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The polymer reference interaction site model theory is investigated for two-dimensional polymer
melts composed of freely-jointed hard disk chains and tangent-disk rods. Exact results for the
intramolecular pair correlation functions are input into the theory, and predictions of the theory for
the intermolecular pair correlation functions are tested via comparison with simulation. The theory
is not as accurate for this system as it is for three-dimensional polymer melts, and the quantitative
predictions are not good except at the highest area fractions. Possible reasons for the deficiency in
the theory are discussed. ©2005 American Institute of Physics. fDOI: 10.1063/1.1857520g

I. INTRODUCTION

The behavior of confined polymer melts is a subject of
current interest.1 An extreme case occurs when the confine-
ment is severe enough that the molecules can be considered
two dimensional. Such a situation is experimentally realized
when DNA molecules are adsorbed to charged lipid
bilayers.2 In a recent paper,3 one of us presented computer
simulation results for the static properties of a tangent hard
disk model of two-dimensional polymers. There were many
surprising results that suggested that long-standing scaling
ideas4,5 might require reconsideration. In this paper, we in-
vestigate the polymer reference interaction site model
sPRISMd theory for two-dimensional polymer solutions and
melts.

There has been considerable research on the PRISM
theory for polymers in three dimensions.6 The RISM theory7

consists of a set of nonlinear integral equations that provide
a relationship between the site-site intermolecular direct cor-
relation functions, the site-site intramolecular correlation
functions, and the site-site total correlation functions. If the
intramolecular correlation functions are known, the RISM
equations can be solved for the intermolecular correlation
functions, given an approximate closure relation. The
PRISM equations are obtained if end effects are ignored and
all the sites on a molecule are treated as equivalent. For
polymer melts in three dimensions, the venerable Percus–
Yevick sPYd closure is accurate for the pair correlation func-
tions in hard chains. To our knowledge there has been no
investigation of the PRISM theory in two dimensions.

In this work, we test the PRISM theory for the pair cor-
relation functions in two-dimensional polymers. We consider
two models: freely-jointed tangent-disk chains and tangent-
disk rods. We use exact resultssobtained from simulations3

for flexible chainsd for the intramolecular correlation func-
tions and compare the predicted intermolecular correlation
functions to simulation results. This comparison constitutes a
test of the PRISM theory and closures since the intramolecu-
lar correlations are exact. We find that the theory is not as

accurate as the corresponding theory for three-dimensional
polymers. For flexible chains, at low densities the theory
significantly overestimates the value of the average intermo-
lecular pair correlation function,gsrd, at all distances. At
high densities the theory is accurate forr .1.5s, wheres is
the disk diameter, but overestimates the value ofgsrd for
shorter distances by about 50%. For fluids of diatomic mol-
ecules, the theory overestimates the value ofgsrd at contact
at low densities, but is quite accurate at high densities. For
longer rods, at low densities the theory is in qualitative
agreement with simulations although it tends to overestimate
the value ofgsrd near contact. At high densities, however, the
theory fails to reproduce some qualitative features ingsrd
such as the location of cusps.

The rest of the paper is organized as follows. The theory
is presented in Sec. II, simulations for rods are described in
Sec. III, a comparison between theory and simulations are
presented in Sec. IV, and some conclusions are presented in
Sec. V.

II. POLYMER RISM THEORY

The RISM theory of Chandler and Andersen7 provides a
relationship between the site-site direct correlation functions,
cabsrd, the site-site intramolecular correlation functions,
vabsrd, and the site-site intermolecular correlation functions,
habsrd, between sitesa and b. In Fourier space, the RISM
equations can be written as

ĥabskd = o
g,d=1

N

v̂agskdĉgdskdfv̂dbskd + rĥdbskdg , s1d

whereN is the number of sites,r is the number density of
molecules, carets denote Fourier transforms, andk is the mo-
mentum transfer variable. For two-dimensional systems, the
Fourier transform pair is defined as

fsrd =
1

2p
E

0

`

kf̂skdJ0skrddk,
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f̂skd = 2pE
0

`

rf srdJ0skrddr, s2d

whereJ0sxd is the zeroth-order Bessel function of the first
kind, with the representation

J0sxd =
1

2p
E

0

2p

du expsix cosud. s3d

Given closure relations betweenhabsrd andcabsrd, the RISM
equations can be solved for the correlation functions. For
hard chain polymers, the PY closure approximation is

gabsrd = 0, r , sab,

cabsrd = 0, r . sab, s4d

where sab is the distance of closest approach of sitesa
andb.

The polymer RISM theory is obtained by treating some
of the sites as equivalent and averaging over them. If all the
sites are treated as equivalent, the polymer RISM equation
takes the form

ĥskd = v̂skdĉskdv̂skd + rmv̂skdĉskdĥskd, s5d

where rm=Nr, ĥskd=s1/N2doi j ĥi jskd, ĉskd=s1/N2doi j ĉi jskd,
andv̂skd=s1/Ndoi jv̂i jskd. It is often convenient to divide the
sites on the molecule into subsets, with all sites of each sub-
set treated as equivalent. An example is rods where the end
sites are treated differently from the middle sites, with all the
latter being treated as equivalent. In this case the PRISM
equations take the form8,9

Ĥ = V̂ĈV̂ + ĈV̂Ĥ , s6d

whereĤ, Ĉ, andV̂ are matrices of Fourier transforms of the
total, direct, and intramolecular correlation functions, respec-

tively. The elements of theĤ matrix are given byĤMM8skd
=rMrM8ĥMM8skd, whereri is the number density of sites of
type i, hMM8srd fcMM8srdg is the total sdirectd correlation
function between sites of typeM and sites of typeM8, and

the elements ofV̂ are V̂MM8skd=roa=1
NM og=1

NM8v̂agskd, where
a[M, g[M8, andNi is the number of sites of typei.

The integral equations are solved iteratively using a Pi-
card iteration scheme,10 described below for the case of the
PRISM theory. We start with an initial guess forcsrd and
evaluate the Fourier transform using a numerical Hankel

transform routine. The functionĝskd; ĥskd− ĉskd is then
evaluated using the PRISM equation, and inverted to give
gsrd. The next guess forcsrd is then obtained from the clo-
sure relation. The PY closure takes the form

csrd = − 1 −gsrd, r , s,

csrd = 0, r . s, s7d

and the hypernetted chainsHNCd closure takes the form

csrd = − 1 −gsrd, r , s,

csrd = egsrd − 1 −gsrd, r . s. s8d

The functions are discretized in real space between
r =0 andR, with M unevenly spaced points chosen so that
r i =miR/mM wherem j is the j th positive root ofJ0sxd. The
results are insensitive toR and M if these parameters are
large enough; in this work, we chooseR=50s and
M =1000. The discrete Fourier transforms take the form11

fsr id =
1

2p
o
j=1

M−1

Dkjkj f̂skjdJ0skjr id,

f̂skjd = 2p o
i=1

M−1

Dr ir i fsr idJ0skjr id, s9d

where

Dr i =
2

K2r ifJ08skMridg2 ,

Dkj =
2

R2kjfJ08skjRdg2 , s10d

J08sxd=dJ0sxd /dx, kj =m j /R, andK=kN. The above method is
a slow Fourier transform but satisfies the orthogonality
conditions,11 which are important because the functions are
transformed repeatedly.

III. MONTE CARLO SIMULATIONS

To investigate the effect of molecular geometry on the
performance of the theory we perform simulations for
tangent-disk rods where each molecule is composed ofN
tangent disks arranged in a linear fashion. The simulation
method is similar to that used earlier for flexible chains.3 The
simulation cell is a square with periodic boundary conditions
in all directions. For each area fraction we perform simula-
tions with 100 and 500 molecules; no finite size effects are
observed. Initial configurations are generated using a growth
and equilibration algorithm. In the course of a simulation,
molecules are moved using either reptation, translation, or
rotation, chosen with equal probability. The simulation is a
standard application of the Metropolis algorithm in the ca-
nonical ensemble where moves are accepted if the new con-
figuration is free of overlap, and rejected otherwise. The sys-
tem is equilibrated and properties are averaged over 10 runs
of 1 million attempted moves each. We restrict our study to
short rods, i.e.,N=2, 4, and 8, because longer rods form
nematic phases at low densities12 which the integral equation
theories cannot predict. In each case we perform simulations
for area fractions,f sdefined asf=prNs2/4d of 0.1, 0.3,
and 0.5. Figure 1 depicts snapshots of final configurations for
N=8, and f=0.1 and 0.5, respectively. The systems are
clearly isotropic, although there is significant local orienta-
tional order at the higher area fraction.

IV. RESULTS AND DISCUSSION

Theoretical predictions forgsrd in freely-jointed chains
from the PRISM theoryswith the PY closured are compared
to simulation results3 in Figs. 2sad and 2sbd for N=16 and 64,
respectively. At low area fractions, the theory significantly
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overestimates the value ofgsrd over the entire range for
which simulations are available. As the area fraction is in-
creased, the agreement between theory and simulation im-
proves, and at high area fractionssf=0.5d the theory is in
good agreement with the simulations forr .1.5s. For
smaller distances the theory again significantly overestimates
the value ofgsrd. The performance of the theory is similar
for all chain lengths studied fromN=16 to 128stwo chain
lengths are shown in Fig 2d. The overestimation ofgsrd near
contact by PRISM is also seen in three-dimensional polymer
fluids, although it is not as severe as in the two-dimensional
case. At high densities, PRISM is much more accurate in
three dimensions than it is in two dimensions.

The theory is quite accurate for diatomics at high densi-
ties, but the accuracy diminishes for longer rods. Figures
3sad–3scd compare PRISM predictionsssolid linesd for rods

to Monte Carlo simulation results forN=2, 4, and 8, respec-
tively. Note that forN=2 RISM and PRISM are identical
ssince all sites are equivalentd and for N=4 there are only
two types of nonequivalent sitessend sites and middle sitesd.
At low area fractions, large depletion effects are observed in
the simulations, with values ofgsrd less than 1. For these
state points PRISM tends to overestimate the value ofgsrd as
is also seen for flexible chains. For fluids of diatomic mol-
ecules, at high densities there is a second peak atr =2s fol-
lowed by hard-disk-like layering at larger distances. The
RISM theory is in excellent agreement with simulations of
diatomics forf=0.5. For fluids of longer rods, at high area
fractions, there is considerable structure ingsrd with a peak
at short distances, followed by peaks atr =sÎ3+ jds and
r = js for integer j . The predictions of the PRISM theory are
quite poor when compared to the simulations. The shape of
gsrd in the theory is quite different from the simulations and
the location of the peaks is not predicted correctly, as is also
seen in three dimensions.13

Relaxing the equivalent site approximation in the
PRISM theory results in an improvement in the theoretical
predictions at low densities. For dimers, the equivalent site
approximation is exact and the PRISM theory is identical to
the RISM theory. The success of the theory for this case
suggests that we test the equivalent site approximation inher-
ent to the PRISM theory. The dashed lines in Fig. 3sbd are
predictions of the RISM theory, which are more accurate
than the PRISM theory although still not in quantitative
agreement with the simulations, especially at high densities.
The dashed lines in Fig. 3scd are predictions of the PRISM
theory where the end sites are treated separately, and the

FIG. 1. Snapshots of final configurations forN=8 rods forsad f=0.1 and
sbd f=0.5.

FIG. 2. Comparison of theoretical predictions forgsrd slinesd to Monte
Carlo simulationssRef. 3d ssymbolsd of flexible chains, for various area
fractions, and forsad N=16 andsbd N=64.
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remainingssixd interior sites are treated as equivalent. Again
there is an improvement in the predictions of the theory,
compared to PRISM, although the difference in this case is
less than what was seen in 4-mers. One can therefore expect
that for long chains relaxing the equivalent site approxima-
tion will not result in a significant improvement in the
PRISM predictions.

We attempt to establish why the performance of the
theory is poorer in two dimensions than in three dimensions.
One possibility is that the PY closure is not accurate and
another is that the RISM equations are not “diagrammati-
cally proper.” We therefore consider the PRISM theory with
the HNC closure, and a polymeric version of the diagram-
matically proper Chandler–Silbey–LadanyisCSLd theory,14

with the PY closure. At low area fractions, e.g.,fø0.3 for
N=32, the PRISM theory with the HNC closure does not
converge. At high area fractions we are able to converge the

theory, but the results are not as accurate as with the PY
closure. The polymer-CSL theory, on the other hand, predicts
unphysical negative values forgsrd at low area fractions, and
significantly overestimates the structure ingsrd at high area
fractions. Figure 4 compares predictions of the PRISM
theory with PY and HNC closures, and the polymer-CSL
theory with the PY closure forN=32 andf=0.5. For this
area fraction, PRISM with the PY closure is quite accurate
for r .1.5s. PRISM with the HNC closure overestimates
the value ofgsrd but is otherwise similar to the PY closure.
The diagrammatically proper polymer-CSL theory signifi-
cantly overestimates the structure ingsrd and is clearly the
least accurate of the theories tested.

V. CONCLUSIONS

The PRISM theory for polymers is investigated for the
pair correlation functions in melts of two-dimensional poly-
mers. For flexible chains the theory, with the PY closure,
significantly overestimates the value of the pair correlation
function at short distances. For low densities the theory is not
very accurate, but for high densities the theory is accurate for
distances greater than about 1.5s. Overall, the theory is not
nearly as accurate as it is for freely-jointed chains in three
dimensions. For fluids of dimers, the theory is accurate at
high densities, but for longer rods the pair correlation func-
tions predicted by the theory are qualitatively different from
that seen in simulations, similar to what is seen in three
dimensions.13 For short rods, removing the equivalent site
approximations, i.e., using RISM instead of PRISM, results
in more accurate predictions forgsrd at low densities.

It is not clear why the PRISM theory displays such
marked deficiencies for two-dimensional polymers. We find
that the predictions of PRISM with the HNC closure, and the
diagrammatically proper CSL theoryswith the PY closured
are significantly worse than the PRISM/PY theory. Although
the theory is unable to treat hidden sites,15 this cannot be the
only reason because there are no hidden sites in melts of
rods, for which the theory is not accurate either. In general, it
is difficult to determine the reason for the failure of an inte-
gral equation theory. For example, it is not entirely clear why
the PY theory is more accurate than the HNC for hard
spheres, which the latter is more accurate for the restricted
primitive model of electrolytes.

FIG. 3. Comparison of theoretical predictions forgsrd to Monte Carlo simu-
lationsssymbolsd of tangent-disk rods for various area fractionssas markedd
and for sad N=2, sbd N=4, andscd N=8. Solid lines are predictions of the
PRISM theory where all sites are treated as equivalent. Insbd dashed lines
are RISM predictions and inscd dashed lines are PRISM predictions where
the end sites are treated explicitly and the middle sites are treated as
equivalent.

FIG. 4. Comparison of predictions of theories forgsrd to Monte Carlo
simulationssRef. 3d ssymbolsd of flexible chains forN=32 andf=0.5.
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It is also possible that the origin of the deficiencies in the
theory are different for rods than for chains. For rods, the
failure of the theory might be related to the strong orienta-
tional order in these systems, which cannot be captured by an
approach based on RISM. For chains, the theory might fail
for a different reason. Although the exact intramolecular cor-
relations are input into the theory, this is an averaged func-
tion. In two-dimensional systems the conformational fluctua-
tions are larger, at high densities, than in three-dimensional
systems3 and it is possible that this is a source of the rela-
tively poorer performance of the theory. This could be tested,
in principle, by fashioning a model where conformational
fluctuations can be controlled. This is a little tricky because
one would have to restrict conformational changes without
increasing orientational orderswhich excludes stiff chainsd
or otherwise changing the packing in a significant fashion.

The theory does appear to be more accurate when the
structure of the fluid is similar to that of a fluid of hard disks.
For example, the theory is quite accurate for dimers at high
densities where the packing is similar in some respects to
hard disks. And the theory is in qualitative error for rods,
where the packing is very different from hard disks. In this
case the “correlation hole” depletion effects are quite promi-
nent at low densities, and local orientational order is quite
prominent at high densities, as can be surmised from Fig. 1,
and the predictions of the theory are poor, similar to what are
found in three dimensions. In two-dimensional systems, the
chains do not interpenetrate in the same fashion as in three
dimensions, and depletion effects are important at all densi-
ties. The packing of chains in two dimensions is therefore
quite different from that of disks. This might explain why the
PRISM theory is more accurate in three dimensions than in
two dimensions. In that sense it is a more dramatic manifes-
tation of the shortcomings of the theory which are already
present in more complex models of three-dimensional chains
such as alkanes16 and vinyl polymers.17

We conclude that the liquid structure of two-dimensional

polymers is an interesting problem for which popular inte-
gral equation theories with standard closure approximations
are not accurate. It is possible that accurate predictions might
be obtained via polymeric density functional theory,18 which
for three-dimensional systems, is more accurate and inter-
nally consistent than the PRISM theory. This theory has the
disadvantage, however, that the two molecule problem must
be solved exactly, normally via exact enumeration or com-
puter simulation. Although numerically intensive, this is a
feasible and promising route to the structure of short chain
polymers.
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