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ABSTRACT 
 
     In this paper results are presented from a three-dimensional finite element stress and collapse analysis of two pressurised 
shell intersections having local area wall thinning. The two intersections are respectively a sphere-nozzle intersection and a 
cylinder-nozzle intersection (tee joint). For the first intersection thinning is considered to occur in the nozzle only, while for 
the second thinning is considered to occur in both shells. Various degrees of wall thinning are considered for both 
intersections. Comparisons are made of the stress concentration factor and the collapse pressure for intersections, without and 
with thinning. The results presented provide information useful for the study of the fatigue and failure characteristics of  shell 
intersections with local area wall thinning.  
 
INTRODUCTION 
 
     The sphere-nozzle and cylinder-nozzle (tee) intersections (Figs. 1-2) are used in the pressure vessel and piping systems of 
chemical plants, refineries and power generation plants.  Some specific examples of these intersections are nozzles in 
pressure vessel heads, reactor vessels, and liquid storage tanks. Since the 1960s extensive research has been carried out to 
determine the linear and non-linear behavior of undamaged intersections under pressure loading. Recently, interest has turned 
to the determination of the characteristics of such structures damaged by wall thinning. With the rise in computer capability, 
the linear as well as non-linear analysis of complicated geometries such as damaged intersections can now be carried out. 

                
Fig. 1 Cross-section sphere-nozzle intersection                      Fig. 2 Cylinder-nozzle (tee) intersection 

 
     There is an extensive literature dealing with stress concentration and collapse of shell structures. Mackerle [1] has 
published a survey of the research work on structural mechanics of pressure vessels and piping.  Recent studies on thinning 
and its structural effect on vessels include that of Netto [2].  There have been a number of numerical studies [3-5] on pipes 
and vessels with local wall thinning areas (LTA).  Several studies have dealt with thinning in piping elbows [3-4], while 
another has dealt with a thinned shell intersection [5].  Many analytical studies have dealt with the SCF in sphere-nozzle and 
tee joints, including the works of Dekker and Brink [6] and Xue et al. [7].  The analytical work has application though only to 
thin shells.  Many finite element studies have been conducted on sphere-nozzle intersections [8-10], as well as on tee joints 
[11-13]. While finite element studies can give good results they require a lot of computational effort, and therefore simple 
formulas have been developed to predict the elastic stress and plastic collapse characteristics of sphere-nozzle intersections 
[14-16] and tee joints [17-20].  In the various studies it has been pointed out that for undamaged intersections the weakest 
position and failure source is the intersection region, and that the diameter and thickness ratios are the primary parameters in 
characterizing the structural behavior. 
     In this study, linear and non-linear finite element analysis (FEA) based on 3-D solid elements is performed to predict the 
stress concentration factor (SCF) and the plastic collapse pressure (Pc) in undamaged and damaged intersections (Figs. 1-4).  
The effect of the extent of thinning on the SCF and on Pc is assessed through the analysis of specific intersections with 
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varying depth of thinning. A parametric study is finally conducted of intersections both in the undamaged and thinned states, 
covering a broad range of diameter and thickness ratios.   

 
FINITE ELEMENT ANALYSIS 
 
     The commercial finite element package ADINA [21] was used in the numerical analysis of this study.  For the linear stress 
concentration problem the equation to be solved is given by 

KU=R                                        (1) 

where K is the system stiffness matrix, U is the vector of nodal displacements, and R is the vector of applied forces. For the 
nonlinear plastic collapse problem the equation to be solved is  

0=− ∆+∆+ FR tttt
              (2) 

where  t+�tR  is the vector of externally applied nodal loads at time step t+�t, while t+�tF is the force vector equivalent (in the 
virtual work sense) to the element stresses at time t+�t. The nonlinearity arises from the material properties and the 
kinematic assumptions.  The algorithm used to solve the nonlinear equation is the full Newton iteration method, which 
comprises of the following basic steps                                                                                                                                                      

( ) ( ) ( )11 −∆+∆+−∆+ −=∆ ittttiitt FRUK                         (3) 

( ) ( ) ( )iittitt UUU ∆+= −∆+∆+ 1
                                                  (4) 

where t+�tK(i-1) is the tangent stiffness matrix based on the solution calculated at the end of iteration (i-1) at time t+�t,  t+�tR is 
the externally applied load vector at time t + �t; t+�tF(i-1)  is the consistent nodal force vector corresponding to the element 
stresses due to the displacement vector t+�tU(i-1); and �U(i)  is the incremental displacement vector in iteration (i).  

 

                         
Fig. 3 Details of LTA in sphere-nozzle joint            Fig. 4 Details of LTA in cylinder-nozzle joint 

 
     The elements available for analysis of shell problems in ADINA include axisymmetric, shell, and three-dimensional ones. 
In the current work 8-noded 24-degree-of-freedom isoparametric hexahedral (brick) elements were used. In the intersection 
region, the automatic mesh generator also inserted a small number of elements with fewer faces. A convergence study 
indicated that a number of elements over the thickness was required, and in this work a minimum of two was used.  
Accounting for symmetry, the analysis was for one quadrant of the geometry, bordered by the vertical XY and YZ planes. 
The nodes on the planes of symmetry were constrained against motion in the direction perpendicular to the planes, as well as 
against out-of-plane rotations.   The end of the nozzle was subject to an axial pressure loading, corresponding to a force 
resulting from closed nozzle end conditions. For the tee joint a similar load was applied at the end of the cylinder.  For the 
sphere-nozzle intersection a boundary surface was assumed to exist on the equator of the sphere, and the model was fixed in 
the direction perpendicular to this surface. 
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     Plastic-multilinear material models available in ADINA are based on the von-Mises yield condition, an associated flow 
rule, and an isotropic or kinematic hardening rule. In the current work for the sphere-nozzle intersection the Young’s 
modulus was taken as 200 GPa, the Poisson’s ratio 0.26, the yield stress 289 MPa, and the ultimate strength 487 MPa. For the 
tee joint the Young's modulus was taken as 203.4 GPa, the Poisson's ratio as 0.3, the yield stress 241 MPa, and the ultimate 
strength as 413.7 MPa.  For the nonlinear elastic-plastic collapse analysis the internal pressure was increased from zero in a 
number of discrete steps.  The increase was continued until the numerical solution process became unstable.  The collapse 
pressure was taken as the mean of the pressure at the last stable point and the collapse point. 
 
APPROXIMATE FORMULAS FOR UNDAMAGED MODELS 

     To provide some control on the current numerical work predicting the SCF and collapse pressure for intersections 
reference was made to various simple formulas that have been developed in previous studies.  The SCF is defined as the ratio 
of the maximum stress to the nominal stress.  For internal pressure loading the nominal stress is calculated as �n= PD/(2T), 
where P is the internal pressure, T is the thickness of the vessel, and D is the mean diameter.  The maximum stress is herein 
taken as the largest equivalent stress (von Mises stress), but it has been taken elsewhere also as the largest normal stress, or 
the Tresca stress.       

     For the undamaged sphere-nozzle intersection a formula due to Leckie and Penny [14] is available to predict the SCF.  
The formula is based on a linear shell analysis, and values for the SCF are available in chart form (Gill [15]) as a function of 
the parameter �=(r/R)/(R/T)0.5, where r, R represent the mean radius of the nozzle and sphere, and T is the thickness of the 
sphere.  An approximate formula for the burst (plastic collapse) pressure for an undamaged sphere-nozzle intersection has 
been given by Kitching et al. [16] as 

Pb = 2 (T/R) �u p*                          (5) 
 
where T, R are again the thickness and mean radius of the sphere, �u is the ultimate tensile strength, and p* is the normalized 
limit pressure.  A chart giving the value of p* is available in the monograph by Gill [15] (Fig. 3.37).  
     For the tee joint Moffat et al. [17] have derived a formula for the effective stress factor (ESF) based on a parametric 
analysis of tees using FEA. This factor is taken as equivalent to the SCF. The formula for the ESF is given by 

EFS = [a1 + a2 (d/D) + a3 (d/D)2 + a4 (d/D)3] + [a5 + a6 (d/D) + a7 (d/D)2 + a8 (d/D)3] (t/T) + [ a9 + a10 (d/D) + a11 (d/D)2 + a12 
(d/D)3] (D/T)p + [a13 + a14 (d/D) + a15 (d/D)2 + a16 (d/D)3] (t/T) (d/T)p                                          (6) 

where p = 1.2, and the constants a1 - a16 are given by; 2.5, 2.715, 8.125, -6.877, -0.5, -1.193, -5.416, 5.2, 0.0, 0.078, -0.195, 
0.11, 0.0, -0.043, 0.152, -0.097.  Based on empirical work Rodabaugh et al. [19-20] presented a formula for calculating the 
limit pressure PL for vessels with t/T  � 1 as 

    PL =  P*  Py       

where  
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In this formula Py is the load at the onset of yield, and �y is the yield stress of the material. A similar formula was given by 
Antaki [18], who also presented a formula for the burst pressure Pb, based on the experimental and analytical work by 
Rodabaugh [19-20], as   
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669.0*                                      (8) 

where �u is the ultimate tensile strength of the material.   
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RESULTS 

     Calculations were first carried out for nine undamaged sphere-nozzle geometries as described in Table 1, and for nine 
undamaged tee geometries as described in Table 2.  The geometric symbols of the tables are illustrated in Figs. 1-2.  
Calculations were secondly carried out for the same nine sphere-nozzle geometries but now with LTA as shown in Fig. 3, and 
for the same nine tee geometries but now with LTA as shown in Fig. 4.  The LTA in the sphere-nozzle intersection (Fig. 3) 
was assumed to occur only in the nozzle, and to extend completely around the intersection.  The wall thickness after thinning 
was denoted by Td, and the tapered axial length by hd. The LTA in the tee joint (Fig. 4) was assumed to occur in both the 
vessel and nozzle, but its extent was restricted to an angle of 45o about the axis of the vessel.  The reduced wall thickness 
after thinning was denoted by TR, and the tapered axial length in the nozzle and vessel by LN and LV, respectively. 

Table 1 Sphere-nozzle - geometric description of the parametric models 
Model 2ri(m) t(mm) 2ri/t 2Ri(m) T(mm) 2Ri/T 
M-1 0.20 10 20 1.0 40 25 
M-2 0.20 20 10 1.0 40 25 
M-3 0.20 40 5 1.0 40 25 
M-4 0.50 10 50 1.0 40 25 
M-5 0.50 20 25 1.0 40 25 
M-6 0.50 40 12.5 1.0 40 25 
M-7 0.80 10 80 1.0 40 25 
M-8 0.80 20 40 1.0 40 25 
M-9 0.80 40 20 1.0 40 25 

 
Table 2 Cylinder-nozzle - geometric description of the parametric models   

Model d(m) t(mm) d/t D(m) T(mm) D/T 
M-11 0.1144 6.0 19.1 0.324 10.4 31.2 
M-12 0.1684 7.2 23.4 0.324 10.4 31.2 
M-13 0.3240 10.4 31.2 0.324 10.4 31.2 
M-21 0.1144 8.6 13.3 0.324 17.5 18.5 
M-22 0.1684 11.0 15.3 0.324 17.5 18.5 
M-23 0.3240 17.5 18.5 0.324 17.5 18.5 
M-31 0.1144 13.5 8.47 0.324 33.4 9.7 
M-32 0.1684 18.3 9.20 0.324 33.4 9.7 
M-33 0.3240 33.4 9.70 0.324 33.4 9.7 

  
 

          
Fig. 5 Comparison of pressure strain curves for  sphere- nozzle model M3 with various cases of LTA          
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      For the sphere-nozzle analysis, three different cases of LTA were considered for the model M3; case A: Td=0.75, case B: 
Td=0.67, and case C: Td=0.50. The axial length hd of the thinning for the three cases was taken respectively as 0.25h, 0.67h, 
and 0.5h, where h was the nozzle length. The corresponding models with local thinning were referred to as LT-3A, LT-3B, 
LT-3C respectively. For the other sphere-nozzle models one case of LTA only was considered, namely case C.   
      For the tee analysis, three cases of LTA were considered for the model M-22; case A: TR=0.75, case B: TR=0.67, case C: 
TR=0.50.  The axial lengths of thinning were taken as LN=5t, LV=5T. For the other tee models one case of LTA only was 
considered, namely case B.   
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             Fig. 6 Comparison of load-strain curves for cylinder-nozzle model M22 with various degress of LTA 

                               
      A comparison of the pressure-strain curves for the sphere-nozzle model M3 and its corresponding LTA cases is shown in 
Fig. 5.  It is seen that the curves for the undamaged model (without-LTA) and damaged models are quite close.  A similar 
comparison for the tee model M22 and its corresponding LTA cases is shown in Fig. 6.  Here, there is a much larger 
difference between the four curves.  In comparing the two figures it is seen that the LTA causes a much greater effect in the 
cylinder-nozzle intersection.  This follows intuition, as in the sphere-nozzle intersection the LTA is taken only in the nozzle.  
Plots for the deformation and the plastic zone for the sphere-nozzle model M3 and for the tee model M-22 are shown 
respectively in Figs. 7 and 8. 
 

                                           
Fig. 7 Deformation and plastic zone for sphere-                 Fig. 8 Deformation and plastic zone for cylinder- 

nozzle model M3 with at P = 67 MPa                                  nozzle model M22 at P = 28 MPa 
 
     The variation of the SCF and collapse pressure with the parameters t/T and d/D for the undamaged and damaged sphere-
nozzle intersections is shown in Fig. 9.  Shown also in the figure are values from the approximate formula for SCF by Leckie 
and Penny [14], and for collapse pressure by Kitching et al. [18]. A relatively close agreement is observed between the 
undamaged intersection results and the formula values.  The models with LTA invariably have a larger SCF than those with 
no LTA, and a smaller Pb. 
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(a) SCF for d/D=0.2                  (b) Pb for d/D=0.2 
 

 
 (c) SCF for d/D=0.5    (d) Pb for d/D=0.5 

 

 
(e) SCF for d/D=0.8    (f) Pb for d/D=0.8 

 
Fig. 9 Variation of SCF and collapse pressure for sphere-nozzle intersection 
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(a) SCF for D/T=31.42               (b) Pb for D/T=31.42 

 

 
   (c) SCF for D/T=18.51               (d) Pb for D/T=18.51 

 

 
(e) SCF for D/T=9.70    (f) Pb for D/T=9.70 

 
Fig. 10 Variation of SCF and collapse pressure for cylinder-nozzle intersection 

 
     The variation of the SCF and collapse pressure with the geometric parameters t/T and D/T for the undamaged and 
damaged tee joints is shown in Fig. 10.  Shown also in the figure are values from the approximate formula for SCF by  
Moffat et al. [16], and for the collapse load by Antaki [17]. Again relatively close agreement is observed between the 
undamaged intersection results and the formula values.  The models with LTA invariably have a larger SCF than those 
without LTA, and a smaller collapse load.  
     The results presented herein demonstrate the damaging effect of LTA on SCF and collapse pressure.  Further results are 
available in the studies [22] and [23]. 
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CONCLUSIONS 
 
     Quantitative information has been provided for the stress concentration and collapse load of pressurised shell intersections 
without and with local area wall thinning. Experimental results were not available for comparison. In future work it is 
intended to determine the effect of further mesh modification on the numerical results, to find results for other types of local 
area wall thinning, and to determine the fatigue characteristics of intersections under cyclical loading.  
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