
ABSTRACT

KULAHLIOGLU, ADEM HALIL. Applications of the Fixed-Node Quantum Monte Carlo
Method. (Under the direction of Lubos Mitas.)

Quantum Monte Carlo (QMC) is a highly sophisticated quantum many-body method. Dif-

fusion Monte Carlo (DMC), a projected QMC method, is a stochastic solution of the stationary

Schrödinger’s equation. It is, in principle, an exact method. However, in dealing with fermions,

since trial wave functions meet the antisymmetric condition of the many-body fermionic sys-

tems, it inevitably encounters the fermion sign problem. One of the ways to circumvent the sign

problem is by imposing the so-called fixed-node approximation.

The fixed-node DMC (FN-DMC), a highly promising method, is emerging as the method

of choice for correlated treatment of many-body electronic structure problems since it is much

more accurate than Khon-Sham DFT and has a competitive accuracy with CCSD(T) but scales

better with system size than CCSD(T).

An important drawback in FN-DMC is the fixed-node bias introduced by the approximate

nature of the trial wave function nodes. In this dissertation, we examine the fixed-node bias

and its restrictive impact on the accuracy of FN-DMC. Also, electron density dependence of

the fixed-node bias is discussed by taking a relatively small atomic system.

In our dissertation, we also applied FN-DMC in a relatively large molecular system with

a transition metal, Zinc-porphyrin, to calculate the excitation energy in an adiabatic limit

(vertical excitation). We found that FN-DMC results agree well with experimental values as

well as with results obtained by some other correlated ab initio methods such as CCSD.

In addition, we used FN-DMC to study a transition metal dimer, Mo2, which is a challenging

system for theoretical studies since there is large amount of many-body correlation effects. We

constructed the antisymmetric part (Slater part) of the trial wave function by means of the

Selected-CI method. Moreover, we carried out CCSD(T) calculations in order to be able to

compare FN-DMC energies with another correlated method energies. FN-DMC and CCSD(T)

calculations in Mo2, which is dominant with d-d bondings, enabled us to make comparisons

between these two competitive methods and investigate the limitations impairing FN-DMC

accuracy.
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Chapter 1

Introduction

”Science never solves a problem without creating ten more,” says B. Shaw [17]. This is so true

that we observe this pattern in every aspect of the science. Rutherford solved one problem by

demonstrating a nuclear atom which would lead to that an atom is made up a positive nucleus

and a number of negative electrons [4]. However, this theorem led to a planetary system-like

visualization of an atom, which conflicted with the electromagnetic theory; a radiating particle

should decay eventually [49]. In later years, this conflict was lifted by the emergence of quantum

physics, which could describe states where electrons are stable with certain discrete energy

values in an atom [65].

Quantum physics presents to us consistent and accurate pictures of systems and it is nowa-

days seen more reliable than the classical physics in investigating the properties of materials.

This is especially true when small-scale physics is important in those properties. However, it is

rarely the case that we find a solvable quantum system - even though it is nicely formulated

by quantum physics- without making a number of approximations. This is the reason I found

B. Shaw’s wry aphorism very meaningful. On the one hand, quantum mechanics offers a valid

and reliable stream of comprehension of the materials, on the other hand, it forms a chain of

”problems” which arise from the lack of our technical ability to carry out the calculations that

quantum mechanics leads us to . This fact was stated perhaps the most famously by Dirac

regarding Dirac’s equation [28]:

”The underlying physical laws necessary for the mathematical theory of a large part

of physics and the whole chemistry are thus completely known, the difficulty is only

that the exact application of these laws leads to equations much too complicated to

be solvable”.

Likewise, Feynman concludes his speech ”Simulating physics with computers” [33], with the

following remark:
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”I’m not happy with all the analyses that go with just the classical theory, because

nature isn’t classical, and if you want to make a simulation of nature, you’d better

make it quantum mechanical, and by golly it’s a wonderful problem, because it

doesn’t look so easy.”

If we confine ourselves to the electronic structure calculations (a framework of molecular

and condensed matter quantum systems), the most outstanding challenge is perhaps when the

difficulty in dealing with the physical problems in the framework of quantum physics (such

as the wave behavior, discrete allowed levels) is multiplied by the complexity of the relations

(equations) originated from the many-body interactions. These interactions couple the indi-

vidual quantum particles states with each other. Hence, as the number of quantum particles

increases, the resulting mathematical system of equations becomes increasingly complicated. In

fact, any many-body quantum problem is insolvable analytically; a two-body problem can be

reduced to a one-body problem [71].

For simplicity, if we ignore the relativistic effects, the electronic structure of a quantum

system (atoms, molecules and periodic systems) is governed by the stationary Schrödinger’s

many-body equation:

HΨ(X) = EΨ(X) (1.1a)

H =
∑
I

P 2
I

2mI
+
∑
i

P 2
i

2me
+
∑
i<j

1

rij
+
∑
iI

−ZI
riI

+ V (X) +
∑
I<J

ZIZJ
RIJ

(1.1b)

where i, j and I, J are electrons and nuclei indices, respectively1. mI and me are the nucleus and

electron masses, respectively. X is the generalized coordinates (i.e. positions and spin states).

rij , riI and RIJ are the electron-electron, electron-nucleus and nucleus-nucleus distances. In

practice, this complex equation can not be solved without making a number of approximations.

The first and most obvious approximation is perhaps the decoupling of the nuclei terms

from the electronic ones (i.e., Born-Oppenhemier approximation) [79].

After putting the relatively ”heavy” nuclei terms aside, we now have to deal with only

electrons. However, even this simplified form of the Schrödinger’s equation is far from practical

solvability (again except in very small systems).

The first attempt to overcome this well-known difficulty of the Schrödinger’s equation was

by the Hartree-Fock (HF) method. Although this method is now seen quite primitive, it is

the starting point of many other more sophisticated methods in their formality; they originate

from the HF method. The HF method approximates the solution by transforming the explicit

electron-electron interaction into a mean-field problem [56, 79]. Hence, although the HF method

1We adopt the atomic units; i.e., e = h̄ = me = 1
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provides a lot of information about a system, it misses the information originating from the

electron-electron interaction (later on we will call this missing piece as the correlation). Many

methods have been developed to recover the correlation energy. These include the post-HF

methods, which can be seen the derivatives of the HF method [79].

In addition to the post-HF methods, The Density Function Theory (DFT) method was

developed to recover the electron-electron correlation. DFT also originates from the formalism

of the HF method (hence, it is also an iterative mean-field method) but now the electron-electron

interaction is explicitly taken care of in the form of density functionals [56].

The Post-HF and DFT methods with their advantages and limitations have been widely

used for many decades. The post-HF methods, for instance CCSD(T) and CI, are very accurate

but they have very poor scaling with system size. However, DFT is computationally cheap and

mostly provides satisfactory results; that is the reason it is a highly popular technique. The

disadvantage of DFT is that its accuracy is biased by the empirical choice and approximate

form of the density functionals (i.e., the exact functionals are not known yet) [6, 55, 35].

These examples show that considering the reliability and applicability of a method in elec-

tronic structure calculations, there is space for a method offering both of them. The Quantum

Monte Carlo (QMC) method is an emerging promising method in this context. It provides highly

accurate results (even such that DFT functional LDA has been fitted by using the QMC num-

bers in homegenous electron gas [23]) and has much better scaling than the above-mentioned

post-HF methods.

In this dissertation, the QMC approach in the electronic structure theory will be discussed.

Among many QMC methods, only the methods which are relevant to our work –namely Dif-

fusion Quantum Monte Carlo (DMC) and Variational Monte Carlo (VMC) methods– will be

considered. In fact, since VMC is usually a preliminary tool for a DMC calculation –i.e. it can

be used as a framework in wave function optimization priori a more sophisticated method, DMC

–, the focus will be on DMC and its applications.

As we already noted, quantum systems are difficult to simulate. Among the most immediate

examples of this statement is the well-known fermion sign problem. By confining ourselves to the

electronic structure calculations, we deal with fermions and due to the specific sign symmetry of

fermionic wave functions, we inevitably encounter a fundamental formal problem in DMC; the

original formalism becomes impractically inefficient for fermions. There are a few prescriptions

for this problem. However, perhaps the most practical and widely used one is the fixed-node

approximation [73, 6, 35]. So the fixed-node DMC will be our primary concern.

The organization of this dissertation will be as follows: In chapter 2, we will briefly discuss

the ”conventional” electronic structure methods: HF, post-HF and DFT methods. In chapter 3,

QMC methods (VMC and DMC) will be introduced. In chapter 5, we will present an analysis

of the bias inevitably introduced by the fixed-node approximation (i.e., the fixed-node bias). At

3



this point, we will discuss the relation between the fixed-node bias and the electron density. This

endeavor to comprehend the fixed-node bias will be in the frame of a 3-electron atomic system.

In chapter 6 an application of the fixed-node DMC to a relatively large molecular system, zinc-

porphyrin, will be presented. We will discuss how we employed QMC in the investigation of a

spectroscopic property of the molecule. More specifically, a vertical excitation energy calculation

which is associated with the Q band will be discussed. Chapter 7 covers our attempt to calculate

the binding energy of Molybdenum dimer, Mo2, in a variational approach which is original to

the best of our knowledge.
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Chapter 2

Some Conventional Electronic

Structure Methods

Electronic structure theory aims to provide an understanding and description of a rich spectrum

of phenomena that we observe in materials, quantitatively [56].

The properties of the materials can be classified as those associated with the ground state

and excited states. For instance, the properties which are determined mostly by the ground state

are cohesive/binding energy, equilibrium geometry of crystals, elastic behaviors, some dielectric

and magnetic properties etc.. On the other hand, specific heat, transport, insulating gaps and

optical properties are some properties which excited states describe effectively [56].

Description and analysis of these properties require dealing with the quantum many-body

problem. This many-body problem involves electrons, nuclei (ions) and their coupling with each

other.

For brevity, we can choose to exclude the relativistic effects. Then a quantum system that

we are considering in the context of electronic structure theory is governed by the stationary

Schrödinger’s equation. The non-relativistic Hamiltonian given in Eq. (1.1) can be rewritten as

follows:

H =
∑
I

−
∇2
I

2mI
+
∑
i

− ∇
2
i

2mi
+
∑
i<j

1

rij
+
∑
iI

−ZI
riI

+
∑
I<J

ZIZJ
RIJ

+ V̂ext (2.1)

where i, j are the electron indices, I, J are the nuclei indices, mi, mI are the electron and

nucleus masses respectively. r and R denote the electron and nucleus positions, respectively.

rij , riI and RIJ are the relevant interparticle distances. V̂ext is the external potential operator.

The terms in the hamiltonian in Eq. (2.1) can rewritten in a compact form:
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H = T̂n + T̂e + V̂ee + V̂en + V̂nn + V̂ext (2.2)

where the terms denote the nuclear kinetic energy, electronic kinetic energy, electron-electron

interaction, electron-nucleus interaction, nucleus-nucleus interaction and finally the external

potential. It follows that the Schrödinger’s equation is given by:

HΨ(r,R) = EΨ(r,R) (2.3)

where Ψ(r,R) is the many-body combined wave function of the electrons and nuclei. This

equation would be much simpler if the electron-nucleus interaction (V̂en) was non-existing,

since it results in the coupling of the electron motion with the nuclear motion. However, it is

usually not small enough to be neglected.

2.1 Born-Oppenheimer Approximation

We seek a valid simplification on Eq. (2.3). That is what the BornOppenheimer approximation

(BOA) [16, 48] actually meant. It decouples the electron motion from the nuclear motion. In

order to reach the simplification that BOA yields, let us write the hamiltonian given in Eq 2.2

as follows:

H =Hn +He (2.4)

Hn =T̂n (2.5)

He =T̂e + V̂ee + V̂en + V̂nn + V̂ext (2.6)

Furthermore, let us assume that the wave function in Eq 2.3 can be recast into a product of

electronic and nuclear wave functions in which the former will depend on r and R while the

latter will be dependent on only R as follows:

Ψ(r,R) = Φ(r,R)χ(R) (2.7)

where Φ(r,R) and χ(R) are the electronic and nuclear wave functions, respectively. Then, the

nuclear part of the Schrödinger’s equation given in Eq. (2.3) becomes as follows:

HnΨ(r,R) =− 1

2

∑
I

1

mI
[Φ(r,R)∇2

Iχ(R) + χ(R)∇2
IΦ(r,R)

+ 2(∇Iχ(R)) · (∇IΦ(r,R))]. (2.8)
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Please note that ∇I is in terms of the nuclear position RI . The third term on right hand side of

Eq. (2.8) will vanish. This can be justified if the term is multiplied by Φ(r,R)∗ and integrated

over r space, then it will be proportional to the following :

∇I
∫
dr|Φ(r,R)|2 =∇I(1) (2.9)

=0 (2.10)

where the integral yields the normalization which is independent of R. For the second term,

∇IΦ(r,R) is in the same order of magnitude as ∇iΦ(r,R), where please recall that ∇i acts with

respect to the electron position. This can intuitively be seen as both of ∇i and ∇I act in the

same dimensions. Since ∇IΦ(r,R) ∼ ∇iΦ(r,R) = ipeΦ(r,R) –where pe is electron momentum–

, the second term on right hand side of Eq. (2.8) will give p2
e

2mI
which is proportional to mi

mI
,

the ratio of the electron mass to the nuclear mass. Roughly speaking, since this ratio is small

enough, we can drop the second term. Thus, it follows that

HnΨ(r,R) ≈ Φ(r,R)Hnχ(R). (2.11)

Following from the Eqs. (2.11) and (2.4), the Schrödinger’s equation given in 2.3 becomes as

follows:
Hnχ(R)

χ(R)
+
HeΦ(r,R)

Φ(r,R)
= E (2.12)

where we can choose Φ(r,R) such that it obeys the following equation:

HeΦk(r,R) = εk(R)Φk(r,R) (2.13)

where the subscripts in εk and Φk are introduced in order to show that there are various states;

i.e., the BO surfaces. Also it is noteworthy that R nuclei positions exist in εk(R) as a parameter.

If we substitute 2.13 into 2.12, then we will have the following:

[Hn + εk(R)]χ(R) = Eχ(R). (2.14)

The BO approximation holds as long as the surfaces, εk(R), are well separated such that

|εk−1(R)| � εk(R). (2.15)

Otherwise, the second term on right hand side of Eq. (2.8) will no longer be negligible.

The BO approximation is a two-step process. In the first step, the electronic part of the wave

function is solved by assuming the nuclei are at fixed points. At this step, the nuclei positions
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are present in the electronic wave function as parameters. In the second step, by knowing the

contribution of the electronic motion in the nuclear motion, which is meant by substituting

εk(R) into Eq. (2.15), the nuclear motion is described.

This approximation rests on the assumption that electrons immediately reach their ground

state upon motion of nuclei, zero relaxation time. In most cases, the BO approximation is

a good approximation and simplifies the Schrödinger’s many-body problem given in Eq. (2.3)

drastically. In the rest of this dissertation, we will rely on the BO approximation and investigate

only the electronic part of the hamiltonian, i.e. He given in Eq. (2.4) which is based on fixed

nuclei positions.

2.2 Many-electron systems and independent-electron approxi-

mation

The Schrödinger’s equation, even after the BO approximation, is still prohibitively difficult.

The difficulty stems from that the fact that electrons (ions are considered to be still at their

equilibrium points in the BO approximation) interact with each other and this makes their

motions coupled with each other. Thus, in principle, the exact wave function (i.e., the solution

of the Schrödinger’s equation) must be a many-body wave function which incorporates the

electron-electron interaction.

One of the approaches towards the problem is to substitute the complicated electron-electron

interactions with an average potential felt by each electron individually; this potential is called

the mean-field. This approach is known as the mean-field theory. This substitution will natu-

rally transform the many-body problem into an independent-electron system under an effective

hamiltion defined with the mean field.

The independent-electron approaches can fall into two general categories: the non-interacting

and Hartree-Fock methods [56]. The point where they differ is that while the HF method in-

cludes the electron-electron interaction explicitly, the non-interacting method does not. How-

ever, both approaches are still in the framework of the independent-electron approximation

and thus fail to describe the exact electron-electron correlations which exist in the true wave

function. In the non-interacting theories, instead of explicit electron-electron interaction terms,

there is an effective potential which is defined in terms of some parameters.

The non-interacting approach is often named as Hartree or Hartree-like since D. R. Hartree

was the first one who used this approach. The Khon-Sham approach in DFT is counted in this

class by acknowledging the fact that the Khon-Sham effective potential (which is in terms of

the electron density) is potentially able to count the electron-electron correlations [56].
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The non-interacting (Hartree-like) approximation leads to the following eigenvalue equation

Ĥeffψ
σ
i (r) = (−1

2
∇2 + vσeff(r))ψσi (r) = εiψ

σ
i (r) (2.16)

where vσeff(r) is the effective potential felt by an electron at r with the spin σ. The most crucial

question here is how to build vσeff(r) so that it will mimic the exact many-body potential. In

Hartree’s original work, effective potential was poorly defined. In the modern Khon-Sham DFT

method, it is constructed as a density functional, i.e., a function of electron density.

It is worthwhile to note that Eq. (2.16) leads to orthogonal orbits (single-electron wave

functions) which in turn can be used to form an antisymmetric wave function, referred to as

the Slater determinant (see Sec. (2.3)).

2.3 The Hartree-Fock Method

The Hartree-Fock (HF) method is important not only because it has a special place in the history

of Quantum Chemistry (electronic structure theory) but also because it is a starting point

for many modern, more accurate, correlated methods. Some methods involve improvements

upon the HF wave function such as Configuration Interaction (CI) and Coupled Cluster (CC)

methods. Some other methods simply use the results of HF calculations; for instance QMC uses

the HF wave function as a trial wave function. Therefore, the HF method has a unique place

in electronic structure methods [56, 79].

For simplicity, let us assume that the exact hamiltonian does not contain spin-orbit in-

teraction, magnetic field and relativistic effects. And let the single-electron ”spin orbitals” be

ψ
σj
i (rj) = ψi(xj) which is the product of spatial and spin functions, i.e., ψi(xj) = φi(rj)χi(σj)

where we introduced the general coordinate, xj = (rj, σj). We now consider a system of N

electrons. For easy notation, let X and R be the many-body general and spatial and spin co-

ordinates while xi, ri and σi be the general, spatial and spin coordinates of the ith electron.

Thus, it follows that

X = (x1,x2, ...,xN)

R = (r1, r2, ..., rN)

Due to the indistinguishablity symmetry of electrons, an electronic many-body wave function

carries the anti-symmetry which is that the wave function changes sign upon an interchange

of electrons. Let Φ(X) = Φ(x1,x2, ...,xN) be a wave function of the system. Then, the anti-
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symmetry requires that

Φ(x1,x2, ...xi, ...xj, ...,xN) = −Φ(x1,x2, ...xj, ...xi, ...,xN) for i, j = 1, ...N. (2.17)

The simplest form of an anti-symmetric many-body fermion wave function generated out of

single-particle orbitals, ψi(xj) is perhaps a Slater determinant

Φ(X) =
1

(N !)1/2

∣∣∣∣∣∣∣∣∣∣
ψ1(x1) ψ1(x2) ... ψ1(xN)

ψ2(x1) ψ2(x2) ... ψ2(xN)

... ... ... ...

ψN (x1) ψN (x2) ... ψN (xN)

∣∣∣∣∣∣∣∣∣∣
(2.18)

which will be denoted, throughout this dissertation as |ψ1(x1)ψ1(x2)...ψ1(xN)〉.
We can recast the electronic hamiltonian given in Eq. (2.4) within the BO approximation

as follows:

H =
∑
i

ĥi +
∑
i<j

1

rij
+ Vnn (2.19)

ĥi =− 1

2
∇2
i −

∑
I

ZI
|riI |

+ Vext(xi) (2.20)

Vnn =
∑
I<J

ZIZJ
|RIJ |

(2.21)

The energy estimation with the Slater determinant given in Eq. (2.18) will be

E =〈Φ(x)|H|Φ(x)〉 =

N∑
i

∫
dr1φ

∗
i (r1)ĥ1φi(r1)+

1

2

N∑
i,j

∫
dr1dr2φ

∗
i (r1)φ∗j (r2)

1

r12
φi(r1)φj(r2)+

− 1

2

N∑
i,j

∫
dr1dr2φ

∗
i (r1)φ∗j (r2)

1

r12
φj(r1)φi(r2)δσi,σj + Vnn (2.22)

where the spatial orbitals take place explicitly. The preceding equation can be rewritten in a

compact form as follows:

E =

N∑
i

Hii +
1

2

N∑
ij

(Jij −Kij) + Vnn (2.23)
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where

Hii =

∫
dr1φ

∗
i (r1)ĥ1φi(r1) (2.24)

Jij =

∫
dr1dr2φ

∗
i (r1)φ∗j (r2)

1

r12
φi(r1)φj(r2) (2.25)

Kij =

∫
dr1dr2φ

∗
i (r1)φ∗j (r2)

1

r12
φj(r1)φi(r2)δσi,σj . (2.26)

Jij and Kij are called Coulomb integrals and exchange integrals, respectively.

In a restricted closed-shell system, Eq. (2.23) becomes

E =2

N/2∑
i

Hii +

N/2∑
ij

(2Jij −Kij) + Vnn. (2.27)

2.3.1 The Variational Principle

The HF method generates a solution which minimizes the energy in terms of all degrees of

freedom introduced in the formula given in Eq. (2.23). One can reach this minimization by

using the method of Lagrange multipliers with the constraint that the orbitals are orthonormal,

i.e., 〈Φ|Φ〉 = 1. Let us define a function L and vary it with respect to φi:

L =〈Φ|H|Φ〉 − E(〈Φ|Φ〉 − 1) (2.28)

δL

δφi
=0. (2.29)

This leads to the so-called Fock operator and an eigenvalue equation, namely, the Fock equation:

F̂ (x1)ψi(x1) =F̂ (x1)φi(r1)χi(σ1) = εiφi(r1)χi(σ1) = εiψi(x1) (2.30)

F̂ (x1) =ĥ1 +
N∑
i

Ĵi(x1)−
N∑
i

K̂i(x1) (2.31)

Ĵj(x1)ψi(x1) =Ĵj(x1)φi(r1)χi(σ1) =

∫
dr2φ

∗
j (r2)

1

r12
φj(r2)φi(r1)χi(σ1) (2.32)

K̂j(x1)ψi(x1) =K̂j(x1)φi(r1)χi(σ1) =

∫
dr2φ

∗
j (r2)

1

r12
φi(r2)δσi,σjφj(r1)χi(σ1). (2.33)

In a restricted closed-shell system, the Fock operator simply becomes as follows:

F̂ (x1) =ĥ1 +

N/2∑
i

[2Ĵi(x1)− K̂i(x1)]. (2.34)
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Since this is a non-linear equation, it is solved by iteration. Iteration starts with an initial

guess and the left hand and right hand sides of the equation feed each other in turn until the

criteria for the self-consistency are met. This type of methods is called the Self-Consistent Field

(SCF) method.

The Fock equation yields a solution with a set of eigenstates (single-particle orbitals). N of

those (spin) orbitals with the lowest energies form the HF wave function as a Slater determinant.

These N orbitals are called occupied orbitals while the others are virtual orbitals. Any transition

from the occupied orbitals to the virtual orbitals (i.e., particle-hole pair) results in an excited

state (determinant). Hence, the HF wave function is the single Slater determinant with the

possible lowest energy [79, 56]. Energy can be lowered if the wave function is written as a linear

combination of the HF wave function and other excited determinants, which leads us to the

post-HF methods [79].

The HF method, through the exchange term, consists of exchange correlation (which pro-

vides some of the correlations among parallel spin electrons), however, it does not count any

correlation between opposite spin electrons. Therefore, historically, it is seen as an uncorrelated

method and the HF wave function is an uncorrelated wave function. On the other hand, the

HF energy is always an upper bound to the exact energy since it is a variational method. In

the Quantum Chemistry literature, the difference between the HF energy (EHF) and the exact

energy (Eexact) is called correlation energy (Ecor) [79, 56]

Ecor = EHF − Eexact. (2.35)

2.3.2 SCF with a basis set: The Roothan Equations

The HF eigenvalue equations (Eq. 2.30) can be solved based on either a grid or a given set of

basis functions. The former is usually referred as the numerical HF method.

In the numerical HF method, the orbitals are generated using integration over a grid. Due

to the computational expense and complexity of the numerical HF approach, its practical usage

is limited with atomic systems and small systems.

On the other hand, in the basis-set approach, the HF equations are solved by taking the

HF orbitals (which can be called as Molecular Orbitals) as linear combinations of a given set of

basis functions. Thus, the variational process minimizes the energy by optimizing those linear

combinations of the basis functions. This approach is generally applicable to any size of systems.

However, it suffers from the so-called finite basis set bias. This bias simply originates from the

truncated basis set. There are some methods which increase the convergence systematically

and finally extrapolate to the complete basis set limit (the CBS limit). The converging point

in the HF energy reached through this extrapolation or, in other words, the HF energy with

a complete basis set is called the HF limit. Conversely, the numerical HF does not suffer from
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the finite basis set bias since it consists of a complete basis set; the grid points can be seen as

basis functions with an accuracy that is limited only by the mesh of grid points.

To revisit the HF equations, let us now assume that we are given a set of K basis functions,

{ϕµ}. Then, we assume that the molecular orbitals (HF orbitals) are a linear combination of

these basis functions as follows:

ψi(x1) =
K∑
µ=1

cµiϕµ(r1)χµ(σ1). (2.36)

Following the substitution of Eq. (2.36) into Eq. (2.30), the HF equations will become as follows:

F̂ (x1)
K∑
µ=1

cµiϕµ(r1)χµ(σ1) = εi

K∑
ν=1

cνiϕν(r1)χν(σ1). (2.37)

This will lead to two matrices: the overlap matrix S and the Fock matrix F.

Sµν =

∫
dr1

∫
dσ1ϕ

∗
µ(r1)χµ(σ1)ϕν(r1)χν(σ1) (2.38a)

Fµν =

∫
dr1

∫
dσ1ϕ

∗
µ(r1)χµ(σ1)F̂ (x1)ϕν(r1)χν(σ1) (2.38b)

where note that since
∫
dσ1χµ(σ1)χν(σ1) = δσµ,σν , both of Sµν and Fµν contain δσµ,σν , and also

they are Hermitian. Now Eq. (2.36) takes the form of∑
ν

Fµνcνi = εi
∑
ν

Sµνcνi i=1, 2,..., K (2.39)

which can be recast as follows:

FC = SCε (2.40)

where

C =



c11 c12 ... c1K

c21 c22 ... c2K

. . .

. . .

. . .

cK1 cK2 ... cKK


(2.41)
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and ε is a diagonal matrix,

ε =


ε1

ε2

0

0 .

εK

 . (2.42)

These are called the Roothan equations, which reduce the HF equations to the problem of solving

a matrix equation [79].

2.3.3 Basis Functions Types

The HF method does not restrict the type of the basis functions. However, some types are

commonly used. These are Slater Type Orbitals (STO), Gaussian Type Orbitals (GTO) and

Plane-wave basis functions.

STOs are of the form

ϕSTO(r; ζ, n,RA) = N |r−RA|n−1e−ζ|r−RA| (2.43)

where N is the normalization factor, n is an integer, ζ is the exponent and RA is the center of

the basis function. GTOs are of two sorts: Cartesian and Spherical Ṫhe Cartesian GTOs are of

the form

ϕGTO(r; ζ, k, l,m,RA) = N |rx −RAx|k|ry −RAy|l|rz −RAz|me−ζ|r−RA|2 (2.44)

whereas the spherical GTOs are in the following form

ϕGTO(r; ζ, l,m,RA) = NYl,m(Ωr−RA
)|r−RA|le−ζ|r−RA|2 . (2.45)

Finally, the plane-wave basis functions are written as follows:

ϕ(r,G) =
1√
Ω
eiG·r (2.46)

where G is the reciprocal lattice vector.

STOs and GTOs are localized functions and hence they work well for analyzing atomic and

molecular systems. However, the plane-wave basis functions are rather delocalized and mostly

used in periodic systems [56, 79]. STOs are advantageous to describe the cusp condition, but

dealing with their integrals is computationally more complex and expensive than is the case of
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GTOs. Therefore, GTOs are much more common in molecular systems.

2.4 Configuration Interaction (CI) Method: As a Post-HF method

The HF equations yield a single determinant (HF wave function) which is the determinant

with the lowest possible energy. However, the energy can be lowered even more by improving

the wave function. An obvious way to improve the wave function is to combine the HF wave

function with other excited determinants.

The HF equations with a ”complete basis set” provide a complete set of HF (spin) orbitals,

{ψi}. By using this complete set of orbitals, one can build a complete set of Slater determinants.

Let {Φi} be a complete set of all possible Slater determinants constructed by the complete set

of the orbitals, {ψi}, in an N-electron system. Also, let the HF determinant be Φ0 and the

excited determinants be Φi for i > 0. Then the exact function of the system, Φ can be written

as a linear combination of the determinants as follows:

|Φ〉 =
∑
i=0

|Φi〉〈Φi|Φ〉 (2.47)

=
∑
i=0

ci|Φi〉. (2.48)

The coefficients can be found in a similar fashion with Sec. (2.3.1). We define a function L with

a constraint that 〈Φ|Φ〉 = 1 and vary it with respect to to the coefficients:

L =〈Φ|H|Φ〉 − E(〈Φ|Φ〉 − 1) (2.49)

L =
∑
ij

c∗i cj〈Φi|H|Φj〉 − E(
∑
ij

c∗i cj〈Φi|Φj〉). (2.50)

We assume 〈Φi|Φj〉 = δij . The variational procedure will yield

δL
δci

= 0 ⇒
∑

j Hijcj − Eci = 0

c.c. ⇒ c.c.
(2.51)

where Hij = 〈Φi|H|Φj〉. Thus, we will have an eigenvalue equation

HC = EC (2.52)

which gives not only the ground state but also the excited states.
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2.4.1 Excited Determinants and CI expansion

The excited determinants are the determinants in which a number of ”particle-hole” pairs exist.

That is, a number of electrons from occupied orbitals are excited to virtual orbitals.

We can sort the excited determinants according to the number of ”particle-hole” pairs such

as singles, doubles, triples, quadruples and etc.. Let them be denoted as follows:

HF determinant Φ0

singles Φp
a

doubles Φpq
ab

triples Φpqr
abc

quadruples Φpqrs
abcd

(2.53)

and so on. Therein, a,b,c,d represent occupied orbitals and p,q,r,s do so for virtual orbitals.

Now we can rewrite Eq. (2.47) in terms of the newly introduced excited determinant nota-

tion [79] :

|Φ〉 =|Φ0〉+
∑
ap

cpa|Φp
a〉+

∑
abpq

cpqab|Φ
pq
ab〉+

∑
abcpqr

cpqrabc |Φ
pqr
abc〉+

∑
abcdpqrs

cpqrsabcd|Φ
pqrs
abcd〉+ ... (2.54)

where we resorted to the intermediate normalization.

The Eq. (2.52) can be solved by a direct diagonalization method or alternatively by iteration.

2.4.2 Full CI and Complete Basis Set (CBS) Limit

A CI calculation considering all possible determinants is called the full CI method. Even after

including all determinants, it still suffers from the bias of a finite set of basis functions. There

are schemes which systematically increase the convergence of the energy to the exact energy and

eventually extrapolate to the CBS limit. There are available basis sets designed for this purpose,

e.g., Dunning’s correlation consistent basis sets [30]. These basis sets have a hierarchical design

such that in each hierarchical level the basis set contains atomic functions up to a specific

angular symmetry. For instance, let BS(x) be a basis set with the cardinal number x and let

the corresponding full CI and HF energies be EFCI(x) and EHF(x), respectively. Thus, we have

EFCI(x)← full CI/BS(x)

EHF(x)← HF/BS(x) (2.55)

where x=2,3,4, 5 and so on. The EFCI(x) and EHF(x) values obtained for a few x values can

be extrapolated to EFCI(x → ∞) and EHF(x → ∞) by devising some empirical extrapolation

formulas; the CBS limit can be estimated. The CBS extrapolation is an important topic in
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Quantum Chemistry [32].

2.4.3 Truncated CI

Full CI is prohibitively impractical, except in very small systems, since the number of determi-

nants grows exponentially. The number of determinants is equal to the number of combinations,(
M
N

)
where N is the number of electrons and M is the total number of (spin) orbitals. Therefore,

one may need to truncate the determinant space by making a wise choice of which determinants

to be included in the calculation. However, most of the time, it is highly difficult to have such

prior wisdom, except for very obvious choices of determinants.

The excited determinants {Φi}added into the wave function upon the HF reference (Φ0) will

contribute to the energy via coupling with Φ0 and also each other. Hence, even the determinants

which do not couple with the HF reference (i.e., 〈Φi|H|Φ0〉 = 0) may still be important enough

to be considered, since they may couple with other determinants in the expansion of the wave

function.

One important approach, namely Brillouin’s theorem, simply implies that the coupling of a

singly excited determinant with the HF determinant is zero; combining the HF reference with

a singly excited determinant will not improve the energy. This can be easily justified once we

recall that the HF reference is the determinant with the lowest possible energy and also that

the singly excited determinants differ from the HF determinant by only a single orbital. One

can easily show that two determinants which differ only by a single orbital can be recombined

into a single determinant. Let Φq
a be a singly excited determinant with the given hole-particle

pair, then

|ΦHF
0 〉+ c|Φq

a〉 = |Φa→a+cq〉. (2.56)

where the label ”HF” is to emphasize that the Slater determinant is the HF determinant. The

resulting determinant can not have a lower energy than the HF determinant since the HF

determinant has already the lowest energy:

E|Φa→a+cq〉 ≥ E|ΦHF
0 〉

(2.57)

where Es are the energies. In addition to Brillouin’s theorem, one can notice that the above-

mentioned hamiltonian contains one-body and two-body terms. That leads us to the fact that

the coupling of any two determinants which differ from each other by more than two orbitals

will be zero. This is formulated by Slater-Condon rules, which will be discussed shortly below.

If the improvement of the wave function upon the HF determinant is considered as given in

Eq. (2.54), only doubly excited determinants will couple with the HF determinant; the other
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determinants will contribute into the energy through coupling with other determinants. Thus,

it suggests that the most important excited determinants are probably the ones from the doubly

excited determinants, without generalization.

The CI matrix elements (i.e., Hij which we named ”couplings”) are calculated according to

the Slater-Condon rules which formulate the integrals of one-body and two-body operators over

the Slater determinants [79, 78, 26]. Let us consider one-body, Ô1, and two-body, Ô2, operators

defined for an N-particle system as follows:

Ô1 =

N∑
i

f̂(i) (2.58)

Ô2 =

N∑
i<j

ĝ(i, j). (2.59)

Then we will have the following cases

〈Φµ|Ô1|Φµ〉 =

N∑
i=1

〈φi|f̂ |φi〉 (2.60)

〈Φµ|Ô1|Φν〉 =〈φa|f̂ |φp〉 if Φµ → Φν : {a} → {p} (2.61)

〈Φµ|Ô1|Φν〉 =0 if Φµ → Φν : {a, b, ...} → {p, q, ...} (2.62)

where Eq. (2.60) is for the diagonal elements of the matrix 〈µ|Ô1|ν〉 and Eq. (2.61) is for the case

that one differs from another only by one orbital and finally Eq. (2.61) is when the difference

is more than one orbital. Similarly, for the two-body operator, Ô2, the matrix elements can be

given by the following:

〈Φµ|Ô2|Φµ〉 =
N∑
i<j

(〈φiφj |ĝ|φiφj〉 − 〈φiφj |ĝ|φjφi〉) (2.63)

〈Φµ|Ô2|Φν〉 =
N∑
i=1

(〈φaφi|ĝ|φpφi〉 − 〈φaφi|ĝ|φiφp〉) if Φµ → Φν : {a} → {p}

(2.64)

〈Φµ|Ô2|Φν〉 =〈φaφb|ĝ|φpφq〉 − 〈φaφb|ĝ|φqφp〉 if Φµ → Φν : {a, b} → {p, q}
(2.65)

〈Φµ|Ô2|Φν〉 =0 if Φµ → Φν : {a, b, c, ...} → {p, q, r, ...}
(2.66)

where Eq. (2.66) refers the case when the difference is by more than two orbitals. It is worth
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noting that so far standard the Dirac bra-ket notation is used.

As mentioned above, since a full CI calculation becomes exponentially expensive as the

system size grows, one needs to develop a strategy to include the most relevant determinants in

the calculation. For instance, considering only singles and doubles (CISD), freezing core orbitals

(frozen-core), and also the selected-CI method are some examples. In the selected-CI method,

one begins with a starting expansion of determinants (or simply with the HF determinant) and

iteratively selects the most relevant excited determinants so that the wave function expansion

iteratively grows with the determinants with the highest energy contributions [37].

2.4.4 Configuration State Functions (CSFs)

Generally speaking, Slater determinants may not be necessarily pure spin states. However, an

appropriate linear combination of determinants can be a pure spin state. This linear combination

of Slater determinant is called a Configuration State Function (CSF).

Closed-shell restricted determinants and fully spin polarized open-shell determinants are

pure spin states. Except for such special cases, the determinants are not pure spin states. To

see this, one can apply the spin operator, S =
∑

i Si, onto the determinant and see whether

it is an eigenstate of this operator. We can illustrate this. Let |11̄...aābb̄...〉 be a closed-shell

determinant, where a(ā) is an orbital in α(β)-spin channel. By using the following relation:

S2 =S−S+ + Sz + S2
z, (2.67)

one can obtain that

S2|11̄...aābb̄...〉 =0(0 + 1)|11̄...aābb̄...〉. (2.68)

In a two-electron system, one can explicitly show that

S2|11̄〉 = [φ1(1)φ1(2)]2−
1
2 (α(1)β(2)− β(1)α(2)) (2.69)

where the spin part is obviously a singlet state as follows:

S2(α(1)β(2)− β(1)α(2)) = 0(α(1)β(2)− β(1)α(2)). (2.70)

Therefore,

S2|11̄〉 = 0|11̄〉 =⇒ singlet. (2.71)

On the other hand, |12̄〉 will not be an eigenstate of S2. However, one can prove that 1√
2
(|12̄〉+
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|21̄〉) will be an eigenstate of S2. Since

1√
2

(|12̄〉+ |21̄〉) =
1

2
(φ1(1)φ2(2)− φ1(2)φ2(1))(α(1)β(2)− β(1)α(2)), (2.72)

it is clear that

S2 1√
2

(|12̄〉+ |21̄〉) = 0
1√
2

(|12̄〉+ |21̄〉) =⇒ singlet. (2.73)

Likewise, one can easily show that

S2 1√
2

(|12̄〉 − |21̄〉) = 1
1√
2

(|12̄〉+ |21̄〉) =⇒ triplet. (2.74)

To sum up, spin-adapted CSFs can be constructed by an appropriate linear combination

of a few Slater determinants [79]. Therefore, by expanding the wave function in terms of CSFs

(not determinants) in a CI calculation, one can build a wave function which will be a pure spin

state; spin-contamination will be eliminated.

2.5 Density Functional Method (DFT)

Today, DFT is one of the most widely used electronic structure techniques. Its affordable com-

putational complexity along with the fact that it includes the many-body correlation effects by

construction makes it a highly popular technique.

The main idea behind the formalism of DFT is simple: the many-body properties of an

interacting-electron system can be expressed as functionals of the ground state electron den-

sity; the ground state electron density, a scalar function, can determine the properties of the

system. It follows that the energy of the system will be a functional of the ground state electron

density, too. The ground state electron density will be the density which minimizes the energy

functional [56].

Let us rewrite the electronic hamiltonian as follows:

H = −1

2

N∑
i

∇2
i +

∑
i<j

1

rij
+
∑
i

Vext(ri) + Vnn (2.75)

where Vext includes electron-nucleus interaction and any other external potentials. Vn−n is the

nucleus-nucleus potential. The first and second terms of the hamiltonian, which are kinetic and

electron-electron terms, can be written as a functional of the electron density regardless of Vext.
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Thus, the energy takes the form

E[n(r)] =F [n(r)] +

∫
drVext(r)n(r) + Vnn (2.76)

F [n(r)] =T [n(r)] + Ve−e[n(r)]. (2.77)

F [n(r)] is a universal functional of density; it does not change with Vext. However, the ground

state density determines Vext(r). The density which minimizes the energy is the ground state

electron density, n0(r):

lim
n→n0

δE[n]

δn
= 0 (2.78)

2.5.1 Thomas-Fermi (TF) Approximation

It is helpful to discuss the Thomas-Fermi approximation. The idea proposed by Thomas and

Fermi was the original idea of DFT [56].

Let the total energy be a functional of electron density as follows:

ETF[n] = TTF[n] +

∫
drVext(r)n(r) +

1

2

∫∫
drdr′

n(r)n(r′)

|r− r′|
+ Vn−n. (2.79)

And it is assumed that

TTF[n] =

∫
drεT[n(r)]n(r) (2.80)

where εT will be approximated from a simpler system, a homogeneous non-interacting-electron

gas. After substituting the approximate expression of εT, the energy will be written as follows:

ETF[n] = C

∫
drn(r)

5
3 +

∫
drVext(r)n(r) +

1

2

∫∫
drdr′

n(r)n(r′)

|r− r′|
. (2.81)

The rest of the problem is the minimization of ETF[n] with respect to n(r) with the constraint

that
∫
drn(r) = N . Let us define a function L of the form

L[n] = ETF[n]− µ(

∫
drn(r)−N) (2.82)

where µ is the Fermi energy. Then

δL =

∫
dr

(
5

3
Cn(r)

2
3 + veff(r)

)
δn(r) (2.83)
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where veff(r) = Vext(r) + 1
2

∫
dr′ n(r)
|r−r′| − µ. This leads to the relation

5

3
Cn(r)

2
3 + veff(r) = 0. (2.84)

Since veff(r) and n(r) are related to each other by Poisson’s equation, Eq. (2.84) can be solved.

TF approximation lacks important electron-electron correlation terms, and hence it may

poorly describe the behavior of a many-electron system. However, it clearly demonstrates how a

scalar function, electron density, is taken into consideration to redefine the many-body problem.

2.5.2 The Hohenberg-Khon Theorems

Hohenberg and Khon (HK) established a theoretical foundation in which DFT is presented as

an exact theory of many-electron systems [56]. Considering the hamiltonian given in Eq. (2.75),

the HK approach relies on two theorems:

Theorem I :There is a uniquely described dependence of Vext(r) on the ground state electron

density, n0(r).

Theorem II: For any external potential, Vext(r), energy can be written as a functional of the

density and, moreover, the density which minimizes this functional is the ground state electron

density, n0(r).

Proof for Theorem I

Let us assume that a given ground state electron density, n0(r), leads two different external

potentials, V 1
ext(r) and V 2

ext(r). Naturally, that will result in two different hamiltonians, H(1)

and H(2) with the corresponding ground state functions, Φ
(1)
0 and Φ

(2)
0 . Let their eigen energies

be as follows:

E(i) = 〈Φ(i)
0 |H

(i)|Φ(i)
0 〉 (2.85)

where i = 1, 2. Then, since Φ
(2)
0 is not the ground state of H(1),

E(1) = 〈Φ(1)
0 |H

(1)|Φ(1)
0 〉 < 〈Φ

(2)
0 |H

(1)|Φ(2)
0 〉. (2.86)

After substituting the difference between H(1) and H(2) into the last term in Eq. (2.86), one

can get that

〈Φ(2)
0 |H

(1)|Φ(2)
0 〉 =〈Φ(2)

0 |H
(2)|Φ(2)

0 〉+ 〈Φ(2)
0 |H

(1) −H(2)|Φ(2)
0 〉 (2.87)

=E(2) +

∫
dr
[
V 1

ext(r)− V 2
ext(r)

]
n0(r). (2.88)
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It follows that

E(1) < E(2) +

∫
dr
[
v1

ext(r)− v2
ext(r)

]
n0(r). (2.89)

One can get a similar relation after repeating the same procedure by exchanging the indices :

E(2) < E(1) +

∫
dr
[
v2

ext(r)− v1
ext(r)

]
n0(r). (2.90)

If Eqs. (2.89) and (2.90) are added, it will lead to a contradiction :

E(1) < E(2) < E(2) < E(1). (2.91)

Thus, our starting assumption, which states that two different external potentials v1
ext(r) and

v2
ext(r) exist for a unique ground state electron density, is false since it leads a contradictory

statement. This proves that there is a one-to-one relation between the ground state density and

the external potential.

This theorem leads to the corollary that any eigenstate wave function can be solved from

the hamiltonian which is uniquely determined by the ground state electron density, n0(r).

Proof for Theorem II

Let the ground state density be n0(r) and the corresponding external potential be vext(r).

Since the hamiltonian is a functional of n(r), the ground state wave function will be also a

functional of n(r). Let the hamiltonian and wave function corresponding to n0(r) be H0 and

Φ0, respectively. Then the energy will be given as follows:

E0 = 〈Φ0|H0|Φ0〉. (2.92)

Now, considering another density n1(r), let the corresponding wave function be Φ1. Obviously

Φ1 is not the ground state of H0, and therefore, as the variational principle implies,

E0 < 〈Φ1|H0|Φ1〉 = E1. (2.93)

In other words, any wave function originated from a density rather than the ground state

density, n0(r), will have a higher energy than that of the ground state density. Consequently,

we arrive at the point that the ground state density is the density which minimizes the energy.
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A General Remark On The Hohenberg-Khon Theorems

The HK theorems build a powerful foundation for an ”exact” treatment of many-body systems.

However, the difficulty of the problem still remains as unsolved: the HK theorems do not provide

a hint on how to find the functionals [56].

2.5.3 The Khon-Sham Approach

The Khon-Sham (KS) approach maps the difficult many-body picture onto a non-interacting

picture, which is a much easier system to handle than the former, by retaining the use of

electron density in the theory. KS assumes that the many-body problem can be solved by

exploiting an auxiliary non-interacting system. More specifically, it is assumed that the exact

ground state electron density is equal to the ground state density of the auxiliary non-interacting

system [50, 56].

The other important point of the KS approach is that the kinetic energy term is given

in a usual form which is a kinetic energy operator applying on the wave function; it is not

given as a functional. Despite the fact that the wave function is defined in the non-interacting

picture, the electron-electron correlation and exchange terms are included in the form of some

density functionals. That is to say, even though the system is solved by taking an auxiliary non-

interacting picture, which is advantageous from the applicability point of view, it still counts

many-body correlation and exchange interactions by construction.

KS assumes a hamiltonian of the form

HKS = TKS + Veff + Vnn (2.94)

where TKS is the kinetic energy term, Vn−n is the nucleus-nucleus potential and Veff is the

effective potential including the electron-electron and electron-nucleus and any other external

potential. The kinetic term and the electron density, n(r), are given in terms of the single-

particle orbitals, {ψi}, as follows:

n(r) =

N∑
i=1

|ψi(r, σ)|2 =

N∑
i=1

|φi(r)|2 (2.95)

where we recall that ψi(r, σ) = φi(r)χi(σ), and

TKS = −1

2

N∑
i=1

〈ψi(r, σ)|∇2|ψi(r, σ)〉 =
1

2

N∑
i=1

|∇φi(r)|2. (2.96)
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Then, the energy in Eq. (2.76) can be rewritten as follows:

EKS =TKS + VH [n] + Exc[n] +

∫
drVext(r)n(r) + Vnn (2.97)

VH [n] =
1

2

∫∫
drdr′

n(r)n(r′)

|r− r′|
(2.98)

where Exc[n] is the exchange-correlation functional. Exc[n] is actually the difference between

the ”exact” internal energy, FHK[n] given in the HK ”exact” approach (see Eq. (2.77)), and the

sum of the kinetic energy and the coulomb interaction (also known as the ”Hartree” term and

denoted as VH) presented in the non-interacting picture of KS approach:

Exc[n] = FHK[n]− (TKS + VH [n]). (2.99)

Thus, the energy is defined in terms of the single-particle orbitals, ψi, and some functionals

of density. The rest of the problem is the minimization of the energy with respect to density.

However, since the density explicitly depends on the single-particle orbitals, the minimization

can be done by varying the orbitals as follows:

δEKS

δψ∗i (r, σ)
=

δTKS

δψ∗i (r, σ)
+

[
δ
∫
dr′Vext(r

′)n(r′)

δn(r)
+

δVH
δn(r)

+
δExc

δn(r)

]
δn(r)

δψ∗i (r, σ)
. (2.100)

From Eqs. (2.96) and (2.95) one can obtain that

δTKS

δψ∗i (r, σ)
=− 1

2

∫
d3r∇2ψi(r, σ) (2.101)

and

δn(r)

δψ∗i (r, σ)
=ψi(r, σ). (2.102)

Then, one can minimize EKS with the constraint that

∑
σ

∫
d3rψ∗i (r, σ)ψi(r, σ) = 1. (2.103)

Let a function, L, be defined as follows:

L = EKS − ε

(∑
σ

∫
d3rψ∗i (r, σ)ψi(r, σ)− 1

)
. (2.104)
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It follows that

δL =
δEKS

δψ∗i (r, σ)
δψ∗i (r, σ)− εi

∑
σ

∫
d3r(δψ∗i (r, σ))ψi(r, σ). (2.105)

That leads to [
−1

2
∇2 + Ueff(r, σ)

]
ψi(r, σ) = εiψi(r, σ) (2.106)

where Ueff(r, σ) is the effective KS potential and is equal to

Ueff(r, σ) = Vext(r) +
δVH

δn(r)
+

δExc

δn(r, σ)
. (2.107)

The last term in Eq. (2.107) is the exchange-correlation potential,

Vxc(r, σ) =
δExc

δn(r, σ)
. (2.108)

The equations given in Eq. (2.106) are known as the Khon-Sham equations and can be

solved self-consistently by iteration [50, 56].

KS equations imply that if Exc[n] functional was known exactly, one would solve the many-

body problem exactly, even though that the treatment is in a non-interacting approach.

Unfortunately, the exact functionals are not known as of this date. However, they can be

estimated from a simpler quantum system. One of these approximations is the Local Density

Approximation (LDA). In LDA, it is assumed that Exc[n] is given by the total effect of a

functional which is locally defined in terms of the density, n(r):

ELDA
xc [n] =

∫
d3rεxc[n(r)]n(r). (2.109)

Furthermore, εxc[n(r)] is approximated from the homogeneous electron gas (HEG) system. For

instance, quantum Monte Carlo (QMC), a more sophisticated many-body method, has been

used to estimate LDA.

Due to the approximate nature of the exchange-correlation functionals, they are always

biased by empirical choices in the estimation processes. Nevertheless, DFT in the KS approach

is widely used. Especially, for large systems where other alternate correlated methods are ruled

out it is the method of choice, since it is computationally appealing and also includes the

many-body correlation effects by means of the inherited features of the density functionals.
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2.6 Pseudopotentials (PP)

Chemical properties are determined mostly by the behavior of valence electrons of atoms par-

ticipating in a chemical process. Core electrons affect the valence electrons behavior, but they

usually remain intact in chemical processes. In addition, as the nuclei get heavier, the computa-

tional expense becomes an important concern in a correlated method. These facts encouraged

and also forced the electronic structure theory community to find an effective way to remove the

explicit core electron terms from their calculations and so they could focus solely on valence elec-

trons. For this purpose, there are various methods developed and practiced for many decades.

One of these methods is known as pseudopotential (PP) in solid state physics or Effective Core

Potential (ECP) in quantum Chemistry.

In this practice, the hamiltonian and also the wave functions (or orbitals) are partitioned

as core and valence. Moreover, in the valence hamiltonian the original core-valence electrons

two-body interactions are replaced by effective one-body terms with effective potentials.

Let Nv, Nc and Nn be the numbers of valence electrons, core electrons and nuclei, respec-

tively. The hamiltonian can be given as follows:

H = Hc +Hv + Vn-n (2.110)

where Vn-n is nuclear repulsion and Hc and Hv are the core and valence hamiltonians given by

Hc =− 1

2

Nc∑
i=1

∇2
i +

Nc∑
i<j

1

rij
−

Nn∑
I=1

Nc∑
i=1

ZI
riI

(2.111)

Hv =− 1

2

Nv∑
i=1

∇2
i +

Nv∑
i<j

1

rij
−

Nn∑
I=1

Nv∑
i=1

ZI
riI

+

Nv∑
i=1

Nc∑
j=1

1

rij
. (2.112)

Now, roughly speaking, if the core electrons are considered as negative charges around

the nucleus which remain intact under different chemical environment, then we will be able to

decouple the core electrons motion from the valence electrons motion. That would be equivalent

to transforming the nuclei charges to the effective charges; i.e., ZI → Zeff
I with Zeff

I = ZI −NcI

where NcI is the number of core electrons around the nucleus I. However, the core electrons are

not centered at the nucleus center but they are, rather, distributed within a core radius. That

is to say, the distribution of core electrons needs to be considered as well. In addition to this, it

is obvious that the core-valence interaction term (the last term in Eq. (2.112)) depends on the

angular momentum symmetry. It follows that valence electrons in different angular momentum

symmetries should experience different potentials. By considering all these points, the two-body
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valence-core terms can now be transformed into effective one-body terms of the valence electrons

in which the core electrons are mimicked with the pseudopotentials. The corresponding valence

pseudo-hamiltonian becomes [29]

H̃v =− 1

2

Nv∑
i=1

∇2
i +

Nv∑
i<j

1

rij
+

Nv∑
i=1

Nn∑
I=1

V̂ I
pp(i) +

Nn∑
I<J

Zeff
I Z

eff
J

RIJ
(2.113)

where V̂ I
pp(i) is the pseudopotential and is given by

V̂ I
pp(i) = V I

loc(riI) +

lmax∑
l=0

m=l∑
m=−l

V I
l (riI)|Ylm(ΩiI)〉〈Ylm(ΩiI)| (2.114)

where the last term contains an angular projection operator which incorporates the fact that

electrons at different angular symmetries experience different potentials. Also, Ylm(Ω) is the

spherical harmonic with the angular quantum numbers l and m. Furthermore, the local part of

the pseudopotential outside the core region (i.e., r > rc) will be equal to Vloc(r)→ −Zeff

r .

An eigenvalue equation following Eq. (2.113) will be of the form

H̃vΦ
pp
v = EppΦpp

v . (2.115)

The pseudopotentials are constructed according to two philosophies: the shape-consistent

(norm-conserving) pseudopotentials and the energy-consistent pseudopotentials [56, 29, 18, 19].

In the shape-consistent pseudopotentials, the parameters in V̂ I
pp(i) are fitted considering

various criteria, but one of them is that the true orbitals (all-electron orbitals) and the orbitals

generated with the pseudopotentials (pseudo-orbitals) will match exactly beyond a predefined

core radius. For this fitting, usually the lowest atomic configuration generated by either the HF

or KS-DFT methods is taken into consideration.

On the other hand, in the energy-consistent pseudo-potentials various atomic configurations

are taken into account and the parameters are fitted so that the energy differences between the

configurations in both the all-electron case and the pseudo-potential case will match each other.

Pseudopotentials present many advantages in conventional ab initio methods and also in

QMC. In addition to saving computational time, one of the advantages is that the relativistic

effects can be incorporated through pseudopotentials if the relativistic effects are considered in

the construction of the pseudopotentials. The relativistic effects become more important as the

nuclei get heavier.

Despite these advantages, there is a fundamental drawback which poses a challenge to the

accuracy of the pseudopotentials: The partition of the hamiltonian and the wave function can

be meaningful in a non-interacting treatment, however it is not possible, in principle, in a many-
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body quantum system. This is because the particles are indistinguishable and they can not be

identified as core or valence electrons [35]. Nevertheless, pseudopotentials have been used for

many decades and are usually found satisfactorily.
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Chapter 3

Quantum Monte Carlo Methods

This chapter will first introduce some mathematical background information concerning Monte

Carlo integration. This will be followed by a brief discussion of Quantum Monte Carlo methods.

3.1 Monte Carlo Integration

Monte Carlo (MC) integration is an integration technique that involves a random number

sequence. It is a stochastic method, rather than a deterministic one [42, 35].

Frequently, an analytic closed form of an integral is not possible and hence one needs to seek

computational techniques to calculate the integral. One of these techniques is the grid-based

numerical integration. It is an efficient method but only in low dimensionality, since the number

of grid-points increases exponentially with the dimensionality, i.e., Nd where d is the degree of

the dimensionality and N is the number of grid points per dimension.

An alternative method is the MC integration. It is based on a random walk and is a highly

efficient method in high dimensionality.

An instructive example for the MC integration can be the calculation of the area of a circle

of radius R or the number π. It can be processed as follows: We consider a square of width

2R (see Fig. 3.1). A number of random points, {pi}, which lie within the square are drawn. A

point, pi = (xi, yi), is counted inside the circle if x2
i + y2

i ≤ R; otherwise outside. Let Nin be the

number of random points lie inside the circle and N be total number of the points. Then the

area of the circle is estimated very straightforward:

Ac =
Nin

N
As (3.1)

where Ac and As are the areas of the circle and square, respectively. This procedure is repeated
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Figure 3.1: A square of width 2R and a circle of radius R are shown. The points are randomly
drawn. The red points are inside the circle, however, the others are outside of the circle. The
ratio of the red points to the total number of points is equal to the ratio of the area of the circle
to that of the square (in the limit that the number of points goes to the infinity).

several times and the average will be the estimated value of the area of the circle. Afterward,

one can estimate the number π. It is noteworthy that unlike deterministic methods, MC method

always gives results with a statistical error bars. However, as it can be seen from this simple

example that MC integration approaches the problem in a so simple manner that one does not

have to deal with difficult analytic derivations. This simplicity and straightforwardness makes

MC the method of choice in many complicated problems.

3.1.1 Random Numbers

The MC method uses a random number sequence. A random number sequence can be defined

roughly as a sequence of numbers in which the number in the next iteration can not be preor-

dained by the numbers at the current and past iterations. Despite this, the random numbers

generated by regular random number generator programming routines are not random in real-

ity since they are somehow already determined by the algorithms. Nevertheless, these random

numbers generators are designed so that the number sequences carry some attributes of the

real random number sequences [42].
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3.1.2 Sampling

Consider an integral of the form

F =

∫ b

a
f(x)dx. (3.2)

Due to the mean value theorem, this integral will be equivalent to

F = fav(b− a), (3.3)

where fav is the average value. To find the average, one can have a number of points which

are distributed with even space within the integral domain, and then estimate the average as

follows:

fav(N) =
1

N

N∑
i

f(Xi) (3.4)

where N is the number of sampling points and the {Xi} is a set of sampling points.

The uniform sampling will be inefficient as the number of dimensions increases.

3.1.3 Importance Sampling

An alternative to uniform sampling is importance sampling. The logic of importance sampling

is that in the configuration space (or the integral domain) configurations naturally have varying

importance. For instance, considering a Gaussian distribution (a bell curve), the peak region

contributes to the integral more than the tail regions do. Therefore, a natural choice would be

that more important regions (e.g., the peak region in a Gaussian distribution) will be sampled

with more sampling points than the less important regions (e.g., the tail regions in a Gaussian

distribution).

Eq. (3.2) can be rewritten with the introduction of a importance function w(x) as follows:

F =

∫ b

a

w(x)∫ b
a w(x′)dx′

f(x)

w(x)
dx

∫ b

a
w(x′)dx′. (3.5)

The probability density function, p(x) = w(x)∫ b
a w(x′)dx′

is sampled and the integral is estimated as
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the average of the local values of the sampling points, AL(xi) = f(xi)
w(xi)

∫ b
a w(x′)dx′ as follows [42]:

F ≈ 1

N

N∑
i=1

AL(xi). (3.6)

Note that we have not yet discussed how to sample a probability density function.

3.1.4 The Central Limit Theorem

In Statistics, there is an important theorem which is also highly relevant with our discussion,

namely the Central Limit Theorem (CLT). Let us consider a distribution of a large number of

independent random variables with an arbitrary probability density function. CLT yields that

the sum of such distributions will behave approximately as a normal distribution.

Let X(t) = {X(t)
1 , X

(t)
2 , ...X

(t)
mt} be random numbers drawn according to an arbitrary proba-

bility density function, f(X). Let St and σf be the mean value and the variance of the distri-

bution X(t). St is given as follows:

St =
1

mt

mt∑
i=1

X
(t)
i . (3.7)

CLT yields that the distribution S = {S1, S2, ..., SN} behaves as a normal distribution as mt

and N go to the infinity, regardless of the type of the probability density function, f(X).

Thus, the mean value and variance of S given by

µS =
1

N

N∑
a=1

Sa (3.8)

σ2
S =

σ2
f

N − 1
(3.9)

will define a normal distribution (e.g., a Gaussian function):

p(s) =
1√

2πσ2
S

e
− (s−µS)2

2σ2
S (3.10)

where p(s) is the probability of X(t) with the mean of value s. This implies that if one samples

the same probability density function, f(X), and calculates the mean value, it will be within

µS±σS with the probability of 0.68 and µS±2σS with the probability of 0.95. It is clear that the

variance and hence the error bars decrease with the square root of (N−1), i.e., σs ∝ 1√
N−1

[42].

33



3.1.5 Random Walks and Markow Chains

We noted that importance sampling will allow the MC integration to be employed more effi-

ciently, especially in multi-dimensional cases. However, we have not yet discussed how to sample

a given probability density function.

Let us assume that we are given a space of states {Si} (i.e., a configuration space), and

transitions between the states are ruled by a given probability density function. We will consider

mathematical entities called walkers (or configurations). We may have a number of walkers, each

of which will experience a random walk through the states within given iterations of ”time”. At

each iteration, each walker may ”walk” from one state to another or may remain in its original

state. This random walk is governed by a stochastic process which be clear through this section.

The sequence of transitions of states forms a chain. If the next transition of a walker depends

only on the current state in which it resides – regardless of the history of past transitions – that

chain is called a Markow chain.

Sampling can be done through two channels. One is the Markow chain itself that each

walker undergoes during its life time. The other channel is through the walkers, the states of

the walkers at a specific iteration. These two channels will yield the same result if the Markow

chain is ergodic [42].

Let S
(t)
k denote the kth walker’s state at the iteration t. The MC integration estimations

through the above-mentioned channels are given, respectively, as follows:

〈f〉T =
1

T

T∑
t=1

f(S
(t)
k ) for an arbitrary k (3.11)

〈f〉N =
1

N

N∑
k=1

f(S
(t)
k ) for an arbitrary t. (3.12)

It is obvious that the preceding statement (Eq.(3.11) and Eq.(3.12)) is valid once the random

walk reaches equilibrium, after a large number of iterations.

The criteria for ergodicity can be numerated as follows: First, the chain should be irreducible;

every state must be accessible from any state. Second, all states should be aperiodic which means

each state returns to the original state at irregular periods. Finally, all states should be positive

recurrent, which means that each state should be able to return to the original state even after

very long time [75].

3.1.6 Metropolis Algorithm

The Metropolis algorithm is used to sample a given probability density function. It works

basically as follows: A transition is proposed (Note: This proposed transition can be based on
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a purely random draw or a random draw biased by some certain information extracted from

the probability density function.). Afterward, this proposed transition is either accepted (or

rejected) with a probability determined so as to meet one or more of the criteria which are

discussed below [57, 42, 35].

Let us assume we are given a set of states {Si} and a probability density function p. Hence,

each state has a weight pi which are normalized; thus
∑M

i=1 pi = 1 where M is the number of

states. Also, let us assume our system is ergodic and the transition from Si to Sj is proposed

with the probability of Tji. The sampling should meet the following criteria: i) The population

of each state has to be proportional to its weight. Therein, population can mean either the

frequency that a single walker (a Markow chain) revisits a specific state or the number of

walkers out of an ensemble of walkers at a given time. Therefore, one will have the following:

ni
nj

=
pi
pj

(3.13)

where ni is the population of the state. ii) The net change in the population of a state should

vanish:

δnj = 0. (3.14)

Considering all transitions inward and outward of the state j, the net change in nj is given

by

δnj =
∑
i 6=j

(niTjiAji − njTijAij) (3.15)

where Aji is the probability that the proposed move (from Si to Sj) is accepted. Since δnj = 0

and ni
nj

= pi
pj

, one obtains that

Aji
Aij

=
nj
ni

Tij
Tji

=
pj
pi

Tij
Tji

. (3.16)

This is the condition for the so-called detailed balance.

A possible choice for Aji can be the following:

Aji = min(1,
pj
pi

Tij
Tji

). (3.17)
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3.1.7 Sampling |Ψ(R)|2

An observable, Ô, of a quantum system can be estimated by

〈Ô〉 =
〈Ψ|Ô|Ψ〉
〈Ψ|Ψ〉

(3.18)

where Ψ is a trial wave function approximate to an eigenstate of the hamiltonian of the system.

In a continuous spatial space, Eq. (3.18) takes the form of the following integral:

〈Ô〉 =

∫
dRΨ∗(R)ÔΨ(R)∫
dRΨ∗(R)Ψ(R)

(3.19)

where R = (r1, r2, ..., rN ) with N particles. Eq. (3.19) can be rewritten as follows:

〈Ô〉 =

∫
dR

|Ψ(R)|2∫
dR′|Ψ(R′)|2

ÔΨ(R)

Ψ(R)
. (3.20)

Therefore, as Eq. (3.20) implies we often need to sample |Ψ(R)|2∫
dR′|Ψ(R′)|2 .

Simple Metropolis Algorithm

|Ψ(R)|2∫
dR′|Ψ(R′)|2 can be sampled by the simple Metropolis sampling where an attempt from Ri to

Rj and its reverse move, from Rj to Ri, have an equal probability; i.e. Tij = Tji. Therefore,

the acceptance probability of a move from Ri to Rj , Aji given in Eq. (3.17) becomes

Aji = min(1,
pj
pi

) = min(1,
|Ψ(Rj)|2

|Ψ(Ri)|2
). (3.21)

This can be implemented as follows: i)determine a step length, ∆r ii)propose a move from the

current position, R; i.e. R′ = R + ∆r~ξ where R′ is the proposed position and ~ξ is a random

unit vector. iii) calculate the ratio; i.e., q = |Ψ(R′)|2
|Ψ(R)|2 . iv) if q ≥ 1 or q ≥ ν, where ν is a random

number in [0, 1), accept the move so that R = R′; otherwise reject the move. v) Continue the

iterations until the desired statistical accumulation is reached.

The optimum step length, ∆r, is such that the equilibrium distribution is achieved in a

shortest time, in the smallest possible number of steps. A long ∆r will result in high rejection

while a short ∆r may not overcome the serial correlation within a given number of iterations.

An indicator for an optimum step length can be the acceptance ratio; it should be close to 50%.

The advantages of this method are that only the function is evaluated at given points and

the normalization constant does not have to be known to sample the function.

However this, there is a disadvantage that since no a prior information about the wave
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function is used, it results in a high rate of rejection [42, 35].

Focker-Planck Diffusion Equation and Metropolis Formula

The sampling can be further improved if it is allowed to be biased by the gradient of the

wave function. It follows from the fact that the dynamic of the sampling process from an initial

distribution to the equilibrium distribution is similar with a diffusion process. A simple isotropic

diffusion process is governed by the Focker-Planck equation given by [42]

∂f

∂t
= D∇ · (∇− 2Vd)f (3.22)

where D is the diffusion constant and equal to 1/2, f = |Ψ(R)|2 is the probability density

function and Vd is the drift velocity which is most suitably given as ∇Ψ
Ψ . The drift term implies

that considering a proposed move from a given point, some points will be more favorable than

others.

Furthermore, the Focker-Planck equation can be incorporated in a Green’s function formal-

ism as follows: Let us rewrite Eq. (3.22) in the form of

∂f

∂t
= Lf (3.23)

where L = 1
2∇ · (∇ − 2Vd). This, in turn, can be transformed into an integral equation with

the introduction of a Green’s function:

f(R, t+ δt) =

∫
dR′G(R← R′, δt)f(R′, t) (3.24)

where G(R ← R′, δt) = 〈R|eLδt|R′〉 is a Green’s function and obeys G(R ← R′, δt → 0) =

δ(R′ −R).

One can also obtain that

lim
δt→0

G(R← R′, δt) = (2πδt)−3N/2e−
[R−R′−δtVd(R′)]2

2δt (3.25)

where N is the number of particles in a 3-dimensional system. It is noteworthy that G(R ←
R′, δt) corresponds to T matrix in Eq. (3.15) in a continuum space. Also, it is important to

note that Eq. (3.25) is valid for an infinitely small time step (δt), and hence any finite time step

will result in a bias. However, we can combine Focker-Planck approach with the Metropolis’

rejection approach in order to reduce the time step bias.
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Considering that Tji = G(Rj ← Ri, δt), Aji in Eq. (3.17) becomes

Aji = min

(
1,
G(Rj ← Ri, δt)

G(Ri ← Rj , δt)

Ψ(Rj)
2

Ψ(Ri)2

)
. (3.26)

This can be implemented as follows: i) determine a time step, δt. ii)propose a move from the

current position (R):

R′ = R + Vd(R)δt+ ~η (3.27)

where ~η =
∑3N

i=1

√
δtN(0, 1)êi with the normal distribution of mean value 0 and of variance

1, N(0, 1). iii) calculate the ratio; i.e. q = G(R′←R,δt)
G(R←R′,δt)

|Ψ(R′)|2
|Ψ(R)|2 . iv) if q ≥ 1 or q ≥ ν, where ν

is a random number in [0, 1), accept the move so that R = R′; otherwise reject the move. v)

Continue the iterations until the desired statistical accumulation is reached.

3.2 Variational Monte Carlo (VMC) Method

Having discussed the MC integration and sampling, we can now discuss how to estimate a

quantum observable. The integral given in Eq. (3.20) can be estimated as follows:

〈Ô〉 = lim
M→∞

M∑
i=1

OL(Ri) (3.28)

where OL(Ri) = ÔΨ(Ri)
Ψ(Ri)

is the local value of the operator Ô and M is the number of walkers.

For a finite M, the result will be given with statistical error bars; i.e., 〈Ô〉 = Oav ± σ. The

mean value and the variance (error bars) are given by

Oav =
1

M

M∑
i=1

OL(Ri) (3.29)

σ2 =
1

(M − 1)

M∑
i=1

[Oav −OL(Ri)]
2 . (3.30)

It is worth noting that the error bars are inversely proportional with
√
M . In other words, a lin-

ear increase in precision can be obtained only by a geometric (square) increase of computational

time.

One of the consequences of Eq. (3.30) is that the variance will vanish if the local value,

OL is independent of location. This happens when Ψ(R) is an eigen state of the operator Ô.

However, this condition is rarely met. Nevertheless, as the trial wave function moves closer
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to the true wave function, the variance will be reduced. Therefore, a smaller variance is an

important indicator of an improvement obtained in the wave function. In addition, a smaller

variance will lead to a higher precision (i.e., smaller error bars) which indirectly lowers the

computational time. Hence, obtaining a wave function of a high quality is crucial and always

sought.

In the case of the hamiltonian operator, Eq. (3.28) becomes

E =

∫
dR

|Ψ(R)|2∫
dR′|Ψ(R′)|2

HΨ(R)

Ψ(R)

≈ 1

M

M∑
i=1

EL(Ri) (3.31)

where EL(Ri) = HΨ(Ri)
Ψ(Ri)

is the local energy.

The wave function, Ψ(R), is actually an approximate wave function to the ”unknown” true

wave function, Φ0(R). In QMC jargon it is called the trial wave function or guiding wave

function and will be denoted as ΨT , henceforth. Let the true wave function be an eigen state of

the hamiltonian with an eigen energy, E0, i.e., HΦ0 = E0Φ0. The variational principle implies

that the energy obtained from ΨT ,

E =
〈ΨT |H|ΨT 〉
〈ΨT |ΨT 〉

, (3.32)

is an upper bound to the exact energy; i.e. E ≥ E0. However, as ΨT → Φ0, E → E0. In other

words, an improvement in a given trial wave function will lead to a lower energy. Hence, in

addition to a smaller variance, a lower energy is also an indicator of an optimization in the trial

wave function.

One of the most powerful features of QMC is that it enables us to incorporate explicit

many-body terms in the trial wave function which are otherwise formidably difficult to handle

in a traditional method. Since the integration is done by sampling and evaluating only the local

values of the wave function at the sampling points, one can almost put any type of terms into

the trial wave function.

The framework of the above-mentioned points forms the Variational Monte Carlo (VMC)

method. That is, VMC is a method that stems from the combination of the usage of high-level

many-body wave functions and the optimization of those wave functions (i.e., improvement of

the trial wave function) [42, 59, 55, 51, 43, 35, 6].

Unfortunately, the optimization process is not trivial. The computational expense (time)

during optimization increases significantly with the degree of freedom of the parameters in the

trial wave function or its complexity (i.e., the structure of the required computational time to
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evaluate a wave function values and its derivatives). Therefore, one needs to be wise in the

construction of the trial wave function. In other words, an optimum trial wave function should

be able to mimic the true wave function as much as possible while its complexity should be as

low as possible.

3.3 Diffusion Monte Carlo (DMC) Method

3.3.1 Introduction: A projection method

In the preceding section, VMC was discussed and it was demonstrated that VMC, since it

enables implementation of explicit correlation terms at very low cost and relies on the variational

principle (optimization), is not only an efficient many-body method but also deals in a very

simple manner with the dramatic picture changes from a single-particle treatment to a many-

body treatment. However, a shortcoming of the VMC method is that the limit of its accuracy

depends on the best available trial wave function. This limit still exists despite the fact that the

trial wave function can be optimized and potentially be made close to the true wave function,

since such high level optimization is as difficult as the many-body problem itself.

There is a highly sophisticated and also robust method, namely the Diffusion Monte Carlo

(DMC) method, which, in principle, does not depend on the trial wave function. It is a projection

QMC method which projects the ground state out of the trial wave function [42, 59, 55, 51, 43,

35, 6, 73, 24, 1, 2].

DMC is a stochastic solution of the stationary Schrödinger’s equation. It originates from

the time-dependent Schrödinger’s equation which is given by

∂Ψ(X, t)

∂t
=− iHΨ(X, t) (3.33)

Ψ(X, t) =e−iHtΨ(X, t = 0). (3.34)

However, our method has nothing with a time-dependent treatment. After the introduction of

the complex-time (Wick’s rotation), i.e., τ = it, Eq. (3.34) becomes:

Ψ(X, τ) =e−(H−ET )τΨ(X, τ = 0). (3.35)

The eigen states of the hamiltonian form a complete set and hence

Ψ(X, τ = 0) =
∑
i

ciΦi(X) (3.36)

where {Φi} are the eigen states of the hamiltonian (i.e.,HΦi = EiΦi) and ci = 〈Φi|Ψ(X, τ = 0)〉.
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After substituting Eq. (3.36) into Eq. (3.35), one obtains that:

Ψ(X, τ) =e−Hτ (
∑
i

ciΦi(X)) (3.37)

Ψ(X, τ) =
∑
i

cie
−τEiΦi(X). (3.38)

Furthermore, one can introduce an offset energy (ET ) by substituting H with (H −ET ) in Eq.

(3.35), then Eq. (3.38) will be as follows:

Ψ(X, τ) =
∑
i

cie
−τ(Ei−ET )Φi(X). (3.39)

This is an interesting consequence of the complex-time rotation: if ET is adjusted to be ap-

proximately equal to E0 (the eigen value of the ground state) –i.e., ET ≈ E0–, the states with

higher energies than E0 will decay and eventually be removed. Thus, only the ground state will

survive provided that the overlap c0 is non-zero and the time is long enough:

lim
τ→∞
ET→E0

Ψ(X, τ) = lim
τ→∞
ET→E0

∑
i

cie
−τ(Ei−ET )Φi(X)

=c0Φ0(X). (3.40)

Eq. (3.35) with (H − ET ) can be rewritten in an integral form as follows:

Ψ(X, t+ τ) =

∫
dX′G(X← X′, τ)Ψ(X, t) (3.41)

where G(X← X′, τ) = 〈X|e−τ(H−ET )|X′〉 is the Green’s function. The Green’s function obeys

LG(X← X′, τ) = δ(X,X′) where L = H − ET .

The projection given in Eq. (3.41) can be interpreted as follows: Initially, Ψ(X, t) is sampled

in terms of a number of walkers, {Xi}. Subsequently, each walker transits from its original

position (X′) to another position (X) with the probability G(X← X′, τ). The new distribution

of the walkers samples the wave function, Ψ(X, t + τ). If the parameter τ is long enough, the

new wave function which is sampled by the redistribution of the walkers will be the ground

state of the hamiltonian.

Therein, first, the transition probability, the Green’s function G(X ← X′, τ), depends on

the time step (τ). Except for very simplified cases, the exact explicit form of G(X ← X′, τ) is

difficult to derive. One can, however, reach an approximate Green’s function by dividing the

time step into small steps (i.e. the introduction of the small time step approximation). The

computational cost is, of course, the extra number of iterations.
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Furthermore, the ground state projected out of a given initial wave function (trial wave

function) will not be known analytically. Instead of that, this procedure will enable the ground

state to be sampled. Even though there are techniques in which the ground state is fitted with

gaussian functions defined around the walkers, the immediate outcome of the projection method

given in Eq. (3.41) is the sampling of the desired ground state.

Lastly, although Eq. (3.41) is given in a continuous spatial space, the method is more general

and can be redefined for discrete representations as well. For instance, instead of electron

positions one may have many-body Slater determinants; the walkers will walk through the

determinants. In fact, the projection method of interest is a stochastic way to diagonalize the

hamiltonian matrix which can be defined in many forms of bases. In the continuous spatial

space, one still has bases but now the electron position space provides a complete set of bases.

3.3.2 Green’s Function

We do not know yet the explicit form of the Green’s function given in Eq. (3.41) and defined

by an interacting many-body hamiltonian. However, the Green’s function for free particles has

been known since classical diffusion equations.

Consider the free particles hamiltonian given by

Hfp = −1

2

N∑
i=1

∇2
i . (3.42)

Then, the Green’s function for the free particles takes the form of

Gd(R← R′, τ) = (2πτ)−
3N
2 e−

(R−R′)2
2τ . (3.43)

Note that Gd(R ← R′, τ → 0) = δ(R − R′). Gd(R ← R′, τ), in fact, describes the diffusing

Brownian motion.

Now, we consider the interacting hamiltonian:

H = T̂ + V̂ − ET (3.44)

which consists of the kinetic and potential terms. Since T̂ and V̂ do not commute, the following

expansion can only be written with an error:

e−τ(T̂+V̂ ) = e−
τV̂
2 e−τT̂ e−

τV̂
2 +O(τ3) (3.45)

where the error introduced is proportional with τ3. This is known as the Trotter-Szuki formula.
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Consequently, the Green’s function given in Eq. (3.41) becomes:

G(R← R′, τ) =〈R|e−τ(T̂+V̂−ET )|R′〉

=e−τ(
V (R)−ET

2
)〈R|e−τT̂ |R′〉e−τ(

V (R′)−ET
2

) +O(τ3)

=Gd(R← R′, τ)Gb(R← R′, τ) +O(τ3) (3.46)

where Gd(R← R′, τ) = 〈R|e−τT̂ |R′〉 = (2πτ)−
3N
2 e−

(R−R′)2
2τ and

Gb(R← R′, τ) = e−
τ
2

[V (R)+V (R′)−2ET ].

An important consequence of the Trotter-Szuki approximation is that the error, which is

proportional with τ3, vanishes only at infinitely small time steps. Hence. for any finite time

step, there will be a bias, the time step bias. An analysis of the Green’s function introduced

in Eq. (3.46) shows that it describes a stochastic process which is a combination of diffusion

and branching processes. An interpretation can be as follows: The desired simulation duration

is divided into a number of iterations so that each iteration evolves at a small time step.

At each iteration walkers will transit from one point to another according to the probability

density function Gd. Afterwards, each walker accumulates a weight given by Gb; the walkers

are renormalized. Thus, at a given equilibrium time of the simulation, a quantum observable

can be estimated according to the local values of the walkers and also their weights.

In configuration space, some configurations may have negligible weights. During a simula-

tion process, some of the walkers may end up in those configurations and therefore may have

negligible weights. This causes an inefficiency for the method. A more efficient way can be the

birth/death algorithm [42, 59, 55, 51, 43, 35, 6, 73, 24, 1, 2]. In the birth/death algorithm, a

walker is given a chance to be branched if its weight is larger than unity or may be annihilated

if its weight is smaller than unity. In other words, the population density of the walkers is

readjusted during the simulation time in the favor of the configurations with lower potentials

(i.e. higher weights).

The birth/death algorithm can be summarized as follows: Let p(R) = Gb(R← R′, τ), then

i) if p(R) < 1, the walker survives with the probability of p(R);

ii) if p(R) ≥ 1 the walker will survive and may give birth with the probability of p(R)−1. This

process can be implemented with the following code:

K(R) = int(p(R) + v) (3.47)

where K(R) is the number of walkers evolving from the original walker and v is a uniform

random number in [0, 1). Fig. (3.2) illustrates the birth/death algorithm of DMC with a very

simplified example.

It is worth noting that the offset energy, ET , is an important parameter. The communication
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Figure 3.2: An instructive demonstration of the birth/death algorithm is given. The sampling
of the ground state of a single-particle system under the harmonic potential is depicted. In
Fig (a), the walkers are uniformly distributed at the initial time. As time elapses, the walkers
undergo the annihilation/branching process. The readjustment of the walker population is in
the favor of the low potential points. In Fig (b), the redistribution of the walkers samples the
ground state of the system. It is given that the number of the walkers is 1000. The dashed line
shows the exact ground state.

between the walkers is accomplished by tuning ET . During the simulation, it needs to be

readjusted after each cycle of a number of steps in order to keep the walkers population almost

constant. Note that the walkers population is proportional with e−(E−ET )τ , hence a drop in ET

will lower the walkers population or vice verse. It can be readjusted, for instance, as follows [35]:

ET ← ET − a log(Ncurrent/Ndesired) (3.48)

where Ncurrent and Ndesired are the current number and desired number of the walkers. The

coefficient a should ensure that the readjustment of ET will be gentle so as not to bias the

expectation value of the energy.

3.3.3 DMC with Importance Sampling

In Eq. (3.46), the renormalization factor is given in terms of local potential values. Since poten-

tial can widely fluctuate through the configuration space (for instance, the repulsive potential

diverges whenever two electrons coincide.), it may cause an inefficiency in the method. There-

fore, one may need to seek a more appropriate sampling method in a many-electron system.

Let us recall that the ”time-dependent” Schrödinger’s equation in complex time with the
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introduction of an energy offset is given by

− ∂

∂τ
Φ(R, τ) = −1

2
∇2Φ(R, τ) + (V̂ − ET )Φ(R, τ) (3.49)

where ∇2 =
∑N

i ∇2
i and Φ(R, τ) is the desired solution such that in the long time limit it will

converge to the ground state of the hamiltonian; i.e., limτ→∞Φ(R, τ) = Φ0(R).

If the both sides of Eq. (3.49) is multiplied by the trial wave function (ΨT (R)) and the

terms are rearranged, we arrive in the following equation:

− ∂

∂τ
f(R, τ) = −1

2
∇2f(R, τ) +∇ · [Vd(R)f(R, τ)] + (EL(R)− ET )f(R, τ) (3.50)

where f(R, t) = Φ(R, t)ΨT (R), Vd(R) = ∇ΨT (R)
ΨT (R) is the drift velocity and EL(R) = HΨT (R)

ΨT (R) is

the local energy. This leads us to the following modification in Green’s function:

f(R, t+ τ) =

∫
dR′G̃(R← R′, τ)f(R′, t+ τ) (3.51)

with

G̃(R← R′, τ) = G̃d(R← R′, τ)G̃b(R← R′, τ) (3.52)

where now

G̃d(R← R′, τ) =(2πτ)−
3N
2 e−

(R−R′−τVd(R′))2

2τ (3.53)

G̃b(R← R′, τ) =e−
τ
2

[EL(R)+EL(R′)−2ET ]. (3.54)

Thus we have introduced importance sampling by using a trial wave function, ΨT . There are

two important consequences of the importance sampling transformation. The first of them is

that, the renormalization factor, G̃b, is now dependent on the local energy of the trial wave

function. Since presumably the local energy takes close values at almost every configuration,

the fluctuation in G̃b (and hence in the walker population) will be small and therefore the

simulation will be more robust [42, 59, 55, 51, 43, 35, 6, 73, 24, 1, 2]. The local energy diverges

at the points where ΨT vanishes; however, since those points do not contribute to the energy,

this does not impair efficiency.

The other point is that the diffusion is now biased by the gradient of the trial wave function.

This will guide the distribution of the walker by the trial wave function; roughly speaking the

configurations with a lower gradient of ΨT will be favored. Also, near the nodal surface (zero-

locus) the drift velocity grows exponentially and acts as a infinite potential barrier [35, 6].

This is also related to the efficiency of the fixed-node DMC (which is discussed below, see Sec.
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(3.3.5)).

In addition, by comparing Eq. (3.46) with Eq. (3.51) one can see that the modified Green’s

function G̃ is related with the original Green’s function G as follows:

G̃(R← R′, τ) =
ΨT (R)

ΨT (R′)
G(R← R′, τ). (3.55)

3.3.4 Improved Green’s Function

In regions close to the nodal surface (zero-locus) and at the singularities, the drift velocity and

local energy may diverge. This results in a significant time step error. One way to reduce the

time step bias is to improve the Green’s function by a rejection mechanism [35, 42]. Using a

similar approach to that discussed in Sec. (3.1.7), a transition from R′ to R is accepted with

the probability of A(R← R′) where

A(R← R′) = min

[
1,
G̃(R′ ← R, τ)|ΨT (R)|2

G̃(R← R′, τ)|ΨT (R′)|2

]
. (3.56)

Since G̃b(R← R′, τ) = G̃b(R
′ ← R, τ), Eq. (3.57) becomes

A(R← R′) = min

[
1,
G̃d(R

′ ← R, τ)|ΨT (R)|2

G̃d(R← R′, τ)|ΨT (R′)|2

]
. (3.57)

It is noteworthy that A(R← R′) fulfills the detailed balance condition :

G̃(R← R′, τ)|ΨT (R′)|2 = G̃d(R
′ ← R, τ)|ΨT (R)|2. (3.58)

3.3.5 Fermion Sign Problem and Fixed-Node Approximation

In the DMC discussion, so far we assumed that the probability density function (i.e., f(R, t) =

Φ(R, t)ΨT (R) in the importance sampling transformation) is positive. However, in fermions due

to the antisymmetry of the fermion many-body wave function this condition may not be met in

the entire configuration space. The fermionic antisymmetry ensures that upon any interchange

of two electrons the new wave function becomes the negative of the original wave function as

follows:

Ψ(r1, r2, ...ri, ..., rj , ..., rN−1, rN ) = −Ψ(r1, r2, ...rj , ..., ri, ..., rN−1, rN ). (3.59)

This antisymmetry leads a fermionic many-body wave function to have a nodal structure –i.e., a

specific sign structure. A fermionic wave function has multi-dimensional cells (nodal cells) with

positive and negative signs which are separated by multi-dimensional hypersurfaces, namely
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nodal surfaces [60, 22, 7]. On nodal surfaces, a wave function vanishes; those points are called

the nodes of the wave function.

Since the nodes of the ground state, Φ0, and the trial wave function, ΨT , do not necessarily

overlap exactly, their product, f(R) = Φ0(R)ΨT (R) would take a negative value at some

configurations. This contradicts the assumption of a non-negative probability density function.

This is called the fermion sign problem. The sign problem is a subtle problem and inheres in

many similar methods.

One way to circumvent the fermion sign problem is to force the ground state to adopt the

nodes of the given trial wave function. This constraint will ensure that their nodes will overlap

and hence f(R) = Φ0(R)ΨT (R) will be non-negative throughout the configuration space:

f(R, t) = Φ0(R, t)ΨT (R) ≥ 0. (3.60)

In other words, the nodes of the trial wave function will approximate the nodes of the exact

ground state wave function. This approach is called the fixed-node approximation (FNA) and

results in the fixed-node DMC (FN-DMC) [43, 42, 73, 59, 51, 55, 35, 6, 24, 2]. Although FNA

introduces a bias [60, 7, 22, 70, 69, 47, 52] – since the nodes are approximate nodes –, FN-DMC

is often found to be a highly accurate and also robust method for the ground state and excited

states of many-electron systems. For instance, it can usually reproduce experimental values

with very small error and gain a high percentage of correlation energies (typically ∼ 95% of

correlation energy with a very compact form of wave function).

The implementation of the fixed-node approximation is simple: The signs of walkers are

watched and if any of them changes sign (i.e., crosses nodal surface), the move is rejected.

The efficiency of the fixed-node approximation is related with the importance sampling.

As mentioned in Sec. (3.3.3), the drift velocity, Vd introduced in Eq. (3.50), grows as a walker

gets closer to a nodal surface and hence the walker experiences a large drift which causes the

walker to run away from the nodal surface. Therefore, the importance sampling transformation

reduces nodal crossings of walkers significantly. However, walkers may still attempt to cross a

nodal surface occasionally, which is mostly due to a large time step. In that case, the rejection

mechanism can be applied.

It is noteworthy that the fixed-node approximation is valid for real-valued wave functions.

For complex wave functions, there is an analogous approximation which is called the fixed-phase

approximation.

3.3.6 The Tiling Theorem and Variational Fixed-Node DMC

In the fixed-node DMC, since walkers are not allowed to transit from one nodal cell to another,

it can be asserted that the Schrödinger’s equation is solved in each nodal cell separately.
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This is a valid and safe approach, particularly for ground states. The tiling theorem [22, 35, 6]

proves that for a many-fermion wave function of the ground state, there is only one class of

nodal cells. That is, let {ξα} be the nodal cells of a many-electron wave function. The tiling

theorem claims that each of the nodal cells can be transformed from any of other nodal cells

with a number of two-body interchange (permutation) operations :

ξα′ =
m∏
i

P̂iξα (3.61)

where P̂i is a specific two-body interchange (permutation) operator.

Now consider a many-body wave function ψα which is positive inside ξα and zero outside

it. Likewise to the nodal cells, one can obtain that:

ψα′ = (

m∏
i

P̂i)ψα. (3.62)

This enables us to write a total many-body wave function as follows:

Ψ =
1

K

K∑
α=1

(−1)Pαψα (3.63)

where Pα is the parity symmetry of the nodal cell ξα (Recall that for each an interchange

operation the wave function is multiplied by (-1).).

Due to the nodal constraint in FN-DMC, the projection will yield a wave function, ψα,

which is with the lowest energy, Eα, in each particular nodal cell (ξα). A consequence of the

tiling theorem is that {ψα} will be permutationally symmetric and hence {Eα} will be identical.

Furthermore, within the nodal cell ξα, the eigen value equation becomes

Hψα = Eαψα + δ (3.64)

where δ is the delta function which takes place due to the divergence of the Laplacian operator

in the hamiltonian on the nodal surface.

Since the Schrödinger’s equation is linear on the wave function and also 〈ψα′ |ψα〉 = δα′α,

Eq. (3.63) will lead us to

〈Ψ|H|Ψ〉
〈Ψ|Ψ〉

= Eα, (3.65)

which is the FN-DMC energy. In other words, the overall FN-DMC energy and the FN-DMC

energy specific to a nodal cell are basically identical.
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Following the variational principle and Eq. (3.65), one can deduce that

E0 ≤
〈Ψ|H|Ψ〉
〈Ψ|Ψ〉

= Eα

E0 ≤Eα (3.66)

where E0 is the exact ground state energy. In other words, FN-DMC is basically a variational

method and the FN-DMC energy is an upper bound to the exact energy.

An immediate consequence of this is that as the approximate nodes (the nodes of the trial

wave function) becomes closer to the exact nodes, the fixed-node bias (i.e., the bias introduced

by the fixed-node approximation) will be reduced and the FN-DMC energy will be lower (but

still an upper bound to E0).

However, in the case of the locality approximation (LA) which is pronounced when pseu-

dopotentials are employed instead of core electrons, the FN-DMC energy may take a lower

value than the exact energy. Nevertheless, this error is usually small and can be lifted by the

so-called ”T-moves” approach.

3.3.7 The Mixed Estimator and Reptation Quantum Monte Carlo

During the simulation process, the offset energy, ET , is updated after every cycle of a number

of steps so that the walker population is kept nearly constant. Hence, an average value for ET

will estimate the energy; this is known as generational or population growth estimator.

A more rigorous approach can be the so-called mixed estimator. Consider a quantum observ-

able, Â, which commutes with the hamiltonian. Then the estimated value is given by [59, 55, 35]

〈Â〉 =
〈Φ0|Â|Φ0〉
〈Φ0|Φ0〉

(3.67)

where Φ0 is the ground state. Since Φ0 = limτ→∞ e
−τHΨT and Â commutes with the hamilto-

nian, Eq. (3.67) becomes

〈Â〉 =
〈Φ0e

−τH |Â|ΨT 〉
〈Φ0e−τH |ΨT 〉

. (3.68)

If the time reaches the long time limit –i.e., τ > τ0 where τ0 is the long time limit (in other

words, if the simulation time is long enough), it is obvious that e−τHΦ0 → Φ0. Then Eq. (3.68)
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will be

〈Â〉 =
〈Φ0|Â|ΨT 〉
〈Φ0|ΨT 〉

= lim
τ→∞

∫
f(R, τ)AL(R)dR∫

f(R, τ)dR
(3.69)

which can be estimated in a DMC simulation as follows

〈Â〉 ≈ 1

M

M∑
i=1

AL(Ri) (3.70)

where AL(R) = ÂΨT (R)
ΨT (R) and Ri is a configuration (walker). For instance, energy (hamiltonian)

can be estimated in this way.

For the operators that do not commute with the hamiltonian, one can use the mixed esti-

mator with a variational estimator. Let B̂ be an operator which does not commute with the

hamiltonian. Then the expectation value can be approximated as follows:

〈B̂〉 = 〈Φ0|B̂|Φ0〉 ≈ 2〈Φ0|B̂|ΨT 〉 − 〈ΨT |B̂|ΨT 〉+O[(Φ0 −ΨT )2]. (3.71)

Since ΨT is an approximation to Φ0, there will be a bias; the accuracy of this type estimation

(known as extrapolated estimation) depends on the trial wave function.

There are some alternatives to the extrapolated estimators. One of them is the Reptation

QMC (RQMC) [86, 13, 6, 84] which enables the pure sampling (Φ2
0) and therefore, removes the

bias introduced due to the mixed sampling.

The basic idea of RQMC can be briefly given as follows: In DMC one has the following path:

Φ0(Rn) = lim
t→∞

G(Rn ← Rn−1; τn)...G(R2 ← R1; τ2)G(R1 ← R0; τ1)ΨT (R0) (3.72)

where t =
∑n

i=1 τi. One can split the path (Rn, ...,R1,R0) in two and by using the reversibility

of the process (i.e., the symmetry of the Green’s function G(Ri ← Rj ; τ) upon the exchange of

Ri and Rj) can obtain a pure sampling as follows:

Φ2
0(Rn/2) = lim

t→∞
[G(Rn/2 ← Rn/2−1; τn/2)...G(R1 ← R0; τ1)ΨT (R0)]×

[G(Rn/2 ← Rn/2+1; τn/2+1)...G(Rn−1 ← Rn; τn)ΨT (Rn)]. (3.73)

Thus, a path (known as a ”reptile” –i.e. a Markow chain of a specific length–) is formed. The

middle of this ”reptile” is sampled from Φ2
0 (pure sampling) whereas the ends (the head and

tail) are with the mixed sampling (ΨTΦ0). The quantum observables which do not commute
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with the hamiltonian can be estimated by using the middle configurations of the reptiles.

3.3.8 QMC for Excited States

Although DMC is designed for ground state calculations, the nodal constraint through the

fixed-node approximation enables DMC to project the appropriate state, provided that the

trial wave function captures the true nodal structure and the eigen state of interest is the state

with the lowest energy within that nodal symmetry [35, 6].

On the other hand, since energy is not bounded for an excited state, there is no a variational

principle analogous to the one that is applicable to ground states. Furthermore, no tiling theorem

is claimed for excited states. Therefore, DMC energy for an excited state may lie below the exact

energy. Nevertheless, FN-DMC has been applied to excited states and the reported results

surprisingly show that FN-DMC works well for excited states, too.

3.3.9 PseudoPotentials and QMC: Locality Approximation and T-Moves

The pseudopotentials (or Effective Core Potentials) are advantageous from many respects.

Firstly, the computational cost is proportional with Z6.5 where Z is the effective atomic number.

Especially, calculations that involve heavy elements necessitate the use of the pseudopotentials

to remove the core electrons from the calculations. Second, large fluctuations in a local energy

value occur near the nucleus regions which result in an inefficiency in a simulation. Employing

the pseudopotentials reduces the fluctuations dramatically. Finally, the relativistic effects be-

come more important as heavier elements are being involved in a calculation. However, most of

the efficient QMC methods and codes can be found within the framework of a non-relativistic

treatment. Using the relativistic pseudopotentials may compensate this missing explicit rela-

tivistic effects in the method [35, 59, 55, 6, 51].

Despite many advantages of the pseudopotentials, there is an issue regarding to their use in

QMC. The pseudopotentials consist of local and nonlocal potentials (see Sec.(2.6)):

V̂pp = V̂loc + V̂nloc. (3.74)

Therefore, the Green’s function will have such a component as 〈R|e−τV̂nloc |R′〉 = Vnloc(R,R
′).

Since the Green’s function is assumed to be a transition probability and Vnloc(R,R
′) may not

be always non-negative for an arbitrary points, it causes an error which is analogous to the

Fermion sign problem.

One of the prescriptions for the above-mentioned problem is the so-called locality approxi-
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mation (LA): the non-local term is made local by projecting it onto the trial wave function:

V̂nloc ≈
V̂nlocΨT

ΨT
. (3.75)

Of course, this is an approximation and introduces a bias which is in fact proportional with

(ΨT − Φ0)2. In other words, to diminish the bias one needs to obtain as accurate a trial wave

function as possible. Also, since (due to the locality approximation) the original local hamilto-

nian is transformed to an effective hamiltonian, the FN-DMC energy is no longer guaranteed

to be an upper bound to the exact energy. In other words, unlike the original (all-electron)

FN-DMC, the FN-DMC with the locality approximation does not obey the variational princi-

ple. In addition, the localized pseudopotentials diverge near nodal surfaces of ΨT which may

result in numerical instabilities. Nevertheless, comparisons with experimental values and other

correlated methods values show that the bias introduced by the locality approximation can be

minimized to a marginal value.

An alternative to the locality approximation is the so-called T-moves approach [6, 20, 35]. In

this approach, the Green’s function is redefined by splitting the nonlocal potential into positive

and negative parts. The positive part is reinserted into the local potential whereas the negative

part is recast as an additional displacement step (”T-moves”). The resulting Green’s function

can be written as follows:

GT-moves(R← R′) '
∫
dR′′TR,R′′G̃(R′′ ← R′) (3.76)

where G̃(R′′ ← R′) is the original modified Green’s function, except that the branching factor

is now not symmetric. Therein, TR,R′′ leads an additional displacement step, T-moves.

An immediate outcome of this approach is that the FN-DMC with T-moves becomes an

upper bound to the exact energy. On the other hand, the time-step bias increases.

3.4 Trial Wave Functions

QMC is a wave-function-based method. To achieve optimum accuracy and efficiency for the

method it is highly desirable to employ a trial wave function of quality.

As mentioned in Sec. (3.2), QMC allows a flexible structure of wave functions; the explicit

many-body terms can be present at very low cost.

The most common type of trial wave functions is a product of an antisymmetric wave

function and a ”global” symmetric function which is known as Slater-Jastrow type:

Ψ = ΨAe
−U (3.77)
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where ΨA is the anti-symmetric part (Slater part) and e−U is the symmetric part (Jastrow

factor).

The following section will discuss the ways how to construct the Slater part as well as the

Jastrow part, briefly.

3.4.1 Antisymmetric Wave Functions (The Slater Part)

Orbitals

In QMC, usually atomic orbitals (AOs) or molecular orbitals (MOs) generated by a lower order

method such as HF and DFT are used. Alternatively, the valence bond theory is getting more

attention recently as the QMC community seeks more correlated wave functions [6].

Perhaps, the simplest way to generate MOs is the basis-set-based HF and DFT methods

in general. In atomic systems and maybe in some small systems such as a diatomic system

the grid-based numerical HF and DFT methods can also be employed to generate grid-based

orbitals. These grid-based orbitals can be subsequently converted to spline functions.

The DFT orbitals are usually found to have a higher quality than HF MOs since DFT

counts the electron-electron correlation. Similarly, natural orbitals generated by the post-HF

methods are also usually preferable to HF orbitals.

Single-Slater Determinant Wave Function

The simplest form of a trial wave function is perhaps a single-slater determinant of one-particle

orbitals.

A Slater determinant of spin orbitals is given in Eq. (2.18). If the hamiltonian does not

consist of an explicit spin-dependent term, then it is safe to rewrite the Slater determinant as

the product of the spin channels determinants [35]. Let Nα(β) be the number of electrons in the

spin-α(β) channel. Thus, the total number of electrons is given by N = Nα +Nβ. Considering

the spin orbitals {ψi}, the following transformation of the Slater determinant is harmless for a

spin-free hamiltonian:

ΨA = |ψ1(x1)ψ2(x2)...ψN (xN )〉 →

|ψ1(r1)ψ2(r2)...ψNα(rNα)〉 · |ψ(Nα+1)(r(Nα+1))ψ(Nα+2)(r(Nα+2))...ψN (rN )〉 (3.78)

which can be denoted by

ΨA = D(X)→ Dα(Rα)Dβ(Rβ) (3.79)

where Rα = (r1, r2, ..., rNα) and Rβ = (rNα+1, rNα+2, ..., rN ).
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Multi-Slater Determinant Wave Function

One can improve the single-slater determinant wave function by adding more determinants.

Since determinants are not pure spin states, one may prefer to use Configuration State Function

(CSF) scheme (see Sec. (2.4.4)). Nevertheless, the wave function will be a linear combination

of determinants. Thus

ΨA(R) =
∑
i

diDi(R) (3.80)

where dis are the coefficients. Please note that although spin coordinates are not explicitly

mentioned above, the first Nα electrons are assumed to be in the spin-α channel and the rest

of the electrons are in the spin-β channel.

Most of the computational time is spent in evaluating the values, gradients, and laplacian

of the trial wave function. Fortunately, there are efficient determinant update methods which

lower the computational cost by iterative updates of the values, gradients and laplacians of the

determinants [63]. Thus, maybe it is not a linear scaling with the number of the determinants,

but a more favorable scaling [38]. However, still, the number of the determinants may become a

concern from the computational expense point of view. Therefore, one may need to find the most

relevant determinants in order to make the Slater part as compact and also accurate as possible.

Considering that the number of excited determinants grows exponentially with the system size,

finding the most relevant determinants and additionally optimizing their coefficients are not

trivial tasks. However, fortunately, FN-DMC usually converges much faster than the post-HF

methods regarding the number of excited determinants.

A multi-Slater determinant trial wave function becomes necessary in some symmetries for

a reliable description (non-dynamic correlation). This is especially the case when the HF ref-

erence and some of the excited CSFs are near-degenerate. In these cases, it is likely that a

single-determinant trial wave function artificially imposes a nodal symmetry which is not true.

Addition of the near-degenerate CSFs into the trial wave function simply breaks this symmetry

and helps rebuild the true nodal symmetry. It also contributes in better describing dynamic

correlations.

The CI and MCSCF methods can be used to construct a linear combination of Slater

determinants. Usually, CSFs with coefficients (in absolute value) above a threshold are selected

following a CI or MCSCF calculation. Alternatively, CSFs may be selected iteratively based on

the energy improvement that they would make; for instance the selected-CI method works in

this way. Furthermore, the coefficients obtained by CI or MCSCF or any other method need to

be re-optimized within the framework of QMC [34, 61, 68].
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Valence Bond Wave Function

As an alternative to MOs, the Valence Bond Theory [85, 6] generates a wave function which

is a linear combination of terms, each of which is exactly an eigen state of the spin angular

momentum operators, Ŝ2 and Ŝz.

ΨV B(X) = A

{(
N∏
i=1

φi(ri)

)
ΘN
S,M (σ)

}
(3.81)

where φi(r) is an orbital defined by a linear combination of atomic orbitals:

φi(r) =
K∑
m=1

aimϕm(r), (3.82)

and ΘN
S,M (σ) is the spin-coupling part which is a linear combination of the spin functions

ΘN
S,M,k(σ):

ΘN
S,M (σ) =

tNS∑
k=1

cSkΘ
N
S,M,k(σ) (3.83)

with tNS = (2S+1)N !

( 1
2
N+S+1)!( 1

2
N−S)!

. Therein, A is an anti-symmetrizer operator which ensures that

the wave function obeys the Pauli principle.

Pairing Wave Functions

BCS Wave Functions

BCS, also known as antisymetrized geminal power (AGP) [9, 8, 55, 51, 21] can be built as

follows: First, a pairing function is defined in the form of

Φ(xi,xj) =
∑
kl
k≥l

λkl[φk(ri)φl(rj) + φk(rj)φl(ri)][α(σi)β(σj)− α(σj)β(σi)] (3.84)

where {φk} are molecular orbitals. Notice that the pairing function is in the singlet spin sym-

metry.
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The BCS wave function reads

ΨBCS =det[Φ(xi,xj)]

=det

∣∣∣∣∣∣∣∣∣∣
Φ(1, N2 + 1) Φ(1, N2 + 2) ... Φ(1, N)

Φ(2, N2 + 1) Φ(2, N2 + 2) ... Φ(2, N)

... ... ... ...

Φ(N2 ,
N
2 + 1) Φ(N2 ,

N
2 + 2) ... Φ(N2 , N)

∣∣∣∣∣∣∣∣∣∣
(3.85)

where Φ(i, j) = Φ(xi,xj). ΨBCS will be reduced to ΨHF (HF wave function) if λkl = 1 and

Φ(xi,xj) consists of only the ”occupied” orbitals.

Pfaffians

Pfaffians are a more general form of determinants. They can incorporate not only singlet but

also triplet pairing effects [8, 9, 6, 55, 51]. A BCS wave function can be written in a Pfaffian

form as follows:

ΨBCS = pf

[
0 Φ↑↓

−Φ↑↓
T

0

]
(3.86)

where Φ↑↓ is the singlet pairing function block matrix and Φ↑↓
T

and its transpose. A triplet

pairing function can be defined as follows:

ξ3(xi,xj) =
∑
kl
k>l

λkl[φk(ri)φl(rj)− φk(rj)φl(ri)]χ3(σi, σj) (3.87)

where χ3(σi, σj) is a triplet spin state.

A wave function with only a triplet pairing can be expressed as follows:

Ψ = pf

[
ξ↑↑ 0

0 ξ↓↓

]
= pf

[
ξ↑↑
]
· pf
[
ξ↓↓
]

(3.88)

where ξ↑↑(↓↓) is a triplet pair function with both α(β) spins. In a more general case where the

system is partially spin-polarized, a wave function with singlet and triplet pair functions can

be written in the form of

ΨSTU = pf

 ξ↑↑ Φ↑↓ φ↑

−Φ↑↓
T

ξ↓↓ φ↓

−φ↑T −φ↓T 0

 (3.89)

where the label STU implies that it consists of singlet, triplet and unpaired orbitals.
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Perfect Pairing Wave Functions

To build a perfect pairing, each pair of active orbitals is combined with an active virtual pair :

ΦPPk(xi,xj) = [φk(ri)
↑φk(ri)

↓ + ckφk∗(ri)
↑φk∗(ri)

↓][α(σi)β(σj)− α(σj)β(σi)]. (3.90)

Then, a wave function can be built as follows [6]:

ΨPPX = A[ΦPP1(x1,x2)ΦPP2(x3,x4)...ΦPPN/2(xN−1,xN )]. (3.91)

If the core orbitals are kept uncorrelated, the perfect pairing wave function is reduced to the

generalized valence bond (GVB) wave function which is similar to the MCSCF wave function

as follows:

ΨGVP-PP = |Ψ0〉+
∑
a

ca|Ψa∗ā∗
a ā 〉+

∑
ab
a<b

cab|Ψa∗ā∗b∗b̄∗

a ā b b̄ 〉+ .... (3.92)

Backflow Wave Functions

The backflow transformation is another way to recover electron-electron correlations [35, 6, 51,

25, 44, 54]. Electron coordinates are readjusted by collective coordinates of whole system. It is

defined with a displacement function as follows:

ΨBF(X) = ΨA(X + h) (3.93)

where h is the displacement function. h is symmetric since ΨA must be antisymmetric. For

homogeneous systems, it may be given in the following form:

hi =
∑
j

rj + g(rij)(ri − rj). (3.94)

3.4.2 Jastrow Function

The Jastrow function [64, 76, 6, 35, 42, 55, 51, 59, 73] has explicit electron-electron terms which

pose formidable difficulty for an analytic integration. It is given in an exponential form (see Eq.

(3.77)):

J(R) = e−U(R) (3.95)

where U(R) consists of some many-body terms and J(R) is a symmetric function.

U(R) can be written as the sum of the terms that differ from each other by the level of
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Table 3.1: Some functions commonly used in the Jastrow correlation terms [6].

h(r)

Padé (ar)/(1 + br)

Sun −be(−ar)

exponential b(1− e(ar))
polynomial Padé (1− z(r))/(1 + z(r))

z(x) = x2(6− 8x+ 3x2)

correlation they introduce:

U(R) = U1(R) + U2(R) + U3(R). (3.96)

U1(R) is the one-body Jastrow function which helps describe the electron-nuclei interaction. It

depends on electron-nuclei distances:

U1(R) =
∑
iI

cIh(riI ; pI) (3.97)

where h(r; p) is a function that depends on r and the parameters p. There are several forms

that found common use. Some of them are given in Table (3.1).

The other term U2(R) (the two-body Jastrow function) with the explicit electron-electron

terms contributes the most in the correlation energy. It is given in the form of

U2(R) =
∑
ij

g(rij ; p(σi, σj)) (3.98)

where g(rij ; p(σi, σj)) has similar form with h(r; p) in Eq. (3.97), but takes different parameters.

g depends on electron-electron distances and also electrons spins. For instance, the electron-

electron cusp condition in parallel-spin electrons differs from that of antiparallel-spin electrons.

Furthermore, a spin-dependent correlation may be introduced through a spin-dependent Jastrow

term; the field between parallel spin electrons may be different that of antiparallel spin electrons.

The last term U3(R), the three-body Jastrow function, may be roughly called three-body

term since it consists of electron-electron-nucleus terms. However, it is actually a product of

electron-electron terms with electron-nucleus terms. It is of the form:

U3(R) =
∑
ijI
i<j

∑
pI ,p

′
I ,p

cpI ,p′I ,p[h(riI ; pI)h(rjI ; p
′
I) + h(rjI ; pI)h(riI ; p

′
I)]g(rij ; p(σi, σj)). (3.99)

Eq. (3.99) shows that U3(R) is determined not only by rij but also ri and rj .
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It is noteworthy that U2(R) is repulsive and hence it causes a density shift away from the

nuclei. This is not desired since the region near the nuclei has high electron-nucleus interac-

tion. Inclusion of U1(R) which is an attractive term readjusts the electron density towards the

nuclei [35]. Furthermore, U1(R) may be used to meet the electron-nucleus cusp condition (see

below) of the trial wave function.

3.4.3 Cusp Conditions

An exact many-body wave function has a local value which is constant regardless of the position.

This even applies to the coalescence of a pair of charged particles. The divergence in the potential

term is canceled by a term in the kinetic energy so that the local energy remains finite. This

is called the cusp condition. More specifically, an exact wave function needs to meet both the

nuclear cusp condition (the case when an electron meets with a nucleus) and the Coulomb cusp

condition (the case when two electrons meet). A trial wave function needs to be built with

enough degree of freedom so that it meets the cusp conditions.

To illuminate the nuclear cusp condition [42], consider a one particle case where the radial

Schrödinger’s equation becomes(
∂2

∂2r
+

2

r

∂

∂r
+

2Z

r
− l(l + 1)

r2
+ 2E

)
f(r) = 0 (3.100)

where f(r) is the radial component of the wave function and l is the angular quantum number.

In the case that l = 0, the cusp condition yields that

1

f(r)

∂f(r)

∂r

∣∣∣∣
r=0

= −Z. (3.101)

For non-zero angular momentum numbers (l > 0), the choice of

f(r) = rlρ(r) (3.102)

will help incorporate the nuclear cusp condition. Following from that the 1
r2 terms in Eq. (3.100)

cancel each other, Eq. (3.100) becomes:(
ρ′′ +

2(l + 1)ρ′

r
+

2Zρ

r
+ 2Eρ

)
rlρ = 0. (3.103)

In fact, for l > 0, Eq. (3.103) will be satisfied since rl will vanish. However, the divergence due
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to the 1
r terms can be overcome by imposing that

1

ρ(r)

∂ρ(r)

∂r

∣∣∣∣
r=0

= − Z

l + 1
. (3.104)

Eq. (3.101) can be generalized to a many-body wave function, i.e.,

1

Ψ(R)

∂Ψ(R)

∂r

∣∣∣∣
r=0

= −Z (3.105)

which can qualify for a Slater determinant if each single particle orbital in the determinant is

built with the constraint stated in Eq. (3.104). Alternatively, the nuclear cusp condition can be

satisfied through the Jastrow factor as well.

Most of the popular quantum chemistry codes use the Gaussian type orbitals (GTOs),

instead of Slater type orbitals (STOs) since GTOs are computationally more advantageous

than STOs. However, with STOs the nuclear cusp condition can easily be satisfied whereas

with GTOs it is difficult; a large number of GTOs with high values of exponents need to be

employed.

The Coulomb cusp condition [35] can be discussed with a simplified example as follows:

Consider that two electrons (with the indices 1 and 2) meet, i.e., r12 → 0. The hamiltonian can

be redefined with the following transform: r = r1 − r2 and rcm = r1 + r2. The most relevant

terms in the hamiltonian will be
(
−∇2

r + 1
r

)
which are the kinetic energy due to the relative

motion of one with respect to the other and the Coulomb potential energy between them. Let

us assume the trial wave function is in the Slater-Jastrow type of the form

Ψ = D(r)e−u(r) (3.106)

where D(r) includes the determinants and any other terms left after the factor e−u(r). Also,

therein, many dependencies and parameters are just suppressed for the sake of the brevity of

the notation. For a finite local energy, HΨ
Ψ , the following should remain finite:

1

D(r)e−u(r)

(
−∇2

r +
1

r

)
(D(r)e−u(r)) = u′′ +

2u′

r
− (u′)2 + 2u′

∂D/∂r

D
− ∇

2D

D
+

1

r
. (3.107)

In the case that the electrons are with opposite spins, D(r) generally does not vanish. Therefore,

to overcome the divergence, the divergent terms should cancel each other; 2u′

r + 1
r = 0. This

yields the following cusp condition

du

dr

∣∣∣∣
r=0

= −1

2
(for opposite-spin electrons). (3.108)
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On the other hand, when the electrons are with parallel spins, the Pauli principle ensures that

D(r) = 0 at r = 0. Thus, in the limit as r → 0, D(r) ≈ (∂D/∂r)r to the first order. Then, the

sum of the divergent terms in Eq. (3.107) becomes 2u′

r + 2u′ ∂D/∂rD + 1
r = 4u′+1

r = 0 which yields

the cusp condition given by

du

dr

∣∣∣∣
r=0

= −1

4
(for parallel-spin electrons). (3.109)

3.4.4 Wave Function Optimization

The accuracy of the VMC method depends on the trial wave function. DMC is less dependent

on the trial wave function since it is a projection method. However, even for DMC the quality

of the trial wave function is important not only for the accuracy but also the efficiency of the

methods. First of all, in the fixed-node DMC, the quality of the nodal structure of the trial

wave function is a key factor in the accuracy of the results provided by the method. The nodal

structure is determined by the Slater part in a Slater-Jastrow type trial wave function.

A global Jastrow factor does not contribute to the nodes of the trial wave function, however,

a Jastrow factor with a set of optimum parameters will help the trial wave function approximate

the true wave function more accurately. Thus, it will will help decrease the variance and hence

the error bars which lowers the computational cost. Furthermore, in the case of the pseudopo-

tentials locality approximation a higher quality of the Jastrow factor is sought to minimize the

bias introduced by the approximation. In addition, in the extrapolated estimators the accuracy

of the estimation relies on the closeness of the trial wave function to the true wave function.

To sum up, a higher quality of a trial wave function with more reliable nodes and Jastrow

factor is always sought in QMC for the accuracy and also efficiency of the method.

Unfortunately, the wave function optimization in QMC is a nontrivial task, especially in

a large system or a system that requires a lot of correlation (e.g., a system with a transition

metal). An important portion of the human time –considering a QMC calculation– is usually

spent in the optimization of the trial wave function.

Single-Particle Orbital Optimization

The single-particle orbitals of the Slater part of the trial wave function is usually obtained from

a mean-field calculation such as HF and Khon-Sham DFT. The optimization of the single-

particle orbitals in the framework of QMC is very limited since there are many parameters (i.e.,

so far it has been done for only a few small systems [80].). To obtain a better set of orbitals,

one can vary the theory of the mean-field calculation, for instance different theories of the DFT

functionals, or can vary the parameters within the same theory of DFT functional, for instance

the mixture of the HF exchange functional in a hybrid functional [83], or can employ a larger

basis set [68].
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Multi-Determinant Expansion Optimization

In the case of a multi-determinant trial wave function, the optimization of the coefficients of the

determinants is also important. One usually selects the most relevant determinants (out of a

space with too many determinants) through a lower order method such as CI or MCSCF. How-

ever, the coefficients of the determinants usually need to be re-optimized within the framework

of QMC methods [34, 61].

Optimization Methods with Fixed Sampling

Typically, the trial wave function optimization involves the optimization of the coefficients in

the determinant expansion of the Slater part, basis functions in the Jastrow function and their

coefficients.

Usually, the optimization is done by minimizing a cost function defined in terms of a fixed

walker (configuration) density and variational parameters. In order to avoid having to re-sample

the wave function with varied parameters, the correlated sampling is used [81, 35, 6, 55, 59].

Let Λ0 be the set of the initial parameters and Ψ(R,Λ0) be the initial trial wave function at

the position R with the parameters Λ0. Likewise, let Λ and Ψ(R,Λ) be the corresponding set

of the varied parameters and the updated trial wave function with the parameters Λ. In the

correlated sampling, the following transform takes place:∫
dR|Ψ(R,Λ)|2 →

∫
dR|Ψ(R,Λ0)|2 |Ψ(R,Λ)|2

|Ψ(R,Λ0)|2
(3.110)

which means each walker becomes with a weight wi(Λ) which is equal to:

wi(Λ) =
|Ψ(Ri,Λ)|2

|Ψ(Ri,Λ0)|2
(3.111)

where {Ri} are the sampling points of |Ψ(R,Λ0)|2.

There are several choices for the cost function such as variance, energy, a mixture of variance

and energy, and some functions of energy. The variance minimization is one of the options which

enable a stable numerical procedure. An exact wave function has zero energy variance, therefore,

as the trial wave function improves the variance will decrease. A cost function of the variance
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can be defined as follows:

σ2(Λ) =

∫
dR|Ψ(R,Λ)|2 (EL(R,Λ)− µ(Λ))2∫

dR|Ψ(R,Λ)|2

=

∫
dR|Ψ(R,Λ0)|2 |Ψ(R,Λ)|2

|Ψ(R,Λ0)|2 (EL(R,Λ)− µ(Λ))2∫
dR|Ψ(R,Λ0)|2 |Ψ(R,Λ)|2

|Ψ(R,Λ0)|2

=

∑
iwi(Λ) (EL(Ri,Λ)− µ(Λ))2∑

iwi(Λ)
(3.112)

where EL(R,Λ) = HΨ(R,Λ)/Ψ(R,Λ) is the local energy and µ(Λ) is the mean energy which

is given by

µ(Λ) =

∫
dR|Ψ(R,Λ)|2EL(R,Λ)∫

dR|Ψ(R,Λ)|2

=

∫
dR|Ψ(R,Λ0)|2 |Ψ(R,Λ)|2

|Ψ(R,Λ0)|2EL(R,Λ)∫
dR|Ψ(R,Λ0)|2 |Ψ(R,Λ)|2

|Ψ(R,Λ0)|2

=

∑
iwi(Λ)EL(Ri,Λ)∑

iwi(Λ)
. (3.113)

The cost function defined in Eq. (3.112) can be simplified by setting µ(Λ) to a fixed best

estimated value. A further simplification can be made in the variance minimization by switching

the correlated sampling off; i.e., all weights become unity. This can be justified by the fact that

an exact wave function has zero variance regardless of the location of a walker (a configuration).

Another cost function can be the mean energy, µ(Λ) given in Eq. (3.113). In the energy

minimization the correlated sampling needs to be switched on. One may face a numerical

instability during the energy minimization since energy is not lower bounded with a finite

set of walkers and therefore unphysical values of the parameters may be favored during the

process. Increasing the population of walkers and re-sampling more frequently may help solve

the instability in the energy minimization.

Another alternative for a cost function is the mixture of the variance and the mean energy.

It is reported that it may reach the minimum faster than the only-variance or only-energy

minimizations.

There are more choices. For instance, the cost function can be also defined as the absolute

value of the difference between the local energy and the mean energy, |(EL(R,Λ)−µ(Λ))|. Once,

the cost function is decided, any standard minimization scheme such as Levenberg-Marquardt

can be applied.

Linear Optimization Method

Alternatively to the fixed-sampling optimization, there is a recently developed technique which
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is called the ”linear” method [80, 82]. In this method, the derivatives of the trial wave function

with respect to the parameters which will be denoted as Ψi = ∂Ψ/∂Λi are taken as bases and

the wave function is updated with these bases:

Ψ(Λ) =Ψ(Λ0) +
∑
i

∂Ψ

∂Λi
(∆Λ)i +O((∆Λ)2)

=Ψ(Λ0) +
∑
i

Ψi(∆Λ)i +O((∆Λ)2). (3.114)

The optimum {(∆Λ)i} are found by solving an eigen value problem of the form:∑
j

Hij(∆Λ)j = E
∑
j

Sij(∆Λ)j (3.115)

where

Hij =〈Ψi|H|Ψj〉{|Ψ(Λ0)|2} (3.116)

Sij =〈Ψi|Ψj〉{|Ψ(Λ0)|2}. (3.117)

In Eqs. (3.116) and (3.118), the subscript {|Ψ(Λ0)|2} indicates that the matrix elements are

calculated through the sampling points of |Ψ(Λ0)|2.

Self-Healing DMC

For a fixed-node DMC calculation, the nodes of the trial wave function is the most important

determiner of the accuracy. Improving the nodes can be accomplished through improving the

single-particle orbitals, albeit it is a formidable task, especially if the system is not small. The

other way is building the wave function as a multi-determinant wave function. In this case, the

coefficients of the determinants need to be optimized. This optimization can be done within

the framework of VMC by minimizing the energy or the variance (or their mixture) which will

indirectly improve the nodes of the trial wave function.

Alternatively, the self-healing DMC (SHDMC) method can improve the nodes directly by

using the projection property of the DMC method. The basic motivation of this method can be

given briefly as follows: Consider a multi-determinant Slater-Jastrow type trial wave function:

ΨT (R) = e−U(R)
∑
i

ciDi(R) (3.118)

where Di(R) and ci are the determinants and their coefficients, respectively and U(R) is the

Jastrow function. Let us denote the ”unknown” exact wave function of the state as Φ0(R).

Now, we assume that the space of the determinants in the multi-determinant Slater-Jastrow

type wave function bears enough degree of freedom to enable us to describe the exact wave
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function. This assumption allows us to express the exact wave function as follows:

Φ0(R) = e−U(R)
∑
i

c′iDi(R) (3.119)

where the new set of the coefficients, c′is, are assumed to improve the trial wave function. With

a little algebra in Eq. (3.119), one can obtain that

c′i =

∫
dRΦ0(R)ΨT (R)e2U(R) Di(R)∑

j cjDj(R)
(3.120)

where Φ0(R)ΨT (R) is the probability density function that is sampled by the DMC procedure.

Hence, the nodes of the trial wave function is improved by the DMC sampling [10, 72].
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Chapter 4

Preface to Results

This chapter is a short introduction to the following chapters which are basically studies focusing

on the applications of the fixed-node DMC and the investigation of the fixed-node error.

Chapter (5) contains an analysis of the fixed-node bias in a spin-polarized three-electron

atomic system. The error in the DMC energy originating from the inaccurate nodal topology

described by the HF wave function is estimated with a varying electron density dependence.

Furthermore, it is shown that a two-configuration trial wave function constructed by a triplet

pair function recovers almost all the correlation energy. This work was originally published in

Chemical Physics Letters [52].

In Chapter (6), an application of the fixed-node DMC to a versatile and also relatively large

molecular system, zinc-porphyrin (C20H12N4Zn) is discussed. The calculation of the vertical

excitation energy in the Q band corresponding to the excitation from the singlet ground state

to the lowest-lying singlet excited state by means of the fixed-node DMC method is presented.

This study has been published in Computational and Theoretical Chemistry [53].

Chapter (7) provides a study of the Mo dimer (Mo2); this particular molecular system

notoriously challenging for variational methods is investigated by employing the fixed-node

DMC method. The binding energy of the dimer is calculated via the fixed-node DMC by

constructing multi-determinant Slater-Jastrow type wave functions. The Slater determinants are

formed with single-particle orbitals generated in a hybrid meta-GGA DFT level (i.e.,the TPSSh

functional). The expansion of Slater determinants is built by selecting the most significant

determinants iteratively (i.e., the Selected-CI method). The DMC energies are compared with

the energies obtained by the CCSD(T) method.
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Chapter 5

Density dependence of fixed-node

errors in diffusion quantum monte

Carlo: Triplet pair correlations

This chapter was originally published as A. H. Kulahlioglu, K. Rasch, S. Hu, and L. Mitas.

Chem. Phys. Lett. 591 (2014) 170.
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a b s t r a c t

We analyze trial wave function fixed-node errors for a three-electron fully spin-polarized atomic systems
with varying atomic number Z. The fully spin-polarized state 4Sð1s2s3sÞ is the lowest quadruplet with
S-symmetry and even parity and it is nearly-degenerate with the 4Sð1s2p3pÞ state. We find significant
fixed-node errors proportional to Z at the Hartree–Fock level while the two-configuration wave function
leads to nearly exact energies. This broadly agrees with our analogous study on Be-like atoms so that the
dependence of fixed-node errors on density appears to be similar in both spin-polarized and unpolarized
atomic systems.

� 2013 Elsevier B.V. All rights reserved.

1. Introduction

Diffusion quantum Monte Carlo (DMC) is a projector quantum
Monte Carlo (QMC) method for solving quantum many-body prob-
lems. Its name originates from the formal similarity between the
Schrödinger’s equation in imaginary time and a classical diffusion
equation. Based on stochastic sampling and evolution of particle
configurations, DMC projects out the ground state of a given sym-
metry from any trial wave function with nonzero overlap. In deal-
ing with fermions, DMC has to adopt some strategy for overcoming
the infamous fermion sign problem which would make it dramat-
ically inefficient for many-particle systems. It is common to cir-
cumvent the sign problem by forcing the ground state nodes
(zero-locus) to be the same as the nodes of the best available trial
function. This nodal constraint ensures that the product of the
ground state and the trial wave function becomes nonnegative
throughout the configuration space. This is known as the fixed-
node (FN) approximation [1–3].

FN-DMC has proved to be a very accurate method for a great
many systems which include atoms, molecules, solids, etc., and
also many model systems. The energies obtained by FN-DMC are
frequently on par or even surpass the best available benchmarks
obtained by any other correlated method. FN-DMC is a feasible tool
for studying relatively large systems where other wave function-
based electron correlation methods would be difficult to apply,
such as in the case of solids with hundreds of valence electrons
[2,4-6]. Furthermore, QMC intrinsically allows parallel computa-
tions and it is likely that fast developing parallel computer technol-
ogy will further highlight its potential [5].

However, the bias arising from the approximate nodes of trial
functions remains a key bottleneck in increasing the accuracy of
FN-DMC calculations. This is mainly because wave function nodes
are very intricate and influenced by many-body quantum correla-
tions. Except very few cases of small systems, our knowledge of
nodes for general fermion systems is very limited. Therefore, any
new insights into the fixed-node bias is of potential high interest
for further development of the DMC methodology.

Recently, we have studied the fixed-node errors in Be-like
atomic systems with four electrons in a singlet state with S-
symmetry and even parity [7]. In this setting, singlet pair correla-
tions are dominant and we have found that the fixed-node bias
of the Hartree–Fock (HF) nodes grows with increasing electron
density or, more precisely, that it is linear in the nuclear charge Z.

In this Letter, we investigate whether such a trend exists in fully
spin-polarized setting in which only triplet pair correlations are
present. For this purpose, we chose a three-electron system with
S-symmetry and even parity in the quartet state 4Sð1s2s3sÞ.
Although this is the seventh excited state for three electrons in
the Coulomb potential, it is the ground state of its symmetry.
The chosen state and system exhibit a near-degeneracy effect anal-
ogous to the one in the Be atom, so that we can make a direct com-
parison between the two cases. We have therefore carried out DMC
calculations with trial wave functions constructed at the HF and
multi-reference levels of theory, and we analyzed the correspond-
ing fixed-node errors as well as associated nodal structures. We
have estimated the exact energies using an alternative method, full
Configuration Interaction extrapolated to the complete basis set
limit (FCI/CBS). The density dependence was varied by changing
the nuclear charge of the system. The results show that the
fixed-node error in the HF wave function is quite significant, while
the two-configuration trial wave function enabled DMC to recover
almost all of the correlation energy. In addition, the results clearly
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show that the dependence of the FN error is proportional to the
atomic density and corroborating thus our previous finding also
for the spin-polarized systems.

2. Diffusion Monte Carlo

Let us consider a projection operator e�tðH�E0Þ where H is the
Hamiltonian, E0 is the energy offset and t is a real parameter (imag-
inary time). One can easily show that the ground state of a given
symmetry can be projected out by applying the projection operator
to a trial wave function of the same symmetry:

U0 ¼ lim
t!1

e�tðH�E0ÞwT ð1Þ

where U0 and wT are the ground state and the trial wave functions.
Including importance sampling by wT , the projection can be refor-
mulated into an integral equation given as

f ðR; t þ sÞ ¼
Z

dR0eGðR R0; sÞf ðR0; tÞ ð2Þ

where eGðR R0; sÞ is the Green’s function, R and R0 denote elec-
tronic system configurations and s is the propagation time step.
The stochastic evolution of the configurations converges to the
ground state in the following form limt!1f ðR; tÞ ¼ U0ðRÞwTðRÞ
while the corresponding Green’s function is given byeGðR R0; sÞ ¼ hRje�sðH�E0ÞjR0iwTðRÞwTðR

0Þ�1. In order to keep the
method free of the well-known fermion sign problem, we impose
the fixed-node approximation by demanding the nodes of f ðR; tÞ
to be identical to the nodes of wTðRÞ. Consequently, f ðR; tÞP 0
and the integral equation above can be solved stochastically with-
out introducing fermion sign inefficiencies. The price we pay is, of
course, the fixed-node bias which is caused by the nodal errors of
wTðRÞ [1-3,5,6].

3. Trial wavefunctions

The trial wave functions used in our fixed-node calculations
have the usual Slater–Jastrow form: wTðRÞ ¼ UAðRÞeJðRÞ where
UAðRÞ is the antisymmetric part, JðRÞ is the Jastrow function which
consists of one-body, two-body and three-body explicit correlation
terms. The antisymmetric part was obtained by taking either the
HF reference alone

UHFðRÞ ¼ det½u1sðr1Þ;u2sðr2Þ;u3sðr3Þ� ð3Þ

or a two-configuration wave function which includes the near-
degenerate state 4Sð1s2p3pÞ

U2configðRÞ ¼ UHFðRÞ þ
kffiffiffi
3
p

X
l¼x;y;z

det½u1sðr1Þ;u2pl
ðr2Þ;u3pl

ðr3Þ� ð4Þ

where det is the Slater determinant, uns is a single-particle orbital
and k is a variational parameter. It is worth noting that the two con-
figurations would be exactly degenerate in the absence of the elec-
tron–electron interaction.

In addition, it is straightforward to see that the two-configura-
tion wave function is equivalent to the pair wave function with
triplet pairing.

4. Computational details

We calculated the single-particle HF orbitals using a numerical
HF code and we enforced the exact electron–ion cusps at the origin.
Figure 1 shows the orbitals and gives their eigenvalues for a spe-
cific value of Z. The parameters in the Jastrow function were opti-
mized in the framework of variational Monte Carlo (VMC) using
the variance minimization scheme [8]. The optimal value of k in

U2config was found from a quadratic fit of the DMC energy scanned
over a range of the k values. In order to avoid the DMC time step
bias, we explored a few values between 0.001 to 0.0002 (a.u.) to
check that the systematic error from finite time step is below our
statistical error bars [9]. All QMC calculations in this work were
performed by using the software package QWALK [10].

In addition to DMC calculations, the energy was obtained using
the full CI method, which included single, double and triple excita-
tions. We have employed correlation consistent basis sets cc-
pCVxZ [11], i.e., the basis sets contain functions for correlating also
the core states. The energies were calculated for each cardinal
number x and subsequently extrapolated to CBS limit by using
the following formulas

EHFðxÞ ¼ EHFð1Þ þ Bðxþ 1Þe�c
ffiffi
ð
p

xÞ ð5Þ

EcorðxÞ ¼ Ecorð1Þ þ C=x3 ð6Þ

where EHFðxÞ and EcorðxÞ are the HF and correlation energies for the
given x, respectively, while EHFð1Þ and Ecorð1Þ are the correspond-
ing CBS limits. Parameters B, c and C are found by least-squares fits
of the calculated values [12,13]. The CI calculations were carried out
with the software package GAMESS-US [14].

5. Results and discussion

The energy results are listed in Table 1. The correlation energies
obtained by the full CI/CBS and DMC methods are shown in Fig-
ure 2. Since full CI/CBS method is accurate to about 1 mHa, we will
refer to the energy obtained by that method as the exact energy.
The fixed-node DMC calculations are labeled as DMC (Ua) where
a is the label ‘‘HF’’ or ‘‘2config’’ as defined in Eqs. 3 and 4.

First, as can be seen in Figure 2, the correlation energy is
approximately linear with Z, especially for higher values. The linear
fit of the full CI/CBS correlation energy gives
Ecor ¼ 4:7040ð3Þ � 10�3Z� 4:9ð2Þ � 10�3 Ha, where the bracketed
digits indicate the fitting uncertainties. This conforms to the
well-known expansion of the atomic total energy in Z given as fol-
lows [15]:

E ¼ Z2ðEð0Þ þ Z�1Eð1Þ þ Z�2Eð2Þ þ Z�3Eð3Þ þ � � �Þ ð7Þ

where Eð0Þ is the energy without interactions. As discussed before,
for multi-reference states (e.g., in the presence of near-degeneracy)
the leading term in the correlation energy is linear with Z [16,17].

Second, the percentages of the correlation energy recovered by
DMC (UHF), as listed in Table 1, are very low and indicate significant

Figure 1. The one-particle orbitals (PnlðrÞ ¼ RnlðrÞr) used in the trial wave functions
are shown for Z = 9. The eigenvalues of these orbitals are given in the unit of Ha as
follows: 1S(�40.499952), 2S(�10.080211), 3S(�4.395945), 2P(�9.964709),
3P(�4.319051).
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nodal errors present in the HF wave function. This deficiency is
somewhat surprising since we expect that the HF approximation
should work well for spin-polarized systems.

We can gain some insight into the nodal errors by investigating
the nodal hypersurface of UHF. The single-particle orbitals in UHF

have S symmetry so that we can write

UHF ¼ det½q1sðr1Þ;q2sðr2Þ;q3sðr3Þ� ð8Þ

where qns are the single-particle orbitals depending only on the
radii. Obviously, the determinant vanishes when ri ¼ rj, implying
thus presence of six nodal domains in the HF wave function since
there are six permutations of the three indices. This stands in
contrast to the exact number of nodal cells in this system, which
is expected to be the minimal two [18]. Different number of nodal
domains reflects the distinct topologies of the single and two-
configuration wave functions. The non-interacting wave functions
can have higher symmetry than is the symmetry of the state and
therefore can have potentially higher nodal domain counts [19].
The (generic) interactions and corresponding many-body correla-
tions lift the imposed symmetries and hence reduce the number
of nodal cells to the minimum number [18-21].

The HF nodal deficiency can be understood as stemming from
the presence of the near-degeneracy. What is perhaps more
remarkable is that U2config recovers nearly all of the missing corre-
lation energy as can be seen in Figure 2. For instance, for the case
Z ¼ 6 the fixed-node DMC (U2config) provides � 99.7% of the corre-
lation energy which contrasts with 37.9% as obtained from DMC

(UHF). The linear fit of the DMC (UHF) fixed-node error gives
ErrorFN ¼ 4:33ð6Þ � 10�3Z� 1:12ð4Þ � 10�2 Ha. The linear coeffi-
cient is close to the one obtained from the CI/CBS method albeit
not exactly the same.

The goodness of the linear fit was checked by the R2 coefficient
of determination which in the case of linear fit equals to the square
of the correlation coefficient. For the DMC (UHF) fixed-node error,
this diagnostics showed a very high fidelity of the fit with
R2 ¼ 0:9998. Alternative fits, which beyond linear dependence
included also terms proportional either 1=Z or Z2 produced only
very marginal changes in R2 at the fifth decimal, i.e., they turned
out to be statistically insignificant. Testing the impact of both of
these additional terms can be justified by the expansion of the cor-
relation energy as a function of Z given above.

This linear relation of the fixed-node error was also true in our
study of systems with dominant singlet pair correlations (Be-like
systems). This can be understood using the argument that as the
density increases the nodal errors become energetically more
costly due to the much stronger potential and tighter localization
close to the nucleus.

We explore two different views on the nodal surfaces so as to
illustrate the key differences of the used trial functions. Figure 3
shows the nodal surfaces UHF and U2config as parametrized by radii
and angles. In Figure 3a and b plots 3D subsets of the nodes
obtained by scanning the space with one of the electrons while
the remaining two electrons fixed at appropriate snapshot posi-
tions. In this view, the HF node in Figure 3a appears as two concen-
tric spheres. On the other hand, U2config shows very different shape
with lower symmetry and the two spheres ’’fused’’ in a rather com-
plicated manner. Figure 3d and e show the global nodal topology
by scanning particular degrees of freedom which enable a ‘‘look’’
into the nature of domain structure. The node of UHF clearly exhib-
its six nodal cells while U2config shows only two, with all the regions
of the same sign being connected.

This nodal change leads to significant improvement of the
fixed-node DMC energies and show that the triplet pair correla-
tions play the key role in our spin-polarized system.

Similar nodal errors were observed in our recent study of the
Be-like systems (the singlet state) [7]. In a similar fashion we have
shown that the nodal surfaces of the HF wave function of Be
Uð1s22s2Þ are given by the equation ðr1 � r2Þðr3 � r4Þ ¼ 0 where
i ¼ 1;2 ði ¼ 3;4Þ labels spin-up (spin-down) electrons. This implies
four nodal cells; however, it has been known that the true number
of the nodal cells in this case is two as well [7,22]. Both studies
therefore lead to similar behavior as far as the impact of the
near-degeneracy and linear dependence on Z.

Note that the correct topology of the nodal surface in Be-like
atoms can be described by the BCS wave function with pairing
[7,21]. Analogous situations is encountered in our present study

Table 1
The total and correlation energies obtained by different methods for various nuclear charge values (Z) are presented. DMC (UHF) and DMC (U2config) are the fixed-node DMC
energies for the corresponding trial functions. Full CI/CBS stands for the full CI method with extrapolation to the complete basis set limit. In the 7th column we list the obtained
values of the variational parameter k defined in Eq. 4. The numbers in parenthesis for DMC results are statistical error bars, while those in full CI/CBS and HF columns are error
bars from the extrapolation procedure.

DMC (UHF) DMC (U2config)
Z HF DMC (UHF) Ecor½%� DMC (U2config) Ecor½%� k Full CI/CBS

Energy of 4Sð1s2s3sÞ (a.u.)
3 �5.20355 �5.209692(9) 78.9(1) �5.21098(3) 95.4(4)) 0.713 �5.21134
5 �15.37095(2) �15.37888(1) 42.8(2) �15.38898(3) 97.4(3) 0.717 �15.38947(2)
6 �22.49758(3) -22.50637(9) 37.9(6) �22.52074(8) 99.7(9) 0.672 �22.52081(14)
7 �30.9857(2) �30.9948(2) 32.4(9) �31.01327(3) 98(1) 0.685 �31.0138(2)
8 �40.8352(4) �40.84461(6) 29(1) �40.86709(3) 98(2) 0.677 �40.8679(4)
9 �52.0459(7) �52.05553(6) 26(2) �52.08257(3) 98(2) 0.769 �52.0832(7)
18 �214.194630 �214.20677(8) – �214.27009(1) – 0.660 –
26 �450.883414 �450.89439(7) – �450.99300(2) – 0.660 –

Figure 2. The correlation energies obtained by various methods are shown as
functions of the nuclear charge Z. The solid line (squares), the dashdot line
(triangles) and the blue line (circles) show energies from the CI/CBS method, DMC
(U2config) and DMC (UHF), respectively. The energies are in miliHartrees and the error
bars are smaller than the corresponding symbola. The DMC and CI/CBS show
approximately linear dependence on Z especially for Z > 4. The linear fits are
described in the text. (For interpretation of the references to color in this figure
caption, the reader is referred to the web version of this article.)
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since the two-configuration wave function we use can be exactly
rewritten in a (triplet) pairing form [23] as a pfaffian
U2config ¼ pf ½vði; jÞ�with appropriately defined triplet pairing orbital
vði; jÞ [18,23]. This further illustrates the point we raised previously
that pairing wave functions have enough freedom to describe the
correct nodal topologies [21]. In addition, in the present case, the
2-configuration wave function (= pfaffian) is able to describe also
the nodal shapes with remarkably high accuracy.

In conclusion, the Hartree–Fock wave function in our three-
electron spin-polarized atomic systems with particular symmetry
exhibits significant fixed-node error that increases approximately
linearly with the nuclear charge Z. We argue that these errors stem
from the artificial symmetries in the HF nodal topology which is
lifted by including single configuration of nearly-degenerate low-

est excitation. This wave function proved to be very accurate and
enabled us to recover about 98% of the correlation energy for Z
up to 26. This supports our previous conclusions for the low-spin
system with predominant singlet correlations. It therefore appears
that the linear dependence of the error on density (or, more pre-
cisely, atomic number Z) is universal in atomic-like systems.
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We have calculated the vertical excitation energy between the singlet ground state (11Ag) and the lowest-
lying singlet excited state (11Eu) of Zn-porphyrin employing the fixed-node diffusion Monte Carlo tech-
nique. The determinantal parts of trial wave functions were constructed using results from Configuration
Interaction and time-dependent Density Functional Theory.
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1. Introduction

Porphyrins and their derivatives are very important molecules
as they hold key roles in many biochemical processes such as pho-
tosynthesis, oxygen transport and photo-induced electron-transfer
[1–3]. In addition, they are constituent units of systems that have
raised considerable interest in a variety of research areas, for
instance, in photodynamic therapy (in medicine), molecular elec-
tronics, supramolecular chemistry, molecular computers [4], and
light-harvesting [5].

Due to the importance of porphyrins, it is crucial to understand
and accurately describe the ground and excited states in these
molecules. For a reliable treatment of metal-porphyrins, one needs
to employ methods that capture the electron correlation with high
accuracy. This is especially true for transition-metal porphyrins
due to the strong correlations and exchange effects present as well
as for proper description of p—d bondings [6].

Porphyrins and their derivatives have been intensively studied
by Density Functional Theory (DFT) methods. DFT methods, by
the virtue of including electron correlations by construction, are
computationally very appealing. Unfortunately, DFT is biased by
empirical choices and by the approximate character of the avail-
able functionals. In addition to DFT methods, porphyrins have been

investigated by wave function-based correlated methods such as
Coupled Cluster (CC) and its variants. These high order quantum
chemical techniques usually provide very accurate results, how-
ever, they do not scale very well with the system size. Hence, it
is very difficult to extend the study to larger systems of porphyrins.
On the other hand, quantum Monte Carlo (QMC), a sophisticated
quantum many-body method, offers high accuracy along with a
better scaling than CC does [7]. As such, it is a promising method
of choice for studying these types of systems.

In our work, we investigate ground and excited states of a por-
phyrin using the QMC methods. A monomer metal-porphyrin has
D4h symmetry and without side chains its molecular formula is
C20H12N4M where M is the metal atom (see Fig. 1). According to
Gouterman’s porphyrin model the visible absorption bands (Q
band) are associated with p—p transitions with Eu symmetry that
correspond to two equivalent transitions in the molecular plane
[1]. For our study we have chosen the Zinc-porphyrin (ZnP), a
well-known example of p-conjugated systems with an important
role in photo-chemical processes [8].

In our study we aim to calculate the vertical excitation energy
in the Q band corresponding to the excitation from the singlet
ground state ð11AgÞ to the lowest-lying singlet excited state
ð11EuÞ of ZnP by means of the diffusion Monte Carlo method
(DMC), a variant of QMC. DMC is essentially a stochastic solution
of the many-body Schrödinger equation in which the state with
the lowest energy of a given symmetry is projected out of a trial
wave function. Although formally exact, it suffers from the
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well-known fermion sign problem that we circumvent by the
fixed-node approximation (FN-DMC). We construct the trial wave
functions using orbitals Hartree–Fock (HF), post-HF and DFT tech-
niques. More specifically, the trial wave functions of the excited
state were obtained by Configuration Interaction Singles (CIS),
DFT and time-dependent DFT (TDDFT) methods (see, for example,
studies Refs. [9,10]).

The rest of our paper will be as follows: First, the fixed-node
DMC method is briefly introduced. Second, we explain the compu-
tational details. Third, the results and discussion are presented.
Finally, the paper ends with concluding remarks.

2. Method

This part presents a brief overview of the fixed-node DMC
method. A more detailed discussion of this formalism can be found
in many reviews, for instance, Refs. [11,12,7].

2.1. Fixed-node diffusion Monte Carlo

DMC is a projection approach: the state with the lowest energy
is projected out of a trial wave function. Let wT be a trial wave
function defined in a space spanned by the eigenstates of the
Hamiltonian of the system as follows:

wT ¼
X
i¼0

aiUi; ð1Þ

where fUig is the set of eigenstates with eigenvalues fEig, i.e.
HUi ¼ EiUi. Assuming that a0 – 0, the state with the lowest energy
ðU0Þ can be singled out by applying the projection operator, e�ðH�ET Þt

to the trial wave function as follows

U0 ¼ lim
t!þ1

e�ðH�ET ÞtwT : ð2Þ

provided that ET becomes E0. We note that the parameter t (imagi-
nary time) in the projection operator is a positive real number.

For higher efficiency, the importance sampling by wT can be
introduced so that the resulting product, f ðR; tÞ ¼ U0ðR; tÞwTðRÞ,
obeys the following integral equation:

f ðR; t þ sÞ ¼
Z

dR0 eGðR0 ! R; sÞ f ðR0; tÞ; ð3Þ

where eGðR0 ! R; sÞ ¼ hR j e�sðH�ET Þ j R0iwTðRÞwTðR
0Þ�1 is the Green’s

function with the propagation time step s, and R and R0 denote

electronic system configurations. In the long time limit, f ðR; tÞ con-
verges in the following form: limt!1f ðR; tÞ ¼ U0ðRÞwTðRÞ.

The simulation formulated above begins with sampling of
j wTðRÞj

2 by an ensemble of configurations (or walkers) which sub-
sequently evolve in accordance with the Green’s functioneGðR0 ! R; sÞ into the product of the ground state U0ðRÞ and the
trial wave function wTðRÞ. An analysis of the Green’s function
shows that the evolution of the configurations can be represented
by stochastic realization of processes such as diffusion, branching
and drift. Once the simulation reaches equilibrium, calculations
of desired expectations are carried out.

Unfortunately, application of this procedure to an electronic
system leads to the well-known fermion sign problem. It stems
from the fact that the function f ðR; tÞ ¼ U0ðRÞwTðRÞ is not non-neg-
ative for the entire configuration space due to the antisymmetry of
fermionic wave functions. One possible way how to circumvent the
sign problem is to force the ground state (U0) to adopt the nodes
(zero locus) of the trial wave function (wT ). In this way, the product
of the ground state (U0) and the trial wave function (wT ) will be
non-negative in the entire configuration space. This approach is
known as the fixed-node approximation, ameliorates the ineffi-
ciency of inherent to the fermion signs at the cost of introducing
the fixed-node bias. The fixed-node bias will vanish as the nodes
of the trial wave function get closer to the exact nodes. Therefore,
the quality of the nodes of a trial wave function is crucial in FN-
DMC.

Since the state projected out in the fixed-node DMC is the state
with the lowest energy of a given nodal symmetry; a desired
excited state, ideally speaking, can be projected out by the fixed-
node DMC if the nodal surface imposed by the trial wave function
is the same as the nodal surface of the exact state [7]. The nodal
constraint enforced by the fixed-node approximation enables
DMC to calculate also excited states.

2.2. Trial wave functions

The trial wave functions used in our work are of the Slater–
Jastrow type written as follows:

wTðRÞ ¼
X

i

diD
a
i ðRÞD

b
i ðRÞe

JðRÞ; ð4Þ

where DaðbÞ
i ðRÞ is a Slater determinant of spin aðbÞ electrons, di is the

coefficient and JðRÞ is the Jastrow function. The nodes of a trial wave
function are clearly determined by the antisymmetric Slater compo-
nent. The Jastrow function containing one-body and two-body
explicit correlation terms can be given by

JðRÞ ¼
X
i>j

uðrijÞ þ
X

I

X
i

vIðriIÞ; ð5Þ

where i(j) and I are electron and nuclei indices, respectively, and
riI; rij are the corresponding distances. The u and v terms describe
electron–electron and electron–nucleus correlations, respectively.

Although the accuracy of the nodal approximation in the fixed-
node DMC relies on the Slater component, the Jastrow factor is still
important for the efficiency of the simulation since it helps to
reduce the fluctuations and hence the cost of the computation.

2.3. Effective core potentials

QMC allows for use of effective core potentials (ECP), a well-
known technique that is used to eliminate the core electrons.
ECP in QMC calculations offers significant advantages. First, the
computational cost, growing with Z5:5—6:5

eff where Zeff is the effective
nuclear charge, can be reduced [7]. This is mainly due to decreasing
the energy fluctuations close to the nuclei but also due to the
smoother electron density of the valence-only setting. Second,

Fig. 1. (a) Zn-porphyrin (ZnP) C20H12N4Zn geometry. (b) The bond lengths of ZnP in
the singlet ground state. The numbers in parenthesis next to the bonds refer the
order of bonds given in (a).
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the relativistic effects, which gain importance as the nuclear
charge increases, can be included into the calculations that are
otherwise non-relativistic.

Due to the presence of non-local operators, the implementation
of ECP in DMC is not trivial as it encounters problems similar to
that found in the fermion sign problem. One approach how to deal
with this complication is to project ECPs onto the given trial wave
function so that they become local. This is known as the locality
approximation (LA). The error introduced by this approximation
vanishes quadratically as the trial wave function gets closer to
the exact one and in most calculations this approximation is less
visible than the fixed-nod error.

2.4. Main biases in QMC

We can summarize the biases inevitably introduced in the
fixed-node DMC as follows: First, the actual Green’s function given
in Eq. (3) that is used in calculations is exact only for the time step
that is infinitely small. Thus any finite time step will introduce a
time step error. Second, tuning of the offset energy, ET , in Eq. (3),
that controls the population of walkers and the consequent change
in ET may result in a bias. Third, as discussed above, the fixed-node
approximation leads to the fixed-node bias due to approximate
nodes of a given trial wave function. Finally, the above-mentioned
locality approximation (LA) introduces an error in cases where
ECPs are used in calculations.

The time step and population control biases can be controlled,
but unfortunately the fixed-node bias and the LA bias are difficult
to control. However, these two biases can be reduced to marginal
values by constructing accurate trial wave functions. In fact, the
reported studies show that fixed-node DMC, even with trial wave
functions based on single Slater configuration can reproduce
experimental values with very high accuracy [13].

3. Computational details

The initial geometry of the molecule in D4h symmetry was car-
ried out with DFT-B3LYP method. In the geometry optimization,
we used 6-311G⁄⁄ Gaussian basis sets by considering all electrons
for all atom types except zinc. For zinc, the Ne-core-like ECP with
triple-f basis sets taken from Ref. [14] were employed. Calculation
of the vibrational frequencies followed the geometry optimization
to confirm that the optimized geometry was stable.

In order to calculate the vertical excitation energy between the
ground and excited states by means of QMC, their energy calcula-
tions need to be carried out separately. One of the most important
steps in our QMC calculations was to obtain trial wave functions.

We calculated the singlet ground state 11Ag and the lowest-
lying singlet excited state 11Eu. For the ground state we employed
single configuration and we generated the orbitals by HF and DFT
methods. In DFT, the hybrid B3LYP generalized-gradient-
approximation functional was used.

For the excited state the trial wave function was constructed by
three techniques: CIS, TDDFT-B3LYP and DFT-B3LYP methods. CIS
(Configuration Interaction Singles) takes into account only single
excitations from the HF reference and the resulting wave function
is an expansion in particle-hole pairs. TDDFT (Time-Dependent
Density Functional Theory) carries out excitation energy calcula-
tions in the framework of a linear-response theory. Similarly to
CIS, TDDFT also produces wave functions in terms of particle-hole
pairs. Therefore, the trial wave functions for the excited state cal-
culations are of multi-reference/determinant types [9].

In addition to CIS and TDDFT, we generated the trial wave func-
tion for the excited state of interest as follows: In the first place, a
higher multiplet state calculation was carried out. Afterward, the

spin population of the orbital (HOMO) having the same spatial
symmetry as does the target excited state was altered so that it
looks like LUMO of the lower multiplet state. To be more specific,
we obtained the orbitals of the triplet ground state ð13EuÞ in DFT-
B3LYP level and subsequently used them in the construction of
the excited state of interest, 11Eu. As reported in Ref. [10], it worked
well for the free-base porphyrin case.

Following the generation of the Slater part, the optimization of
the Jastrow function containing one-body and two-body explicit
correlation terms was carried out. The optimization of the Jastrow
function was as important as obtaining the Slater part since inad-
equate accuracy in the Jastrow can increase the LA bias. We used
up to 22 Jastrow variational parameters and their optimization
was performed with a variance-minimization scheme [15] in the
framework of variational Monte Carlo (VMC), another variant of
QMC.

We employed ECPs for removal of the core electrons from the
calculations. The energy-consistent helium-like ECPs from Ref.
[16], which were designed for QMC, were used for Carbon and
Nitrogen. The triple-f basis sets for C, N and H were taken from
the same reference. For Zn, the energy-consistent Neon-like ECP
was adapted from Ref. [14] to our QMC calculations. We optimized
the exponents of an uncontracted basis set by minimizing the HF
energy of a neutral Zn atom with the modified ECP.

The QMC calculations were carried out with the QMC software
package QWALK [17] and HF and DFT calculations were performed
with the quantum chemistry package GAUSSIAN09 [18]. The soft-
ware package GAMESS-US [19] was used in the geometry
optimization.

4. Results and discussion

The resulting bond-lengths of our geometry optimization are
given in Fig. 1. Note that there is an excellent agreement with
the literature in this regard.

CIS and TDDFT results support the Gouterman’s four orbitals
model of metal porphyrins [1]. The model predicts that the two
highest occupied orbitals will be close to each other while there
will be two degenerate LUMOs. Furthermore, the model says the
lowest-lying excited state is formed mainly by the excitations from
the two HOMOs to the two degenerate LUMOs. In good accordance
with the model, our CIS and TDDFT calculations resulted in two
close HOMOs- a1u and a2u- and two degenerate LUMOS, eg . In addi-
tion, the largest weights in the particle-hole expansions obtained
from CIS and TDDFT belong to the mentioned excitations.

Table 1
The vertical excitation energy ð11EuÞ of ZnP obtained by different methods. The
experimental energy differences are obtained from ZnP in aqueous solutions as
collected in Table 3 of the Ref. [28].

Methods Vertical excitation energy (eV) 11Ag ! 11Eu

SAC-CI a 1.98
EOM-CCSDb 2.49
CR-EOM-CCSD(T)b 2.25
TDDFT-B3LYPc 2.4
DFT/MRCId 2.21
DMC(DFT-B3LYP) 2.67(4)
DMC(TDDFT) 2.48(4)
DMC(CIS) 2.37(5)
Experimental 2.21e, 2.18f, 2.23g, 2.03 h

a From Ref. [21].
b From Ref. [20].
c From Ref. [8].
d From Ref. [22].
e From Refs. [23,24].
f From Ref. [25].
g From Ref. [26].
h From Ref. [27].
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The excitation energies are presented in Table 1. For compari-
son, we include the excitation energies obtained by previous theo-
retical and experimental papers as well. The experimental results
given in Table 1 correspond to the molecule being in various
aqueous solutions. Fan et al. found in their EOMCCSD and CR-
EOMCCSD(T) calculations [20] that the effect of an aqueous
solution on the excitation energy in the molecule of interest is
negligible.

The DMC results include the method used to generate the trial
wave function in the brackets. For instance, DMC(DFT-B3LYP) is
the DMC excitation energy with the excited state trial function
generated by altering the spin population of orbitals of the triplet
ground state(13Eu).

First of all, as is seen in Table 1, the error bars in the DMC
excitation energies are either equal to or slightly larger than the
chemical accuracy, 0.04 eV. DMC(CIS) and DMC(TDDFT) are also
very close to each other; the difference is 0.11(6) eV. On the other
hand, the largest difference among the DMC results is between
DMC(CIS) and DMC(DFT-B3LYP), which is 0.30(6) eV. This indicates
that even though biases can be caused by the choice of the trial
wave functions our DMC results are very consistent.

For the comparison of DMC results with other studies given in
Table 1, there is an agreement between DMC(TDDFT) and
EOM-CCSD. Moreover, DMC(CIS) differs only 0.12(5) eV from
CR-EOM-CCSD(T). This is especially meaningful since CR-EOM-
CCSD(T) is more accurate than EOM-CCSD. Perhaps, the most
interesting observation is that the DMC results obtained by the
multi-determinant trial wave functions are very close to EOM-
CCSD, CR-EOM-CCSD(T), TDDFT-B3LYP and DFT/MRCI results; the
largest difference is 0.27(4) eV that appears between DMC(TDDFT)
and DFT/MRCI. On the other hand, DMC(DFT-B3LYP) differs from
this consensus but only by a small amount.

Our results are in line with previous studies of the first row
molecules with transition metals [6]. Note the main advantage that
the fixed-node DMC with very compact wave functions is able to
provide accuracy comparable to the best CC calculations in a very
consistent and reliable manner.

5. Conclusion

In conclusion, we have carried out QMC study focused on calcu-
lation of the vertical excitation energy of Zn-porphyrin. The DMC
calculations were performed in the framework of the fixed-node
approximation. The Slater part of the trial wave function for the
excited state was constructed by several methods such as CIS,
TDDFT-B3LYP and altering the spin population of the orbitals of
the triplet state obtained from DFT-B3LYP. We have found an
excellent agreement among the multi-determinant DMC calcula-
tions and the best theoretical results in previous studies as pre-
sented in Table 1. We believe our work clearly illustrates the
advantages of the QMC methodology as it requires much more
compact trial wave functions than more traditional correlated
approaches while providing comparable quality of results. In addi-
tion, favorable scaling makes the approach very promising for
studies of similar challenges in large systems.
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Chapter 7

A QMC Study of Mo2

Transition metals and their metal-metal bonds have been attractive research topics for both

experimental and theoretical methods. These systems always pose challenges for theoretical

studies since an accurate treatment of these systems usually requires a high amount of many-

body correlation effects [39, 3, 27, 45, 58, 62, 11, 12, 15, 31, 39, 5, 14, 87]. In this work, we

investigated the Molybdenum dimer, Mo2 (diMolybdenum), by means of the explicitly corre-

lated QMC method.

Mo and its isoelectron elements (Cr and W in the group VIB) with their five nd and (n+1)s

orbitals form dimers (Cr2, Mo2 and W2) with a high multiplicity of bonds. However, due to

the different nature of nd orbitals, the degree of bonding in their dimers may take different

values. For instance, in Cr2 d orbitals are more contracted than those in Mo2. Therefore, those

d orbitals (due to high repulsion) contribute less to the bondings. Consequently, Cr2 has a much

smaller binding energy than Mo2 [15].

Mo2 with a low spin-state, 1
∑+

g , dissociates into an atomic state with very high spin-state,
7S. Mo2 has sextuple bondings with the following diatomic orbitals:

σ2
g(d)π4

u(d)δ4
g(d)σ2

g(s). (7.1)

Due to high degeneracy and high electron density in the bondings in Mo2 and similar

systems, their binding energy calculations have been persistently difficult for ab initio methods.

For instance, Khon Sham DFT gives very scattered values with different types of exchange-

correlation functionals; the binding energy is biased by the choice of the functionals [87]. Also,

CASSCF level methods underestimate the binding energy, often with a large discrepancy [74].

We aimed to calculate the binding energy of Mo2 by employing the fixed-node Diffusion

Monte Carlo (FN-DMC), a projection QMC method (see [45] for a similar study of Cr2).

FN-DMC is a stochastic and highly sophisticated many-body method. However, its accuracy
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depends on the quality of the nodal structure of the trial wave function since the nodes of

the trial wave function approximates the exact nodes. Our trial wave function was a Slater-

Jastrow type wave function, i.e., the product of a linear combination of Slater determinants

and a Jastrow factor. Since Mo2 ground state needs to be treated with a multi-referenced wave

function, the quality of the linear combination of Slater determinants in the trial wave function

is crucial. On the other hand, most of the computational time during a QMC simulation is spent

on evaluating the trial wave function, its gradients and laplacians [6, 42, 35]. Hence, while the

trial wave function should reflect the exact wave function (or the exact nodes) to the highest

possible extent, the wave function should be as compact as possible in order to incorporate the

trade-off between the accuracy and the computational time concern.

In fact, there are determinant update methods [63] which allow us to avoid completely

evaluating every determinant thus allowing a collective update. Hence, the computational time

is actually not linear with the number of determinants but increases with
√
Ndet, where Ndet is

the number of determinants. However, due to the computational time concern, the number of

Slater determinant which can be ingredients in the trial wave function is practically limited.

Fortunately, FN-DMC usually converges much faster than CI type methods regarding the

number of determinants, provided that best determinants (most relevant determinant in lower-

ing energy) are given. For instance, in one of our previous studies [52], we demonstrated that

FN-DMC was able to account 98-99% of the correlation energy of a small atomic system with

only two CSFs. Similar accuracy was achieved by the full CI method with a much larger number

of CSFs. Therefore, it is highly desirable to devise a determinant selection method.

The construction of the Slater part of the wave function (i.e., the selection of the determi-

nants) can be done by the CI (or MCSCF) type methods. However, instead of those methods,

we used the Selected-CI method [37, 38] to build the Slater component. It selects the most sig-

nificant determinants iteratively from a determinant space which can be generated with much

more flexibility than is found in many other CI type methods.

The convergence can be made faster once the single-particle orbitals are improved. After

examining orbitals generated by different techniques such as HF orbitals, natural orbitals gener-

ated by CISD with varying size of virtual orbital space and DFT orbitals, we observed that DFT

orbitals provide a lower energy. Also among many types of functionals, a hybrid meta-GGA

DFT functional, TPSSh, was found to yield slightly better orbitals.

To compare our fixed-node DMC results, we carried out CCSD(T) calculations as well. The

CCSD(T) results are extrapolated to the complete basis set (CBS) limit which is believed to

provide a highly accurate prediction.

The rest of the chapter will be organized as follows: First, the Selected-CI method will be

introduced briefly. Second, computational details will be given. Third, our results will be given

with a comparison with the literature. The discussion on the results will be presented. Finally,
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a conclusion will be suggested.

7.1 Selected-CI method

The HF method is a variational but since it is an ”uncorrelated” method, HF determinant

(a single determinant) is usually not good enough to approximate the true wave function.

Furthermore, in some cases due to a particular symmetry of a system the true wave function

can not be approximated by a single determinant but a multi-determinant wave function (i.e.,

non-dynamic correlation effects).

The Full Configuration Interaction (Full CI) method might build an exact wave function as

a linear combination of the HF determinant and all excited determinants (i.e., the full spectrum

of the particle-hole expansion) in a complete basis set (CBS) limit. However, there are a few

drawbacks in the application of Full CI. First of all, unfortunately, the CBS limit is currently not

possible; truncated basis sets are employed. Second, the number of excited determinants grows

exponentially with system size and the number of basis functions. Therefore, the determinant

space (or configuration space) also needs to be truncated, resulting in the truncated CI. Third,

in either the Full CI or the truncated CI, the hamiltonian matrix is diagonalized to find the

optimum linear combination of the determinants [79]. This full matrix diagonalization is a

significantly time-consuming step of the method and can be another obstacle to considering a

larger space of determinants. Finally, following a CI calculation, a space with a large number

of determinants is generated. The construction of a trial wave function in QMC by using this s

determinant expansion is done usually by selecting the determinants according to the absolute

values of their (normalized) coefficients, not according to the energy drop that they cause.

On the other hand, although the Selected-CI method also suffers from the finite basis set

bias, it provides more flexibility in generating the excited determinant space than the truncated

CI. Furthermore, the determinants are selected according to the energy drop they cause which

may be effective in keeping the trial wave function at a high level of quality and also as compact

as possible.

The Selected-CI method also provides more flexibility in generating the excited determinant

space. Furthermore, the determinants are selected according to the energy drop they cause,

which may be an effective feature in keeping the trial wave function high quality and also

compact as much as possible.

Let |Ψ(n)〉 be the wave function at the iteration n and let {|Di〉} be the determinants. Also let

|Ψ(n)〉 the ground state of the hamiltonian matrix (Hij) formed in a subspace of determinants,
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K(n). That is

|Ψ(n)〉 =
∑
i

|Di〉∈K(n)

c
(n)
i |Di〉 (7.2)

which is a solution of an eigen value equation of the form:

HΨ = EΨ (7.3)

where

H ← Hij = 〈Di|H|Dj〉 for Di, Dj ∈ K(n). (7.4)

The Selected-CI algorithm can be summarized as follows:

i) Generate a space of excited determinants; a universal determinant space. Let it be denoted

as Ku. One may apply restriction in the generation of determinants since the number may

reach an prohibitive level. Alternatively, one can generate the determinant space dynamically

(i.e, on-the-fly). That is, for instance, one may generate single and double excitations only from

those determinants that are already in the current subspace, K(n).

Moreover, one has more options restricting the generation of determinants such as choosing

active occupied and virtual orbitals, choosing level of excitations and even choosing symmetry

of excitations (e.g., choosing perfect pair type excitations).

Before beginning iterations, one has an initial wave function, Ψ(0), originating from an initial

subspace, K(0), and a universal determinant space, Ku which is either pre-defined or will be

defined dynamically.

ii) Scan each determinant in Ku which does not exist in K(n) (for the iteration n); find the

coupling of each determinant with |Ψ(n)〉:

Hin = 〈Di|H|Ψ(n)〉 (7.5)

where Di /∈ K(n) but Di ∈ Ku. If the coupling is non-zero, then the energy change is calculated:

∆Ei =
〈Di|H|Ψ(n)〉2

E(n) − Eii
=

H2
in

E(n) − Eii
(7.6)

where Eii = 〈Di|H|Di〉 and E(n) = 〈Ψ(n)|H|Ψ(n)〉 are the self-energies of the particular de-

terminant and the current wave function, respectively. Please note that the determinants are

normalized, i.e., 〈Di|Dj〉 = δij . Also it is noteworthy that Hij = 〈Di|H|Dj〉 is calculated ac-

cording to Slater-Condon rules (see Sec. (2.4.3)).
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iii) The determinant with the lowest ∆Ei is taken into the subspace:

K(n) + |Dζ〉 → K(n+1)

where Dζ is the determinant such that ∆Eζ = min({∆Ei}).
iv) The hamiltonian matrix, Hij , is formed and diagonalized with the determinants in the new

subspace K(n+1) which yields a new wave function Ψ(n+1) and the energy E(n+1)

|Ψ(n+1)〉 =
∑
i

|Di〉∈K(n+1)

c
(n+1)
i |Di〉 (7.7)

E(n+1) = 〈Ψ(n+1)|H|Ψ(n+1). (7.8)

v) Go to step ii) and repeat the steps until the size of the wave function or convergence in the

energy reaches the desired value.

It is worthy to note that in step iii) one can also choose a number of best determinants for

an iteration.

So far we have only pronounced determinants. However, a determinant is not a pure spin

state, therefore, a selection scheme based on determinants may result in spin contamination.

In order to avoid spin contamination, Configuration State Functions (CSFs) (see Sec. (2.4.4))

which are appropriate linear combinations of a number of determinants yielding pure spin states

may be preferred. Switching to CSFs will also lower the number of functions in the universal

determinant (now CSF) space.

7.2 Computational Details

To carry out the Selected-CI calculations, we wrote a code with the object-oriented-pattern in

a shared-memory parallel design (within OpenMP). The program first reads the one-body and

two-body integrals which are calculated by a quantum Chemistry software package GAMESS-

US [40]. There are different options to running a Selected-CI program. For instance, one can

choose determinantal selection or CSF-based selection. The program also allows very flexible

selection of active occupied and virtual orbitals.

It should be noted that CSF construction for single and double excitations from a determi-

nant with the restricted-closed shell symmetry is trivial. However, higher excitations and cases

that are not a restricted-closed-shell symmetry CSF construction require a non-trivial approach.

Therefore, in the dimer case (Mo2) which is with the lowest spin state, 1
∑+

g , single and double

excitations are generated as CSFs and others as determinants. Since the determinant expansion
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is formed mostly by singles and doubles and since possible spin contamination will be minimal

if the number of determinants is a large value, our above-mentioned strategy is not expected to

cause a significant amount of spin contamination.

The single-particle orbitals were generated by an hybrid meta-GGA DFT method, TPSSh,

with an uncontracted form of the basis sets denoted as cc-pV5Z-PP. The core electrons are

removed from from the calculation by employing the pseudopotentials taken from the reference

[67] so that 4s4p4d5s electrons are explicitly considered. In addition, the original pseudopoten-

tials were slightly modifed to avoid the potential singularity at nuclei centers which causes large

fluctuations in local energy values in QMC.

The trial wave function used in QMC calculations was a multi-determinant Slater-Jastrow

wave function. The Jastrow factor contains electron-nucleus, electron-electron and electron-

electron-nucleus terms. The coefficients of the determinants and the Jastrow function were

optimized within the framework of VMC [81]. We observed that the coefficients obtained by a

Selected-CI calculation were not always optimum, and in some cases they were far away from

that point. Hence, it was essential to re-optimize the coefficients within QMC.

In addition to FN-DMC, we carried out CCSD(T) (i.e., Coupled Cluster, Singles, Doubles

with Triples treated approximately) calculations with a subsequent extrapolation to the CBS

limit. For this purpose, we employed hierarchically designed correlated basis sets, aug-cc-pVXZ-

PP, where X is the cardinal number of the basis set [67]. We followed a brute-force strategy

such that all primitive functions in the basis sets were uncontracted and no frozen core was

assumed. The CCSD(T) calculations were carried out by using the quantum chemistry package

Gaussian09 [36].

We calculated the correlation energies of the atom and dimer states through CCSD(T) with

aug-cc-pVXZ-PP where X = 3, 4, 5. Following that, the energy points were extrapolated to the

CBS limit. For the correlation energy extrapolation we used three schemes [32] which will be

denoted as CBS-X, CBS-Lmax and CBS-345.

In the first one, CBS-X, the cardinal numbers (X) are used with the following formula:

Ecorr(X) = Ecorr(∞) +
A

(X + d)α
(7.9)

where d and α were varied so that the least-square values which are the squares of the differences

between the data and the fitting values were at the minimum point.

Likewise to Eq. (7.9), the correlation energy can be extrapolated with the highest angular

momentum number in the basis sets: CBS-Lmax. It is given as follows:

Ecorr(Lmax) = Ecorr(∞) +
A

(Lmax + d)α
. (7.10)
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Finally, another popular extrapolation formula is given by

Ecorr(∞) =
[Ecorr(X)(X + d)α − Ecorr(X + 1)(X + 1 + d)α]

[(X + d)α − (X + 1 + d)α]
(7.11)

where d and α were varied so that the difference between the extrapolation with X = 3, 4

(Ecorr(∞)
∣∣
X=3,4

) and the extrapolation with X = 4, 5 (Ecorr(∞)
∣∣
X=4,5

) was the minimum. The

resulting energies are then averaged:

Ecorr(∞)
∣∣
X=3,4,5

=
1

2

(
Ecorr(∞)

∣∣
X=3,4

+ Ecorr(∞)
∣∣
X=4,5

)
. (7.12)

We denoted this technique as CBS-345.

The HF energies were also extrapolated to the CBS limit with the following formula:

EHF(X) = EHF(∞) +A(X + 1)e−γ
√

X (7.13)

where γ is to be optimized to minimize the squares of the differences between the HF data

energy points and the fitting values.

We should also note that all calculations were done at the experimental bond length, i.e.

1.93 Å.

7.3 Results and Discussion

The DMC and VMC energies of the dimer state (Mo2) with respect to the number of deter-

minants are given in Fig. (7.1). In addition, based on the DMC energy obtained in the atomic

state (Mo) and an experimental value for the binding energy (i.e., 4.29(2) eV), and also the

estimated zero-point-energy (ZPE), 0.03 eV, the exact ground state energy of Mo2 is estimated

and shown in Fig. (7.1). The percentages of the correlation energy gained by DMC with a

single-determinant trial wave function and the correlation energy recovered by DMC with a

multi-determinant trial wave function in Mo2 (again with the above-mentioned assumptions)

are given in Fig. (7.1) as well.

The number of determinants was up to 3500. The DMC energy apparently converged with

respect to the number of determinants. However, it is also possible that the precision we pro-

vided (e.g., the number of walkers) was not high enough to enable the optimization procedure

to work well after a large number of determinants were added. Consider that the Selected-CI

calculation selects the most significant determinants first. In other words, the initial determi-

nants correspond to higher energy derivatives –Ei = ∂E/∂ci where ci is the coefficient– than the

determinants that are considered later. Hence, initial determinants are relatively easy to opti-

mize so that the energy will be lowered. However, as the number of determinants increases, the
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wave function will have many determinants with low energy derivatives, hence, it will require

a higher precision (i.e., more walker) to allow optimization to lower the energy. Unfortunately,

due to the computational time concern, we can afford a limited precision, which naturally re-

sults in a limited optimization, especially when the trial wave function contains a high number

of determinants.

Alternatively, the higher quality of the single-particle orbitals can also lower the energy.

As mentioned above, we examined different methods to generate single-particle orbitals and

DFT-TPSSh was observed to be the best of them. However, it is noteworthy that we have not

fully exhausted the option of the MCSCF method.

The same optimization procedure was applied to the atomic state, Mo. Unlike the dimer

state which was a highly multi-referenced system, the atomic state was almost single-referenced

system. The optimization yielded very small coefficients for the excited determinants. This

difference in the behaviors of the wave functions of the atomic and dimer states manifests itself

in the results of CCSD(T) calculations. While in the dimer state the normalization is 1.2, in

the atomic state it is 1.05.

Nevertheless, as it is given in Fig. (7.1), the DMC calculation of Mo2 with 3500 determi-

nants gained a high percentage, 98.20(3)%, of the correlation energy (which is again with the

assumption that the DMC energy of the atomic state is almost exact).

To compare the DMC energies, we obtained the energies by the CCSD(T) method as well.

For this purpose, the correlation-consistent basis sets, aug-cc-pVXZ-PP where X = 3, 4, 5 were

used. In Table (7.1), the energies and their extrapolations according to the above-mentioned

three schemes are given. Figs. (7.2) and (7.4) present the extrapolation of HF energies of Mo

and Mo2 following the scheme given in Eq. (7.13), respectively.

The CCSD(T)/CBS extrapolations of the correlation energies of Mo and Mo2 (done accord-

ingly to the three schemes given in Eqs. (7.9), (7.10), and (7.11)) are shown in Figs. (7.3) and

(7.5), respectively. As it is seen in both figures, the schemes CBS-X and CBS-345 yield almost

identical results. However, the scheme CBS-Lmax estimates slightly lower correlation energy

than others; i.e., the difference is approximately 0.14 eV in the atomic state and 0.30 eV in the

dimer state.

The binding energies calculated by the DMC and CCSD(T) methods are presented in Ta-

ble (7.2). Please note that the binding energies shown in Table (7.1) are calculated method-

consistently; i.e., the energies of Mo and Mo2 are considered in the same level of method.

It is interesting to note that DMC provides lower energies than CCSD(T)/aug-pVXZ-PP

(where X = 3, 4, 5) does in both the atomic and dimer states. Despite this, the binding energies

obtained by CCSD(T)/aug-pVXZ-PP are closer to the experimental value than DMC/MDSJ

(DMC with a multi-determinant Slater-Jastrow type trial wave function) is, which indicates

that there are more favorable error cancellations in the level of CCSD(T)/aug-pVXZ-PP than
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Table 7.1: The CCSD(T) and DMC energies of Mo and Mo2 and the percentages of the cor-
relation energies recovered by DMC are given. Note that the energies are given only for the
purpose of comparison between the CCSD(T) and DMC methods, otherwise, the energies are
specific to the pseudopotentials employed in the calculations. The CBS extrapolation methods
denoted as CBS-X, CBS-Lmax and CBS-345 are explained in the text and also given in Eqs.
(7.9),(7.10) and (7.11), respectively. DMC/SDSJ and DMC/MDSJ stand for DMC calculations
with single-determinant and multi-determinant trial wave functions, respectively. Note that the
difference between the DMC/SDSJ and DMC/MDSJ energies in the atomic state (Mo) was
actually negligible.

Mo

Basis Set CCSD(T) En. (Ha) HF En. (Ha) Corr. En. (Ha)
aug-pVTZ-PP -67.7595 -67.3423 0.4172
aug-pVQZ-PP -67.8108 -67.3424 0.4684
aug-pV5Z-PP -67.8334 -67.3424 0.4910

CBS-X -67.8696 -67.3424 0.5272
CBS-Lmax -67.8645 -67.3424 0.5221
CBS-345 -67.8696 -67.3424 0.5272

En. (Ha) Corr. En.(Ha)
DMC/MDSJ -67.8454(6) 0.5030(6)

Mo2

Basis Set CCSD(T) En. (Ha) HF En. (Ha) Corr. En. (Ha)
aug-pVTZ-PP -135.6529 -134.3379 1.3150
aug-pVQZ-PP -135.7640 -134.3408 1.4232
aug-pV5Z-PP -135.8127 -134.3415 1.4712

CBS-X -135.8904 -134.3417 1.5488
CBS-Lmax -135.8795 -134.3417 1.5378
CBS-345 -135.8904 -134.3417 1.5488

En. (Ha) Corr. En. (Ha)
DMC/SDSJ -135.7993(4) 1.4576(4)
DMC/MDSJ -135.8225(4) 1.4808(4)

% of Corr. En.
Gained by DMC

System ”Exact” Method DMC/SDSJ DMC/MDSJ
Mo CCSD(T)/CBS-X 95.4(1)%
Mo CCSD(T)/CBS-Lmax 96.3(1)%
Mo CCSD(T)/CBS-345 95.4(1)%
Mo2 CCSD(T)/CBS-X 94.12(3)% 95.61(3)%
Mo2 CCSD(T)/CBS-Lmax 94.79(3)% 96.30(3)%
Mo2 CCSD(T)/CBS-345 94.12(3)% 95.61(3)%
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Table 7.2: The binding energies of Mo2 obtained by several methods are given. The CBS ex-
trapolation methods denoted as CBS-X, CBS-Lmax and CBS-345 are explained in the text and
also given in Eqs. (7.9),(7.10) and (7.11), respectively. DMC/SDSJ and DMC/MDSJ stand for
DMC calculations with single-determinant and multi-determinant trial wave functions, respec-
tively.

Method D0(eV) Re/Å

MRSDCI+Q [11] 2.92 1.993
CASSCF [74] 0.55 2.10
CASPT2 [74] 2.14 2.09
PNOF5 [74] 3.26 2.10

CASSCF/MS-CASPT2 [15] 4.41 1.95
CCSD(T)/aug-pVTZ-PP (this work) 3.61 1.93
CCSD(T)/aug-pVQZ-PP (this work) 3.84 1.93
CCSD(T)/aug-pV5Z-PP (this work) 3.94 1.93

CCSD(T)/CBS-X (this work) 4.08 1.93
CCSD(T)/CBS-Lmax (this work) 4.06 1.93
CCSD(T)/CBS-345 (this work) 4.08 1.93

DMC/SDSJ (this work) 2.92(4) 1.93
DMC/MDSJ (this work) 3.55(3) 1.93

exp. [41] 4.29(2), 4.2(3)
exp. [77] 4.47(1)
exp. [87] 4.1(7) 1.93
exp. [66] 1.93
exp. [46] 1.94
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that of DMC/MDSJ level.

The CBS extrapolation aims to lift the bias introduced due to the truncated basis set.

CCSD(T)/CBS energies in both Mo and Mo2 are lower than DMC/MDSJ energies. However,

it should be noted that DMC also suffers from a bias (Note: actually, there are more biases.)

which is the fixed-node bias. The fixed-node bias can vanish if the trial wave function nodes are

the same as the nodes of the exact wave function. Such a wave function, in principle, could be

constructed if we were able to optimize and run a complete set of determinants; albeit this is

not possible. In other words, just as the bias originates from the finite basis set in CCSD(T),

DMC suffers from a bias which is introduced indirectly by the finite set of determinants. The

unfortunate point for the DMC method is that unlike a systematic extrapolation to the complete

basis set in CCSD(T)/aug-pVXZ-PP, there is no such a fully developed method that would

extrapolate the DMC energy from finite numbers of the determinants to the infinite number of

determinants or carries out a systematic estimation based on a relevant parameter. In fact, the

extrapolation of the DMC energy with respect to the normalization constant (i.e., the sum of

the square of the amplitudes of the coefficients) of the determinants taken from a normalized

CI wave function (i.e., a normalized linear combination of determinants) to the limit that the

normalization constant (the sum) is the unity is possible [61, 10]. However, in the Selected-CI

the determinants are selected without having to diagonalize the full hamiltonian matrix.

Nevertheless, based on the CCSD(T)/CBS correlation energies, DMC/MDSJ and even

DMC/SDSJ (DMC with a single-determinant Slater-Jastrow type trial wave function) recovers

a high percentage of the correlation energy, 95− 96% (see Table (7.1)).

CCSD(T)/CBS provides a binding energy with an excellent agreement with the experi-

mental value. DMC, however, even with error cancellation, underestimates the binding energy

by almost 0.7 eV. On the other hand, the binding energy can be a decisive quantity to com-

pare the accuracy of the methods due to error cancellations. Since DMC obtains lower energy

than CCSD(T)/aug-pVXZ-PP where X = 3, 4, 5, CCSD(T) and DMC seem to be competitive

methods. However, in the final analysis, due to the systematic advantage in CCSD(T)/CBS,

CCSD(T) seems slightly ahead of DMC in this race. From a feasibility or computational time

concern point of view, however, a DMC calculation with an already optimized trial wave function

is much more practical than a CCSD(T) calculation due to the time scaling and parallelism in

QMC(DMC). Therefore, as the system size increases CCSD(T) is simply ruled out. Conversely,

the optimization process of the trial wave function with many parameters in QMC (DMC)

hinders the efficiency of DMC, which is a disadvantage of DMC against CCSD(T).

In fact, Mo2, with d-d bondings, was expected to pose a great challenge for the fixed-node

DMC. This is because the fixed-node bias increases with electron density and non-linearity on

nodal surface which are presumably abundant in d-d bondings. One of the remedies is employing

a multi-referenced trial wave function of high quality. As shown in Table (7.1), DMC recovers
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Figure 7.1: Mo2 energy obtained by the DMC and VMC methods with varying number of
determinants are given. The estimated exact energy is based on the assumption that the DMC
energy of Mo is exact and calculated by considering the experimental binding energy value,
4.29(2) eV and an estimated value of the zero-point-energy, 0.03 eV. The percentages cor-
respond to the percentages of the correlation energies gained by DMC/SDSJ (DMC with a
single-determinant Slater-Jastrow type wave function) and DMC/MDSJ(DMC with a multi-
determinant Slater-Jastrow type wave function). Error bars for the VMC and DMC energies
are much smaller than the scale of the graph.
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Figure 7.2: The CBS extrapolation of the HF energies of Mo obtained with the basis sets aug-
pVXZ-PP is shown. The formula given in Eq. (7.13) is exploited as the extrapolation scheme.
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Figure 7.3: The CBS extrapolations of the correlation energies of Mo obtained by the
CCSD(T)aug-pVXZ-PP method are shown. The formulas given in Eqs. (7.9), (7.10) and (7.11)
are exploited as the extrapolation schemes denoted as CBS-X, CBS-Lmax and CBS-345, re-
spectively. CBS-X and CBS-345 yield almost identical correlation energies, however, CBS-Lmax

results in a slightly lower correlation energy.

90



3 4 5 6 7
X

-134.3417

-134.3404

-134.3392

-134.3379

H
F

E
n.

/H
a

data
fitting
CBS

Figure 7.4: The CBS extrapolation of the HF energies of Mo2 obtained with the basis sets
aug-pVXZ-PP is shown. The formula given in Eq. (7.13) is exploited as the extrapolation
scheme.
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Figure 7.5: The CBS extrapolations of the correlation energies of Mo2 obtained by the
CCSD(T)aug-pVXZ-PP method are shown. The formulas given in Eqs. (7.9), (7.10) and (7.11)
are exploited as the extrapolation schemes denoted as CBS−X, CBS−Lmax and CBS− 345,
respectively. CBS − X and CBS − 345 yield almost identical correlation energies, however,
CBS− Lmax results in a slightly lower correlation energy.
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almost 95 − 96% of the correlation energy which is an indicator of a high quality of the trial

wave function. However this, the desired accuracy demands more; the missing 4 − 5% of the

correlation energy has significant importance. In order to recover the missing correlation energy,

one can rebuild the trial wave function with a better set of single-particle orbitals or re-optimize

the trial wave function by including more determinants, probably an order of magnitude times

more determinants.

7.4 Conclusion

In our work, we calculated the binding energy of Mo2 at the experimental bond length by means

of the fixed-node DMC. The multi-determinant Slater component of the trial wave function

was constructed by employing the Selected-CI method which is able to include all possible high

contributing determinants iteratively so that the wave function contains only the most relevant

determinants to be compact as much as possible. This was highly desirable feature for a trial

wave function as one is usually constrained by the trade-off between the quality of the trial

wave function and the computational time consumed in evaluating its values, gradients and

laplacian.

We also compared our DMC results with results obtained by CCSD(T) calculations which

is usually seen as the golden standard in the Quantum Chemistry community. We got a very in-

teresting picture: DMC was able to provide lower energies in both the atomic and dimer states

than CCSD(T)/aug-pVXZ-PP where X = 3, 4, 5; i.e., DMC was superior to CCSD(T) with

truncated basis sets. However, thanks to the favorable error cancellations in the atomic and

dimer CCSD(T)/aug-pVXZ-PP calculations, the binding energies obtained by CCSD(T)/aug-

pVXZ-PP were closer to the experimental value than the DMC binding energy result was.

Furthermore, again thanks to the systematicicty in CCSD(T)/aug-pVXZ-PP which enables a

systematic estimation of the CBS limit out of the truncated basis set results, CCSD(T)/CBS

results (with three different extrapolation schemes) enjoyed excellent agreement with the ex-

perimental value, which was superior to the DMC result.
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