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ABSTRACT 
 

Boiling Water Reactors utilize Zirconium-Niobium (Zr-Nb) pressure tubes. These tubes serve the purpose 
of supporting rod bundles as well as providing passage for coolant. The thermal neutron absorption cross section of 
Zr-Nb is almost negligible compared to Uranium for thermal neutrons. Higher structural strength is the main 
advantages of square tube over circular tube; higher heat transfer area is an additional advantage. Ordinarily circular 
tubes and square tubes are formed by extrusion hot Zr-Nb alloy. Our aim was to find out an alternative 
manufacturing technique for mass production of Zr-Nb square tube. Recent advances in finite element method have 
led us to simulate and study cold drawing process. Here, study is carried out to simulate the process of formation of 
square tube from circular tube by cold drawing process, using finite element analysis. 
 
INTRODUCTION 
 

The use of circular tubes in energy absorbing systems is an attractive topic and has been discussed by 
several authors [1–5]. The circular tube compressed between two rigid, parallel plates has also been discussed [6–
10] to explore the characteristics of collapse occurrence. Surely, there seems to be lack in attempts to analyze 
manufacturing of square cross section tube by cold drawing from circular cross section.  

Zr-Nb alloy is an HCP material and cannot be simply drawn by using cold drawing process for higher 
elongations. This limitation makes cold pilgering a preferable choice over cold drawing. Still keeping the area 
reduction as a limiting factor of cold drawn tube the tooling for cold drawing was designed. The elongation of the 
tube was kept limited up to five percents only. This reduces length of the tube after cold drawing to a remarkably 
low value but it reduces the stresses induced in the cold draw tooling and drawing load. Metal forming processes 
utilize large forces on to the work material for manufacturing the desired shape of the product. Determination of the 
applied force is of utmost importance in metal forming processes, as it influences residual stresses and plastic 
deformation in final product. Residual stresses along with postulated defects in any component affect structural 
integrity of the component. Deformations influences failure criterion of the component. Hence, in this study an 
attempt has been made to analyze residual stress distribution and deformation in the component.   
 
BASIC THEORY 
 
Tooling Design 

Fig.1 shows the mechanism of squaring of circular tube by cold drawing. In cold drawing, force is applied 
by the die in inward direction. Plug is used to support the tube and to provide essential thickness reduction during 
cold drawing. The size of the mother tube is calculated by computing the equivalent diameter of the square tube and 
dividing it by area reduction. The corners of the plug are chamfered to avoid the contact between the tube and the 
plug and to keep the stresses induced to lower permissible value. Fig.2 shows essential parts required for cold 
drawing of tube. For this particular case study the square tube with an arbitrary size 120 X 120 mm with 5mm 
thickness was chosen. Diameter of the mother tube (D) and thickness (t) was determined by applying area reduction 
on the equivalent average diameter of the product tube. This equivalent average diameter (D*) was calculated by 
using relation (1) 
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Area reduction is limited to five percents of the mother tube so mother tube diameter is calculated by considering the 
area reduction in the product tube. Thus diameter of the mother tube (D) is given by relation (2) as shown above. 

 
Fig.1: Conversion of Round Tube into Square Tube 

 
Fig.2: Tooling for cold drawing 

 
Variational principle 

The updated Lagrangian formulation (ULF), pioneered by McMeeking and Rice [12], is more suitable for 
describing the incremental characteristics of plastic flow. For each time instant, the reference state is updated to 
coincide with the current state of deformation. The rate equation of virtual work in updated Lagrangian form using 
the Jaumann rate of Cauchy stress proposed by McMeeking and Rice [12] can be expressed as 
 
                2 δS                                     (3) 

 
Where   ij  σkj  wik ‐ wik  σkj) is the Jaumann rate of Cauchy stress σij, ij  is the strain rate,      

Lij=( / ) denotes the  velocity gradient, Xj is the spatial fixed Cartesian coordinate, vi is the velocity, i  is the 
rate of nominal traction and  V and Sf are the material volume and the surface on which traction is prescribed. 
 
Constitutive model 

When elastic loading or plastic unloading is encountered, the elastic effect has to be considered in FE 
simulation. In the present work the assumptions made for elasto-plastic constitutive relation are the following 
1. Elastic behavior: isotropic and linear elasticity with small strain; 
2. Plastic behavior: rate independent, isotropic strain hardening, Von Mises yield function and associative flow rule. 
The constitutive relation which incorporates small elastic-finite plastic deformation behavior, is written as 
 

                                                                 (4) 

 
Where  is deviatoric part of the  ,  is the rate of strain hardening, E is the elastic modulus, υ is the 

Poisson’s ratio, δij is the Kronecker delta, equivalent stress σ obeys the Von Mises yield function, and α takes unity 
for the plastic state and zero for the elastic state or the unloading.  
The relationship of equivalent stress σ and equivalent plastic strain εp of the material is represented by an n-power 
law of the form 
  
                                                                                     σ = K                                                                                    (5) 
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In order to model the hardening behavior in which n denotes the strain hardening exponent and K is a material 
constant. 

 
Yield Criterion 

The yield criterion determines the stress level at which yielding is initiated. For multi-component stresses, 
this is represented as a function of the individual components, f ({σ}), which can be interpreted as equivalent stress 
σe, 
 

  σe= f ({σ})                                                                            (6) 
 

If the equivalent stress computed using elastic properties exceeds the material yield, then plastic straining 
must occur. Plastic strains reduce the stress state so that it satisfies the yield criterion, Equation (6). Based on the 
theory the plastic strain increment is readily calculated. The hardening rule states that the yield criterion changes 
with work hardening and with kinematic hardening. Incorporating these dependencies into Equation (6), and 
recasting it into the following form 
 

           F ({σ}, k, {α}) = 0                                                                     (7) 
 
κ and {α} are termed internal or state variables. Specifically, the plastic work is the sum of the plastic work done 
over the history of loading, F is the yield criterion. 
 

            {dσ}= [D]{dεel}                                                                       (8) 
 
         {dεel}= {dε}-{dεpl}                                                                    (9) 

 
Since the total strain increment can be divided into an elastic and plastic part. 
 

                                                                                    (10) 

Where, 

                                                                                     

1 0 0 0 0 0 
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 2 0 0
0 0 0 0 2 0
0 0 0 0 0 2

                     (11) 

F =Yield criterion, Q = plastic potential, [D] = stress strain matrix. 
 

The size of the plastic strain increment is therefore related to the total increment in strain, the current stress 
state, and the specific forms of the yield and potential surfaces. The plastic strain increment is then computed using 
equation (12) 

    {dεpl}=λ |                                                            (12) 

The elastoplastic stress-strain matrix is derived from the local Newton-Raphson iteration scheme used [4]. 
It is therefore the consistent (or algorithmic) tangent. If the flow rule is not associative (F ≠ Q), then the tangent is 
unsymmetrical. To preserve the symmetry of the matrix, for analyses with a no associative flow rule (Drucker-
Prager only), the matrix is evaluated using F only and again with Q only and the two matrices averaged.Fig.3 shows 
the tangent modulus calculated at various places along the multilinear isotropic curve. This tangent modulus was 
used to calculate stiffness matrix as the deformation progressed. 
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Fig. 3: Uniaxial Behaviors for Multilinear Isotropic Hardening 
 
Finite element discretization and model 

As the principle of virtual work rate equation and the constitutive relation are linear equations of rates, 
these can be replaced by increments defined with respect to any continuously increasing measure, such as the tool 
displacement increment. And all rate quantities can be replaced by incremental quantities. Performing a standard 
procedure of finite-element discretization, Eq. 3 yields a system of algebraic equation, which in matrix form can be 
represented by 

         [K]{∆ } = {∆F}                            (13) 
 

         [K] = ∑  ∑                        (14) 

 
In these equations, [K] is the global elasto-plastic tangent stiffness matrix which is regarded as constant 

within each incremental step, {∆u} denotes the nodal displacement increment, {∆F} denotes the prescribed nodal 
force increment, [Dep ] is the elemental elasto-plastic constitutive matrix, and [B] and [E] denote the strain matrix 
and the velocity gradient matrix, respectively.[Q] and [Z] are defined as stress correction matrices due to the current 
stress states at any stage of deformation.  
 
Formulation of friction condition 

The friction condition in the contact zone between work-piece and tools plays an important role in the 
deformation process. A modified Coulomb friction law proposed by Oden and Pries [13] is adopted to describe the 
friction state. Two contact friction states such as sticking and sliding can be treated well by making use of this 
analytical friction law in an incremental way. The increment of tangential force ∆ , the direction of which 
coincides with the sliding direction, is obtained by the adopted friction law, 
 
                                                                                      ∆  µ ∆ (∆ )                                                                 (15) 
 
in which Δ  denoted as the increment of normal force,  (Δul

rel) adopted as tanh (3Δul
rel/ vcri) [13] is an analytical 

hyperbolic function which is used to substitute for the discontinuity of sliding and sticking involved in some friction 
law such as the Coulomb friction law, vcri denotes the limit displacement increment for quasi-sticking and Δul

rel is 
the sliding displacement increment relative to the tube movement, 
 

     ∆  = Δul −ΔU sin θ                                        (16) 
 
in which θ is the angle between the l-axis and the horizontal axis, Δul is the tangential displacement increment of the 
contact node and ΔU is the tool displacement increment. The increment of nodal force F acting on the contact node 
is written as 
 
 

       Δ F = ∆  l+∆ n                                                         (17) 
 
 

in which, n is the outward vector normal to the tool surface and l is perpendicular to n. 
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The global stiffness matrix with respect to the contact node by 
 

                                                                             Δ
Δ

     =    Δ
Δ

                                                          (18) 

 
in which Δun is a prescribed displacement increment of the contact node in the normal direction of contact boundary, 
equal to ΔU · cos θ, i denotes the current incremental step and i−1 denotes the previous incremental step. In the 
solution scheme, the increment of friction force of contact node is calculated iteratively. 
 
Weighting factor for the increment of each loading step 

During each increment, the material is referred to its configuration at the beginning of the increment 
(updated Lagrangian scheme). The contact and separation conditions of nodes and the state of elements must remain 
invariable during the increment. In order to satisfy this requirement and to assure the accuracy of  this explicit 
integration scheme (static explicit formulation), the weighting factor proposed by Yamada et al. [11] is used to treat 
the elasto-plastic and contact-separation problems to choose the size of the increment to keep linear relation. The 
size of each loading step is determined by the smallest value of the five r-values. The above is proved valid in the 
first order theory. More detailed information of weighting factor can be found in literature [14]. 
 

Unloading process 
In order to know the final shape or the spring back behavior, the unloading process is executed by assuming 

that all elements are reset to be elastic. The force of the contact node is reversed to become the prescribed force 
boundary condition. All tools are removed for the elastic unloading procedure. 
 
Summary of solution procedure 

The algorithm for simulating the squaring process of circular tube is summarized as following: 
1. Set up the initial conditions, and prescribe the boundary conditions and a fictitious tube displacement increment 
Δu at the beginning of the increment. 
2. Calculate stiffness matrix [K] and solve the stiffness equation for a fictitious solution  
{Δu} = [K]−1{ΔF} correspondent to the previous tube displacement. 
3. A “real” solution ui = ui−1 +Δui that validates each condition is used to update geometry of deformed tube, 
displacements, stresses, yield limit of each element, and boundary conditions of each contact element. 
4. If the prescribed tube displacement is reached, then the unloading procedure is executed and output the total 
results; otherwise go to step 2. 
 
GEOMETRIC MODELING AND FEM FORMULATION 
 

The geometric modeling was carried out for quarter section of the problem. The initial tube was a circular 
and the final product was a square tube. Tangential continuity was kept throughout the die. The plug was a square 
plug which has a functioning of providing inner support to the tube.Fig.4 (a, b, c) shows the geometry of the quarter 
section of the tube, die and plug.Fig.4 (d) shows the complete assembly of the quarter section of the cold drawn 
tube. To simulate this process in FEM the symmetry of the model was considered to reduce the complexity in the 
calculations. This has also reduced computer processing time and allocated memory space. Plasticity theory 
provides a mathematical relationship that characterizes the elastoplastic response of materials. There are three 
ingredients in the rate-independent plasticity theory: the yield criterion, flow rule and the hardening rule. These will 
be discussed in detail subsequently.  

                         
                a) Tube                               b) Die                                    c) Plug                      d) Assembly of quarter model 

Fig.4: Geometric model of the quarter section of the cold draw tooling. 



Transactions, SMiRT 21, 6-11 November, 2011, New Delhi, India Div-III: Paper ID# 875 

 6

There is symmetry in the die and plug and also in tube. Quarter model was taken for FEM simulation. It 
was modeled and meshed. Fig. 5 shows meshed quarter model of die, plug and tube all were meshed by using solid 
95 elements. The geometry of the die was modeled so that tangential continuity was maintained throughout the 
geometry of the die. The die and the plug materials were selected as D-3 tool steel and the deformation in the die 
and the plug was neglected. It was assumed that the deformation in the die and the plug material is below yield point 
due to its higher value of the Young’s modulus of the D-3 material. The tube is deformed in the elastoplastic region 
and true stress- strain values were assigned to the element. Fig. 6 shows the multilinear isotropic properties for 
Zirconium Niobium alloy [Zr-2.5%Nb].These multilinear isotropic true stress strain values were taken from 
experimental values in true stress strain region of the curve.  
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Fig. 5: Meshed quarter model of cold drawing assembly            Fig. 6: Multilinear Isotropic Properties for Zr-2.5Nb 
 
Boundary Conditions 

In accordance with the phenomenon of cold drawing nodal displacement of die and plug was kept zero in 
all directions. Since Die and plug were considered as rigid surfaces so stress distribution in die or plug was 
neglected. Max. Permissible (desired) displacement of the tube in the direction of cold drawing is 1.5 times that of 
the existing tube length size. Contacting surfaces were assigned node to node contact with coefficient of friction 
pairs µ=0.1. Fig.7 shows the contact conditions between die, tube and plug. The contact was made so that the normal 
drawn from the nodes are directed towards each other and will get engaged during the process of cold drawing. 

 
 

 
(a) Die Inner surface and tube outer surface          (b)Tube inner surface and plug outer surface 

Fig.7: Contact conditions 
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SIMULATION  
 

In this simulation we have assigned the displacement on the tube nodes while die and plug both were kept 
stationary. The simulation involves material non linearity as well as geometric non linearity so the iterative solver 
was used. The finite element was chosen and then time step at the end of load step was assigned an arbitrarily fixed 
value. Minimum time step and maximum time step was given a value of 0.1 and 1.5 respectively. Condition for 
convergence was kept that norm of the matrix should be less than unity. The simulation is carried out to observe the 
geometry of cold drawn tube and stresses induced during the rate independent plastic deformation. The cold drawing 
induces spring back effect due to large plastic deformation. However if the length of the land portion of the die is 
kept sufficiently large the spring back effect in the tube can be limited to a lower permissible value. 
 
NUMERICAL RESULTS 
 

Large strain static analysis is carried out and results are obtained after complete solution of the problem 
with the applied boundary conditions. The geometry of cold drawn square tube is without any concavity or 
convexity which comes through plastic deformation. Von Mises stresses were calculated and plotted in the Fig.8. 
The maximum value of Von Mises stress in the tube was less than the ultimate tensile stress.  Equivalent plastic 
strain per unit volume is higher at the corner than the remaining tube as shown in Fig.9. Hence, Principal stresses at 
a particular corner node and varying with respect to time are plotted in Fig.10. Similarly Von Mises stresses for the 
same node varying with respect to time are plotted in Fig.11, whereas equivalent plastic strain for the same node 
point and varying with respect to time is plotted in Fig.12. 

 

          
 
                   Fig.8: Von Mises stress distribution                                                Fig.9: Equivalent plastic strain  
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                             Fig.10: Principal Stresses                                                      Fig.11: Von Mises Stress  
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      Fig.12: Equivalent Plastic Strain 

 
CONCLUSION 
 

Zirconium niobium [Zr-2.5%Nb] square tube can be formed by cold drawing process without spring back 
effect if the area reduction in the tube is limited to a smaller value up to five percents of original area of the tube. 
Also the amount of residual stresses induced in the tube was confined to a lower value than the ultimate tensile 
strength which indicates that material cannot fail during the actual trial. Geometry of the square tube shows that if 
the land portion of the plug and die is sufficiently long the spring back effect on the edges of the square tube formed 
is negligible. 
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