds numbers. Namburu et al. (2009) used a single phase model and found that 

heat transfer coefficient is higher at lower Reynolds numbers. Demir et al. (2011) also 

confirmed that single phase model is accurate enough to predict the convective heat transfer 

characters. On the other hand, Behzadmehr et al. (2007) used a two phase mixture model to 

investigate turbulent forced convection of a nanofluid in a tube. The mass transfer of 

nanoparticles was predicted using convection-diffusion equation. They claimed that 

comparison with experimental values shows that the mixture model is superior to the single 

phase model. Bianco et al. (2011) confirmed this result by comparing the performance of the 

single phase and mixture model. However, both of the studies used very simple thermal 

conductivity and viscosity models which cannot accurately predict the nanofluid thermo-

physical properties.  

Although both single-phase models with modified thermo-physical properties and two 

phase models have shown successful applications in predicting the heat transfer 
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characteristics in the turbulent regime, the validity of such models requires further 

investigation. 
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1.8 Cooling of High Concentration Photovoltaic Cells 

The demand on CPV cooling spurred various cooling methods and devices. For example, 

Sala (1989)(Sala, 1989) discussed cooling of solar cells, considering passive cooling through 

radiation, natural convection and conduction, as well as forced liquid cooling. Royne et al. 

(2005) provided a comprehensive review of cooling techniques for CPV systems and 

compared different types of cooling devices with applications on single, linear, and densely 

packed cells. In addition to traditional water cooling methods (Du et al., 2012), alternative 

CPV cooling designs were developed, such as jet impinging (Barrau et al., 2011), two-phase 

cooling (Ho et al., 2010), liquid immersion cooling (Han et al., 2013; Zhu et al., 2011), and 

microchannel cooling (Müller et al., 2011). More recently, Micheli et al. (2013) reviewed the 

use of micro- and nano-technologies for CPV cooling, focusing on the use of nanofluids for 

natural convection and micro-heat pipe cooling. Still, the low heat transfer performance of 

conventional fluids (e.g., water, engine oil and ethylene glycol) may keep heat exchanger 

efficiencies too low or even cause dangerously high system temperatures.  

Thus, employing nanofluid with an enhanced thermal conductivity could lead to 

improved energy efficiencies and smaller systems with lower capital costs. While interest in 

applications of nanofluids in solar energy conversion has mainly focused on solar collectors 

and solar water heaters, Elmir et al. (2012) published a preliminary study on solar-cell 

cooling using nanofluids. However, they used the model of Wasp et al. (1977) to estimate the 

thermal conductivity of their nanofluid, which has limited accuracy in predicting the thermo-

physical properties of nanofluids. More encompassing is a recent review by Mahian et al. 

(2013), addressing nanofluid parameters and heat transfer mechanisms with applications. 
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Specifically, the authors summarized theoretical and computational works on entropy 

generation due to flow and heat transfer of nanofluids in various geometries and flow 

regimes. It was suggested that the minimization of entropy generation has to be considered 

for proper optimization of thermal engineering systems in terms of design and operation.  

Equation Section (Next) 
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Chapter 2  

AN IMPROVED THERMAL CONDUCTIVITY MODEL 

FOR NANOFLUIDS 

2.1 Introduction 

The thermal conductivity is one of the most important properties of nanofluids in motion. A 

significantly higher thermal conductivity of a nanofluid over the base fluid has broad 

applications in various fields, including cooling of high concentration photovoltaic cells and 

high power electronic components. However, despite of the selectively good performance of 

nanofluids as heat transfer fluids, experimental findings of the thermal conductivities have 

been controversial, while theories describing the elevated thermal conductivities have been 

either phenomenological or incomplete (Kleinstreuer & Feng, 2011). Therefore, part of the 

objective of the current study is to present a theoretical model that explains the enhanced 

thermal conductivity of dilute nanofluids in light of Brownian-motion induced micro-mixing, 

thermal contact resistance, nanoparticle-aggregation effects, and nanofluid properties.  

Among the various models proposed for the effective thermal conductivity, effk or nfk , 

Kleinstreuer & Feng (2012) started from the Koo-Kleinstreuer-Li (KKL) model (Li & 

Kleinstreuer, 2008) and improved three of the four main approximations. In the Feng-

Kleinstreuer (F-K) model, each nanoparticle induces a velocity field in the surrounding base 

fluid, and the induced fluctuation velocities are superimposed to realize multi-particle effects. 



 

46 

With this induced velocity, the Reynolds-averaged heat transfer equation is solved to give an 

expression for mmk , the dynamic part of the effective thermal conductivity of nanofluids, nfk . 

The F-K model assumes mono-diperse nanoparticles in the based fluid. Here, we introduce a 

theoretical extension to the model by incorporating the otherwise neglected nanoparticle 

aggregation effects and thermal contact resistance. In addition, an assumption in the F-K 

model was modified to better address the relationship between the fluctuating temperature 

and the mean temperature field. The new model uses the Bruggeman model (Bruggeman, 

1935) as well as the model of Nan et al. (1997) to describe the effective thermal conductivity 

of aggregates; where the latter is a model developed for arbitrary isotropic particulate 

composites. The Kapitza theory (Kapitza, 1941) is used to account for the interfacial 

resistance.  

In this chapter, the theoretical background and derivation of the new model is presented, 

considering four contributions:  

 Aggregations of nanoparticles form fractal-like structures, which can be seen as 

effective particles having distinctive thermal conductivities.  

 The existence of nanoparticle aggregates modifies the thermal conductivity of the 

base fluid.  

 Random motion of the fractal structures in the base fluid produces micro-scale 

convection effects, augmenting the energy exchange rates and hence boosting the 

effective thermal conductivity of the mixture.  

 The thermal contact resistance at the interface of the particles and the fluids is 

considered using the Kapitza theory. 



 

47 

As a result, the effective thermal conductivity of a nanofluid is a function of nanoparticle 

size, temperature, particle volume fraction, the physical and chemical properties of the 

nanoparticles, and the type of particle-liquid pairing.  

The model predictions for different particle-fluid combinations are compared with 

various experimental data sets for validation, focusing mainly on metal oxide nanoparticles 

embedded in water. The new model is able to predict the thermal conductivities of alumina, 

copper oxide and titanium oxide-water nanofluids accurately in the range of nanoparticle 

diameters of 20nm<dp<50nm, nanoparticle volume fractions up to 10%, and mixture 

temperatures below 350K. Based on the nature of the model, it can be readily extended to 

predict the thermal conductivities of nanofluids with other types of nanoparticle-liquid 

pairings and with non-spherical nano-materials such as carbon nanotubes.  
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2.2 Parameter Decomposition 

One of the core concepts in the derivation of the current model involves the decomposition of 

effective variables, specifically, of velocity and temperature. This follows the Reynolds 

decomposition of the energy equation that divides the thermal conductivity of a nanofluid 

into a static part and a dispersion part (Feng, 2010; Xuan & Roetzel, 2000). In fact, this is an 

analogy made between random Brownian motion generated fluctuations and turbulent 

fluctuations: 

 v v v'nfnf nf    (2.1a) 

 v v v'pp p   (2.1b) 

 'T T T   (2.1c) 

where the superscript  represents the time-averaged term and the superscript '  denotes the 

fluctuation term that is induced by the Brownian motion of nanoparticle aggregates. The 

subscript nf denotes the nanofluid, and the subscript p denotes the nanoparticle. Similar to the 

treatment of turbulence, the time average of the fluctuation terms equals to zero. It should be 

noted that the particle fluctuation velocity is the particle Brownian motion velocity.  
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2.3 Forces Acting on Nanoparticles 

Throughout the current study, we assume the nanofluids to be dilute suspensions. Many of 

the properties of the dispersions change once they become concentrated, when the physics 

involved are far more complicated. There is no clear boundary between dilute and 

concentrated dispersions; however, one can evaluate the relative importance of different 

forces acting on the particles to determine whether a treatment of dilute/concentrated mixture 

is appropriate.  

Nanoparticles, when dispersed in the base fluid, experience different forces. Here we give 

a brief discussion of the various forces acting on particles as they are of vital importance to 

the mechanisms of the enhanced thermal conductivity we will later discuss.  

2.3.1 Random force 

The random force ( )BF t  that derives from the collisions between particles and the randomly 

moving base fluid molecules gives rise to the Brownian motion of the nanoparticles. Based 

on the Langevin equation and the equi-partition theorem, the stochastic process causes an 

average instantaneous nanoparticle velocity of 
pv , which can be expressed as 

 
3BM B

p

T
v

m


  (2.2) 

where B =
23 2 -2 -11.38 10 m kg s K     is the Boltzmann constant, T is the local temperature, 

BMv  is the Brownian motion velocity of a typical nanoparticle with mass pm  in a time scale 

of t  , where   is the particle momentum relaxation time.  
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2.3.2 Body force 

Nanoparticles may experience different field forces depending on the types of applications. 

Typically the gravitational force applies due to the density difference between the 

nanoparticles and the base fluids, which gives rise to a settling velocity  
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where bf  is the base fluid viscosity,   is the density difference between the nanoparticle 

and the base fluid, pd  is the particle diameter, and g is the gravitational constant. 

In an applied electrical field, particles will undergo electrophoretic motion with a velocity 

of elv , i.e.,  
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  (2.4) 

where   is the surface charge density of the particle and E  is the applied electric field.  

2.3.3 Stokes force 

When a nanoparticle moves relatively to the base fluid, it experiences a drag force. At 

Reynolds numbers of Re 1 , the drag force can be expressed according to the Stokes' law:  

 3 'Stokes bf p pF d v  (2.5) 

where 'pv  is the instantaneous particle velocity.  

An important parameter in the analysis of particle motion in a fluid is the relaxation time 

defined as  
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   (2.6) 

It characterizes the time required for a particle to adjust to or relax its velocity to a new 

condition of forces.  

2.3.4 Inter-particle forces 

When two particles approach each other due to Brownian motion, the attractive van der 

Waals forces and the repulsive electrostatic force become important.  

2.3.4.1 Attractive forces  

For nanoparticles in a base fluid, the van der Waals forces due to the London dispersion 

interaction cause attraction between particles. The London dispersion force acts in a 

relatively long range that is comparable to the size of the particles (Israelachvili, 2011). The 

attractive potential is proportional to the particle diameter, the material constant (the 

Hamaker constant HA  (Hamaker, 1937)), and is inversely proportional to the distance of 

separation (Cosgrove, 2010):  
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where px h d . For small particle separations ( ph d ), Eq. (2.7) is reduced to 

 
24

H p

LD

A d

h
    (2.8) 

The Hamaker constant differs among materials, depending on the density as well as the 

electronic polarisability of the material. A typical Hamaker constant has a value of Ο(10
-20

)J. 
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When particles are imbedded in a fluid matrix, the attraction between particles is weakened 

due to the interactions between particles and the medium. In this case, the Hamaker constant 

can be estimated using a geometric mean:  

  
2

particle mediumHA A A   (2.9) 

For metals (Au, Ag, Pt, etc.), the Hamaker constant is around 40×10
-20

J; for water, the 

Hamaker constant is 3.7×10
-20

J. For Al2O3-water nanofluids, HA =4.17×10
-20

J. 

2.3.4.2 Repulsive force 

When two particles approach each other, the ionic atmospheres overlap and create an ion 

concentration difference between the overlapped region and the bulk. This difference gives 

rise to an osmotic pressure acting to force the particles apart. The potential of this repulsive 

force can be obtained by integrating the force over distance (Hunter, 2001):  

  2 2 032 tanh exp
4

EDL p B el

B

e
d T h
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 (2.10) 

where B  is the Boltzmann constant,   is the valence of the ions,   is the Debye constant 

which is the inverse of the Debye length, el  is the concentration of electrons, e is the 

electronic charge, and 0  is the electric double layer (EDL) potential at the surface of the 

nanoparticles. The expression is valid when pd  is greater than 20, and becomes invalid 

when the double layer thickness is about the same as or larger than the particle radius. For the 

latter situation, the potential equations for the interaction between two double layers must be 

solved specifically for spherical particles. This is especially important for nanofluids, 
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because for metal-oxide nanofluids and metal nanofluids, pd  is usually less than 4 (Shukla 

& Dhir, 2008).  

2.3.5 Relative importance of the forces 

The orders of magnitude of the Stokes force and the inter-particle forces in nanofluids have 

been compared in Feng (2010). In dilute nanofluids, the surface forces, i.e., the van der 

Waals forces and the electrostatic force are of the same order as the Stokes force if multi-

particle interactions are considered. Meanwhile, Buongiorno (2006) has showed that body 

forces are negligible compared to the random force which causes Brownian diffusion. 

However, we will show in the next section that the surface forces are only important when 

nanoparticles are well dispersed in the base fluid. When the particle aggregations grow big 

enough, the surface forces become less important, while the wake interactions due to 

Brownian motion dominate. 
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2.4 Mechanisms of 
nfk  Enhancement 

As mentioned in section 2.1, the enhanced thermal conductivity of a nanofluid is due to the 

combined contributions of Brownian motion induced micro-mixing, nanoparticle 

aggregation, and interfacial thermal resistance.  

The F-K model divided the thermal conductivity of the nanofluid, nfk , into two parts:  

 nf static mmk k k   (2.11) 

where statick  is the thermal conductivity part due to the effective medium theory, and mmk  is 

the thermal conductivity part due to the Brownian motion effect.  

Most experimental studies relating to nanofluids have observed nanoparticle aggregations 

of different levels. In other words, nanoparticles exist in the base fluid not as single particles, 

but as building bricks of aggregates. Hence, when considering Brownian motion effects, it is 

the Brownian motion of the aggregates rather than primary nanoparticles that should be 

considered.  

The thermal contact resistance exists at the interface of a nanoparticle and the base fluid 

(see section 1.4.2.3 in introduction) that impedes the effective transport of energy between 

them. This resistance compensates the enhancement of heat transport enabled by the 

formation of small aggregates and the Brownian motion of the aggregates. However, for a 

more consistent description of the heat transport in nanofluids, this effect has to be 

considered.  

In summary, the enhanced thermal conductivity of a nanofluid is due to the particle-

particle and particle-base fluid interactions that form aggregates, the aggregate-base fluid  
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Figure 2.1: Aggregation formation and interaction due to Brownian motion 

interactions that give rise to the Brownian motion, and the thermal contact resistance that 

moderates the augmentation. Figure 2.1 shows the formation of the aggregates, the Brownian 

motion of the aggregate units and the interactions between them, the combined effects of 

which enhances the thermal conductivity of nanofluids. 

2.4.1 Nanoparticle aggregation 

2.4.1.1 Aggregation formation 

Aggregation formation is a process in which initially dispersed particles join together (Jullien 

& Botet, 1987). The stability of the mixture to aggregation is governed by the total potential 

energy of interaction due mainly to the combined effects of electrostatic repulsions and van 

der Waals inter-particle attractions. These can be described using the classical Derjaguin- 
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Figure 2.2: The interaction potential between two identical particles 

Landau-Verwey-Overbeek (DLVO) theory of colloid stability (Derjaguin & Landau, 1941; 

Verwey & Overbeek, 1948): 

 total LD EDL     (2.12) 

Fig. 2.2 shows the total potential between two particles as the distance between them varies, 

which is the consequence of the exponential decay of the repulsive term and the reciprocal 

decay of the attractive term. The vertex of the curve is known as the primary maximum. It 

sets a barrier for the two approaching particles, which must be overcome before aggregation 

can take place. However, this barrier to aggregation only provides kinetic stability to 

dispersion. The thermodynamic drive is toward an aggregated, phase separated state 

(Cosgrove, 2010).  

The energy of a Brownian collision is of the order of BT . Accordingly, a primary 

maximum of at least 20 BT  is needed to achieve a long-term stability (Cosgrove, 2010). 
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Three key factors affect the value of the primary maximum significantly, i.e., the ion type 

and concentration, the value of the zeta potential, and the particle size. Usually the height of 

the maximum decreases with increasing electrolyte concentration, is proportional to the 

square of the surface potential, and decreases linearly with decreasing particle size at 

200nmpd  . As the nanofluid pH departs away from the isoelectric point, the absolute value 

of zeta potential increases rapidly, and the primary maximum changes accordingly.  

According to the above discussion, one can expect fast aggregation of nanoparticles if the 

energy barrier is much less than 20 BT . However, according to Eq. (2.10), the height of the 

primary maximum increases as aggregates become larger, which significantly hinders further 

aggregation. Furthermore, as particles form clusters, the average distance between aggregates 

grows while the Brownian motion intensity reduces. This means smaller chance of encounter 

that drastically reduces the aggregation rate.  

The average (minimum) separation distance between two spheres in a well dispersed 

suspension can be obtained by (Cosgrove, 2010)  
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where d is the sphere diameter and 0.64rcp   corresponds to random close-packing of the 

particles. For simplicity, we assume that the effective diameter D of an aggregate can be 

calculated using volume effective diameter, then the relation between D and d is 
3( )D d n , 

where n is the number of primary particles in an aggregate. Therefore the relation between L 

and n can be obtained as 
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Fig. 2.3 shows the change of average distance between aggregates for different n and  . 

There is a log-linear relationship between L and n for a given particle volume fraction  . 

Meanwhile the average distance increases rapidly when   keeps reducing below 1%. The 

interaction energy between two spheres decays as 1 nD .  

According to this analysis, we assume that there is a balance state, i.e., a relatively long 

period of stable stage for the nanofluid when mean cluster size reaches a plateau and further 

aggregation is sluggish. The nanofluid discussed in the current study lies in this stage. It 

should be noted that this stable state is dynamic, i.e., there are still aggregation formation and 

break-up, but the average size of the aggregates varies little.  

Clearly, it is no longer proper to treat the nanoparticles as individual elements. Instead, 

we take a single aggregate as a basic unit, and determine knf based on the assumption that the 

nanofluid is a mixture of aggregates with average radius gR  dispersed in the base fluid. 

Theories considering nanoparticle aggregations were discussed in the introduction part. For 

example, inspired by the treatment of Shih et al. (1990) for colloidal gels, Evans et al. (2008) 

presented a three-level homogenization model to describe the particle redistribution in the 

fluid matrix, which was also adopted by Chen et al. (2009) and Gharagozloo & Goodson 

(2011). In this model, nanoparticles form fractal like structures (aggregates), and the 

aggregates are treated as spheres with radius determined by the radius of gyration, gR . 
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Figure 2.3: Average distance between aggregate units vs. number of primary particles per aggregate 

and nanoparticle volume fraction 
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2.4.1.2 Fractal structure  

We use fractal theory to describe the nanoparticle clusters. Fractals are scale invariant objects 

with dilation symmetry, i.e., they look the same on all scales (Kulkarni et al., 2011). An 

illustration of a fractal structure is provided Fig. 2.4. An introduction to fractals is given by 

Family & Landau (1984). A fractal aggregate is a cluster of particles that scales in a fractal 

structure from the primary or monomer particle size to the overall size of the aggregate. 

Fractal aggregates can be found in various colloids as a result of diffusion limited cluster 

aggregation.  

Generally two major categories can be identified for the aggregation formation: (i) 

particle-cluster aggregation or diffusion limited aggregation (DLA), which occurs when 

primary particles diffuse to and stick to a stationary, growing cluster (Witten Jr & Sander, 

1981); and (ii) cluster-cluster aggregation or diffusion limited cluster aggregation (DLCCA), 

which occurs when, along with the primary particles, the clusters themselves diffuse and 

stick when they randomly touch each other (Kolb et al., 1983). Only DLCCA occurs in 

colloids as well as aerosols (Kulkarni et al., 2011). An example of a fractal aggregate is 

shown in Fig. 2.5. 

Nanoparticles form fractal like clusters (aggregates) in nanofluids. An effective sphere 

with average radius gR  can be used to represent the aggregate (see Fig. 2.5). The spherical 

unit (called aggregate unit hereafter) itself is composed of two kinds of nanoparticles, i.e., 

backbone particles and dead ends particles. The main branches (backbones) of a aggregate 

span the sphere of radius gR , while the dead ends particles connect to the backbones in a 

loose manner without showing any obvious pattern. It should be noted that the fractal  
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Figure 2.4: A scale invariant structure (From: Kulkarni et al. (2011)) 

 

Figure 2.5: A fractal structure (Modified from Kulkarni et al. (2011)) 

aggregates are three dimensional structures in the Euclidean space. More experimental 

evidence of the fractal nanoparticle clusters as a result of nanoparticle aggregation can be 

seen in Fig. 2.6.  
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SEM picture of silica nanofluid (From: Williams (2007)) 

 
TEM images of (a) alumina and (b) titania nano-particles (From: Utomo et al. (2012)) 

 
TEM images of nanofluids taken after 2h of preparation (From: Kole & Dey (2013)) 

Figure 2.6: Experimental evidences of nanoparticle aggregation 
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Figure 2.7: Illustration of fractal dimension as compared with the dimension of a cube 

2.4.1.3 Aggregation size 

Fractal aggregates can be measured by means of fractal dimension, which relates the linear 

size of a structure with its volumetric size. The latter is linearly related to the mass or number 

of primary particles, N, in the aggregate. Figure 2.7 shows an analogy between a fractal 

aggregate and a regular geometry in the Euclidean space, e.g., a cubic. The volume of a cubic 

is equal to the length of the side to the third power (its spatial dimension), while the number 

of primary particles in a fractal aggregate scales with the linear size gR  to the fraction 

dimension fD , i.e.,  

 fD

gN R  (2.15) 

where gR  is the radius of gyration of a fractal aggregate, which is taken to be the radius of 

the aggregate unit discussed above; and fD  is the fractal dimension, which is a parameter 

that relates only to the geometry. The radius of gyration is defined as the root mean square 

distance of the objects' parts from either its center of gravity or a given axis, i.e.,   
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   (2.16) 

where meanr  is the mean position of the monomers. It should be noted that, the linear size can 

be any of the geometric sizes, e.g., a diameter, a length, or a radius of gyration, but it cannot 

be a mobility radius which depends on the linear geometric size as well as the flow situations 

(Kulkarni et al., 2011).  

The fractal dimension fD  provides a way to quantitatively describe the ramification of a 

random aggregate. It measures the speeds of the aggregates to fill space as the radius of 

gyration varies. Specifically, a smaller fD  means a faster piling-up of the space as gR  

increases. Hence the fractal dimension determines the aggregate density, the optical 

properties, the diffusion characters, and the growth kinetics of the aggregates.  

The aggregate size will increase as more particles join. When aggregates become large 

enough (~1μm), settling occurs that reduces particle concentration and hence, mixture 

thermal conductivity. Potentially large enhancements can occur only in stable solutions 

where aggregates are small enough to remain in the suspension. For the current study, we 

only consider nanofluids in this stable stage, i.e., the aggregates are not big enough to trigger 

sedimentation. Therefore, it is necessary to estimate the upper bound of the aggregate unit 

size for this stability. One way to determine it is to equal the average distance traveled by a 

particle undergoing Brownian motion, with the distance moved under settling velocity during 

the same characteristic time. The average Brownian motion velocity can be estimated using 

Eq. (2.2); while the characteristic time scale is given by  
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The settling velocity is obtained through a force balance between gravity, buoyancy, and 

drag, expressed as:  
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  (2.18) 

where   is the density of the aggregate (a) or fluid (bf), ad  is the effective diameter of the 

aggregate, TSu  is the terminal settling velocity, and g is the acceleration of gravity. Hence we 

obtain that  

 
2/7 1/7 1/7 3/7( )a bf Bd O T      (2.19) 

For metal oxide-water nanofluids, (1μm)ad O . This indicates that nanofluids should be 

stable even when the aggregates are an order of magnitude larger than the primary particles. 

It should be noted that in the estimation of the velocity scales, aggregates are treated as 

spheres with an average volume effective diameter. This assumption will be further applied 

in the following derivation where applicable.  

In summary, nanoparticles form fractal like aggregations in nanofluids, having effective 

size determined by the radius of gyration. Aggregates consist of two kinds of nanoparticles: 

backbone particles and dead-ends particles. There will be a dynamically stable stage for the 

nanofluids when the average aggregation size reaches a plateau. It is the Brownian motion of 

these aggregates that enhances the thermal conductivity of the nanofluid.  
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2.4.2 Brownian motion induced micro-convection 

We have presented the model to treat the aggregates in the base fluid, i.e., small spherical 

units with average diameter determined by the radius of gyration. In light of this treatment, 

the nanofluid is akin to a mixture of particles of diameter gR  dispersed in the base fluid. 

Therefore, the F-K model (Feng, 2010) can now be modified to determine the effective 

thermal conductivity of the mixture.  

According to the F-K model, particles (in the current case, aggregate units) interact with 

each other indirectly through Brownian motion induced perturbations to the base fluid. Since 

the particle Reynolds number is usually well below unity, the analytical solution for Stokes 

flow around a spherical particle can be employed to give the induced velocity around a 

particle (Panton, 2006):   
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( ) ' 0nfv    (2.20c) 

where 'pv  is the particle velocity, r  is the distance from the particle center. The particle 

velocity can be determined using the Langevin equation  
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where StokesF  is the Stokes drag force, and ( )BF t  is the random force due to collisions with 

base fluid molecules. Using 'p

dh
v

dt
 , Eq. (2.21) can be rewritten as   
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   (2.22) 

The solution to this equation with initial conditions (0) 0h   and 
0t B adh dt T m   is 

well established (Coffey et al., 2004). Set the cut-off radius to be where ' 0.002nf pv v , 

after superposition of the perturbation velocities due to multiple particles at a fluid package 

point, the overall induced velocity can be determined at any point of the fluid domain to be 
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 (2.23) 

where cR  is the cut-off radius.  

It should be noted that in deriving Eq. (2.21), aggregate units are assumed to disperse 

evenly in the base fluid. Also, weak surface interaction between aggregate units was 

assumed, so that the van der Waals forces as well as the electrostatic forces can be neglected 

(see the discussion in Section 2.4.1.1). The latter assumption eliminated the particle-

interaction force term which appeared in the extended Langevin equation in the original 

derivation of Feng (2010). This elimination, in consequence, greatly reduced the complexity 

of the final expression of knf (Eq. (2.46)). Hence, by considering the nanoparticle 

aggregation, not only has the theory become more complete, but it also has exhibited simpler 

form. In fact, in the F-K model, the interaction forces between two particles were 
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approximated using a linear expression, which was later curve fitted based on experimental 

data, because of the mathematically prohibitive nature of superposition of many-particle 

interactions. Yet in the current study, this curve fitting process is avoided based on solid 

physical ground.  

2.4.3 Thermal contact resistance 

The effect of the Kapitza resistance can be incorporated to give an effective nanoparticle 

thermal conductivity peffk  as (Li & Kleinstreuer, 2008):   
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2.5 Revised Effective Medium Theory 

As discussed above, the thermal conductivity of the nanofluid, nfk , comprised of two parts: 

statick , the thermal conductivity part due to effective medium theory, and mmk , the thermal 

conductivity part due to the Brownian motion effect. The effective medium theory for 

predicting the thermal conductivity of a mixture of particles perfectly dispersed in a fluid 

without Brownian motion provides us with a good estimation for statick  
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 (2.25) 

However, due to the combined effects of thermal contact resistance and the aggregation 

effects, we need to revise the effective medium theory in the following way for nanofluids: 

nanoparticles form fractal like clusters (aggregates) in the fluid matrix, building effective 

spherical units with average radius of gR . The effective thermal conductivity of the 

aggregate units, ak , is determined and then used to replace the thermal conductivity of 

particles, pk , in Eq. (2.25).  

To determine ak , we use the three-level homogenization model described by Evans et al. 

(2008). According to this model, nanoparticles form fractal like structures due to 

aggregation. Each cluster is embedded in a sphere of radius gR , with nanoparticles that form 

linear chains (backbones) and nanoparticles that attach to the backbones (dead ends). The 



 

70 

dead ends particles and the base fluid form a medium with effective thermal conductivity dek

. When the backbone is included, the effective thermal conductivity of the sphere (aggregate 

unit of radius gR ), ak , is determined using the model of Nan et al. (1997). dek  (Bruggeman, 

1935) and ak  are given by 
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where de  is the volume fraction of dead end particles in an aggregate unit, i.e., 

 

int

3f

de b

D

g

b

p

R

d

  





 

 
   
 

 (2.28) 

where int  and b  are, respectively, the volume fraction of nanoparticles in the aggregate 

unit and the volume fraction of backbone particles. The latter is given by 
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where 1D  is a dimension ranging 11 fD D   given in Shih et al. (1990). In Eq. (2.26), peffk  

is the effective thermal conductivity of the nanoparticles including the thermal contact 

resistance. peffk  can be determined using Kaptiza’s theory: 
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where KR  is the Kapitza resistance.  

Eq. (2.27) is developed to predict the effective thermal conductivity of arbitrary isotropic 

particulate composites with interfacial thermal resistance. It is based on the effective medium 

approach. The various symbols in Eq. (2.27) are explained here: 
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 33 111 2L L   (2.32) 

which are geometrical factors depending on the particle shape (Nan, 1994). Here g pp R d  

is the aspect ratio of an ellipsoid. 
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where c

iik  (i=1,2,3) are the equivalent thermal conductivities along corresponding symmetric 

axis of a ellipsoidal composite unit cell, obtained using the multiple-scattering approach 

(Nan, 1993): 
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where the dimensionless parameter   is given as 
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Again, KA  is the Kapitza length. 
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Till now, the effective thermal conductivity of an aggregate unit has been determined by 

combining the theory of Bruggeman (1935) and Nan et al. (1997). Therefore, the thermal 

conductivity part due to effective medium theory, statick , can be revised as  
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 (2.36) 

It should be noted that, since ak  is determined using a model developed for ellipsoidal 

particles, this model is also suitable for non-spherical particles dispersed in base fluids with 

proper modification of geometrical parameters involved. This can be done in future works.  

In the next section, we determine mmk , the thermal conductivity part due to the Brownian 

motion effects.  
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2.6 Brownian Motion Induced Thermal Conductivity 

We have already discussed all the mechanisms that would contribute to the enhanced thermal 

conductivity of nanofluids. So the next step is to derive the explicit expression of the 

effective thermal conductivity, mmk . The governing equation of the system, in particular, the 

energy equation reads 
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where   is the viscous dissipation term: 
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 (2.38) 

Similar to the treatment for the superposition of perturbation velocities (see Section 2.2.2), 

here we assume that the fluid is quiescent and the temperature difference occurs only in the 

y-direction. The reasoning behind this approach is that the thermal conductivity is the 

intrinsic property of fluids, which does not change whether or not heat convection presents. 

Thus, in this 1-D case, by substituting the fluctuating terms of equations (2.1a) and (2.1c) 

into Eq. (2.37) and time averaging it, the equation reduces to  
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where 
( ) 'y

nfv  is given by Eq. (2.23).  
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To solve Eq. (2.39), an explicit expression for 'T  is needed. In the treatment of the F-K 

model, 'T  is related to T  through an analogous to the concept of mean-molecular spacing in 

microfluidics of liquids: 

 '
T

T
y







 (2.40) 

where   is the isotropic mixing length composed of two parts: 

  1p bf       (2.41) 

where p  is the mixing length for nanoparticles and bf  is the mean molecular distance for 

base fluids.  

Here we argue that the mixing length should be p   only, for the following reason: in 

the Prandtl’s mixing length theory for turbulent flow, assuming gradient-type diffusion, the 

coefficient of turbulent eddy viscosity is assumed to be the product of the turbulent mixing 

length and the gradient of the fluctuating velocity. This is analogous to the kinetic theory, 

where the kinematic viscosity is equal to the product of the root-mean-square velocity of the 

molecules and the mean free path. In light of these assumptions, the fluctuation '  of a 

transport property in the turbulent flow with respect to the mean value   can be expressed as  

 '
y


 





 (2.42) 

where, the gradient of the transport property is assumed to be constant over the length scale 

 .  

For heat transport in nanofluids, the fluctuation of temperature, 'T , is due to the 

Brownian motion of particles/aggregate units. Therefore, analogous to the assumption that 
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the fluctuating velocity is constant within the length scale determined by the product BMv   

(see Eq. (2.2) and (2.6)), it is reasonable to assume that the temperature gradient is constant 

within the same length scale, i.e.,  

 ( )BM y

a av    (2.43) 

where the Brownian motion velocity of the aggregate units is given by  
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and the characteristic time scale is given by  
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where am  is the average mass of the aggregate units determined by the density and volume 

of the particles in a typical aggregate unit. Here we have assumed that   has the same length 

in all directions. 

Combine Eq. (2.23), (2.39), and (2.40), we obtain the expression for mmk  as 
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m
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     (2.46) 

where the number 19631 comes from direct calculation of superimposition of multi-

aggregates induced velocity, cC  is a correlation factor which compensates for the variation 

of material properties that affect, for example, Kapitza length and aggregation properties; for 

the aggregate-aggregate interactions forces which have been neglected; for the cut-off radius 
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cR  of multi-aggregate interaction through perturbation, etc.. 1cC  . In Eq. (2.46), the density 

and specific heat capacity of the nanofluid are given by (Li & Kleinstreuer, 2008):  

  1nf p bf        (2.47) 

 ( ) ( ) (1 )pnf p p p p bf bfc c c       (2.48) 
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2.7 Thermal Conductivity of Nanofluids 

2.7.1 Expression for nfk  

Again, we emphasize that the thermal conductivity of the nanofluid, nfk , is comprised of two 

parts:  

 nf static mmk k k   (2.49) 

where statick  was determined in Section 2.5 as  
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 (2.50) 

and mmk  was determined in Section 2.6 as  
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In Eq. (2.50)， 
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It can be seen from the expressions of statick  and mmk  that the thermal conductivity of 

nanofluids is affected by a number of factors, i.e., nanoparticle diameter pd  (incorporated in 
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ak ), volume fraction  , mixture temperature T, aggregation size, and density and specific 

heat capacity of the mixture.  

2.7.2 Dependence of nfk  on different parameters 

Similar to the decomposition of nfk  into statick  and mmk , the dependence of nfk  on different 

parameters can be interpreted in two parts.  

First we look at the behavior of statick , which is a function of the base fluid thermal 

conductivity, the nanoparticle volume fraction, and the effective thermal conductivity of the 

aggregate units. The original Maxwell model gives an effective thermal conductivity of a 

mixture that increases with the particle volume fraction. Since in Eq. (2.50), the original form 

of the Maxwell model is retained, one could say for certain that statick  also increase with the 

nanoparticle volume fraction. Another important parameter in Eq. (2.50) is the effective 

thermal conductivity of the aggregate units, which replace the thermal conductivity of 

particles in the original Maxwell model. Hence statick  will change with ak  in the same way as 

statick  changes with pk  in the original Maxwell model.  

Next we look at the behavior of mmk , which can be rewritten as:  

  19631 ( , ) ( )c B bm am p fnf
C c G Fk d T     (2.54) 

where the contributing factor are, respectively: 
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 ( )F T T lnT T    (2.55b) 

One can conclude from Eq. (2.54) that mmk  increase linearly with nanoparticle volume 

fraction, and increase by a order of 1 to 2 with T . Also, mmk  will increase when the effective 

radius of the aggregate unit decreases. It should be noted that the increase of the base fluid 

viscosity will reduce mmk , because the Stokes force experienced by the aggregates will raise 

in this case, which effectively reduce the intensity of Brownian motion effects.  

2.7.2.1 Dependence on volume fraction 

It can be seen from Eq. (2.50) that the Maxwell model predicts a linear relationship between 

the thermal conductivity and the particle volume fraction. In the new model provided, Eq. 

(2.54) also gives a linear relationship between the two. However, this linearity is broken by 

the expression of ak  given by Eq. (2.52). Specifically, ak  is a function of gR , the radius of 

gyration, or the effective radius of the aggregate unit, which itself is a function of the volume 

fraction. Therefore, the model presented here gives a non-linear relationship between the 

thermal conductivity and the volume fraction (see Fig. 2.8). This is a reasonable prediction 

because the thermal conductivity of the nanofluid is radically affected by the aggregation 

effect, whereas the latter is affected by the volume fraction of nanoparticles. As the volume 

fraction increases, the aggregate size grows, and the Brownian motion effects become less 

important, which effectively reduces mmk . Hence the increase of nfk  is slowed down due to 

larger aggregate formation. Further discussions of the dependence of knf on gR  can be seen in 

section 2.7.2.3. On the other hand, when the nanoparticle volume fraction is very small, the  
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Figure 2.8: Model prediction of thermal conductivity ratio vs. nanoparticle volume fraction for an 

Al2O3-water nanofluid 

aggregation effect will be meager. Consequently, the current model will not apply at very 

low particle concentrations.  

2.7.2.2 Dependence on temperature 

The value of nfk  is affected by the mixture temperature in two ways: the aggregation size 

which is an important parameter in the expression of ak  is influenced by the temperature; and 

the thermal conductivity due to micro-mixing effects is a function of the temperature (see Eq. 

(2.57b)). The change of nfk  with respect to temperature is shown in Fig. 2.9 for both Al2O3-

water nanofluid and CuO-water nanofluid. As the temperature increases, the Brownian 

motion effect intensifies, consequently, mmk  raises up. This is the main reason for the 

dependence of nfk  on temperature. The influence of T  on statick  through gR  will be 

discussed in the next section.  
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Figure 2.9: Model prediction of thermal conductivity ratio vs. temperature  

2.7.2.3 Dependence on aggregation size 

One of the most important parameters in the current study of the thermal conductivity of 

nanofluids is the aggregation size, gR . The formation of aggregations in nanofluids is an 

extremely complex process which is difficult observe and describe. The lack of quantitative 

data on the aggregation process leads us to the compromise of qualitative characterization. 

Fortunately, this can be done more rigorously in the context of the state of the art.  

The aggregation size is affected by many factors, e.g., volume fraction, temperature, 

particle size, particle physical and chemical properties, and flow conditions, among which 

the first two are the most important and will be discussed in detail. Information concerning 

the other factors will be addressed briefly here, and can be found easily in the open literature.  
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The influence of the temperature on gR  is easy to observe, because as temperature 

increases, particles gain more kinetic energy. Even though this means higher possibility for 

particles to overcome the potential barrier due to the van der Waals forces and electrostatic 

force, studies have shown that aggregation favors gentle collisions (Hinds et al., 1983). 

Moreover, particles may bounce away or glide away from each other especially in more 

viscous fluids in the case of high velocity collisions. This is partly due to the complex 

hydrodynamic interactions between particles that involve the drainage of the fluid film in 

between the particles. The competition and balance between these two aspects are difficult to 

quantify, but it indicates a slow decrease (or increase) of gR  with the change of temperature. 

In fact, experiments indicate that raising the mixture temperature could prevent the particles 

from forming large scale particle clusters (Chein & Chuang, 2007). Therefore in the current 

study, we propose a weak dependency of gR  on T .  

As mentioned earlier, the aggregation size grows when the volume fraction increases, due 

to the reduced average inter-particle distance L, which raises the rate of particle encounter. 

The collision frequency, i.e., the average number of collisions between identical particles per 

unit time, can be estimated by:  
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  (2.56) 

where AN  is the number of particles per unit volume, d  is the diameter of the particle, and 

m  is the particle mass. AN   for a well dispersed system. Hence the number of particles 

in a fractal aggregate, N, can be estimated to be AN Z N    . Eq. (2.15) shows that N is 
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proportional to the radius of gyration to the order of fD , i.e., fD

gN R . Therefore the 

relationship between   and gR  can be established as  

 fD

gR   (2.57) 

where fD  is usually in the range of 1.4~2.1. However, due to the existence of dead ends 

particles, not all the particles in an aggregate unit are part of the backbones. Considering this, 

the relationship can be modified as: 

 
1 2

gR   (2.58) 

Other factors such as pH value of the fluids, particle size, and particle physical and chemical 

properties also affect gR . For example, larger particles are less likely to form aggregations 

(recall the case of micro-particles); particles with different atom structures have different 

dipole alignments; turbulent flow tend to break the aggregation structure due to the large 

turbulent kinetic energy etc.. However, these factors are less important in the develop of the 

current model, therefore are not considered explicitly but include in the correction factor cC . 

To this end, we can formulate an expression for gR  according to the discussions above: 

 02.5
0.01

g p

T
R d

T


   (2.59) 

where 0T  is the reference temperature, which is 273.15K.  
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2.8 Comparisons 

Having obtained a new expression for nfk , we now compare the predictions of Eq. (2.50) and 

(2.51) with benchmark experimental data sets (Chon et al., 2005; Das et al., 2003; Li & 

Peterson, 2007a; Mintsa et al., 2009)(Chon et al., 2005; Das et al., 2003; C. H. Li & Peterson, 

2007a; Mintsa et al., 2009) which include Al2O3-water, CuO-water and TiO2-water 

nanofluids with different nanoparticle diameters at various temperatures and volume 

fractions. Additionally, comparisons with newly presented experimental data for nanofluid 

thermal conductivities are also provided.  

2.8.1 Al2O3-water nanofluid comparisons 

We compared the predictions of the newly developed model with benchmark experimental 

data as well as recent experimental results for the thermal conductivity of Al2O3-water 

nanofluids with particle diameters ranging from 36nm to 47nm, volume fractions less than 

10%, and temperatures between 293K and 343K. The aggregation size gR  was determined 

by Eq. (2.59), and the corrector factor cC  was taken to be 1.05.  

The results are given in Fig. 2.10 and Fig. 2.11. Overall, the predictions are in excellent 

agreement with the experimental results. However, the nfk - model underestimates the 

measured thermal conductivity of the nanofluids for high volume fractions, i.e., 6%, under 

high temperatures (see the comparison with Mintsa et al. (2009) in Fig. 2.10). As in the 

experimental procedures Mintsa et al. (2009) used a mechanical mixer to stir the nanofluid 

for approximate 60 seconds before every reading, the discrepancy may be due to a better  
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Figure 2.10: Comparison between new model and experimental data for Al2O3-water nanofluids 

thermal conductivity dependence on volume fraction  

 

Figure 2.11: Comparison between new model and experimental data for Al2O3-water nanofluids 

thermal conductivity dependence on temperature  
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dispersion of nanoparticles at higher volume fractions, while the aggregation size predicted 

by the new model is considerably higher (see Eq. (2.59)). In addition, though the model 

prediction is slightly higher than the experimental data of Das et al. (2003) for 38.4nm 

nanoparticles at 294K and under different volume fractions, its predictions agree very well 

with the data of Mintsa et al. (2009) and Chandrasekar et al. (2010) under similar conditions, 

i.e., 36nm at 295K, and 43nm at 296K. In fact, it can be seen from Fig. 2.11 that the results 

by Das et al. (2003) give overall lower thermal conductivities than other experimental data. 

Hence, we conclude that the new model is able to provide very good predictions for Al2O3-

water nanofluids for different volume fractions and temperatures.  

2.8.2 CuO-water nanofluid comparisons 

We then compared the newly developed model predictions with experimental data for the 

thermal conductivity of CuO-water nanofluids with particle diameters ranging from 25nm to 

31nm, volume fractions 0 to 8%, and temperatures 293K to 323K. The aggregation size gR  

was determined by Eq.(2.59), and the corrector factor cC  was taken to be 1.0.  

The comparisons are shown in Fig. 2.12 and Fig. 2.13, where good agreement has been 

obtained in both cases. The model predicts slightly higher knf –values for 31nm nanoparticles 

at 293K as compared with the data of Mintsa et al. (2009), but the predictions agree well with 

the results of Das et al. (2003) under similar conditions, i.e., 28.6nm at 294K. Moreover, the 

predictions match well with the data of Mintsa et al. (2009) for 31nm nanoparticles at 313K. 

For volume fractions from 1% to 4%, the nf bfk k  values predicted by the new model tend to  
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Figure 2.12: Comparison between new model and experimental data for CuO-water nanofluids 

thermal conductivity dependence on volume fraction 

 

Figure 2.13: Comparison between new model and experimental data for CuO-water nanofluids 

thermal conductivity dependence on temperature  
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increase slightly slower than the experimental results, especially for higher volume fractions. 

However, the experimental results scatter over large ranges and do not always agree with 

each other (see, for example, Kleinstreuer & Feng (2011)).  

It should be noted that in the comparisons for CuO-water nanofluids, a slightly different 

correction factor, i.e., 1.0cC  , has been used in contrast to the previously used one,

1.05cC  , for Al2O3-water nanofluids. This is due to the different physical and chemical 

properties of these two kinds of nanoparticles. As discussed in previous sections, the 

aggregation sizes and fractal dimensions may vary for particles of different materials. This 

accounts mainly for by the minor change in coefficient value.  

2.8.3 TiO2-water nanofluid comparisons 

We also compared the predictions of the newly developed model with experimental data for 

the thermal conductivity of TiO2-water nanofluids with particle diameters ranging from 

21nm to 30nm, volume fractions less than 9%, and temperatures 293K to 338K. Cc has been 

set to be 0.7 for all cases. Again, overall good agreements have been obtained between model 

predictions and experimental results (see Figs. 2.14-2.15). We found the experimental data of 

the thermal conductivities of TiO2-water nanofluids from different studies differ more from 

each other than for Al2O3-water and CuO-water nanofluids. Thus, no single model can match 

more than a few data sets without, say, adjusting some parameters significantly. Still, the 

present model can match several of the data sets very well.  
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Figure 2.14: Comparison between new model and experimental data for TiO2-water nanofluids 

thermal conductivity dependence on temperature  

 

Figure 2.15: Comparison between new model and experimental data for TiO2-water nanofluids 

thermal conductivity dependence on volume fraction   
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2.9 Summary 

In this chapter, an improved model for the thermal conductivity of nanofluids, nfk , was 

developed based on the F-K model proposed by Kleinstreuer & Feng (2012). The derivation 

of the model and comparison with experimental results for Al2O3-water, CuO-water and 

TiO2-water nanofluids were provided. Specifically, the new model improves the F-K model 

by taking into account the otherwise neglected nanoparticle aggregation effects and thermal 

contact resistance at the nanoparticle-base fluid interface. The form of nfk  in the F-K model 

was retained, i.e., staticnf mmk k k  , wherein statick  is a modified model expression based on 

the Maxwell model (Maxwell, 1881), and mmk  is derived using the Langevin equation as well 

as a turbulence-like heat transfer equation which considers the perturbations to the velocity 

and temperature fields, caused by random Brownian motion of nanoparticle aggregates.  

It has been proposed that the enhanced thermal conductivity of nanofluids is due to the 

combined contributions of three effects, i.e., the Brownian motion effects which intensifies 

the heat transport in the nanofluid, the aggregation effect which produces fractal like 

structures that facilitate heat transfer inside the structure, and thermal contact resistance 

which creates a barrier for heat transfer through the solid-liquid interface that reduces the 

effective thermal conductivity. The overall effect of the three phenomena provides a 

nanofluid thermal conductivity that agrees well with experimental data.  

The new model provides favorable predictions for Al2O3-water, CuO-water, and TiO2-

water nanofluids with nanoparticles ranging from 25nm to 47nm in diameter under 

temperature range of 293K to 343K and volume fraction less than 10%. The new model is 
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also suitable for non-spherical particle suspensions with proper settings for geometrical 

parameters, and can be readily extended to other forms of nanoparticle-liquid pairings. 

Equation Section (Next) 
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Chapter 3  

NANOFLUID FLOW APPLICATION TO A 

CONCENTRATION PHOTOVOLTAIC-THERMAL 

SYSTEM 

3.1 Introduction and Overview 

As discussed in the previous chapters, nanofluids may have superior heat transfer properties 

such as enhanced thermal conductivity than the base fluids. In addition, nanoparticle 

suspensions are more stable than suspensions with micro-size or larger particles, i.e., issues 

such as filter-clogging and gravity-settling are less likely to occur. Over the past few years 

there has been an increasing interest in using nanofluids for the improved conversion of solar 

energy. For example, Mihian et al. (2013) reviewed the applications of nanofluids to solar 

energy conversion and pointed out that most of the existing studies focused on solar 

collectors and solar water heaters. More work is necessary to investigate, for example, the 

effect of using nanofluids for improved efficiencies of concentration photovoltaic-thermal 

(CPV/T) systems.  

In this section, a CPV/T system is proposed to test the performance of a nanofluid in 

cooling as well as heat recycling. The system is described in Section 3.2 in terms of physical 

geometries, while the mathematical model is given in Section 3.3. The thermal performance 

of an Al2O3-water cooling system for densely packed photovoltaic cells under low to high 
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concentrations is numerically investigated in Section 3.4. Specifically, the model features a 

representative 2-D cooling channel with photovoltaic cells, subject to conjugated heat 

transfer using turbulent nanofluid flow. The influence of different system design and 

operational parameters, including required pumping power, on cooling performance and 

improved system efficiency has been evaluated. Optimal parameter values were found based 

on minimizing the system’s entropy generation. In Section 3.5, a counter-flow double-tube 

heat exchanger is analyzed for best thermal energy recovery. The impacts of inlet Reynolds 

number and temperatures of both fluids on the heat exchanger performance have been 

examined. The efficiency of the electrical and thermal energy co-generation system is 

determined for different nanofluid working temperatures.   
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3.2 Physical Description  

Figure 3.1 depicts the cooling system as well as possible CPV and CPV/T systems under 

consideration. Densely packed photovoltaic cells rest on top of a rectangular copper cooling 

channel via a layer of solder and electric insulator (to prevent electric leakage), respectively. 

An Al2O3-water nanofluid flows through the channel to maintain a high efficiency cell 

operation and avoid excessive cell temperatures. To make the model computationally 

tractable, steady-state flow and constant sun radiation input were assumed. Furthermore, 

neglecting variations at the span-wise (lateral) direction reduces the model to be two-

dimensional (see Fig. 3.2). The cooling channel was extended long enough to ensure 

hydrodynamically fully-developed flow condition upon the entrance of the heat transfer part.  

Figure 3.3 depicts a double-tube counter-flow heat exchanger, which will demonstrate a 

simple yet effective example of how the energy collected in the cooling system can be 

reused. The hot nanofluid leaving the cooling channel will be directed to the heat exchanger 

for warm-water recovery. The double-tube heat exchanger has geometric dimensions of 

4mmidR  , 5mmodR  , and annular 7.5mmR  , as shown in Fig. 3.3. The inner tube is made 

of copper with a wall thickness of 1mm, while the outer tube is thermally insulated. Again, 

steady-state fluid flow and heat transfer were assumed.  
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Figure 3.1: Physical model of the CPV receiver and the cooling system 

 

Figure 3.2: Simplified model of the cooling channel for the concentrator cell module 
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Figure 3.3: Model of the counter-flow, double-tube heat exchanger  
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Figure 3.4: Illustration of a concentration photovoltaic/thermal system 

A possible combined CPV-T system for a more complete solar energy use is suggested in 

Fig. 3.4. In this system, the solar cell converts part of the incoming radiation directly into 

electricity, while most of the remaining energy converts to heat and is being collected by the 
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circulating nanofluid. Then, the nanofluid transfers thermal energy to streams of water (or 

air) in a heat exchanger. The hot water can be used for desalination or space heating, and the 

hot air can cover building heating and air ventilation needs, to give a few examples. It has 

been shown that for better performance of the solar cells, the cooling nanofluid should have a 

temperature as low as possible. Thus, the heat exchanger can be extended to maximize the 

thermal energy recycling and minimize the nanofluid temperature at the outlet of the heat 

exchanger system.  
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3.3 Theory 

3.3.1 Governing equations 

The dilute suspensions of nanoparticles in water used in the present study for cooling of 

concentration solar cells as well as in the heat exchanger are assumed to be Newtonian 

mixtures. The Reynolds averaged Navier-Stokes (RANS) equations for steady laminar-

turbulent fluid flow and heat transfer can be expressed as follows. 

Continuity Equation:  

 ( ) 0nf i

i

u
x







 (3.1) 

Momentum Equation: 

For laminar flow: 
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For turbulent flow: 
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Energy Equation: 

For laminar flow:  
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For turbulent flow:  
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Here, 
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is the energy dissipation term; toth  denotes the mean total enthalpy; 
nf iu h  and 

nf i ju u  are 

additional terms due to turbulent fluxes. The velocities are ensemble averaged, where 

products of fluctuating quantities are denoted with bars and the subscript nf denotes 

“nanofluid”. The Shear Stress Transport (SST) model was employed to approximate the 

turbulent momentum and energy fluxes. This model is superior to the widely used k   

model, as it accounts for the transport of turbulent shear stresses and gives highly accurate 

predictions in the near-wall region (Menter, 1994), which is especially important for the 

present application because of the high temperature gradients in this region.  

3.3.2 Nanofluid properties  

The basic coolant-mixture properties are functions of nanoparticle (NP) volume fraction   

and mixture temperature T. Nanoparticles are assumed to be spherical, mono-disperse and 

forming a homogeneous dilute suspension; although, the effect of NP-aggregates on knf was 

considered. In this case of low NP-volume fractions, the nanofluid viscosity, density and heat 

capacity can be expressed as (Li & Kleinstreuer, 2010):  
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(1 )nf p bf                                                                     (3.7b) 

( ) ( ) (1 )( )p nf p p p bfc c c                                                          (3.7c) 

where the subscripts bf, p indicate base fluid and particle, respectively.  

For the thermal conductivity, the model proposed in Chapter 2 is used. This model 

divides the thermal conductivity nfk  of the nanofluid into two parts: a static part statick  

similar to Maxwell’s model (Maxwell, 1881), and a micro-mixing part mmk  due to Brownian 

motion of nanoparticle aggregate units. Specifically,  

 nf static mmk k k   (3.8) 

The static part is a modification of the Maxwell model: 
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The micro-mixing part is given by  
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The nanoparticle thermal conductivity in the original Maxwell model is replaced by the 

effective thermal conductivity of the aggregate unit ak : 
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where the effective thermal conductivity of the nanoparticles including the thermal contact 

resistance, peffk , is given as  

 
1

p
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K p p

k
k

R k d



 (3.13) 

In these equations, dek  is the effective thermal conductivity of the mixture of base fluid and 

dead ends particles, de  is the volume fraction of dead ends particles in an aggregate unit, b  

is the volume fraction of backbone particles in an aggregate unit, iiL  and ii  are parameters 

appearing in the derivation of the effective thermal conductivity of arbitrary isotropic 

particulate composites with interfacial thermal resistance. The readers are referred to Section 

2.5 for a complete explanation of the meanings of these parameters. Moreover, KR  is the 

Kapitza resistance,   is the density, pc  is the specific heat capacity, T  is the time averaged 

temperature. The subscripts nf, bf, p, and a denote nanofluid mixture, base fluid, 

nanoparticle, and aggregate unit, respectively. cC  is a correction factor which differs among 

different nanoparticle-base fluid parings. But the value is around unity for all the parings 

tested in Section 2.8. The characteristic time interval a  is expressed as:  
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where gR  is the radius of gyration of a fractal structure, while the average radius of the 

aggregate unit is:  
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in which pd  is the nanoparticle diameter, and 0T  is the reference temperature, which is set to 

be 273.15K.  

The temperature-dependent properties of the base fluid, i.e., water in the present study, 

can be expressed as (Feng & Kleinstreuer, 2012): 
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where / (1[ ])T T K  is the non-dimensional temperature, A1, A2, and A3 in Eq. (11c) are 

constants with values of 2.414×10
-5

, 247.8, and 140, respectively (Fox et al. 2004). 

3.3.3 Entropy generation 

Thermodynamic optimization for a system or device aims to minimize the system entropy 

generation genS  for the given objective of obtaining optimal geometry and operational 

conditions (Ratts & Raut, 2004). The entropy generation of a system is indicative of the 

amount of work wasted during operation. In the case of convection heat transfer, the entropy-

generation rate per unit volume ( genS  in W/K m
3
) can be expressed as (Kleinstreuer, 2010):  

 (thermal) (friction)gen gen genS S S   (3.17) 
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Clearly, Eq. (12) encapsulates the irreversibilities due to heat transfer and frictional effects, 

where 

 

22 2

2
(thermal)gen

k T T T
S

T x y z

       
       

        

 (3.18) 

and 

 

 '(frictional)gen

ji i i i

j i j j j

S
T T

uu u u u

T x x x x x

 




  

     
    

        

 (3.19) 

  



 

104 

3.4 Solar Cell Cooling 

3.4.1 Reduced governing equations 

For the 2-D geometry as shown in Fig. 3.2, the governing equations reduce to: 
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Equation (12) can be partially expressed as: 
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as the frictional entropy generation is directly proportional to viscous dissipation. Bejan 

(1996) pointed out that for turbulent flow the dissipation due to mean flow is roughly the 

same as that due to turbulent fluctuation, with the ratio of the two slowly decreasing as the 

Reynolds number increases. It turns out that the frictional entropy generation rate is a 

negligible part of genS , unless the Reynolds number is very large. Thus, in the present study 
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the correlation in Bejan (1996) is curve-fitted with the frictional entropy generation rate 

expressed as a function of (frictional)genS  and Re.  

3.4.2 Boundary conditions 

The boundary conditions include a fully-developed velocity profile at the inlet (which 

was guaranteed by extending the channel before the heat transfer region) and zero gauge-

pressure at the outlet. The bottom channel wall was assumed to be adiabatic and the no-slip 

condition was applied to all channel walls. The incoming concentrated solar radiation 

converts partly to electricity and partly to heat which is dissipated through active cooling. 

Hence the resulting heat flux equals to: 

 (1 )cellq C q        (3.23) 

Here C=200 is the concentration ratio, q is the heat flux of 1-sun irradiation (i.e., 1000W/m
2
 

in this case), 0.9   is the absorptivity (Ge & Na, 1989), and   is the cell efficiency (Evans 

& Florschuetz, 1978), i.e., 

 1 ( )ref cell refT T        (3.24) 

The reference efficiency ref  and temperature coefficient   varies between published 

studies, depending on cell materials and test conditions (Skoplaki & Palyvos, 2009). We used 

a reference efficiency of 0.2 at a reference temperature of refT =298K to represent typical 

crystalline silicon solar cells. The temperature coefficient   is equal to 0.0045K
-1

. For 

multijunction solar cells, the efficiency could reach almost 40%, and the temperature 

coefficient is usually different from that for silicon solar cells. It is usually suggested that for  
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Figure 3.5: Equivalent thermal circuit of cell, mounting and cooling system 

high concentration photovoltaic systems, multi-junction solar cells be used to maximize the 

electrical energy conversion efficiency. However, the characteristics of the temperature 

dependent efficiency of crystalline silicon solar cells are more thoroughly studied. Moreover, 

the current study focuses mainly on the medium concentration ratio range. Hence we used 

crystalline silicon solar cells with the properties specified above. It should be noted that the 

heat flux added to the heat transfer surface varies local cell temperature because of the cell 

efficiency is varying with temperature.  

1-D heat conduction from the cell surface to the forced convection interface was 

assumed. The configuration can be represented by the equivalent thermal circuit shown in 

Fig. 3.5, where R denotes a thermal resistance. The temperature T0 captures the ambient 

temperature, while Tsubstrate, Tinsulator, and Tsolder are the temperatures on the top surface of the 

copper substrate, the electric insulator, and the solder layer, respectively. Tcell denotes the cell 
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surface temperature which is used for calculating the cell efficiency. The thickness and 

thermal properties of each layer are listed in Table 3.1 (Sala, 1989).  

The cell loses heat to the ambient through the ethylene-vinyl acetate (EVA) layer and 

glass cover because of thermal radiation and natural convection at typical rates of 400W/m
2
 

and 2800W/m
2 

(i.e., about 0.3% and 2% of the total input heat flux), respectively. It was 

assumed that the transmissivity of the glass cover and the EVA layer are both 100%. 

Table 3.1: Properties of a nanofluid-cooled encapsulated cell 

Material Thickness k (W∙cm
-2

∙°C
-1

)  R (cm
2
∙°C W

-1
) 

Silicon 200μm 1.45 1.38×10
-2 

Solder 100 μm 0.5 2.0×10
-2 

Insulator 0.5mm 0.375 1.33×10
-1 

Substrate(Cu) 2mm 3.85 5.19×10
-2 

 

3.4.3 Numerical method and model validation  

The governing equations were solved, employing the user-enhanced software package 

ANSYS-CFX 14 which is based on the control volume method. The computations were 

performed on a local workstation (DELL PRECISION T7500). A typical case (i.e., for 

L=20mm and h=10mm) contains around 157000 structured mesh elements with 240,000 

nodes. To better resolve the larger velocity and temperature gradients near the boundaries, 

the near wall mesh was refined by a factor of 1.08. The y
+
-coordinate was kept under unity. 

The convergence criterion was 1×10
-6

 for the average residual for mass, momentum and heat 

transfer. Mesh independence was examined and verified by decreasing the mesh size to one 

half, which produced a maximum result change of less than 1%. Additional model validation  
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Figure 3.6: Model validation of dimensionless velocity profile in fully developed region and in the 

near wall region. 
*y y v     and 

*u u v   where  
1/2*

wv    

was achieved by comparing numerical results of the velocity distribution and heat transfer 

coefficient with experimental data.   

To validate the numerical model, the velocity profile of the base fluid was compared to 

the experimental data of Laufer (1948). The inlet Reynolds number defined as 

Re /m nfu h   was set to be 6150, which is equal to the test parameter in the experiment. 

Figure 3.6 shows a good agreement between the two. The near-wall velocity profile was also 

compared with the experimental data of Lindgren (1965). The numerical prediction matches 

well with the experimental data except at the region very near the wall (see Fig. 3.6). The 

Lindgren experiments were conducted in pipes while for the current study flow between 

parallel plates was considered. Although correlations developed for pipes also apply for the  
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Figure 3.7: Comparison of axial Nusselt number ratio 

latter (Rohsenow et al., 1998), minor variation should exist. Thus, we consider the present 

numerical model to be accurate enough. 

To further validate the numerical model, we computed the local Nusselt numbers at 

different axial locations for a simple case: 10
5
W/m

2
 constant flux applied to both walls 

cooled by water at Re=5×10
4
. Fig. 3.7 provides the Nusselt number as a function of x/D, 

where D is the hydraulic diameter of the channel. The model prediction with Pr=6.13 lies in-

between the theoretical solutions for the Pr = 0.7 and Pr = 10 cases, as given by Sparrow et 

al. (1957) for a circular tube. Again, Rohsenow et al. (1998) suggested that the turbulent heat 

transfer correlations for circular tubes also apply to parallel flat plates if Pr>0.7. Thus the 

present model also predicts heat transfer accurately.  
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3.4.4 Results and discussion 

The effects of various geometrical and operational parameters on the cell efficiency under the 

impact of 200 effective suns on a densely packed concentrated photovoltaic receiver of 

20cm×20cm size were analyzed. As coolants, pure water as well as Al2O3-water nanofluid, 

with nanoparticle diameter of 38.4nm, were considered to evaluate the effects of nanoparticle 

volume fraction, nanofluid inlet Reynolds number, nanofluid inlet temperature, and channel 

height.  

Nanofluid performance. Nanofluids generate better heat transfer performances than the 

base fluids alone, due to higher thermal conductivities resulting from Brownian motion 

effects. This should translate into higher cell efficiencies (i.e., lower cell temperature) for 

concentrated-cell cooling. This can be seen from Fig. 3.8, which indicates the superiority of 

nanofluid over pure water in terms of cooling performance. Clearly, the use of a nanofluid 

yields higher cell efficiency than pure-water cooling, but this difference becomes smaller 

when the Reynolds number increases.  

The thermal conductivity of a nanofluid increases with the nanoparticle volume fraction, 

which leads to a better cooling capacity. Figure 3.9 shows the variation of the cell efficiency 

vs. the nanoparticle volume fraction for a Reynolds number of 3000, a channel-height of 

10mm, and a nanofluid inlet temperature of 297K. It is shown in Section 3.4 that 10mm is the 

optimal channel height for a cooling system for the current thermal loading. As a nanofluid 

provides a better cooling performance than water, hereafter the alumina-water nanofluid with 

4% volume fraction was used to study optimal geometric and operational parameters for a 

200-sun concentration.   
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Figure 3.8: Comparison of cell efficiencies using water and nanofluid cooling under different inlet 

Reynolds numbers 

Reynolds number. A large span of Reynolds numbers, i.e., 3000< Re <70000, was 

considered to investigate their effect on cell efficiency. The channel height and the inlet 

nanofluid temperature were kept constant at 10mm and 297K, respectively. Fig. 3.10 shows 

that the cell efficiency increases drastically when elevating the Reynolds number in the lower 

range, i.e., Re<20000. After that, a Re- increase gains little improvement in cell efficiency. 

Specifically, in the Re range from 3000 to 20000 the cell efficiency increased by 2.4%, while 

for 20000 to 70000 the cell efficiency only increased by 0.23%. This is because in the lower 

Reynolds number range, heat transfer between the wall and the fluid is dominant by forced 

convection, which depends directly on the flow rate. At a higher Reynolds number range, the 

cell temperature is already close to the coolant temperature, so there is little to gain from 

further increasing Re. 
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Figure 3.9: Efficiency versus nanoparticle volume fraction 

 

Figure 3.10: Cell efficiency versus Reynolds number 

The efficiency curve of Fig. 3.10 indicates a suitable Reynolds number for which the net 

electrical output is relatively high and the necessary pumping power input is quite low. 

Hence, to determine such a Reynolds number, a gross power output, i.e., Pgross = electrical 
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power output – pumping power input, can be defined. Figure 3.11 depicts Pgross as well as the 

input-to-output power ratio vs. Reynolds number. The grey band denotes the region where 

the most suitable Reynolds numbers appear. The pumping power accounts for only a small 

part of the power generation by the photovoltaic cell, even if tripled to account for additional 

pipe head loss and/or lower pump efficiency. This suggests that the use of active cooling 

allows for significant electricity output and provides useful thermal energy while causing 

little penalty.  

Figure 3.11 shows the gross power output of the system at a constant concentration ratio, 

i.e., C=200. In fact, same analysis can be applied to different concentration ratios. For 

example, Fig. 3.12 shows the suitable Reynolds numbers for different concentration ratios 

ranging from low concentration (C=100) to high concentration (C=1000). Same pattern 

exists for all concentration ratios studied, i.e., there is a suitable Reynolds number for any 

specific concentration ratio, above which further increase of Re harm the system efficiency. 

It should be noted that Pgross was normalized with values under different Reynolds numbers 

for different concentration ratios. Therefore the larger magnitudes of the normalized Pgross 

should not be interpreted as higher gross power output. Also shown in Fig. 3.12 are the ratios 

of pumping power input to electrical power output. Interestingly, at suitable Reynolds 

numbers determined by Pgross, the power ratio increases with concentration ratio C, as 

indicated by the arrow in the figure. This is probably due to the raise of the temperature 

difference between the cell surface and the convective heat transfer surface under higher C 

values.  
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Figure 3.11: Gross power output and input/output power ratio over Reynolds numbers 

 

Figure 3.12: Variation of optimal Reynolds numbers in terms of maximum gross power output, as 

well as input/output power ratios under different concentration ratios  
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Figure 3.13: Cell efficiency versus nanofluid inlet temperature. The two cases with constant pumping 

powers adopted the reference pumping powers of Re=4000, Tin=288K case, and Re=30000, Tin=293K 

case, respectively 

Inlet Temperature. Figure 3.13 shows the cell efficiency as a function of seven different 

inlet temperatures; again, using the 4% nanofluid in a channel of 10mm height. Two different 

Reynolds numbers were applied for comparison, where for both cases a lower inlet 

temperature yields higher cell efficiencies. In fact, a linear relation exists between the 

nanofluid inlet temperature and the cell efficiency, while the slope is steeper for the lower 

Reynolds number. Both slopes are smaller than the cell temperature coefficient  =0.0045; 

hence, a 1K drop of inlet temperature yields a much smaller temperature drop of the cells. It 

should be noted that for a constant Reynolds number, the volume flow rate of nanofluids for 

different cases varies because of the temperature-dependent viscosity and density of 

nanofluids. 
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For comparison, the cell efficiency vs. different inlet temperatures is also plotted in Fig. 

3.13 for two pumping powers, i.e., that of the cases of Re=4,000 with Tin=25 °C, and 

Re=30,000 with Tin=25 °C. At constant pumping power, the cell efficiency is more sensitive 

to the nanofluid inlet temperature when the Reynolds number is high. Again, this is due to 

the temperature-dependent property of nanofluids. In the temperature range between 15°C to 

45°C, the nanofluid density almost remains constant, while the viscosity decreases rapidly 

with rising temperature, leading to higher flow rates for the same pressure drop, and therefore 

lowers cell temperatures. While the property change has a strong effect on the cell efficiency 

in the lower Reynolds number range, it is not important in the high Reynolds number range. 

The reason is that an increase in flow rate has a compromising effect on the cell efficiency 

within this range. This relation also indicates that the effort to minimize the inlet temperature 

is imperative when designing the cooling system, implying that the source of the coolant 

could significantly affect the cell efficiency. 

Channel Height. Figure 3.14 provides the pumping power for different channel heights, 

varying from 2mm to 14mm in 2mm increments, while the cell efficiency remains nearly 

constant. Again the 4% Al2O3-water nanofluid with an inlet temperature of 297K was used. 

At small channel heights the pumping power drops very fast as the channel height increases; 

however, when the height becomes larger, the pumping power tends to converge. This can be 

explained in terms of the pressure drop relation: 

 

2

2

muL
p f

D
   (3.25) 

where f  denotes the friction coefficient. The pumping power can be calculated as: 
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Figure 3.14: Pumping power comparison for varying channel height  

Table 3.2: Applied nanofluid flow conditions for different channel heights 

Channel height (mm) 2 4 6 8 10 12 14 
Reynolds number 2980 5210 7000 8300 9400 11500 13650 
Average velocity (m/s) 1.6054 1.4034 1.2571 1.1178 1.0128 1.0326 1.0505 

 

 .pump in mP p A u     (3.26) 

where mu  is the average velocity, and  inA  is the inlet area. Thus, Eq. (3.26) can be rewritten 

as:  

 
3

pump mP f u   (3.27) 

Table 3.2 lists the Reynolds number and average velocity for each channel height. Although 

an increase in channel height is coupled to higher Reynolds numbers, the pumping power 
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decreasesbecause both the friction factor and the average velocity decrease (except for the 

h=14mm case where the average velocity had a minor increase compared with the h=12mm 

case). Nevertheless, the decrease of the friction factor apparently counteracted the average 

velocity increase and reduced the pumping power. 

Again, the pumping power curve of Fig. 3.14 indicates a suitable channel height for 

which the overall system efficiency is high and the necessary pumping power is low. As 

mentioned, the best overall efficiency means the total output of the system, including the 

electrical energy directly converted by the PV cells and the available thermal energy 

collected, is a maximum. Here the entropy-generation analysis is employed to determine such 

a channel height. Fig. 3.15 shows the thermal and frictional entropy-generation rate in 

different channels. Both Sgen(thermal) and Sgen(frictional) decrease with an increasing channel 

height for h<10mm; but when h>10mm, Sgen(thermal) begins to increase while Sgen(frictional) 

keeps decreasing. In fact, the thermal entropy-generation rate is several orders of magnitude 

higher than the frictional entropy-generation rate; hence, the total entropy-generation rate 

follows the trend of Sgen(thermal). In other words, the energy unnecessarily wasted per unit 

time, i.e., the waste power, begins to increase if the channel height keeps increasing beyond 

h=10mm. To determine the optimal channel height, a net power output was defined as:  

 net el lost–P P P  (3.28) 

where Pel is the electrical power output, and Plost  is the waste-power which can be calculated 

via:  

  ( ) ( )lost gen genP S thermal S frictional Td


     (3.29) 
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Figure 3.15: Thermal and frictional entropy-generation rate versus channel height  

 

Figure 3.16: Waste power and system net power output for different channel heights 
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It can be seen from Fig. 3.16 that Plost changes the same way as Sgen(thermal) does with 

an increasing channel height, again because of the different contributions of Sgen(thermal) and 

Sgen(frictional) to the total entropy-generation rate. Meanwhile, the net power output changes 

reversely, as it increases before h reaches 10mm and decreases thereafter. Therefore the 

optimal channel height is 10mm for the 200-sun concentration.  

Entropy generation. As mentioned in previous sections, the entropy-generation analysis 

is a powerful tool in thermal system design. Minimization of the entropy-generation via 

operational and/or geometrical optimizations has been proved effective (e.g., see the section 

above). Therefore it is of interest here to analyze the effect of the nanoparticle volume 

fraction, the inlet Reynolds number, as well as the nanofluid inlet temperatures on the 

entropy-generation due to both friction and heat transfer. Similar to Fig. 3.15, the entropy 

generation rates are shown in Figs. 3.17 - 3.19.  

Figure 3.17 suggests that at low Reynolds numbers, Sgen(thermal) is several orders of 

magnitude greater than Sgen(frictional), which indicates that thermal entropy-generation 

dominates the cooling process. The entropy-generation rate decreases with the increase of 

nanoparticle volume fraction, which again indicates that nanofluid cooling provides a better 

efficiency than pure water, since entropy generation is related to energy loss. 

Figure 3.18 plots the entropy-generation rate versus inlet Reynolds number for nanofluids 

in an h=10mm channel with 4% nanoparticle volume fraction. The frictional entropy-

generation rate increases with the Reynolds number because of an enhanced friction effect. 

On the contrary, Sgen(thermal) is smaller at higher Reynolds numbers. Hence an optimal  

Reynolds number is identified corresponding to minimum total entropy generation. 
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Figure 3.17: System entropy generation versus nanoparticle volume fraction 

 

Figure 3.18: System entropy generation versus Reynolds number. h=10mm 
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Figure 3.19: System entropy generation versus nanofluid inlet temperature 

The thermal entropy-generation rate increases with the nanofluid inlet temperature (see 

Fig. 3.19). However, the frictional entropy-generation rate decreases at the same time. In 

fact, as temperature is elevated, the nanofluid viscosity drops, which requires lower flow rate 

since Re is constant, hence bringing down the Sgen(frictional). An optimal inlet temperature is 

found at which the total entropy generation rate is minimized. The analysis above indicates 

that higher nanoparticle volume fraction, lower nanofluid inlet temperature are desired for 

the cooling system.  

Combined Photovoltaic-Thermal System application. The above analyses were mainly 

devoted to the application of nanofluid cooling in a high-end CPV system with a focus on 

improved cell efficiency. Alternatively, a concentration photovoltaic-thermal hybrid system 
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could make even better use of the incoming solar energy by utilizing the thermal energy 

collected by the coolant. In fact, in Sect. 3.5 the net power output and entropy generation are 

discussed based on this consideration. Terrestrial test data using silicon solar cells suggest 

that a basic hybrid PV-T system can obtain an overall efficiency of nearly 70%, where the 

thermal efficiency accounts for the major part of it, i.e., around 60% (Coventry, 2005).  

Meanwhile, for multi-junction solar cells, the cell efficiency could reach 30% while the 

thermal energy contribution still amounts to around 50% (Naegeli, 2013). Therefore, for a 

more complete use of the solar energy, a combined CPV-T system should be considered. 

This will be addressed in the following section.  
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3.5 Thermal Energy Recycling 

In this section, to evaluate the performance of heat exchanger as well as the overall efficiency 

of the CPV-T system, a representative counter flow double tube heat exchanger is analyzed 

using nanofluid as one of the working fluids. The heat exchanger has radiuses of 4mm, 5mm, 

and 7.5mm for inner tube, tube outer wall, and annular (see Fig. 3.3). High temperature 

nanofluid comes from the high-end CPV cooling system, and transfers heat to cold water. 

The heated water can then be used directly or through a next-step heating for downstream 

applications. The thermal performance of the nanofluid in the heat exchanger will be 

compared with that of water.  

The function of the heat exchanger is to transfer heat from the hot nanofluid to the cold 

water. The main concern of the heat exchanger differs from that of the cooling system in 

such that the heat transfer rate is no longer paramount compared to the amount of heat 

transferred. In other words, one wants to maximize the heat recovery efficiency, defined as 

the amount of heat transferred from the nanofluid to water over the amount of heat collected 

by the nanofluid. For such a purpose, laminar flow may be required to allow more heat 

transfer time. Clearly, the heat transfer rate is determined by the mass flow rate of the 

nanofluid, since the heat exchanger also bears the responsibility of cooling the nanofluid. As 

will be demonstrated later, the mass flow rate of nanofluid at the heat exchanger inlet is small 

enough for a laminar flow condition. Therefore, for the analyses in the current section, 

laminar flow will be applied.  
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3.5.1 Reduced governing equations 

For laminar flow, the governing equations of Eq.(3.1-3.2), Eq.(3.4) and Eq.(3.6) were used 

for the fluie flow and heat transfer in this 3-D double tube heat exchanger. In addition to the 

heat convection, the steady state heat conduction in the inner copper tube was calculated 

using Fourier’s law: 

 copperq k T    (3.30) 

where q  is the heat flux per unit area, copperk  is the copper thermal conductivity, and T  is 

the temperature gradient.  

The entropy generation equations (Eqs. (3.18-3.19)) become: 

 

2 2

2
(thermal)gen

k T T
S

T y z

    
     

     

 (3.31a) 
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(frictional)gen

u u
S

T y z

     
          

 (3.31b) 

Due to symmetry, the governing equations are solved in only a quarter of the geometry 

(see Fig. 3.20). The boundary conditions are uniform inlet velocity profile, pressure outlet, 

and adiabatic wall for the annular.  

3.5.2 Numerical method and model validation  

The governing equations were solved, employing the user-enhanced software package 

ANSYS-CFX 14 which is based on the control volume method. The computations were 

performed on a local workstation (DELL PRECISION T7500). A typical case contains about 
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Figure 3.20: Schematic view of the computation domain of the heat exchanger 

198,000 structured mesh elements with 224,000 nodes. To better resolve the larger velocity 

and temperature gradients near the boundaries, the near wall mesh was refined by a factor of 

1.08. The convergence criterion was 5×10
-6

 for the average residual for mass, momentum and 

heat transfer. Mesh independence was examined and verified by decreasing the mesh size to 

one half, which produced a maximum result change of less than 0.6%. Additional model 

validation was achieved by comparing numerical results of the fully developed velocity 

profiles and Nusselt numbers with analytical solutions.   

For fully developed flow in circular tubes as well as in annular, the analytical solutions 

for the velocity profiles are  
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To validate model, the numerical predictions of the velocity profiles of the base fluid was 

compared with the analytical solutions for both the inner tube and the annular. The inlet 

Reynolds number defined as Re /m bfu R   was set to be 200. Figure 3.21 shows good 

agreements between the two.  

To further validate the numerical model, we compare the Nusselt numbers of both the 

tube and the annular in fully developed region with the analytical values. For circular tubes, 

the Nu is a constant in fully developed region, i.e., Nu=4.36; while for annular flows, it is 

suggested that the Nu number be calculated using the hydraulic diameter Dannular-Dod and be 

compared with that of rectangular channels (Kays & Crawford, 1993). Here, due to the large 

aspect ratio of the annular, we compare the Nu number of the annular in fully developed 

region with Nu of convective heat transfer between parallel plates. The latter has a constant 

value of Nu=5.385 for the condition of one wall subjected to constant heat flux, and one wall 

insulated. The computations were conducted with constant wall heat flux of 1.5kW/m
2
 

applied to the circular tube, as well as to the annular inner wall, while the outer wall of the 

annular was thermally insulated. Figure 3.22 provides the Nusselt number comparisons under 

different Reynolds numbers. For both cases, the error is within 1%. Thus the present model 

also predicts heat transfer accurately.  
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Figure 3.21: Model validation of dimensionless velocity profile in fully developed region, (a) flow in 

inner tube; (b) flow in annular region. 
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Figure 3.22: Model validation of Nusselt number in fully developed region, (a) inner tube; (b) annular. 
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3.5.3 Results and discussion 

In this section, a counter-flow double-tube heat exchanger is described as an example to 

demonstrate the performance of the heat exchanger system transferring thermal energy from 

hot nanofluid flow to a cold water stream. The average convective heat transfer coefficient 

and Nusselt number of the heat exchanger as well as the entropy generation of the system 

was evaluated for different conditions. The system efficiency in terms of net energy income 

(thermal energy income per unit time minus pumping power) has also been evaluated. The 

overall efficiency of the CPV-T system was evaluated under different fluid income 

temperatures to determine the optimal operational conditions. To demonstrate the 

effectiveness of using nanofluid as a heat transfer fluid, the convective heat transfer 

coefficient and Nusselt number of a water-water heat exchanger are compared with those of 

the nanofluid-water heat exchanger.  

Nanoparticle volume fraction. The convective heat transfer coefficient h and the 

Nusselt number for nanofluids with particle volume fractions ranging between 0.01 and 0.05 

as well as for water have been determined as shown in Fig. 3.23. The inlet temperatures for 

cold and hot fluids are, respectively, 293K and 333K. It can be seen from Fig. 3.23 that 

adding nanoparticles in water enhances the heat transfer coefficient significantly, i.e., by up 

to 23.2% at the 5% volume fraction. However, a slight decrease in Nusselt number was also 

observed. This indicates that the increase in heat transfer coefficient is due mainly to the 

enhanced thermal conductivity of the nanofluid. Recall that knf increases with nanoparticle 

volume fraction; so, when the rate of increase of knf exceeds that of h, the Nusselt number 

will drop, i.e., the convective heat transfer become less important compared to conductive  
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Figure 3.23: Change of convective heat transfer coefficient and Nusselt number (Nu) due to varying 

nanoparticle volume fraction 

heat transfer. Note that the nanofluid loses energy. This again shows that the Nusselt number 

is not a proper parameter, as has been discussed in section 1.7.1.  

The net thermal income of the heat exchanger is the heat flow rate between the two fluids 

minus the energy waste due to entropy generation. Therefore, similar to Eq. (3.28), it can be 

expressed as: 

 net lost–Q Q P  (3.33) 

where Q  is the rate of heat flow between the two fluids, and Plost is the waste-power. Clearly, 

a larger netQ  is desired as it indicates a higher thermal energy recycling efficiency. The netQ  

ratio of nanofluid to water shows the relative efficiency. The change of netQ  as well as netQ  

ratio with nanoparticle volume fraction are shown in Fig. 3.24. A thermal efficiency increase  
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Figure 3.24: Comparison between nanofluid and water in terms of thermal income of heat exchanger 

of up to 7.5% can be realized using nanofluids over water, which again demonstrates the 

superior of nanofluid over water as a heat transfer fluid.  

Nanofluid inlet temperature. It has been determined in Section 3.4.4 that for solar cell 

cooling, lower nanofluid inlet temperature offers higher cell efficiency, suggesting 

minimized inlet temperature. Meanwhile, as the inlet temperature varies, the nanofluid at the 

outlet of the cooling channel also changes accordingly. If water at the entrance of the annular 

of the heat exchanger is kept at a constant temperature of, for example, 293K, different 

nanofluid inlet temperatures should provide different thermal efficiency of the heat 

exchanger. Hence it is necessary to investigate the thermal efficiency of the heat exchanger 

as well as the overall efficiency of the CPV-T system under different nanofluid operating 

temperatures.  

In this section, we evaluate the effect of different nanofluid inlet temperatures on the 

thermal performance of the heat exchanger. Nanofluid in the cooling part can be heated to a 
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desired temperature by circulation, i.e., the nanofluid leaving the cooling channel will be 

directed back to the channel inlet and get heated again, until it reaches a desired temperature 

and be directed to the heat exchanger. The thermal efficiency of the heat exchanger can be 

determined by dividing the thermal income, netQ , over the total energy of the sun irradiation. 

The overall efficiency of the CPV-T system is then the sum of the cell efficiency and the heat 

exchanger efficiency: 

 
overall

net netP Q

C q A





 
 (3.34) 

where A is the cell area.  

Figure 3.25 shows the changes of efficiencies when the nanofluid inlet temperature of the 

heat exchanger, Tin, varies. The inlet Re of water flowing in the annular was kept at 2000. It 

can be seen from Fig. 3.25 that though the cell efficiency dropped due to a higher nanofluid 

temperature, the overall efficiency of the system increased because of the improved thermal 

efficiency. However, one should notice that with the increase of Tin, the flow rate of the hot 

nanofluid reduces, since the nanofluid would need to run through more circulation cycles 

cooling the solar cells before being directed to the heat exchanger. The reason for the 

increase of the thermal efficiency can be seen from Fig. 3.26, which shows the effects of 

nanofluid inlet temperature on netQ  and nanofluid temperature at the outlet of the heat 

exchanger, Tout. A 20K change of Tin produces only a 2K change of Tout.  In other words, at 

Re=2000, the temperature difference between the nanofluid and water is the main limitation 

for heat transfer rate; thus higher Tin is preferred.   
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Figure 3.25: System efficiency change due to varying nanofluid inlet temperatures at heat exchanger 

 

Figure 3.26: Heat exchanger net heat income rates and outflow temperatures under different nanofluid 

inlet temperatures 
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Reynolds number. The inlet Reynolds numbers of both the nanofluid in the inner tube 

and water in the annular affect netQ  and hence overall . However, for a given system the mass 

flow rate of the nanofluid is determined by the cooling needs, as has been discussed in Sect. 

3.4. Although Renf of the heat exchanger can be adjusted by adding or reducing the number 

of double tube assemblies in the designing stage, Renf is fixed once the system is constructed. 

In this section, we discuss the change in Reynolds numbers on the thermal performance of 

the heat exchanger.  

The changes of convective heat transfer coefficient and Nusselt number with inlet 

Reynolds number of the inner tube are shown in Fig. 3.27 The inlet Reynolds number for 

water in the annular space was kept at 2000 for all cases. For comparison, the results for both 

4% nanofluid and water as working fluid of the inner tube are shown. It can be seen from 

Fig. 3.27 that a 4% nanofluid yields higher convective heat transfer coefficients yet lower 

Nusselt numbers than water. The differences amplify, especially for the Nusselt number, as 

the Reynolds number increases. This is because of the temperature dependence of the thermal 

conductivities of both water and nanofluid. The average temperature of the fluid in the inner 

tube decreases with elevated Reynolds number. Meanwhile, knf changes faster than kwater 

because of a more sensitive dependence on temperature. As the Reynolds number increases, 

the thermal income of the heat exchange netQ  also grows rapidly (see Fig. 3.28). However, 

this may not be desired when considering the overall efficiency of the CPV-T system.  
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Figure 3.27: Convective heat transfer coefficient and Nusselt number of heat exchanger under 

different inlet Reynolds numbers 

Figure 3.29 shows that the thermal efficiency of the system decreases rapidly with 

elevated Reynolds number, indicating a reduced overall efficiency of the system. In fact, the 

improved h, Nu, and netQ  values are accompanied by a raised mass flow rate in the inner 

tube. Therefore, the heat exchange between the fluids in the inner tube and annular becomes  
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Figure 3.28: Influence of nanofluid inlet Reynolds number on thermal income of the heat exchanger 

and nanofluid temperature at outlet 

 

Figure 3.29: Influence of nanofluid inlet Reynolds number on thermal efficiency of the heat 

exchanger 

poorer if the temperature difference of the nanofluid at inlet and outlet of the inner tube are 

considered (see Figs. 3.28-29).  
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Figure 3.30: Influence of water inlet Reynolds number on thermal income thermal efficiency of the 

heat exchanger 

Figure 3.30 shows the thermal income of heat exchanger, netQ , and thermal efficiency 

under different annular inlet Reynolds numbers. Both of them increase with Reynolds 

number at laminar and turbulent regimes (assuming that the flow becomes turbulent at 

Re>2300). However, it can be seen from Fig. 3.30 that the thermal efficiency improves only 

slightly after Re exceeds 2000. The flow can actually be in the transitional regime when Re is 

between, say, 3000 and 6000, depending on the wall roughness and operational condition. In 

engineering applications, this regime is usually avoided because of strong mechanical 

vibration and instability. Therefore an inlet Reynolds number of Re=2000 is the optimal 

condition for flow in the annular region.  

It should be noted that the above analyses on a CPV/T system are under ideal conditions. 

In reality, there will be heat losses from thermally insulated walls in the cooling and heat 

recycling sections, as well as from the connection pipes between them. There will also be 
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heat loss from the top glass layer to the ambient. In addition, the transmissivity of the EVA 

layer will be less than 100%, and the packing factor of the solar cells will be below unity. 

Moreover, there water pump operates under limited efficiency. These losses due to 

imperfections may account for 30-40% of the total income energy from the sun irradiation, 

according to field testing (Huang et al, 2001). Therefore, a more accurate calculation should 

consider these factors.   
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3.6 Summary 

The knf model developed in Chapter 2 was used to study numerically the convective heat 

transfer characteristics of a nanofluid. Furthermore, the nanofluid cooling capacity as well as 

heat recycling from a concentration photovoltaic-thermal (CPV-T) system were investigated, 

with the overall goal of improved CPV-T efficiency.  

First, cooling of densely packed CPV cells under high concentration was analyzed using 

Al2O3-water nanofluids. The effects of nanoparticle-volume fractions, inlet Reynolds 

numbers, nanofluid inlet temperatures, and channel heights on the system performance were 

determined. The entropy-generation rates of both thermal and frictional causes were 

evaluated to obtain optimal system parameters. Clearly, nanofluids are superior to pure water 

in cooling of CPV cells. Specifically, for a 200-sun concentration, an energy balance analysis 

determined the optimal Reynolds number to be around 30,000. A low nanofluid inlet 

temperature is desired to achieve high cell efficiency. Varying the channel height yields 

significantly different entropy-generation rates and pumping power requirements to achieve 

the same cell efficiency. The entropy-generation analysis showed that the best channel height 

is 10mm for the current operating condition, i.e., 200-sun concentration with Al2O3-water 

nanofluid cooling.  

Next, heat recycling was investigated using a counter-flow, double-tube heat exchanger. 

Again, the effects of nanoparticle-volume fractions, inlet Reynolds numbers, and 

nanofluid/water inlet temperatures on the system performance were determined. As expected, 

the nanofluid yields performance than water as up to 7.5% more thermal energy can be 

collected when using the nanofluid with 5%-volume-fraction. A high nanofluid inlet 
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Reynolds number is not needed as it reduces the overall efficiency of the CPV-T system; 

meanwhile, a higher, laminar inlet Reynolds number for water in the annular region is 

desired. Higher nanofluid inlet temperatures will improve the overall efficiency of the 

system, which can reach 85% for a nanofluid inlet temperature of 333K.  
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Chapter 4 

CONCLUSIONS AND FUTURE WORK 

4.1 Conclusions 

The following conclusions can be drawn from this study. 

 The key mechanisms enhancing the effective thermal conductivity of nanofluids are 

nanoparticle aggregation and Brownian-motion induced micro-convection. 

1. An effective thermal conductivity model, i.e., the F-K model has been improved by 

including the nanoparticle aggregation effect and the interfacial thermal resistance, in 

addition to the Brownian motion effect.  

2. The basic units in the nanofluid are fractal-like aggregates, which undergo Brownian 

motion, and induce micro-scale convection. The aggregation size is a function of the 

pH-value of the base fluid, the particle volume fraction, the mixture temperature, and 

the particle properties.  

3. The effective thermal conductivity of the nanofluid is composed of a static part and a 

dynamic part, both of which are functions of nanoparticle size, nanoparticle-volume 

fraction, mixture temperature, and particle properties. 

4. The new knf model is consistent with the F-K model. The aggregation effect becomes 

negligible as the particle volume fraction decreases.  

 The application of nanofluids to concentration photovoltaic-thermal (CPV/T) systems for 

improved efficiencies seems to be promising. 
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1. A combined model for electrical and thermal energy co-generation using 

concentration photovoltaic cells and thermal recovery systems has been developed to 

test the application of nanofluids in improving the CPV/T system efficiency. 

2. Nanofluids are superior to pure water in cooling of CPV cells and in heat recovery 

when using counter-flow double-tube heat exchangers. 

3. For different concentration ratios, corresponding optimal Reynolds numbers exist in 

terms of best system efficiencies, which can be determined using energy-balance 

analyses.  

4. Channel height and nanofluid working temperature are important parameters of the 

cooling system, while the latter is essential for improving the overall efficiency of a 

CPV/thermal system.  

5. Entropy-generation minimization is a powerful tool in analyzing the thermal 

performance of the CPV/T system. The frictional entropy generation is comparable to 

the thermal entropy generation at the optimal Reynolds number for CPV cooling, 

while the later dominates for heat recycling due to the laminar nature of the fluid flow 

in tubes.  

6. The concentration photovoltaic-thermal system for electrical and thermal energy co-

generation significantly improves the energy conversion efficiency when compared to 

the CPV system.  
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4.2 Future work 

For a better understanding of the mechanisms of conductive and convective heat transfer 

properties of nanofluids with applications to CPV/T systems, several suggestions are 

proposed for future studies: 

 The newly developed effective thermal conductivity model should be expanded to 

consider other effects, such as the pH-value of the mixture, size distribution of aggregates, 

etc.  

 The new model shows good predictions for metal-oxide-water nanofluids. However, 

further studies are needed for metallic-water nanofluids and organic particle-water 

nanofluids, as well as nanofluids with other types of base fluids. 

 The aggregation effect diminishes when the nanoparticle volume fraction decreases. 

Analyses are needed in terms of the threshold volume fraction for considering the 

aggregation effect. 

 An ideal model has been used to analyze the CPV/T system performance. For more 

accurate results, this model should be extended to include, for example, the thermal and 

mechanical losses of the system.  

 The monthly energy conversion rate should be evaluated throughout the year for different 

regions using statistical data, for utility-value purpose. Also, comparisons should be made 

between nanofluid-based CPV/T system and water-based system.   
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