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ABSTRACT 

 
In order to determine the effective parameters for damage detection, the modal parameters of 

a damaged building is identified from ambient vibration data and a vibration based method for 
damage detection are applied to the building. The building is a three-story RC structure and was 
slightly damaged during the 2011 Tohoku earthquake. We performed high-density array 
measurements of ambient vibration after the earthquake. From the measurement data, modal 
parameters of the building are identified using frequency domain decomposition (FDD) techniques, 
and mode shape properties of damaged building are investigated. The results of the modal 
identifications indicate that the damping system of the building can be considered to be a proportional 
damping system as far as the lower modes are concerned. From the results of the damage detection, it 
is found that the differences in mode shapes before and after the earthquake are negligibly small. This 
indicates that the mode shape by itself is not adequate to serving as an effective parameter for damage 
detection. On the other hand, the changes in curvature of the mode shapes are consistent with the 
damage state observed by crack inspection. This indicates that the curvature of mode shapes may be a 
useful factor for detecting small damages. 
 
INTRODUCTION 

 
Detection of damage in nuclear power plant structures is an important issue. Damage 

detection methods have been proposed to identify the presence, location and quantification of 
damages in structural health monitoring (Carden et al. 2004). With respect to the detection and 
location of damage, a considerable number of approaches have been proposed theoretically and have 
been demonstrated using both numerical and laboratory tests (Kim 2002, Rodrigues et al. 2010, Zhu 
et al. 2011). There are many methods that use information on changes in the mode shapes after 
damage, to examine the change in structural parameters such as stiffness. Some of these indicate that 
there are possibilities of using torsional mode and high-order mode for effective damage detection 
(Kondo, 1995). However, there are few applications based on existing damaged buildings. It is 
necessary to demonstrate the effectiveness of the methods in existing buildings. 

On the other hand, some methods for damage detection based on vibration theory need 
information on the damping system of a structure for analysis. However, the damping systems of 
undamaged and damaged structures are unknown because there are no established methods to 
evaluate the damping systems for existing buildings. Therefore, developing a method is necessary for 
taking into account the appropriate properties of a damping system. 

In this study, the modal properties of a three-story reinforced concrete (RC) building affected 
by the 2011 Tohoku earthquake are identified using a FDD technique based on a high-density array 
measurement of the ambient vibration. The viscous damping system of the damaged building under 
small-amplitude vibrations is discussed based on the theoretical background of both a conventional 
FDD technique and an extended FDD technique. Furthermore, detailed vibration mode shapes of the 
damaged building are clarified and effective parameters for damage detection are examined. 
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OUTLINE OF THE BUILDING 

 
Building Description 

We analyze a three-story RC building with a spread foundation. The building was constructed 
for experimental purposes at the campus of Tohoku University in 1986. As shown in Fig. 1, the 
building is a regular frame structure in the transverse (N-S) and the longitudinal (E-W) directions. The 
external walls of the building are autoclaved lightweight aerated concrete (ALC) panels. The plan 
dimensions are 6.0 m by 10.0 m and each story height is 3.0 m high (Fig. 1). The cross section 
sizes of girders and columns are listed in Table 1 and the thickness of the floor slab is 135 mm. The 
strength of concrete is 210 kg/cm2 and the reinforcing steels are SD30 and SD35. During the main 
event of the 2011 Tohoku earthquake, a peak horizontal acceleration of 824 gals was observed at the 
roof.  

 
 
 
 
 
 
 
 
 
 

 
Figure 1. Elevation (left) and plan (right) of the building, unit is mm. 

 
Table 1:  Cross section sizes of girders and columns. 

 Girder [mm×mm] Column [mm×mm] 
Roof floor (Fourth floor) 300×550 --- 

Third floor or story 300×600 500×500 
Second floor or story 300×600 500×500 

First floor or story  --- 500×500 
 

Damage of the Building 
The damage inspection of the building was performed in September, 2011, six month after the 

Tohoku earthquake. Several small failures were found near the corners of the ALC panels, like the 
one shown in Photo 1(a). Plural flexural cracks of 0.1 mm - 0.3 mm widths were observed on the 
columns (Photo 1(b)) and the girders (Photo 1(c)). The similar cracks were found in all stories and 
some of them seemed to be deep enough to reach the inner steel rods. 

The failures in the external walls were likely caused by the Tohoku earthquake because they 
had not been observed before the earthquake. On the other hand, the origin of the cracks on the 
girders and columns was uncertain because the crack inspection had not been conducted before the 
earthquake. 

 
(a)                                                                             (b)                                        (c) 
 
 
 
 
 
 
 
 

 
Photo 1. Damages to the building: (a) external wall; (b) column; (c) girder. 
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High-Density Array Measurement of Ambient Vibration 
Simultaneous high-density array measurement of the ambient vibration was performed in 

September, 2011. We used two types of portable accelerometers, GPL-6A3P (Mitutoyo Co.) and JU 
Hakusan Co.). To obtain multi-dimensional mode shapes of the damaged building, three 
accelerometers were installed on every floor, as shown in Fig. 2. All the accelerometers measured two 
horizontal components (x and y directions) and vertical component (z direction). The inner clocks of 
the accelerometers were synchronized using a GPS system just before the measurement. The ambient 
vibrations were recorded continuously for 30 min at a sampling frequency of 200Hz.  

According to the anemometer on the roof of a 56m-high building that is located several 
hundred meters away from the building, the 10 minutes average wind velocity was 0.40 - 0.50m/s and 
the maximum wind velocity was 1.68 m/s during the measurement. 

 
(a)                                                                             (b) 

 

 

 

 

 

 

 
Figure 2.  Location of portable accelerometers in the simultaneous array measurement : 

(a) elevation; (b) each floor. 
 
MODAL IDENTIFICATION METHOD 

 

The modal parameters of the building are identified using FDD techniques. To examine the 
damping system of the building at ambient vibration level, two different FDD techniques are 
introduced. The first is a technique for nonproportional damping systems (Brincker et al. (2000)) and 
the second is a technique for proportional damping  systems  (Iiyama et al. (2013)).  
 

FDD Technique for Nonproportional Damping Systems 
Brincker et al. (2000) proposed a FDD technique for nonproportional damping systems. The 

power spectrum matrix [G(jω)] plays a very important role in the FDD technique.  The symbol ( )iy t  
denotes the response time series data at the measurement point i (i =1,…,N). Using the response 
column vector { ( )}Y j  which is the Fourier transform of 1{ ( )} { ( ),..., ( )}T

Ny t y t y t , [G(jω)] is defined 
by the following:  

[ ( )] [{ ( )}{ ( )} ]TG j E Y j Y j    (1) 
 
where   is the circular frequency. The symbols E, j, , superscript T denote the ensemble average, 
the imaginary unit, a complex conjugate and a transposition, respectively. The matrix [G(jω)] consists 
of the power spectrum and cross spectrum density functions calculated from the ambient vibration 
data.  

Supposing that the inputs are white noise, and that only the kth mode is dominating in the 
spectrum around the corresponding natural frequency, [G(jω)] in the vicinity of the kth natural 
frequency ωk  can be approximated as the following equation (Brincker et al. ( 2000)). 

 

T
kkkk jdjG }}{{)(|)]([     (2) 

 
where dk is a scalar, and }{ k  denotes the theoretical kth mode shape vector.  
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On the other hand, [G(jω)] is decomposed by taking the singular value decomposition of the 
matrix at ω, 

1
[ ( )] [ ( )][ ( )][ ( )] ( ){ ( )}{ ( )}

NH H
i i i

i
G j U j S j U j s j U j U j      



    (3) 

where the superscript H represents the complex conjugate and transposition, ( )is j  and { ( )}iU j are 
the ith singular value and corresponding singular vector, respectively. In the vicinity of the kth natural 
frequency, [ ( )]G j  can be approximated only the first term in the right hand side of eq. 3. and thus 
the complex conjugate of the first singular vector 1{ ( )}kU j  is an estimate of the mode shape 
vector }{ k .  
 
FDD Technique for Proportional Damping Systems  

Iiyama et al. (2013) reconstructed the theoretical background of the conventional FDD 
technique (Brincker et al. (2000) ) to clarify the influence of existing closely spaced modes on the 
modal identification results. They derived the following approximate equation of [G(jω)] in the 
vicinity of the rth natural frequency for nonproportional damping systems from the same assumptions 
introduced by Brincker et al. (2000). 

  [ ( )] 2 ( ) { } { ( )} { } { ( )}
Tp

rr r r r rG j a j j j          ，
 2 2

( )
2 ( )

p rr
rr

r dr

ca j
  


 

 (4) 

where rrc  represents a constant value with respect to the input white noise, and { ( )}r j  is an error 
vector consisting of  the modal parameters (modal shape vectors, modal frequencies, modal damping 
ratios) of the closely spaced modes to the rth mode. Eq. 4 implies that if the system has closely spaced 
modes, the first singular vector obtained using singular value decomposition approximately 
corresponds )}({}{  jrr   rather than { }r . 

Furthermore, they proposed a FDD technique for proportional damping systems that uses only 
the real part of [G(jω)]. Considering that [G(jω)] is a Hermitian matrix, they applied spectral 
decomposition as a matrix decomposition method. The analytical process of spectral decomposition is 
simpler than that of singular value decomposition.  

 

1
[ ( )] [ ( )][ ( )][ ( )] ( ){ ( )}{ ( )}

NR T T
i i i

i
G j P j Q j P j q j p j p j      



    (5) 

 

where superscript R denotes the real part of a complex number or matrix, and  ( )iq j  and { ( )}ip j  
are the ith eigenvalue and eigenvector at  , respectively.  

For a proportional damping system subjected to white noise, [GR(jω)] is approximated as 
follows around the  rth natural frequency ωr: 

  [ ( )] 2 ( ) { } { ( )} { } { ( )}
TR p R R

rr r r r rG j a j j j           (6) 

 
It is found from a comparison between eq. 4 and eq. 6 that if the vibration system of a structure is a 
proportional damping system, the mode shape vector of the structure identified using either of the 
above FDD techniques has the following properties (Iiyama et al. (2013)).  

(1) The real part of the complex mode shape vector obtained using singular value decomposition of 
[G(jω)] coincides with the mode shape vector obtained using spectral decomposition of [GR(jω)]. 

(2) The imaginary part of the complex mode shape vector obtained using singular value 
decomposition of [G(jω)] is unrelated to the targeted mode, and related only to the close modes. 

These properties indicate one of the way to evaluate the damping system of a building by performing 
both singular value decomposition of [G(jω)] (method FDD-I) and spectral decomposition of [GR(jω)] 
(method FDD-II) and comparing the two mode vectors.  
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MODAL PARAMETERS IDENTIFIED 

 
The modal frequencies and mode shapes of the structure shown in Fig. 1 are identified from the 

horizontal acceleration data of 12 measurement points shown in Fig. 2. A comparison between the 
first singular value for FDD-I (singular value spectrum) and the first eigenvalue for FDD-II 
(eigenvalue spectrum) are shown in Fig. 3. In Fig. 3, Sv1 and Ev1 denote the first singular value and 
the first eigenvalue respectively. The first eigenvalue and the first singular value are almost the same, 
and have the same peak frequencies, 2.26 Hz, 2.59 Hz, 3.44 Hz, 8.25 Hz, 9.58 Hz, and 14.27 Hz. Fig. 
4 shows the singular vectors for FDD-I and the eigenvectors for FDD-II at the above six frequencies 
at the horizontal location NW shown in Fig. 2. The upper panels show the mode vectors for y 
direction (the transverse direction), the lower panels for x direction (the longitudinal direction). The 
vertical axes show the floor number. The mode vector is normalized with respect to the highest value 
among  all  nodes.  From  Fig. 4,  we  can  identify  each  mode  vector,  respectively,  as  (a)  the  first 

 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3. Comparison of singular value (FDD-I)  spectrum and eigenvalue spectrum (FDD-II). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
     (a) 2.26 Hz         (b) 2.59 Hz           (c) 3.44 Hz          (d) 8.25 Hz          (e) 9.58 Hz        (f) 14.27 Hz 

 
Figure 4.  Comparison of singular vectors (FDD-I) and eigenvectors (FDD-II) at location NW. 
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translational mode for the y direction, (b) the first translational mode for the x direction, (c) the first 
torsional mode, (d) the second translational mode for the y direction, (e) the second translational mode 
for the x direction, and (f) the third translational mode for the y direction. Thus, it is only the first 
order modes that all types of the mode can be identified. 

The modal damping factors for each mode are identified using FDD-I and FDD-II. The results 
except for the third mode are listed in Table 2. There are no differences between the two methods 
because the first singular values are in good agreement with the first eigenvalues. Despite the damage, 
the damping factors are in the range 1.0% - 2.0%, as low as those of undamaged RC buildings. 

 
Table 2: Natural frequency and modal damping. 

 
 

DISCUSSION 

 
Damping System 

By comparing the mode shapes identified from FDD-I and FDD-II, the damping system of the 
existing building under small-amplitude vibrations can be estimated. As shown in Fig. 4, the 
eigenvectors obtained using FDD-II agree with the real part of the complex singular vectors obtained 
using FDD-I (FDD-I_Real) for all modal orders. On the other hand, the imaginary part of the complex 
singular vectors obtained using FDD-I (FDD-I_Imag) are negligibly small in the first modal orders. 
Because these results agree with the properties (1) and (2) mentioned in the FDD Technique for 

proportional damping systems section, the damping system of the building can be evaluated as a 
proportional damping system as far as the lower modes are concerned. Therefore, we show results 
only for FDD-II from this point onwards.  
 
Mode Shape 

To detect damage location by comparing the mode shapes before and after damage, information 
on the mode shapes before damage is necessary. However, there were no high-density measurement 
records of ambient vibrations in the building before the earthquake. In this study, we regard the mode 
shapes calculated by a 3-D frame model used in a structural calculation as undamaged mode shapes. 
Both the undamaged and damaged mode shapes are defined at the center of mass. The elements of 
mode shapes of each floor are calculated from the identified mode shapes at three locations ( NE, S 
and NW ) on the same floor under the assumption that the floor is rigid. 

Fig. 5 shows a comparison of the undamaged mode shapes (frame model) and damaged mode 
shapes using FDD-II (identification). The elements of the mode shapes in Fig. 5 are normalized by the 
element of the roof. Table 3 shows a comparison of the first modal frequencies before and after 
damage. The first modal frequencies before damage are estimated from an ambient vibration 
measurement conducted just after the completion of construction of the building (in the year 1986). 
The first modal frequencies after damage are ones shown in Table 2. According to Table 3, the first 
modal frequency for the damaged mode is only 50 - 60% of that for the undamaged mode. On the 
other hand, the differences in mode shapes between damaged and undamaged modes are very small in 
both directions, as shown in Fig. 5. These results suggest that the mode shape is not sensitive to 
damage, whereas the natural frequency is sensitive. This means that the mode shape is not an effective 
indicator for damage detection. 
 

Curvature 
The  mode  shape  curvature  (Carden et al. (2004))  is  one  of  the  indexes  used  for  detecting 

Mode Natural frequency (Hz) Modal damping (%) 

Transverse direction (y) 1st  translational 2.25 1.32 
2nd translational 8.26 1.46 

Longitudinal direction (x) 1st  translational 2.60 1.87 
2nd transrational 9.57 1.47 

Torsional 3.42 1.59 
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damage locations, and it is calculated from the measured mode shapes using a central difference 
approximation, 

 
2

, 1 , , 1( 2 ) /ij i j i j i jC h       (7) 

 
where i indicates the order of the mode, j is the floor number and h is the distance between the floors. 
Here, the changes in the curvature after the occurrence of damage (Kondo et al. (1995)) are defined as 

 

, ,0ij ij t ijCURV C C   (8) 
 
where ,0ijC  and ,ij tC  are the mode shape curvatures before and after damage, respectively. Fig. 6 
shows the CURV calculated for h = 3 m. The difference of CURV between the second floor and third 
floor is very small except for the first mode in the transverse direction. With respect to the 
longitudinal direction, CURV13 is slightly larger than CURV12. On the other hand, CURV23 is slightly 
smaller than CURV22. It can be seen that the damage is not concentrated in specific floors, i.e., all the  
 

 
Table 3: Change in the first natural frequency estimated from ambient vibration. 

 

1st mode frequency (Hz) 
transverse direction longitudinal direction 

Before damage (just after the completion of construction)  4.02 5.11 
After damage (September. 15, 2011)  2.25 2.60 

 
 
(a)                                                                             (b) 
 

 
 
 

 
 
 
 
 
 
 
 
              first mode                 second mode                                first mode                 second mode 

 
Figure 5. Translational mode shapes for undamaged (model) and damaged (identification): 

 (a) transverse direction; (b) longitudinal direction. 
 

             (a)                                                                  (b) 
 
 
 
 
 
 
 
 

Figure 6. Changes in curvature between undamaged mode and damaged mode: 
 (a) transverse direction; (b) longitudinal direction. 
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floors have been damaged similarly. During the crack inspection, plural flexural cracks were 
discovered on all floors and the number and length of the cracks were nearly equal in each floor. Thus, the 
changes in curvature seem to explain the damaged conditions that were found in the damage investigation.  
 

CONCLUSION 

 
We performed simultaneous array measurements of the ambient vibration for a slightly 

damaged building and identified the mode shapes using FDD techniques. The differences in mode 
shapes before and after the earthquake were found to be negligibly small. This indicates that the mode 
shape by itself is not adequate to serving as an effective parameter for damage detection. On the other 
hand, the changes in curvature of the mode shapes are consistent with the damage state observed by 
crack inspection. This indicates that the curvature of mode shapes may be a useful factor for detecting 
small damages. We also identified the mode shapes using two different FDD techniques. According to 
the results, the damping system of the building can be considered to be a proportional damping system. 
It remains possible that the low values of the imaginary parts of the mode vectors of FDD-II are 
caused by identification errors. The next step lies in revealing as many causes as possible for the 
imaginary part of the mode vector.  
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