ABSTRACT

YANG, MIN. Local Unitary Equivalence In Quantum Computation . (Under the direction of
Naihuan Jing.)

Determining the local unitary equivalence in quantum systems plays an important role in
distinguishing quantum states with different level of entanglement. In this dissertation, this
problem is studied through several approaches involving matrix foldings and Gel-Mann basis
etc. We find a special normal form for two partite mixed states and provide a new method to

solve general local unitary problems based on matrix foldings.
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Chapter 1

Introduction

Entanglement is one of the important phenomena in quantum information and computation
theory. The problem on how to determine and classify the level of entanglement in each quantum
state can be formulated as a mathematical problem. In this thesis, we develop new techniques

to determine the local unitary equivalence of quantum states.

1.1 Quantum information and computation theory

Information theory is a study on the qualification of information in all applicable areas, say
applied mathematics and engineering. It is well known as the fundamental theory for classic
computer [1]. The fundamental results of classical information theory are Shannon’s noiseless
channel coding theorem and Shannon’s noisy channel coding theorem, which give the limit for
information storage and communication in classic computer [2]. Quantum mechanics, as one of
the most amazing discoveries in modern science, has affect all the aspects of the microscopic
world, which include the devices related to the storage, encryption, and teleportation of classic
information and thus starts a new chapter for the information theory.

Specifically, the theory of quantum information is a result of the effort to generalize classical

information theory to the quantum world.

1.1.1 Quantum mechanics

What is quantum mechanics? Quantum mechanics is the most accurate and complete descrip-
tion of the physical world, and it is the theoretic basis for quantum information and quantum
computation [1]. In the early twentieth century, it is discovered that any object has both particle-
like and wave-like behaviors, which is shown in the Photoelectric Effect experiment by Albert

Einstein [3] and in matter wave experiment by de Broglie [4].



This phenomenon was not well-known in the classic world before, as the wave-like behavior
of objects in the macro scale world were so subtle that one would not even notice. However,
as the structure of atoms and the technique of electronic device miniaturization had drawn
people’s attention, more and more objects in nanoscale were analyzed in the laboratory, like
laser, atom, electron, micro semiconductor [5]. These discoveries and technological inventions
operate at a scale where quantum effects are significant. It was realized that we could no longer
treat these objects as pure matter following the common sense, as the wave-like effect was no
longer negligible in this magnitude.

The central idea of quantum mechanics is to set up an energy equation from both particle
aspect and wave aspect for any object, then an object would be totally described in this differ-
ential equation, the Schrédinger’s equation. The physical nature of wave-matter duality effort is
not intuitive and hard to explain. Fortunately, quantum mechanics provides a mathematical and
conceptual framework for the laws that a quantum system must obey. With the development of
linear algebra and the effort of Born and Heisenberg, we could set up a matrix representation
of this differential equation and consider these physical observations in the equations as linear
operators, therefore the quantum state, the solution of this differential equation, would be a

linear vector. We can use mathematical tools to analyze and compute quantum information.

1.1.2 Quantum effects in information theory

Following the technology development of twentieth century, the size of all kinds of laboratory
facilities and electronic devices becomes smaller and smaller. It gradually enters the domain of
quantum mechanics, which impedes the development of classic information technology.

Quantum effort becomes the dominant factor when it goes into very small size, say less than
10 nanometre. Like the semiconductor industry, which is the critical part of classic computer
industry and developing speedily in the last fifty years according to the Moore’s law, it had to
eventually face this technical challenge; While, on the other hand, quantum computers [6] are
expected to offer substantial speed-ups over their classical counterparts and to solve problems
intractable for classical computers [7]. Besides, there are a lot of other discoveries and applica-
tions based on this important theory, for instance, instantaneous communication, teleportation,
quantum cryptography [8], et al.

Different from classic information theory, quantum information theory is the study of the
information processing tasks that can be accomplished through quantum mechanical systems.
It is a result of the effort to generalize classical information theory to the quantum world. For
example, classic information technology are based on classic information and computation with
basic unit, bit, which is implemented by semiconductors. Quantum information on the other

hand are built upon an analogue concept, quantum bits, also known as qubits, which can be



implemented by quantum units with smaller size like quantum dots.

Unlike bit, whose status is either 70” or 71”7, the corresponding qubit could be in infinite
many middle statuses inclusively between ”0” and ”1”. Such statuses would be described as a
linear combination of state ”0” and 71”7, often called superposition. These properties allow a
quantum system to carry more information in a single unit and more difficult to be detected

for teleportation or preservation purpose.

1.2 Quantum entanglement

Quantum entanglement is the most extraordinary phenomenon in quantum mechanics compared
with the classic physics occurrences.

This concept was in a weird sense in physics that they could not be accepted at the early
stage when it was discovered. In 1935, Albert Einstein, Boris Podolsky and Nathan Rosen
(collectively "EPR”) posted the famous paradox about quantum entanglement in their paper
[1]. During the same year, Schrodinger, the founder of the wave equation, also posted the cat
paradox to fight against this nonclassic and unrealistic phenomenon.

The turnover took place in 1964’s, Bell first demonstrated and distinct quantum mechanics
from the classic physics world based on an experiment analog to the "EPR” paper, and the
fellow results from other physicists also fitted perfectly with the quantum mechanics theory.
Therefore, the entanglement of quantum states, known as the unique feature of this theory, was
gradually accepted and became well-known. Nowadays, there are plenty of practical applications
like quantum computing, quantum cryptography, quantum teleportation , which are impossible
in the classic world, are based on this phenomenon.

Thus, having a better understanding of the entanglement of quantum states would help us
to utilize quantum information in a more efficient way.

A lot of effort has already been put in this direction. Based on a series of Bell inequalities,
some important criterions has been posted to determine the entanglement of quantum states.
In 1997, Asher Peres and Michal Horodecki gave the first necessary condition to determine if a
joint system of two sub systems is separable, which is known as partial positive transpose
criterion(short for PPT) [9]. And in 1999, Michal Horodecki found out another important
necessary condition for a mixed state to be separable, which is known as the reduction criterion
[10, 11]. This is the first approach to deal with the quantum entanglement problems and a lot
of following research has been done based on these important results.

So far, it is still a difficult task to determine the level of entanglement of quantum states,
or equivalently speaking, it can not be easily determined if two quantum states could be trans-
formed into each other using a series of quantum gates in practice. Classifying the local uni-

tary(LU) equivalences of quantum states is a very important approach to deal with such prob-



lems and is chosen as the main topic in this thesis.

1.3 Outlines of the thesis

In this thesis, a lot of discussions and explorations have been carried out and some useful
algorithms have been deducted on the topic of determining the local unitary equivalence of
quantum states.

Our thesis is structured in the following way: in the second chapter, we introduce the basic
techniques and notations in linear algebra that will be commonly applied in this thesis; and
in the third chapter, the mathematical framework of quantum mechanics would be setup and
all the problems will be translated into matrix forms for further discussion. In the last two
chapters, we first analyze general local unitary problems based on the idea of matrix foldings
for pure states, and discussed how to pass the criteria from pure states to mixed states. Then
we provide a special normal form based on the Gel-Mann basis and give a series of invariant
polynomials based on this normal form to help solving LU equivalence problems in two partite

mixed states.



Chapter 2
Linear algebra

In this chapter, we will go through some concepts and notations that would be applied in this
thesis. These definitions are very important and commonly used, when we analyze quantum

mechanics theory and quantum information in mathematics perspective.

2.1 Hilbert Space

A Hilbert space is both an inner product space and a complete metric space, which ensures the
concept of distance and angle. In physics, it is analogue to the real world, and is used as the

basic space for any physics state, like quantum states.

2.1.1 Vector spaces

A vector space over some field F, commonly denoted as V, is a set of elements, known as vectors,
that are closed under addition and scalar multiplcation. The ten axioms that a vector space
must follow are introduced in [12]. For any subspace W of a vector space V, we can always
decompose the vector space V into a direct sum of these two subspaces, V = W @ W+ | such
that WN W™ = (), it is known that any vector v in the vector space V can also be decomposed
as v =z + 7, such that z € W,y € W+,

The typical vector space that is used in our thesis is C”, it is the space of all n-tuples of
complex numbers. In quantum mechanics, [1), the bra ket notation, is used as the standard

notation to describe a vector in some vector space.



2.1.2 Inner product

Definition 2.1. Inner product is a binary operation, (.,.), defined in a vector space V over the
field F:
(,): VXV —=F

that satisfies the following three axioms for any vectors x,y,z € V, a € F:

1. Conjugate symmetry: (x,y) = (y, x).
2. Linearity in the first argument: a(x,y) = (ax,y), (x,2z) + (y,z) = (x+ ¥y, 2z).

3. Positive-definite: (x,x) > 0, (x,x) =0=x=0.

A vector space is called an inner product space if an inner product operation is defined.
Since inner product is a positive definite bilinear form, it introduces a norm, which is generally
realized as ”length” or ”distance”, for the vectors in the inner product space. The induced norm
(length) of a vector v in the vector space V is defined as ||v|| = y/(v,v). Inner product also
introduces the idea of ”angle” 6 between two vectors by cos(f) = (x,y)/(||x||/|y||) and the idea
of ”perpendicular”, if (x,y) = 0, x and y are said to be orthogonal, i.e. perpendicular, to each
other.

A Hilbert space is a vector space where an inner product and its induced norm for ”length”
are well defined. For our vector space C", a standard inner product is defined to extend it into
a Hilbert space: Let vy, va be any two vectors in C™, the inner product of vy, va in the matrix
form is defined as (vi,va) = v}vz and the induced norm of vy would be ||v1] = VJ{VL In
quantum computation, or in any physics system to say, the Hilbert space is the basic space to

start with, more discussion would be made in the next chapter.

2.1.3 Bases

A basis B of a vector space V over a field F is a linearly independent subset of V that spans V,
the vector number N of a basis B of is the dimension of the vector space V.

In a Hilbert space H, an orthogonal basis will be a set of orthonormal vectors {v;, 1 < i < n},
such that (v;,vj) = 0, for any 4, j that i # j. And a normalized orthogonal basis {w;, 1 <1i < n}
based on {v;,1 < i < n} would be the orthogonal basis all of whose elements are of norm one:
{w; = ﬁ, 1 <i < n}, such that (w;, w;) = 0;;,V1 <i,j <n, where, ¢;; denote the Kronecker
delta function.

The standard basis for the Hilbert space C™ is an orthogonal basis that contains a series of
column vectors such that for each vector, one of their entry, say the i-th entity, is one while all

the other entries are zero, denoted as {e;,1 <i < n}:



e1r=|0 |, ea=]01|,---,e5=1]1 ci-thentry ,--- ,en= | 0

2.1.4 Tensor product spaces

Tensor product, denoted as ®, is an important method to form a composite vector space from

several vector spaces.
Let ¥V and W be two F-vector spaces of dimension m and n respectively. The tensor product

W ®p V consists of all linear combinations Zij k CiVj ® Wi, where vy, va, - €V, w1, Wa, - €
W, c1,co,- -+ € F. The tensor product W ®p V is of dimension mn and satisfies the following
properties:

1.

c(vi®@wi) = (cvy) @ W1 = v1 ® cwy

2.
(Vl +V2)®W1 =V QW1 +Va®WwWip
3.
A% 1 ®(W1+W2) =V QW1+ Vi QWwWg
. . . . ail a2
In matrix from, the tensor product will behave in the following way, let A = ] ,
az1 @22
bi1 b1z :
B= ) b be two two by two matrices, the tensor product of them would be:
21 022

a11bi1  anbiz  aebin ai2bi2
aill - B a9 B
asy B ag9 B

a11ba1  a11bae  aizbin  aizbio

ail a2 . bi1 b1 _
a1 G2 ba1  bao

Tensor products of Hilbert spaces are also Hilbert spaces. In fact, the inner product can be

ao1b11  a21biz  azebii  asbia
a21ba1  a1baa  agbar  agzban

extended to the resulted space, for example, if the two vector spaces in last example are Hilbert
spaces associated with (, )1 and (, )2, respectively. Then the inner product in the resulted Hilbert
space V ® W would be (,), such that (v; ® wi,v2 ® wa) = (v1,v2)1 ® (v2,w2)2. In quantum



computation, the tensor product of several Hilbert spaces is used to describe the state space

that consists of more than one quantum subsystems.

2.2 Linear operators

Linear operators, also known as linear transformations or linear maps, are certain vector space
homomorphisms between two vector spaces over the same field, which preserves the addition
and scalar multiplication operations.

There exists two special linear operators for any non-empty vector space V to map it into
itself, one is identity operator, Iy, from V to itself, by mapping Iyyv = v, Vv € V; and the other
is zero operator, 0, from V to zero vector space, by mapping Ov = 0, Vv € V. For two linear
operators 17 : Vi1 — Vs and 15 : Vo —: V3, a combined linear operator 13 = To 0T} : Vi — V3
can be composed from these two, defined by T3(vy) = To 0 T1(v1) = To(T1(v1)),Vv1 € V1.

Definition 2.2. There are several useful types of linear operators between two Hilbert spaces:

e A linear operator U : H — H is a unitary operator, if it satisfies UTU (z) = 2, UUT(y) =
y,Va,y € H, which leads to (z,y) = (U(z),U(y)),Vz,y € H.

e There is a unique adjoint linear operator Tt Hy — Ho for T : Ho — ‘H1, such that
<T($‘)7y> = <I,TT(y)>,V$ S %lay € HQ-

e A linear operator maps from a Hilbert space into itself, T : H — H, is a hermitian

operator, or self-adjoint operator, if it satisfies (T'(x),y) = (z,TT(y)),Vz,y € H.

2.2.1 Projection operators

Definition 2.3. A projection operator is a linear operator that maps a vector space V into
itself, P : V — V, such that Po P = P. The image space of a projection operator P: V — Vis a
subspace of the vector space V. Let x + y be a general vector in V, where 2 € P(V),y € P(V)*,
then P(x+y)=x.

There are two main types of projection operators: orthogonal projection operators and
oblique projection operators, where orthogonal projection operator can be formulated in a
simple way but oblique projection may not. In our thesis, we only concern with the orthogonal

projection operators, which will be introduced in the following sections.

2.2.2 Matrix representations of linear operators

The matrix representations of a linear operator are not unique and depend on the choice of

bases for each vector space during this map. For example, let T : ¥V — W be a linear operator,



with B, = {v;,1 < ¢ < n} be the basis for V, and B,, = {w;,1 < i < m} be a basis for W,
then the relations from this linear map, T'(vj) = > Tjjw;, 1 < j <n,1 < i < m, would form the
matrix representation of T, [T, 2,} = {Ti,j}mxn, which is a m by n matrix, with respect to
the basis 8, for V, and 98,, for W.

e A unitary linear operator U : H — H will have a unitary matrix representation no matter
which bases are chosen, i.e. UUT = UTU = Iy.

e A Hermitian linear operator T : H — H will have a Hermitian matrix representation no

matter which bases are chosen, i.e. U = UT.

e The orthogonal projection operator will have a semi-positive definite Hermitian matrix
representation no matter which bases are chosen, and it can be formulated based on the
selection of the basis for the projection space. Let {v;, 1 <14 < k} be basis elements for the
projection space for P : V — V), then an orthogonal projection operator can be formed as
P=%7, Ui”z‘T :

Where t denotes transpose conjugate operation on matrix.

2.3 Singular value decomposition

Singular value decomposition is an important matrix decomposition in a rotation perspective
compared with the eigendecomposition. The standard singular value decomposition of an m xn
real or complex matrix M is a factorization of the form M = UXVT, where U is an m x m
real or complex unitary matrix, ¥ is an m X n rectangular diagonal matrix with non-negative
real numbers on the diagonal, and V is an n X n real or complex unitary matrix. The diagonal
entries Y; ; = 0; are known as the singular values of M.

The m columns of U and the n columns of V are called the left-singular vectors and right-
singular vectors of M, respectively. Moreover, the left-singular vectors of M are eigenvectors of
M MT; the right-singular vectors of M are eigenvectors of MTM; the non-zero singular values
of M are the square roots of the non-zero eigenvalues of both MM and MMT.

It worths to mention that the singular value decomposition is not unique.

2.4 Smith normal form

The Smith normal form is a normal form that can be defined for a matrix of any shape with

entries in a principal ideal domain (P.I.D.).



Definition 2.4. Let matrix A be nonzero m by n matrix over a principal ideal domain R, then
there exists some invertible matrices P € R™*™ @ € R™ "™ that PAQ be a m by n matrix
such that all its nonzero elements are on its diagonal and they divides each other from top to

bottom and all its zero elements stay at the bottom.

[y 0 - 0 0 -
0 do - 0 0
ie. PAQ = i
0 0
nxm

Here, d; € C[A] such that dildiz1, V1 <i<r and 7 <n,r <m.

Existence and Uniqueness: The Smith normal form can be deduced step by step though
some invertible row and column operations similarly defined as the elementary operations for

the Gauss elimination:
1. add one row/column by another row/column multiplied by f(A).
2. Multiply one row/column by a nonzero scale.
3. switch two row/column.

As all the elementary operations could be equivalently carried out though left and right
multiplication of some corresponding invertible matrices (elementary operation matrices), exis-
tence of the Smith normal form is garanteed. The proof of the uniqueness of such normal form
is complicated and is shown in [13].

The common P.I.D. include the integer domain Z, and F[A], which is a P.I.D. extended from
a field F by adding a new variable A. We will use the smith normal form over the P.I.D. C[)]

over field C in the later chapter to get our results.
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Chapter 3
States in quantum system

Some basic concepts and latest developments in quantum information and quantum computa-
tion are introduced in this chapter. Instead of a comprehensive discussion in the physics nature
of quantum mechanics, we will introduce the mathematics framework and explain all the rules
and restrictions satisfied by a quantum system with only the critical reasoning. After this chap-
ter, we will focus on the mathematics essence of these quantum information problems, and use

the mathematics tools introduced in the last chapter to complete the further discussion.

3.1 Quantum state and its state space

In quantum information or any quantum mechanics related area, a quantum system could
be quantitively described just as the other physical system, and we named the description as
quantum state. Rather than the exact amount in classic information, it describes the chance
of happening for each state of the quantum system. From the statistic perspective, it is a
random variable, rather than a fact. The magnitude of each value in quantum state gives the
corresponding probability that the object will be in that state at a given time, while the phase of
each value gives the relative phase difference of all its states in a superposition. It is important
for us to figure out if two quantum states are equivalent with each other through different states.

This description varies when it comes to different types of quantum systems. The most
common quantum system is an isolated quantum system, but some composite quantum system

may also be considered and be described in a different manner.

3.1.1 Pure quantum state

Postulation 1: Associated to any isolated physical system is a complex Hilbert space known
as the state space of the system.The system is completely described by its state vector, which

is a unit vector in the system ’s state space [1].

11



If a quantum system is an isolated quantum system, say the energy spectrum of an electron,
then the quantum state is recognized as a pure state inside its state space. To be more specific,
it would be given as a column vector in a Hilbert Space H, called the state vector, and the
associated Hilbert space is known as the state space for such quantum states. Bra ket notation
is used when it refers to a quantum system with associated properties. A state vector is denoted
as [1), known as ket, over the field of complex number C, rather than the mathematics notation,
v, associated with an inner product, (|¢), |¢)) as (|¢), where (¢)| denotes the dual vector of
|1) in the dual Hilbert Space, H*, of H, it is a linear functional (|¢)),) such that (¥ |¢) = 1,
which is known as the normalization condition. In matrix representation, this dual vector (v
is exactly the transpose conjugate of the state vector |1), denoted as (1| = (J¥)T = (Jy)T.

There is a huge difference between classic states and quantum states in information theory,
even through they have the similar forms . For example, the basic unit in classic information is
bit, 1/0, which has two status, 0 and 1. Comparably, the basic unit in quantum information is
qubit, which also has two status, |0) and |1). However, a state in a classic bit is either in status
0 or status 1, but a state in a qubit will have infinity many possible status including |0) and
|1).Let 1) be a pure state in one qubit, it would be a vector in Hsg, such that (y[y) = 1.1t is
equivalent to say that |¢) = a|0) + 8|1), where a, B € C, |a|? + |8|?> = 1. It is an intermedium
status between |0) and |1) where the length of a and  contains the probability information for
each status and the normalization condition (|¢)) = |a|? +|B|? = 1 comes from the probability
nature of a quantum state.

Similar with the concept of multi bits, a quantum state described in an integral Hilbert
space H is said to be of one partite and the one described in a composite Hilbert space as a

tensor product of several component Hilbert subspaces is said to be of multipartite. For instance,

ni—1ns—1n3—1

=Y Y Y apldVeH® e k)@

i=0 j=0 k=0

is a three partite pure state in a tensor Hilbert space with ni, ng, ng dimension for each
component Hilbert subspace over the complex field, i.e. Hy, @ Hp, @ Hps (C), or C" @C"2 @C™3.
Here, {|i)),0 < i < ny —1} is a set of orthonormal basis for the lth component Hilbert subspace
and the superscript indicate to which partite does the basis element belongs.

A multi-qubit state refers to the quantum states on a tensor Hilbert subspace that each
component Hilbert space is of dimensional two, with [0)() and |1)(?) as its basis for the ith partite
of the state. For example, a bell state 1/1/2(]00) +|11)) = 1/v/2(|0)M) @ |0)®) +]1)D) ® 1))
is a typical two qubit pure state in Ho ® Ho.

The standard basis of a one partite N dimensional pure state |¢)) would be the same as that

12



of a vector space in matrix form:

0 0
1 0

|0>: a’1>: - a|N7]‘>:
0 0 1

Similarly, the standard basis of a multipartite pure state would be the tensors of the basis

elements in each component subspace, take two qubit space as an example, the basis would be:

1
0

1
&

|00) = 0) ®0) = = | [0 =11 10y = | 1 1) =

0

S O O
S O = O
S = O O
— o O O

This standard basis of a quantum state is also known as the computational basis.

3.1.2 Phase of a state

It is mentioned in the previous section that the phase of the entries of a quantum state gives
information about the relative phase of the states in a superposition, and we will give more
details here. let 1)) = a|¢1) + b|¢2) be a one partite pure state(superposition) with two states
|¢1) and |¢g), where a = |alexp(if,),b = |blexp(iby) and |a|? + |b]> = 1, then the state could
also be expressed as |¢) = exp(ib,) - (|a| - [¢1) + exp(iby — ) - |b] - |$2)), where exp(if,) work
as a global phase term and exp(if, — ;) work as the relative phase term between two state in
this superposition.

In quantum system, the entries of the state vector refers to probability information, thus
the global phase is meaningless, or unphysical, as it does not provide any information of a
quantum state, whilst the relative phase term provides the phase difference, the interface in-
formation, between the two states in the superposition. For example, if two states share the
same magnitudes for all their entries, then even if these two states are different by a the global
phase, they would be treated as the same, i.e. [¢p) = exp(if)|¢), for any angle 6; while, if
the relative phase is the different in these two states, then these two states are different, i.e.
|p1) + exp(iba)|d2) # [¢1) + exp(ify)|d2, if exp(ifa) # exp(ibh).

Therefore we are interested in the techniques that will not change the "relative position”

between any partites in the quantum system, which will be discussed in the later passage.
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3.1.3 Density operator and mixed state

We already know that there exists a unique projection operator for any nonzero vector in last
chapter. Similarly in quantum mechanics, for any pure quantum state |¢), there exists a unique
linear operator [¢)(¢|, known as a measurement operator in physics, which corresponds to that
state and use the state as its unique eigenvector. A measurement on a pure state, |¢), of any
state vector, |¢), in the same state space, can be obtained as the eigenvalue A by applying the
corresponding measurement operator to that vector, i.e. (|0)(¥])(|¢)) = A|¢). The uniqueness
of such operator allows us to use this operator as an alternative way to describe quantum states
and this operator is known as the density operator for a quantum state.

Besides a pure state as some isolated quantum system, this operator could also be used to
describe some complicate quantum system which is a mixture of several correlated systems with
associated chance, known as a mixed state. For example if a quantum system will appear in n
different states |1;), 1 <1 < n with chance p;, then its mixed state p is defined to be statistical
ensemble of several pure quantum states, which share the same state space, in form of their
density operator, p = > | p;|[t;) (¢;|. In general, such mixed state could not be described as a
column vector in a Hilbert space like pure state.

Mathematically speaking, the density operator for a quantum state, no matter pure or
mixed, would be a linear operator acting on the common state space of all its component pure
quantum states. Correspondingly, the operator space for density operators would be the Hilbert

space of all the linear operators acting on its state vector space with a well defined inner product.

3.2 Density matrices and related features

Density matrix, on the other hand, refers to the matrix representation of the density operator
with respect to certain basis. For example, a density matrix p for a two partite quantum state
of dimensional two on both partite will be a linear operator acting on Hilbert Space Ho ® Ho,
and the inner product for any density operator pi, ps on state space Ho ® Ho in matrix form

would be (p1, p2) = tr(p];pg).

3.2.1 Basis for density operator

A basis of a density operator could be induced from the basis for each partite of the quantum
state. Let p be the density operator of a M partite quantum state with ny,no, -, nys dimension
for each partite, i.e. p is a linear operator acting on the Hilbert space H,, ® Hpy, @ -+ @ Hy,,, -
Let {|i1)™,0 <4y <ny—1}, {]ia)@,0 < iy <ng—1}, ...y {|ing) M), 0 < ipy < npr— 1} be some
chosen bases for each Hilbert subspace Hy,, Hny, - Hn,,, , Where the superscript indicates

which partite does the basis element belongs to. Then a basis for this quantum state would be
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formed as {|i))M @ Ji2) P @ @ |iag)) M (i1 |V @ (in| P @ - - @ (iag| M), 0 < iy <nyp—1,0 < ip <
ng —1,---,0 <ip < npr — 1}, the superscript may sometimes be neglected for convenience.
The computational basis for a density operator follows the same idea with that of a pure

state. Take 2-qubit quantum state as example, the computational basis is formed as:

1 100 0 0100
0 0000 0000

0000/ = | | [1 0 0 o] = . [oo)(01] = -
0 0000 0000
0 0000 0000

Remark: The density matrix for a density operator without special notice would be in its
standard basis.
3.2.2 Properties of a density matrix

A density matrix p = > p;|¢;) (¢;] in its computational basis (if it is pure, then there would be

only one term: p = [¢)(¢)|) will have the following properties/axioms:

1. p is a nonnegative definite hermitian matrix.

= (X pil) (W)t = S pi(Js) (i)t = p and for any vector |u) in the same Hilbert
space of {|1;)}, we have:

(ulplu) = (ul Y piltoi) (Willu) = D pi - (ul) (ilu) 2 0, asp; >0

(Notation: AT = AT for any matrix A)

Remark: According to Schur decomposition, all the density matrices(nonnegative definite

hermitian matrices) will share the same eigenvalues with its singular values.

2. tr(p) = 1 for any quantum state, no matter pure or mixed.

:tr(zpi’¢i><¢z sz tr |wz 1/12 sz t?" @/}z‘wz :sz‘zl

If a matrix satisfies these two axioms, then it is a density matrix. Moreover, a density matrix

p is a pure state if t7(p?) = 1, and a mixed state if tr(p?) < 1.

(pgzmre): r([) (@) (¥ !)Z r([9) @) = tr({¢ly)) =1
(pmmed szhbz ¢Z szw)z ¢z sztr |wz % sz <1
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For example, two two-qubit quantum state density matrices are given below, one mixed

state p; = (|00)(00| + [01)(01|)/2 and one pure state po = |¢)(2)| with |p) = (]01) + |00))/v/2:

12 0 0 0
ool | o 12 0 0
L= 2 “lo o0 o ol
0 0 00
1/2 1/2 0 0
~100)(00] + [01)(01] + [00) (01| + [01)(00] _ {1/2 1/2 0 0
2= 2 “lo 0 00
0 0 00

3.2.3 Reduced density operator

A density operator on a composite Hilbert space would be hard to analyze if it can not be break
down into smaller systems. Thus we need an reverse operation to the tensor product in order
to analyze the structure of a multipartite quantum state.

Definition Assume a density operator pAB is a composite system as a tensor of two subsys-
tems, one of the subsystem is A, and the other is B, then p?, p? are known as reduced density
operators of the origin density operator:

B:

AB)7 P = trA(f)

p? =trp(p AB)

Here, tr 4, are known as the partial trace operator, a linear operator, over system A, while
trp the partial trace operator over system B. In details, any system p = |a;)(a;| @ |bg)(bi],
tra(p) = tra(la;){a;| @ |bx)(bi]) = ((aj]a;))|bx)(bi|. For the special case, if pAZ = p; ® pa, where
p1, p2 are density matrices for the subsystems of the composite system pA8 (tr(p1) = tr(p2) =
1)), then p? = trp(p1 ® pa2) = p1tra(p2) = p1.

Ex. let p be a two qubit density matrix with its standard basis, {|i1)|j1)(i2|(j2| = |i1) (i2] ®
1) (G2, 0 < dvyin, g, jo S 1} and p =325 0 oo @igig g o |11) (2] @ [1) (]

tri(p) = Y. Giisgiptri([in)(iz] @ 1) (G2l) tra(p) > aiiggiptra(lin) (iz] @ [51) (ja)

i1,J1,02,J2 11,J1,12,J2

= Y aninp((ilia)li) (Gl = D @i ((lda))lin) (il
11,J1,12,J2 11,J1,12,J2

= O aiijug)lin) (o = O tiringj)lin) ia]
Ji1,.J2 @ i1,i2
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To be more specific:

(100) + [11))(C00] + (11])
2

B (/00)(00| 4 |11)(00] + |00) (11| + [11)(11])
) = tni( . )

((010)]0)€0[ + (1]0)[1){0[ + {0[1)|0) (1] + |(L[1)[1){1])

2
(10) (0] + [1){1])
2

tTl(

Fact: It is easy to check that the reduced operator of a density operator is still nonnegative

definite hermitian with trace one, thus is still a density matrix.

3.2.4 Quantum entanglement in density matrix

In this section, we are going to discuss the differences between quantum states with or without
entanglement presented in matrix form.

The class of quantum states that are completely non entangled is also known as separable
states. A separable state, no matter pure or mixed, could be present as a density matrix as the
tensor product of some sub density matrices in each partite. Moreover, If the state is a pure
state in this case, it could also be presented as a column vector which could be formed as the

tensor product of some column vectors in each component Hilbert subspace for each partite.
> __]00)+|10)—]01)—|11)
= 2

For example, |4 is a separable two qubit quantum states, with [t1)(1) =

% in the first qubit, and |¢;)?) = % in the second qubit.

1/2
~100) +[10) —|01) —|11) -1/2
1) = 5 “ |1
~1/2
V2 V2 1/V2)  [-1/V2
1/4 —1/4 1/4 —1/4
_ A0y +11) 0y — (1) O+ [ (O (Af, _ [-1/4 14 —1/4 1/4
W1><?l)1|—( \/Q ® \/i )( \/§ ® \@ )_ 1/4 _1/4 1/4 _1/4
/4 1/4 —1/4 1/4
_ 10+ 1) (0] + (] 0) —[1)\ O =], _ |1/2 1/2 /2 —1/2
ol = (D (P @ (P (P >>—L/2 1/2]®[_1/2 1/2]

Comparably, an entangled state could not be decomposed into a tensor product of sub
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states in each partite. E.g. [¢)) = (]00) + [11))/(1/2) is an entangled two qubit pure state and
p =1/2(]00)(00| + |11)(11]) is an entangled two qubit mixed state:

1/2 0 0 1/2
100y + |11y (00| +(11], [ O 0 ©
Wl = (0= 0= gy o | E e e mi
1/2 0 0 1/2
1/V2
_ |OO> + |11) B 0 B 1 1 0 0 (1) )
===, —1N§H® 0 +1/V2 @l AP en®.
1V2
1/2 0 0 0
p= 8 88 8 # tra(p) ® tri(p)
0 0 0 1/2

You can check that it is impossible to decompose these quantum states as a tensor of some sub
state(density matrix) in each partite.

Moreover, an entangled pure state will have mixed reduced density operator, take the state
|1) in last example as an example, the reduced density operator of [1) (1| by the partial trace
on the first partite will be:

b ap] =t (1004001 [11)(00] : 00} (11] + 1111

_ (002{0){0] + {1[0)|1) (O] + (O[1)|0) 1] + (A1) (L] _ [0){O] + [1){1] _ [1/2 0 ]

2 - 2 0 1/2

It could also be explained in a statistic perspective similar with the idea of the phase of
a state: there is no entanglement in a quantum state suggests that the sub random variables
correspond to each partite of the state are independent from each other; while that a state
is entangled means that some of the corresponding random variables of its partite are corre-
lated with each other. If two quantum states are highly correlated, in other words completely

entangled, then you can measure one of the state to infer the state of the other.
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Chapter 4
LU equivalence of quantum states

As mentioned in the introduction, determining the LU equivalence of quantum states is an
important way to classify the quantum states with different level of the entanglement. In this
section, we start to deduct criterions to determine the LU equivalence of two partite quantum

states.

4.1 Unitary transformations between quantum states

It is known that for any two pure states in the same Hilbert space these, they could be trans-
formed into each other by some unitary transformation. This is because quantum state is ”nor-
malized” with the same norm one and there would always exist some unitary transformation
to convert one pure state into the other. However, it is not so intuitive to check if two mixed
states(density matrix form) are unitary equivalent:

Let p be some density matrix on the Hilbert space C”, or equivalently saying a mixed state,
then the image of a unitary transformation U € U(n) acting on p is UpUT. It is also known as
a unitarily similar term or the adjoint operation result of p under U. Since the global phase is
unphysical in quantum information, we can restrict the unitary matrix group U(n) to SU(n)
without losing generality. In addition, MY will be defined as UMU' | for any square matrix M
and any unitary matrix U of the same dimension following the general notation.

If two density operators are unitarily similar to each other, they are said to be unitary
equivalent, and they would belong to the same unitary equivalence class.

Fact: Two density operators on the same Hilbert space (with the same subsystem structure)
would have the same eigenvalues or singular values (including zero ones) and the same rank, if
they are in the same unitary equivalence class.

For example, density operators of all pure states on the same space would belong to the same

unitary equivalence class as they all have the same eigenvalue/singular values during which the
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unique nonzero value is one.

4.2 LU transformation in quantum system

LU transformation is a kind of unitary transformation such that the relation between these
partites of a quantum state will not be changed under such transformation.

In a LU transformation, each subsystem, known as the local system, of a multipartite
quantum state would also be under a unitary transformation. Suppose there is a quantum
state on the same composite Hilbert space H which is composed of M local Hilbert space,
Hi,Ho, -+, Hpr with dimension dy, do, ..., dys, respectively, i.e. H = H1 @ Ho® - - - R Hps. Then
we can construct a unitary transformation by composing a series of unitary transformations
Uy € SU(d1),Us € SU(dz),---Upn € SU(dpr) which match the dimension of each partite,
respectively.

To be more specific, if the state is a pure state 1), then the unitary transformation would
be present either in state vector form as (U3 @ Us ® - - - @ Upy) 1)), or in density matrix form as
(U1 @Us @ ---@Upp) ) (0|(Uy @ Us @ - - @ Upy)t; And if the state is a mixed state p, the only
available form is the density form: (U3 @ Us @ -+ - ® UM)p(UlT ® U2T ®® U]TM)

Then the linear transformation U; ® Us ® - - - ® Ujy is said to be a LU transformation, and
two states are said to be LU equivalent if there is some LU transformation to convert one to the
other. Moreover, similar with unitary equivalence class, LU equivalent is also an equivalence
relation and we could use this relation to classify all the quantum states on the same Hilbert
space (with the same subspace structure as well) into LU equivalence classes.

To determine LU equivalence of quantum states, one important tool is the partial trace
which is mentioned in last chapter. Let Uy ® Uy be a LU transformation on a bipartite state
in its computational basis, p = 37, - . . Qiriggignli1) P @ [51) 3 (32| (D (52| @), the partial trace
operation on each partite will keep the local information, including the unitary transformation

on the partite that has not been traced out, i.e.

try (U1 ® UQpUir ® U;) =tr Z ai1i2j1j2U1|i1>(1)<Z'2|(1)U£r X U2|j1>(2) <]'2|(2)U2Jr

11,J1,82,72

=" airigu (ia| VUi @ Us]n) ) (5| DU

J1,J2 11,82

=0z | Y0 aijuipalin) @ (jal @) | U3 = Ustri(p)U]

Ji1,.J2 @
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Similarly, tro(U; ® ngU{r ® U2T ) = Ultrg(p)U;r . This property allows us to use partial trace
operator to gather information for a LU transformation on a multi-partite quantum states.
When we deal with problems regarding multipartite quantum states, partial trace operator is
of most importance.

Fact: If two multipartite state are LU equivalent, then the result density matrices of these

two states by the partial trace with respect to any subsystem of them will be unitary equivalent.

4.3 LU transformation in different matrix folding

Basically, a new matrix folding of a matrix is a new arrangement of the elements of the matrix
in a different manner. It could be treated as a linear map that would transform the dimension
of the matrix. We may get some new perspective of the same matrix and its related unitary
transformation under different matrix folding. Similar idea is also introduced in Higher-order
singular value decomposition related papers [15].

We will start with the state without any subsystem. Let p be a one partite mixed state
acting on a Hilbert space with dimensional d, then it would be a d x d square matrix in its
computational basis {|4)(j],0 <i<d—1,0<j <d—1},ie p=>>" a;li)(j|. However,
we can map this density operator p on Hilbert space C? into a tensor vector space C¢ ® C¢,
and get another matrix folding manner for p by the linear map ¢y : C¥™*¢ — C? ® C%, by
071 = [0) @ |5), thus ¢o(p) = do(3=; 227 aij|i)(G1) = 32, 225 aido(8)(il) = 32, 32, ali) @ [5).

Under a unitary transformation U € SU(d), a basis element |i){j| of p will be trans-
formed into Uli)(j \UT, and its corresponding basis element in the new matrix folding would
be ¢o(U|i)(jIUT) = Uli) @ Ulj) = U @ U(|i) ® 15)) = U @ U([i) @ |3))-

And p under a unitary transformation U, UpUT, in its computational basis would be map to
Po(UpUT) = ¢o(U (X2, 32 aisli) (GHUT) = 32, 325 aijbo(U0) (51UT) = 32, 3, agU U ([i)®15)) =
U ® Ugo(p) in this matrix folding.

For example, let p = 3/4|0)(0|+1/4|1)(1] be a one-qubit state, then it would be transformed
into ¢g(p) = 1/4|0) ® |0) + 3/4|1) ® |1) under the new matrix folding, similarly if p is under
3/5 —4/5
4/5 3/5
into the new matrix folding, ¢o(UpUT), as following:

unitary transformation U = , then this unitary transformation would be converted

3/4 0.43
3/4 0 0 0.43 0.24 0.24

= : = ,UpUT = ,do(UpUT) =
P [0 1/4] wle) =1 |-V [0.24 0.57] PUPUD = 1 04
1/4 0.57
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And you can check that: ¢o(UpUT) = U @ Ugy(p)

3/4 0.43
_3/5 —4/5 3/5 —4/5| | 0 | |024] )
U®U¢O(p)_[4/5 3/5]®[4/5 3/5] 0| |0.24 = $oUPUY)
1/4 0.57

Unfortunately, it is still not easy to check if two vector are unitary equivalent under unitary
matrix with the form U ® U. Considering the norm for this matrix folding, we will have the
same result of the criterion which is used to determine the pure state density matrix into our
matrix folding:

Fact: If two density matrix p and p’ are unitary equivalent, then their column vector foldings,
¢o(p) and ¢g(p’) have the same norm. Moreover, any density matrix in its computational basis
p =2, aij|i)(j| is a pure state, p = [1)(¢)| if and only if its column vector folding, ¢o(p) =
> @ijli) ® |7) = [¢) @ [¢), has norm one, ie. >, ;ajja;; = 1(tr(p?) = 1), while p is a mixed
state, p = . pi|ti) (1], if and only if its column vector folding, ¢o(p) = Y pi|ti) @ |¢;), has
norm less than one, , i.e. 3, s a;aj; < 1(tr(p?) < 1).

4.3.1 Matrix folding in two partite quantum states

The new matrix folding of the density operator could also be applied to two partite case and as
the structure is more complicated in this case, there are more than one approach to form the
matrix folding. We classify all matrix foldings in multipartite case into two types. Let p be a
two partite mixed state acting on a composite Hilbert space with dimensional d; and ds, then
it would be a dydy x didy square matrix in its computational basis {|i1j1)(i2j2],0 < i1,72 <
di — 1,0 < ji,jo < do — 1}, de. p= 320 00D 00 Ginjiisgs|i1d1)(i2j2], and let U ® V be a LU
transformation on p, where U € SU(d;),V € SU(dz). The two types of matrix folding will be
in the following way:

Type I: A quantum state in this type of matrix folding will be in a column vector form,
maps for this type of matrix foldings are analogue with the ones in one partite case.

For example, ¢2 : Ch1*d2 @ Chxdz — Ch @ Ch @ C® @ C? with the mapping, i) @
171) @ (o] D @ (j2| D = [i1) D @ i) D @51) P |52) P is a type I matrix folding and it will convert
p in its computational basis into a column vector. If under the LU transformation U ® V', p in
this matrix folding will be transformed into ¢2(U @ V)(p) (U@ V) =UeU eV ® Vaﬁ((fg(p),
where the superscript of the map qﬁ% denote the number of partite in the state involved. There
are many useful results based on this type of matrix foldings in the following sections.

There are other ways to form similar type I matrix folding as well. ¢3, : Cédzxdid2
Ch @ C* ® C" @ C* with the mapping, [i1)™ © |j1)® (is|) @ (j2|® — [in)M @ [71)® @
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lig)M) @ |j2)?) is another map that gives a different column vector form of the state . If under
the LU transformation U ® V, p in this matrix folding will be transformed into ¢3 (U ®
VWU eV =UaVeUsa Ve, ).

Type II: This type of matrix folding will form a new matrix with different structure:

We will convert this p, on C® @ C%, into an ordinary matrix, by the linear map 3 -
Chdaxdids —y X by Jiy)D) @ [51) D (ig] D @ (jo @ > [i1)D @ Jig) D (1| @ (jo| @), where
the superscript indicate which partite the state belongs to.

Under the LU transformation U ® V, p would be converted into U @ Vp(U @ V)!. A basis
element |i1)™M @ [1)® (i) @ (j2| @ of p will be transformed into Uli1)M @ V[j1)? (15| VUt
( jg\(z)VT, and its corresponding basis element in the new representation would be:

¢2(U]in) D @ Vi) @ (io] VUT @ (jo|PVT) = U@ U(Jin)M @ lig) M (1@ @ (42| D) (V @ V)1

#2(U)in) D @ V1]ji1) P (o VUT @ (jo| DV = Ulir) D @ Ulio) M (1| P VT @ (jo| DV
= Ulin)M & Ulig)M (1| PV @ (jo @)V
=U @ U(li))V @ [i2) M (j1]? @ (jo| D) (V @ V)T

And p would be map to ¢?(U @ Vp(U @ V)1) = U @ Ug(p)(V ® V)T in this matrix folding:

RU VU RV)) =g (URV Y > a4 i |ir1) (izja| (U @ V)T)
11,71 92,72
= Y i1 8t (U @ Vi) M @ 1) P (ia| Y @ (2] (U @ V)T)
11,J1 92,J2
= iU U(Jin)W @ lig) D (1P @ (o] @) (V @ V)T
11,71 12,72

= U U (p)(Ve V)

where U @ U is in SU(d1) ® SU(d1), V@V is in SU(d2) ® SU(d2).

For example, let p = 3/4]00)(00| + 1/4|12)(12| be a two partite quantum state on Hilbert
space Ho ®Hs, then it would be transformed into ¢(p) = 3/4/0)M ®[0)M (0] (0] 4-1/4/1)V ©
11)M(2|® @ (2| under the new matrix folding, similarly if p is under the LU transformation

1 0 0
® [0 12/13 —5/13|, then this unitary transformation would be

0 5/13 12/13

3/5 —4/5

URV =
4/5 3/5
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converted into the new matrix folding, (U @ Vp(U ® V)1), as following:

3/4 0000 0
0 0000 O 3/4 0000000 0
o o000 o0 o 0000000 0
p_000000’¢(p)_00000000
0 0000 0 0 000O0O0GO0O0 1/4
(0 000 0 1/4
(0.270  0.000  0.000 0.360 0.000  0.000 |
0.000 0.024 —0.057 0.000 —0.018 0.043
U o V)p(U V) = 0.000 —0.057 0.137 0.000 0.043 —0.102
0.360  0.000  0.000 0.480 0.000  0.000
0.000 —0.018 0.043 0.000 0.013 —0.032
0.000  0.043 —0.102 0.000 —0.032 0.077 |
(027 0 0 0 0024 —0.057 0 —0.057 0.137
(U & V(U ® V) = 036 0 0 0 —0.018 0.043 0 0.043 —0.102
036 0 0 0 —0.018 0.043 0 0.043 —0.102
048 0 0 0 0013 —0.032 0 —0.032 0.077

And you can check that: ¢?((U @ V)p(U @ V)T) = U @ Ug?(p)(V @ V)I. Notice that density
operator in this matrix folding will no longer following the same properties of a density ma-
trix(they may not even be square matrices sometimes). And all the density operators in the
same LU equivalence class would share the same singular values in this matrix folding, so we

can get a small lemma here.

Lemma 4.1. If two bipartite quantum states p, p’ on the same Hilbert space are LU equivalent,
then the two density operators in the type II matrix folding, ¢3(p) and ¢?(p’), will have the

same singular values.

4.3.2 Matrix folding in multipartite quantum states

This matrix folding could be extended into multipartite as well, and there are many choices for
that, one of them is analogue to the one in two partite quantum states, similar result can also
be found in [15]:

Take three-partite quantum mixed state p acting on the Hilbert space Hq, ® Ha, ® Ha, as

an example, the computational basis is:

{li)M@[51) P @)k (ia] Ve (o P (ka|®, 0 < iy, ia < d1—1,0 < ji1, jo < dg—1,0 < ky, ky < d3—1}
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Type I: column vector form. I will directly give the result of the map qbg, as it is based on
the same principles: qbg : Caydody xdydods — CheCh®C®eC?eC»®wC% will map p in its
computational basis to a column vector by:

i)W @[1) @ @ 1k1) 3 (62| D @ (52| @ @ (ko) = [i1) D @ [i2) D @151) P @ [2) D @ [k1) P @ [k2) ).

The result of LU transformation in this map will be:
U1 @ Uz @ Us(p) (U1 @ Uz @ Us)) = Uy @ Uy @ Us @ Uz @ Us @ Us i (p)

Type II: New matrix form.

We can also setup three linear maps:
¢ M(dy - ds - d3, C) — ClDX(2d5) by

i) @151) P @[k1) P (ia] V@ (o] ®) @ (| ) oy ([i1) M @1i2) M) (1P @ (| P @ (k| P @ (ko)
@3, M(dy - dy - d3, C) — CUDx(d3dD) py.

i) @151) P @[k1) P (ia] M @ (2] ®) @ (o | s (l51) P @12) ) (k1| @ @ (k| @ @ (i1 |V @ (i) D)
¢34« M(dy - dy - ds, C) — ClA)x(@-dD) 1y

i) @[51) P @[k1) P (ia] M @ (o] ®) @ (o | ty ([k1) P @[k) ) (i |V @ (i V@ (1P @ (o] P)

For example, let p; be a three-qubit state 1/2/000)(000| 4+ 1/2|111)(111|, also known as the
GHZ state in three qubit system, then it will be convert into some matrix that may not be

square in these matrix folding:

P1

o O O O O o O

O O O O o o o o
SO O O O O O O O
O O O O O O o O
O O O O O o o o
O O O O o o o o
S O O O O o o O

o O O O o o O
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05 0 00 0O0OO0OO0OO0OO0OO0OO0OO0OO0OTGO0O
& ( )= 0 00O0OO0OOOOOTOOSOO0OO0OTQO0OTO 0
L 000O0O0OO0OO0OOO0OOOO0OO0OT® 0O
0O 00O0O0OO0OO0OO0OOTO OO OO OTO OO 0O0 05

Then under a LU transformation p will behave differently in these three matrix folding,

according to the previous discussion:
@3 (U1 @ Uz @ Us(p) (U @ Uz @ Us)') = (U1 @ U131 (p) (U2 ® U @ Us @ Us)'

¢35 (U1 @ Uz @ Us(p)(Ur @ Up @ Us)') = (U2 @ Uz) ¢ 5(p)(Us @ Us @ Uy @ Uy )’
03 3(U1 @ Uz @ Us(p) (U ® Uz @ Us)') = (Us @ Us)$% 5(p) (U1 ® Uy @ Up @ Us)?

Proposition 4.2. If two multipartite quantum states p, p’ on the same Hilbert space are LU
equivalent, then the two density operators in any of these type II matrix folding will have the

same singular values.

4.4 LU transformations in pure states

4.4.1 LU equivalences in bipartite pure states

We have introduced matrix foldings of a density matrix in the previous section, and now we
will apply this technique to determine the LU transformations in bipartite states through some
inverse maps of type I.

Let |1) be a bipartite state in the Hilbert space C* @ C%, with computational basis {|i)("
V@ 0<i<d —1,0<j<dy—1},1ie.

di—1da—1

Z Zaw‘ '@ i)

=0 j=0

(po)~1: Ch @ C% — Chxd by (YD @ |5)@) — i)V (§]3) is the inverse map of ¢g, we can
get a matrix presentation of the state [¢) through this map:

di—1ds—1
@)= 3 3 Gl

i=0 §=0

And let U ® V, where U € SU(d1),V € SU(dz) be a LU transformation on |¢), i.e
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U @ V(|1h)). Tt is equivalent to U((¢o)~*(]4)))VT in this inverse map:

di—1ds—1

(60) (U @ V(|9))) SO0 DY U evH®)

=0 j5=0

1—1da—1

— Z Uli)y®
i=0 j=0

d
= U((¢0) "' (J)))V'

Theorem 4.3. Two bipartite pure state |¢;) and |[¢»2) on the same Hilbert space C% ® C% are
LU equivalent, if and only if their matrix representations, (¢9)~!(|41)) and (¢o)~*(|1b2)), have

the same singular values.

Proof. Tt has been proved that, as if |¢);) and [i2) are LU equivalent under U ® V € SU(d;) ®
SU(dy), then U((¢o) " (|¢1)))VT = (60) " (J1h2)), thus they will have the same singular values.

Similarly, if (¢o)~*(|11)) and (0)"(|12)), have the same singular values, it is equivalent
to say that Up((¢0) " ([¥1)))Vy = (o)~ (|2)), for some Up € SU(dl) Vo € SU(dy). If we
apply ¢o, the inverse map of (¢) ™!, then we have: ¢o(Uo((¢0)~1(|11)))V, ) Up @ Volo1) =
do0(((00) " (|12)))) = [) , where Uy ® Vg € SU(d1) @ SU(ds). O

3/5 —4/5
Example: Let [¢»1) = 0.6]00) + 0.8]12) be a state in C?> @ C3, and |5) = L% 3//5 ]

1 0 0
0 12/13 —5/13| |¢1) be a pure state local unitary equivalent to [¢1). We will show that

0 5/13 12/13

their singular values in the matrix folding under ¢, L are the same with the ones of |1h1):

0.6
0
iy = | O | with o5 () = lﬂo/ LA /2],and 65 () g (1)’ = [1(/)2 1(/)2],
0
0.8 ]
[ 036
0.2464
thus singular values are 0.8 and 0.6. After computation, we have |i)9) = _0655572 , with
—0.1848
| 0.44304 |
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0.36 0.2464 —0.59072

—1
= , an
%0 (192)) [0.48 —0.1848  0.44304
with the same singular values 0.8 and 0.6.

d 651 ([12)) 85 (1621 = [ 103926 ‘0‘13445],

—0.13445 0.46084

Remark: In the bipartite case, the singular values of this matrix folding for the pure state
will be the same as the coefficients in the maximal entangled states in the same LU equivalent
class, ), o;li) @ |i) [16].

4.4.2 LU equivalence in multipartite pure state

Similar with the case of matrix folding, we can use different matrix foldings under inverse maps
of type I to get some result of LU equivalence in multipartite case. For instance, we can setup a
series of inverse maps of type I for three partite pure state |[¢) =3, ., airli) M @15)? @ k)3
in C ® Cb2 @ C%:

(¢51) 7 :C @ C»2 @ Ch — Ch*%2bs by sending i)V @ [5)? @ (k) — i)V (| @ (k@
(¢h2) 71 C @ C»2 @ Ch — CP*%sb1 | by sending i)V @ [5)? @ [k)® — )P (j|®) @ (k|
(qﬁ%‘g)‘l CheCheCh (Cb3><b1b27 by sending |Z'>(1) Q |j>(2) ® |k:>(3) N ]i>(3) <j|(1) ® <k|(2)

And the result of a LU transformation U; ® Uy ® Us € SU(dy) ® SU(d2) ® SU(d3) acting on

|1) will be equivalent to the following in these matrix foldings:
(05.0) " (U1 @ Ua @ Us)[h) = Ur(¢5.1) " (19)) (U2 @ Us)'

(662) (U1 @ Ua @ Us)|yh) = Ua(h ) (|¢))(Us @ Uy)T
(603) (U1 ® Ua @ Us)|yp) = Us( 3) " (|¢)) (U1 @ Up)'

Similar with theorem 4.1, we can get anther lemma.

Lemma 4.4. If two multipartite pure states in the same Hilbert space are LU equivalent, then
these two states will have the same singular values in any of these inverse map of type I matrix
folding.

4.5 LU transformations in mixed states

In general, LU equivalence problems in mixed states are complicated to solve. One approach to

deal with these problems is to transform them into the ones in pure states.
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Proposition 2 in [17] is an important result that can change problems in mixed states into
the ones in pure states. In this proposition, an associated pure state |Wo) = Y1 | /Pili) ® [;)
is formed for any mixed state p = > pi|vi) (¥il,0 < p; < 1 with respect to pure states
(eigenvectors) {]1;)}. The formation of an associated state for a mixed state, p, depends on
the choice of eigenvectors {|¢;)}. Therefore, if all the nonzero eigenvalues of a mixed state p
are distinct, the mixed state would have a unique associated pure state; while, if some of the
mixed state’s nonzero eigenvalues are the same, then its associated states may not be uniquely
determined. It is shown in the proposition that if two mixed states p; and po, if with unique
associated pure state, acting on the same Hilbert space are LU equivalent if and only if their
unique associated pure states are LU equivalent to each other.

Here, I would like to provide a different method in matrix folding to handle the uniqueness
problem, and prove that the proposition is true even if the associated pure state is not uniquely

determined.

Proposition 4.5. For a mixed state p = )" | p;|;)(1;| with one associated pure state |¥) =
Y orq \/Dili) ® |1;), then any other associated pure state |Ws), if exists, for p can be converted
into |¥) through a LU transformation which is composed of a series of identity maps except
for the additional partite, i.e. [Wo) = 37" | \/pilUoli) @ |¢;) = Uy ® I|Wy).

It is equivalent to say that all the associated pure states for p belong to the same local
unitary equivalent class |V)ygr = {|Wo)||Wo) = (31y /PiUi) @ |¢4)), VU € U(n)}.

Proof.

Lemma 4.6. For any two m by n(m > n) matrix in the complex field, A and B, if AAT = BBT,
then there exists some unitary matrix V' € U(n), such that A = BV.

Proof. AAT = BBT suggests that you can find some unitary matrix U € U(m) for both AAT and
BB such that they are simultaneously diagonalized, i.e. U(AANUT = U(BB)U' = %, where
¥ is a diagonal matrix with nonnegative real number on its diagonal(spectral decomposition).
Therefore, by the definition of singular value decomposition, you can find a complete set of
(left /right) eigenvectors that are shared by both AAT and BB, or equivalently speaking, a
complete set of left singular vectors for both A and B.

Then A and B will have some singular value decompositions such that they have the same
left singular matrix U for A and B, i.e. A = UZ/VIT, B = UZ’VQT, UeU(m), Vi,V € U(n) and
¥’ is a m by n matrix all of whose nonzero entries are in the diagonal and X'/ = . Therefore,
A= BV with V =WV, € U(n). O

For the mixed state p = " | pi[);)(1;] with eigenvectors {|¢;)}. It is equivalent to say that
p = (i Vil Doy Bl (ws]) = AAT, if we let A = YT, /pilthi)(il. Its associated
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pure state will have the relation: [¥1) = Y7, /pili) ® |1;) = ¢o(A), where ¢g is the matrix
folding introduced in last section.

Then for another spectral decomposition p = > | pi|l) ()| based on {|¢})}, p will have
another associated pure state [Wo) = Y7, /pili) ® [4}). It is equivalent to say that: p =
(s VB (s B = (S VR U U0 Sy Bl Wl) = BB for
some unitary transformation Uy € U(n) by Lemma 4.6, if we let B = > | \/197|7,ZJZ><Z|U$

Similar with the associated pure state [¥1), [WUg) = 31" | \/pili) @ [¢)) = ¢o(B)
= > i1 VPi(Uoli)) @ [4bs) = Uy @ I|W1) by ¢yp.

Therefore, the associated pure states of the mixed state p = Y1 | pil1);) (¥5| belong to an
equivalent class: |V)ygr = {|Wo)||Wo) = U @ I(3_1 1 /pili) ® |[¢4)),YU € U(n)}.

O

Moreover, if we set pg be the equivalent class {M|M = AU,U € U(n)} = ¢y (|¥)yer), with
p = pop;g. Therefore, p can be map to the associated pure state equivalent class by a special
map ¢ with mapping, qﬁ(popg) — ¢0(po), based on the idea of ¢g.

Suppose p’ is LU to p under some LU transformation, i.e. p = U1 @ Us ® - - - @ Uy (p) (U1 ®
Uy ®@---@Up,), then o) = U1 @ Us ® --- @ Upn(po) (po) (U1 @ Uy @ - - - @ Uy,)T which will be map
toURU1 QU ®---@Up|V) =1, U1 @Us ® - @ Uy, |¥)ygr via the same map ¢.

Through matrix folding, we set up the equivalence relation between the LU problems in
mixed states and pure states. Since there are a lot of other discussion regarding the LU equiv-
alence in mutipartite pure states, like Kraus [16], this method provides a new perspective to

analysis the LU equivalence in mixed states.
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Chapter 5

Algorithms to determine the local
unitary equivalence in two partite

mixed states

In the last chapter, we have described the local unitary transformations in the computational
basis and its behavior in different matrix folding. Here, we will use a special basis for a given
quantum state, and then determine the conditions if two mixed states could be mutually trans-
form into each other. The reason that we want to analyze two partite mixed state is because
that a three partite pure state can be reduced into a two partite mixed state with equivalent
behavior, thus a complete study of two partite mixed state helps to solve the LU problem in
three partite pure states [1]. Moreover, any multipartite mixed state can be analysis by a similar
approach by separated into two parts. Therefore, the result of two partite mixed state is very

useful in all the LU problems.

5.1 Invariant polynomials in bipartite mixed states

Gell-Mann type basis is a special type of basis that consists of orthonormal and hermitian ele-
ments. All the entries in this matrix representation will be real numbers, this property restricts

the field for the matrix and simplified our analysis and computation in practice.

5.1.1 The Gell-Mann type basis

Let p be some density operator acting on a Hilbert space H of dimension d equipped with the
standard inner product (u,v) = uv’. On the space of linear operators on H the standard inner

product is (f,g) = tr(fg!). Assume that the subspace A of hermitian operators on # is of
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dimension NNV, then p is a special positive operator in this space with tr(p) = 1.

We fix an orthonormal basis {A;} of A such that tr()\i)\;) = 0;;. In particular, we can assume
for one partite case that Ay is the identity operator with certain scale, which is restricted by
the assumption. In the case of d = 2, the Pauli spin matrices up to scale are such an example:
Mo = Io/V/2, M1 = ([0)(0] = [1) (L)/v/2, Ao = (10)(1]+[1)(0])/v/2, and Ag = (i10){1] —i[1) (0])/v/2.
In general, they can be chosen as the generalized Pauli spin matrices or Gell-Mann type matrices,

which are hermitian and traceless except Ag. Then any p can be expressed as

d?-1 1 d?—1
p= ; UiN; = EId + ; Ui Ag, u; € R. (5.1)

Here all the coefficients u; are real numbers.

For the same one partite state p acting on Hilbert space H of dimension d like last section,
we fix an orthonormal basis {\;} of A such that tr(AiAj) = 0;;. In particular, we can assume
for one partite case that Ao is the identity operator with certain scale, which is restricted by
the assumption. In the case of d = 2, the Pauli spin matrices up to scale are such an example:
Mo = Io/v/2 A = (10)(0] = [1) (L) /v, Az = ([0) (L|+]1)(0])/v/2, and Ay = (i]0) (1] =] 1)(0]) /2.
In general, they can be chosen as the generalized Pauli spin matrices or Gell-Mann type matrices,

which are hermitian and traceless except Ag. Then any p can be expressed as

d2-1 1 d2-1
p= Z Ui N = aId + ; Ui\, u; € R. (5.2)

i=0

Here all the coefficients u; are real numbers.

The matrix representation of p works multi-partite quantum states as well. In fact, the
orthogonal basis for the tensor product spaces be taken as the tensor product of the Gell-Mann
bases on the individual factors. For instance, let p be the density matrix of a mixed bipartite
state on Hq, ® Hq,, and {)\Ek), 0<i< d% —1,k = 1,2} be the Gell-Mann bases for each partite,

then p can be expressed in Gell-Mann basis in the following form:

N1 N2
1
P= s+ 2w @A 3 Sy @ P
i=1

j=1
N1 N2
3 S wpaV @A Ny=d - 1k=1,2 (5.3)
i=1 j=1
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where

wi= (oA @7 = tr(p @ A7)
= (p. MY @A) = tr(p(A” @ AP))
wij = (p A @ A7) = (Y @ 25)),

Since all further discussion in this chapter will generally based on these special basis, it is
convenient to make some definition before hands:

Definition. For the density matrix p of a bipartite mixed state on Hy, ® Hy, with respect to
the Gell-Mann basis {A§1)®A§-2), 0<i<d?—1,0<j<d%3-1}, wedenote N}, as di—l, k=1,2,
u(p) as [ur,uz, - ,un,|’, v(p) as [v1,ve, - ,vn,]T, and W(p) as the Ny by Ny matrix such
that the element in its ith row, jth column will be w;;, where u;,v;, w;; are the corresponding
coefficients in this basis shown in equation 5.3 that, 1 < i < Nj,1 < j < Ns. Thus, each
mixed bipartite quantum state with density matrix p is associated with corresponding triple
(W(p),u(p),v(p)). Two mixed bipartite quantum state are the same if and only if their triple

are the same.

Lemma 5.1. Suppose {v;,1 < i < N = d? — 1} is an orthonormal traceless and hermitian
basis of slq(C) satisfying (v;,v;) = tr{vw;} = 0;;, for all 1 <4,j < N, and U is some element
in SU(N), then {vY,1 < i < N} will also been an orthonormal traceless and hermitian basis
of sl4(C). Moreover, if v/ = Z;Vﬂ mi;vj, for some my;; in R, then m;; satisfies Z]kvzl MM =
Zévzl mipmjy, = 0;5, for all 1 < 4,5 < N.

oY Uv UT vy
v UvpUT

e, |2 =] 7" M| |, MeSON).
v% UvyUT UN

Proof. For any unitary matrix U, vV is still in sl,(C), thus it can be expressed as a linear
combination of the traceless hermitian basis as ZN—1 m;jvj, for some m;; in C. Moreover, as
v; are hermitian, v! is also hermitian, v/ = UyUT = UUJ[UT = (). thus, vV = (W) =
Zj-vzl mijv; = Z;V:1 mM;ijvj = myj = my;, thus my; are real numbers, for all 1 <4,j < N. And

tT‘(UzUU]U) = tr(Uvjv;UT) = tr(v;v;UTU) = tr(v;v;), which indicate:

N N
E Mk Vk) g m;ivy) :g E mipmy tr(vgvy)
=1

k=11=1
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N N
Zm,km]k = tr(vivj) = 0y = Zmlkm]k = 0;j
k=1 k=1
oY Uv UT vy
y UvyUT
e | 2 =] 7" M| " |, MeSOoWN. O
UJ[\], UvyUT UN

Remark. The conclusion in Lemma 5.1 is a necessary condition in general, as even if there
exists M in O(NV), satisfying the relation the lemma, there does not always exist such a unitary

matrix that [o¥,0F, ... 0o§]T = My, va, ..., on].

5.1.2 Local unitary equivalence

Theorem 5.2. For any two mixed bipartite quantum state on Hg, ® Hg, with density p’ and
p associated with (W (p),u(p),v(p)) and (W (p'),u(p’),v(p’)), respectively, if p is local unitary
equivalent to p, then there exists A in SO(Ny), B in SO(Ns), such that u(p’) = ATu(p),
v(p') = BTw(p), W(p') = ATW (p)B.

Proof. Under local unitary transformation U; ® Us, bipartite mixed state p on Hy, ® Hg,

will become:

p=p" = d L, +Zu1 AT @ AF
=1
_|_Z )\(1) ® )\(2) Us +Zzw” )\(1) Uy ()\?))
=1 j=1

From Lemma 5.1, it is shown that there exists some a;;,b;; € R such that ()\Z(l))Ul =
SN A, APV = SN b2, satistying S aiage = A%, bikbik = 0.

() MUT T ) A

1 1 2 2

o ()\é ))U1 . )\g ) (/\é ))Ug 5 /\é )
W)™ LR A

for some A € O(Ny), B € O(N3), then,

Ny N1 No
Z u@-()\gl U )\ Z Z UG A j )\(2)
i=1 i=1 j=1
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z*l
Ny N1 N2
S vl @ AP = 3TN uiba @ AP
=1 i=1 j=1
L M) @)
= (Zvjb]l))‘o QA e u(p”*®%2) = BT v(p)
i=1 j=1
N1 N» N1 N» No
1 2)
SN w A e AP = 375w Zam ® (D biA))
=1 j=1 k=1 1=1 i=1 7=1

N1 N2 Ni N3
=D Y O arwuby) A ® A,
k=1 I=1

i=1 j=1
Since the matrix M preserves the bilinear form ¢r(v;v;), the matrix M is orthogonal.
ie. W(p"®%) = ATW(p)B

Theorem 5.2 gives us a necessary condition in general for the reason in the remark of Lemma

1. But it is a sufficient and necessary condition when it is a two qubit case.

Theorem 5.3. For two 2-qubit quantum state p’ and p associated with (W (p), u(p),v(p)) and
(W(p"),u(p'),v(p)), respectively. Then p is local unitary equivalent to p’ if and only if there
exists A,B in SO(3), such that u(p’) = ATu(p), v(p') = BTv(p), W(p') = ATW (p)B

Proof. Tt only needs to prove the backwards. Suppose there exists A, B in O(3) such that
u(p’) = ATu(p), v(p') = BTv(p), W(p') = ATW (p)B. And the Gell Mann Type basis of p and
p' be the Pauli matrices up to scale, i.e. p, p’ are in V3 = 1/2I + Spang{c1,09,03}.

Set up a lie group homomorphism by considering the group action U(2) on {01, 02,03} by

adjoint operation:
¢:U(2) - GL(3,R), with U — Ady, YU € U(2)
It is equivalent to consider this homomorphism in the lie algebra representation:
¥ u(2) = gl(3,R), with u +— ad,, Yu € u(2)

By definition, u(Z) = {A € M(Q,(C”A = —A*} = S’panR{hl = ie11, ho = te92, a = ejo + €91,
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b =ieja — ieg1 }. The map is as following:

0 00 0
adp, = [0 0 1|, ady, =0 0 -1
0 -1 0] 01 0
[0 0 2] 0 20
adg =10 0 0|, ady=1|-2 0 0
-2 0 0 0 00

Notice that Spang{ady,,adp,,ads, ady} = so(3,R), i.e. imyp = so(3). Equivalently, im¢ =
SO(3), it suggests that if there exists A, B in SO(3) that u(p’) = ATu(p), v(p') = BTv(p),
and W (p') = ATW (p)B. Then there exists some element Uy, Uy in U(2) such that ¢(U;) = A4,
¢(U2) =B, thus U1 ® UQ,O(Ul (=) UQ)T = p/. O

5.2 The normal form of a bipartite mixed state

To classify the local unitary equivalence of mixed bipartite quantum states, we introduce a new

concept, the Normal Form of Bipartite Quantum States:

Definition 5.4. For a bipartite quantum state p in Hg, ® Hg,, associated with (W (p), u(p), v(p)),
this form defined as the Smith normal form of AW (p) +u(p)v(p)T, a Ny = d? —1 by Ny = d2—1
matrix such that all its nonzero elements are on its diagonal and they divides each other from

top to bottom and all its zero elements stay at the bottom [24, 25, 26].

(d(\) 0 -0 ]
0 do(\) -+ 0 0
i.e.
dm(N)
0
A Nxm

Here, d;(\) € C[)] such that d;(\)|dis1(N), V1 < i < m and m < N.

The smith normal form of the matrix AW (p) + u(p) with all entries in its principal ideal
domain C[A] is uniquely determined by definition. It is obtained though left and right multipli-
cation of some invertible matrices P(\) € GI(N1,C[\]), @1 € GI(N2,C[)\]) with nonzero scale
determinant to AW (p) + u(p), i.e. P(\)(AW (p) + u(p))Q(N).

36



5.2.1 Result in the normal form of states

Proposition 5.5. For any bipartite quantum state p’ and p associated with (W (p), u(p), v(p))
and (W (p'),u(p’),v(p")). If p is local unitary equivalent to p’, then the normal forms of p and

P will be the same.

Lemma 5.6. For any matrices W, W’ € My(C), column vectors u,v,u’ and v’ € CV, there
exists Uy, Us € U(N), such that U1WUT W' v’ = Uyu and v = Uyv if and only if u, u” have
the same length, i.e. ufu = w/fv’ and there exists Vi, Vo € U(N) such that V1WV2 = W' and
Viuwwtvy = w'o't.

Proof. The former statement naturally leads to the latter one, we only need to prove the
backwards. Suppose ufu = u/Tu/ and there exists V1, Vo € U(N), that ufu = u/To’ V1WVT w’
and Viuo!Vy = u/o't :

VluvTV; = u/v'T suggests that Viu = (M)

u’. If we denotes the coefficient of v’ as «, then
a be a scale with length 1, under the assumption u, u’ have the same length.

Similarly, VluvTVJ = u'v't suggests that (Vav)T = (%)U,T and 3 be a scale with length 1,
if we denote the coefficient of v'f as 5. And a and /3 are inverse to each other, since VluvTVQT =
au' vt = u''.

Let Uy = BV4, Us = BVa, then U UT = (B3)ViV}' = UsU] = I, i.e. Uy, Us € U(N), then, Uy,
Uy be in U(N), and UyWUS = W' o/ = Uy and v/ = Upv
O

Lemma 5.7. For any matrices X, X", Y and Y’ € My (C), there exists Uy, Uy € U(N), such that
UL XU} = X', U,YU] = Y’ if and only if there exists Uy, Uy € U(N), such that Uy (X +AY)UJ =
(X" 4+ AY").

Proof. Suppose there exists Uy, U € U(N), that Uy XUJ = X/, Uy(AY)US = AU YUS =AY,
thus Uy (X + AY)UJ = (X' 4+ A\Y7).

Proof of backwards. Suppose there exists Uj,Us € U(N), such that Uy (X + )\Y)Ug =
(X" + XY”). Consider the limit of this structure:

lim U1 (X + AY)UJ = lim U, XUJ =
A—0 A—0

. Ul(X+AY)U§_ ,
Jim SHESEE = i ()0 = Y

Where T — 0, as A — oo. O
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Proof of the propostion. By Theorem 5.2, we know if p is equivalent to p/, then there exists
Ui, Uy in SO(N), such that u(p’) = U u(p), v(p') = Ulv(p), W(p') = UL W (p)Us. By lemma
5.4., we get ViW (p)Vy = W (p') and Viu(p)v(p)TVy = u(p')v(p')! for some Vi, Vo € U(N).

By lemma 5.6, it is suggested that there exists Uy,U; € U(N), such that Uy (AW (p) +

u(p)v(p)T)Ug = AW (p') +u(p)v(p')T, thus they will have the same normal form, i.e. they have
the same invariant polynomials. [

5.2.2 Examples for the invariant polynomials

9  5—i —4+i 1+4i 13 2 12 -1
1|5+i 2 5+46i 5—i| 1 |-2 5 —2 -1
26 |-4—i 5-6i 6 7 175211 —9 6 -2

1—4i 5+i 7 9 0 2 10 4

After changing the basis through our algorithm, we get the matrix in our hermitian Basis, and

its normal form will been as following:

5 1 1 3 1 1
%A~ 66 2 3 AT mm| |10 0
9 1 3 3 1 1
_E)H‘ 1352 %)‘4‘% _%A_ 2704 | 0 A 0
1 5 1 2 139
273A TGA T3)‘ 0 0 A - 2236

We can get a local unitary equivalent state by some local unitary transformation, U; ®

3/5  4/5i
Usp(Uy®@Us)T, and go through the whole process again, here we use Uy @ Uy = 4//5‘ é/;] ®
J— Z —
5/13  12/13
/ / . Go through the same steps to the new state, the representation in our
—-12/13 5/13

hermitian basis is given and the normal form is also computed and listed below, it comes out

that the normal form of our new state by local unitary transformation is the same as that of
the origin state:

1 601 417 1

4 4394 2197 52 1 0 0

7 28933 _ 15893 103

50 219700 109850 1300 0 )\ 0
1 _ 1791 183 1 ’

52 8788 4394 26 0 0 AQ 139
12 6653 9349 1 2236
325 109850 109850 325

Example 2. A random mixed two partite quantum state p in Ho ® Hs generated by maple.

Its representation under our hermitian basis can be obtained through the same procedures:
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9 6-1 8+5I 5+4I 245 3+6I]
6+1 4 8—1 4—1 8 37
8—5I 8+I 5 2461 2—1 342
40 |5—4T 447 2—-6I 9 3461 21
9-5 -8 2+1 3—6I 6 8S+4I
3-6I -3 3-2 -2 8—4I 7

—_

V6 9 1 1 1 3 1 V3
12 80 16 10 0 5 80 20 120
V6 3 71 3 o -1 1 V3
120 80 80 10 0 16 80 240
V6 3 3 1 0 11 1 _ V3
30 40 40 16 40 20 16 240
V6 1 1 3 11 1 1 V3
120 20 40 20 80 40 40 20 30

10 0 0 ... 0

0OX 0 0 .. 0

00 X0 ... 0

Similarly, a local unitary equivalent state will be generated by some local unitary transforma-

3/5 4/5i 5/13 12¢/13 0
. ? .
tion: Uy ® Uy = _ —12i/13 —=5/13 0
—4/5i —3/5
0 0 1
V6 9 215 1 227 1 ! 31 V3
12 80 2704 260 1040 260 1040 3380 120
W6 3 817 41 27 3 3199 23897 373
120 30 338000 6500 2000 100 26000 992875 1200
_ V6 3 _ 657 23 _3 1 1 _ 25 V3
30 10 6760 1040 130 104 13 2704 240
_ 6 1 9403 51 493 71 107 4501 /3
120 20 169000 500 26000 2600 1000 84500 75
1 0 0 0 ... O
0O x 0 O 0
00 A 0 0

It is shown from the result that the local unitary equivalent states will have the same normal

form. However, use the normal form to determine the local unitary transformation between two

5.3 Other method to determine the conditions

5.3.1 Algorithm through Specht’s theorem

Definition 5.8. Two matrices A and B are said to be unitarily equivalent if there exists a
Unitary matrix U, such that U(A)U? = B. And a word of two variables x and y are defined

to be W(x,y) = a™ym2gm3y™m4 ... g™ ...y where m;, 1 < i < p are non-negative integers,
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such that the degree of the word is m1 +mg + -+ - +m,,.

Use these definitions, we can introduce the Specht’s theorem:
Two matrices A and B are unitarily equivalent if and only if tr W(A, A*) = tr W(B, B*) for
all words W. This is a sufficient and necessary condition to check if two matrices are unitarily

equivalent discovered by Wilhelm Specht in 1940, and we can extend this theorem to our case.

Theorem 5.9. For two bipartite quantum state p" and p associated with (W (p),u(p),v(p)) and
(W (p'),u(p"),v(p")). If p is local unitary equivalent to o, then tr((W(p) + Mu(p)v(p)") (W (p)f +
Xo(p)u(p)D))" = tr((W(p') + Xau(e! Yoo )Y (W (o)1 + No(yu(p') )" for all positive integer .

Proof. 1t has been proved that, there exists some unitary matrices A, B, such that AW(p)BJr =
W (p"), Au(p) = u(p), Bu(p) = v(p'), or AW (p) + Xu(p)v(p)T) BT = W (p') + Mu(p")u(p)T, for
any A. Then it would satisfy the Specht’s theorem. O

This theorem is a strong condition which gives us a series of invariant polynomials in terms
of X instead of numbers, which could be translate into ordinary trace invariants. Ex. tr((X; +
AY1) (X1 4 AY))T) = tr((Xo + AYa) (X2 + AY2)T) is one condition, it is equivalent to tr(X; X]) =
tr(XoX3), tr(X1Y; + V1X]) = tr(XoY,) +Y2X]) and tr(Y1Y] ) = tr(Y2Y;) ); Similarly, tr((X; +
AYD) (XTHAY]))? = tr((Xo4+AYa) (XS +AY))2 is equivalent to tr(X1 X)) = tr(X2Xa), tr(X, Y1+
Y1X1) = tr(XaYs + Y2 Xo) and tr(Y1Y1) = tr(YaYa).

In general, there will be infinite many invariants that needs to check according to the lemma.
Fortunately, in the practice, most of the invariants are duplicated and could be reduced to finite

some.
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