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ABSTRACT 

 
A serious problem in processing uncertainty which is often neglected is the different nature of aleatory (i.e., 

dependent on chance) and epistemic uncertainties. Epistemic uncertainties arise frequently in the tasks of NPP structures 
safety assessment due to lack of statistical data and possible errors in expert evaluations. 

Several uncertainty processing methods, including higher-order uncertainty models, are outlined. A possibilistic 
approach is described in order to allow more relevant processing of uncertainties. This approach is based on fuzzy sets theory 
and can be more efficient in obtaining uncertain structure responses while keeping computational effort within reasonable 
limits. 

A discussion follows how these methods can be compared and applied to assess the structural safety of WWER-
1000 type reinforced concrete containment. The article also shows a comparison of example problems’ structural response 
analysis results. 

 
INTRODUCTION 

 
According to the acting codes, condition evaluation and safety assessment of the safety-critical structures of nuclear 

power plants are to be conducted on a non-deterministic basis. The international codes describe activities classified as 
Probabilistic Safety Assessment of NPP structures important to safety [1, 2]. 

In this paper, the possibilistic measure is employed to evaluate uncertainties in the structural analysis of NPP 
structural components important to safety, particularly to WWER-1000 type concrete containment vessel. Nevertheless, the 
broad class of non-probabilistic safety assessment methods can generally be applied to other significant procedures in scope 
of fragility assessment of NPP structural components important to safety. 

This paper focuses on developing an uncertainty analysis method that is applicable within the more general scope of 
probabilistic safety assessment (PSA) procedures that are described in the international IAEA standards [1]. Further, we will 
discuss a possibilistic interpretation of the containment structural analysis using finite element modeling.  

The possibilistic safety assessment technique presented here is based on fuzzy structural analysis. In the domain of 
uncertainties in structural analysis, possibilistic methods in which uncertainties are defined as fuzzy variables form a 
complimentary to well-developed probabilistic methods such as sampling strategies or first/second order reliability methods. 

The principal reason to introduce fuzzy measure in uncertainty analysis is the need to separate aleatory and 
epistemic uncertainties that arise in the modeling and simulation stages of analysis. As suggested by Ferson and Ginzburg [3] 
and more recently developed by Helton [4], distinct representation methods are needed to adequately separate random 
variability (often referred to as "aleatory uncertainty") and imprecision (often referred to as "epistemic uncertainty"). It was 
also shown [5] that the fuzzy variables provide a relevant mathematical apparatus to propagate epistemic uncertainty in 
engineering models. 

There is a fundamental difference between aleatory and epistemic uncertainty [6]. Aleatory uncertainty is also 
referred to, depending on discipline, as variability, stochastic uncertainty, or irreducible uncertainty. It arises due to the 
strictly inherent variation embedded in the physical system, material properties, or the environment under consideration.  

Probabilistic methods of structural analysis work well when applied to the systems with aleatory uncertainty. 
However, it must be stated that the limit of applicability of probabilistic methods is attained when only few or insufficient 
reliable statistical data are available for describing input values with the aid of probability density functions or probability 
distribution functions. Moreover, the probability-based methods require that the probability distribution or other statistical 
data (which are themselves crisp values) be provided for all uncertain input parameters even when such information is not 
reliable. The voluntary assignment of probabilistic properties that usually takes place in safety assessment practice can lead to 
serious errors in structural analysis. 

This problem is addressed by using more relevant uncertainty analysis methods which can address epistemic 
uncertainty. This second general type of uncertainty is due to a certain subjective level of ignorance about the behaviour or 
properties of an engineering system. In [6], the definition of epistemic uncertainty is any lack of knowledge or information in 
any phase or activity of the modelling process. The key feature in this definition is that its fundamental cause in incomplete 
information about some characteristic of the system or the environment. It must be stressed that the epistemic uncertainties 
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arise very frequently in the field of the condition assessment of existing structures, and it is of particular interest in nuclear 
engineering where parts of the structures critical to safety are often completely inaccessible due to radiation or technology 
issues. Various security-related accessibility problems may also arise if any parts of the safety evaluation process are 
conducted by a foreign contractor. Other examples of epistemic uncertainty in the safety assessment of nuclear facilities are 
systematic measurement errors or expert opinions [7].Other terms that refer to epistemic uncertainty are e.g. vagueness or 
reducible uncertainty. 

The other concern about uncertainty propagation methods is their computational feasibility. The modern approaches 
based on sampling strategies (such as Monte-Carlo simulation of Latin hypercube sampling) usually require either a 
considerable computational effort or using some kind of a surrogate model, usually considerably less precise. An alternative 
is to modify the strategy to optimize the amount of operations needed, which often leads to retrieving approximations of the 
precise solution, sometimes too rough to be of practical use. The estimations of applicability limits of probabilistic methods 
usually regard 100-150 random variables as very large quantity that requires a huge computational effort. Representing 
uncertainties in terms of possibility theory considers much greater amount of uncertain parameters, up to thousands. For the 
large design model of the WWER-1000 containment, such a feature can allow to conduct full uncertainty analysis that takes 
into account, for instance, independent uncertain variations of elasticity modulus in each finite element, making up several 
thousands of uncertain interval parameters. The procedure of reducing fuzzy analysis to interval analysis will be described 
later in this article. 

Finally, in the established probabilistic analysis practice, no method exists to propagate the frequent case when a 
parameter is given in the form of upper and lower bound only. The established practice in the probabilistic procedure is to 
accept uniform distribution on the bounded interval. However, there is by definition no evidence that the parameter has such 
kind of distribution. Such assumption often leads to underestimation of probability distribution tails. 

This paper presents the application of an interval analysis method to the safety assessment of a WWER-1000 type 
concrete containment vessel. The proposed method can be easily generalized to include an arbitrary structure critical to 
safety. 

 
A BRIEF OVERVIEW OF UNCERTAINTY ANALYSIS METHODS 
 

Since the computational methods for structural analysis are now mature and more widely used, the next challenge is 
to extend classical deterministic analysis to be capable of propagating uncertainty through a simulation model.  

The structural analysis of the WWER-1000 pre-stressed concrete containment vessel must yield appropriate results 
that can be used for probabilistic safety assessment procedures. As follows from [8], the possible failure modes of the 
WWER-1000 containment are: 

• membrane failures of the containment shell; 
• failure at the containment wall - base mat junction; 
• failure of the containment wall - upper ring junction; 
• failure of the dome - upper ring junction; 
• failure of the base mat. 

These failure modes are heavily affected by uncertainties in the initial data. 
Recent developments in the field of processing uncertainties in structural analysis computations and in design 

optimization procedures yield numerous methods to model uncertainties in structures. The traditional methods described in 
standards may include semi-probabilistic and stochastic modeling. Yet the various types of uncertainties are treated in the 
same way. That is not always acceptable in assessment and safety analysis of nuclear engineering structures where it is often 
simply impossible to collect enough sufficient statistical data. 

The probabilistic modeling actually cannot handle cases with incomplete or little information on which to evaluate a 
probability, or when that information is ambiguous or conflicting. Muhanna, Mullen and Zhang [9] provide a good insight to 
the generalized models of uncertainty that have been developed to treat such situations. These models begin with classical 
and highly specialized probability theory, which is followed with increasing generality by possibility theory [10], Dempster-
Shafer theory of evidence [11], convex modeling [12], probability bounds analysis [13], recent developments in imprecise 
probabilities analysis [14], and others. These models can be described well by mathematical apparatus of interval arithmetic. 

We will show later how interval arithmetic will be applied as a calculation tool for the generalized fuzzy set 
uncertainty model. 

 
INTRODUCING UNCERTAINTIES AS FUZZY PARAMETERS 
 

The concept of a fuzzy variable in engineering analysis has been in active development since late 80’s. In this 
context one can mention the work by Wood, Otto, and Antonsson [15]. Research in applying fuzzy sets and interval 
computations can be traced back to the publications by NegoiŃă and Ralescu [16], as well as the fundamental research by 
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Moore, founder of interval analysis [17]. The theoretic development in this domain now focuses on the development of 
second-order uncertainty quantification [18, 19]. The second-order uncertainty concept is a very promising direction, yet it is 
not in the scope of this paper. 

The fuzzy uncertainty measure combines two ideas [5]: firstly, the concept of a confidence interval that defines the 
variation range of a parameter or variable; secondly, the concept of a degree of membership that is a mathematical description 
of a subjective assessment of the possibility that the value is within the range associated with the given degree of 
membership. The measure of the extent to which a value x in the fundamental set X is a member of the subset 

iA X⊆ is 

described by a degree of membership ( )Ai xµ . The set of all confidence intervals that are constructed for every membership 

degree 
iα  in [ ]0;1iα ∈  constructs the membership function of the given uncertain variable 

nx : 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1. Fuzzy variable nx . 

 
 
The fundamental difference between fuzzy measure and probability measure is that the area below the membership 

function does not necessarily add up to one. Further properties and a rigorous definition of fuzzy measure and fuzzy sets are 
ubiquitous in the literature [6, 20]. 

The following examples of uncertainty can be successfully described using the notion of fuzzy parameters, including 
the case when the interval-valued estimations are the only available data about the parameters: 

• Loads and load combinations (the loads are given in the form of 0-max value interval); 
• Boundary conditions (rigid, semi-rigid, plastic); 
• Concrete creep and shrinkage; 
• Anchorage and pre-stressing forces in the concrete containment vessel;  
• Factual (i.e. non-probabilistic yet not known precisely) properties of the construction materials. 

In practice, the fuzzy response of the structural system is computed through α-level sampling procedure, also known 
as fuzzification. The fuzzy membership functions of all the parameters are sliced at prescribed degrees of membership { }rα . 

The resulting interval uncertainties are propagated through the deterministic simulation model. The model in our case will be 
the finite element model of the pre-stressed concrete containment vessel. 

A rigorous explanation of the alpha-level cuts concept can be found in the publication by Nakamura [21]. 
 

INTERVAL ANALYSIS ALGORITHM FOR THE ASSESSMENT OF CONTAINMENT SAFETY 
 

First of all, we will consider the following methodology of uncertainty propagation through large-scale numerical 
deterministic models to which belongs virtually every practically feasible modeling of an engineering structure. The classic 
input-output relationship is employed where the deterministic simulation model M maps the given uncertain inputs f  to a 
vector of outputs U [23]: 

 
 
 
When using the alpha-level discretization method, a vector of interval input parameters that corresponds to an alpha-

level is constructed and used to retrieve interval output for this alpha-level. The fuzzy response vector is built by performing 
the procedure for multiple alpha-levels: 

µ
1,0 1

2 3

nxα
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f M ( · ,X) U 
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In a frequent case of the definition of ( ),M ⋅ X  as a finite element model which is computed using appropriate 

deterministic algorithms, the uncertainties in αX are parametric in the sense that they are included in the equilibrium 

equations in multiple positions. Due to the so-called dependency problem [9], such a formulation leads to overestimation of 
the solution hull αU , sometimes unbounded. 

This makes explicit interval evaluation of the solution hull practically non-usable. Consequently, implicit methods 
were developed to deal with the problem. 

These methods are divided into two main classes, namely optimization algorithms and various types of 
sensitivity/worst case analyses 

An optimization algorithm should be employed to search for the extrema (max/min) of the system response in the 

interval parameter domain if the deterministic mapping ( ),M ⋅ X  is nonlinear with respect to the interval input vector. The 

optimization approach often encounters practical difficulties. Firstly, it requires sophisticated optimization algorithm, where 
the objective function is implicit and complicated in almost any formulation of the simulation model, thus often only 
approximate solution is achievable. Secondly, this approach is computationally expensive. For each response quantity, two 
optimization problems must be solved to find the extreme lower and the extreme upper bounds. This will be a huge 
computational effort, especially in the case of practical engineering problems 

Recently, sensitivity analysis techniques for the interval finite element analysis have been developed in a number of 
works. For linear elastic problems, this approach is applicable if linearity assumption is made. The sensitivity analysis 
approaches decompose the initial system to analyze the independent impacts of uncertainty factors onto the system output. 

Fig. 2 shows the actual general algorithm used to construct fuzzy system response. The algorithm yields uncertain 
system response for all controlled properties of the containment structure, including displacements, stresses, bending or 
membrane moments etc. It will be discussed later how the uncertain response can be used to quantify structural safety of the 
containment structure. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2. Processing parametric uncertainties to obtain fuzzy system response 

1 1

2 2

;

;

;

i i

i i
i

i i
n n

x x

x x

x x

α =

 
  
 
 
  

X =

µ

2 ,iA

2x

iα

µ

1,iA

1x

iα

Deterministic 
mapping 

Fuzzy input variables 

Interval parameters 

Fuzzy system 
response 

µ

,j iB

ju

iα

SMiRT 19, Toronto, August 2007 Transactions, Paper # M07/2



 5 

The following assumptions are to be accepted for the proposed algorithm: 
• linear static structural analysis is considered; 
• both the stiffness and matrix and the load vector are monotonic with respect to uncertain input parameters; 
• the parametric uncertainty is in sufficiently narrow interval to ensure that the approximate solution is precise. 

The term “parametric uncertainty” is used here to indicate that the uncertain parameters are introduced prior to 
analysis and are propagated through a given simulation model to yield uncertain response of the containment structure. 

The proposed algorithm that has been developed for the needs of uncertainty analysis procedure for WWER-1000 
type containment uses a modified Neumann Approximate Vertex Solution (NAVS) method [22]. This technique is classified 
as anti-optimization algorithm that leads to a system of linear equations as if a conventional FEM analysis was used, with the 
main difference being that the stiffness and load matrices are interval matrices.  

Now, let us consider the structural system of a structure to be described by a system of linear interval equations 
yielded by finite element method: 

 ( ) ( )K U Q× =X X  (2) 

where ( ) n nK IR ×∈X  is a stiffness matrix, mIR∈X  is an interval parameters vector, nU IR∈  is a displacement vector, and 

( ) nQ IR∈X  is a load vector dependent on the interval parameters. Here we will consider without loss of generality only the 

stiffness matrix uncertainties. The direct solution of this system of linear interval equations naturally leads to interval solution 
U . 

The simplest implicit technique to solve Eq.2 is vertex method, also referred to as combinatorial method. It is also 
frequently used in many other formulations of worst case search problems. The vertex method needs to perform 2m  solutions 
to find every possible variation of upper and lower bounds of every parameter in X . 

This method is clearly inapplicable to problems such as WWER-1000 containment analysis since the amount of 
uncertain parameters can be too large to be computed in a reasonable time frame. The following expression of the variations 
of stiffness matrix can be used to construct approximate solution [22]: 

 ( )
1

;
m

i i i
i

K K K K K xµ
=

 = = + ∆  ∑ɶ  (3) 

where , n nK K R ×∈  is lower and upper bounds of stiffness matrix intervals, Kɶ  is mean value of the stiffness matrix, iK∆  is 

the stiffness matrix perturbation inflicted by i-th interval parameter in the input vector. { }1;1iµ ∈ −  corresponds to searching 

either lower of upper bounds of K . 
Braibant, Delcroix et al. [22] have developed the efficient NAVS (Neumann approximate vertex solution) method 

that selects the signs in µ  so as to minimize or maximize a prescribed design criterion c to determine one component of the 

response vector U : 

 ( ) ( )1 1

1

n
k k

j j i i j
i

u u K K uµ+ −

=

= + ∆∑ ɶɶ  (4) 

A modified NAVS algorithm have been developed in [24] to satisfy the need of software implementation simplicity 
and to process all components of the displacement vector in a single analysis procedure. The main idea of the diagonal 
section method (NAVS-DS) is a simplified procedure of selecting signs 

iµ , which is computed for the entire vector U . The 

perturbation of the stiffness matrix is sought and the rectangular matrix n mM R ×∈  of signs 
iµ  is constructed: 

 ( )1 ; sign ;i i i id K K u M d−= ∆ =ɶ ɶ  (5) 

 
 
 
 
 
 
 
 
 
 

Figure 3. Graphical representation of the construction of matrix M. 
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In such formulation, there is no need to search for signs 
iµ  through the minimization/maximization of design 

criteria. Now, using expressions in Eq.5, we can re-formulate the iteration equation Eq.4 so that the interval solution vector 

( )jU  defined by the j-th column of matrix M will contain the most precise solution that corresponds to j-th degree of freedom 

or displacement vector component (hence the name of the method): 

 [ ]
( )
( ) ( )

( )
( ) ( )

1 1
,

1
( )

1 1
,

1

,

n
k k

i j ij
i

j n
k k

i j ij
i

u K K u

u K K u

+ −

=

+ −

=

 = − ∆
= = 
 = + ∆


∑

∑

ɶɶ

ɶɶ

u M

U u u

u M

 (6) 

and, consequently, the solution hull for the displacement vector is defined by selecting the j-th component of the set of 

vectors { }( )mU : 
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j j j j
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u u

u u

u u

 
 
 =  
 
 
 

U  (7) 

 
APPLICATIONS OF THE PROPOSED METHOD 

 
The NAVS-DS interval analysis method is considered here as a calculation tool for more general descriptions of 

uncertainty. In this paper, we will show an example that will be analyzed using the proposed method. The fragment of a thick 
shell structure is an appropriate case study found in literature and it can provide us with a clear insight into how the method 
works and how data about uncertainties in complex systems, such as the WWER-1000 containment, can be processed. 

The structure possesses 25 uncertain interval parameters – a number that a direct combinatorial method strictly 
cannot handle in such models. The master degrees of freedom count is 180 due to the use of three-dimensional shell 
(SHELL181 type). For the problem of uncertainty propagation, it is envisaged to evaluate the effect of  10% uncertainty in 
the value of structure’s elasticity modulus provided that the only information given is the interval in which the parameters 
may vary. It is worth noting that in the case of probabilistic analysis the variances in all 25 elements would be processed 
together, and thus the information is lost about how the system behaves when the parameters are not uniform. 

 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 4. Right: Finite element model of shell fragment. Left: example mapping of uncertain parameters for a component 
of displacement UZ in node 17. 
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The resulting matrix of perturbations signs M  can be checked if necessary by conducting separate manual analyses 

as shown in Fig.4. The NAVS-DS method allowed to efficiently estimate all displacements intervals for the 180 master 

degrees of freedom in 30 nodes. Fig.4 shows that, in the case of 17UZ , the uncertain parameters in the elements No. 17-19 

and 21-25 take value iE  and all remaining parameters take value iE . Similar data can be retrieved for any of the 180 DOFs. 

We summarize this example with an observation that the intuitively plausible solution that for jU  we have to assign 

iE  to all uncertain parameters and vice versa is correct only to several observed system responses; for example, it is evident 

that it is so for [ ]16 0.01048; 0.01175UZ = . For the majority of real engineering practice cases, such assumption leads to a 

serious underestimation of the solution hull *U , thus exposing the safety-critical system to unnecessary hazards. 
It is worth to be noted that the presented method yield rigorous results only if the stiffness matrix is monotone. An 

approximate solution is obtained when the stiffness matrix is slightly nonlinear, and errors are accumulated as nonlinearity 
grows. If the problem is nonlinear, then another technique should be proposed that uses higher-order expansion. 
 
CONCLUSIONS 
 

In this paper, a possibilistic formulation of uncertainties in structural analysis is presented along with the interval 
analysis method that serves as a tool for fuzzy set based safety assessment. 

It has been shown that the non-probabilistic methods can propagate epistemic and aleatory uncertainties through 
very large deterministic simulation models relatively effectively. Such techniques are to be considered as complimentary to 
the probabilistic analysis techniques already in use. Moreover, since a non-deterministic analysis is rarely conducted simply 
to evaluate uncertainties in the system response. The proposed technique can easily be used to provide sensitivity analysis of 
the structure to determine what uncertainty sources contribute to the system uncertain response. 

Nonetheless, a considerable amount of effort is to be done before the fuzzy set based methods can be used in safety-
critical applications with enough ease. The future research should be directed to the development of “black-box” algorithms 
and computational codes to propagate uncertainties of different nature through a deterministic computational model, and 
methods to retrieve fuzzy reliability are to be developed in order to provide a relevant tool for safety assessment of nuclear 
engineering structures. 

 
NOMENCLATURE 
 

iA  = subset of X defined by i-th alpha-cut 

,j iB  = solution subset of response ju  representing solution obtained on i-th alpha-cut 

µ  = membership function of a fuzzy set 

( )Ai xµ  = degree of membership of subset
iA  

iα  = value of the degree of membership corresponding to i-th alpha-cut 

nx  = an uncertain variable 

f = model input data 
M = deterministic model 
X = vector of uncertain parameters 
U = model output vector 

,α αX U  = interval vectors of model input and output corresponding to an alpha-cut 

( )K X  = interval stiffness matrix depending on interval input vector 

( )Q X  = interval load matrix depending on interval input vector 

U  = interval solution (displacements) vector 

;K K  = upper and lower bounds of stiffness matrix 

Kɶ  = mean of stiffness matrix 

iµ  = sign of i-th perturbation (depending on whether upper or lower bound is sought) 

iK∆  = perturbation of stiffness matrix that corresponds to i-th input parameter 

SMiRT 19, Toronto, August 2007 Transactions, Paper # M07/2



 8 

( )k
ju  = k-th iteration of j-th output displacement 

iM  = matrix of signs of perturbations 1
i id K K u−= ∆ɶ ɶ  corresponding to i-th input parameter 

M  = aggregate matrix of signs 
*

( ) ,jU U  = solution hull vector of to local optimum of j-th response and to global solution hull 
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