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ABSTRACT 

 
The aim of this paper is to propose a new model for damage in concrete structures which incorporates such 
complex features as damage anisotropy and asymmetry between tension and compression, while being expressed 
in a format well suited for numerical applications and involving a limited number of material parameters which can 
be determined from standard experiments. A crude version of the model involving a single tensorial internal 
variable representing damage in tension, and a single material parameter, is presented first. The predictions of this 
simple model are satisfactory in simple tension, but not so in simple compression. As a remedy, various 
refinements are then introduced in a second version of the model involving an additional tensorial or scalar internal 
variable representing damage in compression, and five additional material parameters. An example of 
determination of the model parameters using experimental stress-strain curves in simple tension and compression, 
plus failure envelopes in biaxial tension/compression, is presented next. The model is finally applied to the 
numerical prediction of the failure of some containment vessel subjected to some large internal pressure, with a 
comparison with calculations based on a simpler isotropic variant of the model using a single scalar damage 
variable. The results illustrate the relevance of models incorporating both asymmetry between tension and 
compression and anisotropy of damage for simulations of industrial concrete structures.  
 
Keywords : Constitutive model, concrete, damage, anisotropy, crack closure, numerical simulations 

 

1. INTRODUCTION 
 
The phenomenological theory of damage initiated by Kachanov (1958) seems especially adapted to the 

description of the mechanical behavior of concrete for at least two reasons. The first one is that the complexity of 
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microscopic mechanisms, including such features as formation of cracks with preferred orientations in tension 
and closure of these cracks with possible friction between the crack lips in compression, precludes more 
theoretical, homogenisation-based approaches. The second reason is that the behaviour of concrete can often be 
safely considered as elastic-brittle, which is the preferred domain of application of damage theory. Such will 
notably be the case in the applications envisaged in this paper. 

The aim of this paper is to propose a new damage model for concrete as refined as possible from the 
physical point of view, while being fit for numerical applications and involving a limited number of material 
parameters, so as to be usable for industrial applications. More precisely, the main features of the model 
proposed are as follows.  
(i) It accounts for anisotropic damage, due to formation of cracks with preferred orientations, through   

consideration of two second-rank symmetric damage tensors.  
(ii) It accounts for asymmetry between tension and compression, due to crack closure in compression, through 

consideration of the “positive and negative parts” of the strain tensor (combined with the damage tensor(s)). 
(iii) It satisfies the natural requirement of continuity of the stresses with respect to both the strain and damage 

tensors.  
(iv) It allows for total damage (complete vanishing of all stress components). 
(v) Damage can only increase, in the sense that the eigenvalues of the damage tensor(s) are non-decreasing 

functions of time, and it is bounded, in the sense that these eigenvalues cannot exceed unity. 
(vi) It fits within the framework of “standard generalized materials”, as defined by Halphen and Nguyen (1975), 

and involves a free energy which is convex with respect to both the strain and damage tensors, considered 
separately. 

(vii) It involves only six material parameters which can be determined from standard experiments, such as 
simple tension and compression tests. 

The main simplifying hypotheses made are the neglect of irreversible strains, of the volumic dilation in simple 
compression, of the effect of high triaxial confining pressures, and of all complex cyclic effects. 

A number of models proposed in the literature (Chaboche, 1992, Dragon et al., 2000, Fichant et al., 1997, 
Frantziskonis and Desai, 1987, Ladeveze, 1983, Murakami, 1988, Yazdani and Karnawat, 1996, for instance) do 
account for anisotropy of damage, and among these, some (Chaboche, 1992, Dragon et al., 2000, Fichant et al., 
1997, Ladeveze, 1983) also account for asymmetry between tension and compression. However none satisfies all 
properties (i) to (vii). The requirement of continuity of the stresses with respect to strain and damage, for 
instance, is violated by some models; in fact satisfying it while accounting for asymmetry between tension and 
compression is less simple than may seem a priori. Some models based on an expansion of the free energy in 
powers of the strain and damage tensors are inapplicable if damage becomes important. No model fits into the 
framework of standard generalized materials, with a free energy convex with respect to both the strain and 
damage tensors. Although by no means compulsory from the physical viewpoint, this feature ensures nice 
mathematical properties quite useful in the numerical implementation of the model. For instance, provided that 
the equations are discretized in time with an implicit algorithm, it ensures existence and uniqueness of the 
solution of the problem of finding, at a given point and for a given time-interval, the final values of the stress and 
damage tensors for a given value of the tensor of increment of strain.     

The paper is organized as follows. In Section 2, we begin, for pedagogical reasons, by presenting a first, 
simple version of the model due to Badel (2001) and Badel and Leblond (2002). This version involves a single, 
tensorial internal variable representing damage created by positive strains, and a single material parameter (in 
addition, of course, to Young’s modulus and Poisson’s ratio). Although it contains many elements of the final 
model and succeeds in predicting stress-strain curves in simple tension, this version fails to yield satisfactory 
predictions in simple compression. Also, it lacks parameters allowing to freely adjust the stress-strain curves in 
the post-peak regime. We then present, in Section 3, a more refined version of the model solving these problems. 
In this version are introduced (i) some dependence of the criterion governing the evolution of damage upon the 
strain tensor; (ii) a second, scalar or tensorial internal variable representing damage created by negative strains; 
and (iii) in the expression of the free energy, some additional “blocked energy” depending on damage. This more 
refined model includes six material parameters. In Section 4, we illustrate the determination of these parameters 
using results of simple tension and compression tests, plus failure envelopes in biaxial tension/compression. We 
finally present, in Section 5, an application in the form of numerical simulation of the failure of some nuclear 
containment vessel subjected to some large internal pressure. Calculations are performed using the model 
proposed and also a simpler isotropic variant involving a single, scalar internal variable representing damage in 
tension, and two material parameters. The results emphasize the relevance of incorporation of both asymmetry 
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between tension and compression and anisotropy of damage in such practical simulations of industrial concrete 
structures; indeed neglecting either of these phenomena results in considerable underestimation of the resistance 
of the vessel to fracture. 

 

2. THE ONE-VARIABLE MODEL  
 

2.1. Expression of the free energy disregarding asymmetry between tension and compression 
 
For pedagogical reasons, we first forget about the asymmetry between tension and compression due to   

crack closure in compression. Damage is represented by a second-rank symmetric tensor D . We consider the 
free energy, which is a function of strain, rather than the more customary free enthalpy, which is a function of 
stress; the reason is that the expression of the free enthalpy would involve a factor 1( )−−1 D  so that the limiting 
value =D 1 , corresponding to total damage, could not be reached. The specific free energy ( )Φ ,Dε  is taken 
in the form 

                    [ ]2 2( ) tr( ) tr ( )
2 4

λ μ
Φ , = + + , ≡ −⎡ ⎤⎣ ⎦D B B B B 1 Dε ε ε ε. . .                         (1) 

                  [ ]tr ( ) ( ) ( )
2

μ
λ

∂Φ
⇒ = = + + + +

∂
B. B B. B. .B B. .B .Bσ ε ε ε ε ε

ε
                  (2) 

where λ  and μ  are Lame’s coefficients.  
The main features of the model are as follows. It does account for anisotropy of damage, and satisfies the 

requirement of continuity of the stress versus strain and damage. Also, in the case of total damage 
( = , =D 1 B 0 ), all stress components are zero. It is also easy to check that if one eigenvalue of D , say 1D , is 

unity, the corresponding stress component 11σ  is zero; but the shear components 12σ  and 13σ  vanish only if 
the strain and damage tensors are diagonal in the same basis. Finally the free energy is convex with respect to 
both the strain and damage tensors, considered separately, but not with respect to the global variable ( , )Dε . 

2.2. Introduction of asymmetry between tension and compression 

Incorporation of asymmetry between tension and compression requires distinguishing between the “positive 
and negative parts” of the strain tensor (possibly combined with the damage tensor). These positive and negative 

parts are defined, for any second-rank symmetric tensor expressed in spectral form, 
3

1
i i i

i

A
=

= ⊗∑A e e , by 

3

1
i i i

i

A
+ +

=

≡ ⊗∑A e e  and 
3

1
i i i

i

A
− −

=

≡ ⊗∑A e e  where Sup( 0)x x
+
≡ ,  and Inf ( 0)x x

−
≡ , . The expression (1) of 

the free energy is modified into  

                [ ] ( ) ( )2 2 2 2( ) tr( ) tr tr ( ) tr
2 2 4

λ λ μ
μ

+ −−+
Φ , = . + + . + . +⎡ ⎤⎣ ⎦D B B Bε ε ε ε ε ε                      (3) 

          [ ] ( ) [ ]tr( ) tr ( ) ( ) 2 .
2

μ
λ λ μ

+ + −−+

∂Φ
⇒ = = . + + . . + . + . + . . +

∂
B B 1 B B B B B Bσ ε ε ε ε ε ε ε

ε
        (4) 

Although the model does now predict different behaviors in tension and compression, it suffers from some  
shortcomings. Indeed one would like the term [ ]tr( )λ

+
.B Bε  pertaining to tension in the expression (4) of σ  

to vanish precisely when the term ( )trλ
−

1ε  pertaining to compression becomes non-zero, and vice versa. 
This is unfortunately not true because tr( ).B ε  and tr ε  do not vanish simultaneously, except if B  is a 

multiple of the unit tensor. The same problem occurs in the terms [ ]( ) ( )
2

μ
+ +

. . + . + . + . .B B B B B Bε ε ε ε  and 

2μ
−

ε  because the eigenvalues of . + .B Bε ε  and ε  do not vanish simultaneously, except if B  and ε  are 
diagonal in the same basis. Numerical study of the model predictions in simple cases however shows that these 
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deficiencies are of little practical importance.  
The stress tensor is a continuous function of the strain and damage tensors because the functions x x

±
 

and 
±

A A  are continuous. With regard to the requirement of possibility of total damage, if =D 1  ( =B 0 ), 
the terms pertaining to tension in the expression of the stresses vanish, as desired. Also, if one eigenvalue of D , 
say 1D , is unity, the terms pertaining to tension in the stress component 11σ  vanish. The convexity of Φ  with 

respect to ε  and D , considered separately, is a consequence of the convexity of the functions 2x x
±

 and 
2tr( )
±

A A  and of the linearity of the expressions tr( ).B ε , tr ε  and . + .B Bε ε  with respect to ε   and 

B . The only non-trivial property here is the convexity of the functions 2tr( )
±

A A , which is a consequence of 
Ball (1977)’s Theorem 5.1. 

It may incidentally be remarked that distinguishing between the positive and negative parts of ε , possibly 
combined with D , while preserving the convexity of Φ , is not a trivial task. Among many simple and 
seemingly reasonable expressions, [ ]2tr( )

+
.B ε  and 2tr ( )

+
. + .⎡ ⎤⎣ ⎦B Bε ε  are the only ones that respect convexity. 

2.3. Incorporation of bounds on the eigenvalues of the damage tensor 

In each principal direction of D , the eigenvalue iD  should vary between 0 (no damage) and 1 (total 

damage). The evolution equation of D  will ensure the conditions 0iD ≥  and therefore 0iD ≥ , since =D 0  

initially. The conditions 1iD ≤  can be enforced, in an admittedly formal way, by modifying expression (3) into  

      [ ] ( ) ( )
3

2 2 2 2

( 1]
1

( ) tr( ) tr tr ( ) tr ( )
2 2 4 i

i

I D
λ λ μ

μ
+ − −∞,−+

=

Φ , = . + + . + . + +⎡ ⎤⎣ ⎦ ∑D B B Bε ε ε ε ε ε        (5) 

where CI  denotes the indicator function of the convex set C  ( ( ) 0CI =x  if C∈ ,x  +∞  if C∈/x ). This 

function in (5), combined with the evolution equation of D  below, acts as a “barrier” preventing the iD  from 
exceeding unity. Its introduction preserves convexity of Φ  with respect to D  because the domain 

{ }i
i

max D 1≤D |  is convex in the space of symmetric second-rank tensors, as a consequence of the 

Rayleigh-Ritz theorem.  

2.4. Evolution of damage 

Within the framework of generalized standard materials (Halphen and Nguyen, 1975) adopted here, the 
“thermodynamic force” DF  associated to the damage tensor D  obeys some “damage criterion” defined by some 
convex “damage function” ( )f DF , and the evolution of D  is governed by the “flow rule associated to the 
damage criterion through the normality property”:  

                 
0 if ( ) 0

( ) 0 , ,
0 if ( ) 0.

ff
f

f
η η

= <∂Φ ∂
≤ , ≡ −

∂ ∂ ≥ =

⎧
⎨
⎩

D
D D

D D

F
F F D =

D F F
              (6)  

This evolution equation of D  automatically ensures non-negativeness of the dissipation :DF D  and therefore 
thermodynamic consistency of the model. It also warrants existence and uniqueness of the solution of the local 
problem of determination of the tensors ( )t t+ Δσ  and ( )t t+ ΔD  for given values of the tensors ( )tσ , ( )tD  
and ( ) ( )t t tΔ ≡ + Δ −ε ε ε , provided that the flow rule is discretized in time with an implicit scheme. These 
properties are very convenient (though by no means necessary) for practical applications using the finite element 
method. 

The damage function chosen here reads 

                         2 2( ) tr ( ) 2( )
f

f k+ +

∂
≡ − ⇒ =

∂
⎡ ⎤⎣ ⎦

D D D

D
F F F

F
                   (7) 
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where k  is a material parameter (the only one in this model, in addition to the elasticity coefficients). Again, the 
convexity of this function is a consequence of Ball (1977)’s Theorem 5.1. The fact that /f∂ ∂ DF  is positively 

proportional to the positive part of DF  implies that the eigenvalues of D  are non-negative, and the 
Rayleigh-Ritz theorem then implies that the eigenvalues of D  are non-decreasing functions of time. 

2.5. Numerical examples 

The material parameters used in this section are E  (Young’s modulus) 30.0 GPa= , ν  (Poisson’s 

ratio) 0 2= .  and 43.0 10 MPak −= .  
Figure 1 shows the stress-strain curve in a simple tension test. One observes a stress peak followed by a 

gradual drop, as desired. It should be noted, however, that the single material parameter k  does not only govern 
the value of the peak stress but also the subsequent rate of softening, so that one cannot freely adjust both of 
them. Also, although this cannot be seen on Fig. 1, lateral damage remains zero during the whole test, so that one 
could apply some nonzero lateral stress afterwards regardless of the previous axial damage, as desired. 

 
Figure 1 : Stress-strain curve in simple tension predicted by the one-variable model 

Figure 2 shows the stress-strain curve in simple compression. The model errs here in two respects. First, the 
peak stress, corresponding to the cusp on the curve, is much too low. This is because in this simple model, 
damage in the simple compression test arises from the positive lateral strain. Thus the value of the peak stress in 
compression is tied to that of the peak stress in tension plus Poisson’s ratio, but since Poisson’s ratio is not very 
small, the ratio of the peak stress in compression over that in tension is not as large as desired. The second 
shortcoming of the model predictions is that the post-peak behavior is completely unrealistic : there is a 
snap-back followed by a second quasi-elastic increase of the stress. It is difficult to give a simple, intuitive 
explanation of the snap-back, but it can be checked not to be a numerical artefact but a rigorous consequence of 
the equations of the model. In contrast, it is easy to explain the final increase of the stress. Indeed the model 
predicts no axial damage in the simple compression test; thus the axial stiffness does not evolve so that once the 
material is completely damaged laterally, its behavior again becomes elastic with some only slightly degraded 
stiffness. But this explanation of course does not imply that this behavior is physically realistic. 
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Figure 2 : Stress-strain curve in simple compression predicted by the one-variable model 

 

3. THE TWO-VARIABLE MODEL  
 
We now wish to develop a model retaining the nice physical and mathematical features of the preceding one, 

but free of its main drawbacks, namely  
(i) the too low value of the peak stress in simple compression;  
(ii) the second, unlimited stress increase after the stress peak in simple compression;  
(iii) the impossibility of separately adjusting the value of the peak stress and the slope of the subsequent 

stress drop in simple tension.  
 

3.1. Introduction of a dependence of the damage threshold upon the strain 
 

One simple remedy of drawback (i) is to introduce some dependence of the “damage threshold” k  of 
equation (7) upon the negative part of the strain tensor. This modification will not affect model predictions in 
simple tension since this negative part is zero then; but in simple compression where it is nonzero, the 
modification can result in a delayed start of damage, and therefore an increase of the peak stress, if the 
dependence of k  upon ε  is chosen properly. It will not destroy the nice mathematical properties of the model 
useful in its numerical implementation; indeed, since in the problem of determination of ( )t t+ Δσ  and 

( )t t+ ΔD  from ( )tσ  and ( )tD , ( )t t+ Δε  is assumed to be known and given, k  is also known and given, 
exactly as if it were a constant independent of ( )t t+ Δε .   

The simplest approach consists of assuming that k  is a linear function of the negative part of ε . However 
numerical experience reveals that the predicted failure envelopes in biaxial tension/compression then markedly 
differ from those determined experimentally by Kupfer et al. (1969). Getting a better match requires assuming a 
weaker dependence of k  upon ε  for small strains. The formula adopted here is 

                        ( ) ( )[ ]0 1 2( ) tr Arc tan tr / .k k k k
− −

= − −ε ε ε                        (8) 

In this way k  increases linearly with ( )tr
−

ε  for large (negative) strains, but quadratically for small ones. 

This formula introduces three material parameters 0 1 2, ,k k k  instead of the single k  of the preceding model. 
It may be thought that formula (8) also allows to account for the well-known influence of some lateral 

confining pressure upon the peak stress in compression, since such a pressure results in an increase (in absolute 
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value) of ( )tr
−

ε . Unfortunately, numerical experience reveals that it is not so; accounting for the influence of 

some confining pressure would require much higher values of the 1k  constant than needed to just adequately 
increase the ratio of the peak stress in simple compression over that in simple tension. Thus the model proposed 
does not account for highly triaxial stress states involving important confining pressures. Such stress states will 
not be encountered in the application discussed below.  

 
3.2. Introduction of a second damage variable  
 

Introducing a dependence of the damage threshold k  upon the strain does remove drawback (i) but has no 
effect upon drawback (ii). The latter drawback arises from the lack of tensile damage in the direction of simple 
compression. It seems unavoidable in any model accounting for anisotropic tensile damage. The only way of 
removing it is to introduce a second internal variable accounting for damage in compression. In fact other 
authors (e.g. La Borderie, 1991 and Comi and Perego, 2001) have already done so in the context of isotropic 
models; the only novelty here lies in the application of this idea to some anisotropic model.     

However, the anisotropic character of damage in compression is debatable. Indeed consider a concrete 
specimen, and assume for simplicity that cracks can be generated in three perpendicular planes only, 1 2x x , 1 3x x  

and 2 3x x . Perform a simple tension test in direction 1x . This loading generates cracks parallel to plane 2 3x x . If 

a tensile stress is applied later in direction 2x , this new loading does not “feel” these cracks : this is the essence 

of damage anisotropy in tension. Now perform a simple compression test in direction 1x . This loading generates 

cracks parallel to planes 1 2x x  and 1 3x x . A compressive stress exerted later in direction 2x  “feels” these cracks 

parallel to plane 1 2x x  but not those parallel to plane 1 3x x . This means that damage in compression is also 
anisotropic, but less so than damage in tension. 

These considerations lead us to propose two versions of the new model. In the first one, damage in tension 
is considered as anisotropic. We then introduce separate tensorial variables tD , cD  for damage created in 
tension and compression, respectively. The expression (5) of the free energy is modified into  

      
2 2 2 2( , ) tr( ) tr( ) tr ( ) tr ( )

2 2 4 4

λ λ μ μ
+ −+ −

Φ , = . + . + . + . + . + .⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦
t c t c t t c cD D B B B B B Bε ε ε ε ε ε ε        

                   
3 3

( 1] ( 1]
1 1

( ) ( ) , , .t c

i i
i i

I D I D
−∞, −∞,

= =

+ + ≡ − ≡ −∑ ∑ t t t tB 1 D B 1 D                 (9) 

In the second version of the model, damage in compression is considered as isotropic. The expression adopted 
for the free energy is the same with the sole extra assumption that the internal variable cD  for damage in 
compression is a multiple of the unit tensor : 
                         , 1 .c c c cd b b d≡ ⇒ ≡ ≡ −c cD 1 B 1                        (10)  

Note that ( , , )Φ t cD Dε  is separately convex with respect to ε  and the global damage variable ( )t cD D,  or 

( , )cdtD  (because for fixed ε , it is a sum of convex functions of tD  alone and cD  or cd  alone).   
A new damage criterion and associated flow rule must now be defined. One can envisage to define either 

separate damage criteria for the two thermodynamic forces associated to the two damage variables, or a single 
criterion involving both forces. There are good arguments in favor of the second solution. First, a simple 
compression test performed in direction 1x  must result in a decrease of the elastic stiffness in tension in the 

perpendicular directions 2x  and 3x , because a tensile stress exerted in direction 2x , for instance, will “feel” 

the cracks parallel to plane 1 3x x  generated by the previous compressive stress in direction 1x . This means that 
the evolutions of the two damage variables should be coupled. Second, adopting separate criteria for these 
variables would imply dealing with two “damage multipliers” in the numerical implementation of the model; this 
would raise great difficulties analogous to those generated in the numerical implementation of Tresca’s criterion 
in plasticity, due to the presence of corner points on the yield surface. We therefore adopt the unique damage 
criterion defined by the following damage function :                               
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          [ ]22 2( , , ) tr ( ) +(1 ) tr ( ) ( ) ,f kα α+ +

∂Φ ∂Φ
≡ − − ≡ − , ≡ −

∂ ∂
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t c t c t c

t c
F F F F F F

D D
ε ε       (11)               

for anisotropic damage in compression and  

           ( ) [ ]2 22( , , ) tr ( ) +(1 ) ( )c c c

c
f F F k F

d
α α+ +

∂Φ ∂Φ
≡ − − , ≡ − , ≡ −

∂ ∂
⎡ ⎤⎣ ⎦

t t t

t
F F F

D
ε ε         (12)   

for isotropic damage in compression. This damage function is convex with respect to the global variable 
( , )t cF F  or ( , )cFtF . The associated flow rule reads  

             
0 if ( , , ) 0

( , , ) 0 , ,
0 if ( , , ) 0

ff f
f

f
η η η

= <∂ ∂
≤ ,

∂ ∂ ≥ =

⎧
⎨
⎩

t c
t c t c

t c t c

F F
F F D = D =

F F F F

ε
ε

ε
        (13)  

or      

            
0 if ( , , ) 0

( , , ) 0 , ,
0 if ( , , ) 0.

c
c c

c c

f Ff f
f F d

F f F
η η η

= <∂ ∂
≤ ,

∂ ∂ ≥ =

⎧
⎨
⎩

t
t t

t t

F
F D = =

F F

ε
ε

ε
       (14)    

This criterion and associated flow rule introduce an extra, non-dimensional material parameter α . This 
parameter governs the relative importance of the evolution of the two damage variables : the larger the value of 
α , the quicker the evolution of tD  with respect to that of cD  or cd . In practice, the evolution of tD  should 
be quicker than that of cD  or cd , otherwise a simple tension test performed in direction 1x  would result in a 

significant degradation of the elastic stiffness in compression in the perpendicular directions 2x  and 3x , which 
is an undesired feature since cracks generated in tension are only slightly opened and thus should not 
significantly affect the subsequent behavior in compression. This means that the value of parameter α  should 
be chosen close to unity.   

 
3.3. Introduction of blocked energies in tension and compression  

   
Finally drawback (iii) will be removed by modifying the expression (9) of the free energy into 

      
2 2 2 2( , ) tr( ) tr( ) tr ( ) tr ( )

2 2 4 4

λ λ μ μ
+ −+ −

Φ , = . + . + . + . + . + .⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦
t c t c t t c cD D B B B B B Bε ε ε ε ε ε ε        
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( 1] ( 1]
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i i
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I D I D
−∞, −∞,

= =

+ + + Φ∑ ∑                                     (15) 

            
( ) ( )

( ) ( )

2 2

2 2

tr tr for anisotropic damage in compression
2 2

tr for isotropic damage in compression
2 2

t c

blocked

t c
cd

γ γ

γ γ

+

Φ =

+

⎧ ⎡ ⎤ ⎡ ⎤⎪ ⎣ ⎦ ⎣ ⎦⎪
⎨
⎪ ⎡ ⎤

⎣ ⎦⎪⎩

t c

t

D D

D

    (16) 

where tγ  and cγ  are two new material parameters. This modification of course preserves convexity. The 

quantity blockedΦ  represents the energy “blocked” in the system, that is that part of the free energy which cannot 
be recovered upon unloading. The existence of such an energy arises physically from the fact that the cracks 
generated by damage in tension, and even more so by damage in compression, do not completely close up upon 
unloading; this generates residual stresses which store elastic energy.  

Since the blocked energy is independent of the stresses, it does not modify the mechanical behavior prior to 
initiation of damage. Once damage has begun, however, it tends to lower the values of the thermodynamic forces 
through the additional terms /blocked−∂Φ ∂ tD  and /blocked−∂Φ ∂ cD  or /blocked cd−∂Φ ∂ , and this delays the 
development of damage. Thus changing the values of tγ  and cγ  allows to adjust the post-peak slope of the 
stress-strain curves in simple tension and compression, without modifying the peak stresses themselves. 
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4. EXPERIMENTAL DETERMINATION OF MODEL PARAMETERS 
 
4.1. Procedures for model parameter determination 
 

The model includes six material parameters : the coefficient α  governing the respective contributions of 
the two thermodynamic forces associated to the two damage variables in the expression (11) or (12) of the 
damage function, the constants 0 1 2, ,k k k  of the expression (8) of the damage threshold, and the parameters 

,t cγ γ  defining the blocked energies in tension and compression (equation (16)). These parameters can be 
determined from the results of standard tests. The minimum information required consists of the experimental 
stress-strain curves in simple tension and compression.    

A value of 0.87  for parameter α  has been observed to yield satisfactory results for all concretes 
considered in this work. It is sufficiently high to warrant significant tensile lateral damage in a simple 
compression test, but negligible compressive lateral damage in a simple tension test. 

Parameter α  being fixed, parameters 0k  and tγ  can then be determined almost independently of 

1 2,k k  and cγ  by considering the stress-strain curve in simple tension. Indeed in such a test ( )tr
−

ε  is zero so 

that 0k k= , and cγ  appears only in the expression of the thermodynamic force cF  or cF  but this force has 

a marginal influence upon the damage function ( , , )f t cF F ε  or ( , , )cf FtF ε  since α  is close to unity. 

Parameters 0k  and tγ  both influence the position of the stress peak and the slope of the subsequent stress 

drop so that they must be determined simultaneously ( tγ  has no influence on the onset of damage, but the stress 
peak may occur well beyond this onset).  

Parameters 0k  and tγ  being fixed, parameters 1 2,k k  and cγ  may finally be determined using the 
stress-strain curve in simple compression, plus the failure envelope in biaxial tension/compression if available. 
Parameters 1k  and cγ  influence the position of the stress peak and the slope of the subsequent stress drop in a 
simple compression test, and must be determined simultaneously. If the failure envelope in biaxial 
tension/compression is not available, parameter 2k  cannot be determined; one should then either discard the 

term ( )[ ]2Arc tan tr / k
−

− ε  in the expression (8) of the damage threshold k , or use typical 2k − values 

provided below. If the failure envelope in biaxial tension/compression is available, it is easy to determine 2k  
because this parameter has a notable influence on the shape of this envelope in the vicinity of the upper right 
corner corresponding to equibiaxial tension.   

We shall now illustrate these procedures by applying them to experimental data provided by various authors. 
These data unfortunately correspond to different concretes; no complete set of data (consisting of stress-strain 
curves in tension and compression plus the failure envelope in biaxial tension/compression) seems to exist for a 
given, fixed concrete. Therefore, when using some data to determine some parameters, we shall use for the other 
parameters which cannot be determined from these data, “reasonable” values corresponding to some other 
concrete for which the necessary data are available. All simulations will use the second version of the model 
proposed, in which damage is assumed to be isotropic in compression (but anisotropic in tension). The finite 
element program Code_Aster developed by Electricite de France will be used. 
 
4.2. Simulation of the stress-strain curve in simple tension 
 

The reference used here is a simple tension test performed by Bazant and Pijaudier-Cabot (1989), whose 
experimental apparatus was especially designed to minimize, if not completely eliminate, strain localization 
phenomena. The parameters used in the numerical simulation are 30.0 GPaE = , 0.2ν = , 0.87α = , 

4

0 3.0 10 MPak −=  and 3 37.0 10 MJ mtγ − −= . Figure 3 shows the results obtained, which are quite 
satisfactory. 
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Figure 3 : Comparison of the predicted stress-strain curve in simple tension 

with the experimental data of Bazant and Pijaudier-Cabot (1989) 
 
4.3. Simulation of the stress-strain curve in simple compression 
 

The reference here is a cyclic compression test performed by Ramtani (1990). Since our focus is not on 
cyclic effects, we just want to reproduce the envelope of the cyclic curves, which we assume to correspond to the 
monotonic behavior. The parameters used are 33.7 GPaE = , 0.2ν = , 0.87α = , 4

0 3.0 10 MPak −= , 

1 20.5 MPak = , 4

2 7.0 10k −= , 3 37.0 10 MJ mtγ − −=  and 2 36.0 10 MJ mcγ − −= . Figure 4 shows the results 
obtained. One can see that unlike the one-variable model, the new one with two internal variables is able to 
satisfactorily reproduce experimental results in simple compression. 

 
Figure 4 : Comparison of the predicted stress-strain curve in simple compression 

with the experimental data of Ramtani (1990) 
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4.4. Simulation of the failure envelope in biaxial tension/compression 
 

Experimental curves representing the ultimate stress in biaxial tension/compression tests have been 
determined for a number of concretes by Kupfer et al. (1969). The stresses are normalized in their diagram by 
the maximum stress (noted pβ ) in simple compression. The results corresponding to various concretes then 
almost fall on a single curve. A single numerical simulation is thus performed, with the following parameters : 

32.0 GPaE = , 0.2ν = , 0.87α = , 4

0 3.0 10 MPak −= , 1 10.5 MPak = , 4

2 6.0 10k −= , 
3 310 MJ mtγ − −=  and 2 36.0 10 MJ mcγ − −= . Figure 5, left shows Kupfer et al. (1969)’s results, and Figure 5, 

right compares them to those of the numerical simulation. The numerical curve closely matches the experimental 
one near the upper right corner corresponding to equibiaxial tension; eliminating parameter 2k  would result in a 
more wavy numerical curve not resembling the experimental one. The agreement is somewhat less satisfactory, 
although still acceptable, near the lower left corner corresponding to equibiaxial compression; it could be 
improved by adopting a more complex dependence of the damage threshold k  upon the strain.  

 

 
 

Figure 5 : Failure envelopes in biaxial tension/compression 
Left : experimental data of Kupfer et al. (1969); right : numerical simulation 

 
 
5. APPLICATION : NUMERICAL SIMULATION OF THE FAILURE OF SOME CONTAINMENT 
VESSEL 
 
5.1. Presentation of the problem  
 

The model developed will finally be applied to the numerical simulation of failure of a containment vessel 
made of concrete and subjected to some large internal pressure. This containment vessel is used in French 1300 
MW nuclear power plants. It is a cylinder of internal radius 22.5 m , external radius 23.4 m  and thickness 
90 cm , but in fact only a small portion of it, of width (at mid-thickness) 2.4 m  and height m2 , is meshed. It 
contains both passive (initially stress-free), horizontal and vertical steel armatures and prestressed, horizontal and 
vertical steel cables. The loading includes the weight of the zone meshed, the weight of that part of the vessel 
located above it, the horizontal and vertical tensions in the prestressed cables, and the internal pressure. The 
value of this pressure is purely theoretical; it is much larger than that actually experienced by the structure, even 
during periodic pressure tests. 

Simulations based on the model presented in Section 3 will use the second version of this model, based on 
the assumption of isotropic damage in compression (but anisotropic damage in tension). The following 
parameters will be used : 31.0 GPaE = , 0.22ν = , 0.87α = , 4

0 2.8 10 MPak −= , 1 17.0 MPak = , 
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4

2 7.0 10k −= , 30 MJ mtγ −=  and 2 36.0 10 MJ mcγ − −= .  
In order to assess the importance of accounting for the anisotropy of damage, simulations will also be 

performed using a simpler variant of the model due to Badel (2001), based on the assumption of isotropic 
damage in tension (and absence of damage in compression, but this is of no importance here because there is no 
such damage in this application). This other model is based on the hypothesis of a free energy of the form   

                  ( ) ( ) ( ) ( )2 2 2 21 1
( , ) tr tr tr tr

2 1 2 1

d d
d

d d

λ λ
μ μ

γ γ + −+ −

− −
Φ = + + +

+ +
ε ε ε ε ε             (17) 

and of a damage function of the form  

               [ ] ( )22

0 1( ) ( ) ( ) , , ( ) trd d d
Ff F F k k k k

d+ −

∂Φ
≡ − ≡ − = −

∂
ε ε ε            (18)             

where 0, kγ  and 1k  are material parameters. The values used in the simulations are 31.0 GPaE = , 

0.22ν = , 3.1γ = , 3

0 5.48 10 MPak −=  and 1 4.0 MPak = . (The values of 0k  and 1k  are different from 
those used in the simulations based on the model of Section 3, but correspond to the same values of the peak 
stresses in simple tension and compression, namely 3.0 MPa  and 40.0 MPa− ).   

Again, all simulations will use the finite element program Code_Aster developed by Electricite de France. 
 
5.2. First simulation  
 

We first perform calculations, using both the “anisotropic” model of Section 3 and Badel (2001)’s 
“isotropic” one (the words “anisotropic” and “isotropic” here refer to damage in tension) defined by equations 
(17) and (18), for values of the horizontal and vertical tensions in the cables (of diameter 81 mm) of 
5.28 MN and 6.93 MN , respectively.  

Figure 6 shows the internal pressure as a function of the variation of the internal radius of the structure 
during the pressure test, in both calculations. (The reason why this variation is initially nonzero is that at the 
“initial” instant here, some of the loads, namely the weights and the tensions of the prestressed cables, are 
already present. Also, the seemingly meaningless zigzag patterns here and in other curves shown below are real 
and arise from multiple snap-backs which are carefully accounted for in the calculation).  

 
Figure 6 : First simulation – Internal pressure versus variation of internal radius of the 

structure 
 

In this problem, damage essentially arises from the tensile circumferential stress, which is larger than the 
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axial stress. The fact that the “critical” pressure corresponding to onset of damage is the same in the two 
simulations arises from the fact that the peak stresses in simple tension are the same, even though the models 
used are different. Clearly, the curve considered here is not sensitive to details of the model used but only to its 
main feature, that is the value of the peak stress in tension. 

 
Figure 7 displays the variation of height of the structure as a function of the variation of its internal radius. 

(Again, the variation of height is initially nonzero, for the same reason as above). Again, the two models yield 
almost identical results, but on this curve, this similarity is surprising at first sight. Indeed, in the “anisotropic” 
model, since the axial stress is smaller than the circumferential stress, axial damage develops less significantly 
than circumferential damage, so that it seems that the reduction of elastic stiffness should be less important in the 
axial direction than in the circumferential direction. On the other hand, in the “isotropic” model, the development 
of damage and the resulting reduction of stiffness are identical in all directions. Thus the vertical expansion of 
the structure should be more important for the “isotropic” model, in contradiction with what can be observed on 
Figure 7. 

 
Figure 7 : First simulation – Variation of height of the structure versus variation of internal 

radius 
 
The explanation of this apparent “paradox” lies in the phenomenon of crack closure in compression. Indeed 

the tension of the vertical cables is so large that the axial stress always remains compressive, even for the largest 
internal pressure applied. Since both models account for crack closure in compression, they predict no effect of 
damage, be it anisotropic or isotropic, upon the vertical stiffness, and this is why they predict identical variations 
of height.  

Thus, in this first simulation, there is no significant difference between the predictions of the two models. 
However, the calculations do point out the relevance of incorporation of asymmetry between tension and 
compression. Indeed disregarding this asymmetry would result in wrongly predicting a significant reduction of 
stiffness in the axial direction and a significant increase of height of the structure. This would mean 
underestimating its resistance to fracture.    

 
5.3. Second simulation  
 

We shall now repeat the previous calculations but with a smaller tension in the vertical cables, 4.5 MN  
instead of 6.93 MN . The axial stress will then be positive for the maximum value of the internal pressure 
applied, so that crack closure should no longer occur and differences between the predictions of the two models 
should appear. 

Figures 8 and 9, analogous to Figures 6 and 7, display the results obtained. Again, the two models predict 
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the same (pressure vs. variation of radius) curve because it essentially depends on the value of the peak stress in 
simple tension and nothing else. However the (variation of height vs. variation of radius) curves are markedly 
different; the final steep increase of the height of the structure, which marks its ultimate failure, occurs earlier in 
the calculation based on the “isotropic” model. This is because this model is in essence unable to account for the 
fact that axial damage, due to horizontal cracks, develops more slowly than circumferential damage, due to 
vertical cracks, since the axial stress is smaller than the circumferential stress. Thus again, adopting a less 
realistic model leads to underestimating the resistance of the structure to fracture.     

 
Figure 8 : Second simulation – Internal pressure versus variation of internal radius of the 

structure 

 
Figure 9 : Second simulation – Variation of height of the structure versus variation of 

internal radius 
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