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ABSTRACT 

The no lift-off criterion is a fuel rod design criterion regarding the internal pressure. In the assessment 
of fuel rods, a methodology taking into account the uncertainty in some important input parameters of the fuel 
rod model is currently used in France. It yields a majorant of the variance of the quantities of interest, namely the 
maximal internal pressure and its admissible threshold. The assumptions then putted forward are clarified 
(namely, the assumptions of additivity statistical independance, monotonicity). Conversely, an alternative global 
sensitivity analysis (GSA) is presented, which does not introduce any particular assumption on the model, 
namely the Sobol’ indices. For practical computation, a polynomial chaos expansion of the fuel rod model 
response is used. Apportionated coeficients measuring input parameter relative importance in the two methods 
are assessed and compared in the case of a high burn-up core management. Finally, the hierarchization of the 
input parameters with respect to their stochastic influence is the same, and the sensitivity factors obtained by 
both methods are fairly close. This study has been supported by the EDF R&D project STYLO2 which aims to 
provide tools for the updating of the method. 

 
 

INTRODUCTION 

 
To ensure that the mechanical integrity of the fuel rod is maintained throughout its lifetime, four rules 

laid down by [1] are defined and applied in the thermal-mechanical design analyses. These rules are applied to 
the evaluation of normal operations including anticipated operational occurrences. The design rules includes 
criteria on: 

- the fuel pellet temperature ; 
- the cladding stress and strain ; 
- the cladding oxidation ; 
- the fuel rod internal pressure. 
 

The criterion regarding the fuel rod internal pressure, also called the no lift-off criterion, is formulated 
by a methodology derived from a statistical approach. In this paper, we limit our study to the uncertainty aspects 
without discussing any the underlying physical and computational models. 

The methodology to assess the no lift-off criterion is first reminded. Then the mathematical and 
statistical hypotheses are clearly stated. A global sensitivity analysis method (GSA) is then presented and applied 
on the no lift-off criterion. As far as the numerical application is concerned, a high burn-up core management has 
been chosen. 

More than response variability assessment, the input parameters hierarchization is of interest in this 
study. Indeed, the latter aims to contribute to the updating of the methodology associated to the no lift-off 
criterion. 
 
 
CURRENT METHODOLOGY ASSOCIATED TO THE NO LIFT-OFF CRITERION 

 
The No Lift-off Criterion 

The fuel rod internal pressure is an important parameter with respect to fuel behaviour and core safety 
level. Indeed, high internal pressure could lead to cladding ballooning and bursting. The increase in the internal 
pressure is due to fission gas release. The fission gas release depends on a) the fuel microstructure and 
chemistry, b) its evolution in time, and c) the fuel temperature, which is strongly influenced by the power rating 
and the burnup. 
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The fission gas release also causes a deterioration of the thermal conductivity of the gas in the plenum 
(xenon and krypton decrease the thermal conductivity of the helium gas in the gap). More importantly, it 
deteriorates the heat transfer between the pellets and the cladding due to the resulting gap size modification. 
These two effects result in the increase of the fuel temperature. In contrast, the smallest the gap, the less 
significant the degradation of the thermal properties. This induces a feedback mechanism since an increased fuel 
temperature enhances the fission gas release. 

Two alternative criteria for the acceptable internal gas pressure are currently used in various countries. 
In the first option, the rod internal pressure is held below the nominal pressure in the reactor coolant system 
(RCS) during normal operation in order to prevent outward creep of the cladding. In the other option the rod 
internal pressure may exceed the RCS pressure, but is limited so that the instantaneous cladding creep-out rate 
due to an internal rod pressure greater than the RCS pressure is not expected to exceed the instantaneous fuel 
swelling rate, i.e. the fuel to cladding gap does not open: this is the so-called no lift-off criterion. 

On the basis of the OECD/NEA Halden Reactor Project findings [2],[3], EDF chose the no lift-off 
criterion as a design rule regarding internal pressure, in agreement with the French Safety Authority. 

 
Assessment Methodology 

The methodology associated to the no lift-off criterion requires [4],[5]: 

veconservatilimveconservatimax PP <  (1) 

The conservative maximal internal rod pressure veconservatimaxP  is obtained as follows: 

transyuncertaintmaxB.E.max veconservatimax ∆P∆PPP ++=  (2) 

Similarly, the conservative maximal admissible pressure veconservatilimP  is given by : 

yuncertaint limB.E. limveconservati lim ∆PPP −=  (3) 
In each of the above equations, the “conservative” quantity is derived from a Best Estimate quantity 

(i.e.  B.E.limP ,  B.E.maxP ), increased (regarding the solicitation) or reduced (regarding the resistance) by a quantity 
dealing with the uncertainties on the input parameters. The Best Estimate quantities correspond to the nominal 
values of the input parameters. 

Furthermore, normal operations power transients are taken into account in the definition of the 
conservative maximal internal rod pressure in Eq.(2) through the fixed penalization trans∆P . On the other hand, 
an attempt is made to propagate the manufacturing and model parameters uncertainty respectively to the internal 
pressure Eq.(2) (resp. its limit Eq.(3)) through yintuncertamax∆P (resp. yint uncertalim∆P ). 

The uncertainty term in Eq.(2) reads: 

( )[ ( )
( ) ( ) ] 2

12
length pl max,nom max,

2
denspellet   max,nom max,

2
fgr max,nom max,

2
gap max,nom max,yuncertaintmax

PPPP

PPPP∆P

−+−+

−+−=

 

(4) 

where , nommaxP  is the maximum pressure reached in the internal rod pressure in nominal conditions. , gapmaxP  is 

the , nommaxP  - result for a calculation at the nominal point except from the gap characteristics, fixed to an 

unfavorable value and so on for the other quantities: , fgrmaxP  (unfavourable value of the fission gas release 

parameter), dens, pellet  maxP  (unfavourable value of the pellet densification parameter), h, pl lengtmaxP  
(unfavourable value of the plenum length). Analogously, the uncertainty term in Eq.(3) reads: 

( ) ( )[ ] 2
12

swel lim,nom lim,
2

creeplim,nom lim,yuncertaintlim PPPP∆P −+−=  (5) 

where , nomlimP  (resp. ,  creeplimP , , swellimP ) is the admissible internal pressure obtained for nominal value (resp. 
for an unfavourable value of the cladding creeping, for an unfavourable value of fuel pellet swelling) of the input 
parameters. 
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As one can see in the following chapter, behind the expressions of yintuncertamax∆P  (4) and yint uncertalim∆P  (5), 
uncertainty propagation hypotheses are stated so that the set of equations (1), (2), (3) ensure: 

Rs σnRσnS ⋅−<⋅+  with n = 2, 3,... (6) 

In Eq.(6) sσ  (resp. Rσ ) stands for the standard deviation of the sollicitation S applying on the system (resp. the 
resistance of the system R). 
The next paragraph aims to state hypotheses to obtain a majorant of the standard deviations. 
 
Uncertainty Propagation Hypotheses and Evidence 

Definition of the first statistical moments of a random variable 

Let (x)pX  be the probability density function (PDF) of a random variable X(ω), by definition: 

1dx(x).p
XD

X =∫  (7) 

The mean value of X reads: 

[ ] dx(x).x.pXEµ
XD

XX ∫=≡  (8) 

The variance and the standard deviation of X is then defined by: 

[ ] ( )[ ]2
XµXEXVar −=   (9) 

 

[ ]XVarσX =  (10) 
 
Knowing the PDF of X(ω), one can deduce the statistical moments of the function g(X(ω)): 

( )[ ] ( ) dx(x)..pxgXgE
XD

X∫=  (11) 

 

( )[ ] ( ) ( )[ ]( )[ ]2XgEXgEXgVar −=  (12) 
 
Pressures variance assessment, working hypotheses 

In the methodology associated to the no lift-off criterion, each quantity maxP  and limP  is supposed to be function 
of a vector of random variables: 

( )( )ωXPP maxmax =  (13) 
 

( )( )ωXPP limlim ′=  (14) 
 

maxP  and limP  are themselves random variables. One aims to yield a majorant of their variance. 

The first hypothesis to derived a majorant of the variance of maxP  is the statement of a particular expression of 

the function: maxP is supposed to be the sum of univariate functions of the entries Xi of X, that is: 

( )( ) ( )( )∑
=

=

+=
4i

1i
iiB.E.max max ωXfPωXP  (15) 

The variance is then given by: 

[ ] ( ) [ ] ( )∫ ∑ 







−=

=

=XD
X

24i

1i
iiimax x.dx.pfExfPVar  (16) 

Then, the statistical independance in the vectors X and X’ is assumed: 
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( ) ( )i
i

xx ∏
=

=

=
4i

1
XX i

pp  (17) 

Introducing (17) in (16), the variance of maxP  is given by: 

[ ] [ ]∑
=

=

=
4i

1i
imax fVarPVar  (18) 

where, according Eq.(12), variance of the univariate function fi is given by Eq.(19): 

[ ] ( ) ( )[ ]( ) ( )∫=
iX

i

D
iiX

2
iiiii x.x.pxfE-xffVar d  (19) 

The use of the first mean value theorem for integration in (19) and (21) gives an other expression of the variance 
of each function fi: 

[ ] ( ) ( )[ ]( )2iiciii xfE-xffVar =  (20) 

where 
iXD∂∈ x ci . The theorem is reminded in appendix. 

By introducing Eq.(20) in Eq.(18): 

[ ] ( ) ( )[ ]( )∑
=

=

=
4i

1i

2
iiciimax xfE-xfPVar  (21) 

By taking into account physical considerations, monotonicity of maxP  regarding its four input 
parameters (i.e. the gap characteristics, the fission gas release parameter, the pellet densification parameter and 
the plenum length) can reasonably be assumed.. Thus, once the monotonicity of the univariate functions fi putted 
forward, existence of a 

iXblei unfavora Dx ∈ value so that equation (23) is confirmed. 

( ) ( )eunfavorabl iicii xfxf <  (22) 
When considering a manufacturing parameter (e.g. the pellet to cladding gap), the lower bound (or the 

greater one, according monotonicity) of the given tolerance interval is chosen as blei unfavorax  value. On the other 
hand, when a model parameter is considered (e.g. in the fission gas release model) the unfavourable value is a 
calibrated value so that a high fixed percent of the corresponding measurements are overestimated (at least 95 
%). 

Thus, a majorant max∆P  of the variance of maxP  can be derived: 

( )
2

1
4i

1i

2
imax, nommax,max P-PP 







=∆ ∑

=

=

 (23) 

where ,nom maxP  is the maximum pressure reached in the internal rod pressure in nominal conditions and ,i maxP  
is the maximum pressure at the nominal point except from the ith parameter fixed to an unfavourable value. 
Let Ci be an apportioned coeficient defined by: 

1C,
P

P-P
C

4i

1i

P
i

2

max

imax, nommax,P
i

maxmax =







∆

= ∑
=

=

 (24) 

The higher Ci, the most important is the contribution of the ith parameter in max∆P  assessment. 

Analogously regarding limP , using the same hypotheses of additivity and statistical independance of the input 
parameter defined in a closed interval, and taking into account the monotonicity regarding the cladding creeping 
parameter and the fuel pellet swelling parameter a majorant of the variance of limP  can be deduced: 

( )
2

1
2i

1i

2
ilim, nomlim,lim P-PP 







=∆ ∑

=

=

 (25) 

And: 
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1C,
P

P-P
C

2i

1i

P
i

2

lim

ilim, nomlim,P
i

limlim =







∆

= ∑
=

=

 (26) 

 
To conclude, in the methodology associated to the no lift-off criterion regarding internal pressure, the 

uncertainty on the input parameters is propagated to the maximal and admissible internal pressures, whose the 
variances can be assessed using the following assumptions: 

- The pressure quantity are sum of univariate functions; 
- The random input paramters are: 
- statistically independant, 
- defined on a closed interval; 
- The univariate functions are supposed to be monotonic. 

 
Other approaches such as the Sobol’ indices may be used in the general case for uncertainty propagation and a 
subsequent input parameters hierarchization. 
 
 
GLOBAL SENSITIVITY ANALYSIS USING SOBOL’ INDICES 

 
Introduction 

Global sensitivity analysis (SA) aims at studying how the variation in the output of a model (analytical 
or algorithmic, i.e. a computer program) can be apportioned, qualitatively or quantitatively, to different sources 
of uncertainties in the input parameters. 

There are several possible procedures to perform sensitivity analysis. A good state-of-the-art is 
presented in [6], and [7] makes it practical. The most common and (and may be the most intuitive) sensitivity 
analysis methods are based on Monte Carlo sampling: the model is run repeatedly for combinations of values 
sampled from the probabilistic distribution of the input parameters. Other methods are based on the 
decomposition of the variance of the model output, the so-called ANOVA (ANalysis Of VAriance) techniques. 

The Delta method presented above belongs to the ANOVA techniques. In this section, another ANOVA 
method is briefly presented, namely the computation of  Sobol’ indices. In this method, the influence or relative 
importance of each input factor is assessed from the Sobol’ decomposition of the model [8]. 

 
The Sobol’ indices may be considered as a global sensitivity measure that is not only in the 

neighbourhood of the mean value for instance, but over the space of all input parameters (represented by random 
variables). 

 
Sobol’ decomposition : multivariate function and variance 

Let S be the scalar output of the multivariate function f of X : ( )XfS = . The Sobol' decomposition is 
based on a decomposition of the function f into terms of increasing dimensionality : 

( ) ( ) ( ) ( )M2112...M

M

1i
ji

M

ij
iji

M

1i
i0 X,...,X,Xf...X,XfXffXf ++++= ∑∑∑

= >=

 (27) 

Where f0 is a constant and each summand is orthogonal to the others. This implies that: 

( ) ( ) 0xd.x,...,xf.x,...,xf
x

t1t1s1s1

D
jj...jjii...ii =∫  (28) 

Thus the uniqueness of the decomposition in ensured, see also [11] for further details concerning the Sobol’ 
decomposition. 

Let us now assume that the independent input parameters Xi (i=1,…,M) are left free to vary over their 
entire range of uncertainty. The corresponding uncertainty of the model output S is quantified by its 
unconditional or total variance D=Var[f(X)]: 

( )[ ] 2
0

2 fXfD −Ε=  (29) 
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By using the orthogonality of the summands in the Sobol’ decomposition in Eq.(27), D can also be decomposed 
as the sum of partials variance : 

12...M

M

1i

M

ij
ij

M

1i
i D...DDD +++= ∑∑∑

= >=

 (30) 

Where ( )ii XSDD =  is the conditional variance of S given Xi ; ( )jiij ,XXSDD =  is the conditional 

variance of S given Xi and Xj and so on. Conversely, let us denote by ( )ii- XSDD −=  the total contribution of 
all the input variables except Xi to the variance of S. 
 
The Sobol’ Indices 

The Sobol’ indices 
21 ...iiδ  are non-dimensional factors derived from the partial and total variances in 

Eq.(30). 

D
Dδ 21

21

...ii
...ii =  (31) 

It follows that: 

1... 12...M

M

1i

M

ij
ij

M

1i
i =δ++δ+δ ∑∑∑

= >=

 (32) 

Let us distinguish the total effect terms : 

D
DDδ i

Ti

−−
=  (33) 

The term 
iTδ  is equal to the sum of all terms in the decomposition Eq.(27) that include Xi.  

 
Polynomial Chaos Expansion 

The original approach to compute the Sobol’ indices is based on Monte Carlo simulation [6]. This 
requires a large number of runs of the model, which is not affordable when using a multi-physics computer code 
such as the one used for the simulation of the thermo-mechanical behaviour of the fuel rod. To overcome the 
problem, Sudret [12] proposes the use of the polynomial chaos expansion (PCE) of the response S. The 
polynomial chaos is an orthogonal polynomial basis of the space of second order random variables (i.e. the 
random variables with finite variance) in which the random response can be expanded. This particular basis was 
first introduced by [13] and brought back in the early 90’s by [14] in the engineering field. The truncated 
Legendre PCE of the response ( )XfS =  reads : 

( )ξΨ≈ ∑
−

=

1P

0j
jjsS  (34) 

where { }1,...,P0j,Ψ j −=  are the P multivariate Legendre polynomials [15] of a M-dimensional vector ξ  , 
whose components are independent and uniformly distributed over [0,1]) (the input random variables Xi shall be 
first transformed into such a set of uniform random variables by an appropriate isoprobabilistic transform). The 
P terms retained in the series expansion correspond to polynomials whose degree is less or equal than p (this 
truncature degree is selected by the analyst). Knowing M and p, the total number of terms P is: 

( )!
! !

M p
P

M p
+

=  (35) 

Due to the orthogonality of the polynomial chaos basis, the mean value, variance and coefficient of variation of S 
respectively read: 

[ ] [ ]
1 1

2 2
0 0

1 1

/
P P

j s j
j j

E S s Var S s CV s s
− −

= =

= = =∑ ∑  (36) 

Furthermore, the Sobol’ indices defined above are computed analytically from the PCE coefficients 
, 1,js j P= L  (see [11]).  
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The PCE coefficients may be computing by non intrusive spectral methods that are based on repeated runs of the 
model under consideration. Two non intrusive methods are available, namely the regression (best fit of the PCE 
to a set of exact responses) and the projection method (using the orthogonality property), see [12],[16] for the 
theoretical derivation and implementation. In the present paper, the regression method has been used since it is 
less time consuming in the particular application example. 
 
 
NUMERICAL APPLICATION : A HIGH BURN-UP CORE MANAGEMENT 

 
Introduction 

As far as numerical application a special high burn-up core management as been chosen. Indeed, 
among the four design rules, the one associated with the fuel rod internal pressure is the most restrictive 
regarding this core management, which make its application interesting. 

The EDF industrial code CYRANO3v3.2 [10], [11] is used to perform physical analysis of the fuel rod 
behaviour in core. The GSA sensitivity factors Eq.(32) and the apportioned coeficients (named also sensitivity 
factors in the sequel) Eq.(25), (25) derived from the current methodology are compared. 

 
Sensitivity Factors 

Maximal internal pressure - The sensitivity factors regarding the maximal internal pressure are illustrated in 
Figure 1. A rather good agreement between both methods can be noticed: the most important parameters appear 
in the same order and their influence is the same. The stochastic influence of the fission gas release parameter is 
by far the highest. 
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Figure 1 : Sensitivity factors for the maximal internal pressure 

 
Admissible internal pressure - The sensitivity factors of the admissible internal pressure are illustrated in Figure 
2. Once again a rather good agreement between the two methods can be noticed. In contrast to the current 
methodology, the GSA approach does not attribute the same weight to the pellet swelling and the clad creeping 
models. This latter seems to be more important. 
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Figure 2 : Sensitivity factors for the admissible internal pressure 
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CONCLUSION 

 
Very closed results are obtained:, namely the hierarchization of the random input parameter and the 

sensitivity factors. Thus, working hypotheses in the current methodology seem reasonable. The stochastic 
influence of the fission gas release (fgr) parameter in the maximum internal pressure is more important. Works 
on the statistical distribution of the fgr paramter thanks to experimental results are started. 

 
 

APPENDIX : THE FIRST MEAN VALUE THEOREM FOR INTEGRATION 

 
The first mean value theorem for integration states 

If [ ] ℜ→baG ;:  is a continuous function and [ ] ℜ→ba;:ϕ  is an integrable positive function, then 

there exists a number c in ] [ba;  such that: 

( ) ( ) ( ) ( )∫∫ ϕ=ϕ
b

a

b

a

dt.tcGdt.t.tG  
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