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ABSTRACT 
 

The nuclear industry relies heavily upon reinforced concrete structures. It is therefore essential that we develop robust 
and reliable theoretical and computational models for simulating the behavior of reinforced concrete. We develop a simple 
rate-independent micropolar peridynamic constitutive model for concrete subject to monotonic deformation. Using this 
model, we demonstrate that many of the commonly observed, complex, behaviors of concrete emerge naturally: linear 
elasticity, distributed anisotropic damage, discrete cracking, dilatency, and shear bands. In addition, bond between 
reinforcing steel and concrete is modeled in a simple and natural way. Also, a boundary effect that has not been explicitly 
observed in the laboratory is predicted by the micropolar peridynamic model. The model is implemented in a computational 
simulation program written in MATLAB. Using this computer program, we use two example problems to demonstrate the 
efficacy of the peridynamic constitutive model. The model is found to be conceptually simpler and also in some aspects 
superior to the commonly-used finite element approaches to modeling both plain and reinforced concrete structures. 
 
INTRODUCTION 
 

The nuclear industry relies heavily upon reinforced concrete structures. It is therefore essential that we develop robust 
and reliable theoretical and computational models for simulating the behavior of reinforced concrete. Existing models, for the 
reasons explained next, are less than satisfactory. Hence, we seek new ways to model concrete. 

Many definitions of strain exist, but all definitions involve partial derivatives of the displacement field. For the concept 
of strain to be well-defined, continuity of the displacement field is thus required. However, for quasibrittle materials like 
concrete, the displacement field at some point during loading becomes manifestly discontinuous. Therefore, for such 
materials, it makes little sense to define the material constitutive behavior in terms of stress and strain. Early constitutive 
theories of concrete (prior to the 1980’s) were uniformly based upon the relationships between stress and strain – and 
therefore these theories are ill-suited to describe the behavior of concrete after it fractures. 

In order to rectify the situation, many nonlocal damage models were proposed in the 1980’s and 1990’s. Some of these 
models introduce a length scale by making the stress a function of the “average strain” in a surrounding region of finite size. 
Other models place limits upon the permitted strain gradient. These models all attempt to repair the theoretical problems 
caused by the essential beginning assumptions of continuum mechanics. However, these models are still essentially based 
upon concepts of stress and strain. 

In 1998 Silling [1, 2, 3] proposed the peridynamic model. This model does not presume that the displacement field is 
continuous. Instead, the model proposes that solid materials be viewed as an infinite collection of infinitesimal particles held 
together by infinitesimally small forces which are functions of the particles’ relative positions. The displacements of the 
particles, subject to both internal and externally applied forces are assumed to follow Newton’s laws of motion.  

The peridynamic model makes no assumption about continuity of the displacement field. No concepts of stress or strain 
are required in this model. Instead, the constitutive behavior of the model is defined through “pairwise forces” acting between 
material particles. The peridynamic force acting between two particles is assumed to be a function of the relative 
displacement between the two interacting particles within the “material horizon”.  

The peridynamic model as originally proposed is a central force model, and thus cannot model materials with Poisson’s 
ratios other than ¼. A more general model, called the micropolar peridynamic model [4, 5] is described in the next section. 
 
MICROPOLAR PERIDYNAMIC MODEL 
 

By including micropolar moments and rotations in addition to forces and displacements, the micropolar peridynamic 
model is a generalization of Silling’s originally-proposed peridynamic model [1, 2, 3]. In contrast to the central-force 
peridynamic model, the micropolar peridynamic model is able to model materials with Poisson’s ratios having values 
different than ¼. The peridynamic formulation is based upon Newton’s second and third laws, where a group of finite or 
infinitesimally small particles interact with each other through internal forces called ‘pair-wise’ force functions (with units of 
force per unit volume squared). Only particles closer together than the material horizon ‘δ’ are assumed to interact: particles 
more distant than this material horizon do not interact. The elastic peridynamic formulation can be expressed as [1,  6, 8]: 
 

SMiRT 19, Toronto, August 2007 Transactions, Paper # B02/1



 2

i
u

ii
b

R
jdVijf

r
&&

rrrr
ρξη =+∫ ),(    ,                   (1) 

 
where ),( ξη

rrr
ijf is the pairwise force function (per unit volume squared) between particles ‘i’ and ‘j’ with volumes dVi and 

dVj respectively, iur and iu
r
&&  are respectively the displacement and acceleration of particle i,  ij uu rrr

−=η  and ij xx rrr
−=ξ  

are respectively the relative displacement and the relative position between particle i and particle j, and i
b
r

 is the externally 

applied force per unit volume acting upon particle i. One possible model for a linear elastic material is to define the pairwise 
force function as 
 

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

≥

<
=

δξ

δξ
ξη r

r
rr

if

ifsc
fij 0

),( ,                                 (2) 

   
where c is the micro-elastic stiffness and s is the stretch (defined as change in length per unit length) of the peridynamic link 
between particles i and j. The above formulation can be extended by adding moments and relative rotations to create the 
micropolar model [4, 5]: 
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where iθ

r
 and jθ

r
 are the particle rotations, ijmr  is the pairwise moment function (with units of moment per volume squared), 

i
θ
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 and i
θ
r
&& are respectively the angular position and angular acceleration of particle i, imr  is the externally applied moment 

per unit volume, and iI (= 0?) is the mass moment of inertia per unit volume. At the micro-elastic level, the pairwise force 

function ijf
r

 and pairwise moment function ijmr  between particles i and j can be related to the particle displacements using 
the linear relationship 
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where the micro-elastic stiffness matrix [kij] can be thought of as a frame element which is a described by the area A’, 
moment of inertia I’, torsional moment of inertia J’, micro-elastic Young’s modulus E’ and length L’ of the micropolar 
peridynamic link, and {dij} represents the displacements (and rotations) of particles i and j. The axial, bending, and torsional 
stiffnesses of an axisymmetric prismatic micro-elastic element can be characterized by two constants '' AEc ≡  and 

'' IEd ≡ , where E’ is a micro-elastic Young’s modulus. This is in some ways similar to the discrete framework models of 
Schlangen and Van Mier [7]. 

The peridynamic formulation thus requires no assumption of continuity of the displacement field. The constitutive 
behavior of a peridynamic material is specified solely by the relationship between pairwise forces (and moments) the 
displacements (and rotations). Importantly, to accurately model the behavior of concrete, the pairwise force- and micropolar 
moment functions acting between particles i and j must depend not only upon the relative displacements and rotations of 
particles i and j, but also upon the displacements of other neighboring particles within the peridynamic horizon, as is 
described in the following section, which describes a simple micropolar peridynamic constitutive model for concrete.  
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CONSTITUTIVE MICROPOLAR PERIDYNAMIC MODEL FOR CONCRETE 
 

Gerstle and Sau [8] developed a very simple model for concrete by assuming a peridynamic model with micro-elastic 
stiffness c and a cut-off stretch s*, after which the peridynamic link is broken. This model significantly under predicted the 
compressive strength and the energy absorption capacity of concrete in both tension and compression. In Gerstle, Sau and 
Aguilera [5], this model was updated to more accurately model behavior in the compressive regime. In this paper, we modify 
this model slightly so that the salient features of concrete in both tension and compression are modeled more correctly. This 
latest constitutive model is still applicable only to concrete under monotonically increasing or decreasing deformation. 
Deformations are assumed to be small enough that rotations of all particle pairs are negligible. This model also ignores 
material rate-dependency. 

An important consideration in the development of this model has been computational efficacy. Thus only the simplest of 
assumptions, consistent with fidelity to known behaviors of concrete, about the dependence of the pair-wise forces upon 
relative displacements are made. Fig. 1 depicts the essential features of the model. 
 

 
Fig. 1 Micropolar Constitutive Model for Concrete 

 
In this new model, the pairwise force function between particle i and any other particle j depends not only upon the axial 

stretch, s, of  a link between particles i and j, but also upon the maximum stretch, smax, of any other peridynamic link 
connected to either particle i or particle j. 

As shown in Fig. 1, the link remains linearly elastic as long as its stretch, s, exceeds a compressive stretch limit, sc and is 
less than a tensile stretch limit, st. However, if s exceeds the tensile stretch limit, st, the tensile peridynamic force suddenly 
drops to β times its former value, after which it remains constant with increasing stretch until s exceeds another specific limit, 
αtst, after which the pairwise force drops to zero. We also assume the micropolar moments are instantly reduced to zero if the 
stretch s exits the linear region –sc < s < st. 

 On the other hand, if s is less than a compressive stretch limit, sc, two possibilities exist. If the maximum stretch (in any 
direction), smax, connected to either particle i or particle j is less than st the link remains linear elastic, while if smax is greater 
than st the compressive pairwise force remains constant until s exceeds (in compression) another specific limit, αcsc, after 
which it drops to zero. 

The sensitivity in compression to the maximum stretch, smax, is assumed to arise due loss of lateral support and 
consequent compressive instability of the peridynamic link. The horizontal plateau in the compressive regime helps to 
simulate energy dissipation due to internal friction. It is worth noting that the limit αcsc may not be necessary as loss of static 
equilibrium in compression is actually observed in the example problems to be caused primarily by transverse tensile failure. 
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To summarize, our micropolar peridynamic model for concrete has precisely eight parameters: c, d, δ, st, sc, αt, and αc, 
and β. Each of these parameters has plausible mechanistic justification at the micro-mechanical level. The micro-elastic 
parameters c and d are directly related to the classical elastic parameters Young’s modulus E and Poisson’s ratio, ν [5]. The 
material horizon δ is related to the size of the aggregate, or it can also be simply considered to be a discretization parameter 
with no physical significance. st is related, together with c, to the uniaxial tensile strength, f’t. αt and β can be adjusted to 
match the measured fracture energy, Gf. sc is related, together with c, to the uniaxial compressive strength, f’c. αc can be 
adjusted to represent the uniaxial compressive energy absorption capacity of the concrete. 

Several of the choices made in this model should be explained. First, it was found that a drop in pairwise force after 
reaching the tensile limit st is necessary to induce tensile cracks to localize properly. Our computational experiments show 
that the magnitude of this drop is probably not of primary significance; we represent this drop by the parameter β. Second, 
the bifurcation in the compressive regime is necessary if concrete in hydrostatic compression is to remain linear elastic. 

Note that this micromechanical model can be applied to 1D, 2D, and 3D models. However, for 2D models, either plane 
stress or plain strain conditions must be assumed, and for 1D models, assumptions must be similarly made about the lateral 
stress or strain conditions.  

In the remainder of this paper, we assume 2D plane strain conditions – thus bond damage is confined to the plane of the 
problem. 
 
NUMERAL IMPLEMENTATION 
 

Silling [3] has developed a 3D peridynamic computer program, called EMU, which runs on either a single processor or 
on a massively parallel computer. EMU does not currently implement the micropolar peridynamic model. In order to 
demonstrate the features of the micropolar peridynamic model described in this paper, we have developed a prototype 
program in the MATLAB programming language, called OWL, which currently runs only on a single processor computer. 
Because MATLAB is an interpreted (rather than a compiled) programming language, it runs slowly except that elementary 
MATLAB array functions are written in C and execute very quickly. Therefore, in OWL, we have maximized the use of 
elementary MATLAB matrix functions, while minimizing loops and logical blocks at the MATLAB level. 

OWL uses an explicit dynamic relaxation linear solver to determine the initial linear portion of the solution, and 
computes the load factor necessary to cause the first peridynamic link to become nonlinear. From this point on, OWL makes 
repeated calls to a nonlinear explicit dynamic relaxation solver to determine subsequent static solutions at each load step as 
the load factor is incremented.  If no static solution can be achieved, subsequent dynamic behavior can be modeled. 

A simple Euler integration time-stepping algorithm is employed, with the time step tΔ chosen as one-half the grid 

spacing gridΔ divided by the maximum pressure wave speed ρ/0 Ec = , where E is Young’s modulus, and ρ is the 
density: 

 

 
ρ/2 E

t gridΔ
=Δ .       (6) 

 
We found that it was necessary to keep a rudimentary damage history of each link in order to prevent a damaged link 

from “unloading elastically”. Thus, once a link reaches the tensile or compressive force plateau, it is prevented from reverting 
back to the elastic condition even if its stretch, s, is reversed. Similarly, once a link is fully broken in tension or compression, 
it no longer can no longer carry force. 

On a modern personal computer, OWL can solve typical nonlinear problems with up to 7500 nodes without having to 
request out-of-core memory. Such problems typically are solved in a several hours. OWL executes prohibitively slowly for 
problems requiring more that about 7500 nodes. Solution of 3D problems of reasonable size (larger than about 20x20x20 
nodes) on a single processor computer is currently infeasible. 
 
CALIBRATION OF THE MODEL PARAMETERS FOR UNIAXIAL TENSION AND COMPRESSION 
 

To model a typical concrete, we select Young’s modulus E = 24.85 GPa (3604 ksi), Poisson’s ratio ν = 0.22, uniaxial 
tensile strength f’t = 3.447 MPa (0.5000 ksi), uniaxial compressive strength f’c = 27.58 MPa (4.000 ksi), fracture energy Gf = 
175.1N-m/m2 (1.000 lb-in/in2), and aggregate size = 19.05 mm (0.75 in). We assume plane-strain conditions.  

Rather arbitrarily, let us assume material horizon δ is equal to, say, 4 times the aggregate size, say 76.20 mm (3.000 in). 
The micro-elastic parameters c and d are computed from equations developed in [5] to be  
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The parameter st is selected as the tensile fracture strain: 
 

0001387.0
85.24

447.3'
===

GPa
MPa

E
fs t

t ,    (9) 

 
and the parameter sc is similarly selected as the compressive strain at failure: 
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We assign the parameters β = 0.5,  αt = 30 and αc = 1000 to provide required fracture energy in tension and toughness in 

compression, respectively.  
The discretized model for a uniaxial specimen is shown in Fig. 2; the computed stress-strain relation is shown in Fig. 3. 

 
 

Fig. 2 Discretized Model of Uniaxial Tension/Compression Specimen 

Steel cap plate 
(all points clamped) 

Steel cap plate 
(all points fixed; applied 
horizontal displacements) 

Concrete (all points free) 
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Fig. 3 Computed Uniaxial Stress-Strain Curve: blue curve represents the results of the micropolar peridynamic simulation; 

red curve represents a typical laboratory response. 
 
For the case of uniaxial plane strain behavior, this model seems to correctly replicate Young’s Modulus, Poisson’s ratio, 
tensile strength, compressive strength, fracture toughness, and approximately the correct shape of the compressive stress-
strain curve. Failure in compression is precipitated by dilatational behavior, as observed in the laboratory. In addition, biaxial 
compressive behavior seems to be correctly modeled as linear elastic. Most importantly, the model is capable of objectively 
predicting strain localizations so that fracturing behavior of specimens of various sizes under various loading conditions can 
be studied. Thus, size effects should become apparent from the simulations. 
 
SHEAR BEAM EXAMPLE 
 

OWL was used to model a singly-reinforced beam, the magnified deformed shape of which is shown in Figs. 4(a)-(c). In 
this example, it is clear that shear cracking develops; starting with simple bending cracks followed by several shear cracks as 
shown in Fig. 4(a), followed by more developed shear cracks and a complicated a compression failure in Fig. 4(b). Fig. 4(c) 
shows the beam at the same stage as in Fig. 4(b), but with pairwise forces that have exceeded the elastic limit indicated in 
color. Fig. 1 shows the meanings of the colors of the pairwise forces. 

This beam has 150x50 node points, with a single line of grid points representing a single steel reinforcing bar located at 
the fourth layer of nodes below the top of the beam. Node spacing is 0.0254 m (1 in) in the horizontal and vertical directions. 
A one-inch thick slice of the beam is represented; thus each grid point represents a cubic inch (16.39 cc) of material. The 
reinforcing ratio ρ is 2.2%; thus the rebar does not yield prior to compression failure of the concrete, and the beam is over-
reinforced. 

The beam is loaded at it top right corner by a body force in the downward direction applied uniformly to the top-
rightmost 4x4 patch of nodes. The concrete model is the same as that described in the previous section; the steel has a 
Young’s modulus of 200 GPa (29,000 ksi). This problem required approximately four hours to solve on a Toshiba Satellite 
Intel ® Core ™ 2 CPU T550 @1.66 GHz laptop computer with 1.99 GB of RAM. In this analysis, the peak equilibrium load, 
after which equilibrium was lost, was 27.0 kN (6.07 kips).  This compares to an ACI 318 [9] code prediction of  

 
( )( ) kNkippsifbdV cc 88.25819.540002"46"1'2 ==== .   (11) 

Damaged links are shown on deformed grid. See Fig. 1 for color coding of link states 
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Fig. 4(a) Shear beam, at an early stage, with bending crack at left, localized cracks above rebar, and several shear cracks. 

 
Fig. 4(b) Shear beam, at the ultimate stage, showing shear-banding and concrete failure in compression at lower left. 

 

 
Fig. 4(c) Shear beam, at ultimate stage, showing the state of pairwise forces: per Fig. 1, yellow is in tension plateau, red 

is after complete tension failure, green is in compression plateau, and blue is after complete compression failure. 
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CONCLUSIONS 
 

In this paper, we have proposed a specific constitutive micropolar peridynamic model for concrete. The model has eight 
parameters. The pairwise peridynamic forces and moments are functions not only of the relative displacements between the 
interacting particles, but are also a function of the maximum stretch of any other peridynamic link attached to either of the 
two interacting particles. The values of the model parameters have been calibrated to accurately represent the behavior of a 
uniaxial tension/compression specimen. 

In the linear elastic regime, continuous deformation behavior is observed to be an emergent property of the micropolar 
peridynamic model. Young’s modulus and Poisson’s ratio effects are correctly modeled. However, in the peridynamic model, 
significant boundary effects are observed, including a region within the material horizon of the boundary of softer behavior 
[5]. This boundary effect may actually be a real physical effect – more study is needed. 

The proposed model is sufficient to model most of the commonly observed mechanisms in monotonically tensilely-
loaded concrete: tensile distributed micro cracking prior to peak load, coalescence of damage to form a discrete crack at peak 
load, and subsequent cohesive-crack-like strain softening with correct fracture energy dissipation. 

Compressively-loaded concrete is also modeled reasonably well. For concrete in biaxial compression, in which the 
maximum peridynamic stretch, s, is less than st, no damage results. This is consistent with laboratory tests. For concrete in 
biaxial compression in which peridynamic stretch larger than st develops in any direction, dilatency develops followed 
eventually by loss of static equilibrium. The character of uniaxial compressive failure is well-modeled. 

Finally, as is demonstrated by the example of a reinforced concrete beam, cracking and shear-banding are well-modeled 
by the micropolar peridynamic model. The strength of the shear beam is accurately predicted. 

The model, despite its conceptual simplicity, is computationally expensive for 3D structures of reasonable size. 
However, it is parallelizable, and with anticipated future increases in computational capability, may very well become 
competitive with the currently popular continuum-based methods for numerically modeling concrete structures. 

Finally, the micropolar peridynamic model appears, primarily due to its conceptual simplicity and clarity, to be very 
useful for definitively simulating the behavior of reinforced concrete structures commonly used in the nuclear industry. 
 
ACKNOWLEDGEMENTS 
 

Discussions with Stewart Silling of Sandia National Laboratories have been valuable in inspiring this unfunded research  
project. The first author became aware of the peridynamic model during the summer of 2003, while working with Michael 
Hessheimer at Sandia National Laboratories. 
 
REFERENCES 
 
1. Silling, S., “Reformation of Elasticity Theory for Discontinuous and Long-Range Forces,” SAND98-2176, Sandia 

National Laboratories, Albuquerque, NM, 1998. 

2. Silling, S., “Reformulation of Elasticity Theory for Discontinuities and Long-Range Forces.” Journal of the Mechanics and 
Physics of Solids 48: 175-209, 2000. 

3. Silling, S., “Dynamic Fracture Modeling With a Meshfree Peridynamic Code,” SAND2002-2959C, Sandia National 
Laboratories, Albuquerque, NM, 2002. 

4. Gerstle, W., Sau, N., and Silling, S., "Peridynamic Modeling of Plain and Reinforced Concrete Structures," Journal of 
Nuclear Engineering and Design, accepted, August, 2006. 

5. Gerstle, W. H., Sau, N., and Aguilera, E., "Micropolar Modeling of Concrete Structures", Proceedings of the Sixth 
International Conference on Fracture Mechanics of Concrete Structures, Ia-FRAMCOS, Catania, Italy, June 17-22, 2007. 

6. Gerstle, W., Sau, N., & Silling, S., “Peridynamic Modeling of Plain and Reinforced Concrete Structures,” Atomic Energy 
Press (ed.), 18th Intl. Conf. on Structural Mechanics in Reactor Technology (SMiRT18), August 7-12, 2005 Beijing 
China, 2002.  

7. Schlangen E. & Van Mier, J.G.M., “Micromechanical Analysis of Fracture of Concrete,” Int. J.  Damage Mechanics 1: 
435-454, 2002. 

8. Gerstle, W. & Sau, N., “Peridynamic Modeling of Concrete Structures,” Li, Leung, Willam, & Billington, (eds), 
Proceedings of the Fifth International Conference on Fracture Mechanics of Concrete Structures, Ia-FRAMCOS, Vol. 2, 
pp. 949-956, 2002. 

9. American Concrete Institute, “ACI318 Building Code Requirements for Reinforced Concrete Structures”, ACI, 2005. 

SMiRT 19, Toronto, August 2007 Transactions, Paper # B02/1


	logo: 


