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ABSTRACT

This paper presents a solution for stress and deformation field induced by a central crack in an elastic infinite
plate subjected to uniaxial and biaxial far field loading. Effects of plasticity on the stress and deformation field near
the crack tip is analyzed for the case of elastic, rigid-plastic material subjected to uniaxial loading. Analytical model
is derived to characterize the stress and deformation field, deformed crack geometry in the plastic zone, size of plastic
zone and crack tip radius of curvature.

INTRODUCTION

Cracks in a structure may increase stress value to a level, that could lead to structural failure. A knowledge of
the crack induced stress distribution around crack tip is therefore necessary for structural assessment. The classical
elastic analysis of stress field around a crack leads to singular stress and strain field at the crack tip. Because of
singular stress and strain field, it is generally understood that the classical solution does not apply at or close to the
crack tip. However, crack tip analysis [1] did produce the concept of stress intensity factor. This factor describes the
stress singularity around the crack tip and forms the basis of failure assessment. Experimental observation indicates
blunting of the crack tip in both elastic and elastic-plastic materials [2, 3]. The final shape of the deformed crack
geometry defined by exact theoretical solution in an elastic plate is an ellipse [4, 5] as shown in Fig. 1. But singular
solution does not predict any displacement of the crack tip during deformation along the crack axis. Thus classical
stress analysis implicitly assumes that the position of the crack tip, before and during loading, is unchanged. Thus
an initial crack (Fig. 1a) characterized by its half crack length ai deforms in to an ellipse (Fig. 1b) with semi major
and semi minor axis of lengths af and bf , respectively. Singh et al. [6] argued that an elastic analysis involving small
displacement is equally valid with reference to the deformed configuration of the crack. On this basis, Singh at al. [6]
obtained a solution for an infinite plate with an central crack, under uni-axial tension and showed that the stress at
the crack tip is high but finite.

Due to high stress concentration most materials experience plastic deformation around crack tip, once stress
value exceeds yield limit. It is clear that the material yield criterion would limit the stresses to finite values, thus
avoiding the singularity. Two analytical crack tip solution for plastic material are due to Hutchinson [7] and Rice
and Rosengren [8], using path independent J integral derived by Rice [9], known as HRR solution. But, Rice’s path
independent line integral does not apply when the stress strain relation has a discontinuity and hence HRR solution
is not applicable for ideal elastic, rigid plastic material [7]. To accommodate the crack tip plasticity effect in a elastic,
rigid plastic solid, approximate solutions have been developed that attempt to reconcile elastic solution and plastic
behavior in a heuristic manner [10].

The main objective of this paper is to present a consistent analysis of the crack tip stress and deformation field
and plasticity effects in an infinite plate of elastic, rigid-plastic material under plane stress conditions.

BACKGROUND

An external tensile stress applied to a plate normal to the crack results in a non-uniform stress field, which
satisfies the following equations of equilibrium,

∂σxx

∂x
+
∂σxy

∂y
= 0 and

∂σyy

∂y
+
∂σxy

∂x
= 0 (1)

These equations are transformed to complex plane, then combined and expressed in the form

∂

∂z
(σxx + σyy) +

∂

∂z∗
(σxx − σyy − 2i σxy) = 0 (2)
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Figure 1: Sharp notch in a plate: (a) Initial configuration, (b) Final deformed configuration

where z = x+ i y, is a complex variable and z∗ = x− i y is its complex conjugate. Eq. 2 has a solution [11] in terms
of a stress function Φ(z) such that

σxx + σyy = 4
∂2Φ

∂z∂z∗
and σyy − σxx − 2i σxy = 4

∂2Φ

∂z∗∂z∗
(3)

where σxx = ∂2Φ
∂y2 , σyy = ∂2Φ

∂x2 and σxy = − ∂2Φ
∂x∂y . It is known that for a linear solid, the function Φ must be real and

biharmonic, and hence ∂2Φ
∂z∂z∗

must be real and harmonic. For a linear solid therefore, let

σxx + σyy = 4
∂2Φ

∂z∂z∗
= 4

{

∂φ

∂z
+

(

∂φ

∂z

)∗}

(4)

where φ is an analytic function. The above equation can be integrated to yield

∂Φ

∂z∗
= φ+ z

(

∂φ

∂z

)∗

+ ψ∗ (5)

where ψ is another analytic function. The displacement field for a linear and isotropic elastic solid [6] is

u = z − z0 =
8φ

E
− 2(1 + υ)

E

∂Φ

∂z∗
(6)

where z is the deformed position of a particle that initially in the un-deformed configuration, occupied the position

zo. It is important to note that for a linear solid, the function Φ must be real and bi-harmonic, and hence ∂2Φ
∂z ∂z∗

must be real and harmonic to satisfy equilibrium and compatibility conditions.

ELASTIC STRESS AND DEFORMATION

Analysis for elliptical cavity

Consider an infinite elastic plate containing a traction free elliptical cutout (Fig 1) with half crack length af (semi-
major axis), and half crack depth bf (semi-minor axis). Let us choose elliptical co-ordinate system for modeling
purposes. A transformation from the Cartesian to elliptical co-ordinates in terms of a complex variable, z = x+ iy,

is given by, z = c cosh ξ, where c =
√

a2
f − b2f and ξ = α+ iβ. Here, α = αf characterizes the shape of the elliptical

crack surface that extends from β = 0 to 2π . The Cartesian co-ordinates are related to elliptical co-ordinates as
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follows:
x = c coshαf cosβ and y = c sinhαf sinβ (7)

where c coshαf = af and c sinhαf = bf . The stress function, Φ, satisfying the equilibrium and compatibility
conditions is written in terms of the analytic functions φ and ψ∗ is chosen as

φ = cA cosh ξ + cB sinh ξ and (8)

ψ∗ = 2cA(2αf − ξ∗) − cB cosh(2αf )

sinh ξ∗
(9)

Using Eq. 5, the stress field is given as

∂Φ

∂z∗
= 2cA{cosh ξ − cosh(2αf − ξ∗)} + cB

cosh(ξ + ξ∗) − cosh(2αf )

sinh ξ∗
(10)

σyy + σxx = 8A+ 4B
sinh(ξ + ξ∗)

sinh ξ sinh ξ∗
(11)

σyy − σxx − 2iσxy = 8A
sinh(2αf − ξ∗)

sinh ξ∗
+ 4B

cosh(2αf ) cosh ξ∗ − cosh ξ

sinh3 ξ∗
(12)

The constants A and B are solved by substituting the far field boundary conditions, σyy = S and σxx = kS as ξ → ∞
to Eq. 11 and Eq. 12. It leads to

8A = −S(1 − k)e2αf , and 4B =
1

2
{(1 + k) + (1 − k)e2αf } (13)

Now substituting back for the constants in Eq. 11 and Eq. 12, we obtain the stress field

σyy + σxx

S
= −(1 − k)e2αf + ((1 + k) + (1 − k)e2αf )

sinh(ξ + ξ∗)

2 sinh ξ sinh ξ∗
(14)

σyy − σxx − 2iσxy

S
= −(1 − k)e2αf

sinh(2αf − ξ∗)

sinh ξ∗
+ [(1 + k) + (1 − k)e2αf ]

cosh(2αf ) cosh ξ∗ − cosh ξ

2 sinh3 ξ∗
(15)

Here αf , known as crack opening parameter, defines the shape of the elliptical crack.

Analysis for a sharp crack

For a sharp crack the crack opening parameter α = 0, semi-major axis ai and semi-minor axis bi = 0. But under the
applied load, the crack opens to a elliptical cavity with crack opening parameter α = αf with semi major and minor
axes af and bf , respectively. But the deformed crack geometry or the crack opening parameter of the elliptical crack
opening is not known a priori. To obtain αf , the deformation field needs to be considered, which is given by Eq. 6.
Satisfying the traction free condition ∂Φ

∂z∗
= 0, deformation field on the crack surface is given as

u =
8c

E
{A cosh(αf + iβ) +B sinh(αf + iβ)} (16)

The displacement field can also be expressed in terms of initial and final crack dimensions as

u = (αf − ai) cosβ + i(bf ) sinβ (17)

The deformation field given by Eq. 16 can be written in terms af and bf as

u =
8

E
{(Aaf +Bbf ) cosβ + i(Abf +Baf ) sinβ} (18)

Comparing Eq. 17 and Eq. 18, we obtain the final dimensions as

(af − ai) =
8

E
(Aaf +Bbf) and bf =

8

E
(Abf +Baf ) (19)
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Substituting the constants from Eq. 13 into Eq. 19 and further simplification leads to

tanhαf =
bf
af

=
2S

E − (1 − k)S
(20)

The semi-major and minor axes of the deformed crack are given as

af = ai
E

E − (1 + k)S

E − (1 − k)S

E + (1 + k)S
and bf = af

2S

E − (1 + k)S
(21)

The co-ordinates of the points in the deformed crack surface in Cartesian field can be found out using Eq. 7. Once
the crack opening parameter is known stress field can be found out using Eq. 14 and Eq. 15. For uniaxial loading
case, stress field can be found using same method substituting k = 0.

PLASTIC ZONE MODEL

A particular choice of analytic function φ and ψ solves a given boundary value problem for an isotropic linear
solid. In the case of rigid plastic material, the yield stress is constant and the stress strain curve is linear and
isotropic. It is then possible to assume that the sum of stresses σxx + σyy is analytic in the plastic domain [12] as
well as in elastic domain. In addition, for an elastic, rigid-plastic plate stresses must satisfy yield criteria. Now, the
analytic function φ should be chosen such that the stress field it generates in conjunction with the yield criterion,
satisfy all the imposed boundary conditions. The boundary conditions are: (1) At the blunted crack tip σxx = 0, (2)
At the elastic plastic interface along the crack line σxx = σyy = σY to match with LEFM solution and (3) On the
deformed crack surface σxx + σyy = σY

Stress field

The two most common yield criteria are due to Tresca and Von Mises. Tresca criterion is frequently easier to use in
practice, whilst Von Mises’ generally produces better agreement with experimental observations [13]. We consider
Von Mises condition for yielding in the process zone, which is given by

(

σy − σx

2

)2

+ 3

{

(

σy − σx

2

)2

+ σ2
xy

}

= 2σ2
Y (22)

where σY is the Yield stress.
Now let us choose σxx + σyy = 2fσY , where f is any analytic function. From yield criterion, along crack

line substituting σxy = 0 in to Eq. 22 we get σyy − σxx = 2σY√
3

√

1 − f2. Hence σyy = σY

{

f +
√

1−f2

3

}

and

σxx = σY

{

f −
√

1−f2

3

}

. Stress boundary conditions to be satisfied are: (1) at the crack tip (x = xt), σxx = 0

=⇒ f = 1
2 . (2) at the elastic plastic boundary (x = xY ), σxx = σyy = σY , =⇒ f = 1. Form of σyy suggest that, it

has a maximum at f = 2√
3
, where σxx + σyy =

√
3σY . The variation of σxx + σyy informs that the nature can be

satisfied by replacing f with a sin function. Let f = sin[p(x− x0)], where p and x0 are real and unknown constants
that would be determined using boundary conditions

To generalize the solution, we choose the analytic function in the form

σxx + σyy = σY {sin[p(z − x0)] + sin[p(z∗ − x0)]} (23)

In fact, Eq. 23 can be written in real Cartesian coordinates as

σxx + σyy = 2σY sin[p(x− x0)] cosh(py) (24)

Along the crack axis, y = 0, and
σxx + σyy = 2σY sin[p(x− x0)] (25)
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Using the Von Mises yield criteria (Eq. 22 ) and Eq. 25, stresses along the crack axis are obtained as

σyy = σY {sin[p(x− x0)] +
1√
3

cos[p(x− x0)]}

σxx = σY {sin[p(x− x0)] −
1√
3

cos[p(x− x0)]} (26)

To derive the constants p and x0, the following boundary conditions are used:

1. For plane stress condition at the blunted crack tip, σxx = 0.

2. To reconcile the continuity between the plastic stress field and linear elastic solution, σxx = σyy = σY at the
yield point (x = xY = ai + rY , y = 0).

The condition that σxx = 0 at the crack tip (x = xt) is satisfied when

p(xt − x0) =
π

6
(27)

To satisfy the second condition,

p(xY − x0) =
π

2
, or xY = 3xt − 2x0 (28)

Therefore, the length of the plastic zone can be given as

lp = xY − xt = 2(xt − x0) =
π

3p
(29)

To derive its value, the stress equilibrium condition, similar to Irwin’s model [10], is used. Thus Py =
∫ xY

xt
σyyds =

2σY rY , which leads to

p =
1

rY
√

3
(30)

where rY = 1
2π

(

KI

σY

)2

. The size of the plastic zone is finally given as

lp =
π√
3
rY =

π

2
√

3

(

KI

σY

)2

(31)

Once p, lp and xY are evaluated, values of the constant x0 and the crack tip location xt can be derived using the
following relations:

x0 = xY − π

2p
(32)

xt = xY − lp (33)

The stress field along the crack line (y = 0) in the plastic zone, can be obtained by substituting the values of p and
x0 into Eq. 26.

Deformed crack geometry

To find the crack opening in the plastic zone, denote the coordinates as xp and yp and recall the condition that

σxx + σyy = σY for all xp and yp (34)

On the crack surface, substitute Eq. 34 into Eq. 25, to obtain

sin[p(xp − x0)] cosh(pyp) = 0.5 (35)

The crack geometry in the elastic part follows the elliptical curve (Singh et al., 1994), as follows

xe
2

af
2

+
ye

2

bf
2 = 1 (36)
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The co-ordinates of the elastic plastic interface (xi, yi) along the crack surface can be can be obtained by equating
Eq. 35 and Eq. 36 as

af

√

1 − yi
2

bf
2 =

1

p
sin−1

[

1

2 cosh(pyi)

]

+ x0 (37)

The radius of curvature (ρp)in the plastic zone can be derived from

1

ρp
=

∣

∣

∣

∣

d2yp/dxp
2

[1 + (dyp/dxp)2]1.5

∣

∣

∣

∣

(38)

Now using the expression of crack geometry in the plastic zone (Eq. 35), Eq. 38 can be expressed as

1

ρp
= p

| cosh(pyp) sin(pxp)(sinh2(pyp) − cos2(pxp))|
[sin2(pxp) sinh2(pyp) + cos2(pxp) cosh2(pyp)]1.5

(39)

The radius of curvature at the crack tip, ρtp, is obtained by substituting xp = xt, yp = 0 and pxt = π
6 in Eq. 39,

which results in

1

ρtp
=
p

2

(√
3

2

)1/2

(40)

Substituting the value of p from Eq. 30, it is simplified as

ρtp
∼= 1.861ai

(

S

σY

)2

∼= 1.861

π

(

KI

σY

)2

(41)

RESULTS AND DISCUSSION

To illustrate the proposed analysis, consider a crack of half length ai = 100mm size and take the material con-
stants as E = 100GPa and σY = 1000MPa.

Crack geometry

The deformed geometry of the crack under three different far field stresses are shown in Fig. 2. The crack surface
consists of both plastic and elastic zones. Under the load, the crack moves inward and it opens up due crack tip
plasticity effect.

The surface gradient in the plastic zone is significantly higher than that in the elastic zone with an abrupt change
in crack geometry at the elastic plastic interface, which is due to the assumption of rigid-plastic behavior. The pro-
nounced deformation in the plastic zone suggests that the stress analysis based on deformed geometry is more realistic.

Stress field in the plastic zone

The crack tip blunting, which takes place after the loading, also affects the stress distribution in the vicinity of the
crack tip. The stress components along the crack axis (y = 0) are shown in Fig. 3 for far field stress, S = 100MPa
and initial crack size as ai = 100mm.

It shows that the stress distribution is significantly different in nature and magnitude from the Irwin’s solution
in the plastic zone near the crack tip. The stress σxx tends to zero at the crack tip and increases to yield value at the
elastic-plastic boundary. The component σyy is equal to σY at the crack tip and gradually increases to 2σY√

3
, and then

it decreases to σY at the elastic-plastic boundary. Note that the classical solution implies that both σyy = σxx = σY

in the plastic zone.

CONCLUSIONS

This paper presents a solution for stress and deformation fields in the case of elastic infinite plate for both
uniaxial and biaxial loading condition. The deformation field informs us that upon the application of load the crack
tip blunts and moves towards crack center and the stress σxx = 0 at the blunted crack tip. For the case of elastic,
rigid-plastic plate also the crack tip blunting occurs. Satisfying the boundary condition σxx = 0 at the deformed
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Figure 2: Deformed crack geometry using proposed model

Figure 3: Stress distribution ahead of the crack tip (y = 0)
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crack tip in the plastic zone, we found a solution to stress and deformation field for a central crack in an elastic,
rigid-plastic infinite plate subjected to uni-axial tensile load. The paper derives analytical expressions to predict the
stress field, size of plastic zone, crack opening displacement, crack tip radius, and the deformed crack geometry.The
stress concentration factor at the tip is, Kt = σY

S , and its maximum value is found as, Kt,max = 2σY

S
√

3
at a distance

lp
2 [= 1

4
√

3
(KI

σY
)2], from the crack tip. It is interesting that the highest stress concentration is not at the crack tip,

but slightly away from the deformed position of the crack tip.

Acknowledgements

The authors are grateful to the Sciences and Engineering Research of Canada (NSERC) and the University
Network of Excellence in Nuclear Engineering (UNENE) for providing the financial support for this study.

References

[1] Sneddon, I.N., ”The distribution of stress in the neighborhood of a crack in an elastic solid,” Series-A(l87),
Proceedings of Royal Society of London, No.1009, 1946, 229-260.

[2] Theocaris, P.S., Pazis, Z. and Konstantellos, B.D., ”Elastic displacements along the flanks of internal cracks in
rubber,” Experimental Mechanics, 29, 1989, 32-39.

[3] Luo, L.G. and Embury, J.D., ”An investigation of crack blunting processes under plane strain conditions,”
Engineering Fracture Mechanics, 30, 1988, 177-190.

[4] Theocaris, P.S., ”The exact form and properties of the deformed transverse internal elastic crack,” Engineering
Fracture Mechanics, 23, 1986, 851-862.

[5] Theocaris, P.S., Pazis, Z., Konstantellos, B.D., ”The exact shape of a deformed internal slant crack under biaxial
loading,” International Journal of Fracture, 30, 1986, 135-153.

[6] Singh, M.N.K., Dubey, R.N. and Glinka, G., ”Notch and Crack analysis as a moving boundary problem. Engi-
neering Fracture Mechanics,” 47(4), 1994, 479-492.

[7] Hutchinson, J.W., ”Singular behaviour at the end of a tensile crack in a hardening material,” J. Mech. Phys.
Solids, 16, 1968, 13-31.

[8] Rice, J.R., and Rosengren, G.F., ”Plane strain deformation near a crack tip in a power-law hardening material,”
J. Mech. Phys. Solids, 16, 1968, 1-12.

[9] Rice, J.R., ”A path independent integral and the approximate analysis of strain concentration by notches and
cracks,” Journal of Applied Mechanics, 35, 1968, 145-153.

[10] Anderson, T.L., Fracture mecanics fundamentals and applications, Third edition, Taylor & Francis group, NY,
2005.

[11] Muskhelishvili, N.I., Some Basic Problems of the Mathematical Theory of Elasticity, Noordhoff, Leyden, 1975.

[12] Dubey, R.N., ”Crack induced stress field in an elastic-plastic plate,” International conference on advances in
engineering structures, mechanics and construction, pp. 493-504, Waterloo, Canada, May 2006.

[13] Parker, A.P., The mechanics of fracture and fatigue: An introduction, E. & F.N. Spon Ltd., London, 1981.

8

SMiRT 19, Toronto, August 2007 Transactions, Paper # B02/2


	logo: 


