
Transactions, SMiRT 21, 6-11 November, 2011, New Delhi, India Div-I: Paper ID# 132 
 

Modeling of the Dynamics of the Nucleation and Growth of Cracks 
Initiated Due to Stress in Materials 
 
Dr. Appajosula S.  Rao* 
Code 612 
Naval Surface Warfare Center 
West Bethesda, MD 20817. 
*Now at Corrosion and Metallurgy Branch 
Division of Engineering, Nuclear Regulatory Research 
US Nuclear Regulatory Commission 
Rockville, MD 
e-mail: appajosula.rao@nrc.gov 

 
ABSTRACT 

 
 A generalized mathematical model relating the process parameters (viz. the applied stress, defect 
structure and the density of the defects produced) and the reaction time was developed.  This model is 
expected to predict the probability of local failure of the material under applied stress during deformation 
process.  The present model was successfully applied to estimate the probability of failure of nickel 
aluminum bronze surface layers during corrosion in ammonia and seawater system under applied external 
stress.  
 
INTRODUCTION 
 

Process modeling is an efficient method to understand a specific process and optimize the process 
variables.  Modeling requires training of a data set (obtained experimentally and or determined using a 
sequence of logical functionalities) followed by the re-representation of the derived conclusions in terms of 
a dependable mathematical relationships. For example, during simple corrosion of a metal, although one 
observes the formation of an oxide layer on the metal surface, other properties such the electrochemical 
potential, structure and mechanical strength also change.  Since these properties are related to the chemistry 
and physics of the metal, it is possible to correlate all these inter-dependent properties. Earlier a model was 
developed to ascertain some fundamental relationships between the rate of corrosion and the order of the 
chemical reaction and the nature of the oxide film for nickel aluminum bronze (NAB) in ammonia or 
seawater [1-3]. However, in that model, the effect of the application of any external stress on corrosion of 
NAB was not considered. 

 
Tensile stress and presence of aqueous ammonia promotes stress corrosion cracking in nickel 

aluminum bronze (NAB) and many other copper alloys. Stress corrosion cracking (SCC) has been observed 
in wrought NAB weldment in service.  Samples that were tested in ammonia/seawater exhibited more 
corrosion than those tested in seawater only.  Although, it was suggested that the cracking is due to the 
differences in the microstructure of NAB (viz. the kappa phase of the dispersed particles; and the matrix 
phase of NAB), it was shown that the primary cause for the cracking of NAB is due to the difference in the 
electrochemical behavior of different constituents in the alloy [2].  

  
In addition, the NiAl (kappa 3) precipitates also contain some Fe and Cu; and the Fe3Al 

precipitates contain some Ni and Cu as impurities.  The NiAl and Fe3Al precipitates have two primary 
morphologies, (spherical, often with a Fe3Al center, and lamellar, outlining the prior beta grains); and the 
Fe3Al (kappa 2 and kappa 4)   usually cuboidal or cruciform but may be dendritic.  Since the structure of 
kappa phase is not only different to the matrix phase of Cu-Ni alloy, but also is very complex, the presence 
of the kappa phase is expected to produce internal lattice strain.  These stresses are responsible for the 
cracking of NAB.  Although these arguments are valid, they do not provide the information of the local 
stress and or the stress concentration.  Therefore a systematic stress analysis based study is important to 
understand the failure mechanism of NAB during corrosion under stress and to predict when and where a 
crack might nucleate.   

mailto:appajosula.rao@nrc.gov�


Transactions, SMiRT 21, 6-11 November, 2011, New Delhi, India Div-I: Paper ID# 132 
 

If one has to develop a predictive model, it is important to understand (i). when and how did the 
defects (viz.. the voids generated in the NAB matrix due to the loss of the iron aluminide particles) coalesce 
and become micro-cracks; and  (ii) the range and size of a micro-crack and (iii) the threshold dimension of 
crack to become a critical crack that can affect the mechanical strength and integrity of the material;  (iv) 
the number of stress cycles are required for the crack to grow beyond the critical crack size resulting the 
failure of the material  and (v) a simple fracture mechanics based failure analysis  predictions are 
acceptable for the present ship design models. 

 
The overall goal of this program is to develop a generalized predictive model that can provide 

information on the survivability of NAB during normal operational conditions. The technical challenge is 
(a) first to determine when the corrosion of NAB occurs and determine its effect on the mechanical 
strength; and (b) to be able to forecast the how and where the effect of the material degradation (viz. the 
corrosion) will be felt along the entire structure.   

THEORY 
 
 In general, it can be hypothesized that as the electrochemical reaction progresses, the reaction 
products continue to grow.  In a heterogeneous system (such the NAB), the corrosion is not uniform.  This 
is due to the difference in the chemical reactivity of the metallic species in the NAB system.  In addition, 
the kappa and other phases that are present in NAB alloy matrix exhibit different electrochemical behavior.  
   
 If it is assumed that the defects are hemispherical in shape and they are uniformly distributed 
covering the entire surface area of the NAB sample surface, the material integrity under stress can be 
determined using the following procedure: 
 
Consider a small corroded sample surface with ‘ni’ number of defects of diameter ‘di’ and pit depth ‘dt’.  
Let these defects are distributed at random and let the total number of these randomly distributed defects 
cover the entire sample surface area are ‘N’.  Let the mean diameter and the pit depth are ‘d’ ‘dt’ 
respectively. 
 
Then the total number of defects (N) = ‘Σni’ and the mean diameter of the defects (d) = [Σnidi/ Σni]  
Let the total number of defects (‘N’) with mean diameter (‘d’) are uniformly distributed covering the entire 
sample surface area, then the minimum contact area (‘A’) between the defect – defect  is given as  
A = (S) (dt) where (‘S’) is the average separation distance between the defects. 
 

Due to corrosion initiated nucleation and growth of defects (such as pits), the material 
survivability under external stress conditions will decrease (i.e. as a result of applied stress, the defects may 
coalesce or micro cracks may be initiated at the defect surface).  Here, for convenience we called such a 
change in the material property as failure of the defects (due to coalescence and or by some defect growth 
process). 
    
  Let the probability of failure of the defects due to applied stress is = (‘pfi’)                                     (1)   
 Or the Probability of Survival (‘psi’) = (1- pfi)   (2) 
  
The total probability of survival (‘ps’) of the entire sample surface with N defects of mean diameter “d” is 
given as: 

(“ps”) = (1- pc) = {exp - (pfi)} = {(1- pf1) (1-pf2)……(1-pfn)}                              (3)                   
           = exp (- {pf1+pf2+…. pfn})  (4)   

When the separation distance between each defect (S) approaches to ‘0’ along the entire thickness of the 
(thickness (dt)) we assume that the defects are fully coalesced and the material along that volume will fail/ 
collapse with 100% Probability.  This condition defines the ‘Upper Boundary’ (‘pf1U

’) as 
pf1U

  ≅  (n1) (S) (dt) /Area of the Sample (A)  (5)      
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Similarly we can also define ‘Lower Boundary Condition’ (“pf1L
”) along the sample length and half the 

sample thickness (‘2t’) as   
pf1L

 ≅  (n1)(S)(dt) / (Sample length(L) *(t))     (6)     
 
Total Probability of Survive (ps) = - exp {[n1Sdt+ n2Sdt + … niSd t] / [Area of the sample (A)]      (7) 
                                                     = - exp [(Sdt)/ (A)] {n1+n2+ … ni}  
                                                     = - exp [{(N) (S) (dt)}/ (A)]                                                           (8) 

 

By analyzing number of samples with different types of defects such as the pits, holes, weld 
defects, casting defects etc, we found that when the total number of defects (N) is large and/or sample 
thickness (2t) is small,  the product of  the number of defects; the separation distance ;and the depth of the 
defects,  is directly proportional  to the total sample surface area minus the area of the defects.  Therefore 
we can write that  

                                                 N.S. dt ∝  A - (Ad)]                                                                              (9) 
or   N.S. dt ∝  | (Ad)|        (10) 
or   N.S. dt ∝  | (d2) |              (11) 

                                            or  N.S. dt = (K/ α) (A- Ad)   (12) 
 
where A is the total area of the sample (Length X Width), Ad is the area of the total Defects [(π/4) (d2) N], 
‘α’ is the distance parameter for the nearest neighbors (≈ 1.25) and K is a constant. 
Figure 5 shows a schematic diagram showing the various parameters and Figure 6 shows the details of the 
upper and lower boundary conditions respectively. 
 

If one assumes that the integrity of the defect free material of total surface area (“A”) fails under 
an applied external stress (su- the ultimate tensile stress) and the sample with ‘N’ defects of mean diameter 
‘d’ fails at an applied stress  (‘σ’) then the probability of failure  ( pf) is given as 
 

(pf) = 1- exp [- {(α ) (N) (S) (dt) / (A)} {σ /σu} R]   (13)  

  
   where R is  Rao’s Materials Integrity Constant 
   

pS = (1 - pf.) = - exp [{(α) (N) (S) (dt) / (A)} {σ /σu} R]  (14) 

                       or   ln(pS)   =  ln (1 – pf )  = - [ {(α) (N) (S) (dt)/(A)}{σ /σu}R]  (15) 
                            - ln(pS)  =  - ln (1 - pf)  = [{(α)(N)(S) (dt)/(A)}{σ /σu}R]  (16) 

        or  ln (1/pS) = [{(α ) (N) (S) dt) / (A)} {σ /σu} R]  (17) 
                            ln {ln (1/pS)} = {(a ) (N) (S) (dt)- ln (A)- R ln(σu) }+ R ln(σ)  (18) 
 
 By plotting  ln {ln (1/pS)} versus ln {Dynamic Stress (σ)} one can obtain ‘R’ (Rao’s Materials 
Integrity Constant).  As long as the material maintains its integrity, a linear relationship between               
‘ln {ln (1/pS)}’ versus ‘ln {Dynamic Stress (σ)}’ will be maintained.  The stress at which a deviation from 
the linear relationship (of ‘ln {ln (1/pS)}’ versus ‘ln {Dynamic Stress (σ)}’) is observed, corresponds to a 
‘critical stress’.  This critical stress is an optimum stress level below which, when applied the material will 
survive (will not fail) the applied external stress. It has to be emphasized that the failure includes physical 
breakage, or sample to yield under the applied stress.  It is possible that the material has lost its original 
materials integrity due to the coalescence of the defects or due to micro-cracking caused by the surface 
defects etc.   In addition, the value of ‘R’, (the material integrity constant) is also a measure of the material 
strength (i.e. if the value of ‘R’ is high, the strength of the material is high; if the value of ‘R’ is low, the 
material strength is also low).   
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 It has to be pointed out that the “dynamic stress” used in the present report is the instantaneous 
stress that is being acted upon the surface layer of the material.  The origin of this stress can be described as 
follows:  Consider a rectangular plate with hemi-spherical defects.  When an external stress is applied, the 
top half plane will be compression while the bottom half plane is under tension.  The stress at different 
locations along the sample thickness can be estimated provided the moment of inertia and the surface area 
of the material in that plane is known.  Since the area of cross section of the defects change along the depth 
of the defect, the stress felt at different planes along the sample thickness will be different.  Such changing 
stress is defined here as the “dynamic stress”.  Once we know the dynamic stress, it is possible to resolve 
this stress and determine the compressive, tensile and shear stress tensor and the corresponding strains. In 
this paper the resolved dynamic linear strains along x and y direction (εx, εy) and the resolved shear strain 
along x and y-direction (γxy) were calculated assuming that the system is isotropic, and using the 
appropriate compliance matrix functions. 
 
 
EXPERIMENTAL PROCEDURE 
 
 In order to test the validity and predictability of the model, corrosion testing of nickel aluminum 
bronze (NAB) samples was conducted in ammonia – sea water environment with and without the 
application of external stress up to 45 ksi. The external stress was applied continuously for up to 40 days of 
corrosion testing.  The nickel aluminum bronze (NAB) samples were procured from a commercial vender 
and the as received 5 mm thick rolled plate. From this large plate, small piece of sample 50 mm X 50mm X 
5 mm plate was cut. Small rectangular test bars of 50 mm length, 5 mm width and 1 mm thickness were cut 
from the sample plate. The sample bars were polished to a 1micron diamond finish.  The samples were 
positioned in a specially built three-point bend test assembly that was designed and built for the stress 
corrosion testing.  After the corrosion test, the corroded NAB sample surface was cleaned using few drops 
of the 10% sulfuric acid.  The samples were washed using distilled water.  This dilute sulfuric acid 
treatment followed by cleansing with distilled water was repeated until most of the oxide (corrosion 
product) was removed from the surface of NAB samples.  Due care was taken to prevent the removal of the 
bare metal from the corroded NAB sample surface.   The cleaned samples were dried in a vacuum 
dessicator and were examined in a scanning electron microscope.  

 
 For the stress corrosion testing of NAB samples, a special test cell (SCTC) was fabricated using a 
rectangular 70 mm X 50 mm X 25 mm Teflon block.   The test cell is primarily a three point bending test 
apparatus that will operate in a corroding environment.  The test cell was pre-calibrated and the required 
dead weights corresponding to the external stress to be applied were calculated.  The details of the stress 
corrosion test cell and its calibration procedures are given elsewhere [3].  During the present study, a 
constant stress of 45 ksi was applied to the NAB samples and the testing was continued for about 37 days. 
After 37 days the nickel aluminum bronze test samples failed in the ammonia seawater mixture. 
 
RESULTS AND DISCUSSION 
 
Micro-structural Analysis 
 
 Figures 1-3 show typical microstructure of the oxide free corroded nickel aluminum bronze 
sample surface.  These samples were tested under 45 ksi stress in corrosion environment for 1, 9, 23, 30 
and 35 days.  The SEM results suggest that the corrosion induced damage increases with an increase in the 
corrosion time. In addition, the results also suggest that the corrosion-induced damage also increases with 
an increase in the duration of the applied external stress.  Although we have not shown the microstructures 
of all samples that were subjected to corrosion under different stress levels, it was found that the corrosion 
induced damage increases with increase in the applied stress level [3]. From the topological features shown 
in Figure 2B, 3 it can be suggested that the NAB samples subjected to high external stress (45 ksi) will 
produce very sharp edged ridge like surface morphology, and prolonged corrosion under such high stress 
will initiate the joining of ridges due to the coalescence or joining of ridges.  
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 A detailed analysis of these features led us to the following conclusion.   During corrosion of NAB 
in 10% ammonia / 90% seawater under high external stress, as the matrix is being corroded, the kappa 
phase particles and other precipitates are being removed from the NAB sample surface.  If there is no 
external stress or the presence of low stress that will not force the kappa phase to leave the surface, the 
surface develops a surface topography similar to that of cratered surface [4].   If the sample is subjected to 
high stress the kappa phase and other precipitate particles are forced out of the NAB surface prematurely.   
Such a situation in which a spherical Fe3Al particle forced out of the NAB surface can be seen in Figure 
2B.  This will develop sever cratered surface topology.  Since the applied axial stress introduces both 
compressive and tensile stress components along the corroding sample surface, the orientation of the kappa 
phase and other particle pullout will be parallel to the direction of tension.  Such preferential physical loss 
of material, followed by the joining of the pit surfaces will produce long ridges and a surface topography 
similar to the microstructure shown in Figure 2B. The orientation of the removal of the kappa phase 
particles and or the precipitates is parallel to the tension axis.  Continued corrosion and the concurrent 
application of stress has joined the craters and produced long groves that are oriented in the direction of the 
tensile axis.  It is surprising to note that a continued corrosion of NAB in ammonia-seawater under 45 ksi 
for 35 days have produced cracking of the alloy in the direction parallel to the compressive stress (figure 3). 
It is possible that once the coalescence of pits is nearly completed, the continuation of the corrosion under 
stress would result in the cracking of the bulk NAB in the direction parallel to the compression (i.e. 
perpendicular to the tensile axis).  At the present time we have no definitive explanation for this observed 
anomaly. 
 
Estimation of Probability of Survival of Corroded NAB under Applied External Stress 
 
 From number of scanning electron micrographs, the average pit/crater sizes were estimated.  The 
average depth of the pits was also measured using pit depth measuring apparatus.  The pits/ craters/ defect 
size and the depth were analyzed using a fracture mechanics based mathematical modeling procedure that 
was developed for this probability of failure analysis.  The detailed analytical procedure was given 
elsewhere [3].  Once the probability of failure of materials was determined as a function of defect density; 
the upper and lower boundary of the total probability of failure of the NAB sample under 45 ksi stresses 
during corrosion process was estimated using the above equations (5) and (6) respectively.   The results are 
shown in Table 1.  
 
Table 1. The average depth of the pits/ craters/defects and the estimated probability of failure of the NAB 
surface under 45 ksi stress during corrosion in 10% ammonia- 90% seawater. 
   

Duration of 
corrosion 

testing (days) 

Average pit / 
craters / 

defects depth 
( µm) 

Probability of failure of the NAB surface 
under the 45 ksi applied stress (%) 

Upper boundary Lower boundary 

1 1.0 ± 0.5 7 ± 10 25 ± 10 

9 1.5 ± 1.0 27 ± 15 57 ± 15 

23 3.0 ± 1.5 44 ± 20 73 ± 20 

30 4.0 ± 1.5 66 ± 15 85 ± 15 

35 6.0 ± 1.5 82 ± 15 > 95 ± 5 
            
The results shown in Table 1 suggest that the depth of the defects increases with the increase in the duration 
of corrosion and the probability of failure also increases with increase in corrosion time.  In addition, the 
results also indicate that the probability of failure of the material in the direction of the sample thickness is 
greater than in the direction of either the sample length or sample width. 
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Figure 1.   Scanning electron micrograph taken from the corroded nickel aluminum bronze sample surface. 
The oxide layer on the sample surface was removed. Samples were corroded in 10% ammonia and 90 % 

seawater under an applied external stress of 45 ksi for (A) 1 and (B) 9 days. 
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Figure 2.  Scanning electron micrograph taken from the corroded nickel aluminum bronze sample surface. 
The oxide layer on the sample surface was removed. Samples were corroded in 10% ammonia and 90 % 

seawater under an applied external stress of 45 ksi for (A) 23 and (B) 30 days. 
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Figure 3.  Scanning electron micrograph taken from the corroded nickel aluminum bronze sample surface. 
The oxide layer on the sample surface was removed. Samples were corroded in 10% ammonia and 90 % 

seawater under an applied external stress of 45 ksi for 35 days. 

CONCLUSION 
 

From the present analysis the following conclusions can be made: 
1. The corrosion of NAB in 10% ammonia / 90% seawater is effected by the applied external stress. 
2. As the applied external stress is increased the density corrosion process induced defect structure also 

increases.  However, at low stress levels (below 15 ksi) the corrosion process induced defects structure 
is similar.  The only difference is that the size and number density changes with change in stress level 
and the duration of corrosion. 

3. At high stress levels, the NAB material degrades at a faster rate due to the accelerated removal of the 
kappa phase and other precipitates.  The removal of these particles produces ridge like features that are 
oriented in the direction parallel to the tensile direction. 

4. A continued corrosion under high stress will enable the ridges to coalesce and produce micro-cracks 
that are oriented in the direction parallel to the tensile axis.  

5. If proper parameters such as the defect density and the resolved dynamic stress are estimated, it is 
possible to predict the probability of failure (material integrity) under stress.   
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