ABSTRACT
ESLAMINIA, MEHRAN. Amplitude-Preserving Propagator and its Applications in
Computational Wave Propagation and Seismic Imaging. (Under the direction of Dr. Murthy
N. Guddati).
A novel method is developed to approximately solve acoustic wave equation in the
frequency domain. The key idea of the method is to partition the domain into smaller
subdomains and solve for the wavefield in each subdomain sequentially, which is facilitated
by special interface (continuity) conditions. The sequential solution is performed in two
steps: First the downward propagating wavefield is computed considering only downward
propagation and transmission at the interfaces. The wavefield is then corrected by adding the
upward propagating wavefield resulting from reflections and body forces. It is shown that the
proposed method results in accurate amplitudes for downward propagation and primary
reflections and is hence called the Amplitude-Preserving Propagator. This novel wave
propagator leads to three disparate contributions in large scale computational wave modeling
and seismic imaging: forward modeling, migration imaging and full waveform inversion.
Forward Modeling: The amplitude-preserving propagator is implemented as a
preconditioner to iteratively solve the Helmholtz equation. The effectiveness of the proposed
preconditioner is studied using various numerical experiments. We show three significant
properties of the proposed preconditioner. First, number of iterations grows very slowly with
increasing frequency which is a significant advantage compared to other methods, e.g.
sweeping preconditioner. Second, the mesh size (i.e. number of elements per wavelength)
does not change number of iterations. Third, and the most important one, the computational
time is much less than many other preconditioners.
Migration Imaging: In the context of migration imaging, the amplitude-preserving
propagator is implemented as an efficient forward solver to perform wave propagation
simulation in the frequency domain. We show that the propagator results in a new migration
algorithm that is almost as accurate as full-wave migration, while being significantly more
efficient. This method, when incorporated into least-squares migration framework, does not
change the convergence rate – ultimately resulting in an efficient and practical algorithm.

The accuracy of the proposed algorithm is demonstrated using 2-D synthetic examples
including the SEG/EAGE salt model and the Marmousi Model.
Full Waveform Inversion: The amplitude-preserving propagator is implemented into
full waveform inversion to increase the overall efficiency of the seismic inversion. The
proposed approach facilitates an efficient yet accurate approximation of the gradient vector
and Hessian matrix, resulting in a convergence rate almost the same as that for full-wave
equation methods, thus leading to an efficient full waveform inversion algorithm. The
effectiveness of the method is illustrated through various 2-D numerical experiments
including the Marmousi model.
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Chapter 1
Introduction
Seismic inversion is a computationally demanding process to determine material
properties of the earth by transforming reflected wavefield recorded at the surface. There are
two general methods to perform seismic inversion: classical method based on the migration
and modern approach called full waveform inversion. Migration is a process to locate
subsurface reflectors for a given velocity model. In migration calculation, the source data are
forward propagated to form forward signal, and receiver data are back-propagated in time to
generate reflection wavefield. The location of reflectors is then determined by computing the
cross-correlation between two signals over the domain of interest. The amplitude of the
resulting image contains important information about subsurface reflectivity, and it can be
used to update the velocity model. Full waveform inversion (FWI) is more direct approach to
determine velocity model. FWI is a data fitting process to minimize error (misfit) between
recorded data and synthetic wavefield. The common FWI approach is based on the nonlinear
least-squares optimization algorithm which requires computation of the residual, gradient
vector and Hessian matrix. The residual must be computed correctly by solving the full-wave
equation, while the gradient and Hessian can be approximated to increase efficiency.
Motivated by increasing the efficiency of seismic imaging, this dissertation is aimed
at developing a new efficient method to solve acoustic wave equation in the frequency
domain. The key idea is to split the wavefield into two components – downward and upward
propagating wavefields – and approximate them by ignoring effects of multiple reflections.
The approximate solution can then be obtained using two steps. The downward propagating
component is first determined across entire domain by transmitting the wavefield from top to
bottom using special interface conditions. The second step involves back-propagating the
reflections to obtain upward propagating wavefield by sweeping from bottom to top. We
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show that the proposed method results in a good approximation with accurate amplitudes for
downward propagation and primary reflections; we hence call this an amplitude-preserving
propagator. In this study, we investigate the applications of the proposed method in three
different aspects of seismic imaging: large-scale forward modeling, migration, and full
waveform inversion.
The main contributions are organized into three chapters, Chapters 2, 3 and 4, to be
submitted to archival journals. Thus, each of the three chapters are meant to be selfcontained, and as a consequence contain some redundant sections, especially those related to
the basic idea of amplitude-preserving propagator. Specifically, Section 3.3 and Section 4.3,
are almost identical to each other and very similar to Section 2.2.
Chapter 2 outlines the application of amplitude-preserving propagator as a
preconditioner to solve large-scale Helmholtz problems at high frequencies, which are
notoriously difficult to solve. Iterative Krylov methods show slow convergence rate due to
the oscillating nature of the wavefield. We show that amplitude-preserving propagator is an
effective preconditioner, resulting in superior convergence behavior leading to efficiency
gains. This chapter contains the formulation as well as illustration of the method’s efficiency
with the help of various 1-D and 2-D numerical experiments.
Chapter 3 outlines a new migration algorithm based on amplitude-preserving
propagator, which is aimed at computing the scattered velocity model associated with
reflectors. Two different migration formulations are considered: prestack depth migration
and least-squares migration. The proposed method is implemented in both frameworks, and
migration imaging is performed using various synthetic examples involving increasingly
complex velocity models. Consistently, it is shown that the proposed method results in
images with accuracy comparable to that from the more expensive full-wave equation
migration.
Chapter 4 details the application of amplitude-preserving propagator to increase
efficiency of full waveform inversion (FWI), where the goal is to predict the complete
velocity model of the subsurface, through nonlinear least-squares minimization. The gradient
and Hessian are approximated with the help of the amplitude-preserving propagator, and it is
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observed that the accuracy and convergence behavior are very close to FWI using more
expensive full-wave equation.
Chapter 5 contains some thoughts on the extension of amplitude-preserving
propagators to more complicated anisotropic acoustic and elastic wave equations. Chapter 6
concludes the dissertation with a summary of the work.
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Chapter 2
A New Preconditioner for the Helmholtz Equation
ABSTARCT: A new preconditioner is developed to increase the efficiency of iterative
solver for the Helmholtz equation. The key idea of the proposed preconditioner is to split the
domain of interest into smaller subdomains and sequentially approximate the forward and
backward components of the solution. The sequential solution is facilitated by approximate
interface conditions that ignore the effect of multiple reflections. The efficiency of the
proposed method is tested using various 2-D heterogeneous media. We observe that the
proposed preconditioner results in good convergence, with number of iterations growing very
slowly with increasing frequency. We also note that the mesh size and number of
subdomains do not affect the convergence rate. Finally, we find that the overall
computational time is much smaller than that of the sweeping preconditioner.

2.1 Introduction
The Helmholtz and related equations commonly appears in the study of wave
propagation in acoustic, elastic and electromagnetic media in wide ranging applications.
Despite its widespread importance, Helmholtz equation at high frequencies still poses a
significant computational challenge, due to the fine discretization leading to large linear
systems. Often, these linear systems necessitate the use of iterative methods such as Krylov
subspace methods or Domain Decomposition (DD) methods [1–3]. Unfortunately, these
methods typically show very slow convergence rate for the Helmholtz problem due to the
oscillating nature of the solution [4].
A preconditioner, if designed properly, could improve the convergence rate of Krylov
methods. Over past two decades, various preconditioners have been introduced to solve the
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Helmholtz equation. An extensive review can be found in [4, 5]; these methods can be
classified into several groups. The first class is based on incomplete LU (ILU) factorization
of the linear system using Gaussian elimination [6]. Although these methods yield good
approximation, they eventually become computationally expensive for very large systems. A
similar approach is to construct ILU approximation analytically – hence called Analytic ILU
or AILU [7]. These methods are based on factorizing the Helmholtz operator into two
nonlocal operators (forward and backward operators) and then approximating these operators
using quadratic functions in Fourier domain, resulting in local operators. It has been shown
that AILU methods are superior to classical ILU methods, but the number of iterations in
Krylov solver still grow with increasing frequency [5]. The third group is called shifted
Laplacian preconditioners where a modified Helmholtz equation is shifted by a complex
value [8, 9]. It has been shown that these methods can be good preconditioners but the
number of iterations still grow relatively fast by increasing the frequency [5].
Recently, Engquist and Ying [10] developed a novel preconditioner based on
perfectly matched layers, named the sweeping preconditioner. This method involves
approximating Schur complement in LDLT with perfectly matched layer (PML). They have
shown that the number of iterations grow relatively slowly with increasing frequency. More
recently, a closely related method is proposed independently by Stolk [11] and Vion and
Geuzaine [2] in the context of DD methods. This new approach is based on a doublesweeping over the subdomains, leading to improved convergence.
Our research in seismic migration and inversion led to the development of so-called
amplitude-preserving propagators, which were instrumental in improving the convergence of
both least-squares migration and full waveform inversion. These propagators result in
approximate solution to the Helmholtz equation through efficient sequential solution of
downward and upward wavefield. Triggered by the similarities of this approach to the
sweeping preconditioner idea, we investigate the application of this amplitude-preserving
propagator as a preconditioner to the Helmholtz equation. The resulting method appears
superior to the sweeping preconditioner, and comparable to Stolk’s method. The remainder
of the paper contains the details of the method as well as illustration of its effectiveness.
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This paper is organized as follows. We first introduce the proposed method for a 1-D
model problem in Section 2.2. We also compare our method with related works using a 1-D
example. Next we present the extension to higher dimensions in Section 2.3. In Section 2.5,
we show performance and effectiveness of proposed method by carrying out multiple
numerical examples with different velocity profiles in 2-D and the efficiency of the method is
compared to sweeping preconditioner. We conclude the paper with brief closing remarks in
Section 2.6.

2.2 1-D Formulation
2.2.1 Model Problem
For simplicity, we first demonstrate the proposed approximate solver for a 1-D
unbounded domain. Consider the time-harmonic wavefield u, due to the external force f,
which is only non-zero within the domain of interest    0,1 . u satisfies the Helmholtz
equation:


 2u  2

u  f  x  for x   ,
x 2 c 2

(2.1)

where ω is the temporal frequency and c is the wave velocity that varies only inside Ω and
constant outside. Therefore, the absorbing boundary conditions can be applied on the
boundaries, thus resulting in

u
 u on x  0,
x



u
 u on x  1 ,
x

(2.2)

where λ is Dirichlet-to-Neumann (DtN) operator also known as stiffness of half-space.
Considering Helmholtz Equation (2.1), the DtN map can be written formally as

 x 0  i


,
c  0

 x 1  i


.
c 1

(2.3)

Note that while the above model is simple, the proposed method can be extended to higher
dimension and complex problems as discussed in subsequent sections.
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2.2.2 Approximate Solver
The basic idea is to split the wavefield into right propagating component ur and left
propagating component ul, and approximate each of them by ignoring the multiple
reflections. Thus, ur is the right propagating wavefield obtained by proper transmission of
amplitude across material interfaces, while ul is the left propagating wavefield resulting from
primary reflections at the same interfaces. With such an approximation, ur can be solved
sequentially from left of the domain to the right. ul can then be solved from the right of the
domain to the left. A critical aspect of this solution is to accurately obtain the transmission
and reflection amplitudes. In what follows, we present the mathematical framework for
solving for both ur and ul.
For the sake of sequential solution, domain Ω is partitioned into smaller subdomains

 j   x j , x j 1  as shown in Figure 2.1. The boundaries of  j are denoted by lj : x  x j at
the left and rj : x  x j 1 at the right. We use the superscript j to represent entities associated
with  j , and use subscripts l and r to represent the traces of variables at left and right,
respectively. With such notations, the boundary value problem associated with  j can be
written as:

 2u j  2 j
 2  2u f
x
c
j 1
r

ul  u ,
j

j 1

u  ul ,
j
r

u j
x
u
x

xj

in  j ,

u j 1

x

(2.4)

,
x

j

(2.5)

j 1

j
x j 1

u

x

.
x

j 1

The equations in (2.5) represent the continuity of the wavefield and traction across the
interfaces and cause the solution to be coupled across all the subdomains. The basic idea of
the proposed method is to approximate the interface conditions (2.5) that relaxes the coupling
and facilitates sequential solution, which is performed in two steps. First the right
propagating wavefield, ur, is computed considering only right transmission at the interfaces.
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The wavefield is then corrected by adding the left propagating wavefield, ul, resulting from
primary reflections at all the interfaces. The details are discussed below.

u
 u
x



u
 u
x

u
 u
x



u
 u
x

ulj  urj 1
u j
x


xj

u j 1
x

urj  ulj 1

xj

u j
x


x j 1

u j 1
x

x j 1

Figure 2.1. Schematic for 1-D problem

2.2.3 Right Propagation Wavefield
The right propagating wavefield ur is determined by solving the sub-problems from
left to right, starting with the first subdomain. Thus, we compute the wavefield in jth
subdomain, from the wavefield in j-1th subdomain. This is achieved by applying the
following conditions:
1. The incoming wavefield from j-1 subdomain must be propagated into the current
subdomain without any reflection at the left interface.
2. The change in material properties (e.g. wave velocity) must be considered to get
accurate transmission of wavefield at the right interface (and reflection, which will be
used for left propagation in the next section).

Condition 1 is enforced by adding a half-space at the left interface, with material
j
j
properties matching with the left boundary l : x  x . Condition 2 is enforced by adding
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another half-space at the right interface, but with material properties consistent with left
j 1

boundary of next subdomain l : x  x

j 1

(to obtain the appropriate reflection and

transmission at the interface). Note that if the half-space is matched with the right boundary
of current subdomain r : x  x
j

j 1

, there will be no reflection and the transmission will be

inaccurate, and we would not get the desired right propagating wavefield.
Mathematically, attaching the right half-space translates to

urj
 l j 1urj  0 on  rj ,
x

(2.6)

where l is stiffness of half-space matching with the left of the next subdomain. This is in
j 1

contrast with the right interface conditions in (2.5) – we no longer need the solution of the
right subdomain to obtain the solution in the current subdomain, which is appropriate given
that we are focusing only on the right propagating wavefield.
The boundary condition on the left is slightly more involved; in addition to attaching
a half-space, we have incident wave coming from the previous subdomain, which is the right
j 1

propagating wavefield at the right boundary of previous subdomain r : x  x . The left
j

half-space can be modeled using half-space stiffness as in Equation (2.6), while the incident
wave is modeled using standard scattering formalism [12]:


urj
x

 l j urj,l  
xj

urj 1
x

 l j urj,r1 .

(2.7)

xj

Using Equation (2.6) from previous subdomain, we have
urj 1
x

 l j urj,r1 ,

(2.8)

xj

and Equation (2.7) simplifies to:

urj

 l j urj  2l j urj,r1 on lj .
x

(2.9)

In summary, the right propagating wavefield is solved using the local boundary value
problem:
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 2urj
2 j
 2 
u  f  x  in  j ,
2 r
x
c  x
urj
 l j urj  2l j urj,r1 on lj : x  x j ,
x
urj
 l j 1urj  0 on  rj : x  x j 1.
x



(2.10)

Using finite difference or finite element method, the discrete sub-problem set
corresponding to Equation (2.10) is

Aj
 j
B

 urj 


j
j
j
B   ur ,l   fl   x lj 
,
 j    
C j  ur ,r   0   urj 
 x j 
r 


(2.11)

where A j , B j , and C j are matrix elements corresponding to the discretization, and we
condense out the interior nodes for the sake of simple presentation. At each step of the
solution, the effect of external forces is only applied on the left boundary of subdomain.
Thus, we do not need to consider the external force on the right boundary since it will be
captured in the next step of the solution. The traction terms on the right hand side are
determined by boundary conditions given in Equation (2.10). Therefore,

 A j B j  urj,l   fl j  l j urj,l  2l j urj,r1 
  

 j
j j 
rj 1urj,r

 B C  ur ,r   0  

,

(2.12)

 A j  l j
B j  urj,l   fl j  2l j urj,r1 
.

    
j
C j  rj 1  urj,r   0   0 
 B

(2.13)

which is rewritten as

2.2.4 Left Propagating Wavefield
The body force and material discontinuities cause left propagating wavefield that
must be added to the right propagating wavefield – left propagation step discussed in this
section essentially captures this effect of primary reflections and external forces. In the
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absence of external forces, the reflection is simply the difference between the transmitted
wave (right propagating wavefield at the left of j+1th subdomain urj,l 1 ) and the incident wave
j
(right propagating wavefield at the right of jth subdomain ur , r ). This reflected wavefield

should be added to the left propagating wavefield ulj,l1 from the right subdomain to obtain the
total incident wave field for jth subdomain:

urj,l 1  urj,r  ulj,l1 .

(2.14)

j 1
When we consider the effects of body forces, ur ,l is the combination of the

transmitted wavefield as well as the upward propagating wavefield due to the body forces in
j 1
j
j+1th subdomains. Thus, the difference ur ,l  ur ,r in this case is the combination of reflected

wavefield and left propagating wavefield due to body forces. Since the effect of body forces
on left propagating wavefield is already captured through this term, we no longer need to
consider the source term explicitly. Hence, we use the term in Equation (2.14) for the
incident wavefield and explicitly make the body force zero.
Once the incident wavefield is determined according to Equation (2.14), the solution
procedure is similar to the previous section. Following Equation (2.10), the left propagating
sub-problem for subdomain j is written as:



 2ulj
2 j

u  0 in  j ,
2 l
2
x
c  x

ulj
 rj 1ulj  0 on lj : x  x j ,
x
ulj
 rj ulj  2rj  urj,l 1  urj,r  ulj,l1  on  rj : x  x j 1.
x



(2.15)

We emphasize that the external body force is zero for left sweeping since its effects are
already considered as part of the incident wavefield in the scattering boundary condition in
right sweeping. After appropriate discretization of the boundary value problem in Equation
(2.15), we get a discrete system similar to Equation (2.13):
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0
 A j  rj 1
B j  ulj,l  







j
j 1
j
j 1  .
j
C j  rj  ulj,r  2r  ur ,l  ur ,r  ul ,l 
 B

(2.16)

2.2.5 1-D Algorithm and Analysis
The computation of wave field using proposed approximate solver can be
summarized in the following algorithm:
Algorithm 2.1: 1-D problem
0
1. ur ,l  0

2. for j = 1 to n Solve: Equation (2.13)
n
3. ul ,l  0

4. for j  n  1 to 1
j 1
j
j 1
a. Compute: the left incident wavefield ur ,l  ur ,r  ul ,l

b. Solve: Equation (2.16)
5. Compute: wave field: u  ur  ul

We test the accuracy of the algorithm for 1-D wave propagation with the following wave
velocity:

2 0.4  x  0.6
.
c  x  
1 otherwise

(2.17)

The domain of interest is    0,1 , which is discretized into 1000 linear finite elements. The
response is computed due to point source at x  0.15 . We used 20 subdomains to get
approximate solution which is compared with true solution at frequency 10 Hz (ω=20π) in
Figure 2.2. The only difference between the solutions can be attributed to multiple reflections
that are not captured in the proposed method.
We also test the accuracy of the proposed method in time domain, by taking inverse
Fourier transform of the frequency-domain solutions. We consider above velocity model and
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obtain the wavefield for the frequency range 0.2 to 100 Hz with a 0.2 Hz interval. The source
excitation is a Ricker pulse with central frequency of 25 Hz located at 0.15. Snapshots of the
true and approximate solutions are compared in Figure 2.3. This comparison shows the
proposed method computes the forward propagating wavefield and primary reflections to a
high level of accuracy and the only difference is the effect of multiple reflections.

\

(a)

(b)

Figure 2.2. Comparison between true and approximate solutions in 1-D medium. a) real part
and b) imaginary part.

Figure 2.3. Comparison of true and approximate solutions at t  0.6 sec
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2.2.6 Related Works
In this section, we compare the present method with similar work – sweeping
preconditioner [10] and double-sweep domain-decomposition (DD) method proposed by
Stolk [11]. In particular, the approximate wavefield is determined using each method for the
1-D problem defined in Section 2.2.5. The results in the frequency domain are shown in
Figure 2.4 Figure 2.5, and the time-domain solutions are shown in Figure 2.6 and Figure 2.7.
Comparison of these solutions and the solutions from the proposed method in Figure 2.2 and
Figure 2.3, indicates that the solution of sweeping preconditioner is not very accurate, while
Stolk’s method has better accuracy. In addition, our approach seems to be slightly better than
Stolk’s method for this particular problem.

(a)

(b)

Figure 2.4. Comparison true and approximate solutions for sweeping preconditioner [10]. a)
real part and b) imaginary part.
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(a)

(b)

Figure 2.5. Comparison true and approximate solutions for double-sweep method by Stolk
[11]. a) real part and b) imaginary part.

Figure 2.6. Comparison of true and approximate solutions at t  0.6 sec for sweeping
preconditioner [10].

15

Figure 2.7. Comparison of true and approximate solutions at t  0.6 sec for double-sweep
method by Stolk [11].

The similarity in accuracy between our method and Stolk’s method is not surprising
as they share many common aspects, but there are also some differences:


The boundary condition for outgoing wavefield: The most notable difference is the
approximate interface condition on right interface for right propagation and left interface
for left propagation. In our method, we use modified radiation condition to get accurate
transmitted wave field, where as Sotlk’s method approximates the outgoing wavefield
using an unaltered absorbing condition corresponding to the current subdomain.



Backward propagation: The second difference is computing backward propagation. In
the present method, we directly use the reflection on the interfaces to get backpropagating wavefield. We also use the same subdomains, albeit with different interface
conditions, to get forward and backward wavefield. Stolk uses staggered subdomains for
backward sweeping, to move the force (residual) into the subdomain.



The computational cost: Both methods require factorization of local wave operators with
similar boundary conditions. Therefore, their computational complexity and cost are
similar.
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Accuracy: The proposed method and Stolk’s method are comparable in accuracy and we
expect both methods to perform similarly as preconditioners.

2.2.7

GMRES Convergence for 1-D domain
Consider following linear system corresponding to model problem in Equation (2.1)

Su  f .

(2.18)

The left-preconditioned system can be defined by

P 1Su  P 1f

(2.19)

,

where P 1 is the preconditioner defined by the approximate solver in Algorithm 2.1. We
compare GMRES convergence rate using sweeping preconditioner, Stolk’s method, and the
proposed method. We use the 1-D velocity model defined in Section 2.2.5 and the excitation
is a unit point force positioned at x  0.5 . The thickness of each subdomain is 12 finite
elements.
The numbers of GMRES iterations are compared for various frequencies and a
relative error of 1e-6 in Table 2.1. The convergence behaviors are also compared for
frequencies 16 Hz and 256 Hz in Figure 2.8. These results show that, as expected, the
performance of proposed method is very similar to Stolk’s method. However, both methods
show faster convergence compared to the sweeping preconditioner, especially at high
frequencies; the sweeping preconditioner gradually loses its effectiveness with increasing
frequency.

Table 2.1. Comparison of number of iterations using different preconditioner in 1-D domain
Frequency
(Hz)
8
16
32
64
128
256

Number of elements

Sweeping

Stolk

present

64
128
256
512
1024
2048

5
5
7
8
10
13

4
4
4
4
4
5

4
4
4
5
4
5
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Figure 2.8. Comparison of GMRES convergence rates using different preconditioners.

It is well-known that the convergence rate of GMRES method is a function of
eigenvalues of to the linear system [6]. A linear system with a wide eigenvalue spectrum
shows slow convergences while a system with clustered eigenvalues requires small number
of GMRES iterations. We compare the eigenvalues corresponding to the preconditioned
linear system in Equation (2.19) using sweeping preconditioner, Stolk’s DD method, and the
present method. The eigenvalue amplitudes of the preconditioned systems are plotted in
Figure 2.9 for various frequencies. These results show that the spectrum corresponding to
sweeping preconditioner becomes wider with increasing frequency which in turn results in
slower convergence of GMRES. On the other hand, the eigenvalues of Stolk’s method and
the present preconditioner remain clustered for all frequencies. Therefore, the number of
iterations to convergence does not change with increasing frequency as shown in Table 2.1.
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Figure 2.9. Eigenvalues spectrum of the preconditioned system using different
preconditioners.

2.3 Extension to Higher Dimensions
Extension of the proposed method to higher dimension is conceptually
straightforward, but the details are a bit more involved (e.g. DtN maps). This section
considers following Helmholtz equation for the domain of interest    0 1 for
n

n  1, 2, or 3
2u 

2
c  x

2

u  f  x  for x  ,

(2.20)

where ω is the temporal (angular) frequency and c is the wave velocity. The absorbing
boundary conditions are applicable on the boundaries  :


u
 u ,
n

(2.21)

where DtN map λ is a spatially nonlocal operator, and n is a unit outward normal vector. The
exact DtN map can be written formally for 2-D problem with the boundary parallel to the xaxis as,
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  i

2  2
.

x 2 c 2

(2.22)

The above DtN map can be approximated using a local absorbing boundary condition (ABC)
such as rational ABCs [13–15], perfectly matched layer (PML) [16, 17], and more recently
perfectly matched discrete layer (PMDL) [18, 19]. Details are discussed in Appendix A.
Similar to the 1-D case, the domain is first divided to smaller subdomains. While it is
possible to partition the domain in any direction, we choose n horizontal slabs along the xaxis, represented by  j for j  1

n . The boundaries of  j are denoted by tj at the top and

bj at the bottom. We use subscripts t and b to represent the traces of variables at top and
bottom, respectively. The approximate solution is determined in two steps. First, the
downward propagating (along positive z-axis) wavefield ud, is computed. The wavefield is
then corrected by adding the upward (reflected) wavefield uu. Following the 1-D formulation
and without going into details, the sub-problems for downward and upward propagation om
jth slab can be formally written as:

 2udj 

2
c x

2

udj  f  x  for x   j ,

udj
 t j udj  2t j udj ,b1 on tj ,
n
udj
 t j 1udj  0 on bj ,
n

(2.23)

and

 2uuj 

2 j
u  0 for x   j ,
2 u
c x

uuj
 bj 1uuj  0 on tj ,
n
uuj
 bj uuj  2bj  udj ,t1  udj ,b  uuj,t 1  on bj .
n

(2.24)

The schematic for each sub-problem is presented in Figure 2.10 and Figure 2.11.

20

udj ,b1

u

j
d ,b



udj
 t j udj  2t j udj ,b1
z

2K aj ,t udj ,b1

2K tj,t u dj ,b1

udj
 t j 1udj  0
z

(a)

(b)

(c)

Figure 2.10. Downward propagating framework. a) sub-problem schematic, b) sub-problem
with approximate interface conditions, and c) discretized sub-problem.

uuj,t

udj ,t1  udj ,b  uuj,t 1

(a)



uuj
 bj 1uuj  0
z

uuj
2K bj,b  udj ,t1  udj ,b  uuj ,t1 
 bj uuj  2bj  udj ,t1  udj ,b  uuj,t 1 
z
2K j u j 1  u j  u j 1
a1 ,b

(b)



d ,t

d ,b

u ,t



(c)

Figure 2.11. Upward propagating framework. a) sub-problem schematic, b) sub-problem with
approximate interface conditions, and c) discretized sub-problem.

2.3.1 Matrix Formulation
Sub-problems in (2.23) and (2.24) are discretized using finite difference method or
finite element method. The first (downward propagating) subproblem results in the following
linear system:
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 Stj,t
 j
Sin ,t



Stj,in
Sinj ,in
Sbj ,in

 j

  u dj ,t  ft j  u d n tj 

   

Sinj ,b  u dj ,in   finj   
0
,
Sbj ,b   u dj ,b   0  u dj n j 

b 



(2.25)

where subscripts t, b, and in respectively denote top, bottom and interior grid points in the
discretization, S mj ,n are matrix components corresponding to finite difference or finite element
formulation, and f xj are external force vectors. At each step of the solution, the effect of
external forces is only applied on top and interior nodes. Thus, we do not need to consider
the external force on bottom boundary since it will be captured in next step of the solution.
The traction terms on the right hand side are determined by boundary conditions
given in Equation (2.23). These terms can be then approximated by a PML-like local
absorbing boundary condition discussed in Appendix A. Therefore, the traction at the bottom
interface can be approximated as (i.e. Equation (A.17))

u dj n j 
K tj,t 1 K tj,a11
b


 j 1


j 1
0

   K t ,a1 K a1 ,a1



0
K aj ,a11




  u dj ,b 


K aj1,1a  u dj ,ba1  ,


K aj ,a1   u dj ,ba 

(2.26)

in which udj ,ba1 is displacement vector corresponding to the auxiliary variables next to the
bottom interface, u dj ,ba are remaining auxiliary variables, and K mj ,1n are matrix elements to
approximate t j 1 (corresponding to the top boundary of next slab). The traction at the top is
similarly determined by approximating t j :
u dj n j   K j
t
t ,t



  j
0

  K t ,a1

 
0

 

K tj,a1
K aj1 ,a1
K aj ,a1

   u dj ,t  2  u dj ,t1  u dj ,b  uuj ,t1   
 
 
 
K aj1 ,a    u dj ,a1   
0
  , (2.27)

 

 
0
K aj ,a    u dj ,a  
 



where u dj ,ta1 and u dj ,ta are auxiliary variables for the top interface and K mj ,n are the
components of approximate half-space stiffness matching with the top of the current slab..
Substituting Equations (2.26) and (2.27) into Equation (2.25), we get
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 K aj ,a
 j
K a1 ,a










K aj ,a1
K aj1 ,a1

K aj1 ,t

K tj, a1

K tj,t  Stj,t

Stj,in

Sinj ,t

Sinj ,in
Sbj ,in

Sinj ,b
Sbj ,b  K tj,t 1

K

K tj,a11

j 1
t , a1

K aj1,1a1
K aj ,a11

uj 
0

  dj ,ta   0  
j
j 1 


  u d ,ta1 
2K a1 ,t u d ,b 
0
  j   j  
j
j 1
  u d ,t  ft   2K t ,t u d ,b 
  u dj ,in   finj   
0
.
 j    

0
  u d ,b   0  

j 1  u j
0





0
K a1 ,a  d ,ba1






j
0

K aj ,a1   u d ,ba   0  

(2.28)

Similar approach can be followed to get the linear system of equations for upward sweeping:
 K aj ,a1
 j 1
K a1 , a










K aj ,a11
K aj1,1a1

K aj1 ,b

K bj ,a11

K bj ,b1  Stj,t

Stj,in

Sinj ,t

Sinj ,in
Sbj ,in

Sinj ,b
Sbj ,b  K bj ,b
K

j
b , a1

K

j
b , a1

K aj1 , a1
K aj , a1

uj  
0

  uj ,ta  

0
  uu ,ta1  

 j  

0
u
  u ,t  

0
  u j  = 
,
  uj,in  
j
j 1
j
j 1

2
K
u

u

u
d ,b
u ,t 
  u u ,b   b ,b  d ,t

 j
K aj1 , a  uu ,ba1  2K aj1 ,b  u dj ,t1  u dj ,b  uuj ,t1  
 j  


K aj , a   uu ,ba  
0

(2.29)

where u uj ,ta1 , u uj ,ta , uuj ,ba1 , and u uj ,ba are auxiliary variables for upward propagation.
Schematics of matrix formulation are shown for downward and upward sweeping in Figure
2.10-c and Figure 2.11-c, respectively.

The algorithm is summarized below.
Algorithm 2.2: 2-D/3-D Problems
Step 1: Factorization of slab stiffness
1. for j = 1 to n (downward propagation)
a. Get interior stiffness in Equation (2.28): S mj ,n
b. Get approximate DtN maps: K mj ,n and K mj ,1n
c. Perform LU factorization of the matrix in Equation (2.28)
2. for j = n-1 to 1 (upward propagators)
a. Get interior stiffness in Equation (2.29)
b. Get approximate DtN maps: K mj ,1n and K mj ,n
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c. Perform LU factorization of the matrix in Equation (2.29)
Step 2: Determine approximate wavefield
3. for j = 1 to n (downward wavefield)
a. Compute force vector in Equation (2.28)
b. Solve the linear system for current slab to get u dj
4. for j = n-1 to 1 (upward wavefield)
a. Compute the incident wave at bottom interface u dj ,t1  u dj ,b  uuj ,t1
b. Compute force vector in Equation (2.29)
j
c. Solve the linear system for current slab to get u u

5. get approximate wave field u  ud  uu

2.4 Accuracy of the Proposed Method as a Solver
We test the accuracy of the proposed method for wave propagation in a 2-D medium
presented in Figure 2.12. The domain is discretized using a 200 × 200 mesh of dispersion
reducing finite elements [20]. The source is a Ricker pulse with central frequency of 20 Hz
positioned at center of the domain. We use 20 horizontal slabs with thickness of 10 elements
to get approximate solution, and DtN maps are approximated by 5 PMDL layers. The true
(full-wave equation) and approximate solutions are compared for the frequency of 20 Hz in
Figure 2.14. We also get the time-history of the wavefield by performing the analysis for
frequency range of 0.4 Hz to 100 Hz with the increment of 0.4 Hz. True and approximate
wavefields are compared in Figure 2.13. These results illustrates that the present method
yields a fairly accurate solution for the Helmholtz in the 2-D domain.
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Figure 2.12. Velocity model for wave propagation simulation.

(a)

(b)

Figure 2.13. Comparing of the wavefield at t  0.245 sec. a) true (full-wave) solution. b)
approximate solution.
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(a)

(b)

(c)

(d)

Figure 2.14. Comparing of the wavefield at frequency 20 Hz. a,b) real part of the solutions.
c,d) imaginary part of the solution.

2.5 Numerical Experiments
We demonstrate the performance of the proposed method as a preconditioner (similar to
Section 2.3) in various 2-D problems, and compare with the sweeping preconditioner. All the
tests are carried out on a quad-core 2.83 GHz computer.
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2.5.1 Wave Propagation in Unbounded Domain
In this test, we consider wave propagation in unbounded domains with two different
velocity variations:
1) Random velocity, uniformly distributed over the interval ranging from (0.7, 1.3)
(Figure 2.12-a).
2) A homogenous domain with c  0.75 with a circular inclusion of radius 0.1, centered
at (0.75,0.75), with c  1.25 (Figure 2.12-b).
Two different excitations are considered:
1) Point source located at the center of the domain.
2) Gaussian wave packet borrowed from [10]

 

f ( x, z )  exp 4  x  x0    z  z0 
2

2

 exp i  xd

x

 zd z   ,

(2.30)

where x0  z0  1 and d x  d z  1 .
8
2

(a)

(b)

Figure 2.15. Velocity model for numerical tests. a) random medium and b) domain with
inclusion.

2.5.1.1 Example 1: multiple frequencies
For this example, we target a relative error of 1e-6, and carry out the simulation for
multiple frequencies from 8 Hz to 256 Hz. The finite element discretization is chosen such
that there are at least 8 elements per wavelength. The horizontal slabs are taken to be 12
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elements thick, and the interface conditions are approximated using 5 PMDL layers with
equal complex lengths  2  2i   2 f  where f is the cyclic frequency. Table 2.2 and Table
2.3 show number of iterations required to reach the target error. We also report the time
required to factorize the preconditioner (Step 1 in Algorithm 2.2) and time needed for
GMRES solver in these tables. The wavefields are plotted in Figure 2.16 and Figure 2.17 for
the frequency of 32 Hz. Based on these results, we make the following observations:


The number of iterations is almost independent from frequency and mesh size,
which is a highly desirable quality of a preconditioner for Helmholtz Equation
[5].



The required time to factorize the preconditioner increases by factor of 4 when the
frequency and mesh size are doubled. This observation is consistent with Step 1 in
Algorithm 2.2 where standard LU factorization for sparse matrices is used. This
property is also reported in [10] for sweeping preconditioner.

Table 2.2. Results for unbounded domain with random velocity
Frequency
(Hz)

Unit load
T*setup

Iteration

T**solve

Gaussian Wave Packet
Iteration

T**solve

8
0.68
6
0.18
5
0.17
16
1.06
5
0.27
5
0.33
32
3.74
6
1.40
6
1.43
64
14.62
7
6.66
7
6.73
128
59.67
8
26.47
7
28.19
256
246.18
9
141.56
8
127.48
*
Tsetup (sec): time required to factorize the preconditioner (Step 1 in Algorithm 2.2)
**
Tsolve (sec): time required to solve GMRES for a single load
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(a)

(b)

(c)

(d)

Figure 2.16. Solution for unit load at frequency 32 Hz. a,b) random velocity, c,d) inclusion.

Table 2.3. Results for unbounded homogenous domain with inclusion
Unit load

Frequency
(Hz)

Tsetup

8
16
32
64
128
256

0.67
1.08
3.78
14.33
60.00
242.68

Gaussian Wave Packet

Iteration

Tsolve

Iteration

Tsolve

4
4
5
5
5
6

0.17
0.24
1.04
4.23
17.25
87.85

4
4
5
5
5
5

0.14
0.29
1.07
4.62
19.02
76.35
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(a)

(b)

(c)

(d)

Figure 2.17. Solution for Gaussian packet at frequency 32 Hz. a,b) random velocity, c,d)
inclusion.

2.5.1.2 Example 2: Effect of element size
In this example, we investigate the effect of element size on the convergence with the
proposed preconditioner. We analyze similar problems described in previous section for a
single frequency of 32 Hz, but with 8, 16, 32, and 64 elements per average wavelength. The
horizontal slabs are 12-element thick. The results are presented in Table 2.4 and

Table 2.5, which indicate that the number of iterations is almost independent of mesh
size. They also indicate that increasing number of slabs (subdomains) has negligible effect on
convergence rate.
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Table 2.4. Results for unbounded random velocity domain in single frequency 32 Hz
Number of
elements per
wavelength
8
16
32
64

Unit load

Number
of Slabs

Tsetup

22
43
86
171

3.74
15.41
60.85
243.21

Gaussian Wave Packet

Iteration

Tsolve

Iteration

Tsolve

6
6
6
6

1.40
6.19
24.80
101.11

6
6
6
6

1.43
6.11
24.24
101.45

Table 2.5. Results for unbounded homogenous domain with inclusion at single frequency 32
Hz
Number of
elements per
wavelength
8
16
32
64

Unit load

Number
of Slabs

Tsetup

22
43
86
171

3.78
15.00
59.95
244.67

Gaussian Wave Packet

Iteration

Tsolve

Iteration

Tsolve

5
5
5
5

1.04
4.60
18.96
86.83

5
5
5
5

1.14
4.71
21.14
89.26

2.5.2 Comparison with Sweeping Preconditioner
The performance of present method is compared with the sweeping preconditioner for
the random medium. We implemented this method is MATLAB and the code is optimized to
the same level as the proposed method. The external force is a unit load at the center of the
domain. The relative error tolerance for GMRES is 1e-6 and 8 elements per average
wavelength are used. The thickness of horizontal layers are 12 elements for both sweeping
preconditioner and proposed method. Other parameters remain unchanged from previous
experiments in Section 2.5.1. The results are given in Table 2.6 and Table 2.7. The GMRES
convergence rates are also plotted and compared for frequencies 16, 64, and 256 Hz in Figure
2.18 and Figure 2.19.
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These results clearly show the advantage of the proposed approach compared to
sweeping preconditioner. Figure 2.18 and Figure 2.19 show fast convergence of the present
method for both excitations. As stated in Table 2.6 and Table 2.7, the present method
requires more effort to setup the preconditioner due to the complexity of the approximation.
However, the total computational time is much shorter than sweeping preconditioner –
especially for the problems with multiple excitations or relatively high frequencies.

Table 2.6. Comparison of cost and performance for different preconditioners for random
velocity field
Sweeping Preconditioner
Frequency
(Hz)
Iteration Tsetup
Tsolve
Ttotal*

Present method
Iteration

Tsetup

Tsolve

Ttotal*

8
16
32
64
128
256

28
0.40
0.53
0.93
6
0.68
0.18
0.86
29
0.36
1.31
1.67
5
1.06
0.27
1.33
33
1.22
5.69
6.91
6
3.74
1.40
5.14
36
4.59
28.53
33.07
7
14.62
6.66
21.28
40
18.11 130.37 148.48
8
59.67 26.47
86.14
48
75.06 725.78 800.84
9
246.18 141.56 387.76
*
Ttotal (sec): time required to perform wave simulation for a single source

Table 2.7. Comparison of cost and performance for different preconditioners for velocity
field with inclusion
Sweeping Preconditioner
Frequency
(Hz)
Iteration Tsetup
Tsolve
Ttotal
8
16
32
64
128
256

30
31
32
34
41
60

0.44
0.36
1.21
4.49
17.92
74.45

0.56
1.39
5.20
26.10
133.69
940.25

1.00
1.75
6.41
30.59
151.61
1014.7

Present method
Iteration

Tsetup

Tsolve

Ttotal

4
4
5
5
5
6

0.67
1.08
3.78
14.33
60.00
242.68

0.17
0.24
1.04
4.23
17.25
87.85

0.84
1.32
4.82
18.56
77.25
330.53

32

Figure 2.18. GMRES convergence rate for random velocity field

Figure 2.19. GMRES convergence rate for inclusion velocity

Similar to the 1-D case, we compare the eigenvalue spectrum of the preconditioned
linear systems as another indication of GMRES convergence behavior. Figure 2.20 compares
the eigenvalue amplitudes for the sweeping preconditioner and the proposed method, for two
frequencies 8 and 16 Hz; only the largest and smallest 20 eigenvalues are shown. The
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eigenvalues are rather dispersed for the sweeping preconditioner, while they are clustered for
the proposed method, explaining the faster convergence of the proposed method.

Figure 2.20. Comparison of eigenvalue spectrum for sweeping preconditioner and the present
method for frequencies 8 and 16 Hz.

2.5.3 Bounded Domains with Different Boundary Conditions
The proposed preconditioner can be used for any configuration of boundary
conditions. In this section we study two typical problems: half-space with Neumann
boundary condition and a wave guide.
2.5.3.1 Example 1: half-space with Neumann boundary condition
In this example we consider a unit box with traction free boundary at z  0 .
Absorbing boundary conditions are applied on the other three sides. We consider both
random wave velocity and homogenous media with circular inclusion, used in first example.
The excitation is applied at the center of the surface, ( x  0.5, z  0 ). Other parameters are
the same as previous examples in Section 2.5.1. The convergence and computational cost are
presented in Table 2.8 and solutions are given in Figure 2.21. Similar to the previous
experiments with full space domains, the proposed method appears to work well for halfspace problems.
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Table 2.8. Comparison of cost and performance for half-space problem
Random Velocity
Frequency
(Hz)
Iteration Tsetup
Tsolve
8
16
32
64
128
256

7
6
7
7
8
8

Homogenous with inclusion
Ttotal

0.63
0.21
0.84
1.06
0.38
1.44
3.74
1.47
5.21
14.79
6.10
20.89
60.48 31.64 92.12
245.08 128.43 373.51

Iteration
5
5
5
5
6
7

Tsetup

Tsolve

0.72
0.17
1.05
0.28
3.71
1.24
14.64
5.18
60.60 21.95
244.23 103.37

(a)

(b)

(c)

(d)

Ttotal
0.89
1.33
4.95
18.82
92.95
347.60

Figure 2.21. Solution for half-space probelm at 32 Hz. a,b) real and imaginary parts for
random velocity. c,d) real and imaginary part for the inclusion model.
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2.5.3.2 Example 2: wave guide problem
We assume a homogenous wave guide in the z direction with c = 1.0, fixed on left
and right boundaries at x  0 and x  1 . A unit excitation is located at x  0.5 and z  0. We
try two different ways to partition the domain. In the first case, we divide the domain into
horizontal layers and apply preconditioner that consists are downward sweeping followed by
upward sweeping. In the second case, the domain is sliced into vertical layers and the
marching is performed horizontally from left to right, then right to left. 8 elements per
wavelength are used, and the layers are 12-elements thick for both cases. Other parameters
are similar to the examples in Section 2.5.1. The number of iterations and cost are compared
in Table 2.9 and Figure 2.23. As seen in these data, the direction of marching has significant
effect on convergence rate and cost of the preconditioner. In any wave guide problem, there
are standing waves between two fixed boundaries of the domain. The proposed method
cannot approximate these modes effectively and thus resulting in poor performance. This
numerical test clearly shows that for the wave guide problem the direction of marching must
be along the infinite side.

Table 2.9. Comparison of cost and performance for wave guide problem
Horizontal Blocks
Frequency
(Hz)
Iteration Tsetup
Tsolve
8
16
32
64
128
256

3
3
3
6
10
23

Vertical Blocks
Ttotal

0.53
0.16
0.69
0.88
0.19
1.07
3.38
0.88
4.26
13.54
5.39
18.93
56.49 39.70 96.19
231.68 371.31 602.99

Iteration
11
15
21
31
45
58

Tsetup

Tsolve

0.69
0.27
1.04
0.78
3.74
4.41
14.75 30.21
60.87 198.15
248.34 1101

Ttotal
0.96
1.82
8.15
44.96
259.02
1349
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(a)

(b)

Figure 2.22. Solution for wave guide at 32 Hz. a) real part and b) imaginary part

Figure 2.23. Comparison of GMRES convergence rate for wave guide problem

2.6 Summary
We developed a new preconditioner for the Helmholtz equation in heterogeneous
domains. The preconditioner is essentially an approximate solver for the wave equation
which ignores the effect of multiple reflections. The approach involves two ideas: (a)
partitioning the solution into down going wave considering only primary transmissions, and
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upcoming wave considering only primary reflections, and (b) sequentially solving for down
going and then upcoming wavefield, facilitated by special interface conditions that explicitly
neglect the multiple reflections. It is shown that such an approach preserves the amplitude
information for the large part (except for the multiples), and hence named amplitudepreserving propagator. This approximate solver, when viewed as a preconditioner, is a good
approximation of the inverse of the wave operator, at the same time, highly efficient due to
the sequential solution procedure. Indeed, the preconditioner is shown to be effective with
the help of extensive numerical examples, both in 1-D and 2-D. Specifically, we observe
three significant properties of the proposed preconditioner. First, number of iterations grows
very slowly with increasing frequency. Second, the discretization size and number of
subdomains do not change number of iterations. Third, and most importantly, the
computational time is significantly less than a similar preconditioner, namely the sweeping
preconditioner
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Chapter 3
Wave Equation Migration through AmplitudePreserving Propagators
ABSTARCT: Motivated by reducing computational cost of seismic migration, a new
method is developed to approximately solve acoustic wave equation in frequency domain.
The proposed approach divides the domain of interest into smaller subdomains and the
wavefield is computed by solving the subdomains sequentially using approximate interface
conditions. The computational effort associated with the proposed algorithm are comparable
to one-way wave equation, yet resulting in the wavefield with accurate amplitude, and hence
called the amplitude-preserving propagator. The proposed method is incorporated into
prestack depth migration framework, and tested using 2-D examples including steep dips and
the SEG/EAGE salt model. The resulting images are comparable in accuracy to more
computationally intensive migration based on full-wave equation. The amplitude-preserving
propagator is also implemented into the least-squares migration as an approximate solver; it
is observed that the approximation does not degrade the convergence rate when compared to
more expensive full-wave equation is used, indicating that the proposed approach is an
efficient alternative for migration imaging.

3.1 Introduction
Migration is a process to convert seismic reflection data into an image that describes
the structure of the subsurface, given a background velocity model. Migration methods can
be classified into three major groups: Kirchhoff migration [21, 22] , one-way-wave-equation
(OWWE) migration [23–25], and full-wave-equation migration such as reverse time
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migration (RTM) [26]. Kirchhoff methods are efficient migration algorithms that results in
accurate images for a simple velocity model. The effectiveness of Kirchhoff methods is
significantly reduced in domains with complex velocity model, but they are still useful in
performing target-oriented imaging. As indicated by the name, OWWE only allows wave
propagation in a specific direction – either downward or upward. OWWE-based migration
can handle complex velocity models efficiently but it is well known that they do not preserve
the amplitude of the wavefield [27] and they cannot handle multiples and turning waves,
resulting in images with incorrect amplitude [28]. The most accurate migration algorithms
are based on full-wave equation that enables accurate wave propagation in complex media.
The computational cost of full-wave simulation in frequency domain significantly limits its
application in large scale problems. More recently, a new migration method is developed
based on linearized least-squares optimization to minimize error between scatted wavefield
and measured data and get the scattering (reflectivity) model [28–32]. Such least-squares
migration enables high resolution imaging for complex structures, even in the presence of
noise or limited data set [31]. This method, however, requires multiple forward and migration
simulations at each iteration, leading to significant computational expense.
Migration is performed either in the time domain or in the frequency domain. Using a
proper subset of the frequency content, the frequency-domain migration can be
computationally more efficient than in the time-domain [33]. Frequency-domain computation
has multiple additional advantages. Numerical dispersion is more easily controlled in the
frequency domain (see e.g. [20]). Wave attenuation due to material damping is more
accurately modeled with the help of complex-valued wave velocity. The discretization can be
frequency dependent, leading to computational efficiency – a coarse grid can be used for
lower frequencies, while high-frequency analysis is performed using a fine discretization.
Despite these advantages, high-frequency wave simulation is still computationally
demanding process in large-scale seismic imaging. OWWEs provide efficient framework to
perform forward modeling in the frequency domain but they cannot preserve amplitude of
the wavefield, thus leading to incorrect reflectivity. An image with correct amplitude enables
an efficient way to build an accurate reflectivity or velocity model of the earth interior [34].
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It would be ideal to develop method that has the efficiency of OWWE as well as the accurate
amplitude predictability of full-wave equation.
In this paper, we propose a new migration algorithm based on an approximate wave
solver in frequency domain, which results in accurate image close to full-wave equation
method, while being computationally efficient, similar to OWWE. The proposed approach is
based on splitting the domain into horizontal slabs and then solving for the wavefield using a
two-step procedure. The first step involves computing the downgoing wavefield by solving
slabs sequentially from top to bottom (downward sweeping); the key here is the use of
special interface conditions that preserve the amplitude during transmission. In the second
step, the reflected wavefield due to the material discontinuities is back propagated by solving
slabs from bottom to top, again using special amplitude-preserving transmission conditions.
The idea of splitting the wavefield into upward and downward propagators is similar to
OWWEs, but the proposed method preserves wave amplitude and results in accurate yet
efficient migration algorithm for complex velocity models. Further, we show that the
proposed approach enables efficient least-squares migration with convergence rate similar to
that using full-wave equation.
This paper is organized as follows. In Section 3.2, the standard frameworks of
conventional prestack and least-square migration are briefly reviewed. Next, we present the
proposed approximate solver in Section 3.3. Section 3.4 illustrates the accuracy of the
proposed method as a forward solver using wave propagation simulations in a 2-D acoustic
medium. In Section 3.5, the effectiveness of the proposed method is demonstrated for both
conventional and least-squares migration using several synthetic examples. The paper is
concluded with a brief summary.
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3.2 Preliminaries
3.2.1 Migration Formalism
To simplify the discussion, we follow matrix (discrete) formulation for migration
analysis. The discretized wave equation is formally written as
S m u  f ,

(3.1)

where vector m contains the model parameters, f is the force vector and S is the discrete
wave operator based on finite difference or finite element formalism, which is a complexvalued matrix. The model is split into the background model, m0, and the scattering model,
ms. The migration is a procedure to determine scattering model for a given background
model. The migration formalism can be derived by minimizing the least-squares error
(misfit) between recorded data d, and synthetic wavefield u, at the location of receivers for
all sources and frequencies [29, 30].
For a given frequency and a source, the misfit function is defined as
u  Pu  d ,

(3.2)

where P is a projection operator to extract simulated wavefield at the location of receivers.
Assuming Born approximation, we can get the simulated wavefield using Taylor’s expansion
as
u  u0 

u
ms ,
m m0

(3.3)

where u 0 is the background wavefield corresponding to m 0 , i.e., S0u 0  f with S 0  S  m 0  .
u
term can be easily computed by taking derivative of Equation (3.1) with the respect to
m m0

m, evaluated at m 0 , resulting in:
u
S
 S01
u0 .
m m0
m m0

(3.4)

Combining Equations (3.2), (3.3) and (3.4), we get,
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u  m s   Lm s  Pu0  d ,

(3.5)

where L is the linearized forward modeling operator defined by
L  PS 01

S
u0 .
m m0

(3.6)

The migration image is a scattering model that minimizes norm of above misfit
function in a vicinity of the background model. When the L2 norm is minimized, the
migration procedure is referred to as least-squares migration. In this context, the misfit
function can equivalently be defined as the quadratic form:

E ms  

1
†
 Lm s  Pu 0  d   Lm s  Pu 0  d  ,
2

(3.7)

where † denotes conjugate transpose. Expanding Equation (3.7), we get

1
E  m s   E0  m sT g  m sT Hm s ,
2

(3.8)

where T denotes transposition (since ms is real), E0 is a constant given by
E0 

1
†
 Pu 0  d   Pu 0  d  .
2

(3.9)

g and H are respectively the first derivative (gradient vector) and the second derivative
(Hessian matrix) of error function E:

g  L†  Pu0  d  ,

(3.10)

H  L†L ,

(3.11)

where  denotes the real part and L† is adjoint operator which is also called migration
operator.
Considering that the first derivative of Equation (3.8) is zero at the minimum, we get

ms  H1g ,

(3.12)

where it is assumed that Hessian matrix is invertible. Substituting gradient and Hessian
matrix in Equation (3.12), the migration image can be determined by solving following
normal equation
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ms  L†L L†  Pu0  d  .
1

(3.13)

Note that Equation (3.13) is the basis of the least-squares migration which has already been
proposed in the literature. More details can be found, e.g. in [28, 31, 32].
3.2.2 Migration Computation and Algorithm
Substituting Equation (3.6) in (3.10), that the gradient vector can be written as:

 S†
g   u†0
 m

m0


v ,


(3.14)

where,
v   S†0 

1

 P d  Pu  .
T

0

(3.15)

Assuming that the background model is smooth and causes no reflections at the receiver
location, d  Pu 0 is the recorded data after removing the direct arrivals (this is the standard
practice in conventional migration). Thus, v in Equation (3.15) is back-propagated wavefield
for the recorded data. The gradient g in Equation (3.14) is the cross-correlation between
forward propagating wavefield u0 and back-propagated v, which is equivalent to the imaging
principle in the conventional prestack depth migration methods (see e.g. [28]). The algorithm
can be summarized as follows:

Algorithm 3.1: Conventional Prestack Depth Migration
For all frequencies and sources, repeat the following steps:
1. Compute the forward propagating wavefield u0 using Equation (3.1).
2. Compute the back propagated wavefield v using Equation (3.15).
3. Compute the cross-correlation in Equation (3.14) for two signals u0 and v.
The migration result, the image, is the summation of the cross-correlation over all
frequencies and sources. The quality of the image can be increased by normalizing the image
with auto-correlation of forward propagating wavefield u0 [35].
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The conventional migration method provides accurate images for simple subsurface
structures, but their effectiveness is significantly reduced for complex velocity models (see
e.g. [28, 31]). The Hessian matrix in Equation (3.11) is an illuminator operator that increases
the accuracy of the subsurface image within depth and leads to the true-amplitude migration
algorithm. However, computing the full Hessian matrix is practically impossible for large
scale problems. Therefore, an iterative scheme must be used to perform least-squares
minimization. We can write the iterative solution for kth iteration as
mks 1  mks    Mk  g k ,
1

(3.16)

where Mk is an approximate of Hessian at current iteration, α is the step size, gk is current
gradient vector given by





g k   L†  Lmks  Pu0  d  .

(3.17)

Several methods exist for determining approximate Hessian and step size. In this
paper, we consider the BFGS method with line search. As well known, the BFGS method
approximates Hessian from the previous step through rank-one approximation [36–39]:

M

k 1

M 
k

yk yk
y k sk

T

T

T



Mk sk sk Mk
T

sk Mk sk

,

(3.18)

where

sk  mks 1  mks , y k  gk 1  g k .

(3.19)

M0 is the identity matrix. Step size is determined by a cubic line search algorithm
accompanied by Wolfe conditions to ensure sufficient reduction in error function and its
gradient [40]. An alternative approach to solve Equation (3.16) is preconditioned Conjugate
Gradient (CG) method, but is not considered in this paper. We now summarize the leastsquares migration algorithm used in this paper:

Algorithm 3.2: Least-squares Depth Migration
For all frequencies, repeat the following steps:
1. Compute the forward propagating wavefield u0 using Equation (3.1) for all sources.
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2. Minimize least-squares error in Equation (3.7) iteratively using the BFGS algorithm
over all frequencies and shots. At each iteration of BFGS, following steps must be
performed
a. Compute gradient vector in Equation (3.17) by solving one forward
simulation and one back-propagation simulation – corresponding to L and

L† , respectively.
b. Get step size using cubic line search and update the model.
c. Update the Hessian approximation using Equation (3.18)
d. Repeat above steps until convergence or reaching maximum number of
iterations.

3.3 Approximate Solver
In the migration algorithms discussed in Section 3.2, several forward simulations are
required. In the case of conventional migration, the solutions of two wave simulations are
required: one for forward modeling of sources (i.e. u0), and one for back-propagation of the
data (i.e. v). At each iteration of the least-squares migration, the solutions of the four wave
simulations must be performed: one for forward operator L and one for adjoint operator L† ,
and two additional forward simulations to perform cubic line search.
If the LU factorization of S can be stored, these simulations can be performed quickly
without significant computational cost. However, performing and storing LU factorization is
impractical for large scale problems in geophysical imaging. As mentioned in Section 3.1,
another approach is to use special class of wave equation called one-way wave equations
(OWWE) [23–25]. As the name indicates, OWWE allows the wavefield propagating only in
a specific direction, e.g. downward or upward. Although OWWE is a favored method for
migration computation in the frequency domain, their application is limited due to the two
main reasons. First, the OWWE does not preserve the wave amplitude [27], resulting in
inaccuracies in imaging large depths. Secondly, the accuracy of the image decreases in
complex structures due to the lack of reflected wavefield in OWWE calculation [34]. In this
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study, we propose an alternative method that is computationally comparable to classical
OWWE, but has increased accuracy in amplitude. The details are discussed in the remainder
of this section.
3.3.1 Model Problem
To simplify the discussion, the forward problem is modeled using time-harmonic
acoustic wave equation (Helmholtz equation)
 u 
2

2
c2

 f

for  x, z    ,

(3.20)

where u is the scalar wavefield, ω is the temporal frequency and c(x,z) is the wave velocity
within the domain of interest Ω. Absorbing boundary condition (ABC) is considered at the
boundaries



u
 u on  ,
n

(3.21)

where n is a unit vector perpendicular to the boundary and λ is the Dirichlet-to-Neumann
(DtN) map, which is essentially the half-space stiffness. For instance on the boundary
parallel to x-axis, the exact half-space stiffness is formally written as,

2  2
  i

x 2 c 2

.

(3.22)

The above operator is nonlocal and computationally expensive, and is often approximated.
Approximate ABCs are typically classified into two categories, the first class based on
rational approximations (see e.g. [13–15]), and the second related to perfectly matched layers
[16, 17]. Recently, these classes are shown to be linked [41], and the resulting ABC, called
perfectly matched discrete layers (PMDL, [18, 19]), inherits the respective advantages of the
two ABCs. In this paper, we adopt the PMDL as the ABC of choice, where the half-space is
simply discretized using mid-point integrated complex finite element layers. As explained in
the following sections, ABCs are key ingredients of the proposed method, and it should be
emphasized that the PMDL is just one of the many choices that can be used as part of the
framework.
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3.3.2 Methodology
The basic idea is to split the wavefield into downward propagating component ud and
upward propagating component uu, and approximate each of them by ignoring multiple
reflections. Thus, ud is the downward propagating wavefield obtained by proper transmission
of amplitude across material interfaces, while uu is the upward propagating wavefield
resulting from primary reflections at the same interfaces. With such an approximation, ud can
be solved sequentially from top of the domain to the bottom. uu can then be solved from the
bottom of the domain to the top. A critical aspect of this procedure is to accurately compute
the transmission and reflection amplitudes. In what follows, we present the mathematical
framework for solving for both ud and uu.
To facilitate sequential solution, the domain of interest Ω is divided into horizontal
slabs  j (for j = 1 to n starts from the top to the bottom) as illustrated in Figure 3.1. The
horizontal boundaries of  j are denoted by tj at the top and bj at the bottom. We use the
superscript j to represent entities associated with  j , and subscripts t and b to represent the
traces of variables at the top and the bottom respectively. Following boundary conditions are
applicable for the jth slab
j 1
b

ut  u
j

,

ubj  utj 1 ,

u j
z
u
z

tj
j

u j 1

z


bj

,
bj 1

(3.23)

j 1

u
z

.
tj 1

The equations in (3.23) represent continuity of wavefield and traction across the interfaces
and cause the solution to be coupled across all the slabs. The basic idea of the proposed
method is to approximate the interface conditions (3.23) that relaxes the coupling and
facilitates sequential solution. This idea is not new, and in fact the basis for traditional
OWWE [42]. The key difference is that the proposed method pays attention to preserving
amplitude while propagating across material interfaces.
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The proposed method is performed in two steps: First the downward propagating
wavefield ud, is computed considering only downward transmission at the interfaces. The
wavefield is then corrected by adding the upward propagating wavefield uu, resulting from
primary reflections at all the interfaces. The details are discussed below.

Figure 3.1. Horizontal slabs as analysis subdomains

3.3.3 Downward Propagating Wavefield
The downward propagating wavefield ud is determined by solving the sub problems
from top to bottom starting with the first slab. Thus, we compute the wavefield in jth slab,
from the wavefield in j-1th slab. This is achieved by applying the following conditions:
1. The incoming wavefield from j-1th slab must be propagated into the current slab
without any reflection at the top interface.
2. The change in material properties (e.g. wave velocity) must be considered to get
accurate transmission of the wavefield at the bottom interface (and reflection, which
will be used for upward propagation in the next section).
Condition 1 is enforced by adding a half-space at the top interface, with materials properties
matching with the top boundary tj . Condition 2 is enforced by adding another half-space at
the bottom interface, but with material properties consistent with top boundary of next slab
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tj 1 (to obtain the appropriate reflection and transmission at the interface). Note that if the
half-space is matched with the bottom boundary of current slab bj , there will be no reflection
and the transmission will be inaccurate, and we would not get the desired downward
propagating wavefield.
Mathematically, attaching the bottom half-space translates to
udj
 t j 1udj  0 on bj ,
z

(3.24)

where t j 1 is the stiffness of half-space matching with the top of the next slab. This is in
contrast with the bottom interface conditions in (3.23) – we no longer need the solution of the
bottom slab to obtain the solution in the current slab, which is appropriate given that we are
focusing only on downward propagating wavefield.
The boundary condition at the top is slightly more involved; in addition to attaching a
half-space, we have incident wave coming from the previous slab, which is the downward
propagating wavefield at the bottom boundary of previous slab bj 1 . The top half-space can
be modeled using half-space stiffness as in Equation (3.24), while the incident wave is
modeled using standard scattering formalism [12]



ud
z

 t j udj ,t  
tj

udj 1
z

 t j udj ,b1 .

(3.25)

bj 1

Using Equation (3.24) from the previous slab, we have

udj 1
 t j udj ,b1 ,
z  j1

(3.26)

udj

 t j udj  2t j udj ,b1 on tj .
z

(3.27)

b

and Equation (3.25) simplifies to:

In summary, the downward propagating wavefield is solved using the local boundary value
problem:
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u 
j
d

2
c  x, z 

2

udj  f  x, z  in  j ,

u
 t j udj  2t j udj ,b1 on tj ,
z
udj
 t j 1udj  0 on bj ,
z



j
d

(3.28)

where j = 1...n and udj ,b1 is the downgoing wavefield on bj 1 computed in j-1th slab and zero
for

j = 1. Figure 3.2-b illustrates the framework for setting of this boundary value problem.

3.3.4 Upward Propagating Wavefield
The body force and material discontinuities cause upward propagating wavefield that
must be added to the downward propagating wavefield – upward propagation step discussed
in this section essentially captures this effect of primary reflections and external forces. In the
absence of external forces, the reflection is simply the difference between the transmitted
wave (downward propagating wavefield at the top of j+1th slab, udj ,t1 ) and the incident wave
(downward propagating wavefield at the bottom of jth slab, udj ,b ). This reflected wavefield
should be added to the upward propagating wavefield uuj,t 1 from the bottom slab to obtain the
total upward incident wave field for jth slab:
udj ,t1  udj ,b  uuj,t 1 .

(3.29)

When we consider the effects of body forces, uuj,t 1 is the combination of the
transmitted wavefield as well as the upward propagating wavefield due to the body forces in
j+1th slab. Thus, the difference udj ,t1  udj ,b , in this case, is the combination of reflected
wavefield and upward propagating wavefield due to body forces. Since the effect of body
forces on upward propagating wavefield is already captured through this term, we no longer
need to consider the source term explicitly. Hence, we use the term in Equation (3.29) for the
upward incident wavefield and explicitly make the body force zero.
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Once the incident wavefield is determined according to Equation (3.29), the solution
procedure is similar to the previous section. Following Equation (3.28), the upward
propagating subproblem for slab j is formally written as:

uuj 

2
u j  0 for  x, z    j ,
2 u
c  x, z 

uuj
 bj 1uuj  0 on tj ,
z
uuj
 bj uuj  2bj  udj ,t1  udj ,b  uuj,t 1  on bj .
z



(3.30)

We emphasize that the external body force is zero for upward sweeping since its effects are
already considered as part of the upward incident wavefield in the scattering boundary
condition. The schematic is shown in Figure 3.3-b.
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udj ,b1

u

j
d ,b



udj
 t j udj  2t j udj ,b1
z

2K aj ,t udj ,b1

2K tj,t u dj ,b1

udj
 t j 1udj  0
z

(a)

(b)

(c)

Figure 3.2. Downward propagating framework. a) slab schematic, b) sub-problem with
approximate interface conditions, and c) discretized sub-problem.

uuj,t

udj ,t1  udj ,b  uuj,t 1

(a)



uuj
 bj 1uuj  0
z

uuj
2K bj,b  udj ,t1  udj ,b  uuj ,t1 
 bj uuj  2bj  udj ,t1  udj ,b  uuj,t 1 
z
2K j u j 1  u j  u j 1
a1 ,b

(b)



d ,t

d ,b

u ,t



(c)

Figure 3.3. Upward propagating framework. a) slab schematic, b) subproblem with
approximate interface conditions, and c) discretized subproblem.
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3.3.5 Matrix Formulation and Algorithm
Problem sets (3.28) and (3.30) can be solved using finite difference or finite element
methods resulting in a system of algebraic equations. We simplify the matrix formulation by
partitioning the nodes (degree of freedoms) into three groups: the top interface nodes, the
interior nodes and bottom interface nodes which are denoted by subscripts t, in, and b,
respectively. Therefore, the discrete wave equation corresponding to jth slab in downward
propagation becomes:
 Stj,t
 j
Sin ,t



Stj,in
Sinj ,in
Sbj ,in

j


  u dj ,t  ft j  u d z tj 

   

Sinj ,b  u dj ,in   finj   
0
,
u j   0  

j
Sbj ,b  
d ,b 
   u d z  j 
b 


(3.31)

where Sm,n are stiffness corresponding to different degree of freedoms. At each step of the
solution, the effect of external forces is only applied on top and interior nodes. Thus, we do
not need to consider the external forces on bottom boundary since they will be captured in
the next slab. Next step is to approximate the interface conditions and add them to slab
stiffness. DtN maps ( t j , t j 1 , bj , bj 1 ) can be approximated using any local absorbing
boundary conditions, e.g. rational ABCs, PML or PMDL (see Appendix A). Thus, the
approximate traction on the bottom boundary bj becomes (Equation (A.17))
u dj z j 
K tj,t 1
b


 j 1


0

   K t ,a1



0






K tj,a11
K aj1,1a1
K aj ,a11

  u dj ,b 


K aj1,1a  u dj ,ba1  ,


K aj ,a1   u dj ,ba 

(3.32)

in which udj ,ba1 is displacement vector corresponding to the auxiliary variables next to the
bottom interface, u dj ,ba are remaining auxiliary variables, and K mj ,1n are the sub-matrices of
approximate half-space stiffness matching with the top of the next slab. Similarly, traction on
the top boundary is approximated by
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u dj z j   K j
t
t ,t
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0
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   u dj ,t  2  u dj ,t1  u dj ,b  uuj ,t1   

 
 
 
K aj1 ,a    u dj ,ta1   
0
  , (3.33)
 

 
0
K aj ,a    u dj ,ta  
 




K tj,a1
K aj1 ,a1
K aj ,a1

where u dj ,ta1 and u dj ,ta are auxiliary variables for the top interface and K mj ,n are the submatrices of approximate half-space stiffness matching with the top of the current slab.
Substituting Equations (3.32) and (3.33), we get following downward sweeping discrete
equation
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K tj, a1

K tj,t  Stj,t

Stj,in
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(3.34)

Similar approach can be followed to get linear system of equations for upward sweeping,
resulting in
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j 1
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K aj1 , a  uu ,ba1  2K aj1 ,b  u dj ,t1  u dj ,b  uuj ,t1  
 j  


K aj , a   uu ,ba  
0

(3.35)

where u uj ,ta1 , u uj ,ta , uuj ,ba1 , and u uj ,ba are auxiliary variables for upward propagation.
Schematics of matrix formulation are shown for downward and upward sweeping in Figure
3.2-c and Figure 3.3-c, respectively.
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3.4 Numerical Illustration of the Proposed Solver
We demonstrate the accuracy of the proposed approximation using 2-D wave
propagation simulation with velocity model shown in Figure 3.4 . The excitation force is a
point Ricker pulse located at (x = 0.5 km, z = 0 km) with central frequency of 20 Hz. For fullwave equation modeling, the domain of interest is discretized using a 200 × 200 finite
element mesh, while we use 20 horizontal slabs with thickness of 10 finite element layers.
The modified integration rule proposed in [20] are used to reduce numerical dispersion error.
The stiffness of half-space is approximated using 5 PMDL layers. We perform timeharmonic simulation for the frequency range between 0.4 to 100 Hz with the increment of 0.4
Hz and then time histories are computed using inverse Fourier transform.
Figure 3.5 shows snapshots of the wavefield from full-wave equation and the
proposed method. This comparison clearly shows that the proposed double-sweeping method
results in a very good approximation of the exact wavefield. We note that the doublesweeping simulation requires only 30% of the computational time of full-wave equation (2.6
seconds, as opposed to 9 seconds for a single-frequency, on a desktop computer with 2.83
GHz quad-core CPU). The result from single downward-sweep algorithm is also shown in
Figure 3.5-b; as expected the method captures the downward propagation while preserving
the amplitude, while the upward sweep adds to the solution the important primary reflections.
While it would be beneficial to capture all the multiples, we feel that capturing the primary
reflections is sufficient for the purposes of migration, as illustrated in the next section.
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Figure 3.4. Velocity model for wave propagation simulation.

(a)

(b)

(c)

Figure 3.5. Comparison of the wavefields at t = 0.6 sec. a) full-wave simulation b) only
downward sweeping and c) proposed method (double sweeping).
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3.5 Migration Examples
3.5.1 Conventional Migration: Dipping Reflector
We test the accuracy of the proposed method by performing series of migration
analyses for dipping reflectors at three different angles: 40, 60, 80 degree, respectively. The
data acquisition is based on 75 sources uniformly distributed between 1 and 4 km. The
excitation is chosen as Ricker pulse with central frequency of 15 Hz. 50 receivers are used
per shot with 20 m spacing with largest offset of 1000 m. The synthetic data is computed
using a frequency-domain finite element method. The domain is discretized using a 100 ×
200 finite element mesh. The direct arrivals are removed before performing migration
analysis. The migration is carried out for frequency range of 5 to 25 Hz with a 0.125 Hz
increment.
Conventional pre-stack migration is carried out using five different methods: (a) fullwave equation that captures all the multiples and hence considered the reference solution, (b)
downward sweeping using the proposed approach in Section 3.3.3, (c) double sweep
(downward sweeping followed by upward sweeping described in Section 3.3.4), (d) one-way
wave equation (OWWE) modeling (using arbitrary wide-angle wave equations proposed in
[43], where the one-way propagator is a composite system of a single finite element layer and
a half-space represented by 5 complex layers – the details can be found in [42]), (e) modified
OWWE implementation where the single finite element layer is replaced by a thick slab
containing several finite element layers (five finite element layers are chosen in this
example). The migration images are presented in Figure 3.6 to Figure 3.8 for 40, 60 and 80
degree dips, respectively. Comparing the migration images with reference solution from fullwave equation, we make the following observations:


As expected, the wide-angle OWWE migration determines the reflector geometry
accurately, but does not provides correct reflectivity (amplitude of the image).
Specifically, OWWE loses its effectiveness when the dipping reflector angle is
high, as shown for 80-degree dip (this is not due to lack of accuracy at high
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propagation angles; the OWWE used here is essentially accurate up to
propagation angle of 88 degrees). Modified OWWE (with thick slab) improves
the image quality, but the image amplitude is still not as accurate as full-wave
analysis.


The proposed approach, on the other hand, provides sharp images and its
accuracy is not diminished for large dip angles. The proposed method yields
images with both correct amplitude and geometry which are nearly
indistinguishable from full-wave simulation.



The downward sweeping algorithm is very similar to OWWE-based methods in
both efficiency and implementation; there is no upcoming (reflection) wavefield
in either method. Therefore, downward sweeping can be considered an amplitudepreserving OWWE that provides an efficient and accurate framework for
conventional migration.
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(a)

(b)

(c)

(d)

(e)
(f)
Figure 3.6. 40-degree dipping reflector: a) velocity model, migration results from b) fullwave equation, c) standard one-way wave equation, d) modified one-way wave equation, e)
downward sweeping, and f) double sweeping.
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 3.7. 60-degree dipping reflector: a) velocity model, migration results from b) fullwave equation, c) standard one-way wave equation, d) modified one-way wave equation, e)
downward sweeping, and f) double sweeping.
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 3.8. 80-degree dipping reflector: a) velocity model, migration results from b) fullwave equation, c) standard one-way wave equation, d) modified one-way wave equation, e)
downward sweeping, and f) double sweeping.
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3.5.2 Conventional Migration: SEG/EAGE Salt Model
The second example for classical migration is a slice of SEG/EAGE salt model. The
velocity model is shown in Figure 3.9. The shots are uniformly distributed on the surface
with a spacing of 40 m (a total of 247 shots). The data acquisition is carried out using
receivers at 20 m spacing with longest offset of 2.5 km, resulting in 167 receivers per shot.
The finite element mesh is 200 × 675 with modified integration to reduce numerical
dispersion [20]. The migration is carried out for the frequency range of 5 to 25 Hz with a
0.125 Hz interval. The thickness of horizontal subdomains is chosen to be 10 elements,
resulting in a total of 20 layers. We use full-wave, standard and modified OWWE, downward
sweeping and double sweeping to get migration images. The results are presented in Figure
3.10 to Figure 3.14. Similar to the previous example, OWWE and modified OWWE do not
capture correct amplitudes, resulting in images with incorrect reflectivity. Additionally the
image from modified OWWE has artifacts associated with large discontinuities in velocity
combined with multiple reflections (see marked sections in Figure 3.12). On the other hand,
the migration results from the proposed methods are significantly better, with the result from
double-sweeping very close to the reference solution from full-wave equation.

Figure 3.9. A slice of SEG/EAGE salt model.
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Figure 3.10. Full-wave migration of SEG/EAGE salt model.

Figure 3.11. Standard one-way migration of SEG/EAGE salt model.

Figure 3.12. Modified one-way migration of SEG/EAGE salt model.
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Figure 3.13. Downward sweeping migration of SEG/EAGE salt model.

Figure 3.14. Double sweeping migration of SEG/EAGE salt model.

3.5.3 Least-Squares Migration: Marmousi Model
The efficiency of the proposed method is also tested for least-squares migration using
a small part of the Marmousi model shown in Figure 3.15-a. This small domain enables to
quickly test the proposed method in various scenarios. The domain is discretized by 100 ×
100 mesh and data acquisition is performed by 49 shots distributed uniformly on the surface
with spacing of 50 m. The source excitation is Ricker pulse with central frequency of 15 Hz.
We consider 40 receivers per shot with maximum offset of 1 km. We use a smoothed version
of the velocity model shown in Figure 3.15-b to perform the migration. The difference
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between true and smoothed velocity models, i.e. the scattering model or the ideal image, is
also shown in Figure 3.15-c.

(a)

(b)

(c)

(d)

Figure 3.15. Velocity model for least squares migration: a) a part of Marmousi model, b)
smoothed velocity model, c) scattering velocity model, d) standard migration image.

The conventional migration is first carried out for the frequency range of 5 to 25 Hz
with the increment of the 0.125 Hz for a total of 161 frequencies. The wave simulation is
performed using full-wave acoustic equation and the resulting image is shown in Figure 3.15d, clearly illustrating failure of classical migration to correctly image of the scattered velocity
model.
The least-squares migration is carried out for this example using Algorithm 3.2 using
21 frequencies between 5 to 25 Hz. We first use full-wave equation for L and L† operators to
obtain the reference solution shown in Figure 3.16-a (after 20 iterations), which is
significantly better than the image from conventional migration shown in Figure 3.15-d; the
blurriness of the image is likely the result of the frequency range chosen for computational
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tractability. To test the effectiveness of the proposed approximate solution procedure, we
perform least-squares migration with proposed double sweeping algorithm. The resulting
image after 20 iterations is shown in Figure 3.16-b, which is very close the reference solution
obtained from the full-wave equation. The convergence behavior is shown in Figure 3.17,
which reinforces that the proposed approximation does not alter the accuracy of least-squares
migration. The main advantage of the proposed method is the computational efficiency
gained due to sweeping solution of the Helmholtz equation, especially for large-scale
problems.

(a)

(b)
Figure 3.16. Least square migration results: a) BFGS with full-wave after 20 iterations, b)
BGFS with double sweeping after 20 iterations
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Figure 3.17. Comparing of convergence rate for different methods.

3.6 Summary
We develop an approximate sequential solver for the wave equation in the frequency domain,
and utilize it to reduce the computational cost of pre-stack depth migration as well as leastsquares migration. The basic idea of the proposed solver is to split the domain into smaller
horizontal slabs and solve separately for downgoing and upcoming wavefields. Such a
separation and sequential solution is made possible by approximating the interface conditions
between the slabs by neglecting multiples, while preserving the amplitudes of primary
reflections and transmissions. The accuracy in amplitude led to naming the proposed
technique the amplitude-preserving propagator. The downward propagating wavefield is first
computed by solving slabs from top to bottom, followed by the solution of primary
reflections and other upward propagating waves from bottom to top. The proposed
approximation significantly reduces the computational cost of pre-stack depth migration, and
results in geometrically accurate images with amplitudes comparable to that from full-wave
equation. The method is also adopted into least-squares migration framework and it is shown
that the convergence behavior is similar to migration using full-wave equation, thus resulting
in increased efficiency of migration imaging.
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Chapter 4
Full Waveform Inversion through AmplitudePreserving Propagators
ABSTARCT: An efficient method is developed to accurately approximate the gradient and
Hessian for full waveform inversion. The key idea is an approximate solver, which divides
the domain of the interest into smaller horizontals subdomains and sequentially solves for
upward and downward wavefields in each of the subdomains. The sequential solution is
facilitated by approximating the continuity conditions that suppress the multiples, thus
relaxing long-range coupling between the subdomains. We observe that such an
approximation does not change the convergence rate of full waveform inversion, and the
results are almost the same as those from full-wave equation, while being significantly more
efficient.

4.1 Introduction
Building an accurate velocity model is still a challenging and critical step in seismic
imaging. Full waveform inversion (FWI) is an automatic but computationally challenging
data-fitting process to determine the velocity model. FWI is a local optimization procedure
that minimizes the misfit between recorded data and synthetic wavefield at the location of
receivers [29, 30]. Similar to all local optimization procedures, good estimates of gradient
and Hessian operators are required at each iteration of nonlinear minimization, which require
a large number of forward simulations. Although recent advances in high-performance
computing make the application of FWI in seismic imaging settings feasible, more efficient
methods are still required to reduce its computational cost.
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FWI formulation involves three main steps: computing the misfit (residual) function,
estimating the gradient, and inverting Hessian matrix to get the descent direction. The
residual is computed by solving the full-wave equation for all sources and then calculating
the difference between computed wavefield and recorded data at the location of receivers.
The second step involves estimating the gradient with the respect to the model parameters
which is computed by cross-correlating the forward-propagated source wavefield and backpropagated misfit (residual) wavefield [29, 30]. The back-propagation requires an additional
simulation with the excitation located at receivers.
The third and the most important step involves determining the descent direction by
inverting Hessian matrix. Building full Hessian matrix is impractical in large-scale seismic
imaging problems since it requires numerous forward simulations [44]. Over the past three
decades, different methods have been proposed to approximate Hessian matrix in large-scale
problems. The first group of methods are so-called steepest descent methods where the
Hessian is approximated by a scalar, which is the inverse of the step length determined using
a line-search algorithm. Vigh et al. [45] use a parabolic interpolation scheme to accurately
compute the step lengths in seismic inversion problems, which requires two additional
forward wave simulations per source. Steepest descent methods show poor convergence rate
in complex seismic imaging [44]; the convergence is sometimes be improved by scaling the
gradient vector by diagonal elements of the Hessian matrix [46].
The second class of the methods is known as quasi-Newton methods, where the
Hessian or its inverse is approximated in a way that facilitates efficient computation. An
effective quasi-Newton method is the BFGS method which iteratively approximates the
current Hessian as a rank-one modification of the approximate Hessian in the previous
iteration [36–39]. Limited-memory BFGS (L-BFGS) is an alternative implementation of this
method which is specifically designed to perform large-scale nonlinear least-squares
optimization. The most effective and computationally demanding inverse algorithms are
based on Newton methods. For large-scale problems, the Newton step is inexactly solved,
e.g. using a matrix-free conjugate gradient (CG) method, hence called inexact Newton
methods (see e.g. [47, 48] for the application to FWI). Each iteration of matrix-free CG
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method involves the application of Hessian matrix on a vector, which requires two forward
simulations [49]. The efficiency of the CG method can be increased by applying a
preconditioner to Hessian matrix. Demanet et al. [50] propose an effective preconditioner for
the wave-equation Hessian based on randomized matrix probing, while Epanomeritakis et al.
[47] use L-BFGS as a preconditioner for the CG algorithm. FWI based on inexact Newton
method needs numerous wave simulations at each iteration. Therefore, an efficient forward
modeling algorithm is a necessity for FWI.
Forward wave simulations can be done either in the time-domain (usually explicit
time stepping) or in the frequency-domain. Frequency-domain computations can be
advantageous in exploiting the multiscale nature of FWI, where smooth parts of the velocity
are obtained using low-frequency inversion, while the high-frequency simulations can be
used for inverting finer features of velocity model [51]; Although it is possible to implement
a multi-scale scheme in the time domain (see e.g. [52]), it is more natural to implement FWI
in the frequency domain where the analysis can be carried out separately for each frequency.
Frequency-domain computation has multiple additional advantages. Numerical dispersion is
more easily controlled in the frequency domain (see e.g. [20]). Wave attenuation due to
material damping is more accurately modeled with the help of complex-valued wave
velocity. The discretization can be frequency dependent, leading to computational efficiency
– a coarse grid can be used for lower frequencies, while high-frequency analysis is performed
using a fine discretization. Despite these advantages, high-frequency wave simulation is still
computationally demanding process in large-scale seismic imaging. One-way wave equations
(OWWE) provide efficient framework to perform forward modeling in the frequency domain
but they do not preserve amplitude information, which is important for fast convergence of
FWI. It would be ideal to develop a method that has the efficiency of OWWE as well as the
accurate amplitude predictability of full-wave equation.
In this study, we propose a novel approach, named amplitude preserving propagator,
to approximately solve acoustic wave equation in the frequency domain that resembles
OWWE yet attains accurate transmission of the amplitude. The method involves partitioning
the domain into smaller subdomains and solving each subdomain sequentially, which is

71

facilitated by special interface (continuity) conditions. The resulting solver is then used to
estimate the gradient vector and the Hessian matrix in FWI framework. We show that the
convergence rate of FWI remains unchanged when the proposed approximation is used, thus
leading to overall efficiency increase.
The outline of the paper is as follows. In Section 4.2, the FWI formalism is reviewed
for frequency-domain analysis. We present the proposed amplitude-preserving propagators in
Section 4.3. Section 4.4 contains synthetic examples illustrating the effectiveness of the
proposed method. Some concluding remarks are presented in Section 4.5.

4.2 Preliminaries
4.2.1 Full Waveform Inversion
We use the discrete (matrix) formalism of FWI outlined in [44] (the reader is referred
to [53] for more comprehensive discussion on FWI formalism). The discretized wave
equation is written by,

Su  f ,

(4.1)

where S is N×N discrete wave operator based on finite difference or finite element
formulation, u and f are respectively nodal displacement and force vectors of size N×1. FWI
is a nonlinear least-squares optimization process that minimizes the misfit between recorded
data and synthetic wavefield. Assuming d is a vector of the data recorded at the Nr receivers,
the misfit vector is defined by
u  m   Pu  m   d ,

(4.2)

where m is the model parameters vector (in this study wave velocity) with the length of M,
and P is a Nr×N projector matrix that extracts the responses at the receiver points from entire
wave field u for a given source. The objective function is defined as the square of the L2
norm of misfit function, or equivalently:

E m  

†
1
Pu  m   d   Pu  m   d 

2

(4.3)

where † is complex conjugate transpose operator.
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The least-squares optimization is a process to find a local minimum for above
function in a vicinity of a starting point m0. Using Taylor’s expansion to approximate
Equation (4.3), we get

1
E  m 0  m   E  m 0   mT g  mT Hm ,
2

(4.4)

where T is transpose operator, g is M×1 gradient (first derivative) vector, and H is M×M
Hessian matrix. If the Hessian is positive definite, the perturbation Δm which minimizes the
function (4.4) is determined by

m  H 1g .

(4.5)

The gradient vector is given by

g

where  denotes the real part.

†
E
 u T

 
P  Pu  d   ,
m
 m


(4.6)

u
is a N×M rectangular matrix, and its columns can be
m

determined by taking first derivative of the discrete wave equation (4.1):

u
S
 S 1
u for j  1 M .
m j
m j
Note that

(4.7)

S
are sparse matrices. Substituting Equation (4.7) in Equation (4.6), we get the
m j

elements of the gradient vector,

S†
gi   u†
mi



v  for i  1


M

(4.8)

where

v   S†  PT  Pu  d  .
1

(4.9)

Equation (4.9) computes back propagation of the misfit function and requires solving another
forward problem with excitations positioned at the receivers [29, 30].
The Hessian matrix can also be derived in similar way, resulting in
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H

 u †  u  
2 E


 P
 P
  H ,
m 2
 m   m  

(4.10)

where H is the second-order term of the Hessian matrix and its elements are given by,

  2u† T

Hi, j   
P  Pu  d   for i, j  1
 mi m j


M.

(4.11)

The first term in the above expression is the semi-positive definite part of Hessian matrix,
which is also known as Gauss-Newton approximation. The second-order term can be
neglected in the vicinity of the solution, but it can significantly affect the structure of the
Hessian in the case that current velocity model is not close to the true solution.
4.2.2 Hessian in Large-scale Inversion
Computing the full Hessian matrix requires a large number of forward-model
solutions, equal to the number of parameters in velocity model [44].Therefore, using the full
Hessian matrix is impractical in seismic imaging applications. In such large-scale problems,
linear system (4.5) can be inexactly solved by matrix-free Conjugate Gradient (CG) method
which only requires Hessian-vector multiplication. For a given real-valued vector y, we can
get

 u †  u  
Hy    P
y    Hy .
 P
 m   m  
The above matrix-vector product is computed using the following steps. First,

(4.12)

u
y term is
m

determined using Equation (4.7), resulting in
M
u
S
y  S1 
uy j ,
m
j 1 m j

(4.13)

which requires multiple sparse matrix-vector products and one forward simulation. Second,
we can compute the ith element of the Gauss-Newton Hessian-vector multiplication:
†

†
 M S
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 j 1 m j


(4.14)
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which again requires an additional wave simulation due to back-propagating operator

S 

† 1

.
The final step involves computing the second-order term, i.e. Hy . We start with

computing of the second-derivative of the wavefield u with the respect to the model
parameters. Taking derivative of Equation (4.7) with the respect to the mi, we can get
 S u
 2u
S u
 2S
 S 1 


mi m j
 mi m j m j mi mi m j


u  for i, j  1


M.

(4.15)
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(4.16)

Substituting Equation (4.11) , we get

H i, j

  S u
S u
 2S

   


  mi m j m j mi mi m j

Utilizing Equations (4.7) and (4.9) we can rewrite the above equation in terms of backpropagation of misfit vector v
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(4.17)

. Therefore, the ith element of Hy can be written as
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(4.18)

Finally, combining all terms together, we can find following expression for the ith element of
Hessian-vector product
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where,
 M S
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 j 1 m
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(4.20)
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W2   S



† 1

M
 T

S†
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 P PW1  

j 1 m j



(4.21)

Appendix B outlines the calculation of above partial derivatives and matrix-vector products.

4.3 Approximate Solver
At each iteration of nonlinear optimization, numerous forward simulations must be
carried out to compute the misfit vector, gradient vector and Hessian-vector product for a
given source and frequency. While the wave field u and the misfit function (4.2) have to be
determined accurately, gradient vector and Hessian matrix can be approximated, in the
interest of overall efficiency of FWI. Thus, we can approximate forward simulations in
Equations (4.9), (4.20) and (4.21) , which is the focus of the proposed method as described in
this section.
4.3.1 Model Problem
To simplify the discussion, we consider time harmonic acoustic wave propagation in
a 2-D unbounded media. The governing equation for forward model is the Helmholtz
equation

 2u 

2
u f
c2

,

(4.22)

where ω is the temporal frequency and c is the wave velocity. The domain is truncated into
the region of interest Ω and the exact absorbing boundary condition (ABC) is applied at the
artificial boundary:



u
 u ,
n

(4.23)

where n is a unit vector normal to the boundary, and λ is Dirichlet-to-Neumann (DtN)
operator. The DtN map on a boundary parallel to x-axis can be formally written as,

2  2
  i

x 2 c 2

,

(4.24)
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which is a nonlocal operator that can be approximated leading to local ABCs such as rational
ABCs [13–15] , perfectly matched layer (PML) [16, 17], or perfectly matched discrete layers
(PMDL) [18,19].
4.3.2 Methodology
The basic idea is to split the wavefield into downward propagating component ud and
upward propagating component uu, and approximate each of them by ignoring multiple
reflections. Thus, ud is the downward propagating wavefield obtained by proper transmission
of amplitude across material interfaces, while uu is the upward propagating wavefield
resulting from primary reflections at the same interfaces. With such an approximation, ud can
be solved sequentially from top of the domain to the bottom, and uu can then be solved from
the bottom of the domain to the top. A critical aspect of this solution is to accurately obtain
the transmission and reflection amplitudes. In what follows, we present the mathematical
framework for solving for both ud and uu.
j
For the sake of sequential solution, domain Ω is partitioned into horizontal slabs 

j
j
j
as shown in Figure 4.1. The boundaries of  are denoted by t at the top and b at the

bottom. We use the superscript j to represent entities associated with  , use subscripts t and
j

b to represent the traces of variables at top and bottom respectively. With such a notation, the
j
boundary value problem associated with  can be written as:

 2u j 
utj  ubj 1 ,

ubj  utj 1 ,

2 j
u f
c2
u j
z
u
z

in  j ,


tj
j


bj

u j 1
z

(4.25)

,
bj 1

(4.26)

j 1

u
z

.
tj 1

The equations in (4.26) represent continuity of wavefield and traction across the interfaces
and cause the solution to be coupled across all the slabs. The basic idea of the proposed

77

method is to approximate the interface condition (4.26) that relaxes the coupling and
facilitates sequential solution, which is performed in two steps: first the downward
propagating wavefield, ud, is computed considering only downward transmission at the
interfaces. The wavefield is then corrected by adding the upward propagating wavefield, uu,
resulting from primary reflections at all the interfaces. The details are discussed below.

 j1



j

 j1

Figure 4.1. Subdomains for sequential solver.

4.3.3 Downward Propagation
The downward propagating wavefield ud is determined by solving the sub problems
from top to bottom starting with the first slab. Thus, we compute the wavefield in jth slab,
from the wavefield in j-1th slab. This is achieved by applying the following conditions:
1. The incoming wavefield from j-1th slab must be propagated into the current slab
without any reflection at the top interface.
2. The change in material properties (e.g. wave velocity) must be considered to get
accurate transmission of wavefield at the bottom interface (and reflection, which will
be used for upward propagation in the next section).
Condition 1 is enforced by adding a half-space at the top interface, with materials properties
matching with the top boundary t . Condition 2 is enforced by adding another half-space at
j

the bottom interface, but with material properties consistent with top boundary of the next
j 1
slab t ,to obtain appropriate reflection and transmission at the interface. Note that if the
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half-space is matched with the bottom boundary of current slab b , there will be no
j

reflection and the transmission will be inaccurate, and we would not get the desired
downward propagating wavefield.
Mathematically, attaching the bottom half-space translates to

udj
 t j 1udj  0 on bj ,
z
where t

j 1

(4.27)

is the stiffness of the half-space matching with the top of the next slab. This is in

contrast with the bottom interface conditions in (4.26) – we no longer need the solution of the
bottom slab to obtain the solution in the current slab, which is appropriate given that we are
focusing on only downward propagating wavefield.
The boundary condition at the top is slightly more involved; in addition to attaching a
half-space, we have incident wave coming from the previous slab, which is the downward
j 1

propagating wavefield at the bottom boundary of previous slab b . The top half-space can
be modeled using half-space stiffness as in Equation (4.27), while the incident wave is
modeled using standard scattering formalism [12]:



ud
z

 t j udj ,t  
tj

udj 1
z

 t j udj ,b1 .

(4.28)

bj 1

Using Equation (4.27) for the previous slab, we have

udj 1
z

 t j udj ,b1 ,

(4.29)

bj 1

and Equation (4.27) simplifies to:

udj

 t j udj  2t j udj ,b1 on tj .
z

(4.30)

In summary, the downward propagating wavefield is solved locally within a slab using the
local boundary value problem:
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u 
j
d

2
c  x, z 

2

udj  f  x, z  in  j ,

u
 t j udj  2t j udj ,b1 on tj ,
z
udj
 t j 1udj  0 on bj .
z



j
d

(4.31)

Figure 4.2-a shows the schematic of this local problem.



udj
 t j udj  2t j udj ,b1
z
udj
 t j 1udj  0
z

(a)



uuj
 bj 1uuj  0
z

uuj
 bj uuj  2bj  udj ,t1  udj ,b  uuj,t 1 
z

(b)

Figure 4.2. Interface conditions for amplitude-preserving propagator: a) downward
propagation, b) upward propagation.

4.3.4 Upward Propagation
The body force and material discontinuities cause upward propagating wavefield that
must be added to the downward propagating wavefield – upward propagation step discussed
in this section essentially captures the effect of primary reflections and external forces. In the
absence of external forces, the reflection is simply the difference between the transmitted
j 1

wave (downward propagating wavefield at the top of j+1th slab, ud ,t ) and the incident wave
j

(downward propagating wavefield at the bottom of jth slab, ud ,b ). This reflected wavefield
j 1
should be added to the upward propagating wavefield uu ,t from the bottom slab to obtain the

total upward incident wave field for jth slab:
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udj ,t1  udj ,b  uuj,t 1

.

(4.32)

When we consider the effects of body forces, uuj,t 1 is the combination of the
transmitted wavefield as well as the upward propagating wavefield due to the body forces in
j+1th slab. Thus, the difference udj ,t1  udj ,b , in this case is the combination of reflected
wavefield and upward propagating wavefield due to body forces. Since the effect of body
forces on upward propagating wavefield is already captured through this term, we no longer
need to consider the source term explicitly. Hence, we use the term in Equation (4.32) for the
upward incident wavefield and explicitly make the body force zero.
Once the incident wavefield is determined according to Equation (4.32), the solution
procedure is similar to the previous section. Following Equation (4.31), the upward
propagating sub problem for slab j is written as:

uuj 

2
u j  0 in  j ,
2 u
c  x, z 

uuj
 bj 1uuj  0 on tj ,
z
uuj
 bj uuj  2bj  udj ,t1  udj ,b  uuj,t 1  on bj .
z



(4.33)

We emphasize that the external body force is zero for upward sweeping since its effects are
already considered as part of the upward incident wavefield in the scattering boundary
condition.
4.3.5 Matrix Formulation
Sub-problem (4.31) is discretized using finite difference method or finite element
method, resulting in following linear system
 Stj,t
 j
Sin ,t



Stj,in
Sinj ,in
Sbj ,in

j


  u dj ,t  ft j  u d z tj 

   

Sinj ,b  u dj ,in   finj   
0
,
u j   0  

j
Sbj ,b  
d ,b 
   u d z  j 
b 


(4.34)
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j
where subscripts t, b, and in respectively denote top, bottom and interior grid points, S x, y are

j
matrix components corresponding to finite difference or finite element formulation, f x is

external force vectors. At each step of the solution, the effect of external forces is only
applied on top and interior nodes. We do not include the external force on bottom boundary
since it will be captured in next step of the solution.
The traction terms on the right hand side are determined by boundary conditions
given in Equation (4.31). These terms can be then approximated by a PML-like local
absorbing boundary condition discussed in Appendix A. Therefore, the traction at the bottom
interface can be approximated as

u dj z j 
K tj,t 1 K tj,a11
b


 j 1


j 1
0

   K t ,a1 K a1 ,a1



0
K aj ,a11




  u dj ,b 


K aj1,1a  u dj ,ba1  ,


K aj ,a1   u dj ,ba 

(4.35)

in which u dj ,ba1 is displacement vector corresponding to the auxiliary variables next to the
j 1

bottom interface, u dj ,ba are remaining auxiliary variables, and K x , y are matrix elements to
j 1
approximate t (corresponding to the top boundary of next slab) . The traction at the top is

similarly determined by approximating t :
j

u dj z j   K j
t
t ,t



  j
0

  K t ,a1

 
0



 

K tj,a1
K aj1 ,a1
K aj ,a1

   u dj ,t  2  u dj ,t1  u dj ,b  uuj ,t1   
 
 
 
K aj1 ,a    u dj ,ta1   
0
  . (4.36)
 

 
0
K aj ,a    u dj ,ta  
 




j
j
j
where u d ,ta1 and u d ,ta are auxiliary variables for the top interface and K x , y are the components

of approximate half-space stiffness matching with the top of the current slab. Substituting
Equations (4.35) and (4.36) in Equation (4.34), we get
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(4.37)

Similar approach can be followed to get the linear system for upward sweeping, thus
resulting in
 K aj ,a1
 j 1
K a1 , a
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 j  
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(4.38)

j
j
j
j
where u u ,ta1 , u u ,ta , uu ,ba1 , and u u ,ba are auxiliary variables for upward propagation.

Schematics of matrix formulation are shown for both downward and upward sweeping in
Figure 4.3.

2K aj ,t udj ,b1

2K tj,t udj ,b1
2K bj,b  udj ,t1  udj ,b  uuj ,t1 


(a)

udj
 t j udj  2t j udj ,b1
z

(b)

Figure 4.3. Schematic for matrix formulation, a) downward sweeping and b) upward
sweeping.
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4.4 Numerical Experiments
We present the performance of the proposed method in various settings, and compare
with FWI based on full-wave equation. The implementation is done in MATLAB and all the
numerical experiments are carried out on a desktop computer with 2.83 GHz quad-core CPU
and 64 GB RAM. All inversion experiments utilize an efficient trust region algorithm for
nonlinear least-squares optimization (available in MATLAB [54, 55]).
4.4.1 The Approximate Solver
Before demonstrating the proposed method’s effectiveness in FWI, we first test its
accuracy of the proposed method by performing the wave propagation simulation for the
velocity model given in Figure 4.4-a. The domain is discretized using 200 by 200 finite
element mesh, partitioned into 20 horizontal blocks with thickness of 10 finite elements each.
A point source is located on the surface at x = 0.5 km. The excitation is a Ricker pulse with
central frequency 10 Hz. The simulation is carried out for the frequency range 0.4 to 100 Hz
with the increment of 0.4 Hz, and time history of the wavefield is determined using inverse
Fourier transform. Figure 4.4 shows the snapshot of wavefield at 0.625 sec, clearly
illustrating that the proposed method results in a good approximation of the wavefield. In
addition, full-wave equation requires about 9 seconds for a given frequency while the
approximate solution (both downward and upward sweeping) only requires about 2.6
seconds, resulting in more than three-fold speed-up.
4.4.2 Inversion of an Inclusion
The first inversion test involves a homogenous medium with an inclusion as shown in
Figure 4.5-a. The data acquisition is carried out using 30 shots: the first set of 15 shots is
distributed horizontally over the surface ( z  0 km ) and the response in recorded using 15
receivers located at the bottom of the domain ( z  1 km ). The second set of 15 shots is
vertically spread at the left of the domain ( x  0 km ), and the wavefield is recorded on the
right ( x  1 km ) using 15 receivers. The velocity model is represented on a uniform 16×16
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(a)

(b)

(c)

Figure 4.4. Comparison of the wave simulation solutions. a) velocity model, b) full-wave
solution, c) the approximate solution.

grid (total of 256 parameters) with bilinear interpolation. The initial guess for the
velocity is assumed to be uniform and 2 km/s. The inversion is performed for two
frequencies 4 and 8 Hz. We first perform FWI process using full-wave equation and
predicted velocity is shown in Figure 4.5-b after 20 iterations with trust-region algorithm. We
repeat the analysis using proposed amplitude-preserving propagator in place of full-wave
equation, and the resulting velocity model is shown in Figure 4.5-c; clearly the solution from
the proposed approach seems just as accurate as the result from full-wave equation. The
convergence behavior using the two approaches is compared in Figure 4.6, which confirms
that the proposed approach is as accurate as FWI based on full-wave equation.
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(a)

(b)

(c)

Figure 4.5. Homogenous medium with inclusion. a) true velocity models, b) full-wave
equation, c) amplitude-preserving propagator (images shown after 20 iterations).

Figure 4.6. Comparison of convergence behavior for the homogenous medium with
inclusion.

4.4.3 Inversion of a Layered Medium
The second FWI experiment is a 2-D horizontally layered medium with a depth of 1
km and a width of 2 km. Data acquisition is performed using 30 shots uniformly distributed
on the surface, with 30 receivers per shot. The source excitation is modeled by a Ricker pulse
with central frequency of 10 Hz. The velocity is modeled using 25 layers with linear
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interpolation. The true velocity and initial models are presented in Figure 4.7-a. The
inversion is performed for two frequencies 4 and 8 Hz with maximum number of 40
iterations. The inverted velocity models are compared in Figure 4.7-b after 40 iterations.
Figure 4.8 compares the convergence behavior for full-wave equation with that of the
proposed method. The full-wave equation shows better convergence, but comparing the final
inversion results indicates that the proposed method has similar accuracy while significantly
reducing the computational complexity of FWI.

(a)

(b)

Figure 4.7. Layered medium. a) true and initial velocity models, b) comparison of inversion
solution after 40 iterations, c) comparison of convergence rate.
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Figure 4.8. Comparison of convergence rate for layered medium.

4.4.4 Inversion of a 2-D Random Medium
In the third FWI example, we consider a 2-D domain with random velocity model
with average value of 2 km/s (Figure 4.9-a). The velocity model is parameterized by a 16 by
16 grid with bilinear interpolation. The initial velocity model is homogenous velocity with
value of 2 km/s. The FWI is performed for 4 and 8 Hz and forward modeling is performed
with 8 finite elements per wave length. The approximate solution is determined using
horizontal blocks with thickness of 12 elements. The data acquisition is similar to previous
examples. Converged FWI results from full-wave equation and the proposed method are
shown in Figure 4.9-b and Figure 4.9-c respectively. The results are quite accurate at
shallower depths, while have some errors at larger depths, which is typical for FWI
procedures. However, the results from the two FWI procedures appear very similar indicating
that, similar to previous examples, the proposed method results in as accurate a result as that
using full-wave equation. The comparison of convergence behavior is shown in Figure 4.10,
which indicates the similarity in accuracy of the two approaches.
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(a)

(b)

(c)
Figure 4.9. Random velocity model, a) true velocity, b) full-wave, c) amplitude-preserving
propagator.
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Figure 4.10. Comparison of convergence rates for random medium

4.4.5 Inversion of Marmousi Model
The efficiency of the proposed method is also tested for a small part of the Marmousi
model shown in Figure 4.11-a (small domain is chosen for computational tractability). The
domain is discretized by 100 × 100 mesh and data acquisition is performed for 49 shots
distributed uniformly on the surface with spacing of 50 m. The source excitation is Ricker
pulse with central frequency of 15 Hz. 40 receivers are used per shot with a maximum offset
of 1 km. A smoothed version of the velocity model shown in Figure 4.11-b is to perform
FWI analysis, which is carried out for 21 frequencies from 5 to 25 Hz with 1 Hz increment.
The velocity model is updated for every single element in the domain resulting in a total of
10,000 unknowns for inversion process. We first use full-wave equation with trust-region
method to perform inversion and the solution after 100 iterations is presented in Figure 4.12a. We repeat the FWI process using amplitude-preserving propagator with 20 horizontal
slabs. The resulting velocity model is shown in Figure 4.12-b, again after 100 iterations. The
convergence rates for proposed and full-wave equation methods are compared in Figure 4.13.
Clearly, similar to previous observations, the proposed approach is as accurate as full-wave
equation FWI.
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(a)

(b)
Figure 4.11. Marmousi velocity model, a) true velocity, b) initial velocity model (smoothed
velocity).
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(a)

(b)
Figure 4.12. Marmousi inversion results after 100 iterations, a) full-wave, and b) amplitudepreserving propagator.
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Figure 4.13. Comparison of convergence rates for Marmousi model.

4.5 Summary
Motivated by efficient computation of gradient and Hessian in FWI framework, a new
approximate method is developed to solve the wave equation in the frequency domain. The
basic idea of the proposed approach is to split the solution into downward and upward
propagating components and sequentially approximate them by ignoring effects of multiple
reflections. The sequential solution divides the domain into horizontal slabs and computes
the wavefield in each slab separately using approximate continuity conditions that accurately
capture transmitted wavefield at the slab interfaces. The solution is performed in two steps:
First the downward propagating wavefield is computed by solving the slabs from top to
bottom considering only downward transmission at the interfaces. The wavefield is then
corrected by adding the upward propagating wavefield resulting from primary reflections at
all the interfaces. The proposed method significantly reduces computational effort associated
with gradient and Hessian calculation in FWI framework. Using various 2-D synthetic
experiments, we show that this approximation results in a convergence rate similar to that of
the inversion process based on full-wave equation, thus leading to efficiency gains.
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Chapter 5
Generalization of the Proposed Method
This short chapter outlines possible extensions of the proposed method to more
general wave equations, specifically scalar anisotropic wave equation and the elastic wave
equation.

5.1 Anisotropic Scalar Wave Equation
The scalar wave equation in anisotropic media can be written as




u
u    u
u 
2
 Gxx  Gxz    Gzz  Gxz    u  0 ,
x 
x
z  z 
z
x 

(5.1)

where ω is temporal frequency,  is density and Gxx, Gzz, Gxz are material modulus
constants. With appropriate variational form, the tractions corresponding to governing
equation (5.1) are given by
Tx  Gxx

u
u
 Gxz
,
x
z

Tz  Gzz

u
u
.
 Gxz
z
x

(5.2)

Consider the horizontal interface  which separates the two half-spaces with material









properties G1xx , G1zz , G1xz and Gxx2 , Gzz2 , Gxz2 , respectively. The wavefield and the vertical
traction must be continuous across the interface  :

u1,  u2, ,

T1,z   T1,z  .

(5.3)

Equations (5.3) are similar to ones we already discussed in this dissertation, and the modified
interface condition that facilitates accurate transmission at the top of a slab would be:

G1zz

u1
u
 Gxz1 1  u1,  2u2, .
z
x 

(5.4)

94

Similarly, the interface condition for the downward propagating wave at the bottom of the
slab would be:

u1
u
 Gxz1 1  u1, .
(5.5)
z
x 
Similar conditions apply for upward sweeping. The key to the accuracy of the proposed
G1zz

method is the accuracy of the DtN map. While one can use the various ABCs to approximate
λ, including the PMDL developed in [56], it must be noted that stability needs special
attention – the goal here is to prevent any spurious growth due to upward and downward
sweeping, which is different from the stability analysis of ABC where time-domain growth is
of primary concern. Instead, the stability analysis of one-way wave equations may need to be
adopted here to design stable approximations of λ (see e.g. [42, 57, 58] but this work is
outside the scope of this dissertation).

5.2 Elastic Wave Propagation
Wave equation for a 2-D elastic medium can be formally written as




u    w    u    w 
2
    2                 u  0,
x 
x  x  z  z  z  z  x 

(5.6)



  u   
w    u    w 
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        2             w  0,
z  x  z 
z  x  z  x  x 

(5.7)

where  and  are elasticity Lamé parameters, and u and w are horizontal and vertical
displacement fields, respectively. The tractions are given by

     2 

w
,
z

 

u
w

,
z
x

(5.8)

where  is normal stress and  is shear stress. Similar to scalar wave equation, the continuity
conditions are given on the interface  by
u1,  u2, ,

w1,  w2, ,

 1,   2, ,

 1,   2, ,

(5.9)

and the proposed interface condition at the top of the slab becomes:
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(5.10)

 1, 
 u1, 
 u2, 


  2 
.
 1, 
 w1, 
 w2, 

(5.11)

translating to,

DtN map Λ for elasticity problem can also be approximated using ABCs including PMDL,
but like in the case of anisotropic acoustics, special attention needs to be paid to the control
of growth during sweeping solution. Again, it is expected that some of the stability work of
one-way wave equations may be useful [42, 57, 58]; in fact, after preliminary effort, we feel
that the alternative formulation based on displacements and derivatives [57] may be needed
to attain stability in sweeping solutions. Design of stable sweeping solution procedures is
outside the scope of this dissertation and will be explored in the future.
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Chapter 6
Summary
Motivated by increasing computational efficiency of seismic imaging problems, we
proposed an efficient yet accurate approximation of full-wave solution. Central to the
proposed approach is to split the solution into upward and downward propagating waves, and
each of them is solved sequentially from top to bottom and bottom to top respectively. While
this idea of sweeping solution existed for some time, special attention was paid in this
research to capture accurate amplitude information during primary wave transmission and
reflection, making it a good approximate solution for the wave equation. Key to the success
of the proposed method is the careful development of interface conditions which facilitate
sequential solution as well as accurate amplitude transfer. Owing to the successful transfer of
amplitude information, the proposed method is named amplitude-preserving propagator. This
novel solution approach is applied to three major problems in computational wave
propagation and seismic inversion, leading to improvements in each of them:
1. Forward Modeling: We implemented the proposed method as a preconditioner to solve
large-scale Helmholtz equation in the frequency domain. We showed that the proposed
preconditioner has three important properties: i) number of iterations to convergence
grows very slowly by increasing the frequency which is an improvement compared to
many other preconditioners; and ii) the discretization size, i.e. the number of grid point
per wave length, does not change the number of iterations; and the most important one:
iii) the overall computational time is much less than many other preconditioners.
2. Migration Imaging: The proposed approach is incorporated into migration algorithms to
improve the efficiency of seismic imaging. The effectiveness of the proposed method was
demonstrated using various synthetic examples including SEG/EAGE salt model and
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Marmousi model. We showed that the proposed approximation results in accurate images
that are almost identical to the images based on more expensive full-wave equation. We
also showed that the proposed method, when incorporated into the framework of leastsquares migration, does not alter the convergence rate, eventually resulting in efficient
algorithm for large-scale migration.
3. Full waveform Inversion: Calculation of the gradient vector and Hessian matrix is a
computationally demanding part of FWI which is a nonlinear optimization process. We
used the proposed solver to efficiently approximate the gradient vector and the Hessian
matrix. Using multiple 2-D experiments, we observed that this approximation does not
change the overall convergence rate of FWI algorithm, and the results are almost the
same as those from more expensive full-wave equation methods. These observations
indicate that the proposed method is a more desirable alternative to FWI based on fullwave equation solution.
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Appendix A
Approximate Dirichlet to Neumann Map
Since the exact DtN map or half-space stiffness is a non local operator in higher
dimensions and computationally impractical, it is approximated using local absorbing
boundary conditions (ABCs). Numerous methods have been proposed for this purpose over
past few decades and a brief summary of them can be found in [59]. Local ABCs are often
classified into two categories. First class approximates the DtN map using rational functions,
sometimes referred to as rational ABCs [13–15]. Second group of methods is called perfectly
matched layer (PML), which approximate wave absorption into half-space with the help of
truncated attenuating medium with matching impedance [16, 17]. In the past decade, these
two methods are shown to have links [41], leading to the development of perfectly matched
discrete layer (PMDL) [18, 19], which is essentially a simple and effective discretization of
PML, but is equivalent to rational approximation of the DtN map. Thus, PMDL inherits the
flexibility of PML with respect to extension to more complex media, and the efficiency of
rational absorbers [60]. Because of this advantage, we use PMDL in the current study. We
however note that other approaches of standard PML or rational ABC can also be used easily
in the proposed framework.
We consider following wave equation



 2u  2u  2

 u 0,
x 2 z 2 c 2

(A.1)

where ω is temporal frequency and c is wave velocity. To simplify the formulation, we take
Fourier transform of Equation (A.1) in x direction to get



 2u 2
k u 0,
z 2

(A.2)
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where we use the duality


 ik x , and k   2 c 2  k x2 . The solution takes the form
x

Aeikz  Be  ikz . If we consider the half-space,  z0 ,   , the radiation condition indicates that the
waves should be downward propagating (in the positive z direction), indicating that the
wavenumber should be positive. Thus, the solution takes the form: Aeikz . With this solution
form, we immediately have a relation between traction and wavefield at the boundary z  z0 :


u
z

 iku0 ,

(A.3)

z  z0

where u0 is the wavefield amplitude at z  z0 . Thus the half-space stiffness is essentially

  ik  i  2 c 2  k x2 .

(A.4)

While the above expression is quite simple in Fourier domain, inverse Fourier
transforming in x renders the operator nonlocal and expensive. PMDL essentially is a mesh
extension technique that can be applied to Equations (A.1) and (A.2) alike, resulting in
accurate approximation of the DtN map. We first summarize the idea of PMDL for Equation
(A.2) and comment on extension to Equation (A.1).

f
half-space

f

f
PMDL

PMDL
PMDL

half-space

PMDL

PMDL

Figure A.1. Schematic for PMDL formulation

The key idea of PMDL method is to discretize the half-space using special linear
finite layers to get accurate half-space stiffness. The details follow. First, the half-space is
replaced with a finite element layer of length L1 and another half-space. The problem set can
be defined using following boundary value problem
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 2u
 2  k 2u  0 for z   z0 , z 0  L1  ,
z
u

 f on z  z0 ,
z
u

 u on z  z 0  L1.
z

(A.5)

Multiplying the first equation by virtual wavefield and performing integration by parts, we
get:
z0  L1



z0

 u* u
dz 
z z

z0  L1



 u*k 2udz   u*

z0

u
z

  u*
z  z0  L1

u
z

,

(A.6)

z  z0

where  u * is the virtual wavefield. Using linear shape functions, N1  x L1 , N 2  1  x L1 and
computing integrals with Gaussian quadrature rule, we get
 u

  z

b1  u0  
z  z0 
 
,
a1   u1   u

 x z  z  L 
0
1 


(A.7)

L
L
1
1
 k 2 1 1   2  , b1    k 2 1 1   2  ,
L1
4
L1
4

(A.8)

 a1
b
 1

where

a1 

and α is the coordinate of integration points. Substituting boundary values from problem set
(A.5) to Equation (A.7), we get the linear system of equations for the composite half-space
 a1
b
 1

 u

b1  u0  

    z z  z0  .

a1     u1  

 0 

(A.9)

Eliminating u1, we get


b12 
u
a

 1
 u0  
a1   
z


,

(A.10)

z  z0

where the exact displacement is recovered if
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  a1 

b12
,
a12  

(A.11)

or equivalently
a 2  b 2   2 .

(A.12)

Examining Equation (A.8) and noting that   ik , it can be easily shown that the above
equality holds only if   0 (i.e. mid-point integration) and length of the finite layer can be
an arbitrary number [19]. Since the midpoint integration preserves the half-space stiffness,
these finite element layers match in impedance with the exact half-space, even after
discretization – thus they are called perfectly matched discrete layers (PMDLs).
Repeating above procedure, we can replace the half-space with infinite number of
mid-point integrated layers with arbitrary lengths. However, using infinite number of PMDLs
is computationally impossible, and PMDL region is truncated at some point with Dirichlet
boundary condition. This truncation causes reflection which results in error in approximation
of the half-space stiffness. The accuracy of the approximation can be measured by reflection
coefficient given by

R

  approx
,
  approx

(A.13)

and for n midpoint-integrated finite-element layers [60]
n

R
j

2

 k  2i L j 

 ,
 k  2i L j 

(A.14)

which indicates that the element lengths must be imaginary or complex for the reflection
coefficient to converge to zero. Thus, the half-space can be replaced by finite number of
complex-length midpoint-integrated finite elements leading to a good approximation of the
stiffness at z0 – this is the PMDL approximation.
The approximate half-space stiffness relation can be written by assembling stiffness
matrices of PMDL layers. Therefore, the
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 u0 
 z   a1

  b1


0



 

 
 0 



b1
a1  a2
bn 1

  u0 
 u 
a1 


,
bn1  



an 1  an  
u
 an1 

(A.15)

where ua j are auxiliary variables. For the discussion in this dissertation Equation (A.15) is
written as
 u0 z   K 0,0

 
0

   K a1 ,0

 
0

 

K 0,a1
K a1 ,a1
K a ,a1

  u0 
 
K a1 ,a  ua1  .
 
K a ,a  u a 

(A.16)

Taking inverse Fourier transform of Equation (A.16), we get approximate DtN map for the 2D Equation (A.1) as
 u 0 n   K 0,0

 
0

  K a1 ,0

 
0

 

K 0, a1
K a1 ,a1
K a ,a1

  u0 
 
K a1 ,a  u a1  .
 
K a ,a   u a 

(A.17)

We want to emphasize that similar matrix equation can be obtained using other local ABC
methods including PML and rational ABCs which are often implemented using auxiliary
variables.
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Appendix B
Model Parameters and Computation of Gradient
and Hessian
As shown in Chapter 4, the gradient and Hessian requires computing the derivatives
of discrete wave operator S with the respect to the model parameters m. We adopt the
approach presented in [44] for the proposed formulation.
If finite element method is used for wavefield computation, the material properties
are needed for each element (often assumed constant and equal to the value at the center).
On the other hand, if finite difference method is used, the material properties are often
represnted at the grid points. The vector of model coefficients at these points are represented
by p of size P equaling the number of grid points or element. The model parameters, on the
other hand, are much coarser and are represented by m of size M that is significantly smaller
than P. These two vectors can be linked through interpolation,

p  Nm ,

(B.1)

where N is a interpolation operator, commonly defined using piece wise continuous
functions. Since the discrete wave operator S is defined using p, the derivatives of S with
respect to m are obtained using standard chain rule, as described below.
The first step is computing

S
:
m j

P
P
S
S pk
S


Nk , j ,
m j k 1 pk m j k 1 pk

where Nk,j denotes the elements of the matrix N. Note that

(B.2)

S
has only few non-zero
pk

components and summation in above equation is trivial.
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Taking derivative of Equation (B.2) with the respect to the model parameter mi, we get
P
P P
 2S
 2S
 2S

N k , j 
N l ,i N k , j .
mi m j k 1 mi pk
k 1 l 1 pl pk

It is easy to show that

(B.3)

 2S
is non-zero if only if k  l . Therefore,
pl pk
P
 2S
 2S

N k ,i N k , j ,
mi m j k 1 pk2

(B.4)

 2S
where 2 are sparse matrices.
pk
Using Equation (B.2), the gradient in Equation (4.8) takes the from:


 P S
 
 P

S

gi   u†  
N k ,i  v       u †
vN k ,i  ,

 k 1 pk
 
 k 1 pk




(B.5)

which is succinctly written as,

g   NT r ,

(B.6)

S
v.
pk

(B.7)

rk  u†

Note that computing rk is inexpensive, since they are locally determined for a given grid
point or a given finite element.
The next step involves computing the vector in Equations (4.20) and (4.21). Starting
with the bracketed term in the Equation (4.20),
M P
S
S
uy j  
uNk , j y j   Q1N  y ,

j 1 m j
j 1 k 1 pk
M

(B.8)

where we define columns of the sparse N×P matrix Q1 as

Q1 
k

S
u for k  1 P .
pk

(B.9)

Similarly, we can get the bracketed term in the Equation (4.21) as
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S†
vy j   Q 2 N  y ,

j 1 m j
M

(B.10)

where

Q2 
k

S†
v for k  1 P .
pk

(B.11)

The final step is to compute different terms in Hessian vector multiplication given in
Equation (4.19). Substituting the derivatives of operator S in Equation (4.19) for Hessian
vector product, we get
†
P
 P † S

† S
Hy


v
W
N

u
W2 N k ,i  
 i


1 k ,i
pk
k 1
 k 1 pk

2 †
M
P


S
  u†
vN k , i N k , j y j  ,
2
pk
 j 1 k 1


(B.12)

which can be rewritten as,





Hy  NT  q1  q2      NT DN  y ,

S
W1 ,
pk

(B.14)

S†
u
W2 ,
pk

(B.15)

 q1 k  v†

 q 2 k

(B.13)

†

  2S †
D  diag  u† 2
 pk


v  for k  1


P.

(B.16)
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