ABSTRACT

MANGUM, CHAD ROBERT. Representations of Twisted Toroidal Lie Algebras of Type Aop_1.
(Under the direction of Kailash Misra and Naihuan Jing.)

In this thesis we study certain generalizations of Kac-Moody Lie algebras known as toroidal
Lie algebras, and specifically twisted toroidal Lie algebras of type As,_1. Lie algebraic theory
arose in the 1800s out of the study of certain geometric objects known as Lie groups, named in
honor of mathematician Sophus Lie. The study of Lie algebras, and specifically their represen-
tation theory, has been significant in many areas of mathematics and physics since its inception,
including the areas of combinatorics, geometry, vertex algebras, conformal field theory, quantum
field theory, and string theory.

Lie algebras which are simple (that is, containing no nontrivial ideal) and finite dimensional
over an algebraically closed field of characteristic zero were classified by 1900. These algebras
were later generalized in the late 1960s to so-called Kac-Moody Lie algebras. The study of one
class of Kac-Moody Lie algebras known as affine Lie algebras has proved particularly fruitful,
and thus the advent of affine Lie algebras has only intensified the interest in Lie algebra theory.
Affine Lie algebras come in two types, untwisted and twisted, and can be viewed as the Lie
algebra of polynomial maps from the unit circle into a simple, finite dimensional Lie algebra.
Drinfel’d gave an interesting presentation for these algebras in the 1980s which proved to be
useful.

Study of a generalization of affine Lie algebras known as toroidal Lie algebras has also gained
traction in recent decades; such algebras can be viewed as the Lie algebra of polynomial maps
from the N-torus into a simple, finite dimensional Lie algebra. A Drinfel’d-type presentation
of untwisted toroidal Lie algebras was given via generators and relations by Moody, Rao, and
Yokonuma (MRY) in 1990, but to date, a similar presentation has not been given for twisted
toroidal Lie algebras. The first main theorem in this thesis is an MRY-type presentation for
twisted toroidal Lie algebras of type As,_1.

In the remainder of this thesis, we focus on using the MRY-type presentation to give two
representations of the aforementioned algebra. In the 1980s, Feingold and Frenkel used Clifford
(respectively, Weyl) algebras to give fermionic (respectively, bosonic) representations of affine
Lie algebras. More recently, Jing, Misra, and Xu used the MRY presentation to construct
fermionic and bosonic representations for classical untwisted toroidal Lie algebras. In this thesis,
we use our MRY-type presentation for twisted toroidal Lie algebras of type As,_1 to give

fermionic and bosonic representations of these algebras.
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Chapter 1

Introduction

The theory of Lie algebras arose in the 1800s from the study of infintesimal transformations of
geometric objects known as Lie groups, named for Norwegian mathematician Sophus Lie. By the
end of that century, one of the most important classes of Lie algebras (simple, finite dimensional
Lie algebras over an algebraically closed field of characteristic zero) had been classified by
William Killing and Elie Cartan. Several decades later in the 1960s, a generalization of these
algebras was defined independently by Victor G. Kac and Robert V. Moody. The algebras
resulting from this generalization were appropriately called Kac-Moody (Lie) algebras.

Kac-Moody algebras come in three types: finite, affine, and indefinite. Finite type Kac-
Moody algebras are (isomorphic to) the type classified by Killing and Cartan, while those of
indefinite type are not yet classified. The third type, affine Kac-Moody algebras, or simply affine
algebras (and specifically their representation theory), have been the subject of much study in
the decades since their introduction. The utility of this theory has been now well-documented
in many areas of mathematics and physics, including combinatorics, quantum groups, vertex
algebras, and conformal field theory (as well as string theory more generally).

For each simple, finite dimensional Kac-Moody algebra g, one can associate an affine algebra
which naturally contains g. The affine algebra can then be realized as the Lie algebra of polyno-
mial maps from the unit circle S* into g. A natural generalization of affine algebras is a toroidal
(Lie) algebra, the Lie algebra of polynomial maps from the N-torus S' x S x .- x S!, into g.
Toroidal algebras and their representations have been useful in many of the same contexts as
affine algebras.

In this thesis, we meet two predominant goals: to describe a new presentation of a toroidal
algebra of a particular type, which will be denoted T'(As,_1), and to construct new represen-

tations of this algebra. Two veins of theory have laid the groundwork for these results.
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The first vein provides the basis for the new presentation of T(Agn,l). We trace the theory
back to [G], in which Garland proved that one class of affine algebras, the untwisted affine
algebras, are (one-dimensional) universal central extensions of loop algebras (Lie algebras of
the form g ® C[t,t71]). In 1982, Wilson extended this result to twisted affine algebras; that
is, he proved that twisted affine algebras are (one-dimensional) universal central extensions of
twisted loop algebras (Lie algebras of the form @jezgj—. ® t/ where gj—. is the eigenspace of an
automorphsim o of order r with eigenvalue w’?, w an r-th root of unity). Soon afterward, toward
the end of the 1980s, V. G. Drinfel’d gave a different presentation of affine algebras in [D] which
proved to be useful.

In 1990, Moody, Rao, and Yokonuma proved in [MRY] that an untwisted toroidal algebra
is the universal central extension of an untwisted multi-loop algebra, that is, a loop algebra
with multiple variables in the Laurent polynomials. In this thesis we deal only with the two
variable case, making the untwisted multi-loop algebra of the form g ® C[s,s™!,¢,¢~!]. Their
proof follows [W] closely. Berman and Krylyuk [BK] extended the result to the twisted case
and showed that a twisted toroidal Lie algebra is the universal central extension of a twisted
multi-loop algebra, and discusseed the structure of the infinite dimensional central extension.
The result in [BK] is for a more general setting than toroidal algebras; the structure for the
specific case of the twisted toroidal Lie algebras as the direct sum of a twisted multi-loop algebra
and Kéhler differentials is summarized in [FJ].

In this thesis we consider the case of a twisted toroidal Lie algebra of type Ao,_1. We
consider the order 2 automorphism o of As,_1 induced by the Dynkin diagram automorphism.
We extend it to an automorphism & of Ay, 1 ® C[s,s™ !, ¢,¢t7!] which acts as ¢ on Ag,_; and
“twists” s. Our twisted toroidal Lie algebra of type Ag,_1 is the universal central extension of
the fixed point set of @.

In [MRY], a main result was to give a Drinfel’d type presentation of untwisted toroidal
algebras. Specifically, a presentation of untwisted toroidal algebras was given via generators
a;(z), X (£a4, z), ¢ of an algebra ¢ and relations similar to the defining relations of Kac-Moody
algebras; we call this the MRY presentation. This presentation, like the Drinfel’d presentation
of affine algebras, has proven to be useful. An MRY presentation has not yet been extended to
the twisted toroidal case; the first primary result we give in this thesis is such a presentation
of T(Ag,_1).

In the final two chapters, our focus shifts to using this presentation of T(As2,_1) to con-
struct representations of T(Azn_1>. Another sequence of results in the literature supplies the
background for the representations of interest, beginning with [FF] in 1985, which garnered

inspiration from certain representations of affine algebras arising from mathematical physics
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(indeed, they have uses in statistical mechanics, conformal field theory, and quantum field the-
ory, for example), discussed in [F], [FK], [KP]. In [FF], Feingold and Frenkel used elements
from Clifford and Weyl algebras, viewed as operators acting on a representation space, to give
fermionic and bosonic representations of classical affine algebras; both untwisted and twisted
affine are included.

In 2009 (respectively, 2010), Jing, Misra, and Xu in [JMX] (respectively, Jing and Misra
in [JM]) used the [MRY] presentation and similar techniques to [FF] to construct bosonic
(respectively, fermionic) representations of untwisted toroidal algebras. For the final two primary
results in this thesis, we use the MRY presentation of T'(As,_1) and the techniques from [JMX],
[JM] to give both fermionic and bosonic representations of T(Ag,_1).

Many other results in the representation theory of affine and toroidal algebras, especially
those making use of vertex algebras and vertex operator algebras, have appeared in recent years
(see [JMT], [T1], [T2], [T3], [vdL], [FM], [L], [XH], [LT], [G], [B1], [B2], [BBS], [Li], [LTW], [K2]
for examples). We hope this thesis will prove valuable in the ongoing study of the representation
theory of Lie algebras and its pervasive connections with mathematical physics.

In this thesis we begin with brief background material about Lie algebras. We give special
attention to the case of Lie algebras most relevant to the subsequent results, namely the simple,
finite dimensional Lie algebras of type Ao,_1. For convenience, these algebras are defined over
the field of complex numbers, C, but any algebraically closed field of characteristic zero could
be used instead. We then discuss the structure of the loop algebra realization of twisted toroidal
Lie algebras of type As,,_1. The final three chapters present the three primary results: the MRY
presentation of twisted toroidal Lie algebras of type As,_1, and then a fermionic and bosonic

representation of these algebras.



Chapter 2
Background

Throughout this thesis, the ground field will be C unless otherwise stated. For example, all
vector spaces, tensor products, and the linearity of operations will be implicitly understood
to be over C. The foundational background material of linear algebra, abstract algebra, finite
dimensional Lie algebra theory, and representation theory can be found in such references as
[E], [Gal], [HK], [H], [Me], and [Mi].

2.1 Finite Dimensional

We begin with a brief review of definitions and results for the simple, finite dimensional Lie
algebra of type As,_1,n > 3 which are pertinent to our problem. A thorough coverage of the
theory of finite dimensional Lie algebras can be found in [Mi], [H], [C], and the early chapters
of [K] (since Ag,—1 is a Kac-Moody algebra of finite type).

Definition 1. Here we collect some of the most important definitions for our description of
Agp—1.

e A Lie algebra L is a vector space endowed with a product [-,:] : L x L — L, called a
bracket product, such that [-, -] is bilinear, alternating (that is, [z,y] = —[y, ] Vx,y € L),
and satisfies the Jacobi identity (that is, [z, [y, 2]] + [y, [, z]] + [z, [z, y]] = 0). In general,

L may be finite dimensional or infinite dimensional as a vector space.
e A subspace M C L is an ideal of L if [x,y] € M whenever z € L,y € M.

e A Lie algebra L is simple if [L, L] # {0} (L is not abelian) and if the only ideals of L are
{0} and L.
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e Let LOO 5 LM 5 L® 5 ... where L™ = [L(™=D LMm=D] for m = 1,2,... and
LO) = L, be called the derived series. L is solvable if L(™) = {0} for some m > 0.

e Let L° D> L' D L% > .-+, where L™ = [L, L™ '] for m = 1,2,... and L° = L, be called

the lower central series. L is nilpotent if L™ = {0} for some m > 0.
e L is semisimple if the maximal solvable ideal (called the radical of L) is {0}.

e The notation adz(y) (or ad(z)(y) or ad,(y)) will mean [z,y]. Notice that adz is thus a

linear operator on L.

Remark. The axiom that a Lie algebra bracket be alternating is usually stated instead as [z, x] =

0Vz € L, but the bracket being alternating is equivalent since C does not have characteristic 2.

Example 2. If A is any associative algebra (a vector space with a bilinear, associative product
-1 Ax A — A), then A can be given the structure of a Lie algebra via the commutator bracket,
[a,b] =a-b—b-aVa,be A.

Now we will give a realization of Ag,_1; the bracket in Ag,_; will be denoted by [-, )’
throughout.
Define formal generators of As,_1 to be €, f/,hl, with i € {1,2,...,2n — 1}, called Chevalley
generators. Denote the subalgebra generated by {h}|i=1,2,...,2n—1} by h. Define a matrix
(2 -1 0 0]
-1 2 -1 0 0
o -1 2 -1 0
2n—1
A= (aij)i:;:l =
0 -1 2 -1
0 0 -1 2

called the Cartan matrix for Ag,_;. Let o € h* for i € {1,2,...,2n — 1}, called simple roots,
be determined by a;(h;) = aj;. Define a bracket structure among the Chevalley generators as

follows; these relations appear in [H] Proposition 18.1.

L. e}, fj]' = dijhi,

7

2. [h, 1] =0,

177

3. [W, €} = a(h))el,

4. [, fi) = —af(h) f},
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5. (ad eg)lfa;‘(h;)(e;) = 0 where i # j,
6. (ad )~ (f1) = 0 where i # j.

Define a bilinear form &(-,-) : Aap—1 X Aap—1 — C by k(z,y) = tr(adyady) Vo, y € Agp_1.
This is known as the Killing form. Straightforward calculations (for some fixed n) show that the
Killing form on Asg,_1 is nondegenerate, that is, that {x € Ag,—1|k(z,y) = 0Vy € Agp_1} =
{0}. By [Mi] Theorem 7.4, this implies that As,_; is semisimple. (This can also be seen by
[Mi] Problem (2.18) (xv), which shows that Ag,_; is simple, combined with [Mi] Remark 4.11,
which shows that simplicity implies semsimplicity.)

Since Agp_1 is semisimple, then thanks to the abstract Jordan decomposition ([H] §5.4),
any element in x € As, 1 can be decomposed into a sum of elements x = x5 + x,, where x; is
ad-semisimple (that is, ad-diagonalizable) and z;, is ad-nilpotent. Further, again because Ag,_1
is semisimple, Ag,_1 is not solvable and hence not nilpotent. Thus, by Theorem 3.2 in [H],
there must exist some elements in As,_1 which are not ad-nilpotent, and hence ad-semisimple
elements must exist. The span of such elements form, by definition, a toral subalgebra. By
Lemma 8.1 in [H], such subalgebras are abelian. Of most interest in the theory is a maximal
toral subalgebra, H.

By a common linear algebraic result, a commuting family of semisimple endomorphisms of
a vector space is simultaneously diagonalizable (meaning that there exists a basis for which
every element in H acts diagonally). Thus there exists a basis {x;}, with j lying in some index
set (not j = 1,...,2n — 1) so that [h,2}]' = a(h)z};Vh € H and some a € h*. Since these z
form a basis, As,_1 is the direct sum of eigenspaces associated to the o € h*. Such a direct sum
decompositioon is known as a root space decomposition. Such nonzero « are called roots, and
the corresponding root system (in the language of [H] §8.5 and §9) is denoted by A for Ag,_;.
We will call a nonzero set {z € Ag,_1|[h, 2]’ = /(h)zVh € h} a root space and denote it by
(A2,—1)o- In the construction of root systems in [H] §12.1, it is shown that the simple roots
defined above indeed form a base for A, denoted by II (straightforward computations show
that the construction of simple roots therein coincides with our construction here). The lattice
Q= @ Zd, is called the root lattice.

ie{1,2,....2n—1}

As can be seen from the relations above, h indeed forms a maximal toral subalgebra of
Agn_1. By [H] Corollary 15.3, § is then a Cartan subalgebra (CSA) of As,_; (a nilpotent,
self-normalizing subalgebra).

Using the construction of As,_1 in [K] §6.7, o/ € A = o/ = ol +al + -+ o’; for
1<i<j<2n-1 Asin [K] (1.3.1) and §1.5, Ayp 1 = @ (A2n-1)o is a Q-gradation of

a’'eqQ
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Agp_1. In partiCUIara since [(A2n71)51a (A2n71)52]/ C (A2n71)51+527 then for o/ = Ol; + OZ,/L'+1 +
- +a € A C Q, we can use the notation e, = [efxg, [eixi“ [”'[6;’-,1’6;’-]/]/]/]/' Similarly,
hl, :=h!,4---4h.,. Since the f/, are so-called “negative” roots, then the notation f, means

[f&;_v [f;;:l [ [fé;ﬂ jf&;]']’]’]’ (indices taken in reverse order).

2.1.1 Scaling of Bilinear Form

Here we define another bilinear form on As,_; which will be useful in what follows. On 6*, the
Killing form can be seen to be equal to (af|a})" = a;;,1 < i < 2n — 1. By [K] Theorem 2.2,
this form is bilinear, symmetric, invariant, and nondegenerate. However, in order to simplify

relations in what follows (the MRY relations), we will double the form on h* as follows.

Definition 3. Define (-|-) : hxh — R by (ajla})" == 2aij. (+|-)' is also symmetric and bilinear
by definition.

That this form is nondegenerate follows from the fact that the Killing form is; we will show
below that this form is invariant as well; that is, that ([a,b]'|c)’ = (a|[b, ¢]")' Va,b,c € Agy,_y.
The spaces f)* and f) are identified via the form; that is, the map

1/:6*—>f)

is defined by aj — v(a}) such that o (v(a})) = (af]a}) = 2a;; = 2a5(hi) = v(a)) = 2h]. We

(2

can thus transfer the form to b, using the same notation, via v as follows:
/

O[; CM/» 1 1
iy = (+ () (3)) = sl = 3os

Notice that, even with this scaling, we maintain the usual identity
2(alJa})’ 20415

(aflafy” ~ ™7 |

AL

Remark. To ensure invariance of (-|-)’, as in the proof of [K] Theorem 2.2, we must have:
(e £V = (LY = (B = (€llo () £
= 500k = ar; (€] f]) = 5615 = (e}|f])

which is indeed true. As in the referenced theorem, this is sufficient to establish invariance of
this form (all other combinations ([a, b)'|c)’ = (a|[b,c]’)" are either trivial or can be written in

terms of the case shown).

Proposition 4. The bilinear form defined by
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1 (e}l ) = 5645
(h,|h,) a’L];
8. (hiley)" = (il f}) = (eilel) = (filf}) =0

for 1 <i<2n—1 is a nondegenerate symmetric invariant bilinear form on Asp_1. R

2.1.2 Copies of sl

Since

o [}

el = al(hl)el = aye, = 2¢],
o [0 f) = —of(W)f = —aie} = ~2/f, and
L4 [617f2:| h,

then {e], f/, h}} is an sl triplet for each i € {1,2,...,2n —1}.

79
In fact for each o/ € A, since o/ (v(3/)) = o/ (k) = (& +al 1+ ol )(hithi g+ +hl) =
then we can choose €/, € (A2n—1)as foy € (A2p—1)—o such that:
o el S =
o [y} =l )e

o [ i) = =/ (W) oy = =21

In other words, e/, f.,, h!, form an sly triplet for any o' € A. Using our scaling of (-|-), we

also have the identities:
o (i) = @hoy
e v(d) = (o)’ /la) h!,, and
o leq, fol = (el fo) v(d).

as in [MRY] (2.1). These identities follow from the fact all roots of Ag,_; have the same
root length with respect to (-|-)’ since Ag,_; is simply-laced (its Cartan matrix is symmetric).
Because of the scaling of (-|-), that root length is 4 because (¢/|o/) = 4Va/ € A.
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2.1.3 Example Calculations

It is instructive to see a concrete example of (el,|f’,) = W = 1 to see how the form defined

on Chevalley generators and h extends to arbitrary root spaces.

Example 5. Consider o = o} + af. Then we want to show that (e,|f,) = 3. We have,
by invariance and the Jacobi identity (which makes the adjoint operator into a derivation)
that: (¢41f2)" = (eh, ebVILf F1Y = (ehlleh, F5 F1YY = (edllle, F31, FY + (5. leh. )Y =
(eh1hg, fiI' +0)" = (ei] — af(hy) f1)" = (e11f]) = 3, as desired.

We also include a bracket calculation involving @ = o + a4,

Example 6. Since [k, e, = a(hl)e, = (&} + ob)(h} + hy)e, = 2e,, we want to show
that [h],, e’ = 2¢,, using their definitions of brackets of CSA and Chevalley generators (respec-
tively). Indeed, [, 4] = [, | o €lr i 0] = [Wi+RY, [€h,eb)]" = [hY, [ef, b))+ [hh, [e], b)) =

(B eh) en) + [eh, (1, ea)']" + [, 4 eb]’ + [eh, [, eh)']" = 2lef, eh) — [eh, eb] — [eq, eh) +
20}, 5] = 2[ef, &) = 2ey,.

2.1.4 Highest Root of A
As in the construction of Ag,_1 in [K] §6.7, the highest root of A is:
0=+t o,y

Then define hy, ), f} such that ef, € (A2n—1)g, f§ € (Aan—1)—0, hj := [ep, f]’ and the trio forms
an sly triplet as in the previous subsection. Since [h{,e(]’ = 0(h{)e, = 2ef, we must have
O(hi) = 2 = h{, = h} +---hL, , as expected. Under our identification v, we have v(f) =
v(a + -+ ab, 1) = 2hj.

We record here some identities involving 6 and 0—nodes for use in later calculations. Here
1<p<2n—1.

i 9(%) =(ay+---+ a/anl)(h;f)) = 01p + don—1p

o O(hg) = (o) + -+ ap, )Ry + - 4y, ) =2

i O‘;J(h{)) = a;a(hll +ot hl2n—1) = 01p + O2n—1,p

o (0]0) = (o) +---+ah,_qlaf) + -+ (] + -+ ay, 4], 1) =2(a1 + a2+ 0+ +
0+ azn—22n—1+ G2n—12n-1) =4

o (holhg)' = (Wy+ - Ry g [B) 4 (W - A gy By 1) = 3(a11 +a12 40+ +

0+ azn—22n—1 + a2n—12n-1) =1
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o (holhp) = (B4 -+ + hby, 1 |h,) = 5(01p + G2n—1p)(a11 + a12) = 5(61p + d2n—1,)

o (eolfo) =3

2.1.5 Automorphism of A,, ;

Fix an automorphism o of Ag,_; of order 2. Then its minimal polynomial is 02 —1 = 0 and thus
the minimal polynomial splits into distinct linear factors o4+ 1 and o — 1, so o is diagonalizable.

Hence As,,_1 splits into a direct sum of the eigenspaces of o:
Agn—1 = (A2n-1)p © (A2n-1)1

where (Ag,—1); = {z € A1 |0o(z) = (=1)'z,i = 0,1}. In particular, (Ag,_1)g is the set of
fixed points of o.

We can define such a o explicitly on the generators of As,_1 as follows.

Definition 7. On Ay,_1, o(z}) = 2f,_, for z = e, f, or h (notice that 2}, is fixed). We call o

i

defined this way the diagram automorphism of Ao, 1.
Remark. In [K] Proposition 8.3 it is proven that (Ag,—1)5 = C, and that (A2,—1)7 is an
irreducible C,,-module.

Pictorially, for n = 3, o acts on the Dynkin diagram as in the figure, and similarly for larger

n. Indeed, this is the reason for the term “diagram automorphism.” To see that ¢ is indeed an

1 1 1 1 1

Figure 2.1 Automorphism of Dynkin diagram

automorphism as claimed, an argument is given in [K] §7.9.

10
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2.2 Toroidal Algebras

2.2.1 Central Extensions

For any Lie algebra g, a central extension of g is a pair (g, 7) where § is a Lie algebra and
71§ — g is a surjective homomorphism with ker(r) C Z(g), the center of g.

A central extension (g, ) of g is the universal central extension, uce (or universal covering
algebra, uca) if it satisfies the following universal property: for every central extension (e, ¢) of

g, 3! homomorphism v : § — ¢ such that ¢-¢ = 7. That is, the diagram in Figure ?? commutes.

Figure 2.2 Commutative diagram for a uce

A Lie algebra is called perfect if [g,g] = g. Note that Ag,_; is simple and hence perfect.
As quoted in [BM] §2, Garland proves every perfect Lie algebra has a uce (that is, the uce
exists) and that it is unique up to isomorphism. Uniqueness of the uce can be shown since
the universal property holds for a uce; for, if A and B are both the uce of a Lie algebra g,
then in particular they are each central extensions. Thus, by the discussion above, the following
diagram commutes.

Thus pyp = idp and ¥p = id4, so p and ¢ are invertible (they are inverses of each other), and

B

ylp N\

A

Figure 2.3 The uce of a perfect Lie algebra is unique

11
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in particular bijective homomorphisms or isomorphisms.

2.2.2 Untwisted Toroidal

Define the multi-loop algebra:
L(Agn—1) i= Agp1 @ Cls, s, ¢, t71]

Definition 8. The untwisted (2-)toroidal (Lie) algebra is the uce of the multi-loop algebra
L(As,—1). We will denote this algebra by T'(As,—1) (as in [JM]).

Remark. This definition could be given for Ay, ®Clty, tfl, .o tN, t;vl] for any integer N > 2,
thus giving the definition of untwisted N —toroidal Lie algebras. However, in this paper, we will
consider only the 2-toroidal case, and thus will call T'(Asg,—1) simply a “toroidal” algebra with

no modifier.

2.2.3 Twisted Toroidal

Extend o of Ag,_1 to an automorphism & of L(Ag,—1) by:

7(x @ s7t™) = o(z) @ ((—s)/t")
for j,m € Z,x € (Azp—1);-
Remark. The “twist” is only on the variable s because only the exponent of that variable plays

a nontrivial role in the definition of &.

Now define a twisted multi-loop algebra as follows:

L(Agp—1,0) = @ L(A2p—1,0);
jez

where L(Ag,-1,0); = (A2n-1); ® C[s,s7',t,¢t71]; and C[s, s, ¢,t71]; = span{s/t"|m € Z}.
The L(A2,-1,0); are thus graded subspaces of L(Az,_1,0).

Remark. L(Ag,—1,0) is the subalgebra of L(Asg,_1) comprised of fixed points of 7.

Definition 9. The twisted toroidal (Lie) algebra, denoted by T'(As,_1), is the uce of the twisted
multi-loop algebra L(Asg,—_1,0).

12
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2.2.4 Module of Kahler differentials

The structure of the central extension of toroidal algebras is more complicated than the one
dimension needed in the affine case. This section describes the tools necessary for that structure.

For the preliminary definitions, it is most convenient to work in a more general algebraic
setting. So, let A be any commutative associative algebra, and set F' = A ® A. Make F into a
two-sided A-module by the action a - (by ® ba) = aby ® by = (b1 ® ba) - a for a,by, by € A. Set
K=(1®ab—a®b—b®ala,bec A) C F (that is, K is generated by all elements of such form).
Define Q4 = F/K andamap d: A — Q4 by da = (1®a)+ K. Then Q4 is called the A-module
of Kahler differentials.

Remark. Notice that d is linear (since ® is), and d(ab) = a(db) + (da)b for a,b € A; thus the
map d is a derivation. In [BK] it is remarked that the pair (24,d) is a sort of universal cover

of the set D of all derivations from A to any A-module M.

Q
Denote the canonical linear map 24 — d—z by placing a bar over the elements from €2 4. That

is, l®a)+ K =0¢ 2—2‘ for all @ € A. Thus, since d(ab) = 0, we have adb = —(da)b = —bda
for all a,b € A. The elements of dA are called exact forms.

Q
In [MRY] §2 it is shown that if B = C[s,s~1,¢,¢7!], a basis for —= is

db
{sp—ltqu, sPt=1dt, s~lds|p € Z,q € (Z\{O})}

Q
2.2.4.1 Example Calculations in d—f

We present two calculations to later use their results.

Example 10. First we show that

stdsk = 6 _gkst+F—1ds.

By definition, sfds* = (ds¥)s’ since the module action is two-sided.

It is straightforward to show that the “bar” map is linear and, by a standard induc-

tion argument, ds™ = ms™ lds (i.e. regular differentiation of polynomials holds). Hence,
(dsk)st = (ksk—1ds)st = ksk+=1ds. On the other hand, in 2& we have (dsk)s’ = —sk(ds’) =
—lsk(s'=1ds) = —Usktt-1ds = ksktt-1ds = —4sk+t=1ds, and so stdsk = 6y, _gkstF—1ds.

Example 11. Secondly, we show that

stt=1d(skt) = 6 _okstTh—1ds + shtt=1dt.

Since d is a derivation, s‘t—1d(s*t) = s‘t=1td(sF)+stt=1skd(t) = stdsk+sFHi—1dt = 6y, _oksE—1ds+

sk+et=1dt, where we use the result of the previous example.

13
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2.3 Loop Algebra Realization of Toroidal Algebras

2.3.1 TUntwisted Toroidal

In [MRY] Proposition 2.2, a realization of untwisted toroidal algebras is given. The definition

. Q
is most conveniently given in a more general setting. Let the vector space u =g A ® (dﬁ)’
where g is any simple finite dimensional Lie algebra and A is any commutative algebra. Endow

u with the Lie bracket:

e g0 A, Z4]=0

e [z@a,y®b] = [z,y] ®ab+ (z|y)bda
for a,b € A,x,y € §. Define the map w : u — g ® A to be the projection with kernel 4.
Proposition 12. [MRY] Prop. 2.2. (u,w) is the uce of g A. R

Hence, when § = As, 1 and A = C[s, s~ 1, ¢,¢t71], the pair (u,w) is the uce of L(Ag,_1), and

thus is a realization of the untwisted toroidal algebra T'(Ag,—1).

Remark. Notice that the central extension is one-dimensional for a loop algebra (the affine case),
but is infinite-dimensional for a multi-loop algebra (the present toroidal case). This structure
was investigated in [Kas] Thm. 2.1 and [BK].

2.3.2 Twisted Toroidal

Theorem 2.1 in [FJ] shows how this construction is modified for the twisted case (using Propo-
sition 2.2 in [BK]).

Recall the grading on B = C[s,s™1,¢,¢t7!], namely B; = C[s,s™1,¢,¢t71]; = span{sjtm|m IS
Z}. Denote K = %—f = span{bda|a,b € B} and the subalgebra K’ = span{bda|a € By,b €
By, k+1=0mod 2}. Now set

T = L(Agn_l, O') ® K°.
Define a bracket structure by
[ [L(Aznfl, O'), ICU] =0

e z®a,y®b| =[x,y ®ab+ (z]y)'bda for a € By,b € B,z € (Aon—1)7,y € (A2n—1);

14
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Remark. Notice that if k is even and [ is odd (without loss of generality), then it may appear
at first that [z ® a,y ® b] lies outside of 7 because (z|y)'bda term is not in K°. However, in
such cases, the bilinear form is defined in such a way that (x|y)’ = 0. This follows from the
fact that the form is a multiple of the Killing form. Thus, the form is invariant under any
automorphism of Ag,_1, so (z|y) = (J(m)‘a(y))/ = (z] —y)' = —(x]y)’, hence (z|y)" = 0. So
indeed [z ® a,y ® b] € T and the above bracket is closed.

Define w : 7 — L(A2,—1,0) to be the natural projection map. We can now give the loop

algebra realization of T(Ag,_1).

Proposition 13. [FJ] Thm 2.1., [BK] Prop 2.2 The pair (T, W) is the uce of L(A2,—1,0),

and hence is a realization of the twisted toroidal Lie algebra T(Ag,—1). B

The quoted results [FJ] Thm 2.1., [BK] Prop 2.2 show that the uce of L(Az,_1,0) does
indeed exist, and the argument surrounding Figure 2.3 establishes uniqueness.

Extend & to act on 7 by: 7(z ® s/t™ + bda) = o(x) ® (—s)7t™ + bda where x € (Agp—1)70 =
sM1t%2 b = sP1¢%2 such that a1, az,bi,b2,j,m € Z and a; + by = 0 mod 2; in particular, & acts

as the identity on K. Notice that we keep the same notation for @ acting on 7.

15



Chapter 3

MRY Presentation of Toroidal
Algebras

3.1 Untwisted Toroidal

In [MRY] §3, a different realization of T'(A2,—1) is given, which we summarize here.

Definition 14. Let ¢ be the Lie algebra over C with generators ¢, o (k), X (£a, k) and satisfying
relations:

o TAO: [¢, aj(k)] = [¢, X (£ai, k)] = 0

o TAL: [o)(k), o, (m)] = K(alla}) G,

o TA2: [o(k), X (£aj, m)] = £(aj|al) X (£a’, m + k)

1

20, _
o TA3: [X(a},m), X (—a},1)] = —4;; <ag(m+l) + (a’-|cy”.)l’¢>
(2NN

o TA4: [X(aj,m), X(ag,1)] = [X(=af,m), X(=aj,m)] =0
o TA5: ad (X (a,m))' ™" X(a},1) =0, and ad (X (—af,m)) % X(—a,l)=0fori#j

for0<i,j <2n-—1,k,m,l € Z.
Also define a mapping 7 : t — L(A2,—1) by:

o /=0

o (k) )@ s*

16
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X(ah, k) flo skt
o X(—ap, k) e @ skt
o X(al k) e ®sk
o X(—alk)— flosk
for0<j<2n—1,1<i<2n— 1,k € Z, and extend by linearity.

Remark. We make some remarks about the definitions of ¢ and 7 as compared to the definitions
(3.1) and (3.2) in [MRY]. Each is inconsequential to the statement of the following theorem

which follows because all pertinent properties are maintained.

1. L(Ag, 1) is written as C[s, s 7!, ¢,t7']® Ag,_1 in [MRY] instead of Ag, 1 ®Cl[s,s™ 1, ¢,t7}]

as we choose to do here.

2. In [MRY] it is chosen to write o) (k) and xj(«;), whereas we choose the notations (k)
and X (o, k).

3. m(X(—af,k)),0 <i<2n—1is a different sign in [MRY].
4. The scaling on (aj|a})" is different than on the bilinear form used in [MRY].

5. Relation (TAb) is given in [MRY] (3.1) for only a few cases, and the remaining cases are
proven in [MRY] Cor. 3.3. All cases have been listed in the definition here.

Theorem 15. [MRY] Prop 3.5 (t,m) is the uce of L(Aan—1), and hence is a realization of
T(A,—1). 1

3.2 Twisted Toroidal

We seek a similar realization for 7 = T(Ay,_1). To do so, we will define an algebra by
generators and relations and prove that it is the uce of L(Ag,_1,0); hence (by uniqueness of

the uce) it must also be a presentation of T(Ag,_1).

Remark. Because of its similarity to the realization above, we will call this the MRY presentation
of T(Agn_l).

Before defining ¢, we must establish some more notation.

Definition 16. Define the following delta functions for formal variables z, w:

17
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1 1
L4 Zwkz = lzw + W,z
keZ
e /(z+w):= Z(—w)k —k—1 ! !
. zZ,w +w w, w+z
keZ
1 1
Owd kwk=1z - - v
' ;; ’ TG w2

1 1
8 — k k 1, —k-1_ _
(z 4+ w) ]2 z Ly w G+ w)? + Lw,z (0 + 2)?

Here, ¢, ,, indicates a power series expansion in the domain |z| > |w|.

Remark. In each of the four delta functions, the second equality follows from geometric series
I S R
keZ keZ kEZZO k€Z <o

Z whz k1 4 Z w Rk = Tl w4 ) (T e w32 ) =

theory. Indeed, 0(z — w)

keZZO kEZzO
1 1
Lzﬂul_ﬁ + Lw’zl_% = mem + Lw’zﬁ. The other delta function equalities can be

z w
shown to hold via similar computations.

We will also need the following Cartan matrix of type As,—1 (the same Cartan matrix given

previously):
2 -1 0
-1 2 -1 0
00 - -1 2
and that of untwisted affine type C’T(Ll): )
2 -1 0 0
-2 2 -1 0
. 0o -1 2 -1
0 0o -1 2 =2
0 O -1 2

We now have all that is needed to define the algebra of interest.

18
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Definition 17. Let ¢ be the Lie algebra over C generated by components of the generating
functions a7, (z) = Z aZ (k)z7F "1 X% (xapm, 2) = ZXE(:I:am, k)z~*~1 ¢ with ¢ central, and

kEZ keZ

satisfying also the following relations. In the list of relations, 1 < 4,5 <n—1,and 0 < m,p < n.

1.

2.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

[a§ (2), a (w)] = (2600 = 5m1) (Bwd(z — w) + Db (z + w) )¢

=Tq)

(07 (2), 07 (w)] = ai;0ub(z — w)¢

=3

(2), a2 (w)] = ain (8w5(z —w) + 0wd(z + w))¢

[

- [0f(2), af(w)] = ann (0w (z — w) + 0uwd(z + w)) ¢

(@8 (2), X (£am, w)] = £(28m0 — Ipm1) X7 (£atm, w)(é(z —w)+6(z+ w))
(a7 (2), X7 (£ap, w)] = £(—i1) X7 (£ao, w) (5(z —w) +6(z + w))
[7(2), X7 (£aj,w)] = £a;; X7 (£, w)d(z — w)

(a7 (2), X7 (£, w)] = +a;, X7 (£ap,, w)(5(z — w) + 6(z +w))

(2

- [af(2), X7 (Lo, w)] = 0

[a9(2), X7 (o, w)] = £an; X7 (o, w) (6(z — w) + 0(z + w))

[a7(2), X7 (Fan, w)] = +an, X (Fapm, w) ((5(7: —w)+0(z+ w))

(X7 (£am, 2), X7 (Fam,w)] =0

(X7 (00, 2), X7 (—a0, w)] = a§ () (8(z — w) + 8z + w)) + (0ud(=z — w) + Bud(z + w))¢
(X7 (0, 2), X7 (—a5,w)] = of (0)8(z — w) + Dud(z — w)

(X7 (0. 2), X7 (— o, w)] = 0 (w) (8(z — w) + 8z +w)) + (0= — w) + Bud(z + w))¢
(X7 (ap, 2), X7 (—0tm, w)] = 0 for p £ m

ad X7 (0, 20) X7 (£, 21) = 0 if ¢y = 0

ad X7 (0, 23)ad X7 (£, 22) X7 (F0m, 21) = 0 if cpp = —1

ad X7 (tay, 24)ad X7 (£ay, 23)ad X7 (£ayp, 22) X7 (£am, 21) = 0 if cpp, = —2

The generators will be referred to as MRY generators, the relations as MRY relations, and
the algebra ¢ as the MRY algebra.
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Remark. The elements {a?(z),a%(z)|1 <i <n—1} C ¢ form a Heisenberg subalgebra.

Remark. As in [MRY]| Remark 1 after (3.1), Relations 13-15 above show that the X7 (+ayy, 2),
0 < m < n generate t. In particular, since these generators can be recovered in the derived
algebra [t,t] (from relations 6-8, for example), then conclude that ¢ C [¢,¢], and hence ¢t is
perfect.

Remark. Notice that §(z — w) Zwk Rl = Zw_g_lzg = d(w — z). This observation

kEZ ez
motivates the following lemma.
Lemma 18. Multiplication of a generating function in z by 6(z £ w) allows z to be replaced by

Fw. That is, for any generating function x(z), we have x(2)d(z £ w) = z(Fw)d(z £ w).

Proof: xz(z)d0(z + w) = Z:c(k)z_k_l Z:(:Fw)ez_e_1 = Z z(k)(Fw)*2* 72, Setting

ez ez k€7
! =k+{¢+1and k' =k gives Z N(Fw)l F 1701 = Z o(K) (Fw)~F 1
k' e k'€Z

-ZE,GZ(:Fw)g/z*W*1 = z(Fw)d(z £ w), as desired. W
Define a map 7 : t — L(Agy,—1,0) by:

o /=0

o af(k) = —hf @ 5" — by @ (—s)*

o aZ(k) = hi @ s" 4+ hly,_; @ (—s)*

o X(ap, k) > fi @ sFt+ f) @ (—s)kt

o X7(—ap, k) = ep® st 4 ef @ (—s)Ft!
o X7(aj,k) e @b+ ey, @ (—s)F

o X7(~aik) = fl@ st + fo,_ © (=)

for 1 <14 < n, and extend by linearity to the rest of the MRY algebra.
As noted in the defintion of f we use generating functions to collect components of the

MRY generators as above: a Z af k=1 and X (+ay,2) ZXU +aj, k) —k=1 for

kez kez
0 < j < n for a formal variable z. Then the ™ map on components can be written as power

series identities; we use the same notation 7 for the map on power series. Thus the generating

function version of 7 is:

o ¢—0
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e af(2) = ) (—hy®s* —hy®(=s)F)z7"!

keZ
e a7(2) Z (h; ® s + hby,_; @ (=s)F) 27 F1
keZ
o X7(ap,2) = Y (fo@ s+ fi @ (—s)F)tah
keZ

e X7(—ap,2) > Z (ef @ 8" + ey @ (—s)F) 1zt

keZ
o« X7(aiz) = Y (o st +eh, @ (—s)F)zH!
keZ
o X7(~aiz2) = Y (Fl @5+ @ (—s)F)z 0
keZ

3.3 First Main Theorem

With this notation, we can state our first main theorem.

Theorem 19. The pair (t,7) is the uce of L(Aan—1,0) and hence is the MRY realization of
T(Az,_1), the twisted toroidal Lie algebra of type As, 1.

Proof: Tt is sufficient to show the following:

1. (t,7) is a central extension of L(Ag,_1,0) (that is, 7 is a surjective homomorphism and
ker(7) C Z(t), the center of 7).

2. There exists a homomorphism v : t — 7.

3. (t,7) satisfies the universal property; that is, for an arbitrary central extension (V, ) of

L(Ag,—1,0), the following diagram commutes:

This is sufficient because it shows that (¢,7) is a uce of L(Ag,—1,0), which we know to be
unique by the argument surrounding Figure 2.3.

Proof of (1): To see that 7 is surjective, we must show that L(Ag,—1,0) = {z@s"t™ |k,m €
Z,x € (Agn_l)g} C im7. It is convenient to use the component definition of 7. We split the
proof into steps based on values of k£ and m.

By Proposition 8.3 (e) in [K], (A2n—1)5 = Cy. We use the notation {a;|1 < i < n} for the
roots of C),. By Proposition 8.3 (b) in [K], the set {e] + €, ., fI + f5,_;|1 < i < n} generate

o ’
Cp, and so o; = o + oy, .
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2
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Figure 3.1 Commutative diagram for the MRY presentation

Step 1: k = 0,m = 0.

{X7(£a;,0)|1 <i<n} generate all {x ® 1|z € C,} by Prop 8.3 (b) [K].

Step 2: k= 0,m = +1.

Notice that X7 (v, 0) = 2fj®t. Since ff € (Aan—1)—p and 0 = o+ - -+ab, | = a1+ +ay.
Using the fact that [(Cy)a, (Cn)gl = (Cn)ayp for roots «, B, + § as in (7.8.5) in [K], and the
root system of C, (see §6.7 in [K]), we find that for each 1 < j < mn:

(adX”(aj_l, 0)ad X7 (cj—2,0)---ad X7 (ay,0)

-ad X (ajt1,0)ad X7 (aj42,0) - - - ad X7 (anp, O))X”(ao, 0) = (fj + fon_j) ®t.

Then note (adX? (v, 0)adX7(a;,0)) (f] + fo,_;) © t = —=2(¢} + €h,,_;) ® t. Similar compu-
tations using X7 (—a;,0), X7(—ao,0) yield (f; + f5, ;) ®t~" and (¢} + ¢, ;) @t~

So, if y1,. ..y, € C), are an indexed sequence of Chevalley generators such that
[y1, [y2, [+, yp]]] = x, then in L(Ag,_1,0) the bracket [y1 ®1,[y2 @1, [ -+ ,yp @tF]]] = s tFL.
Hence C,, ® t*! C im7 since all generators are.

Step 3: k=0,m>1orm < —1.

Use induction on m, the base case being m = 1 or m = —1, respectively. The induction
step sets m = my, and repeats the same processes as in Step 2 to acquire +mg + 1. Hence,
{C, @t™|m e Z} C imT.

Step 4: k € 2Z,m € Z.

For each such k, repeat Steps 1-3 beginning with {X?(+a;, k)|1 < i < n}. The argument
shows that {x ® skt |k € 2Z,m € Z,x € (Agn,l)o} C imT.

Step 5: k= 1,m € Z.

In contrast to Steps 14, for x ® st™, we now have = € (As,_1)7. The element X7 (a;, 1) =

(el —el, _,)®sis an example. Recall that, by Proposition 8.3 (d) [K], (A2,—1)7 is an irreducible
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(Agp—1)g-module. Thus, by applying some sequence of brackets of X7 (+a;,0),1 < i < n to
X(a;,1), all of (A2p—1)7 ® s can be retrieved.

For whatever sequence of brackets is used to retrieve z ® s with « € (Ag,—1)7 we can replace
one of the X7(+a;,0) = (e; +eb, ;) ®1 with (e + ¢, ;) @™ by the result of Steps 1-4. Hence,
{x ® st™|m e L,z € (Aznfl)l} C imT.

Step 6: k € 2Z +1,m € Z.

Repeat Step 5 but beginning with X7 (4a;, 2k +1),1 < i < n instead of X7 (%q;,0). This
shows that {x @stm |k €2Z+1,m € Z,x € (A2n_1)1} C imT.

Steps 1-6 prove that 7 is surjective.

Now we prove that ker(7) C Z(t). This follows quickly when we note that ¢ can be viewed
as a subalgebra of t &2 Ay, 1 B® %—f = T'(Agn—1), the algebra defined in Definition 14. Recall
also the map n from that section.

With this notation, 7 can be written in terms of 7. For example, f(XE(:l:ozi, k:))
= m(X(+o}, k) + (-1)* X (+ab,_;,k)), and similarly for the other generators. Thus, if the left-

hand side of such an expression is 0, so must the right-hand side be. Therefore,
ker T C ker m C Z(t) C Z(1),

giving the desired inclusion. The middle inclusion is [MRY] Proposition 3.5, and the last inclu-
sion follows from the fact that we can view ¢ as a subalgebra of t.

By the defining relations for ¢, the X7 (£« ,k),0 < j < n generate ¢, and since both maps
are homomorphisms (7 is proven to be a homomorphism in what follows, 7 is thanks to [MRY]),
then for each x € t, there is some y € t such that 7(x) = 7(y) (in other words, though the
notation is different in ¢ than in ¢, we can choose the respective elements so that their image
under T or 7, respectively, is equal. Hence 0 = 7(xz) = 0 = m(y) for the x, y associated as above.
So x € ker T = y € ker 7.

Since we can view ¢ C t as a subalgebra (with different notation), we have shown ker 7 C
ker 7. By [MRY] Proposition 3.5, ker m# C Z(t), and since ¢ C ¢, then Z(t) C Z(t). Therefore,
ker(7) C Z(%).

Notice that the elements x,y are the same in t, not just that their images are the same in
the tensor product space. Our new notation for ¢ just renames certain elements from ¢ for the
purpose of simplifying the notation for the subalgebra ¢. That is, we could define X7 (+a;, k) =
X(£ai, k) + (—=1D)F X (ag,_i, k).

Proof of (2): We begin by defining a map ¢ : £ — 7 by: for 1 <1i < n,

o /s lds
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e af(k) = —h) @ s* — hi @ (—s)* + % (skt—ldt + (—s)kt—ldt>
o a7(k) = b, @ s® + by, ;@ (—s)*
o X7 (g, k) > i@ s t+ fi @ (—s)kt
o X%(—ag, k) = €)@ skt + e @ (—s)kt!
o X%(aj k)~ e @st e @ (—s)F
e X7(—a;, k) fl® sF 4 fon—i ® (_S)k
The generating function version of 1 is:

o /s lds

e af(2) = ) (—hy®s' —hyo (=) + % (Skt—ldt + (—s)kt—ldt) )z k1
keZ

o af(2) HZ h/®s + hbyy i (—s)k)z_k_l
keZ

o X%(ag,2) = > (fo@ s+ fio (—s)h)tz !
kEeZ

o« X7(—a0,2) =+ Y (ch@ 5" +eh@ (—s)F)t s
keZ
o« X7(ainz) = Y (o st +eh, @ (=s)F)F!
kEZ

o X9 (—ay,z)— Z (flosf+ o, @ (=s)F)zF 1
keZ
Notice that 1) and 7 agree except on ¢ and af(z), and that the “new” terms are indeed
elements of K7 because the sums of the exponents on s are even (in of(2), if k is odd, skt—1dt+
(—s)kt=1dt = skt=1dt — skt—1dt = 0.

It is clear from their definitions that @ = +w. In particular, proving that v is a homo-

morphism is sufficient to prove that 7 is a homomorphism as well. We remark also that @,
the automorphism on L(As,_1,0), does indeed fix the (components of the) images under 1) of
aZ(z), X (£a;, z) with the “twist variable” being s. For example, 7(a? (k)) = o*(h’@s +hb, ®

(=5)F) = (~1fo () @ * + (~1)ho(Hy,_) ® (=8)* = hyy_, @ (=s5)" + B} © s* = a7 (k) where
the latter equality follows since (—1)~% = (=1)¥Vk € Z. Thus, af(2) is fixed for 1 < i < n.

Similar calculations show that & fixes X7 (+q;, 2) for 1 <i < n as well.
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Proving 1 is a homomorphism requires that we show the MRY relations hold on either side

of ¥ being applied. For example, [¢(af(2)), V(X7 (tay,w))] = ¥ ([eZ(2), X7 (£an, w)]), or
rather, since we know the bracket [a7(2), X7 (+an, w)] by definition,
[¥(aZ(2)), V(X7 (£an, w))] = tainth (X7 (£an, w)) (0(z — w) — §(z + w)).
We will show each relation according to its number in the list of MRY relations above.
Relation (1): [of(2), a,(w)] = (2060 — 0m1) (Ouwd (2 — w) + 0ud (2 + w))¢ for 0 < m < n.

First consider the case m = 0.
[V (af(2)), ¥ (af (w))]
=D (-hyos—npe(-s)F+ % (s’ft—ldt + (—s)kt—ldt) )z R

kEZ
Z (—hy® s*—hy @ (=) + % (setfldt + (—s)etfldt) )w_f_l}
ez
_ Z k-‘,—f (h6|h6)lm)z—k—lw—€—l
k(€T
+ Z skt (h6|h6)’m)(—1)£z’k’1w’e’1
k,0€Z
+> (1 M4 (Bl ) shdsk ) (—1)FzF
k€T
+ Z k+£ (h6|h6)/m) (_1)k+zsz71wf€fl
k,0EZ
= > (hg|no)'stdsk (1 + (1) + (=1)F + (=1)FF)z7F =1,
k(€T

As shown in Example 10, sds* = & _skst+k—1ds, so:

= (holhg)" Y Ok —eks™FTds(1 + (=1) + (=1)F + (=)F)z7F ™
ke
= (holho) ’st—lds 1+ (1) + (~DF 4+ (1)) z k!

2(hgl ko) (Z kR lwht 4 Z —kz " (—w) _1) s~lds
= 22a00 (8w5(2 — ) + aw(S(Z + w))¢(¢)
= 2(0ud(z = w) + 0wz + w)) P(#)
=¥ ([of(2), af (w)]).-

Now consider the case 1 < m <n.
[ (af
[

I CH (w))]

0
Z b ® st —hh @ (—s)* + % (Skt—ldt + (—s)kt—ldt) ) E

Z h’ ® 8"+ By @ (—8))w ™
€7
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= 7 (B W) @ 554 — (Bl 1l )/ sPdsF) 2w
k€L
+ 3 (= by Bl © 54 = (il ) 57d5F) (—1) 2 ™
k,lcZ -
+ 30 (= W) @ 5 — (hglhg, ) sTdsF) (~1)F 2 E !
k€L
30 (= [ Wyl @ 557 = (il By ) 5dsF) (— 1) 27t~
k,leZ
== 3 (1SS (14 (<)) () 7SF (1) 4+ (—1)F) )27 hha =0,
k,leZ e -
As shown above, (h{|hl,) = 261m = (hf|hh,_,,) , and from Example 10, stdsk = &, _oks‘Th—1ds

SO:

1 [
= —50m D kg —psTds(1+ (—1)" + (=1)F + (1)) 2 F Ly
k,leZ
_ 1 —k—1, k—1 kN1 9.
= _55”” ;Zkz w24 2(—1)")sds

= —01m, (Z kz=klyh=t 4 Z —kzkl(—w)k1> s—lds
k k

= —61m (Owd(z — w)

= —01m (8w5(z —w)

=1 ([0 (2), af,(w)]).

Relation (2): [af(2), a7 (w)] = aij0ud(z — w)f for i <i,5 <n —1

[¢(af(2)), ¥ (af (w))]

= Z(hl@g +h2n % (_S)k —he1 Z h/ ®5 +h2n ] (—S)Z)w_z_l

keZ LEL

= > ([hj, By) @ 5 4 (hj| ) stdsk) 2 F w01
kLEZ

+ Z b J P (BhRY,, ])sfds’f)( 1)z k=1
kAEZ

+ ) ([Ponis 1) @ 8" 4 (M| 1)) sPds) (1) Pz =
kEZ

k+¢ k+0 _—k—1, —¢—1
+ Z 2n A 2n ]] ® s * +( 2n— 1’h2n ]) Szdsk)( 1) +Z w :
kAEL
We make a few remarks on the calculation:

1. All brackets of the form [h),hl]' =0

P 'lq
2. Since 1 < 4,5 < n —1 and (hy|hy)" is nonzero if and only if j —1 < i < j 4 1, then
(hglhon_j)" =0 = (B

bn—ilh;)" (the 7, j nodes and 2n —4,2n — j nodes are “too far away.”)
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3. (h”h;)/ ( 2n— z|h2n ]) %aij
These remarks allow us to simplify the calculatlon as follows:
1 —— el — 1 g
= 54 Z stdsk (1+4(—1)F ) 27 F =1yt Qaw Z Ok, —ekstHF—1ds (14 (—1)F ) z7F 1y =t
klET kL7
since as shown in Example 10, stds* = &, _oks't+=1ds.
Using the implications of d;, _, allows us to simplify as follows:

= laij Zk@(l + (=1)0)z Rt faw Zka =Lk =ls=1ds
2 e 2 =
= a;j Z kz P lwk " s=1ds = a;;0,0(2 — w) ()
kGZ
= (o] w)])-
Relatlon (3) (a7 (2), af(w)] = ain (0w (z — w) + 0uwd (2 + w))¢

[ (a7 (2)), ¥ (af (w))]

=D (hj@ s +hhy, ;@ (=5)F) Y (b, @ 5"+ bl @ (—s) )w !

keZ ez,
= 3 () S (RS
k,LeZ
+ > ([ ) @ 5 (Rl sPdsF) (—1) R
kteZ
+ 57 ([P b @ 7 (B |1, TSP (—1) R L=
kbEZ
+ Z 2n [Al n ®Sk+€+( 2n— z|h/ )/ @dsk)( )k+e2_k_l’w_€_1.
kteZ
As we know from the bracket definition and Definition 3, [k}, h] = 0 = [h,,_,, k)] and
(hilhy)" = am = %a2n—i,n = (hf,,_;|hl,). Hence,
1
= iain Z SEdSk(l + (—1)6 + (—1)k + (_1)k+€)sz71w—£71
kLeZ
1 -
= 5in Z Op,—okstF1ds (14 (—1)° + (=1)F 4+ (=1)FH) z7F =1
k€T
1 N
= 3ain st_lds(l + (=) 7P+ (—1)F + (—l)o)z_k_lwk_l,
kEZ
Slnce (—1)7*k ( ) —(=1)*! for all k € Z, we have:
famZkz wh™ (2+2(-1) )s*1d3
keZ
_ ol —k—1, k-1 —k—1, k-1 k) =i
= 2§am <Z kz w4 Zkz w* T (=1)" | s71ds
keZ kEZ
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= 21am ( P —kz 7PN —w k_1> s—ds
5 k%k - k% k (—w) d
= a;ip, (8 d(z —w) + 0yd(z + w))@(@
=9 ([0f(2), af(w)]).
Relation (4): [a9(2), af(w)] = ann (0wd(z — w) + 0uwd(z + w))¢
[ (07 (2)), ¥ (o7 (w))]

= Z (b, ® s*+h® (—s)k)z_k_l, Z (h;, ® s+ h® (—S)Z)w_g_ll

kEZ b€z
= D (I o) @ 8704 (h ) 'stdst) 2~ h ™
k€T
+Z h;wh;L k+€ (h/|h/)/ fds )( )Z —k— 1 —(—1
k.leZ
+ E ([ha, by,)' @ PR (h%|h%)’szdsk)(—1)kz_k_1w_£_1
ktEZ
+ Z h/ h/ k+£ (h/ |h/ )/ éds )( )k+€ —k— 1 —L— 1'
ke
As we know from the bracket definition and Definition 3, [h],h] ] = 0 and (h|h],)’
= %am = 1. Hence,
= Z stdsk (1 + (1) + (=1)F + (=1)FFH) 2 F1yy=t1
kteZ
— Z 5k7_gksf+k*1ds(1 + (_1)e+ (_1)k + (_1)k+é)z—k—1w—é—1
kteZ
= Z ks~lds(1+ (=1) 7% + (=1)F + (=1)%) 2+ Tk,
kEZ

Since (—1)7% = (=1)¥ = —(=1)¥~! for all k € Z, we have:

= Z ke F R (2 4+ 2(—1)F) s~ 1ds = 2 (Z kR lght 4 Z kzklwkl(—l)k> s~lds

keZ keZ kEZ

=2 (Z R A Z —kzkl(—w)k1> s~lds

kEZ keZ
= ann (0wl (2 — w) + 0uwd(z + w)) Y (¢)
— B([a7(=), a3 (w)).
Relation (5): [of(2), X7 (o, w)] = £(26m0 — 0m1) X7 (£am, w) (8(z — w) + (2 + w))
First we compute the case where m = 0 and for X7 (ay,, w).
[¥(af(2)), % (X7 (a0, w))]
=Y (—-hyos—no(-s)F+ % (skt—ldt + (—s)kt—ldt) )z R

kEZ
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Y (fo@s' + fr® (=) w1,
Lel
Since the skt—ldt + (—s)kt—1dt terms commute with everything, we have:

= — Z fo ® sk‘+ft(1 +(— 1) + (_1)k + (_1)k+£))z—k—1w—5_1
keZ

— _ Z h/ f(] k+€t(1 + (_1)€ + (_1)k + (_1)k+€))z—k—1w—f—1'
ke
As shown above, 0(hj) = 2. Also we replace the indices with ¥’ = k + ¢ and ¢/ = k so that

¢ =k —¢ and use (—1)¥ ¢ = (=1)¥+¥ to get:
— 2 Z (f(/) ® Sk/t(l + (_1)]6’7@’ + (_1)@’ 4 (_1)]6/))2,7@/71“)*]6/4’@/71.

K 0ET
:g{z(ms 4 o (s )t syt
k'€Z Vel
+Y (fo@st+ fe (=) w2 (—w) }
k'eZ UEL

:3@@%,@)(5<z_w> 6z w)
(o) X a0 w)).
Similarly, W(ag(Z)),¢(XU(—040,w))]

= st b (—s)F 4 L (R —oYk—1 —k—1
_[kez:Z( 0® 8" —hy® (—s) +2(st dt + (—s)kt dt))z ,

D> (p®@s'+ep@ (=) )t w .
LeZ
Since the skt—1dt + (—s)*t—1dt terms commute with everything, we have:
== (g, ep) @ 1A+ (1) + (—D)F + (1)) a7 ™!
keZ
== > (0(hh)eh @ A+ (1) + (—D)F + (=D)F)) 2 F
k(€L
As shown above, 0(hj) = 2. Also we replace the indices with ¥ = k + ¢ and ¢ = k so that

¢ =k —¢ and use (—1)¥ ¢ = (=1)¥+¥ to get:
=2 Y (ep@s "t 1+ (-DF T 4+ (1) + (—1)F)) 2 T H

K AET
— —2{ Y (e s e @ (—s)F ) w R >z 1y
K ez =
+ Z (eh@ st tef@ (=)t HwH 1 Z 24’1(_w)z'}
KEz vez

= :QJSXE(—%O, w)) ((5(2’ —w)+0(z+ w))
= ¥ ([af(2), X7 (—ag, w)]).

For the remaining cases in this relation, let 1 < m < n. First we compute for X7 (c,, w).
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[(af(2)), ¥ (X7 (am, w))]
= [ (—mes—hye (=5 + % (S5 Tat + (=s)FeTar) )=+,

kEZ

Z (eh, @ 8"+ €hyy_p @ (—5) ) w1

YA<y/

== ([hg, €)@ s+ (=1)F) + [, eyl @ sFTH(=1)" + (1)) 27 F Ty~
kLEZ

= — 3 (aly (h)ely @4 (—1)F) 4 Oy (7)) by @ 8P ((—1) 4 (= 1)FHE)) 2R~
k€T

As shown above, a,(hy) = dm1 = a,,_,, (h(), so

= 61 Z (ein Q Sk-l—é(l + (_1)k) + e/2n—m ® Sk-l—Z((_l)Z + (_1)k+€))z—k—1w—ﬁ—1'
k€T
Now replace indices with ¥ =k + ¢ and ¢/ = k so that £ = k' — ¢/ and:

= =G Y (e @M (L (1)) 4 ey @ F (P 4 (—DF)) 2T
k' 0 €7

And since (—l)k‘/*f' — (_1)k’+£’,

- 5m1{ P AT Y C o T S

k'€Z Uel

+ Z (eh, @ 8" + ey @ (—5)F ) ™F 1 Z zzll(—w)gl}
k€L ver

= —0m1®) (X7 (o, w)) (8(2 — w) +6(2 + w))
= ¢( [ag(z)a XU(O‘m? w)})

Similarly,
[0(ef(2)), (X (—am,w))]

=D (-hyos—ne(-s)F+ % (skt—ldt + (—s)kt—ldt) )z,

kEZ
(Fin ® " + Fonom ® (=5) )]

Lel

=-> @ (1 4 (—1)F) + (1, Fnom] @ sFH((—1)0 4 (=1)FH0)) zh 1y~
kel

= = > (—al(h) £ @ (L (—1)F) =gy () Fo— @5 (— 1) (= 1)FHE)) 2R~ E L,
kLeZ

As shown above, o, (h{) = 0m1 = &,,_,,(h(), so

= Om1 Z (f;n & Sk—M(l + (—l)k) + fén_m ® Sk+€((_1)£ + (—1)’““))2"“_1@04_1.
kel

Now replace indices with ¥’ = k + ¢ and ¢’ = k so that £ = k' — ¢ and:

— “ml Z (frln ® Sk/(l + (—1)4/) + fénfm ® Sk/((_l)k’,gl I (—1)k/))2*5/*1w7k’+€’71.
kel
And since (—1)¥ ¢ = (=1)F+¥
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= 5m1{ Z (fr® Sy ® (—s)kl)w_k/_1 Z 2t

k'€Z =/
+3 (n s + fhu o (<) Yo S
Kez vez
— jWEXU(_?m’ w)) (6(z — w) + 6(z + w))
= ¥([af(2), X7 (—am, w)]).
Relation (6): [a7(2), X7 (£ag, w)] = +(—81) X7 (£ag, w) (6(z — w) + 6(z + w))
First we compute for X7 (ag, w).
[¥(af (2)), E(Xg(ao, w))]
= [ (M@ s +hhy, ;@ (=)F) Y (fr@st + f @ (=) ) tw ]
kEZ tez
= D (0 fo) @ s (U (= 1)) o [y ss fo) @ S5 (=) + (1)) )tz F =
k,leZ
Since [hy, fo]' = —6(h;) fo and [hy,, _;, fo] = —0(ha,_;) f5 so we have:

=D (=0 fy@ s (1+ (=1)) = 0(hy ) f5 @ 8" (=D + (-1)F) ) t7 T
k(€7
Also since §(h}) = §;1 = 0(h,,_;), so the calculation above collapses to:
S Z (f(,) ® Sk-l—((l + (—I)Z + (_1)k + (—1)k+€))tz_k_1w_£_l.
ke
Now, replace indices k' = k + ¢ and ¢/ = k to get:
_ —(52'1 Z (fé ® Sk’(l + (_l)k’—f’ + (_1)6’ + (_Dk’))tz—é’—lw—k’-i-f’—l_
k'l e€Z
Since (—1)¥ ¢ = (=1)¥+¥ we have:
= —di1 (f(') ® st + fo® (fs)k/)tw_k/_l Z T
k'€Z veL
—I-Z fros + fie(-s _k_lzz_f “H—w)*
kezZ vez
= =610 (X% (a0, w)) (6(z — w) + 6(2 + w))
= ¢ ([0 (2), X7 (a0, w)]).
Similarly,
[¥(af (2)), @(XE( o, w))]
= [> (W@ s" +hhy ;@ (=) )2 F LY (@' +eh@ (=) )t w ]
kEZ ¢ez
_ Z ([h;,eé)]/ ® Sk+€(1 + (_1)2) + [ I2n7i766]/ ® SkJrZ((_l)k + (_1)k+€))t7127k71w7€71'
k,(€Z
Since, [}, e(]" = 0(hl)e, and [hh, ., e(]’ = 0(h,,_;)el so we have:
= Y (0(h)eg @ 851+ (1)) + O(hy_)eg @ 8" (1) + (1)) )7 F ™
k(€7
Also since (h}) = §;1 = 0(h!

5n_i), SO the calculation above collapses to:
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=0 Y (ep@ s (14 (=)' + (=D)F + (1))t e
ke
Now, replace indices k' = k + £ and ¢/ = k to get:

=0 Y (p@s" (14 (—DF " + (-1 + (—))¥))e e T
k' €L
Since (—1)¥ ¢ = (=1)¥+¥ we have:

= 01 Z (eg ® s* + ep ® (_S)k')t—lw—k’_l Z =1

k'€Z Vel

+ Z (eh @ s +ef @ (—s)F )t tw=H 1 Z 2 (—w)
k' €L ver

=6 (X7 (—ap, w)) (6(z — w) + 6(2 + w))
— (af (), X" (a0, ).
Relation (7): [a7(z), X7 (£aj,w)] = £a;; X7 (o, w)d(z — w)
First we compute for X7 (a;, w).
[0 (e (2)), @(XE(%’UJ))}
=D (hj@ s +hh, ;@ (=)F)2F Y (e @'+ eh, ;@ (=) )w ]

keZ LeZ
= > (M5 ef) @™+ [hl e, @ (1)
kéez
_|_[ A ]] ®Sk+€( 1)k+[ /2n 1,62,1 J] ®Sk+£( 1)k+é> 7k71w471‘
From the definition of the bracket, [k}, e}]" = o’ (h})e}, [hy, l,e;] = ofi(hy, ;)€ (M, e, ;) =
aén—j(h;)eén—j’ and [hy,, ;, €5, g] =, ](hIQn )€ —j» 8
= D (o)) @ s+ ab,j(i)eby; @ 55 (1)

Mez
0 ()6 © 5 (1 (R )y © 85 (1)) oA
Now since oj(h;) = aij = azn—ign—j = 0y, ;(hy, ;) and oy, (i) = @ion—j = azp—ij =
o’ (hy,_;) = 0, we arrive at:
=aij ) (@ ey, ;@ (=s) )z F ™
k€7
Set k’=k+€and€’:ksothaté:k’—ﬁ’ and so:

= a; Z (¢ @ s + ey, @ (—s)F )z F LM+

k' €L
o P K, —k—1 -1,
= a;j E (¢f @™ + ey, ;@ (=) )w g z w
k' €Z ver

*azjw( (ij, ))(5(2—’[1})
=¥ ([07 (2), X7 (aj, w)]).

Similarly,

[ (07 (2)), (X7 (—aj,w))]
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=[D_ (i@ s +hh @ (=9)") LY (fj@s'+ fuy © (=9) w1

kEZ (€T

= > (I f @ M+ [ foyl @ 8 (1)

kLez
s £ @ (1) 4 (s fhn ! 8 85— 1)H0) 54y,
From the definition of the bracket, [h;, fi]" = —aj(hi) f}, [ha, ;s £]] = = (hy, ;) [}
[h;’ fén—j], = _O/Zn—j(h;')fén—j’ and [hén—i’fén—j] - a?n ](h,2n z)f2n—]7 50
= > (— () f] @ M = alyy (1) fy @ 8T (1)

kLez

70‘;( 2n— z)f]®5k+e( 1)k70/2n j( 2n— z)f2n ]®Sk+e( 1)k+£) —k—lw—f—l.

Now since o/: (h') = Qjj = on—i2n—j = O, _ j(h‘IZn ;) and af, ](h’) = i2n—j

= agn—ij = j(h,_;) = 0, we arrive at:
= —ajj Z (fi® sFHe 4 Fony ® (—s)kt0) 2k Tyt
keZ

Set ¥/ =k + /¢ and ¢ =k so that £ = k' — ¢ and so:
S T (0 + Sy (o) ke

k' '€l
K —k'—1 =1,
7_a1]2 ®S +f2n] ( 3) )w ZZ w
k'eZ ez

= —aij1h (X7 (—aj,w))d(z — w)
= 1/’([04?(2)7 XU(_ajv ’LU)]) .
Relation (8): [a7(2), X7 (tan, w)] = £ain X (£an, w)(6(z — w) + §(z + w))
First we compute for X7 (ay,, w).
[(af (2)), @(Xﬁ(am w))]
= [Z (h, ® s + h2n i (_S)k)z_k_la Z (6;1 by st + 6;1 ® (—S)E)w_é_l]
kEZ tez.
= > (e @1+ (=1)) + [Py ) @ s ((—DF + (1)) 2 ™
kLeZ
From the bracket definition, [k}, e],|" = o/, (h})e], and [k}, ,, el ] = o, (hL,_;)el,, so:
= D (an(hi)en, ® (1 + (=1)) + o (hg—i)er, ® (= 1) + (1)) 2 oty
kLeZ
We have o, (hl) = ain, = agn—in = ol (h),, _;
so that £ =k’ — ¢ and so:
= ain Z (e% ® sk'(l + (_1)k/_é/) n e;l ® sk/((—l)gl i (—1)";'))2_6'—110_”“'—1.
k' 0ET
Since (—1)¥ ¢ = (=1)¥*+¥ we have
=ain Y (e, @s" (1+ (-1 + (D + (—D)FH)) 70y
K OET

). Also we replace indices with ¥ = k+/¢ and ¢/ = k
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:am{Z(e ®s* +el, @ ( _’f’_lz =1t

k'€Z Vel

+Z 6 ®S +€ ® —k—lz —Z’—l —w /}

k€7 VeL
= ain? (X7 (o, w)) (0(z — w) + 8(z + w))
= ¥([a7 (2), X7 (am, w)]).
Similarly,
[(af (), w(X"( am, w))]
= [D_ (M@ +hy @ (=9)")7 Ly (fies + £ @ (=s))w™ ]

kEZ ez
= > ([0, £V @ "L+ (=1)°) + (B, 1) @ s H((=1)F + (=1)FH)) 27w~
k€T
From the bracket deﬁnition (R} fn] =—a (h’)fn and [hh, ,, 1] = —al,(hh, ;) f}, so
_ Z _ a h/ ® skH(l + ) 2n ; f ® skH((—l)k + (_1)k+6)) —k—1,,~t-1
k(€T
We have o, (b)) = ain, = agn—in = a,(h}, ;). Also we replace indices with &' = k+/¢ and ¢/ = k

so that £ = k' — ¢/ and so:

=—am Y, (L@ (1+ED) + e (CD (DY) T e
2=

Since (_1)]6/76/ = (—1)’“,%/, we have

= —ain Y (fn@s (14 (=D + (DY + ()F ) T

K 0ET
:—am{Z(fg@@s + @ w Py s !
k'€Z vez
+ Y (fros” + f@ (=) ) w2 w’}

k' €Z Vel

= —ain@(X" an, )(5(2: w) +(z + w))
=¥ ([07 (), X7 (—an, w))).
Relation (9) [a9(2), X7 (+ap,w)] =0

First we compute for X7 (ag, w).

[¢(07(2)) % (X7 (a0, w))]
= D2 (e +h e (=) (fhes'+ i (—s)é)tw‘é‘ll

kEZ LeZ

= > ([, fo) @ 8" (M| £)'s%dsF) (1 + (1) + (=1)F + (=1)F ) e+ T~
klcz
=0

— B([0(2) X (ag, w)))
since [1, f3]' = 0 and (k)| f3)’ =0
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Similarly,

[ (a5 (2)), (X7 (—ag, w))]
— Z (hy @ s* + hly @ (—s)F) 27 F 1, Z (ef @ 8" +ef @ (—s)" )ttt

kEZ LETL

= ([ et) @ 85+ (hyleg) stdsk) (14 (=1)" + (= 1)F + (=1)FH) 1z Ty~
ke

=0

= ¥ ([07(2), X7 (—ao, w)])

since [h},, e(]" = 0 and (k] |e() = 0.
Relation (10): [af(2), X7 (£aj, w)] = +a,; X7 (£, w)(6(z — w) + 6(z + w))
First we compute for X7 (a;, w).

[9(a(2)), (X7 (@, w))]

= Z (hl, @ s* + hly @ (—s)F)z7F 1, Z (¢ @ s" + ey @ (=) )w ™!

kEZ ez

= Z ([P, €] ® sFH 4 + (hyl€})'stds®) (1 + (—l)k)szflwfe*1

k(€7
+ Z s €] ® FLARE + (hy,leh,, ;) s'dsk) (1) + (=1)FFE) 7 F =t

k(€7
We have that [h;,,e}) = aj(h;,)e; and [hy, €5, ;] = a5, ;(hy)es, ;, and (hyle})’ = 0 =
(e, J)’ 80
= Z ( (hy)e; ® skH( ) + oy, (hy,)ed, ;@ 5’““((—1)8 + (—1)k+£))z*k*1w*e*1.

kleZ
We also have that o ( ) = agn—jn = vy, ;(hy,). We replace indices with &' = k + £ and
¢ =k and use (—1)¥ ¢ = (— )k ' 5o that
= anj Z (e;- ®skl(1 + (_l)z') + e/Qn—j ® Sk’((_l)k’—e’ + (_l)k’))z—f’—lw—k’+é’—1

k'€l
_ anj{ Z (6; ® Sk:/ i e,zn—j ® Sk;/)w_k/_l Z Z_g/_l,wg/
k'€Z Vel

FY 0 g ) )

k€L ver

:anj@(Xg(Oéj, )) ((5( )+(5(z—|—w))
= ¢ ([af(2), X7 (o, w)]).

Similarly,
[P (a5 (), ¥ (X7 (—ay,w))]
= [Z (hyy @ 5" + 1, @ (=) 2 F 1> " (ffos + fo, ;@ (—s)f)w—f—ll

kEZ LeZ
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= D (I, £ @ 8550+ (| £)'sds®) (1 + (- 1)F) ™ T

kALeZ

+ 3 (M fou gl @ 850+ (W] f30— ) s%dsP) (1) + (=1)F )27+ L™,
keZ
We have that [hy,, fi]' = —a’(hy,) f; and [hy,, f5, ;1" = —ab,_;(h},) fa,—j, and (R, |f}) =0 =

(h| fo )", s0

=S (C )@ S (1) — ey () f g © (1) + (—1)FH)) 5,
k€T
We also have that o, (h’ ) = nj = Qon—jp = O, ](h ). We replace indices with ¥’ = k + ¢ and

¢ _kanduse( )k - ( 1)F+ 5o that
= —Qnj Z f ®S ( ) )+f2n = ®S ((_1)}9/—[, + (_1)k/))z—€'—1w—k’+£’_1

k' EZ
k'€Z VEZ
+ Z (f]/ ® Sk" + fénfj ® Sk/)wfk’fl Z Z@’l(_w)ﬁ’}
WeL ver
:—anj¢( -0, w )(5(2 w) + 6 z+w))
= P([ag(2), X ( aj, w)]).

Relation (11): [af(2), X7 (£an, w)] = £amn X7 (£om, w)(6(z — w) + 6(z + w))
First we compute for X7 (ay,, w).

W(ag(Z))ﬂ(XE(an,w))]
_[Z(h’®s + h, ® _klze®s +e, @ (—s) )w é_ll

kEZ =7/
= Z ([hr, €] @ sFH 4 + (R, |er,) stdsk) (1 + (-1 + (=1)F + (—1)’“”)2%7110471.
kLET

We have [/, e!] = o/, (hl)el, = annel, and (h,|e},) = 0 so:
= ann{ Z en ® 3k+€(1 + (_1)8 + (_1)k + (_1)k+£)zk1w£1}.
ke

This requires a change of indices to get in the desired form. Set & = k + ¢ and ¢/ = k so that
(=K — 1 to get:
=am Y €@t (14 (=D + (=) + (D)) TF L
k' el
Since (—1)¥ ¢ = (=1)¥*¥ this sum breaks up into:

= ann{ Z (eln X sk/ + 6;7, ® (_S)k/)w—k’_l Z Z_g/_lwg/

k'€Z Vel

+ Z (e @ s* +el @ (—s)F )w™ 1 Z z_”_l(—w)”}

= vez
= ann ¥ (X7 (an, w)) (6(z —w) + (2 + w))
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= ¥([a7(2), X7 (am, w))).

Similarly,

[0(a7(2)), (X7 (~an, w))]
= Do (et +me (=) LY (Lot e (—s)f)w“]

kEZ LeZ
= > ([, fa) @ " (1 f)'s%dsP) (1 4+ (=1 + (=1)F + (1)) 7w
k€T
We have [hy,, fp]" = =0, (h,) f, = —ann f;, and ([ f7,)" = 0 so:
= —apn Z f;z ® Sk+€(1 + (71)6 + (71)k + (1)k+2)z—k—1w—€—1}
k€T
This requires a change of indices to get in the desired form. Set k&’ = k + ¢ and ¢/ = k so that

L=k — 1 to get:

e 3 A0 (L (O 4 (1 4 (1)
K 0ET

Since (—1)F ' = (—1)’“/”/ this sum breaks up into:

:_a””{z(f Rs" + 1 ®( —k’—lz —0—1,,0

k'€Z Vel

+> (e + e Nw FTEN " w’}
Ker ez
= _annw( —Qp, W )( + 5 Z + U}))

= ¥([o7(2), X ( Qn, w )])
Relation (12): [ X (£, 2), X7 (£am,, w)] =0

First we examine the case m = 0 for a,,.

[V(X 7 (um, 2)), 0 (X (tm, w)) |
- [Z (f@s*+fie (=)0 (fos'+ o (—s)ﬁ)twwl

keZ LeZ

= D (o ol @ s+ (1 £ ) (14 (- 1)+ (=D + (- 1))z ™
kLeZ
=0

= B a2, X )
since [fg, fo' = 0 and (f5, f)) =
Similarly,

W(XE(—am, Z)) ) J(XE(_O‘WM w))]

=D (eh@st +ep@ (=)t Y (e @ st +ef @ (—s) )t !
keZ LEZ
= > (leb-eol @ "2+ (eple)’) (1 + (1) + (=1)F + (—=1)F )zl 1
k,t€Z
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=0
= @([XE(_O[W’H Z)a XE(_O‘ma ’LU)])
since [ef), (]’ = 0 and (e, ej)’ = 0.
Now we consider the case 1 < m <n for a,.

[ (X7 (um, z))%(XE(am,w))]

= | D (e @ 5"+ e @ (=9)) 2D (e @ 8 ey @ (=) Y
kEZ LEZ
=3 (el @50+ <e;nre;1>')z*’f*1w*“
k€T
+ > ([ ) ® M+ (e, ]€hy ) ) (1) 2 ™!
k€T
+ 3 ([ ) ® " 4 (ehypnler,)) (= 1)F 2 F =1
k,teZ
k+4 k+0 _—k— ——
+ Z ([eén—mveén—m}/(@s - + (eén—m|€,2n—m)/)(_1) Tz 1’[1) !
k€T
=0

= V([ X7 (o, 2), X7 (o, w)])
since all brackets and bilinear forms involved are 0.

Similarly,
W(XE(—oam, z)) , @(XE(—am, w))]

= [Z (i ® 85 4 o @ (=) 2L " (fr, @ 8"+ fhy o ® (=) )

kEZ LEZ
— Z (e, fh) @ sh 4 (f;n|f7/n)/)z—k—1w—é—1
kEZ
+ 3 (Fs Fon] @ S (fral fonn)) (— 1) 2R L=
kAEZ
+ Z ([fén—m’ f’rln], ® 8k+e + (fén—m|f';n)/)(_1)k’z—k—1w_e—1
kAEZ
+ 57 (s fonm) @ 85 (fo il fon o)) (1) Ry =61
kAEZ
=0

= P ([X7(—om, 2), X7 (—am, w)])
since all brackets and bilinear forms involved are 0.

Relation (13): [X7(ag, 2), X7 (—ap,w)] = af(w)(0(z — w) + 6(z + w)) + (Owd(z — w) +
Duwd(z +w))¢

[4(X (ap, 2)), 9 (X7 (—a0, w))]
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= [Z (fo@ s+ fi@ (=) )tz 1) (ef @ s + ef @ (=) )t Tw !

= e
= 3 (Ufosebl @ 8 + (foleh)'s1d(F0)) (1 + (1) + (= 1)F + (~1)F+) 2 7F Lo,
kAEZ - -
We know [f}, )] = —h{, and (fjlej)’ = &. By Example 11, st=1d(skt) = 6y _oksHh—1ds +
m, so we have
1—
= (—hpest §5k+ft71dt)(1 F (=) (—1)F 4 (—1)RE) kL=t
k,LEZ
1 lk—1 e V4 k k+0\ —k—1, —0—1
+kgzez25kv—eks”’“ (14 (=1 + (=1)F + (1))l
Replace indices in the first sum with & = k + £ and ¢/ = k to get:

l——— , _pt / N g
= > (—hp@s o) (14 (DM () 4 (F)) e e
k' 0 €7
1 -
+ > 50k —eksTH1ds (1 + (—1)f 4 (—1)F 4 (=1)F+E) 2= h 1=,
=
Now using (—1)¥ ¢ = (=1)¥ ' gives

=> (- 6®8’“'—h6®(—s)k/+%(sk't*1dt+( ) e N A

k'€Z =
’ ’ 1 7 ; e . ”
2 (—ho@s —hp® (o) + 5 (Felde + ()P ldn) JwH T Y 2 ()
k/ezl VEL
+Z ikmo + (—1)*’C + (_1)k + (_1)O)Z—k71wk71
keZ
/ / 1 ; . L i /
=2 (- 6®8k—h6®(—5)k+§(5’“t*1dt+( SFETdE)Jw ™ F Y "
i UeZ
’ ’ 1 7 ; o . ”
Y (—hy@ s —hy@ (=) + S (Fdt + (o) de) )w Y 2 ()
kleZl VEL
+ s lds(2+2(=1)F) T
keZ
’ / 1 7 . o . )
=2 (- 0® " —ho@ (=5)" + S (Mt 1dt + (=s)Ve1dE) Jw DI Eas
k'€Z =
’ ’ 1 7 ; o . ”
3 (hy@ s —hy@ (=) + o (Ftdt + (o) 1de) w2 ()
k'€Z =

+ (Z kz R LRl 4 Z —kzkl(—w)k1> s~lds

keZ keZ
since (—1)7F = (=1)¥ = —(=1)*~1. Thus,

= ?(a@(ﬁw}) ( (z—w)+d(z+ w)) + (8w5(z —w) + 0wd(z + w))@(yf)
= ¢ ([X7 (a0, 2), X7 (—ag, w)]).
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Relatjon (14):7[Xi(ai, 2), X7 (—a;,w)] = aZ(w)d(z — w) + (2 — w)¢
[9(X7 (0, 2)), (X7 (=0, w))
= [Z (i@ s" +ehy @ (—9)5)z 1) (Fj@s" + f @ (=5) )w ™!

keZ =
= 3 (e £ © 8 4 (€l ) st 2t
k,lcZ
+ > (leh fon—g) @ 85T+ (€] f3—y) sPdsF) (= 1) 2w
k€L
+ Z €2n zvf] k+£ (6l2n7i|f;)’sfd5k’)(_1)szk71w7e71
k,leZ
+ Z €2n 7,7f2n J] k-i—Z (elgn_i|fén_j),5€d3k)(_1)k+£2_k_1w_é_1_
k€L

We know that [ef, f;]' = dijh; and (ef|f}) = % ij- By the restrictions on 7 and j, [e}, f3, ;' =
eh i = 0and (e|f, _.) = (e _.|f}) = 0. Also, since i = j iff 2n — i = 2n — j, the
2n—11Jj i1J2n—j 2n—ild g
calculation simplifies to:
1—-— j
= 0y (h§®sk+£+isfdsk)z_k_lw_z_l—|-5ij Z ( én_i®sk+£+584dsk)(—1)k+4z_"f—1w—f—1.
kleZ kLEZ
Now use stds* = 6 _sks*+k~1ds from Example 10 to get:

— 5” Z h/ ®sk+£ +h2n ; ( S)k—i—f)z—k—lw—ﬁ—l
k€L
1 -
+=6; Z O, e Tds (1 4 (=1)FFH0) g 7R Ty =1,
2 b
=
In the first sum, use &’ = k + £ and ¢' = k and in the second sum, use the implications of 0y, _;

to reduce the number of indices. The calculation simplifies to:
= 0ij Z (h; ® PLANEY (—s)k/)z_g,_lw_kl+£l_l

k' 0 €7
1 -
+50 > ks lds(1 4 (—1)0) 2wk
kEZ
= (10 4 hy @ ()t
1 k'eZ vez,
—k—1, k—1_"970 7.
+§'25¢j2kz w" s~ 1ds
kEZ
= 0;j (h§®s Fhy @ (— s)k)w—k—lzz—z—l o +5”zkz_k Lb—15- 14
kel ver o

_ s, (w (a7 (w))3(= — w) + Bud(= — w>¢<¢>)

=9 ([X7 (s, 2), X7 (—a,w)]).
Relation (15): [X7(ay, 2), X7 (—an, w)] = of(w)(0(z — w) + 6(z + w)) + (0wd(z — w) +
Owd(z + w))¢
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W(Xﬁ(amZ))v@(XE(_anaw))]
=[Z(e®s+e® )2 Y (fh@st+ f @ (—s))w !

kEZ LeZ
= 3 (I £21 ® 4 4 (ST (14 (1) + (D 4 (1))t
k€7
We know [e},, f2]' = hl,, and (e},|f,) = 3, and s’dsk = &}, _¢ks'++~1ds from Example 10. Using
these, we get:
1 -
= > (hest+ §5k,_4k34+k—1d5) (L4 (=1)f + (=1)F 4 (=)t Rty =t
k,(€Z
= Z W@ s"f”(l + (—1)5 i (_Dk n (_1)k+€)z—k—1w—£—1
k€7
1 -
+5 Z Ok, —ekst1ds(1 4+ (—1)" + (=1)F 4 (=1)FH) 27+ =L,
kL€
In the first sum, use k' = k + ¢ and ¢ = k and in the second sum, use the implications of 5 _;

to reduce the number of indices. The calculation simplifies to:
_ Z h/n ® Sk’(l + (_1)k’ff/ + (_1)2’ + (_1)k/)zfﬁ/flwfk/+€/fl
K e
1 -
+5 D ksTlds(1+ (1) 7F 4 (=1)F 4 (1)) 2 F b
kEZ
Now use (—1)¥ ¢ = (=1)¥*+ and (=1)7% = (=1)" to get:

=Y (h,@s" +h, @ (=) )w Y

k' €z vez
+ Z (hly @™ + hly @ (—s)* )w F 1 Z 20 (—w)?

k'€Z ez

1 _
+§ Z ez FLwhts—Tds + = Z 2kz Ptk (—1)*s—1ds.

kezZ keZ
Now use (—1)¥ = —(=1)*~1 to simplify it to:

=3 (s b () Jur Y

k'€Z VARV
+ Z (h;L ® s* + hl ® (—s)k )uf’C -1 Z 2t 71(—w)€
k'€Z ez
(Zk‘z_k L= 1—}—2 —k27F )s Lds
k€EZ keZ

= E(ai(z)) (5(,2 —w)+0(z+ w)) + (awé(z —w) + 0wd(z + w))@@)
= @([Xﬁ(an, 2), X7 (—anp, w)])
Relation (16): [X7(ayp, 2), X7 (—am,w)] =0 for p # m
We have several cases to check. First consider p =0 and 1 <m < n.

[9(X7 (@p, 2)), (X7 (= ctm, w))]
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| S fhest @ ()t S (5 S ()

kEZ ez,
- Z [f0s fin ® sF T 4 (folfr) Sfdskt) (1 + (_1)k)z—k—1w—z—1
keZ

+ D (o o) @ 8"+ (folfanomn) s k) (=) + (- 1)) 27T ™1
k ez
We have [f}, f1.]' € (Asn—1)—p—a; and (f}|f},)’ = 0. But since 6 is the highest root of A, then

—0— o, ¢ A, so [f), f]' = 0. For the same reasons, [f), f5, )" = 0 and (f}|fsn_m) = 0.
Thus, this calculation is simply:
=0
= @([Xﬁ(ap,z),XE(—am,w)).
Now consider the case 1 < p <n and m = 0.

[0 (X7 (ap, 2)), (X7 (—am, w))]
= [Z (e, ® 5" + €y, , @ (—s)F)z7F1, Z (ef @ s' + ey @ (—s))t Tt

kEZ ez
= Z (e, eb) @ s* T + (el e stt2dsk) (1 + (—1)F) 2 F w1
keZ
+ > ([ehnpret) @ s 4 (eh,plep) st 1dsF) (—1)F + (—1)F ) 2+t~
kAEL
We have [e;,e{)]’ (A2n-1)o+a;, and (epleg)’ = 0. But since ¢ is the highest root of A, then
0+, ¢ A, so e, €p]” = 0. For the same reasons, [e5, €]’ = 0 and (e5,_,|ep)" = 0. Thus,

this calculation is simply:
=0
= Y([X(ap, 2), X7 (—am, w)).
Now consider the case 1 < p # m < n.

[0(X7(ap, 2)), (X7 (—tm, w))]
_ [Z (€)@ 8%+ ehy @ (=8)) 2 F 1N (fh, @ 8° + o ® (—8) ) w7

heE _ tez
= 3" (e Sl @ 5 4 (€| f3) sPdsF) 1wt
kel
+ Z eps fon—m| ® s 4 (e;\fén_m)’sfdsk)(_1)€Z—k—1w_g_1
kel
+ Z 62n p7fm k+e (el2n—p|f7/n)/5£d5k)(—1)kz_k_1w_£_1
kel

k l k+0, ,—k—1, —0(—1
+ Z e2n p7f2n m] * + (eén—p‘fén—m)lsedsk)(_l) M w :
kel
Each bracket and bilinear form involved is 0 since p # m. Thus, this calculation is simply:

=0
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= B([X7 (0 2), X7 (~am w)).

Relation (17): ad X7 (+ay, 22) X7 (£aum, z1) = 0 if ¢pm =0

For the case p = 0, the matrix entry ¢, = 0 < 2 < m < n, so we consider this case first
for positive ayp, tuy,.

[(X (ap, 22)), (X (am, 21)) ]
B [Z (fo@ s+ fo® (=9)")tz* 1D (e, @ 8" + ey @ (—9)) 27!

kEZ LeZ
= > ([foren) @ 85t + (fole,) shdske) (1+ (—1)%) 2 ¥ ey
k€L

+ Z an 62n m kJth + (f0‘62n m) Sgdskt) (( 1)5 + (_1)k+€)22—k—121—f—1.
kLeZ
Now, [f5, el € (A2n—1)—g+ar - But by §6.7 in [K], =0 + o/, ¢ A for these values of m. Hence,

[0, €l,) =0, and by a similar argument, [f, ,,_,,]" = 0. Further, (filel,) =0 = (fileb,_m)’
so the entire computation is simply:
=0
= @([Xg(ap, 22), X (i, zl)]).
Similarly,
[V(X (—ap, 22)), ¥ (X (—am, 21))]

:[Z(e{)®sk+66®( VLS (@ 8+ fh @ (—8)) 2

keZ tez.
= Z lebs fr] @ P 4 (eb| 1) stdsFtL) (1 + (—1)F) 2y Ptz
kL

+ 3 (l€0 fonom)' ® "+ (€h] fnr) sPdsF ) (1)1 + (1)) 2 Mo
kel )

Now, [ef, fin]" € (A2n-1)o—as,- But by §6.7 in [K], § — a;, ¢ A for these values of m. Hence,
leh, fi,) =0, and by a similar argument, [e(, f5,,_,,) = 0. Further, (ep|fr,) =0 = (€4|f9n_m)’;
so the entire computation is simply:
=0
= O([X7(—ap, 22), X7 (—am, 21)]).-

Now if m = 0, the entry ¢,, = 0 < 2 < p < n, so we consider this case first for positive
Qs Q.-

[V(X (ap, 22)), (X (m, 21)) ]
= [Z (e @5 +ehypy @ (=5)) "1 (fo@s' + fo (=) )tz

kEZ LET
= > ([ fo) @ "+ (e 1fo) s%dsF) (14 (—1) ) 2"y
k€L
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+ > ([ehnpy £O) @ 85T+ (€hy | f0) s%tds®) (= 1)F + (1)) 2 ¥ ey 70
kLEZ
Now, [e;, fol" € (A2n—1)—g1ar,- But by §6.7 in [K], =0 + aj, ¢ A for these values of p. Hence,

e, fo' = 0, and by a similar argument, [e5,,_,,, fo]’ = 0. Further, (e},|f5)" =0 = (e5,,_,[f5)’, s
the entire computation is simply:
=0
= @([Xﬁ(apv 22)7 XE(aTm 21)])'
Similarly,
W(X(_O[pa 22)),@(X<—Oém, Zl))]

= [Z (fy @8 + fonp @ (=)") 21 (g @ 6" +eg @ (=) )t 2

kEZ LEZ
= > (I eo) @M+ (fleh) st 1dsk) (14 (1)) 25 1oy

kT
+ > ([fonopret) @ 8547 4 (fh,plen) st 1dsk) ((—1)F + (—=1)F ) 2 ¥ 1t
kEZ

Now, [f, el € (A2n-1)9—as,- But by §6.7 in [K], 0 — ], ¢ A for these values of p. Hence,
[f5,€0’ = 0, and by a similar argument, [f5,, €]’ = 0. Further, (fjle)” =0 = (f3,_,lep)’; so
the entire computation is simply:
=0
— (X7 (—ap, 22), X (—atm, 21)]).

For the remaining cases, we may assume that p # 0 and m # 0. For these values, ¢pp, = 0

when |p —m| > 2. With this in mind, we compute for a,, and o,.

[ (X (0, 22)), ¥ (X (am, Zl))]

= Z(eé,@sk—l—eén_p@ gt Z T G
keZ ez
= Z (e}, €] @ s + (eé,]e'm)'sédsk)zl_k_lzge_l
ke
+ > (e chnml' @ 87+ (e ) 'shdsk) (—1) 272y
k€T
+ D ([eonmps €l @ 85+ (ehople,)shds®) (~1) 2 ey
kAET

D ([ o] @ 5 o (€l pn) sdsF) (- 1)FH 2 F 1
keZ .
Each of the bilinear forms is 0. Now, e}, €;,]" € (A2n-1)as o, - By §6.7 in [K], o}, + a7, & A

P> Cm
because |p —m| > 2. Hence [e),, e;,]' = 0. The same argument applies to each of the other

brackets since |2n —p — (2n —m)| > 2, |2n—p —m| > 2, and |p — (2n — m)| > 2. Therefore, the

calculation is simply:
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0
O([X7 (0, 22), X7 (tm, 21)]).
Similarly,

[V (X (—ap, 22)), 9 (X (=, 21))]
= [Z (@™ + fonp @ (=) )2 "D (Fo @8 + fopom @ (—8)) 2y

keZ LET
= > (U Fd @ FH 4 () shdsh) 2 F 2y
kT
+ Y (U fonm) @ 8+ (F)| o) shdsF) (1) 2 ¥ 12
kEZ
+ 3 (Usneps £l @ M4 (Fopl f)s0dsF) (= 1) P22
keZ

+ Z f2n —p? f2n m] k+€ (fén—p|fén—m),sed8k)(_1)k+e’zl—k—122—e_l'
kALeZ .
Each of the bilinear forms is 0. Now, [f}, fi,]" € (A2n-1)—a7—a;,- By §6.7 in [K], —aj, —aj, ¢ A

because |p —m| > 2. Hence [f}, f;,]' = 0. The same argument applies to each of the other
brackets since [2n —p — (2n—m)| > 2, |2n —p —m| > 2, and |p — (2n — m)| > 2. Therefore, the
calculation is simply:
=0
= P([X7(—ap, 22), X (—am, 21)]).

Relation (18): ad X7 (tay, 23)ad X7 (£ay, 22) X7 (£am, 21) = 0 if ¢pp, = —1

The condition ¢, = —1 occurs precisely when |p—m| = 1 except for the pairs p=1,m =0
and p =n — 1, m = n. First, we will compute when p = 0,m = 1 and for o, a,.

[B(X (0, 22)), (X (0, 21))]
B [Z (o™ + fi® (")t 1S (e @ s+ ey @ (—5) )2

keZ LeZ
Z ([an e ® © "+ (foler)' Sedskt)( + (—1)k)22_k_121_£_1
k(€7

+ Z [for 1]’ © 8"t + (foleby, 1) dekt)((—l)z + (—D)F) 2
kLeZ
Each of the bilinear forms is 0. Now, [fg,e1]" € (A2n—1)_piar- By §6.7 in [K], =0 + o] =

—ay—---—ah, | €A so[f}, €] is nonzero. Similarly, [f5, b, ;] is nonzero since —0+ab,, | =
—a) —---—ab, , € A. Therefore, the calculation simplifies to:
= D (Ufo el @ "1+ (=1)F) + [f5s eha) @ 8 FH((-1) 4 (- 1)) 23
keZ
We now must apply X (ap,23) = >,z (f§ @ s™ + fi® (—s)m)tzg_m_l on the left.
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[Z(fa®sm+fa®< ™)tz L,

meEZ

(U eh) @ (1 + (=1)F) + [, b ) @ (1) + (=) 2 F 1
kAEZ

= > (o [for )V @ s 4 (follfo, €h)) s ds™e) (1 + (1)) (1+ (=1)™)
kAt mEZ
Z;m 1 2]671/217@71

+ > (U0 [fo ] TSR (follfos €hnn]') sFHobds™ ) (= 1) + (= 1)) (1+(=1)"™)
k,6,meZ
Z3—m 12’2 k— lzl—f—l.
Each of the bilinear forms is 0. The bracket [fg, [fo,€5,_1]']" € (A2n—1) 204a7, but by §6.7 in
K], =20+ o} ¢ A, so [f§, [fs €5,—1)'] = 0. By a similar argument, [f{}, [}, €5,_1]']" = 0. Hence,
this entire calculation is:
=0
= 1 (ad X7 (ap, 23)ad X7 (ap, 22) X (tm, 21)).
Similarly, for —oy,, —ayy,:

[V (X (—ap, 22)), (X (—em, 21))]
- [Z (ch@s* +eh@ (=) )t "D (fl@ s’ + fon ® (=9)) !

kez (ez
= D (leo, fil' @ "7 + (el 1) sPdsPt=1) (14 (=1)F) 2 * o
=

+ Z [€0s fon—1]' © s+ (€6|f§n—1),3ed5kt_1)((—UK+ (—1)k+4)22_k_121_g_1 :
k(€T
Each of the bilinear forms is 0. Now, [ej, fi]" € (A2n-1)g—o;- By §6.7 in [K], 0 — o} = a3 +

A+, € A, so [ep, fi] is nonzero. Similarly, [}, f4,_ ;)" is nonzero since § — b, | =
o + -+ ab, o € A. Therefore, the calculation simplifies to:
= > (leo AV @™ (14 (=1)F) + [ey, fona) @ 8" T4 (1) + (1)) 5 e
kbEZ
We now must apply X (—ay,23) = 3 ,.c7 () ® s™ + ey @ (—s)™)t 123" on the left.

[ Z (e @ ™ + e @ (—s)™)t ey ™,

meZ

> (leos fill @ 1+ (=1)F) + [eh, o) @ ST (1) + (=1)FH)) 2 * !

k(€7

= Y (et [eo, AT @ sFTE™2 4 (eplleh, £11') sFHETdsme 1) (1 + (=1)F) (1 + (=1)™)
kAl meZ

Zg—m 1 z k—121—€—1

+ Z 605 607 f2n 1] ] ® Sk+€+mt_2 + (66”6,0? fén—l],)/skJretildsmtil) ((—1)£ + (_1)k+€)
kAt mEZ
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(1+ (—1)’”)2377"71227]“712;671.
Each of the bilinear forms is 0. The bracket [ey, [e, f5,-1]']" € (A2n—1)29—as, Dut by §6.7 in [K],
20 — o) ¢ A, so e, [€h, f9,—1]']" = 0. By a similar argument, [e), [e(, f5,,_1]']’ = 0. Hence, this
entire calculation is:
=0
= Y (ad X7 (—ayp, 23)ad X7 (—ayp, 22) X7 (—am, 21)).

Now we compute for 1 < p,m < n where |p —m| =1 and m # n.

[ (X (o, 22)), ¥ (X (am, 21)) ]

= [Z(e;®s’“+e’2n_p® T I A
keZ LET
= Z (e}, €] @ s + (e;]e;n)'sédsk)zl_k_lzgz_l
kAEZ
+ Y ([ep bl © 8"+ (€)' s ds?) (= 1) 22y
kLEZ
+ Y ([ € ® 85T 4 (e len,) stdsP) (= 1) 2 F 12y
kAEZ

+ Z ([e/Qn—pv e/2n—m]/ ® Sk+€ + (eén—p|€,2n—m)lséd5k) (_1)k+e2;k71227Z71‘
kLET
Each of the bilinear forms is 0. The bracket [e),, €;,]" € (A2n-1)as +ar,, and a;, +ap, € A by [K]

P &m
§6.7 and the condition |[p —m| =1, so [e,,, €;,]" is nonzero. Similarly, [e5,, ), €5, ,,]" is nonzero.
" =0 and [e = 0.

However, since oy, + a5, . ¢ A and o, ptan, ¢ A, so [e!

p762n m €on— p? m]

Thus the calculation simplifies to:
k+¢ k+e\ ,—k—1_—4—1
= > (e el @8+ [ehyps el © (=) H )2 "1y
k,leZ
We now must apply X («,, z3) = e ®@sm+e) @ (—s)™)zz ™! on the left.
14 meZ \~p 2n—p 3

[ D (€@ s™ 4 ey, @ (—8)™)23 ™,

MmEZL
> ([Eps €l ® 55T+ [y bl ® (—5)FT) 2 F eyt

k+¢ k4l Jom m—1_—k—1_—¢-1
- Z ([ep? [ep7em] ] ® s N +m ( pH D m] ) Sk—Mdsm) Z3 29 21
S D (A A N - T A D (G e A

k+¢ "okl Jom —-m—1_—k—-1_—{—

+ Z ([el2n—p7 [€p7em] ] ® s e + (eQn pH P m] )/sk+éd8m)(_1)ng " 122 1Zl !
k,{,m€eZ

+ Z 62n —p> 62n —p? 62n m] ]/ ® Sk+€+m + (eén—p‘[eén—pv eén—m]/),SkJrgdsm) (_1)k+4+m

kAt meZ

—m— 1 —k—-1_—¢-1
23 Z9 21 .
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Each of the bilinear forms is 0. The brackets are in A, _1 root spaces of roots 2a +al,, ap +
Oy F Oy O+ Oy + 0, and 20, + o, ., respectively, none of which are in A by

[K] §6.7 and the |p — m| = 1, m # n conditions. Hence, this entire calculation is

0
= 1 (ad X7 (ap, 23)ad X7 (ap, 22) X (tm, 21)).
Similarly, for —ay,, —ouy:

[V (X (—ap, 22)), 9 (X (—m, 21))]
= [Z (fy @5 + for_p @ (=9)F) 2" 1> (e @8+ fopopn @ (=) 2

kEZ leZ
= ([ F) @ FH A (fyl £ shdsk) 2 2y
kAEZ
+ 3 ([ P @ 8 4 (fyl fnm)sPds®) (=1) 2 F 7 2y
kAEZ
+ Y (Usneps Fa) @ S (fp fr)s0dsF) (= 1) P2 F 12y
kEZ

+ Z f2n p7f2n m] k+€ (fénfp‘fénfm)/sgdsk)(_1)k+ézl_k_lz2_€_1'
kLeZ
Each of the bilinear forms is 0. The bracket [f), f;,]" € (A2n-1)-a;—ay,, and —aj,
/

by [K] §6.7 and the condition |[p — m| = 1, so [f,, f;,] is nonzero. Similarly, [f5,,_,, f3,_,,]" 18

—al, c A

: / / A / / A 1ogr r_
nonzero. However, since —a;, — a,,_,, ¢ A and —ay, , — oy, & A, so [f, f3,_,,,)) = 0 and

[f2n—p» frm]" = 0. Thus the calculation simplifies to:
=Y (U fud @5 + [Fonp fonoml ® (=9)°4) 27 1 1
kLEZ
We now must apply X (—ap, z3) = ez (fp @ 8™ + f3,, © (—5)™) 23" on the left.
[Z (20 5™ + fhy ® (—5)™) 25,

meZ
> (U b @ 8 4 [fnps Fonem] ® (=)0 2712
kLEZ
= > (U Uy £V @ 5™ 1 (S 11y, fra) ) FFlds™) 25 ™2y o
kAt meZ

+ > (U Uonps onm V@S T (£ o Fon) sFHEds™) (= 1) gt o ot
klmeZ

+ Y (onp U F)T @ 8" e (o N £r) ) 9 ds™ ) (1) M2y ™ oy M e
kAt meZ

+ Y (np Fonps Sonml 1 @ 85 e (f N fonps Fom ] ) sEHEds™) (= 1)

klmeZ
—m— 1 k—l —0—1
23 {7 .

Each of the bilinear forms is 0. The brackets are in As,_1 root spaces of roots —204;, —al, —a; —
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Ay = Oy s =) — Qg — Qs and —2ai,, , — &b, ., respectively, none of which are in
A by [K] §6.7 and the |[p — m| = 1,m # n conditions. Hence, this entire calculation is
=0
= Y (ad X7 (—ayp, 23)ad X7 (—ayp, 22) X7 (—am, 21)).
Relation (19): ad X7 (+ay, 24)ad X7 (£ay, 23)ad X7 (£ay, 22) X7 (£am, 21) = 0 if cpp, = —2
There are two cases to consider: p = 1,m = 0 and p = n — 1, m = n. First we compute for
p=1,m =0 and o, om,.

[ (X (e, 22)). D (X (m, 21))]
B [Z (h@ s + e @ (=) 1) (o8’ +fio (=) )t

keZ LEZ
= > ([ £ @ $*F + (| £6) sTtdsP) (1 + (—1)F) 25 2y !
kAEZ

+ D (ehn, Jo) @ 8™+ (eh | f) ™) ((—1)F + (—1)" ) 2y * e

k€L
We have (6,1|f(/)), =0= (6/2n71|f(/)), and [elh f(,)]/ € .(AQTL—l)—G—‘ro/l and [6,2n717 f(/)], € (AZn—l)—0+a’2n71-
Each of —0+ ¢} and —0+ a4, _, are elements of A by [K] §6.7. Hence these brackets are nonzero
and the calculation becomes:

= > (leh £ @ ) (14 (=1)F) 2 * 2!

kLez

£ 3 (b o @ S (1) (—)F )
k,leZ
We now must apply X (ap,23) = >,,.c7 (€] ® s™ + €5, | ® (—.S)m)zt:,:”“1 on the left.

[ Do (@™ ten, g ©(=s)")z"

meEZ

D (leh foll @ s (14 (1)) zg* et

kAEZ

+ > ([ehn1, £ @ sFT) ((—1)F + (1P 2 711
k,teZ

= > (I, [eh, o)) @ s (e[l fo))) sMH s ™) (14 (=1) )25 ™ ey B
k4 mEZ

+ Z €2n 1> 617 fO] ] k+z+mt + (e/2n71|[ellv fé]/)/8k+ftd5m) (1 + (_1)5)(_1)”@
k4 meZ

—m—1,—k—1,—(-1
23 <9 Zl

G+ bl gom k ke
+ Z s [ehn1s ol T @ 8T 4 (€ [egy—1, fo] ) sFHEtds™) ((=1)° + (=1)")
k., meZ
e 12244 1t

+ > ([ [, £) T @ ™4 (e [y, Sl ) sHH ™) (= 1)F +(=1)F) (=)™
k4 meZ
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—m—1,—k—1_—(-1
‘23 29 2y .

All bilinear forms involved are 0. The bracket [¢], [e}, fo]']' € (A2n—1) _g12q;, but —0+ 20 ¢ A
by [K] §6.7, so this bracket is 0. By a similar argument, [e),,_;, [€5,,_1, fi]']' = 0. However, the
brackets [e3,_1, [e], fo] " and [e], 5,1, fo]'] are each in the (A2n,—1) g1afyay, , TOOt space,
and this is nonzero since —0 + o + o, | = —ah — - — ab,, o5 € A. Therefore, the calculation
simplifies to:

= > (ehnnfeh, AT @ M) (14 (1)) (1) ™ ey F e
kAl meZ

+ D (e lebuy, folV @ ST (1)F + (1)) g e
k0, meZ
We now apply X (ap, 21) = Y. ez (€) @ 59+ ¢h, | ® (—5)9)2; 9" on the left.

[Z (¢ @57+ ehy_y @ (—5)) 2707,

qEZ

= > (s [eh, )T @85 HME) (14 (— 1)) (~1) ™23 e
kAt mEZ

—m—1_ —k—1_ —f—
+ Z ([ella[elznfhf(/)]l]/®5k+z+mt)((_1)k+(_1)k+6)23m 122k 1Z1 !
k,l,m€eZ

= D ([0 e, [eh, SITY ® S 4 (€ [y, [€], fo]'T) sPHFmdsa) (1 + (—1)°)

K __1 _ _ g e
. _1)mz4q Z3m 122k 121€ 1

(
+ ([hn1: [e3n 1. €1, fo)) @ s*HEFM 0 4 (e, (e 1, [eh, fo) 1) sPHErmtdsa)

k
—g—=1 —m1 —ke1 —f—
. 1+(_1)5)(_1)m+qz4‘1 z3m 122 lzl 1

+ Y (e (e e SV @ S 4 (e [eh . So)V) ST SY)

k“7£7m7q€Z

—q=1_—m—1_—k—1_—f—1

((DF A+ ()M 2 T M
+ Z ([6/271717 [ella [6/211717 f(l)]/]l]/®8k+£+m+qt+(6/27171‘[6/17 [el2n717 f(’)]/]/)/sk+ﬁ+mtd8q) ((_1)k+

k,m,qEZ

k+0 —q-1_—m—1_—k—1_—f—1
(D)) (1) T2y Ty M ey
As before, all bilinear forms involved are 0. Each bracket is either in the (A2,—1)_g Yol 20l
or the (A2n—1) 9120/ 4y, , TOOt space, both of which are 0 spaces since —0 + o + 2a5,,_; and
—0 + 20 + o, are not roots. Therefore, this entire calculation is:
=0
= 1 (ad X (ap, 24)ad X7 (0, 23)ad X 7 (0, 22) X7 (U, 21)).
We now calculate likewise for —ayp, —aup,.

[0 (X (=ap, 22)), ¥ (X (=am, 21))]
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= [Z (f1®s" + from1® (=8)F) 2" 1) (@ s" +eh @ (—s) )t 2!

kEZ LET
= > (Ao et) @ s+ (flep) st Tdsk) (1+ (—1)") 25 "2y
kAEZ

+ D (v eol @ 87 4 (3 alen) s%1dsE) (-1 + (—1)" ) * a1

kALeZ
We have (fileg)’ =0 = (f3,_1lep)’s [f1,e0]" € (A2n-1)p—a;, and [f3, 1, €0]" € (A2n-1)p-ay, -
Each of § — o) and § — of,,_; are elements of A by [K] §6.7. Hence these brackets are nonzero
and the calculation becomes:

= > (It ep) @) (14 (1)) 2 * o

kLeZ

+ Z [fon—1 €0l @ s 4 (D)% + (1)) 52
kLeZ
We now must apply X (—ap,23) = ez (£l @ 8™ + fh_1 ® (—8)™) 23" on the left.

[ (@™ + g ® (=)™ 23",

meZ
> (el @ s ) (14 (1)) 2z !
k€7
+ Z f2n 1,60 k+€t 1) (( 1)k+(_1)k+€)22—k—121—6—1 )
k€L

= > (U eV @ st (fl[f1, o)) s+t ds™) (14 (1)) 25 ™oy Ve
kAl mEZ

+ > (s L€V @ sFHEm™ 4 (fh, |11 o)) sFHTds™) (1 4 (1)) (—=1)™
k4 meZ
Z3—m 1 k:—l —Z—l

+ Z Vit f2n 1eoll @ P TE  (F[fanor, €0)) s Tds™) (= 1)F + (1))
kAt mEZ
Z:;m 1 Qkflszfl

+ Z [fon—15 [fan—1,€0]] ® shrttme=t 4 (fan-1llfan—1, eé]l)lskMt_ldSm) ((‘Uk + (—1)“@)
kmeZ

(1)may Ml kol L,

All bilinear forms involved are 0. The bracket [f{, [f1,ep]]” € (A2n—1)o-247, but 0 — 207 ¢ A
by [K] §6.7, so this bracket is 0. By a similar argument, [f5,,_1, [f4,_1,€0]']’ = 0. However, the
brackets [f3,,_1, [fi,ep)'] and [f, [f2,_1, €0]']" are each in the (A2n,—1)g_o, —qay _, TOOt space, and
this is nonzero since § — o} —a,, | = ah+---+ab,, o € A. Therefore, the calculation simplifies
to:

= > (opers o et)V @ ™) (14 (= 1)) (= 1)y ™ g B!

k,6meZ
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+ Z [f1: [fane1s €] @ MM (1) 4 ()R ) g™ g Ml
k., meZ

We now apply X(—ap,24) = >y (f1 @ 894 f3, 1 @ (—5)9) 29" on the left.
[Z (fl @1+ fro @ (=5)") 2",

qE€Z
= 57 (Ufbuors 4 gV @ ML) (14 (—1)F) (—1) 2y ™ Loy P
k4 meZ

+ > (U fanrseoV @ s (A 1)F 4+ (1)) zgm ey M
klmeZ
= > ([ e [ V) @sF L (£ f5, 1, [f1, €g))) sFHFmE—Tdsa) (14(—1)")

k7é7myqez
Mgl mel kel te]
(=12 2

+ Z f2n 1 f2n 1 [fl’ 60] ] ]/®8k+e+m+qtil+(fénfl‘[fénflv [fi? 66]/]/)/8k+£+mt_1d8q) (1+
km,qEZ

(-~ 1)m+qZ;q*1z;m*z;’“*zf“
+ Z f17 L1 fon—1re0] ] ® sttty (FUIA [fon—1s 66]1],)/3k+£+mt_1d3q) ((_1)k +
k,l,m,qEL

k4o —q—1_—m—1_—k—1_—£0—1
(1)+)4q z3™" 2y 21

+ Z f2n 1 fla [on 1 60] ] ]/ ® 3k+£+m+qt_1 + (fén—l”f{v [fén—la 66]/]/),8k+€+mt_1dsq)

k,l;m,qEL
((FDF 4 (D)) ()7 gy e
As before, all bilinear forms involved are 0. Each bracket is either in the (A2n—1)g_o/ 245,

or the (AQn_l)g_Qall_a/ root space, both of which are 0 spaces since § — o — 2a,,_; and

0 — 20/1 — O/Qn_l are n(f‘: rt)ots. Therefore, this entire calculation is:
=0
= 1 (ad X7 (—ap, 24)ad X7 (— 0y, 23)ad X 7 (— 0y, 22) X7 (—m, 21)).
The final case to consider is p = n — 1, m = n. First we compute for oy, ap,.

[(X (ap, 22)) (X (s 21)) ]
B [Z(eé_leﬁsﬂe;ﬂ@(s)’“)@“vZ(e;@S“e;@( s) )z

kEZ tez
— Z ([en_1,€n) @ kM—I—(e;_1|e;)'s£dsk)(1—|—(—1) )z;k Lot
kLEZ

+ 3 (lehir ) @ St (€hylen,)sldsk) (—1)F + (D)) 2
keZ
We have (e}, _yler,) =0 = (e5,41]€n)’; [en—1, €]’ € (A2n—1)w ol +ad,» and

[eni1sen] € (A2n—1)ar t+al,,,- Bach of o),y +a;, and o, + o, | are elements of A by [K] §6.7.

Hence these brackets are nonzero and the calculation becomes:
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5 (o
k€L

+ Z n+17 n k+z) (( 1)

=

kLeZ

We now must apply X (ap, 23) = 3_,.cz (€h_1 @ 8™ + €1 ® (—8)™)2z3 """ on the left.
)23

[ D (@™ ten @ (=)™

0\ —k—1_—4—
(_1)k+ )22 12’1 1'

meZL

Y (enoven @) (14 (=) !

k€7

+ Z n+17 n k+£) (( 1)k+(_1)k+5)22—k—1zl—é—1 .
k€7

= > (lEn e r, eV @ (e, e, en)) sFHlds™) (14 (=1)) 25 2y F ey
kAl mEZ

+ Z lehi1s [en1,en)) @ s ™ 4 (e, 1 en_y, €)') shHds™) (1 4 (=1)°) (=1)™

k4 meZ
—m— 1 —k—1_-—/-1

‘23 %9 Zl
k+¢ k k+¢
+ Z €n—1 n—l—l?e{rz]/]/@'s e + (e;z |[ n+17en] ) skJersm)(( 1) + (_1) + )
kAl mEZ
Z?:m lzgk IZ;Z 1

l 4
+ Z n+17 n+17 e;t]/]/ @ Sk+ m + ( n+1’[ n+17 n] ) Sk+£dsm) (( 1)k + (_1)k+ )(_l)m
k.t meZ
Zg—m 1 2z k—lzl—f—l.

All bilinear forms involved are 0. The bracket [e;, 1, [e;,_1, €3]] € (A2n-1)2a7 s, DUt 2051+

n—1>"n
al, ¢ A by [K] §6.7, so this bracket is 0. By a similar argument, [¢/, 1, [}, 1, €}]']" = 0. However,
the brackets [e;, 1, [e;,_1, €] and [e;,_1,[e;,11, €;]"] are each in the (A2n—1)0r 1ot 1o ., Toot

space, and this is nonzero since a;,_; + oy, + o, | € A. Therefore, the calculatlon simplifies to:

= > (e e p e @ s ) (14 (1)) (1) 2™ P!
kAl mEeZ

+ Z 1 n—i—l? n]] ®Sk+€+m) (( l)k+(_l)k—i-f)zg—m—lz;kz—lzl—é—l'
klmeZ

We now apply X (ap,24) =3 ez (e 1 ®@sT+¢€,,,1® (—s)q)z;q_l on the left.
—q—1
[Z (eno1 @ st + e @ (=5)?) 2 ",

qEZ

= 3 ([, [ehqoel)) @ sFFHM) (14 (=1)) (—1) ey Ly
kAt mEZ

D (T e - e T (O L O § L P
kmeZ
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= Z ([en—1: lensrs [en1, en] 1T @ SHHMT 4 (€] [[el 41, [en_1, ep]]) shHErmdsa)
k.l m,qEZL

(14 (- 1>‘f)(—1>mz4‘ Ty g

+ Z n+17 n—i—la [e/n—lv eln]/]/], ® 5k+£+m+q + (6;1+1|[6;7,+1’ [6;1—15 6%]/],)/8k+£+md8q)
klm,qEZL

+ Z n 17 n 17[ n+17 n] H ®Sk+€+m+q+( 71|[64L71’ [e/n+1ae;1]/]/)lsk+£+md8q) ((_1)k+
k,m,qeZ

( 1)k+€) —q—1 gm 125k 12;5 1

+ Z n+17 €1, € Cnt1,€ ;z]/]l]/®sk+€+m+q+(eiwrll[e;hla [€;1+1, 621],]/)/3k+e+md5q) ((_1)k+
k,m,qEZ

(1R (1)aay 9oyl gkttt
As before, all bilinear forms involved are 0. Each bracket is either in the (Ag,—1),/ of i tal42al,
or the (A2n-1)2a! | +aj+ar,,, T0Ot space, both of which are 0 spaces since oy + oy, + 20,
and 2a;,_; + oy, + o, are not roots. Therefore, this entire calculation is:
=0
= 1 (ad X (ap, 24)ad X7 (0, 23)ad X 7 (0, 22) X7 (v, 21)).

Lastly, we repeat the calculation for —a,, —au,.

[ (X (=0, 22)), E(X(—am,zl))]

:[Z(fn 1985+ fr (=) ") (fhes' + fre (=)
keZ LET

= (i £ @ s (fr a1 £7) shdsF) (1+ (1)) 2 ¥ ey
kAEZ

+ 3 (Fns FY @ 85 4 (Flal 1) s8dsF) (D)F 4+ (=) 257 o
ke
We have (f,,_11f)" = 0= (frpalfi)'s [foo1s ful' € (A2n—1) o/ —or» and
[fag1: 2 € (A2n—1)—ar,—ar - Bach of —aj,_y — o, and —aj, — o], are elements of A by [K]
§6.7. Hence these brackets are nonzero and the calculation becomes:
= (il @)1+ (1) )n "ty

kLeZ

+ Z n+17 k:JrE) (( 1)k + (_1)k+€)z2—k—1z1—€—1.
kbEZ
We now must apply X (—ap,23) = ez (foo1 @ 8™+ fi1 @ (—8)™)z3™ ! on the left.

[Z (fro1 @™+ fri1 @ (=8)™) 25 ™,

meZ

> (famn il @™ (14 (=) 2"

k,leZ
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+ Z n+1’ k‘+£) (( 1)k‘ 4 (_1)k+£)22—k—121—f—1 .
k€7

= > (Unev Ui BVY@E e (f s £ ™) (14 (=1) ) 25 ™ g B!
k,l,meZ

+ Z n+17 foot: frl1® shHerm (ﬂzﬂ‘[frll—la fé],)/skj%dsm) (1 + (_1)6)(_1)7”

k,{,m€eZ
—-m— 1 k—l —Z—l

<3
+ Z fn 1 fn+17 fn] ] k+£+m + (fT/L71|[fT/L+17 fT/L]/)ISk+6d8m) ((_1)k + (_1)k+4)
Zkrfzmlei k—lzl—ﬁ—l

+ D (Ungns Unans L)1 @ 8" 1 (Fr g, £2)) $54ds™) (18 + (1)) (=)™

kmeZ
g mlykel el
All bilinear forms involved are 0. The bracket [f,_i,[f} _1, fh]'] € (A2n—1) but
—2a!,_; —al, ¢ A by [K] §6.7, so this bracket is 0. By a similar argument, [f/, . [f, ., f,]'] = 0.

However, the brackets [f/ . ,[f _1, f']]' and S, 1] are each in the
n+1 n—1"Jn n 1 n+1rJn

—2a),_ —od>»

: / / / A
(A%*l)*a;_l*%*azﬂ root space, and this is nonzero since —a;, | —ay, —a;, | € A. Therefore,

the calculation simplifies to:

= Z (s s T @ ™) (1 (= 1)) (=)™ 25 ™y * !

kAl mEZ

+ Z n L n+17f/] ]/ ® Sk+€+m)((_1)k + (_1)k+€)23—m—122—k—121—€—1‘
k4 meZ

We now apply X (—ap, 24) =3,z (fli @81+ fl® (—s)q)z;qfl on the left.
[Z (fror @87+ fla ® (=5)%) 217,

qEZ

- Z (Ufhts Uners £21) @ sPFE™Y (1 4 (1)) (= 1) ™2y ™ ey F e !

kAl mEZ

+ Z fn 1 fn+17 fn] ] k+€+m) ((_1)k + (_1)k+8)237m71227k71217871

kAt meZ

- Z ([f?ll—]J [f7/1+17 [f;L—lvf;L]l]/]/ ® Sk+é+m+q + ( n—1 [ n+1> [f’r/L 17f H )Sk+é+md3q)( +

k,m,q€Z
(_1)£)(_1)m24q 123m 122—]6 121—3 1

+ Z (s Uners s BT @ 8" (1 s [Frmns Fa))) s mdst)

k
.(1 4 (_1)6)(_1)m+qz—q—123—m—1 —k—1 —E—l
+ Z ([fn lv[fn 17[fn+15fn“] k+€+m+q+(fn 1|[fn 1’[fn+17fn]] ),W)((_l)k+

—g—1 —m—-1 —k—1_ —p—
(_1)k+€)z4q ng lz2k lzlf 1
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+ D (UFasn e s RV @ T (f s s L)) P mdst) (1) +
k.4 m,qEZL

(_1)k+€) (_1>qz4—q—1z3—m—lz2—k—lzl—€—1.

As before, all bilinear forms involved are 0. Each bracket is either in the (A2,—1) o/ —ar 247 .
or the (A2n—1) 247, ~as,~ay,,, 10Ot space, both of which are 0 spaces since —aj,_; —aj, —20a;, 4
and —2a), | — o,
=0

= 1 (ad X7 (—ap, 24)ad X7 (— 0y, 23)ad X 7 (— 0y, 22) X7 (—m, 21)).

Therefore, since 1) preserves the bracket in all of the defining relations for ¢, we have shown

— ), are not roots. Therefore, this entire calculation is:

that 1 is a homomorphism. This also proves in particular that T = w1 is a homomorphism.
Proof of (3): Lastly, we must show that (¢,7) satisfies the universal property. Let (V,~)

be any central extension of L(Ag,_1,0). Recall the notation for the relevant homomorphisms:

y
.
A
72, L(Agy—1,0)
¥ -
T
t

Figure 3.2 Commutative diagram for the MRY presentation (duplicate)

We must show that YAy = 7.

As remarked earlier, the definitions of the maps on the generators of ¢ make it clear that
@y = 7. Also, since V is a central extension, and (7,w) is the uce of L(As, 1,0), then by
definition Y\ = @. Therefore, T = WY = yA¢ and the universal property thus holds.

This completes the proof of the theorem. H
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Chapter 4
Fermionic Representation

In [FF], Feingold and Frenkel introduced an interesting representation of affine Lie algebras,
both untwisted and twisted, using free fields. In the affine case, it has an advantage over the
adjoint representation (using the realization as the central extension of a loop algebra) because
the latter is not faithful since the center acts trivially. In the so-called FF representation,
the center acts nontrivially, and so it is faithful. In the toroidal case, however, because there
are inifinitely many linearly independent central elements instead of just a one-dimensional
central extension, we cannot prove faithfulness so easily. We do not claim that the following
representation is faithful.

Two classes of these FF representations exist: fermionic and bosonic. In [JM], Jing and
Misra use similar techniques as in [FF] to give a fermionic representation of untwisted toroidal
Lie algebras (more about constructions of such operators, free fields, and their use in the theory
of vertex algebras can be found throughout [K2]). The goal of this section is to use similar
techniques, and the MRY presentation above, to give a fermionic representation of the twisted

toroidal Lie algebra of type Ao, _1.

4.1 Free Field Notation

Let
{eili=0,1,...,n+ 1}
be a basis for C"*2 as a vector space. Define an inner product (-|-) by the condition:
(eilej) = dij-

The {e;} basis is thus orthonormal with respect to the inner product (+|-). Let also
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= %(50 +icpy1) and B = —¢+ ¢

where i is the complex number such that i2 = —1.

Similarly, define elements {e7,c* = %(88 +ich ), 0% =—c"+¢7]j=0,1,...,n+ 1} such
that {e} is a basis for another copy of C"™2 as a vector space. Let (-|-) be a bilinear form
among these elements defined by (gf[e}) = d;; (the form uses the same notation as that among
the {e;} elements).

Form the C-vector spaces P with basis {g;,¢|i = 1,...,n}, and P* with basis {e],c*|i =
1,...,n}.

Definition 20. Define the space C := P & P*.

Remark. This decomposition of C is a polarization into maximal isotropic subspaces with respect

to the symmetric bilinear form (-, -) defined by:
(a,b) = (a*,b*) = 0 and (a*,b) = (a,b*) = (a|b) for a,b € P.

Example 21. We record here some significant computations involving (-, -) among elements of

C.

Introduce an infinite dimensional Clifford algebra CI(P), an associative, unital algebra gen-
erated by an element K and the set {a(k)|a € C,k € Z + %} and subject to the relations that

¥ commutes with everything and:

{a(k),b(1)} = (a,b)ok,—1k;
where {a(k),b(l)} := a(k)b(l) + b()a(k) and a,b € C,k,l € Z + 5.
Definition 22. The representation space (or Fock space) is:

V=R | & Cla-k] @ Claj(-k)

ai€P \ ke(Z+1)s0 kE(Z+3)>0

58



Ph.D. Dissertation Chad Mangum

The action of CI(P) on V, written by juxtaposition, is described here. V is a simple CI(P)-
module with a distinguished vacuum vector 1 € V. For a € C,k € (Z+ %)>0 and any polynomial
v € V, a(—k) acts by left multiplication (as in a(—k)v) and a(k) acts like ﬁ(v) Notice in
particular that a(k)1 = 0. Hence, a(k) is called an annihilation operator and a(—k) is a creation
operator. Also, ¥ acts as the identity.

For any u € C, we define a generating function or free field operator with a formal variable
z using components and half-integers: u(z) = Z u(k)z_k_%. A generating function acts on

kEZ+%
v €V by u(z) v= Z (u(k) - ’U)Z_k_%. Hence the variable z acts only as a “bookkeeping”
kezZ+1
device and does not affect the action on V.

Definition 23. The normal ordering of a quadratic expression :u(z)v(w): is

defined on its components by:

u(m)v(n),  if m <0

—v(n)u(m), if m > 0;

so that :u(z)v(w):= Z cu(m)v(n): T3y D,

m,nEZwL%
Remark. Notice that m # 0 since m € Z + %

Remark. The purpose of normal ordering is to put annihilation operators on the right to make
the operators well-defined. The “unordered” operators could make an infinite (not well-defined)

sequence since annihilation operators only necessarily kill the vacuum vector.
Remark. Since :u(z)v(w):= — :v(w)u(z):, these fields are indeed fermionic fields.

As before, the presence of §(z £ w) allows us to replace z with Fw in these generating
functions; in particular, neither using half-integers in generating functions nor having multiple

variables in a generating function disrupt this helpful property. We present it again here as a

separate lemma since there are some differences in the proof.
Lemma 24. Foru € C, and z,w formal variables, :u(z)v(w): é(z+w) =:u(Fw)v(w): é(z+w).

Proof: Note that :u(z)v(w): d(z+w) = Z ;u(m)v(n): MRy z:(:Fw)ez_f_1
m,nEL+ 3 LET
= Z :u(m)v(n): z_m_g_%wg_”_%($1)£.
mmGZ-i—%,EEZ

Letting m' = m + £ + %, ¢ = m,n’ = n makes this last summation equal to:
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Z cu(f)o(n'): Zﬁm/*lw(mlfélfé)*”'*%(:Fl)m/*gl*% since { = m/ — 0 — % Thus, this
O/ €L41m/EL
is equal to:
= Z Zu([l)v(n'): Z*mlflwm’fé’—n’fl(:Fl)mlff/fé

O/ €L+Lm/EL
= 3 @) w N F) T Y (Fw) e
O EL+: m/eZ
= Z cu(f)v(n'): ($w)_£/_%w_"/_% Z (Fw)™ 27! = u(Fw)v(w): 6(z + w). B
RAS m'€Z
We can extend the definition of normal ordering to more than 2 fields inductively. For

Ui, U, U3, - . ., Um € C and 21, 29, 23, . . ., z;y, formal variables,

sup(21)u2(22) -+ U (2m) =11 (21) (1u2(22) -+ wm(zm) 1 ) :

1(21) (rug(22) (tus(z3) - wm(zm): ) )

and so on until the innermost parentheses contain only 2 fields. We also make the following

notational definitions.
Definition 25. Define the contraction of two fields by

u(£2)v(w) = u(E£2)v(fw)— u(£2)v(+w):.

N——
Definition 26. For z1,...,x,, € C, define:

:xl...l’i...a’/‘j...xm::Sgn(¢)xlx]~ :xln..x/i...l‘j...wm:

—— ~~

where z; indicates that the index i is missing from the list, and sgn(¢) is the sign of the

12 3 - m
permutation ¢ = [ . . , discussed in Chapter 5 of [Gal].
Z ] 1 ... Z .. ] e m
Wick’s Theorem is crucial to our calculations. The following proposition and corollary are

[FF] Theorem 5 and Corollary 6, respectively, and so are stated here without proof.
Proposition 27. Wick’s Theorem for fermions. For x1,...,%m,y1,...,Yp € C, we have:

1.2y Ty =121 Tyt + ) X1 Tje - Xj - Ty o, Where the sum is taken over all com-
——

binations of sets of contractions (up to %5 contractions if m is even, or mTfl contractions

if m is odd).

2‘ (:xl...xm:)(:yl...yp:) ::l’l...mmyl...yp: _|_Z :ml...xi...xmyl...yj...yp:} where

the sum is taken over all combinations of sets of contractions of some x;’s with some y; ’s.
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Equivalently, (:x1 -+ Tm:) (Y1 Yp:)

min(m,p)
= > > SGU(P) TinYjy -+ TigYj, T XL TmYL Yp iy i ge) WheETE
s=0 1< <ig,j1#FE]s — —
the subscript (i1,--- ,is,j1, -+ ,js) means that the elements xi,,..., i, Yj,...,Yj, are
removed. |

Corollary 28. :2q---2,,:= (—1)V STy(1) " Tg(m) 1 where N is the number of transpositions

of fermions in a decomposition of ¢. W

Corollary 29. For uj,uz,us,us € C and z,w formal variables, :uy(£2)uz(£2)ug(tw)us(Lw):
=:ug(Fw)ug(fw)ug (£2)uz(£2):.

1 2 3 4
- 2) can be decomposed as (13)(24), so by the

previous corollary, :ujususuy := (—1)2 TUULU2UT :=: U3U4U U2 - Thus,

cug (£2)ug(E2)ug(Fw)ug(Lw): = Z U UUSUY : (:I:z)_k_%(:tw)_g_% = Z S UULU U :
keZ+3 kleZ+1

(:l:z)_k_%(:lzw)_g_% =1ug(£2)us(£2)ur (fw)uz(fw):, as desired. B

Proof: The permutation ¢ = (

Proposition 30. a(+z)b(w) = ;4 égiﬂ fora,beC.
—_——

Proof: By definition we have a(£2)b(+w) = a(£2)b(fw)— :a(£2)b(w):=
D0 alkpb)(E) ()T = YT a(k)b(D): ()72 ()T

K€L+ klez+1

= > ap)(E) T EEw) T - ST a(k)b() () () e
kIEL+5 ke(Z+3) <ol€Z+ L

+ > b(Da(k)(£z) 2 (xw) 2
k€ (Z+73)>0,l€2+5

= Y alpOE) ) T ST b(Dalk)(E2) F R (dw)
kE(Z+5)>0,l€2+3 he(Z4D) oo leZ 4L

= > (a(k)b(1) + b(1)a(k)) (+2) 2 (xw) 12
kE(Z+5)>0,l€2+3

= > {a(k), b(1) }(22)F 3 (xw) 12
kE(Z+3)>0,l€2+ 3

(@, D)6 _ K (2) 72 () "2

(]

ke(Z+1)>0,l€Z+1

B Z <a7b>%(iz)_k_%(:|:w)k—%

ke(Z+1)>0
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(a, bYf(2) (a, b)K

This sum is a geometric series, and is equal to: sz@ = lyw T Since ¥ acts
as the identity, as an operator this is equal to ¢, 4, jéa:?w as desired. B

Remark. 4.1 As operators on V, we choose € so that :a(z)é(z):= 0 and :a(z)c*(z) := 0 where
a € C. Hence, in particular, :a(2)f(z):=:a(z)e1(z): and :a(z)5*(z):=:a(z)e}(z):.
The Lie algebra of operators in Cl(P) is formed by endowing CIl(P) with the commutator

bracket. That is, the bracket among generating functions of operators is, by definition

[[a1(2)b1(2):, rag(w)ba(w):] =:a1(2)b1(2) az(w)ba(w): — raz(w)ba(w)::a1(2)b1(z):.

Proposition 31. For ai, by, a92,bs € C and formal variables z,w, we have

1. [a1(2)bi(2):; :az(w)ba(w) ]

= (a1, b2) : bl( Jag(w): 6(z — w) — (a1, az) :b1(w)ba(w): §(z — w)
+(b1,a2) :a1(w)ba(w): 0(z — w) — (b1, b2) :a1(w)az(w): d(z —w)

+({a1,b2) (b1, az) — (a1, a2)(b1,b2))0wd(z — w).

2. [rar(=2)b1(2):, zag(w)ba(w):]
= —(a1,b2) :b ( w)az(w): §(z +w) + (a1, az) :b1(—w)ba(w): 4(z + w)
+(b1, az) zar(—w)bz(w): 6(z — w) — (b1, bz) :a1(—w)az(w): 6(z — w)

—((a1,b2) (b1, az) — (a1, a2) (b1, b)) ((ziw) ’ (Z;lw) + (wj—z) ' (wl—z)>

w

3. [ra1(2)b1(—2):, :a2(w)be(w):]
= (a1, b2) :b1(—w)az(w): §(z — w) — (a1, az) :b1(—w)ba(w): 6(z — w)
— (b1, a2) :a1(—w)ba(w): 6(z + w) + (b1, ba) :a1(—w)az(w): 6(z + w)

(
_(<a1,b2><b1,a2> <CL1 a2><b1,b2>) ((z—lw) . (Zj—w) + (’wl—z) . (wiz))

4. [ra1(2)b1(2):, :aa(—w)ba(w):]
= (a1, be) :b1(w)az(—w): §(z — w) — (a1, a2) :b1(—w)ba(w): 6(z + w)
+(b1,a2) :a1(—w)ba(w): §(z + w) — (b1, ba) :a1(w)az(—w): 6(z — w)
)

+({a1, b2) (b1, az) — (a1, a2) (b1, b)) ((z—lw) ' (z—ll—w) + (wl—Z) ‘ (wj—z))

5. [ra1(2)bi1(2):, raz(w)ba(—w) ]
= (a1, b2) :b1(—w)az(w): §(z +w) — (a1, a2) :b1(w)be(—w): 6(z — w)
+(b1, a2) :a1(w)ba(—w): 6(z — w) — (b1, b2) :a1(—w)az(w): 6(z + w)
)

+(<a1,b2)<b1,a2> — {ax, a2 <b1’b2>) ((ziw) ' (z—lw) + (wj—z) ' (w1—2)>
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6. [ 1(=2)b1(=2):, s az(w)ba(w) ]
—(a1,b2) :br(w)az(w): 0(z + w) + (a1, az) :br(w)b2(w): 6(z + w)
<b1 az) :a1(w)ba(w): 0(z + w) + (b1, b2) :a1(w)az(w): §(z + w)
—({a1, b2) (b1, az) — (a1, az)(br, b2)) 0o (2 + w).

7. [ar(=2)b1(2):,: ag(—w)ba(w):]
= —(ay,be) :b1(—w)az(—w): §(z + w) + (a1, az2) :b1(w)ba(w): 6(z — w)
+(b1,a2) :a1(w)be(w): 0(z + w) — (b1, b2) :a1(—w)az(—w): 6(z — w)
+(<(11, b2)<b1,a2>)6w5(z + w) + (<a1, a2><b1, b2>)8w5(2’ - w).

8. [:ar(=2)b1(2):, :ag(w)ba(—w):]

= —(ay,be) :b1(w)az(w): §(z — w) + (a1, az) :b1(—w)ba(—w): d(z + w)
+(b1,a2) :a1(—w)ba(— w) (z —w) — (b1,be) :a1(w)az(w): §(z + w)
(<a1,b2 bl,ag )8w5 (<a1,a2><b1,b2>)6w5(2—|—w).

9. [ra1(2)b1(—2):, :az(—w)ba(w):]
= (a1,ba) :b1(—w)az(—w): 6(z — w) — (a1, az) :b1(w)ba(w): 6(z + w)
—(b1,a2) :a1(w)be(w): 6(z —w) + (b1, b2) :a1(—w)az(—w): §(z + w)
—((al, ba) (b1, a2>)6w5(z —w) — (<a1, az) (b1, b2>)8w6(z + w).

10. [:a1(2)b1(—2):, :a2(w)ba(—w):]
= (a1, b2) :b1(w)az(w): §(z +w) — (a1, az) :b1(—w)ba(—w): 6(z — w)
—(by,a2) 1a1(—w)ba(—w): §(z + w) + (b1, b2) :a1(w)az(w): 6(z —w)
+({a1,b2) (b1, a2)) 00 (z + w) + ({a1, a2) (b1, b2)) 0wd(z — w).

11. [ra1(2)b1(2) 1, ra2(—w)ba(—w):]
= (a1, b2) :b1(—w)az(—w): §(z + w) — (a1, az) :b1(—w)ba(—w): (z + w)
+(b1,a2) :a1(—w)ba(—w): §(z + w) — (b1, b2) :a1(—w)as(—w): 0(z + w)
+((a1, az) (b1, ba) — (a1, b2) (b1, a2))Ouwd(z + w).

12. [ 1(=2)b1(=2) 1, rag(—w)ba(w) ]
—(a1,b2) :b1(w)ag(—w): 6(z + w) + (a1, az) :b1(—w)ba(w):
<b1 az) ra1(—w)ba(w): 0(z — w) + (b1, ba) ra1(w)az(—w):

+({a1, bo) by, a2) = (a1, az) (b1, bo)) ((z—il-w) ' (z—lw) * (wiz) ' (wl—z)>

I

> =~
—~
I\
+/-\
S
~—

13. [ra1(—2)bi(—2):, raz(w)ba(—w):]
= —(a1,b2) :b1(—w)ag(w): 6(z — w) + (a1, a2) :b1(w)ba(—w): §(z + w)
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—(by,a2) 1a1(w)ba(—w): §(z + w) + (b1, be) :a1(—w)az(w): 6(z — w)

+(<a1,b2)<bl,ag> — (al,a2><bl,b2>) <(z—1w) . (z—{l—w) + (’wl—z) . (wiz))
14. [rar(=2)b1(2): :ag(—w)ba(—w)]

)
= —(a1,b2) :by(w)az(—w): 6(z — w) + (a1, az) :b1(w)ba(—w): d(z — w)
+(b1,az2) :a1(w)ba(—w): 6(z +w) — (b1, b2) :a1(w)az(—w): d6(z + w)

—({a1,b2) (b1, az) — (a1, az) (b1, b2)) ((Z_lw) ‘ (ziw) + (wl_z) ' (wiz))

15. [ra1(2)b1(—2):, 1aa(—w)ba(—w):]
= (a1, b2) :b1(w)az(—w): §(z + w) — (a1, a2) :by1(w)ba(—w): 6(z + w)
—(b1,a2) ra1(w)be(—w): 6(z —w) + (b1, b2) :a1(w)az(—w): 6(z — w)
)

(
(b)) — (an0a)0000) (o i o o)

16. [ra1(—2)b1(—2):, 1ag(—w)ba(—w) ]
= —(ay,be) :b1(—w)az(—w): §(z — w) + (a1, a2) :b1(—w)ba(—w): 0(z — w)
—(b1,ag) ra1(—w)ba(—w): 6(z — w) + (b1, be) :a1(—w)az(—w): 6(z — w)
+((a1, b2) (b1, az) — (a1, az)(b1,b2))Ouwd(z — w).

Proof: We will begin by dealing with all cases at once. Using Propositions 27 (the Wick
Theorem for fermions) and 30, we have
ra1(E2)by(£2) mag(fw)be(fw) :=1a1(£2)b1 (£2)az(Lw)by(fw):
+ a1 (£2)ba(Fw) :bi(£2)az(tw): —a1(£2)az(Fw) :b1(E£2)ba(tw):
+b1(£2)ag(Fw) a1 (£2)ba(fw): —bi(£2)ba(Fw) :a1(E£2)az(tw):
+ a1 (£2)ba(Fw) by (£2)az(tw) — aq(£2)az(£w) by (+2)be(+w)
)

=:a1(£2)b1(£2)az(+w)ba(Fw):
+izaw ii:’gjif b1 (E£2)ag(Fw): —izw <:ilz’ ;?Zf/ b1 (£2)ba(Fw)
Fiyw <:l:z’ 12%/ a1 (£2)ba(Fw): —tz 4 <iblz’ ;):Q?f ay (£2)az(+w)

w
, <a1752>ﬁb (b1, ag)k , <a1,a2>]5L (b1, b2)K
s xw Ytz Fw s xzw YtzFw’
Recall from Corollary 28 that the sign of each term is (—1)

N where N is the number of

transpositions of fermions.

Similarly, :as(Fw)be(Fw) a1 (£2)b1(£2) :=:a2(fw)ba(Fw)a (£2)bi(£2):

+ ag(tw)by (£2) :be(Fw)ai(£2): —ag(fw)ar(£2) :ba(Fw)by(£2):
—— ——

+by(Fw)a (£2) raz(Fw)by(£2): — bo(fw)by (£2) :as(fw)ai(£2):
— —
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+ az(Fw)by (£2) ba(fw)ai (£2z) — az(fw)ai(£2z) be(Fw)by (£2).
=:ag(tw)be(+w)ay (£2)b1(£2):

(ag, bi)kK

(ag, a1)k

+iw,z wT s tho(fw)ar(£2): —tw,» o bo(Fw)by (£2):
b ba, b
—|—sz< 2, 01 cag(Fw)by(£2): —sz< 2, b1k cag(Fw)ar(£2):
T HtwF 2 T tw F 2
" (ag, b)k  (bg,a)k  (ag,a)k (ba,b1)K

ThtwFz T twFz

Fz PrwFz’

Thus, compute the difference of these two halves, as prescribed by the commutator bracket as
follows.

ra1(E2)by(£2) mag(Fw)be(Fw): — tag(Fw)be(£w) ag(F2)by (£2):
=:a1(£2)b1(£2)az(Fw)ba(Lw):

+Lz,w<fz’f!j>f tby (+2)ag(Fw): —Lz,wﬁ;’% by (F2)by(Fw):
LZ’MM ta1(£2)ba(fw): —ts 0 ilz’f?k/ rar(£z)ag(Fw):
- <a1’b2>%a (b1, a2k _ <a1,a2>]€/L (b1, ba)K
rrrw Ytz Fw Ytrrw Y trFw
— rag(fw)ba(fw)ay (£2)b1(£2):
—Lw,zm by (Ew)ay (£2) 1 +iws ﬁz}?f by (Ew) by (£:2)
—Lw,zw tag(Fw)bi (£2): +iy,z <ib3;2>f az(fw)ai(£2)
(ag, bi)k  (ba,a1)k . <a2,a1>]5L (ba, b1)K

Thwz twFz P rwTFz

=:a1(£2)b1(£2)az(fw)be(Fw): — :as(fw)be(Fw)aq (£2)b1(£2):

rwrz T tw Tz

b b
—i—LZ’wM by (£2)ag(w): —Lw’zm tag(Fw)by (£2):
—lzw far, az)k b1 (£2)ba(w): —Hw,zw tbo(£w)by(£2):
Tz Fw TwF 2z
+LZ7”M rap(E2)ba(2w): —Lw7z<ii;l;1:>i{ tbo(Fw)aq (£2):
e PP (et b P g ()
, (a1, ba)k (b1, a2)k B (ag, b))k (ba,a1)k
hrrw Y trFw “rwrz T tw Tz
(ar,a2)k (b1, bo)k (ag,a1)k  (ba,b1)K

lzw lzw
+zFw +zFw

Using Corollary 29, the quartic terms cancel. Also, by the symmetry of (-, -) and Corollary 28,

lw,z bw,z .
+w F 2 +w F z

we have bV boVK
_ LM}M by (£2)az(£w): +szm by (£2)as(£w):
oK (o
ap, a2 ai, a
—lyp———— b1 (£2)bo(Fw): —tyy ——— b1 (F£2)bo(Fw):
b2, +zFw 1( Z) 2( w) hw, +Tw F z 1< Z) 2( w)
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+Lz,wm a1 (£2)be(w): +Lw,zM sy (£2)by(£w):
z,wm Z&l(iz)ag(ﬂ:w)t —vazw :al(:l:Z)(IQ(:tw):

¥ F 2
(a1, bo)k (b1, a9)k (a1, b2)K (b1, a2)kK

+Lz,w Lz,w - Lw,z Lw,z
+zFw +zFw tw F 2z +w F z
<a1,a2>/€/L (b1, bo)K , <a1,a2>]5L (b1, bo)K
Y4rxw YtzTw rwrz T rw Tz

1
= b Z,W w,z b1 (£ + :
(a1, 2>/<J/<L, iszerL S — 1(£2)az(+w)
1 1
- Z,W w,z . + + :
<a1,a2>/€/<b, j:ziw—i_b , iw;z) b1 (£2)be(+w)

1 1
+(b1, ag)K (Lz,w N + b,z ToT z) ra1(£2)ba(2w):

— (b1, ba)K <Lz,w iz1¢ —+tws iw1¢ Z) a1 (£2)as(+£w):
+((ar, ba) (b, az)?) <w T S S X )

(£zFw) 7Y (+zFw) fw,z (fwF z) fwyz (fw F 2)

1 1 1 1
— by. bo VK2 . — - . - ).
(<a17 a2>< 1, 2> ) <LZ,1U (:I:z :F w) LZ,UJ (:l:z q: w) LUJ,Z (:l:w :F Z) L'UJ,Z (:I:w :F Z))
For the last two lines, notice that we cannot write 0

1 1 1
To=w)? 1T (Iorwy (@) Pecause the two
factors have variables which come from different generating functions, and hence their signs may

be different from each other. Also, since ¥ acts as the identity, those factors can be removed
without changing the operators, so we have:

1 1
= (a1, ba) <Lz v Fw + tw zj:> b1 (£2)az(fw):

1
zwi bw,z :l: +

—(a1, az) (L izch iw ) 2)ba(tw):
s J——— L (£2)ba(

(br, az) <L :i:ZZFw :I:w:Fz> 2)ba(Hw):
— (b1, b2) (Lo 1(F2)az(+

1,02 (L e :FU} :l:w:FZ> ZCLQ w)
+((a1,b2) (b1, a2)) (¢ ' - K :

1 P2/, &2 Zw(ﬂ:z¢w) (j:ziFw) w’z(iquz) P (+w T 2)

—((al,a2><b1,b2>) Lzw ! clzw ! —lw,z ! lw,z ! .
Ttz Fw) T (2 Fw) (FwFz) T (Fw F 2)
At this point, we can deduce each of the 16 cases stated in the proposition by choosing signs for

each of the variables. We make use of the definitions of the various delta functions in Definition
16 and Lemma 24, and we continue the calculation above in each of the 16 cases. We proceed
by using the same numbering of the cases as in the statement of the proposition.

To ease the notation, we will drop the leading ¢, ,, and ¢, . for the remainder of the proof.
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1. = (a1, bo) < ! ! >:b1(z)a2(w):
(a1, s ( L ) b (2)ba(w)

o, a2<
{

— \
[—

b1 bg 1(2)(12(10)

1 1
al?bz) b, az) ( (wl_Z) . (w1—2)>
(a1, 02){01,2)) ( ) 5)

= (a1,b2) :b1(2)az(w): 5( ) (al az) 1b1(2)b2(w ) ( —w)
+(b1,a2) :a ( )52(w) 6(z —w) — (b1, b2) ra1(2)az(w): 6(z — w)

+(<a1, ba) (b1, as) — (a1, as) (b1, bg))8w5(z —w)
= (a1, b2) :b1(w)az(w): §(z — w) — (a1, a2) :b1(w)ba(w): 6(z — w)
+(b1,a2) :a1(w)ba(w): 6(z — w) — (b1, b2) :a1(w)az(w): 6(z —w)
+(<a1, ba) (b1, az) — (a1, a2) (b1, bg))@wé(z —w).
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1 1 1 1
—({a1, az) (b1, ba)) T (z+w) (z—w) (wtz) (UJ—Z)>
= —(a1,b2) :b1(2)az(w): 6(z + w)
+(a1, az) :b1(2)ba(w): 6(z +w)
+(b1, a2) :a1(—=2)b2(w): 6(z — w)
— (b1, b2) ra1(—2)az(w): 6(z — w)
+({a1, ag) (b1, b2) — (a1, bz) (b1, a2)) <( iw) (z _1 w) (wj—z) (w— z))
= —(a1, by) by (—w)az(w): 5z + w)
+(ar, az) :bi(—w)bz(w): 6(z +w)
(b1, az) sar (—w)bz(w): 6(z — w)
— (b1, b2) 1a1(—w)az(w): 6(z — w)
—(<al,b2><bl az) — (a1, a2) (b b2>) ((z i w) (2 _1 w)  (w i z) (w— z))'
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—(by,a2) :a1(2)b2(w): 6(z + w)
+(b1,b2) :a1(2)az(w): 6(z +w)

+(<a1,a2><b1,b2> _ <a1,bQ><b1,a2>) ( 1 ) 1 " 1 ‘ 1 )
2

(z—w) (z4+w) (w—2) (w+2)

—(a1,a2) :by(—w)ba(w): §(z — w)

— (b1, az) :a1(—w)bz(w): 0(z + w)

+(b1,b2) a1 (—w)az(w): 0(z + w) . ) ) 1
~({ar,ba)br, a2) — (a1, a2) (b1, ba)) ((z —w) (24 w) N (w—2) (w+ z))

—(a1, az) (ZJ{M - w;LZ> 1b1(2)b2(w)
- ) )

(z +w) . (z —w)
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—{ay,a2) :b1(—w)bo(w): 6(z + w)

+(b1,a2) :a1(—w)ba(w): §(z + w)

—<b1 bg> :al(w)ag(—w): (5(2’ - U)) ) 1 1 1

+({a1, b2) (b1, az) — (a1, az) (b1, b2)) ((z —w) (z+w) + (w — 2) (w—l—z))'
5. = (a1, be) (ziw + _wl_ Z) :b1(2)az(w)

_<a1 (12> <Z i w + w i Z> :bl(z)bg(—w)

(b1, as) (z ! — 4= L Z> +a1(2)b(—w)

—(by, ba) <z—il—w + _wl_ Z) ra1(z)az(w)

1 1 1 1
({01, b2) (b1, 02)) ((z T0) Gow)  (Cw—2) (W= z))

+<bl a2> < w0 + w_2> :al(z)bg(—w)

—(by, ba) <ziw - wi—z) ca1(2)az(w)

+({ar, ba) (b1, a2) <(ziw) (= 1w) (w}l—z) (wl—z)>
~({a1, a2) (b, b2) (( 1w).(z—i{w) (wl—z) (wiz))
= (a1,b2) :b1(2)az(w): §(z + w)

—(ay,a2) :b1(2)b2(—w): 6(z — w)

(a1, a2) :by(w)ba(—w): 6(z — w)
+(b1,a2) :a1(w)by(—w): d(z —w)
— (b1, b2) :a1(—w)az(w): 6(z + w)
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b an) — o) 00,0) (s i s e )

6. = (a1, bo) (_Zl_w + w1+2> by (—2)ag(w):
(

! + L ):bl(—z)bg(w):

1 1
) (<o oy ) 2w
1 1

1 1
_|_
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—<a1,b2) .bl(z)ag(—w): iz +w)

ay,az) :b1(z)ba2(w): §(z — w)

b1, a2) 1a1(—2)be

bi,b2) :a1(—2)asg

al,b2><b1,a2>)6w5(

a1, az) (b1, b2)) 0w (

—{a1,b2) :b1(—w)az(—w): §(z + w)
2) b1 (w)ba(w):

(b1, az) 1(w)ba(w)

— (b1, b2) a1 (—w)az(—w): 6(z — w)

+ (a1, b2) (b1, a2)) 90 (2 + w)

(a1 az) (b1, bg>) w0 (z —w).

+ + |

++||++
SEITSSE
Q

8. = (al,bg> <—Z1+U} + _w1+z> :bl(z)ag(w)
_<a1,CL2> —Zl—’w +w_1|_z) bl(z)bQ(—w)
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(b1, b) (Ziw _wl_ z) a1 (—2)as(w)
+({a1, b2) (b1, az)) <( ::—w) (Z_lw) N (—w1+ 2)
_(<a1 a2><b1,b2>) <(zlw) (ziw) (wiz)

1 1
_(<a1,a2><b1,b2>) <_ (z +w)? + (w—i-Z)?)
—(a1,b2) :b1(2)az(w): 6(z — w)
Yoo (—w): (2 + w)
)b

( ) (z —w)

+<a1,a ) 1b1(z
+(b1, az) :a1(—

—(b1,b2) 1a1(—2)ay
—((a1, b2) (b1, CL2>
—({a1, az) (b1, ba)
= —(a1, b2) ’w)
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“GrwpR (w2

10. = {ay, bs) (

1 (by, az) (_ —+ wig) a1 (2)ba(~w)

) (= + oy ) e
Henone) (o = ~ Gy )
() b)) <( 1 11 1 )
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11. =

—(ay,a2) :b1(—w)ba(—w): §(z — w)
—(b1,a9) :a1(—w)ba(—w): (2 + w)
+(b1,b2) :a1(w)az(w): 6(z — w)

+(<a1 bg)(bl,a2>)6w5(z —|—w)
+(<a1,a2><b1,b2>)3w5 z — U])

— (a1, b) (Ziw F— > :b1(2)az(—w)
_<a1,a2> <Z—il-w _wl_ ) :bl(z)bg(—w)
+(b1, as) <ziw —wl—z> a1 (2)ba(—w)
_<b1,b2>< iw _wl_ Z) ra1(2)az(—w)

1 1

= (a1,b2) 24w w4tz bi(z)as(-w)
1 1

—(a1,az)
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12.

1 1

(b, by) <Z i z) ca1(2)as(—w):

+(<a17b2><b17a2>) <(Z _|_1fw)2 B (w‘il‘z)2>
—({a1, az) (b1, b)) < SR >

(z+w)?2  (w+2)?
= (a1, b2) :b1(2)az(—w): 6(z + w)
—(a1,az2) :b1(2)ba(—w): 0(z + w)
+(b1,a2) :a1(2)ba(—w): §(z + w)
—(b1,b2) :a1(2)az(—w): 6(z + w)
+(<a1,a2><b1,b2> — <a1,b2 <b1,a2))6w5(z + w)
(a1,be) :b1(—w)az(—w): d(z + w)

S|

Ll
—
S
=
Q
N
~
=
[y
|/\
S
=
[\
—~
|
S
~
(=%
—~
N
+
g
~

— (a1, bs) (_Zl_ — 4 — 1+ Z> by (—2)a(—w)
) (s o ) ()
(b, a2) <_21+w _w1+z> a1 (—2)bo(w)
o) (s ) (aw

1 1
= <a1,52> <_z+w + w2 bl(—z)az(—w)
1 1
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13. = (a1, b2) (_Ziw + _w1+z> :by(—2)az(w)
) (g o) i)

+(<a1,b2)<b1,a2>)< 1 1 1 . 1 )

(z-w) Gtw) (w-z

_(<a1,a2><b1,b2>) (( 1 ) 1 n 1 . 1 )
= —(ay,be) :b1(—2)az(w): 6(z — w)
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z4+w) (w—2) (w4 2)

+(<a1,b2><b1,a2> — <a1,a2><b1,b2>) ((z—lw) ) ( 1 " 1 ' 1 )

= —(ay,b2) :b1(—w)az(w): §(z — w)
+{ay,az2) :b1(w)ba(—w): 0(z + w)
— (b1, az2) :a1(w)ba(—w): §(z + w)

+(b1,b2) :a1(—w)az(w): 0(z —w) X X X X

+({ar, b2) (by, az) — (a1, az){by, b2>) ((z—w) ‘ (z 4+ w) + (w—2) ' (w—l—z)>'
14. = (ay,be) <—z1—|- - + _w1+ Z> :b1(2)as(—w)

_<a17a2> <—Zl+’w + _w1+ Z) 2b1<z)b2(—’w)

+<b1,a2> <Z_+1_w + _wl_ Z) :al(—z)bg(—w)

f<b1,b2> <ziw + _wl_ Z) Zal(*Z)CLQ(*’w)

1 1 1 1

+(<a1,b2><b1,a2>) <(—z1—|—w) (Z_:w) - (—w1—|— 2) (_wl_ z)>

~ (a1 a2) (b b2i) ((—z F) G e e z))

= <a1,bg> <_z—w —w_z :bl(z)ag(—w)

~(a1,a2) <—Z - Z) b (2)bal(—w)

+(b1, as) (z i v w _li_ z> ar(—2)ba(—w)

= —(a1,b2) :b1(2)az(~w): 6(z — w)
+<(11,CL2> bl( )bg( ) (5(2—10)

+(b1,az2) ra1(—2)ba(—w): 6(z + w)
—(b1,b2) :a1(—2)az(—w): 6(z + w) . . . .
~ (o1, b2} by, ) <“1’a2?<b1’b2>) G-w) Grw  (w—2) (w—i—z))
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15.

+(b1,a2) :a1(w)by(—w): d(z + w)
—(b1,be) a1 (w)az(—w): 6(z + w)

~ ({01, b2) (b1, az) — {ax, az) (b1, ba)) ((z—lw) ' (z—ll—w) + (wl—z) ‘ (wi—z))

—(a1,a2) :b1(w)ba(—w): 6(z + w)
—(by,a2) 1a1(w)be(—w): §(z — w)
+(b1,b2) r:a1(w)az(—w): §(z — w)
—({a1, b2) (b1, az) — {ar, az) (b1, b)) ((Ziw) - ! ot (wiz) 1o L Z)).
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16. = (a1, by) <
—{

—z+w —w+z

) e
)bl

ai,a
b2 (—z—i—w —w—i—z

1
(b1, az) <z+w —w+ 2z

. \_/v
| ..
z\z
S~—
o
[\V]
|
S

1 1 1 1
+(<a17b2><b17a2>) <(_Z1+w> ( Zl—’—w>_(_w1+Z) ( w1+z)>
—({a1, a2) (b1 bgi) ((_ZTM) (—24w) (—w+2) ( w+z)>
—ant) (-2 - o) h-2eat-u)

—(ay,a9) <_z—1w W 1_ Z) 1b1(—2)b2(—w)

+(b1, az) <—z _1 v w 1_ z) ta1(—2)bz(—w)
1 1

— (b1, ba) (—Z T w Z) ray(—z)az(—w)

10(z —w)
+(a1, az) 1b1(—w)by
—(b1,a2) 1a1(—w)be
+(b1,b2) ra1(—w)as
+({a1, ba) (b1, az) —

—w):6(z —w

—w):

—w): 0(z —w

a1, az) (b1, b2)) 0ud(z — w).

— w)
— w)
— w)

o~~~

Each case is exactly as stated in the Proposition, proving it. l
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4.2 Fermionic Representation of Twisted Toroidal A,,_;

We can use these fermionic fields to give a representation of the twisted toroidal Lie algebra of

type Asn_1 as described in our second main theorem as follows.

Theorem 32. Define a map p:t — End(V) by:

L g K=

2. (=) ief(2)B(2): + 1e1(—2)B%(—2):
8. aZ(2) mriei(2)el(2): — i (2ol (2):
4. aZ(z) = ien(2)eh(2): — en(—2)en(—2):

5. X7 (00, 2) 1 B*(2)et (=)
6. X7(—ag,2) —:B(2)er(—2):
7. X% (i, 2) o 1ei(2)eks (2):
8. XT(—aj,z) > — 15(2)ei(2):
9. X(om, 2) > e (2)en(—2):

10. X(—ap,2) = —ei(2)ek(—2):

n

for 1 < i < n—1. Then p is an homomorphism, and hence a representation of the twisted
toroidal Lie algebra of type Ao,_1 on V. Since ¥ acts as the identity, this representation is level
1.

Proof: By virtue of Theorem 19, we need only show that the images under p of the generators
of t satisfy the defining relations of . We will check each relation in turn. Since ¥ acts like a
scalar, it commutes with all other operators (since they are linear), and thus we need not write
down calculations showing that ¥ is central.

Relation (1): [of(2), a,(w)] = (2610 — Om1) (0uwd(z — w) + 0ud(z + w)) K

First, consider the case in which m = 0.
p(05(2). 0% ()]
= [€1(2)B(2): + :e1(—2) " (—2) ;€] (w) B(w) : + :e1(—w) B (—w)]
[:e1(2)B(2): €1 (w)B(w) ] + [:61(2)B(2) 1, :e1(—w) B* (—w) -]
Fle1(=2)B8"(=2):, el (w) B(w) ] + [re1(=2)B*(—2) 1, s e1(—w) B (—w) ).

Z)
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We use Proposition 31 to compute these four brackets. The nonzero terms are:
=:B(w)e](w): 0(z — w)+ el (w)B(w): 6(z — w) 4+ Oypd(z — w)
— :B(—w)f*(—w): d(z + w) —el(—w)e1(—w): §(z +w) + Iy (z + w)
+: 8% (w)B(w): §(z + w)+ :e1(w)el(w): 6(z + w) + 0o (2 + w)
— B (—w)e1(—w): §(z —w)— :e1(—w) S (—w): 0(z — w) + Owd(z — w).
By Remark 4.1, we have
=:B(w)ej(w): 0(z —w)+ :e](w)B(w): 6(z — w) 4+ Oypd(z — w)
—e1(—w)el(—w): 6(z + w) —ej(—w)er(—w): 0(z + w) + Opd(z + w)
+ :ef(w)er(w): (2 + w)+ e (w)el(w): (2 + w) + 0y (z + w)
— B (—w)er1(—w): d(z — w)— :e1(—w) S (—w): 0(z — w) + Owd(z — w).
By Corollary 28, we have
=:B(w)eT(w): 0(z —w)— : f(w)e](w): 6(z — w) 4+ Oypd(z — w)

(—w)ef (—w): (2 + w) +er(—w)ef(—w): 6= + w) + Db (z + w)
+:ef(w)er(w): §(z + w)— e (w)er(w): (2 + w) + Iy (z + w)
— B (—w)er(—w): 0(z — w)+ : S (—w)er(—w): 0(z — w) + Owd(z — w).
We add ¥ without changing the operator since it acts as the identity:
= 2(0p(z — w) + Opd(z +w))K
~ p((oF (), @ (w)).

Next, consider the case 1 <m <n — 1.

[p(af(2)), paf(w))]

— €1

= [€1(2)B(2): + :e1(=2)8"(=2):, sem(w)er, (w) - — rempa(w)ey, 4 (w):]
= [¢1(2)8(2), ( Jem (w):] + [ 1(2)B(2): :emp1(w)er, 1 (w):]
+le(=2)8" (- ) em(w)en,(w):] + [e1(=2)0"(=2) 5, rempa(w)eg, 1 (w):].

We use Proposmon 31 to compute these four brackets. The nonzero terms are:

= =01 f(w)e), (w): §(z — w) — I 6] (W)em(w): §(z — w) — 10w (z — w)

—Om1,1 Bw)en, 1 (w): (2 —w) — Omg1,1 €1 (W)Ems1(w): (2 — W) — Opm41,1000(2 — w)
—Om1 :fH(w)em(w): 0(z + w) — Oy ie1(w)er, (w): 6(z + w) — 610w (2 + w)

=011 B (w)ems1(w): 6(z +w) — Sy1,1 e1(w)ep, 1 (w): 6(2 +w) — Opg1,1000(2 + w).
Now notice that d,,41,1 = 0 by the restriction on values of m. Thus, by Remark 4.1, we have
= —0pm1 (rer(w)e),(w): 6(z — w)+ :ef(w)em(w): 8(z — w) + 0ud(z — w))

=01 (ef(w)em(w): 8(z + w)+ a1 (w)e), (w): 6(z + w) + 0w (2 + w)).

By Corollary 28, and since m must equal 1, we have

= —0m1 (:e1(w)ef(w): 6(z — w)— re1(w)ef(w): 6(z — w) + Owd(z — w))

—m1 (el (w)er(w): 8(z + w)— :ef(w)er(w): 6(z + w) + Ouwbd(z + w)).

We add ¥ without changing the operator since it acts as the identity:
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= —0pm1 (Owd(z — w) + ud(2 + w)) K
= (10§ (=), %, ().
The final case is m = n.
(0F(2)), ()]
— [ef(2)8(2): + a( 2B (=21, (W)l (W) — en(—w)el (—w)]
[e1(2)B(2): :en(w)er(w) ] + [:61(2)B(2) 1, sen(—w)er, (—w) 1]
Fe1(=2)B8" (-2 ) ren(w)en(w):] + [e1(—2)B*(—2), ren(—w)en (—w) 1]
All bilinear forms (-,-) (and hence contractions) are trivially 0, so this entire calculation is:
=0
= o([0F (=), Z,(w)).
Relation (2): [af(z) af (w)] = a;j0,0(2 — w)K
[p(07(2)), p(af (w))]
— ei(2)el(2): - .sz+1< et (2)s 0y (W)eT (w): — tejt (w)el (w) ]
beil2)el(2) s ey (w)es(w) ] — [ei(2)e(2) e (w)ed ()]
e (2)et s ()5 () ()] + [eian (2)eTey ()5 (w)eT oy (w) .
Here we use Proposition 31 which allows us to compute the brackets. The nonzero terms are:
=0;j :e; (w)ej(w): 6(z —w) + & rei(w)ej(w): 6(z — w) + 8;50w6(2 — w)
—0ij+1 16 (W)gjr1(w): 0(2 — w) — 0 j41 :€i(w)ejq(w): (2 — w) — 0 j 41000 (2 — w)
—0iq1,j €1 (w)ej(w): 6(z —w) — diq1j :£i+1(w)5;-(w): (2 — w) — 0i41,;0w6 (2 — w)
+0ij g1 (w)gjr1(w): 8(z — w) + 04 t€iy1(w)ef 1 (w): 6(2 — w) + 045000 (2 — w).
By Corollary 28, we have
= 055(:e7 (w)ej(w): — :ef(w)ei(w) :)0(z — w) + di0uwd(z — w)
—0ij+1(:ef (w)ejr(w): — e (w)ei(w):)d(z — w) — bij+10w0(z — w)
—0i+1,5(cefpy (W)ej(w): — :ef(w)eirr(w) )d(2 — w) — dit1,j0w(z — w)
+6ij (e (w)gjr1(w): — &5y (w)gip1(w) )0(z — w) + 63;000(2 — w).
Because of the d;;,0; j11, ;41,5 coefficients, each pair of normally ordered products (that is, each

pair inside of parentheses) cancels. All that remains is:
= 20;j0u,0(2 — W) — 04 j410w0(2 — W) — 0j41,j0w0 (2 — w)
= (20i — 0ij41 — 0ig1,5)0ub(z — w).
Hence, for i = j, the coefficient is 2 = a;;. If 1 = j £ 1, the coefficient is —1 = a; ;4+1. In all other
cases for ¢, j, the coefficient is 0 = a;;. Thus, the coefficient is a;; in every case. Further, since
¥ acts as the identity, it can be added without changing the operator, so we can write:
= a;j0,0(z — w)K.
= p(1a7(2), a7 (w))).
Relation (3): [o7(2), ad(w)] = ain (0w (z — w) + 0 (2 + w)) K
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1T o)

£i(2)e1(2): — i (D)t (2) s tem (W) (w): — en(—w)h(—w) ]
 Ler(2)et (2)5s en)eh ) — Ees(2)ef () () (—u) ]
—[eiri(z)e ¢+1( )-, ren(w)er(w):] + [eir1(2)e711(2) 5, sen(—w)er (—w):].
Notice that the first two brackets have contractions which are all trivially 0 because of the
restriction on values of i. By Proposition 31, the remaining nonzero terms are:
= —0it1,n €1 (W)en(w): 6(2 —w) — dip1n reip1(w)ey(w): (2 — W) — 0i41,n0w0(2 — w)
F0ir1n €5 (—w)en(—w): 6(2 +w) + diq1,n €ip1(—w)en (—w) : 0(2 + W) — §i41,n0wd (2 + W)
By Corollary 28, we have
= —0ir1n(tej 1 (W)en(w): 6(z —w)— :e)(w)eir1(w): 0(z — w) + 0ud(z — w))
+0it1m(iej (—w)en(—w): 6(z + w)— e (—w)eit1(—w): 0(z + w) — Owd(z + w))
Because of the d;11,,, each pair of normally ordered products cancels. All that remains is:
= —ditin (awé(z —w) + 0yd(z + w))
We add K since it acts as the identity and hence does not change the operator to arrive at:
= —6it1.n(0wd(2 — W) + 0yd(2 + w)) ¥
= ain (0wd (2 — w) + 0o (2 + w)) K
= p([07(2), of (w)]).

Relation (4): [0F(2), af(w)] = ann (0wd(z — w) + 0uwd(z + w)) K
[p(af(2)), p(ag(w))]

= [ren(2)en(2): — ren(—2)en(=2) en(w)ef,(w) : — ren(—w)er (—w):]
= [en(2)en(2), (W) n(w):] = [en(2)en(2):, en(—w)ep (—w):]
—[en(—2)en(— ) en(w)en(w):] + [:en(—2)en(—2), sen(—w)er, (—w) ).
We use Proposmon 31 to compute the four brackets. The nonzero terms are:
=& (w)en(w): 6(z — w)+ en(w)e, (w): 6(z — w) + Juwd(z — w)
—ep(—w)en(—w): 0(z + w)— tep(—w)ey (—w): 6(z + w) + 0y (2 + w)
+ ef (w)ep(w): 0(z + w)+ tep(w)ey (w): §(z + w) + Oyd(z + w)
—er(—w)en(—w): 0(z — w)— :ep(—w)ey (—w): 6(z — w) 4+ Oypd(z — w).
By Corollary 28, we have:
= (ep(w)en(w): —:e (w)&?n(w) 6(z — w) + 0w (z — w)
—(en(—w)en(—w): — e (—w)en(—w):)8(z + w) + Guwd(z + w)
+(:ef (w)ep(w): — :e ( Jen(w):)d(z + w) + 0o (z + w)
—(en(—w)en(—w): — e (—w)en(—w):)8(z — w) + 0uwd(z — w)
=2(0wb(z — w) + Gwé(z + w)).
We add ¥ without changing the operator, since it acts as the identity, to arrive at:
= ann (0wl (2 — w) + 0uwd(z + w)) K
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— p([a3(2), aZ(w)).
Relation (5): [of(2), X7 (o, w)] = £(26m0 — 0m1) X7 (£am, w) (8(z — w) + (2 + w))
The first case to consider is m = 0. We calculate as follows, first for X7 (a,, w):
[p(03(2)). p(X7 (s )]
— [ (2)B(2): + e1(—2) B (—2) B (w)el (—w) ]
= [¢1(2)B8(2):,: B (w)et(—w):] + [re1(=2) " (=2) 1, : B (w)ef (—w) ]
Using Proposition 31, the nonzero terms are:
e} (W)l (—w): 8z — w)— s (—w)F*(w): 8(z + w)
B (—w) B (w): (2 — w) B ()l (—w): 3z + w).
By Remark 4.1, we have
= (B (w)er(—w): — &1 (—w) " (w):)d(z — w) + (: 7 (w)el (—w): — :e1(-w)B*(w):)d(z + w)
By Corollary 28, we have
= (B (w)er(—w): 4+ : 7 (w)er(—w):)d(z — w) + (: 7 (w)er (—w): + : % (w)er (—w):)6(z + w)
=2 :ﬁ*(ﬁw)e’{(—w): §(z—w)+2:4"(w)el(—w): 0(z +w)
= 2p(XU(ozm,w)) ((5(,2 —w)+0(z+ w))
= p([ag(z), Xﬁ(amv ’LU)]) .
Similarly, for X7 (—aym,,w),
[p(ag(z)),p(XE(—am,w))]
— [(2)B(2): + se1(—2)B7 (—2) 1 Blw)er (—w) ]
= [e1(2)B(2) 5, : B(w)er(—w):] + [e1(=2) 8" (=2) 1, : B(w)er (—w) ]
Using Proposition 31, the nonzero terms are:
=:f(—w)B(w): 0(z + w)— : flw)er(—w): 6(z — w)
—ep(w)er(—w): §(z + w)+ :e1(—w)B(w): §(z — w).
By Remark 4.1, we have
= —(:pw)er(—w): — e1(—w)B(w):)d(z — w) — (: f(w)er1(—w): — :e1(—w)B(w):)d(z + w).
By Corollary 28, we have
= —(:B(wzsl(—w): +:B(w)er(—w):)o(z — w) — (: f(w)er(—w): + : f(w)e1(—w):)d(z + w)
= —2p(X7(—am, w)) (6(z —w) + (2 + w))
= p([ag(z), XE(_O‘WM w)])
Now consider the case for 1 < m <n — 1. For X7 (a,,w),
[p(03(:)). (X7 (s )]
— [(2)B(2): + e (—2)B (—2) s (W) (w) ]
= [€1(2)B(2) s em(w)en, p1 (w) ] + [re1(=2) 87 (=2) 5, rem(w)er, 1 (w) 1]
Using Proposition 31, the possibly nonzero terms are:

= —0m1 :B(w)ep, 1 (w): (2 — w) = Opmg1,1 267 (W)Em (W) : 8(2 — W) — Om10m1,10w0(2 — w)
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= Omt1,1 B (w)em(w): 6(2 + w) — St te1(w)eg, 11 (W) : 6(2 + W) — 41,10m1000(2 + w).
By the restrictions on the values of m, in fact d,,11,1 = 0. Using that and Remark 4.1 gives us:
B B 1 (W) 6z — ) — b 221 (W) (w): 5= + w)
= bt (B (1): 8z — w) 221 (W) (1) 3(z + )
= 01 (:Em(W)eg 41 (w): 5( w)+ tem(w)en 1 (w): 6(2 +w))
= —(5m1p( (Qm, w )(5 w) + §( z+w))
= p([a§(2), X7 (am, w)]).
Similarly, for X7 (—ay,,w),
[P(0(2), (X7 (—am w)]
— [£1(2)B(2): + o1 (—2)B (—2) s — sy (@)emen (w) ]
= [e1()B() s — st (@)eman ()] + [er(—2)B* (—2)5, — ek (W)ems (w) ]
Using Proposition 31, the possibly nonzero terms are:
= —dm+1,1 :B(w)e;, (w): §(z —w) — It €] (W)ema1(w): 6(2 — W) — Spg1,10m10w0(2 — W)
—0m1 B (w)emg1(w): 0(2 +w) — Omy1,1 te1(w)en, (w): (2 + W) — Omt1,10m10w0 (2 + w).
By the restrictions on the values of m, in fact d,,41,1 = 0. Using that and Remark 4.1 gives us:
= —0m1 :e1(w)emt1(w): 0(z — w) = Oy 7 (w)emir(w): 6(z + w)
= 6m1(— ef(W)emi1(w): 0(z — w)— ref(w)emir(w): 6(z + w))
= Om1 (= rep (W)ems1 (W) 8(2 — w)— ref (W)ems1(w): 6(2 + w))
= 6m1p (X7 (—am, w)) (6(z — w) + 6(2 + w))
— p([0F(2), X7 (—am, w)]).
The final case in this relation is m = n. For X7 (a,, w),
[P(0§(2)), P(X ()]
= [1e7(2)B(2): + :e1(—2)B*(—2) 1, 1en(w)en(—w) ]
= [:e1(2)B(2) :; sen(w)en(—w) ] + [e1(=2) 8" (=2):, s en(w)en(—w) ]
Using Proposition 31, all contractions (hence bilinear forms (-, -)) are trivially 0, so this calcu-
lation is simply:
=0
= p([af(2), X7 (am, w)]).
Similarly, for X7 (—au,,w),
[p(a§(2)), (X7 (—atm, w))]
= [e](2)B(2): + :e1(—2)5*(—2):, — e} (—w)e) (w) ]
= [e1(2)B(2):, — :en(—w)en(w):] + [e1(=2) 8" (=2) :, — g5 (—w)er, (w) 1]
Using Proposition 31, all contractions (hence bilinear forms (-, -)) are trivially 0, so this calcu-
lation is simply:
=0
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= p([af (2), X7 (—am, w)]).
Relation (6): [a7(2), X7 (oo, w)] = £(—6;1) X7 (ap, w) (6(z — w) + 6(z + w))
We first calculate for X7 (ap, w):

[p(a7(2). (X7 0, )]
= [ (2)s — iz (2)et ()5 B (w)ef (—w)
= [ei(2)€i (2),: 0" (w)el (—w):] = [ein1(2)ef 41 (2) B (w)eT (—w) 3]
Using Proposition 31, the possibly nonzero terms are:
=01 :€; (—w)B*(w): §(z +w) — i1 16 (w)el (—w): 6(z — w)
i sl (Cw)F (W) 6z + W) + Gt sef (W)l (—w): 6(z — w).
By the restrictions on the values of 7, ;411 = 0. Using that and Remark 4.1 gives us:
=01 :€; (—w)B*(w): §(z +w) — i1 €5 (w)el(—w): §(z — w)
= 0;1 :e1(—w)B*(w): §(z +w) — §i1 :e](w)el (—w): 6(z — w)
= 0;1 :€1(—w)B*(w): §(z +w) — &1 : 5 (w)el (—w): d(z — w).
By Corollary 28, we have
= —0i1 :,6”‘(}))5?(—10): Iz +w) — i1 : B (w)e] (—w): §(z — w)
= —6i1p(X7 (a0, w)) (6(z — w) + 0(z + w))
= p([af(z’), XE(O‘O’ w)])
Now for X7(—ag,w):
p(a7(2). p(X7(~a0,w)]
— (20 (2): — seira (et (2) s Blw)er (—w) ]
= [ei(2)e(2) s Bw)er(—w) ] — e (2)etyy () B(w)er (—w) ]
Using Proposition 31, the possibly nonzero terms are:
= 0i1 :ei(w)er(—w): 0(z —w) — 01 :ei(—w)B(w): 6(z + w)
—0it1,1 €1 (w)er(—w): 6(2 — w) = dig1,1 €1 (—w)B(w): 0(2 + w)
By the restrictions on the values of i, d;+1,1 = 0. Using that and Remark 4.1 gives us:
= ;1 :gi(w)er1(—w): §(z — w) — &1 :65(—w)B(w): §(z + w)
=0;1 :e1(w)er(—w): 0(z — w) — di1 :e1(—w)B(w): 0(z + w)
= 0;1 :f(w)er(—w): 0(z —w) — di1 :e1(—w)B(w): 0(z + w).
By Corollary 28, we have
= 01 :ﬁ(zg)sl(fw): 0z —w)+ i1 : B(w)er(—w): d(z + w)
= 6i1p(X7 (—ao,w)) (6(z — w) + 0(z + w))
= p([07(2), X7 (~ap, w)]).
Relation (7): [a7(2), X7 (£, w)] = £a;; X (o, w)d(z — w)
We will first calculate for X7 (a;, w).
[p(af (2)), p(X7(aj, w))]
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*

= [rei(2)e] (2): — reit1(2)efy1(2) 1, g (w)ef 4 (w) ]
= ()6 (2) 12 ()] 1 ()] = i (2ot (2555 (w)es (1) ).
We use Proposition 31 to compute these two brackets, showing only the terms that are (possibly)
nonzero.
= 0ij+1 €1 (w)egj(w): 0(2 —w) + 045 :ei(w)ejyq(w): 8(2 — w) + 4 j4+10i0wd (2 — w)
—0ij reip(w)ej(w): 0(2 — w) — 0iy1j :€ir1(w)ej g (w): 0(2 — w) — 04j0i41,0wd (2 — w)
= 0ij+1 €541 (w)ej(w): 6(z — w) + d;5 15 (w)ei g (w): 6(2 — w) + 6 j+16ij0u0 (2 — w)
—0ij €5 (w)ej(w): 0(2 —w) — dip1j 16 (w)esg (w): 6(z —w) — 8i50i41,0w6 (2 — w).
Clearly, 6;;0; j+1 = 0;;0i+1,; = 0. Also, by Corollary 28, we have
= —0ij41 :6j(w)es g (w): 6(z —w) + 85 1e5(w)ef g (w): 6(z — w)
+0ij rej(w)ef (W) 6(2 — w) — digr,j e (w)efyr(w): (2 — w).
= (= b1 :gi(w)efy g (w): +26;5 :ej(w)efy (w): —=6iy1,j cj(w)efyq (w): )d(z — w)
= (= dijr1 + 2055 — Gig1,5) p(X7 (0, w)) 6(2 — w)
= a;;p(X7 (o, w))d(z — w)
p(107(2), X7 (0, w)))-
We now repeat the calculation for X7(—a;, w).
(072 (X7 (~a5,)]

[ei(2)ef(2): = reira(2)efyq(2), — ref(w)ejpn(w) ]
= [rei(2)ef (2) 1, — g (w)gjpr(w) ] — [reiv1(R)ef;q(2) 1, — €] (w)gjza (w) ).

We use Proposition 31 to compute these two brackets, showing only the terms that are (possibly)

nonzero.
= 0ij i (w)gj1(w): 0(2 — w) + 04 j41 :€i(w)ej(w): 0(2 — w) + 0450 j+10u0(2 — w)
—0i+1,5 €1 (W)gjr1(w): 6(z —w) — &5 rei1(w)es(w): 6(z — w) — dit1,70i0wd (2 — w)
= 0ij :gj(w)ej1(w): 0(2 —w) + 0 jy1 161 (w)es(w): 6(2 — w) + 04504 j4+10w0 (2 — w)
—0i+1,5 1€ (w)ejr1(w): 6(z — w) — 45 tejp1(w)ef(w): 8(z — w) — 0i41,j0;50w0 (2 — w).
Clearly, 0;;0; j+1 = 6;j6;41,; = 0. Also, by Corollary 28, we have
=045 :ej(w)ej1(w): (2 —w) — 0 541 1€ (w)ejy1(w): 0(2 — w)
—0ir1,5 1€ (w)ej1(w): 6(z — w) + 5 16 (w)ej1(w): 6(2 — w)
= (= bij+1 + 2055 — di15) €5 (w)ejr(w): 6(z — w)
= — (= bij1 +20;5 — 0it1j) (— g5 (w)ejpr(w): )6(z — w)
= —a;ip(X7(—aj,w))6(z — w)
= p([07(2), X7 (~ag,w)).

Relation (8): [o7(2), X7 (o, w)] = £ain X7 (£an, w)(6(z — w) + §(z + w))

We will first calculate for X7 (ay,, w).

[p(af (2): p(X7 (ctn, w))]
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= [rei(2)ef (2): — reip1(2)ef 1 (2) 1 ren(w)en(—w) 1]

= [rgi(2)e] (2) 1 ren(w)en(—w) 2] = [reir1(2)ef 1 (2) 1 ren(w)en(—w) 1.
Using Proposition 31, the possibly nonzero terms are:
= 0in :€i(w)en(—w): 8(z — w) — §ip, 18 (—w)en(w): §(z + w)
—0it1n €it1(W)en(—w): 6(z — w) + dip1m €1 (—w)en(w): 6(z + w).
By the restrictions on the values of 4, J;, = 0. Using that and Corollary 28, we have:
= —dit1m €ir1(W)en(—w): 6(z — w) + ig1n t€ip1(—w)en(w): 0(2 + w)
= —0it1n €ir1(w)en(—w): 0(z — w) — dip1n En(w)eir1(—w): 6(z + w)
= —0ip1,n( en(w)en(—w): 8(z — )+ ten(w)en(—w): 6(z + w))
= ainp((X7 (an, w)) (6(z — w) + 6(z + w))
= p([07(2), X7 (an, w)]).
We now repeat the calculation for X7 (—ay,, w).
[P(07(2), (X7 (—am, )]
— 225 (2): — seara ()t (2) — seh(—w)en(w)]
= Fei()el (=) — e (—w)en(w)] — g (2)ety (2)5 — e (—w)eh (w)].
Using Proposition 31, the possibly nonzero terms are:
= —0in :g; (w)ey (—w): §(z + w) + diy, 1€; (—w)e) (w): §(z — w)
Foi1m e ()5 (—w): 62 + 1) — 6141 s (—w)en(w): (2 — w)
By the restrictions on the values of 7, d;,, = 0. Using that and Corollary 28, we have:
= bt s (W)Eh(—w): 62+ w) — Giarm 1eEy (—w)el(w): 6z — w)
= —0iq1,n €p(—w)ei (W) (2 + W) — bip1m €511 (—w)ey, (w): 0(2 —w)
= b1 (— e (—w)ey (w): 8(z + w)— :eh(—w)en(w): 6(z — w))
= —ainp((X7(—an,w)) (6(z — w) + 0(z + w))
= ([0 (2), X7 (=, w)).
Relation (9): [a2(2), X7 (£ap,w)] =0
We will first calculate for X7 (ag, w).
[p((2)), (X (a0, )]
— Fen(2)en(2): — en(—2)eh(—2) 5 B (w)el (—w) ]
= [en(2)en(2): A7 (w)ei(—w):] = [ren(=2)en(=2) 5 " (w)et (—w) ]
Using Proposition 31, all contractions (hence bilinear forms (-,-)) are trivially 0, so this calcu-
lation is simply:
=0
= p([aZ(2), X7 (a0, ).
We now repeat the calculation for X?(—ag, w).
[p(0(2)), (X7 (~0,0)]
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= [ten(2)el(2): — ten(—2)el (—2):, : f(w)er(—w) 1]
= [ten(2)el(2):,: B(w)er(—w):] — [ren(—2)ek (—2) 1, : flw)er (—w) :].
Using Proposition 31, all contractions (hence bilinear forms (-,-)) are trivially 0, so this calcu-
lation is simply:
=0
= p([ag(2), X7 (—ag, w)]).
Relation (10): [a7(z), X7 (+aj,w)] = ta,,; X7 (£ , w) (5(2 —w)+ (2 + w))
We will first calculate for X7 (a;, w).
p(af(2)), p(X7(aj,w))]
=: €n(z)€* (2): = en(—2)en(=2) 1, g5 (w)es  (w) 1]
= [ten(2)en(2) 1, g5(w)ef 1 (w) ] = [ren(—2)en(—2) 1 g5 (w)ef  (w) .
Using Proposition 31, the possibly nonzero terms are:
= 0pj+1 :€p(w)ej(w): 8(z — w) + dpj :an(w)ej-Jrl(w): 3z —w) + 0p j+10n;0wé (2 — w)
+0n,j41 s (w)ej(w): 6(2 + w) + dyj ren(w)ef g (w): 6(2 + w) + 6 j 1100 0wd (2 + w).
By the restrictions on the values of j, é,; = 0. Using that and Corollary 28 gives us:
= O j+1 ep(w)ej(w): 0(2 —w) + Onjt1 6p(w)ej(w): §(z + w)
—5n7j+1( ej(w)ey(w): 6(z —w)+ gj(w)ey (w): 0(z + w))
= —5n7j+1£ rej(w)ei 1 (w): 6(z — w)+ rgj(w)ej g (w): 0(2 + w))
= anjp(X”(aj,w)) ((5(2’ —w)+0(z+ w))
= p([ag('z)a XU(Oéj, w)]) .
We now repeat the calculation for X7(—a;, w).
(a7(), p(X7(a3,0)]
= [en(2)en(2): — en(—2)eh(—2)s — 23 (w)ejan (w) ]
= [ten(2)en(2):, — e (w)gjpr(w):] — [ren(—2)en(—2) 1, — € (w)ejga (w) .
Using Proposition 31, the possibly nonzero terms are:
= Opj iep(W)ejr1(w): 6(2 — w) + bn g1 ren(w)e;(w): 6(2 — w) + njdn,j+10w0(2 — w)
Fbag 1 (W) (10): 82 + 1) + b1 10 ()25 (W) 6(2 + 1) + Gngbug10u8(z + ).

By the restrictions on the values of j, d,; = 0. Using that and Corollary 28 gives us:
= bt -an<w>e;‘<w>' 5(2 = w) + Gyt sen(w)e(w): 3z + w)

= O jg1(— (w): 0(2 —w)— e (w)en(w): §(z 4+ w))
Ong1 (= €g+1( )1 6(2z — w)— e (w)ejr1(w): 6(z + w))

an]p(X < 0y 0)) (62 — w) + 3= + w))

= p((0(2), X (~ay,w)).
Relation (11): [af(2), X7 (£an, w)] = £ann X7 (£om, w)(6(z — w) + 6(z + w))
We will first calculate for X7 (ay,, w).
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[P(a7(2)). p(X7 (s )]
= [ten(2)el(2): — ten(—2)el(—2) 1, ren(w)en(—w) ]
= [ren(2)el(2) 1, ren(w)en(—w):] — [en(—2)el(—2) 1, ten(w)en(—w) 3.
Using Proposition 31, the nonzero terms are:
=ep(w)en(—w): §(z — w)— 1ep(—w)en(w): 0(z + w)
+ tep(w)en(—w): 6(z + w)— e (—w)ep(w): §(z — w).
By Corollary 28, we have:
=ep(w)en(—w): §(z — w)+ en(w)en(—w): 0(z + w)
+ tep(w)en(—w): 6(z +w)+ ep(w)en(—w): (2 — w)
=2:ep(w)en(—w): 0(z —w) + 2 :ep(w)en(—w): 6(2 + w)
= annp(XE(an,w))(é( w) —l—5(z+w))
— p(107(2), X (an, w)).
We now repeat the calculation for X7 (—ay,w).
[P(05(2)), p(X7 (=, )]
= [en(2)en(2): — en(—2)es(—2) s — seh(—w)eh(w) ]
= [en(2)20(2) — seh(—w)eh(w) ] — [2n(—2)eh(—2) — sep(—w)eh(w) ).
Using Proposition 31, the nonzero terms are:
— W) (w): 6z — w)+ e (—w)en(w): 6z + w)
—ep(w)en(—w): 0(z +w)+ ey (—w)ey (w): 6(z — w).
By Corollary 28, we have:
=+ ey (—w)ey(w): 6(z —w)+ ey, (—w)ey (w): §(z + w)
+ e (—w)ey(w): 6(z +w)+ ey, (—w)ey, (w): §(z — w)
=—2(—:e ( )E;(’w) )5(2 —w) —2(—:ep(—w)ep(w): )d(z + w)
= —apmp(X° w))(6(z — w) + 6(z + w))
= p([e7(2), X ( sw)]).
Relation (12): [X"(:l:ozm, 2), X7 (£am,w)] =0
First let m = 0. We will calculate for X7 (an, 2), X7 (aum, w).
[P @ ), (X ()]
= [:f*(2)ef(—2), : B (w)ef (—w) 1.

Using Proposition 31, all contractions (hence bilinear forms (-,-)) are trivially 0, so this calcu-

\_//\

lation is simply:
=0
= p([XE(am, z),XE(am,w)}).
Now we repeat the calculation for X7 (—ay,, 2), X7 (—am, w).
[p(XE(—am, z)),p(XE(—am,w))]
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— [B(2)e(—2) 1, Blw)er (—w) ).
Using Proposition 31, all contractions (hence bilinear forms (-,-)) are trivially 0, so this calcu-
lation is simply:
=0
— (X7 (—um, 2), X7 (=, w)]).
The next case is for 1 < m < n — 1. Calculating for X7 (ay,, 2), X7 (am, w) gives:
(X7 (@, 2)) (X7 (1 0))]
— [ei()e (2) s eaw)er () ]
Using Proposition 31, every contraction (and hence bilinear form (-,-)) is either trivially 0, or
is equal to d; 41, which is itself trivially 0. Hence, this calculation is simply:
=0
= (X7 (s 2), X (0, w)]).
Repeating the calculation for X7 (—auy,, 2), X7 (—am,, w) gives:
(X7 (=011, 2). P (X7 (a1, 0)]
= [—:ef(2)eit1(2):, — 1ef(w)giq1(w):].
Using Proposition 31, every contraction (and hence bilinear form (-,-)) is either trivially 0, or
is equal to d; 41, which is itself trivially 0. Hence, this calculation is simply:
=0
= p([XE(—am, z), X7 (—am, w)])
Finally, let m = n. Calculating for X7 (., 2), X7 (am, w) gives:
[P(X (@ 2) (X 0)]
= [en(2)en(—2) 1, ien(w)en(—w):].
Using Proposition 31, all contractions (hence bilinear forms (-, -)) are trivially 0, so this calcu-
lation is simply:
=0
= p([X7 (am, 2), X7 (atm, w)]).
Repeating the calculation for X7(—ayy, 2), X7 (—am, w) gives:
[P(X7(~001,2)), p(X7 ()]
= [-en(=2)en(2) 1, — rep (-w)ey (w) ).
Using Proposition 31, all contractions (hence bilinear forms (-,-)) are trivially 0, so this calcu-
lation is simply:
=0
= P([XE(_amv z),XE(—am,w)]).
Relation (13): [X7(ag, 2), X7 (—ap,w)] = o (w)(0(z — w) + 6(z + w)) + (Ouwd(z — w) +
Owd(z + w))%
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p(X7(a0.2)),p(X7(~a0, )]
= [:f*(2)el(—2):, : B(w)er (—w):].
Using Proposition 31, we have
=:e](w)B(w): 0(z + w)— el (—w)e1(—w): §(z — w)
— B (—w)e1(—w): d(z + w)+ : B (w)B(w) : §(z — w) + 0yd(z — w) + Oyd (2 + w).
By Remark 4.1, we have
e (W)B(w): 6(z + w)— : F(—w)er (—w): (2 — w)
— B (—w)er(—w): 6(z + w)+ e1(w)B(w): 6(z —w) + 0ud(z — w) + Ouwd(z + w)
=il ()30 3~ w)= " (-w)ea () 0~ )
+ 2] (w)B(w): §(z + w)— : B*(—w)e1(—w): §(z + w) + 0yd(z — w) + 00 (2 + w).
By Corollary 28, we have
=:e](w)B(w): 0(z — w)+ :e1(—w)B*(—w): §(z — w)
1 ()W) 6z + )+ 11 (—w)F(—w): (2 + w) + 0z — w) + 0ud(z + w).
Since ¥ acts as the identity, we add it without changing the operator to arrive at:
=:e](w)B(w): 0(z — w)+ :e1(—w)B* (—w): §(z — w)
+ i (w)B(w): §(z +w)+ re1(—w)B* (—w): 6(z + w) + (Db (2 — w) + 0y (z + w))K
= p(af(2)) (0(z — w) + 8(z + w)) + (8w (z — w) + 00 (2 + w))K
= p([X7 (a0, 2), X7 (—a, w)]).
Relation (14): [X(a;,2), X7 (—a;, w)] = a2 (w)d(z — w) + 0yd(z — w)K
(X7 (0, 2)), (X7 (=0, w))]
— [ei()et (2)s — 2w (w) ).
Using Proposition 31, the nonzero terms are:
=g (w1 (w): 6(z —w)+ 1g5(w)ef (w): (2 — w) + 0w (2 — w).
By Corollary 28, we have
= —gip1(w)ef (w): 0(z — w)+ :g(w)ef (w): 6(z — w) + 0pd(z — w).
= (ei(w)ef(w): — g1 (w)el (w): )d(z — w) + 0ud(z — w).
We add K since it acts as the identity and thus does not change the operator to arrive at:
= p(aZ(w))d(z — w) + 0uwd(z — w)K
= p(IX7 (0, 2), X7 (=i, w)).

Relation (15): [X7(ay, 2), X7 (—an, w)] = of(w)(0(z — w) + 6(z + w)) + (0uwd(z — w) +

n

wd(z + w))K
[p(X7(an, 2)), p(X7 (—an, w))]
= [en(2)en(—2):, — e (—w)el (w):].

Using Proposition 31, we have
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= —ien(—w)ep(—w): (2 — w)+ :en(w)ey (w): (2 + w)
+en(w)ey(w): 6(z — w)— ren(—w)ep(—w): 6(2 + w) + 9wd(z — w) + Oud(z + w)
= —ien(-w)ep(—w): 6(z — w)+ :en(w)ey (w): 6(2 — w)
—ep(—w)el (—w): 0(z + w)+ :ep(w)ey(w): §(z + w) + 0yd(z — w) + Oyd (2 + w).

We add K since it acts as the identity and thus does not change the operator to arrive at:

= (zen(w)e(w): — iep(—w)ep(—w): )3(z — w)

+(en(w)eg(w): — ren(—w)ep(=w): )z + w) + (Fud(z — w) + Oud(z + w))K
= p(a%(w)) (5(z — w) + (2 + w)) + (Fud(z — w) + Db (2 + w)) K
1)

w

(X7 (@, 2, X7 (—atn, ).

Relation (16): [X7(ap, 2), X7 (—am,w)] =0 for p # m
We have several cases to check. First consider p=0and 1 <m <n —1.
[P(X7 (0, 2)), p(X7 (=0, )]
= [:8*(2)el(=2) s, — :ep(W)emer (w) ).
Using Proposition 31, all contractions (hence bilinear forms (-, -)) are either trivially 0, or are
equal to 01 41, which is itself 0 by the restrictions on the values of m. Hence, this entire cal-
culation is:
=0
— p([X7(aps 2), X7 (=i, w)])-

Now consider p = 0 and m = n.

(X7 (@ 2) (X7 (=, )]

87 (2)el (=2 — s (—w)eh(w) .

Using Proposition 31, all contractions (hence bilinear forms (-,-)) are trivially 0. Hence, this
entire calculation is:

=0

- p([XE(Ozp, Z), XE(_O‘WM w)])

Now consider the case 1 <p<n—1and m = 0.
[P (X7 (0, 2)), p(X7 ()]
= [rep(2)ep11(2) 1 Blw)er(—w):].
Using Proposition 31, all contractions (hence bilinear forms (-, -)) are either trivially 0, or are
equal to 01,1, which is itself 0 by the restrictions on the values of p. Hence, this entire calcu-
lation is:
=0

94



Ph.D. Dissertation Chad Mangum

= (X7 (0, 2), X7 (— i, w)).

Now consider the case p =n and m = 0.
(X702 (X7 (=i, 0)]
— [en(2)en(—2) s Blw)er (~w) .
Using Proposition 31, all contractions (hence bilinear forms (-,-)) are trivially 0. Hence, this
entire calculation is:
=0
— p(IX7(aps 2), X7 (=i, w)])-

Now consider the case 1 <p#m <n — 1.
[p(XE(Oép, Z)) ) p(XE(—Oém, ’LU))]
= [tep(2)epi1(2) 1 — rep (W)Empr (w) 1.
Using Proposition 31, we have:
= —0pm :€pr1(W)Emt1(w): (2 — w) — dpm ep(w)ey, (w): 6(z — w) — Fpmdud(z — w).
Since by assumption p # m, dpm, = 0, so this entire calculation is:
=0
= p([X7(ap, 2), X7 (—tm, w)]).

Now consider the case 1 <p<n—1,m =n.
[p(XE(alﬂZ))?/)(XE(_amaw))]

— iep(2)eh(2) — s (—w)eh (w):].

Using Proposition 31, all contractions (hence bilinear forms (-, -)) are either trivially 0, or are
equal to d,,, which is itself 0 by the restrictions on the values of p. Hence, this entire calculation
is:

= p([X7 (o, 2), X7 (— 0, w)]).

Now consider the case p=n,1 <m <n — 1.
[P(X7 (0, 2)), p(X7 ()]
= [ten(2)en(—2):, — ), (W)emer(w) :].
Using Proposition 31, all contractions (hence bilinear forms (-, -)) are either trivially 0, or are
equal to d,m, which is itself 0 by the restrictions on the values of m. Hence, this entire calcu-
lation is:
=0
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= (X7 (0, 2), X7 (— i, w)).

Relation (17): ad X7 (+ay, 22) X7 (£am, z1) = 0 if cpm =0
For the case p = 0, the matrix entry cp,, = 0 < 2 < m < n. We must split this into two
cases of the value of m, namely 2 < m < n —1 and m = n. First we consider 2 <m < n—1 for
positive ay, .
[p(X7(ap, 22)), p(X7 (0, 21)) ]
= [:8"(22)e1(—22):, em(21)€q, 11 (21) ]
Using Proposition 31, all contractions (hence bilinear forms (-, -)) are either trivially 0, or are
equal to d1,,, which is itself 0 by the restrictions on the values of m. Hence, this entire calculation
is:
=0
= p([X7 (ap, 22), X7 (0t 21)])-
Similarly for —ay, —a, we calculate
[p(X7(=ap,22)). (X7 (=t 20)]
= [B(22)e1(—22) 1, — e (21)Emt1(21) ).
Using Proposition 31, all contractions (hence bilinear forms (-, -)) are either trivially 0, or are
equal to d1,,, which is itself 0 by the restrictions on the values of m. Hence, this entire calculation
is:
=0
= p([X7 (=0, 22), X7 (—cum, 21)]).
When p = 0 and m = n, we have for «,,, oy:
[p(X7 (0, 22)), (X7 (0, 21))]
= [: 8" (22)ei(—22) 5, 1en(21)en(—21) ]
Using Proposition 31, all contractions (hence bilinear forms (-,-)) are equal to d1, = 0. Hence,
this entire calculation is:
=0
— p(IX7(aps 22) X7 (am, 21)]).
Similarly for —ay,, —av, we calculate
[p(X7(—ap, 22)), p(X7 (—tm, 21)) ]
= [B(22)er(—22) 1, — req(—21)en (21) ]
Using Proposition 31, all contractions (hence bilinear forms (-, -)) are equal to 41, = 0. Hence,
this entire calculation is:
=0
= p([X7(—ap, 22), X7 (—am, 21)]).-
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Now if m = 0, the entry ¢, = 0 & 2 < p < n. We must split this into two cases of the
value of p, namely 2 < p < n—1 and p = n. First we consider 2 < p < n — 1 for positive o, ap,.
[p(XE(O‘p, 22)) ) p(XE(am, Zl))]
= [rep(22)epy1(22) 11 B (21)e] (—21) .

Using Proposition 31, all contractions (hence bilinear forms (-,-)) are either trivially 0, or are
equal to dp1, which is itself 0 by the restrictions on the values of p. Hence, this entire calculation
is:

=0

— p(IX7(aps 22) X7 (am, 21)]).

Similarly, for —ay, —a,, we calculate
[p(X7(=aap,22)). (X7 (=t 20)]
= [~ :5;;(22)€p+1(22> L B(z1)er(—21) 1.

Using Proposition 31, all contractions (hence bilinear forms (-, -)) are either trivially 0, or are
equal to dp1, which is itself 0 by the restrictions on the values of p. Hence, this entire calculation
is:
=0
= p([X7(—ap, 22), X7 (—am, 21)]).
When m = 0 and p = n, we have, for oy, o,
[p(XE(ap7 752)) ) p(XE(am, Zl))]
= [ren(22)en(—22) 1, : B (21)ei(—21) ).
Using Proposition 31, all contractions (hence bilinear forms (-, -)) are equal to d,; = 0. Hence,
this entire calculation is:
=0
= p([X7 (g, 22). X (0t 21)]).
Similarly, for —ay, —a,, we calculate

[p(X7(—ap, 22)), p(X7 (—tm, 21)) ]
= [~ e (—22)en(22) 1, : B(21)e1(—21) ]
Using Proposition 31, all contractions (hence bilinear forms (-, -)) are equal to d,; = 0. Hence,
this entire calculation is:
=0
= P([XE(_O% 22), X7 (—aum, Zl)])
For the remaining cases, we may assume that p # 0 and m # 0. For these values, ¢y, = 0
when |p —m| > 2. We compute for the case 1 < p,m <n —1 and oy, an,.
[P(X7(ap, 22)), p(X7 (tm, 21)) ]

= [ep(22)ep11(22) 55 rem(21) e, 40 (21) ]
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Using Proposition 31, all contractions (hence bilinear forms (-, -)) are either trivially 0, or are
equal to 6pm41 Or Opt1,m, Which are both 0 by the restrictions on the values of p, m. Hence,
this entire calculation is:
=0
— p([X7(aps 22), X (tm, 21)])-
Similarly, for —ay,, —on,
[p(X7(—ap, 22)), p(X7 (—tm, 21)) ]
— [ ep(e)epra(20)s — e (21)Emia(21) ]
Using Proposition 31, all contractions (hence bilinear forms (-, -)) are either trivially 0, or are
equal to 0pm+1 OF Opt1,m, Which are both 0 by the restrictions on the values of p, m. Hence,
this entire calculation is:
=0
= p([X (o, 22), X7 (—atm, 21)]).
Now consider the case p = n with [p — m| > 2. We calculate for o, apy:
(X7 (ap, 22)), (X7 (v, 21))]
= [ren(22)en(—22) 1, iem(21)en 1 (21) 1.
Using Proposition 31, all contractions (hence bilinear forms (-,-)) are either trivially 0, or are
equal to 0, m41, which is itself 0 by the restrictions on the values of m. Hence, this entire
calculation is:
=0
= p([X7(ap, 22), X7 (v, 21)]).
Similarly, for —ay,, —auy,
[P(XE(—%NZz)):P(XE(—Oémazl))]
= [—en(—22)en(22) 1, — e (21)Ema1(21) ).
Using Proposition 31, all contractions (hence bilinear forms (-, -)) are either trivially 0, or are
equal to 0, m41, which is itself 0 by the restrictions on the values of m. Hence, this entire
calculation is:
=0
= P([XE(_O%N 22), X7 (—aum, Zl)])
Finally, consider the case m = n with |p —m| > 2. We calculate for oy, ou:
[P(X (0. 20)). (X7 (1)
= [rep(22)ep 1 (22) 1 ren(21)En(—21) .
Using Proposition 31, all contractions (hence bilinear forms (-,-)) are either trivially 0, or are
equal to dp41,,, which is itself 0 by the restrictions on the values of m. Hence, this entire

calculation is:

98



Ph.D. Dissertation Chad Mangum

=0
= p([X7(ap, 22), X7 (v, 21)]).
Similarly, for —ay,, —ay,
(X7 (=g 22)) p(X7 (=i, 20)]
= [ :ep(22)epta(a2) s, — e (—21)en (21) ]
Using Proposition 31, all contractions (hence bilinear forms (-,-)) are either trivially 0, or are
equal to dpi1,,, which is itself 0 by the restrictions on the values of m. Hence, this entire
calculation is:
=0
= p([XE(—Ozp, 32)7 XE(_CVWM Zl)])
Relation (18): ad X7 (+ay, 23)ad X7 (£ay, 22) X7 (£am, 21) = 0 if cpm, = —1
The condition ¢, = —1 occurs precisely when [p—m| = 1 except for the pairs p=1,m =0
and p =n — 1,m = n. First, we will compute when p = 0,m = 1 and for oy, ayy,.
(X7 22)) (X7 (0 1)
= [ (22)el(—22):,:e1(21)e5(21) o]
Using Proposition 31, we have:
= —:e](—z1)e5(z1): 0(2z2 — z1)— : ¥ (—z1)e5(21) : 022 + 21).
Using Remark 4.1, we have
= —:e](—z1)e5(21): 0(2z2 — z1)— €] (—21)e5(21): 0(22 + 21)
= —:e7(—z1)e5(21): (6(22 — 21) + 0(22 + 21)).

We now apply X7(ay, z3) on the left.
[p(X7(ap, 23)), — :ef(—21)eb(21) 1 (6(22 — 21) + 0(22 + 21)) ]
= [:8*(23)e}(—23) 1, — €5 (—21)e5(21) 1 (6(22 — 21) + 6(22 + 21))].
Using Proposition 31, all contractions (hence bilinear forms (-, -)) are trivially 0, so this calcu-
lation is:
=0
= p(adX7 (o, 23)ad X7 (qp, 22) X7 (tm, 1))
Similarly, for —ay, —ouy:
[p(X7(—ap, 22)), p(X7 (—tm, 21)) ]
= [:B(z2)e1(—22):, — €7 (21)e2(21) ]
Using Proposition 31, we have:
=:e1(—21)ea(z1): 0(z2 — 2z1)+ : B(—=21)e2(21): §(22 + 21).
Using Remark 4.1, we have
=:e1(—21)e2(z1): 0(z2 — 2z1)+ :e1(—21)e2(21): 6(22 + 21)
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2261(—Z1)€2(Z1)2 (5(22 — 21) + 5(22 + Zl)).

We now apply X?(—ay, z3) on the left.
[p(X7(—ap, 23)), :e1(—21)e2(21): (6(22 — 21) + 8(22 + 21))]
= [:8(z3)e1(—23) 1, :e1(—21)e2(21) : (6(22 — 21) + 6(22 + 21))].
Using Proposition 31, all contractions (hence bilinear forms (-, -)) are trivially 0, so this calcu-
lation is:
=0
= p(adX7(—ay, 23)ad X7 (—ayp, 22) X (—am, 21)) .
Now we compute for 1 < p,m <n —1 where |[p — m| = 1. First we calculate for oy, ap,.
[p(X7(ap, 22)), p(X7 (tm, 21)) ]
= [rep(22)ep 1 (22) 1 rem(21) €40 (21) 1]
Using Proposition 31, we have:
= Op.m+1 :6;+1(21)6m(z1): 0(z2—21) F0pr1,m 1€p(21)Emy1(21): (22— 21) +0p ma10p+1,m0z, 6 (22
21).
The coefficient 0y 1n+10p+1,m = 0, so we have

= (Opm+1 repr1(20)em(21): +0pr1m 1ep(21)en 41 (21): )(22 — 21)-

We now apply X7 (ay, 23) on the left.
P(X7(p, 23))s (Fpmt1 i Eppr (21)Em(21): +H0ps1m 16p(21)Ep41(21): )0 (22 — 21)]
= [ rep(23)epr1(28) s (Opmat epp1(21)Em(21) +0pr1,m 2ep(21)eip (21): )0 (22 — 21)]
= [rep(23)ept1(23) 1, Opmt1 1epiq (21)Em(21) 1 6(22 — 21)]
+l:ep(23)ep1(23) 15 Opyim ep(21)€n, 11 (21) : 0(22 — 1))
Using Proposition 31, we have
= Opm+1( = Oppt1 1€pp1(21)Em(21): 0(23 — 21) = Opr1,m 1€p(21)eppa(21): 0(23 — 21)
—Oppt10p 1m0z 0(23 — 21))0(22 — 21)
+0p+1,m (Spyme+1 16541 (21)ep(21) 1 (23 — 21) + Gpap 1€p(21)Epyn(21): 0(23 — 21)
+0p.m+10p41,p0z 0 (23 — 21))5(z2 —21).
The coefficient 6, ,11 = 0, and each other term has coefficient 36y, 11, 410p+1,m, which is 0. Hence,
this calculation is:
=0
= p(adX7 (0, 23)ad X7 (ap, 22) X7 (tm, 21)) -
Similarly, for —ay,, —auy,:
07 (= 2)), (X7 (i, 20)]
= [ seplz)mpra(22)5 — ()i (1) ]
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Using Proposition 31, we have:

= Opm+1 :Ep+1(21)e, (21) 1 6(22—21) +0pt1,m 1€5(21)Emt1(21) 1 6(22—21) +0p,m+10p41,m 0z, 6 (22—
21).

The coefficient 9 y,4+10p+1,m = 0, so we have

*

= (5p,m+1 1Ep+l (21)8:1(21)1 +6p+1,m 2€p(21)8m+1(zl)2 )5(2’2 — Zl).

We now apply X?(—ay, z3) on the left.
[p(XE(—ap, 23)), (5p,m+1 epr1(21)en (21) 1 H0pt1m :€;(z1)£m+1(z1): )5(22 — zl)]
= [— :5;;(23)51,“(,23) : ((5p7m+1 tepri1(21)en, (21) 1 +0ptim :5;‘,(21)5m+1(21): )5(22 — zl)]
= [ :ep(28)ept1(23) 1 Opmr1 1epta(21)er, (21) 1 0(22 — 21))]
+[— rep(23)ept1(23) 1, Opr1m €5 (21)Emt1(21) : 6(22 — 21)].
Using Proposition 31, we have
= Opmt1(Oppi1 s€pr1(21)en,(21): 6(23 — 21) + Opr1m 6p(21)epr1(21): 6(23 — 21)
+0p p4+10p+1,m 02, 0(23 — Zl))5(22 —2z1)
~Opt1,m (Spm+1 epr1(21)ep(21): 0(23 = 21) + Gparp 1€p(21)Ema1(21): 0(23 — 21)
+0p1,mOpt1,p02 0 (23 — 21))5(22 —21).
The coefficient 6, ,11 = 0, and each other term has coefficient -6, 11, +10p+1,m, which is 0. Hence,
this calculation is:
=0
= p(ad X7 (—ayp, 23)ad X7 (—ayp, 22) X7 (—aum, 21)) .
The final case for this relation is p = n and m = n — 1. We compute for oy, cp:
[p(X7(ap,2)), (X s 1))
= [ten(22)en(—22) 1, ten—1(21)eh (21) ]
Using Proposition 31, we have:
=:en(—21)en—1(21): 0(22 — 21)+ 1en(—21)en—1(21): (22 + 21)
cen(—21)en—1(21): (5(z2 —21) + (22 + zl)).

We now apply X7 (ay, 23) on the left.
[p(X7 (0, 23)), ren(—21)En—1(21): (6(22 — 21) + 0(22 + 21))]
= [ cen(23)en(—23) 5 ten(—21)en—1(21): (6(22 —21) 4+ (22 + 21))].
Using Proposition 31, all contractions (hence bilinear forms (-, -)) are trivially 0, so this calcu-
lation is:
=0
= p(adX7 (0, 23)ad X7 (ap, 22) X7 (O, 21)) -

Similarly, for —ay,, —ouy:
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[p(XF(—ap, Z2))’ IO(XE(_O‘ma 21))]

= [ :en(=22)en(22), — e 1 (21)en(21) ).

Using Proposition 31, we have:

= —ep(—2)ep_1(21): (22 + 21)— e (—21)en 1 (21) : 6(22 — 21)
= —ep(—21)en_1(21): (0(z2 — 21) + (22 + 21)).

We now apply X?(—ay, z3) on the left.
[p(X7(—ap,23)), — eh(—z1)ek_1(21): (6(z2 — 21) + 0(22 + 21)) ]
= [~ :en(—23)eh (23) 1, — e (—21)eh 1 (21): (0(22 — 21) + (22 + 21))].
Using Proposition 31, all contractions (hence bilinear forms (-, -)) are trivially 0, so this calcu-
lation is:
=0
= p(ad X7 (—ay, 23)ad X7 (—ap, 22) X (—am, 21)) -
Relation (19): ad X7 (+ay, z4)ad X7 (£ay, 23)ad X7 (£ap, 22) X7 (£am, 21) = 0 if ¢pp, = —2
There are two cases to consider: p =1,m = 0 and p = n — 1, m = n. First we compute for
p=1,m =0 and o, .
[p(X7 (s 22)), (X7 (e 20)]
= [re1(22)e3(22) 1,1 8% (21)e] (—21) 1] -
Using Proposition 31, we have
=:e5(—21)8%(21): 0(22 + 21)— :e5(21)e](—21): 0(z2 — 21).
By Remark 4.1, we have

=:e5(—21)e](21): 0(22 + 21)— :e5(21)e](—21): 6(z2 — 21).

We now apply X7 (ay, 23) on the left.
p(X7(ap,23)), :€5(—21)ef(21): (22 + 21)— :e5(21)ef(—21): 8(z2 — 21)]
= [:e1(z)e3(23) 1 e5(—21)ef (1) O(22 + 21)— €5 (21)ef (—21): 0(22 — 21)]
= [ ie1(z3)es(23) s, 165 (—21)ef(21): 6(22 + 21)] — [ 1e1(23)e(23) 1, :5(21)ef(—21) : 8(z2 — 21)]
Using Proposition 31, we have
= (:e5(z1)eb(—21): 6(23 — 21))6(22 + 21) — (:e5(—21)eb(21): 6(z3 + 21))6(22 — 21).
By Corollary 28,
=:e5(21)e5(—21): (6(z3 — 21)8(22 + 21) + 8(23 + 21)8(22 — 21)).
We now apply X7(cy, z4) on the left.
[p(X7 (0, 24)), :€5(21)e5(—21): (6(23 — 21)0(22 + 21) + 6(23 + 21)0(22 — 21)) ]
= [:e1(za)eb(za):, :e5(21)eb(—21): (0(z3 — 21)0(22 + 21) + (23 + 21)8(22 — 21)) ]
Using Proposition 31, all contractions (hence bilinear forms (-, -)) are trivially 0, so this calcu-

102



Ph.D. Dissertation Chad Mangum

lation is:

=0

= p(adX7 (o, 24)ad X7 (0, 23)ad X7 (ap, 22) X7 (O, 21)) -
Similarly, for —ay, —oun,

[P(X7(—ap, 22)), p(X7 (—tm, 21))]

— [~ ci(m)ea(za) s Blm)en(—21) .

Using Proposition 29, we have

= —1e9(—21)B(21): 6(22 + z1)+ :ea(z1)e1(—21): 0(z2 — 21).

By Remark 4.1, we have

= —ie9(—21)e1(21): 0(2z2 + 21)+ :ea(z1)e1(—21): 0(z2 — 21).

We now apply X?(—ay, z3) on the left.
[p(X(—ap, 23)), — e2(—21)e1(21): (22 + 21)+ 1e2(21)e1(—21): 0(z2 — 21)]
= [— &5 (23)e2(23) 1, — rea(—21)e1(21): 6(22 + 21)+ :e2(21)e1(—21): 6(z2 — 21)]
= [— 1 €f(z)ealzs) 1, — 1 ea(—z1)e1(21) : 0(22 + 21)] + [— : ef(23)ea(23) 5,1 ea(z1)e1(—21) -
8(z2 — 21)].
Using Proposition 31, we have
= (:ea(z1)ea(—21): 6(23 — 21))6(22 + 21) — (:e2(—21)e2(21): 6(23 + 21))6(22 — 21).
By Corollary 28,
=:e9(21)ea(—21): (6(23 — 21)6(22 + 21) + 6(23 + 21)6(22 — 21)).
We now apply X?(—ay, z4) on the left.
[p(X7(—ap, 24)), :€2(21)e2(—21): (0(23 — 21)0(22 + 21) + 6(23 + 21)0(22 — 21)) |
= [— 15 (za)ea(2a) s, 1 e2(21)E2(—21): (0(23 — 21)8(22 + 21) + 0(23 + 21)d(22 — 21))].
Using Proposition 31, all contractions (hence bilinear forms (-,-)) are trivially 0, so this calcu-
lation is:
=0
= p(ad X7 (—ayp, z4)ad X7 (—ap, 23)ad X7 (—ap, 22) X7 (—aum, 21)).
The final case to consider is p = n — 1, m = n. First we compute for oy, ay,.
[P(X7 (s 2)), (X7 s )]
= [ren—1(22)e} (22) 1, :en(21)en(—21) 1.
Using Proposition 31, we have
=ien—1(21)en(—21): 6(22 — 21)— :en—1(—21)en(21): (22 + 21).
We now apply X7 (ay, z3) on the left.
[ ( (o, 23) ) ten—1(21)en(—21): 0(22 — 21)— tep—1(—21)en(2z1): 0(22 + zl)]
= [ en—1(23)el (23) 1, :6n—1(21)en(—21): 6(22 — 21)— ten—1(—21)en(21): d(22 + zl)]
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= [ ten—1(z3)eh (23) 1, ien—1(21)en(—21): 0(22 — 21)]
—[ ren—1(23)e (23) 1, sen—1(—21)En(21) : 0(22 + 21)].
Using Proposition 31, we have
= —en_1(—21)en—1(21): 0(23 + 21)0(22 — 21)+ :en—1(21)en—1(—21): (23 — 21)d(22 + 21).
By Corollary 28, we have
=ten—1(21)en—1(—21): (6(z3 + 21)6(22 — 21) + 6(23 — 21)8(22 + 21))
We now apply X7 (ay, z4) on the left.
[p(XE(ozp, 2’4)), en—1(21)en—1(—21): (5(23 +21)0(22 — 21) + 0(23 — 21)0(22 + zl))]
= [ ten—1(24)ek (24): 1en—1(21)eEn—1(—21): (5(23 +21)0(z2 — 21) + 0(23 — 21)0(22 + zl))].
Using Proposition 31, all contractions (hence bilinear forms (-, -)) are trivially 0, so this calcu-
lation is:
=0
= p(adX7 (0, 24)ad X7 (o, 23)ad X7 (atp, 22) X7 (O, 21)) -
Lastly, we repeat the calculation for —ay,, —aup,.
[P(X7 (=, 22)), p(X7(—tm, 21))]
= [ ren_1(22)en(22) s, — e (—21)en,(21) ).
Using Proposition 31, we have
=gy _1(—z1)en(21): 0(z2 + 21)— ey _1(21)en(—21): 0(22 — 21).

We now apply X?(—ay, z3) on the left.

P(X7(—ap, 23)), 651 (—21)en(21): (22 + 21) = ey (21)ep(—21): 0(22 — 21)]

= [~ ien1(23)en(23) s ey (—21)en(21) : 0(22 + 21) = €)1 (21)e (—21): 6(22 — 21))]
= [~ 152—1(Z3)€n(2‘3)2 Z 1( z1)en(21): 6(22 + 21)]

+[= g1 (23)en(23) _i(z1)en(=21): 022 — 21)]-

Using Proposition 31, we have
=:er_1(z1)en_1(—21):0(z3 — 21)0(22 + 21) — el _1(—z1)ek _1(21): 0(23 + 21)0(22 — 21).
By Corollary 28, we have
=teh_1(z1)en_1(—21): (623 — 21)0(22 + 21) + (23 + 21)6(22 — 21)).
We now apply X?(—ay, z4) on the left.
[p(X7(—ap,z1)), €1 (21)e_1(—21): (0(z3 — 21)8(22 + 21) + 0(23 + 21)8(22 — 21))]
= [~ &5 _1(2a)en(2a) 5,651 (21)e 1 (—21): (6(23 — 21)8(22 + 21) + 6(23 + 21)8(22 — 21))]-
Using Proposition 31, all contractions (hence bilinear forms (-, -)) are 0, so this calculation is:
=0
= p(ad X7 (—ayp, 24)ad X7 (—ap, 23)ad X7 (—ap, 22) X7 (—aum, 21)).
Hence, p is a homomorphism; thus we have constructed a representation of the twisted

toroidal Lie algebra of type Ag,_ 1. B
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Chapter 5
Bosonic Representation

In this chapter, we give the other type of FF representation for the twisted toroidal Lie algebras

of type As,_1, namely the bosonic representation.

5.1 Free Field Notation

Let {g,ef|i=0,1,...,n+ 1},¢,c*, 3, 8%, the inner product (-|-), and the vector spaces P, P*
exactly as in the fermionic representation.

Now introduce two copies of C" spanned by {e;, &3 |i=1,2,...,n}, respectively. The e; are
orthonormal with respect to the inner product (-|); that is, (e7/e7) = d;;. Similarly, (a;f\e;i.) = 0;j-
Similarly define § = —¢ + ey and B* = —¢* + 1.

Form the vector spaces P with basis {e;,¢|¢ = 1,...,n}, and P* with basis {E%“,F\i =
1,...,n}.

Definition 33. Define the space C' := C; & C; where C; = P ® P and C; = P* @ P*.

Remark. This decomposition of C’' is a polarization into maximal isotropic subspaces with

respect to the antisymmetric bilinear form (-,-) defined by:
{(a*,b) = —{a,b*) = (a*,b) = —(a, b*) = (a|b) for a,b € P, and all other combinations 0.

We now introduce a Weyl algebra, W (P). It is the associative, unital algebra generated by
the set {a(k),K |a € C’',k € Z+ 3} and subject to the relations

la(k),b(1)] = (a, b)Yk, K for a,b e C'.

Here [+, ] denotes the usual commutator.
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Remark. Note the differences between the fermionic case and bosonic; in the latter, we use
an antisymmetric bilinear form (instead of a symmetric form), and the elements form a Weyl

algebra under the commutator (instead of a Clifford algebra under the anticommutator).

Definition 34. The representation space (or Fock space) is:

Vi=Q QR Cla(-k)] &Q  Claj (k)]

@ €P,P \ k€(Z+1)s0 kE(Z+3)>0

The action of W(P) on V/, written by juxtaposition, is described here. Vs a simple
W (P)-module with a distinguished vacuum vector 1 € V'. For a € C',k € (Z + +)>0 and any
polynomial v € V', a(—k) acts by left multiplication (as in a(—k)v) and a(k) acts like %(v).
Notice in particular that a(k)1 = 0. Hence, a(k) is called an annihilation operator and a(—k)
is a creation operator. Also, ¥ acts as —2.

For any u € C’, we define a generating function or free field operator with a formal variable z
using components: u(z) = Z u(k:)z_k_%. A generating function acts on v € V' by u(z) v =

kez+1
Z (u(k) - v)z_k_%. Hence the variable z acts only as a “bookkeeping” device and does not

keZ+1
affect the action on V.

Definition 35. The normal ordering of a quadratic expression :u(z)v(w): is defined on its
components by:
u(m)v(n), if m <0;
v(n)u(m), if m > 0;
so that :u(z)v(w):= Z cu(m)v(n): 2Ty D,
m,nGZ—i—%
Remark. Since :u(z)v(w):=:v(w)u(z):, these fields are indeed bosonic fields.
We have also the following lemma, the proof of which is similar to the corresponding lemma

in the previous section.

Lemma 36. Foru € C', and z,w formal variables, :u(z)v(w): §(z+w) =:u(Fw)v(w): d(zxw).
|

We can extend the definition of normal ordering to more than 2 fields inductively. For

U1, U, U3, . .., Uy € C' and 21, 29, 23, ..., 2, formal variables,
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cuq (21)u2(22) - um(2m) :::ul(zl)( tug(22) U (2m) ) :

(
:ul(zl)( ZUQ(ZQ)( :U3(23) s -um(zm): ) : ):

and so on until the innermost parentheses contain only 2 fields. We also define the contraction

of two bosonic fields by the same definition as previously.
Definition 37. For z1,...,2,, € C/, define:

:xl".xi'..x‘j..'wm:::’vix‘j:xl..'x%'.'x}"..xm:
—— —~—~
where x; indicates that the index 7 is missing from the list.
Here we restate Wick’s Theorem in the case of bosons. The only difference is the absence

of the sign of a permutation in part 2. of the statement.
Proposition 38. Wick’s Theorem for bosons. For x1,...,%Zm,yi,...,yp € C', we have:

1.2y Xy =121 Tyt + ) X1 T X5 Ty i, Where the sum is taken over all com-
———

binations of sets of contractions (up to %5 contractions if m is even, or mTfl contractions

if m is odd).

2' (:xl...xm:)(:yl...yp:) ::;Ul...xmyl...yp: +Z x1$zxmy1yjyp7 whe/r-e

the sum is taken over all combinations of sets of contractions of some x;’s with some y;’s.

Equivalently, (:z1--xm:)(ty1 -+ Yp:)

min(m,p)

= E E TiyYjy  TigYje T X1 TmY1 Yp iy, igsjise ) where the sub-
. s=0 1< <is,J17FJs

script

(41, yis, J1,- -+, Js) means that the elements x;,, ..., i, Yj, - - -, Yj, are removed.

Wick’s Theorem and the definition preceding it are simpler in the bosonic case because the
presence of the sign of a permutation is not needed. Hence, the following corollary is immediate

from the definition of normal ordering for bosons:

Corollary 39. Foruy,us,us,us € C' and z, w formal variables, :ui(£z)uz(£z)us(Lw)us(tw) :=:
us(Fw)ug(Fw)ug (£2)ug(£2):. B

Proposition 40. a(£2)b(+w) = 1, éj’bzu fora,beC'.
—_—— T

Proof: By definition we have a(£2)b(£w) = a(£2)b(+w)— :a(xz)b(tw):=
—_——

D0 alkp@(E) ) = YT calk)b(D): (£2) 7 (w) R

kl€Z+3 kl€Z+3
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o oalbE) ) T = ST a(k)b() () TE R (w) T
€L

kleZ+ k€Z+L _(I€L+5

b(Da(k)(£z) "2 (£w) 2

[vjmw

kE€Z+35 €L+

= > amp(En) e T YT b(Dalk)(£2) 7 (dw)
k€Z+5 €245 k€Z+5_ €L+5

(a(k)b(l) — b(D)a(k)) (£2) 52 (£w) "2
€2+
la(k), (1)) (22) F 8 (w) -3

(]

kEZ+5 s

(]

ke€Z+i_ lez+3

>0

(a, b>5k,_l(iz)fkf%(iw)47%

(]

k€Z+L _ €L+

= Y {ad)E) R (Fw)

N

kez+%>0
. . . . . a,b)(£2)7! a,b N
This sum is a geometric series, and is equal to: szw% = Lzm,u, which is as
- I, +TzFw
. z
desired. B

Remark. 5.1. As operators on V', we choose @ so that :a(z)e(z):= 0 and :a(z)c*(z):= 0 where
a € C'. Hence, in particular, : a(2)8(z) :=: a(2)e1(2) :, : a(2)f*(2) == a(2)e}(2) :, :a(2)B (2) :=:
a(z)eq(z):, and ra(2)B(z):=1a(2)e7(2) -

The Lie algebra of operators in W (P) is formed by endowing W (P) with the commutator

bracket. That is, the bracket among generating functions of operators is, by definition
[[a1(2)b1(2):, rag(w)ba(w):] =:a1(2)b1(2) az(w)ba(w): — raz(w)ba(w)::a1(2)bi(z):.

Proposition 41. For ay,by,a2,bs € C' and formal variables z,w, we have

1. [ra1(2)b1(2):, a2 (w)by(w):]
= (a1,b2) :b1(w)az(w): §(z —w) + (a1, az) :by(w)bz(w): §(z —w)
+(b1, az) :a1(w)ba(w): 6(z — w) + (b1, ba) :a1(w)az(w): 6(z — w)
+(<a1, ba) (b1, az) + (a1, a2) (b1, bg))@wé(z —w).

2. [ra1(—=2)b1(2):, :az(w)be(w):]
= —(a1,b2) :b1(—w)az(w): 6(z +w) — (a1, az) :b1(—w)ba(w
+(b1,a2) :a1(—w)ba(w): §(z — w) + (b1, b2) :a1(—w)az(w):

S, —
—~~
I
|
S
~—
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3. [ra1(2)b1(—2):, :az(w)be(w):]
= (a1, b2) :b1(—w)az(w): §(z — w) + (a1, a2) :b1(—w)be(w): 6(z — w)
— (b1, a2) ra1(—w)ba(w): d(z +w) — (b1, b2) :a1(—w)az(w): 6(z + w)

_(<a1,b2><b1,a2> + <a1,a2><b1,b2>) <(z—1w) ’ (z—{l—w) T (wl_z) . (w—li—z)>

4. [ra1(2)b1(2):, raa(—w)ba(w):]
= (a1,b2) :b1(w)az(—w): §(z —w) + (a1,a2) :b1(—w)ba(w): 6(z + w)
+(b1,a2) :a1(—w)ba(w): 0(z + w) + (b1, b2) :a1(w)az(—w): 6(z — w)
)

+({a1,b2) (b1, az) + (a1, a2) (b1, b2)) ((z—lw) ’ (ziw) N (wl—z) ' (wiZ))

5. [ra1(2)b1(z):, raz(w)ba(—w):]
= (a1,b2) :b1(—w)az(w): §(z + w) + (a1,a2) :b1(w)be(—w): 6(z —w)
+(b1, az) :a1(w)ba(—w): §(z — w) + (b1, b2) :a1(—w)az(w): 6(z + w)
)

+({a1, b2) (b1, az) + (a1, az) (b, b2)) ((ziw) ' (zlw) * (w1+z) ' (wlz)).

6. [ 1(=2)b1(=2), rag(w)ba(w) ]
—(a1,b2) :b1(w)az(w): §(z + w) — (a1, az) :by(w)bz2(w): §(z + w)
<b1 az) :ar(w)bz(w): 6(z + w) — (br, b2) :a1(w)az(w): 6(z + w)
—((a1, b2><b1,a2> + (a1, a2) (b1, b2)) Db (z + w).

7. [ar(—2)b1(2), aa(—w)ba(w) ]
= —(a1,be) :b1(—w)ag(—w): 6(z +w) — (a1, az) :b1(w)ba(w): §(z — w)
+(b1,a2) ra1(w)bz(w): 6(z +w) + (b1, b2) :a1(—w)az(—w): §(z — w)
+(<a1, ba) (b1, a2>)6w6(z +w) — (<a1, az) (b1, b2>)6w5(z —w).

8. [ar(=2)bi(2):, :az(w)ba(—w) ]

= —(a1,be) :by(w)az(w): §(z — w) — (a1, az) :b1(—w)ba(—w): §(z + w)
+(b1,az2) :a1(—w)ba(— w) (z —w) + (b1, b2) :a1(w)az(w): 0(z + w)
(<a1 b2 bl as )6w5 —l— (<CL1, a2><b1, b2>)8w5(2 + U)).

9. [a1(2)b1(—2):, :a2(—w)ba(w):]
= (a1,b2) :b1(—w)ag(—w): 6(z —w) + (a1, ag) b1 (w)ba(w): 6(z + w)
—(b1,a2) ra1(w)ba(w): §(z —w) — (b1, ba) :a1(—w)az(—w): §(z + w)
—({a1,b2) (b1, a2)) 0uwd(z — w) + ((ar, az)(b1,b2)) 8o (2 + w).

10. [ra1(2)b1(—2) 1, :a2(w)ba(—w):]
= (a1, be) :b1(w)az(w): §(z + w) + (a1, a2) :b1(—w)ba(—w): 6(z — w)
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—(by,a2) :a1(—w)be(—w): (z +w) — (by,b2) :a1(w)az(w): §(z — w)
+(<a1 b2 bl ao )6w<5 z+ w (<CL1, a2><b1, b2>)8w5(z — w).

1. a1 (2)b1(2):, : az(—w)ba(~w) ]
= (a1,b2) :b1(—w)ag(—w): 6(z + w) + (a1, az) :bi(—w)ba2(—w): 6(z + w)
+(b1,a2) :a1(—w)ba(—w): §(z + w) + (b1, b2) :a1(—w)az(—w): 0(z + w)
—((a1, az) (b1, ba) + (a1, b2) (b1, a2)) Ouwd (2 + w).

12. [ra1(—2)bi(—2):, :a2(—w)be(w):
= —(a1,b2) :b1(w)az(—w): 6(z + w) — (a1, az) :b1(—w)ba(w): 6(z —
—(b1, a2) a1 (—w)ba(w): 6(2 — w) — (b1, ba) rar(w)az(—w): 6(z + w)

+({a1,b2) (b, az) + (a1, a2) (b1, b2)) ((z—il-w) ' (z—lw) + (wiz) ' (wl—z)>

/\/-\

135. [ 1(=2)b1(=2) 1, sag(w)ba(—w):]
—(a1,b2) :b1(—w)az(w): §(z — w) — (a1, a2) :b1(w)be(—w): 0(z + w)
<b1 az) a1 (w)be(—w): §(z + w) — (b1, b2) a1 (—w)az(w): §(z — w)

+(<a1,b2)<bl,a2> + <a1,a2><b1,b2>) ((z—lw) . (z-}l—w) + (’wl—z) . (wiz))
14. [:ar(=2)bi(2):; :az(—w)ba(—w):]

)
= —(a1,be) :by(w)az(—w): 6(z — w) — (a1, az) :by(w)ba(—w): §(z — w)
+(b1,a2) :a1(w)ba(—w): d(z + w) + (b1, b2) :a1(w)az(—w): d(z + w)

_(<a1,b2)<bl,a2> + (al,CLg)(bl,bg)) ((z—lw) . (ziw) + (’wl—z) . (wiz))

15. [ra1(2)b1(—2):, ra2(—w)ba(—w):]
= (a1, b2) :b1(w)az(—w): §(z + w) + (a1, az) :b1(w)ba(—w): §(z + w)
—(by,a2) :a1(w)be(—w): §(z — w) — (b1, be) :a1(w)az(—w): d(z —w)

16. [ra1(—2)b1(—2):, 1ag(—w)ba(—w) ]
= —(ay,be) :b1(—w)az(—w): §(z — w) — (a1, a2) :b1(—w)ba(—w): 6(z — w)
— (b1, a2) ra1(—w)ba(—w): 6(z — w) — (b1, b2) :a1(—w)az(—w): §(z — w)
+({a1, ba) (b1, az) + (a1, az) (b1, b2)) b (z — w).

Proof: We will begin by dealing with all cases at once. Using Propositions 38 and 40, we

have
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ra1(£2)by (£2) ag(fw)be(Fw) :=:a1(£2)b1 (£2)az(Fw)by(£w):
+ a1(£2)ba(£w) b1 (£2)az(Fw): + a1(£2)az(fw) by (£2)bz(+w):
—_— —_—
+b1(£2)ag(Fw) a1 (£2)ba(fw): +bi(£2)ba(Fw) :a1(E£2)az(tw):
— —
+ a1 (£2)ba(Fw) by (£2)az(Fw) + a1 (£2)az(tw) by (£2)be(£w)
=:a1(£2)b1(£2)az(Fw)ba(Lw):

< 1, b2 <01,02> . .

+Lz,w :|:bZ bl(j:z)ag(:i:w) +Lz7w :|:bZ :z w bl(:lzz)bg(:lzw) :
+izw < 1’;%3} rar(£2)ba(Fw): 41z j<:zl’ 220 cap(£2)az(w):
- (a1, ba) , (b1, az) , (a1, a2) , (b1, b2)

s rxw YrzFw Ytz Fw Ytz Fw’

Similarly, :aa(fw)ba(£w) a1 (£2)b1(£2) :=:a2(fw)ba(fw)a; (£2)b1(£=2):

+ as(Fw)bi (£2) :ba(Fw)ar(£2): + ag(fw)ai(£2) :bo(fw)bi(£2):

S —_—
+ ba(fw)ar(£2) sa2(£w)bi(£2): + ba(£w)bi(£2) :az2(fw)ai(£z2):

— —

+ az(Fw)by (£2) ba(fw)ai (£2) 4+ az(fw)ai (£2z) be(Fw)by (£2).
=:az(fw)be(fw)a;(£2)b1(£2):

az,b az,a
+Lw,ziij}£iz by (£w)ay (£2): +iw» % ; ;; by (Fw)by (2):
b2, a1 ba, b1
w,z j: :l: . w. 2 a :I: :I: N
i, w as(Fw)br(£2): +iy, N az(tw)ay (£z)

<(12j1§ (b2, a1) lag,a1) (b2, b1)

, lw,z lw,z lw,z
+w F 2 Tw Tz +w F 2 +w F 2 )
Thus, compute the ditference of these two halves, as prescribed by the commutator bracket as

follows.
ra1(E2)bi(£2) mag(fw)be(fw): — tag(Fw)ba(£w):ai(£2)b(£2):=

:al(:lz,?)bl(:t)z)ag(:l:w)bg(:l: w): : >
ai, by ' ai,az) .
+izw j<3bz ¢1§ b1 (£2)ag(Fw): +¢ ij<:bz :Eigf :b1(£2)ba(Fw):
1,02) , 1,02) .
+izw :<|;z :Eisf .a1(<:btz)bg>(iw). —|-<LZ7w if; w<ba1£i>z)a2(j:w).
ai, by 1,02 ai, az 1,02
—Hz’w:l:z:!: b Y4 x bew +zFw b s xw
- ag(iw)bg(iw)al(iz)bl(iz)
(ag, b1) (az,a1)
—lw.z tbo (£ +2): —tys tbo (£ +2z):
Lw, :<|:bw$§ ba(£w)ar(£2): —ty, :é:bw_?)c}z ba(£w)by (£2)
2,01) . 2,01) .
= as(Fw)by (£2): —ty,z F— rag(Fw)aq (£2):
- (az,by) <bz>a1> _, laziar) (b2, by)
“tw T 2 w’zzlz % L zw’ Tw F 2
= al(:lzz)bl( z)a (:l:w)bg(:i:w) ( w)ba(Fw)ay (£2)by(£2):
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b b
wj::;;Z by (£2)as(Fw) : ;Efu f’;; as(£w)by (£2):
ai, az az, a1
W b1 (£ Tw): —ty,—— :bo(£ +2):
+iz, o bi(£2)ba(£w): —iy, Ty ba(tw)by(£2)
b b
+izw i;’;i taq (£2)bo (W) —ty 2 ia;’;i bo(Fw)aq (£2):
b1,b ba, b
sw (b1, ba) a1 (£2)ag(Fw): —ty (b2, b1) tag(fw)ay (£2):
Tz Fw THw F 2
o lay,b2) ~ (bi,a2) - (az,b1)  (by,a¢1)
rrrw Ytz Fw rwFz TtwF 2
o la,az) ~ (biby)  (az.a1) (b2, )

Yrrrw Ytzrw  TtwFz TrwF
Using Corollary 39, the quartic terms cancel. Also, by the anti-symmetry of (-, -) and Definition

35, we have

b b
= Lz’w%a;’:;;) b1 (£2)az(tw): +Lw’z<iaul;:;>i b1 (£2)ag(w):
ai, az ap, az
2w :01(E£2)bo(Fw) : +iy b1 (E£2)bo(Fw):
Tz, in:F 1(£2)ba (£w) +L,igﬂ¢z 1(£2)b2 (£w)
+izw <i217:|czb2zz) car(E£2)be(£w): +iy . j:;’ 121 caq(+2)by(Fw):
b1,b b1,b
—szil’:;; a1 (£2)ag(w): Lw,zil’;l a1 (£2)as(+w)
(a1, bs (b1, az) (a1, b2) (b1, az)
+LZ w Ly w —lw,z lw,z
THzFw T EzFw TrtwFz TTrwFz
4, lava) (b bo) (ar,az)  (b1,b2)

Yirrzw Ytz Fw _Lw’ziw$zbw’ziw$z

1
ET— — ) :bi(£ t+w):
:tz:':w‘i‘éw,ziw:!:z) 1( Z)G2< UJ)

1

w w2 b1 (£2)ba(Lw):

o) (1m e + e ) () a()
1 1

b Z,Ww w,z . Zl: b Zl: .

+(b1, a2) <L, o T j:w:Fz> a1 (£2)ba(+w)
1 1

W we— | ra1(=E Tw):

#0102} (1 e e ) s ()

1 1 1 1
+{an,ba) (b, ) (LZ’“’ FFw) (ETFe) CEeF) CEeT Z>)

1 1 1 1
+(<a1, a2><b1, b2>) (Lz,w (:l:z - w) clzw (:l:z - w) — lw,z (:I:w - Z) “lw,z (:I:w - Z))

For the last two lines, notice that we cannot write 0 iziw)Q for 0 iZIJFw) 1 izlij) because the two

factors have variables which come from different generating functions, and hence their signs

may be different from each other. Thus we have:

_ g ) by (d2)an(+w):
(a1, b2) <L7 :l:zIFw+L 7 :i:wIFz> b1 (£2)az(+w)
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1 1
+<CL1,CLQ> (LZ MTZF’LU + Lw7ziw:|:z> bl(:l:Z)bg(:l:w)
1

b17a2 (PR ra—

> a1 (£2)ba(w):

: + Tw):
+z IFw ’Z:I:wIFz> al( Z)GQ( w)

1 1 1 1
(<a17 ba) (b1, a2>) <LZ Y(+z T w) Flew (2 Fw) iz (fw F 2) e (w F Z))

+z :Fw ’zj:w:Fz

b17 b2 bpwVT——

+({a1, az) (b1, b)) ( ¢ ! L ! - ! L !
1,2 1,02 z,w(j:Z:Fw) z,w(iz:':w) w,z(iw:':2> U)’Z(:l:'w:FZ) .
At this point, we can deduce each of the 16 cases stated in the proposition by choosing signs for

each of the variables. We make use of the definitions of the various delta functions in Definition
16 and Lemma 36, and we continue the calculation above in each of the 16 cases. We proceed
by using the same numbering of the cases as in the statement of the proposition.

To ease the notation, we will drop the leading ¢, ,, and ¢, . for the remainder of the proof.

| = (al,b2< ! = ! ):bl(z)ag(w):

-z

ay, a) ( ! >:b1(z)bg(w)
by, a) < . >:a1(z)bz(w):
by, ba) ) :al(z)az(w)
(<a17b2><blva2 ( w) - (wl—z) ' (’wiz))
+({a1, az) bl,bg ( w) (wl 2) : ))
)

= (a1, b2) :b1(z)az(w): )+<a1,a2> 1(2 bzgw) (2 —w)
+(b1,a2) :a () 2(w): 5( ) (b, b2) :a1(2)az(w): 6(z — w)

+(<a1,b2><bl,a2> + (a1, a )(bl,bg))8w5(z— w)

= (a1, b2) :b1(w)az(w): §(z — w) + (a1, az) :b1(w)ba(w): 6(z — w)
+(b1, az) :a1(w)ba(w): 6(z — w) + (b1, ba) :a1(w)az(w): 6(z — w)
+(<a1, b2><b1,a2> + <CL1, a2><b1, bg))&wé(z — w).

2.:(a1,bg>< L L2 ):bl(z)ag(w):

—zZ—w w+ 2

+(a1,az) <_Z1_ P i Z) 1b1(2)ba(w):
(b1, az) (Z_lw +— Z> a1 (=) b (w)::
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1 1
+(b1, b2) < +

Z—w w_z> ra1(—z)az(w):

+((a1, b2) (b1, a2)) <(_Zl_w) ' (Z—lw) B (wi[i-z) ' (w1—2)>

+(<a1,a2><b1,bz>) <(le) ' (le) - (wiz) ' (w12)>

’ {a1, z4+w) (z—w) (w+z) (w-—=2)
= —(ay,b2) :b1(—w)az(w): §(z + w)
—(ay,az) :b1(—w)ba(w): 6(z 4+ w)
+(b1,a2) :a1(—w)ba(w): 0(z — w)
+(b1,b2) ra1(—w)az(w): §(z — w)
—(<a1 b2) (b1, a2) + (a1, a2) b, b2>) ((z —i w) (z —1 w)  (w —1+— z) (w 1— z))

+(a1, az) <z — + - z> b1 (—2)ba(w)
+<b1 CL2> (—Zl—w + ’LU—1|—Z> :al(z)bQ(w)
+(b1, b2) <—zl—w wi—z) a1 (2)az(w)
o) (20 o~ s @)
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(b1, az) (_zjw T ) a1 (2)ba(w)
+(b1, ba) <—Z i —+ i Z) ray(2)az(w)
+({a1, b2) (b1, a2)) (—(Z_lw) (Ziw)_(wl—z) (wiz))
+({a1, a2){b1, b2)) (‘ . 1w> <z+1w> <w1z> <w1+z>>

= (a1,be) :b1(—2)az(w): 6(z — w)

—({a1, b2) (b1, az) + (a1, az) (b1, bz)) ((z—lw) ' (z+1w) " (wl—z) ' (wiz))

4. = (a1, o) (z_lw + 1_Z) b1 (2)az(—w)
(a1, az) <ziw — Z) b1 (2)ba(w)
(b, as) <Z+1w — Z) a1 (2)bs(w)
(b1, b) (z e Z) a1 (2)as(—w)

oo (s v e e

+(<a1,a2><b1,b2>)<(zl N S S )
= (a1, b2) <1+ ! ):bl(z)ag(—w):

Z—w w—z
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Gro) G-w) (w+z) w-2

( 2)ba(w): §(z + w)
+(b1,b2) :a1(2)az(—w): §(z — w)
(

+({a1, ba) by, a2) + {ax, az) (b1, b2) <(z—1w) ‘ (ziw) * (wl—Z) . (w‘ll‘z)>

+
—
S

=
<
M
~
S
[y
—~
|
S
~—
S
[\
—~
S
~—
(o9
N
+
S
~—
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Hota) (= s ) s

Z2+w w+ 2

+({a1, ba) (b, a2)) <(z—i1-w) (z—w) + (w—lkz) . (wl—z)>

Ja
1
1 1 1 1
+(<al7a2><b17b2>) <( ) (z + )+(wz).(w+2)>
= (a1, ba) :b1(2)az(w): 0(2 + w)
+{ar, az) 101 (2)ba(—w): §(z — w)
(b1, a2) ra1(2)ba(~w): 0(2 — w)
(b1, b2) ra1(2)az(w): 8(z + w)
(

(a1, b2)(by, az) + (a1, a2><b1’b2>) ((z—il-w) ' (z—lw) + (wiz) ' (wl—z)>

- -

+

(a1, b2) :b1(—w)az(w): 6(z + w)
(a1,a2) :b1(w)ba(—w): 6(z — w)
(b1, ag) ra1(w)ba(—w): 6(z — w)
(b1, b2) : al( w)az(w): 6(z + w)

) )

+ + +

1 1
6. = (a1, bo) (—z—w+w+z

+<a1,a2>< ;1 ):bl(—z)bg(w):

—Z —w w+ 2

—i—(bl,ag)( L 1 ):al(—z)bg(w):
(

= (ay, bs) <_z+ ” + s bi(—z)az(w)
+(a1, az) <_Z—|1—w + " }l- Z) b1 (—2)b2(w)
1
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+(a1, az) + > b1 (2)ba(w):

b)) (o e
+((a1, az) (b, b2)) <(_Zl+w) (Z_lw) (_w1+z
— (ar, bo) (—Ziw + w1+2> by (2)as(—w)

+{a1, az) <—Z _1 - 1_ Z) 1b1(2)b2(w)

(b, as) <Z+1w - wiz) a1 (—2)ba(w)

(b, ba) (z ot Z) a1(—2)aa(~w)
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+(b1, b2) :a1(—2)az(—w): 6(z — w)

+(<a1,b2><b1 a2>)6 (5(2’ +w)

—((al,a2><b1 b2>)6 0(z —w)

= —(a1,b2) :b1(—w)ag(—w): 6(z + w)
by

—(ay,a9) :

=

—_

<

D

~
N~

~— ~—

=

[\V}

—~

S

~—

(o9

—~~

IS TIEN

+

S

~—

o) (2 o) i)
+@mag< iu)%wiz)-m@wxw)

Hmm>z+w—w+grmP@@W)
1 1

+({ar, b2) (b1, az)) <_(z —1w)2 * (w —1 Z)2>

+({ar, a2) (b1, b)) (2 +w)? + (w+2)2)

= —(a1, b2) :b1(z)az(w): (2 — w)

—(a1,az) :b1(2)ba(—w): 0(2 + w)

+(b1, az) ra1(—2)ba(~w): §(z — w)

+(b1,b > 1(=2)az(w): 5(Z+w)

_(a b17 2>)6w(5(2—

+( a1 ag bl b2>)aw5(z+w
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—(ay,a2) :b1(—w)bo(—w): (2 + w)
+(b1,a2) :a1(—w)ba(—w): §(z — w)
+(b1, b2) a1 (w)az(w): §(z +w)
*(<CL1, bg)(bl,a2>)6w6(z - U])
+(<a1 a2><b1 bg))&wd(z +w

9. = (a1, b2) (z j ” + ” i z> b1 (—2)az(—w)
+(ar, as) <z i — Z) by (—=2)ba(w)
+(b1,a2) <—21—1—w + —wl—i— z) ca1(2)ba(w)
+(b1, b2) (—zl— ” + " —11- z) a1 (2)az(—w)

1 1 1

*{ar,ba)er, a2)) ((z —w) (z+w) (w-2)
+((a1, az) (b1, b2)) < ! ! !

_(z—HU)Q+ (w+ 2)?
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10. =

(b, ba) sar (—w)as(—w): 5(z + )
—((a1,b2) (b1, a2)) 9o (2 — w)
+((a1, az) (b1, 02)) 00 (2 + w).

(b, as) <—ziw - 1+ Z> a1 (2)bs(—w)
+(b1, b2) (—Z_lw - 1_ Z) ray(z)az(w)
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11. = (a1, by) <Z

+(a1, az) .

’ ’ z24+w) (z+w
— (ar, by) <Z+1w - - 1+ ) bi(=)aa(-w)
b an) [ —— — — 1) 0y (2)ba(—w)

12. = (a1, bo) (_Zl_ — > by (—2)as(—w):




Ph.D. Dissertation Chad Mangum

+<bl,b2>< L ;1 ):al(—z)ag(—w):

+(<a17b2><bl7a2>) <(_Zl_w) ' (—z:—w) B (’wilf'Z) . (—w1+ Z)

13. = (a1, by) (_Z+w + _w+z) by (—2)as(w):
(
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zZ4+w w—+ 2
) (~ o+ s ) al-2h(-)
+(b1, ba) <_z—1w - w1—z> ay(—z)az(w)
1 1 1 1
—|—(<a1 b2) (b a2>) ((z—w) (z+w)  (w—2) (w+z))

+((a1, az) (b1, ba)) <(ziw) ' (le) + (wirz) . (w12)>

= —(ay,be) :b1(—2)az(w): 6(z — w)
—<a1, a2> :bl(—z)bg(—w): (5(2 + w)

—(b1, a2) :a1(—2)ba(~w): 6(z + w)

—(b1,b2) :a1(—2)az(w): §(z — w) . . ) )
(o1, b) by az) + (an, a2 b b)) ( 5 Ty T o) (w—i—z))
= —(a1,be) :b1(—w)az(w): 6(z — w)

—(ay,a2) :b1(w)be(—w): d(z + w

14. = (ar, bo) (_Ziw + _w1+z> b1 (2)az(—w)
+(ar, as) <_Zl+ —+ _w1+ z) by ()b (—w)
+<bl,a2><z+1w _wl_z) a1 (—2)ba(—w)
(b, ba) (ziw _wl_z> a1 (—2)as(—w)
o ttonos) (5 g~ a9 0
o) <<—z}w> e Nerr)
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1 1
Haag) (-2 Z)bﬂ)m( w):
+(b
(b1, a2) <z+w w+z>
+(b1, b2)
b2 <z+w w+z>

(<a1,b2><b1,a2> < ) (Z—l—’UJ) B (wl_z) ' (w—1|-2)>

A
+(<a1,a2><b1,b2>) (‘(z_lw> : (ziw) - (wl_z) ' (wj—z)>
(a1, ba) :b1(2)az(—w): 3(z — w)
2
z)b
z)a

<a17a> 1(2)b2(—w): 6(z — w)
(b1, a92) 1a1(—2)be(—w): 0(z + w)

+(b1,b2) :a1(—2)az(—w): 6(z + w)
( {

(ar, b2} b, a2) + (a1, az) (b1, ba)) <(Z—1w) ‘ (ziw) * (wl—Z) . (w‘lFZ)>

_l’_

—(a1,b) :b1(w)az(—w):
<CL1 az) :b1(w)ba(— ) 6
(b1, az) ra1(w)ba(—
+(b1, b2) ra1(w)aa(— )5
—((a1, b2) (b1, as) +

—+

15. = (a1, bo) (Ziw + _wl_ Z) by (—2)as(—w)
+<a1,a2> Z—Il-w + _wl_ Z) :bl(—z)bg(—w)
+<b1 a2> (_zl—i_w + _w1+z) ;al(z)bg(*’w)
+(b1, b2) <—zl—i—w + —wl—i— z> a1 (z)az(—w)
1 1 1 1
+({a1,b2) (b1, a2) ((z—i—fw) (—z+w) (—w-—2) (—w+z)>
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16.

+<bl,b2> <—1— 1

—w  w— Z) ray(z)az(—w):

(a1, b2) (b1, az)) <—<z+1w> ' (z—lw) - <wiz> ' <w1—z>>

+(<a1,a2><b1,bz>) <_(ziw) ' (le) B (wiz) ' (w12)>

= (a1,be) :b1(—2)az(—w): §(z + w)

+(ai,a2) :b1(—2)ba(—w): 6(z + w)
— (b1, a2) a1(2)ba(-w): 6(z — w)
= (b1, b2) ra1(2)ag(-w): §(z — w)
— (a1, ba) by, a2) +{ar, az) b, ba) ((z—il-w) ' (z—lw) N (wiz) ' (wl—z)>

(ay,b2) :by(w)az(—w): 6(z 4+ w)
(a1, az) :b1(w)ba(—w): 0(2 + w)
—(b1, a2) a1 (w)ba(—w): 6(z — w)
—(b1,b2) ra1(w)az(—w): 6(z — w)
—( ) (b1, b2)

(a1, b2) (b1, az) + (a1, az) (b1, b2)) ((ziw) ' (Z_lw) + (wiz) ' (wl—z))

—+

N
|
g
g
|
w
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+(<a1,a2><b17b2>) <(z —1w)2 C(w _1 Z)2>

—(a1,b2) :b1(—2)az(—w): 6(z —w)
<a1,a> 1(=2)b2(—w): 6(z — w)
—(b1, a2) :a1(—2)b2(—w): 6(z — w)
—(b1,b2) :a1(=2)az(—w): 6(z — w)
+({a1, ba) (b1, az) + (a1, az)(b1,b2))8ud(z — w)
= —(a1,b2) :bi(—w)az(—w): 0(z — w)
—({a1, a2) :br(—w)bz(—w): 6(z — w

2(— (z —w)
—(b1, a2) :a1(—w)by(—w): 6(z — w)
— (b1, b2) a1 (—w)az(—w): 6(z — w)
+(<a1,b2 (b1, a2) + (a1, ag)(bl,bz))awé(z—w).

Each case is exactly as stated in the Proposition, proving it. B

5.2 Bosonic Representation of Twisted Toroidal A,

We can now state and prove our third main theorem.

Theorem 42. Define a map p' : ¢t — End(V’) by:

1. ¢ K =—

2. f(2) = ief(=2)B(=2): — :e1(2)B*(2): — :e5(=2)B(—2): + :67(2)B (2):
3. a7 (2) =:ai(2)e] (2): — 1€ (2)ef a1 (2): — 1e5(2)e; (2): + regp(2)ef7(2):
4. af(2) = ien(2)en(2): — ien(—2)e(—2): — ien(2)eg(2): + ren(—2)en(—2)

8. X7 (=, 2) €7 (2)eit1(2): — ref(2)e(2)
9. X (o, 2) —ien(2)ei(—2): — ten(—2)es(2)

10. X7 (—ap,z) —:ef(—2)en(z): — ek (2)en(—2):
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for 1 < i < n—1. Then p' is a homomorphism, and hence a representation of the twisted

toroidal Lie algebra of type As,_1. Here ¥ acts as —2, so the representation is level -2.

Proof: We will check each relation in turn.
Relation (1): [af(2), aF,(w)] = (20m0 — 1) (Ouwd(z — w) + 8uwd (2 + w) ) K

First, consider the case in which m = 0.

[/ (0F() 0 (07 (w))] ) )
= [re1(—2 ﬁ(—Z) - el(Z)B*(Z) —'%(—Z)B(—Z F+ep(2)B(2)

—[i(=2)B(=2) et (—w)B(—w) ] + e (—2)B(—2) 1 ep(w)B (w) ]
en(2)8(2) s e (—w)Bl—w) ] + [e1(2)8*(2) 1 e (w) B (w) ]
Flen(2)8°(2) st (—w)B(—w)] — o1 (2)B7(2) e (w) B (w) ]

et (=) B(—2) s it (—w) B(—w) ] + [re5(—2)B(—2) 1 (w) B (w) ]

et (—2)B(—2) s, e (—w)B(—w)i] — [3(~2)B(—2):, ier(w)B (w) ]
+iep(2)B7(2) 5, 165 (—w) B(—w) ] — [re(2)B (2):, 161 (w) B* (w) |
frep(2)F (2) s (—w)Bl—w) ] + [e5(2)B () 2 (w) B (w) .

We use Proposition 41 to compute these brackets. The nonzero terms are:

1

(—w): =(B,1) &1 (~w)B(—w):) 8(z — w) + (ef, B){B. £1)ud(z — w)

(w): (8, 8%) sei(w)er(w):) 6(z +w) — (e, 21) (8, )0 (= + w)}

B, 8) ser(—w)ei (—w): +{er, &) B (—w)B(—w):) 0z +w) = (8%, B){er, 1) Dbz +w))
e) s (w) B 98z — w) + (8 e1)er, ) 0ud(z — w)

— (&5, B) :B(w)ei(—w): = (B.&5) ef(—w)B(=w):) 6(: = w) + (5, B)(B. ) 0ud(z — w)

(— (520 :B)B" (w): —(B,B") :ej(w)er(w):) 8(z +w) = (5, 21)(B. B )0 (= + w) }
~{(FB) rer(—w)es(—w): +er,e) B (—w)B(—w):) 8z + w) = (B, BYer, e Dud(z +w) |
+ (B en) sex(w)B"(w): +er, B B (w)er(w):) 8(z = w) + (B",ex)(er, B)0ud (= — w).

By Remark 5.1, we see that every pair of normally ordered products cancels, and by antisym-

—(e1,8) :B(-w)e
—(e1,61) : f(w)

|
—~
—

+ +
,—MAQ;—"—\F’HA
®

metry of the form, we have
= —4(0u0(z — w) + 0d(z + w))
=2(0u0(z — w) + 0ud(z + w)) ¥
— 7/ ([0F (2), o (w)]).
Next, consider the case 1 <m <n — 1.
[p(07(2)).ples ()] .
[ e} (—2)B(— z) —:e1(2)B*(2): — :5%(—z)ﬁ( z) +: 51(2:)

gj(w)ej(w): — g (w)efyy (w): — ej(w)e

*(2):,

=
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—[e7(=2)B(—2):, s;(w)aji( I+ [ei(=2)B(—2):, :Em(w)a;‘ﬁ(w) ]

e ()5 (2) 5 ()Es ()] + [er ()8 (2) e (w)edy (1) ]

+[:e1(2)8%(2):, :Ej(w)aji(w) = [e1(2)8*(2):, :Em(w)e;ﬁ(w) ]

fet(—2)B(—2) ()W) ]+ [ == )B(—2) g (w)ety (w) ]
—i—[:e;(—z)B(—z): :Ej(w)aji(w) ] = [:6%(—2’)3(—2’)2, rer( )5;+1<’w) ]
+[:e7(2)B7(2), rej(w)ei(w):] — e7(2)B (2):, rej1(w)ef 4 (w)]

—[re7(2)B" (2), 53(w)5ji w):] + [ex(2)B (2), :sm(w)e;ﬁ(w) ]

We use Proposition 41 to compute these brackets. The nonzero terms are:

= (—(el,&) :B(w)ef(w): —(B,€]) :ef(w)ej(w):) 6(z + w) — (e1,;) (B, 7)0wd (2 + w)

—{((B", &) re1(w)ei(w): +(e1,€7) 18" (w)ej(w) D) 0(z — w) + (8%, €5) (e, €7)0wd(z — w)}
+ (=5 Blw)ew): ~ (.25 e w)eg(w):) 6z + w) — (65,27 (B30 (= + w)
~{((B"5) ser(w)ez(w): +(er,25) 1B (w)ej(w):) (= = w) + (B, £5)er, )Pubd(z — w) }.

J
By Remark 5.1, we see that every pair of normally ordered products cancels, and by antisym-
metry of the form, we have
= 20;1(0w0(z — w) + 0ud(z + w))
= —0;1(0wd(z — w) + 0ub(z + w)) K
— §/([0§(2), T, (w)).
The final case is m = n.

[p(aF(2)). p(af, (w)]

= [re](—2)B(—2): — 1e1(2)B7(2): — :e7(—2)B(—2): + :e7(2)B (2)
en(w)el (w): — rep(—w)ek (—w): — reg(w)ei(w): + ren(—w)ek(—w)]
= [e1(=2)B(=2): ren(w)er(w) ] — [e](=2)B(—2):, sen(—w)er, (—w) ]
—[el(=2)B(=2):, en(w)ef(w) ] + [:e1(—2) B(—2), rem(—w)ef(—w) ]
—[:e1(2)B7(2) 5, sen(w)er (w) ] + [61(2) B (2) 1, sen(—w)er, (—w) 1]
+[:e1(2)87(2):, s en(w)ef(w) ] — [e1(2) 87 (), rem(—w)ef(—w) ]
—[re(=2)B(=2) 1, en(w)eg (w) ] + [:e5(=2) B(=2) 1, en(—w)er (—w) ]
—1—[:5;(—,2)3(—,2 rep(w)et(w):] — [:6%(—2’)3(—2’)2, en(—w)ei(—w)]
+:e1(2)B"(2) 5y sen(w)en (w):] = [e7(2)B (2) 1, sen(—w)es (—w) ]
—le1(2)B" (2) 1 em(w)en(w) ] + [e7(2) B (2) 5 em(—w)ep(—w) |

All antisymmetric forms (-,-) (and hence contractions) are trivially 0, so this entire calculation
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Relaﬁion (2): [fyf(z),og( w)] = a;j0,0(z — w)K
[0 (a7 (2)) ¢/ (0 (w))]

w))

= b1 () - m(z) 1(2): — (e () + rep(Rei(2):,
21 ()ej(w): = 02 (W)ef () = e5{w)e5 w): + segr(v)err(w)
= L)t () s (e )] — B2t () st () ()
~lei(2)el (=), <>;<w>:1+[:ei<z>e:<z> (W)t (w) ]
et (el (2) 65 () )] + Ferna(Petys () egen el ()]
et (2)ef(2) e () (w) ] — Lo ()l (2)1 eppp(w)ey(w) ]
i) 2) s s ) )] + () (W) ()]
res(2)es () 5w (w) ] = [er(2)e () eppp(w)etp ()]
Hiemr(2)etes )i (w)et ()] — [erpr(etn(2) g1 (w)ed ()1
~lrer(2)ei () ey (w)e(w) ] + Legr(e)eig () e (w)ety (w) .

Here we use Proposition 41 which allows us to compute the brackets. The nonzero terms are:
= ((ei,€7) 165 (w)ej(w): +(e7, &5) reiw)ej (w):) 6(z — w) + (e, ) (€], €5)Oud (2 — w)

~{ () 7 w)egr (w): e em) ceilw)e sy (w):) (= — w)

+<51? j+1><€z753+1>8 5(Z - w)}

~{ (i1, 5) et (w)e(w): +(eh,65) e ()] (w):) 6(z — w)

+(eit1,€ j>< z+1753>8 5(Z_w)}

+ ((eir1,€541) el (w)ejn(w): (el €a1) €ir1(w)ef (w):) (2 — w)

+(eit1,€ j+1>< z+1v5J+1>8w5('z —w)

+ ((57 6*> rer(w)ez(w): +(e7, e5) 155 (w)e(w) :) 0z —w) + (&5, 5?) (e7,65) 0w (2 — w)

(e ) s (wlegrn(w): (&5, o) e (w)etp(w):) 3z — w)
5]+1>< 7 j+1>8 6(z — )}

(( £ € *) erq(w)ez(w): +eg, €5) :sm(w)s;f.(w):> d(z —w)
1 &) (El €7)ud (2 — w) )

+ (e ) err)eggr(w): et o) emp(w)e(w):) 6z —w)
e )y £m) 0 (2 — w).

By antisymmetry of the form, we have

= b= 15 (w)ey (w): + 1 (w)e () )3z = w) = 8;0,0(z — w)
03410854 (W) (W) = 1851 (W) (W) (2 = W) + 8i41006(z = w)
i1 ( 25 (w)ej(w): = 25 (w)eF (W) (2 = w) + G Dud(z — w)

85 (= 5651 ()220 + 58541 (0)254 () D32 — ) = B0, — )
85— et (w)e(w): + 125(w)ed (w) (= — w) — 6;0u0(z — w)
s ()5 10): (W) ()62 — ) + by Dub(z — )

-{
+(e3,
-
+(e
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+di41 ]( (w)sj(w): - :s;i.(w)s;i.(w) )0(z — w) + 0i41,j0wd (2 — w)
(= e wegrr(u): + e (u)ets; (0) )0(z — w) — 30ud(z — w)
Notice that we have used the d;;,9;;11,0;41,; to put all indices in terms of j. Each pair of
normally ordered products (that is, each pair inside of parentheses) cancels. All that remains
is:
=-2 (25,-j6w(5(z — w) — 52-,j+18w(5(z — w) — 5Z-+17j8w5(z — w))
= (2655 — 8ij+1 — 0it1,)Owd(z — w)K.
This coefficient is precisely a;;. Thus we have:
= a;j0,0(2z — w)K'.
— ¢ (1a7(2), a7 (w)).
Relation (3): [a7(2), af(w)] = ain (0wd(z — w) + 0ud(z + w)) K
[P (a7 (2)), ' (g (w))

]
= [rei(2)ef (2): — reir1(2)ef 1 (2): — :sg(z)el( ) +: €Z+1(z)5 = (z)

- [ifi(z)éf(z)ia En(—w)ﬁ’ﬁ(—w)i
1+ [ei(2)ef (2):, rem(—w)er(—w) ]

pei2)e; =(w)]
e (2)ef (2) 5 en(@)en(w)] + [ (D)t (2) s en(—w)en(—w) ]
e (2)ei (2) s ten(w)en(w) ] — [ (2)h (2) s en(—w)eh(—w) ]
()€ (2) s en(w)eh (w) ]+ Ler(2)e2(2) s en(—w)eh(—w) ]
Hlei(2)e(2) 1, em(w)eh(w) ] — [e(2)e(2) s sen(—w)eh(—w) ]
Heerr(2)etg(2) s en(w)en(w) ] — [emr(x)eig(2) s en(—w)eh(~w) ]
frempr(2)en () sen(w)en(w) ] + [er(2)eny (), em(—w)eh(~w) ]

By Proposition 41, the nonzero terms are:
= { (eir1s25) ety (W)en(w): +(EEp,n) i1 (wW)eh(w):) 6( — w)
+{eiv1, €5 (€51, En) 0wl (z — w) }
+ (i1, en) e (mw)en(—w): +{efy1, en) teir1(—w)en(—w):) 0(z +w)
—(eit1,¢€ >< z+1 1 €n) 0w (2 + w)
{( — .;Awkﬁwy+@%Pagfﬁﬁwkawy)az—w)
(et 5n>< -~ an)awé(z—w)}
+ ((ermen) e ;1( w)en(—w): +(eky, en) erpr(—w)eh(—w):) 8(z + w)
— (e e (ef em) Owd (2 + ).
Using antisymmetry of the form, we have
= dipin {Gen(w)en(w): — en(w)ey, (w):) 0(z — w) + 0uwd(z — w)}
+oit1,n {(— 1en(-w)en(—w): + en(—w)e, (—w):) 6(z + w) 4+ 0wd(z + w)}
ot A w)en(w)s — sen(w)eh(w):) 5z — w) + Bud(z — w)}

131



Ph.D. Dissertation Chad Mangum

+oir1n {(— ren(—w)en(—w): + ten(—w)en(—w):) §(z + w) + 0yd(z + w)}.
Notice that we have used the d;11, to put all indices in terms of j. Each pair of normally
ordered products (that is, each pair inside of parentheses) cancels. All that remains is:
= 20i41,n (0w0(z — w) 4+ O (2 + w))
= —0i+1n (8w5(z —w) + 0wd(z + w))%’
= aip, (8w6(z —w) + 0o (z + w))]c/'
— ({07 (2), ag(w)])-
Relation (4): [0f(2), ad(w)] = ann (0wd(z — w) + 0uwd(z + w)) K

[0 (e7(2)), ¢/ (0 (w))]

= [ten(2)el(2): — ten(—2)el(—2): — tem(2)en(2): + ren(—2)e(—2)
cen(w)el (w): — rep(—w)eh (—w): — epg(w)ei(w): + tep(—w)ek(—w):]
= [ten(2)el(2) 1, ren(w)el (w):] — [en(2)el (2): ten(—w)el (—w) ]
—[en(2)en (2): rem(w)ei(w) ] + [ren(2)en (2) 1, rem(—w)ei(—w) ]
fren(—2)2h(—2)5 s En(w)ep(w) ] + en(—2)en(—2) s En(—w)eh(—w) ]
Hien(—2)z5(—2) sem(w)et ()] — [2n(—2)eh(—2):, en(—w)et(~w) ]
fen(2)en(2) s en(w)eh () ]+ en(2)eh(2) s en(—w)en(—w) ]
+Hen(2)el(2):, ren(w)et(w) ] — [ren(2)en(2) 1, ren(—w)er(—w) ]
lien(—2)en(—2) 1, en(w)el ()] — [en(—2)ep(—2) en(—w)el (—w) ]
fem(—2)et(—2) s sem(w)eh(w) ] + en(—2)e “(—w).

n{—2)eh(—2)s el —w)e
We use Proposition 41 to compute each bracket. The nonzero terms are:
= ((en,en) ren(W)ep(w): +{e), &) ren(w)er(w):) 6(z — w) + (en, en) (Ery En)Ond(z — w)
—{ ((en,e}) en(—w)en(—w): +(eh, €n) ten(—w)eh (—w):) 8(z + w)
—(en,en){eh, en)0uwd (2 + w) }
—{(—(en, en) ren(w)en(w): —(€y, &n) en(w)en(w):) 6(z + w) — (en, €5,)(€n, En)Owd (2 + w)}
+ (—(en, &) en(—w)en(—w): —(e} en) ien(—w)e) (—w):) §(z — w)
+(en, €5)(er, en)0ud(z — w)
+ ({em, e ) : ( ) m(w): +{ek, em) ren(w)es(w):) 6(z — w) + (em, ex) (e, em) Ouwd (2 — W)
—{ Em, Ex) tem(—w)er(—w): +{en, en) ren(—w)es(—w):) d(z + w)
—(em, e ><€ €n>8 §(z+w)}
—{(—(em, en) :en(w)en(w) : — (e, em) em(w)en(w):) 6(z + w) — (em, ex) (e, €m) Ouwd (2 + w)}
+ (—(em, 6%) cer(—w)er(—w): —(ek, en) ren(—w)en(—w):) 6(z —w) + (em, en) (exy €m) OO (2 — w).
By antisymmetry of the form, each pair of normally ordered products cancels. We are left with:
= —4(0w0(z — w) + 0ud(z + w))
= 2(0w0(z — w) + 0wb(z + w)) ¥
= ann (0w (2 — w) + 0ud(z + w)) K

&+
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— #(1a3(2), a3 (w)).
Relation (5): [of(2), X7 (o, w)] = £(26m0 — 0m1) X7 (£am, w) (8(z — w) + (2 + w))
The first case to consider is m = 0. We calculate as follows, first for X7 (ay,, w):

[ (05(), /(X7 (am, )]

= [ef(—2)B(—2): — :e1(2)B8*(2): — :8%(*2)3(*2): +:e7(2)B (2):,

= [1e](—2)B(—2):, €] (w) :€] 2):, et (—w)B(w):]
—[re1(2)B*(2) 1, e} (w) B(—w) ] + [re1(2) B (2) 1, €7 (—w) B(w) 1]
—[rex(=2)B(=2):, €1 (w) B(—w) ] + [:65(—2)B(~2):, 167 (~w) B(w) ]
(B (2): et @)B(—w) ] — [er(2)F (2555 (—w)Bw) .

Using Proposition 41, the nonzero terms are:
—(B,€7) e (w)B(—w): 0(z +w) — (—(B, 7)) se] (—w)B(w): 0(z — w)
lerneh) B )B(w): 6 —w) + (er.25) <8 (—) )
(e B) Bl (w): 82— w) — (5, ) Bw)e]
HE B er(—w)et(w): 8(z + w) — (B',B) sex(w)el(—w): b(z — w).
By antisymmetry of the form, we have
=ef(w)B(—w): §(z + w)— e (—w)B(w): (2 — w)
+ 18" (w)B(—w): 6(2 — w)— : B (—w)B(w): 6(z +w)
+ :B(—w)el(w): 6(z — w)— : B(w)ef(—w): §(z + w)
+ re7(—w)el(w): 0(z + w)— reg(w)el (—w): d(z — w).
Using Remark 5.1 yields
= 2(:e](w)B(—w): — €] (—w)B(w))(3(z — w) + 6(z + w))
=20/ (X7 (am, w)) (6(z — w) + 6(2 + w))
= /(10§ (2), X7 (am w)]).
The calculation is similar for X7 (—ay,, w).
Now consider the case for 1 <m < n — 1. For X7 (a,, w),
[P (aF(2)), p' (X7 (am, w))]
[

%

)B(=2): — e1(2)B*(2): — :e5(=2)B(=2): + rex(2)B (2),
p(w): = m+1( w)eg(w):]

1(=2)B(=2) 5 rem(w)eq, 1 (w):] = [e1(=2)B(=2) 5, regpr(w)em (w) ]
—[e1(2)87(2),: ( Emp1(w):] + [e1(2)87(2):, :epp(w) e (w) ]
—[e5(=2)B(=2), rem(w)ey, 1y (w) ] + [re3(=2)B(—2) 1, remr(w)efs(w) |
e IB sl W) (0)7] — e (2)B ()5, e (w)eis(w) ]
Using Proposition 41, the possibly nonzero terms are:

= — (el em) :B(w)en, 11 (w): 6(z +w) = (6%, m) €1 (w)ep, 1 (w): 0(2 —w)

(-2
em(w)er,
[ i(—=
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—(B. &) :ef(w)emmpr(w): 6(2 +w) — {eq,65) B (w)empr(w): (2 — w).
By the restrictions on the values of m, in fact d,,41,1 = 0. Using that and Remark 5.1 yields:
G B0) 1 (1) (2 + W) — b B(w)EGy (1) 6(z — w)
+0m1 (e (w)emgr(w): 6(z + w)+ &5 (w)emgr(w): 6(z — w))
= 1 (:B(w)hy () — :s;<w>em+1< w): ) (802 — w) + 8(z + w))
= bt (em (W (0): — eprpr(w)em(w):) (32 — w) + 5(z + w))
= — 010 (X7 (am, w)) (6(z — w) + 6(z + w))
— (10 (2). X7 (am, ).
The calculation is similar for X7 (—a,, w).
The final case in this relation is m = n. For X7 (a,, w),
[ (0F(2), (X7 ()]
= e} (=2)B(=2): — :e1(2)B*(2): — :e5(=2)B(=2): + ex(2)B7(2)1,
tep(w)ek(—w): — ep(—w)ek(w):].
Using Proposition 41, all contractions (hence antisymmetric forms (-, -)) are trivially 0, so this
calculation is simply:
=0
— ([0F(2), X7 (com, ).
The calculation is similar for X7 (—a;,, w).
Relation (6): [a7(2), X7 (o, w)] = £(—6;1) X7 (tap, w) (6(z — w) + 6(z + w))
We first calculate for X7 (ag, w):

[7(07(2). /(X7 (a0, 0)]

= [rei(2)e] (2): — :ei1(2)efy1(2): — :65(2)€5 (2): + repp(2)er=(2)
ef(w)B(—w): — et (—w)B(w):]

= [rei(2)ef (2) 1, e (w) B(—w) ] — :

[361(2)52‘( )1, ef(—w)B(w)]

( [ei1(2)e];(2) 5 et (—w)B(w) ]
—l&i(2)e5(2) 5, ef (w) B(—w) ] + [i e7(2)e (2) 1, 161 (—w)B(w) ]
et () 2 ) B(—w)] — Femp(2)ety (2)5, et (—w)
Using Proposition 41, the possibly nonzero terms are:

= (ei,e) 157 (w)B(—w): (2 — w) — (e, €7) :&] (—w)B(w): 6(z + w)
(e, B) ser(—w)ET (W) (2 + w) + (5, B) zes(w)el(—w): 6(z — w).
By antisymmetry of the form, we have:

= 61 165 (w)B(—w): §(z —w) + &1 165 (—w)B(w): §(z + w)

—0i1 reg(—w)el(w): §(z +w) + 041 ex(w)el(—w): 0(z — w)

= 61 65 (w)B(—w): §(z — w) + &1 165 (—w)B(w): §(z + w)

—6i1 el (w)B(—w): 0(z +w) + 81 e (—w)B(w): 6(z — w)

=

(w):].
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= —6i1( e (w)B(—w): — :ef(—w)B(w): )(5(2 —w)+0(z+ w))

= =619 (X (a0, w)) (6(z — w) + 6(z + w))

= p'([af (2), X7 (0, w)]).

The calculation is similar for X7 (—ag, w).
Relation (7): [a7(z2), X7 (£ay, w)] = £a;; X7 (£aj, w)d(z — w)
We will first calculate for X7 (a;,w).

[0 (e ( ). P/ (X7 (aj,w))]

=[ (2)€7(2): — a1 (2)eyq(2): — 15(2)ef (2): + egm(2)er(2)

gj(w ) 1(w): = egpp(w)es(w)]

[ )Ez(z)? ()j+1()] [ei(2)ei(2):, segpp(w)es(w)]
—[eit1(2)ef1(2) 5 g5 (w)ef oy (w) ] + [eipa(2)efq (2) J+1( w)ex
—[e(2)e; (2): g (W)l (w) ] + [e5(2)e; (2) 1 egpp(w)es(w) ]
+[: 5Z_T1(z)5 ( ), .q(w)s}f“(w) ] - [:8m(2)8;—1(2) : :sm(w)aji(w) .

We use Prop051tion 41 to compute these brackets, showing only the terms that are (possibly)

s(w):]

J

= ((eij41) 167 (w)ej(w): (7, 5) res(w)ef 1 (w): )32 — w) + (e, €541)(€F, €5)Oud (2 — w)
—{( (i1, g+1> eip1(w)ej(w )- +(€iv1,€5) :5,~+1(w)€;+1(w): )5(2—w)

+(eit1,€ j+1>< 1+175J>aw5 )}

+((e7,€5) ref (w)eggp(w): < vegr) 1Ei(w)el(w) )z — w) + (e5,€5) (], e557) Oud (2 — w)
—{((ergroe ) z+1( Jesrr(w ) Herm e remm(w)es(w): )o(z — w)

e e ) 0ud (= — )},
Each 0,6(z —w) terms has a multiple of 6;;0; j+1 or d;;0;41,; in front, each of which is 0. Also,
by antisymmetry of the form, we have
= —bij+1 €51 (w)ej(w): 6(z — w) + 645 :ej(w)ef g (w): 6(z — w)
+0ij 151 (w)ej(w): 6(z — w) — dig5 g (w)ef g (w): (2 — w)
by 13 (Wepr(w): 0z — w) + Dy () (w): 3z — w)
+0it1,5 65 (w)egg(w): 6(z —w) — bij <€ ﬁ(w)%(w) (2 —w)
= (_5Z,J+1+25m 0i+1,5) (rej(w)ej 1 (w): — reppp(w)el(w): )o(z — w)

= a;jp (X7 (aj,w))d(z — w)

= ¢ (o7 (2), X7 (a, w)]).

The calculation is similar for X°(—a;,w).
Relation (8): [a7(2), X7 (£an, w)] = +a;7n X7 (£an, w) (6(z — w) + 6(z + w))
We will first calculate for X7 (ay,, w).

[0/ (a7 (2)), /(X7 (ctn, w))]

= [tei(2)ef (2): — reiq1(2)ef(2): — rg7(2)e5 (2): + am(z)ez‘ﬁ(z) :
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ren(w)en(= w) — sen(-w)eg(w)]
i( =

= [ei(2)ei (=), ( Jer(—w):] = [ei(2)ef (2):, ren(—w)en(w):]
—leir(2)eia (2 ( ) en(w)en(—w):] + [eira(2)e m(Z) s ien(—w)en(w):]
—[e3(2)5 (2) ( Jer(—w):] + [ei(2)ef (2) 3, ren(—w)en(w)]

ter (et (2) s en(w)eb(—w):] — [ er()etn(2)", en(—w)e(w) ]
Using Proposmon 41, the possibly nonzero terms are:
= —(ei1,en) e (w)en(—w): 0(2 — w) + (741, €n) reipa (—w)en(w):
Hemm en) tep(—w)en(w): 0(z +w) — (e, €7) eq(w)en(—w): 6(2 — w)
By antisymmetry of the form, we have:
G En(W)Eh(—w): 82— w) + G En(—w)eh(w): 3z + w)
—0it1n €n(—w)en(w): (2 + W) + 0it1.n 1e5(w)en(—w): (2 — w)
= —bip1n( ten(w)en(—w): — ten(—w)eh(w): ) (6(z — w) + 6(z + w))
= ainp' (X (an, w)) (6(z —w) + (2 + w))
— #/([07(2), X7 (an, w)]).
The calculation is similar for X7 (—ay,w).
Relation (9): [@2(z), X7 (+ag,w)] =0
We will first calculate for X7 (ag, w).
[#(03(2)), (X7 (a0, 0)]
= [en(2)en(2): — ren(=2)en(=2): — rem(2)en(2): + ren(—2)en(—2):,
23 ()B(—w): — 2] (—w)B(w)].
Using Proposition 41, all contractions (hence antisymmetric forms (-, -)) are trivially 0, so this
calculation is simply:
=0
= 0/ (ja3(), X (a0, w)).
The calculation is similar for X7 (—ag, w).
Relation (10): [af(2), X7 (£aj, w)] = +a,; X° (£, w)(6(z — w) + 6(z + w))
We will first calculate for X7 (a;, w).

[0/ (07(2)) P (X7 (@, w)]

= [en(2)5(2): — ten(—2)eh(—2): — ten(2)e(2): + ren(—2)eh(~2)x,
i (W)l (w): — JH< )< (w) .

= ben(a)eh(i25(1)e) 2 ()] - Fen(2i(2)isepan{ulesw)
pen(—tet(—) oo )51 (w):] 4 [n(—2)en (~2) ey (w)es (w) ]
~fren(2)en(2) s (w)ed s (w) ] + [en(2)en(z) s eqpr(w)ed (w) ]
tren(—2)en(—2) 1t ()1 ()] — en(—2)eh(—2) e (w)e (w) .

Using Proposition 41, the possibly nonzero terms are:
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(e ln) )2 ()5 0z — w) — (— (e =) sen(w)e; () (2 + w)
e <) sen()=50): 0z ) = ({2537 el ()06 + )
= —Onj+1 €51 (W)ej(w): 0(z — w) = Opjp1 i€ (w)ej(w ) 6(z +w)
bt () () 62 — ) + Syt segpr()e (W) 5(z + w)
= g (55 (W) (0): — (W) w): ) (8 = w) + (= + w)
= an;p' (X7 (0, w)) (8(2 — w) + 0(z + w))
= ¢ ([05 (), X*(ag,w)]).
The calculation is similar for X7 (—a;, w).
Relation (11): [af(2), X7 (£an, w)] = £ann X7 (£, w)(6(z — w) + 6(z + w))
We will first calculate for X7 (v, w).
[ (07(20), (X7 ()
= [ten(2)el(2): — ten(—2)el(—2): — tem(2)en(2) : + ren(—2)ek(—2)
en(w)ek(—w): — ep(—w)ek(w):].
= [ten(2)el(2) 1 ren(w)es(—w) ] —
—[ren(—2)e)(—2), ten(w)es(—w) ] + [ren(—2)eh(—2) 1, ten(—w)es(w) 1]
fren(2)en(2) s mn(w)eh(—w) ] + [en(2)en(2) 2 (—w)e(w) ]
Hlen(—2)en(—2) ten(w)en(—w) ] — [en(—2)eh(—2) sen(—w)ew):)
Using Proposition 41, the nonzero terms are:
= (ehs&n) 1en(w)en(—w): 0(z —w) — (&, €n) sen(—w)egn(w): 6(z + w)
):0(z +w) = (e, en) sen(—w)en(w):

[en(2)en(2) 5 en(—w)eg(w):]
(—z

—(—(en,en)) ren(w)er(—w ):0(z —w)
—(em,exn) rem(—w)ep(w): 6(z + w) + (em, &) tem(w)en(—w): 6(z — w)
—(em, en) tem(—w)en(w): 6(z —w) + (em, en) te(w)en(—w): §(z + w).

By antisymmetry of the form, we have:
=ep(w)en(—w): §(z — w)— 1ep(—w)es(w): 0(z + w)

+ tep(w)e(—w): 6(z + w)— iep(—w)et(w): 6(z — w)
+ tep(w)es(—w): 6(z + w)— tep(—w)en(w): (2 — w)
+ ep(w)ep(—w): 6(z — w)— ep(—w)en(w): §(z + w).
= 2( n(W)es(—w): — e (—w)er(w): (z—w)+d(z+ w))

g\/
~— >,

)

= apnp' (X7 (o, w)) (6(z — w) + (2 +
= ((07(2), X7 (0, w))).
The calculation is similar for X7 (—a,, w).

Relation (12): [ X (£, 2), X7 (£am,, w)] =0

First let m = 0. We will calculate for X7 (an, 2), X7 (aum, w).
9 (X @ 1) (X))
= [} (B(=2): — e} (~2)B(2) et (WB(—w): — -i(—w)B(w) ]
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Using Proposition 41, all contractions (hence antisymmetric forms (-,-)) are trivially 0, so this
calculation is simply:
=0
= (X7 (@ 2), X7, w)]).
The calculation is similar for X7 (—a,, w).
The next case is for 1 < m < n — 1. Calculating for X7 (ay,, 2), X7 (am, w) gives:
/(X7 (@), (X7t 0)]
— (2t (2): — o) () ses(w)ety (w): — sepp(w)et (w) .
Using Proposition 41, all contractions (hence antisymmetric form (-,-)) are trivially 0, so this
calculation is simply:
=0
= 0/ ([X7 (@ 2), X7 (@, w)]).
The calculation is similar for X7 (—a,, w).
Finally, let m = n. Calculating for X7 (ay,, 2), X7 (am, w) gives:
(X7 (e ). (X7 ()]
= [ten(2)en(—2): — ten(—2)ei(2), ten(w)et(—w) : — ep(—w)es(w):].
Using Proposition 41, all contractions (hence antisymmetric forms (-, -)) are trivially 0, so this
calculation is simply:
=0
— o (X7 (m, 2), X7 ().
The calculation is similar for X7 (—a,, w).
Relation (13): [X7(ag, 2), X7 (—ap,w)] = af(w)(0(z — w) + 6(z + w)) + (Ouwd(z — w) +
Owd(z +w))K

ot : 1

i ] = [£1(2)B(=2) 5,281 () (—w) ]

—[:e(=2)B(2): e (—w)B ()] + [e1(=2)B(2) 1 21 (w) B (—w) )

Using Proposition 41, we have

= ((ef,21) $B(w)B"(w): (B, ") sei(~w)ea( (=-+w) + (5, e0) (B, B )0ud(z + w)
—{((e1,22) B(-w)B (~w): LB eifulen(): 6z — ) — (5.3, T oudle - w)}
—{(= (et,21) $B(w)B" (w): +(B,B") :€1(—w)er(~w): )3z — w) — (e], 1) (B, BYud(z — w) |
(= (&1 1) B=w)B (—w): +(B,8") rei(w)er(w): )3z +w) + (1,210 (B, ) 0ud (2 + w).
By antisymmetry of the form, we have

= (:B(w)F" (w): + s (—w)er(—w): — B(—w)F (—w): — el (w)er(w): )d(z +w)
() (w): + e (—w)er(—w): — F(—w)B (—w): — e} (w)er(w): )3z — w)

/-\
\_/
™
—
[
S
N—
~—
~_
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—2(0u0(z — w) + 00(z + w))
— (e (cw)B—w): — 21 (W) (W) — se(—w)B(—w) + seg(w)F (w): ) (52 — w) + 5 +w))
—2(0u0(z — w) + 0y0(z + w))
=p'(a§(2)) (0(z — w) + 6(z + w)) + (Owd(z — w) + Dwd(z + w))K
— (X7 (a0, 2), X7 (—ag,w)]).

Relation (14): [X7 (4, 2), X7 (—ai,w)] = aZ (w)d(z — w) + 0y,0(2 — w)K

9 (X7 0, 2)) ! (X7 (a5 )]
= [t (2): — e (R)e ()1 el ) (w): — ey (w)es )]
= (o2 () et W)ersn ()] — i)t ()22 (w)er
—lea(2)ef (2) 5 6] (w)eini(w) ] + [z (2)ef (2) 5, s efg(w)eg(w) o]
Using Proposition 41, the nonzero terms are:
= ((eir€]) reipa(w)eira(w): +(efin, €ir1) rei(w)e] (w): )d(z —w) +(ei, €7 ) (1, €i1) O (2 —w)
({erpn i) e (w)es(w)s (e o) serpr(w)eig(w): )8( —w) + (e, (et ) Dud(z —w).
By antisymmetry of the form, we have
= — i ()i (w): 0(z —w)+ rgi(w)ef (w): 6(z — w) — Owd(z — w).
— & (w)s (w): + :5m(w)z-:;‘+71(w): 0(z —w) — Owd(z — w)
(rei(w)ef(w): — eip1(w)el (w): — re(w)e (w): + regp(w)erg(w): )6(z—w)—20y,6(z—w)
J(a ?( ))3( = w) + 0u0( — W)k
P ([X7 (0, 2), X7 (—ai, w))).

Relation (15): [X7(ay, 2), X7 (—an, w)] = af(w)(0(z — w) + 6(z + w)) + (0wd(z — w) +
wd(z +w))K
[0/ (X7 (om, 2)), ¢ (X7 (= ’w))]
= [en(2)en(=2): — ren(=2)eq(2) e (-w)en(w) : — &7 (w)en(—w):]
= [en(2)eq(=2): sen (—w)en(w):] — [ren(2)en(—2):, Z( Jem(—w):]
—len(=2)en(2): en (—w)en(w) ] + [en(=2)e5(2) 1 67 (w)en(—w) ],
Using Proposition 41, we have
= ((enen) 1e(w)en(w): —(eh, em) 1en(—w)en(—w): )0(z + w) + {en, €7) {5 em) Ouwd (2 + w)
— {(<€n,€;> :5%(—w)5ﬁ(—w): —(ek,em) ren(w)en(w): )d(z — w) — (en, €5 ) ek, er)Oud(z — w) }
(= (em ) eh(w)en(w): ek en) en(—w)eh(—w): )b(z — w)
—(en, & )<€ €n>8 6z —w)}
+( = (ens€)) ep(—w)en(—w): +(ex, ex) ren(w)ey,(w): )8(z + w) + (en, €5 ) (Ex, em) Ouwd(z + w).
By antlsymmetry of the form, we have:
=(—: (w): — en(—w)ep(—w): )d(z + w) — Oy (z + w)
(:ex(— ) + ten(w)ey (w): )d(z — w) — Dud(z — w)
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(= rep(w)en(w): — ten(—w)ep(—w): )d(z — w) — Oyd(z — w)

+(sen(—w)en(—w): + sen(w)en(w): )6z + w) — 0,6z + )

= (en(w)ep(w): — iep(—w)ep (—w): — tem(w)es(w): + ren(—w)es(—w): ) (0(z—w)+6(z4w))
—2(0wb(z — w) 4 0wd (2 + w))

:p'( 7 (w ))(5( w)+5(z+w)) + (3w5(z—w)+8w5(z+w))]€

=p ([Xg(an, z), X7(~ anvw)])'

Relation (16): [X7(ap, 2), X7 (—am,w)] =0 for p # m
We have several cases to check. First consider p=0and 1 <m <n —1.
[ (X7 (g 2)), (X7 ()]
= [ B(—2): — (=B (@) (w): — 25 (w)em(w)].
Using Proposition 41, all contractions (hence antisymmetric forms (-, -)) are trivially 0. Hence,
this entire calculation is:
=0
— (X7 (aps 2), X7 (—tm, ).

Now consider p = 0 and m = n.
[ (X7 (s ). f (X7 (i, 0)]
— [e1(2)B(=2): — 15 (—2)B(2)s 2 (—w)en(w): — seh(w)en(—w)).
Using Proposition 41, all contractions (hence antisymmetric forms (-, -)) are trivially 0. Hence,
this entire calculation is:
=0
=0/ ([X7(ap, 2), X7 (—am, w))]).

Now consider the case 1 <p<n—1and m = 0.
(X7 a3 2), (X7t )]
= [ep(2)ep41(2): — e5rr(R)en(2) ce1(—w)B (w): — a1 (w)B (—w)].
Using Proposition 41, all contractions (hence antisymmetric forms (-, -)) are trivially 0. Hence,
this entire calculation is:
=0
= 0/ ([X7 (0, 2), X7 (—atm, w)]).

Now consider the case p =n and m = 0.

(2o (T cam))] .
= [en(2)ei(—2): — 1en(—2)ex(2), :e1(—w) B (w): — :e1(w)B (—w):].
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Using Proposition 41, all contractions (hence antisymmetric forms (-, -)) are trivially 0. Hence,
this entire calculation is:

=0

= 0/ ([X7 (e, 2), X7 (—atm, w)]).

Now consider the case 1 < p#m <n— 1.
[Pl (XE(O‘P’ Z)) ) p,(XE(*aﬂ% U}))]
= [rep(2)epq1(2): — repgr(2)ep(2) s, i eh (w)empr (w) 1 — reig(w)em(w) .
Using Proposition 41, all contractions (hence antisymmetric forms (-, -)) are trivially 0 or have

coefficient d,,,, which is 0 by assumption. Hence, this entire calculation is:
=0
= p’([XE(ozp, 2), X7 (—am, w)])

Now consider the case 1 <p<n—1,m =n.
[ (X7 (0 ), 7 (X7 (= tm, )]
= [rep(2)epi1(2): — 1epga(2)ep(2) 1, en (—w)en(w) : — e (w)em(—w) .
Using Proposition 41, all contractions (hence antisymmetric forms (-,-)) are trivially 0. Hence,
this entire calculation is:
=0
— (X7 (s 2), X7 (— s w)]).

Now consider the case p=n,1 <m <n —1.
[p/ (Xﬁ(apa Z)) ) p/ (XE(_amv w))]

* * *

= [ten(2)en(—2): — ten(—2)ei(2), teh, (W)empr (W) 1 — :5m+1(w)5m(w) :].

Using Proposition 41, all contractions (hence antisymmetric forms (-, -)) are trivially 0. Hence,

this entire calculation is:
=0
= 0/ (X7 (ap, 2), X7 (—am, w)]).

Relation (17): ad X7 (+ay, 22) X7 (£am, z1) = 0 if cpm =0

For the case p = 0, the matrix entry cp,, = 0 < 2 < m < n. We must split this into two
cases of the value of m, namely 2 < m < n —1 and m = n. First we consider 2 <m < n—1 for
positive ay, .
[/ (X7 (ap, 22)), P (X7 (@t 21)) ]
= [1ef(22)B(—22): — tef(=22)B(22) 1, sem(21)ep g1 (21) 1 — reqgp(z1)efn(21) ).
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Using Proposition 41, all contractions (hence antisymmetric forms (-, -)) are trivially 0. Hence,
this entire calculation is:
=0
= p' ([ X7 (ap, 22), X7 (tm, 21)]).
The calculation is similar for X?(—ay, 22), X (—am, 21).
When p = 0 and m = n, we have for oy, am:
[/ (X7 (ap, 22)), P (X7 (@t 21)) ]

= [1e](22)B(—22): — €7 (—22)B(22) 1, :en(21)es(—21) 1 — ten(—21)es(21) ).

Using Proposition 41, all contractions (hence antisymmetric forms (-, -)) are trivially 0. Hence,
this entire calculation is:

=0

= 0/ ([X7(ap, 22), X7 (am, 21)])-

The calculation is similar for X?(—ay, 22), X7 (—am, 21).

Now if m = 0, the entry ¢y, = 0 < 2 < p < n. We must split this into two cases of the
value of p, namely 2 < p <n—1and p = n. First we consider 2 < p < n —1 for positive oy, ap,.
[0/ (X7 (ap, 22)), ¢ (X7 (i, 21)) ]
= [rep(22)epy1(22): — re5pr(22)en(22) 1, e3(21)B(—21): — :et(—21)B(21) 1]

Using Proposition 41, all contractions (hence antisymmetri forms (-,-)) are trivially 0. Hence,
this entire calculation is:
=0
= ¢/ ([X7 (0, 22), X7 (0tm, 21)]).
The calculation is similar for X7(—ay, 22), X7 (—am, 21).
When m = 0 and p = n, we have, for oy, s,
[0 (X7 (ap, 22)) ¢ (X7 (tm, 21)) ]
= [en(22)et(—22): — ten(—22)ei(22):,:65(21)B(—21): — 1e3(—21)B(21) 1]
Using Proposition 41, all contractions (hence antisymmetric forms (-, -)) are trivially 0. Hence,
this entire calculation is:
=0
= ¢/ ([X7 (0, 22), X7 (0tm, 21)]).
The calculation is similar for X?(—ay, 22), X (—am, 21).

For the remaining cases, we may assume that p # 0 and m # 0. For these values, ¢pp, = 0

when |p —m| > 2. We compute for the case 1 < p,m <n —1 and oy, tp,.

[ (X (s 22)) 1/ (X7 (e 21)]

= [rep(z2)epy1(22): — repgr(22)en(22) 1 tem(21) e (21) 1 — tempa(z1)Em(21) o).

Using Proposition 41, all contractions (hence antisymmetric forms (-, -)) are trivially 0. Hence,
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this entire calculation is:
=0
= ¢/ ([X7 (0, 22), X7 (0, 21)]).
The calculation is similar for X7 (—ay, 22), X7 (—am, 21).
Now consider the case p = n with [p — m| > 2. We calculate for oy, ap:
[P/ (X7 (0, 22)) 0/ (X7 (i, 21))]
= [en(22)en(—22): — ien(—22)en(22) s tem(21)e, 11 (1) — reap(21)em(21) .
Using Proposition 41, all contractions (hence antisymmetric forms (-, -)) are trivially 0. Hence,
this entire calculation is:
=0
= /(X (ap, 22), X7 (am, 21)]).-
The calculation is similar for X7 (—ay, 22), X7 (—am, 21).
Finally, consider the case m = n with |p — m| > 2. We calculate for o, om:
[0/ (X7 (ap, 22)), /(X7 (tm, 21) )]
= [rep(22)ep 1 (22) — reppm(a2)en(22) 1, ten(z)e(—21) t — ten(—21)en(21) ).
Using Proposition 41, all contractions (hence antisymmetric forms (-,-)) are trivially 0. Hence,
this entire calculation is:
=0
= ¢/ ([X7 (0, 22), X7 (0tm, 21)]).
The calculation is similar for X7(—ay, 22), X7 (—am, 21).
Relation (18): ad X7 (+ay, 23)ad X7 (£ay, 22) X7 (£am, 21) = 0 if ¢pm, = —1
The condition ¢, = —1 occurs precisely when |p—m| = 1 except for the pairs p=1,m =0
and p =n — 1, m = n. First, we will compute when p = 0,m = 1 and for o, a,.
/(X7 22)) ! (X7 2)]
= [16](22)B(—22): — :e7(—22)B(22) ;€1 (21)e3(21) 1 — 52( 1)ef(21) ]
= [67(22)B(—22) 1, e1(21)e5(21) ] — [€7(22) B(—22) 1, 1e5(21)e5(21) ]
—[ref(=22)B(22) 1, e1(21)e3(21) 1] + [} (—22) B(2 2)~ 2(21)e ?( 1):].
Using Proposition 41, we have:
= (e],e1) :B(=21)e3(21): 6(22 — 21) — (= (B, e])) €1 (—21)e5(21) 1 6(22 + 21)
—(—(eT,e1)) :B(=21)e5(21): 6(22 + 21) + (B, €}) 1e1(—21)eg(21): 0(22 — 21)
=:B(—21)e5(21): 6(22 — 21)— 1ef(—21)e5(21): 6(22 + 21)
+ :8(=21)e5(21): 0(22 + 21)— €5 (—21)ex(21): (22 — 21)
= (:B(—=)e5(z1): — :e](—21)eg(z1): ) (6(z2 — 21) + 6(22 + 21)).

We now apply X7 (ay, z3) on the left.
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p,(XE(O‘pafi’»))v(:B(_Zl)gs( 12 re1(— 21)52( 1) )(0(z2 = 21) + 8(22 + 21)) ]
= [ :ef(23)B(—23): — 3)B(z3):, (8 Jes(z1): — tef(—21)e5(21) 1 ) (0(z2 — 21) + 6(22 +

Using Proposition 41, all contractions (hence antisymmetric forms (-, -)) are trivially 0, so this
calculation is:
=0
= p/(ad X7 (atp, 23)ad X7 (ap, 22) X7 (atm, 21))-
The calculation is similar for X7 (—ay, 23), X7 (—ap, 22), X7 (—m, 21).
Now we compute for 1 < p,m < n — 1 where [p —m| = 1. First we calculate for a,, ap,.

[ (X7 2)) . (X 1))
—[ €p(22) et (22): — remrr(22)5(20) (21 e (1) — (e )etn(1) ]
= [rep(22)ep 1 (22) 1 rem(21) e g0 (1) 1] — [rep(22)ep i (22) 1 rempr(21)eq(21) 1]

~leprr(z2)E () s e () (20) 1]+ Feppr(a)enz2) (1))
Using Proposition 41, we have:

(<5p7 Emt1) 1Epr1(21)Em(21) 1 H(Epr1,Em) 1ep(21)Emy1(21): )5(22 - 21)
+{eps Emp1) (€15 Em) 0z, 0(22 — 21)
+(<Em, &) rep(21)emrr(21) Hep emrr) teprr(21)em(21): )6(22 — 21)
+(e E5FTH € m)(e Emi1)0210(22 + 21)

The coefficients (ep, €5, 1){(€p11:6m) and (e571, €5) (€5 are 0, so we have

m+1>
= (= Opmt1 :Epma(21)em(21) : +0pr1m rem—1(21)ep 11 (21): )0(22 — 21)

+( = Opr1,m e (21)emmr(21) s +0pmat Empa(z1)em(21): )0(2z2 — 21).

We now apply X7 (ay, z3) on the left.
[P (X7 (ap, 23))s (= Opmet1 1€ mpa(21)Em(21): +0prim tem—1(21)e,41(21) 1 )8(22 — 21)
(= Opr1m e—(21)empr(21) s +opmat Empg(21)em(21): )0(22 — 21)]
[rep(28)epia(23): — repprl(za)en(zs)
— Opmt1 Emia(21)Em(21): +0ps1m tem—1(21)en11(21) 1 )0(22 — 21)
(= Oprim et (21)emrr(21): +H0pmr1 :epa(21)ek(21): )d(22 — 21)]
= [rep(23)ep1(28) 1, —Opm1 t€hqa(21)Em(21): 6(22 — 21))]
+ep(23)ep11(23) 15 Opt1m em—1(21)E 11 (21) 1 6(22 — 21)]
[repri(28)e5(28) s —Opsim o5 (21)Emrr(21): 820 — 21)]
—[repgr(23)e5(23) 1, Opmt1 rempa(21)els(21) : 6(22 — 21)].
Using Proposition 41, we have
= —Opm+1(Ep115Em) 1€p(21)En12(21): (22 — 21)0(23 — 21)
+0p+1,m(Eps Emi1) €pr1(21)Em—1(21): 0(22 — 21)d(23 — 21)

_|_

+ |
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—(=0p+1,m)(ep Emrr) epr1(21)E =1 (21) : 0(22 — 21)6(23 — 21)
—Op,m+1(Epg1s Em) 1€p(21)Emga(21) : (22 — 21)d(23 — 21)

= —Opm+10p+1,m 1€p(21)Emya(21): 0(22 — 21)6(23 — 21)
—Op1,mOpm+1 1Epy1(21)Em—1(21)1 6(22 — 21)0(23 — 21)
F0p+1,mOpm+1 :eppy(21)er—7(21): 0(22 — 21)0(23 — 21)

+0pm+10p+1,m 1€5(21)emga(21): 0(22 — 21)d(23 — 21)

The coefficient £6,, y,4+10p+1,m = 0. Hence, this calculation is:

=0

= p/(ad X7 (ap, 23)ad X7 (ap, 22) X7 (atm, 21))-

The calculation is similar for X7 (—ay, 23), X7 (—ap, 22), X7 (—m, 21).

The final case for this relation is p = n and m = n — 1. We compute for oy, ay:
/(X7 (ap22)) ! (X7, 22)]
= an(zg) w(=22)t — ten(—22)e5(22) 1, ien—1(21)en (1) : — ren(z1)ei—(21) ]
= [ten(22)en(—22) 1, ten—1(21)er,(21) 1] — [ren(22)en(—22) 1, ren(21)er—(21) ]
—[ren(—22)eq(22) 1, ren—1(21)en (21) 1] + [ren(—22)ex(22) 1, rem(z1)ei—(21) ).
Using Proposition 41, we have:
= (en, &) ten(—21)en—1(21): 6(22 — 21) + (e, em) ren(—21)e—(21): 0(22 + 21)
+(en, en) rem(—21)en—1(21): 0(22 + 21) + (€5, €m) 1en(—21)e—(21): 6(22 — 21)
= (:en(—21)ei—(21): — ep(—21)en—1(21): ) (0(z2 — 21) + 0(22 + 21)).

We now apply X7 (ay, z3) on the left.
[0 (X7 (ap, z3)), (en(—21)ei(21): — seh(—21)en—1(21): ) (0(22 — 21) + 0(22 + 21)) ]
= [ ten(23)ei(—23): — ten(—23)en(23) 1, ( ren(—21)ei—(21): — tep(—21)en—1(21): )
(6(z2 — 21) + 0(22 + 21)) |-
Using Proposition 41, all contractions (hence antisymmetric forms (-, -)) are trivially 0, so this
calculation is:
=0
= p/(ad X7 (ap, 23)ad X7 (ap, 22) X7 (atm, 21)).
The calculation is similar for X7 (—ay, 23), X7 (—ap, 22), X7 (—m, 21).
Relation (19): ad X7 (+ay, 24)ad X7 (£ay, 23)ad X7 (£ay, 22) X (£am, 21) = 0 if cpp, = —2
There are two cases to consider: p = 1,m = 0 and p = n — 1, m = n. First we compute for
p=1m=0 and ap,am
[ (X7 (0 22)). (X, 20)]
= [er(za)ey(): — reglea)etl(a) b (20)B(—21): — b (—2)B(z1) ]
= [e1(22)e5(22) 161 (21) B(—21) 1] = [rea(zo)es(22) 61 (—21) B(21) ]
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—[reg(22)et(22) 161 (21) B(—21) ] + [reg(22)et(22) 1, 16 (—21) B(21) 1.
Using Proposition 41, we have

= (e1,€1) 1e3(21)B(—21): 0(22 — 21) — (e1,€7) :€5(—21)B(21): (22 + 21)
—(eT. B) rex(—21)€i(21): 0(22 + 21) + (e}, B) 1e5(21)ei(—21): 8(22 — 21)
= (reg(21)ei(—21)t — :e5(21) B(—21): )d(22 — 21)

+(1e3(—21)B(21): — rez(—21)ef(21): )d(22 + 21).

We now apply X7 (ay, z3) on the left.

(eg(z)et(=21): = :e5(21)B(=21): )0(z2a—21) + (:e5(—21)B(21): — reg(—21)ef(21): )d(22+21)]
= [ 81(23)85(23)2 — 55(23)75%(23

(:eg(z1)e(—21): — :e5(21)B(—21) )5(22—21)+( 62( zl)ﬂ(zl) —teg(—21)e}(21): )0 (22 +21)]
| )

)

[ zea( ) 5 )i — 162( z1)ei(z1): ) 22+ 21)]
ol 355(23)%(23)17 (rez(z1)ef(=21): = :e5(21)B(—21): )d(22 — 21)]

—[ &5 €5 B(z1): — reg(—21)ei(21): )8(22 + 21)]
Using Proposmon 41, we have
= (e1,¢€7) 1e5(—21)e5(21): 0(23 + 21)0(22 — 21) — (€1,€7) 1€5(21)eq(—21): 0(23 — 21)d(22 + 21)
+(e%, B) :e5(—21)e5(21): 6(z3 + 21)8(22 — 21) — (5, B) reg(z1)e5(—21): 0(23 — 21)8(22 + 21)
= (:e5(z1)eg(—21): — e5(—21)ez(21): ) (6(z3 + 21)0(22 — 21) + (23 — 21)8(22 + 21)).

We now apply X7 (cy, z4) on the left.

[0/ (X7 (ap, 24)),

(:e3(21)e5( 21) —ieb(—21)eg(21): ) (0(z3 4+ 21)0(22 — 21) + 0(23 — 21)d(22 + 21))]
= [ 51 Z4 52 Z4 — 52(z4) (24)

(:e5(21)e5( 21) es(— z1)52(21) )(8(23 + 21)0(22 — 21) + 6(23 — 21)0(22 + 21)) ]

Using Proposition 41, all contractions (hence antisymmetric forms (-,-)) are trivially 0, so this

calculation is:

=0
= p/ (ad X7 (0, 24)ad X7 (0yp, 23)ad X7 (g, 22) X7 (i, 21)) -
The calculation is similar for X7 (—ay, 24), X7 (—ap, 23), X7 (—ap, 22), X7 (—m, 21).

The final case to consider is p = n — 1, m = n. First we compute for oy, ap,.
’(Xg(ozp,zg)), (Xg(ozm zl))]

[ren—1(22)en (22): — rem(z2)ei—(22) 1, ten(21)en(—21) — ten(—21)eR(21) 1]

= [ren—1(22)en(22) 1, ien(21)eq(—21) 1] — [en—1(22)en(22) 1, ren(—21)e5(21) 1]
—[en(z2)ei—(22) 1, sen(z1)eq(—21) ] + [ren(z2)ei—(22) 1, ien(—21)e5(21) ]

R

[
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Using Proposition 41, we have

= (en:€n) ren—1(21)eq(—21): 6(22 — 21) — (e, n) en—1(—21)eq(21): 0(22 + 21)
—(em eq) 1er—(—21)en(21): 0(22 + 21) + (em, e) ren—(21)en(—21): 6(22 — 21)
=ien—1(z1)e(—21): 0(22 — 21)— ten—1(—21)ex(21): 0(22 + 21)

+ rei—(—21)en(21): 0(22 + zl)f e—(21)en(—21)1 0(22 — 21).

We now apply X7 (ay, z3) on the left.
[P (X7 (ap, 23))s :en—1(21)en(—21): (22 — 21)— ten—1(—21)ek(21): 6(22 + 21)
+ res—(— zl)en(zl) (22 4 21)— et (z1)en(—21): (22 — 21)]

= [mn(ea)=en) - — ezt (28) 5 et (21)Eh(—21) 822 — 21)—  noa(—21)eh(e)
d(z2 + 21)

+ rez—(—21)en(21): 0(22 + 21)— ter—(21)en(—21): (22 — 21)]

= [t en—1(23)en(23) & en—1(z1)ei(—21) @ 0(z2 — 21)] — [t en—1(23)e) (23) 11 en—1(—21)ek(21) :
d(z2 + 21)]

+ren—1(23)en(23) 1, 1e2—(—21)en(21): 6(22 + 21)] — [ren—1(23)ey,(23) 1, rei—(21)en(—21) : 6(22 —

z1)]

—[rem(23)ei—(23) 1, ien—1(21)en(—21): 6(22 — 21)] + [rem(23)ei—(23) 1, ren—1(—21)ex(21) : 6(22 +

z1)] — [ em(zs)ei—(23) 1, e (—21)en(21) + 8(22 + 21)] + [: En(23) = —(23) 1, e (21)en(—21) :

d(z2 — 21)].

Using Proposition 41, we have

= (en,en) *en—1(21)er—(—21) + 0(23 — 21)0(22 + 21) — (ep,€n) : En—1(—21)e—(21) : 6(z3 +

21)0(z2 — 21)

—(em e5) 1e—(—21)en—1(21): 0(23+21)d(22—21) +(em, e5) 162—(21)en—1(—21): 0(23—21)d(22+

21)

= (cen—1(z)ei—=(=21): — ren_1(—21)ei—(21): ) (8(23 + 21)8(22 — 21) + 0(23 — 21)8(22 + 21)).
We now apply X7 (ay, z4) on the left.

[0/ (X7 (ap, 24)), (en— 1(z1)ex—(—21) 1 — tep_1(—21)ei—(21): )(6(23 + 21)8(22 — 21) + 6(23 —

21)8(z2 + 21))]

= [ren—1(2a)es(22): — rem(za)ei—(24),

( ren—1(z1)ei—(—21): — -€n—1( zl)ai(zl) ) (8(z3 + 21)8(22 — 21) + (23 — 21)8(22 + 21)) |-

n—1

Using Proposition 41, all contractions (hence antisymmetric forms (-, -)) are trivially 0, so this
calculation is:

=0

= p' (ad X7 (g, 24)ad X7 (v, 23)ad X7 (0, 22) X7 (i, 21)) -

The calculation is similar for X7 (—ay, 24), X7 (—ayp, 23), X7 (—ap, 22), X7 (—m, 21).

Hence, p’ is a homomorphism; thus we have constructed a representation of the twisted
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toroidal Lie algebra of type Ag,_1. B
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