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ABSTRACT 

The useful life of metallic structures is many times governed by fatigue processes caused by vibrations or by 
application of dynamic loads, periodic or not. Many times the amplitude of the alternated stress applied to a 
structural component can vary during its useful life. In this situation the direct use of S-N-P curves cannot be done 
because they are generated on the basis of alternated stress with constant amplitude. Several theories have been 
developed during the last times, where some are deterministic and other probabilistic, in order to give a component 
designer a more efficient and correct tool for approaching the problem. They are called Theories on Damage 
Accumulation. The phenomenon of creating damages represents the generation of superficial discontinuities 
caused by micro-cracks or by volumetric cavities [Lemaitre and Chaboche, 1985]. In the continuous mechanics, 
the superficial density of micro-defects (micro-cracks or cavities) inside the shear plan of the representative 
element volume of the sample is the variable used to quantify the damage. 

A methodology for evaluating damage accumulation using average of stresses is proposed in this paper. 
Results obtained for a 50% failure probability are presented and are compared to those values obtained using the 
theories of Palmgren-Miner, Henry, Corten-Dolan, Marine, Manson, and Knee-point. 

 
Keywords: Fatigue damage, cumulative damage, fatigue 

 

1. INTRODUCTION 
Fatigue is considered an important factor in the failure of components and structures in several engineering 

applications. Many times the alternated stress amplitude applied to the component is not constant during its useful 
life. In this case, the S-N-P curves cannot be directly used, because their constructions are based on alternated 
stresses with constant amplitude and with zero mean stress. 
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S-N-P curves are obtained by test and can be used to determine the useful life associated to a given probability 
of failure for a determined material, submitted only to fatigue [Mansur, 2003]. 

Several deterministic and probabilistic theories on damages and on damage accumulation have been 
developed in order to give the designer of components a more efficient and correct tool for determining of the 
Fatigue’s Life of a structural component [Mansur et al, 2002]. 

Progressive deterioration of materials due to high cycle fatigue is considered as damage in this paper. It is a 
process very different from plastic deformation, although the initial causes of both phenomena are identical: 
movement and accumulation of dislocations in the metal. 

A material is said to be free from damages if it has no cracks and cavities in a macroscopic scale. The final 
stage of the damage is the rupture of the volume element submitted to fatigue. 

Damages caused by fatigue increase with the application of cycles of loading in a cumulative way and could 
induce a component or the whole structure to fail. 

Damages accumulated by fatigue are old problems and not yet solved. Several linear an non-linear models are 
available for evaluating the useful life of structural components submitted to fatigue. In 1945, Miner expressed this 
concept in a mathematical formulation [Mansur, 2003]. Ever since, "damages accumulated by fatigue" have been 
receiving increasing attention and, as a result, many works have been published every year and many models 
proposed for damages accumulated by fatigue. 

A new approach based on average of the stresses is proposed in this paper and results are compared to those 
obtained using the theories of Palmgren-Miner, Henry, Corten-Dolan, Marin, Manson, and Knee-point. 

SAE 8620 steel was the material chosen for this study. Theories are compared considering a 50% failure 
probability. 

2. PHENOMENOLOGICAL ASPECTS OF DAMAGE 
The definition of a variable that can characterize the damage is a complex problem. It is difficulty to 

distinguish macroscopically a volume element strongly damaged from others with no damage. It is necessary to 
use a representative variable of the state to characterize the deterioration of a material. Micro-cracks and cavities in 
the microstructure of the material, global physical quantities (density and electric resistivity of the material) and 
mechanical properties (elasticity, plasticity, and viscoplasticity) are examples of these variables. 

Dimensional measurement of micro-cracks and cavities and the variations of such physical quantities and 
mechanical properties are forms of quantifying damages. 

A finite volume element isolated from a reference solid with dimensions sufficiently big to contain the 
heterogeneities in the material is used to define damage. Figure 1 illustrates a damaged element. 

 

Fig.1 Damaged element [Lemaitre, 1985]. 
In order to formulate he theory consider t A  as the area of the transversal section of the volume element, 

represented by its normal n
ρ

and that in this section damages are present as cracks and cavities. 
Consider also A  as the effective resistant area ( )AA > , taken into account the areas of cracks and cavities, 

stress concentrations and interactions among neighboring defects and  as the total area of the group of defects, 
considering also the effects of stress concentrations and the interactions among them. This formulation can be 
mathematically expressed in Eq. 1. 

DA

AAAD −=  (1) 
By definition, the damage  is represented by Eq. 2 [Lemaitre, 1985]. D

A
A

D D=  (2) 
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If , the material is considered not damaged 0=DA ( )0=D  and if 1=DA  the volume element is broken into 
two parts, according to a plan normal to  ( ) . n

ρ
1=D

3. ELEMENTARY LAWS OF FATIGUE DAMAGES 
Fatigue damages correspond to nucleation and growth of micro-cracks, generally intra-crystalline, in metals 

under the effects of cyclic stresses, until the initiation of macroscopic cracks [Lemaitre and Chaboche, 1978; 
Chaboche, 1981]. The phenomenon appears even when the material is submitted to stresses in level smaller then 
the yield stress of the material. 

Eq. 3 expresses linear damage evolution in a fatigue test [Lemaitre and Chaboche, 1985]. 

f

i

N
n

D =  (3) 

where  is the number of cycles imposed on a material under the stress in iσ  and  is the number of cycles 
that leads the material to fracture at the same stress 

fN

iσ . 
The linear accumulation rule is still applied to a non-linear damage evolution since a biunivocal relationship 

between the damage and 
f

i

N
n  exist [Lemaitre and Chaboche, 1985] or if the curve of damage evolution is unique 

(independent of the applied cycle) and given as function of 
f

i

N
n . 

The effect of non-linear accumulation given in function of 
f

i

N
n  exists if the curves of damage evolution 

depend on the applied load, as shown in Fig. 2. 

 

Fig.2 Evolution and accumulation of non-linear damage [Lemaitre and Chaboche, 1985]. 
In Fig. 2, D  represents the final damage stage on curve 1 1σ . The damage evolution continues in the second 

stress level 2σ , from the same stage . The sum of the damage fractions is smaller then the unit. 1D

1
2

2

1

1 <+
ff N

n
N
n  (4) 

4. SOME THEORIES ON DAMAGE ACCUMULATION 
Damages caused by fatigue increase with the application of cycles of loading in a cumulative way and could 

lead a component or the whole structure to fail. 
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More than 70 years ago Palmgren proposed what is now known as linear rule. Miner expressed this concept in 
a mathematical formulation in 1945 [Collins, 1993]. 

Some of the main theories on damage accumulation considered in this paper are presented in the following 
items. 

4.1 Palmgren-Miners’s Theory 
Palmgren-Miner’s theory was the first one proposed to study damage accumulation. It is a linear theory and 

because its simplicity is widely used. 
The theory [Collins, 1993] states that the damage fraction for a certain stress level is given by Eq. 5 

i

i
i N

nD =  (5) 

where  is the number of cycles applied to the component under the stress in iσ ,  is the number of cycles 
obtained from the S-N-P curve, corresponding to the stress 

iN

iσ . 
Palmgren-Miner’s theory states that the failure of the component occurs when the sum of the damages ( )tD  is 

equal or higher than 1. 

tD 1≥  (6) 

tD =  (7) nDDD +++ ...21

Palmgren-Miner’s proposal [Collins, 1993] is very easy to be applied but it doesn't take into account the order 
of load application. 

4.2 Henry’s Theory 
The theory on damage accumulation proposed by Henry [Henry, 1955] is based on the hypothesis that the 

original S-N curve is altered by the damages accumulated when the component is submitted to fatigue loads. 
The theory states that the fatigue limit of the material changes when it is submitted to fatigue and that damage 

is expressed by Eq. 8. 

eo

eDeo

S
SSD −

=  (8) 

where  is the damage,  is the original fatigue limit, S  is the fatigue limit altered by the damage. 
Henry managed this expression and produced Eq. 9. 

D eoS eD

)1()(1
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i

eoa

eo

i

i

N
n

S
S

N
n

D
−×

−
+

=

σ

 (9) 

where aσ  is the applied stress,  is the number of cycles under the stress in aσ ,  is the number of cycles in 
S-N-P curve, corresponding to 

iN

aσ . This theory states that the failure of the component occurs when the damage is 
the equal to 1. 

1=
i

i

N
n  is then obtained considering damage equal to 1 in Eq. 9. 

This means that the number of cycles applied to the component is the equal to the number of cycles obtained 
from the S-N-P curve modified by the damages. 

4.3 Corten-Dolan’s Theory 
The theory of damage accumulation proposed by Corten-Dolan [Collins, 1993] is based on six hypotheses, 

described as follows: 
1. a nucleation period (possibly a few number of cycles) may be required to initiate permanent fatigue damages; 
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2. the number of nuclei of damage grows with the increase in the stress level; 
3. damages for a given stress amplitude grow with the increase in the number of cycles; 
4. the rate of damages per cycles grows with increasing stresses; 
5. the total damage that leads the component to failure is a constant for all load histories that can be applied; 
6. damage will continue propagating at stress levels lower than the minimum stress required to initiate this 

damage. 
The accumulated damage is given by Eq. 10. 
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where,  is the number of cycles applied to the component under the stress 1n a1σ ,  is the number of cycles 
obtained from the S-N-P curve for the largest stress amplitude, n  is the number of cycles applied to the 
component under the stress 

1N

2

a2σ , a1σ  is the larger applied stress amplitude, a2σ  is the second larger stress 
amplitude, ...2 >> a1a σσ naσ  and  is a material constant equal to 6.57 for the steel [Collins, 1993]. d

Failure of the component is assumed to occur when =1. D

4.4 Marin’s Theory 
The theory on damage accumulation proposed by Marin is based on the relationship among damages as 

function of the rate of cycles and changes in the S-N-P curves due to damage accumulation. 
The theory is based on a family of curves with constant damages, where S-N-P curve for the material free of 

damages is the curve of constant damages and equal to 1. 
Other curves of constant damages can be established using the intersections of the curves of damages in 

function of 
N
n  [Collins, 1993] for a determined damage. The expression for the accumulated damage is given by 

Eq. 11. 
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where xyq −=  and  (from the Corten-Dolan’s Theory), dy = 1aσ  is the amplitude of the maximum applied 
stress, aiσ  is the applied stress,  is the applied number of cycles and  is the number of cycles from the S-N-P 
curve, for the applied stress 

in

i

iN
σ . 

)log(log
)log(log

12

21

aa

NNx
σσ −

−
=  (12) 

Failure is assumed to occur when . 1=D

4.5 Manson’s Damage Theory 
In Manson’ theory ([Collins, 1993], [Manson, 1966]), the basic hypothesis is that the damage accumulation 

can be divided into two parts: 
1. damage initiation; 
2. damage propagation until the rupture of the component. 

In each one of these two steps, Manson’ theory consider to exist a linear behavior. The Manson’ theory can be 
summarized in Eq. 13 and Eq. 14. 

6.014 fp NN ×=  (13) 

where  is the number of cycles necessary to propagate the crack until the failure, once started and  is 
the number of cycles until the failure. 

pN fN

6.014 ff NNN ×−=′  (14) 
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where  is the number of cycles necessary to initiate the cracks, N ′ N ′  is given by equal to Eq. 14 for >730 
cycles, and = 0 for 

fN
N ′ 730≤fN  cycles. 

∑
=

=
′

m

i i

i

N
n

1
1  predicts the beginning of failure. (15) 

∑
=

=
q

j jp

j

N
n

1
1

)(
 predicts failure propagation. (16) 

4.6 Knee-point’s Theory for Curves S-N-P 
This theory [Subramanyan, 1976] is based on the hypothesis that the changes occurred as result of fatigue 

cycles are continuous and that the number of cycles necessary to reach a determined damage stage, at different 
stress levels, when plotted on a diagram of stress amplitude versus log N, generate a soft curve. This curves is 
called iso-damage and converge to the fatigue limit of the material. In summary, these are the fundamentals of the 
proposed theory. 

S-N curve for the material is then the highest limit of the damage. 
A group of straight lines starting from the Knee-point is then a group of iso-damage lines that represent curves 

of constant damages obtained by test. 
Damage is defined as the relation between the inclination of the iso-damage line and the limit value for the 

inclination of the S-N-P curve. Damage is then given by Eq. 17. 

)log(log
)log(log

ik

ik
i nN

NND
−
−

=  (17) 

where  is the number of cycles corresponding to the point K (knee-point), N  is the number of cycles 
obtained from the S-N-P curve, corresponding to the amplitude of the applied alternated stress, and n  is the 
number of cycles applied to the material under the stress

kN i

i

iσ . 
Failure is assumed to occur when the sum of the individual damages is the equal to 1. 

5. THEORY ON THE AVERAGE OF STRESSES - A.S THEORY: A METHODOLOGY PROPOSED 
FOR COMPUTING DAMAGES 

After theoretical studies and experimental verifications of the selected theories, it was observed that none of 
them took into account, in a clear and objective way, the stresses history. The total damage is obtained by the sum 
of partial damages Di. Each portion of the damage Di is obtained by the relation between the number of cycles 
under an applied alternated stress iσ  and the expected life. Starting from the second portion, the number of cycles 
is then multiplied by the arithmetic average of the applied stress. This operation has the purpose of taking into 
account the effect of the previously applied stresses. In the attempt of proposing a theory that could take into 
account the stresses involved in damaging the materials by fatigue, Eq. 18 is than suggested. 
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In this theory, the arithmetic average of the stresses in the generation of damages caused by fatigue is taken 
into account.  is the number of the cycles of alternated stresses1n 1σ  to which the specimens were submitted and 

 is the number of cycles corresponding to the component life under this stress obtained from S-N-P curves, and 
so forth. 

1N
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6. METHODOLOGY 

6.1 Fatigue limit 
To compare the several theories presented in item 4, S-N-P curves for the SAE 8620 steel were plotted and 

specimens were submitted to several loading stresses. The fatigue limit of the material was determined using the 
UP-AND-DOWN method [Collins, 1993]. In this method, a group of, at least 15 specimens, was selected for 
performing the tests. The first specimen is tested in a stress level higher than the expected resistance, until it fails or 
reaches the predetermined useful life. If the specimen fails before reaching the useful life, the stress is decreased of 
a pre-selected value and the second specimen is tested in this new stress. If however the specimen reaches the 
useful life without occurrence of failure, an increase in the stress equal to the pre-selected value is given and the 
second specimen is tested in this new stress level. The other tests follow this methodology, where each specimen is 
submitted to stress levels smaller or higher than its predecessors, considering or not the occurrence of failure. 

Tensile testes were used for determining the mechanical properties of the material. 

6.2 Determination of the S-N-P Curves 
Twenty specimens were used for plotting the S-N-P curves, divided into 5 groups, for the following alternated 

stresses: 297 MPa, 258 MPa, 217 MPa and 198 MPa. 2x106 was the number of cycles taken as infinite life. The 
tests were performed in a rotating bending-fatigue machine with specimens refrigerated during the tests. 

After performing the tests, the lognormal distribution was used for determining the S-N-P curves using an 
appropriated statistical software. 

6.3 Fatigue limit 
The fatigue limit was determined using 18 specimens and the UP-AND-DOWN method. 

6.4 Specimen used in the fatigue tests 
A rotating bending-fatigue test, a simple method for determining the fatigue properties, with zero mean stress, 

was chosen for fatigue test. 
The geometry of the specimen used in the rotating bending-fatigue test is shown in Fig. 3. The specimen was 

machined using a device with numeric control. 
The geometry and superficial finishing of each specimen followed the suggestion of R. Cazaud [Cazaud, 

1957], ASTM AND 466-96, [1996], and norm DIN 50113, [1982]. 
All specimens were submitted to the same preparation procedure. 

 

Fig.3 Geometry of the specimen used in the rotating bending-fatigue test (dimensions in mm). 
Machine shown in Fig. 4 was used for performing the tests. 
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Fig.4 Rotating bending-fatigue test machine. 

6.5 Damage generation 
The introduction of damages in the specimen tested in the rotating bending-fatigue machine had as purpose to 

study several available damage theories. The results obtained in these tests will also allow proposing a new way of 
evaluating the damage accumulation. The number of applied cycles corresponds to 30% of the number of cycles 
predicted for the rupture of the specimen with a 1% failure probability. 

To study the damages, three specimen groups were submitted to three different stress levels, described as 
follows: 
1. loading with stress applied in a decreasing sequence; 259 MPa, 236 MPa, 217 MPa, 198 MPa; 
2. loading with stress applied in a increasing sequence; 198 MPa, 217 MPa, 236 MPa, 259 MPa; 
3. loading with stress applied alternately. Sequence 1: 259 MPa, 198 MPa, 236 MPa and 217 MPa; 
4. loading with applied stress alternately. Sequence 2: 198 MPa, 236 MPa, 217 MPa, 259 MPa. 

7. EXPERIMENTAL RESULTS 

7.1 S-N-P curves 
After performing the tests and using an appropriate statistical treatment with the Log normal distribution, 

Eq.12 was then obtained for S-N-P curves with a 50% failure probability: 

Nbaa log+=σ  (12) 

where  MPa,  MPa,  is the amplitude of the applied alternated stress and N  is the 
number of cycles in S-N-P curve corresponding to each applied stress. 

605=a 66−=b aS

7.2 Fatigue limit 
The fatigue limit using the UP-AND-DOWN method was 194 ± 5 MPa. 

7.3 Damage generation 
Tables 1, 2, 3 and 4 show the applied loads. 
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Table 1. Loading with stress applied in a decreasing sequence. 

Number of cycles for the applied alternated stresses Specimen 
number 259 MPa 236 MPa 217 MPa 198 MPa 

1 22,989 51,649 100,611 780,482 
2 28,758 51,493 100,593 625,662 
3 22,953 51,708 100,576 161,401 
4 22,965 51,577 100,585 1,799,476 
5 22,953 51,570 101,091 1,127,731 
6 22,958 51,598 100,596 1,547,665 
7 22,646 51,497 101,429 1,660,861 
8 22,950 51,571 100,474 413,915 
9 22,948 51,574 100,599 744,842 

Table 2. Loading with stresses applied in an increasing sequence. 
Number of cycles for the applied alternated stresses Specimen number 198 MPa 217 MPa 236 MPa 259 MPa 

1 19,5918 100,520 51,538 89,260 
2 19,5926 100,548 51,525 153,584 
3 19,5931 100,519 51,499 152,921 
4 19,5921 100,531 51,541 83,916 
5 19,5916 100,527 51,526 128,374 

Table 3. Loading with stress applied alternately - Sequence 1. 
Number of cycles for the applied alternated stresses Specimen number 259 MPa 198 MPa 236 MPa 217 MPa 

1 25,023 200,027 60,131 588,670 
2 25,070 200,050 60,118 105,560 
3 25,018 200,053 60,020 396,228 
4 25,042 200,050 61,270 382,600 
5 25,825 201,060 61,121 273,380 
6 25,024 200,138 60,050 300,334 

Table 4. Loading with stress applied alternately - Sequence 2. 

Number of cycles for the applied alternated stresses 
Specimen number 

198 MPa 236 MPa 217 MPa 259 MPa 
1 200,326 60,051 100,252 680,063 
2 200,067 60,057 100,010 29,163 
3 200,212 60,034 100,051 129,483 
4 200,024 60,017 100,083 185,701 
5 200,022 60,014 23,638 (fractured) XXXXXXXX 
6 200,171 60,027 100,019 31,694 

7.4 Application of the Average of Stresses Theory - A.S Theory 
In Fig. 5, results of this theory are presented for specimens tested in rotating bending-fatigue machine. In this 

Figure, FP means Failure Probability. 
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Fig. 5 Results from the application of the A.S Theory. 

7.5 Comparison among the Theories on Damage Accumulation used in this paper 

The data used for comparing the results of the several studied theories are grouped in Fig. 6, for a 50% failure 
probability. In this Figures. “I” means increasing, “D” decreasing, S1 sequence 1 and S2 sequence 2. The theories 
were tested for the following loading conditions: increasing, decreasing and alternated stresses (sequences 1 and 
2). 

-3
-2
-1
0
1
2
3
4
5
6
7
8
9

10
11
12
13

P-Miner Henry C-Dolan Marin Manson K-Point A.S

Damage theories
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50%I 50%D 50%S1 50%S2  

Fig.6 Comparison among theories on damage accumulation for a 50% failure probability. 

8. CONCLUSIONS 
The studied theories takes into account the number of the cycles predicted from the S-N-P curves. Any life 

prediction has to be therefore associated to a failure probability. 
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Based on Fig. 5, it can be said that the proposed theory is conservative for a 1% failure probability, 
approximately real for a 50% failure probability and non-conservative for a 99% failure probability. 

The proposed theory has behavior similar to Palmgren-Miner’ Theory, for a 50% failure probability. 
Results expected from the theories are presented in Figure 6, based on data with a 50% failure probability. 

Good results in predicting failure are obtained with the application of the theories of Palmgren-Miner, 
Corten-Dolan, Marin, Knee-point and with the proposed A.S Theory. Palmgren-Miner and the proposed A.S 
theory presented better results. Manson’ theory gives results higher than those obtained with the A.S Theory. The 
results of Henry's theory oscillate a lot depending on the sequence of loading application. 
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