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ABSTRACT
Based on the Master curve conception, condition of brittle strength is formulated for heterogeneous distribution of
stress intensity factor along crack front and non-monotonic, non-isothermic loading. This formulation includes the
elaborated procedure for taking into account the effects of shallow cracks and biaxial loading on fracture toughness.
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INTRODUCTION
At the present time when evaluating a resistance to brittle fracture for reactor pressure vessels, the following
considerations are used:
 Fracture toughness KIC dependent of temperature is used as a main characterictic of a material for evaluation of
brittle strength.
 It is taken that brittle fracture of reactor pressure vessel does not happen if the condition

n⋅KI<KIC
is fulfilled for each point on the crack front (where n - safety margin, KI - stress intensity factor).
Besides, it is assumed that parameter KIC is deterministic parameter and does not depend on flaw size.
At the same time it is well known that brittle fracture is a stochastic process and may be described by the weakest
link model [1-5]. As a result, parameter KIC depends on flaw size and, in particular, on the crack front length. It should
be also taken into account that fracture toughness may vary for various load biaxialities [6-11] and for various crack
depthes (a phenomen of shallow cracks) [12-14].
In the present paper, main approaches are presented on the basis of which new procedure for evaluation of brittle
strength of reactor pressure vessel (RPV) have been elaborated.
ESTIMATION OF THE SHALLOW CRACK EFFECT ON FRACTURE TOUGHNESS
For plate with central crack under uniaxial tension the fracture energy density 2γ as a function of crack length a and
a size of plastic zone near the crack tip is given by equation [15]:
2γ = σ Y δ C [m ⋅ exp(1 / m) ⋅ arccos(exp(−1 / m)) ⋅ 1 − exp(−2 / m) − 1] ,

(1)

where σY - the yield strength, δC - the critical crack tip opening displacement,
a
,
c
πEδ C
c=
,
8(1 − ν 2 )σ Y
m=

(2)
(3)

ν - Poisson’s ratio, E - elastic modulus, a – crack length.
As follows from Eq.(1) the fracture energy density is not a constant of a material and only for m→∞ (small loads
and big crack length) the fracture energy density is a constant of a material which is equal to σYδC.
K2
K2
Taking into account that σ Y δ C = (1 − ν 2 ) IC and assuming 2γ = (1 − ν 2 ) C , we obtain [16]:
E
E
(4)
K C = ωK IC ,

1

where KC - fracture toughness for specimen with shallow crack, ω - coefficient which takes into account shallow crack
effect: ω = [m ⋅ exp(1 / m) ⋅ arccos(exp(−1 / m)) ⋅ 1 − exp(−2 / m) − 1]1 / 2 . The dependence of

ω on parameter m is shown

in Fig.1.

ω
3

2

1
0.1

m
2

3 4 5 6 7 89

1

2

3 4 5 6 7 89

10

Fig.1 The dependence of parameter ω on m
According to Eqs.(2) and (3) we have:
m=

8a

π ⋅ (K IC σ Y )2

(5)

Thus, fracture toughness for shallow cracks may be calculated by Eq.(4). Applicability of Eq.(4) for RPV materials
of WWER was verified by using data of CRISM “Prometey” published in [17]. In [16] 2.5Cr-Mo-V reactor pressure
vessel base metal (for WWER-440) in various states was studied. Specimens with sizes W=100 mm, B=50 mm and the
crack length a=10, 25 and 50 mm were tested on three-point bending, here W – specimen width, B – specimen
thickness. In Fig.2 the fracture toughness versus temperature curves are presented which were obtained experimentally
in [17] and calculated by Eq.(4). As seen from Fig.2 the calculated curve predicts an increase of fracture toughness
values for shallow cracks, but these values are less than experimental values. Thus, in spite of clear theoretical
simplifications accepted for deducing Eq.(4), this equation may be used for engineering estimation of fracture
toughness for shallow cracks as it gives conservative results.
It should be also noted that according to [12-14] an increase of fracture toughness for specimens with shallow
cracks is realized mainly at a/W=0.1÷0.2. Taking into account that for reactor pressure vessel with wall thickness S
W=S, the following relation may be taken for estimation of the shallow crack effect on fracture toughness:
 K IC , at a > 0.15 ⋅ S
KC = 
ω ⋅K IC , at a ≤ 0.15 ⋅ S

(6)

ESTIMATION OF THE BIAXIAL LOADING EFFECT ON FRACTURE TOUGHNESS
It is known that under the normal operation of RPV and also under the pressurised thermal shock loading, the RPV
is undergo to biaxial loading. In this connection the problem arises how to estimate the biaxial loading effect on
fracture toughness. It was shown in [6-11] that biaxial loading may result in decreasing fracture toughness. This
decrease is revealed for specimens with shallow cracks and large-scale yielding [6]. For small-scale yielding or deep
cracks, biaxial loading does not practically affect fracture toughness [6]. Thus, the biaxial loading effect on fracture
toughness has to be taken into account for shallow cracks and large-scale yielding. Hereafter procedure for
determination of this parameter will be considered in detail.
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Fig.2 Comparison of the calculated and experimental data:
1,3 – treatment of experimental data (W=100 mm), 2 – calculation by Eq.(4); 1,2 – КC, 3 – КIC
The following procedure may be proposed for an estimation of the biaxial loading effect on fracture toughness
[16].
For a≤0.15S and mω≤0.7:
(7)
K C* = ω b ⋅ω ⋅ K IC ,
where K C* - fracture toughness for specimen with regard for the biaxial loading effect,

ωb - coefficient which takes

into account the biaxial loading effect on fracture toughness. Coefficient ωb is calculated by equation:

ωb = 1-0.1β ,
(8)
where β - the load biaxiality ratio, i.e. ratio of maximum nominal stress parallel to the crack plane and acting along the
crack front to maximum nominal stress perpendicular to the crack plane. Eq.(7) is valid when β varies from 0 up to 2.
For a>0.15S or for mω>0.7, the biaxial loading effect on fracture toughness may be neglected, i.e. it may be taken
ωb=1.
Taking into account Eqs.(6)-(8) fracture toughness for biaxial loading of RPV may be determined by equation:
 K IC ,
K C* = 
ω bωK IC ,
1,
ωb = 
1 − 0.1β ,

at a > 0.15 ⋅ S

,

at a ≤ 0.15 ⋅ S
at m ω > 0.7
at m ω ≤ 0.7

(9)

,

where mω=m/ω .
The proposed procedure may be justified by results obtained in [6]. These results allow one to draw the following
considerations.
1. The biaxial loading effect on fracture toughness is observed for cases for which parameter β affects the
dependence CTOD(J/σY) (here CTOD - the crack tip opening displacement, J - J-integral). If the dependence
CTOD(J/σY) is invariant to β, then the biaxial loading does not affect KJC. The dependences CTOD(J/σY) at β=0 and
β=2 are presented in Fig.3 for small and large scale yielding. As seen from Fig.3a, the dependence CTOD(J/σY) at β=0
coincides with CTOD(J/σY) at β=2 for small scale yielding. It follows from Fig.3a also, that for large scale yielding and
deep cracks, these dependences begin to differ each from other at J/σY=0.5 mm and this difference is a very small up to
J/σY=1.0 mm (that corresponds KI=360 MPa√m at σY=600 MPa): values of CTOD for these two curves differ less than
on 4 %.
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Fig.3 The dependence of CTOD on J/σY for various values of β and a/W:
SSY – small-scale yielding; LSY – large-scale yielding [6]; σY=600 MPa
Thus, it may be taken that the biaxial loading does not affect KJC for small scale yielding and for large scale
yielding and deep cracks practically.
As seen from Fig.3b and c, for shallow cracks and large scale yielding, the difference between the dependences
CTOD(J/σY) at β=0 and β=2 is very large and increases as the crack length decreases. Hence, for this case the biaxial
loading affect KJC [6].
2. Estimate a value of the parameter mω presented in the form similar Eq.(5):
mω =

2.55a ⋅ σ Y
E  J 


1 − ν 2  σ Y 

(10)

The biaxial loading effect on fracture toughness is observed for cases for which the difference between the
dependences CTOD(J/σY) at β=0 and β=2 is observed. It follows from Figs.3b and 3c, that at a/W=0.1 (W=100 mm,
a=10 mm), these dependences begin to differ each from other at J/σY=0.1 mm, and at a/W=0.05 (W=100 mm, a=5 mm)
- at J/σY≈0.05 mm. Substituting a=10 mm, J/σY=0.1 mm, Е=2⋅105 MPa, σY=600 MPa and ν=0.3 in Eq.(10), we obtain
mω=0.69. The same result is obtained at a=5 mm and J/σY≈0.05 mm. Thus, it may be taken that the biaxial loading
effect on fracture toughness has to be taken into account at mω≤0.7. Taking into account that for shallow cracks value

of J-integral is restricted by the critical value J C = (1 − ν 2 ) (ω ⋅ K IC ) , we substitute value of J=JC in Eq.(10), then value
2

E

of mω may be calculated by the following formula:
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mω =

8a
 ω ⋅ K IC
π ⋅ 
 σY





2

(11)

Parameter mω in Eq.(11) may be presented with regard for Eqs.(5) and (11) as
mω = m/ω2

(12)

3. To estimate the

β parameter effect on K C* , we use the calculated dependence of ωb on β obtained in [6] (in [6]

ωb is designated as √α and α

=

K JC β ≠ 0
K JC β =0

). The linear equation (8) may be used to approximate data presented in [6].

As parameters KJC and K C* are identical on physical sense, the biaxial loading effect on fracture toughness of
component of RPV with shallow cracks may be presented as equations (7) and (8).
ANALYSIS OF BRITTLE STRENGTH OF RPV COMPONENT WITH CRACK
IN PROBABILISTIC STATEMENT
Formulation of condition of brittle strength for homogeneous distribution of stress intensity factor (SIF) along
the crack front
As a condition of brittle strength it is taken condition:
Pf < Pf ,

(13)

where Pf – fracture probability, Pf - a given level of fracture probability.
For homogeneous distribution of SIF, condition (13) is equivalent the following condition:
Bi
K I < K IC
P
Bi
where K IC
(T ) P

f = Pf

f = Pf

,

(14)

is fracture toughness of specimen with thickness Bi for fracture probability Pf .

According to the Master curve conception [3-5] condition (14) may be calculated by the formula:
1/ 4

K

Bi
IC

Pf = Pf

B
=   ⋅ ( K IC − K min ) + K min ,
 Bi 

(15)

where K IC is some reference value of fracture toughness for a given specimen thickness B (for example B =25mm)
and a given fracture probability Pf (for example Pf ≡0.05), Kmin – minimum fracture toughness.
If the considered crack is shallow, i.e. its depth а≤0.15S, then fracture toughness K IC in Eq. (14) should be
substituted by ωb⋅ω⋅ K IC .
Formulation of condition of brittle strength for heterogeneous distribution of SIF along the crack front
As example consider surface semi-elliptic crack. It will be taken that for each moment of a loading, KI(L), T(L) (see
Fig.4) are known (L – curvilinear coordinate). Consider a part of the crack front dL, on which SIF and temperature are
taken to be constant and to be equal to KI(L) and T(L) respectively. According to the Master curve conception [3-5]:
  K ( L) − K  4 
min
 ,
P = 1 − exp −  dLI
  K 0 ( L) − K min  


dL
= K 0 (T ( L)) - scale parameter for the crack front length dL and temperature T=T(L).
dL
f

where K 0dL
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Fig.4 To the calculation brittle strength of reactor pressure vessel for heterogeneous distribution of SIF
along the crack front
On the basis of [4] it may be written:
dL
K IC
( L) − K min

K IC ( L) − K min

1/ 4

 B 
=  
 dL 

(17)

where K ICdL (L) - fracture toughness of a specimen with thickness dL at Pf= Pf and temperature T=T(L).
On the basis of equation from [3] it may be deduced:
dL
( K 0dL ( L) − K min ) 4 [− ln(1 − Pf )] = ( K IC
− K min ) 4

(18)

Solving Eqs.(17) and (18) simultaneously we have:
 B 
( K 0dL ( L) − K min ) 4 [− ln(1 − Pf )] =  ( K IC ( L) − K min ) 4
 dL 
Substituting (19) in (16) we have:
 [ln(1 − Pf )]( K I ( L) − K min ) 4 dL 

PfdL = 1 − exp


B ( K IC ( L) − K min ) 4



(19)

(20)

Consider various loading history for cracked component. As the loading parameter, time τ is taken that is
appropriate for analysis of pressurised thermal shock condition.
As seen from Eq.(20), for values KI and T which vary arbitrarily in time (and hence, KIC), the dependence of the
probability PfdL on time may be non-monotonic, that contradicts the physical meaning of cumulative probability (this
parameter may increase only). Hence, Eq.(20) is valid not always and the brittle strength condition has to be
reformulated allowing for this circumstance.
First of all, consider isothermal monotonic loading. For this case K IC ( L) = const = K IC and the parameter KI for
each part of the crack front dL is a monotonically increasing function of time. Then according to Eq.(20), the
dependence of the probability PfdL on time is a monotonically increasing function too. Hence, Eq.(20) may be used for
this case of loading. When using the weakest link theory, the probability of brittle fracture of a component with a crack
of the front length B may be calculated by equation:
 ln(1 − Pf ) B (K ( L) − K )4

I
min
Pf = 1 − exp
dL 
4


B
K IC − K min
0


Then, on making some transformation, the brittle strength condition P f < Pf may be written as

∫(

)

6

(21)

1
B

B

(K I ( L) − K min )4 dL < 1

∫ (K
0

IC

− K min

(22)

)

4

Now, consider non-isothermal non-monotonic loading. As a common case, for this loading for each part of the
crack front dL, the parameter

α=

(K I ( L) − K min )4

(K

IC

( L) − K min

(23)

)

4

may vary arbitrarily. It follows from Eq.(20) that the parameter PfdL varies in the same manner.
It is clear that the cumulative probability for the considered part of crack front dL can not decrease and, at time τ, is
determined by the maximum values of PfdL over time range from 0 to τ which is calculated by Eq.(20) and is denoted
as max PfdL (0, τ). The value max PfdL (0, τ) is calculated by Eq.(20) as
 ln(1 − Pf ) ZdL 
,
max PfdL (0,τ ) = 1 − exp


B



(24)

where Z=max α(0,τ).
When using Eq.(24) and making transformations similar ones for Eq.(22) derivation, we have the brittle strength
condition for non-isothermal non-monotonic loading
1
B

B

∫ ZdL < 1

(25)

0

When KI varies non-monotonically, a phenomenon of pre-loading has place (Fig.5), which is similar to so-called
warm pre-stressing (WPS). After warm pre-stressing, brittle fracture of a cracked component is known to happen at KI
never less than the value of KI under pre-stressing, i.e. over range from τ1 to τ2 (see Fig.5), brittle fracture does not
happen. From probabilistic point of view, over the above interval, PfdL =const.

KI

Fracture
is possible

Fracture
does not happen

τ1

τ2

τ

Fig.5 Possible dependence KI on τ under non-monotonic loading and regions
in which fracture is possible and impossible
In order to take into account this phenomenon, for non-isothermal non-monotonic loading, the parameter Z has to
be calculated as follows: Z=max α(0,τ), where the maximum value of α is found over time range where for each time
moment τ, the condition K I (τ ) ≥ max K I (0,τ ) is satisfied. (For illustration, in Fig.5, these time ranges are hatched.)

7

If it is necessary to take into account the shallow crack effect and biaxial loading effect, K IC in Eqs.(22) and (23)
should be substituted by ω b ⋅ω ⋅ K IC .
CONCLUSION
1. A condition of brittle strength is formulated for reactor pressure vessel with crack-like flaw in probabilistic
statement. As the condition of brittle strength it is taken condition Pf< Pf , where Pf – fracture probability, Pf - a
given level of fracture probability. Formulation of this condition is based on the weakest link model and takes into
account a variation of KI and KIC along the crack front.
2. Dependencies are proposed which allow to take into account the shallow crack effect and the biaxial loading
effect on fracture toughness of reactor pressure vessel steels.
3. Using approaches presented in the present paper allows one to decrease conservatism and to increase adequacy
of evaluations of brittle strength of reactor pressure vessels. Now these approaches have been included in Russian
Standard on evaluation of brittle fracture of RPV of WWER type.
REFERENCES
1. Weibull, W.A., “A statistical theory of strength of materials”, Roy. Swed. Inst. Eng. Res., Vol.151, 1939, pp. 5-45.
2. Bolotin, V.V. Statistical methods in structural mechanics, M.: Stroyizdat, 1961 (in Russian)
3. Wallin, K., “The scatter in KIC result”, Eng. Fract. Mech., Vol. 19, 1984, pp. 1085-1095.
4. Wallin, K., “The size effect in KIC results”, Eng. Fract. Mech , Vol. 22, 1985; pp. 149-163.
5. ASTM E 1921-97. “Test Method for Determination of Reference Temperature, T0, for Ferritic Steels in the
Transition Range”, in: Annual Book of ASTM Standards.
6. Margolin, B.Z. and Kostylev, V.I., “Analysis of biaxial loading effects on fracture toughness of reactor pressure
vessel steels”, Int. J. Pres. Ves. & Piping, Vol. 75, 1998, pp. 589-601.
7. Aurich, D. et al., “The influence of multiaxial stress states on characteristic parameters for cleavage fracture in the
elastic-plastic range”, Proc. International Conference Applied Fracture Mechanics to Materials and Structures,
1984, pp. 345-356.
8. McAfee, W. J., Bass, B. R., Pennell, W. E. and Bryson, J. W., “Analyses and evaluation of constraint models”,
USNRC Report NUREG/CR-4219 (ORNL/TM-9593/V12&N1), 1996, pp. 16-24.
9. McAfee, W. J. and Bryson, J. W., “Test and analysys of unclad finite-length flaw cruciform specimens”, USNRC
Report NUREG/CR-4219 (ORNL/TM-9593/V12&N1), 1996, pp. 25-31.
10. Pennell, W. E. and Corwin, W. R., “Reactor pressure vessel structural integrity research”, Nucl. Eng. Des., Vol.
157, 1995, pp. 159-175.
11. Pennell, W. E., McAfee, W. J., Bryson, J. W. and Bass, B. R., “Shallow-flaw fracture technolodgy development”,
Transactions of the 14th International Conference on SMIRT, Vol. 4, pp.1-11, Lyon, France, August, 1997.
12. O’Dowd, N. P. and Shih, C. F., “Family of crack-tip fields characterized by a triaxiality parameter: Part I. Structure
of fields”, J. Mech. Phys. Solids, Vol. 39, 1991, pp. 989-1015.
13. O’Dowd, N. P. and Shih, C. F., “Family of crack-tip fields characterized by a triaxiality parameter: Part II. Fracture
applications”, J. Mech. Phys. Solids, Vol. 40, 1992, pp. 939-963.
14. Bass, B. R. et al., “Constraint effects in heavy-section steels”, Proc. Of the Joint IAEA/CSNI Specialists Meeting on
Fracture Mechanics Verification by Large-scale Testing. USNRC Report NUREG/CP-0131 (ORNL/TM-12413),
pp. 495-530, October 1993.
15. Parton, V.Z. and Morozov, E.M., "Elastic-plastic fracture mechanics", М.: Nauka, 1974. (in Russian)
16. Margolin, B.Z., Rivkin, E.Y., Karzov, G.P., Kostylev, V.I. and Gulenko, A.G. “New method for calculation of
brittle fracture resistance of RPV ”, Proc. VI International Conference: Material Issues in Design, Manufacturing
and Operation of Nuclear Power Plants Equipment, Vol.2, pp.100-119, Saint-Petersburg, Russia, June 2000.
17. Anikovskiy, V.V., Ignatov, V.A., Timofeev, B.T., Filatov, V.M. and Chernaenko, T.A. “Analysis of flaws sizes in
weld reactor pressure vessels for energetic equipment and their influence on fracture resistance”, Voprosy
Sudostroenia, ser. Svarka, Vol. 34, TSNII "RUMB", pp. 17-32. (in Russian)

8

