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ABSTRACT 

A consistent formulation of the shakedown and limit reliability analysis methods is presented. It uses load domain 
approach. Problems of load modelling for cyclic and variable repeated loading are discussed. Two reliability formulations are 
presented: using the random load domain multiplier and the shakedown/limit multiplier as well as the random load domain 
multiplier and geometric and material random parameters. The problems are solved using a system of available numerical 
codes of FE, the shakedown/limit analysis (CYCLONE), the response surface and reliability analysis. The shakedown and 
limit reliability analysis problem of high-pressure chamber is solved to illustrate the approach proposed. 

INTRODUCTION 

Inelastic structures like nuclear and conventional power plant vessels, subjected to extremely heavy variable repeated 
loading may work in four different regimes: elastic, shakedown, inadaptation (low cycle fatigue and/or plastic ratchetting) 
and limit state. For the elastic regime there are no plastic effects at all, whereas for the adaptation regime the plastic effects 
are restricted to the initial loading cycles and they are followed by exclusively elastic behaviour. Hence, the elastic and 
shakedown regimes are considered as safe working regimes and they constitute a foundation for the structural design. Design 
codes of pressure vessels, e.g. BS 5500 and ASME VIII, provide a deterministic analysis framework. The classical design- 
by-rules route is partially substituted by the design-by-analysis which requires the finite element analysis. Recently, a 
numerical code called CYCLONE, capable to compute the exact shakedown and limit multipliers for large realistic problems 
has been developed. Analysis of advanced structures working under extreme heavy loading should take into account the 
randomness of loading, geometrical and material parameters. The existing reliability approaches are restricted mostly to the 
elastic working regime, e.g. allowable local stresses. Development of the shakedown and limit reliability-based analysis and 
design methods, exploiting potential of the shakedown working regime, is highly required. 

The paper proposes a global reliability analysis method based upon the shakedown and limit safety criterion. The 
structural reliability is defined with respect to the condition that actual variable loading will be contained within the 
shakedown or limit domain. These domains are computed by CYCLONE. Probability of failure is equal to the probability 
that the actual loading exceeds the shakedown or limit domain. Since these are global safety criteria, also the corresponding 
probabilities of failure are global measures, i.e. they represent the system reliability. 

The paper presents a consistent shakedown and limit reliability analysis formulation using the random load domain 
multiplier and the shakedown/limit multiplier as well as the random load domain multiplier and geometric/material random 
parameters. The problems are solved using a system combining the available numerical codes of FE, the shakedown/limit 
analysis (CYCLONE), the response surface and reliability analysis. 

LOADING MODELLING 

Since the loading is the most significant random factor influencing the structural reliability its proper description is of 
great importance. Usually, the loading is idealized as time-invariant, i.e. as random variables. In other words, the reliability 
so obtained corresponds to that under one load application though it may represent some extreme value of the load over the 
given period of time. 

As most loads fluctuate in time and may act individually or in combination with other loads, the reliability problem may 
be significantly different from those with time-invariant loads. For example, the sequence and path of load application may 
be important; also, the failure (collapse) of a system may be rather a culmination of progressive failures of components over a 
long period of time than a sudden failure of all components at one time. Such considerations may suggest that the time 
domain fluctuations of loadings and their interaction with the system be considered by the time-variant structural reliability 
analysis at componental (no global) level (Wen and Chen [9], Melchers [5]). 

However, if the elastic-plastic structural shakedown is under consideration, the loading history, sequence and paths of 
load application have no influence on the final structural behaviour, i.e. the shakedown state. This makes the shakedown 
analysis specially suited for structural reliability applications in the time-invariant format. The shakedown reliability 
corresponds to the probability of failure due to one application of variable repeated (or cyclic) loading from the load variation 
domain. Duration of loading application may represent a single cycle or a certain period of time, for instance 1 year, defined 
by technological or exploitation conditions. 
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The reliability analysis based upon the limit load criterion should be considered as a complementary to the shakedown 
reliability analysis. Since it is rather impractical to consider all possible limit states, the limit reliability analysis should be 
restricted to dominant (critical) failure mechanisms. Hence, the corresponding limit reliability problem may be conditioned 
on the critical mechanism identified during the shakedown analysis. 

Taking into account that the shakedown and limit states are leading structural safety criteria for pressure vessels (BS 
5500, ASME VIII) and can also be used for many other industrial applications it is worth to define a consistent approach to 
shakedown and limit reliability analysis. 

It is assumed that a rectangular pulse may be introduced as an envelope of variable loading executed during the cycle, 
therefore, a single cycle may contain a number of subcycles. The probability density functions of the maximum values of 
loadingfs is shown in Fig.1. 
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Fig. 1. Rectangular pulse envelopes of the loading S(t). Probability density function of the maximum values of cyclic 
loadingfs 

Consider now the space of several independent component load pulses envelopes S(t). It is assumed that the joint 
probability density function (pdf) of load pulses is given. It is denoted by fs. It has a geometric interpretation. Over each cycle 
there will be defined a certain realization of the hyper-parallelepiped load variation domain A ~ containing all executed load 
paths. Coordinates of the main vertex at the main diagonal (positive coordinates values) represent values of maximum 
component loads S(t). Therefore, possible positions of the main vertex are described by fs. 
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Fig.2. Realizations of load domains A ~ 

Since the loading history has no influence on the final state, a standard approach of the shakedown and limit analysis 
considers only a single load domain multiplier ~: which can be interpreted as a length of the main diagonal of the given 
parallelepiped A ~, see Konig [4]. In the reliability applications, due to randomness of loads, the position of the main vertex 
will also be important and it will be described by a random load domain multiplier E with realizations ~:. It will have a 
certain distribution, equal to fs, see Fig. 2. 



Consider the cyclic or variable repeated loading S(t) which, due to technological regimes, is characterized by a certain 
threshold containing most of loadings, see Fig.1. This is a typical situation in most of technological installations such as for 
instance pressurized nuclear or petrochemical reactors. Then, the maximum values of component loading should be very 
similar and the resulting function fs will be of low variance, see Fig.2. 

Taking into account the above property it is possible to simplify the analysis by selecting a single representative radial 
(diagonal) direction and defining for it the entire reliability analysis problem. For higher loading variances the conditional 
reliability problems may be formulated (Corotis and Nafday [2]). The representative radial (diagonal) direction may be 
selected as a median of the fs function. It is easy to derive the one-dimensional probability density function fE of the load 
domain multiplier ~ from the given fs function. It may be assumed as proportional to the radial cross-section offs function in 
the median direction, see Fig.2. Another possibility is to define f3 as a projection offs onto the radial median direction. 

SHAKEDOWN RELIABILITY ANALYSIS 

In the shakedown reliability analysis we have to account for randomness not only of loading but also of the shakedown 
multiplier. These problems (with respect to the limit state) were firstly considered by Augusti and Baratta [1] in 1972. Let us 
identify a number of variables by which the geometrical and material uncertainties related to the reliability of the structure 
can be described satisfactorily. They form a basic variable vector X. The shakedown multiplier H(X) is a random variable 
dependent on X. Random variables are denoted by capital letters. 

It is assumed that due to low variance of loading the one-dimensional reliability analysis can be performed along the 
representative radial (diagonal) direction and with one dominant failure mechanism. Fig. 3 shows load variation domain 
represented by a random load domain multiplier ~ and the random shakedown domain represented by the random shakedown 
multiplier H. 
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Fig. 3. Shakedown reliability analysis problem 

Since in the framework of the shakedown the loading history has no influence on the structural resistance, the 
shakedown reliability problem may be presented as dependent only on two random variables: the load domain multiplier 
and the shakedown multiplier H(X). The failure will take place when the actual load domain multiplier ~: will exceed the 
shakedown multiplier r/. In the space of realizations x and ~: of random variables X and ~, respectively, the shakedown 
failure function g,7 is written as follows 

g" (x,~) = ~ (x ) -~  (1) 

The failure function (1) divides the space of parameters into the safe domain, Ds ~ , for which g ~ (x,~)> 0,  and the 

failure one DF ~ , where g ~ (x, ~:) < 0,  see Fig. 4. 

Shakedown Reliability In The H -  E Space 
Since the failure function (1) has a form of safety margin, with only two random variables, the probability of failure with 

respect to the inadaptation p~ can be determined by 



oo 

P~F = I FH (~) f ~- (~X)d~X (2)  
- oo  

where fz is the probability density function of load domain multiplier, FH is the cumulative probability function of 
shakedown multiplier. 

If functions under integral (2) are normally distributed then probability can be exactly computed. Otherwise, standard 
numerical integration techniques or Monte Carlo simulation (MCS) may be used. 

Shakedown Reliability In The X -  E Space 
In another formulation, the probability of failure with respect to inadaptation can be evaluated from 

- J fx~ (x,~)dxd¢ (3) P~r 

where fx.z(x,~)is the known joint probability density function of parameters X and •, and DF ~ describes the failure 

domain defined by g ~ (x, ~) < 0,  see Fig.4. 

To solve the problem (3) approximation techniques like Monte Carlo simulation (MCS) or the analytically based FORM 
method may be used. Recently, FORM approach was used by Heitzer and Staat [3], and Siemaszko and Knabel [6] in solving 
practical shakedown reliability problems. 
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Fig. 4, Safe and failure domains in the shakedown and limit reliability analysis 

LIMIT RELIABILITY ANALYSIS 

In the limit reliability problem, randomness of both the load domain and limit multipliers must be considered (cf. 
Siemaszko and Dolinski [7]). In a practical approach the limit reliability analysis problem is conditioned on the most critical 
failure mechanism or, more accurately, on a critical proportionality of componental loads. It is assumed that due to low 
variance of maximum loading the one-dimensional reliability analysis can be performed along the main diagonal direction 
and with one dominant plastic failure mechanism. The limit state will be attained when the actual load domain multiplier 
will become greater than the limit multiplier (. The limit failure function g¢ written in the space of realizations x and ~: of 
random variables X and ,.,, =" respectively, takes the form 

g ¢ (x, ~) = ((x) - ~ (4) 

where ~: is a realization of random load domain multiplier ~ ( i s  a certain realization of the random limit multiplier 
Z(X) dependent of material and geometrical random variables X. 
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Fig. 5. Limit reliability analysis problem 

The failure function (4) divides the space of parameters into the safe domain, Ds C , for which g 

failure one DF ~ , where g ~ (x, ~) < 0, see Fig. 4. 

~" (x, ~:) > O, and the 

Limit Reliability In The Z -  E Space 

Since the failure function (4) has only two variables, the probability of failure with respect to the limit state, pF ¢ , can be 

determined by the following formula, see Fig. 5, 

oo 

P¢ = I Fz (~) f z (~)d~ (5) 
- o o  

where f s  is the probability density function of load domain multiplier, Fz is the cumulative probability function of limit 
multiplier. It can be computed exactly when both variables have normal distribution. 

Limit Reliability In The X - E Space 
In the space of material/geometric and loading random variables, the probability of failure with respect to limit state can 

be evaluated from 

P ¢F -- I fX,Z (x, ~:)dxd~: (6) 
4 

where fx.z(x,~)is the known joint probability density function of parameters X and E, and DF ¢ describes the failure 

domain defined by g ~" (x, ~:) < 0, see Fig. 4 .  

EXAMPLE 

The shakedown and limit reliability-based design of a high pressure chamber was carried out. Geometry of the chamber 
is shown in Fig.6. It is subjected to cyclic pressure p=130 MPa. The internal and external radii are assumed a s  R1 = 12 mm 
and Re = 27 mm, see Table 1 for the definition of parameters. The minimum required reliability indices for the limit and 

shakedown are assumed f l (  * - 4 .5  and flrl , _ 3.7, respectively. 
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Fig.6. High pressure chamber 

Table 1. Definition of parameters 

No. Parameter 

Pressure p 

Distribution 

Gumbel 

Mean value 

130 MPa 

Standard 
deviation 

10 MPa 
Radius R1 deterministic 12 mm 
Radius Re beta 27 mm 0.1 mm 
Yield stress cry deterministic 200 MPa 

To define the shakedown and limit response function a parametric study was performed. Since only one geometric 
parameter R2 is defined as random, resulted functions r/= r/(x)and ~ - ~ (x) can be easily visualized, see Fig.7. It is seen 

that for the thin-walled chambers with R 2 / R 1 < 2.1 (Re < 25mm) the limit and shakedown multipliers coincide. 
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Fig.7. Limit ( and shakedown 7/ response functions 

For the analyzed example (R2 = 27 mm) the computed values of the shakedown and limit multiplier are r/= 182 and ( 
= 194. The total Mises stress within the structure in the state of shakedown computed by CYCLONE (Siemaszko et al. [8]) is 
shown in Fig.8. 
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Fig. 8. Total Mises stress for the high pressure chamber at the shakedown 

Reliability methods, like MCS or FORM, for computation of probabilities of failure (2)(3)(5)(6) will need values of 
shakedown multiplier rl(x) and limit multiplier ((x) for different realizations x of parameters X. The number of samples may 
be very high and in this situation it would be desirable to have an explicit definition of the shakedown rl(x) and limit ((x) 
functions. This has been achieved by application of the Response Surface Method which allows to define a polynomial 
approximation of shakedown and limit multipliers and, therefore, to save a significant number of samples (see Siemaszko and 
Knabel [6]), results are shown in Fig. 7. 
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Fig. 9. Limit and shakedown reliability indices with respect to the ratio R 2 [ R~ 

For solution of the shakedown or limit reliability analysis problems the integration of finite element analysis code (FEA), 
shakedown/limit analysis code CYCLONE (Siemaszko et al. [8]), response surface module (RSM) and reliability analysis 
code (REL) was necessary. 



Using this system, the shakedown reliability index and the limit reliability index, respectively, Were computed 

fl" = 3.15, fl~" = 3.70 (7) 

Since these indices are not admissible, functions of the shakedown reliability index and limit reliability index,/y7 and 
/3 f, respectively, with respect the ratio R 2 / R 1 a r e  evaluated. They are shown in Fig. 9. 

The admissible limit reliability index fl~'* = 4.5 is attained at R 2 /R~ = 2.46. However, to fulfil the shakedown 

reliability requirements fl,7. = 3.7 a thicker chamber must be used with R 2 / R~ = 2.61 . 

CONCLUSIONS 

This paper presented method of shakedown and limit reliability analysis with application to realistic inelastic structures 
subjected to heavy cyclic/variable repeated loading. The problem is formulated in the load space. This approach has several 
advantages: 

• load domain approach allows for simple but accurate representation of cyclic/variable repeated; 
• shakedown and limit approach provides global failure criteria corresponding to the system reliability. Therefore, a 

single analysis may replace a number of cumbersome componental analyses of series/parallel subsystems; 
• it permits a separate examination of load and strength parameters since the resistance limit state functions according to 

shakedown/limit analysis principles are assumed not to depend in any way on the load processes. If the sequence of 
loading applied to a structure may affect the capacity limit state the more refined time-variant reliability methods 
should be used; 

• the dimensions of the load space are small (depending only on a number of independent loads) even for large 
structures; 

• due to application of RSM method the number of simulations required for an accurate assessment of system reliability 
is not related to that reliability, thus overcoming the main drawback of Monte Carlo simulation for structural analysis; 

• working in the X-space; 
• possibility of visualization of shakedown and limit response surface obtained from RSM. It provides engineers with an 

important tool for optimization of structures; 
• the method, through RSM, may be integrated with any general code for shakedown/limit analysis. Therefore, large 

realistic problems like for instance shakedown reliability of pressure vessels may be easily solved. 
The application of very general and simple shakedown/limit load domain approach to variability of loading, combined with 
the efficient reliability analysis formulation as well as the use of general shakedown/limit analysis computational code 
CYCLONE combined with the response surface method provide a powerful tool for solving reliability problems of advanced 
inelastic structures. The methodology presented may be easily applied in design and assessment of pressure systems. 
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