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1 ABSTRACT 

It is well known that great uncertainty and variability exist in subsurface materials regarding layer uniformity 
and soil/rock engineering properties, as well as seismic loadings to be considered. Those uncertainties and 
variability not only affect the stability of the subsurface materials and foundations, but also affect the 
stability of the slopes that are usually present at the site, especially when seismic loadings are involved. This 
study focuses on the impact of the uncertainties of soil and seismic loads on the slope stability analysis and 
how to determine the reliability of the analysis results in terms of factor of safety. In this study, uncertainties 
involved in the slope stability analysis were first identified, then a practical engineering procedure is 
proposed to apply probability analysis method that takes those uncertainties into consideration and uses 
reliability index as the reliability measurement of the factor of safety of slope stability. After conducting 
sensitivity study, the influences of input parameters on slope stability analysis results were identified. 
Finally, the proposed procedure was applied to slope analyses for a slope at a U.S nuclear power plant site to 
present an example. This study showed that (1) the seismic loadings and soil shear strength parameters affect 
the slope stability analysis results more than other parameters involved in the analysis; (2) the proposed 
reliability analysis method can give a good indication of the degree of reliability of the slope stability; and 
(3) the degree of uncertainty of engineering properties of subsurface material and seismic loading conditions 
affect the reliability of slope stability analysis. Based on the results of this study, it is concluded that the 
uncertainties of site subsurface materials and site specific seismic loadings should be considered in the site 
stability analyses and their impacts on the analyses results need to be studied. The proposed reliability 
method can be used as a supplement to conventional deterministic analysis methods to gain more confidence 
to the slope stability analysis results. 

2 INTRODUCTION 

In nuclear power plant design and construction, engineers have to face and deal with many uncertainties, not 
only in risk evaluation and analysis, but also in site geologic, seismic and geotechnical engineering 
properties evaluations. In geotechnical engineering, the uncertainties and variability are generally related to 
the subsurface strata uniformity and soil/rock engineering properties, as well as seismic loadings to be 
considered at a specific site. Those uncertainties and variability not only affect evaluation of the stability of 
the subsurface materials and foundations, but also affect the stability analyses of slopes, dam and 
embankment at the site, especially when seismic loadings are involved.  

To deal with uncertainties and variability, geotechnical engineers conventionally use factor of safety and 
conservatively chosen parameters in calculations and analyses. But the reliability of the evaluations and 
analysis results is often everyone’s guess. Because it is a powerful tool to deal with uncertainties and 
variation, the probabilistic method has been recognized and applied in civil engineering field since early 
70’s, as described by Benjamin and Cornell (1970) and Harr (1987), among others. There are quite a few 
studies related to probability and reliability analysis of slope, dam and embankment stability.  For examples, 
Wolff and Wang (1993) presented their study on reliability analysis of dams and locks, and later the U.S. 
Army Corps of Engineers (1997, 1999) introduced the probability and reliability methods for use in 
geotechnical engineering. Vanmarcke (1977), Christian et al (1994) and others also presented either in 
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detailed discussion or summary of applications of probabilistic concept in analysis of the stability of slope 
and embankments using first-order, second-moment method. Duncan (2000) discussed the use of reliability 
concept in geotechnical engineering and gave some detailed examples on how to apply this concept in 
retaining wall stability, slope stability and settlement analyses. Although it have not been accepted as a 
standard method in geotechnical engineering practice for various reasons that include the variability involved 
in geotechnical engineering has not fully characterized, especially the correlations between all variables; how 
to use it in engineering design has not been standardized; and lack of confidence in use of this method in 
practice among geotechnical engineers, there is a general agreement that probabilistic and reliability methods 
should be applied in geotechnical engineering practices as a supplement to and enhance the conventional 
deterministic method. 

3 RELIABILITY EVALUATION METHODS IN SLOPE STABILITY ANALYSIS 

In engineering, reliability is generally defined as the ability of a system or component to perform its required 
functions under stated conditions for a specified period of time. In geotechnical engineering practices using 
reliability concept is a good way to account for uncertainties and variability resulting from spatial variation 
of subsurface materials –soil and rock, variation in soil/rock property determination, field and laboratory test 
results, dada analysis, analysis model errors, and others.  

For slope stability analysis, uncertainties also exist in other variables, or parameters, such as geometry 
of slope, loading conditions, pore water pressure distribution and others. Among the variables, some of them 
are time dependent, such as the shear strength of soils, pore water pressure distribution, as well as dynamic 
loads, including earthquake induced seismic loading. In engineering practices, factor of safety (FOS) is 
usually used to account for the uncertainties, but reliability can provides a measurement on degree of 
confidence on the design and analysis results. To use the reliability concept in slope reliability analysis, some 
basic statistic and reliability theories, and the procedure of using the reliability concept in analysis are needed 
and will be discussed as the follows. 

3.1 Basic definition of variables 

For a variable, or parameter, X with n data points xi, i=1, 2, … n, it is defined that the mean, or expected 
value E[X] is  
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The standard deviation σ[X] is  
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For two variables, X and Y, the covariance of X and Y, Cov [X,Y] is defined as 
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If two variables are unrelated, then Cov(X,Y) = 0. 
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The coefficient of correlation ρXY, a non-dimensional measure of the correlation, is defined as 
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XY
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3.2 Reliability index 

Reliability index, β, is a very useful probability measurement and its definition is described as the follows. 

In engineering reliability analysis, the safety margin, SM, is a commonly used variable as it provides a 
measurement of how the capacity (resistance) of a designed structure or component compares with demand 
(load). The SM is defined as 

SM = C – D  (7) 

where C is capacity and D is demand. 

The mean and standard deviation of SM are 

E[SM] = E[C] – E[D]  (8) 

DCDcDCSM !!"!!! ,
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where  

E[C] and E[D] are mean of capacity and demand, respectively;  

σC and σD are standard deviation of capacity and demand, respectively; and 

ρC,D is coefficient of correlation of capacity and demand. 

If C and D are not related, although is it unlikely in engineering practices, equation (9) then reduced to 

22
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Reliability index is a dimensionless quantitative value that represents the distance from expected 
condition to a limit state, or edge of a failure region. The reliability index is measured in unit of standard 
deviation of performance function and only depends on the statistical properties of variables involved 
regardless the expression of the performance function. The reliability index βSM is defined as  
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The illustration of reliability index for normally distributed safety margin SM is presented in Figure 1. 

 

Figure 1. Reliability index of safety margin 

In engineering practice, factor of safety (FOS) is another commonly used safety indicator and can be 
defined as the ratio of the C and D 

0 SM = C- D 

f(SM) 

E[SM] 

βSM E[SM]  



 4   

FOS = C/D  (12) 

For practical purpose, we can treat the FOS as a new variable and the reliability index of FOS, βFOS, is 
defined as (for normal distribution) 
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If the FOS has lognormal distribution, then βFOS becomes 
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Note that only when VFOS is much smaller then 1, then the approximation of the βFOS can be used. 

3.3 Reliability index calculation 

There are many methods available to determine reliability index, from vigorous integration method - if all 
variables statistic properties, including probability distribution functions are know, to approximate methods, 
such as Taylor’s series method, point estimate method (PEM), and Monte Carlo simulation method. Those 
approximate methods are often used in practices. Taylor’s series method is based on expanding the 
performance function about its mean (expected value) according to Taylor’s series theory, and expressing the 
performance function’s mean and variance in terms of the expected values and variances of individual 
variables involved. The PEM is based on discretizing the variable probability distribution from its whole 
region into two (or more) points along its own dimension with weighted probability concentration values, 
and then calculate the performance function’s mean and variance by summarizing the values at those points 
over all dimensions. The Monte Carlo simulation method first generates random variables values according 
to their probability distributions, and then simulates the performance function using those random variable 
points as input. The mean and variance of the performance function are calculated from the simulation 
outputs. Since the above mentioned methods are well established, therefore no detailed description and 
related mathematic expressions will be given in this paper. 

4 APPLICATION OF RELIABILITY EVALUATION OF SLOPE STABILITY 

4.1 Procedure of using reliability evaluation in slope stability analysis 

To apply the reliability concept in slope stability, we should follow some basic steps: 

1. Identify all variables (parameters) involved. Variables in slope stability analysis usually include 
slope geometry related parameters, soil properties, water table/phreatic surface and loading 
conditions. 

2. Determine the uncertainties of the variables. Ideally, we would like to know the probability 
distribution of each variables and the correlation distribution among the variables, but very often, we 
only have limited data and do not know the exact probability distribution of the variables. Since 
according to central limit theorem, the sum of a sufficiently large number of independent random 
variables, each with finite mean and variance, will be approximately normally, we can reasonably 
assume the variables have either normal or lognormal distribution in engineering practice. Therefore 
all we need to know is some basic statistical properties, such as mean value, standard deviation and 
coefficient of correlation. In practice, we should try our best to collect as many data as possible and 
use equations (1) to (6) to determine the statistic properties of the variables. When lack of 
information on some variable properties, such as standard deviation of variables, we can use some 
typical values given by many literatures, or use other practical methods, such as “three-sigma rule” 
(Dai and Wang (1992)) to have a estimate. 
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3. Choose slope stability analysis model. There are a few models available for slope stability analysis, 
such as Ordinary, Bishop, Janbu, Spencer, Morgenstern-Price and General Limit Equilibrium (GLE) 
methods. Since al method has its own advantages and limitations, either a best suitable method, or 
more than one method should be used in slope stability analysis. 

4. Calculate the mean/expected value and standard deviation of slope stability analysis results, in term 
of factor of safety, by using any well established and available method as mentioned before. 

5. Determine reliability index of FOS, or degree of confidence of slope stability analysis using equation 
(13). 

During the analysis, not all parameters need to be treated as random variable if uncertainty and 
variability for those parameters is very small. For example, if the geometry of the slope is carefully 
measured, then we can treat the dimension of the slope as constant. It will also reduce the calculation effort if 
we know which variables have minor influence to the slope stability analysis result, and therefore treat those 
variables as constant in our calculation as well. 

It should be pointed out that in engineering slope stability analysis, the time dependency property of 
variables, such as soil permeability distribution, strain softening of soil shear strength, and slope progressive 
failure are usually not considered. Also, to simplify the analysis, 3-D effect and spatial correlation of 
variables are not considered although these factors can be important in some special cases. 

4.2 Example of reliability evaluation of slope stability analysis 

To illustrate how to perform reliability evaluation of slope stability analysis using the proposed procedure, a 
slope at a proposed U.S. nuclear power plant site is used as an example, the analysis details and results are 
presented as the follows. 

4.2.1 Slope description 

One of the slopes at a proposed new reactor site is a 10.7 m high, with 3 horizontal to 1vertical slope, and 
about 120 m long new-cut slope. The materials in the slope consist mostly of Zone IIA saprolites, a further 
stage of weathering beyond weathered rock with mainly silty clays and clays, the underlying Zone IIB 
saprolites are generally very dense silty sands on weathered rock. The thickness of Zone IIA is about 10.7 m 
and Zone IIB is about 3 m. The ground water level is about 8.5 m below the top of slope. The geometry of 
the slope is illustrated in Figure 2. 
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Figure 2. Cross section, material properties of a slope used in slope stability analysis 

4.2.2 Input parameters and variable properties 

In this slope stability analysis, we treat the geometry of the slope as constant based on field measurement. 
Also, since the maximum possible ground water level will be used in the analysis, this parameter is also 
treated as a constant. The soil properties, such as unit weight, γ, effective internal friction angle, φ,  and 
cohesion, c, are based on field investigation data. The seismic loading was determined from site seismic 
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response analysis in terms of maximum ground motion accelerations, ah and av, denoted as horizontal and 
vertical seismic induced ground acceleration, respectively. The variable properties used in slope stability 
analysis are listed in Table 1. Note that the properties for structure fill are assumed based on the type of soil 
to be used. The variation of ground motion accelerations is unknown although the maximum seismic ground 
motion acceleration is the result of probabilistic analysis, and its variation may have a wide range as one 
could expect. 

Table 1. Slope stability analysis input variable properties 

 
Variable Mean Values 

Coefficient of 
variation 

V (%) 

Zone IIA Saprolite Unite weight γ, g/cm3 (pcf) 2.00 (125) 5 

 Effective internal friction angle φ, degree 33 7 

 Cohesion c, kPa (psf) 5.98 (125) 10 

Zone IIB Saprolite Unite weight γ,  g/cm3 (pcf) 2.08 (130) 5 

 Effective internal friction angle φ, degree 40 7 

 Cohesion c, kPa (psf) 0  

Structure Fill Unite weight γ,  g/cm3 (pcf) 2.08 (130) 3* 

 Effective internal friction angle φ, degree 40 5* 

 Cohesion c, kPa (psf) 0  

Seismic Loading Horizontal acceleration ah, g 0.50** Unknown 

 Vertical acceleration av, g 0.25** Unknown 
* Assumed value. 

** One-half of the peak ground acceleration value is used in seismic slope stability analysis. 

4.2.3 Sensitivity study 

As mentioned previously, there are quite a few slope stability analysis methods available. For the purpose of 
this study, we used commercially available computer software GeoSlope to perform slope stability analysis 
for it containing various analysis models, and the ability of conduct probabilistic analysis. 

Following the proposed procedure, sensitivity study was conducted to identify the variables that have 
more influence on the slope stability. First, slope stability analysis was performed using mean values for all 
input parameters to determine the factor of safety of the slope stability, which is the standard deterministic 
analysis. Then series slope stability analyses were performed in such a way that in analysis runs, only one 
input parameter changed varying over certain range while other parameters unchanged at their mean value. 
Finally the analyses results were examined to see how the changes of each input variable affect the FOS. The 
deterministic method calculation results using different models are listed in Table 2 and some of the 
sensitivity study results are presented in Figure 3 to Figure 7. 

 

Table 2. Factor of safety value comparison using different model 

Model Ordinary Bishop Janbu General Limit 
Equilibrium (GEL) 

Spencer Morgenstern-
Price 

Factor of Safety 1.114 1.122 1.049 1.128 1.128 1.128 
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Figure 3. Effect of changing internal friction angle φ of zone IIa saprolite soil on factor of safety 
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Figure 4. Effect of changing cohesion c of zone IIa saprolite soil on factor of safety 
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Figure 5. Effect of changing unit weight of zone IIa saprolite soil on factor of safety 
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Figure 6. Effect of changing Horizontal Seismic Load on factor of safety 



 8   

0.6

0.8

1

1.2

1.4

1.6

1.8

0 0.1 0.2 0.3 0.4 0.5

aV (g)

Fa
ct

or
 o

f 
S

af
et

y

 

Figure 7. Effect of changing Vertical Seismic Load on factor of safety 

 

The deterministic method calculations yielded very similar results – about 7 percent different among all 
methods, which indicated that for the given slope and loading conditions, there is not much difference 
between the factor of safety with respect to moment equilibrium, and to horizontal force equilibrium. 

The sensitivity study results clearly show that among major input parameters, soil shear strength 
parameters, especially the internal friction angle of soil, and the horizontal component of seismic loading 
have greater impact on the slope stability.  The analysis results showed that if the internal friction angle 
decreases from 33 degree to 30 degree, the FOS will linearly reduce from 1.27 to 1.15; if the horizontal 
component of seismic load increase from 0.2g to 0.3g, then the FOS will decrease from 1.19 to 1.0.  The 
results indicate that (1) in order to get more realistic stability analysis results, we should pay more attention 
on determination of soil shear strength property so that the values are closer to field condition and with less 
variation; and (2) caution should be exercised with the seismic loading used in stability analysis, any change 
of the loading values should be justified. 

4.2.4 Reliability analysis of slope stability 

In reliability analysis, the variables with their statistic properties are listed in Table 1 and normal 
distributions for those variables are assumed with certain value ranges based on either field investigation data 
or engineering judgement. 

The Monte Carlo simulation method was chosen in reliability analysis because this method is a build-in 
function in the GeoSlope program and can be easily used to perform probabilistic analysis. Since the 
variability of seismic loading is unknown, several standard deviation values were used in the analyses to 
evaluate its impact on the reliability index of the FOS of slope stability. For Monte Carlo simulation, 2000 
simulation runs were performed for each individual analysis to ensure sufficient factor of safety values to be 
generated. The reliability analysis results are listed in Table 3. 

Table 3. Reliability analysis results of slope stability analysis 

Coefficient of variation of 
ground motion acceleration 

(%) 

Mean of factor 
of safety 

Standard 
deviation of 

factor of safety 

Reliability 
index 

Probability of 
failure  

(%) 

10 1.131 0.068 1.924 0.05 

20 1.141 0.112 1.263 6.15 

30 1.147 0.154 0.954 17.30 

40 1.154 0.189 0.815 21.30 

50 1.152 0.235 0.647 28.65 

100 1.115 0.317 0.363 43.50 
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The reliability analysis results show that (1) the variation of variables affects the expect value of factor 
of safety of slope stability insignificantly; (2) variation of variables affects the reliability of factor of safety 
much more. As the coefficient of variation of seismic ground motion acceleration increases from 10% to 
100%, the reliability index decreases from 1.924 to 0.363; or the slope failure probability increases from 
0.05% to 43.5%. In other words, reducing variability of input parameters, the reliability of slope stability will 
increase; and (3) even assume there is a 16% of chance (V =1.0) that the ground motion acceleration will be 
double or more from its mean value, the probability of slope failure is still under 50%.  

5 SUMMARY AND CONCLUSIONS 

This study provides a simple and practical reliability analysis method for slope stability analysis. This study 
and the example slope stability analysis results showed that: 
 

1. Since uncertainties and variation exist in soil properties and their parameters determination 
processes, no absolute single value involved in slope stability analysis can truly represent actual 
site condition. Therefore commonly used analysis methods generally can only provide an 
estimate with certain degree of confidence. In current engineering practice, requirements of FOS 
greater than unity, and use of conservative estimates of soil property parameters in analysis when 
using deterministic method are necessary because they actually take those uncertainties and 
variation into consideration. The reliability analysis method is a good supplement to the 
conventional deterministic method for providing confidence measure of the analysis results.  

 
2. The sensitivity study results show that among major input parameters, soil shear strength 

parameters, especially the internal friction angle of soil, and the horizontal component of seismic 
loading have greater impact on the slope stability.  In order to get more realistic stability analysis 
results, we should pay more attention to the determination of soil shear strength property during 
site investigation so that the related parameter values are closer to field condition and with less 
variation. 

 
3. Degree of uncertainties of parameters involved in the slope stability analysis affects the 

reliability of factor of safety. Generally, the smaller the variation is, the higher the confidence 
level will be. As illustrated in this study, for the same mean values of seismic loading, when 
decreasing the degree of uncertainty, or reduces the value of coefficient of variation from 1.0 to 
0.1, the confidence level for FOS greater than 1.0 increases from about 56% to 99%. Therefore, 
it is desirable to reduce the variability of all parameters involved in slope stability analysis, 
which can be achieved by conduct sufficient field and laboratory tests, improving quality of 
procedures involved in parameter determination, such as sample collection, storage and 
transportation, laboratory testing, data collection and analysis. 

 
4. Since the seismic loading used in stability analyses are based on the probabilistic analysis results 

of the site-specific maximum ground acceleration, which involves the uncertainties of the 
earthquake occurrence frequencies for different magnitudes from different sources, the 
uncertainties of site subsurface materials, as well as the uncertainties of the analysis method 
itself, this parameter is a probabilistic variable. Because this parameter has great influence on 
slope stability analysis result, the probabilistic property of seismic ground motion acceleration 
needs to be better understood and adequate values should be used in analysis. Therefore, caution 
should be exercised with the seismic loading used in stability analysis; any change of the loading 
values must be justified. 

 
5. The proposed reliability method can be used in slope stability analysis in engineering practice, 

which can provide more confidence to the analysis results together with the conventional 
deterministic analysis. The reliability analysis concept should be used to other geotechnical 
engineering analysis as well so that the uncertainties can be better accounted for and engineers 
can have more confidence on their design and analyses. 
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