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ABSTRACT 

In the analysis and design of important structures, in particular of a nuclear power plant, specification of design 

response spectra is associated with different codes of practice and further followed by a combination rule for normal modes 

and the ground motion directions. While there are guidelines available for the seismic analysis of primary structures like 

reactor building, the same may not apply for the analysis of the secondary structures like piping systems. Hence, there is a 

need for the better specification of the earthquake motion, which is filtered through the primary structure. Support motions 

can be described using time histories, response spectra, frequency functions and power spectral density (PSD) functions. This 

paper aims at exploring the different structural analysis methods for multiply supported structures in NISA – A general 

purpose finite element based software. Floor response spectra (FRS) approach, which can be used for qualification of 

sensitive secondary systems and equipments, is discussed in detail. Generation of FRS from the random vibration analysis 

which is an attractive and better alternative method is discussed. Cross response spectrum method using the random vibration 

analysis of primary structure is proposed. Also, multiple support frequency, random vibration and transient vibration analyses 

features are presented.  

INTRODUCTION 

Rigorous analysis via time history approach is attractive and may be more realistic for seismic analysis of important 

structures such as nuclear power plants and their equipment. However, response spectrum approach remains still the most 

preferred one [1] by most of the designers in the field.  The interesting part of the response spectrum approach is the 

progressive nature of improvements that are constantly being evolved in its application. Examples are recommendations by 

USNRC [2] for use of additional combination rules like Grouping method, Double sum method, Ten percent method, and 

improvements to CQC combination rule [3]. Further, suitable methods are available for generation of compatible time 

histories or power spectral density functions so as to be able to perform either time history analysis or random vibration 

analysis. While these methods can be conveniently applied for analyzing structures for uniform ground motion, analysis 

under non-uniform ground motion is specific to multiply supported structures like piping structures in nuclear power plants 

and long-span bridges. Specification of support motions for these structures is a challenging task given the uncertainty in the 

specification of seismic loads for the primary structure. In practice, design response spectra are specified for a site location, 

using which response spectrum analysis can be done on a primary structure to obtain the maximum response estimates. The 

analysis techniques applicable to the multisupport excitation problems include frequency response analysis, time history 

analysis and random vibration analysis in addition to the usual response spectrum approach. Multiple support excitation 

problems are typified by the necessity to evolve procedures to obtain the quasi-static part of the solution and the dynamic part 

as well. In the sections to follow, some of these aspects are described in detail followed by set of typical results pertaining to 

mostly nuclear engineering structures. NISA is equipped with a suite of finite element analysis programs for seismic 

applications and is utilized for presentation of the various results in this paper. 

ANALYSIS FOR UNIFORM SUPPORT MOTION 

A typical building structure supporting a piping system in a power plant is shown in Fig. 1. For response spectrum 

analysis under uniform ground motion, it is assumed to be excited by the ground acceleration whose response spectrum is 

given in the Fig. 2, Eigen value analysis gives the first five natural frequencies as 0.98, 1.28, 1.85, 1.86 and 3.15 Hz, 

respectively. The structure is analyzed for maximum values of the displacements using NISA/DA (Advanced Dynamics) [4] 

module using different combinations rules and the results are shown in the Table 1. 
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In time history approach, the forcing functions are specified in terms of ground motion time histories. The governing 

equations of motion can be directly integrated or the seismic response can be obtained by modal superposition. Fig. 3 shows 

containment structure subjected to uniform seismic ground motion (Fig. 4). The response contour plot as obtained in the form 

of a snap shot from NISA/Transient dynamic analysis is shown in Fig. 3. 

  
Fig. 1 FE model of structure supporting a piping 

system 

Fig. 2 Input acceleration response spectrum 

 

 

Table 1 Maximum values of displacement for different combination rules from NISA 

  SRSS ABS CQC NRL GRP TPM DSM 

UX 5.91E+01 1.25E+02 7.54E+01 8.13E+01 6.78E+01 7.02E+01 1.25E+02 

UY 3.16E+02 5.40E+02 4.50E+02 4.47E+02 4.45E+02 4.44E+02 5.40E+02 

UZ 8.74E+00 2.15E+01 1.17E+01 1.22E+01 1.08E+01 1.08E+01 2.15E+01 

ROTX 3.61E-02 5.86E-02 5.24E-02 5.10E-02 5.18E-02 5.14E-02 5.86E-02 

ROTY 7.27E-03 1.28E-02 7.81E-03 1.02E-02 7.36E-03 7.35E-03 1.28E-02 

ROTZ 1.07E-02 2.02E-02 1.61E-02 1.51E-02 1.57E-02 1.55E-02 2.02E-02 

 

 

 

 

 

  

Fig. 3 Finite element model of a containment 

structure 

Fig. 4 Input ground motion – (El Centro 1940) 

It is known that availability of information on input time histories may be difficult, for example as in the case of structural 

analysis for a future seismic event or in the case of re-evaluation of an existing structure. As an alternative, the required 

accelerograms are generated artificially from the response spectrum, such that they are compatible to this target spectrum 

(Fig. 5). The compatible time histories generated by NISA/DYSPAN [5] module are shown in Fig. 6 and Fig. 7. The realized 

spectrum compares well with the target one as can be observed from Fig 5.  
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Similar to the case of spectrum compatible time histories, procedures are available in literature for generation of spectrum 

compatible PSD also. Since characterization of ground motion through PSD is more appropriate, the spectrum compatible 

PSD can be directly used to estimate the peak structural responses. Fig. 8 shows a generated PSD - stationary - from the same 

design response spectrum in Fig. 5. 

  

Fig. 5 Target spectrum along with realized spectra of both 

stationary and non-stationary time histories. 
Fig. 6 Spectrum compatible stationary time history 

 
 

Fig. 7 Spectrum compatible Non-stationary time history  Fig. 8 Spectrum compatible PSD 

 

ANALYSIS FOR MULTIPLE SUPPORT MOTIONS [6] 

Consider a structure, which is subjected to Ng number of support excitations. The governing equation for this system 

can be shown to be given by  

    [ ]{ } [ ]{ } [ ] { } { })(tPxKxCxM =++ &&&             (1) 

where the mass (M), damping(C) and stiffness (K) matrices of N x N order ( N is the degree of freedom) in partition form are 

given by 
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Here subscript‘s’ refers to superstructure and ‘g’ to the supports. Partitioning the displacement vector as { }T

g

s
uxx =  

where xs is the superstructure displacement vector and gu is support displacement vector. Further expressing xs in the form 

{ }T

g

s
uxx = where )(),( txtx s

are pseudo static and dynamic components of the displacements.  By neglecting the 

dynamic effects in the equation (1), sx  and gu can be shown to be related by )()( tLutx gs = . Here, sgs KKL
1−−=  and is 
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designated as influence matrix. By using this relation between sx  and gu in equation (1), the governing equation of dynamic 

response can be obtained as 

     [ ]{ } [ ]{ } [ ]{ } { })(tPxKxCxM effsss =++ &&&                      (3)  

And ignoring contribution of damping to the effective force, )(tPeff can be shown to be given by 

      ( )
ggggseff uuLMMtP &&&& Γ=+=)(                      (4) 

The above equation (3) can be solved using normal mode expansion. Let Nnn to1, and =ωφ  be the eigen vector and 

natural frequencies of the undamped structure.  Modal response can be computed from the equation. 

     ( ) ( ) ( ) )(2
2

tPtqtqtq eff

T

nnnnnnn φωωη =++ &&&        (5) 

And k
th

 displacement vector can be calculated using the modal transformation )()(
1
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= φ . 

Floor response spectra: 

The approach described above can be conveniently applied to analyze secondary structures with support excitations described 

either in time or frequency domain. These methods are highlighted in sections to follow. In the particular case of response 

spectrum approach, floor response spectra (FRS) can be used for analysis of secondary structures that are in turn generated 

from the analysis of the primary supporting structure. A time history approach can be used to generate the FRS. In this 

approach, the input ground motion is specified in the three global directions and permuted with specified scale factors (See 

Table 2). The output time histories at different floor levels where the piping system is supported are converted to response 

spectra and averaged (Fig. 9) [4]. 

Table 2. FRS generation from NISA transient dynamics 

analysis- Six Combinations of the input seismic time 

histories in the three directions 

 

Combination 1 2 3 4 5 6 Factor 

X direction A(t) A(t) B(t) B(t) C(t) C(t) 1 

Y direction B(t) C(t) A(t) C(t) B(t) A(t) 1 

Z direction C(t) B(t) C(t) A(t) A(t) B(t) 0.667 

 

Response spectrum analysis - multiple support motions 

In response spectrum approach, the inherent assumption is that support excitations are mutually independent. For 

example, using CQC rule for combination across modes and SRSS across excitation directions, the displacement can be 

shown to be given by 

    ∑ ∑∑
= = = 
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Fig 9.  Floor response spectra at a particular node 

in a floor  for 2%, 4% and 5% damping 
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where, imim R,µ and mnγ  are modal participation factors, response spectrum ordinates and CQC coefficients respectively. 

The assumption of the excitations being independent is not valid incase of secondary systems. A more accurate method 

proposed here - cross spectrum method [7,8] to account for these correlations involves random vibration analysis first 

performed on the primary structure and the auto and cross PSD function of the support points determined. Response spectra – 

which can be termed as FRS are now derived from the auto PSD functions using the random vibration theory [9]. Any 

response quantity of interest can be obtained from the modified combination rule.  

    ∑∑∑∑
= = = =

=
g gN

i

N

j

N

m

N

n

jnimjnimijmnk RRX
1 1 1 1

max
µµγ        (7) 

where, ijmnγ  are new “cross response spectrum coefficients” which can be computed from the auto and cross PSD functions 

of the support motions using the following equations.  

( ) ( ) ( )
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∞−=                             and              ( ) ( ) ωωωσ d
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where, )(ωiiS  and )(ωijS  are auto and cross PSD functions respectively. And these cross response spectrum coefficients 

ijmnγ  degenerate to exact CQC coefficients when ji = .As can be observed from the equation (7), this new method 

incorporates the correlation effects efficiently through cross PSD function. To demonstrate the results from the two 

approaches, a piping structure supposed to be supported at various floor levels of a typical nuclear reactor building has been 

considered. The finite element model of the piping structure is shown in the Fig. 10. The first five natural frequencies of the 

structure are found to be 1.51, 2.69, 2.97, 4.05 and 5.31 Hz respectively. It is assumed that structure is viscously damped with 

4% damping for all modes.  

 

Maximum X-displacements at five node locations on the structure found using the two methods are shown in the 

table 3. As can be observed from the displacement results, cross spectrum method incorporates the correlation effects 

efficiently through cross PSD function. 

Envelope spectrum method [1]  

As an approximate alternative, envelope response spectrum method can be used to analyze the secondary structure. 

As its name indicates, the envelope spectrum method uses the envelope of the non-uniform ground motion spectra and is 

assumed to be acting uniformly in each global direction thus resulting in a reduced computation. NISA/Advanced dynamics 

 

Table 3. Maximum X-displacement at five node locations 

Node CQC & SRSS [NISA] Cross spectrum method 

4 3.50E-03 4.53E-03 

11 3.65E-03 4.08E-03 

21 2.03E-03 3.25E-03 

22 3.13E-03 4.40E-03 

Fig. 10 Finite element model of the piping 

structure 
34 3.14E-03 4.45E-03 
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module, which is provided with this option, is used to obtain this result on the pipe model (Fig. 10) and the results shown in 

Table 4 below.  

Table 4. Maximum displacement for CQC rule using Envelope spectrum method 

  UX UY UZ ROTX ROTY ROTZ 

CQC& SRSS method 5.26E-03 1.14E-02 4.56E-03 1.34E-03 1.61E-03 1.28E-03 

Envelope method 5.57E-03 2.05E-02 5.42E-03 1.69E-03 1.62E-03 1.67E-03 

Time history approach - multiple support motions 

To illustrate the multiple support transient analysis, a two span bridge (Fig. 11) modeled with two-dimension beam 

elements have been considered.  Two spans are assumed to be 55m and 45 m respectively. The structure is taken to have a 

constant mass per unit length m and flexural rigidity EI, such that EI/m is to be equal to 3.25E5 m
4
/s

2
. First three Eigen values 

are found to be 3.83, 6.78 and 14.81 Hz respectively. 

 
Fig. 11 Finite element model of bridge 

Three ground excitation records are taken from PEER Strong Ground Motion Database [10] to be used as excitation 

a sample of which is shown in Fig. 12. The governing equations of motion for dynamic part of the solution (equation 5) can 

be directly integrated or the seismic response can be obtained by modal superposition. NISA uses two methods of directly 

integrating the linear dynamic equations, namely Newmark method and adaptive Newmark method [11]. Adaptive Newmark 

method has advantage over the original Newmark method as it computes the next time step based on the norm of the 

acceleration at each time. For illustration time history of vertical displacement at point P is shown in Fig. 13. 

  
Fig. 12 A sample accelerogram  Fig. 13 Time history of vertical displacement at point 

‘P’ 

Frequency response analysis - multiple support motions 

There are again to two approaches available to perform frequency analysis of a structure. In the first method, modal 

summation approach, each modal response in frequency domain can be obtained by taking Fourier transform of equation (5). 

( ) ( ) ( ) ( )ωφωωωωηω eff

T

nnnnnnn Pqqq =++
2

2 &&&
                                               (9) 
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With modal response obtained as )()()( ωωω effM PHQ = , dynamic response is now obtained from modal 

dynamic run of frequency response analysis as )()( ωφω QX d = , where HM(ω )is the frequency response function in 

each mode and is of the form [ ] 122 2)( −++−= nnM iH ωηωωωω . The total response in frequency domain is obtained 

by appropriately combining the quasi-static and dynamic parts of the solution. In the second method - direct frequency 

analysis - Fourier transform of the governing equation of system (5) of the dynamic part of the response and solution avoids 

the eigen value analysis which may be in some cases practically infeasible for large order systems. In the frequency domain 

equation (3) can be written as  

 
[ ] ( ){ } ( ){ }ωωωω effPxKCiM =++− 2

           (10)  

Once solution x(ω ) is obtained from equation (10), the total response can be obtained by appropriately combining 

x(w) with the quasi-static solution to illustrate the above two methods, same structure as in example 2 is considered. Input 

frequency functions required for frequency analysis are obtained from the ground motion time histories using DFT facility of 

NISA/DYSPAN. Then the structure is analyzed using the two methods explained above which essentially yield same 

response. For illustration vertical displacement at point P is shown in Fig. 14. 

 
Fig. 14 Frequency response at point ‘P’ on the bridge 

Random vibration analysis - multiple support motions 

Under multiple support excitations, the dynamic part of the response from equation (5) can be directly obtained in 

terms of the input PSD matrix as 

( ) ( ) ( ) ( )ωωωω HSHS
gux

*ΓΓ=                                                          (11) 

Here ( )ω
guS  is the psd matrix of ground accelerations. In this connection, complete input specification for random vibration 

analysis includes auto and cross PSD functions for the differential support motions. One can use the modal summation 

method also to obtain the response PSD. NISA takes advantage of the bandwidth of the excitations to optimise the modal 

summation procedure. Response spectra at support points are assume to be given and a sample has been shown in Fig. 15. 

These spectra are converted into PSD functions using NISA/DYSPAN. Dynamic part of displacement PSD at one location of 

the pipe is shown in fig. 16. 
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Fig. 15 Response spectra Fig. 16 Displacement PSD at point on pipe 

CONCLUSIONS 

In this paper, methods of analysis of important structures such as those of a nuclear power plant are described. The 

emphasis is on special techniques to handle multi-level specifications with regard to the seismic events. In particular, 

alternative methodologies that can be utilized for analyzing secondary systems are highlighted. The approach primarily 

involves using the concept of multiple support excitations at the secondary structure supports. A novel method is suggested 

for multiple support response spectrum analysis using random vibration theory. This approach efficiently incorporates the 

correlation effects between support excitations through cross PSD functions. 
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