
ABSTRACT 

WOJCIECHOWSKI, MATTHEW THOMAS. Determining Optimal Geometries of Plane 

Stress Truss Structures using Numerically Mapped Principal Stress Trajectories. (Under the 

direction of Dr. John Strenkowski). 

 

Additive manufacturing technology offers the capability to produce highly complex 

part geometries with minimal cost compared to subtractive manufacturing. Michell truss 

inspired designs that utilize optimized topologies to achieve the stiffest possible structure for 

a given weight are often too complex to manufacture with traditional techniques. With the 

advances in additive manufacturing technology, it is now possible to manufacture these 

complex structures without significant impacts on cost or manufacturing time. As a result, 

topology optimization is a rapidly growing field of study. In this thesis, a method for 

determining the optimal layout of material members in a plane stress structure is introduced. 

This method uses a numerical, streamline-inspired approach to map the paths of principal stress 

trajectories and then derives a mesh of nodes and beam element connections from these paths. 

The approach is validated through comparisons of principal stress fields determined by a finite 

element analysis to existing optimal topology solutions to identical problems. The positions of 

these trajectories are then optimized using a simulated annealing algorithm to find the ideal 

number of trajectories to use and their layout. Ideal design layouts are generated for point-

loaded cantilever and simply-supported beam geometries, and then compared to existing 

designs. Ideal layout designs are then optimized using a secondary algorithm to determine the 

element thickness that creates the minimum weight design for the optimal layout. 
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CHAPTER 1: INTRODUCTION 

 

Over the past thirty years, a technological development that has rapidly risen to 

prominence in the field of manufacturing is the three-dimensional printer. Three-dimensional 

printers use Computer Aided Design (CAD) data to manufacture parts by continually adding 

material in successive thin layers. The concept of fabricating parts by adding material rather 

than removing it is known as additive manufacturing. Due to the nature of adding material to 

build a part rather than removing material from a larger piece, the time, cost, and resources 

required to fabricate a part using additive manufacturing techniques is only dependent on the 

dimensions of the part and not the complexity of the design. 

 Three-dimensional printing has traditionally been used for rapid prototyping where the 

goal is not to employ the part in end-use applications. Much of the recent research in the field 

of additive manufacturing, however, has been on improving aspects of the technology, such as 

speed, cost, and the properties of the materials used. This has shifted the focus of three-

dimensional printing technologies more toward the production of end products and customized 

designs (1). An example of such a design can be seen in Figure 1.1. 
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Figure 1.1 Aluminum 3D Printed Chair (2) 

One of the rising topics in engineering that stands to benefit greatly from additive 

manufacturing technology is the field of topology optimization. Doubrovski (1) states that the 

principal objective of structural engineering is to create the stiffest structure with the least 

amount of material. This concept is the fundamental goal of topology optimization. Michell 

(3) laid the foundation for the field of topology optimization through the development of his 

Michell truss, a structure in which all material links must follow the paths of maximum strain. 

This creates the stiffest truss structure for a given mass so as to optimize the mechanical 

performance of the part. 

Designs generated with topology optimization methods are often complex lattice 

structures that would be either impossible or impractical to manufacture with traditional 

manufacturing techniques. With additive manufacturing, however, it is now possible to 

manufacture many structures such as these without the additional cost or manufacturing time 

their designs would necessitate. Prior to the development of additive manufacturing, designers 

were limited to simple geometries to account for manufacturing limitations. Now that additive 

manufacturing has removed many of these limiting factors from the design process, there is a 
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great amount of potential to improve part performance by applying topology optimization 

techniques to their design. An example of a part produced with topology optimization 

compared to the same part before optimization can be seen in Figure 1.2. The optimized part 

is designed for an aerospace application and is produced with additive manufacturing 

techniques. The objective of the optimization procedure used to design this part was to 

minimize its weight while still achieving the necessary structural performance. 

 
Figure 1.2 Airbus A320 Hinge Bracket, Original and Optimized Design (4) 

In his thesis titled “Using Michell Truss Principles to find an Optimal Structure Suitable 

for Additive Manufacturing” (5), Arvind Krishnan demonstrated that, for a frame structure 

with a known layout of one dimensional beam elements and given loading conditions, the 

element cross-sectional areas to achieve a minimum weight design can be determined using a 

heuristic optimization algorithm. Krishnan’s work used frame design layouts derived from 

principal stress trajectories, illustrating that the paths of principal stress are coincident with the 

truss structures described by Michell (3). The optimizations performed in the thesis began with 

known Michell truss layouts and treated the in-plane thicknesses of the elements making up 
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the structure as design variables. With constraints on geometry due to additive manufacturing 

limitations such as minimum wall thickness and minimum clearance and the maximum 

allowable stress in the structure, thicknesses were adjusted by the optimization algorithm until 

the structure reached its minimum allowable weight. 

The objective of this thesis is to develop and test a numerical method by which principal 

stress trajectories can be mapped and then applied to the design of optimal topology structures. 

The principal stress trajectory mapping approach uses the principal stress vector field 

developed by a plane stress finite element analysis to determine the paths of principal stress 

with a fluid streamline-inspired calculation. This calculation treats normalized stress trajectory 

vectors as fluid velocity vectors and creates streamlines in the material domain to determine 

the load paths defined by the directions of principal stress. A brief overview of the additive 

manufacturing industry, the theory of Michell trusses, and topology optimization procedures 

is first given. Existing designs for Michell truss solutions to cantilever and simply-supported 

beam geometries are utilized to validate the use of principal stress trajectories in determining 

the layout of internal lattices in Michell trusses. The principal stress trajectory streamline-

inspired mapping approach is then applied to point-loaded cantilever and simply-supported 

beam problems, along with an optimization algorithm that takes additive manufacturing and 

material limitations into account, in order to determine the optimal layout of struts in the design 

that minimizes the deformation of the lattice structure. A secondary optimization is applied to 

the resulting frame layout design that adjusts the thicknesses of the frame members in order to 

minimize the volume of material used to make up the design without exceeding the maximum 

stress limit of the material. Unlike the work presented by Arvind Krishnan (5), the intent of 
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this thesis is to explore the determination of an optimal frame member layout from principal 

stress trajectories before the thicknesses of the optimally positioned members are adjusted to 

achieve the true minimum weight design. The optimization algorithm used is a heuristic 

algorithm known as Simulated Annealing. The algorithm described in this thesis is general and 

could be applied to two dimensional plane stress problems of any geometry.  
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CHAPTER 2: REVIEW OF ADDITIVE MANUFACTURING 

 

2.1  Definition and History: 

Manufacturing and mass production of parts has been one of the most fundamental 

aspects of society since the industrial revolution. As technology has advanced, manufacturers 

have transitioned toward production lines utilizing automated fabrication tools controlled by 

human-operated computer systems. Despite these advances in manufacturing technology, 

production of single, customized parts is not cost effective with the traditional production line 

approach. To create that single item, a factory would need to fabricate molds of any parts 

requiring casting, machine the cast part down to the desired shape, and assemble it with any 

other parts required by the design, costing the manufacturer considerably more for a single part 

than each part would cost if the same manufacturer were making multiple (6). This issue with 

traditional manufacturing techniques is where additive manufacturing, also known as 3D 

printing, outperforms all other methods of part fabrication. 

The history of additive manufacturing began in the late 1980s with the development of 

stereolithography, a process in which thin layers of an ultraviolet curable thermoset polymer 

liquid are solidified by a laser. This technique can be repeated layer by layer to create a three 

dimensional solid geometry using Computer Aided Design (CAD) data (7). This process of 

creating parts by solidifying liquid or powdered material in a layer-by-layer fashion as directed 

by CAD software is fundamental to the concept of additive manufacturing. An example of a 

3D printer manufactured by 3D Systems can be seen in Figure 2.1 below. 
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Figure 2.1 3D Systems Cube Printer (8) 

The concept of additive manufacturing has evolved over time into a variety of different 

manufacturing techniques. The nature of the additive manufacturing process that is used to 

make a part can have significant effects of the mechanical properties of a part based on which 

process is used and how variables of that process, such as print speed, are tuned. These 

techniques and processes are being researched, developed, and improved over time. The 

following sections describe the state of research in the field of additive manufacturing and 

different types of additive manufacturing processes currently in use. 

2.2  Types of Additive Manufacturing: 

The following section will review different types of additive manufacturing, what they 

are used for, and how they compare to each other. The first additive manufacturing technique 

developed was Stereolithography, developed in 1986 by Charles Hull, co-founder of 3D 

Systems Inc. It is also known as Vat Photoploymerisation (9). A Stereolithograph apparatus 

consists of four components: a tank filled with a liquid plastic “photopolymer”, a platform that 
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can be lowered into the liquid, an ultraviolet laser, and a computer that controls the movement 

of the platform. During operation, the platform is lowered to a level just below the surface of 

the liquid polymer so that a thin layer of the liquid is exposed. The laser then traces the liquid 

in a pattern that will form the first layer of the solid being printed. When the laser interacts 

with the liquid, it solidifies as the polymer used is an ultraviolet-curable thermosetting resin. 

The platform can then be lowered further, allowing the laser to solidify a new layer of polymer 

on top of the first layer. This process is repeated until the desired three dimensional solid is 

completed. Stereolithography is useful for creating prototypes of parts thanks to its ability to 

generate highly precise parts very quickly. While this technique is typically used in industry 

applications for rapid prototyping, consumer printers that utilize stereolithography have been 

developed by Formlabs, a Massachusetts-based company (10). 

Another common additive manufacturing method that utilizes plastic materials is Fused 

Deposition Modeling (FDM). This is a method in which thermoplastics are heated to a near-

liquid state and extruded in ultra-fine beads along a pre-defined path. This process is continued, 

depositing the thermoplastic polymer layer-by-layer, until the desired geometry is achieved. 

The extrusion path that the printer follows is defined by a 3D CAD model. The technique also 

provides the user the option of having the printer build temporary support material onto the 

part, which can be removed after the FDM process completes. The process is inexpensive and 

simple to implement; however, it has relatively low accuracy and is slow compared to other 

methods and the properties of the extrusion nozzle can limit the results (9). FDM was 

developed by the company Stratasys, and is relatively widespread in use today (11). 
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Electron Beam Melting (EBM) is an additive manufacturing method used primarily for 

manufacturing of metal parts. This process utilizes a high powered electron beam that 

selectively melts a bed of metal powder to generate the desired geometry. The melted metal 

powder fuses together to form a solid layer of the part. The pattern that the electron beam 

follows to fuse the powder is based on a 3D CAD model of the desired geometry. The powder 

bed platform is then lowered and a new layer of metal powder is rolled over the bed and 

flattened to prepare for the beam to shape the next layer. EBM machines are primarily produced 

by Arcam ABR, a Swedish company that also prints finished parts with this technology, largely 

for the aerospace and orthopedic implant industries (12). In addition to EBM, a number of 

other techniques use the same principal of using high temperature to fuse powdered materials 

together. Direct Metal Laser Sintering (DMLS) is an additive manufacturing process used to 

print parts from metal powder by using a laser to sinter the powder together rather than raising 

it above the melting temperature. Selective Laser Sintering (SLS) uses the same process as 

DMLS, but with polymer powders instead of metal powders (9). 

2.3  Recent Work In Additive Manufacturing 

Additive manufacturing and the many processes and parts that comprise it have been 

major fields of research over the last decade. In 2009, a document titled ‘2009 Roadmap for 

Additive Manufacturing’ was released following a meeting of 65 experts in the field of additive 

manufacturing (13). The report gave recommendations on the focus and direction of research 

in this field for the next 10 to 12 years. The report laid out suggested improvements for aspects 

of additive manufacturing in the areas of CAD design techniques, process modeling and 
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control, materials and machines, and biomedical applications. Some of the recent work related 

to additive manufacturing research and applications will be discussed here. 

A considerable amount of research has been conducted on the various parameters that 

affect the results of additive manufacturing processes. A prime area of research focus in 

additive manufacturing has been in increasing the palette of materials available for AM 

processes. Advances in this area have been in metals, notably copper and aluminum alloys, 

and polymers, generally through the addition of composite materials (14). Ceramic printing 

has also become increasingly common. Ceramic stereolithography makes use of 

photopolymerization of ceramic powder suspensions in a similar manner to polymer 

stereolithography (15). 

While much of the research focus has been directed at materials and processes, others 

have focused on part design. Greater emphasis has been on freedom of design for 

manufacturing parts with AM processes, particularly with cellular structures, topology 

optimization, and repeatable cell units (16). Microstructural lattice design is another area 

gaining prominence in the field of design for AM. Recently, Suresh presented a microstructural 

topology optimization framework that took advantage of this approach (17). This technique is 

effective but computationally costly. 

The aerospace industry has become one of the most prominent applications of additive 

manufacturing. This can be attributed to the need for parts that are low weight but still meet 

stringent design requirements for strength. In addition to this, aerospace parts typically only 

necessitate low production volumes. Boeing already makes significant use of 3D printed plastic 

parts, with around 300 different production parts for its aircrafts. It is estimated that there are 
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over 20,000 parts being used in their aircrafts that have been 3D printed out of plastics (18). 

GE recently successfully tested its LEAP engine, which utilizes parts manufactured by AM 

processes, and is projected to operate at a significantly increased efficiency compared to 

current jet engines (19). GE remains a significant investor in additive manufacturing research 

and development and projects that most of their parts will be manufactured using AM 

techniques by the year 2020 (20). 

The applications for additive manufacturing are expanding to other industries besides 

manufacturing of plastic and metallic solid parts for commercial use. Beyond rapid 

prototyping, 3D printing can be used other applications such as in the architecture industry for 

model building or in dentistry for rapid and precise production of crowns, bridges, and 

orthodontic implants (21). 3D printing has even found its way into creative markets such as 

crafting artistic sculptures. Additive manufacturing is also being explored in biomedical fields 

as a potential means of manufacturing organs and other biological tissues by depositing cells 

one layer at a time (22). Printed electronics are also a rapidly developing application of additive 

manufacturing processes (23). 

2.4  Summary 

As additive manufacturing becomes more prominent in industry settings, it becomes 

increasingly important to understand its advantages when compared to subtractive 

manufacturing. Additive manufacturing offers designers the ability to create material 

geometries significantly more complex than what was previously achievable, particularly 

lattice structures and geometries with internal material voids. The next two sections explore 
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how idealized structural geometries can be utilized to create high performance structures with 

significantly reduced material weight. 
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CHAPTER 3: REVIEW OF MICHELL STRUCTURES 

 

3.1  History of Michell Structures 

The design of optimal structural layouts has been a pervasive topic in the field of 

engineering design for many years. This field began with Clerk Maxwell in 1869, who 

described a method to determine the minimum amount of material that would be required to 

carry a set of compressive and tensile forces in a frame structure. His theorem, however, was 

limited to only tensile and compressive loads (24). The work of AGM Michell allowed 

Maxwell’s theorem to be generalized to any displacement input, expanding its versatility. 

In 1904, Michell described an approach for determining the minimum limit for material 

in a two-dimensional structure by designing a frame with material following the paths of 

maximum strain (3). Such structures are now referred to as Michell Trusses or Michell Frames. 

His frame design consists of orthogonal systems of members undergoing tension and 

compression. Michell’s approach for the optimization of minimum weight structures was 

limited to 2D geometries assuming plane strain deformation. 

Figure 3.1 below was provided by Michell to explain the theory of his minimum weight 

frames. It shows his solution to the ideal truss geometry of a cantilever carrying a point-load 

at its free end. Thick lines indicate the paths of maximum compressive strain and thin lines 

indicate paths of maximum tensile strain. The structure is formed by two similar, equiangular 

spirals that originate at point B. These spirals intersect orthogonal to each other at the point at 

which the force is applied, A. All other spirals are orthogonal to, and enclosed within the space 

formed by the two spirals that intersect at A. Dotted lines that extend beyond the solid lines 
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indicate principal strain paths where material is not necessary to support the given loading 

conditions. The force ‘F’ at point A is balanced by a moment at B, with magnitude 𝐹 × 𝐴𝐵, 

to achieve equilibrium in the structure. 

 
Figure 3.1 Michell Truss for a Cantilever (3) 

Michell’s work went largely undeveloped until the work of Cox and Hemp, who 

recognized the importance of Michell’s work, over fifty years later. In 1958, Cox (25) took the 

theorems presented by Maxwell and Michell and applied them to simple design problems. 

Soon after, Hemp (26) demonstrated that the structural layout problem for Michell frames is 

identical to the layout of the slip lines in plane-strain deformation. Slip lines are pathways 

along a material that coincide with the trajectories of plastic deformation and will be covered 

in the following section. Chan (27) used Michell’s minimum weight structure requirements to 

generate Michell truss layouts using graphical techniques. Hemp (28) also restated Michell’s 

minimum-volume conditions to account for their intrinsic limitations, calling them “Michell’s 
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sufficient conditions”. Johnson’s (29) work indicated that the relationship between optimal 2D 

frameworks and plane-strain slip line field theory was stronger than had been established by 

Hemp and Chan. His work also showed that the velocity diagram, or Hodograph as it is known 

in slip line theory, corresponds to the force diagram of a minimum-volume frame. 

Michell proposed his truss designs with the goal of achieving a structure in which 

weight was minimized. Prager and Hegemier (30) demonstrated that a minimum weight 

Michell truss cannot be less stiff than any other truss design that uses the same amount of 

material and respects the same allowable range of axial stress. This is established again by 

Barnett (31), who states that minimum weight Michell trusses also possess the maximum 

stiffness for the amount of material that is used. It follows that a Michell truss could be 

determined with a topology optimization algorithm that maximizes stiffness with constraints 

on maximum mass and allowable member stress. Mazurek, Baker, and Tort (32) used the 

assumption that Michell trusses correspond to maximum structural stiffness in demonstrating 

that geometric designs of optimal structures can be determined by a set of simple geometric 

rules. 

3.2  Slip Line Theory: 

Slip line field theory is an approach used to model plastic deformation in two-

dimensional plane strain problems (33). Slip line fields consist of a collection of curvilinear 

lines that form a mesh. Slip line fields are made up of two families of these lines which only 

ever intersect each other at right angles. The geometry of slip lines can always be used to find 

the stress state and velocity state of the structure as long as a number of assumptions are 
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satisfied: the structure is undergoing plane strain deformation, is under quasi-static loading 

with no body forces or temperature changes, is a rigid-perfectly plastic Mises solid.  

 
Figure 3.2 Slip Line Field for a Rigid Punch Indenting a Rigid-Plastic Half-Space (34) 

The two families of slip lines are commonly referred to as α-lines and β-lines. In Figure 

3.2 above, α-lines can be seen in red, and β-lines can be seen in blue. At the neutral axis of 

continuous structures, the slip lines intersect at either a positive or negative angle of 45 degrees. 

Because slip lines define the behavior of infinitesimally small amounts of material along a 

specific path, there are an infinite number of them in a structure, and any number of these could 

be employed to construct a Michell frame. 

 

3.3  Relation of Slip Lines to Plasticity 

As described above, a correlation between the slip line fields and the lines of plastic 

deformation in metals was established. Because of the relationship between slip line fields and 

Michell structures, this discovery increased interest in Michell’s work on minimum-volume 

frame design. Hemp presented an analytical approach to determining slip line field geometries, 

but his analytical equations become complex when applied to non-trivial part geometry. 

The advent of computers in the 1960s allowed for the development of new numerical 

techniques for determining slip line fields for 2D plane strain problems. In 1967, DJF Ewing 
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developed a series method for constructing slip line fields which used a power series to 

numerically approximate the geometry of slip line fields (35). The technique defined the radii 

of curvature as power series which can be solved numerically. The technique is more versatile 

than the analytical approach, but it presents difficulty for more complex geometries during the 

process of inverting the series equation to calculate the coefficients. 

Another numerical technique employed to determine slip line field layouts was the 

matrix-operator technique, developed by Dewhurst and Collins (36). This method reduces the 

problem of determining the slip line fields to a simple matrix inversion. It proved to be an 

efficient approach to constructing slip line solutions of indirect type, which lead to linear 

integral equations. Dewhurst later adapted this technique for solving linear boundary value 

problems in slip line field theory, enabling a wider class of problems able to be solved than 

previously possible (37). 

There is a notable distinction between determining slip lines for optimum frame design 

versus determining slip lines for plane strain deformation problems. Dewhurst (38) describes 

that, in plane strain metal deformation, the focus of slip line theory was finding solutions for 

specific boundary-value problems which were based on commonly used tool geometries. In 

contrast to the use of slip lines in design of minimum weight structures, multiple examples can 

be developed for optimum structures with unrestricted boundary conditions. Dewhurst goes on 

to use numerical approaches, including his matrix operator method and Ewing’s power-series 

solution to develop minimum-weight solutions to a wider range of boundary conditions. 
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3.4  Shortcomings of Michell’s Theory 

Michell’s original work was limited to materials in which the limit of loading in tension 

was the same as the limit in compression. This limitation was addressed by Hemp in 1973 with 

his restatement of Michell’s conditions for minimum volume structures, which Hemp called 

“Michell’s sufficient conditions” (28). Hemp, however, did not provide work to illustrate that 

Michell’s original optimality criteria were not always valid. Rozvany (39) demonstrated that, 

for materials in which these tensile and compressive permissible stresses are not equal, 

Michell’s and Hemp’s optimality criteria do not produce consistent optimal truss volume 

solutions. Rozvany concluded that Michell’s criteria are valid only if the tensile and 

compressive permissible stresses are equal or for a highly restrictive class of support 

conditions. Michell’s optimality criteria also do not hold for problems with statically 

indeterminate loading conditions and can only generate optimal solutions for two dimensional, 

plane strain structures. 

3.5  Summary 

This section described a brief history of Michell Trusses, including their relation to slip 

line field theory, the correlation between slip line paths and plastic strain, and the shortcomings 

of Michell’s theory. In the next section, the field of topology optimization will be reviewed, 

including recent work in the field and several techniques for generating optimal structural 

designs. 
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CHAPTER 4: REVIEW OF TOPOLOGY OPTIMIZATION 

 

4.1  Types of Topology Optimization approaches 

Topology optimization is the process by which the connectivity and shape of material, 

as well as the locations of voids, are determined for a given domain (40). This is a subject that 

has been experiencing significant growth and continuing research within the past two decades, 

particularly as the power of computers has increased. The complexity of topology optimization 

has also presented a number of difficulties. One of these is that optimal designs may be 

represented by a multiply connected set with internal boundaries of unknown and complex 

topology that is difficult to determine, because new internal boundaries cannot be easily 

generated (41). Thus, the problem of shape optimization relies heavily on the determination of 

the topology and layout of these internal boundaries. Extensive reviews have been compiled 

in this field, exploring and evaluating the various techniques. This section of the thesis will 

give a brief overview of topology optimization and some of the more commonly used methods. 

Srithongchai (42) broadly categorizes the various methods of topology optimization 

into two broad but distinct categories. The first is any technique that alters the size and layout 

of space trusses using a given number of nodes. This approach uses iterative optimization to 

test designs for the truss sizes and layout and transform these variables until a final, optimum 

configuration is achieved. The advantage of this approach is that, with the appropriate 

optimization algorithm, it can be efficiently applied to problems analyzing large structures and 

complex loading distributions. Rajan (43) employed this technique using genetic algorithms to 

the optimization of truss structures by varying the placement and connectivity of nodes and 
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elements. The second approach couples finite element modeling with optimization algorithms 

to alter material density distributions in order to maximize the performance of the structure. 

Alternatively, regions with low densities can be removed entirely from the design. Analysis is 

repeated with the element removal, and the process is repeated until the desired design 

efficiency is achieved. 

Two particular techniques have gained popularity recently in the field of topology 

optimization. These are density-based methods and are known as Solid Isotropic Material and 

Penalization (SIMP) and Evolutional Structural Optimization (ESO). The basic concept for 

SIMP was introduced by Bendsoe (44) in 1989, and the term SIMP was later coined by 

Bendsoe and presented by Rozvany (45) in 1992. While ideas similar to ESO were presented 

earlier, the technique is credited to Xia and Stephen (46) in 1992. Although both techniques 

are density-based finite element methods that determine design geometries by necessary 

stiffness of each element and adjusting material density as needed, they differ in how they 

remove elements. ESO utilizes a fully heuristic optimization approach, calculating a certain 

parameter value, or “criterion function”, for each element and eliminating some element(s) 

each iteration. SIMP is a gradient method, penalizing the density values of less efficient 

elements to improve the design rather than removing them outright. 

For density-based topology optimization algorithms, the goal of the algorithm is to 

identify whether each element in the design should be made up of solid material, or have the 

material removed, leaving a void (40). Most problems of this type will have an objective 

function of a volume to stiffness ratio or material compliance. An example of an aerospace 

part that was designed using the SIMP method and manufactured using a metal AM process 
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can be seen in the figure below. The part was optimized for minimum weight and the optimized 

result was smoothed for AM production. In this particular case, the authors note that the 

geometry is most likely not the true optimal minimum weight design, as limitations imposed 

by the AM process increase the complexity of the design (47). 

 
Figure 4.1 Part Optimized Using SIMP for Aerospace Application (47) 

Another method, commonly known as the bubble method, was introduced by 

Eschenauer (48) in 1994. The method operates off of the concept of iterative positioning of 

new holes, or bubbles, into the structure of the design. The optimization process consists of 

three steps: the shape of outer boundary of the design is optimized, the optimal position of a 

new hole is determined, and a shape optimization is carried out on the new hole. Figure 4.2 

demonstrates the iterative design process of the bubble method. 
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Figure 4.2 Bubble Method Optimization Progression (48) 

The topology optimization technique chosen will reflect the application it is being used 

for. Optimization methods differ in the nature and quality of results and computational time 

and efficiency. The algorithms and assumptions used may be different depending on whether 

the design is for a biomedical, aerospace, structural, or other application. 

While topology optimization algorithms differ greatly between applications, a small 

number of optimization objectives are typically employed. The most common objectives used 

in topology optimization algorithms are minimization of the mass of material making up the 

design or maximization of the structural stiffness of the design. Dewhurst (49) also establishes 

an optimality criterion for maximum stiffness per unit weight, particularly for use with 

structures that have different strength, stiffness, or density for the tension and compression 

members. 
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Topology optimization algorithms almost always pair the minimum mass or maximum 

stiffness objectives with constraints that result from design specifications required by the 

application. Common behavioral specifications enforced by design requirements include 

stiffness, elastic or plastic strength, and stability for minimum weight designs. Barnett (31) 

discusses methodology for determining minimum weight structures with design requirements 

for stiffness, strength, and stability. Constraints that are applied to optimization approaches 

often depend on the objective of the optimization. Lee, James, and Martins (50) compared 

topology optimization solutions for mass-constrained compliance minimization and stress-

constrained mass minimization objectives. Holmberg, Torstenfelt, and Klarbring (51) 

developed and evaluated a method for applying stress constraints to mass minimization and 

stiffness maximization objectives in a SIMP optimization approach. 

4.2 Heuristic Optimization Methods 

Optimization techniques can be broadly classified into two categories: continuous and 

heuristic optimization algorithms. Continuous optimization methods include zeroth-order, 

first-order, and second-order approaches for finding optimum solutions. Some of the 

optimization algorithms that fall into this category include Powell’s method of conjugate 

directions, steepest descent, Newton’s method, the Broyden Fletcher Goldfarb Shanno (BFGS) 

approach, Augmented Lagrange Method (ALM). These algorithms all follow a common 

progression in which the algorithm determines the direction in which the objective function 

will see the largest amount of decrease, or a prescribed direction for zeroth-order methods, and 

the design variables are moved in that direction until a relative minimum is found. The 

optimization algorithm will then continue this process until some convergence criteria is met, 
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indicating that an optimal point has been found. Region elimination techniques, including 

interval halving and the Golden Section method, are frequently employed alongside other 

continuous algorithms to reduce their computation times. These techniques sequentially reduce 

the range of values considered for the design variables by dividing these ranges into intervals 

and testing the objective function results to judge which interval will contain the local 

minimum. All of these continuous algorithms also have the capability to deal with problems 

having multiple constraints. 

The other category of optimization techniques, heuristic algorithms, are better suited to 

problems in which the nature of the objective function is not well known, frequently referred 

to as “black-box” problems. Objective functions in these problems are often not continuous, 

making it difficult to distinguish clear patterns between different design variable combinations. 

One drawback of heuristic algorithms is that the user will most likely not have any feedback 

to determine whether or not the optimum reached is the value of the true optimum. This 

requires the parameters of the algorithm to be “tuned”, particularly with respect to the chosen 

convergence criterion, until the best possible optimum is reached. It is also common for 

different trials of the same heuristic algorithm to produce vastly different optima, even when 

using the same starting design population. The typical criterion used to determine convergence 

is when the improvement in the objective function fails to rise above a certain value for a 

particular number of optimization iterations have elapsed. For certain problems, the 

optimization may be halted if all possible solutions have been tested, though this is rare (52). 

Some commonly used heuristic optimization algorithms include Genetic Algorithms, Particle 

Swarm Optimization, and Simulated Annealing. 



 

25 

Simulated annealing is an optimization algorithm that mimics the crystallization 

process in heating and annealing of metals. This comes from the idea that, in annealing, the 

metal particles will move essentially at random while the material is in a high energy state, but, 

as the temperature is lowered, the particles will begin to seek out positions that will minimize 

the overall potential energy state of the material. Similarly, Simulated Annealing allows for 

design points to move to positions that do not improve the objective function. The user 

prescribes a “cooling schedule”, which determines the rate at which the probability of choosing 

to keep an inferior design point will decrease. Occasionally, users will implement a simpler 

acceptance rule for Simulated Annealing known as Threshold Accepting, in which all random 

movements are accepted, but a limit is set on how much worse a design can get within a single 

iteration (52). 

Genetic Algorithms are heuristic search algorithms that adapt the concepts of evolution 

and natural selection to finding optimal solutions. Genetic Algorithms utilize a randomly 

generated initial population of designs, and then select the fittest designs to be used as “parents” 

in the process of creating a new, “child” population. The goal of this process is to guide the 

random search process of creating new designs by adapting the most beneficial elements of the 

previous population iteration. Genetic Algorithms can employ a variety of different approaches 

for the selection of the fittest parent designs for breeding, the method of crossover, which is 

the process of creating child designs from parent designs, and mutation, through which 

typically random changes are made to children outside of crossover in order to increase the 

variability of the population between iterations. Genetic Algorithms are extremely flexible 
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because of their ability to be customized by the user and are widely used in many different 

fields of engineering for finding optimum solutions (53) (54). 

Particle Swarm Optimization is a population-based optimization algorithm that draws 

its inspiration from the behavior of the flocking of birds and the schooling of fish. It was first 

introduced by Kennedy and Eberhart in 1995 (54) (55). The algorithm keeps track of a 

population of design solutions, referred to as particles, and how they move relative to each 

other in the design space. Each particle keeps a record of the design variable coordinates of the 

best solution it has encountered in the design space as well as the coordinates of the best 

solution that the entire population of particles has encountered. These two coordinates are used 

to generate a velocity for each particle individually. An optimum solution is found when all 

particles converge on a single coordinate point in the design space. 

4.3 Recent Work in Topology Optimization 

As described at the beginning of this chapter, the past twenty years have seen a 

significant increase in the amount of research in the field of topology optimization performed, 

mostly due to advances in computing technology. Most of the research focus is on two areas: 

the application of existing topology optimization techniques to particular design questions or 

the development of new techniques or variations of existing techniques to address drawbacks 

of the algorithms. 

Topology optimization approaches have recently been applied to more varied types of 

materials. Xu, Jiang, and Ou (56) applied genetic algorithm techniques to the optimization of 

piezoelectric smart trusses in order to minimize vibration. Blasques (57) presented a 

framework for the optimization of topology and laminate properties in the structural design of 
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laminated composite beam cross sections. He later describes the same algorithm with the 

addition of eigenfrequency constraints (58). 

Much of the recent research in the field of topology optimization has focused on the 

application of its concepts to alternative material performance objectives. Xia, Shi, Liu, and 

Wang (59) presented an optimization formulation in which global stress minimization is 

applied as an objective. Deng, Yan, and Cheng (60) examined the structure of homogenous 

porous material using a multi-objective optimization technique that attempted to determine a 

design that had the minimum compliance for purely mechanical loading and minimum thermal 

expansion for purely thermal loading. Kim, Mechefske, and Kim (61) applied topology 

optimization concepts to the design of a viscoelastic damping material in order to maximize 

its damping for a constrained volume. 

Truss optimization is a facet of topology optimization that focuses on structures 

consisting of one-dimensional members. While the objectives are typically the same as other 

topology optimization algorithms, design variables consist of some combination of truss 

member layout and connectivity and the cross-section profile of each member. A significant 

amount of the recent research in this field has focused on methods for refining optimization 

algorithms. Balling, Briggs, and Gillman (62) presented a genetic algorithm technique that 

optimized the size, shape, and topology of trusses and frames to determine the minimum 

weight designs. Their algorithm found both traditionally recognized topologies as well as some 

less familiar, better performing designs. Kaveh and Talatahari (63) implemented a particle 

swarm optimizer to minimize the weight of truss structures by adjusting the cross-sectional 

area of their members without violating constraints on nodal displacement and maximum 
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stress. A similar series of optimizations were performed by Gomes (64) but with the application 

of constraints on vibration frequency. 
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CHAPTER 5: PROBLEM DESCRIPTION AND VALIDATION 

 

5.1  Michell Structures Using Principal Stress Trajectories 

To determine the optimal topology for a design using the Michell truss theory, the first 

step is to determine the layout of the slip line field in the material. However, slip line fields are 

not simple to create. As described in Chapter 3, Hemp (26) and Chan (27) employed analytical 

techniques for determining solutions to slip line field layout problems, but their equations 

became complex when applied to non-trivial part geometries. Numerical techniques, including 

the Matrix method (36) and Ewing Power Series (35) method were later developed to address 

these issues, but their calculations were still challenging for certain geometries. Because of the 

complexity of the calculations required for these approaches, there is a need for a simpler 

method to define Michell truss layouts for arbitrary design problems. 

Michell stated that the material making up an ideal structure must have members 

following the paths of principal strain (3). This was later confirmed by Barnett, who stated that 

if the links did not follow principal strain paths, a direction could be found at a point on a 

member for which the direct strain has a magnitude greater than the strain along the length of 

the member (65). Timoshenko (66) explains the derivation process of principal stress 

trajectories for plane stress structures. Principal stress trajectories map the orientations of the 

principal stress directions within two dimensional structures. Magnitudes of the principal 

stresses, however, are not necessarily uniform along a trajectory path. Principal stress 

trajectories are coincident with the trajectories of principal strain in plane stress problems. It 

should follow from this that Michell truss structural members must also follow the paths of 
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principal stress for plane stress geometries. Figure 5.1 shows examples of the principal stress 

trajectories of a cantilever loaded at its free end and a simply-supported beam under uniform 

loading conditions. In this particular figure, the solid lines indicate tensile trajectory paths, and 

the dotted lines indicate compressive trajectory paths. 

 
Figure 5.1 Principal Stress Trajectories for (a) Cantilever and (b) Simply-Supported Beams (66) 

Similarly to Barnett’s statement that the layout of a Michell truss must follow the lines 

of principal strain, the Michell truss members must also follow the paths of principal stress 

trajectories because the two sets of orientations are coincident. Michell states that the members 

of an ideal frame should only be in tension or compression. Because of this, there should exist 

no shear stress within the frame, implying that the members making up the frame must lie 

tangent to the trajectories of principal stress (67). 
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5.2  Overview of the Thesis 

The previous chapters reviewed the current state of the additive manufacturing industry 

and described the concepts of Michell trusses and topology optimization. As described in the 

Introduction, this thesis presents a technique for determining the shape of an optimized part. 

This technique is inspired by Michell truss structural layouts and will be optimized with a 

heuristic technique. The goal of this work is to demonstrate that principal stress trajectories 

can be found numerically with a streamline-inspired derivation approach and effectively 

utilized as a mapping tool to determine the layout of members in an optimal topology. 

Two design problems will be considered with this topology optimization technique: the 

point-loaded cantilever beam and simply-supported beam geometries. This chapter will present 

the principal stress vector fields for these two problems and compare them to the member 

layouts of Michell ideal structures found by previous work. By demonstrating correlation 

between the principal stress orientations and the material paths in ideal structures found by 

other optimal topology approaches, the relationship between principal stress trajectories and 

optimal part design will be established. 

5.3  Determining Principal Stresses Using Finite Element Analysis 

As discussed in the first section of this chapter, it is known that, for a plane stress 

problem, the principal stress trajectories coincide with the slip lines for a given loading 

condition on a structure. As a result, the topology for an optimal Michell frame structure can 

be developed from the orientation of principal stresses. The principal stress fields can be 
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developed using two dimensional finite element approaches to approximate the magnitudes of 

stress at locations within the structure. 

To validate the effectiveness of plain stress principal stress fields at approximating the 

orientations and geometry of truss members for minimum weight Michell frames, finite 

element models were developed in ANSYS for point-loaded cantilever and simply-supported 

beam design problems. The principal stress vector fields for these models were determined and 

compared to the topology optimization solutions for identical problems presented by Rozvany 

(52) and Srithongchai (38) to observe the relationship between principal stress orientation and 

topology optimization for truss structures. 

5.4  FE Model for Michell Cantilever and Simply-supported beam 

Rozvany (68) presented a solution to the Michell structure of a least weight truss for a 

cantilever with a point load. Figure 5.2 shows the original cantilever design as well as the final 

optimized truss structure for minimum weight. Note that, unlike the cantilever solution that 

Michell presented in his original work (3), this optimal frame design started with a rectangular 

shape and ended with a truss that fits within the domain of the original structure. 
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Figure 5.2 Point-Loaded Cantilever with Optimized Truss Structure (68) 

The left wall is a fixed boundary condition and a force is applied on the neutral axis of 

the beam’s free end. The structure has dimensions of a height of h and length of approximately 

3h. The magnitude of the applied force and material properties of the structure are arbitrary as 

long as the assumptions of plane stress and isotropic materials are satisfied, as the force 

magnitude will have no effect on the orientation of the principal stresses. 
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A model was generated in ANSYS using two-dimensional plane stress solid elements. 

The material was aluminum 6061-T6, with a yield strength of 276 MPa, an elastic modulus of 

6.9e4 MPa, and a Poisson ratio of 0.33. The mesh of the finite element model can be seen in 

Figure 5.3.  

 

Figure 5.3 Finite Element Mesh for Point-Loaded Cantilever 

Srithongchai (42) presented an analytically determined Michell frame layout for a 

simply supported beam. This layout can be seen in Figure 5.4. Unlike the cantilever, this simply 

supported beam has height of h and a length of 4.8h. In both models, h was taken to be 100 

mm. 
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Figure 5.4 Michell Simply-Supported Beam (42) 

Utilizing the same material model and finite element modelling technique as for the 

cantilever beam, a model of a continuous, rectangular simply supported beam was generated 

in ANSYS. Symmetry along the central, vertical axis was assumed with pin supports on the 

bottom corners. Because of the symmetry assumption, only a half-beam model was utilized. 

The mesh for the ANSYS model can be seen in Figure 5.5. 

Figure 5.5 Finite Element Mesh for Simply-Supported Beam 
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5.5  Plane Stress Model Results and Discussion 

The principal stresses for the point-loaded cantilever model can be seen in Figure 5.6. 

The stress field is superimposed over the Michell structure shown in Figure 5.2 to demonstrate 

the correlation between the principal stress trajectories and the Michell structure material 

members. The stress field vector plot in Figure 5.6 was generated in Matlab from the nodal 

stress data calculated in the ANSYS analysis. 

Figure 5.6 Principal Stress Trajectories Superimposed on Michell Point-Loaded Cantilever 

Note that the two sets of principal stress trajectories align each align with the alpha and 

beta lines of the Michell structure presented in Reference (68). Much like the slip lines making 

up the Michell truss, the principal stress trajectories are oriented at a 45º angle along the neutral 

axis of the structure, and the orientations of the two sets of principal stress trajectories appear 

to mirror one another across the neutral axis. Despite the fact that the vectors in this diagram 

are only oriented in a single direction, it is important to note that the principal stress directions 

also include the directions oriented 180º from each of the vectors. 

Figure 5.7 shows the principal stresses for the simply-supported beam geometry 

presented in Reference (42). Because the beam possessed a line of symmetry along its central, 
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vertical axis, a half-beam model is presented as identical behavior can be assumed on the 

opposite side of the symmetry boundary condition. The simply-supported beam principal stress 

field demonstrates a similar alignment between stress trajectories and the Michell truss 

geometry as in Figure 5.6.  

 

Figure 5.7 Principal Stress Trajectories Superimposed on Michell Simply-Supported Beam 

As shown in the previous results, principal stress trajectories are positively correlated 

with the member placement within Michell trusses. While effective in demonstrating the layout 

of the struts comprising the structure, the stress fields give no indication of how many internal 

pathways should be utilized or what the member thicknesses should be. These two factors are 

dependent on the design intentions of the structure and the manufacturing limitations imposed 

on the part’s fabrication. 
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5.6  Extension to Increasingly Complex Geometries 

While this thesis only considers the use of principal stress trajectories to determine the 

optimal structures of the point-loaded cantilever and simply-supported beam problems, for 

which there exists substantial work that defines the layout of their optimal topologies, the 

technique presented in this thesis is also applicable to structures with more complex geometric 

features. The numerical and deterministic nature of the use of principal stress trajectory fields 

to determine optimal structures should allow this approach to be applied to any two 

dimensional problem for which a plane stress finite element analysis can be performed to 

generate a stress field. 

To further demonstrate the effectiveness of the relationship between principal stress 

trajectories for plane stress problems and the layout of ideal geometry structures, the solution 

to an L-shaped bracket problem presented by Le (69) is considered. The problem geometry 

and some of the optimal topology solutions presented in the paper can be seen in Figure 5.8. 

These structures were found using a stress-based SIMP topology optimization technique. 
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Figure 5.8 L-Shaped Bracket Optimal Topology Structures (69) 

The same approach was used as for the point-loaded cantilever and simply-supported 

beam to generate the plane stress principal stress field for the L-shaped bracket. A finite 

element analysis was performed on a model generated in ANSYS using solid elements. The 

stress field can be seen superimposed on one of these optimal topology geometries in Figure 

5.9. 



 

40 

 
Figure 5.9 Optimal L-Shaped Bracket with Corresponding Principal Stress Trajectory Field 

Similarly to the point-loaded cantilever and simply-supported beam, the principal stress 

trajectories appear to strongly align with the orientations of the members of the optimal 

structure. This correlation suggests that the results of principal stress trajectory-based topology 

optimization agree with those of SIMP and other density-based techniques. It also 
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demonstrates that principal stress trajectories could prove effective for topology optimization 

of more geometrically complex structures. 

As with the cantilever and simply-supported problems, strut placement and thickness 

are two design properties that the principal stress trajectories do not offer. Because of the 

infinite number of possible designs that could be generated with differing strut placement, all 

with varying performance with regard to structural stiffness and material volume, an 

optimization algorithm is necessary to determine the optimal topology with principal stress 

trajectories. The next two chapters will explore how stress trajectories are used to create a new 

frame design and the optimization algorithms employed to find the ideal designs for the point-

loaded cantilever and simply-supported beam problems. 
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CHAPTER 6: GENERATING AN IDEAL STRUCTURE FROM STRESS 

TRAJECTORIES 

 

6.1  Introduction and Concept 

In order to generate a structure of links that follow the paths of principal stress for a 

plane stress problem, a consistent process is needed that can identify unique stress trajectory 

paths and then determine a set of nodes and elements that represent these paths. This process 

must create new truss designs in a manner that is automated and repeatable so that design 

performance can be rapidly evaluated. 

 In this section, the numerical mapping tool for principal stress trajectories and the 

decision making process for creating a new truss design from principal stress trajectory data 

will be presented. The goal of this process is to take the resulting stress fields of a FEM analysis 

for the two dimensional continuous structure and produce a truss mesh of nodes and one 

dimensional element connections representing the new reduced-weight lattice design. The 

plane stress finite element analysis of the continuous structure was performed by and exported 

from the ANSYS ADPL and the remainder of the process was automated in Matlab. 

6.2  ANSYS Data and Streamline Function 

To automate the truss design process, the code must consistently know how to interpret 

the outcome of a set of variable inputs for stress trajectory positions. As a result of this, input 

data is required to have a consistent form every iteration. The input data to the frame design 

function consists of the nodal data for the principal stress vector field from the ANSYS analysis 

of the continuous structure, an example of which can be seen in Figure 6.1, and the starting 

points of the stress trajectory path lines that are used to map the layout of the frame. 
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Figure 6.1 ANSYS Principal Stress Vector Field for Point-Loaded Cantilever 

 

To create the stress trajectory paths, the principal stress vector field is treated as a fluid 

velocity field so that the stress trajectories can be interpreted as streamlines. Since magnitude 

of the vectors does not factor into the path behavior, only orientation, principal stress field 

vector components are normalized so that all vectors have equal magnitude. The use of fluid 

streamlines to generate load paths from finite element principal stress data was demonstrated 

by Waldman (70). While the technique was employed to plot load paths for a variety of plane 

stress problems, no effort was made to automate the use of the resulting load paths to create 

and test ideal truss structures. 

The Matlab function ‘scatteredInterpolant’ is used to generate an interpolated stress 

orientation field for the streamline function. This, along with starting points for each 

streamline, make up the input data that is used to generate the 2D trajectory streamlines with 

the function ‘stream2’. Streamline start points are restricted to points on the boundaries of the 

original structure as the stress trajectories in a continuous solid always travel from one 

boundary until they reach another. The result of this process consists of a set of vectors made 
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up of spatial coordinate points along the path of each trajectory. An example of streamline 

principal stress paths can be seen in Figure 6.2, with blue lines indicating compressive stress 

and red lines indicating tensile stress. The starting points used to generate these trajectories 

were randomly placed; not the result of an optimization. Note that the tensile stress trajectories 

never intersect with other tensile stress trajectories, and that the same is true for compressive 

stress trajectories. This will factor into the node placement process described in the next 

section. The principal stress vector field used to generate the stress trajectory streamlines in 

Figure 6.2 is identical to the stress field presented in Figure 6.1. This principal stress vector 

field shown in Figure 6.2 is also identical to the stress field that was compared to the Michell 

point-loaded cantilever in Figure 5.6. 

 

Figure 6.2 Trajectory Streamline Example with Corresponding Principal Stress Field 

The similarities between the trajectory paths mapped by the streamline-inspired approach in 

Figure 6.2 and the stress trajectories presented by Timoshenko (66) in Figure 6.3 are apparent. 

This suggests that the streamline-inspired approach is an effective method of determining 

stress trajectory paths. 
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Figure 6.3 Cantilever Stress Trajectory Paths (66) 

6.3 Connectivity Matrix and Nodal Coordinates 

A reduced-weight frame design has two essential components that define its geometry: 

the node locations and the connectivity matrix that outlines the truss link connections between 

those nodes. The code employed in this thesis utilizes the trajectory path vectors along with 

pre-defined boundaries through a specific set of procedures to define where nodes and elements 

must be placed. Those procedures will be described in this section. 

Three basic rules were employed for the initial placement of nodes. First, pre-defined 

node locations are placed within the space. These are specifically located at sites that are 

necessary in the final design but may not be identified by the other steps in the process, such 

as corners where boundaries meet or points at which loads are applied. Second, nodes are 

placed at locations where stress trajectories intersect with one another. Because tensile 

trajectories never intersect with other tensile trajectories, and likewise for compressive 

trajectories, each set of stress trajectories is not tested for intersections against its own set in 

order to save computation time. Finally, nodes are placed at locations where stress trajectories 

intersect with boundaries. Connections between trajectories and particular boundaries in the 

cantilever and simply-supported geometries are ignored in order to prevent the placement of 

material in corners of the non-optimized geometries known to lie off of major load paths and 
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carrying relatively low stresses. Node placement resulting from all three methods can be seen 

in Figure 6.4. 

 
Figure 6.4 Node Placement for (A) Preset Node Positions, (B) Intersections of Trajectories of Opposing Sets, 

and (C) Intersections of Trajectories and Boundaries for a Section of a Point-Loaded Cantilever Design 

 

 Throughout the process of identifying node locations, the code keeps track of which 

trajectories and/or boundaries each node is placed on. Each trajectory is considered 

individually, and nodes along that trajectory are sorted according to their horizontal coordinate 

value. Elements are then defined between all values in this sorted vector of node coordinates 

for a single trajectory so that the entire trajectory path can be represented by a continuously 

connected collection of elements. This step is also conducted for the boundaries where 

boundary conditions are applied so that all required material paths are represented by elements. 

 While the three node placement rules listed above are effective in mapping the overall 

structure of the new truss and representing all connections of more than two links, fine 
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geometries such as arcs and curves in the trajectories between their connections could not be 

accurately represented in all cases. Because of this, a process is needed by which nodes could 

be placed along trajectory paths between the connections of different trajectories to account 

for these geometries. This is accomplished by considering each element individually and 

measuring its length. If the element’s length exceeded a set maximum value, new nodes are 

placed at approximately equal increments along the trajectory’s path, and the original element 

is separated into new elements to account for the newly placed nodes. The original element is 

then removed from the connectivity matrix. Figure 6.5 shows an example of a completed frame 

mesh of nodes and elements. 

 

 
Figure 6.5 Full Mesh for a Point-Loaded Cantilever Design 

6.4  Finite Element Analysis 

Once the nodes and elements that make up the new design are known, its performance 

needs to be evaluated. A frame finite element analysis is performed on the structure to calculate 

the deflections of the nodes and the maximum stress carried in each element. This analysis is 

performed in Matlab rather than ANSYS to simplify and lessen the computational cost of the 



 

48 

calculations. Each of the element links is treated as a one dimensional frame element with two 

nodes and three degrees of freedom per node. The global stiffness matrix is formulated from 

Hermite Cubic shape equations for the transverse deflection and rotation degrees of freedom, 

and linear shape equations for axial deflection. Properties of stiffness, cross-sectional area, and 

moment of inertia are assumed to be constant along the length of an element, and identical 

between all elements. For the purposes of determining area and moment of inertia, the cross-

section is assumed to be square. 

Boundary conditions are pre-determined based on the problem being addressed. The 

input into the frame design code ensures that a node will always be placed at the point at which 

any forces were applied. It also determines which nodes are located on fixed or pinned 

boundaries and constrains the appropriate degrees of freedom. 

With the stiffness matrix and force matrix determined, the two matrices can be reduced 

by applying boundary conditions to the constrained degrees of freedom and inverting the 

stiffness matrix to solve for the remaining degrees of freedom. These results represent the nodal 

deflections of the frame. 

The code then considers each element individually and substitutes the calculated 

deflections for the nodes comprising that element into shape equations to determine an 

equation for the deflection distribution over each element. By differentiating these results, 

equations to approximate the bending moment and axial force distributions in the beam are 

determined. The shape equations used always result in a constant axial force over the length of 

the beam and a linearly varying bending moment that has its maximum and minimum values 

at the nodes. With the known element cross-sectional area and moment of inertia, the bending 
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moments and axial force are then used to calculate the maximum tensile and compressive 

stresses in each of the elements. 

6.5  Truss Volume Calculation 

One of the parameters essential to evaluating the effectiveness of an optimized Michell 

truss geometry is its volume of material. This volume calculation was utilized as the objective 

function of the secondary optimization in which thickness was altered to minimize the amount 

of material used by the structure. For a truss, the total volume can be considered as a summation 

of the volume of each of its members. With the known nodal coordinates and the connectivity 

matrix for the structure, each element’s length can be determined with a simple calculation 

using the distance formula and the location of each of the element’s two nodes. 

𝑑 = √(𝑥2 − 𝑥1)2 + (𝑧2 − 𝑧1)2 

Because the cross-sectional area of each element is assumed to be constant and identical for 

all elements, the total volume of the frame can be calculated by multiplying the element cross-

sectional area by the sum of all of the element lengths. 
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CHAPTER 7: OVERVIEW OF THE OPTIMMIZER 

 

7.1  Introduction 

In Chapter 4 multiple design optimization algorithms for topology optimization were 

described. This thesis assumes that a Michell truss represents an optimal design layout for a 

lattice structure and that the shape of such a structure can be determined using the directions 

of its principal stress trajectories. It is also known that, for any structure, there are an infinite 

number of possible stress trajectory paths and stress trajectory path combinations, each with a 

different load carrying capability and stiffness. A heuristic optimization technique known as 

simulated annealing is employed to find the layout of stress trajectories that will produce the 

stiffest lattice structure. A secondary optimization is performed using this layout in order to 

find the element thickness corresponding the minimum weight structure. In this chapter, the 

optimization problem formulation is presented and the algorithm process used is described. 

7.2  Optimization Problem Formulation 

The objective of the layout optimization problem is to minimize the largest deflection 

that the structure experiences under fixed, static loading conditions without violating the 

prescribed constraints. The design variables being considered in this problem are the starting 

point coordinates of the stress trajectories used to generate the layout of the new lattice design. 

The impact of the number of trajectories employed to create the design and how this affects 

design efficiency is also considered. The constraint employed in the design is that the 

trajectories cannot fall within a certain distance of one another. A Matlab finite element 
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analysis is employed to calculate the nodal deflections and the element stresses. The 

optimization problem presented in standard form is as follows: 

 

Minimize: 𝐷𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛 = 𝐹(𝑖, 𝐶𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑠) 

Subject to: 𝑝𝑟𝑜𝑥𝑖𝑚𝑖𝑡𝑦(𝑖, 𝑘) − 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑡ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠 ≤ 0 

  

Where ‘i’ and ‘k’ represent the number of design variables, or stress trajectories, used, 

‘F’ represents the black-box objective function used to solve for the maximum deflection of 

the design, and ‘proximity’ represents the distance between ending points of trajectory 

streamlines ‘i’ and ‘k’, which cannot fall below the thickness of the strut or there will be 

material overlap in the design. Overlap of starting points was allowed as Figures 5.2 and 5.4 

show that Mitchell truss member seem to meet in corners near boundary conditions. The 

formulation of the constraints and how they are applied to the fitness of a design will be 

discussed in Chapter 8. 

7.3  Algorithm Description 

To optimize the layout of lattice members for an ideal Michell truss, a simulated 

annealing algorithm was developed in Matlab and coupled with design generation and finite 

element analysis algorithms also developed in Matlab. Because of the assumption that 

streamlines representing stress trajectories must originate on a boundary, the number of design 

variables is reduced to a value equal to the number of trajectories used in the design. For the 

point-loaded cantilever problem, symmetry is assumed between the sets of compressive and 

tensile stress trajectories for a single set of principal stress, which can also be thought of as 
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symmetry across the neutral axis. This further reduces the number of design variable to either 

the number of tensile trajectories, or compressive trajectories, as they are equal in number. 

Figure 7.1 shows a flowchart for the simulated annealing algorithm’s decision making process. 

 
Figure 7.1 Simulated Annealing Flowchart 

 The initial design for trajectory placement was determined using an approach that 

randomly places the trajectories within the domain. This initial design approach was employed 
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to ensure that the resulting optimum solution would not be dependent on the starting points of 

the design variables. Based on these starting points, trajectory paths are generated using 

Matlab’s ‘stream2’ command and a design of nodes and elements is created and analyzed using 

the methods explained in Chapter 6 of this thesis. The result of the finite element analysis is 

the desired compliance objective. Constraints were applied to the optimization formulation as 

penalties on the fitness of a design if violated. The application of the constraints and the 

assumptions used to generate them will be explained in Chapter 8 of this thesis. The fitness 

function of a design is given as 

𝐹𝑖𝑡𝑛𝑒𝑠𝑠 = 𝑀𝑎𝑥𝑖𝑚𝑢𝑚 𝐷𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛 + 𝑃𝑒𝑛𝑎𝑙𝑡𝑦 

7.4  Generating and Accepting New Design Variables 

A new design is created each iteration of the optimizer so that it can be compared to 

the design of the previous iteration. A new value for one of the design variables is generated 

randomly within a ‘move box’. This refers to the bounded space around a design variable value 

within which the new value is allowed to be placed. The actual boundaries defining the ‘move 

box’ differ not only between each design variable, but also between each iteration. Only one 

design variable is changed each iteration of the optimizer in order to prevent good designs from 

generating an excessive amount of variation in performance between iterations and to allow 

for more incremental changes between designs. The design variable for which a new value is 

generated changes each iteration to maintain the randomness of the optimizer. To find more 

precise solutions, the size of the move box shrinks as the optimizer progresses through more 

iterations. This gives the optimizer the chance to find relatively good designs at the beginning 

of its search, and refine these designs as it continues. The purpose of this method of design 
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generation is to employ random design creation, which is essential to purely heuristic 

optimization approaches, while limiting the design variables from varying excessively between 

iterations, particularly once the optimizer begins to locate designs that perform well. New 

values for a design variable are calculated as follows: 

𝑛𝑒𝑤 𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛(𝑖) = 𝑜𝑙𝑑 𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛(𝑖) − 𝑏 + 2 ∗ 𝑏 ∗ 𝑟𝑎𝑛𝑑 

Where ‘rand’ is a random number between 0 and 1, ‘i’ represents the number of design 

variables, and ‘b’ represents the distance between the old design variable value and the upper 

and lower bounds, which are equally spaced. Note that the position of a stress trajectory origin 

is only represented by a single variable rather than a set of coordinates. This is because the 

stress trajectory origins must always fall on the boundary, so a pair of coordinates can be 

determined by a single variable. 

Once a new set of design variables is created, the fitness of the new design needs to be 

calculated. This new design fitness will then be compared to the current design, and, if its 

fitness value is lower, the new design replaces the current one as the fittest design. If the fitness 

of the new design is not lower, its acceptance as the new fittest design depends on a probability 

density function (PDF). The value of this function ‘p’ is determined with the following 

equation: 

𝑝 = 𝑒
∆𝐸
𝑇  

Where ‘ΔE’ is defined as the difference between the old fitness and the new fitness, 

which will always be a negative number, and ‘T’ is the temperature parameter that defines the 

cooling schedule of the simulated annealing algorithm. Because ‘ΔE’ is always negative for 
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cases in which the new fitness is higher than the old fitness, this function will always produce 

a value of ‘p’ that is between 0 and 1. A different random number between 0 and 1 will then 

be generated by Matlab and compared to the value of ‘p’. If ‘p’ is higher than this random 

number, the new design will be accepted. If ‘p’ is lower, the algorithm proceeds with the 

previous fittest design. This use of this PDF method allows for bad designs to be accepted by 

the algorithm, giving the algorithm the means to escape local minimums. 

The value of the temperature parameter ‘T’ is a major factor in the outcome of the 

calculation of ‘p’ and, therefore, the acceptance of a less fit design. The temperature parameter 

decreases as the number of iterations, subsequently causing the value of ‘p’ to also decrease, 

and, as a result, the chance of accepting a less fit design decreases. The rate at which the 

temperature is decreased is referred to as the cooling schedule in Simulated Annealing. The 

initial temperature is set to 60 and, every 50 iterations, the temperature is reduced by being 

multiplied by a factor of 0.4. 

7.5 Volume Optimization Formulation 

After the node locations and connectivity matrix of the maximum stiffness frame was 

found using the layout optimization algorithm, a secondary optimization was performed to 

determine the minimum weight structure by varying the element thickness. The assumption of 

constant thickness between each element was maintained to simplify the formulation to a single 

design variable. The results of this optimization are expected to be conservative with respect 

to the actual achievable minimum weight structure that could be found if element thicknesses 

are allowed to vary independently, as in Reference (5). 
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The optimization problem works to minimize the volume of material used to build the 

structure. The design variable implemented is the in-plane thickness of the frame elements, 

and the design variables are constrained so that thickness cannot decrease below a point where 

any of the elements develops a stress level exceeding half of the yield stress. The element 

thickness also cannot fall below the minimum wall thickness constraint prescribed by the 

additive manufacturing design requirements of aluminum. These additive manufacturing 

constraints are described in the next chapter. The formulation of the optimization problem is 

as follows:  

 

Minimize: 𝑉𝑜𝑙𝑢𝑚𝑒 = 𝑑𝑒𝑝𝑡ℎ ∗ 𝑡 ∗ ∑ 𝑙𝑒𝑛𝑔𝑡ℎ(𝑗) 

Subject to: 
𝜎𝑦

2
− 𝑠𝑡𝑟𝑒𝑠𝑠(𝑗)  ≤ 0 

  𝑡 − 0.001 𝑚 ≤ 0 

 

 Where ‘j’ indicates the element number, ‘t’ is the thickness design variable, and ‘σy’ 

represents the yield stress of the material. The optimization algorithm used is the same 

simulated annealing algorithm employed in the layout problem, but it employs the new 

objective function in place of the stiffness optimization objective. The maximum stress 

constraint is applied as a penalty on the fitness, which will be described in the next chapter. 

The objective function uses the frame volume calculation described in Section 6.5 to find total 

material volume and the finite element analysis algorithm described in Section 6.4 to calculate 

the maximum stress in the frame. 
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This chapter presented the formulation of the optimization problems and the procedure 

for creating and accepting new designs using a simulated annealing algorithm. The objective 

of the optimization is the minimization of the maximum deformation of the design while 

accounting for design constraints in geometry and stress. The next chapter will detail the 

constraints on the design and how they are applied. 
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CHAPTER 8: DESIGN CONSTRAINTS 

 

8.1  Introduction 

In the previous chapter, two Simulated Annealing optimization algorithm were 

presented that determined the stress trajectory layout and the corresponding optimal element 

thickness that, when combined, result in the ideal structural performance for cantilever and 

simply-supported design geometries. In this chapter, the design constraints applied to the 

optimization algorithms will be explained as well as the method by which they were 

incorporated into the algorithm. 

As discussed in Chapter 2, additive manufacturing grants designers freedom to 

fabricate parts with geometries that produce increased stiffness and decreased mass through 

the optimization of part topology. Because of the importance of additive manufacturing 

processes in the production of optimal, complex geometry parts, it is important to consider the 

limitations of additive manufacturing and how they will impact the topology optimization 

procedure. Without enforcing these constraints on design, there is potential that optimization 

could produce designs that cannot be fabricated using additive manufacturing techniques. The 

constraints of additive manufacturing are highly dependent on the specific AM process being 

employed. These can be the result of materials used, machine limitations, or parameters of the 

process itself. It is likely that, as technology improves or AM processes are refined, these 

constraints will become less of a factor when applying topology optimization to additive 

manufacturing. 
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In addition to additive manufacturing constraints, other design constraints needed to be 

considered when creating new designs. These constraints were primarily related to material 

limitations, such as yield, or geometric issues resulting from assumptions made during the 

finite element mesh generation for new designs. 

8.2  Constraints from Additive Manufacturing 

Because an alloy of aluminum was the material used for the structures modelled and 

optimized in the thesis, additive manufacturing constraints for a similar material were desired. 

Aluminum is primarily manufactured using Direct Metal Laser Sintering (DMLS), which is 

explained in Chapter 2. The following additive manufacturing constraints are defined for parts 

manufactured out of aluminum. These constraints are presented in Table 8.1. 

Table 8.1 Constraints for 3D printing of Aluminum (71) 

Minimum Wall Thickness 1.0 mm 

Minimum details 0.4-0.6 mm 

Accuracy ± 0.2 mm or ± 2.0% 

Clearance 0.6 mm 

Interlocking Yes 

Enclosed No 

 

As shown in this table, the minimum thickness for every section of a part is 1.0 mm 

with a minimum tolerance of 0.4 mm. There must also be a clearance of 0.6 mm between 

separate, adjacent components in the fabrication chamber. Interlocking part designs can also 

be fabricated using DMLS techniques for aluminum parts. It is generally preferred to have the 
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inside of the part hollowed out the smallest possible thickness, but fully enclosed parts cannot 

be fabricated. This is because the metal powder cannot be removed from an enclosed part 

during post-processing. As a result, it is necessary for the part to have one or more escape holes 

for powder removal. An example of this can be seen in Figure 8.1. 

Figure 8.1 Hollow Part with Escape Holes for Post-Processing Powder Removal (72) 

8.3  Other Constraints 

Unlike SIMP and other methods that couple two dimensional topology optimization 

and finite element approaches, the technique presented in this thesis employs one dimensional 

frame elements rather than two dimensional solid elements. One of the issues the use of one 

dimensional elements in a two dimensional space creates is the potential for elements to 

overlap with each other. Since elements are only placed along the paths of stress trajectories, 

this issue can be resolved if the trajectories used to create a frame design do not overlap with 

one another. Because of the nature of stress trajectories, each trajectory can only be 

perpendicular or parallel to other trajectories. Overlap between trajectories that intersect with 

one another at perpendicular angles is already accounted for by the placement of nodes at their 
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intersection points to represent how the material at those intersections is connected. Overlap 

of parallel trajectories can only occur when the trajectories follow identical paths, which 

indicates that at least two of the design variables have the same value. This causes issues in the 

analysis because it makes that particular trajectory path act stiffer that it normally should since 

both trajectories possess material to carry stress with and deform independently from one 

another. It is also possible for trajectories with different starting points to converge onto almost 

identical paths because of principal stress orientations converging toward a similar point. 

The issue of overlap between parallel trajectories is addressed by applying constraints 

on the proximity of their ending points. As a result, the design is penalized if any of the 

trajectory ending points are within 5 mm of one another. This value is chosen as it represents 

the minimum distance that the two trajectories must be apart such that none of the material 

comprising a trajectory overlaps with the other one. The use of ending points over starting 

points is chosen because of the previously described convergence of trajectories with different 

starting points toward nearly identical ending points. Also, Michell structures shown in Figures 

5.2 and 5.4 show groupings of struts near corners on the leftmost boundary, and boundary 

connections such as these are represented by starting points in the designs generated in this 

thesis. 

In addition to geometric constraints, it is necessary to place a constraint on the 

maximum stress carried by the structure such that none of the stresses within the elements 

exceeded the yield stress of the material. The yield strength of aluminum 6061-T6, the material 

used to generate the ANSYS models and the material being employed in the Matlab analysis, 

is 276 MPa. A safety factor of 2 is applied to the design since it is not desirable to carry stress 
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near yield, even if the yield stress has not been reached. The calculation of maximum stress in 

each element employs a frame finite element analysis and is explained in Chapter 6. This 

constraint is necessary in the element thickness optimization to find the minimum weight 

structure as it prevents the algorithm from removing so much material that the structure can no 

longer withstand the loading conditions. 

8.4  Applying Constraints to the Optimization Algorithm 

The constraints discussed in the previous sections will be incorporated into the 

optimization algorithms. Additive manufacturing constraints have little bearing on the design 

process as, for most of the constraints, it is not possible for the code to create designs that 

violate them. 

Minimum detail size does not factor into the optimization. To ensure that the 

optimization is focused solely on strut layout as a variable in the initial optimization, thickness 

of the struts is assumed to be constant and identical for all members of the structure during the 

stress trajectory layout optimization. The thickness of all struts is taken to be 5.0 mm, well 

above the minimum of 1.0 mm. The magnitude of the value assumed for the strut thickness 

should have no effect on the placement of nodes and elements that produces the maximum 

stiffness design because of the use of one dimensional beam elements. Minimum clearance is 

factored into the geometric constraint that ensured that trajectories are separated enough to not 

have overlapping material. To ensure that the material comprising the trajectories would be 

distinct and unconnected from one another, the minimum distance between two trajectories 

was increased from 5.0 mm to 5.6 mm. This is necessary as any unintended connection between 

the materials during fabrication will be unaccounted for in the finite element model. This 



 

63 

should also account for any error in fabrication due to accuracy. Both interlocking and 

enclosure of the parts are irrelevant to the design process as there is no interlocking in the 

lattice design, and the material members are not hollow. 

The trajectory end proximity constraint is applied to the optimizer using a penalty 

function. Penalty functions operate by worsening the fitness of a design if a penalty is violated. 

This will decrease the chances that the design with a constraint violation will be accepted. 

Because the objective of the optimizer is to minimize the fitness, or deformation of the 

structure, this means that the penalty will be added to the fitness. The magnitude of the 

geometric penalty is dependent on the distance between the points and a scaling factor, ‘r’. The 

equation for calculating fitness for the deflection minimization optimizer is now 

𝐹𝑖𝑡𝑛𝑒𝑠𝑠 = 𝑑𝑒𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛 + 𝑟 ∗
1

𝑑_𝑒𝑛𝑑𝑠
 

Where ‘r’ is a scaling factor that increases as the optimizer progresses through more 

iterations and ‘d_ends’ is the sum of the distance between the end points of trajectories. The 

value of ‘d_ends’ is inverted so that the penalty is greater when the two trajectories are closer 

together. Note that both penalties are set to zero if the constraints are not violated. In this case, 

the equation for the fitness reduces to 

𝐹𝑖𝑡𝑛𝑒𝑠𝑠 = 𝑑𝑒𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛 

Two constraints are applied to the material volume minimization optimization: the 

maximum stress in the structure must not exceed one half of the yield stress, and the thickness 

must not increase above the minimum of 1.0 mm as required by the additive manufacturing 

minimum wall thickness limitation. The minimum wall thickness constraint is not applied as a 
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penalty. Instead, any thickness values produced that are smaller than 1.0 mm are changed to 

1.0 mm to correct this issue. The maximum stress constraint, however, is applied as a penalty 

on the fitness. If the maximum stress in the frame exceeds one half of the yield stress, a penalty 

is added to the fitness that is scaled by the difference between the calculated maximum stress 

and the maximum allowable stress. Because of this, the penalty will get less severe as the 

maximum stress in the beam approaches the allowable region. A constant coefficient is also 

used to ensure that the penalty is scaled correctly to the magnitude of the fitness. Fitness for 

the volume minimization algorithm is calculated as follows when the stress constraint is 

violated 

𝐹𝑖𝑡𝑛𝑒𝑠𝑠 = 𝑉𝑜𝑙𝑢𝑚𝑒 + 𝑠𝑐𝑎𝑙𝑒 𝑓𝑎𝑐𝑡𝑜𝑟 ∗ (𝜎𝑚𝑎𝑥 −
𝜎𝑦

2
) 

Chapter 5 validated the method of utilizing principal stress trajectories to map the 

internal lattice structure for plane stress design. Chapter 6 described an approach for creating 

and analyzing a finite element frame mesh using a streamline method for mapping principal 

stress trajectories. Chapter 7 defined the optimization algorithms and the formulation of the 

optimization problems. Finally, this chapter defined the additive manufacturing, geometric, 

and material constraints that are applied to each of the algorithms. In the next chapter, the 

results of the optimization are presented followed by a discussion of the findings. 
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CHAPTER 9: CANTILEVER OPTIMIZATION RESULTS AND DISCUSSION 

 

9.1  Introduction 

In previous chapters, the principal stress vector field for a point-loaded cantilever 

structure was presented and compared to previously found optimal truss designs, a method of 

determining principal stress trajectory paths and their corresponding finite element truss mesh 

was defined, and a pair of optimization algorithms and their constraints were described. The 

resulting optimal truss designs generated by the optimization algorithms are described in this 

chapter. Both the placement of stress trajectories in creating an optimal structure and the 

number of stress trajectories employed in the design were explored as factors in improving 

design performance in order to maximize the stiffness of the frame layout. The element 

thickness was then optimized to minimize the weight of the optimal stiffness layouts. Designs 

were evaluated by their final minimum volume measurement. Robustness of the algorithm was 

demonstrated by showing that multiple optimizations utilizing randomly placed starting points 

resulted in relatively consistent optima. 

9.2  Solutions to Baseline Continuous Structure 

As explained in chapter 5, the point-loaded cantilever problem considered consists of 

a rectangular beam with a fixed end and a free end loaded with a downward force. The ANSYS 

principal stress field data used in this optimization process was identical to stress field 

presented in Figure 5.6, and the stress field is presented again in Figure 9.1. The principal stress 

orientations as a function of the position in the structure were interpolated from the ANSYS 
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nodal data so that stress trajectories could be determined using Matlab’s ‘stream2’ function. 

All geometric and material properties and boundary and loading conditions of the cantilever 

beam that was optimized in this analysis are identical to those presented in Chapter 5. 

 
Figure 9.1 Principal Stress Trajectory Field for the Cantilever Beam Model 

In order to compare the performance of the optimized frame to the original structure, 

the compliance and material volume of the continuous, non-optimized beam problem were 

necessary. The material volume was calculated using the geometry of the beam, and the 

maximum deflection was determined from the ANSYS analysis that resulted in the principal 

stress trajectory field that can be seen in Figure 9.1. 

Note that moment of inertia and beam cross-sectional area assumed that the structure 

has a thickness of 5 mm. The beam was designed with a length of 300 mm and a height of 100 

mm. The bending moment of inertia was calculated for a rectangular cross-section as 416667 

mm3, the applied load was 1000 N, and the modulus of elasticity was 69 GPa. Utilizing these 

parameters, the deflection of the free end of the beam was determined in ANSYS. The material 
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volume of the baseline cantilever was also calculated by multiplying its cross-sectional area 

by its length. Both of these performance parameters can be seen in Table 9.1. 

Table 9.1 Baseline Cantilever Performance 

Volume (mm3) 150000 

Deflection (mm) 0.34176 

 

9.3  Fitness for Deflection Minimization 

Fitness of new designs for the maximum stiffness optimizer was evaluated as explained 

in Chapter 7. For the point-loaded cantilever, compliance was assessed as the deflection of the 

node on which the point force was applied at the free end of the beam. Each optimization used 

a number of design variables equal to half of the number of trajectories used since symmetry 

across the neutral axis was assumed for the point-loaded cantilever. 

Figure 9.2 shows the computed design fitness as a function of the number of design 

iterations that have passed. Figure 9.3 shows the fitness value of the best design found as a 

function of the number of design iterations. As explained in Chapter 7, the design fitness for 

this optimization corresponds to the deflection of the beam with penalties added if constraints 

are violated. The most notable difference between the two plots is that the current design 

iteration has the ability to accept worse performing designs, and, as a result, often keeps designs 

that are not better than the best performing design. This contrasts with Figure 9.3, which shows 

that the best performing design can only improve as the number of design iterations increases. 

Figure 9.3 also shows that, as the algorithm proceeds, it has increasing difficulty in finding 

new best performing designs. The current design, however, changes frequently as it explores 
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the design space. The large peaks seen in Figure 9.2 can be attributed to the increasing scale 

factor of the geometric constraint penalties, causing the constraint violations to more 

significantly impact the performance as the algorithm continues. 

 
Figure 9.2 Current Design Fitness (mm) vs Optimizer Iterations 
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Figure 9.3 Best Design Fitness (mm) vs Optimizer Iterations 

 The final value of the design fitness for this case was 0.528 mm. Because the final 

design had no constraint violations, this design fitness was also equal to the deflection of the 

cantilever tip in mm.  This deflection was not that of the final design, however, as the figures 

above show the fitness progression for the stiffness optimizer, before the mass was optimized. 

This optimal design fitness, as well as the fitness progression presented in Figures 9.2 and 9.3, 

was specifically for the most optimal design built from 10 trajectories, five compressive and 

five tensile, which can be seen in Figure 9.4. Other optimization progressions do not follow in 

the exact manner as this case, but all optimization trials can be expected to show similar 

behavior. The next section will compare the results of the Matlab finite element analysis for a 

frame design to an identical ANSYS analysis to validate the accuracy of the Matlab objective 

function utilized in this thesis. 
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Figure 9.4 Optimal Cantilever Constructed with 10 Trajectories 

 

9.4  Validation of Matlab Deflection Calculation 

In order to validate that the finite element analysis calculations performed in Matlab 

and the resulting deflection calculation that produce the design fitness are accurate, the finite 

element frame model generated in Matlab was also created and analyzed in ANSYS. The mesh 

for the design generated by Matlab can be seen in Figure 9.5. 

 

Figure 9.5 Optimal Cantilever Layout Constructed with 6 Trajectories 
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The ANSYS mesh with its deformed shape and applied boundary conditions can be 

seen in Figure 9.6. The ANSYS model used the same material properties, boundary conditions, 

and loading conditions as the finite element analysis performed in Matlab. The script used to 

execute this analysis can be found in Appendix B. 

Figure 9.6 ANSYS 6 Trajectory Model with Deformed Shape and Boundary Conditions 

Both the ANSYS analysis and the Matlab finite element analysis for the optimum 

structure reported a maximum deformation of 3.329 mm with a 0% difference for the number 

of significant figures presented by ANSYS. This agreement indicates that the finite element 

analysis performed in Matlab correctly calculates the deformation of the beam for the mesh 

that the Matlab code creates using a set of trajectories. Now that the results of the finite element 

analysis are validated, the effects of the number of trajectories used to construct a design and 

the robustness of the optimization methodology will be explored. 
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9.5  Optimized Design Performance for Different Numbers of Trajectories 

As discussed in Chapter 5, one of the major unknowns when constructing an optimal 

topology structure is the number of trajectories that will be used to build the new design. 

Because this approach uses stress trajectories to map the material paths of the struts in the ideal 

truss structure, the number of trajectories used in the design process dictates how many struts 

will be used in the resulting design. 

The objective of the layout optimization was to minimize the maximum deflection of 

the free end of the point-loaded cantilever. Maintaining the constant element cross-sectional 

area assumption, the addition of new principal stress trajectories into the design is expected to 

lead to a simple tradeoff in performance in which the addition of material to the structure will 

increase its stiffness, thus decreasing the value of the maximum deflection in the beam, but 

also increasing the weight of the structure. The material volume optimization is meant to 

account for this trend. By decreasing the element thicknesses to their minimum values, the true 

minimum volume design will be obtained for designs constructed using each number of 

trajectories. This allows for comparison of the final volume for each design layout. Both the 

material volume and maximum deflection were normalized by dividing by the material volume 

and maximum deflection of the baseline structure, which are presented in Table 9.1. All of the 

optimal designs have at least one element that has reached the maximum stress constraint of 

138 MPa, which is one half of the yield stress of Aluminum. 

Optimal designs constructed using 4, 6, 8, and 10 principal stress trajectories were 

developed. The performance data of these designs are listed in Table 9.2 and compared to the 

baseline values. 
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Table 9.2 Performance of Cantilever Designs for Different Numbers of Stress Trajectories 

 Baseline 
4 

Trajectories 

6 

Trajectories 

8 

Trajectories 

10 

Trajectories 

Maximum 

Deflection (mm) 
0.34178 1.398 1.071 1.045 0.9033 

Material Volume 

(mm3) 
150000 73099 64220 54545 58088 

Element Thickness 

(mm) 
N/A 12.31 8.006 5.482 4.688 

Normalized 

Deflection 

𝛿𝑛𝑜𝑟𝑚 =
𝛿

𝛿𝑏𝑎𝑠𝑒𝑙𝑖𝑛𝑒
 

N/A 4.090 3.134 3.058 2.643 

Normalized Volume 

𝑉𝑛𝑜𝑟𝑚 =
𝑉

𝑉𝑏𝑎𝑠𝑒𝑙𝑖𝑛𝑒
 

N/A 0.4873 0.4281 0.3636 0.3873 

 

 The changes in normalized deflection and in normalized material volume as the number 

of trajectories is increased can be seen in Figure 9.7. Note that, as the number of trajectories is 

increased, the deflection consistently decreased, while the volume reached a minimum at the 

8 trajectory design. Because of the trend in the deflection, it is possible that the 10 trajectory 

design may be better suited to certain applications due to its decreased deflection despite 

having a greater mass than the 8 trajectory design. It is, however, notable that both the 

deflection and volume decrease from 4 to 8 trajectories. This indicates that the 4 trajectory and 
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6 trajectory designs are strictly inferior to the 8 and 10 trajectory designs, regardless of how 

performance is evaluated. 

 

 
Figure 9.7 Normalized Deflection and Volume versus the Number of Trajectories in the Cantilever Designs 

 

Diagrams of each optimal frame were generated using the nodal coordinates and the 

connectivity matrix to plot the nodes and elements of the design. One was generated for each 

of the layouts using 4, 6, 8, and 10 trajectories. These can be seen in figure 9.8. The decrease 
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in element thickness as the number of trajectories used to construct the design increases is 

apparent in these diagrams. 
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Figure 9.8 Optimal Point-Loaded Cantilever Topologies for 4, 6, 8, and 10 Trajectory Layouts 
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9.6 Element Stress Results 

It is known that a truss has reached its true optimal mass when it is in a fully stressed 

state. A fully stressed state occurs when all members of the truss are utilized to their full 

strength capacity (73). Because of the assumption of constant thickness, the fully stressed state 

has not been reached. This can be proven by showing that the maximum stresses between 

different elements in the frame are not equal. Stress contour plots for the tensile and 

compressive principal stresses in the 6 trajectory design presented in Figure 9.5 and Figure 9.6 

were generated in ANSYS. These plots can be seen in Figure 9.9. The stress contour scale 

shown in Figure 9.9 uses units of Pascals. 
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Figure 9.9 ANSYS Principal Stress Contours for 6 Trajectory Optimal Cantilever 

From the stress contours in Figure 9.9, it can be definitively seen that not all elements 

in an optimal layout carry the same magnitude of stress. This indicates that the assumption of 

constant cross-sectional area for all struts should typically not be used when trying to determine 

a minimum weight structure. Elements that carry large stresses should have larger thicknesses 

than those that carry lower stresses. By employing this concept, the performance of a design 
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can be improved by a reduction in its normalized mass. This is further supported by the work 

of Arvind Krishnan (5), who demonstrated that, for a fixed truss layout inspired by principal 

stress trajectory paths, the thicknesses of strut members is not equal throughout the frame. 

9.7 Demonstration of Algorithm Robustness 

In order for the results to be accepted as the true optimum solutions, it was necessary 

to show that approximately the same result is reached regardless of the starting point employed 

by the optimizer. As explained in Chapter 7, the optimizer uses a randomly generated initial 

point. Because of this, reaching the same optimum design with multiple trials of the optimizer 

is sufficient to prove that a global optimum has been found. 

 For the point-loaded cantilever, 3 trials of the optimizer were conducted for each of the 

layouts using 4, 6, 8, and 10 trajectories. The optimal fitness results for all of these trials are 

presented in Table 9.3. 
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Table 9.3 Design Fitness Variation for Trials of All Cantilever Design Layouts 

 4 Trajectories 6 Trajectories 8 Trajectories 10 Trajectories 

Trial 1 Fitness 

(mm3) 
74199 66074 63622 58088 

Trial 2 Fitness 

(mm3) 
73099 64661 56458 62114 

Trial 3 Fitness 

(mm3) 
73300 64220 54545 62913 

Best Fitness 

(mm3) 
73099 64220 54545 58088 

Standard 

Deviation (mm) 
±586.0 ±968.4 ±4785 ±2586 

 

 Overall, the variance in the fitness values for the three trials for all design constructions 

tended to be relatively low compared to the magnitude of the fitness. This suggests that the 

algorithm is consistently converging on approximately the same optimum design. The 8 and 

10 trajectory designs showed notable higher variance, likely due to outlier designs that 

performed much better or worse than the other two trials. 

The consistent convergence of separate trials of the algorithm can also be seen by visual 

inspection of the resulting truss layouts. Figure 9.10 shows the three optimal designs for the 

trusses constructed from 8 stress trajectories. The results of all of the trials can be found in 

Appendix A. While minor differences in strut placement and thickness exist between the three 

designs, the overall layout of trajectories is almost identical. 
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Figure 9.10 Optimal Configurations for 3 Trials with 8 Trajectories  

 

9.8 Comparison to Existing Design 

The optimum shape for the point-loaded cantilever is compared to existing solutions 

found using other techniques. Rozvany (68) presented a Michell frame for the point-loaded 

cantilever that was determined from slip-line fields. This Michell frame was presented in 
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Chapter 5 as a validation tool for principal stress trajectories as positive indicators of ideal strut 

layout and is shown again in Figure 9.11. 

 
Figure 9.11 Point Loaded Cantilever with Optimized Truss Structure (68) 

Comparing the design presented in Figure 9.11 to the developed layouts presented in 

this thesis, several notable differences can be observed. Rozvany’s Michell cantilever uses a 

significantly larger number of struts compared to the design developed in this thesis. It is 

possible, however, that, for different variations of strut thickness values, the number of 

principal stress trajectories that are needed to produce the ideal minimum weight would be 

greater than the optimal designs tested in this chapter. The largest observable difference 

between the two designs is the placement of the struts along the fixed boundary condition on 

the left side of the beam. In Rozvany’s design, all slip-line paths connect to either the corners 

of the fixed boundary or the upper or lower edges of the domain. The designs presented in this 

thesis illustrate that the use of numerically determined principal stress trajectories results in 

nearly all of the struts connecting to the fixed boundary condition. They do, however, tend to 

converge toward the corners of the domain. 

Both Rozvany’s Michell cantilever and the ideal cantilevers presented in this thesis 

possess many similarities. Both structures have their struts intersect the neutral axis at a 45º 

angle. They also both spread out the struts with a relatively even spacing to maximize the 
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clearance between struts, and they consistently display a set of load paths that travel from the 

corners of the fixed boundary to the point at the end of the cantilever where the load is applied. 

9.9  Discussion 

Based on the results listed in Table 9.2, the design with the most significant decrease 

in mass compared to the baseline beam is the 8 trajectory construction, which has a volume 

reduction of 63.6%. While all of the designs succeed in offering considerably lower volumes 

compared to the non-optimized baseline cantilever, none of the designs show a higher stiffness. 

This result is expected, however, as removing material from the beam removes some of its 

ability to resist deflection. 

Consistent results and relatively low standard deviations for the fitness results of 

multiple trials of all four trajectory design configurations indicates that the optimizer is 

effective at locating the optimum for any initial design. This consistency suggests that the 

optimizer is robust and reliable, proving its versatility and potential for further application. 

All optimum designs converged to solutions with no constraint violations in the final 

results. The yield stress constraint was consistently reached during the element thickness 

optimization to reduce mass, indicating that the yield stress constraint is necessary during mass 

minimization. Different materials with lower yield stress values could potentially encounter 

more limitations in mass reduction capability due to this constraint. 

The beam designs resulting from the principal stress trajectory method compare 

relatively well to existing designs, showing similar patterns in the layout and general shape of 

the struts. However, significant differences in the connections trajectories to boundaries exist. 

It is difficult to judge how these differences will affect performance of the design under load 
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since the deformation behavior of the existing Michell cantilever is not known. The locations 

of member connections to boundaries does, however, show agreement with other methods of 

plotting stress trajectories, indicating that the streamline-inspired plotting approach is an 

effective tool in mapping stress trajectories. 

The patterns seen in the variation of material volume and maximum deflection of the 

structure seem to indicate that it is possible under certain circumstances to both decrease the 

weight of a structure and increase its stiffness. According to Michell truss theory, this indicates 

that a global optimum structure has not been reached as such a structure would be the stiffest 

possible design for the amount of material it uses. The results also suggest that, while reducing 

the mass of the cantilever, it is not possible to achieve a stiffness higher than that of the baseline 

design. 

While minimization of mass is often used as an optimization goal for other topology 

optimization algorithms, it is most likely not applicable to determining optimal layouts for 

structures built with principal stress trajectories. This is because mass varies only a small 

amount for designs with a constant number of trajectories. This means that mass is 

predominantly determined by the number of trajectories utilized and their thicknesses rather 

than their positions. After the layout has been determined, however, structural mass 

minimization is an effective approach for determining the optimal element thicknesses. 

With the Matlab frame finite element analysis code validated by ANSYS results, it will 

not be necessary to repeat this validation for the simply-supported beam. This is because there 

are no changes to the finite element code between the two models, only the layout of nodes 

and elements.   
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CHAPTER 10: SIMPLY-SUPPORTED OPTIMIZATION RESULTS AND 

DISCUSSION 

 

10.1  Introduction 

In Chapter 5, a simply-supported beam structure was presented as well as the principal 

stress field that could be used to generate an ideal structure. This chapter applies the same 

design processes and optimization techniques used to generate optimal cantilever designs in 

Chapter 9 to a center-loaded simply-supported beam geometry. Performance of the optimal 

structures was evaluated through comparison of the compliance and mass of the new design to 

those of a non-optimized simply-supported beam. 

10.2  Solutions to Baseline Continuous Structure 

The simply-supported problem formulation consisted of a beam with a downward 

point-load applied at its center, a pin support at its bottom left corner, and a roller support at 

its bottom right corner. As with the point-loaded cantilever problem discussed in Chapter 9, 

evaluation of the structural performance requires calculation of the solution to the baseline 

continuous simply-supported beam. The material volume and maximum deflection of the non-

optimized beam are the necessary performance properties. The mass of the beam was 

calculated with its geometry and the deflection of the baseline was determined using the 

ANSYS model. Unlike the point-loaded cantilever, the maximum deflection of the simply-

supported beam occurs at the center of the beam rather than one of its ends.  

The structural dimensions used were a length of 480 mm, a height of 100 mm, and a 

thickness of 5 mm. As with the cantilever model, the material model used was for aluminum 

6061-T6, and a downward point force of 2000 N was applied to the center of the beam. The 
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bending moment of inertia was calculated for a rectangular cross-section as 416667 mm3, and 

the modulus of elasticity was 69 GPa. The deflection of the beam and its material volume are 

listed in Table 10.1. Note that the listed material volume is for half of the beam as the 

assumption of symmetry was applied to the topology optimization modelling process. Because 

of the symmetry assumption, the force applied to the corner of the half-beam model is half that 

of full beam. 

Table 10.1 Baseline Simply-Supported Beam Performance 

Material Volume (mm3) 120000 

Maximum Deflection (mm) 0.20813 

 

10.3  Fitness for Deflection Minimization 

Fitness for simply supported half-beam designs was measured as the downward 

deflection of the point at which the load was applied on the center of the top surface of the 

beam. The principal stress trajectory field utilized to generate the stress trajectories from which 

designs were created using the streamline approach in Matlab was the same ANSYS stress 

field presented in Figure 5.7. This stress field is presented in Figure 10.1 and represents the 

half-beam model resulting from the symmetry assumption. 
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Figure 10.1 Principal Stress Trajectory Field for the Simply-Supported Half-Beam Model 

Note that, unlike the point-loaded cantilever stress field, this stress field possesses some 

unusual localized behavior in the near its roller support in the bottom right. Some of the 

trajectory orientations appear to exhibit discontinuous behavior. This may have had a 

significant effect on the results. 

One notable change was made to the process of generating new designs compared to 

the point-loaded cantilever model. Symmetry of material across the neutral axis is no longer 

assumed. The lack of symmetry across the neutral axis can be seen in the principal stress 

trajectory field of Figure 10.1. Because symmetry is no longer assumed, each iteration of the 

optimizer only adjusts the position of a single trajectory rather than a trajectory along with a 

second trajectory that acts as the mirror image of the first trajectory across the neutral axis. 

This means that the optimizer is operating with twice as many design variables as a point-

loaded cantilever model using the same number of trajectories in its design. 

Figure 10.2 presents the change in the design fitness as a function of the number of 

design iterations that have passed. Figure 10.3 presents the overall best design fitness found by 
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the optimizer as a function of elapsed design iterations. As in Chapter 9, the fitness for the 

initial optimization represents the deflection of the beam with penalties added if constraints are 

violated. The progression of the fitness and best fitness as the number of design iterations 

increases very closely matches that of the point-loaded cantilever. New design fitness shows 

fewer constraint violations, which can be seen as the large peaks in fitness in Figure 10.2, as 

the optimizer approaches the optimum. The best design fitness seems to improve in 

increasingly small intervals as the optimizer continues. 

 
Figure 10.2 Current Design Fitness (mm) vs Optimizer Iterations 
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Figure 10.3 Best Design Fitness (mm) vs Optimizer Iterations 

The final value of the design fitness for this particular design process was 0.5112 mm, 

which is equal to the maximum deflection of the beam since the design did not violate any of 

the constraints of the optimizer. This deflection does not, however, correspond to that of the 

minimum volume design as the thicknesses had not yet been optimized. The data from Figure 

10.2 and Figure 10.3 came specifically from the layout optimization of the design presented in 

Figure 10.4. This structure was built from 8 trajectories, 4 compressive and 4 tensile. Other 

optimizations did not show the exact progression of fitness and best fitness versus iterations as 

this case, but the overall patterns in design fitness are similar for all of the trials and numbers 

of trajectories used to construct the optimal frame designs. In the next section, the results of 

designs constructed from different numbers of trajectories will be compared to each other to 

determine the ideal design configuration. 
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Figure 10.4 Optimal Simply-Supported Half-Beam Constructed with 8 Trajectories 

 

10.4  Optimized Design Performance for Different Numbers of Trajectories 

As with the point-loaded cantilever problem, results were obtained from following the 

layout optimization with a volume minimization in order to find optimal volumes for each 

number of trajectories. To compare performance for designs with different numbers of 

trajectories, both the material volume and deflection were normalized by dividing by the 

material volume and deflection of the non-optimized baseline structure. The results of the best 

designs for constructions using 6, 8, 10, and 12 trajectories, as well as the baseline properties, 

are presented in Table 10.2. All of the optimal designs have at least one element that has 

reached the maximum stress constraint of 138 MPa, which is one half of the yield stress of 

Aluminum. 
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Table 10.2 Performance of Simply-Supported Designs for Different Numbers of Stress Trajectories 

 Baseline 
6 

Trajectories 

8 

Trajectories 

10 

Trajectories 

12 

Trajectories 

Maximum 

Deflection (mm) 
0.20813 0.6838 0.7031 0.6663 0.5745 

Material Volume 

(mm3) 
120000 44510 39876 41149 44844 

Element Thickness 

(mm) 
N/A 5.558 4.041 3.441 3.199 

Normalized 

Deflection 

𝛿𝑛𝑜𝑟𝑚 =
𝛿

𝛿𝑏𝑎𝑠𝑒𝑙𝑖𝑛𝑒
 

N/A 3.286 3.378 3.201 2.760 

Normalized Volume 

𝑉𝑛𝑜𝑟𝑚 =
𝑉

𝑉𝑏𝑎𝑠𝑒𝑙𝑖𝑛𝑒
 

N/A 0.3709 0.3323 0.3429 0.3737 

 

All of the designs show significantly decreased mass compared to the baseline beam. 

The changes in normalized deflection and in normalized material volume as the number of 

trajectories is increased can be seen in Figure 10.5. These plots of deflection and volume do 

not show the same behavior seen in the point-loaded cantilever case. Again, the 8 trajectory 

design resulted in the minimum volume. A pattern can be identified between deflection and 

volume: when volume is decreased, deflection will increase, indicating a drop in stiffness. This 

suggests that a tradeoff exists between volume and deflection in which optimal layout 

structures with larger volumes will always be stiffer, regardless of how many trajectories are 

employed in the design. The only design for which this does not seem to hold is the 6 trajectory 
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design, which has higher values for both volume and deflection compared to the 10 trajectory 

case. 

 
Figure 10.5 Normalized Deflection and Volume versus the Number of Trajectories in the Simply-Supported 

Designs 

 

Diagrams of each optimal frame were generated using the nodal coordinates and the 

connectivity matrix to plot the nodes and elements of the design. One was generated for each 

of the constructions using 6, 8, 10, and 12 trajectories. These can be seen in Figure 10.6. Note 

that, at certain locations on the frame, particularly near the bottom left corner, there appears to 
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be a number of locations where material overlaps due to the one dimensional element 

assumption. As with the cantilever, adding trajectories to the design seems to reduce the 

thickness that is required to prevent the stress constraint from being reached. In the next 

section, the algorithm robustness for the simply-supported case will be demonstrated. 
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Figure 10.6 Optimal Simply-Supported Topologies for 6, 8, 10, and 12 Trajectory Constructions 
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10.5  Element Stress Results 

As for the point-loaded cantilever case, it is possible that allowing the elements to vary 

in thickness rather than treating thickness as constant for all elements would allow the optimal 

mass to be decreased even further. To demonstrate this, stress contours were developed to show 

that the frame has not reached a fully stressed state in which all elements are at their maximum 

allowable stress. Figure 10.7 shows the principal stress contours for the tensile and 

compressive principal stresses in the optimal layout for the 6 trajectory simply-supported 

construction. The units of stress used in the figure are pascals. These results were obtained in 

ANSYS using nodes and elements that were output as the optimal design by the optimization 

algorithm in Matlab for the optimal 6 trajectory layout. 
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Figure 10.7 ANSYS Principal Stress Contours for 6 Trajectory Optimal Simply-Supported Beam 

The stress contours in Figure 10.7 show that neither of the principal stresses remain 

constant throughout all of the elements in the optimal layout. This means that, for a specific 

loading condition, some elements carry larger stresses than others. If the thicknesses of the 

elements are scaled independently so that all elements carry stress at their theoretical limits, 

elements that carry less stress can be reduced in size to save weight in the design. As a result, 
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the design performance would improve. This indicates that the assumption that all elements 

have the same thickness is not representative of the true optimum design, even if it does possess 

the most optimal strut layout for a fixed thickness value. 

10.6  Demonstration of Algorithm Robustness 

As in Chapter 9, it was important to verify that final designs found by the optimizer 

were consistent for layouts using the four different numbers of trajectories, regardless of the 

values of the starting design used. Because the initial points used are randomly generated, the 

robustness of the algorithm for the simply-supported case can be justified simply by showing 

that multiple trials result in the same optimum. Three trials were optimized for each of the four 

layout types. The calculated minimum volumes of the designs that result from these 

optimizations and their standard deviations are presented in Table 9.3. 

 

Table 10.3 Design Fitness Variation for Trials of All Simply-Supported Design Layouts 

 6 Trajectories 8 Trajectories 10 Trajectories 12 Trajectories 

Trial 1 Fitness 

(mm3) 
44510 45186 41149 47421 

Trial 2 Fitness 

(mm3) 
45319 39876 41953 46692 

Trial 3 Fitness 

(mm3) 
45010 46733 41157 44844 

Best Fitness 

(mm3) 
44510 39876 41149 44844 

Standard 

Deviation 

(mm3) 

±408.3 ±3596 ±461.7 ±1328 
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Most of the design layouts showed low standard deviations between the results of the 

trials, suggesting that the results of the three trials are consistently converging on the same 

optimum design. The 8 trajectory layout, however, shows a standard deviation that is notably 

larger than the other design constructions. Consistency in the results can be seen visually 

through the frame diagrams. The frame meshes for the three trials of the 8 trajectory layouts 

can be seen in Figure 10.8. While there may be small differences in the exact placement of the 

struts and the element thicknesses, the overall layout appears to be approximately identical 

between all three trials. The optimal frames for the trials of the other three layouts show similar 

consistency and can be found in Appendix A. 
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Figure 10.8 Optimal Configurations for 3 Trials with 8 Trajectories 
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10.7  Comparison to Existing Design 

Figure 10.9 shows the simply-supported Michell structure design found by 

Srithongchai (42). Note that only the right half of the beam presented in the figure corresponds 

to the structures designed by the optimizer that are presented in this chapter. Srithongchai’s 

Michell truss utilizes 8 trajectories: 4 tensile and 4 compressive, which are represented by solid 

and dotted lines respectively. Thus, the layout of the struts of the Michell frame presented in 

Figure 10.9 can be compared to the optimal solution found for the 8 trajectory construction. 

 
Figure 10.9 Michell Simply-Supported Beam (42) 

A few noticeable differences exist between Srithongchai’s beam and the designs found 

in this chapter. The first is that all of the struts in Figure 10.9 connect to either the top of the 

beam at its center for compressive trajectories or the bottom boundary for tensile trajectories. 

This contradicts the designs presented using principal stress trajectories in which all 

trajectories connect to the central vertical axis. It should be noted, however, that the designs 

presented in this chapter show that compressive trajectories tend toward the corner at the top 

center of the half-beam model, much like those of the Michell beam. The designs generated 
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from principals stress trajectories also show that the struts making up the structure are spaced 

in an approximately equal manner, similarly to those of the Michell beam. All of differences 

in strut placement between the two designs lie near boundaries, indicating that the differences 

in the design may be due to boundary effects of the finite element model used to produce the 

stress trajectories.  

10.8  Discussion 

Based on the results listed in Table 10.2, the design with the lowest volume is the 8 

trajectory layout, which has a mass reduction of 66.8%. This is a very significant reduction in 

mass and is an even greater mass reduction than what was achieved for the point-loaded 

cantilever problem. All of the designs show lower stiffness performance than the non-

optimized baseline beam, though this was an expected result as each design removes material 

from the baseline structure. As with the cantilever, it is possible that even lower masses can be 

achieved by removing the constant thickness assumption so that a fully stressed state can be 

reached in the frame. 

All of the design layouts using different numbers of trajectories displayed relatively 

consistent results for all optimization trials, though there were some outliers. The results 

suggest that the optimization algorithm is robust and versatile, though it would be beneficial 

to run additional trials to further verify the consistency of the optimizer. 

None of the optimal simply-supported beam designs posed any constraint violations 

for the final results regardless of the number of trajectories used in the design construction. 

The yield stress constraint was an active constraint, however, for all final minimized volume 

designs, meaning that all optimal volume designs had at least one element that reached the 
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maximum allowable stress. The trajectory end point constraint proved effective in allowing the 

solution to reach an optimum point faster by discouraging trajectories from overlapping with 

each other. 

Based on the optimal simply-supported half-beam truss designs presented in Figure 

10.6, as well as in Appendix A, the choice to not apply the assumption of symmetry across the 

neutral axis seems to be a justified decision. None of the ideal designs found appear to exhibit 

any symmetry in strut layout other than the symmetry across the central vertical axis that was 

used to create the half-beam model. 

Layouts of the simply-supported designs presented in this chapter compare well with 

the optimized topology solution found by Srithongchai (35) apart from different behavior near 

boundaries. As with the solutions found for the point-loaded cantilever in Chapter 9, it is 

difficult to compare the performance of the optimal simply-supported designs found with the 

algorithm presented in this thesis to existing designs without data on the stiffness per unit mass 

performance behavior of the existing designs. It, therefore, cannot be judged whether optimal 

topology structures produced using numerically determined principal stress trajectories 

perform as well under loading conditions as Michell truss structures designed with slip-line 

fields. 
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CHAPTER 11: CONCLUSIONS 

 

The objective of this thesis was to develop a methodology for using principal stress 

trajectories to determine a layout for the struts in the optimal frame. The positive correlation 

between principal stress trajectories and the layouts of material in Michell structures 

determined from slip-line fields was demonstrated. While the layout of internal lattices in a 

structure is difficult to determine with traditional methods, a fluid streamline-inspired 

technique was used successfully to map principal stress trajectories using the principal stress 

fields resulting from a plans stress finite element analysis. Simulated annealing was applied to 

the design of a lattice structure with minimized deflection for a set number of material paths. 

This can also be thought of as derivation of the optimal shape of a lattice structure for which 

stiffness of the lattice is maximized while subject to specific loading conditions. The layout 

optimization algorithm was utilized to determine the optimal positioning of struts along stress 

trajectories to minimize deformation in these two configurations. The volumes of these designs 

were then minimized such that the least amount of material that would still satisfy strength 

constraints could be found. 

The results for both the point-loaded cantilever and the simply-supported beam show 

that significant decreases in mass are possible without violating maximum stress requirements. 

Results also consistently show that mass removal also leads to decreases in structural stiffness 

compared to the non-optimized, baseline beams. However, the results for design constructions 

with different numbers of trajectories for both the point-loaded cantilever and simply-

supported beam indicate that it is possible to simultaneously decrease the mass and increase 
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the stiffness depending on the placement of the material. It is expected that, with additional 

optimization of the strut thickness values rather than continued utilization of the assumption 

that they are all equal, structures can be developed that possess even lower volumes relative to 

the baseline beam models. 

Comparisons of resulting optimized lattice structures with existing optimal solutions 

for the same loading applications show moderately good agreement. Overall shape of the 

members found using numerically determined principal stress trajectories agrees with existing 

optimal structures for both the point-loaded cantilever and simply-supported beam problems. 

However, behavior of the trajectories near boundaries, particularly in regard to the boundaries 

to which they connect, shows relatively significant disagreement between the existing 

structural layouts and the designs found using the algorithm presented in this thesis. This 

disagreement could potentially be alleviated by refining the initial finite element analysis 

performed on the non-optimized structure to determine the principal stress fields. It is not 

known whether the designs found in this thesis possess similar performance capabilities 

compared to existing optimal structures. 

A major advantage of the optimal design methodology presented in this thesis is its low 

computation time. This gives the technique an advantage compared to particle-removal and 

density-based optimization approaches, since they become more computationally intensive as 

the size and complexity of the design problem are increased. Each function call only requires 

the determination of node locations and element connections based on the intersections of 

curves represented by vectors of coordinate data and a simple finite element analysis performed 

in Matlab using beam elements. As a result of this low computation cost, this topology 
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optimization method presents the advantage of a potentially less accurate solution to the 

optimal structure but with a short computation time. Introducing additional complexity to the 

optimization formulation through the inclusion of varying strut thicknesses may improve the 

results, but will most likely necessitate additional function calls to fully explore the design 

space for optimal solutions. 

In summary, a powerful streamline-inspired stress trajectory mapping technique was 

developed in this thesis and then applied to the optimization of the layout of struts in maximum 

stiffness frames. While the algorithm and methods presented in this thesis are limited to 

structures with relatively simple geometries and boundary conditions, the concept of using 

numerically determined principal stress trajectories to build lattice structures is highly versatile 

and could be applied to any two dimensional plane stress geometry. These optimal topologies 

can also be effectively designed while still considering the constraints of additive 

manufacturing. 
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CHAPTER 12: RECOMMENDATIONS FOR FUTURE WORK 

 

The optimization algorithm presented in this thesis employs principal stress trajectories 

generate an optimal topology by focusing on the manipulation of strut layout with fixed 

thicknesses between all elements in the resulting frame. Layout and thickness are, however, 

coupled with regard to their effects on structural performance. It is anticipated that a topology 

optimization algorithm that determines optima for both strut layout and independent element 

thicknesses will lead to improved mass performance while still meeting the maximum stress 

requirements of the design. It is also possible that thinner struts would encourage the most 

optimally performing layouts to employ larger numbers of trajectories compared to the cases 

presented in this thesis. The addition of strut thickness as a design variable would also require 

modification of the application of constraints on overlap of materials in the design. 

Simulated annealing was the optimization algorithm used for all of the analyses 

presented in this thesis. While simulated annealing is a versatile algorithm, other heuristic 

techniques were not explored. Some other heuristic techniques that could be employed include 

Genetic Algorithms and Particle Swarm Optimization. Any of these algorithms could 

potentially result in more rapid convergence to the optimal solution. 

Maximum stiffness was used as the optimization goal for determining frame layouts in 

this thesis because of the definition of Michell structures as the stiffest possible structures for 

the amount of material that they employ. It could be beneficial to implement the use of numeric 

stress trajectory mapping for building optimal frames that use different objectives to determine 
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layout, such as minimizing mass, maximizing stiffness per unit mass, maximizing damping 

properties of the frame, or removing stress concentrations from the design. 

Additional study could be conducted on how the strut layout is affected by the mesh 

density of the initial ANSYS finite element analysis used to extract the principal stress field 

that determines the stress trajectory paths. Relatively dense finite element models were utilized 

in this thesis, but the mesh was not graded near boundary conditions or corners. It is possible 

that a finer mesh near the boundary could account for unusual stress behavior occurring around 

boundary conditions. 

Improvements to the finite element analysis model employed in Matlab could be 

introduced to this topology optimization model. The beam elements employed do not account 

for localized stresses that occur at the boundary conditions, points of loading, and strut 

intersections. Modelling the new design using two dimensional solid elements may help to 

account for this shortcoming, though it would require a significantly more complex decision 

making process to automate the procedure of creating nodes and elements. 

As explained in Chapter 5, there is potential for this algorithm to be applied to more 

complex geometries. Any features that cause stress concentrations such as corners or holes in 

the structure could have a significant impact on the effectiveness of numerical determination 

of the principal stress trajectories. 

The optimal layouts generated using principal stress trajectories show some geometric 

differences compared to existing optimal structure designs, particularly in regard to strut 

placement near boundaries and where struts are connected to boundaries. It would be beneficial 
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to compare the performance of designs generated numerically using principal stress trajectories 

to designs resulting from analytical methods or optimization procedures. 
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Appendix A: Optimized Design Figures for All Algorithm Trials 

 

Point-Loaded Cantilever: 4 Trajectories 

Trial 1 

 
Trial 2 

 
Trial 3 
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Point-Loaded Cantilever: 6 Trajectories 
Trial 1 

 
Trial 2 

 
Trial 3 
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Point-Loaded Cantilever: 8 Trajectories 

Trial 1 

 
Trial 2 

 
Trial 3 
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Point-Loaded Cantilever: 10 Trajectories 

Trial 1 

 
Trial 2 

 
Trial 3 
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Simply-Supported Beam: 6 Trajectories 

Trial 1 

 
Trial 2 

 
Trial 3 
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Simply-Supported Beam: 8 Trajectories 

Trial 1 

 
Trial 2 

 
Trial 3 
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Simply-Supported Beam: 10 Trajectories 

Trial 1 

 
Trial 2 

 
Trial 3 
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Simply-Supported Beam: 12 Trajectories 

Trial 1 

 
Trial 2 

 
Trial 3 
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Appendix B: Optimized 6 Trajectory ANSYS Input Text file 

 

Point-Loaded Cantilever 
FINISH 

/PREP7 

/TITLE, Michell Cantilever 

ANTYPE,STATIC 

ET,1,BEAM3 

MP,EX,1,69000000000 

MP,NUXY,1,0.33 

LESIZE,ALL,,,eldiv,1 

! Real Constants defining cross-sectional area and moment of inertia 

R,1,0.00007056,0.00000000024696,0.0042 

! Node locations 

N,1,0.216261898204018,0.049509714909138 

N,2,0.238941747048002,0.091235054048273 

N,3,0.130532090475227,0.017735564871289 

N,4,0.237895077690677,0.008533297379968 

N,5,0.131590491763732,0.002776635879697 

N,6,0.130787225029470,0.082027906730903 

N,7,0.131880418220319,0.097216985582316 

N,8,0.117130623954059,0.049858631294016 

N,9,0,0.007636232225480 

N,10,0.001543441592241,0 

N,11,0.300000000000000,0.049866667422933 

N,12,0,0.019253124747366 

N,13,0,0.092363767774520 

N,14,0.001543441592241,0.100000000000000 

N,15,0.300000000000000,0.050777307286633 

N,16,0,0.080746875252635 

N,17,0,0 

N,18,0,0.100000000000000 

N,19,0.300000000000000,0.050000000000000 

N,20,0.021755348412538,0.009968778819676 

N,21,0.043510696825076,0.010931374789730 

N,22,0.065266045237613,0.012041943884918 

N,23,0.087021393650151,0.013464230307840 

N,24,0.108776742062689,0.015295260261123 

N,25,0.151964542407425,0.021080173927666 

N,26,0.173396994339623,0.026067421102242 

N,27,0.194829446271820,0.034282910247564 

N,28,0.231706089966346,0.070372384478706 

N,29,0.023217949954156,0.001188382650407 

N,30,0.044892458316071,0.001404229844788 

N,31,0.066566966677987,0.001657235564701 

N,32,0.088241475039902,0.001965316707326 

N,33,0.109915983401817,0.002333341966982 
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N,34,0.152851408949121,0.003310522836476 

N,35,0.174112326134510,0.003984995317323 

N,36,0.195373243319899,0.004877267664246 

N,37,0.216634160505288,0.006187312342865 

N,38,0.258596718460451,0.013694602833032 

N,39,0.279298359230226,0.025325956921185 

N,40,0.023426124790812,0.022543451764113 

N,41,0.046852249581624,0.025711828486119 

N,42,0.070278374372435,0.029924084527073 

N,43,0.093704499163247,0.036406978322466 

N,44,0.127062800331200,0.065943269012460 

N,45,0.021797870838245,0.089936274545516 

N,46,0.043595741676490,0.088962562194012 

N,47,0.065393612514735,0.087833250972817 

N,48,0.087191483352980,0.086385273946096 

N,49,0.108989354191225,0.084520905805973 

N,50,0.152155893323107,0.078623522044051 

N,51,0.173524561616744,0.073536301531396 

N,52,0.194893229910381,0.065135984616460 

N,53,0.231015692977579,0.029021506144553 

N,54,0.023266271030254,0.098815965314097 

N,55,0.044989100468267,0.098601974300818 

N,56,0.066711929906280,0.098346685039659 

N,57,0.088434759344293,0.098035948362065 

N,58,0.110157588782306,0.097664657226628 

N,59,0.153292683985856,0.096673912079252 

N,60,0.174704949751392,0.095986836717897 

N,61,0.196117215516929,0.095074976660136 

N,62,0.217529481282465,0.093719991739925 

N,63,0.259294498032001,0.085934421608908 

N,64,0.279647249016001,0.074317955876333 

N,65,0.023426124790812,0.077419143526348 

N,66,0.046852249581624,0.074235994461666 

N,67,0.070278374372435,0.070004449325106 

N,68,0.093704499163247,0.063479772274036 

N,69,0.126875703439682,0.033797098082653 

N,70,0,0.039751041582455 

N,71,0,0.060248958417545 

 

! Elements 

TYPE,1 

MAT,1 

REAL,1 

E,6,7 

E,3,5 

E,17,10 

E,18,14 
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E,17,9 

E,9,12 

E,16,13 

E,13,18 

E,11,19 

E,19,15 

E,9,20 

E,20,21 

E,21,22 

E,22,23 

E,23,24 

E,24,3 

E,3,25 

E,25,26 

E,26,27 

E,27,1 

E,1,28 

E,28,2 

E,10,29 

E,29,30 

E,30,31 

E,31,32 

E,32,33 

E,33,5 

E,5,34 

E,34,35 

E,35,36 

E,36,37 

E,37,4 

E,4,38 

E,38,39 

E,39,11 

E,12,40 

E,40,41 

E,41,42 

E,42,43 

E,43,8 

E,8,44 

E,44,6 

E,13,45 

E,45,46 

E,46,47 

E,47,48 

E,48,49 

E,49,6 

E,6,50 

E,50,51 
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E,51,52 

E,52,1 

E,1,53 

E,53,4 

E,14,54 

E,54,55 

E,55,56 

E,56,57 

E,57,58 

E,58,7 

E,7,59 

E,59,60 

E,60,61 

E,61,62 

E,62,2 

E,2,63 

E,63,64 

E,64,15 

E,16,65 

E,65,66 

E,66,67 

E,67,68 

E,68,8 

E,8,69 

E,69,3 

E,12,70 

E,70,71 

E,71,16 

 

/SOLUTION 

D,9,ALL 

D,12,ALL 

D,13,ALL 

D,16,ALL 

D,17,ALL 

D,18,ALL 

D,70,ALL 

D,71,ALL 

F,19,FY,-1000 

SOLVE 

FINISH 
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Simply-Supported Beam 

FINISH 

/PREP7 

/TITLE, Michell Simply-Supported 

ANTYPE,STATIC 

ET,1,BEAM3 

MP,EX,1,69000000000 

MP,NUXY,1,0.33 

LESIZE,ALL,,,eldiv,1 

! Real Constants defining cross-sectional area and moment of inertia 

R,1,0.00003249,0.00000000007716375,0.00285 

! Node locations 

N,1,0.197156418,0.093315851 

N,2,0.078558282,0.015113769 

N,3,0.156202416,0.036435643 

N,4,0.231467557,0.065149085 

N,5,0.079167526,0.008275261 

N,6,0.164088482,0.018805579 

N,7,0.120928932,0.099066469 

N,8,0.074622878,0.032671987 

N,9,0.115374632,0.068062528 

N,10,0,0.010277861 

N,11,0,0.005719037 

N,12,0,0.020927766 

N,13,0.058797162,0.1 

N,14,0.24,0.017930284 

N,15,0.079447421,0 

N,16,0,0.081633283 

N,17,0.166165678,0 

N,18,0,0.096431265 

N,19,0,0 

N,20,0.24,0 

N,21,0,0.1 

N,22,0.019639571,0.010672526 

N,23,0.039279141,0.011600725 

N,24,0.058918712,0.013084338 

N,25,0.097969316,0.017799362 

N,26,0.117380349,0.021518705 

N,27,0.136791383,0.027052433 

N,28,0.175670338,0.055395712 

N,29,0.18839207,0.074355782 

N,30,0.019791882,0.005956675 

N,31,0.039583763,0.006450671 

N,32,0.059375645,0.007230253 

N,33,0.100397765,0.009741965 

N,34,0.121628004,0.011736535 
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N,35,0.142858243,0.014580401 

N,36,0.180933251,0.024202851 

N,37,0.19777802,0.036615049 

N,38,0.214622788,0.053609551 

N,39,0.018655719,0.021713757 

N,40,0.037311439,0.023777584 

N,41,0.055967158,0.027290477 

N,42,0.088206796,0.038547536 

N,43,0.101790714,0.047950768 

N,44,0.119611794,0.083564498 

N,45,0.079507752,0.099773593 

N,46,0.100218342,0.099471861 

N,47,0.139985803,0.098547233 

N,48,0.159042675,0.097763443 

N,49,0.178099547,0.096384135 

N,50,0.214311988,0.08560752 

N,51,0.237356546,0.041539685 

N,52,0.018655719,0.071968945 

N,53,0.037311439,0.06492441 

N,54,0.055967158,0.055974717 

N,55,0.023074926,0.084907534 

N,56,0.046149853,0.082121508 

N,57,0.069224779,0.079242166 

N,58,0.092299706,0.075018379 

N,59,0.128983894,0.061524167 

N,60,0.142593155,0.051796354 

N,61,0.019861855,0 

N,62,0.039723711,0 

N,63,0.059585566,0 

N,64,0.101126985,0 

N,65,0.12280655,0 

N,66,0.144486114,0 

N,67,0.190777118,0 

N,68,0.215388559,0 

N,69,0.019599054,0.1 

N,70,0.039198108,0.1 

N,71,0,0.041162939 

N,72,0,0.061398111 

! Elements 

TYPE,1 

MAT,1 

REAL,1 

E,8,2 

E,2,5 

E,5,15 

E,3,6 

E,6,17 
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E,19,11 

E,11,10 

E,10,12 

E,16,18 

E,18,21 

E,20,14 

E,10,22 

E,22,23 

E,23,24 

E,24,2 

E,2,25 

E,25,26 

E,26,27 

E,27,3 

E,3,28 

E,28,29 

E,29,1 

E,11,30 

E,30,31 

E,31,32 

E,32,5 

E,5,33 

E,33,34 

E,34,35 

E,35,6 

E,6,36 

E,36,37 

E,37,38 

E,38,4 

E,12,39 

E,39,40 

E,40,41 

E,41,8 

E,8,42 

E,42,43 

E,43,9 

E,9,44 

E,44,7 

E,13,45 

E,45,46 

E,46,7 

E,7,47 

E,47,48 

E,48,49 

E,49,1 

E,1,50 

E,50,4 
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E,4,51 

E,51,14 

E,16,52 

E,52,53 

E,53,54 

E,54,8 

E,18,55 

E,55,56 

E,56,57 

E,57,58 

E,58,9 

E,9,59 

E,59,60 

E,60,3 

E,19,61 

E,61,62 

E,62,63 

E,63,15 

E,15,64 

E,64,65 

E,65,66 

E,66,17 

E,17,67 

E,67,68 

E,68,20 

E,21,69 

E,69,70 

E,70,13 

E,12,71 

E,71,72 

E,72,16 

 

/SOLUTION 

D,20,UY,0 

D,10,UX,0,,,,ROTZ 

D,11,UX,0,,,,ROTZ 

D,12,UX,0,,,,ROTZ 

D,16,UX,0,,,,ROTZ 

D,18,UX,0,,,,ROTZ 

D,19,UX,0,,,,ROTZ 

D,21,UX,0,,,,ROTZ 

D,71,UX,0,,,,ROTZ 

D,72,UX,0,,,,ROTZ 

F,21,FY,-1000 

SOLVE 

FINISH 

  



 

132 

Appendix C: Matlab Code 

 

Parent Function: Point-Loaded Cantilever 

 
%% Primary Optimization Script - Cantilever 
% Matthew Wojciechowski 

  
%%%%%%%%%%%%% 

  
%__________________________________________________________________________ 
%%%%%%%%%%%%% 
% Inputs 
%%%%%%%%%%%%% 

  
    % Beam Dimensions: 

     
% length 
l = 0.3000; 
% height 
h = 0.1; 
% maximum element length 
elmax = 0.025; 
dimen = [l h elmax]; 
% create a meshgrid for the beam to be used in computing streamlines 
[qx,qz] = meshgrid(linspace(-0.001,l+0.001,100),linspace(-0.001,h+0.001,100)); 
coord = cell(1,2); 
coord{1} = qx; coord{2} = qz; 

  
% Beam Type: 
% If cantilever, type = 1 || If simply supported, type = 2 
type = 1; 

  
% Max Stress: 
% maxstress = [tensile compressive] 
maxcond = cell(1,2); 
maxstress = [276e6 -276e6]/2; 
maxcond{1} = maxstress; 

  
    % Loading: 

     
% Point loads 
fpoint = [l;h/2]; 
force = [-1000;1]; 
setf = [0;0;4;0]; 

  
% Distributed Load 

  

  

  
    % Boundaries: 

     

     
        % rectangle 
% 1 - bottom horizontal 
x1 = linspace(0,l,101)'; 
z1 = zeros(size(x1)); 
% 2 - top horizontal 
x2 = linspace(0,l,101)'; 
z2 = h*ones(size(x2)); 
% 3 - left vertical 
z3 = linspace(0,h,101)'; 
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x3 = zeros(size(z3)); 
% 4 - right vertical 
z4 = linspace(0,h,101)'; 
x4 = l*ones(size(z4)); 

  
boundaries = [x1 z1 x2 z2 x3 z3 x4 z4]; 

  
    % Material Properties (constant for all elements) 

     
% Young's Modulus: 
E = 69e9; 
% Cross-sectional Area: 
A = 0.000025; 
% Moment of Inertia (bending): 
I = (0.005)^4/12; 
% Density: 
density = 2700; 

  
prop = [E A I density]; 

  

  
    % Import Excel data from ANSYS 

     
[data,text] = xlsread('cantilever.xlsx'); 

  
%node positions 
node = data(:,1); 
x = data(:,2); 
z = data(:,3); 
%nodal stresses 
sx = data(:,7); 
sz = data(:,8); 
sxz = data(:,10); 

  
%%%%%%%%%% 
%%%%%%%%%% 
    % Pre-defined nodes: 

     
% Boundary corners: 
% corners = [0 0;l 0;l h;0 h]'; 
% corbound = [0 0 1 3;0 0 1 4;0 0 2 4;0 0 2 3]'; 
corners = [0 0;0 h]'; 
corbound = [0 0 1 3;0 0 2 3]'; 
setpoint = cell(1,5); 

  
setpoint{1} = corners; setpoint{2} = corbound; 
setpoint{3} = fpoint; 
setpoint{4} = setf; 
setpoint{5} = force; 

  

  
%__________________________________________________________________________ 
%%%%%%%%%%%%% 
% Calculations 
%%%%%%%%%%%%% 

  
    % Principal Stresses and directions: 

  
P1 = zeros(length(node),1); 
P2 = zeros(length(node),1); 
direction1 = zeros(length(node),2); 
direction2 = zeros(length(node),2); 
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sdirec1 = zeros(length(node),2); 
sdirec2 = zeros(length(node),2); 
for i=1:length(node) 
    stress = [sx(i) sxz(i);sxz(i) sz(i)]; 
    [np,P] = eig(stress); 

     
    P1(i) = P(1,1); 
    P2(i) = P(2,2); 
    direction1(i,:) = [np(1,1) np(2,1)]; 
    direction2(i,:) = [np(1,2) np(2,2)]; 

     
    if np(1,1) <= 0 
        direction1(i,:) = -[np(1,1) np(2,1)]; 
    else 
        direction1(i,:) = [np(1,1) np(2,1)]; 
    end 
    if np(1,2) < 0 
        direction2(i,:) = -[np(1,2) np(2,2)]; 
    else 
        direction2(i,:) = [np(1,2) np(2,2)]; 
    end 

  
end 

  
figure(1) 
hold on 
quiver(x,z,direction1(:,1),direction1(:,2)) 
quiver(x,z,direction2(:,1),direction2(:,2)) 

  

  
interx1 = scatteredInterpolant([x, z],direction1(:,1)); 
interz1 = scatteredInterpolant([x, z],direction1(:,2)); 
interx2 = scatteredInterpolant([x, z],direction2(:,1)); 
interz2 = scatteredInterpolant([x, z],direction2(:,2)); 

  
dx1 = interx1(qx,qz); 
dz1 = interz1(qx,qz); 
dx2 = interx2(qx,qz); 
dz2 = interz2(qx,qz); 
field = cell(1,4); 
field{1} = dx1; field{2} = dz1; field{3} = dx2; field{4} = dz2; 

  
%% 
%__________________________________________________________________________ 
% Begin Optimization: 
%%%%% 

  
    % Create Initial Design: 
        % Goal is to generate the x0 set of starting design points 

         
    trajnum = [6 6]; 
    x0 = cell(1,4); 

     
% Starting points on boundary: 
    xequ1 = lhsdesign(1,trajnum(1))'; 
    xequ1 = xequ1*h/2 + l/2; 
    xequ2 = (h+l)*ones(size(xequ1)) - xequ1; 

     
    for i = 1:length(xequ1) 
        if xequ1(i) <= l/2 
            x01(i,1) = l/2 - xequ1(i); 
            x01(i,2) = 0; 
        elseif xequ1(i) > l/2 && xequ1(i) <= l/2 + h 
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            x01(i,1) = 0; 
            x01(i,2) = xequ1(i) - l/2; 
        else 
            x01(i,1) = xequ1(i) - l/2 - h; 
            x01(i,2) = h; 
        end 
    end 
    for i = 1:length(xequ2) 
        if xequ2(i) <= l/2 
            x02(i,1) = l/2 - xequ2(i); 
            x02(i,2) = 0; 
        elseif xequ2(i) > l/2 && xequ2(i) <= l/2 + h 
            x02(i,1) = 0; 
            x02(i,2) = xequ2(i) - l/2; 
        else 
            x02(i,1) = xequ2(i) - l/2 - h; 
            x02(i,2) = h; 
        end 
    end 

     
%%%%% 
    x0{1} = x01;x0{2} = x02;x0{3} = xequ1;x0{4} = xequ2; 

     
    % Calculations 

  
% outer temperature adjusting loop: 
T = 60; 
n = 50; 
c = 0.4; 
b = 0.05; 
xold = x0; 
fcalls = 1; 
[fold,dnodes,CM,smax,mass,constraint] = 

designobjF(coord,field,x0,prop,boundaries,setpoint,dimen,type,maxcond,fcalls); 
fbest = fold; 
if isnan(fbest) 
    fbest = 100; 
end 
xbest = x0; 
convergence_flag = 0; 
convergence = 0.000001; 

  
count = 0; 
trajcount = 1; 
while convergence_flag == 0; 
    x = xold; 
    f = fold; 
    % inner loop iterations for each T 
    for i = 1:n 
        count = count + 1; 
        % Generate new design 
        fnew = NaN; 
        while(isnan(fnew)) 

         
        xnew = cell(size(xold)); 

  
        %%%%%% 
        % Perimeter movement 
        xnew{1} = zeros(size(xold{1})); xnew{2} = zeros(size(xold{2})); 

         
            xnewt = zeros(size(xold{3})); 
            for k = 1:size(xold{3},1), 
                xtemp = xold{3}(k); 
                if k == trajcount, 
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                box = [xtemp-b*(1/ceil(fcalls/100)) xtemp+b*(1/ceil(fcalls/100))]; 

                 
                if box(1) < 0 
                    box(1) = 0; 
                end 
                if box(2) > (l + h)/2 
                    box(2) = (l + h)/2; 
                end 

                 
                xnewt(k) = (box(2)-box(1))*rand(1) + box(1); 
                else 
                    xnewt(k) = xtemp; 
                end 
            end 
            xnew{3} = xnewt; 
            xnew{4} = (h+l)*ones(size(xnewt)) - xnewt; 

             
            if trajcount == trajnum(1), 
                trajcount = 1; 
            else 
                trajcount = trajcount + 1; 
            end 

         
    for k = 1:length(xnew{3}) 
        if xnew{3}(k) <= l/2 
            xnew{1}(k,1) = l/2 - xnew{3}(k); 
            xnew{1}(k,2) = 0; 
        elseif xnew{3}(k) > l/2 && xnew{3}(k) <= l/2 + h 
            xnew{1}(k,1) = 0; 
            xnew{1}(k,2) = xnew{3}(k) - l/2; 
        else 
            xnew{1}(k,1) = xnew{3}(k) - l/2 - h; 
            xnew{1}(k,2) = h; 
        end 
    end 
    for k = 1:length(xnew{4}) 
        if xnew{4}(k) <= l/2 
            xnew{2}(k,1) = l/2 - xnew{4}(k); 
            xnew{2}(k,2) = 0; 
        elseif xnew{4}(k) > l/2 && xnew{4}(k) <= l/2 + h 
            xnew{2}(k,1) = 0; 
            xnew{2}(k,2) = xnew{4}(k) - l/2; 
        else 
            xnew{2}(k,1) = xnew{4}(k) - l/2 - h; 
            xnew{2}(k,2) = h; 
        end 
    end 
        %%%%%% 
%_________________________________________ 
        %%%%%% 

         
        [fnew,dnodes,CM,smax,mass,constraint] = 

designobjF(coord,field,xnew,prop,boundaries,setpoint,dimen,type,maxcond,fcalls); 
        if isnan(fnew) == 1 
            fold = fnew; 
        end 
        end 
        fcalls = fcalls + 1; 
        delE = fnew-fold; 

         
        bestdelE = fnew - fbest; 
        if bestdelE < 0 
            xbest = xnew; 
            fbest = fnew; 
            bestnodes = dnodes; 
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            bestCM = CM; 
        end 

         
        if delE < 0 
            xold = xnew; 
            fold = fnew; 
        else 
            P = min([1;exp(-delE/T)]); 
            compare = rand(1); 
            if compare < P 
                xold = xnew; 
                fold = fnew; 
            end 
        end 
        fall(count) = fold; 
        fbestall(count) = fbest; 
    clc 
    fnew 
    fcalls 
    fbest 
    constraint 
    end 

     

     
    T = T*c; 

     
    % check convergence: 
    delf = abs(fold - f); 
    if delf <= convergence 
        convergence_flag = 1; 
    end 
    xold = xbest; 
    fold = fbest; 

     
    if fcalls > 4000 
        break 
    end 
end 

  
dnodes = bestnodes; 
CM = bestCM; 
fcalls 
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Parent Function: Simply-Supported Beam 
 
%% Primary Optimization Script - Simply-Supported 
% Matthew Wojciechowski 

  
%%%%%%%%%%%%% 

  
%__________________________________________________________________________ 
%%%%%%%%%%%%% 
% Inputs 
%%%%%%%%%%%%% 

  
    % Beam Dimensions: 

     
% length 
l = 0.24; 
% height 
h = 0.1; 
% maximum element length 
elmax = 0.025; 
dimen = [l h elmax]; 
% create a meshgrid for the beam to be used in computing streamlines 
[qx,qz] = meshgrid(linspace(-0.0001,l+0.0001,100),linspace(-0.0001,h+0.001,100)); 
coord = cell(1,2); 
coord{1} = qx; coord{2} = qz; 

  
% Beam Type: 
% If cantilever, type = 1 || If simply supported, type = 2 
type = 2; 

  
% Max Stress: 
% maxstress = [tensile compressive] 
maxcond = cell(1,2); 
maxstress = [276e6 -276e6]/2; 
maxcond{1} = maxstress; 

  
    % Loading: 

     
% Point loads 
fpoint = [0;h]; 
force = [-1000;1]; 
setf = [0;0;2;3]; 

  
% Distributed Load 

  

  

  
    % Boundaries: 

     

     
        % rectangle 
% 1 - bottom horizontal 
x1 = linspace(0,l,101)'; 
z1 = zeros(size(x1)); 
% 2 - top horizontal 
x2 = linspace(0,l,101)'; 
z2 = h*ones(size(x2)); 
% 3 - left vertical 
z3 = linspace(0,h,101)'; 
x3 = zeros(size(z3)); 
% 4 - right vertical 
z4 = linspace(0,h,101)'; 
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x4 = l*ones(size(z4)); 

  
boundaries = [x1 z1 x2 z2 x3 z3 x4 z4]; 

  
    % Material Properties (constant for all elements) 

     
% Young's Modulus: 
E = 69e9; 
% Cross-sectional Area: 
A = 0.000025; 
% Moment of Inertia (bending): 
I = (0.005)^4/12; 
% Density: 
density = 2700; 

  
prop = [E A I density]; 

  

  
    % Import Excel data from ANSYS 

     
[data,text] = xlsread('ssbeam.xlsx'); 

  
%node positions 
node = data(:,1); 
x = data(:,2); 
z = data(:,3); 
%nodal stresses 
sx = data(:,7); 
sz = data(:,8); 
sxz = data(:,10); 

  
%%%%%%%%%% 
%%%%%%%%%% 
    % Pre-defined nodes: 

     
% Boundary corners: 
corners = [0 0;l 0]'; 
corbound = [0 0 1 3;0 0 1 4]'; 
setpoint = cell(1,5); 

  
setpoint{1} = corners; setpoint{2} = corbound; 
setpoint{3} = fpoint; 
setpoint{4} = setf; 
setpoint{5} = force; 

  

  
%__________________________________________________________________________ 
%%%%%%%%%%%%% 
% Calculations 
%%%%%%%%%%%%% 

  
    % Principal Stresses and directions: 

  
P1 = zeros(length(node),1); 
P2 = zeros(length(node),1); 
direction1 = zeros(length(node),2); 
direction2 = zeros(length(node),2); 
sdirec1 = zeros(length(node),2); 
sdirec2 = zeros(length(node),2); 
for i=1:length(node) 
    stress = [sx(i) sxz(i);sxz(i) sz(i)]; 
    [np,P] = eig(stress); 
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    P1(i) = P(1,1); 
    P2(i) = P(2,2); 
    direction1(i,:) = [np(1,1) np(2,1)]; 
    direction2(i,:) = [np(1,2) np(2,2)]; 

     
    if np(1,1) <= 0 
        direction1(i,:) = -[np(1,1) np(2,1)]; 
    else 
        direction1(i,:) = [np(1,1) np(2,1)]; 
    end 
    if np(1,2) < 0 
        direction2(i,:) = -[np(1,2) np(2,2)]; 
    else 
        direction2(i,:) = [np(1,2) np(2,2)]; 
    end 
end 

  
figure(1) 
hold on 
quiver(x,z,direction2(:,1),direction2(:,2)) 
quiver(x,z,direction1(:,1),direction1(:,2)) 

  

  
interx1 = scatteredInterpolant([x, z],direction2(:,1)); 
interz1 = scatteredInterpolant([x, z],direction2(:,2)); 
interx2 = scatteredInterpolant([x, z],direction1(:,1)); 
interz2 = scatteredInterpolant([x, z],direction1(:,2)); 

  
dx1 = interx1(qx,qz); 
dz1 = interz1(qx,qz); 
dx2 = interx2(qx,qz); 
dz2 = interz2(qx,qz); 
field = cell(1,4); 
field{1} = dx1; field{2} = dz1; field{3} = dx2; field{4} = dz2; 

  
%% 
%__________________________________________________________________________ 
% Begin Optimization: 
%%%%% 

  
    % Create Initial Design: 
        % Goal is to generate the x0 set of starting design points 

         
    trajnum = [3 3]; 
    x0 = cell(1,4); 

  
% Starting points on boundary: 
    xequ1 = lhsdesign(1,trajnum(1))'; 
    xequ1 = xequ1*h/2 + l/2; 
    xequ2 = (h+l)*ones(size(xequ1)) - xequ1; 

     
    for i = 1:length(xequ1) 
        if xequ1(i) <= l/2 
            x01(i,1) = l/2 - xequ1(i); 
            x01(i,2) = 0; 
        elseif xequ1(i) > l/2 && xequ1(i) <= l/2 + h 
            x01(i,1) = 0; 
            x01(i,2) = xequ1(i) - l/2; 
        else 
            x01(i,1) = xequ1(i) - l/2 - h; 
            x01(i,2) = h; 
        end 
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    end 
    for i = 1:length(xequ2) 
        if xequ2(i) <= l/2 
            x02(i,1) = l/2 - xequ2(i); 
            x02(i,2) = 0; 
        elseif xequ2(i) > l/2 && xequ2(i) <= l/2 + h 
            x02(i,1) = 0; 
            x02(i,2) = xequ2(i) - l/2; 
        else 
            x02(i,1) = xequ2(i) - l/2 - h; 
            x02(i,2) = h; 
        end 
    end 

     
%%%%% 
    x0{1} = x01;x0{2} = x02;x0{3} = xequ1;x0{4} = xequ2; 

     
    % Calculations 

  
% outer temperature adjusting loop: 
T = 60; 
n = 50; 
c = 0.4; 
b = 0.05; 
xold = x0; 
fcalls = 1; 
[fold,dnodes,CM,smax,mass,constraint] = 

designobjF(coord,field,x0,prop,boundaries,setpoint,dimen,type,maxcond,fcalls); 
fbest = fold; 
xbest = x0; 
bestnodes = dnodes; 
bestCM = CM; 
convergence_flag = 0; 
convergence = 0.000001; 

  
count = 0; 
trajcount = 1; 
while convergence_flag == 0; 
    x = xold; 
    f = fold; 

     
    [fbest,dn,C,sm,ma,cons] = 

designobjF(coord,field,xbest,prop,boundaries,setpoint,dimen,type,maxcond,fcalls); 
    clear dn C sm ma cons 
    if isnan(fbest) 
    fbest = 100; 
    end 
    % inner loop iterations for each T 
    for i = 1:n 
        count = count + 1; 
        % Generate new design 
        fnew = NaN; 
        while(isnan(fnew)) 

         
        xnew = cell(size(xold)); 

  
        %%%%%% 
        % Perimeter movement 
        xnew{1} = zeros(size(xold{1})); xnew{2} = zeros(size(xold{2})); 
        for j = 3:4 
            xnewt = zeros(size(xold{j})); 
            for k = 1:size(xold{j},1), 
                xtemp = xold{j}(k); 
                if k == trajcount, 
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                box = [xtemp-b*(1/ceil(fcalls/100)) xtemp+b*(1/ceil(fcalls/100))]; 
                if j == 3, 
                if box(1) < 0 
                    box(1) = 0; 
                end 
                if box(2) > (l + h)/2 
                    box(2) = (l + h)/2; 
                end 
                end 
                if j == 4, 
                if box(1) < (l + h)/2 
                    box(1) = (l + h)/2; 
                end 
                if box(2) > (l + h) 
                    box(2) = (l + h); 
                end 
                end 
                    xnewt(k) = (box(2)-box(1))*rand(1) + box(1); 
                else 
                    xnewt(k) = xtemp; 
                end 

  
            end 
            xnew{j} = xnewt; 
        end 

         
        if trajcount == trajnum(1), 
           trajcount = 1; 
        else 
           trajcount = trajcount + 1; 
        end 

         
    for k = 1:length(xnew{3}) 
        if xnew{3}(k) <= l/2 
            xnew{1}(k,1) = l/2 - xnew{3}(k); 
            xnew{1}(k,2) = 0; 
        elseif xnew{3}(k) > l/2 && xnew{3}(k) <= l/2 + h 
            xnew{1}(k,1) = 0; 
            xnew{1}(k,2) = xnew{3}(k) - l/2; 
        else 
            xnew{1}(k,1) = xnew{3}(k) - l/2 - h; 
            xnew{1}(k,2) = h; 
        end 
    end 
    for k = 1:length(xnew{4}) 
        if xnew{4}(k) <= l/2 
            xnew{2}(k,1) = l/2 - xnew{4}(k); 
            xnew{2}(k,2) = 0; 
        elseif xnew{4}(k) > l/2 && xnew{4}(k) <= l/2 + h 
            xnew{2}(k,1) = 0; 
            xnew{2}(k,2) = xnew{4}(k) - l/2; 
        else 
            xnew{2}(k,1) = xnew{4}(k) - l/2 - h; 
            xnew{2}(k,2) = h; 
        end 
    end 
        %%%%%% 
%_________________________________________ 
        %%%%%% 

         
        [fnew,dnodes,CM,smax,mass,constraint] = 

designobjF(coord,field,xnew,prop,boundaries,setpoint,dimen,type,maxcond,fcalls); 
        if isnan(fnew) == 1 
            fold = fnew; 
        end 
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        end 
        fcalls = fcalls + 1; 
        delE = fnew-fold; 

         
        bestdelE = fnew - fbest; 
        if bestdelE < 0 
            xbest = xnew; 
            fbest = fnew; 
            bestnodes = dnodes; 
            bestCM = CM; 
        end 

         
        if delE < 0 
            xold = xnew; 
            fold = fnew; 
        else 
            P = min([1;exp(-delE/T)]); 
            compare = rand(1); 
            if compare < P 
                xold = xnew; 
                fold = fnew; 
            end 
        end 
        fall(count) = fold; 
    clc 
    fnew 
    fcalls 
    fbest 
    constraint 
    end 

     

     
    T = T*c; 

     
    % check convergence: 
    delf = abs(fold - f); 
    if delf <= convergence 
        convergence_flag = 1; 
    end 
    xold = xbest; 
    fold = fbest; 

     
    if fcalls > 4000 
        break 
    end 
end 

  
dnodes = bestnodes; 
CM = bestCM; 
fcalls 
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Objective Function 

 
function [objective,dnodes,CM,emaxstress,mass,constraint] = 

designobjF(coord,field,start,prop,bound,setpoint,dimen,type,maxcond,iter) 
% This objective function uses the inputs to evaluate the node locations 
% and element connectivity matrix for a design using a specified set of 
% trajectory starting locations. It then calculates the mass of the 
% structure and the stresses in the elements, which constrain the design 
% using a penalty approach. 
% 
% start - a cell array containing the starting points of the two sets of 
%           trajectories [startx1,starty1,startx2,starty2] 
% prop - a matrix with each row corresponding to a material property 

  
start1 = start{1}; 
start2 = start{2}; 
startx1 = start1(:,1)'; 
startz1 = start1(:,2)'; 
startx2 = start2(:,1)'; 
startz2 = start2(:,2)'; 

  
qx = coord{1}; 
qz = coord{2}; 

  
dx1 = field{1}; 
dz1 = field{2}; 
dx2 = field{3}; 
dz2 = field{4}; 

  
traj1 = stream2(qx,qz,dx1,dz1,startx1,startz1); 
traj2 = stream2(qx,qz,dx2,dz2,startx2,startz2); 

  
for i = 1:length(traj1) 
    if isempty(traj1{i}) == 1, 
        objective = NaN; 
        dnodes = NaN; 
        CM = NaN; 
        emaxstress = NaN; 
        mass = NaN; 
        constraint = NaN; 
        return 
    end 
end 
for i = 1:length(traj2) 
    if isempty(traj2{i}) == 1, 
        objective = NaN; 
        dnodes = NaN; 
        CM = NaN; 
        emaxstress = NaN; 
        mass = NaN; 
        constraint = NaN; 
        return 
    end 
end 

  

  
for j = 1:length(traj1) 
    for k = 1:size(traj1{j},1) 
    if traj1{j}(k,1) < 1e-10 
        traj1{j}(k,1) = 0; 
    end 
    if traj1{j}(k,2) < 1e-10 
        traj1{j}(k,2) = 0; 
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    end 
    if traj1{j}(k,2) > (dimen(2)-1e-10) 
        traj1{j}(k,2) = dimen(2); 
    end 
    end 
end 
for j = 1:length(traj2) 
    for k = 1:size(traj2{j},1) 
    if traj2{j}(k,1) < 1e-10 
        traj2{j}(k,1) = 0; 
    end 
    if traj2{j}(k,2) < 1e-10 
        traj2{j}(k,2) = 0; 
    end 
    if traj2{j}(k,2) > (dimen(2)-1e-10) 
        traj2{j}(k,2) = dimen(2); 
    end 
    end 
end 

  
%%%%%%%%%%%%%%%%%% 
% Geometry penalties: 
geopen = [0,0]; 
for i = 1:length(traj1) 
    for j = 1:length(traj1) 
        if i == j 
        else 
            dstart = sqrt((traj1{i}(1,1)-traj1{j}(1,1))^2+(traj1{i}(1,2)-traj1{j}(1,2))^2); 
            dstop = sqrt((traj1{i}(size(traj1{i},1),1)-traj1{j}(size(traj1{j},1),1))^2 + ... 
                (traj1{i}(size(traj1{i},1),2)-traj1{j}(size(traj1{j},1),2))^2); 
            if dstart < 0.0056 
                geopen(1) = geopen(1) + dstart; 
            end 
            if dstop < 0.0056 
                geopen(2) = geopen(2) + dstop; 
            end 
        end 
    end 
end 
if type == 2, 
for i = 1:length(traj2) 
    for j = 1:length(traj2) 
        if i == j 
        else 
            dstart = sqrt((traj2{i}(1,1)-traj2{j}(1,1))^2+(traj2{i}(1,2)-traj2{j}(1,2))^2); 
            dstop = sqrt((traj2{i}(size(traj2{i},1),1)-traj2{j}(size(traj2{j},1),1))^2 + ... 
                (traj2{i}(size(traj2{i},1),2)-traj2{j}(size(traj2{j},1),2))^2); 
            if dstart < 0.01 
                geopen(1) = geopen(1) + dstart; 
            end 
            if dstop < 0.01 
                geopen(2) = geopen(2) + dstop; 
            end 
        end 
    end 
end 
end 

  
[dnodes,CM] = framedesign(traj1,traj2,bound,dimen,setpoint,type); 
% Ensure that all node points are rounded correctly 
for j = 1:length(dnodes) 
    if dnodes(j) < 1e-10 
        dnodes(j) = 0; 
    end 
end 
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mass = framemass(dnodes,CM,prop(4),prop(2)); 

  
% Check to make sure that the end of the beam is connected: 
if type == 1, 
    for i = 1:size(dnodes,2) 
        if dnodes(:,i) == [dimen(1);dimen(2)/2], 
            endnode = i; 
            break 
        end 
    end 
    connec = find(CM == endnode); 
end 

  
for i = 1:size(dnodes,2) 
    ncon = find(CM == i); 
    if length(ncon) == 1, 
        objective = NaN; 
        dnodes = NaN; 
        CM = NaN; 
        emaxstress = NaN; 
        mass = NaN; 
        constraint = NaN; 
        return 
    end 
end 

  
%_________________________________________________________________________% 
% Generate displacements: 
%%%% 
% Cantliever: 
if type == 1, 
ii = 0; 
% fixed at x = 0 
for i = 1:size(dnodes,2) 
    if dnodes(1,i) == 0, 
        ii = ii+1; 
        pGD(ii,:) = [3*i-2 0];  % x-displacement (horizontal) 
        ii = ii+1; 
        pGD(ii,:) = [3*i-1 0];  % z-displacement (vertical) 
        ii = ii+1; 
        pGD(ii,:) = [3*i 0];  % rotation about y-axis 
    end 

     
end 

  
%%%% 
% Simply Supported: 
elseif type == 2, 
ii = 0; 
% pinned at (l,0) 
for i = 1:size(dnodes,2) 
    if dnodes(1,i) == dimen(1) && dnodes(2,i) == 0, 
        ii = ii+1; 
        pGD(ii,:) = [3*i-1 0];  % z-displacement (vertical) 
    end 
    if dnodes(1,i) == 0, 
        ii = ii+1; 
        pGD(ii,:) = [3*i-2 0];  % x-displacement (horizontal) 
        ii = ii+1; 
        pGD(ii,:) = [3*i 0];  % rotation-displacement 
    end 
end 
else 
end 
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%_________________________________________________________________________% 

  
elprop = prop'*ones(1,size(CM,2)); 
[flocal,idesign,iF] = intersect(dnodes',setpoint{3}','rows'); 
force = cell(1,2); 
force{1} = idesign; force{2} = setpoint{5}; 
[def,emaxstress] = FEM(dnodes,CM,elprop,pGD,force,force{1}); 

  
smax_t = max(emaxstress); 
smax_c = min(emaxstress); 
smax = [smax_t smax_c]; 
maxdef = sqrt((def(1))^2 + (def(2))^2); 

  
%_________________________________% 
% Compliance Objective: 

  
% Apply penalty to objective 
comppen = 0; 
tenspen = 0; 
startpen = 0; 
stoppen = 0; 
endpen = 0; 
constraint = [0 0 0 0 0]; 
if smax_t > maxcond{1}(1) 
    tenspen = 0.1; 
    constraint(1) = 1; 
end 
if smax_c < maxcond{1}(2) 
    comppen = 0.1; 
    constraint(2) = 1; 
end 
% if geopen(1) > 0 
%     startpen = (0.0056/geopen(1))*(ceil(iter/100)); 
%     constraint(3) = 1; 
% end 
if geopen(2) > 0 
    stoppen = (0.0056/geopen(2))*(ceil(iter/100)); 
    constraint(4) = 1; 
end 
if type == 1, 
if isempty(connec) 
    endpen = 0.1; 
    constraint(5) = 1; 
end 
end 

  
objective = abs(def(2)) + comppen + tenspen + startpen + stoppen + endpen; 
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Frame Design 

 
%% Producing a new design from the trajectories: 

  
function [dnodes,CM] = framedesign(trajectory1,trajectory2,boundaries,dimen,setpoint,type) 
% Input the trajectory vectors from the original code 
% Output a series of nodes that will be connected with beam elements as well 
% as the defined connections between those elements (element numbers) 
% Function works in 2 parts: 
%   - Intersection nodes 
%   - Intermediate nodes to simulate large curves in the geometry. 

  
[m1,n1] = size(trajectory1); 
[m2,n2] = size(trajectory2); 
[mb,nb] = size(boundaries); 

  
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%_________________________________________________________________________% 
% 1. Intersections: 
inodes = zeros(2,1); 
tid = zeros(4,1); 
for i = 1:n1 
    t1 = trajectory1{i}'; 
    for j = 1:n2 

         
        t2 = trajectory2{j}'; 

         
        P = lineintersect(t1,t2); 

         
        if isempty(P) == 1, 
        else 
        % Create Intersection data (intersectx,intersecty) 
        internodes = P; 
        elementid = zeros(4,size(internodes,2)); 
        for k = 1:size(internodes,2) 
            elementid(1,k) = i; 
            elementid(2,k) = j; 
            elementid(3,k) = 0; 
        end 

         
        inodes = [inodes internodes]; 
        tid = [tid elementid]; 
        end 
    end 
end 

  

  
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%_________________________________________________________________________% 
% Boundry Nodes: 

  
for i = 1:n1, 
    t1 = trajectory1{i}'; 
    for j = 1:nb/2, 

         
        tb = boundaries(:,(2*j-1):(2*j))'; 

         
        P = lineintersect(t1,tb); 

         
        if isempty(P) == 1, 
        else 
        % Create Intersection data (intersectx,intersecty) 
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        internodes = P; 
        elementid = zeros(4,size(internodes,2)); 
        for k = 1:size(internodes,2) 
            elementid(1,k) = i; 
            elementid(2,k) = 0; 
            elementid(3,k) = j; 
        end 

         
        inodes = [inodes internodes]; 
        tid = [tid elementid]; 
        end 
    end 
end 

  
for i = 1:n2, 
    t2 = trajectory2{i}'; 
    for j = 1:nb/2, 

         
        tb = boundaries(:,(2*j-1):(2*j))'; 

         
        P = lineintersect(t2,tb); 

         
        if isempty(P) == 1, 
        else 
        % Create Intersection data (intersectx,intersecty) 
        internodes = P; 
        elementid = zeros(4,size(internodes,2)); 
        for k = 1:size(internodes,2) 
            elementid(1,k) = 0; 
            elementid(2,k) = i; 
            elementid(3,k) = j; 
        end 

         
        inodes = [inodes internodes]; 
        tid = [tid elementid]; 
        end 
    end 
end 
nodes = inodes(:,2:size(inodes,2)); 
tid = tid(:,2:size(tid,2)); 

  
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%_________________________________________________________________________% 
% Pre-defined Nodes: 

  
% Corners: 
nodes = [nodes setpoint{1}]; 
tid = [tid setpoint{2}]; 

  
% Other Points: 
nodes = [nodes setpoint{3}]; 
tid = [tid setpoint{4}]; 

  

  
% Node Removal for unwanted boundaries: 
for i = 1:size(nodes,2) 
    if nodes(1,i) > dimen(1) 
        nodes(:,i) = [-1;-1]; 
        tid(:,i) = [-1;-1;-1;-1]; 
    end 
end 
del = nodes(nodes~=-1); 
nodes = reshape(del,2,(length(del))/2); 
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del = tid(tid~=-1); 
tid = reshape(del,4,(length(del))/4); 

  
    % Cantilever 
if type == 1, 
for i = 1:size(tid,2) 
    if tid(3,i)==1 && tid(2,i)~=0 
        nodes(:,i) = [-1,-1]; 
        tid(:,i) = [-1;-1;-1;-1]; 
    end 
    if tid(3,i)==2 && tid(1,i)~=0 
        nodes(:,i) = [-1,-1]; 
        tid(:,i) = [-1;-1;-1;-1]; 
    end 
end 
del = nodes(nodes~=-1); 
nodes = reshape(del,2,(length(del))/2); 
del = tid(tid~=-1); 
tid = reshape(del,4,(length(del))/4); 
end 

  
    % Simply-supported 
if type == 2, 
for i = 1:size(tid,2) 
    if tid(3,i)==4 && tid(1,i)~=0 
        nodes(:,i) = [-1,-1]; 
        tid(:,i) = [-1;-1;-1;-1]; 
    end 
    if tid(3,i)==2 && tid(1,i)~=0 %&& nodes(1,i) > dimen(1)/2 
        nodes(:,i) = [-1,-1]; 
        tid(:,i) = [-1;-1;-1;-1]; 
    end 
end 
del = nodes(nodes~=-1); 
nodes = reshape(del,2,(length(del))/2); 
del = tid(tid~=-1); 
tid = reshape(del,4,(length(del))/4); 
end 

  
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%_________________________________________________________________________% 
%%%%% Find nodes for each element: 
CM = [0;0]; 
el_t = [0;0;0]; 

  
% Trajectory Set 1 
for i = 1:n1 
    nnum = find(tid(1,:) == i); 
    tnode = zeros(2,length(nnum)); 
    for j = 1:length(nnum) 
        tnode(:,j) = nodes(:,nnum(j)); 
    end 
    [d1,d2] = sort(tnode(1,:)); 
    clear d1; 
    stnode = tnode(:,d2); 
    fnnum = nnum(d2); 

     
    telement = zeros(2,(size(stnode,2)-1)); 
    for k = 1:(size(stnode,2)-1) 
        telement(1,k) = fnnum(k); 
        telement(2,k) = fnnum(k+1); 
        el_t = [el_t [i;0;0]]; 
    end 
    CM = [CM telement]; 
end 
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CM(:,1) = []; 
el_t(:,1) = []; 

  
% Trajectory Set 2 
for i = 1:n2 
    nnum = find(tid(2,:) == i); 
    tnode = zeros(2,length(nnum)); 
    for j = 1:length(nnum) 
        tnode(:,j) = nodes(:,nnum(j)); 
    end 
    [d1,d2] = sort(tnode(1,:)); 
    clear d1; 
    stnode = tnode(:,d2); 
    fnnum = nnum(d2); 

     
    telement = zeros(2,(size(stnode,2)-1)); 
    for k = 1:(size(stnode,2)-1) 
        telement(1,k) = fnnum(k); 
        telement(2,k) = fnnum(k+1); 
        el_t = [el_t [0;i;0]]; 
    end 
    CM = [CM telement]; 
end 

  
% Boundary Trajectories 
for i = 1:nb/2 
    nnum = find(tid(3,:) == i); 
    nnum = [nnum find(tid(4,:) == i)]; 
    tnode = zeros(2,length(nnum)); 
    for j = 1:length(nnum) 
        tnode(:,j) = nodes(:,nnum(j)); 
    end 
    if range(tnode(1,:)) == 0 
    [d1,d2] = sort(tnode(2,:)); 
    clear d1; 
    stnode = tnode(:,d2); 
    fnnum = nnum(d2); 
    else 
    [d1,d2] = sort(tnode(1,:)); 
    clear d1; 
    stnode = tnode(:,d2); 
    fnnum = nnum(d2); 
    end 

     
    telement = zeros(2,(size(stnode,2)-1)); 
    for k = 1:(size(stnode,2)-1) 
        telement(1,k) = fnnum(k); 
        telement(2,k) = fnnum(k+1); 
        el_t = [el_t [0;0;i]]; 
    end 
    CM = [CM telement]; 
end 

  

  
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%_________________________________________________________________________% 

  

  

  
%%%%% Create interstitial nodes: 
% needs the elmax variable (maximum element length) 
CMdelete = [0]; 
CMnew = [0;0]; 
for i = 1:size(CM,2) 
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    % identify positions of element nodes 
    node1 = CM(1,i); 
     n1x = nodes(1,node1); n1y = nodes(2,node1); 
    node2 = CM(2,i); 
     n2x = nodes(1,node2); n2y = nodes(2,node2); 

      
     if el_t(2,i) == 0 && el_t(3,i) == 0 
         t = trajectory1{el_t(1,i)}'; 
     elseif el_t(1,i) == 0 && el_t(3,i) == 0 
         t = trajectory2{el_t(2,i)}'; 
     else 
         t = boundaries(:,(2*(el_t(3,i))-1):(2*(el_t(3,i))))'; 
     end 

      
    % distance between the nodes: 
    dist = sqrt((n2x-n1x)^2 + (n2y-n1y)^2); 

     
    if dist <= dimen(3), 
    else 
        sections = ceil(dist/dimen(3)); 

         
        if abs(n2x-n1x) < abs(n2y-n1y) 
            secl = abs(n2y-n1y)/sections; 
            nnode = zeros(2,1); 
            for j = 1:(sections-1), 
                ypoint = min([n1y n2y])+(j)*secl; 
                traj = [min([n1x,n2x])-0.001 max([n1x,n2x])+0.001;ypoint ypoint]; 
                new = lineintersect(t,traj); 
                nnode = [nnode new]; 
            end 
            nnode(:,1) = []; 
            [d1,d2] = sort(nnode(1,:)); 
            clear d1; 
            nnode = nnode(:,d2); 
        else 
            secl = abs(n2x-n1x)/sections; 
            nnode = zeros(2,1); 
            for j = 1:(sections-1), 
                xpoint = min([n1x n2x])+(j)*secl; 
                traj = [xpoint xpoint;0 dimen(2)]; 
                new = lineintersect(t,traj); 
                nnode = [nnode new]; 
            end 
            nnode(:,1) = []; 
            [d1,d2] = sort(nnode(1,:)); 
            clear d1; 
            nnode = nnode(:,d2); 
        end 
        % Now create the new element definitions 
        nodes = [nodes nnode]; 
        CMdelete = [CMdelete i]; 
        elorder = [node1 (size(nodes,2)+1-size(nnode,2)):size(nodes,2) node2]; 
        for j = 1:(length(elorder)-1) 
            CMnew = [CMnew [elorder(j);elorder(j+1)]]; 
        end 

         
    end 
end 
CMdelete(1) = []; 
CMnew(:,1) = []; 
CM = [CM CMnew]; 

  
% Remove elements that were split into smaller elements: 
for i = 1:length(CMdelete) 
    CM(:,CMdelete(i)) = [0;0]; 
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end 
del = CM(CM~=0); 
CM = reshape(del,2,(length(del))/2); 

  
%_________________________________________________________________________% 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

  
dnodes = nodes; 
CM = CM; 

  
end 
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Frame Finite Element Analysis 

 
% Finite Element Frame Code 
% Matthew Wojciechowski 

  
function [def,stress] = FEM(nodes,elem,prop,dis,force,compnode) 
% % This function uses a frame FEM analysis to calculate the maximum stress 
% % in the design. Stress in elements is interpolated using shape equations. 
% %  
% % nodes = 2 row by N column array with x and y values of each node, N 
% % elem = 2 row by M column array with node numbers of the nodes that make 
% %        up each element, M 
% % prop = vector of material properties (3 rows and # of elements columns) 
% % BC = boundary condition identifier 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
% Inputs: 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

  
%%% 
% Number of Elements: 
nel = size(elem,2); 
%%% 
% Number of Global Nodes: 
nng = size(nodes,2); 
%%% 
% Number of Nodes Per Element: 
nnpe = size(elem,1); 
%%% 
% Number of DoF per Node: 
nvpn = 3; 
%%% 
% Number of DoF per Element: 
nvpe = nnpe*nvpn; 
%%% 
% Number of Global DoF 
nvg = nng*nvpn; 

  
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
% Global (x,z) Coordiantes of Nodes: 

  
%%% 
% Define in units of meters 

  
x = nodes(1,:)'; 
z = nodes(2,:)'; 

  

  
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
% Generating Connectivity Matrix: 

  
% Note: CM will have dimensions (nel,nnpe) 

  
CM = elem'; 

       

  
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
% Element Material Properties: 

  

  
    E = prop(1,:)';  % Young's Modulus 
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    A = prop(2,:)';  % Young's Modulus 

     
    I = prop(3,:)';  % Moment of inertia at neutral axis 

  

  
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
% Prescribing Global Generalized Displacements: 

  
%%% 
% The GD are the nodal displacements that are known. 
% This includes fixed or pinned supports. 
% Elastic supports will also be considered. 

  
%%% 
% The nodes affected will vary between different frames 

  
% pGD vector indentifies GDoF of interest 
% vpGD gives the prescribed value of the displacement 

  
pGD = dis(:,1); 
vpGD = dis(:,2); 

  
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
% Inputting Loading Conditions: 

  

  
%%% 
% Concentrated Loading at Nodes: 
Qg = zeros(nvg,1); 

  

  
for i = 1:size(force{1},1) 
    Qg(3*force{1}(i)-force{2}(2,i)) = force{2}(1,i); 
end 

  

    
%%% 
% Distributed Loading Over elements: 
% The code will only consider constant distributed loads using standard 
% sign conventions 
Disload = zeros(2*nel,1); 

  
% Element number: 
el1 = 3; 
Disload(2*el1-1) = 0;   % Axial Load over element 
Disload(2*el1) = 0;     % Transverse Load over element 

  
el2 = 9; 
Disload(2*el2-1) = 0;   % Axial Load over element 
Disload(2*el2) = 0;     % Transverse Load over element 

  
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
% This Ends the Program Inputs 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
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%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
% Computing Element Length and Angle: 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

  
h=zeros(nel,1);         % Element Length Vector 
Alpha=zeros(nel,1);     % Element Angle Vector 

  
for ie=1:nel 
    nodes = zeros(nnpe,1); 

     
    % Extracting Node Numbers from CM: 
    for jnd=1:nnpe 
        nodes(jnd) = CM(ie,jnd); 
    end 

     
    % Calculating Element Length and Angle: 
    % **Note** This assumes 2 nodes per element 

     
    x1 = x(nodes(1)); 
    z1 = z(nodes(1)); 
    x2 = x(nodes(2)); 
    z2 = z(nodes(2)); 

     
    h(ie)=sqrt((x2-x1)^2+(z2-z1)^2); 
    Alpha(ie)=atan2(z2-z1,x2-x1); 

     
end 

     

  
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
% Computing Global Stiffness (K) and Force (F) Matrices: 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

  

  
kg = zeros(nvg,nvg);    % Global K Matrix 
fg = zeros(nvg,1);      % Global F Vector 
Ug = zeros(nvg,1);      % Global Displacement Vector 

  
for ie=1:nel 
    ijg = zeros(nvpe,1);  % Vector used for assembly 
    nodes = zeros(nnpe,1); 

     
    % Extracting Node Numbers from CM: 
    for jnd=1:nnpe 
        nodes(jnd) = CM(ie,jnd); 
    end 

     
    % Extracting Element Properties: 

     
    Ee = E(ie);             % Young's Modulus 
    Ae = A(ie);             % Element Area 
    Ie = I(ie);             % Element Moment of Inertia 
    he = h(ie);             % Element Length 
    Alphae = Alpha(ie);     % Element Incline Angle 

     
    %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
    % Compute element stiffness matrix [ke] and force vector {fe}: 
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    % Transformation Matrix: 
    S = sin(Alphae); 
    C = cos(Alphae); 

     
    T = [ C  S  0  0  0  0; 
         -S  C  0  0  0  0; 
          0  0  1  0  0  0; 
          0  0  0  C  S  0; 
          0  0  0 -S  C  0; 
          0  0  0  0  0  1]; 

       
    % Element [K] Matrix: 
    Keax = Ee*Ae/he*[ 1 0 0 -1 0 0; 
                      0 0 0  0 0 0; 
                      0 0 0  0 0 0; 
                     -1 0 0  1 0 0; 
                      0 0 0  0 0 0; 
                      0 0 0  0 0 0]; 

  
    Kebe = Ee*Ie/he^3*[0      0      0      0      0      0; 
                       0     12   6*he      0    -12   6*he; 
                       0   6*he 4*he^2      0  -6*he 2*he^2; 
                       0      0      0      0      0      0; 
                       0    -12  -6*he      0     12  -6*he; 
                       0   6*he 2*he^2      0  -6*he 4*he^2]; 

          
    Ke = Keax + Kebe;     

     
    % Element {F} Vector for distributed loads: 

     
    Feax = Disload(2*ie-1)*Ae*he/2*[1;0;0;1;0;0]; 

         
    Febe = Disload(2*ie)*he/12*[  0; 
                                  6; 
                                 he; 
                                  0 
                                  6; 
                                -he]; 

                                 
    Fe = Feax + Febe; 

     
    ke = T.'*Ke*T; 
    fe = T.'*Fe; 

     
    %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
    % Assembling Element Matrices into Global Matrices: 

     
    % Generating the ijg vector: 
    m = 0; 
    for jnd = 1:nnpe 
        mprev=(nodes(jnd)-1)*nvpn; 
        for i = 1:nvpn 
            m = m + 1; 
            ijg(m) = mprev + i; 
        end 
    end 

     
    nvpe =nnpe*nvpn; 
    for i = 1:nvpe 
        ig = ijg(i);  % Row in Global Matrix corresponding to row i in 
                      % Element Matrix 
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        fg(ig) = fg(ig) + fe(i);  % Assembling Global f vector 

         
        for j = 1:nvpe 
            jg = ijg(j);  % Column in Global Matrix corresponding to 
                          % column j in Element Matrix 
            kg(ig,jg) = kg(ig,jg) + ke(i,j);  % Assembling Global k Matrix 
        end 
    end 
end 

  
% Adding Concentrated Node Loading to Global {F} Vector: 
fg = fg + Qg; 

  
kgor = kg; 
fgor = fg; 

  
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
% Applying Elastic Boundary Conditions: 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

  
for i = 1:nng 
    % Simply adds the stiffness of the spring to its corresponding 
    % stiffness term in the global K matrix 

     
    kg(3*i-2,3*i-2) = kg(3*i-2,3*i-2) + stiffx(i); 
    kg(3*i-1,3*i-1) = kg(3*i-1,3*i-1) + stiffy(i); 
    kg(3*i,3*i) = kg(3*i,3*i) + stiffrot(i); 
end 

  

  
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
% Applying Essential Boundary Conditions: 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

  
for i=1:length(pGD) 
    ii = pGD(i); 
    for j=1:nvg 
        kg(ii,j) = 0; 
    end 
    kg(ii,ii) = 1; 
    fg(ii) = vpGD(i); 
end 

  
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
% Final Solution: 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

  
% Displacements: 
Ug = kg\fg; 

  
% Reactions: 
R = kgor*Ug - fgor; 

 
horzdisp = Ug(3*compnode-2); 
vertdisp = Ug(3*compnode-1); 
rotadisp = Ug(3*compnode); 

  



 

159 

def = [horzdisp vertdisp rotadisp]; 

  
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%% Producing Bending Moment Diagrams 
stress = zeros(nel,2); 
for ie = 1:nel 

  
% Bending Moment diagram for Element ie: 

  
% Identify the nodes that make up the Element 
nodes = zeros(nnpe,1); 
for jnd=1:nnpe 
    nodes(jnd) = CM(ie,jnd); 
end 

  
Ue = zeros(nvpe,1); 
for i=1:nnpe 
    Ue(3*i-2) = Ug(3*nodes(i)-2); 
    Ue(3*i-1) = Ug(3*nodes(i)-1); 
    Ue(3*i) = Ug(3*nodes(i)); 
end 

  
% Transforming Displacements into Element Coordiantes: 
S = sin(Alpha(ie)); 
C = cos(Alpha(ie)); 

  
    T = [ C  S  0  0  0  0; 
         -S  C  0  0  0  0; 
          0  0  1  0  0  0; 
          0  0  0  C  S  0; 
          0  0  0 -S  C  0; 
          0  0  0  0  0  1]; 

  
Uet = T*Ue; 

  
% The equation for the bending moment can now be found using the 
% displacements and the second derivative of the shape functions for beam 
% bending. 
he = h(ie); 

  
s = [0 1]; 

  
astress = E(ie)*he*(Uet(4) - Uet(1)); 

  
c = 0.01; 

  
BM = (E(ie)*I(ie)/(he^2))*((12*s-6)*Uet(2) + he*(6*s-4)*Uet(3) ... 
    + (6-12*s)*Uet(5) + he*(6*s-2)*Uet(6)); 
tensile = (BM*c)/I(ie) + astress; 
compressive = -(BM*c)/I(ie) + astress; 
stress(ie,:) = [max(tensile) min(compressive)]; 
end 
stress = stress'; 

  
end 
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Vector Intersection Test 

 
function P = lineintersect(t1,t2) 
% Locates the intersection points of two curves represented by arrays of 
% discrete coordinate points. 

 
hF = @le; 

 
x1 = t1(1,:)'; x2 = t2(1,:); 
y1 = t1(2,:)'; y2 = t2(2,:); 
dx1 = diff(x1); dy1 = diff(y1); 
dx2 = diff(x2); dy2 = diff(y2); 

 
S1 = dx1.*y1(1:end-1) - dy1.*x1(1:end-1); 
S2 = dx2.*y2(1:end-1) - dy2.*x2(1:end-1); 
C1 = feval(hF,D(bsxfun(@times,dx1,y2)-bsxfun(@times,dy1,x2),S1),0); 
C2 = feval(hF,D((bsxfun(@times,y1,dx2)-bsxfun(@times,x1,dy2))',S2'),0)'; 

 
[a,b] = find(C1 & C2); 
if isempty(a),P = zeros(2,0);return; end; 
a=a'; dx2=dx2'; dy2=dy2'; S2 = S2'; 
L = dy2(b).*dx1(a) - dy1(a).*dx2(b); 
a = a(L~=0); b=b(L~=0); L=L(L~=0); 

 
P = unique([dx2(b).*S1(a) - dx1(a).*S2(b), ... 
dy2(b).*S1(a) - dy1(a).*S2(b)]./[L L],'rows')'; 

 
function u = D(x,y) 
u = bsxfun(@minus,x(:,1:end-1),y).*bsxfun(@minus,x(:,2:end),y); 
end 

 
end 
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Mass Calculation 

 
% Matthew Wojciechowski 

  
function mass = framemass(nodes,elem,rho,A) 
% Calculates the mass of the frame using element lengths and 
% cross-sectional area to find volume, and then multiplying by the density. 
% This calculation does not need to assume all elements have the same 
% cross-sectional area. 
%  
% nodes = 2 row by N column array with x and y values of each node, N 
% elem = 2 row by M column array with node numbers of the nodes that make 
%        up each element, M 
% rho = material density 
% A = cross-sectional area vector (1 by M) 

  
N = size(nodes,2); 
M = size(elem,2); 

  
vol = 0; 
for i = 1:M 
    nnum1 = elem(1,i); 
    nnum2 = elem(2,i); 

     
    node1 = nodes(:,nnum1); 
    node2 = nodes(:,nnum2); 

     
    distance = sqrt((node1(1)-node2(1))^2+(node1(2)-node2(2))^2); 

     
    evol = distance*A; 

     
    vol = vol + evol; 
end 

  
mass = rho*vol; 

  
end 
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Thickness Optimizer 

%% Thickness optimizer 

% Matthew Wojciechowski 

  

% Optimize mass with element thickness as the design variable 

% Code imports Connectivity Matrix and node locations for optimal stiffness 

% layout. 

  

type = 2; 

prop = [69e9 0.00025 (0.005)^4/12 2700 0.005]; 

l = 0.2400; h = 0.1;elmax = 0.075; 

dimen = [l h elmax]; 

fpoint = [0;h]; 

force = [-1000;1]; 

setf = [0;0;2;3]; 

corners = [0 0;l 0]';corbound = [0 0 1 3;0 0 1 4]'; 

setpoint = cell(1,5); 

setpoint{1} = corners; setpoint{2} = corbound; 

setpoint{3} = fpoint; 

setpoint{4} = setf; 

setpoint{5} = force; 

  

%%%%%%%%% 

% Generate initial thickness values: 

  

tstart = zeros(size(CM,2),1); 

for i = 1:size(CM,2) 

    tstart(i) = 0.005; 

end 

  

%%%%%%%%% 

% Initialize optimizer: 

  

T = 100; 

n = 50; 

c = 0.50; 

b = 0.0001; 

  

told = tstart; 

[Mold,stress,constraint,def] = thickobj(told,CM,dnodes,type,prop,dimen,setpoint); 

Mbest = Mold; 

tbest = told; 

  

convergence_flag = 0; 

convergence = 0.00001; 

  

count = 0; 

count2 = 1; 

fcalls2 = 1; 

%%%%%%%%%%%%%%%%%%% 

% Begin Optimization Loop 

while convergence_flag == 0; 

    t = told; 

    M = Mold; 

    % Inner loop for iterations at a constant Temperature 

    for i = 1:n 

        count = count + 1; 

        % Generate New Design 

        tnew = zeros(size(t)); 

         

        ttemp = told(1); 

        box = [ttemp-0.5*b ttemp+0.5*b]; 

        ttnew = (box(2)-box(1))*rand(1) + box(1); 

        for j = 1:length(tnew) 
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            tnew(j) = ttnew; 

        end 

         

        % Objective function: 

        [Mnew,stress,constraint,def] = thickobj(tnew,CM,dnodes,type,prop,dimen,setpoint); 

        fcalls2 = fcalls2 + 1; 

        delE = Mnew-Mold; 

         

        bestdelE = Mnew - Mbest; 

        if bestdelE < 0 

            tbest = tnew; 

            Mbest = Mnew; 

            stressbest = stress; 

            defbest = -def(2); 

        end 

        if delE < 0 

            told = tnew; 

            Mold = Mnew; 

        else 

            P = min([1;exp(-delE/T)]); 

            compare = rand(1); 

            if compare < P 

                told = tnew; 

                Mold = Mnew; 

            end 

        end 

        Mall(count) = Mold; 

        Mbestall(count) = Mbest; 

    clc 

    Mnew 

    fcalls2 

    Mbest 

    constraint; 

    def 

    end 

    T = T*c; 

    if fcalls2 >= 10000*count2 

        T = 100; 

        count2 = count2 + 1; 

    end 

    % check convergence: 

    delf = abs(Mnew - M); 

    if delf <= convergence 

        convergence_flag = 1; 

    end 

    told = tbest; 

    Mold = Mbest; 

     

end 

  

Mass = Mbest 

fcalls2 
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Thickness Objective Function 

% Matthew Wojciechowski 

function [mass,stress,constraint,def] = thickobj(t,CM,nodes,type,prop,dimen,setpoint) 

  

A = t*0.005; 

I = (0.005*(t.^3))./12; 

prop = [prop(1)*ones(size(t)) A I prop(4)*ones(size(t)) t]; 

  

% Calculate Mass: 

mass = framemass(nodes,CM,prop(1,4),A); 

  

%_________________________________________________________________________% 

% Generate displacements: 

%%%% 

% Cantliever: 

if type == 1, 

ii = 0; 

% fixed at x = 0 

for i = 1:size(nodes,2) 

    if nodes(1,i) == 0, 

        ii = ii+1; 

        pGD(ii,:) = [3*i-2 0];  % x-displacement (horizontal) 

        ii = ii+1; 

        pGD(ii,:) = [3*i-1 0];  % z-displacement (vertical) 

        ii = ii+1; 

        pGD(ii,:) = [3*i 0];  % rotation about y-axis 

    end 

end 

%%%% 

% Simply Supported: 

elseif type == 2, 

ii = 0; 

% pinned at (l,0) 

for i = 1:size(nodes,2) 

    if nodes(1,i) == dimen(1) && nodes(2,i) == 0, 

        ii = ii+1; 

        pGD(ii,:) = [3*i-1 0];  % z-displacement (vertical) 

    end 

    if nodes(1,i) == 0, 

        ii = ii+1;  

        pGD(ii,:) = [3*i-2 0];  % x-displacement (horizontal) 

        ii = ii+1; 

        pGD(ii,:) = [3*i 0];  % rotation-displacement 

    end 

end 

else 

end 

%_________________________________________________________________________% 

elprop = prop'; 

[flocal,idesign,iF] = intersect(nodes',setpoint{3}','rows'); 

force = cell(1,2); 

force{1} = idesign; force{2} = setpoint{5}; 

[def,emaxstress] = FEM(nodes,CM,elprop,pGD,force,force{1}); 

  

% Objective: 

spen = 0; 

for i = 1:size(emaxstress,2) 

    if emaxstress(1,i) > (276e6)/2 

        spen = spen + (emaxstress(1,i) - (267e6)/2)/1000000; 

        constraint(i) = 1; 

    else 

        constraint(i) = 0; 

    end 

    if abs(emaxstress(2,i)) > (276e6)/2 
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        spen = spen + (abs(emaxstress(2,i)) - (267e6)/2)/1000000; 

        constraint(i) = 1; 

    else 

        constraint(i) = 0; 

    end 

end 

mass = mass + spen; 

stress = emaxstress; 

end 

 


