ABSTRACT

KHUHIRUN, BORWORN. Classification of Nilpotent Lie Algebras with Small Breadth. (Un-
der the direction of Ernest L. Stitzinger and Kailash C. Misra.)

A Lie algebra, L is said to be of breadth k if the maximal dimension of the images of
left multiplication by elements of the algebra is k, introduced by Leedham-Green, Neumann
and Wiegold. Inspired by the work of Parmeggani and Stellmacher on finite p-groups, we char-
acterize nilpotent Lie algebras of breadth 1 and 2. We show that a nilpotent Lie algebra L
has breadth 1 if and only if the derived algebra of L has dimension 1 which is equivalent to
L being a Heisenberg Lie algebra with possible abelian direct summands. The nilpotent Lie
algebra L has breadth 2 if and only if either the derived algebra of L has dimension 2 or the
derived algebra and central quotient both have dimension 3. These results parallel results in
finite p-groups. Unlike its group theory counter part, we use our characterization to determine
the isomorphism classes of nilpotent Lie algebras of breadth 1 and 2. In this classification we
focus on Lie algebras with no abelian direct summand, algebras which we call pure. So our
classification results are always for pure nilpotent Lie algebras. One can harmlessly add abelian
direct summands to these algebras to get further examples. For breadth 2, we determine the
isomorphism classes of all Lie algebras with three dimensional derived algebra and all Lie alge-
bras with two dimensional derived algebra and one dimensional center. For the only remaining
case, where the derived algebra and center both have dimension two, we classify the algebras

up to dimension six.
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Chapter 1

Introduction

Classifying algebraic objects is a central theme of mathematical research. A paramount example
is the classification of finite dimensional complex simple Lie algebras due to Killing and Cartan.
Less progress has been made for other classes of Lie algebras. In particular, the vast number
of nilpotent Lie algebras has made the classification problem formidable for this class. As
a result, authors have made progress by classifying nilpotent Lie algebras satisfying certain
conditions. Research in finite group theory has followed a similar path. Simple groups have
been classified, but the large number of p-groups has led researchers to investigate p-groups
with added conditions. An example is the work of Parmeggiani and Stellmacher where the
concept of breadth is used. In particular, they have given characterizations of finite p-groups
of breadth 1 and 2. However, so far there does not exist a classification of these finite p-groups.

The analogous concept of breadth for Lie algebra has been introduced by Leedham-Green,
Neumann and Wiegold. They define the breadth of a Lie algebra to be the maximum of the
dimensions of the images of ad, where = runs over the algebra. We consider this concept for
finite dimensional nilpotent Lie algebras and give a characterization for breadth 1 and 2. In
particular, we show that a finite dimensional nilpotent Lie algebra is of breadth 1 if and only
if its derived algebra is one dimensional. We also show that a finite dimensional nilpotent Lie
algebra L has breadth 2 if and only if either the derived algebra of L has dimension 2 or the
derived algebra and the central quotient both have dimension 3. These results parallel results
in finite p-groups.

Finally we use our characterizations to classify finite dimensional nilpotent Lie algebras of
breadth 1 and 2. We define a nilpotent Lie algebra to be pure if it does not have abelian direct
summands. Then we classify finite dimensional pure nilpotent Lie algebras of breadth one and
two since abelian summands can be added harmlessly. In particular, we show that a finite
dimensional pure nilpotent Lie algebra of breadth 1 is isomorphic to a Heisenberg Lie algebra.

For a finite dimensional pure nilpotent Lie algebras L, the center is contained in the derived



algebra. By our characterization result, the dimension of the derived algebra of a finite dimen-
sional pure nilpotent Lie algebra L of breadth 2 is either 2 or 3. We determine the isomorphism
classes of finite dimensional pure nilpotent Lie algebras of breadth two with three dimensional
derived algebra. We also determine the isomorphism classes of finite dimensional pure nilpotent
Lie algebras of breadth two with two dimensional derived algebra and one dimensional center.
For the remaining case where the derived algebra and center coincide with dimension 2, we
determine their isomorphism classes up to dimension 6. We hope these classification results

will lead to corresponding classification results in finite p-groups.



Chapter 2

Preliminaries

We begin this chapter by introducing some basic definitions and notations we use throughout
this paper. All of these following definitions and notations can be found in Humphreys and
lecture notes in Lie algebra. We consider finite dimensional Lie algebra together with underlying
field F such that char(F) # 2 for the most of the first half. Meanwhile, we develop our focus
to finite dimensional nilpotent Lie algebra over F in the second half. Let L be a Lie algebra.
Define a sequence of ideals of L called lower central series or decending central series by

°>L'>?>3>...2L™D ...

where L0 = L, L' = [L,L],L?> = [L,[L,L]] = [L,L'],L? = [L,L?,..., L™ = [L, L™ 1], ....
L is said to be nilpotent if L™ = {0} for some m € Z>o.

During classification process, nilpotency of Lie algebra and its center play important roles,
so we would like to provide some facts about them. Every nilpotent Lie algebra has nontrivial
center. Furthermore, homomorphic image and quotient of nilpoent Lie algebra are nilpotent.
Note that when we consider a Lie algebra L as a finite dimensional vector space, we could apply

rank-nullity theorem in order to get
dim L = nullity ¢ 4+ rank ¢

where ¢ : L — L is a Lie algebra homomorphism.



Chapter 3

Nilpotent Lie Algebras of Breadth 1

3.1 Basic Definitions and Properties of Breadth

We start this section with definitions and properties of breadth on Lie algebra developed from

group theory.

Definition 3.1.1. Let L be a finite dimensional Lie algebra. For any z € L, breadth of x,
denoted by b(z) is

b(x) = dim(L/ ker ad,)
= dim L — nullity ad,

= rank ad,.
More generally, for any ideal A of L, we define

ba(z) = dim(A/ ker ad,| 1)
= dim A — nullity ad,| 4

= rank ady| .

Definition 3.1.2. Let L be a finite dimensional Lie algebra. We define breadth of L, denoted
by b(L) to be

b(L) = max{b(z) | z € L}.
Moreover, for any ideal A of L, we have

ba(L) = max{ba(z) | x € L}.



Remark. Let L be a finite dimensional Lie algebra. Then Z(L) = {x € L | b(xz) = 0}.

Remark. Let L be a finite dimensional Lie algebra and A an ideal of L. Then the following
hold for any x € L:

1. ba(z) < b(z).
2. ba(L) <b(L).
Definition 3.1.3. Let L be a finite dimensional Lie algebra and A an ideal of L. We define
B={zeL|b)=bL)

By = {x €L | bA(ﬂf) = bA(L)}v
Ta={z€L|ba(x) =1}

Next proposition shows that Lie algebra which has breadth equal to zero is equivalent to

that Lie algebra is abelian.

Proposition 3.1.4. Let L be a finite dimensional Lie algebra. Then b(L) = 0 if and only if L

is abelian.

Proof. Let L be a finite dimensional Lie algebra. Then it is easy to see that

b(L) = max{b(z) | x € L} = 0 <= b(z) =rankad, =0 Ve e L
< ad, =0 VxelL
< [L,L] = {0}

<= L is abelian.

O]

Lemma 3.1.5. Let L be a finite dimensional Lie algebra and A an ideal of L. Then b(L) <
dim[L, L] and ba(L) < dim[A, L].

Proof. For any = € L, we have ad, : L — [L,L]. Then imad,; C [L, L], so we obtain b(z) =
rank ad, < dim[L,L]. Since z € L is arbitrary, b(L) < dim[L, L]. Similarly, we also have
ady|a : L — [A, L], so imad,|4 C [A, L]. Thus bs(z) = rankad,|4 < dim[A, L]|. Because = € L
is arbitrary, ba(L) < dim[A4, L]. O

Corollary 3.1.6. Let L be a finite dimensional Lie algebra. Suppose that there exists x € L
such that b(z) = dim[L,L]. Then b(L) = dim[L, L]|. In particular, let A be an ideal of L.
Suppose that there exists © € L such that by(xz) = dim[A, L]. Then by(L) = dim[A, L].



Proof. Let L be a finite dimensional Lie algebra. Suppose that there exists x € L such that
b(x) = dim[L, L]. By Lemma 3.1.5, we know that b(L) < dim[L, L]. Therefore we have

dim[L, L] = b(z) < b(L) < dim|[L, L],

so b(L) = dim[L, L]. On the other hand, if we let A be an ideal of L and assume that there
exists ¢ € L such that bs(z) = dim[A, L]. By Lemma 3.1.5, we have by (L) < dim[A, L]. Hence

dim[A, L] = ba(z) < ba(L) < dim[A, L),

s0 ba(L) = dim[A, L]. O

Even though we define breadth of Lie algebra to be maximum value of breadth of all elements
and Lie algebra can be considered as a vector space spanned by a basis, we cannot determine

breadth of Lie algebra form its basis.

Example 3.1.7. (Breadth of a Lie algebra cannot be determined from its basis)
Let L = H; & Hy where H; and Hy are Heisenberg Lie algebra. Then

L = span{z1,y1, 21} @ span{za, y2, 22}

where [z1,y1] = 21 and [z2,y2] = 2z2. Note that L is a six dimensional nilpotent Lie algebra
because [L, L] = span{z1, 22} = Z(L) and [L,[L, L]] = [L, Z(L)] = {0}. Observe that

b(z;) =b(y;) =1 and b(z)=0 forall i=1,2,

but b(xz1 + x2) = 2 since [x1 + x2, y;] = z; for all i = 1,2. By Corollary 3.1.6, we have b(L) = 2
since b(z1 + z2) = 2 = dim[L, L].

Example 3.1.8. Let L = span{z,xo,...,2z,} together with bracket relations defined by
[1,2,] =0 and [z1, 7] = x4

where ¢ = 2,3,...,n— 1. Then L is an n-dimensional nilpotent Lie algebra of breadth n — 2.
First, we need to show that Jacobi identity holds. Let z,y,z € L. Then there exist

A1,y Qp, b1, by e, ..., ¢y € C such that

r=a121+ ...+ apTn,
y=bix1+ ...+ by,

Z2=cC1x1+ ...+ cpxy.



Then we have

[z, [y, 2]] = [a121 + ... + app, D121 + ...+ Dpxn, 121 + .o+ ]
= [alxl + ...+ anTn, (blcg — 6261)1'3 + (b103 — 5301)x4 + ...+ (blcn_l — bn_lcl)xn]

= a1 (b102 — 6201)1'4 + al(b103 — b301)$5 + ...+ al(blcn_g — bn_gcl)l‘n,

[[z,y], 2] = [[a1z1 + ... + anzp, biz1 + ... + bpxy], 121 + . oo+ iy
= [(a1b2 — agbl)xg + (a1b3 — a3b1)x4 + ...+ (albn_l — an_lbl)xn, c1xry + ...+ cna?n}

= —ci(aiby — agbi)xy — c1(a1bs — asbi)xs — ... — c1(arbp—2 — an—2b1)zy,

[y, [z, 2]] = [brz1 + ... + bpxn, @121 + . .. + apEp, 121 + . ..+ Cpy]]
= [bizx1 + ... + bpay, (a1c2 — ager)xs + (a1c3 — ager)xg + ...+ (a16—1 — ap—1€1)Ty]

(a1ca —ager)zy + bi(arcs — aser)zs + ... + bi(ar1cp—2 — an—2c1)xy.
Therefore we have

[z, 9], 2] + [y, [z, z]] =(—c1(a1ba — agb1)z4 — c1(a1bs — agbi)xs — ... — c1(a1bp—2 — an—2b1)xy,)
+ (b1(arca — ager)xg + bi(ares — ascr)xs + ...+ bi(a1¢n—2 — ap—2c1)xy)
=(—aybacy + asbicy + arbyea — asbicr)xy + (—aibser + agbicr + arbics
—agbic1)zs + ...+ (—arbp—201 + an—2bic1 + a1bicn—2 — an—obicy)xy
=(—aybacy + arbico)xy + (—agbsey + arbies)xs + ... + (—arbp—2c1
+ arbicp—2)zy
=ay(bicg — bacy)wy + ai(bics — bzcr)xrs + ... +ai(bicn—2 — bp_2c1) Ty

=[x, [y, 2l.

As a result, the Jacobi identity holds, so L is an n-dimensional Lie algebra.
Observe that [L, L] = span{zs, x4, ..., =y} which is (n — 2)-dimensional and L" = {0}, so L
is nilpotent. Moreover, by Corollary 3.1.6, we have b(L) = n—2 since b(z1) = n—2 = dim[L, L].

Hence L is an n-dimensional nilpotent Lie algebra of breadth n — 2.

Theorem 3.1.9. Let L be a finite dimensional Lie algebra such that b(L) = n € Zsg. Then
dim(L/Z(L)) > n+ 1.

Proof. Let L be a finite dimensional Lie algebra such that b(L) = n € Z~o. Let © € B. Then
b(x) = b(L) = n, so there exist y1,¥y2,...,yn € L and 21, 29, ..., 2, € [L, L] such that [z,y;] = z



for all i = 1,2,...,n and {21, 22,...,2,} is linearly independent. Note that o € Z(L) if and
only if b(ar) = 0. Therefore yi,y2,...,yn ¢ Z(L) because b(y;) > 1 for all i = 1,2,.
Thus y1 + Z(L),y2 + Z(L),...,yn + Z(L) # Z(L). Similarly, we also have x ¢ Z(L) because
b(z) =mn > 0. Therefore x + Z(L) # Z(L).

Next, we claim that {z + Z(L),y1 + Z(L),y2 + Z(L),...,yn + Z(L)} C L/Z(L) is linearly
independent, let ag, at,ao,...,a, € F be such that

ao(z + Z(L)) + ar(yr + Z(L)) + az(y2 + Z(L)) + ... + an(yn + Z(L)) = Z(L).
Then apx + a1y + asys + . .. + apyn € Z(L), so we have

0 = [z, a0r + a1y + a2y2 + - .. + anyn)
= aplz, z] + a1z, 1] + az(z, y2| + ... + anfz, Yn]

=a1z1 +agz9 + ...+ anzn.

Since {z1, 22,...,2p} is linearly independent, ay,as,...,a, = 0. By assumption, we also get
ap(z + Z(L)) = Z(L). Since x + Z(L) # Z(L), ap = 0. Consequently, ag,ay,ag,...,a, = 0,
so{z+Z(L),y1 +Z(L),y2+ Z(L),...,yn+ Z(L)} is a linearly independent subset of L/Z(L).
Hence dim(L/Z(L)) > n+ 1. O

Lemma 3.1.10. Let L be a finite dimensional Lie algebra. Suppose that dim(L/Z(L)) =n €
Zso. Then dim[L, L] < (3).

Proof. Let L be a finite dimensional Lie algebra. Then there exists m € Zx>¢ such that Z(L) =

span{zi,x2,...,Tm}. Then we extend this basis to L = span{xi,za,...,Tm,Y1,Y2,---,Yn}-
Since x1, 9, ...,x, € Z(L), we have
[L, L] = span{[y1, y2l, [y1, ysl, - - -, [Y1, Yl
[yg, y3]7 R [927%],
) [yn—lvyn]}
and then
dim[L, L] = dimspan{[y1, y2, [y1, Y3 - - - [Yn—1, ¥n]}
<n+n-1)+n-2)+...+1
n
=2n-1
1)

(5)



Hence dim[L, L] < (}) as we wanted. O
Finally, we are going to show that breadth of the direct sum of finite dimensional Lie algebras
is equal to sum of their breadthes.

Lemma 3.1.11. Let Ly and Ly be finite dimensional Lie algebras. Then br,ar,(r1 + ©2) =
br,(x1) + br,(x2) for any x1 € Ly and x2 € La.

Proof. Let L1 and Lo be finite dimensional Lie algebras and L = L ® Ls. Let 1 € Ly and
x9 € Ly. Since L = Ly @ Lo, we know that [Lq,Lo] = Ly N Ly = {0}, so L; and Ly can be

considered as ideals of L. Then we have

imady, +a,|1, = [21 + 2, L1] = [21, L1] + [22, 1] = imady, 1,

imad$1+w2|L2 = [1’1 + m27L2] = [wlaL2] + [mQ,LQ] = imadmzh&?
SO we get

im adm‘1+x2’L1€BL2 = [CEl + X2, Ll EB LQ]
= [v1 + w2, L1] © [1 + 22, Lo]
= imadg, 4, ‘L1 ® im ady, +a, ’Lz

=imady, |5, ®imady,|r,.

Therefore we obtain

brieL, (1 + x2) = rank ada, 4o, L 0L,
= dimim ady, 44, |L1@L2
= dim(im ady, |1, ® imady,|L,)
= dimimady, |1, + dimim adg,|L,
= rank ady, |1, + rank ad,, |L,

= bL1 (‘Tl) + bLz (xQ)

Hence we get br(x1 + x2) = bp, (z1) + br,(z2) for any x1 € L1 and z3 € Ly as we wanted. [

Theorem 3.1.12. Let Ly and Lo be finite dimensional Lie algebras. Then b(Ly & Lo) =
b(L1) + b(La).

Proof. Let L1 and Ly be finite dimensional Lie algebras. Then there exist x1 € L1 and z2 € Lo
such that by, (1) = b(L1) and by, (z2) = b(L2), respectively. By using Lemma 3.1.11, we have

b(Ll) + b(LQ) = bLl (.CUl) + bLQ(fL'Q) = bLl@LQ (a;l + .CUQ) < b(Ll & Lg).



On the other hand, we let y € L1 @ Ls. Then y = y; + yo for some y; € L1 and yo € Lo.
Note that by, (y1) < b(L1) and br,(y2) < b(La), so we get

brioL, (y) =br,oL, (yl + y2) =br, (yl) +br, (y2) < b(Ll) + b(LQ)

by Lemma 3.1.11. Since y € L; & Lo is arbitrary, we have b(L; & La) < b(L1) + b(L2). Hence

Corollary 3.1.13. Let L1, Lo,..., Ly, be finite dimensional Lie algebras for some n € Z~g.
Then b(Ll DLo®...D Ln) = b(Ll) + b(Lg) +...+ b(Ln).

3.2 Classification of Nilpotent Lie Algebras of Breadth 1

For Lie algebra of breadth 1, we get a result analogous to the result in group theory provided
by [2].

Theorem 3.2.1. Let L be a finite dimensional Lie algebra. Then b(L) = 1 if and only if
dim[L, L] = 1.

Proof. Let L be a finite dimensional Lie algebra such that dim[L, L] = 1. Then by Lemma
3.1.5, we have b(L) < 1. Since L is not abelian, b(L) = 1 by Proposition 3.1.4.

On the other hand, assume that b(L) = 1 and dim[L, L] # 1. By Proposition 3.1.4, since
b(L) # 0, dim[L, L] # 0. Thus dim[L, L] > 2. Let 21, 22 € [L, L] be such that {z;, z2} is linearly
indenpendent. Then there exist x1, 2, y1,y2 € L such that [x1,y1] = z1 and [z2,y2] = 2z2. Note
that

adg, (Y1) = 21, ady, (x1) = —21,

adz, (y2) = 22, ady,(x2) = —22,
and b(L) =1, so b(z1) = b(x2) = b(y1) = b(y2) = 1. Therefore we have

ady, ,ady, : L — span{z},

ady,,ady, : L — span{za}.

Next, we consider [z, z2] = adg, (x2) € span{z;}. On the other hand, [z1,z2] = —ady,(x1) €
span{ze}. Thus [x1,x2] € span{z1} Nspan{ze} = {0}, so [x1,22] = 0. Similarly, we also get
[x1,y2] = [y1,22] = [y1, 2] = 0. Consequently, we obtain

(1 + 22, y1] = [w1,01] + [T2, 1] = 21,

10



[931 + 5E2,y2] = [9317212] + [952,3/2] = 22.

Since {z1, 22} is linearly indenpendent, b(x1+x2) = rank adg, +4, > 2, which contradicts b(L) = 1.
Hence dim[L, L] = 1 by contradiction. O

Lemma 3.2.2. Let L be a finite dimensional Lie algebra of breadth 1. Then L is nilpotent if
and only if [L,L] C Z(L).

Proof. Let L be a finite dimensional Lie algebra of breadth 1. Then by Theorem 3.2.1, we know
that dim[L, L] = 1. Suppose that L is nilpotent and [L, L] € Z(L). Thus [L,L] N Z(L) = {0}
because dim[L, L] = 1. Let « € [L,L] — {0}. Then = ¢ Z(L), so there exists y € L such that
[y, x] # 0. Therefore [y, z] = az for some a # 0. Consequently, we have adév (x) = Nz £ 0 for
all N € Z~( which is a contradiction. Hence [L, L] C Z(L).

Conversely, suppose that [L,L] C Z(L). Then we have L3 = [L,[L, L]] C [L, Z(L)] = {0},
so L3 = {0}. Hence L is nilpotent. O

In order to classify Lie algebra of breadth 1, we use the concept of alternate bilinear form

and its application that could be found in [5] as the following:

Definition 3.2.3. Let V be a finite dimensional vector space and ¢(, ) : V xV — F a bilinear
form on V. Then ¢ is called alternate if ¢(v,v) =0 for all v € V.

Theorem 3.2.4 (cf. [6], Theorem 6.3). Let V' be a finite dimensional vector space such that
dimV =n € Zsg. Let p(, ): V xV — F be an alternate bilinear form on V. Then there
exists a basis

S = {'1)17’1)_1,?)2,7)_2, vy Upy Uepy 21,5 - - '7271—27’}

for V such that the matriz of B relative to this basis has the form

Bw:diag{Sl,Sg,...,ST,O,...,O}
0 1
wherer€Z>osuchthatr§gand51252:...:5r:< ) 0).

Finally, we classify finite dimensional Lie algebras of breadth 1 as the following theorem.
Note that if we consider finite dimensional nilpotent Lie algebras, then they are actually direct

sums of Heisenberg Lie algebra and abelian Lie algebra.

Theorem 3.2.5. Let L be a finite dimensional Lie algebra of breadth 1 such that dim L =n €
Zsq. Let 0 # z € [L, L]. Then there exists a basis

S = {v1,0_1,V2,0_9, ..., Up, Uy, 21y« o« y Zn—2r

11



for L such that

z if i=—37>0,
[vi,vjl=4 —2  if i=-j<0,
0 otherwise,

for every i,j € {£1,£2,...,+r} and Z(L) = span{zy ..., 2n—2,}.

Proof. Let L be a finite dimensional Lie algebra of breadth 1 such that dim L = n € Z~y. Then
b(L) = 1. By Theorem 3.2.1, dim[L, L] = 1. Let 0 # z € [L, L]. Then we have [L, L] = span{z}.
For any z,y € L, we have [x,y] = az for some a € F. Define a bilinear form ¢ : L x L — F to
be ¢(z,y) = a. Note that ¢ is bilinear since bracket is bilinear. Moreover, this is an alternate

form since [z, z] = 0 for all z € L. By Theorem 3.2.4, there exists a basis
S = {U17U—172}27 V-2, Up, Uep; 215 - - Zn—2?“}
for L such that the matrix of ¢ relative to S has the form

B¢ :diag{Sl,Sg,...,S,,,O,...,O}

0 1
where r € N such that r < § and S; =Sy =... =5, = ( ) 0).
As a result, for every i,j € {1,2,...r},
1 if i=—5>0,
p(ui,vj) =49 —1 if i=—j<0,
0 otherwise,
and z1,...,2n—9, € Z(L). Hence we have
z if 1=—7>0,
[vi,vj] = ¢ — 2 if 1=—5<0,
0 otherwise,

where i,j € {1,2,...7} and 21,..., 2,2, € Z(L).

Next, we will claim that Z(L) = span{zj ..., z,—2,}. Since z1,...,2,_2 € Z(L), we get
span{zi ..., zn—o,} C Z(L). Conversely, without loss of generality, we let a1,a_1,...,a,,a_, €
[ such that

ai1v1 +a_1v_1 +ascvs +a_ov_o+ ...+ apvp +a_rv_, = 0.

12



Let k € {1,2,...,r}. Then we have

0 = [vg,a1v1 + a—1v_1 + ... + ayvp + a—pv_p] = a_g[vg, v_k| = a_kz,

0=[v_g,a1v1 + a—1v_1+ ...+ apvp + a_pv_y| = axv_g, vk = ar(—z) = —ayz,

so ap = a_ = 0 for all &k = 1,2,...,r. Therefore we obtain Z(L) C span{zj...,z,_2-}.

Consequently, Z(L) = span{zi ..., z,—2,}. In summary, there exists a basis

S = {’017,07177-}2’0727 s Uy Uepy 21,5 - - 'azn72r}

for L such that

z if i=—5>0,
[vi,v;] =< — 2z if i=-7<0,
0 otherwise,
for every 7,7 € {1,2,...r} and Z(L) = span{z1 ..., zpn—or}. O

Theorem 3.2.6. Let L be a finite dimensional nilpotent Lie algebra of breadth 1 such that
dimL =n € Zsqg. Let 0 # z € [L,L]. Then there exists a basis

S = {Ulfolvavv*Za vy Upy Uy 2, W1, - - - 7wn721“71}
for L such that
z if i=—7>0,
[vi,vjl=4 —2  if i=-j<0,
0 otherwise,

for every i,j € {£1,£2,...,4+r} and Z(L) = span{z,wy ..., wp_27—1}.

Proof. Let L be a finite dimensional nilpotent Lie algebra of breadth 1 such that dimL =n €
Z~o. Let 0 # z € [L, L]. By Theorem 3.2.5, there exists a basis

S = {v1,0_1,V2,V_9, ..., Up, Uy, 21y« .« y Zn—2r }
for L such that
z if 1=—5>0,
[vi,vj] = ¢ — 2 if i=-5<0,
0 otherwise,

for every 4,5 € {1,2,...7} and Z(L) = span{zj...,zn—2,}. Since L is nilpotent, we have
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[L,L] C Z(L) by Lemma 3.2.2. Thus we have z € Z(L), so we can pick z as a basis element so
that Z(L) = span{z,w; ..., wp—2,—1} and S = {v1,v_1,02,V_2, ..., Vp, Uy, 2, W1, . .., Wp—2p—1 }.

As a result, there exists a basis

S ={v1,0-1,02,V-9, .., Up, U_p, 2, W1, ..., Wp—27—1}
for L such that
s i i=—j>0,
[vi,vj] =¢ —2z if i1=—7<0,
0 otherwise,
for every i,5 € {£1,£2,...,£r} and Z(L) = span{z,w; ..., Wp—2,—1}. O
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Chapter 4

Nilpotent Lie Algebras of Breadth 2

4.1 Properties and Lemmas

In this section, we prove several theorems that we need to use in our main theorem in the next

section. We begin this part with a defintion which is derived from centralizer in group theory.

Definition 4.1.1. Let L be a finite dimensional Lie algebra, A an ideal of L and S C L. We
define

Ca(S)={a€ A ady(z) =0 for all x € S}
={a€Alady(a) =0 forall zeS}
= ({e € A ads(a) =0}

€S

= ﬂ ker ady|A.
zeSs

In particular, we have

Cr(A) = ﬂ ker ad,,

a€A

and if S = {x} for some x € L, then
Ca(S) = Ca({x}) = ker ady| 4.

Remark. Let L be a finite dimensional Lie algebra and A an ideal of L. Then the following
holds:

1. If Sl Q 52 g L, then CA(SQ) Q CA(Sl)
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2. If S =span{zy,z2,...,x,} C L for some n € Zsg, then

Ca(S) = ﬂ kerad, |4 = ﬂkeradwi\A.
zes i=1
3. For any x € L, v € C(A) if and only if ba(z)=0.
Lemma 4.1.2. Let L be a finite dimensional Lie algebra and A an ideal of L. Let x,y € L be
such that im ady| 4 Nimady|4 = {0}. Then kerady|a C kerady|a or ba(z) < ba(z+y).

Proof. Let L be a finite dimensional Lie algebra and A an ideal of L. Let x,y € L be such that
imad;|aNimady|4 = {0}. Suppose that there exists o € A such that o € ker ad,|4 —ker ady|a.
Then we have [z,a] = 0 but [y, o] # 0. We observe that

[z +y,a] = [z,a] +[y,a] =0+ [y,a] = [y,a] #0,
0 im ady4y|a Nimady|4 is not trivial. Note that we have
dim(im ady4y|a +imady|4) = dimim ady4y|4 + dimimady|a — dim(im adyqy|a Nimady|a)

As a result,

dim(im ady1y|a +imady|a) < dimim adyyy|4 + dimim ady|a.

We define a map ¢ : imady|a x imady|4 — imad, |4 +imady|a by ¢(x1,y1) = 1+ y1 where
x1 € imady|4 and y; € imady|a. We will show that ¢ is an isomorphism. Let (z1,31), (z2,%2) €
imady|4 % imady|4. Then we have x1,z2 € imad;|a and y1,y2 € imady|a, so there exist
ai,az,bi,ba € A such that [z,a;] = z; and [y,b;] = y; for all i = 1,2. We will verify that
ime C imadyyy|a +imady|4. Observe that

o(x1,y1) =21 +y1 = [z,a1] + [y, 01] = [+ y,a1] + [y,b1 — a1] € imad, |4 +imady|a.

Thus im¢ C imadyyy|a + imady|a. Moreover, it is easy to see that ¢ is linear. In order to
show that ¢ is injective, we suppose that ¢(z1,y1) = 0. Then we get [z, a1]+[y,b1] = x1+y1 =
o(x1,y1) =0, so [z,a1] = [y, —b1] € imady|a Nimady|a = {0}. Therefore 1 = [z,a1] = 0 and
y1 = [y, b1] = 0 which implies (x1,y;) = 0. Thus ¢ is injective. To claim that ¢ is surjective, let
z € imady4y|la +imady|a. Then z = 21 + 2o where z; € imady4y|a and 2z € imady|4. There
exists c1,co € A such that [x 4+ y,c1] = 21 and [y, c2] = z2. Note that we have

SO([$7 Cl]? [y,q + 02]) = [ﬂ?, Cl] =+ [yvcl + 62] = [$ + yvcl] + [y,CQ] =21+22=2z2

Therefore ¢ is surjective. Hence ¢ : imad;|a X imady|s4 — imady4y|a +imady|4 is an isomor-
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phism which implies
dim(imad;|a x imady|a) = dim(im ady4y| 4 + imady| ).
As a consequence, we have

ba(z) +ba(y) = rank ady| 4 + rank ady| 4
= dimim ad;|4 + dimim ady|4
= dim(imad;|a x imady|a)
= dim(im ady4y|a + imady|4)
< dimim adyyy|a + dimimady|a
= rank ady4y|4 + rank ady| 4

=ba(z +y) +ba(y).

Hence ba(z) < ba(z +y). O

Theorem 4.1.3. Let L be a finite dimensional Lie algebra and A an ideal of L. Let x,y € T4q,
T = span{x,y} and

T = (T +CL(A))/CL(A) =T/(T N CL(A)).
Then we have the following two cases:
1. If dimT = 1, then im ad,|4 = imady|a and ker ad,|4 = ker ady|4.
2. If dimT = 2, then imady|a # imady|a or ker ady|a # ker ady| 4.
However, if x +y € T4, then the consequence of the second case is “either or”.

Proof. Note that T = (T + CL(A))/CL(A) = T/(T N CL(A)) comes from second isomorphism
theorem ((S + I)/I = S/(S N1I)). For the first case, we assume that dim7 = 1. Then we
have dim(7 N Cr(A)) = dimT — dimT = 2 — 1 = 1. Since x,y € Ta, ba(z) = ba(y) = 1.
Therefore z,y ¢ Cr(A), so x,y ¢ TNCL(A). By considering T/(T NCL(A)) as a 1-dimensional
quotient space, there exists a € F — {0} such that x + (T'N CL(A)) = —ay + (T'N CL(A)), so
x+ay € (TNCL(A)). Since dim(T' N CL(A)) =1 and = + ay # 0, we have TN CL(A) =
span{z+ay}. First, we will claim that im ad,|4 = im ady|4. To show that im ad;|4 C imady]|4,
let z € imadg|4. Then there exists a € A such that [z,a] = z. Because x + ay € T N CL(A),
[ + ay,a] = 0. Therefore we get

0= [z + ay,a] = [¢,a] + aly,a] = = — [y, —aa],
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so z = [y, —aal, that is z € imady|4. Conversely, let z € imady|4. Then there exists a € A

such that [y, a] = z. Again, we get
0 = [z +ay,a] = [z,0] + aly,a] = [z,0] + az,

so z = L[z, a] = [z, =2]. Thus z € imad,|. Hence imad,|4 = imady|a. Next, we will show
that kerad,|a = kerad,|a. Suppose kerad,|a # kerad,|a. Without loss of generality, there
exists a € A such that [y,a] = 0 but [z, a] # 0. Then we have

[z +ay,a] = [z,a] + aly,a] = [v,a] + 0 = [z,a] #0

which contradicts « + ay € TN CL(A). Hence ker ad,|4 = ker ady|a.

For the second case, suppose that dim7T = 2. Then we have dim(7T N CL(A)) = dim T —
dimT =2—-2=0, so T NCL(A) = {0}. Suppose that ker ad,|4 = ker ad,|4. Then we have to
show that imady|4 # imady|a. Let o € F. Then « + ay € T — {0}, so z + ay ¢ Cr(A). Thus
there exists a € A such that

0+ [+ ay,a] = [z,a] + aly, .

Note that a ¢ ker ad,|4 = ker ad,|4 since [z, a] + o[y, a] # 0. Therefore [x,a] # 0 and [y, a] # 0,
but we have
[z,a] # —aly,a] forall «eF.

Since rank ad, |4 = rankady|4 = 1, imad,|4 # imady,| 4. Hence we proved the second case.

Finally, we will show that the consequence of the second case is “either or” if x +y € T4.
Suppose additionally to the second case that z +y € T4. Then we have by(x+y) = 1. Assume
that imady|4 # imady|a. Since z,y € Ty, ba(x) = ba(y) = 1, so imad,|4 Nimady|a = {0}.
By Lemma 4.1.2, we get

kerady|a C kerady|a or ba(z) < ba(z+y).

Because ba(z) = 1 = ba(zr + y), we have kerad;|a C kerady|s. Similarly, we also have
kerady|a C kerad;|a since ba(y) = 1 = ba(x + y). Therefore ker ad,|4 = kerady,|4. On the
other hand, we suppose that kerad;|a # kerady|a. Without loss of generality, assume that
ker ad;|a € kerady|4. Then im ad;|4Nimady|a # {0} by contrapositive of Lemma 4.1.2. Since
ba(z) =ba(y) =1, we get imad,|4 = imady|4 as desired. O
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Proposition 4.1.4. Let L be a finite dimensional Lie algebra and A an ideal of L. Let x,y, 2z €
L be such that y — z ¢ CL(A). Suppose that ba(x) > 1. Then at least one of the elements

y? Z7 y+z7 x_}—y? ‘T+Z’ x_}—y_{_z

1s not 1n T'y.

Proof. Let L be a finite dimensional Lie algebra and A an ideal of L. Let z,y,z € L be such
that ba(x) > 1 and y — z ¢ Cp(A). Suppose that y,z,y + z,z +y,z + z,x + y + z € Tx.
Additionally, we let

Ty = span{y,y — z} = span{y, z — y} = span{y, z},
Ty = span{y — z,x + z} = span{z +y,x + 2},
T3 = span{y, = + z}.

For ¢ = 1,2,3, T; is not contained in Cf(A4) , so T; N CL(A) is zero or 1-dimensional which
implies T; = (T; + CL(A))/CL(A) 2 T;/(T; N C(A)) is 1 or 2-dimensional. Next, we consider

im adr, |4 := span{imady|4,imad;|4},
im adr, | 4 := span{im ady1y|a,imady .|},
im adrpy| 4 := span{im ady|,imady4.|a}.
By Theorem 4.1.3, we know that for each i = 1,2, 3,
1. If dim7; = 1, then we have imadr, |4 is 1-dimensional.

2. If dim T; = 2, then we have imadr, |4 is 2-dimensional.

Hence imadr, |a,imadr,|a and imadr|a are 1 or 2-dimensional. By pigeonhole principle,
there exist o, € {1,2,3} such that a # f and dim(imadr,|4) = dim(imadz,|a). Let

n = dim(im adr,|4) = dim(im adz,[4). Then we consider the following two cases:

For n = 1, we consider

Ty = span{y,y — 2},
Ty = span{y — z,x + 2},
T3 = span{x + z,y}.

Then we have N := imady|4 = imady—.|4 = imady.|4 is 1-dimensional. Next, we will claim
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that imad;|4 C N. Let a € A. Since z = (x + 2) + (y — 2) — y, we get
[z,a] =[x+ z,a]+ [y —za] —[y,a] € N.

Thus imady|4 € N, so ba(z) < 1 which contradicts the assumption b (z) > 1.

For n = 2, we consider

Ty = span{y,z — y},

Ty = span{z + z,y — 2},
T3 = span{y,z + z},

T, = span{ai, as},

T = span{31, 2},
so that

imadr, |4 := span{im ady, |4, im ady, |4},

im adr, | := span{im adpg, |4, im adg,|4}.

Since n = 2, we obtain imady, |4 # im ada,|4 and imadg, |4 # imadg,|a. Note that dim T, =
dim T/g = 2 and for 17,15, T3, we have

1=0ba(2) = ba(y + (2 —y)),
ba(x+z)=1=ba(x+y)=ba((z+2)+ (y — 2)),
l=ba(zr+y+z) =baly+ (x+2)).

Thus ba(an + az) = ba(ar) =1 and ba(B1 + B2) = ba(B1) = 1, so a1 + az, b1 + B2 € Ta. By
Theorem 4.1.3, (2) with “either or”, we have

ker ady, |4 = kerada,|a and keradg, |4 = ker adg,|a.

It is easy to see that kerad,_.|4 = kerad,_,|a, so we have M := kerady|4 = kerad,_.|4 =
ker ady4 .| 4. Next we will prove that M C kerad,|4. Let m € M. Since z = (z+2)+(y—2) —y,
we get,

[z,m] =[x+ z,m] + [y — z,m] — [y,m] = 0.

Thus M C kerady|a, that means nullity ad,|4 < nullity ad,|4. Hence we have

rank ady |4 = dim A — nullity ad;| 4
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= (nullity ady|a + rank ady|4) — nullity ad, |4
= (nullity ady|4 — nullity ad;|4) + rank ady| 4
< rank ady|a

<1

s0 ba(x) < 1 which is a contradiction. In consequence, from the two cases above, at least one

of the elements y, z, y+ 2z, v+ vy, x +2, 4+ y+ 2z is not in T'y4. ]

From now on, we begin to consider finite dimensional nilpotent Lie algebra in order to

guarantee that it has an abelian ideal.

Definition 4.1.5. Let L be a finite dimensional nilpotent Lie algebra and A an abelian ideal
of L. For any x € L, we define

M, = A+ ker ad,,
L, =span{Myi, | a € A},

Dy = () Maye-
a€A

Proposition 4.1.6. Let L be a finite dimensional nilpotent Lie algebra and A an abelian ideal
of L. Let x € L and a € A. Then the following hold:

1. AC D, C Myyy.

2. [Aa] = [A,a+ 2] = [Masa,a+ 2] = [Duya+ 2.
9. (Lo 2] C [A, L.

4 [0, Mysa 0 M, C [A, 2],

5. If L=M,+U = Mgy, +U for some a € A and subspace U of L, then
[a, L] C [U,z] + [A, 2] + [A,U].
6. [A,D;] C [A, z].

7. If ba(L) = b(L), then dim[A, L] = ba(L) and L = D, for all z € By.

Proof. Let L be a finite dimensional nilpotent Lie algebra and A an abelian ideal of L. Let
r € L and a € A.
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1. Since A C A+ kerady sy = Mgy, for all ' € A, A C D,. Tt is clear that D, C My,
because 0 € A. Hence A C D, C Mgty

2. First, it is obvious that [A,z] = [A,a + x| since A is abelian. Because My, = A +

ker adgy., we have

(Matq,a+x) = [A+keradgi 4, a + 2]
=[A,a] + [A, 2] + [ker adgty, a + ]
=0+[A4,2]+0
= [A, z].

Thus [A, z] = [Mg44, a+x]. Next, we will show that [A, x| = [D,, a+x]. Since D, C My,
we get [Dg,a + ] C [Mgyz,a + z] = [A,x]. Conversely, we have [A,z] = [A,a + z] C
[Dy,a + x| since A C D,. Therefore [A,z] = [D,,a + x]. Hence [A,z] = [A,a + x] =
[Motz,a+ x] = [Dg,a+ z.

3. Let a € A be arbitrary. Let y € My4,. Then y = a,+c, where a, € A and ¢, € ker adg;.

Thus [cy,a + 2] = 0, so [¢y, ] = [a, ¢y]. Therefore
[ywr] = [ay + Cy’:l:] = [ay,x] + [Cy’x] = [ay,x] + [CL, Cy] € [A’ L]

Since y € Mgy, and a € A is arbitrary, [Lg, 2| C [4, L].

4. Let y € Myyp N M,. Since y € Myys, y = ay + ¢y Where a, € A and ¢, € kerad, ;.

Thus [c,, a+ 2] = 0, s0 [¢, 7] = [a,¢,]. On the other hand, y = ay, + ¢}, where a;, € A and
¢, € kerad, because y € M,. Therefore [c;, x| = 0, so we have
ly, @] = lay, + ¢, 2] = [ay, 2] + [c}, 2] = [ay, 2].
Consequently,
[a,y] = [a, ay + ¢,

=0+ [a,cy]

= [cy, 7]

= [y —ay, 7]
[y, x] — [ay, ]

= [a;,x] — [ay, 7]

22



€ [A, z].

Hence [a, Mgy N M| C [A, z].

5. Suppose that L = M, + U = Mgy, + U for some a € A and subspace U of L. Since
L =My, + U, we have

[a, L] = [a, Mato + U]
= [a, A + ker adyy, + U]
= la, A] + [a, ker ady44]| + [a, U]
=0+ [a,ker adg+z] + [a, U]
= [a, ker adg14] + [a, U].

On the other hand, since L = M, + U and [a + x, ker ad,4,| = 0, we obtain

ker adg 44, 2]

]
M, + U, x|

[a,ker adyi,] =

+ kerad, + U, z]
,x] + [ker ad,, z] + [U, x]
;o] + 0+ [U, 2]

[
c L
=
=
=
=
= [A, 2] + [U, ],

A
A
A
A

so [a,ker adg44] C [A, x] + [U,x]. As a result, we get

la, L] = [a, ker adq+ 4] + [a, U]
C[A z]+ U, z] + [a,U]
ClAz]+[U,x] +[A U]
Hence [a, L] C [U,z] + [A,z] + [A,U].

6. Let o’ € A. By using part (4) of this proposition, we have

[a, () Masa) C [a, Maye N M,] C [A, 2.
acA

Hence [a, D,] C [A, z].
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7. Suppose that bs(L) = b(L). We will prove that L = D, for all z € By. Let z € B4 and
a’ € A. Then ba(z) = ba(L). Since A is abelian, we have

rank adyry,|a = ba(a’ + 2) = rankady, .|4 = rank ad,|4 = ba(z) = ba(L) = b(L).

Then rank ad, 4, = rankady/ 4 ,|4. Thus imadyy, = imady/ .| 4, which means, for any
a € L— A there exists 3 € A such that ady . (a) = adyy,(8). Therefore ady . (a—f) =

0, so @ — B € kerady/,,. Hence we obtain
a=p+(a—p)€A+kerady i, = My ,.

Since o € L — A is arbitrary, L — A C My, ,. Moreover, it is obvious that A C A +
keradyy, = Myy,. Asaresult, L = (L —A)+ A C My,,, so L = My,,. Since
a’ € Ais arbitrary, we get L = (yca L = \gca Mar4> = D, as desired. To show that
dim[A, L] = b(L), we fix z € B4. By using part (6) of this proposition and L = D,, we
obtain [A, L] = [A,D,] C [A, z] = imad,|4. In consequence, we have

dim[A, L] = dimimad,|4 = ba(L) = b(L).

O]

Lemma 4.1.7. Let L be a finite dimensional nilpotent Lie algebra, A an abelian ideal of L and
x € BNB4. Suppose that b(L) = ba(L)+1 and L # L. Then dim L/M, =1 and My = Mgy
for every a € A.

Proof. Let L be a finite dimensional nilpotent Lie algebra, A an abelian ideal of L and x €
BN By. Then we have b(x) = b(L) and ba(x) = ba(L). Suppose that b(L) = ba(L) + 1 and
L # L,. Thus b(x) = ba(x) + 1, so rankad, = rankad;|4 + 1. Note that for any = € L, we
know that ker ad, |4 = A Nkerad, C kerad,. Define

D :=span{a | a € kerad, — ker ady|4}.

Next, we will show that A Nkerad, = kerad,|a = ANkeradgs,. It is clear that A Nkerad, =
ker ady| 4. To show that ker ad,|4 = ANkerady,, let a € A. Let y € ker ad,|4. Then [z,y] =0
and y € A, so [a,y] = 0. Thus [a + z,y] = [a,y] + [z,y] = 0. Therefore y € A Nkeradys,
so kerad;|a € ANkeradyi,. Conversely, let y € ANkeradyi,. Then [a + z,y] = 0 and
y € A, so [a,y] = 0. Thus [z,y] = [a,y] + [z,y] = [a + x,y] = 0. Hence y € kerad,|4, so
kerady|4 2 A Nkerad, .. Consequently, we have A Nkerad, = kerad,|4 = ANkeradgi,.
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Moreover, since ker ad,|4 C ker ad,, we get
dim D = nullity ad, — nullity ad,| 4.

On the other hand, because A N kerad, = kerad,|4, we have M, = A + kerad, = A® D.
Therefore dim M, = dim A + dim D. Additionally, we know that

dim L = nullity ad, + rank ad,
dim A = nullity ady|4 + rank ad,| 4.

Therefore we have
dim L — dim A = (nullity ad, — nullity ad;|4) + (rank ad, — rank ad;|4) = dim D + 1,

SO we get
dim L/M, = dim L — dim M, = dim L — (dim A + dim D) = 1.

In order to prove that M, = M.y, for every a € A, assume that there exists a € A such that
Mg+, is not contained in M,. Since dim L = dim M, 4+ 1, we have L, = span{My;, |a € A} =
L, which contradicts the assumption L # L,. Hence M,,, C M, for every a € A. Conversely,
suppose that there exists a € A such that My, € M,. Then A 4 kerady+, € A + ker ad,.
Let V44, and V, be complementary subspaces of A in My4, and M,, respectively. Then
Myi, =ABVyy, and M, = AP V,. Because Myy, € M,, we know that Vo1, & V,. Since
ANkerad, = ANkerad,,,, we have

kerad, i, = (ANkeradgtz) ® Voro = (ANkerad,) ® Voo € (ANkerad,) ® V, = kerad,.
Therefore nullity ady+, < nullity ad,, so we obtain
b(x) = rank ad, = dim L — nullity ad, < dim L — nullity adg4, = rank adg4, = b(a + z).

Thus b(z) < b(a + x). Since z € B, b(x) = b(L), so we have b(a + x) > b(L), which is a
contradiction. Consequently, M, = My, for every a € A. O

Theorem 4.1.8. Let L be a finite dimensional nilpotent Lie algebra and A an abelian ideal of
L. Suppose that b(L) <ba(L)+ 1. Then imadyz|a is an ideal of L for every x € Bya.

Proof. Let L be a finite dimensional nilpotent Lie algebra and A an abelian ideal of L. Suppose
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that b(L) < ba(L)+ 1. Let © € By. Since by(L) < b(L), we have b4(L) < b(L) < ba(L)+1, so

First, we will claim that im adg4.|4 is an ideal of M, 1, for every a € A. Let a € A. Then it
is obvious that imadgi.|a € A C A+ keradgir = Mgty Let a’ € A and y € Myy,. Then
[a+z,d] € imadgtq]a and y = ay + ¢, where a,;, € A and ¢, € ker adg45. Thus [¢y,a + z] = 0.

Note that [[ay,a + z],a’] = 0 because A is an abelian ideal. Therefore we get

[y, [a +2,d]] = [[y,a + z],d] + [a+z,[y,d']]
= [lay + ¢y, a+a],d'] + [a + =, [y, d]]
= [lay, a +z],a] + [[ey, a + 2], d'] + [a + 2, [y, a']]
=0+0,d] + [a+=,[y,d]]
€ la+x,A]

=1imadg1z|A-

Hence im ady1,|4 is an ideal of M, for every a € A.

If L =L, =span{Myi,|a € A}, then imad,|a = imad,i,|4 is an ideal of L by previous
claim. Suppose that L # L. If b(L) = ba(L), then by Proposition 4.1.6 (7), we have L = D,.
Thus L = D, C M, C L,. It is clear that L, C L, so L = L,, which contradicts L # L,.
Therefore b(L) = ba(L) + 1. Next, we need to show that x € B. Assume x ¢ B. Then
b(x) # b(L), so we have

ba(x) < b(x) < b(L) — 1 = ba(L) = ba(a),

which implies b(z) = ba(z), so rank ad, = rank ad,|4. Thus imad, = im ad, |4, which means,
for any o € L — A there exists § € A such that ad,(a) = ad;(8). Therefore ad, (o — ) = 0, so
a — 8 € kerad;. As a result,

a=p+(a—p) e A+kerad, = M,.

Since a € L— A is arbitrary, L— A C M,. Moreover, it is easy to see that A C A+ker ad, = M,.
Consequently, L = (L — A) + A C M,. Because M, C L,, L C L,. Therefore L = L,, which
again contradicts L # L,. Hence x € B. In conclusion, we know that x € BN B4. By Lemma
4.1.7, dim L/ M, = 1 and M, = Mgy, for every a € A, so Dy = (\,cg Mate = My. Next, we
will show that [A, x| = [A, M,]. By Proposition 4.1.6 (6), [A, Dy] C [A, z]. Since D, = M,, we
get [A, M,] = [A, D,] C [A,z]. On the other hand, we let a € A. Then [a,z] € [A, z]. Because
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x € ker ad,, we obtain
[a,z] € [A,kerad,] C [A, A+ kerad,] = [A, M,].

Thus [A,z] C [A, M;]. Hence [A,z] = [A, M;]. Next, we will claim that M, = A + kerad,
is a Lie subalgebra of L. It is clear that M, is a subspace of L. Let mi,mo € M,. Then
there exist aq,as € A and ¢1, co € ker ad,, such that m; = a; + ¢; for i = 1,2. We observe that

ady([e1,co)) = [z, [c1, c2]] = [[z, 1], ca] + [e1, [z, c2]] = 0, so [c1, ca] € ker ad,. Therefore we have
[m1,ma] = [a1 + c1,a2 + c2] = [a1, a2] + [a1, c2] + [c1,a2] + [c1, 2] € A+ kerad, = M,.

Since mqi,me € M, are arbitrary, we get [M,, M,] C M,, which means M, is closed under
bracket. Thus M, is a Lie subalgebra of L. Since dim L/M, = 1, there exists y € L — M,
such that L = M, @ span{y}, which means span{y} is the complementary subspace of M, in
L. To show that M, is an ideal of L, we suppose that M, is not an ideal of L. Then there exist
m € M, and z € L such that [m, 2] ¢ M,. Since L = M, @ span{y}, there exist m’ € M, and
a € F such that z = m' + ay. We observe that

fm. ) + afm, ) = m,m' + ay] = [m. 2] ¢ M,.

Since [m,m’] € M, we obtain o # 0 and [m,y] ¢ M,, so [m,y] = m” + By where m" € M,
and 3 # 0. Consequently, we get adX (y) # 0 for any N € Z~q which contradicts nilpotency of
L. Hence M, is an ideal of L. Because we know that imad,|4 = [A,z] = [4, M,] and A, M,
are ideals of L, im ad,|4 is also an ideal of L. Since x € By is arbitrary, im ad,|4 is an ideal of

L for every x € By. O

Lemma 4.1.9. Let L be a finite dimensional Lie algebra and A an ideal of L such that
ba(L) > 1. Let x € By be given. Suppose that there exists y € L such that y and 4+ y do
not satisfy

ba(z) >1 and 2ba(z) > ba(L). (4.1)

Then ba(y) =ba(z+y) =1 and ba(L) = 2.

Proof. Let L be a finite dimensional Lie algebra and A an ideal of L such that b4 (L) > 1. Let
x € By be given. Then bs(z) = ba(L). Suppose that there exists y € L such that y and = + y
do not satisfy

ba(z) >1 and 2b4(z) > ba(L). (4.1)
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First, we claim that b4 (L) = 2 by using contrapositive. Assume that bs(L) # 2. Then we have
ba(L) > 3 since ba(L) > 1. In order to show that for all y € L, y or x + y satisfies (4.1), we
let y € L be such that y does not satisfy (4.1). Then we get ba(y) < 1 or 2ba(y) < ba(L).
Note that if b4(y) < 1, then we also get 2b4(y) < 2 < 3 < by(L). Thus we can assume that
2ba(y) < ba(L). Then we apply the fact that

rank(A + B) < rank A + rank B
where A and B are linear transformations, so we get
rank ad;| 4 < rank(ad;|a + ady|a) + rank(—ady|a).
Because ady| 4 + ady|a = adyyy|4 and rank(—ady|4) = rank ady|a, we have
rank ad;|4 < rank adyqy|a + rank ady|a. (4.2)

Thus rank adyy|4 > rankadg|4 — rank ady|a, which also means ba(xz + y) > ba(z) — ba(y).
Since 2b4(y) < ba(L) and ba(z) = ba(L), we obtain

ba(z +y) > ba(z) —ba(y) > ba(L) - bA;L) > bAéL)'

Therefore 2ba(x +y) > ba(L). We also get ba(z +y) > bAéL) >
(4.1). Consequently, ba(L) = 2 as we claimed.

[\GI[eV]

> 1. Hence x + y satisfies

Next, we will prove that bs(x) = ba(z +y) = 1. Since y and = + y do not satisfy (4.1) and
ba(L) =2, we have
bA(y) <1 or 2bA(y) < bA(L) =2

and
ba(x+y) <1 or 2bg(x+y)<ba(l)=2,

which can be reduced to ba(y) < 1 and ba(x +y) < 1. Suppose that ba(y) = 0. This means

imady|4 = {0}, so we have
ba(z +y) = rankad,,|A = rankady|a = ba(x) = ba(L) =2

which contradicts ba(z 4+ y) < 1. Hence by (y) = 1. Next, we assume that ba(z +y) = 0. Then
rank ady, 4|4 = 0. By applying this to (4.2), we get rank ad,|4 < rankady|4. Therefore

ba(y) =rankady|a > rankad,|a = ba(z) =ba(L) =2,
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which contradicts ba(y) = 1. Hence ba(z+y) = 1. As a result, we obtain ba(y) = ba(z+y) =1
and bs (L) = 2 as desired. O

Theorem 4.1.10. Let L be a finite dimensional nilpotent Lie algebra and A an abelian ideal
of L such that by(L) > 1. Suppose that [L,z] C [A, L] for all z € L satisfying

ba(z) >1 and 2ba(z) > ba(L). (4.1)

Then [L,L] = [Cr(A),L]. In addition, if A = Cr(A) and b(L) = ba(L), then dim[L,L] =
ba(L).

Proof. Let L be a finite dimensional nilpotent Lie algebra and A an abelian ideal of L. Let
ba(L) > 1 and suppose that [L, z] C [A, L] for all z € L satisfying

ba(z) >1 and 2by(z) > ba(L). (4.1)

Fix an x € B4. Then we have the following two cases to consider.

The first case is y or = + y satisfy (4.1) for every y € L. Then by assumption, [L,y] C
[A, L] or [L,z +y] C [A, L]. Next, we will show that [L,z + y] C [A, L] also implies [L,y] C
[A, L]. Suppose that [L,z + y] C [A, L]. Since € By, ba(x) = ba(L) > 1. It is clear that
2bg(x) > ba(x) =ba(L), so x also satisfies (4.1). Thus [L,z] C [A, L]. To show [L,y] C [A, L],
we let z € L. Then [z,z+y] € [L,x+y] C [A L] and [z,2] € [L,z] C [A, L], so we get
[z,y] = [z,2 + y] — [z,2] € [A,L]. Since z € L is arbitrary, [L,y| € [A, L]. Hence we have
[L,y] € [A, L] for any y € L. Because A is abelian, A C CL(A), so [A,L] C [CL(A), L]. Thus
[L,y] C [A,L] C [CL(A), L] for every y € L. Since y € L is arbitrary, [L,L] C [CL(A), L].
Conversely, it is easy to see that [Cf(A), L] C [L, L]. Hence [L, L] = [CL(A), L].

For the second case, assume that there exists y € L such that y and x + y do not satisfy
(4.1). By Lemma 4.1.9, we have

ba(y) =ba(z+y)=1 and ba(L)=2.

We have to claim that [L, z] C [CL(A), L] for all z € L such that ba(z) # 1. Let z € L be such
that ba(z) # 1. If ba(z) = 0, then z € C(A), so [L,z] C [CL(A),L]. If ba(z) =2 = ba(L),
then z satisfies (4.1), so [L, z] C [A, L] by assumption. Since A is abelian, we have A C CL(A).
Therefore [L,z] C [A,L] C [CL(A),L]. Hence [L,z] C [CL(A),L] for all z € L such that
ba(z) # 1. In order to show that [L, L] C [CL(A), L], suppose that [L, L] Z [C(A), L]. Then
there exist u,v € L such that [u,v] ¢ [CL(A), L]. By previous claim, we have by (u) = ba(v) = 1.
Note that

[u+v,v] = [u—wv,v] =u,v] ¢ [CL(A), L],
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so we also have ba(u + v) = ba(u —v) = 1. Since x € By, ba(z) = ba(L) = 2. Therefore
[,v], [u,z] € [CL(A), L] by previous claim. Thus we have
[z +u,0] = [z,0] +
[u, x +v] = [u, z] +

[z +u+v,0] = [z,0] + [u+v,0] & [CL(A), L],

soba(x+u) =ba(x+v) =ba(x+u+wv)=1. Note that u — v ¢ CL(A) because ba(u—v) = 1.

In summary, we have
ba(u) =ba(v) =ba(u+v) =ba(u—v) =ba(r+u) =ba(r+v)=ba(z+u+v)=1.

Hence we have u,v,u + v,x + u,x + v,z + u + v € Ty, which contradicts Proposition 4.1.4.
Therefore [L, L] C [CL(A), L]. Conversely, it is clear that [C1(A),L] C [L, L]. Hence [L,L] =
[CL(A), L].

In addition, assume that we also have A = CL(A) and b(L) = ba(L). Then [L,L] =
[CL(A), L] = [A, L]. Consequently, dim[L, L] = dim[A, L] = ba(L) by Proposition 4.1.6(7). O

Notice that there are relations between set of elements of breadth 0 and 1, as we show in

the next lemma.

Lemma 4.1.11. Let L be a finite dimensional Lie algebra and A an ideal of L. Suppose that
ba(L) = 1. Then the following hold:

1. L=T4UCL(A).
2. TANCL(A) = 0.
3. Tp U {0} is a subspace of L.
Proof. Let L be a finite dimensional Lie algebra and A an ideal of L. Suppose that bs(L) = 1.

1. Let z € L. Then we have bs(z) = 0 or ba(x) = 1, that is © € C(A) or © € T4. Therefore
L CTyUCL(A). Conversely, we know that T4 C L and Cp(A) C L, so Ty UCL(A) C L.
Hence L = T4 UCL(A).

2. Tt is clear that T4 N CL(A) = 0 by their definitions.

3. Note that Cr(A) = (\,ca kerad,. Since kerad, is a subspace of L for all a € A, CL(A)
is also a subspace of L. Because L is finite dimensional, so is C1(A). Therefore we write
Cr(A) = span{cy, ca, . .., ¢, } and extend this basis to L = span{ci, ca, ..., cn,t1,t2, ... tm }.
Then we have T4U{0} = span{ty,ta,...,t;n} and L = C(A)®(T4U{0}). Hence T4 U{0}

is a subspace of L.
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In next lemma, we prove a few properties of maximal abelian ideal which we are going to

use in our main theorem.

Lemma 4.1.12. Let L be a finite dimensional nilpotent Lie algebra and A a mazimal abelian

ideal of L. Then the following hold:
1. kerad, = A for alla € A— Z(L).
2. Cr(A) = A.
3. Z(L) C A.
Proof. Let L be a finite dimensional nilpotent Lie algebra and A a maximal abelian ideal of L.

1. Let a € A—Z(L). Then ker ad, # L because a ¢ Z(L). Since a € A and A is abelian, we
have A C kerad,. Next, we will show that ker ad, is an ideal of L. Let x € ker ad, and
y € L. Then [a,z] = 0, so we have

ade([2,y]) = [a, [z, y]] = [[a, 2], y] + [2, [0, y]] = [z, [a, y]] € A € ker ad,.

Thus kerad, is an ideal of L that contains A. Since A is maximal and kerad, # L,
ker ad, = A. Hence A = kerad, for all a € A — Z(L).

2. Observe that if a € Z(L), then we have ker ad, = L. Consequently, we obtain

CrL(A) = ﬂ ker ad,

acA

= ( ﬂ ker ady) N ( ﬂ ker ad,)

acA—Z(L) a€ANZ(L)

=( 1 HnC ) D

acA—Z(L) a€ANZ(L)
=ANL
= A.

Hence CL(A) = A as we want.

3. Let x € Z(L). Then we get ad, = 0, so b(x) = 0. Since ba(z) < b(x), we have ba(x) = 0.
Thus z € Cr(A). By part two of this lemma, we know that C,(A) = A,sox € CL(A) = A.
Hence Z(L) C A.
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Theorem 4.1.13. Let L be a finite dimensional nilpotent Lie algebra and A an abelian ideal
of L. Suppose that by(L) =1. Then

1. dim(A/(ANZ(L))) =1 and kerad;|s = kerady|a for all z,y € L —Cr(A).
In addition, if A is a mazimal abelian ideal of L, then dim(L/Z(L)) = b(L) + 1.

or
2. dim[A, L] = 1. In addition, if A is a mazimal abelian ideal of L, then b(L/[A, L]) < b(L).

Proof. Let L be a finite dimensional nilpotent Lie algebra and A an abelian ideal of L. Suppose
that b4(L) = 1. By Lemma 4.1.11, we know that L = TAUCL(A), TANCL(A) = 0 and T4 U{0}
is a subspace of L. As a result, we have Ty = L — CL(A). Define T' = span{z,y} and

T =(T+CL(A)/CL(A) =T/(T N CL(A))
where x,y € T4, as defined in Theorem 4.1.3. Since TANCL(A) =0 and T C T4 U{0}, we have

TNCL(A) C(Tau{0})NCL(A)

= (TanCr(4)) U ({0} NCL(A))
fu{o}
{0},

so TNCL(A) ={0}. Hence T = T/(TNCL(A)) =T.

Suppose that T4 U {0} is not 1-dimensional. Then we get dim T4 U {0} > 2, so there exist
x,y € Ty such that T = span{x, y} is 2-dimensional. Thus dim 7T = dim T = 2 because T' = T
Since {z,y} is linearly independent and T4 U {0} is a subspace of L, we have x +y € T4. By
Theorem 4.1.3 (2), we know that

either imad;|a #imad,|a or kerad;|a # kerady|a,

so we consider the following two cases:

1. imad;|4 = imady|4 =: K and ker ad,|4 # kerady|a. Let z € T4. Then
kerad,|4 # kerad;|a or kerad;|a # kerady|a.

Without loss of generality, we suppose that ker ad, |4 # ker ad;|4. Next we will show that
x+ 2z € Tx. Since z,z € Ty and T4 U {0} is a subspace of L, we have = + z € T4 U {0}.
If 4+ 2z =0, then x = —z, so we get kerad, |4 = kerad_.|4 = kerad,|4, which is a
contradiction. Therefore x + z € T4. By Theorem 4.1.3 (2) with “either or”, we have
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imad,|4 = imadyz|a, so [A,z] = imad,;|4 = imad,|4 = K. Since z € T4 is arbitrary,
[A,T4] = K. On the other hand, if z € C(A), then [A, z] = {0}. Because z € CL(A) is
arbitrary, [A, C(A)] = 0. Consequently, we obtain

[A, L] = [A, T4 UCL(A)] = span{[A, T4],[A,CL(A)]} =span{K,0} = K.

Hence dim[A, L] = dim K = by(z) = 1.

2. imady|a # imady|s and ker ady|4 = kerady|a =: K'. Let z € T4. Then
imad,|4 #imad;|a or imad.|a # imady|a.

Without loss of generality, we assume that imad,|4 # im ad;|4. Next we will show that
x4z € Tx. Since z,z € Ty and T4 U {0} is a subspace of L, we have z + z € T4 U {0}.
If 24+ 2 =0, then x = —z, so we get imad,|a = imad_,|4 = imad,|4, which is a
contradiction. Therefore x + z € T4. By Theorem 4.1.3 (2) with “either or”, we have
kerad,|4 = kerady|4 = K’'. Since z € T4 is arbitrary, we get kerad,|4 = K’ for any
z€Ty=L—Cr(A). Hence kerad,|4 = kerady|a for all z,y € L — Cp(A).

On the other hand, we assume that T4 U {0} is 1-dimensional. Then T4 U{0} =T =T, so T
and T are also 1-dimensional for every x,y € T4. By Theorem 4.1.3 (1), we have

imad;|a =imady|sa and kerad;|a = kerady|a

for every x,y € T4. Note that if z € CL(A), then [A, z] = {0}. Therefore [A, L] = imady|a
for some « € Ty, so dim[A, L] = bya(z) = 1. Hence dim[A, L] = 1 and ker ad,|4 = ker ad,|4 for
every z,y € L — Cp(A).

Next, we will claim that ker ad;|a = kerady|a for all z,y € L — C(A) implies dim(A/(AN
Z(L))) = 1. Suppose that kerad,|4 = kerady| for all z,y € L — C(A). Note that for every

z € CL(A), we have kerad,|4 = A. We also know that Z(L) = (), ker ad,, so

el

ANZ(L)=An (ﬂ ker ady)
xel

= ﬂ (ANkerad,)

zeL

= ﬂ ker ad| A

zeL
= ANkerady|a

= ker ady |
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for some o € L — Cp(A) = T)4. Consequently, we obtain

dim(A/(ANZ(L))) = dim(A/ keradqy|a)
= dim A — nullity ad,|a
= rank ady|4
= ba(a)
=1

Hence dim(A/(ANZ(L))) = 1.

Finally, we suppose that A is a maximal abelian ideal of L. For the first result, we have
dim(A/(ANZ(L))) = 1. By Lemma 4.1.12 (1) & (3), we get A = ker ad,, for every a € A—Z(L)
and Z(L) C A, respectively. Then we have ANZ(L) = Z(L). Fixa € A—Z(L), so

dim(L/Z(L)) = dim L — dim Z(L)
= (dim L —dim A) 4 (dim A — dim Z(L))
= (dim L — dimker ad,) + (dim A — dim(A N Z(L)))
= (dim L — nullity ad,) + dim(A/(AN Z(L)))
=rankad, + 1
=b(a) +1
<b(L)+ 1.

On the other hand, we know that dim(L/Z(L)) > b(L) + 1 by Theorem 3.1.9. Consequently,
dim(L/Z(L)) = b(L) + 1.

For the second result, we have dim[A, L] = 1. Note that [A4, L] is an ideal of L because both
A and L are ideals of L. Thus we can consider the quotient Lie algebra L/[A, L]. Let « € L.
Then z + [A, L] € L/[A, L] and adyq(a 1) : L/[A, L] = L/[A, L] is given by

y+ 1A L] = [z, y] + [A, L]

where y + [A, L] € L/[A, L]. By Lemma 4.1.11 (1) & (2), we know that L = T4 U CL(A) and
Ty N CL(A) = 0, respectively. Moreover, by Lemma 4.1.12 (2), we also know that Cp(A) = A.

Therefore x must be contained in A or T4. Then we consider the following two cases:

L. If » € A, then [z,y] € [A, L] for any y € L. Thus imad, 4] = {[A4, L]}, so we have
b(x+[A, L]) = 0. Note that b(L) > ba(L) = 1. Hence b(x + [A, L]) < b(L) for any = € A.

2. Assume that © € T4. Then ba(z) = 1, which imples [A, 2] = imad;|4 is 1-dimensional.
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Since [A,z] C [A, L], imad, N[A, L] # {0}. Hence b(xz + [A, L]) < b(z) < b(L) for any
xeTy.

Hence b(z + [A, L]) < b(L) for any = € L. Since x € L is arbitrary, b(L/[A, L]) < b(L). O

4.2 Main Theorem

Our main theorem shows necessary and sufficient conditions for finite dimensional nilpotent
Lie algebra of breadth 2. Observe that dimension of finite dimensional nilpotent Lie algebra of

breadth 2 is not bounded above but it is relatively small when we consider its square.

Theorem 4.2.1. Let L be a finite dimensional nilpotent Lie algebra. Then b(L) = 2 if and
only if one of the following holds:

1. dim[L, L] = 2
or
2. dim[L,L] =3 and dim(L/Z(L))=3.

Proof. Let L be a finite dimensional nilpotent Lie algebra. Suppose b(L) = 2. Since b(L) # 0,
by Proposition 3.1.4, L is not abelian, so Z(L) Z L. On the other hand, Z(L) # {0} because L
is nilpotent. Therefore {0} # Z(L) € L, which guarantee that L has a maximal abelian ideal.
Then we consider the following two cases:

First, there exists a maximal abelian ideal A of L such that bs(L) = 2. Let x € L be such
that ba(x) > 1. Since by (L) = 2, we get ba(z) = 2. Then

ba(z) =2>1 and 2bg(x) =4>2=0bu(L).
Thus = satisfies (4.1). Since ba(z) = 2 = b(L), rank ad,|4 = rank ad, = 2. Therefore we have
[L,z] = imad, = imad;|4 = [A,z] C [A, L].

As a result, A meets all requirements in Theorem 4.1.10. In addition, we have ba(L) =2 = b(L)
and CL(A) = A by Lemma 4.1.12 (2). Hence dim[L, L] = ba(L) = 2 by Theorem 4.1.10.

The complementary case of the previous one is by (L) < 1 for every maximal abelian ideal
A of L. We will show that for every maximal abelian ideal A of L, bs(L) # 0. Suppose that
there exists a maximal abelian ideal A of L such that bs(L) = 0. Then for every z € L,
ba(r) = 0. Thus rankad;|4 = 0, which implies [A,z] = imad,|a = {0}. Since x € L is
arbitrary, [A, L] = {0}, so CL(A) = L which contradicts C,(A) = A by Lemma 4.1.12 (2). As
a result, this case turns into b4 (L) = 1 for every maximal abelian ideal A of L. Next, we apply

Theorem 4.1.13 to this case, so we have two following subcases to consider:
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1. dim(A/(ANZ(L))) = 1, ker ad;|a = kerady|a forall z,y € L—Cp(A)and dim(L/Z (L)) =
b(L)+1=2+1=3. In addition, we have dim[L, L] < (g) = 3 by Lemma 3.1.10. Since
b(L) =2 # 0,1, we have dim[L, L] # 0, 1 by Proposition 3.1.4 and Theorem 3.2.1, respec-
tively. Hence dim[L, L] = 2,3 and dim(L/Z(L)) = 3.

2. dim[A, L] =1 and b(L/[A, L]) < b(L) = 2. Then we get b(L/[A, L]) = 0,1. Next, we will
claim that b(L/[A, L]) # 0. Assume that b(L/[A, L]) = 0. Then [L/[A, L], L/[A, L]] = {0}
by Proposition 3.1.4. Therefore

dim[L, L]/[A, L] = dim[L/[A, L}, L/[A, L]] = 0,

so dim[L, L] = dim[A, L] = 1. By Theorem 3.2.1, b(L) = 1, which contradicts b(L) = 2.
Hence b(L/[A, L]) # 0, which implies b(L/[A, L]) = 1. As a result, we have

dim[L, L] /[A, L] = dim[L/[A, L], L/[A, L]] = 1

by Theorem 3.2.1. Since dim[A, L] =1, dim[L, L] = dim[A, L] + 1 = 2 in this case.

Conversely, if dim[L, L] = 2, then b(L) < dim[L, L] = 2 by Lemma 3.1.5. Since dim[L, L] # 0,
L is not abelian, so b(L) # 0 by Proposition 3.1.4. Similarly, we have b(L) # 1 by Theorem
3.2.1. Hence b(L) = 2 in this case.

On the other hand, if dim[L, L] = 3 and dim(L/Z(L)) = 3, then b(L) < dim[L, L] = 3 by
Lemma 3.1.5. Similar to the case dim[L, L] = 2, we get b(L) # 0,1 by Proposition 3.1.4 and
Theorem 3.2.1, respectively. If b(L) = 3, then by Theorem 3.1.9, dim(L/Z(L)) > b(L) +1 =4
which contradicts dim(L/Z (L)) = 3. Hence b(L) = 2. O

Corollary 4.2.2. Let L be a finite dimensional nilpotent Lie algebra of breadth 2 and A a
mazimal abelian ideal of L. Suppose that dim[L, L] = 3. Then dim(A/Z(L)) = 1.

Proof. Let L be a finite dimensional nilpotent Lie algebra of breadth 2 and A a maximal
abelian ideal of L. Suppose that dim[L,L] = 3. Then b(L) = 2. By the proof of Theorem
4.2.1, this must be the result of the case ba/(L) = 1 for every maximal abelian ideal A" of L
together with the first result of Theorem 4.1.13. Consequently, dim(A/(A N Z(L))) = 1 by
Theorem 4.1.13 (1). Similar to Theorem 4.2.1, we have {0} # Z(L) € L, which is an abelian
ideal of L. By Lemma 4.1.12 (3), we know that Z(L) C A, so AN Z(L) = Z(L). Hence
dim(A/Z(L)) = dim(A/(AN Z(L))) = 1. O
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Chapter 5

Classification of Nilpotent Lie
Algebras of Breadth 2

5.1 Structure of Nilpotent Lie Algebras of Breadth 2

We begin this section by showing that any finite dimensional nilpotent Lie algebra of breadth
2 has dimension greater than 3. Thus we know our starting dimension of the classification

process.

Lemma 5.1.1. Let L be a finite dimensional nilpotent Lie algebra of breadth 2 such that
dim L € Z~qg. Then
1 <dimZ(L) <dimL — 3.

Proof. Let L be a finite dimensional nilpotent Lie algebra of breadth 2 such that dim L :=n €
Zxo. Then b(L) = 2. By Theorem 3.1.9, we know that dim(L/Z(L)) > b(L) + 1, so we have
dim L —dim Z(L) > 3. Thus dim Z(L) < dim L — 3. On the other hand, L has nontrivial center
since L is nilpotent. Therefore dim Z(L) > 1. Hence 1 < dim Z(L) < dim L — 3. O

Corollary 5.1.2. Let L be a finite dimensional nilpotent Lie algebra of breadth 2. Then
dim L > 4.

Definition 5.1.3. A Lie algebra L is called pure if it does not have an abelian ideal as a direct

summand.

Lemma 5.1.4. Let L be a finite dimensional nilpotent Lie algebra. Then L is pure if and only
if Z(L) C [L, L.

Proof. Let L be a finite dimensional nilpotent Lie algebra. Suppose that Z (L) is not contained
in [L,L]. Then there exists z € Z(L) — [L,L]. Note that x # 0 since x ¢ [L,L]. Let
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I = span{z}. Then I is a nonzero ideal of L contained in Z(L). Next, we extend I to a basis
of L, say L = span{x,y1,y2,...,Yn} for some n € Z~g. Let J = span{y1,ya2,...,yn}. Then we
see that L = I & J, so we need to show that J is also an ideal of L. Since x € Z(L) — [L, L],
IN[L,L] = {0}, so [L,L] C J. Thus J is an ideal of L. Hence L = I & J where I and J are
ideals of L and I C Z(L). Consequently, L is not pure.

Conversely, assume that L is not pure. Then L = I & J where I and J are ideals of L and
I CZ(L). Let z € I — {0} C Z(L) — {0}. Next we will claim that [L,L] C J. Let a,b € L.
Then a and b can be written as a = ay + ay and b = by + by where a;,by € I C Z(L) and
aj,by € J. Therefore we have

la,b] = a7+ aj,br +bs] = [a7,br] + [ar,bs] + [as,bf] + [a,bs] = [as,bs] € J.

Since a and b are arbitrary, [L,L] C J. Because x # 0, x ¢ J which also implies = ¢ [L, L].
Hence x € Z(L) — [L, L], so Z(L) is not contained in [L, L].
O

Therefore we get a condition that is equivalent to purity of Lie algebras. In general, we con-
sider only pure Lie algebras, so we will include the condition Z(L) C [L, L] in our classification
process. Note that in order to obtain a Lie algebra which is not pure, we begin with a pure Lie

algebra with smaller dimension and add an abelian part to it.

Theorem 5.1.5. Let L be a finite dimensional nilpotent Lie algebra of breadth 2 such that
Z(L) C[L,L]. Then L is a direct sum of smaller Lie algebras if and only if L is a direct sum

of two Heisenberg Lie algebras.

Proof. Let L be a finite dimensional nilpotent Lie algebra of breadth 2 such that Z(L) C [L, L].
Suppose that L is a direct sum of smaller Lie algebras, says L = L1 ® Lo ® ... ® L,, for some
n € Z=g. Since Z(L) C [L, L], we know that L is pure, so each summand is not abelian. Thus
b(L;) #0 for alli=1,2,...,n. By Corollary 3.1.13, we have

b(L1) + b(Lo) + ...+ b(Ly) = b(L1 ® Lo ® ... & Ly,) = b(L) = 2,

which leave us only one choice, n = 2 and b(L;) = b(Ly) = 1. Hence L is a direct sum of two
Heisenberg Lie algebras by Theorem 3.2.6. The converse implication is clear. Consequently, L
is a direct sum of smaller Lie algebras if and only if L is a direct sum of two Heisenberg Lie

algebras. n

Corollary 5.1.6. Let L be a finite dimensional nilpotent Lie algebra of breadth 2 such that
Z(L) C[L,L]. Suppose that L is a direct sum of smaller Lie algebras. Then dim L is even.
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Proof. Let L be a finite dimensional nilpotent Lie algebra of breadth 2 such that Z(L) C
[L,L]. Suppose that L is a direct sum of smaller Lie algebras. Then L is a direct sum of
two Heisenberg Lie algebras by Theorem 5.1.5, says L = H; & Ha. Since Z(L) C [L, L], L is
pure which implies H; and Hs are also pure. Thus both dim H; and dim Hy are odd. Hence
dim L = dim(H; @& Hs) = dim H; + dim Hs is even. O

5.2 Nilpotent Lie Algebras of Breadth 2 with dim[L, L] = 3 and
dim(L/Z(L)) =3

As we have already seen in Theorem 4.2.1, nilpotent Lie algebra of breadth 2 has two equivalent
conditions. In this part, we consider the second condition and classify it as stated in the next
theorem. From now on, we may not write all bracket relations of L. We assume that all of the

bracket relations are equal to zero, unless we state otherwise.

Theorem 5.2.1. Let L be a finite dimensional nilpotent Lie algebra of breadth 2 such that
Z(L) C [L,L]. Suppose that dim[L,L] = 3 and dim L/Z(L) = 3. Then L is isomorphic to

either
1. L = span{x,y, v, w1, wa} where [z,y] = v, [x,v] = w1 and [y,v] = wa
or
2. L = span{z,y, z, wy, wa, ws} where [x,y] = w1, [z, z] = wy and |y, z] = ws.

Proof. Let L be a finite dimensional nilpotent Lie algebra of breadth 2 such that Z(L) C [L, L].
Then b(L) = 2. Suppose that dim[L, L] = 3 and dim L/Z(L) = 3. Because Z(L) C [L, L] and
dim[L, L] = 3, we have dim Z(L) =0, 1,2 or 3. Since L is nilpotent, L has nontrivial center, so

dim Z(L) # 0. Therefore we have 3 cases to consider:

1. Case I : dimZ(L) = 1. Then 3 = dimL/Z(L) = dimL — dim Z(L) = dim L — 1, so
dimL = 4. Let Z(L) = span{z}. Then extend it to [L,L] = span{u,v,z} and then
L = span{z,u,v, z}. Note that the bracket relations on L are defined by [z, u], [z,v] and
[u,v]. Since [L, L] = span{u, v, z}, we say that

[z,u] = ayu + v + aszz,
[x,v] = Bru + Sav + B3z,
[u,v] = y1u + YU + Y32
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for some «;, B;,7v; € F and i = 1,2,3. Because of the nilpotency of L, we have a; = 5 =

v1 = 2 = 0. Thus we obtain

[x,u] = agv + agz,
[z,v] = Bru+ B3z,

[u, v] = v32.

Note that ag, 31,73 # 0 because dim[L, L] = 3. Then we have (ad,)™(u) # 0 for any
N € Z~q which contradicts the nilpotency of L.

. Case I : dimZ(L) = 2. Then 3 = dimL/Z(L) = dimL — dim Z(L) = dim L — 2, so
dim L = 5. Let Z(L) = span{z1, z2}. Then extend it to [L, L] = span{u, z1, 22} and then
L = span{z,y,u, 21, 22}. The bracket relations on L are defined by [z,y], [x,u] and [y, u].
Since [L, L] = span{u, z1, 22}, we say that

[z,y] = a1u + azz1 + azze,
[z, u] = Bru+ Baz1 + B322,
[y, u] = y1u+ y221 + 322

for some «;, B;,v; € F and ¢ = 1,2,3. Since L is nilpotent, 51 = y; = 0. Then we get

[z, y] = cqu + avz1 + agzg =: v,
[z, u] = Baz1 + P3ze =: wy,
[y, u] = 1221 + 322 =: wa.
Since dim|[L, L] = 3, we get Z(L) = span{wy,wy} and [L, L] = span{v, w1, ws}, so ay # 0.

Let w] = aqywy and wh = aywy. Hence Z(L) = span{w}, wh}, [L, L] = span{v, w}, w)}

and L = span{z,y, v, w], w)} where

[z, y] = v,
[2,v] = [z, 00U + @221 + a3z = cqwy = W),
[y, v] = [y, a1u + agz1 + azze] = ajwy = wh.

. Case IIT : dim Z(L) = 3. Then 3 = dimL/Z(L) = dimL — dim Z(L) = dim L — 3, so
dimL = 6. Thus Z(L) = [L, L], says Z(L) = span{w, ws, w3}. Next, we extend this
basis to L = span{z,y, z, w;,ws, w3}. Note that the bracket relations on L are defined
by [z,y], [z, 2] and [y, 2]. Since dim[L, L] = 3, [L, L] = Z(L) = span{[z, ], [z, 2], [y, 2]}
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Let [x,y] = w, [z, 2] = wh and [y, z] = wh. Hence [L, L] = Z(L) = span{w}, wh, w5} and

L = span{z,y, z, w}, wh, wh} where [z,y] = w, [z, z] = w) and [y, z] = w}.
In conclusion, L is isomorphic to either
1. L =span{z,y,v,wi,ws} where [z,y] = v, [z,v] = w; and [y, v] = w2
or
2. L = span{z,y, z, w;, w2, ws} where [z,y] = wy, [z, 2] = we and [y, z] = ws.

O]

5.3 Nilpotent Lie Algebras of Breadth 2 with dim|[L, L] = 2 and
dimZ(L) =1

As stated in the first condition of Theorem 4.2.1, we now consider finite dimensional nilpotent
Lie algebra L such that dim[L, L] = 2. Since we also consider the condition Z(L) C [L, L],
Z(L) could be 1 or 2-dimensional. In this section, we classify one with dim Z(L) = 1 and leave
the case dim Z(L) = 2 to the next section.

Proposition 5.3.1. Let L be a finite dimensional nilpotent Lie algebra of breadth 2 such that
dimL =:n > 4. Suppose that dim[L,L] = 2, dim Z(L) = 1 and Z(L) C [L,L]. Then L/Z(L)
is isomorphic to span{z + Z(L),y + Z(L),v + Z(L),w1 + Z(L),wa + Z(L), ..., wp—a+ Z(L)}
such that [x + Z(L),y + Z(L)] = v+ Z(L) and v + Z(L),w; + Z(L) € Z(L/Z(L)) for all
i=1,2,...,n—4.

Proof. Let L be a finite dimensional nilpotent Lie algebra of breadth 2 such that dim L =: n > 4.
Suppose that dim[L, L] = 2, dimZ(L) = 1 and Z(L) C [L,L]. Let Z(L) = span{z}. Then
we extend Z(L) to [L, L] = span{v, z}. Thus we have z # 0 and v € [L, L] — Z(L). Next, we
consider L/Z(L). Since L/Z(L) is a homomorphic image of L which is nilpotent, L/Z(L) is
also nilpotent. In addition, b(L/Z(L)) = 1 because

[L/Z(L), L/Z(L)] = [L, L]/Z(L) = span{v + Z(L)}
is 1-dimensional by Theorem 3.2.1. As a result, by Theorem 3.2.6, L/Z (L) is isomorphic to

Span{xl + Z(L)7y1 + Z(L)va + Z(L)7y2 + Z(L)7 cs Tm T Z(L)7ym + Z(L)7
v+ Z(L),wl + Z(L),wg =+ Z(L), ey, Whp—om—2 + Z(L)}
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such that [z; + Z(L),y; + Z(L)] = v+ Z(L) and v+ Z(L), w1 + Z(L), ..., Wp—2m—2+ Z(L) €
Z(L/Z(L)) for some m € {1,2,...,|%52|} and for all i = 1,2,...,m. Next, we will claim that
m = 1. Suppose that m > 1. Then we consider L from L/Z(L), so L is isomorphic to

Spa’n{x17y17m27y2a ooy Imy Ym, U, W1, W2, - - ., Wn—2m—2, Z}

such that [x;, y;] = v+ a;z and the rest of the bracket relations lie in Z(L) = span{z} for some
a1,..., 0y, € Fand for all i = 1,2,...,m. Since m > 1, we can choose i # j € {1,2,...,m}.
Note that [x;, z;], [xi, y;] € Z(L), so

(3, 0] = [i,v + 2] = [, [z, y5]] = 26 23], 93] + [, [26, y5]] = 0.
Similarly, we also have
i, v] = lyi, v + ajz] = [y, [z, y5]] = [lvi, 23] y5] + [, [y, yil) = O
because [y;, x;], [yi,y;] € Z(L). Moreover, for k =1,2,...,n —2m — 2, we get
[wi, v] = [wk, v + a1 2] = [wy, [z1,31]] = [[wg, 1], y1] + [z1, [wg, 1] = 0

since [wg, x1], [wk,y1] € Z(L). We also know that [v,v] = [v,2] = 0. Thus v € Z(L) which
is a contradiction. Hence m = 1, so L/Z(L) is isomorphic to span{z + Z(L),y + Z(L),v +
Z(L), w1+ Z(L),wy+ Z(L),...,wp—4+ Z(L)} such that [x + Z(L),y + Z(L)] = v+ Z(L) and
v+ Z(L),w; + Z(L) € Z(L/Z(L)) forall i =1,2,...,n —4. O

Lemma 5.3.2. Let L be a finite dimensional nilpotent Lie algebra of breadth 2 such that
dim L =: n > 4. Suppose that dim[L, L] = 2 and Z(L) = span{z} C [L, L] is I-dimensional.

Then L is isomorphic to span{x,y, z,v, w1, wa, ..., Wn_4} such that [x,y] = v,[x,v] = z and
[y, v] = [z, w;] = [v,w;] =0 for alli =1,2,...,n—4 and the rest of the bracket relations lie in
Z(L).

Proof. Let L be a finite dimensional nilpotent Lie algebra of breadth 2 such that dim L =:
n > 4. Suppose that dim[L,L] = 2 and Z(L) = span{z} C [L,L] is 1-dimensional. By
Proposition 5.3.1, L/Z(L) is isomorphic to span{z + Z(L),y+ Z(L),v+ Z(L), w1 + Z(L), w2 +
Z(L),...,wp—q+ Z(L)} such that [v+ Z(L),y+ Z(L)]=v+ Z(L) and v+ Z(L), w; + Z(L) €
Z(L/Z(L)) for all i =1,2,...,n —4.

Next, we pull this back so L & span{z,y, z,v, w1, ws, ..., w,_4} such that [z,y] = v+ az for
some « € F and the rest of the bracket relations lie in Z(L). Take v' = v + az = [z,y]. Then

= span{x,y, z,v', w1, wa, . .., ws—4} such that [x,y] = v’ and the rest of the bracket relations
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lie in Z(L). Note that

[wi, v'] = [wi, [z, yl] = [fws, 2], y] + [z, [wi, y]] = 0

for all i« = 1,2,...,n — 4 because [w;,z], [w;,y] € Z(L). Consequently, [w;,v'] = 0 for all
i=1,2,...,n—4. Since v’ ¢ Z(L), we have [z,v'] # 0 or [y,v'] # 0. Without loss of generality,
we assume that [z,v'] # 0, says [z,v] = Bz =: 2/ for some 8 € F — {0}. Then we take
Z(L) = span{z'}. Let [z, w;] = ;2 for some v; € F and for all i = 1,2,...,n— 4. Then we take

w;, = fw; —y;v'. As a consequence, we have

[z, wi] = [z, Bw; — 0] = Blo, wi] — [z, '] = Briz — 7Bz =0,

W', wi] = [V, Bw; — v:v'] = BV, wi] — v[v',v'] = 0.

Finally, observe that [y, v'] = §2’ for some ¢ € F. By taking y' = y — dx, we have

[z, y'] =[x,y — 2] = [z, 9] — [z, 2] =0,

[/, V] = [y — 6z, = [y, V'] — §[x,v'] = 62" — 62 = 0.
Hence L is isomorphic to span{z,y’, 2/, v/, w}, wh, ..., w),_,} such that [z,y] = v, [z,v] = z and
[y,v] = [z, w;] = [v,w;] =0 for all i = 1,2,...,n — 4 and the rest of the bracket relations lie in
Z(L). O

Theorem 5.3.3. Let L be a finite dimensional nilpotent Lie algebra of breadth 2 such that
dim L =: n > 4. Suppose that dim[L, L] = 2 and Z(L) = span{z} C [L, L] is I-dimensional.
Then the following holds:

1. If n is even, then L is isomorphic to span{z,y, z,v, w1, wa, ..., wp_4} such that
[z,y] = v, [z,v] = z and [w;, wit1] = z for alli =1,3,5,...,n — 5.

2. If n is odd, then L is isomorphic to span{x,y, z,v, w1, wa, ..., Wn—4} Such that
[z,y] = v, [x,v] = z, [y,w1] = z and [w;, wiy1] = z for all i =2,4,6,...,n—5.

Proof. Let L be a finite dimensional nilpotent Lie algebra of breadth 2 such that dim L =: n > 4.
Suppose that dim[L, L] = 2 and Z(L) = span{z} C [L, L] is 1-dimensional. It is clear that, by
Lemma 5.3.2, L is isomorphic to span{z,y, z,v} such that [z,y] = v, [z,v] = z and [y,v] = 0 if
dim L = 4. Moreover, if dim L = 5, then by Lemma 5.3.2, L is isomorphic to span{z,y, z,v, w}
such that [z,y] = v, [z,v] = z and [y,v] = [z,w] = [v,w] = 0 and the rest of the bracket

w
a’

relations lie in Z(L). Since w ¢ Z(L), we have [y,w] = az for some « # 0. By taking v’ =
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we have

, w 1 1 , ,
o) =l ) = Tyl = Taz=z and [rf] = o0
Hence L is isomorphic to span{x,y,z,v,w’'} such that [z,y] = v, [z,v] = [y,w'] = z and
ly,v] = [z,w'] = [v,0'] = 0.

Assume that dim L = n > 6. By Lemma 5.3.2, L is isomorphic to span{z, y, z, v, w1, wa, . ..,
Wp—4} such that [z,y] = v, [z,v] = z and [y,v] = [z, w;] = [v,w;] =0 foralli =1,2,...,n—4
and the rest of the bracket relations lie in Z(L). Let W := span{z, w1, ws,...,wy—4}. Then
imad;|w = [z,W] = {0} and imad,|w = [v, W] = {0}. Observe that [W,W] C span{z}.
Suppose that [IW, W] = {0}. Then we get [y, w;] # 0foralli =1,2,...,n—4. Thus [y, w1] = a1z
and [y, wa] = azz where aj, a2 € F — {0}. Therefore we have

[y, agw1 — ajws] = asly, w1] — a1y, wa] = asa1z — ajasz = 0,

s0 agw; — aqwy € Z(L), which is a contradiction. Consequently, [W, W] = span{z} which
is 1-dimensional, so W is a nilpotent Lie subalgebra of L such that b(/W) = 1 by Theorem

3.2.1. By Theorem 3.2.6, W = span{z, w|,w, ..., w,,...,w;,_4} such that [wj,w;, ] = z for
all i =1,3,...,2k — 1 and Z(W) = {z,wh,y,...,w;,_,} where 2k < n — 4. Observe that for
i=1,2,...,2k, we have [y, w]] = a;z where o; € F. Let
2%k—1 2%
Yy =y+ Z QWi — Z QW _q.
i iZs:oldd i ié:e%en

As a result, we have

ul] = ly, wl] + [aw}, 1, w]] = aiz — oz =0 if i is odd,
W] =
' [y, w)] — [aw]_q,w}] = a;z — jz =0 if ¢ is even.

Therefore [y, w}] = 0 for all i = 1,2,...,2k. Observe that
[z,y] =2,y =v and [y,v]=[y,0] =0

because [z, W] = [v, W] = {0}. Notice that [y/, W] C Z(L) since [y, W], [W,W] C Z(L). By
considering L = span{z,y/, z, v, w], wy, ..., wh,, ..., w),_,}, we know that [az,w;] = [v,w;] =
[wj,wj]=0foralli=1,2,....,n—4and j =2k +1,...,n —4. Since wh 1,...,wy,_4 ¢ Z(L),

we get [y, w)] = Bjz where 8; € F — {0} for all j =2k +1,...,n —4. If 2k +2 < n — 4, then
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[y, why, 1] = Pory12 and [y, wh, o] = Pari2z. Consequently, we obtain

[y, Bakrowyy, 1 — Bor+1Why o] = Paraly, wop 1] — Bars1[y', why, o]
= Bok+2B2k+12 — Bok+1B2k+2%
—0,

SO PopyoWy, | — Popy1Why, o € Z(L) which is a contradiction. Hence we get 2k +2 > n — 4,

which implies 2k =n — 4 or 2k + 1 =n — 4. Then we consider the following two cases:

1. Casel: 2k =n—4. Thenniseven and L is isomorphic to span{z, v, z, v, wi,wh, ... w/,_,}

such that [z,y'] = v, [z,v] = z and [w],w] ;] = 2z for all i = 1,3,5,...,n — 5.

2. Case IT: 2k +1 =n — 4. Then n is odd. Since w],_, ¢ Z(L), we get [y, w!,_,] = Bn_42

where 5,—4 € F — {0}. Let w,,—4 = 1;:::. Then we have

~ w! 1 1
[ylvwnfﬁl] = [yla Bn ;1] = ﬁ A [y/7 wfn—4] = ﬁ 4an4z = z.
n— n— n—

Hence L is isomorphic to span{z,y’, z,v,w}, wh, ... ,w) -, wW,—4} such that [z,y'] = v,

n—>5»

[z,v] = 2, [y, Wn—4] = z and [w},w] ]| = z for all i = 1,3,5,...,n — 6.

Since the result from the two cases above are complement to each other, we can modify our

result as follows:

1. If n is even, then L is isomorphic to span{z,y, z,v, w1, ws, ..., w,—4} such that
[x,y] = v, [x,v] = z and [w;, wi+1] = z for all i =1,3,5,...,n — 5.

2. If n is odd, then L is isomorphic to span{x,y, z, v, w1, wa, ..., wy—4} such that
[z,y] = v, [x,v] =z, [y, w1] = z and [w;, w;+1] = z for all i = 2,4,6,...,n — 5.

O]

5.4 Nilpotent Lie Algebras of Breadth 2 with dim[L, L] = 2 and
dim Z(L) = 2

To begin this section, we introduce the concept of component of a Lie algebra which we use
throughout our classification process. For any finite dimensional Lie algebra L, its center can
be written as Z(L) = span{z1, 22, ..., 2m} for some m € Z>g. Then we extend this basis to
L = span{xy,22,...,%n, 21,22, ...,2m} Where n € Z>o. Thus dim L = n + m. We denote a

subspace L' := span{z1,x2,...,z,} C L.
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Definition 5.4.1. Let L be a finite dimensional Lie algebra. A subspace M = span{yi,...,yx}
C L' is a component of L of dimension k if M + Cr(M) = L.

Proposition 5.4.2. Let L be a finite dimensional Lie algebra and M be a component of L.
Then b(x) > 1 for all x € M — {0}.

Proof. Let L be a finite dimensional Lie algebra and M be a component of L. Since Z(L) =
{x € L | b(x) = 0}, we know that b(x) > 1 for all x € L' — {0}. Hence b(z) > 1 for all
x € M — {0} because M — {0} C L' — {0}. O

Lemma 5.4.3. Let L be a finite dimensional Lie algebra and M be a subspace of L' such that
M+ Cp(M)=L. Then M NCr(M) = {0}.

Proof. Let L be a finite dimensional Lie algebra and M be a subspace of L’ such that M +
Cr(M) = L. We write M = span{uj,us,...,ux} for some k € Z>o and extend it to a basis
{ur,ug, ..., U, V1,02, ..., Vp—ky 21,22, ..., 2m} Of L where Z(L) = span{z1,22,...,2zn}. Let
x € MNCL(M). Then = can be written as * = ajuj + agua + ... + agup where a; € F for
all i = 1,2,... k. Next we will claim that z € Z(L). Let y € L. Since L = M 4+ Cr(M), y
can be written as y = yas + car where ypr € M and ¢y € Cp(M). Because x € M N Cr(M),
we have [z,y] = [z,ym + cm] = [z, ym] + [z,em] = 0. Since y € L is arbitrary, we obtain
x € Z(L). Therefore x can also be written as x = byz1 + bazo + . .. + by 2z Where b; € T for all

7 =1,2,...,m. Consequently, we obtain

O=z—=z

= (a1u1 +aguo + ...+ akuk) — (b121 +bozo+ ...+ bmzm)

=aiuy + asug + ... +arpur — b1z1 —bazo — ... — by zm.
Since {u1,u2, ..., U, 21,22, ..., 2n} is linearly independent, a; = b; = 0 for all i = 1,2,... k
and j =1,2,...,m. Hence x = aju; + agug + ... + agur, =0, so M N Cp(M) = {0}. O

By using previous lemma, we can develop our definition of component to be direct summand

instead of normal summand.

Definition 5.4.4. Let L be a finite dimensional Lie algebra. A subspace M = span{yi,...,yx}
C L' is a component of L of dimension k if M & Cp(M) = L.

Remark. Let L be a finite dimensional Lie algebra. Then L' is the largest component of L.

Proposition 5.4.5. Let L be a finite dimensional Lie algebra and M be a component of L of
dimension k. Then k > 2.
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Proof. Let L be a finite dimensional Lie algebra and M be a component of L of dimension k.
Let x € M —{0} C L’ —{0}. Then b(z) > 1 by Proposition 5.4.2. Thus there exists y € L —{0}
such that [z,y] # 0, so y ¢ Cr(M). Since L = M @& C(M), we write y = yp + cpr where
ym € M and cpy € Cr(M). Note that ypr # 0 because y ¢ Cp(M). Moreover, we have

[:E’yM] = [:C’y 7CM] = [ﬂf,y] - [xvCM] = [l‘,y] 7é 0.

As a result, we consider yy; € M and notice that {z,yy} € M is linearly independent because
[z,yn] # 0. Hence we have k > 2. O

Next, we define the reducibility of component. Note that a component is called irreducible

if it is not reducible.

Definition 5.4.6. Let L be a finite dimensional Lie algebra and M be a component of L. Then
M is said to be reducible if there exist components M7 and My such that M = My & M.

Remark. Let L be a finite dimensional Lie algebra and M = M1 @® Mo be a reducible component
of L. Then M; C Cr(Ma) and My C Cp(My).

By Proposition 5.4.5, the smallest component is 2-dimensional. Thus we easily get the

following corollary.

Corollary 5.4.7. Let L be a finite dimensional Lie algebra and M be a component of L of

dimension 2 or 3. Then M is irreducible.

Theorem 5.4.8. Let L be a finite dimensional Lie algebra and M be a component of L of
dimension k > 2. Then for any x € M — {0}, 1 <b(z) <k —1.

Proof. Let L be a finite dimensional Lie algebra and M be a component of L of dimension
k > 2. By Proposition 5.4.2, b(x) > 1 for all z € M — {0}. Suppose that there exists
x € M — {0} such that b(z) > k. Since M & Cr(M) = L, without loss of generality, there exist
Y1,Y2, - Yk € M — {0} such that [z,y;] = z; for all i = 1,2,...,k where {z1,22,..., 2} is
linearly independent. Next, we will show that {z,y1,92,...,yx} € M is linearly independent.
Let a,a1,a2,...,a; € F be such that ax + a1y1 + azy2 + ... + aryr = 0. Then we have

0= [z,az + a1y1 + aoy2 + ... + aryx]
= alz,x] + ai[z,y1] + a2z, y2] + ... + ar[z, yi]

= Q121 +a222 + ...+ Q2.

Since {z1, 22, ..., 2} is linearly independent, a; = as = ... = a = 0, which also implies a = 0.
Hence {x,y1,92,...,yx} € M is linearly independent, which is a contradiction. Consequently,
1<b(z) <k—1forany x € M —{0}. O
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Corollary 5.4.9. Let L be a finite dimensional Lie algebra and M be a component of L of
dimension 2. Then b(x) =1 for all x € M — {0}.

By using previous corollary, we can identify the structure of component of dimension 2 as

we prove in next theorem.

Theorem 5.4.10. Let L be a finite dimensional Lie algebra and M be a component of L
of dimension 2. Then M = span{xi,zo} such that [x1,22] # 0. In particular, [M,L] =
span{[z1, z2|}.

Proof. Let L be a finite dimensional Lie algebra and M be a component of L of dimension 2.
Let 21 € M — {0}. By Corollary 5.4.9, b(z1) = 1. Since L = M @& C(M), without loss of
generality, there exists zo € M — {0} such that [z1,22] # 0. We know that xo ¢ span{z},
so M = span{xi,z2}. To show that [M, L] is 1-dimensional, let x € M and y € L. Since
L =M@ Cr(M), x and y can be written as x = a1z, + agze and y = by + baxa + ¢ where
a;,b; € F for i = 1,2 and ¢ € C(M). Note that [x1,c] = [x2,¢] = 0 because ¢ € C(M). Then

we obtain

[z,y] = [a121 + agwa, bixy + baxs + ¢
= mbi[z1, z1] + arba[x1, 2] + a1[z1, ¢] + agbi[xe, 1] + agba[x2, x2] + azlz2, ]
= arba[z1, x2] + agbi[za, 1]
= (a1by — azby)[r1, 7]

€ span{ [z, z2]}.

Since x € M and y € L are arbitrary, we have [M, L] = span{[x}, z2]}. O

Next theorem clarify the picture of reducible component. We simply need to find a smaller

part of component in order to tell that it is reducible.

Theorem 5.4.11. Let L be a finite dimensional Lie algebra and M be a component of L of
dimension k > 4. Suppose that there is a proper subspace My C M such that M,1+Cr(M;) = L.
Then M is reducible. In particular, M = My @® My where My C Cr(My) is a component spanned
by basis of M extended from M;.

Proof. Let L be a finite dimensional Lie algebra and M be a component of L of dimension k > 4.
Suppose that there is a proper subspace M; C M such that M;+Cp(M;) = L. By Lemma 5.4.3,
we have M1 N CL(My) = {0}, so M; & Cp(M;) = L. Thus M; is a component of L. Assume
that M; = span{z1,x2,...,z} for some t < k. Since L = M; @& C,(M;), we extend this basis
to M = span{z1,z2,..., T, Y1,Y2,--.,Ys} such that yi,y2,...,ys € Cr(M;y) where s+t = k.
Let My = span{y1,vy2,...,ys} € Cr(My). Then M = M; & M. Since My C Cp (M), we have
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[My, Ma] = {0}. Thus M; C Cr(Ms). On the other hand, we also have Cr(M) C Cr(Ma)
because My C M. Similarly, we get Cp(M) C Cr(My), so MiNCr(M) C M;NCrL(M;) = {0}.
Consequently, we have My @ Cp(M) C Cp(Ms) and

L=M@CL(M)=(M; & M) ®CL(M)=Ms® (M, ®CL(M)) C My+ Cp(M>).

Thus Ms + CL(MQ) = L. Again, by Lemma 5.4.3, M> N CL(MQ) = {0}, so My ® CL(MQ) = L.
As a result, M is a component of L of dimension s. Hence M = M; & My is reducible. O

Corollary 5.4.12. Let L be a finite dimensional Lie algebra and M be an irreducible component
of L of dimension k > 4. Then for any proper subspace M' C M, M’ + Cr(M') is a proper
subspace of L.

Theorem 5.4.13. Let L be a finite dimensional Lie algebra and M be an irreducible component
of L. Then for any proper subspace M' C M, there exists x € M — M’ such that x ¢ Cr,(M’).

Proof. Let L be a finite dimensional Lie algebra and M be an irreducible component of L.
Let M’ be a proper subspace of M. Suppose that for any © € M — M’, x € C(M'). Then
we have M — M’ C Cp(M’). Since M’ C M, C,(M) C Cr(M'). Next, we will show that
M’ + Cp(M') = L. Suppose that M’ = span{z,xs,...,z:} for some ¢ > 1. Then we extend
this basis to M = {z1,22,...,%¢,Y1,Y2,...,Ys} for some s > 1. Let y € L. Since M +CL(M) =
L, y can be written as y = a1x1 + asxs + ... + azxs + biyr + boys + ... + bsys + ¢ where
ai,az,...,a;,b1,be,....bs € Fand ¢ € Cp(M). We observe that

y=a1x1 +aoxo+ ...+ arxy + biy1 +boyo + ... + bsys + ¢
= (amz1 + a2 + ...+ awy) + (biyr + baye + ... + bsys) + ¢
eM +(M— M)+ Cr(M)
e M +Cr(M").

Therefore M’ + Cr,(M') = L. By Theorem 5.4.11, M is reducible, which is a contradiction.
Hence there exists x € M — M’ such that z ¢ Cp(M’). O

Theorem 5.4.14. Let L be a finite dimensional Lie algebra and M be an irreducible component
of L of dimension k > 3. Then there exist v € M — {0} such that b(z) > 1.

Proof. Let L be a finite dimensional Lie algebra and M be an irreducible component of L of
dimension k > 3. Suppose that b(z) = 1 for every x € M — {0}. Let 21 € M — {0}. Since
L =M & Cr(M), without loss of generality, there exists o € M — {0} such that [z1,z2] # 0.
Because xo € M — {0}, b(x2) = 1. Note that xo ¢ span{z}, so {x1,x2} is linearly independent.
Let M; := span{z1,x2}. Since b(z1) = b(z2) = 1, by rank-nullity theorem, we know that
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nullity ad,, = dim L — rankad,, = dimL — 1 for ¢ = 1,2. Therefore kerad,, # kerad,, but
they are both (dim L — 1)-dimensional. Thus Cr(M;) = kerad,, N ker ady, is (dim L — 2)-
dimensional. Next we will claim that M; N Cp(M;) = {0}. Let x € M; N Cr(M;). Then
we write z = ajx1 + agszy for some aj,as € F. Since x € Cr(My), [x;,z] = 0 for i = 1,2.

Consequently, we have

0 = [z1,2] = [z1, 0121 + agx2] = a1[x1, 1] + a2[z1, x2] = azlz1, x2],

0 = [z2, 2] = [z2, 121 + a2x2] = a1[z2, 1] + az[xe, x2] = —a1]z1, 22],

so a; = ag = 0. Thus M; N Cr(M;) = {0}. By counting dimension, M; & C(M;) = L.
Hence M7 C M is a component of L of dimension 2. If k£ > 4, then by Theorem 5.4.11, M is
reducible, which is a contradiction. Next, we assume that k = 3. Since L = M; & Cr(M;), we
let 0 #y € M NCL(M;). Then M = span{z1,x2,y}. We will claim that y € Z(L). Let z € L.
Since L = M + Cp(M), z can be written as z = ayx1 + asx2 + by + ¢ where ay,a2,b € F and
c € Cr(M). Then [y,c] = 0 because y € M. Moreover, [y, z1] = [y, z2] = 0 since y € Cr(M).

Therefore we have
ly, 7] = [y, a121 + a2x2 + by + c] = a1y, 1] + azly, x2] + bly, y] + [y, ¢] = 0.

Thus y € Z(L), which is a contradiction. Hence there exist x € M —{0} such that b(z) > 1. O

Next theorem gives us the structure of component of dimension 3. Furthermore, we also
obtain the classification of nilpotent Lie algebras L of breadth 2 such that Z(L) = [L, L] are

2-dimensional and dim L = 5 as the upcoming corollary.

Theorem 5.4.15. Let L be a finite dimensional nilpotent Lie algebra of breadth 2 such that
Z(L) = [L,L] are 2-dimensional. Let M be a component of L of dimension 3. Then M =

span{x1, xe, x3} such that [x1,x2] = 21, [x1,23] = 22 and [z1, 23] = 0 where Z(L) = span{z1, z2}.

Proof. Let L be a finite dimensional nilpotent Lie algebra of breadth 2 such that Z(L) = [L, L]
are 2-dimensional. Let M be a component of L of dimension 3. By Theorem 5.4.14, there exists
x1 € M — {0} such that b(z;) > 1. By Theorem 5.4.8, we have 1 < b(z1) < 3 —1 =2, so
b(z1) = 2. Since M & Cr,(M) = L, without loss of generality, there exist x5, 2% € M — {0} such
that [z1,25] = 21 and |21, 2%] = 22 where {21, 22} is linearly independent. Since Z(L) = [L, L]
are 2-dimensional, we get Z(L) = span{z1, z2}. Next, we observe [z, 24] € [L, L] = Z(L). Then
there exist a1, as € F such that [z, z§] = a121 + agz2. Let zg = ), — agzy and 3 = 2% + a12;.

Then we have

(21, xo] = [21, 2% — asx1] = [z1, 25] — aslx1, 11] = 21,
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(21, x3] = [z1, 2% + a121] = [z1, 24] + a1 [x1, 1] = 22,
(22, x3] = [2h — asz1, x4 + a171]
b x5] + a1 [z, x1] — as[z1, %] — asas[zy, 1]

= (a121 + a222) + a1(—=z1) — azzo

Note that {z1, x5, 24} is linearly independent and so is {x1, x2, z3}. Hence M = span{z, 2, x3}

such that [z1, z2] = 21, [%1, 23] = 22 and [x1, 23] = 0 where Z(L) = span{z, z2}. O

Corollary 5.4.16. Let L be a finite dimensional nilpotent Lie algebra of breadth 2 such that
Z(L) = [L, L] are 2-dimensional and dim L = 5. Then L = span{x1, 2,3, 21,22} such that

[x1,22] = 21, [71,23] = 22 and [z1,x3] = 0 where Z(L) = span{z1, 22}.

Next, we provide a definition of standard n-dimensional subspace of a component and its

properties.

Definition 5.4.17. Let L be a finite dimensional nilpotent Lie algebra of breadth 2 such that
Z(L) = [L, L] are 2-dimensional and M be an irreducible component of L. For n > 2, define

an n-dimensional subspace M, := span{x1,x2,...,2x,} C M such that
b(x1) =1, b(xa) =0b(x3) =...=b(xp-1) =2, blx,) >1
and

z1 if 4 is odd
(@i, i1] = e
z9 if 4 1is even

where i € {1,2,...,n— 1} and Z(L) = span{zy, z2}.

Proposition 5.4.18. Let L be a finite dimensional nilpotent Lie algebra of breadth 2 such that
Z(L) = [L, L] are 2-dimensional and M be an irreducible component of L. Then M,NCL(M,—_1)
= {0} for alln > 3.

Proof. Let L be a finite dimensional nilpotent Lie algebra of breadth 2 such that Z(L) = [L, L]
are 2-dimensional and M be an irreducible component of L. Let n > 3 and ay,a9,...,a, € F

be such that

r=a1x1+ axs+ ...+ apxry, € M,y N CL(Mn_1) = span{xl,xg, e xn} N CL(Mn_l).
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Since x € CL(My,_1) = ﬂ?z_ll ker ad,,, we have [z;,z] =0 forall i =1,2,...,n— 1. As a result,

for any ¢ € {2,3,...,n — 1}, we have

0 = [z, z]
=[x, a121 + agxa + ... + apy]
= ay[x;, v1] + aglxs, wa] + ..+ ap T, xy]
= ai—1[Ts, xi1] + aip1 [T, Tig1]
—aj_122 + ajy121 if 7 is odd

— @j—121 + aj+122 if i is even

Since Z(L) = {z1, 22} is linearly independent, a;—; = a;4+1 =0 for all i = 2,3,...,n — 1. Thus
a; =0 foralli=1,2,...,n. Hence x =0, so M,, N C(M,_1) = {0} for all n > 3. O

Corollary 5.4.19. Let L be a finite dimensional nilpotent Lie algebra of breadth 2 such that
Z(L) = [L, L] are 2-dimensional and M be an irreducible component of L. Then M, N Cr(M,)
= {0} for alln > 2.

Proof. Let L be a finite dimensional nilpotent Lie algebra of breadth 2 such that Z(L) = [L, L]
are 2-dimensional and M be an irreducible component of L. Let n > 2. For n = 2, we let
ai,as € F be such that

r = a1x1 + asxs € My N Cr(Ms) = span{z1,z2} N Cr(Ma).
Since x € CL(Ms) = ker ad,, Nker ad,,, we have

0 = [z1,2] = [z1, 121 + ag2x2] = a1[z1, 1] + az[z1, x2] = a2,

0= [.%'2,.213] = [.1‘2, aixr1 + aziL‘Q] = al[:nz,xl] + GQ[.CI?Q,.Z‘Q] = al(—zl).

Thus a; = az =0, so x = 0. Hence My N Cr(Ms) = {0}. Suppose that n > 3. By Proposition
5.4.18, M, N Cr(M,—1) = {0}, so we have

M, N Cr(M,) = M, N (kerad,, N Cr(M,_1))
= kerad,, N (M, NCL(M,_1))
= kerad,, N {0}
= {0}.

Therefore M,, N Cr(M,,) = {0} for all n > 3. Hence M,, N CL(M,) = {0} for all n > 2. O
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Theorem 5.4.20. Let L be a finite dimensional nilpotent Lie algebra of breadth 2 such that
Z(L) = [L, L] are 2-dimensional. Let M be an irreducible component of L and M, be a subspace
of M forn > 2. Then

1. L = kerad,, @ span{xa}
2. L =kerady,, ®span{x;_1,zit1} for alli=2,3,...,n—1

ker ad,, @ span{x,_ if b(zy,) =1
L pan{a, 1} if blan)

ker ady, @ span{x,_1,2}  if b(z,) =2
where Z (L) = span{[x,_1, Tp], [T, 2]}
Proof. Let L be a finite dimensional nilpotent Lie algebra of breadth 2 such that Z(L) = [L, L]

are 2-dimensional. Let M be an irreducible component of L and M,, be a subspace of M for
n > 2.

1. First, we observe x; € M,. Note that b(x;) = 1 and [z1,22] = z1 # 0. By rank-nullity
theorem, we get nullity ad;, = dim L — rankad,, = dim L — 1. Since zy ¢ kerad,,, we

have L = ker ad,, ® span{za}.

2. Let i €4{2,3,...,n—1}. Then we have b(z;) = 2. Without loss of generality, we suppose
that 4 is even so that [z;_1,2;] = 21 and [x;,z;11] = 22. To show that L = kerad,, +
span{z;_1,zi+1}, let y € L. If y € ker ad,, then y = y + 0 € ker ad,, + span{x;_1, xj+1}.

Assume that y ¢ kerad,,. Then [x;,y] = a121 + azz2 for some a1, a2 € F, so we get

(@i, y + a12i—1 — a2wiq1] = [24, Y] + a1[xi, xi—1] — az[wi, Ti41]

= (a121 + agz2) + a1(—21) — az2
=0,

S0 ¢ : =Y+ a1Ti—1 — a2xi4+1 € kerad,,. As a result, we have
Yy =c—a1z;—1 + aaxit1 € ker ady, + span{x;_1, T;y1}.

Hence L = ker ady, +span{z;_1, zi+1}. Since nullity ad,, = dim L —rank ad,, = dim L—2,
by counting dimension, we also know that kerad,, N span{x;_1,z;11} = {0}. Hence

L = ker ad,, ® span{x;_1, Tit1}.

3. First, we observe z, € M,. Without loss of generality, we assume that n is even so

that [z,_1,2,] = z1. Suppose that b(z,) = 1. By rank-nullity theorem, nullity ad,, =
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dim L —rank ad,, = dim L—1. Since z,_1 ¢ ker ad, , we have L = ker ad,, ®span{z,_1}.
Next, we assume that b(z,) = 2. Then there exists x € L such that [z,,z] = a121 + a222
where aj,az € F and ag # 0. Next, we will claim that L = ker ad,,, + span{x,,_1,z}. Let
y € L. If y € kerad,,,, then we get y = y + 0 € ker ad,, + span{z,,—1,z}. Suppose that
y ¢ kerad,, . Then [x,,y] = byz1 + bazo for some by, bs € F. Therefore we have

b

bo 2 2 2
ns by — — n—1—" " = [Ln, by — — nydn—1] — — |[Ln,
[Zn,y + (b1 a2a1)33 1 a2$] [Zn, y] + (b1 a2a1)[fff Tn—1] GQ[UC ]

b b
= (b1Z1 + bQZQ) + (bl i al)(—zl) _ 2 (a121 + CIQZQ)
a9 a9

b b b
= (by — b1 + e £a1)21 + (b2 — £a2)z2
a9 a9 a9

= 0.

Thus ¢:=y + (by — %al)xn—l — 2—2:1: € ker ady, , so we have

b b
y=c— (b — —a1)tn_1 + —x € ker ady, + span{zn_1,z}.
as as
Hence L = ker ad, + span{z,_1,z}. Since nullity ad,, = dim L —rank ad,, = dim L — 2,
ker ady, N span{x,_1,z} = {0} by counting dimension. Consequently, L = ker ad,, &
span{z,_1,z}. Additionally, since [z, 2] = a121 + a2z2 ¢ span{z1} = span{[z,_1,zy]},

we get Z(L) = span{[z,_1, xy], [xn, x]}.
O

From now on, we are going to identify the structure of component of dimension 4 by con-

structing a standard subspace inside it as the following 2 theorems.

Theorem 5.4.21. Let L be a finite dimensional nilpotent Lie algebra of breadth 2 such that
Z(L) = [L,L] are 2-dimensional. Let M be an irreducible component of L of dimension 4.
Suppose that Ms C M. Then b(zs) = 2.

Proof. Let L be a finite dimensional nilpotent Lie algebra of breadth 2 such that Z(L) = [L, L]
are 2-dimensional. Let M be an irreducible component of L of dimension 4. Suppose that
Ms C M and b(x3) = 1. Then we have M3 = span{z,x2,x3} such that b(x1) = 1 = b(z3),
b(x2) = 2 and [z1,x2] = 21, [x2, 23] = 22, [71,23] = 0 where Z(L) = span{zi, z2}. Therefore
imad,, = span{z}, imad,, = Z(L) and im ad,, = span{za}.

Next, we will show that M3 is a component of L. Let = € L. If z € Cp,(M3), then x = 04z €
M5+ Cp(Ms). Assume that x ¢ Cp(Ms). Then we have [z1,x] = az1, [x2, ] = b121 + bazs and
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[x3, 2] = czo where a, by, by, c € F. Let y = x + biz1 — axa — baxs. Therefore we get

[z1,y] = [x1, 2 + biz1 — axg — baxs]
= [z1, 2] + bi[z1, 21] — alx1, z2] — bo[z1, 23]

Z1 — azy

a
0,

[x2,y] = [T2,z + bix1 — axy — boxs]
= [z2, x] + bi[xe, x1] — alxe, 2] — ba[za, 23]
= (b121 + b222) + b1(—21) — bazo
-0,

[23,y] = [z3, 2 + biz1 — awz — baws]
= [x3,x] + b1[x3, x1] — alzrs, x2] — bo[xs, 3]
= czo — a(—22)
=(c+a)z

/
=:CZ22

where ¢ = ¢+ a. If ¢ =0, then y € CL(Mj3), so we have x = (—byx1 + axs + box3) +y €
Ms+Cp(Ms). Suppose that ¢ # 0. Since M is a component of L, we write y € L = M ®Cr(M)
as y = ypy + cpr where yyy € M and ¢py € Cp(M). Next, we will claim that yy, ¢ Ms. Suppose
that ypr € Ms. Then yyr = ayz1 + asxs + asxs where «; € F for ¢ = 1,2, 3. Therefore we have

T =1y — bir1 + axs + bows
= (yM + CM) —biz1 + axe + baxs
= (@1 + agxa + azrs + cpyr) — iy + awg + boxs

= (a1 —b1)x1 + (g + a)xa + (a3 + ba)xs + cpr-

As a result, we obtain

az = [x1, ]
= [21, (1 — b1)w1 + (2 + a)w2 + (a3 + b2)w3 + ]
= (a1 — by)[z1, 1] + (a2 + a)[x1, x2] + (g + bo)[z1, z3] + [21, ]
= (ag +a)z,

czg = |3, 2]

[
[

z3, (a1 — br)x1 + (a2 + a)xe + (a3 + ba)xs + cp]
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= (a1 — b1)[x3, 21] + (2 + a)[x3, x2] + (a3 + b2)[x3, 23] + [73, car]
= (ag + a)(—22)
—(ag + a)ze

Hence a = a9 +a and ¢ = —(ag + a), so g = 0 and ¢ = —a. Thus ¢ = ¢+ a = 0 which is a
contradiction. Consequently, yas ¢ M3z, so yyr € M — M3. Let yy, = %%, Then y), € M — M3,

so M = span{z,x2, x3, Yy, }. Moreover, we observe that

[z, ym] = (1, ym + em] = [#1,9] =0,
[x2, ynm) = @2,y + ep] = [w2,9] =0,

(23, ynr] = [23, ynr + ] = [w3,9] = 20
Hence we have [z1,v},] = 0 = [22,9},] and [z3,9},] = z2. Observe that

[331,332-1-1/3\/[ = [z1,22] + [581,?JM]

=1

(22, 22 + Y] = [2, 2] + [22, Y] = 0,
vl = [x3, x2] + [x3, 4] = —22+ 22 =0,
Ml =1

yﬁ\/j,-TZ] + [vayM] = 0.

Since L = M & Cr(M) = span{z1, 22, 23,9}, } & CL(M), we get imad,, . = span{z1}, so
b(z2 + v);) = 1. Additionally, we have

Kerady, = span{z1, 23, iy} @ Cr (M),
Kerady, +y, = span{aa, o5,y } © Crp (M)

We consider M = span{z1,z2 + ¥}, x3, Yy, } and let M’ = span{z,z2 + v),;} C M. Then
Cr(M') = ker ad,, Nker ady, 1y = span{zs, Yyt @ CrL(M).
Consequently, we have

L=Mo&CL(M)
= span{x1, T2 + Y7, ¥3, Yps } © CL(M)
= span{z1, T2 + Y, } @ span{zs, vy, } & CL(M)
=M & CL(M'),

so M’ C M is a component of L which contradicts irreducibility of M. Hence x € M3+ Cp(Ms).
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Since x € L is arbitrary, L = M3+ Cp(Ms3). By Corollary 5.4.19, we know that M3NCp(Ms) =
{0}, so L = M3 & Cr(Ms). Thus M3 C M is a component of L which is also a contradiction.
Hence b(x3) = 2. O

Theorem 5.4.22. Let L be a finite dimensional nilpotent Lie algebra of breadth 2 such that
Z(L) = [L,L] are 2-dimensional. Let M be an irreducible component of L of dimension 4.
Suppose that M contains an element of breadth 1. Then M = span{xi,xs,xs3, x4} such that

[x1,22] = 21, [71,23] = 22 and [x3,x4] = 21 where Z(L) = span{z1, z2}.

Proof. Let L be a finite dimensional nilpotent Lie algebra of breadth 2 such that Z(L) = [L, L]
are 2-dimensional. Let M be an irreducible component of L of dimension 4. Suppose that
M contains an element of breadth 1, says x € M such that b(x) = 1. Let w3 = z and
M; = span{u; } C M. By Theorem 5.4.13, there exists ug € M — M; such that uy ¢ Cr(My).
Thus [u1,u2] = 21 € Z(L) — {0}.

Next, we let My = span{uj,us} € M. We will show that b(uz) = 2. Suppose that
b(ug) = 1. By Theorem 5.4.20, we know that L = span{u;} & ker ad,, = span{us} @ ker ad,, .

Since uy € kerad,,, L = ker ad,, + ker ad,,,, so we have

dim L = dim(ker ad,,, + ker ad,,)
= dim ker ad,,, + dimker ad,, — dim(ker ad,, N ker ad,,)
= nullity ad,,, + nullity ad,, — dim Cr,(M2)
= (dim L — rank ad,, ) + (dim L — rank ad,,) — dim Cr,(M>)
= (dim L — b(u1)) + (dim L — b(ug)) — dim Cr,(M2)
=(dimL —1)+ (dimL — 1) — dim Cr,(Ma)
=2dim L — 2 — dim C1(M>).

Thus dim Cf,(Mz) = dim L — 2. By Corollary 5.4.19, we get Mo NCr(Ms) = {0}. Since dim My
= 2 we have L = My ® Cp(Ms), so My C M is a component of L which is a contradiction.
Therefore b(ug) = 2.

Because b(u2) = 2, there exists ug € M such that [ua, us] = z2 where Z(L) = span{z, z2}.
Note that us ¢ My because [ug, Ms] = span{z;}. Since b(u;) = b(x) = 1 and imad,, =
span{z; }, we suppose that [uj,us] = az; where a € F. Let v = u1, vo = ug and v = uz — aus.

Then we have

[U17U2] — [Ul,UQ] = 21,
[v2, v3] = [ug, uz — aug] = [uz,us] — aluz, ua] = 29,
[01703] = [Ul,U:& - fwz] = [“17“3] - a[ulau2] =az1 —az; = 0.
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Let M3 = span{vi,ve,vs}. Then b(vy) = b(x) = 1,b(v2) = 2 and b(v3) > 1. By Theorem
5.4.21, we have b(vs) = 2, so there exists vy € M such that [vs, v4] = c121 + 222 where ¢1,c0 € F
and ¢; # 0. Note that vy ¢ M3 because [vs, M3] = span{ze}. Thus M = span{vi,ve,v3,v4}.
Since b(v1) = 1 and b(vy) = 2, we assume that [v1,v4] = a12z1 and [ve, v4] = b121 + baze where

ay,bi,by € F. Let y = vg4 + byv1 — ajvg — bovg. Then M = span{vi,v9,vs,y} such that

[v1,y] = [v1, 04 + biv1 — a1V — bavs]
= [v1, v4] + b1[v1, v1] — a1[v1, v2] — balvr, V3]

121 — @121

a
0,

[v2,y] = [v2,v4 + biv1 — a1V — byvs]
= ['UQ, ’04] + bl [Ug, 1)1] — al[vg, 'UQ] — bz[vg, 1)3]
= (b121 + boz2) + bi(—21) — bazo

=0

[1)3721] = [U3,U4 + b1v1 — arvg — b2v3]
= [vs, v4] + b1[vs, v1] — a1[vs, v2] — balus, v3]
= (c121 + c222) — a1(—22)

=121 + (c2 + a1)2e.

Let x1 = v1, 9 = v9, x3 = v3 and x4 = % Hence M = span{xy,x9,x3, x4} such that
(1, x2] = [v1,v2] = 21,
(T2, x3] = [v2,v3] = 29,
1 1 o+ ay
(23, 24] = [v3, g] = —[v3,y] = —(c121 + (c2 + a1)z2) = 21 + ( )22 =i 21 + oz,
C1 C1 C1 C1
[z1, 23] = [v1,v3] =0,
Y 1
) = y ] — ) = 07
(21, 24] = [v1 01] - [v1,9]
Y 1
= —_— = — = O.
[z2, 24] = [v2, Cl] 1 [v2, ]

where « 1= Czj% € F and Z(L) = span{z1, 22}. To show that a = 0, we suppose that o # 0.
Let s; = 1, s2 = axe + x4, s3 = axz — x1 and s4 = z4. Then we have M = span{si, s2, s3, 54}

such that

[s1,82] = [x1, awa + x4] = oz, 2] + [21, 24] = 021,
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[s3,84] = [axs — 1, 24] = @[3, 24] — 21, 24] = (21 + @22),
[s1,83] = [z1,ax3 — 1] = afz1, 23] — [21,21] =0,
[s1,84] = [z1,24] = 0,
[s2, s3] = [axa + x4, 3 — 1]
= a?[z9, 23] — afze, 1] + alry, 23] — [24, 71]
= a2+ az — a(z1 + aze)
=0,
[s2, 84] = [axa + x4, x4] = X2, 4] + [T4,24] =0

where Z(L) = span{zi, 22} = span{azi,a(z1 + aze)}. Thus M = M’ & M"” where M' =
span{si, so} and M" = span{ss, s4} are components of L. Hence M is reducible which is a
contradiction. Consequently, we obtain o = 0, so we get M = span{z1,za,x3, 24} such that

[X1,x2] = 21, [x1,23] = 22 and [z3, 4] = 21 where Z(L) = span{z, z2}. O

At this point, we can classify nilpotent Lie algebra L of breadth 2 such that Z(L) = [L, L]
and dim L. = 6 under the assumption that L has an element of breadth 1 as we show in the

following corollary.

Corollary 5.4.23. Let L be a 6-dimensional nilpotent Lie algebra of breadth 2 such that
Z(L) = [L,L] are 2-dimensional. Suppose that L contains an element of breadth 1. Then

L = span{z1,x2,x3, T4, 21, 22} such that

1. [x1,m0) = 21, [m2,x3] = 29 and [x3, 4] = 21
or

2. |x1, 0] = 21 and [x3,x4] = 22
where Z(L) = span{z1, z2}.

Proof. Let L be a 6-dimensional nilpotent Lie algebra of breadth 2 such that Z(L) = [L, L] are
2-dimensional. Suppose that L contains an element of breadth 1. Since Z(L) is 2-dimensional,
we have dim L’ = dim L — dim Z(L) = 6 — 2 = 4. Then we have L’ is a component of L of
dimension 4. Suppose that L’ is irreducible. By Theorem 5.4.22, L = span{x1, o, x3, 4, 21, 22}
such that [z1,x2] = 21, [71, 23] = 22 and [z3, x4] = 21 where Z(L) = span{z1, z2}.

On the other hand, we assume that L’ is reducible. Then L’ must be composed of 2
irreducible components of dimension 2. Since Z(L) = [L, L] are 2-dimensional, we obtain

L' = span{xy,z2} @ span{xs, x4} such that [x1,20] = 21 and [z3,24] = 29 where Z(L) =
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[L, L] = span{z1, z2}. We also note that
blazy + fx3) = blax + Bra) = blaws + Br3) = blaxs + Pry) = 2

for any a, 8 € F. In this case, it is not isomorphic to previous case because of the component
property. Hence L = span{x1,x9,x3, 4, 21, 22} such that [z1,x2] = 21 and [r3,x4] = 22 where
Z(L) = [L, L] = span{z1, 22}. O

In the next part, we prove that 6-dimensional nilpotent Lie algebra of breadth 2 such that
Z(L) = [L, L] are 2-dimensional contains an element of breadth 1 if the underlying field is
algebraically closed. Thus we get a complete classification if we consider Lie algebras over

algebraically closed field.

Lemma 5.4.24. Let L be a 6-dimensional nilpotent Lie algebra of breadth 2 such that Z(L) =
[L, L] are 2-dimensional. Suppose that for any x € L—Z(L), b(x) = 2. Then L = span{x1, x2,x3,

x4,21,22} such that [x1,x9] = [x3,x4] = 21, [T2, 23] = 22 and [x1,x4] = azo where a # 0.

Proof. Let L be a 6-dimensional nilpotent Lie algebra of breadth 2 such that Z(L) = [L, L] are
2-dimensional. Since Z(L) is 2-dimensional, we have dim L’ = dim L — dim Z(L) = 6 — 2 = 4.
Then we have L’ is a component of L of dimension 4. Suppose that for any z € L — Z(L),
b(x) = 2. Note that L' C L — Z(L), so b(x) = 2 for any x € L' Let ug € L'. Then b(uz) = 2,
so there exist uj,us € L’ such that [u1,us] = w1, [ug,us] = we and [uy,us] = ajwi + agws
where aj,as € F and Z(L) = span{wi,wa2}. Let v1 = u; — agua, va = ug, v3 = uz — ajug and

M = span{vy, vy, v3} € L'. Then we have

[v1, v2]
[v2, V3]
V1,03

[v1, 03]

[ur — aguag, uz] = [u1, uz] — azfuz, us] = wi,
[ug, u3 — ajug] = [ug, u3] — aiug, us] = wo,
[ur — azuz, uz — ayus)

[u1,us] — a1[ur, us] — asfug, ug) + azaq [ug, us)
(a1wy + agws) — ajwy — agws

=0.

Since L’ is 4-dimensional, there exists v4 € L'. Then we write

[v1, v4] = Wy + AWy,
[’UQ,’U4] = 51’[1)1 + B2w2a

[U3, V4] = y1w1 + Yowo
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where oy, 8;,7v; € F for i = 1,2. Since b(vy) = b(vs) = 2, we have ag,v1 # 0. Without loss of

generality, we assume that 3 = 1. Then we have L' = span{v1, va,v3,v4} such that

[v1,v4] = @1w1 + awe,
[v2, v4] = Prwy + Powa,

[v3, V4] = w1 + Yows

Let y1 = v1, yo = vo, y3 = v3 and yy4 = v4 + B1v1 + Y2v2 — Bovs. Then we have L' =
span{yi, Y2, ¥y3, y4} such that

[y1, y2] = [v1,v2] = wr,

[y1,ys] = [v1,v3] =

[y2, y3| = [v2, v3] = wa,

[Y1,ya] = [v1,v4 + Brv1 + Yov2 — Bov3]

= [v1,v4] + Brlv1, v1] + y2[v1, v2] — Balvr, vg]
= (yw1 + avws) + yaw
(a1 +y2)wr + agw;
=: dwy + avws,
[y2, ya] = [va2, va + Brv1 + Y202 — Bovs]
= [v2, v4] + Bi[v2, v1] + 2[v2, V2] — Ba[v2, v3]
= (Brw1 + Bawz) + B1(—w1) — Bawz
-0,
(Y3, ya] = [vs, v4 + Brv1 + 1202 — Bovs]
= [v3,v4] + B1[v3, v1] + Y2[vs, v2] — Balvs, vs]
= (w1 + y2w2) + y2(—w2)

:w1

where 0 = a3 + 2. Next, we let x1 = y1 — gyg, To = Yo, T3 = Y3, T4 = Y4 — gyg, z1 =

2
wy + %wg, zm=wy and a=ay— %. Then L = span{z,x2,x3, x4, 21, 22} such that

1)
(1, 20] = [y1 — Zy3,Y2] = [y1,42] —

)
5 Y3, y2] = w1 + §w2 = 21,

5l

1)
=ly3,y3] =0,

(1, 23] = [y1 — §y37y3] = [y1,y3] — 2[

2

(22, 3] = [y2, y3] = w2 = 22,
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1) )
(21, 24] = [y1 — SY3, Y4 — ZY2]

2 2
1) 1) 52
= [y1,y4] — §[y1,y2] - §[y37y4] + 1[3/3,3;2]
= ((5w1 + Oéng) — —w1 — éwl + ﬁ(—’LUQ)
2 2 4
2
= (a2 — %)fwz

= (2,

1) 1)
(22, 4] = [y2, Y2 — §y2] = [y2,va) — 5[3/2,3/2] =0,

1) 1) 1) 1)
[z3, x4] = (Y3, ya — iyz] = [y3,v4) — §[y3,y2] = wi — 5(*w2) = w1+ jwr =21

Moreover, if & = 0, then we have b(x;) = b(x4) = 1 which is a contradiction. Thus « # 0. Hence
L = span{z1,x2,x3, T4, 21, 22} such that [z1,xs] = [v3,24] = 21, [T2, 3] = 22 and [z1, z4] = azo
where a # 0. O

Theorem 5.4.25. Let L be a 6-dimensional nilpotent Lie algebra of breadth 2 over an alge-
braically closed field such that Z(L) = [L, L] are 2-dimensional. Then L contains an element
of breadth 1.

Proof. Let L be a 6-dimensional nilpotent Lie algebra of breadth 2 over an algebraically
closed field such that Z(L) = [L,L] are 2-dimensional. Suppose that L does not contain
an element of breadth 1. Then b(z) = 2 for any z € L — Z(L). By Lemma 54.24, L =
span{xy, xe, T3, T4, 21, 22} such that [z1,z2] = [z3,24] = 21, [x2,23] = 29 and [z1,24] = a2z
where o # 0. Since we consider L over algebraically closed field, \/—« exists. Consider
y = \/—axs + x4. Then we have

[y, 21] = [V—axs + 24, 21] = V=alrs, 21] + [24,21] = V—a(—21) — az = —V—a(z1 — V—az),
[y, 1] = [V —axs + x4, 12] = V/—alxe, 23] + [24,22] = 0,

ly, 23] = [V—aws + x4, x3) = V=, x3] + [24, 13] = V—(22) — 21 = —(21 — V—22),

[y, 2] = [V —aws + 24, 24] = V=g, 24] + [4, 24] = 0.

Therefore im ad, = span{z1 —/—azs}, so b(y) = 1 which is a contradiction. Hence L contains
an element of breadth 1. O

Corollary 5.4.26. Let L be a 6-dimensional nilpotent Lie algebra of breadth 2 over an alge-
braically closed field such that Z(L) = [L, L] are 2-dimensional. Then L = span{x1, z2, x3, x4, 21,
29} such that
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1. [x1,m0] = 21, [w2,w3] = 22 and [x3,74] = 21
or

2. |x1,x0] = 21 and [x3,24] = 22
where o # 0 and Z(L) = span{z1, 22}.

Note that for any odd dimensional nilpotent Lie algebra L of breadth 2 such that Z(L) =
[L, L] is 2-dimensional, we do not need algebraically closed field to find an element of breadth 1.

Proposition 5.4.27. Let L be an odd dimensional nilpotent Lie algebra of breadth 2 such that
Z(L) = [L,L] is 2-dimensional. Then there exists v € L such that b(x) = 1 and imad, =
span{z} for any z € Z(L).

Proof. Let L be an odd dimensional nilpotent Lie algebra of breadth 2 such that Z(L) = [L, L]
is 2-dimensional. Then dim L = n € Z-o which is odd. Let z € L and I = span{z}. Then
I is an ideal of L since z € Z(L). Then we observe that [L/I,L/I| = [L,L]/I, so we have
dim[L/I,L/I] = dim[L,L] —dimI =2 — 1 = 1. By Theorem 3.2.1, we have b(L/I) = 1. Note
that dim L /I = dim L —dim I = n — 1, so by Theorem 3.2.6, there exists a basis

S:{’Ul—i-I,’U_l+I,U2—|—I,U_2—|-I,...,'UT—‘y—[,’l)_T—i-I,Z/—i-I,wl—|—I...,’w(n_1)_2,,._l—|—I}

for L/I such that

J4I it i=—j>0,

i+ ILv+1=< —Z+1 if i=—j<0,

1 otherwise
forevery i,j € {#1,£2,...,£r} and '+ T, w1 +1 ..., wp_1)—2r—1+1 € Z(L/I) where r € Z.
Observe that (n —1) —2r —1 = n — 2(r + 1) > 0 because n is odd. Thus there exists
wr+ 1 € Z(L/I), so imady,+; = span{I}. Therefore for any y € L, we have [wy,y] + I =
[wi +I,y+1I] =1, so [wy,y] € I. Since y € L is arbitrary, imad,, C I = span{z}. Next, we
will claim that wy ¢ Z(L). Suppost that w; € Z(L). Then we obtain

wy+ 1€ Z(L)/I =|L,L)/I=[L/I,L/I] =span{z + I}.

Thus wy + I = az’ + I for some a € F, so {wy + I, 2" + I} is not linearly independent which is
a contradiction. Hence w; ¢ Z(L). Consequently, b(w1) =1 and imad,,, = I =span{z}. O
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