
ABSTRACT 

WORMALD, JONATHAN LAWRENCE. Atomistic Modeling of Fission Energy Deposition 
and Transport in Nuclear Fuel. (Under the direction of Dr. Ayman I. Hawari). 

 

In fission based nuclear reactors fuel is subject to an intense neutron environment 

which propagates the neutron chain reaction. This process directly results in the production 

of fission fragments with an initial energy of approximately 1 MeV/amu. These fragments 

primarily lose energy through inelastic interactions which result in excitation of the 

electronic structure. Subsequently, these electron excitations transfer energy to the atomic 

lattice through electron-phonon (e-p) scattering. Consequently, a high temperature spike is 

formed around the fission fragment which permits enhanced atomic mobility. This initial 

stage of interaction, therefore, has disruptive consequences to the fuel material and may drive 

the onset and evolution of fuel damage. Experimentally, these consequences are found to be 

mitigated in uranium dioxide (UO2)–the most commonly used fuel in nuclear power 

reactors–when compared to other fuel materials such as uranium carbide (UC) and uranium 

nitride (UN). UO2 may be characterized as having an insulator electronic structure, whereas 

UN and UC may be characterized as metallic. Based on this observation, the impact of 

fission energy deposition on the evolution of the fuel microstructure can be correlated to the 

electronic structure of the fuel material.  

In this work, the impact of the electronic structure, specifically the strength of e-p 

scattering interactions, on the evolution of fission fragment energy deposition in UO2 was 

investigated. Initially, classical molecular dynamics (MD) combined with a two-temperature 

model (TTM) was used to capture the deposition of energy in the electronic structure and its 

subsequent transfer to the atomic lattice through e-p interactions. In these simulations the 

properties of the electronic system were varied to represent metal-like and insulator-like 

systems; whereby an insulator-like system corresponded to an increasing strength of the e-p 

interaction. For UO2, the strength of the e-p interaction was tuned to reproduce experimental 

observations of ion track formation. These early models demonstrated that fission enhanced 

mobility increased as the strength of the e-p interaction increased (i.e. as the system became 

more insulator-like). Furthermore, it was demonstrated through simulations of the interaction 

of fission spikes with latent ion tracks, that fission induced annealing of defects was more 

pronounced for insulator-like systems than metal-like systems. 



Subsequently, a new multi-group model (MGM) was developed, whereby the 

slowing-down process of fast electrons (e.g. delta-rays) and the thermalization of secondary 

electron excitations are explicitly treated. In this model the e-p interaction is based on e-p 

scattering cross-sections that are calculated from first principles. Additionally, the electron-

electron scattering cross-sections and diffusion of fast electrons is derived from Monte Carlo 

simulations of the electron transport process for fission fragment delta-rays. The MGM 

model, the calculated e-p cross sections, and the outcome of the fast electron interaction 

simulations were combined to predictively investigate fission driven phenomena in UO2. The 

results demonstrated the ability to predictively reproduce experimental observations.  This 

includes the formation and size of ion tracks, the enhanced mobility of atomic species and the 

annealing of defects due to fission spike-ion track interactions. 

The MGM approach may be used in lieu of TTM based analysis especially when 

experimental data are not available. Moreover, as a predictive approach it forms the basis of 

a modern nuclear fuel design approach that explicitly accounts for the impact of electronic 

structure and allows for the design process to begin at the atomic scale.  
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CHAPTER 1 Introduction 

1.1 Nuclear Reactors and Fuel Performance 
Nuclear fuel in a nuclear reactor is the initial and primary component that defines the 

reactor’s operational and safety characteristics. Much of the cost in the construction and 

operation of a reactor is dedicated to the safety of the fuel and core systems. Fuel 

performance analysis considers the macroscopic consequences due to exposure to the 

extreme conditions of a nuclear reactor core. These macroscopic effects, such as fuel 

swelling or pellet clad mechanical interaction (PCMI) are driven by microscopic phenomena 

and the fuel material’s microstructure and microscopic properties. 

The design and safe operating limits of a nuclear reactor may be correlated to 

thermodynamic and radiation resistance properties of the material used for reactor fuel. 

Nuclear fuel in most current power reactors is constructed into fuel rods by loading pellets of 

sintered UO2 of approximately ½ cm radius into 4 meter zirconium alloy cladding with a 

thickness of less than 0.1 cm. A typical fuel assembly for a light water reactor (LWR) is 

shown in Fig. 1.1. 

 
Fig. 1.1. The fuel assembly of a pressurized water reactor (PWR) [3].  The assembly is composed of fuel rods 
that are in turn composed of UO2 fuel pellets.  The UO2 is clad in zircaloy. 
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In general, the operating power of nuclear reactors is limited by the heat flux along the 

fuel rods, particularly that of the hottest rod.  The centerline temperature of the hottest rod in 

UO2 fuel is typically less than 2100 K in LWR, providing sufficient margin to melting at 

3100 K [1]. The limit for heat flux is imposed due to concerns of fuel melt or clad failure in 

an accident scenario, and is generally a function of the thermal conductivity of the fuel [2].  

The limit imposed on linear heat flux restricts the thermal efficiency of the core (around 30% 

in the current US nuclear fleet), by limiting the core coolant temperature. To enhance the 

thermal efficiency in a reactor system the temperature of the coolant, i.e. working fluid, must 

be increased; which may be achieved by enhancing the thermal conductivity within the fuel. 

Much recent effort has been expended to find accident tolerant fuels (ATF) compatible 

with current LWR technology which may serve as alternatives to UO2 fuel pellets [4-11]. 

These include U-N-Si fuel pellets, SiC cladding, and U3Si2 fuel pellets. These fuel materials 

are selected to improve thermal conductivity, mechanical strength and fission product 

retention. Currently, measurements of these properties are a field of active investigation [6,8-

11]. The impact of the fission environment on thermal conductivity and fission product 

retention in UO2 is available in the literature, and has been widely investigated 

experimentally and using first principles investigations [12-30]. However, the relationship 

between the microscale origin of these properties and fuel performance behavior is not fully 

understood [13,14,30]. For proposed accident tolerant fuels such as U3Si2, the impact of the 

fission environment on the fuel performance response is less certain, as there are limited 

experimental and atomistic studies on these materials [31-39]. Specifically, the microscale 

effects of fission and the impact of fuel burn-up on properties which impact reactor fuel 

performance such as thermal conductivity is not well known for this fuel material [31,37]. 

In an ideal reactor, thermal conductivity would be a primary fuel design criterion, and 

materials with a high thermal conductivity and sufficiently high melting temperature would 

be selected. However, the extreme non-equilibrium fission environment within nuclear fuel 

induces damage in its atomic structure [12,13]. During the in-core portion of the fuel cycle, 

the disruption of the fuel’s atomic structure results in the deterioration of the fuel’s 

performance [13,30]. Moreover, the impact of this damage varies between different fuel 
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materials [12,13]. Therefore, to ensure reliable and safe reactor operation over the fuel 

lifetime the effects of radiation on the fuel properties must be considered when selecting 

material candidates.  

 

1.1.1 Fuel Performance Analysis 

Modern nuclear fuel performance analysis is performed to determine the steady-state and 

transient behavior of nuclear reactor fuel rods. The US industry standards for steady-state and 

transient analysis of reactor cores using traditional UO2 fuel are FRAPCON [40] and 

FRAPTRAN [41]. These tools simulate macroscale heat transfer and fission gas release 

during steady-state operation and transient (e.g. accident) scenarios. In these models, the 

microscopic properties of the fuel materials, such as thermal conductivity or atomic 

diffusion, are captured with semi-empirical relationships parameterized to experimental data.  

The effects of fission on fuel properties are also included in these semi-empirical 

relationships as a function of fuel burn-up [25,40].  

Recently developed codes, such as BISON, attempt to better model the macroscale in-

core fuel analysis utilizing the microscopic properties, obtained through the use of multi-

scale modeling by coupling to the MARMOT code [42-44]. This modeling method has been 

made possible through modern advances in computational techniques and computer power. 

In this approach, the microscopic properties which affect macroscale performance are 

generated through a series of computational techniques suited to treat the scale of the 

problem.  The size and time scales appropriate for the various computational techniques used 

in multi-scale modeling are illustrated as a flow diagram in Fig. 1.2. In general, fuel 

performance analysis follows “bottom-up” information traffic, such that the fundamental 

properties of the fuel materials are based on quantum mechanical and molecular dynamics 

techniques. Consequently, the accuracy of the data and phenomenological models utilized in 

meso-scale (10-7 m -10-4 m) and macro-scale modeling are limited by the predictive ability of 

these nano-scale techniques [25].   

While the multi-scale approach affords the possibility of including fundamental data and 

models into the traditional fuel performance methods, the evolution of the damage resulting 
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from the highly non-equilibrium fission event and its subsequent impact on the micro and 

nanoscale properties are not well understood [12,13,25]. The microscopic aspects of fuel 

performance may be related to the intense fission environment by correlating the 

fundamental electronic structure (a quantum mechanical property) of the fuel to the 

macroscale fission effects and examining the impact of these properties on the evolution of 

the fission event. 

 

 
Fig. 1.2. Length and times scales for computational techniques used in the multi-scale modeling method. 

 

 

1.2 Fission Effects in Nuclear Fuel 
The initial stages of damage to nuclear fuel result from the deposition of fission energy 

through scattering events with electrons and atomic nuclei.  These events may initiate or 
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enhance a multitude of ailments in a fuel material, including but not limited to, point defect 

formation, swelling, polygonization, creep, dislocation growth, and embrittlement 

[27,28,30,32-35,45-48]. The cumulative effect of any of these phenomena is to alter the 

thermodynamic and mechanical properties of the fuel over the fuel cycle; most importantly 

thermal conductivity and mechanical strength [16,30]. If fuel becomes embrittled, as is the 

case for the high burn-up structures formed around the edge of traditional cylindrical fuel 

pellets, the fuel may fail (i.e. crack) [30]. As radiation induced deterioration of thermal 

conductivity of the fuel progresses, the thermodynamic conditions under which the fuel may 

be operated safely changes, necessitating built in margin in reactor design and operation. 

Reactor safety and performance may, therefore, be postively impacted through better 

predictions and understanding of the fundamental origins of phenomena which are direct 

consequence of the fission environment, known as fission effects. 

Fission effects occur on a size scale spanning the microscale to the macroscale.  

Macroscopic effects are typically quantified as the impact of fission on bulk properties, such 

as embrittlement, decrease in thermal conductivity, fuel densification or fuel swelling. These 

effects may in fact be correlated to the impact of fission on the micro-structural properties of 

nuclear fuel elements. These micro-structural effects include polygonization, 

recrystallization, void swelling, dislocation growth as well as many others. Polygonization is 

a process whereby the originally well crystallized grains of a nuclear fuel material become 

subdivided into thousands of submicron grains at high burn-up. This effect is driven by the 

growth and migration of dislocations within the grain structure. In contrast to polygonization, 

recrystallization, whereby the fission process may fuse small neighboring structure, results in 

the growth of grain size.   

Although these macroscale and micro-structural effects are most evident through 

experimental observation, they are initiated and driven by nanoscale fission damage and 

fission induced phenomena. On the nanoscale, fission fragments promote atomic mobility 

through thermal spikes and create point defects through collision cascades. In each case the 

crystal and micro-structure is evolved by either the further creation of defects, the collapse of 

point defects to larger scale defects, the growth of large defects, or the annealing of damage 
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and recombination of point defects. The overall influence of fission on individual atoms can 

manifest in multiple important damage driving effects along the fission fragment path, 

including fission enhanced diffusion, the formation of ion tracks and fission-bubble 

resolution. 

 

1.2.1 Fission Spike 

As a result of the fission event and subsequent energy loss, temperature and pressure 

spikes develop in the atomic lattice in what is known as a “fission spike” [13,48].  The 

fission spike is the initiating phenomena for fission effects in a reactor, and includes the 

impact of energy loss to the electronic and atomic structure of the fuel material.  Collisions 

with atomic nuclei, result in the production of primary knock on atoms (PKA). Subsequently, 

these PKA initiate high density collision cascades, which directly produce isolated defects 

and defect clusters in the atomic lattice of a nuclear fuel material. The evolution of this 

process is dominated by interactions between atoms, while contribution of energetic 

electronic excitations is expected to be less important. This phase of energy loss may be 

considered a source of atomic defects in solids. 

The initial deposition of fission fragment energy may ionize electrons resulting in the 

production of delta rays. These delta rays slow down within approximately 10 fs through 

electron-electron scattering interactions, resulting in secondary excitations of the electronic 

structure.  Subsequently, these secondary excitations transfer energy to the atomic lattice 

through electron-phonon interactions. The result of the energy transfer process is the 

generation of a thermal spike which consists of a high temperature molten core surrounded 

by a heated zone [49].  These spikes are a cylindrical zone centered about the fission 

fragment trajectory.  

The evolution of atomic mobility during a fission spike may be characterized by three 

phenomenological phases: ballistic, quenching, and annealing [13]. The ballistic phase is 

characterized by high density cascades. The quenching phase occurs as the electronic and 

atomic systems approach equilibrium resulting in the formation of high vacancy and 

interstitial regions. The final, annealing phase, may be identified by the recombination of 
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vacancies and interstitials.  The consequence of fission damage following the annealing 

phase is either the emergence or absence of a latent track.  These latent tracks may be defined 

as stable, disordered regions along the fission fragment trajectory.   

 

1.2.2 Point Defects 

Point defects due to fission occur primarily as a result of collision cascades initiated 

through the creation of PKA; however, isolated defects and defect clusters may also result 

from the thermal spike, but to a much less extent. Point defects are any defect resulting from 

the displacement of individual atoms or small clusters of atoms in an otherwise well 

crystallized grain. In general these defects are comprised of vacancies, the absence of an 

atom from its lattice site, and interstitials, the inclusion of atoms into non-regular sites in the 

crystal lattice [30]. Defects generated due to collision stopping, as predicted by Monte Carlo 

simulations, is on the order of several hundred thousand [13]; whereas point defects due to 

electronic stopping of fission fragments, as predicted by molecular dynamics, may be fewer 

than ten thousand. Fission induced mobility may prompt vacancies and interstitials from 

collision cascades to precipitate in to larger scale defects such as dislocations or voids. These 

point defects may therefore be regarded as the initial source of radiation induced damage and 

effects in nuclear fuel.   

 

1.2.3 Thermal Spike 

During the thermal spike phenomenon the lattice temperature rises promptly due to the 

rapid deposition of electronic energy to the lattice system and subsequently decays by 

phonon transport through the atomic lattice.  The sudden expansion of the hot inner core of 

the fission spike driven by the high temperature is expected to result in a pressure spike in 

addition to the temperature spike [49]. The molten and heated zones which characterize the 

thermal spike promote atomic mobility permiting the annealing of pre-existing defects or the 

creation defects during the quenching of the spike, which occurs on the order of 10-100 ps 

[50,51]. Of particular importance to this annealing in nuclear fuels, is the ability to promote 

mobility in the uranium sub-lattice.  
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For temperature experienced in nuclear fission reactors the consequences of thermal 

spikes are found to be relatively athermal [12,13,49], suggesting that the temperatures in the 

vicinity of the fission fragment path are significantly greater than the bulk temperature of the 

crystal. Thermal spikes are described as having a molten core; however, local melting of a 

crystal through thermodynamic means may require sustaining a temperature at the melting 

point for times scales longer than the duration of the thermal spike [52]. Therefore, due to the 

short lived transient nature of the thermal spike, temperatures significantly beyond the 

melting temperature are required to a disruption of the atomic lattice.  

 

1.2.4 Fission Enhanced Diffusion 

Fission enhanced diffusion is a process whereby the high temperature fission spike 

promotes atomic mobility, and is the motivating phenomena for most fission effects [12-

14,50-55].  Within the thermal spike, temperatures within several nanometers of the center, 

are expected to greatly exceed the melting temperature, such that atoms within this zone 

become mobile and migrate. As the thermal spike decays, this zone of mobile atoms 

recrystallizes with atoms occupying different lattice sites within a few nanometers of their 

origin. The occurrence of multiple fission spikes will cause the atoms to migrate a significant 

distance, on the order of 0.1-1 mm during the reactor core life. The displacement of atoms 

within the high temperature spike may lead to creation of defects during quenching [50,51]. 

Although the thermal spike represents the most significant source of enhanced atomic 

mobility during a single fission event, the pressure spike may contribute substantially as well. 

The pressure spike may be associated with the stress exerted on the heated zone by the high 

temperature core. While the stress and temperature in the heated zone surrounding the 

energetic core of a thermal spike do not typically promote significant mobility in well 

crystallized structures, they are expected to promote the migration and recombination of 

defects and other forms of damage [51].  The stress field and increased temperature in this 

zone provide sufficient energy for local defects to overcome the energy barriers required for 

recombination and aggregation into larger scale defects, including the precipitation into 

dislocation loops. Due the extent of the heated zone and pressure spike (exceeding 10 nm in 
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diameter) compared to the high temperature core, a greater volume of atoms are influenced. 

Consequently, the heated zone may be expected to have a significant impact on the evolution 

of damage.  

While it may be ambiguous from its name as to whether fission enhanced diffusion is an 

enhancement of pre-existing effect or in fact induced phenomena, the definition will depend 

on context. From the perspective of the thermodynamic behavior of the bulk nuclear fuel, the 

promotion of atomic mobility by the fission spike acts to enhance atomic diffusion, which 

would still occur in the absence of fission but to a much lesser extent.  Nevertheless, atomic 

mobility caused by the thermal spike is an athermal process which occurs as a direct result of 

fission, and is therefore, in this sense, an induced phenomenon. Throughout the text 

promotion of atomic mobility due to fission may be referred to as both enhanced and induced 

depending on the perspective from which it is discussed. 

 

1.2.5 Ion-Tracks 

Latent ion-tracks may be defined as stable, disordered regions along a fission fragment 

or swift heavy ion trajectory.  These tracks are presumed to be the result of rapid quenching 

of the high temperature ‘molten’ core of a thermal spike.  Tracks may be continuous along 

the ion trajectory or may be discontinuous, with crystalline regions interspersed between 

longer lengths of disordered track regions [49].  The formation of these tracks is typically 

more prevalent in insulator materials than in metals; however, in either case it has been 

observed that the incident ion should exceed a threshold rate of energy loss to the electronic 

structure, specific to the material.  In metallic materials the threshold electronic stopping is 

nearly an order of magnitude greater than in insulators [57].  

Fortunately, in UO2 the threshold for the formation of tracks in bulk crystal is 29 

keV/nm [58,59], which is greater than the maximum expected stopping power for fission 

fragments. Surface effects, however, may impact the formation of ion-tracks, as has been 

observed in UO2 where surface tracks are observed as the result of fission [60].  In this case 

the surface does not permit fission energy in the thermal spike and pressure spike to dissipate 
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in the same manner as in bulk crystal resulting in local crystal deformation or sputtering 

effects which could result in a track [48,60].   

 

1.2.6 Fission-Bubble Resolution 

As a result of fission, gases may be formed as fission products which subsequently 

migrate to voids with the crystal structure, forming bubbles over a protracted period of time. 

Fission bubble resolution is a phenomena whereby the passage of a fission fragment near a 

fission gas containing void in nuclear fuel is broken apart, causing the fission gas atoms to be 

dispersed within the crystal matrix of the fuel [12,13,61].  This phenomenon results from 

fission enhanced diffusion within the proximity of fission spike. The increased mobility due 

to the high temperatures and pressures of the thermal spike may result in the injection of 

crystal atoms into the fission bubble, resulting in the destruction of the bubble. The resolution 

of fission gases in nuclear fuel has the impact of limiting the effects of swelling.  

 

1.2.7 Swelling 

Swelling is the increase in the volume of nuclear fuel due to the accumulation 

microscopic and nanoscopic damage.  Point defects created in the fuel crystal exert pressure 

and cause the crystal volume to increase. These point defects may result in the formation of 

pores, or tiny voids, within crystal grains. Alternatively, vacancies may precipitate to into 

inter-granular voids, increasing the fuel volume and escalating the risk of PCMI or other 

relate modes of fuel failure. Void swelling occurs due to the growth of pores within the grain 

structure, in contrast to the macroscopic effect of densification which results from the 

collapse of inter-granular pores.  Inter-granular and intra-granular pores act as accumulation 

sites for fission gases, such as krypton and xenon.  The accumulation of these gases results in 

high pressures, especially in smaller pores, which drive the swelling of the fuel.  Fission-

bubble resolution reduces this effect by re-incorporating the fission cases into the crystal 

structure.  
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1.3 Fundamental Fuel Properties and Fission Effects 
The degree to which fission effects will impact the safety of the core is related to 

radiation resistance, i.e., the ability of a material to resist the accumulation of radiation 

induced damage.  Experimental evidence has shown that fission damage varies in degree 

depending on the type of material being irradiated.  Metallic fuels such as uranium carbide 

(UC) and uranium nitride (UN) tend to be much more susceptible to the effects of fission 

induced swelling than uranium dioxide, an insulator fuel. The magnitude of fission induced 

swelling has been experimentally determined in the these materials and is shown in Fig. 1.3 

[12,13,62,63].  

 

 
Fig. 1.3. Effect of fission dose on swelling in nuclear fuels [12,13,60,61]. The magnitude of swelling for UN, 
UC, and UO2 is directly correlated to the thermal conductivity. 

 

Upon examination of the thermal conductivities of UO2, UC, and UN it may be observed 

that as the thermal conductivity increases, the fission induced swelling also increases 

[17,18,64,65]. This correlation between swelling and thermal conductivity suggests that 
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selection of fuel strictly based on thermal conductivity may result in poor long term 

performance. Alternatively a fuel which has a lower thermal conductivity but greater 

radiation resistance may be a more reliable candidate for nuclear fuel. Despite its low thermal 

conductivity for reactor temperatures, UO2 is currently the most widely used fuel type in the 

world, due in part to its resistance to radiation compared to the metallic fuels [12,66]. 

 

1.3.1 Fission Enhanced Diffusion and Electronic Structure in Nuclear Fuel 

Radiation resistance in a fission environment may be linked to fission enhanced 

diffusion, a mechanism which may be correlated to thermal conductivity.  Comparisons of 

the degree of recovery of irradiated UC and UN fuel to that of UO2 have demonstrated that 

defect annealing during fission was less pronounced in these fuels [12-14,63]. Futhermore, 

the degree of fission bubble resolution has been found to be significantly greater in UO2 than 

fuels such as UC and UN, which has implications for fuel swelling [12,66].   

These observations are theorized to be correlated to fission enhanced diffusion, 

particularly the mobility of uranium interstitials [12]. Due to mass disparity between uranium 

and the anions in all ceramic fuels, the ability for structure restoration relies on the mobility 

of uranium within the fuel matrix following fission.  In the UO2, fission enhanced mobility of 

uranium is found to be significant [13,14,53,66]. By contrast, the occurrence of fission in 

other uranium based fuel materials such as UN or UC is not observed to produce diffusional 

behavior of a similar magnitude.  

This enhancement of uranium diffusion (upon fission) in UO2 can be linked to its 

electronic structure, which represents that of an insulator as opposed to the largely metallic 

character of UC and UN. Table 1-1 illustrates the correlation between electronic strucuture, 

thermal conductivity and fission enhanced diffusion coefficient of uranium for UN, UC and 

UO2. In addition, data is listed for ZrO2, which represents another insulating material [65].  

By examination of the table, a trend emerges indicating greater diffusion enhancement during 

exposure to swift heavy ions (e.g., as a consequence of fission) in the case of the insulating 

materials in contrast to the metallic materials. Trends in thermal conductivity are in 

opposition to fission enhanced diffusion. This correlation suggests that the degree of fission 
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enhanced diffusion, and by extension radiation resistance, is directly linked to the ability of a 

material to transport energy through the lattice [12,13].  

 
Table 1-1. Correlation of electronic structure to thermal conductivity and fission enhanced diffusion of uranium.  
For UO2 and ZrO2 the size of the band gap (Eg) is given. The values of the thermal conductivities are listed for a 
temperature of 1000 oC. 

Material Material Type κ [W/m/K]  

[18,63,64,66] Fission Enhanced Diffusion [13,14,51-53] 

UN Metal 24 weak 

UC Metal 20 weak 

UO2 
Insulator  

(Eg = 2eV) [22] 3 significant 

ZrO2 
Insulator  

(Eg = 6eV) [65] 2 significant 

 

 

1.3.2 Correlation between Electron-phonon and Fission Effects 

Insulators and semi-conductors, unlike metals, have a band gap in their electronic energy 

structure. This is the case for the ceramic UO2 fuel versus the more metallic behaving UC 

and UN fuel.  In gapped materials thermal conductivity is primarily due to lattice vibrations, 

phonons; whereas in metals thermal conductivity is primarily due to electronic energy 

transport. The band gap inhibits electronic thermal conductivity by preventing electrons from 

being excited to a state where they are energetically mobile or conductive. Typically the 

thermal conductivity of metals is greater than that of gapped materials due to the lack of 

inhibition to the excitation of electrons to a conducting state and also due to the greater speed 

at which electron energy is transported through the crystal compared to phonon energy. 

Transport of electron energy may be inhibited through scattering between electrons and 

phonons.  The mean free path of the electron-phonon interaction may be correlated to band 

gap [69]. The corresponding trend is that a wider band gap results in increasing coupling, i.e. 

shorter electron-phonon mean free path. 
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A higher electron-phonon coupling and lower thermal conductivity in gapped materials 

compared to metals suggests a greater localization and slower dissipation of energy along a 

fission fragment path. This localization of energy may allow for enhanced local disordering 

of the crystal lattice and thus may explain higher fission enhanced diffusion. Furthermore, a 

threshold energy localized to a small area may also lead to permanent deformation of that 

region resulting in the formation of an ion track as observed in UO2 [56,57].  Thus 

localization of energy in gapped materials offers a mechanism for fission induced annealing 

through fission enhanced diffusion while also making insulators susceptibility to fission track 

formation.  

 

1.4 Fission Fragment Modeling 
In this work, modeling techniques were developed to examine fission spikes using 

molecular dynamics (MD) simulations. Utilizing these models the impact of electronic 

structure, i.e. e-p coupling, on fission enhanced diffusion and ion track formation was 

explored. Furthermore, electronic structure was correlated to radiation resistance through 

simulations of fission spikes with latent ion tracks. A formal theory relating e-p scattering to 

electronic structure was then developed using first principles modeling to generate inelastic 

e-p scattering cross-sections. Subsequently, a more advanced energy transport model, which 

utilizes e-p scattering cross-sections as a fundamental input, was devised and demonstrated 

for applications to the simulation of fission spike.  

The general process for generation of data and simulation of the fission spike in UO2 

used in this work is illustrated as a flow chart in Fig. 1.4. The modeling of the fission 

fragment energy deposition and subsequent evolution of the fission spike begins with the 

independent particle Monte Carlo simulations of the fission fragments in UO2 and their 

associated delta-rays. The energy distributions predicted by these simulations may be used to 

predict the inelastic scattering interaction of delta-rays and secondary electrons, through the 

use of cross-sections derived from first principles calculations. Furthermore, these inelastic e-

p cross-sections predicted for the fission spike and the resulting energy distributions of delta-
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ray energy deposition may be utilized as inputs to molecular dynamics simulations, which 

may then predict the evolution and impact of the fission spike in UO2. 

 

 
Fig. 1.4. Flow chart of simulation process for the modeling of fission fragment energy deposition and evolution 
in UO2. 

 

The basic physics of scattering theory and fission fragment energy deposition will be 

presented in Chapter 2. The theory and modeling of the slowing-down and thermalization 

process of fission induced delta-ray will also be presented. Subsequently, first principles 

calculation of electron-phonon scattering cross-section will be presented in Chapter 3. In this 

case the electron-phonon interaction will be presented as a solid-state property of nuclear fuel 

materials. In Chapter 4 modeling of the evolution of fission fragments will be discussed. In 

this case the phenomena will be simulated using a traditional two-temperature model and a 

more predicted multi-group model developed in this work. The latter method utilizes the 

results of delta-ray modeling and electron-phonon cross-section calculations. A path forward 

for further development of the predictive model developed in this work will be discussed in 

Chapter 5.  

Monte Carlo 
simulation: 
Fission fragment 
and delta rays 
evolution in UO2 

Scattering Cross-
sections: inelastic 
electron-phonon 
interactions in UO2 

Molecular 
Dynamics 
Simulation: 
Fission and ion 
spike evolution 
and microscale 
impact in UO2  
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CHAPTER 2 Fission Fragments Physics 

Upon exposure to neutrons, the uranium nuclei in nuclear fuel can fission resulting in the 

release of over 200 MeV of energy and the deposition of fission fragment energy directly in 

the fuel. The fission process results in the production of two fission fragments with a total 

kinetic energy of approximately 170MeV [70]. The deposition of this energy causes a high 

temperature fission spike within the fuel matrix, which may be disruptive of the atomic 

lattice [13,14,48,53,58,60]. The fission event, therefore, represents the initiating and driving 

event of radiation effects in nuclear fuel.   

 

2.1 Radiation Energy Loss and Range 
Charged particle radiation, such as fission fragments or other swift heavy ions (ions with 

energies > 1MeV/amu), may lose energy in a material through various interaction channels. 

The three primary interactions for charged particles with energies less than coulomb barrier 

of nucleus (e.g. fission fragments, delta-rays, ect.), are scattering with atomic nuclei, inelastic 

scattering with the electronic structure, and the emission of radiation (e.g. Bremsstrahlung). 

The deposition of particle energy in a material resulting from these interactions can be 

expressed by the stopping force [12,71,72], 

 
d d d d
d d dt e n r

E E E E
x dx x x

       − = − + − + −       
       

, (2.1) 

 
where (-dE/dx)t is the total energy loss per unit path length, (-dE/dx)e is the loss due to 

inelastic interactions between the fission fragment and electronic structure, (-dE/dx)n is the 

loss due to interactions with atomic nuclei, and (-dE/dx)r is the radiative loss.  Radiative 

losses are a relativistic effect, and are negligible for fission fragments [13,72].   

Particle energy loss represented by stopping force is not continuous but occurs through 

discrete scattering interactions. Typically these interactions are described as occurring 

between an incident particle and a scatterer, where the scatterer is a constituent particle or 

excitation of the scattering medium. The physics of these interaction processes are described 

by scattering cross-sections; a measure of the scattering rate of radiation per unit flux within 
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a medium, where flux is the rate at which the particles pass through the boundary of an 

arbitrary volume (e.g. an infinitesimally small volume).   

In general the double differential scattering cross-section for a particle of mass m may be 

estimated within first order time-dependent perturbation theory as [73-77], 
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, 

  

(2.2) 

where k and k’ are the initial and final momentum of the particle. The strength of the 

scattering interaction is represented by the effective scattering potential, V . The scattering 

system, which is composed of individual scatterers, is initially in a composite quantum state. 

As a consequence of the scattering event the scattering system (i.e. scatterers) transitions 

from initial state, λ, to a final state, λ’; exchanging an energy of ħω with the incident particle.  

This representation of the cross-section is known as Fermi’s Golden Rule [74,78], and is the 

time-dependent extension of the first Born approximation.  The parameters E and E’ are the 

initial and final particle energies, and their ratio, 'E E  , is a comparison of the current of 

scattered particles to that of incident particles. The summation over all initial states is 

temperature dependent and therefore considers the fundamental statistics of the particles, (i.e. 

bosons and fermions), where pλ is the probability of occupation of the state λ. This 

occupation number includes any degeneracy in the permitted energy levels of the scatterer 

(e.g. lattice vibrations of atoms, electrons). 

While scattering interactions are discrete, the distance between interactions may be small 

in comparison to the path length, particularly for fission fragments.  In this case the constant 

slowing down approximation (CSDA) may be invoked, whereby fission fragments or other 

energetic products and bi-products of the fission event are assumed to lose energy 

continuously instead of discretely [72].  The energy loss rate in CSDA is typically tabulated 

as the stopping force, Eq. (2.1), the components of which are the first energy moment of the 

double-differential cross-section of the corresponding scattering channel, 
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2

4π
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σ∞

−

 ∂ − = Ω    ∂Ω∂   
∫ ∫ , (2.3) 

 
where sc indicates the specific scatterer (e.g. electrons, atoms). For conciseness, this 

formulation uses the energy transfer, W, as opposed to the initial and final energies, E and E’ 

respectively.  Throughout the text the energy transfer will be defined as 'W E E= − .  

Utilizing the total stopping force the particle path length, x, may be estimated as, 

 
0

E

t

dxx dE
dE

 = ⋅ − 
 ∫ . (2.4) 

 
This path length is not equivalent to the particle range in the material (e.g. nuclear fuel), 

which may be defined as the displacement within the material [71,72]. The stopping force as 

estimated by Eq. (2.3) is integrated over all angles and energies and therefore does not 

considered changes in particle direction or the impact of the statistical nature of scattering on 

energy loss.  These deviations in direction of the particle trajectory or energy loss rate are 

known as straggling.   

In the case of fission fragments, straggling has only a small impact on the range and 

energy loss, especially compared delta-rays and electrons where the effects of straggling are 

significant. This suggests that in the context of the fission event in nuclear fuel, that the 

initial energy loss of the fission fragment may be appropriately be described by CSDA, 

whereas the evolution of the delta-rays and secondary electrons must be described using 

methods which consider deviations in energy loss and particle trajectory. In the following 

sections scattering theory will be formally introduced and the applications of scattering and 

energy loss to fission fragments, delta-rays and thermalized electrons will be discussed. 

 

2.1.1 Scattering Theory Preliminaries 

Formulation of the scattering problem originates with the Schrödinger equation of the 

incident particle, which describes the time-dependent evolution of the state of the scattering 

system (i.e. incident particle and scatterers) φ  [73,74,77,79,80], 



 

19 

 ( )0
ˆi H V

t
φ φ∂

= +
∂
 , (2.5) 

 
where, 0Ĥ  is the Hamiltonian operator corresponding to the incident particle and unperturbed 

and incident particle. The interaction potential between the incident particle and the scatterer, 

V , acts as a perturbation to unperturbed incident radiation. Typically the incident particle is 

assumed to be free with an unperturbed state k  (i.e. state before scattering), and satisfying 

the Hamiltonian, 

 
2

2
0

ˆ
2

H
m

= − ∇k k . (2.6) 

 
The free particle is among the most basic wavefunctions in quantum mechanics and has the 

functional form, 

 ( )( , ) expt n i tψ ω = ⋅ − r k r  . (2.7) 
 
where n is the incident particle density. The energy and momentum of the particle are 

represented by ħk and ħω respectfully. In contrast to typical quantum systems, the free 

particle conforms to the classical notion of a strict correspondence between momentum and 

energy, 

 
2 2

2
kE
m

ω= =


 . (2.8) 

 
This relationship facilitates the interpretation of energy and momentum transfer between 

particle and scatterer during inelastic scattering processes. 

 

2.1.2 Formulation of Scattering Potentials 

The interaction potential of the free particle with the scatterer is commonly referred to as 

the ‘bare’ interaction, and may be defined as the scattering potential from a single scatterer in 

the scattering system. However, for systems with multiple or complex interactions the 

interaction potential may differ from the ‘bare’ interaction. The relationship between the 

scattering potential, V, from Eq. (2.2), and the interaction potential may be derived using a 
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Green’s function approach. In this case Green’s function of the free particle, 0G ,‒also known 

as the propagator‒ satisfies [75,81], 

 
2

2
0 , ' , ' 0( , ', , ') δ δ ( , ', , ')

2 t ti G t t G t t
m t

 ∂
∇ + = ∂ 

r rr r r r

 . (2.9) 

 
In the case where the ‘bare’ scattering interaction does not result in internal excitations 

of the scatterer or incident particle, or does so only weakly, the scattering problem may be 

assumed to be time-independent [81]. This assumption is general valid for electron scattering 

phenomena. The resulting time-independent Hamiltonian for a single scatterer and the free 

incident particle propagator are, 

 ( )0
ˆE H Vφ φ= + , (2.10) 
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where E is the energy of the incident particle, including both the free (unperturbed) and 

scattered (perturbed) components. 

 The time-independent state of the particle is described in terms of the free particle 

propagator, and free particle state by the Lippmann-Schwinger equation [74,75], 

 0G Vϕ ϕ= +k . (2.12) 
 
This equation can be seen to result in an iterative self-consistent series, referred to as the 

Born series [73,74], 

 ( )0 0 01 .....G V G VG Vϕ = + + + k . (2.13) 
 
Each term in this series can be interpreted as the sum of all possible sequential scattering 

interactions between the incident particle and scatterer of that order. The first term in the 

series describes no interaction, the second single scatter, the third two scattering events, and 

the final an infinite number of scattering interactions. The state of the scattered wave may be 

defined from Eq. (2.13) as, 

 ( )0 0 .....s G V VG Vϕ ϕ= − = + +k k . (2.14) 
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The summation of the scattering interaction in Born series defines a transition matrix 

operator, T̂  [71,72], 

 0
ˆ

s G Tϕ ϕ= − =k k , (2.15) 

 ( )0
ˆ ...T V VG V= + + . (2.16) 

 
The scattering processes summarized in the Born series may be represented through the 

use of Feynman diagrams (see 0 for more details) [75,81]. These diagrams attempt to 

illustrate complex mathematics of scattering interactions and their associated series, such as 

the Born series in the time-independent problem, through the use of pictographic 

representations. Basic diagrams used in this work are listed in Table 2-1 with their 

mathematical definitions and physical meaning. Traditionally Feynman diagrams are used to 

solve the particle propagator or effective scattering potential from a reformulation of Eqs. 

(2.12) and (2.13) [75], 

 GVϕ = +k k , (2.17) 

 ( )0 0 0 0 0 0 .....G G G VG G VG VG= + + + . (2.18) 
 
where Eq. (2.18) is known as a Dyson series in the time-dependent problem. In these 

equations, the particle propagator relates the free particle wavefunction to the scattered wave, 

and contains the scattering information represented by the effective scattering potential.  

 The scattering processes represented in Eq. (2.16) are illustrated in Fig. 2.1 for a ‘bare’ 

scattering interaction. While not immediately evident in the simplified form of the Born 

series expressed in Eq. (2.13), the Feynman diagram demonstrates that for multiple scattering 

events, the events can be interdependent (second third and fourth diagrams on the rhs), or 

independent (fourth term on rhs). The diagrams representing interdependent and independent 

processes are referred to as irreducible diagrams and reducible diagrams respectfully. The 

interdependent processes shown in the second term of Fig. 2.1 physically represent scattering 

of the incident particle with the scatter from state k to k’ at some time t, followed by 

scattering to k’’ at some later time t’.  
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Table 2-1. Basic Feynman diagrams for particle propagators and interactions. 

Diagram Expression Meaning 

 ( ),iG ωq  Particle Propagator 

 ( )0 ,iG ωq  Free Particle Propagator 

 ( ),iD ωq  Phonon Propagator 

 

( )0 ,ip ω− q  Polarization (e.g. two 
particle propagator) 

 ( )iV− q   Scattering interaction 

 ( )
2

2
0εe e
eiV i
q−− = −q  Coulomb interaction 

 
 Hartree interaction 

 
 Fock interaction 

 
( )e iiV −− q   

Electron-phonon 
interaction 

(i.e. electron-atom) 

 

( ) ( )
( )ε

e i
e i

V
iV i −

−− = −
q

q
q



  

Effective electron-phonon 
interaction 
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Independent scattering processes are composed of interdependent process, as illustrated 

in the fifth term of Fig. 2.1 which is a combination of two single events represented in the 

second term. The interdependent processes can therefore be combined into a single diagram 

defining a ‘dressed’ or effective interaction potential, V . In this case the first Born 

approximation may often be invoked, whereby this effective interaction is assumed to be 

sufficiently weak such that the contributions of higher order reducible diagrams to scattering 

may be neglected from the transition matrix. If the ‘bare’ interaction potential is also 

sufficiently weak the Born series in the first Born approximation reduces to the sum of the 

free particle and first irreducible interaction (i.e. ‘bare’ potential).  

 
Fig. 2.1. Feynman diagram of general scattering phenomena. 

 

The rate of change of the incident particle per unit flux of the incident particle (i.e. 

definition of the scattering cross-section) is [73], 

 
( )
( ) ( )

d
1d

4π / 4π /

s s
s sVt

k n m i k n m

ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ
=

⋅ ⋅  

. (2.19) 

 
From the Born series in Eq. (2.18), it may be shown that, 

 ˆV Tϕ = k ; (2.20) 
 
however, in the first born approximation (i.e. weak effective interaction), 

 V Vϕ = k . (2.21) 
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Assuming that the scattered particle is free, 'k , a valid assumption for a weak scattering 

potential, the inner product in Eq. (2.19) may be expressed as, 
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A complete set of plane waves has been introduced to isolate the propagator from the 

scattering potential. In real-space as opposed to the abstract Hilbert space represented by Eq. 

(2.22), the inner-products containing free particle propagator Green’s function are Fourier 

transforms. From a Fourier transform of Eq. (2.11), these terms can be shown to be [73,81] 
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The scattering rate is then proportional to, 
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From Eq. (2.24) it is evident that the probability is divergent for ' =k k , which would 

seemingly violate the assumption of a small perturbation to the incident particle; however, in 

real space this disappears and the propagator becomes small [81]. The divergent terms may 

therefore be replaced by a delta function representing the conservation of energy [81].  

Defining a scattering event to be an event which changes the momentum of the incident 

particle ( '≠k k ), the scattering probability reduces to a double differential cross-section in 

momentum and scattering angle,  

 
( )
( ) ( )

22 2 2 2
2

, '

d
d ' δ '

' 4π / 2 2π
s s m mt V k k

k k n m k

ϕ ϕ ϕ ϕσ   
   

  

∂ = = −
∂Ω∂ ⋅k k

k k
 

. 
(2.25) 
 

 



 

25 

Transforming from a momentum differential to an energy differential, with a form consistent 

with that of the double differential scattering cross-section, Eq. (2.2) 
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. (2.26) 

 
This double differential cross-section defines an elastic process, and following integration 

over final energy, the differential cross-section in the first Born approximation is, 

 
22 2

2
, '

'
2π

m Vσ ∂  =   ∂Ω   k k

k k


. (2.27) 

 
As implied through this derivation the scattering cross-section describes the particle scatterer 

interaction, but does not include the response of the system resulting from excitations of the 

scatterers in the material. 

 

2.1.3 Inelastic Scattering Theory 

Inelastic scattering results in excitations of the scattering medium, and is dependent on 

the dynamics of the scatterers. In this case the derivation of the cross-section must proceed 

from the Hamiltonian, Eq. (2.5), while considering the state of the scatting medium, λ  

[75,76], 

 ( )0i H V
t

λ λ∂
= +

∂
k k . (2.28) 

 
Whereas the differential cross-section, Eq. (2.27), was derived through the first Born 

approximation in the time-independent problem, the formulation of the double differential 

scattering cross-section using Fermi’s Golden rule can be achieved by the use of the time-

dependent free particle propagator, Eq. (2.9) [75,81].  

Given that the definition of the initial particle state and scattered state, Eq. (2.12) and 

(2.14), are general, few changes must be made from the previous derivation including the use 
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of the time-dependent free particle propagator in Eq. (2.22). This propagator describes the 

probability of the incident particle being in the scattered state.  The transformation from 

abstract Hilbert space to real space, results in a Fourier transform in time and space, such that 

the free particle propagator satisfies, 

 , ''
0 2

2 2

δ2' '' 24π '' '

mG mk k ω

 
 

=  
 − +
 

k kk k




, (2.29) 

 
where ħω represents energy exchange between the incident particle and scatterer. In the 

event that ħω is zero, the scattering event is elastic and the time-independent cross-section is 

expected; the form of the time-dependent double differential cross-section Eq. (2.26), 

therefore, may therefore be considered a limiting case that may be generalized to a total 

scattering cross-section. As in the time-independent case, the propagator is divergent; 

however, the divergent term may again be replaced with an expression of conservation of 

energy [81]. Introducing the state of the scatterers and the extended conservation of energy 

into Eq. (2.26) yields the double differential cross-section within Fermi’s Golden rule 

[75,76,78], which permits energy loss of the incident particle through inelastic scattering,  

 ( )
22 2

'2
, ' '

' ' ' δ
' 2π

m k V E E
E kλ λ

σ λ λ ω
 ∂  = − +   ∂Ω∂   

k k
k k
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 . (2.30) 

 
In nuclear fuel materials the scatterers (e.g. electrons and atoms) may be described using 

an ensemble of energy states; therefore each state λ can be treated as a microstate of the 

system with an occupation pλ. Furthermore, the scatterers may be excited or de-excited to any 

final states permitted by the possible excitations of the material. The inelastic scattering rate 

is thererfore obtained from Eq. (2.30) as a summation over all possible final states and an 

average over all initial states of the scattering medium, 

 ( )
22 2

2 '
,

' ' | δ
2

m Ep V
E E

E Eλ
λ λ

σ λ λ ω
p′

′∂  = 〈 + ′∂Ω∂  
−∑ k kk k 



; (2.31) 

 
thereby recovering the general form of Fermi’s Golden rule presented in Eq. (2.2). 
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Typical scattering mediums (e.g. nuclear fuel) are composed of many scatterers such that 

the scattering potential utilized to describe inelastic scattering represents a summation of the 

potential of all the scatterers in the system. Typically the scattering potential for each 

scatterer may be represented by a central potential, such that it is a function of the distance 

between the incident particle and the scatterer, iRr −  [71-74], 

 ( ) ( )i i
i

V V= −∑r r R  . (2.32) 

 
The double differential scattering cross-section in this case is, 
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Substitution of the free particle wavefunction into Eq. (2.33) yields, 
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Using a change of variables of 'kkq −=  and ' i= −r r R , Eq. (2.34) may be simplified as, 
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The Fourier transform of the scattering potentials in the above equation may be expressed in 

terms of the momentum transfer 
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Upon comparison to the differential cross-section, Eq. (2.27), it is evident that the scattering 

potential is dependent exclusively on the behavior of the incident particle. Conversely, the 

remaining factors in the double differential cross-section describe the impact of the dynamics 

of the scattering medium. 

 

2.1.4 Inelastic Scattering and Scatterer Dynamics 

The dynamics of the scattering medium may often be conveniently described by a 

dynamic structure factor S(q,ω).  This function represents the response of a material medium 

to a scattering event, and describes the possible collective excitations of the system.  

Furthermore, the dynamic structure factor is a correlation function of the density of the 

scatterer (ρ(r,t)) [75,76], 

 ( , ) ( ', ') ( ', ')i t iS e dt e d t t tωω ρ ρ
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= + +∫ ∫ q rq r r r r . (2.37) 

 
Considering the unperturbed Hamiltonian (Eq. (2.28)), H0, the dynamic structure may be 

expressed as a function of the state of the scattering system as, 
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where the density of particles in the system are represented by the operator δ(r + Ri). Since 

the initial and final states of the system are eigenstates of H0, Eq. (2.38) may be simplified to, 
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. (2.39) 

 
Completing the Fourier transforms the dynamic structure factor takes the form [75,76], 

 ( ) ( ) ( )'
, ' ,

( , ) ' exp exp ' δi j
i j

S p i i E Eλ λ λ
λ λ

ω λ λ λ λ ω= − ⋅ ⋅ − +∑∑q q R q R  . (2.40) 

 
In an inelastic scattering interaction the energy ħω represents the energy of an excitation in 

the material. As a result of conservation of energy between the material and an incident 
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particle allows the difference in the energy of the initial and final states in ( , )S ωq   may be 

expressed with energy of an incident particle, 

 ' 'E E E Eλ λ ω− = − =k k  . (2.41) 
 

Contributions to S(q,ω) may come from interference effects between different scatterers 

(distinct part), or from non-interference effects due to the correlation of a scatterer with itself 

(self part) [76,82]. Consequently the dynamic structure may be expressed as, 

 ( ) ( ) ( ), , ,s dS S Sω ω ω= +q q q  (2.42) 
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where Ss and Sd are the self and distinct contributions. For heterogeneous scattering mediums 

which contain scatterers with different scattering potentials the self and distinct contributions 

exist for each unique scatterer type such that, 
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(2.46) 

   
where the indices I and J represent the different scatterer types. In this case the distinct 

contribution of a scatterer I to the dynamic structure factor is the sum the interference 
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between scatterers of type I ( I
dS ) and the interference between scatterers of type I and any 

other type ( IJ
dS ).  

The double differential scattering cross-section, Eq. (2.2), may be re-written in terms of 

the dynamic structure factor, Eqs. (2.42) – (2.46), as, 

 ( ) ( ) ( )( ) ( ) ( ) ( )
22 2 *

2

' , , ,
' 2π

I I IJ
I s d I J d

I J I

m k V S S V V S
E k
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∂   = + +   ∂Ω∂    
∑ ∑q q q q q q  



. (2.47) 

        
In a crystal, the typical form of nuclear fuel, the scattering media (scatterers) are the 

electronic structure (electrons and electron excitations) and the atomic structure (phonons).  

The scattering potential, ( )V q , is different for interactions with electrons than with atoms; 

however, in both cases, the potential describes the interactions of the particle with the 

scatterer and the dynamic structure factor describes the resulting excitations of the system.   

The dynamic structure factor is unique to a given material, and may be complicated by 

the effects of particle indistinguishability (e.g. Fermi-dirac statistics for fermions) and 

thermodynamic effects (e.g. temperature). Fortunately, the relationship between density and 

S(q,ω), Eq. (2.37), provides a basis for both the computation and measurement of this 

function. For atoms, the dynamic structure factor is directly obtainable from neutron 

scattering [80,82,83]. The dynamic structure factor for electrons, which are indistinguishable, 

is fundamentally related to the dielectric function, ( ),ε ωq , of the material through [71,81, 

84-86] 

 ( ) ( ) ( )
1 1, Im

π ,e e

S
V

ω
ε ω−

 −
=   

 
q

q q
. (2.48) 

 
In applications to scattering theory this formulation is commonly known as dielectric theory. 

The imaginary part of the inverse dielectric function is referred to as the energy loss function 

(ELF) due to its connection to energetic charged particle scattering in a solid, which includes 

fission fragments and the associated delta-rays [71]. 



 

31 

2.2 Fission Fragments 
Typical fission fragments have stopping powers of 18 keV/nm (<100 MeV) and 22 

keV/nm (<75 MeV) for light fission fragments (LFF) and heavy fission fragments (HFF) 

respectively; however, the energies are described by a distribution as illustrated in Fig. 2.2 

[87-89]. Clearly, the energy distribution has a low energy and high energy maxima, 

corresponding to HFF and LFF respectively. This difference in energy arises from a distinct 

disparity in mass.  Fission fragments have atomic masses between A=75 and A=160, with 

typical LFF and HFF represented by 95Kr (~1 MeV/amu) and 140Ba (~0.5 MeV/amu) 

respectively [13].  Due to their high energy fission fragments ionize atoms, ‘liberate’ 

electrons from the electronic structure, and displace atoms as they lose energy. 

 
Fig. 2.2. Energy spectrum of 235U fission fragments resulting from fission induced by thermal neutrons [87-89]. 
This distribution is representative of fission fragments expected in a most nuclear reactors, which in general 
operate with a thermal neutron spectrum. 
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 Various theories exist to describe the energy loss of fission fragments and other swift 

heavy ions, including Bohr, Bethe, and Lindhard-Scharff-Schiøtt (LSS) [90-93]. Heavy ions 

with energies significantly greater than 1 MeV/amu require the use of the Bohr and Bethe. 

Fission fragments are best described by LSS theory which is most applicable to heavy ions 

with energies near 1 MeV/amu.  In LSS theory, a Thomas-Fermi potential is used to describe 

the scattering potential between the incident ion and the atomic cores of the scattering 

system, whereas electrons in the scattering medium are treated as a degenerate homogeneous 

electron gas (HEG). The HEG approximation is analogous to the free gas treatment of atoms 

in epithermal neutron scattering in the moderator of a nuclear reactor.  

The HEG, also referred to as the jellium model, is quantum mechanical in nature and 

treats the electrons as indistinguishable. Several formulations were historically developed to 

describe the dielectric function, i.e. the dynamic structure factor, culminating in the Linhard 

dielectric function, also referred to as the jellium dielectric function in the random phase 

approximation (RPA) [94]. The RPA incorporates not only electron-electron interactions in 

the scattering system but the exchange of electrons within the scattering system, considering 

these effects to result in dynamic polarization of the electronic structure. The Dyson series 

representing the HEG RPA modeled through the use of Feynman diagrams is shown in Fig. 

2.3 [75,81]. 

 

 
Fig. 2.3. Feynman diagram of RPA 
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Each ‘ring’ represents a dynamic polarization of the electron gas, whereby an excited 

electron-hole pair are created and subsequently destroyed, whereas the ‘oyster’ diagram 

represents the Fock interaction. The result of this series is the Lindhard dielectric function 

[72,85,94],  

 ( ) ),g(
π

4
1,ε 22

2

ωω qq
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 (2.51) 

 
where me is the electron mass and kF is the Fermi energy, which is defined as the highest 

occupied energy level at zero Kelvin. While this dielectric function may seem complicated, it 

provides valuable insights into the response behavior of the electronic structure to the 

deposition of fission energy through electronic stopping. In particular the dielectric function 

predicts that there is a frequency, ωp, at which a resonance will occur in the dynamic 

structure factor.  This resonance describes collective excitations of the electronic structure 

known as plasmons. Predictions of electronic stopping force with the Lindhard dielectric 

function capture the expected E  behavior of this energy loss channel for fission energies 

[72,92,94]. 
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  The relative contributions of the electronic and nuclear components of stopping force 

for typical LFF and HFF (e.g. 95Kr (~1 MeV/amu) and 140Ba (~0.5 MeV/amu)) were 

estimated using LSS theory within the SRIM code, and are illustrated in Fig. 2.4 [95]. The 

electronic stopping power is the dominant mechanism of energy loss at high energies, and is 

also dominant along most of the fission fragment path.  As a result of the energy deposition 

by the LFF and HFF through both channels follow the fission event, temperature and 

pressure spikes as well as collision cascades develop in the atomic lattice resulting in what is 

known as the “fission spike” [13].  

 
Fig. 2.4. Electronic and nuclear stopping power of typical fission fragments calculated with the SRIM code 
[95].  The electronic stopping power is dominant for ion energies greater than 1-5 MeV.  The inset illustrates 
the change in stopping power for the fission fragments as functions of its path length, x, estimated using Eq. 
(2.4). 

 

The temperature and pressure spikes are a result of the thermalization process of delta-

rays and secondary electrons excited during electronic stopping, and represent the primary 

mechanism for fission enhanced mobility [50]. Collision cascades are the result of the 

ejection of primary knock-on atoms (PKA) during nuclear stopping of fission fragments, 

( )d / d
n

E x− , and the subsequent ejection of further lattice atoms by these PKA. This stage 

of interaction is the most significant in the formation of damage; however, due to lack of a 
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thermal spike, induces less overall atomic mobility than electronic stopping [14]. The 

observed dominance of electronic stopping along the path of a fission fragment implies that 

the primary component of a fission spike originates in the electronic structure.   

Slowing down of fission fragments estimated using LSS theory may be explored through 

Monte Carlo sampling of the interactions, as exemplified for LFF and HFF in Fig. 2.5 and 

Fig. 2.6 respectively. In the initial stages of fission energy loss, energy loss to electronic 

stopping results in minimal straggling. The large mass disparity between electrons and 

fission fragments causes minimal deflection of the fission fragment from its initial trajectory 

as a result of these interactions.  Near the end of the fission fragment path, nuclear stopping 

becomes dominant and larger deflection angles can occur, especially in scattering 

interactions with uranium atoms.  Nevertheless, the low straggling for most of the fission 

fragment path suggests that the path length, estimated by Eq. (2.4), is a reasonable estimate 

of the range; LFF and HFF therefore can be expected to have ranges close to 9 μm and 7 μm 

respectively.  Given that the average grain diameter in sintered UO2 fuel pellets is typically 

between 5 μm and 12 μm, interactions with grain boundaries can be expected to be a 

common occurance for LFF and HFF [96,97]. 

 

 
Fig. 2.5. LFF, 95 MeV 95Kr, trajectory and collision cascades in UO2, calculated using Monte Carlo sampling 
with the SRIM code [95]. Fission fragment trajectories are in black, whereas colored regions indicate collision 
cascades. Trajectories were generated for 100 LFF. Each gridline corresponds to 1 μm. 
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Fig. 2.6. HFF, 70 MeV 140Ba, trajectory and collision cascades in UO2, calculated using Monte Carlo sampling 
with the SRIM code [95]. Fission fragment trajectories are in black, whereas colored regions indicate collision 
cascades. Trajectories were generated for 100 HFF. Each gridline corresponds to 1 μm. 

 

 

2.3 Delta-rays and Secondary Electron Excitations 
In the process of inelastic scattering with the electrons, fission fragments eject electrons 

from the atomic cores, and ‘liberate’ or ‘free’ electrons from the electronic structure. These 

electrons are classified as delta-rays, and are produced with an energy distribution, or 

excitation cross-section, which is dependent on the fission fragment mass and energy. The 

distribution of electrons emitted from the atomic core by a fission fragment of energy E, 

mass M, and effective charge Z*, may be estimated semi-empirically using [98],  
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This distribution represents the total number of delta-rays produced per unit path length 

(i.e. macroscopic excitation cross-section) with energy less than a maximum, Em, given an 

average ionization energy I and electron density ne.  However, it is sufficient and more 

convenient to express the delta-ray production distribution with a simpler form [99,100], 
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which is a summation over all atomic shells i with ionization energy Ii and electron density 

ne,i.   

This description of the delta-ray emission spectrum is fundamentally a differential cross-

section, analagous to Eqs. (2.36) and (2.47), where the terms outside the product represent a 

scattering potential and the summation represents the excitations of the scatterers. In fact the 

scattering potential in this case can be seen to be a coulomb potential with and an ion of 

effective charge Z*.  Relativistic kinematics restrict the maximum ejected electron energy to 

 2 2 22m eE m c β γ= , (2.54) 
 
where γ is the relativistic Lorentz factor for the incident fission fragment and β is the fission 

fragment velocity relative to the speed of light. In the case of fission fragments where γ≈1, 

Eq. (2.54) reduces to the classical mechanics result. While low delta-ray energies are the 

most probable, the average energy, 
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is on the order of 0.1-1 keV for fission fragments in nuclear fuel materials, owing to high the 

ionization energies of inner shell electrons in actinides (e.g. uranium).  

For fission fragments in nuclear fuel, the electronic stopping force, which dominates 

along the fragment path, is described using LSS theory [92,94]. The stopping force, Eq. (2.3), 

estimated using LSS represents a scattering cross-section which may differ from that utilized 

in the delta-ray emission rate defined in Eq. (2.53). Moreover, the stopping force may be 

related to the delta-ray production distribution as, 

 
dd
d

dEE E E
E dx
Λ  = − = Λ 

 ∫ , (2.56) 

 
where 1−Λ  is the mean free distance between ionization events. Therefore, the delta-ray 

production distribution, Eq. (2.53), may be re-formulated as, 
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Normalizing this distribution to the mean free path, results in a delta-ray emission spectrum 

which directly describes the probability that an electron of energy E is emitted through 

ionization. The resulting delta-ray emission spectrum, defined as the probability distribution 

of delta-rays is, 
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The probability distribution for delta-rays UO2 for LFF and HFF, with a stopping force 

of 18 keV/nm and 22 keV/nm respectively, are illustrated in Fig. 2.7. These exemplar LFF 

and HFF are assumed to have kinetic energies of 95 MeV (~1 MeV/amu) and 70 MeV (~0.5 

MeV/amu) respectively. The ionization energies are approximated as the energy to remove a 

single electron from an ion with charge Zi, as opposed to the energy required to remove an 

electron directly from its atomic energy level. These ionization energies were obtained from 

the NIST database on atomic ionization energies, whereby each electron has a unique 

ionization energy [101].   

While nearly half of all delta-rays are emitted due to electronic stopping of fission 

fragments have energies less than 10 eV, most of the energy lost to electrons is emitted in 

delta-rays with energies greater than approximately 100 eV. The average energy of delta-rays 

is 111 eV and 76 eV for the exemplar LFF and HFF respectively; this corresponds to nearly 

80% of fission fragment energy lost to delta-rays greater than this energy for both LFF and 

HFF. Approximately 98% of the fission fragment energy is lost to delta-rays with energies 

greater than 10 eV; therefore, in modeling of the fission spike, the initial delta-ray spectrum 

may be approximated as greater than 10 eV. 
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Fig. 2.7. Fission fragment delta-ray emission spectra for LFF and HFF. The LFF and HFF spectra correspond to 
energies of 95 MeV (~1 MeV/amu) and 70 MeV (~0.5 MeV/amu) respectively. Each spectra represents a 
discrete probability distribution as opposed to a differential distribution, and was calculated from Eq. (2.58). 

 

 

2.3.1 Electron Slowing-down and thermalization 

Electron excitations promoted by fission, must slow-down in the material and eventually 

achieve and equilibrium with the bulk crystal. Delta rays resulting directly from electronic 

stopping of fission fragments excite secondary electrons within a few femtoseconds through 

electron-electron interactions. Subsequently, these secondary electronic excitations quickly 

slow-down through electron-electron interactions; then thermalize, within 10-1000 

femtoseconds, transferring energy to atoms through inelastic electron-phonon scattering, i.e. 

e-p coupling, which results in the development of a thermal spike. 

The evolution of the delta-ray slowing down process during the fission spike may be 

modeled using Monte Carlo simulation [102,103]. The MCNP6 code was used to perform 

simulations of the evolution of the delta-rays for both LFF and HFF [104]. Currently 

available cross-section libraries for electron scattering are limited to energies greater than 10 

eV and do not include the effects of the electronic structure of the material [105]. The 
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evolution of the delta-ray energy and energy distribution for the exemplar 95 MeV LFF (~1 

MeV/amu) and 70 MeV HFF (~0.5 MeV/amu) are illustrated in Fig. 2.8 and Fig. 2.9 

respectively. The initial delta-ray spectra were obtained from Eq. (2.58) and the spectra 

shown in Fig. 2.7, with a minimum energy cut-off of 10 eV, and maximum defined by Eq. 

(2.54). These delta-rays were modeled as emitted within a 0.5 nm cylindrical radius of the 

fission fragment trajectory.  

Although delta-rays are expected to have an energy dependent angular emission 

spectrum [71], electrons with energies greater than around ½ of the maximum energy are 

emitted at angles less than approximately 40o relative to the fission fragment trajectory; with 

delta-rays near the maximum energy emitted nearly parallel to the fission fragment. These 

electrons represent most of the fission fragment energy loss and determine the initial 

evolution of the fission spike due to their velocity; therefore, the angular emission of delta-

rays was modeled as parallel to the fission fragment path. To ensure that the relative 

statistical uncertainty in the regions and energies of interest were sufficiently low (<10%), 

each simulation sampled the emission spectrum for 109 particles (i.e. delta-rays).  

To capture the evolution of the electron slowing process which results from fission the 

particle density was tallied for each delta-ray and secondary electron into discrete bins in 

time space and energy. Subsequently, this density was normalized for each time bin and 

averaged over space to generate the time-dependent energy spectrum of delta-rays and fast 

secondary electrons (i.e. energies greater than 10 eV).  The energy density around the fission 

fragment trajectory was also generated. In this case the spacially dependent energy density 

was calculated as from the electron density, ( ),n r t , 

 ( ) ( )
( )2

0

,1 d,
π d 0,0

n r tEU r t
r x n

 = − 
 

. (2.59) 

 
Since the MCNP code produces results normalized to the number of source particles, the 

density is calculated relative to the initial value, ( )0,0n . The stopping force and cylindrical 

area of the first tally zone, 2
0πr  ( 0r =  0.5 nm), then used to set the initial energy density to 

the energy deposited by the fission fragment. 
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Fig. 2.8. Evolution of delta-ray energy during fission spike for a (a) LFF and (b) HFF. The LFF and HFF have 
energies of 95 MeV (~1 MeV/amu) and 70 MeV (~0.5 MeV/amu) respectively. Cylindrical spatial bins have a 
thickness of 0.5 nm, whereas each time bin was 10 attoseconds (10-17 s). For each fragment the energy density 
distribution in time and space was calculated from Eq. (2.59). 
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Fig. 2.9. Evolution of delta-ray energy distribution for a (a) LFF and (b) HFF. The LFF and HFF have energies 
of 95 MeV (~1 MeV/amu) and 70 MeV (~0.5 MeV/amu) respectively. The energy spectrum was divided into 
40 logarithmic energy bins between 10 eV and the maximum delta-ray energy calculated from Eq. (2.54); each 
time bin was 10 atto-seconds (10-17 s). 
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The evolution of delta-rays during a fission spike resulting from an LFF has a longer 

duration than that of an HFF, which is consistent with the lower energy emission spectrum of 

the HFF. Furthermore, the LFF delta-rays ‘diffuse’ further in space than those of HFF, 

suggesting that both the initial injection of energy and subsequent deposition of energy to 

secondary electrons is less dense in LFF. Consequently, it may be expected that the 

localization of fission energy and therefore the impact of on the atomic lattice due to 

thermalization of secondary electrons through e-p coupling will be greater for HFF than LFF. 

 

2.3.2 Solid-state Effects 

Delta rays and secondary electrons span a wide energy range, from several keV to a few 

eV; correspondingly, the impact of solid state effects (e.g. electronic structure and atomic 

structure) can be expected to vary. Electrons which have energies on the order of the inter-

atomic spacing in the crystal lattice can be expected to be impacted by the atomic structure 

and dynamics of materials [75]. In typical solids the inter-atomic spacing is several 

angstroms; therefore, electrons with energies less than approximately 2 keV can be expected 

to be influenced by solid state effects; a range which includes delta-rays produced through 

electronic stopping of fission fragments.  As an example of a solid state effect, electrons in 

the range of 200 eV to 2 keV will be diffracted through the crystal through elastic scattering 

with atomic cores. 

Despite any potential impact of the electronic structure on inelastic electron scattering 

(e.g. electron slowing-down), reasonable quantitative results using the LSS model can be 

obtained at energies greater than a few hundred eV and reasonable qualitative results can be 

obtained at energies above approximately 100 eV [71].  Unfortunately, inelastic scattering 

cross-section data which includes solid-state effects in the energy range of interest for delta-

rays and secondary electrons is scarce for nuclear fuel materials. Certainly the generation of 

such data represents a potential field or research; however, electron-electron scattering is not 

the focus of this work. Instead the emphasis shall be on the impact of electronic structure on 

the final stage of energy transport of fission fragments, i.e. electron-phonon interactions.   
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2.3.3 Electron Scattering Interactions 

Electrons excited during the fission event slow-down and thermalize through inelastic 

scattering interactions with the electronic structure or the atomic structure. The former results 

in further electronic excitations, whereas the latter results in the net emission of phonons (i.e. 

lattice vibrations). The total double differential scattering cross-section for electrons in 

nuclear fuel is the sum of the contributions from these two scattering channels, 

 
2 2 2

' ' 'e e e pE E E
σ σ σ

− −

   ∂ ∂ ∂
= +   ∂Ω∂ ∂Ω∂ ∂Ω∂   

. (2.60) 

 
It may be assumed to that in the first Born approximation the electron-electron (e-e) and 

electron-phonon (e-p) scattering interactions result in inelastic double differential cross-

sections of the form, 
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∂  =  ∂Ω∂  

q q



. (2.61) 

 
Electrons interacting in nuclear fuel may scatter with electrons and atoms; therefore, 

interference between these scattering channels is expected. The scattering interactions of 

electrons in the crystalline materials, such as nuclear fuel, may be expressed in terms of 

Feynman diagrams as illustrated in Fig. 2.10 [81,86,106]. Each diagram represents the 

product of the free particle progagator, the square of the effective scattering potential and the 

dynamics structure factor; therefore, each term contributes to the cross-section, and the series 

summation yields the total cross-section.  

Within the first Born approximation only irreducible terms are assumed to contribute to 

the effective scattering potential. Following this perscription the familiar RPA dielectric 

function (Fig. 2.3) is clearly present [75,81]. These diagrams explicitly describe the dynamics 

of electrons, and contribute exclusively to the electron-electron interaction. The remaining 

irreducible terms in the Dyson series represented with Feynman diagrams in Fig. 2.10 define 

the effective electron-phonon interaction. 

As demonstrated in Eq. (2.48) the RPA dielectric function is fundamentally related to the 

dynamic structure factor. Consequently, the effective electron-electron interaction is the 
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‘bare’ coulomb scattering potential, ( )e eV − q . The contribution of electron-electron scattering 

to the double differential cross-section is described by the RPA dielectric function Feynman 

diagrams in Fig. 2.10 as, 

 ( ) ( )
2 22

2' π 'Im ( , )
' 2π ( , ) 2e e e e e

e e

m E m EV V S
E E E
σ ω

ε ω p− −

−

   ∂ −   = =      ∂Ω∂      
q q q

q 

. (2.62) 

 
The effective-phonon interaction includes the effects of crystal polarization associated 

with electron-atom scattering. Polarization of the electronic structure due to electron-electron 

interactions may eventually result in electron-phonon interactions (e.g. sixth diagram on rhs 

of Fig. 2.10). Furthermore, electron-phonon scattering of excited electron through the 

emission or absorption of a phonon may also result in a polarization of the crystal. The 

polarization process induced during this process is illustrated in Fig. 2.11 [81].  

 

 
Fig. 2.10. Feynman diagram of electron scattering in crystals. The scattering diagrams include both electron-
electron and electron-phonon interactions. 

 

 
Fig. 2.11. Feynman diagram of effective electron-phonon interaction. The effective interaction is a ‘dressed’ 
interaction which includes the effects of crystal polarization. 
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 As in the case of the electron-electron interaction, the RPA dielectric function may be 

recognized in the electron-phonon interaction. The contribution the RPA dielectric functions 

maybe condensed into a single diagram. Therefore, the effective electron-phonon is 

considered to be a ‘dressed’ interaction, whereby the ‘dressing’ is the crystal polarization 

represented by the circle diagram around the ‘bare’ electron-phonon interaction. In this case 

the effective electron-phonon interaction potential is [75,81,86,106], 

 ( ) ( )
( )

,
,

e i
e i

V
V ω

ε ω
−

− =
q

q
q

 . (2.63) 

 
The dielectric function acts as a screening function to the interaction between the electron 

and ion core, ( )e iV − q . The resulting double-differential cross-section including interference 

effects from different atom types [75,106] is, 
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The dynamic structure factor, ( ),IS ωq , describes the vibrational excitations (phonons) of an 

atom and is the same for all atoms which occupy the same crystallographic position in the 

crystal structure, whereas ( ),IJ
dS ωq  describes excitations which result from interference 

between atoms in different crystallographic positions. Nevertheless, the strength of the 

electron-phonon interaction is clearly dependent upon the electronic structure of the material. 
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CHAPTER 3 Electronic Structure of Nuclear Fuel and Electron-phonon 
Scattering 

As electrons slow-down and thermalize in a solid their behavior becomes increasingly 

influenced by the electronic structure of the material. The electronic structure describes the 

dynamics and energetics of the electrons in a solid, i.e. the chemistry, and may be quantified 

through the electronic density of states or dynamic structure factor, Eq. (2.37).  The behavior 

of atomic motion, defined by lattice vibrations (phonons), directly results from forces caused 

by changes in the electronic structure in response to atomic displacements.  Furthermore, the 

electron-phonon interaction is directly influenced by the electronic structure through 

screening of the atomic core.  As the electron-phonon interaction is the driving mechanism 

for the thermalization and equilibration of electrons following fission, the relationship 

between this screening effect and electronic structure will directly impact the evolution of the 

fission spike.  

 

3.1 Solid-State Properties of Nuclear Fuel 
Crystalline solids, such as typical nuclear fuels (e.g. UO2, UC, UN, U3Si2, UHx), are 

compositions of atoms and electrons which have infinite translational periodicity [80,107]. 

The basic building block of a crystal is the unit cell, as illustrated for UO2, UN, and U3Si2 in 

Fig. 3.1, and may be defined to be the smallest unit volume of a crystal which may be used to 

construct the entire crystal through discrete translations (i.e. n × unit cell length, where n is 

an integer).  

The fundamental properties of crystals include crystal structure, electronic structure, 

phonon-phonon interactions, and phonon-electron interactions. Each of these properties has 

an effect each on energy transport and radiation effects. A description of the fundamental 

structure and dynamics of a solid may begin from the Hamiltonian [80,107,108], 

 0
ˆ ˆ ˆ ˆ

ion el el ionH H H Hλ λ λ λ−= + + , (3.1) 

where ˆ
ionH  describes the energy of atomic nuclei, ˆ

elH  the energy of the valence electrons, 

and ˆ
el ionH −  the interaction between the ion system and electron system. The state of the 
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electron and atom system is represented by λ . The state of ions and electrons 

corresponding to the Hamiltonian are the basis for describing the dynamic structure factor 

and response functions needed to describe scattering and energy transport following fission. 

 

 
Fig. 3.1. Crystal unit cells of UO2 (left), UN (right), and U3Si2 (bottom). The symmetry of the UO2 and UN unit 
cells are the same, Fm-3m (space-group 225). The symmetry of U3Si2 is P4/mbm UC (not shown) has the same 
crystal structure as UN, with the nitrogen interchanged with carbon. 

 

 

3.1.1 Many-body Picture 

As a consequence of the vast number of constituents in a crystal, typically greater than 

1023, and the indistinguishable nature of fundamental particles (e.g. electrons), it is typically 
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impractical to describe the state of an individual electrons or atoms. Consequently, collective 

behavior of particles are used to describe the dynamic behavior of solids.  In this many-body 

approach, the Hamiltonian used in traditional solid state physics, Eq. (3.1), is fundamentally 

transformed and re-interpreted as a description of collective excitations and quasi-particles 

(see Appendix A) [80,86,108,109]. These excitations are defined to be nearly ‘free’ within 

the crystal, such that interactions between quasi-particles and the crystal constituents are 

weak. Typically quasi-particles retain some properties of their qualitative analog (e.g. 

electrons), but have a different mass. Quasi-particles may be characterized by a finite life-

time which defines the collision rate within the crystal. Exemplar quasi-particles and 

collective excitations in solids are listed in Table 1-1 [80,81,86,109,110]. 

Unlike the traditional approach in solid state theory, the state of these particles is not 

determined by directly solving the Hamiltonian of the system. Instead an approach analogous 

to scattering theory is employed, in which Feynman diagrams and the corresponding Dyson 

series are utilized heavily. In this approach, the behavior of the system is determined by 

solving for the quasi-particle propagator and energy and life-time [81,109]. In general the 

quasi-particle propagator, G, obeys a typical Dyson series, Eq. (2.18), 

 0 0 0 0 0 0 ....G G G VG G VG VG= + + + , (3.2) 
 
where V is the interaction of the quasi-particle within the crystal.  

As a consequence of the use of scattering theory, the dynamics of the excitations may be 

extracted through the use of response functions. A response functions, χ, may be defined to 

relate the bare scattering potential to the effective scattering potential such that [75,81], 

 0 0GV G V G V χ= = . (3.3) 
 
For collective excitations such as plasmons or phonons the propagator is defined by the 

density-density correlation function. The propagator for such excitations (Gc) is, therefore, a 

direct representation of the dynamic structure factor, 

 0cG p χ= , (3.4) 

 ( ) ( )1, Im cS Gω
p

= −q . (3.5) 
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Nevertheless, the aim of many-body theory for applications to radiation matter interactions, 

following the fission event, will be the generation of scattering cross-sections from the 

excitation response function (e.g. Eq. (2.42)). 

 
Table 3-1. List of common quasi-particles and collective excitations found in solids 

Quasi-particle or 
Collective Excitation Qualitative description Constituent particles 

Phonon Collective lattice excitation of atomic 
vibrations 

None (low energy 
acoustical phonons are 

massless) 

Excited ‘Electron’ 
Excitation of valence state, i.e. conduction 
electron including all effects of interactions 

with crystal constituents 

Electron and locally 
charged ion (mass 
considered to be 

different from me) 

Hole 
Excitation of conduction state, i.e. vacancy 

in valence state including all effects 
interactions with crystal constituents 

Electron and locally 
charged cation (mass 

considered to be 
different from me) 

Exciton Bound state of an ‘electron’ and hole ‘Electron’ and Hole 

Plasmon Collective oscillatory excitation of the 
electronic structure or electron gas Electrons 

Polaron ‘Electron’ or hole which drags on ions 
during propagation through the crystal 

‘Electron’ and phonon 
cloud, or hole and 

phonon cloud 
 

 

3.1.2 Electronic Structure Theory 

The behavior of electrons in a material is defined by its electronic structure, which 

includes the description of the wavefunction and energy states in an arrangement of atomic 

nuclei (e.g. crystal). Modeling of the electronic structure in crystals typically considers the 

response of electrons to the motion of atoms to be instantaneous such that the electron and 

ion contribution to the system state in Eq. (3.1) are separable.  In general this approximation‒

known as the Born-Oppenheimer or ‘adiabatic’ approximation‒is valid in crystals as the 

characteristic time for electron processes is on the order of femto-seconds (fs) or less and the 

characteristic time for atomic motion is on the hundreds of fs or pico-seconds (ps); however, 



 

51 

transport processes for electrons rely on the coupling between electrons and atomic motion 

(i.e electron-phonon interactions).  

The electronic structure, therefore, considers only the latter two operators of Eq. (3.1), 

 
2 2 2

, 0 0

ˆ 1 1 1ˆ ˆ
2 4πε 2 4πε

i I I
el el ion

i i I i je i I i j

P Z e Z eH H
m

φ φ φ φ−
≠

 + = + +  − −∑ ∑ ∑r R r r
, (3.6) 

where i and I indicate the electron and atom respectively, and φ  is the electron state. In 

crystals the electron state is periodic and may be described by Bloch-waves [80,107]. The 

electron Hamiltonian, ˆ
elH , describes the kinetic energy of the electrons and electron-electron 

interactions, and the electron-ion Hamiltonian, ˆ
el ionH − , describes the interaction of electrons 

with atoms. The Hamiltonian is the sum of the kinetic and potential energies of the electron.  

The kinetic energy of each electron is the result of the square of the momentum operator, îP ; 

whereas the potential energy results from electrostatic interactions between electrons and 

ions (second term) and between different electrons (last term).   

While methods exist to solve Eq. (3.6) for the electron states for the many electron 

system (e.g. Hartree-Fock), these methods are computational expensive. Modern density 

functional theory (DFT) and time-dependent density functional theory (TDDFT) techniques, 

however, permit inexpensive calculations of the electronic structure by reducing the many 

electron problem, Eq. (3.6), into a one-electron problem (see Appendix B) [111,112]. In this 

case the ground state energy of the electron system may be expressed as a functional of the 

electron density, 

 ( ) ( ) ( ) ( ) ( )
2

04πε
I

H XC
I I

nZ eE n T n d E n E n       = + + +       −∑∫
r

r r r r r
r R

, (3.7) 

where density is defined by the electron system wavefunction as, 

 ( )n φ φ=r r r . (3.8) 

The electron-ion interactions and the Hartree energy, EH, which describes electron-electron 

interactions, are explicit functions of the density. The wavefunctions which define the density 

are in general not eigen-functions of the momentum operator; therefore, the kinetic energy 
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functional, T[n(r)], is in general not an explicit function of the density. The functional EXC is 

known as the exchange correlation functional and serves the special purpose of accounting 

for the of density-density correlation and indistinguishability effects of electrons which are 

not captured in coulomb interactions. For solids this particular functional is only well defined 

for a free electron gas [113,114]. 

The electronic structure of a solid, whether metal or insulator is concisely described by 

the density of states. The electron density of states is a measure of the number of states 

available for electron occupation at a given energy. This measure of structure may be derived 

by performing a surface integral of the electronic energy states over the Brillouin zone (BZ) 

[107,113], 

 ( )
( )

( )3 δ d
2π

cell
e

BZ

VD E E E= −∫ k k ; (3.9) 

  
where the Brillouin zone is the equivalent of the unit cell in inverse lattice coordinates, i.e. 

momentum space as opposed to real space.  The volume of this zone is inversely proportional 

to the volume of the unit cell, Vcell. 

The highest occupied energy level in the ground state (i.e. 0 K) of the electron system of 

a solid is known as the Fermi energy, and is the transition point between the valence and 

conduction band. The valence states determine the bonding characteristics of the electronic 

structure, whereas the conduction states are occupied by excited electrons. Energy transport 

in the conduction band occurs through the migration of excited electrons, whereas energy 

transport in the valence band (if it occurs) occurs through the migration of empty states or 

‘holes’.   

In an insulator the Fermi energy is located in a gap within the electronic density of states 

known as the band gap; therefore, a fixed energy is required to excite electrons from the 

valence band to the conduction band. In a metal the Fermi energy is located within a 

continuous region of the electronic density of states; therefore electrons in these materials are 

easily excited to the conduction band even at thermal energies (1-100 meV). The electronic 

structure of UO2, UC, UN and U3Si2 are exemplified in, Fig. 3.2. While UC, UN and U3Si2 

are clearly metallic in character, UO2 is an insulator. 
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Fig. 3.2. Electronic structure of nuclear fuel materials, UO2, UC, UN, and U3Si2 as obtained through DFT 
calculations using the VASP code with the Perdew-Burke-Ernzerhof projector augmented-wave 
pseudopotentials and the addition of a Hubbard model for UO2 [38,51,115-120]. The availability of states is 
continuous across the Fermi energy in UC, UN and U3Si2. In contrast, a 2 eV band gap is observed in UO2.  

 

 

3.1.3 Electronic Structure Calculations of UO2 

In this work DFT and TDDFT calculations were performed with the Vienna ab Initio 

Package (VASP) to study in detail the electronic structure UO2 (see Appendix D.1) 

[115,116,121,122]. This code utilizes the projector augmented wave (PAW) method for ab 

initio pseudopotential in the frozen core approximation, whereby each potential describes the 

atomic nucleus and core electrons [117,118]. In this case the electronic structure is developed 

from only the valence electrons of each atom. To describe the resulting wavefunctions in 

crystals, which are Bloch waves in the periodic system, a plane wave basis set is used. 

Additionally the Perdew-Burke-Ernzerhof generalized gradient approximation was used to 

describe the exchange correlation energy [119,120]. 

The ground state (i.e. 0 K) of UO2 is known to have antiferromagnetic magnetic 

ordering, resulting from polarization of the spin of the 5f electrons [123,124]. Although the 

orientation of these magnetic moments is known to have a three dimensional structure (3-k), 

calculations which consider this polarization are currently computationally expensive. 
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Fortunately, computational studies of UO2 have demonstrated that the behavior of the 

electronic structure is suitably captured in computationally inexpensive calculations with the 

spin polarization approximated as one dimensional (1-k) [125,126]. Electronic structure 

calculations of UO2 were, therefore, performed for a cubic crystal structure with a 1-k 

antiferromagnetic structure, illustrated in Fig. 3.3. 

 
Fig. 3.3. UO2 unit cell in 1-k antiferromagnetic ground state. The magnetic moments are indicated by black 
arrow. Uranium atoms (gray/light) form a FCC lattice, whereas oxygen atoms (red/dark) form a cubic lattice. 

 

In these calculations an energy cutoff for the plane-wave basis of 600 eV for UO2 was 

found to predict the ground state energy within 3 meV/atom of the converged wavefunction 

(i.e. theoretical infinite plane-wave basis). Integration for the evaluation of the energy 

functionals in VASP is through sampling of the Brillouin zone in momentum space using the 

mean value theorem [113,114,127]. A 6x6x6 Monkhorst-Pack k-point mesh in the Brillouin 

zone was used to determine the ground state (i.e. 0 K) lattice parameters; whereas a 

13x13x13 Monkhorst-Pack k-point mesh was used for accurate predictions of the electronic 

structure.  

Uranium dioxide is a Mott-Hubbard insulator, with a band gap of approximately 2 eV 

[22]. The exchange correlation functional in DFT does not fully capture the effect of 

localization of 5f electrons in UO2. To capture the impact of the localization of these 

electrons, DFT calculations were supplemented with a Hubbard model, which increases 



 

55 

onsite coulomb repulsion [128,129]. An onsite coulomb repulsion energy, Ueff, of 

approximately 4 eV has been found to predict the band gap of UO2 within reasonable 

agreement with experiment [21,22,129,130].  

Initially the ground state lattice parameters of the 1-k antiferromagnetic structure of 

UO2, as illustrated in Fig. 3.3, were determined from an equation of state. In this case the 

DFT predicted electronic energy was determined as a function of the lattice parameters, see 

Fig. 3.4. A Birch-Murnaghan equation of state was used to determine the lattice parameters 

corresponding to the minimum electronic energy, which was define as the ground state 

[131,132]. The Birch-Murnaghan equation of state relates the energy to the system volume 

(in this case the unit cell), 

 ( )
3 22/3 2/3 2/3

0 0 0 0 0 0
0

0

9 1 1 6 4
16 P

V B B V V VE V E
P V V V=

      ∂        = + − + − −                 ∂              

. (3.10) 

 
where the ground state energy, E0, unit cell volume, V0, bulk modulus, B0, and derivative of 

bulk modulus at zero pressure, ( )0 0
/

P
B P =∂ ∂  are fitting parameters. The Birch-Murnaghan 

equation of state fitted to the DFT data is shown in Fig. 3.4. 

 
Fig. 3.4. Equation of state for UO2. The Birch-Murnaghan fit, Eq. (3.10), is overlayed on the data predicted by 
DFT calculations. The volume corresponding to the minimum of the Birch-Murnaghan equation of state is 
assumed to be the ground state.  



 

56 

Within a UO2 unit cell with the predicted ground state parameters, electronic structure 

calculations were performed to determine the magnetic moments on the uranium atoms, μ 

and band gap energy, Eg. These ground state properties of the DFT model of UO2 are 

compared to experiment in Table 3-2 and demonstrate reasonable agreement with experiment 

[22,123,138-143]. The band gap energy was extracted from the electronic density of states, 

illustrated in Fig. 3.5. Magnetic moments of uranium atoms were determine by integrating 

spin-polarized electron densities within a fixed spherical radius around the atom. In this case 

the atom radius was determined using Bader charge analysis [133-137].  The dielectric 

constant, ε, was obtained through TDDFT linear response theory, and is taken to be dielectric 

function for a zero momentum and zero energy transfer due to scattering interactions. 

 
Table 3-2. Summary of UO2 properties, lattice parameter, a, bulk modulus, B0, cohesive energy, Ecoh, band gap 
energy, Eg, and uranium magnetic moment μ.  The magnetic moment is in Bohr magnetons, μB. The dielectric 
constant ε is the relative dielectric function for a zero momentum and zero energy transfer, and is unitless. 

 a [Å] B0 [GPa] Ecoh eV/atom] Eg [eV] μ [μB] ε(0,0) 
DFT/TDDFT (this work) 5.55 193 7.03 1.96 1.96 5.22 
Exp. [22,123,138-143] 5.47 210 7.43 2.0 1.74 5.06 

 
 

 
Fig. 3.5. Total electron density of states for UO2 as predicted through DFT calculation and Eq. (3.9). The energy 
is referenced to the Fermi energy, EF. The inset is a comparison between the calculated partial electronic density 
of states for 5f and the experimentally measure 5f electron spectrum [138]. The experimental data for the 
valence and conduction band were measured using XPS and BIS techniques respectively. 
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The electron-phonon scattering cross-section is impacted by the electronic structure 

through the dielectric function, Eq. (2.64). This description of the electronic structure may be 

extracted through measurements of reflectance of UO2 [143]. In these measurements, 

photons are reflected from a crystal surface. Due to small momentum of photons compared to 

energy the dielectric functions obtained in reflection measurements are approximately equal 

to the zero momentum transfer dielectric function. The Kramers-Kronig relationships are 

utilized to relate the imaginary and real components of the resulting dielectric function (see 

Appendix D.1).  

Using the linear response TDDFT capabilities of the VASP code, the dielectric function 

for zero momentum transfer was calculated in the RPA [121,122], and is compared to 

experiment in Fig. 3.6. Unlike the Lindhard model, which is RPA for the HEG, RPA in this 

case includes the impact of electrostatic electron-ion interactions, and utilizes the electron 

wavefunctions of the system. In addition to the dielectric function the imaginary component 

of the inverse dielectric function at zero-momentum transfer was calculated and is compared 

to experiment in Fig. 3.7. The relationship to the inelastic scattering of electron scattering to 

the imaginary inverse dielectric function (ELF) is defined in Eqs. (2.47) and (2.48). Both the 

calculated dielectric function and ELF demonstrate reasonable agreement experiment. 

 
Fig. 3.6. Comparison of measured and calculated dielectric of UO2. The dielectric function was calcualted in the 
RPA using linear response TDDFT and is shown in red. The measured dielectric function was extracted from 
reflectivity measurements of UO2 single crystals and is shown in black [143]. 
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Fig. 3.7. Comparison of the measured and calculated energy loss spectrum of UO2 at zero-momentum transfer. 
The energy loss function is the imaginary component of the inverse dielectric function. The calculated ELF is 
shown in red and was obtained in the RPA using linear response TDDFT. The measured ELF was extracted 
from reflectivity measurement of UO2 single crystals and is shown in black [143]. 

 

 

3.1.4 Theoryof lattice vibrations in solids 

The atomic motion in a solid within the Born-Oppenheimer approximation may be 

modeled using the system Hamiltonian, Eq. (3.1), and the total electronic energy from the 

Hamiltonian describing the electronic structure, Eq. (3.6). In this case the electronic energy 

regarded as [80,107], 

 ( )1
ˆ ˆ,..., ,...,I N el el ionE H Hφ φ−

 = + R R R , (3.11) 
 
which is the average value of the electron and electron-ion Hamiltonian for all the electron 

energy states for a give set of the atomic positions, RI, in the solid. The total energy is thus, 
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The kinetic energy of each atom is the result of the square of the momentum operator, IP̂ ; 

whereas the potential energy results from electron static interactions atom nuclei. In a 
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classical sense the forces resulting on atoms may be extracted from Eq. (3.12), with the 

Hellmann-Feynman force theorem [144]. This theorem states that the classical forces 

experienced by an atom is the average of the variation of the electric potential resulting from 

an atomic displacement of that atom [113,144], 
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Often at this stage the quasi-harmonic approximation is invoked in which it is assumed 

that the electronic energy is function of second order products of atomic coordinates scaled 

by a reference energy, 

 ( ) ( ) ( )1 0 ,
, , ,

1,..., ,...,
2I N I I J JI J

I J
E E K

µ ν µ ν
µ ν

= − + − ⋅ −∑R R R R R R R . (3.14) 

 
The strength of the interatomic interactions is dictated by the force constant, ,I JK µ ν . The 

indices I and J correspond to the atom, whereas the indices μ and ν indicate the direction of 

atomic displacement. Within this approximation, the total energy Hamiltonian, Eq. (3.12), 

may be solved for the dynamics either quantum mechanically, or classically using the 

Hellmann-Feynmann force theorem; however, in either case the result describes lattice 

vibrations known as phonons.  

Phonons are collective excitations which are discrete units of harmonic lattice vibrations 

that obey Bose-Einstein statistics [109,110]. Phonons, like electrons, can be studied using 

both dispersion relations and density of states.  The definitions of these relationships are the 

same except that they now apply to atomic motions and are called the phonon dispersion 

curves and the phonon density of states. One key difference to note between phonons and 

electrons is that the energy of phonons is positive and that of electrons may be positive or 

negative; this is due to the fact that electrons may be bound particles while phonons are 

descriptions of kinetic motion.  

Phonons may be classified as acoustical or optical, which correspond to in-phase and 

out-of-phase atomic vibrations respectively. Acoustical phonons typically have lower energy 

than optical phonons. Low energy acoustical phonons, like photons, behave as though they 
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have no mass and travel with the sound speed of the crystal; therefore these phonons are 

expected to be efficient carriers of thermal energy in solids [107-110]. 

Deviations of the vibrational behavior of solids from harmonic, i.e. anharmonicity, is 

expected to increase with temperature and results in macroscopic phenomena such as lattice 

expansion. This anharmonicity may be interpreted on a microscopic scale as interactions of 

phonons within the crystal lattice with other phonons or with electrons (i.e. phonon-phonon 

and phonon-electron interactions) [80,108,110]. Consequently, phonons have a mean time 

between interactions or finite life-time. The net effect however, is that phonons are described 

by a distribution with a finite width as opposed to a distinct relationship between momentum 

and energy [80,110]. 

 

3.1.5 Calculation of Phonons in UO2 

Electron-phonon scattering interactions are dependent on the dynamic behavior of atoms 

in nuclear fuel materials, which may be correlated to phonons. The phonon density of states 

was calculated in this work using ab initio lattice dynamics methods [82,145,146]. This 

method uses Hellman-Feynman forces from DFT to solve the dynamical matrix for the 

phonon density of states and dispersion relation (see Appendix D.2).  

The VASP code was used to calculate the Hellmann-Feynman forces in a 2x2x2 UO2 

supercell (96 atoms) with a 3x3x3 Monkhorst Pack k-space mesh [115-120,127]. As in the 

calculations of electronic structure, these calculations used the available PAW atomic core 

pseudopotentials with the GGA-PBE exchange correlations functions [118-120]. Hellmann-

Feynman forces are calculated using Eq. (3.13) by direct displacement of atoms with unique 

symmetry in the crystal structure. In UO2, displacement of a single uranium and single 

oxygen along the c-axis is sufficient to fully describe the phonons. The Hellmann-Feynman 

forces extracted from DFT simulation of UO2 were used to determine the phonon density of 

states using the PHONON code [146]. This code uses Monte Carlo sampling of the Brillouin 

zone to solve the dynamical matrix for the phonon density of states. 

Although ground state calculations of the electronic structure were performed for the 

antiferromagnetic ordering of the 5f electron spins, UO2 is a paramagnetic material at reactor 



 

61 

temperatures such that the spins are randomly oriented. To approximate phonons for cubic 

UO2 with paramagnetic ordering atomic displacements were performed along the c-axis with 

the 1-k orientation parallel and perpendicular to the c-axis. The Hellmann-Feynman forces 

for each orientation were averaged (1/3 parallel and 2/3 perpendicular) to provide input to the 

PHONON code (see Appendix D.2). 

 The phonon dispersion and phonon density of states calculated using the VASP and 

PHONON codes is compared against neutron scattering measurements in Fig. 3.8 and Fig. 

3.9 respectively [23,24,147]. For the purpose of comparison to measurement, the calculated 

phonon density of states is the neutron weighted phonon density of states. This phonon 

density of states is the sum of the partial density of states for each atom weighted by the 

neutron scattering cross-section and atom mass, 

 ( ) ( ) ( ), ,
1 2
3 3

U O
ph ph U ph O

U O

D D D
M M
σ σω ω ω= + . (3.15) 

 
The partial density of states for uranium, U, and oxygen, O, indicate the vibrational 

modes available for these two elements in the UO2 crystal. The values used for the scattering 

cross-section and atomic mass used for each element is summarized in Table 3-3 [148,149]. 

 
Table 3-3. Summary of neutron scattering parameters of uranium and oxygen. 

 Bound neutron scattering cross-
section [barns] [148,149] 

Atomic Mass [amu] 
[148,149] 

Uranium 9.439 238.05 

Oxygen 4.236 15.995 
 

 

The phonon density of states obtained from ab initio lattice dynamics, illustrated in Fig. 

3.9, does not capture the effects of anharmonicity due to phonon-phonon and electron-

phonon scattering phenomena, whereas neutron scattering measurements inherently capture 

these effects. Anharmonicity results in a broadening of features in the phonon density of 

states. To capture these effects in the calculated phonon spectra, the phonon density of states 
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was convolved with a Lorentzian function using the experimentally derived phonon line-

widths [23], 

 ( ) ( ) ( )
( ) ( )( )22

0

/ 21d ' '
π ' / 2

ph phD D
ω

ω ω ω
ω ω ω

∞ Γ
=

− + Γ
∫ . (3.16) 

 
The phonon widths, Γ, represent the impact of the phonon-phonon and electron-phonon 

scattering cross-section (i.e. self-energy) on the phonon density of states. The ab initio lattice 

dynamics predicted neutron phonon density of states broadened to 295 K is compared against 

experimental measurements in Fig. 3.10 [23,24]. The phonon dispersion relations, Fig. 3.8, 

and phonon density of states, Fig. 3.9 and Fig. 3.10, each demonstrate reasonable agreement 

with experiment. 

 

 
Fig. 3.8. Phonon dispersion curve for UO2. The calculation was obtained from ab initio lattice dynamics and is 
shown as a line in red. The experimental phonon dispersion measurements were obtained neutron scattering 
measurements shown as circles (a) [147] and squares (b) [23,24]. The phonon momentum is labeled by the 
wave vector coordinate in reduced lattice units (r.l.u) such that the phonon momentum is relative to the value in 
the X-direction. 
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Fig. 3.9. Neutron weighted phonon density of states of UO2. The calculation was obtained from ab initio lattice 
dynamics and is shown as a line in red. The experimental phonon dispersion measurements were obtained 
neutron scattering measurements [23,24]. 

 
Fig. 3.10. Neutron weighted phonon density of states of UO2 at 295 K. The calculation was obtained from ab 
initio lattice dynamics broadened using Eq. (3.16) with experimental line-widths [23] and is shown as a line in 
red. The experimental phonon dispersion measurements were obtained from neutron scattering measurements 
[23,24]. 
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3.2 Electron-Phonon Scattering in Nuclear Fuel 
In crystalline materials electron-phonon scattering acts to impede the transport of 

electrons and phonons, and decrease the rate of energy transport (e.g. thermal conductivity). 

Inelastic electron-phonon scattering interactions are of interest to describe the transfer of 

energy from electronic excitations and delta rays to the atomic lattice following the fission 

event. The energy exchange between the electron and the atomic lattice is expected to be on 

the order of 0.001-0.1 eV, whereas the excitations predicted by the electron dynamic 

structure are expected to be greater than 1 eV; therefore, the dielectric screening of electron-

atom scattering potential can be expected insensitive to the energy exchange. This 

approximation is known as the static approximation and assumes the dielectric function 

evaluated at ω=0 is representative of the electron-atom screening [81,86,106]. The 

corresponding double differential electron-phonon scattering cross-section from Eq. (2.64) is, 
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In UO2 each atom in the atomic lattice may be assumed to vibrate in manner which is 

relatively independent of other atoms–known as the incoherent approximation in thermal 

neutron scattering [150]–such that only the self part of the dynamic structure factor 

contributes to inelastic scattering and distinct contributions are negligible. Here this 

approximation will be referred to as the independent oscillator approximation. In cubic or 

nearly cubic crystals, such as UO2, the self part of the dynamic structure factor is relatively 

isotropic, such that inelastic scattering does not depend on the orientation of the crystal 

[76,150]. In this case the vector dependence of the momentum transfer, ħq, is not important 

and the double differential scattering cross-section may be expressed as, 
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It is often more convenient in the independent oscillator approximation for a cubic 

crystal to express the momentum and energy transfer in the energy variables Q and W, 

defined as, 
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The incident and scattered energies of the electron are E and E’ respectively and the 

scattering cosine is μ. The double differential scattering cross-section expressed as a function 

of Q and W is, 
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In a crystal in which the independent oscillator approximation is valid, the dynamic 

structure factor may be evaluated using the phonon-expansion [76,150]. For a cubic crystal 

such as UO2 the dynamic structure factor is [76,150], 
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where the functional Fn represents phonon processes of order n (e.g. 1-phonon process, 2-

phonon process, ect.),  2
Iu  is the mean-squared displacement of the atom due to vibration 

and T is the bulk crystal temperature. Each functional is a temperature dependent convolution 

of the phonon density of states to the corresponding phonon order defined as [150], 
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As a result of the large mass of atomic nuclei compared to electrons, 1-phonon processes are 

expected to be dominant for lower temperatures (e.g. room temperature) [83,106,151,152]. 

At sufficiently high temperatures or large momentum transfers ( 2 22 e IQ m u>>  ) the 

dynamic structure factor in the independent oscillator approximation will approach the 

behavior of a free gas [76,150,153], 

 ( ) ( )21 1, exp
4π 4I

B

S Q W W Q
Q k TQ

  
= − −   

   
. (3.26) 

 

3.3 Methodology for Generation of Electron-Phonon Scattering Cross-Sections 
The static dielectric function and atomic dynamic structure factors represent the 

fundamental inputs to the estimation of the inelastic electron-phonon interactions. These 

functions may be estimated using a combination ab initio techniques including DFT and 

TDDFT. The general procedure for the calculation electron-phonon cross-section developed 

in this work is shown as a flow chart in Fig. 3.11.  

This procedure was used to estimate the inelastic electron-phonon cross-section for UO2. 

The VASP code was used to perform DFT and TDDFT calculations [115-122], while the 

PHONON code was used to generate the partial phonon density of states for uranium and 

oxygen [146]. The static dielectric function was predicted in the RPA for UO2 within the first 

Brillouin zone using TDDFT [121,122]. The estimation of the dynamic structure factor for 

each element was performed using the LEAPR module of the NJOY nuclear data package 

[150,154]. While the NJOY package was developed for use in the prediction of thermal 

neutron scattering cross-sections, the atomic dynamic structure factor predicted by LEAPR is 

a crystal property and is the same for neutron-atom and electron-atom scattering, or any 

generic particle-atom scattering.  
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Fig. 3.11. Flow chart of the calculation of inelastic electron-phonon cross-section.  

 

 
3.3.1 Crystal Model, Electronic Structure and Generation of Phonons 

Uranium dioxide represents a unique nuclear fuel material, in that it requires the 

inclusion of the Hubbard model in traditional density functional theory calculations to 

properly predict the band gap.  Without the onsite coulomb repulsion energy, Ueff, introduced 

by the Hubbard model, UO2 is predicted to behave as a metal as opposed to an insulator 
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[129].  Adjusting Ueff in DFT calculations results in variation of the predicted band gap, such 

that the impact of band gap (Eg) on the electron-phonon interaction may be studied using 

UO2 as a template material.  

Electronic structure calculations using VASP were performed for the antiferromagnetic 

unit cell, Fig. 3.3, for varying value of Ueff with a 6x6x6 Monkhorst-Pack kmesh, 600 eV 

plane-wave cut-off and GGA-PBE pseudopotentials [115-120]; the results are tabulated in 

Table 3-4. The impact of Ueff on the overall electronic structure is illustrated in Fig. 3.12. The 

features of the electronic density of states are relatively insensitive to Ueff, which only 

significantly impacts Eg. An increasing onsite coulomb repulsion results in a greater band gap 

energy. 

 

 
Fig. 3.12. UO2 electron density of states for various band gaps predicted using DFT. The energy is relative to 
the Fermi energy, EF. The variation in band gap energies are a result of varying the effective onsite coulomb 
repulsion energy in the Hubbard model applied to the DFT calculations [129]. The electronic density of states is 
calculated according to Eq. (3.9). 
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Table 3-4. DFT predicted band gap energy as a function of the effective onsite coulomb repulsion energy, Ueff. 
The band gap energy is indicated as Eg. 

Ueff [eV] Eg [eV] 
0 0.0 

2.5 0.9 
3 1.3 
4 2.0 
5 2.6 
7 3.5 

 

 

The phonon density of states was generated for a 2x2x2 supercell (96 atoms) for each Eg, 

utilizing the corresponding Hellmann-Feynman forces from the electronic structure 

calculation and the PHONON code [146]. As in previous simulations (section 3.1.4) the 

paramagnetic ordering of UO2 was approximated by performing displacements with the 1-k 

antiferromagnetic ordering parallel and orthogonal to the displacement axis. The total phonon 

density of states for each Eg is illustrated in Fig. 3.13. Also shown are the partial phonon 

density of states for uranium and oxygen for a band gap of 2.0 eV.  

Due to the large mass disparity between uranium and oxygen, the lower energy 

acoustical phonons (< 0.025 eV) correspond nearly entirely to uranium vibrations, whereas 

the higher energy optical phonons to oxygen vibrations. While differences appear in the total 

phonon density of states as a function of band gap energy these differences are not expected 

to have a significant impact on the total electron-phonon scattering cross-section when 

compared to the effects of the electronic structure through the scattering potential, Eq. (2.63). 

Nevertheless, the differences in the partial density of states indicated that greater energy 

exchanges may be expected in electron-oxygen collisions as opposed to electron-uranium 

collisions. 
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Fig. 3.13. UO2 total phonon density of states for various band gaps predicted using DFT. The variation in band 
gap energies are a result of varying the effective onsite coulomb repulsion energy in the Hubbard model applied 
to the DFT calculations [86]. The inset shows the partial phonon density of states for uranium and oxygen for 
Eg=2.0 eV. 

 

 

3.3.2 Treatment of Thermal Electron Quasi-Particles 

In the formulation of the double differential cross-section, Eqs. (2.47) and (3.21), it was 

assumed that the incident particle may be treated as approximately free; however, in a crystal 

the secondary electron excitations may have a wavefunction which differs from a free 

particle. These electrons have wavefunctions described by Bloch functions, which are the 

product of a free particle wavefunction and a function with the periodicity of the crystal 

[81,86,106]. Consequently, the use of Bloch functions may be expected to most significantly 

affect the scattering potential as opposed to the dynamic structure factor. To capture any 

effects on the cross-section from the use of free-particle wavefunction it will be assumed that 

the secondary electrons may be treated as free quasi-particles with an effective mass greater 

than that of electrons, in which case the electron mass in the formulation of the electron-

phonon cross-section Eqs. (3.21)‒(3.26) is replaced by an effective mass m*. 
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Electrons in UO2 are predicted form small polarons, which act as mobile electrons 

dragging a cloud of phonons [22,155,156]. These quasi-particles are a direct consequence of 

the electron-phonon interaction, with a life-time (i.e. scattering rate) dependent on the 

interaction strength [109,110].  Due to the coupling between electrons and phonons, polarons 

traverse through the lattice in a manner analogous to an electron but with a greater mass. The 

polaron mass, mp, is dependent on the electron-phonon coupling parameter, α 

[22,80,109,110], and the effective mass of the particle due to the electronic band structure 

(i.e. dispersion relation between electron momentum and energy), mb, 

 41 1; 0.02 1
6

p p

b b

m m
m m

α α α α≈ + << ≈ >> . (3.27) 

The polaron mass for α>>1 may be used as an upper limit for the effective secondary 

electron mass in the calculation of electron-phonon scattering cross-sections.  

The electron-phonon coupling strength may be correlated to band gap energy as 

illustrated in Fig. 3.14 [22,107,109,157-181]. For band gaps less than 2 eV the electron-

phonon coupling is weak; however, between 2 eV and 4 eV the coupling strength increases 

significantly and has a wide but relatively constant band above 4 eV. Utilizing the theoretical 

coupling strength for UO2 and assuming the effective mass due to the band structure is the 

electron mass, me, the upper limit on the effective secondary electron mass is 18 me [22]. 

Within the limits of me < m* <18 me, the effective mass for each band gap energy listed in 

Table 3-4 was set such that the mean free time between scattering interactions in the current 

theory was consistent with experimental trends, see Fig. 3.15. 

Modeling of the fission spike requires an estimate of energy transfer rate between 

electrons and the atomic lattice, dE/dt. A simple measure of this rate which may be inferred 

from experimental measurements is the energy relaxation time, τe-p, representing the effective 

mean free time between scattering events which result in energy exchange between 

secondary electrons and the lattice. The relaxation time may be related to the energy loss rate 

of thermalized electrons through [182], 
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where the energy loss rate has been averaged over the secondary electron spectrum. This rate 

depends on the difference between average kinetic energy of secondary electrons E  and the 

average kinetic energy of electrons in equilibrium eqE   with the atomic lattice.  

 
Fig. 3.14. Electron-phonon coupling strength and band gap energy correlation. The data was obtained from 
various experimental measurements and theoretical calculations [22,107,109,157-181]. Values for UO2 are 
indicated separately from the general trend [22,169].  The inset shows the effective mass used in this work for 
each band gap. 

 

Thermalized secondary electrons are expected to have an initial average kinetic energy 

of 

 0.9 1.8g gE E E≤ ≤ , (3.29) 
 
following the fission spike [52,183-185]. The lower limit describes a scenario in which 

energy deposited in the electronic structure creates electron-hole pairs with equal energy. The 

upper limit describes a scenario in which the all energy deposited in the electronic structure 

is transferred to the excitation of electrons, while holes are created at the fermi energy. In the 
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most modern simulations of fission spikes only the electrons are explicitly modelled; 

therefore, the energy relaxation time for these fission spike simulations has a range defined 

by, 

 
( )2 0.91.8

d d
d d

g eqg eq
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(3.30) 

 
The indices u and v correspond to the averages of the energy loss rate for initial secondary 

electron spectrums with and average kinetic energy of 1.8Eg and 0.9Eg respectively. Models 

of fission energy deposition which will be used in this work assume that electrons will have a 

behavior consistent with 1.8 gE E=  (i.e. energy is deposited into electrons and holes are 

ignored). The energy relaxation time of secondary electrons in UO2 at 300 K as a function of 

band gap energy is compared to available experimental and theoretical data in Fig. 3.15 

[22,86,107,158-161,186-203].  

Electron-phonon relaxation time is traditionally extracted from experimental pump-

probe measurements [188-201]. In these experiments, a solid material is ‘irradiated’ with a 

laser greater than the band gap energy (typically 1-3 eV). This disruption excites electrons 

from the valence band to the conduction. Subsequently, these electrons slow-down through 

electron-electron interactions and thermalize through electron-phonon interactions. The rate 

of energy loss during the thermalization process is converted to a relaxation time using Eq. 

(3.28). The calculated electron-phonon relaxation times in Fig. 3.15 were obtained from 

Fermi’s Golden rule and TDDFT [158,202,203]. 

The electron-phonon relaxation time for each band gap and corresponding effective 

mass, illustrated in Fig. 3.15, was calculated using the procedure demonstrated in Fig. 3.11 

and Eq. (3.30). Effective masses which provided satisfactory agreement with the 

experimental trends are those shown in Fig. 3.14. Relaxation time and band gap energy 

demonstrates a similar correlation behavior to that observed for coupling strength. The 

greatest energy relaxation time (i.e. weakest electron-phonon coupling) occurs in metals, 

whereas the relaxation time decreases for increasing band gaps in semiconductor and 
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insulating materials. Electron-phonon interactions can therefore be expected to become 

stronger as band gap increases.  

 
Fig. 3.15. Electron-phonon relaxation time as a function of band gap energy. The range of values in this work is 
compared to theoretical and experimental estimates of the energy relaxation rate of excited electrons in 
materials [22,86,107,158-161,186-203]. The range of e-p relaxation times in this work was calculated according 
to Eq. (3.30). 

 

 

3.3.3 Generation of the Effective Electron-Phonon Interaction 

The effective electron-phonon interaction is a direct product of the electron-ion 

interaction and the inverse dielectric function, Eq. (2.63). Dielectric functions predicted by 

TDDFT in this work only included valence electrons, therefore, the unscreened electron-ion 

interaction in the current work is chosen to be the VASP PAW pseudopotential which 

includes the nucleus and core electrons. In particular the electron-atom interaction is the 

spacial Fourier transform of the Hartree and local part of the pseudopotentials, which are 

expected to be the dominant contributions to the electron behavior [114,117,118]. The 

pseudopotentials for uranium and oxygen are illustrated in Fig. 3.16. 
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Fig. 3.16. Atomic PAW pseudopotentials for uranium and oxygen [117,119]. The pseudopotentials shown 
include only the Hartree and local parts. 

 

While the unscreened pseudopotential is an atomic property independent of the 

electronic structure of the system, the static dielectric function is a property of the electronic 

structure of the material. Therefore, the strength of the scattering potential in electron-phonon 

scattering is dependent upon the static dielectric function. The dielectric function for UO2 

was calculated using TDDFT calculations and the VASP code for each band gap energy 

listed in Table 3-4 [121,122]. The static dielectric function is illustrated as a function of 

momentum transfer in Fig. 3.17 for a bare electron (mass of me) and the effective mass 

illustrated in Fig. 3.14. The TDDFT calculations were limited to momentum transfers within 

first Brillouin zone. For larger momentum transfers, the dielectric function was assumed to 

be that of a HEG, Eqs. (2.49)‒(2.51). In this case the Fermi energy was set such that 

dielectric function was continuous.  The resulting inverse dielectric function increases with 

increasing band gap, suggesting that a larger band gap results in less efficient screening of 

the atomic nucleus and core electrons. 

Utilizing the static dielectric function and the atomic pseudopotentials the effective 

electron-phonon scattering potential, Eq. (2.63), was calculated for uranium and oxygen in 
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UO2 for each band gap energy. The electron-phonon scattering potentials for a free electron 

of mass of me is illustrated in Fig. 3.18. Scattering with oxygen has a stronger potential for 

larger momentum transfers than uranium. As with the unscreened potentials, Fig. 3.16, the 

uranium scattering potential is significantly greater than the oxygen.  

The uranium and oxygen electron-phonon scattering potential for an electron quasi-

particle (mass greater than me) is compared for each band gap in Fig. 3.19 and Fig. 3.20 

respectively. As the band gap increases the magnitude of the scattering potential increases 

due to the decreasing effectiveness of screening described by the dielectric function. As the 

effective mass increases, conservation of momentum results in smaller scattering angles. 

Consequently, the increasing effective mass results in shift toward smaller momentum 

transfers. The fluctuations in the scattering potentials are a result of the 1-k antiferromagnetic 

ground state, Fig. 3.3, in DFT/TDDFT calculations which deviate slightly from cubic 

behavior. 

 
Fig. 3.17. Inverse static dielectric function of UO2 calculated from TDDFT. The primary plot illustrates the 
dielectric function as calculated from TDDFT with and electron mass of me. The inset plot illustrates the 
dielectric function as a function of momentum transfer for an electron quasi-particle with an effective mass. 
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Fig. 3.18. Electron-phonon scattering potential (Eq. (2.63)) of a free electron with oxygen and uranium in UO2. 

 
Fig. 3.19. Effective electron-phonon scattering potential (Eq. (2.63)) of an electron quasi-particle with uranium 
in UO2 for various band gap energies. 



 

78 

 
Fig. 3.20. Effective electron-phonon scattering potential (Eq. (2.63)) of an electron quasi-particle with oxygen 
in UO2 for various band gap energies. 

 

 

3.3.4 Dynamic Structure Factors of UO2 

The dynamic structure factor was calculated using the LEAPR module of NJOY (see 

Appendix D.4) as function of temperature using the partial phonon density of states for each 

band gap as the fundamental input to the phonon expansion, Eq. (3.22). In this case the 

dynamic structure factor is evaluated in the independent oscillator approximation. The 

dynamic structure factor for electron-oxygen scattering in UO2 with a 2 eV band gap is 

compared to the 1-phonon, Eq. (3.24), and free gas, (3.26) for temperatures of 300K and 

10000K in Fig. 3.21 and Fig. 3.22 respectively. The dynamic structure factor for each case 

corresponds to a momentum transfer of 40 eV, the maximum momentum transfer of a 10 eV 

electron. At 300 K the dynamic structure may be described using the 1-phonon contribution 

to the phonon expansion; however, at 10000 K the dynamic structure factor approaches that 

of a free gas. 
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Fig. 3.21. Dynamic structure factor of oxygen in UO2 with a 2 eV band gap compared to the 1-phonon 
contribution (Eq. (3.24)) and free gas (Eq. (3.26)) at 300 K and a momentum transfer of 40 eV. The dynamic 
structure factor is calculated using the phonon expansion Eqs. (3.23)-(3.25) 

 
Fig. 3.22. Dynamic structure factor of oxygen in UO2 with a 2 eV band gap compared to the 1-phonon 
contribution (Eq. (3.24)) and free gas (Eq. (3.26)) at 10000 K and a momentum transfer of 40 eV. The dynamic 
structure factor is calculated using the phonon expansion Eqs. (3.23)-(3.25). 
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During the fission spike the ion temperature is expected to exceed the melting 

temperature in UO2 [50,51,58,69]; therefore, to describe the electron-phonon interaction 

during the evolution of the associated thermal spike the dynamic structure is needed over a 

large range of temperatures. The dynamic structure factor for uranium and oxygen in UO2 

was, therefore, generated using the LEAPR module of NJOY for temperatures between 100 

K and 100000 K [150,154]. 

The dynamic structure factor for oxygen and uranium in UO2 modeled with a 2 eV band 

gap are illustrated in Fig. 3.23‒Fig. 3.30 for several temperatures.  As suggested by the 

partial density of states, Fig. 3.13, and the approximate 1-phonon behavior, Fig. 3.21, at 

reactor temperatures, oxygen excitations correspond to greater energy transfers than uranium. 

As the ion temperature increases the contribution of higher order phonon terms (greater than 

1-phonon) to the dynamic structure factor increases. Although UO2 melts at a temperature of 

3150 K [13,132], the process of melting requires a sufficiently long time span that may be 

longer than the fission spike [28].  Therefore, it is assumed that for temperature above 

melting the dynamic structure factor is calculated using the phonon expansion and considered 

a ‘hot’ phonon gas.  

Nevertheless, as the atom temperatures increases the dynamic structure factor 

approaches that of a free gas, which would be expected for a phase change from a solid to a 

state in which the lattice atoms become mobile. As the atomic mobility increases during the 

fission spike increases the lattice will begin to become disordered near the fission fragment 

path and the electrons will become free.  The binding energy of small polarons in UO2 is 

between 0.38 – 0.8 eV [22]; therefore, at phonon temperatures sufficiently higher than this 

energy range the formation of electron quasi-particles can be expected to be rare. To capture 

the impact of atomic mobility and de-coupling effect, above ion temperatures of 

approximately 1 eV secondary electrons are assumed to be free electrons (mass me) 

interacting with a hot phonon gas; whereas below this temperature the electrons are treated as 

quasi-particles. 
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Fig. 3.23. Dynamic structure factor of oxygen in UO2 at 300 K calculated in the independent oscillator 
approximation, see Eq. (3.22). 

 
Fig. 3.24. Dynamic structure factor of oxygen in UO2 at 1500 K calculated in the independent oscillator 
approximation, see Eq. (3.22). 
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Fig. 3.25. Dynamic structure factor of oxygen in UO2 at 3300 K calculated in the independent oscillator 
approximation, see Eq. (3.22). 

 
Fig. 3.26. Dynamic structure factor of oxygen in UO2 at 10000 K calculated in the independent oscillator 
approximation, see Eq. (3.22). 
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Fig. 3.27. Dynamic structure factor of uranium in UO2 at 300 K calculated in the independent oscillator 
approximation, see Eq. (3.22). 

 
Fig. 3.28. Dynamic structure factor of uranium in UO2 at 1500 K calculated in the independent oscillator 
approximation, see Eq. (3.22). 
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Fig. 3.29. Dynamic structure factor of uranium in UO2 at 3300 K calculated in the independent oscillator 
approximation, see Eq. (3.22). 

 
Fig. 3.30. Dynamic structure factor of uranium in UO2 at 10000 K calculated in the independent oscillator 
approximation, see Eq. (3.22). 
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3.3.5 Double Differential Electron-Phonon Scattering Cross-Section in UO2 

The double differential cross-section is simply a product of the dynamic structure factor 

and the square of the scattering potential, see Eq. (3.21). The inelastic electron-phonon 

double differential cross-section was calculated as the starting point for the calculation of the 

scattering cross-section and energy loss rate of secondary electrons resulting from fission. 

This scattering rate distribution is illustrated for several atom temperatures in Fig. 3.31‒Fig. 

3.38 for uranium and oxygen in UO2 modeled with a 2 eV band gap in the form 
2d d dE Q Wσ , which does not depend on the incident electron energy.  The cross-sections 

are in list in units of b/eV where a barn (b) is 10-24 cm2. 

Because the scattering potential is independent of the energy transfer resulting from 

scattering, the energy transfer dependence of the double differential cross-section is the same 

as the dynamic structure factor. The behavior with respect to momentum transfer, however, is 

strongly dependent on the scattering potential. The scattering potential has a maximum for 

both atom types, whereas the dynamic structure factor is asymptotic. Thus, the most probable 

energy transfer for electron-phonon interactions occurs where the magnitude of the scattering 

potential is greatest. For electron quasi-particles this is approximately 2 eV and 5 eV for 

uranium and oxygen respectively, see Fig. 3.19 and Fig. 3.20; however, at high temperatures 

(> 1 eV), the most probable momentum transfer for the ‘free’ electrons is significantly 

greater at nearly 10 eV and 20 eV for uranium and oxygen respectively. For all temperatures 

the probability of scattering decreases for high momentum transfers, but more significantly 

for electron quasi-particles which favor lower momentum transfers. 

 

 

 



 

86 

 
Fig. 3.31. Inelastic electron-phonon double differential scattering cross-section for oxygen in UO2 at 300 K, see 
Eq. (3.21). 

 
Fig. 3.32. Inelastic electron-phonon double differential scattering cross-section for oxygen in UO2 at 1500 K, 
see Eq. (3.21). 
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Fig. 3.33. Inelastic electron-phonon double differential scattering cross-section for oxygen in UO2 at 3300 K, 
see Eq. (3.21). 

 
Fig. 3.34. Inelastic electron-phonon double differential scattering cross-section for oxygen in UO2 at 10000 K, 
see Eq. (3.21). 



 

88 

 
Fig. 3.35. Inelastic electron-phonon double differential scattering cross-section for uranium in UO2 at 300 K, 
see Eq. (3.21). 

 
Fig. 3.36. Inelastic electron-phonon double differential scattering cross-section for uranium in UO2 at 1500 K, 
see Eq. (3.21). 
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Fig. 3.37. Inelastic electron-phonon double differential scattering cross-section for uranium in UO2 at 3300 K, 
see Eq. (3.21). 

 
Fig. 3.38. Inelastic electron-phonon double differential scattering cross-section for uranium in UO2 at 10000 K, 
see Eq. (3.21). 



 

90 

3.3.6 Differential Electron-Phonon Scattering Cross-Section in UO2 

Integration of the double differential scattering cross-section over all momentum 

transfers yields the differential scattering cross-section, 

 
max

min

2d dd
d d d

Q

e p Q e p

Q
W Q W
σ σ

− −

   =   
   

∫ . (3.31) 

 
The differential cross-section, in this case, is a measure of the probability of energy loss as a 

result of inelastic scattering (e.g. electron-phonon interaction). If this measure of energy loss 

is evaluated as a function incident and scattered energy it is referred to as a secondary 

distribution [150]. While the double differential cross-section is limited in Q and W by the 

possible excitation of the lattice, the differential cross-section is limited in W by conservation 

of momentum. The minimum and maximum momentum transfers are, 

 ( )min 2Q E W E E W= + − +   (3.32) 

 ( )max 2Q E W E E W= + + + , (3.33) 
 
with a minimum magnitude for Qmin and Qmax of zero.  

The differential cross-section for uranium and oxygen in UO2 modeled with a 2 eV band 

gap is illustrated for temperatures 300 K‒10000 K in Fig. 3.39‒Fig. 3.46. At low incident 

electron energies the electron-phonon scattering rate is small and only up-scattering 

processes are permitted (i.e. phonon absorption). For electrons with energies greater than the 

ion temperature down-scattering processes become dominant (i.e. net phonon emission). The 

electron-phonon interaction decreases with energy above approximately 1 eV. 
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Fig. 3.39. Inelastic electron-phonon differential scattering cross-section for oxygen in UO2 at 300 K, see Eq. 
(3.31). 

 
Fig. 3.40. Inelastic electron-phonon differential scattering cross-section for oxygen in UO2 at 1500 K, see Eq. 
(3.31). 
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Fig. 3.41. Inelastic electron-phonon differential scattering cross-section for oxygen in UO2 at 3300 K, see Eq. 
(3.31). 

 
Fig. 3.42. Inelastic electron-phonon differential scattering cross-section for oxygen in UO2 at 10000 K, see Eq. 
(3.31). 
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Fig. 3.43. Inelastic electron-phonon differential scattering cross-section for uranium in UO2 at 300 K, see Eq. 
(3.31). 

 
Fig. 3.44. Inelastic electron-phonon differential scattering cross-section for uranium in UO2 at 1500 K, see Eq. 
(3.31). 
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Fig. 3.45. Inelastic electron-phonon differential scattering cross-section for uranium in UO2 at 3300 K, see Eq. 
(3.31). 

 
Fig. 3.46. Inelastic electron-phonon differential scattering cross-section for uranium in UO2 at 10000 K, see Eq. 
(3.31). 
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3.3.7 Electron-Phonon Scattering Cross-Section in UO2 

The total cross-section for electron-phonon interactions (i.e. electron-atom) represents 

the rate at which these interactions occur. The total electron-phonon scattering cross-section, 

 ( ) dd
de p

e pE

E W
W
σσ

∞

−
−−

 =  
 ∫ , (3.34) 

has contributions from inelastic and elastic scattering processes. While the inelastic 

component determines the behavior of energy transfer from the electronic structure to the 

lattice [50,51,58,69,83], it represents may represent a small fraction of the total at low 

temperatures for some electron energies. The elastic and inelastic components of the 

electron-phonon scattering cross-section in UO2 (Eg = 2 eV) the independent oscillator 

approximation are compared to that of a ‘free’ atom in Fig. 3.47‒Fig. 3.50. The ‘free’ atom 

cross-section was calculated as, 

 ( ) ( )
( )

224

,
0

* 1d
2

E
I

f I

V QmE Q
E Q

σ
p ε

  =        
∫



. (3.35) 

The qualifier ‘free’, as indicated by use of a screened potential, does not refer to a 

gaseous state, but instead that the atom is free of the effects of atomic motion (e.g. 0 K). The 

elastic contribution in the independent oscillator approximation is meant to only be 

demonstrative of the correspondence between the ‘free’ atom and the phonon expansion. The 

true elastic electron-phonon scattering cross-section has contributions entirely from distinct 

interference effects (i.e. Bragg diffraction) which will result in a zero elastic cross-section 

below 10 eV. 

At reactor temperatures (e.g. 300 – 1500 K) the primary contribution to electron-phonon 

scattering interactions above 10 eV is expected to be elastic; however, at high temperatures 

where the dynamic structure factor approaches that of a free gas the inelastic scattering 

becomes equal to or greater than the elastic. As may be expected for an atom with a Thomas-

Fermi like scattering potential the scattering potential has an approximately 1/E behavior at 

higher incident electrons energies [72]. The 1/√E behavior of the inelastic cross-section at 

low incident electron energies is due entirely to the dominance of up-scattering at these 

energies.  
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Fig. 3.47. Comparison of independent oscillator inelastic and elastic electron-phonon cross-section (Eq. (3.34)) 
to free-atom (Eq. (3.35)) for oxygen in UO2 at temperatures 300 K‒3300 K. 

 
Fig. 3.48. Comparison of independent oscillator inelastic and elastic electron-phonon cross-section (Eq. (3.34)) 
to free-atom (Eq. (3.35)) for oxygen in UO2 at 10000 K. 



 

97 

 
Fig. 3.49. Comparison of independent oscillator inelastic and elastic electron-phonon cross-section (Eq. (3.34)) 
to free-atom (Eq. (3.35)) for uranium in UO2 at temperatures 300 K‒3300 K. 

 
Fig. 3.50. Comparison of independent oscillator inelastic and elastic electron-phonon cross-section (Eq. (3.34)) 
to free-atom (Eq. (3.35)) for uranium in UO2 at 10000 K. 
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3.3.8 Electron-Phonon Stopping Power of Thermal Electrons in UO2 

In current models used to describe the fission energy deposition process, the 

fundamental description of the electron-phonon interactions used to describe the transfer of 

energy between atoms and electrons are the stopping force, dE/dx, Eq. (2.3), or energy loss 

rate, dE/dt. The energy loss rate which was introduced in section 3.3.2 is commonly referred 

to as the stopping power, and is related to the stopping force by the incident particle velocity, 

 d 2 d
d * d
E E E
t m x

   − = −   
   

. (3.36) 

 
The stopping force as a function of atomic temperature is shown for uranium and oxygen in 

UO2 in Fig. 3.51 and Fig. 3.52 respectively. As atom temperature increases the stopping 

force increases until the 1 eV atom temperature limit where the incident electrons are treated 

as ‘free’ (i.e. mass of me). Atoms are expected to have larger kinetic energies for increasing 

temperature. Consequently, phonon absorption processes become more competitive with 

phonon emission and the stopping force decreases for energies near the atom temperature. 

Qualitatively the electron-phonon stopping force behaves like the stopping force of fission 

fragments predicted by LSS theory. This is a physically consistent result as both are based on 

the use of a dynamic structure factor; a HEG is used in LSS theory [72,92,94].  

Electronic structure, as well as temperature has a significant impact on the electron-

phonon stopping force, as demonstrated in Fig. 3.53 and Fig. 3.54 for an ion temperature of 

300 K. As the band gap between conduction and valence electrons increases the stopping 

force becomes stronger. This trend is consistent with the expectations that a larger band gap 

results in greater electron-phonon coupling strength, demonstrated Fig. 3.14 and Fig. 3.15. In 

particular the energy loss resulting from the stopping force is significantly less for a metal 

than for a gapped material (i.e. semi-conductor or insulator). 
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Fig. 3.51. Electron-phonon stopping force by oxygen in UO2. The stopping force is evaluated from Eq. (3.36) 
relative to the oxygen atom density in UO2. 

 

 
Fig. 3.52. Electron-phonon stopping force by uranium in UO2. The stopping force is evaluated from Eq. (3.36) 
relative to the uranium atom density in UO2. 
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Fig. 3.53. Impact of electronic structure on electron-phonon stopping force by oxygen in UO2 at 300 K. The 
stopping force is evaluated from Eq. (3.36) relative to the oxygen atom density in UO2. 

 
Fig. 3.54. Impact of electronic structure on electron-phonon stopping force by uranium in UO2 at 300 K. The 
stopping force is evaluated from Eq. (3.36) relative to the uranium atom density in UO2. 

 

For the purposes of modelling the evolution of the fission spike it is important to 

differentiate the energy loss and gain contributions to the total stopping force for each atom 

type in the crystal. These components are calculated as, 
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The sum of the gain and loss terms is the total stopping force given by Eq. (2.3). The energy 

loss stopping force corresponds to electron-phonon interactions which result in the net 

emission of phonons, whereas energy gain results in the net absorption of phonons. The 

energy loss and gain were calculated for oxygen and uranium in UO2 as a function of 

temperature; demonstrated in Fig. 3.55 and Fig. 3.56 for a 2 eV band gap.  

At incident electron energies below the atom temperature the energy gain is significantly 

greater than the energy loss; however, above this temperature, where phonon absorption 

processes become dominant, energy gain becomes dominant. At incident electron energies of 

2kBT (i.e. twice the thermal energy), the phonon absorption and emission rates are 

approximately equal; thus the net stopping force is positive at lower energies and negative at 

higher energies. The spectral peaks in the energy loss and gain, where both are at their 

maximum magnitude, correspond to that of the total stopping force, Fig. 3.51 and Fig. 3.52. 

 
Fig. 3.55. Energy loss and gain contribution to the electron-phonon stopping force by oxygen in UO2 for 
temperatures 300 K‒10000 K. The stopping force is evaluated from Eq.(3.37) and (3.38) relative to the oxygen 
atom density in UO2. 
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Fig. 3.56. Energy loss and gain contribution to the electron-phonon stopping force by uranium in UO2 for 
temperatures 300 K‒10000 K. The stopping force is evaluated from Eq.(3.37) and (3.38) relative to the uranium 
atom density in UO2. 

 

Secondary electrons following fission are expected to behave as a quasi-particle gas and 

may be assumed to have a Maxwell Boltzmann distribution [52,182-185]. Consequently, an 

average stopping power as a function ion atom temperature and electron temperature may be 

used to describe the transfer of energy from electrons to the lattice. Stopping power libraries 

were generated for both energy loss and energy gain for band gaps between 0 eV – 2 eV are 

shown in Fig. 3.57‒Fig. 3.62. The thermodynamic average energy loss and gain rates were 

calculated from Eqs. (3.37) and (3.38) as, 
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. (3.40) 

 
In general the magnitude of each contribution to the stopping power increases with 

increasing atom temperature and electron temperatures, with an abrupt drop at an ion 

temperature of 1 eV where the electrons are treated as free. This behavior arises from the 

increasing contribution of multi-phonon process which causes an increase in the differential 
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cross-section. Although the total cross-section for uranium UO2 is in general greater than 

oxygen, the initial energy loss rate is less (Te=3.6 eV). This is a consequence of the greater 

energy phonons for oxygen vibrations, which results in greater energy transfers. A 

comparison of stopping power and the cross-section predicts an average energy transfer of 

approximately 10 meV for interaction with uranium, corresponding to the 11 meV peak in 

the phonon density of states. Conversely, the average energy transfer due to interactions with 

oxygen is approximately 45 meV, between the 30 meV and 56 meV optical phonon peaks. 



 

104 

 
Fig. 3.57. Electron-phonon energy (a) loss and (b) gain rate due to oxygen in UO2 modeled with 0 eV band gap. 
The stopping powers are evaluated from Eqs. (3.39) and (3.40) relative to the oxygen atom density in UO2. The 
atom and electron temperatures are Te and Ta respectively. 



 

105 

 
Fig. 3.58. Electron-phonon energy (a) loss and (b) gain rate due to uranium in UO2 modeled with 0 eV band 
gap. The stopping powers are evaluated from Eqs. (3.39) and (3.40) relative to the uranium atom density in 
UO2. The atom and electron temperatures are Te and Ta respectively. 
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Fig. 3.59. Electron-phonon energy (a) loss and (b) gain rate due to oxygen in UO2 modeled with 0.9 eV band 
gap. The stopping powers are evaluated from Eqs. (3.39) and (3.40) relative to the oxygen atom density in UO2. 
The atom and electron temperatures are Te and Ta respectively. 
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Fig. 3.60. Electron-phonon energy (a) loss and (b) gain rate due to uranium in UO2 modeled with 0.9 eV band 
gap. The stopping powers are evaluated from Eqs. (3.39) and (3.40) relative to the uranium atom density in 
UO2. The atom and electron temperatures are Te and Ta respectively. 
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Fig. 3.61. Electron-phonon energy (a) loss and (b) gain rate due to oxygen in UO2 modeled with 2.0 eV band 
gap. The stopping powers are evaluated from Eqs. (3.39) and (3.40) relative to the oxygen atom density in UO2. 
The atom and electron temperatures are Te and Ta respectively. 
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Fig. 3.62. Electron-phonon energy (a) loss and (b) gain rate due to uranium in UO2 modeled with 2.0 eV band 
gap. The stopping powers are evaluated from Eqs. (3.39) and (3.40) relative to the uranium atom density in 
UO2. The atom and electron temperatures are Te and Ta respectively. 
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CHAPTER 4 Fission Spike Evolution and Energy Transport 

The evolution of fission fragment energy loss and its subsequent effects are illustrated in 

Fig. 4.1. Fission fragments typically travel 6-10 μm and depositing up to nearly 100 MeV in 

less than 1 ps, mostly into the electronic structure. Delta-rays‒a direct product of electronic 

stopping of fission fragments‒loss their energy through electron-electron (e-e) interactions in 

1-10 fs, and create secondary electronic excitations. These secondary electronic excitations 

may be assumed to quickly equilibriate through e-e interactions, thus creating a thermal 

distribution of electron excitations [152].  

Subsequently, the thermal electrons diffuse and thermalize with the atomic lattice 

through an energy exchange driven by electron-phonon (e-p) interactions. This process 

results in the thermal spike whereby the local crystal lattice is disrupted, permitting atomic 

mobility. The resulting disruption quenches through the transport of energy into the bulk 

crystal system, which acts as an infinite ‘bath’ at a fixed temperature; the bulk fuel 

temperature in a nuclear reactor. The time-span from the initial production of delta-rays to 

the equilibration with bulk crystal is nearly 10-100 ps, which is three-orders of magnitude 

greater than the time required for the fission fragment to lose its energy.  

The transport of energy within the thermal spike following fission may be modeled with 

the use of heat equations. In this case the particles of interest are electrons and phonons, with 

the fission transport representing an initial injection of heat into the electronic structure.  

These equations may be derived as moments of the Boltzmann equation for each particle 

[68]. Development of these energy (or heat) equations can model the electron and phonon 

systems as a system average (one group) or as a set of coupled equations with multiple 

energy groups (multi-group). 

Traditionally two-temperature models (TTM) have been utilized to study the interaction 

of evolution of the fission spike in materials [50,51,58,69,204-209]. These models may be 

considered to use a one-group approximation of the electron and phonon systems; however, 

to capture the differences in the dynamics of electron slowing-down and thermalization 

multiple groups may be required. In the present work, a multi-group model (MGM) 

consisting of two electron energy groups and a single phonon energy group is developed. The 
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fission spike is initially modeled using TTM in conjunction with molecular dynamics (MD) 

simulations. Subsequently, the fission spike is modeled using MGM in conjunction with MD. 

The evolution of the fission spike and its potential impact in nuclear fuel is evaluated and 

compared between the TTM and MGM methods.  

 
Fig. 4.1. Evolution of fission fragment energy loss. The corresponding evolution of the electronic structure and 
atomic lattice is also shown. Equilibration between electrons and phonons, occurs as the electrons thermalize 
through electron-phonon scattering resulting in localized atomic heating. Quenching refers to the subsequent 
cooling process, whereby the electrons and lattice temperature return to thermodynamic equilibrium with the 
bulk crystal. 
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4.1 Two-Temperature Model 
Two-temperature models attempt to capture energy exchange between the electronic and 

lattice system through e-p interactions while explicitly treating electron energy transport. 

These models may, therefore, be used to describe the evolution of the fission spike with an 

the initial injection energy into the electronic system due to electronic stopping or delta-rays. 

Traditional TTM assume that the equilibrium concept of temperature applies and that 

electron excitations resulting from fission may be characterized as a free gas; however, this 

treatment typically does not capture the energy dependence of the electron behavior. 

Nevertheless, this model has been demonstrated to be a reasonably predictive tool for 

examination of the evolution fission fragment energy deposition and transport 

[50,51,58,69,204-209].  

The TTM describes energy transport using a set of coupled heat equations [69,204,210], 
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where Te, Ta, ne, Na, Ce, C(Ta), and ke, K(Ta) are the temperature, particle density, specific 

heat, and thermal conductivities of the electronic and lattice systems respectively. Energy is 

initially injected into the electronic system through a delta-ray dose function, B(r,t). Energy 

transport within each systems is treated explicitly and energy is transferred from electrons to 

atoms through a semi-empirical e-p coupling constant, ge-p. 

During the initial stages of the fission spike atoms may exceed a threshold velocity 

corresponding to a temperature 'aT , and loss energy to electrons defined by an electronic 

stopping coupling factor gs. The primary mechanism of energy exchange between electrons 

and atoms, however, occurs through electron-phonon (e-p) coupling. The e-p coupling 

constant is fundamentally a measure of the stopping power of fission induced electron 

excitations. In this case the relaxation time approximation is assumed whereby the the 

stopping power is assumed to be proportional to the temperature difference between the 

electrons and atoms, 
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This approximation assumes that the electrons and atoms are near thermal equilibrium, which 

is generally valid for most of the duration of the thermal spike resulting from fission, with the 

initial phase of equilibration (i.e. ballistic phase) being the exception [182]. 

The electron-phonon coupling is assumed to be a constant corresponding to a free gas of 

electrons and may be related to the relaxation time defined in Eq. (3.28) as [69], 

 e e
e p

e p

n Cg
τ−

−

= . (4.4) 

 For a free gas the heat capacity may be assumed to be 3/2kB, such that the coupling constant 

may be interpreted as the rate at which inelastic e-p interactions occur. In general a semi-

empirical approach is taken to solving these models whereby the e-p coupling constant or 

relaxation time is tuned to provide reasonable agreement with measured observables, most 

commonly track radii induced by swift heavy ions (E > 1MeV/amu) [50,51,58,69,204,205]. 

Because the TTM lacks any information on the motion of individual atoms it is unable to 

explicitly predict defect and track formation; therefore, assumptions are often made to infer 

these phenomena. Typically, for modeling of track formation, it is assumed that the 

maximum radius at which the temperature exceeds either the melting or vaporization 

temperature is the track radius [58,69,204,205]. Despite providing valuable insights into the 

evolution of the fission spike this approaches suffers from the same deficiencies as CSDA, in 

that it cannot capture statistical fluctuations in the behavior due the discrete nature of 

radiation matter interactions.  

 

4.1.1 Molecular Dynamics Two-Temperature Model 

In an attempt to describe the micro-scale evolution of the atomic system following the 

passage of a swift heavy ion or fission fragment more explicitly, molecular dynamics (MD) 

models were developed utilizing TTM with an atom-continuum approach [29,50,51,211-

214]. The explicit treatment of individual atoms within these MD models permits the 

simulation of fission spike phenomena without any assumptions on the relationship between 
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atomic order and thermodynamic properties. As such, the melting and annealing process 

which are expected occurs during track formation may be directly observed [50,215]. 

Furthermore, it has also been demonstrated that tracks to not simply occur at a point which 

exceeds the melting temperature, but rather due to the incomplete recombination of vacancy-

interstitial recombination during the quenching of the lattice disruption [50]. Additionally 

MD models have made the exploration of fission induced mobility and related processes 

available [50,51,214].  

In the atom continuum approach used in MD-TTM, the electronic system is overlayed 

on a tradiational MD supercell simulation and solved using finite elements analysis. The 

interaction between the lattice and electronic system is captured using a Langevin 

formulation [210].  

 ( ) ( )i
I i i i iM t t

t
γ∂

= − +
∂
v F v F . (4.5) 

 
in which up-scattering of lattice energy to the electron system is capture by a frictional force 

and down-scattering of electronic energy to the lattice is described by a stochastic force.  

Forces on individual atoms, iF , of mass IM  and type I are due to interatomic potentials. The 

energy transfer from the atom system to the electronic system is described by the friction 

term with coefficient iγ ; while the energy transfer from the electronic system to the atom 

system is described by a stochastic force, iF , with a random direction.  

At each time step of an MD-TTM simulation the electronic system is evolved through 

continuum equations, 

 ( )e ( , )e
e e e

V

T En C V dV k T B t V
t t∆

∆ ∆
∆ = ∇ ∇ − + ∆

∆ ∆∫ r . (4.6) 

 ( )i i i iE tγ∆ = − ⋅ ∆∑ F v v   (4.7) 

 
where and ΔV is the volume of the grid-cell.  The heat diffusional term is discretized across 

the grid-cell structure, which is cubic in this work. Energy transfer between atoms and 
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electrons within a grid-cell, ΔE, is set to conserve energy and is dependent on the energy gain 

from the frictional force and energy loss through the stochastic force. 

The stochastic force component of the force equation must obey the fluctuation 

dissipation theorem and satisfies the equations [211], 

 ( ) 0i t =F   (4.8) 

 ( ),( ') ( ) 6 δ 'i i B e e p It t k T t tγ −⋅ = −F F    (4.9) 
 
where Te is the local electronic temperature and ,e p Iγ −  is the e-p friction coefficient. The 

general friction coefficient, iγ , includes both the e-p interaction and electronic stopping of 

energetic atoms such that, 

 , ,i e p I s I i tvγ γ γ−= + >v   (4.10) 

 ,i e p I i tvγ γ −= <v   (4.11) 
 

where ,s iγ  is the electronic stopping friction coefficient for atom i I∈ . In this work only one 

electronic stopping friction coefficient was used for oxygen since uranium atoms do not have 

sufficient energy to surpass the threshold velocity of vt during the fission spike. 

Previous MD-TTM models were developed for a monatomic system in which a single e-

p coupling factor was assumed, and the e-p friction coefficient was the same for all atoms 

[211]. This model may be generalized for a polyatomic system with a single e-p coupling 

factor, by using a different friction coefficient. Although oxygen and uranium are predicted 

to have different e-p interaction strengths in UO2 (demonstrated in section 3.3.8), the average 

stopping power across the energy range of thermalization is expected to be of a similar 

magnitude. A single material e-p coupling constant which limits the number of semi-

empirical parameters is in this case justified. The material e-p coupling factor is related to the 

e-p friction coefficient by,  

 ,3 B e p I
e p

I

Nk
g

M
γ −

− = . (4.12) 
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where N is the atom density in the grid cell. From the definition of the e-p coupling factor, 

Eq. (4.4), the e-p friction coefficient for each atom type may then be described as 

 , 3
e e I

e p I
B e p

n C M
Nk

γ
τ−

−

= , (4.13) 

 
where e pτ −  is a single semi-empirical e-p relaxation time for the system.  

This definition of the friction factor may be used to describe the stochastic force, which 

determines the rate of energy transfer from electrons to atoms in fission spike simulations. 

The stochastic force is a randomly variable with a Gaussian distribution; however, in MD 

this force is not sampled from a Gaussian distribution, but instead a uniform distribution with 

a width of a single time-step [215,216]. This uniform distribution approaches the behavior of 

a Gaussian random variable for sufficiently short time-steps (i.e. much less than the e-p 

interaction rate). The resulting implementation of the stochastic force in MD-TTM is, 

 ( )
0.5

24 0.5
0.5

x
I e e e

i y
I e p

z

rand
M n C Tt rand

N t
rand

τ −

− 
 = − ∆
 − 

F   (4.14) 

 
where rand indicates a random number between 0 and 1, and the subscript indicates that 

separate random number are used for each spatial direction. 

 

4.2 MD-TTM Simulations of Fission-Spikes 
Classical molecular dynamics (MD) was used in this work to explore ion track formation 

and fission enhanced diffusion in UO2.  The interactions between atoms i I∈  and j J∈  

were described by a Coulomb-Buckingham interatomic potential, 

 6
0exp( / ) / (1/ 4π )( / )ij IJ ij IJ IJ ij I J ijV A R C R Z Z Rρ ε= − − − , (4.15) 

 
with parameters determined in previous work [15]. The potential parameters were tuned to 

provide reasonable agreement with lattice expansion, bulk modulus, and thermal 

conductivity.  The MD simulations in this work were performed using the LAMMPS code, 

which utilizes the particle-particle particle-mesh (PPPM) method for treating the long-ranged 
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coulomb interactions between atoms [217-219]. Fission spikes resulting from electronic 

stopping were modeled in a 10x60x60 supercell, 432000 atoms, representing a cross-section 

perpendicular to the fission fragment trajectory.  Prior to the simulation of a fission spike, the 

supercell was relaxed under an NVE thermostat (i.e. micro-canonical ensemble) with a 

Langevin bath outside of a cylinder with a radius of 28 unit cell lengths.  This bath was also 

used in simulations of fission spikes, and was found to be sufficiently large to capture the 

thermal spike phenomena. 

In the current MD-TTM simulations of fission spikes and ion spikes, the electronic 

subsystem was treated using the continuum model formulated in Eqs. (4.6) and (4.7), using a 

stochastic force, Eq. (4.16), to capture the energy exchange between the atomic and 

electronic subsystems [210,211]. The electronic subsystem was composed of 10x60x60 finite 

element cells and contained a bath with the same temperature and dimensions as that for the 

atomic lattice.   

To capture the changing time scales of the phenomenological development of fission and 

ion spikes, the time steps were varied from 10 attoseconds (as) at the initial injection of 

electronic energy to 1 fs during the quenching of the resulting thermal spike, which leads to 

track formation for swift heavy ions. The initial energy injection into the electronic system, 

B(r,t), which is representative of the delta-ray dose resulting from a fission fragment, or other 

swift heavy ion, may be represented by an exponential function, 

 ( )2

1 d( , ) exp exp
π d fe

E trB t R tR x
   −−= −   

   
r , (4.16) 

 
where (–dE/dx)e is the electronic stopping power of the fission fragment.  The mean radius of 

delta-ray energy deposition, R, is dependent on the energy (MeV/amu) of an incident ion and 

may be estimated to be between 1-4 nm in UO2 for heavy ions of interest [69,103]. Delta-

rays slow down through electron scattering interactions and excite secondary electrons within 

a mean time of flight, tf, of approximately 5 femtoseconds (fs).   

To explore the impact or electronic structure on the evolution and impact of fission 

spikes, simulations were performed on insulator-like and metal-like systems. These 

simulations utilized UO2 as a template crystal to eliminate the potential impact of atomic 
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structure on the fission energy deposition process. A metal-like system was modeled with a 

thermal conductivity of 200 W∙m-1∙K-1 and e-p relaxation time of 1000 fs. For UO2, a Mott-

Hubbard insulator, a thermal conductivity of nearly 20 W∙m-1∙K-1 and an e-p coupling 

constant within the range of 100-300 fs were used in the simulations of fission spike 

evolution.  In both metal-like and insulator-like systems the electron gas was assumed to 

have a heat capacity ( e en C ) of 1 J·m-3·K-1 [69]. 

Molecular dynamics simulations of track formation were first performed using MD-

TTM. For the purposes of studying the impact of electronic behavior of fission enhanced 

diffusion in nuclear fuel the diffusivity of uranium is of interest. The impact of changes in 

electronic behavior on fission enhanced diffusion is examined by measuring the linear 

coefficient A at temperatures between 300 K and 1373 K while varying the e-p relaxation 

time. Fission enhanced mobility, especially that of uranium, is expected to influence the 

accumulation of damage in nuclear fuels [14]. In this work the impact of electronic structure 

on the annealing of latent ion tracks was examined, where ion tracks represent a type of 

potential defect in UO2. Using insulator-like characteristics in UO2, tracks with radii of 

approximately 3 nm were generated by simulations of a 56 keV/nm ion. Subsequently, 

fission spikes were initiated at varying distances from the latent track for metal-like and 

insulator-like electronic systems.   

 

4.2.1 Ion-Track Formation 

Swift heavy ions (SHI) of stopping powers greater than 29 keV/nm are known to cause 

latent tracks in UO2, while fission fragments of stopping powers between 18 keV/nm and 22 

keV/nm do not create tracks in bulk UO2 [20,58,60].  MD-TTM simulations of SHI and both 

LFF and HFF were performed in UO2 for varying e-p relaxation times. In these simulations 

the electronic thermal conductivity was fixed to 20 W∙m-1∙K-1 to isolate the impact of the e-p 

interaction. Stopping forces of 29 keV/nm, 56 keV/nm, and 59 keV/nm were chosen to 

simulate ion spikes (i.e. thermal spike originating from SHI) based on available 

trackformation data [58]. Simulations of fission fragments were performed for representative 

18 keV/nm LFF and 22 keV/nm HFF. 
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The phenomenological evolution of an ion spike, simulated using MD-TTM, is 

illustrated in Fig. 4.2.  The corresponding changes in uranium density due to a fission spike 

in which a vacancy rich zone and interstitial rich zone are formed, are shown in Fig. 4.3.  The 

density was calculated within 1 nm thick shells around the initial fission spike center.  At 

approximately 20 ps the ion spike has subsided, and the relative density outside a radius of 

approximately 3 nm has been restored to the initial level.  However, as expected for a track, 

the vacancy rich zone developed during the quenching phase does not fully anneal, resulting 

in a vacancy rich core within the track. The high density zone encompassing the vacancy rich 

zone is the interstitial zone; however, the density increase may be partially explained by 

residual stress within the track. 

 
Fig. 4.2. Evolution of 29 keV/nm thermal spike in a simulated insulator-like system with τe-p of 150 fs.  The 
fission spike time progression from left to right is (a) original crystal, (b) ballistic phase, (c) quenching phase, 
(d) annealing phase, and (e) latent track. Uranium atoms are blue (dark) and oxygen atoms are yellow (light). 

 

Latent ion tracks are structural disruptions that may be observed visually in MD 

simulation, as demonstrated in Fig. 4.4; however, quantitative estimation of an ion track size 

is also accessible in MD. Pair-correlation functions (see Appendix C.2) measure the atomic 

structure of a system, and were used in this work to determine the size of a track [220]. 

Estimates of the pair-correlations within 0.5 nm thick cylindrical shells centered about 

simulated fission fragment or heavy ion trajectory demonstrated either disordered or 

structured character corresponding to track or non-track behavior respectively. A transition 

region exists between the amorphous and structured zones in which some structure has re-

emerged but the lattice is not yet completely distinguishable. The track radius was defined to 

be the mean radius within this transition region.  The transition between track and structured 

regions after the annealing phase of a 29keV/nm thermal spike in an insulator-like system at 
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300 K with a 150 fs e-p relaxation time and thermal conductivity of 20 W∙m-1∙K-1 is shown in 

Fig. 4.5.  
 

 
Fig. 4.3. Evolution of relative uranium density resulting from a 29 keV/nm thermal spike in a simulated 
insulator-like system with τe-p of 150 fs.  The relative density is referenced to the initial density within each 
zone. 

 

 
Fig. 4.4. (a) Pristine crystal and latent tracks resulting from (b) 29 keV/nm, (c) 56 keV/nm and (d) 59 keV/nm 
thermal spike in an insulator-like system with τep of 150 fs.  Uranium atoms are blue (dark) and oxygen atoms 
are yellow (light). 
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Fig. 4.5. Pair-correlation function, G(r), for a simulated 29 keV/nm ion track in a system with a τe-p of 150 fs 
and ke of 20 W∙m-1∙K-1. The pair correlation functions were measured within 0.5 nm thick cylindrical zones 
centered about the simulated particle trajectory. The cylindrical zone for each illustrated pair correlation is 
shown.  

 

As discussed above, the evolution of a fission spike leading to a track may be 

characterized by a thermal spike in which the lattice temperature rises promptly due to the 

rapid deposition of electronic energy to the lattice system and subsequently decays by 

phonon transport.  The sudden expansion of the hot inner core of the fission spike may result 

in a pressure spike in addition to the temperature spike. The temperature and associated 

pressure spike, as demonstrated in Fig. 4.6 – Fig. 4.8, are expected to become more 

pronounced with decreasing e-p relaxation time.  Increasing metallic behavior, i.e. weaker e-

p coupling, and decreasing electronic stopping power are observed to result in a less 

pronounced thermal spike and associated pressure spike. Latent tracks, as indicated in Fig. 

4.6b, or oxygen defect clusters in the case of fission fragments, are observed to possess 

residual stress energy which exert pressure on the surrounding bulk crystal. 
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Fig. 4.6. (a) Temperature and (b) pressure spikes for a simulated 29 keV/nm ion in an UO2 system with τe-p of 
150 fs. The temperature distributions illustrate the rapid increase in lattice energy in a thermal spike followed by 
a slower quenching of heat from a molten zone. The pressure spikes is shown as stress energy, pressure × 
volume, illustrating the development and decay of a pressure gradient. A stress zone may be observed around 
the latent track, which has a radius of 1.2 nm. 

 

 

 

 
Fig. 4.7. (a) Temperature and (b) pressure spikes for a simulated 29 keV/nm ion in an UO2 system with τe-p of 
1000 fs. The pressure spike is shown as stress energy, pressure × volume, illustrating the development and 
decay of a pressure gradient. 
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Fig. 4.8. (a) Temperature and (b) pressure spikes for a simulated 22 keV/nm fission fragment in an UO2 system 
with τe-p of 150 fs. The pressure spike is shown as stress energy, pressure × volume, illustrating the development 
and decay of a pressure gradient. While no track was observed for fission fragments, a stress zone from oxygen 
defect clusters may be observed near the simulated fission fragment path. 

 

The track radii predicted by MD-TTM for a range of stopping powers and for various e-

p relaxation times are compared to experiment in Table 4-1. The existence of each track was 

verified by visual observation of the MD supercell following the simulated irradiation. 

Although tracks were not observed at energies simulating fission fragments (i.e. 18 keV/nm 

and 22 keV/nm), oxygen defect clusters were observed near the fragment path, which is 

consistent with experimental observations [19,60,221]. The minimum possible track radius 

was assumed to be one unit cell length as this is the approximate size above which 

amorphization of a zone may be observed.  

The transition between disorder and order causes some ambiguity in the track radii such 

that all track radii predicted using MD-TTM in this work may be bound with an estimated 

uncertainty of at most half a UO2 cell length (±0.3 nm).  Variation in the e-p relaxation time 

demonstrates that increasing coupling strength results in larger track radius. The track radii 

predicted for ions of the same stopping power have reasonable agreement with experiment 

within the previously determined range of e-p relaxation times [20,58]. Specifically, a 

relaxation time of 150 fs has reasonable agreement with predicted track radii, and is within 

reasonable proximity to the predicted value of 180 fs for UO2 based on a correlation between 
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relaxation time and band gap derived from TTM simulations of SHI [69] and the trend 

observed in Fig. 3.15. 
 

Table 4-1. Track Radius for various electronic stopping powers and electron-phonon relaxtion times.  The MD-
TTM electronic system had a 20 W∙m-1∙K-1

 conductivity for all τe-p. The experimental data are 173 MeV (29 
keV/nm) Xe ions, 1300 MeV (56 keV/nm) uranium ions, and 2713 MeV (59 keV/nm) uranium ions in UO2. 
Fission fragments of stopping powers between 18 keV/nm and 22 keV/nm have been found to not form tracks 
in bulk UO2 [58,60]. MD results have an estimated uncertainty of approximately ±0.3 nm. 

d
d e

E
x

 − 
 

  

 [keV/nm] 

Energy 
[MeV/amu] 

Track Radius [nm] 
Electron-phonon Relaxation Time [fs] 

Exp [58] 

1000 300 200 150 
18 1.0 0 0 0 0 0 
22 0.5 0 0 0 0 0 
29 1.3 0 0 1.0 1.2 1.7±0.2 
56 5.5 0 2.3 2.7 3.1 4.4±0.5 
59 11 0 2.5 3.0 3.3 4.8±0.5 

 

 

4.2.2 Fission Enhanced Diffusion 

Although fission fragments do not cause tracks in bulk UO2 they do induce atomic 

mobility, i.e. diffusion. The study of fission-enhanced diffusion requires a formulism with 

which to quantify the diffusion coefficient. Within an MD construct an appropriate fission 

enhanced diffusion coefficient may be derived from the Einstein relation for the thermally 

activated self-diffusion [220], 

 ( ) 2D lim 1/ [ ( ) (0)] / 6I I i it i I
N t t

→∞
∈

= −∑ R R , (4.17) 

 
where iR  is the position of an atom and IN  is the number of atoms of species I in the 

volume of interest.  Fission energy affects a fixed volume at an average frequency 

proportional to the fission-rate-density.  Following the passage of a fission fragment a 

thermal spike permits enhanced mobility of atoms for a finite period, around 10-11 s, which is 

much less than the period between fission events within the affected volume.   
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Enhanced mobility prompted by a fission spike may therefore be treated as a diffusion 

process resulting from instantaneous discrete ‘jumps’, with an effective diffusion coefficient 

proportional to the mean frequency of fission events. Consequently, the fission enhanced 

diffusion coefficient for an atomic species ν may be expressed as 

 *DI A F= ⋅  (4.18) 

 [ ] [ ]2 2
0(1/ 6 ) ( ) ( ") ( ' ) ( ' )I i i i i

i I i I
A N t t t t t Vτ τ τ

∈ ∈

 
= + − − + + − + ⋅ 

 
∑ ∑R R R R , (4.19) 

 
where A is a linear coefficient, V0 is any arbitrary volume encompassing the energy 

deposition of a single fission event, i.e. both LFF and HFF, F is the fission-rate-density, and τ 

is the duration of the thermal spike. In Eq. (4.19) the difference in mean squared 

displacement resulting from fission and thermal motion is calculated. Time averages are over 

all time t and t’ greater than zero, and over all time origins t’’ less than zero, where time zero 

is the initiation of a thermal spike. 

Fission enhanced diffusion of uranium in UO2 resulting from electronic energy 

deposition over a range of temperatures was calculated using Eqs. (4.18) and (4.19). The 

resulting diffusion coefficient (D*) is shown in Fig. 4.9.  For comparison purposes, related 

experimental data are also shown [14,53-55]. The MD-TTM predicted range corresponds to 

an electronic system with a 150 fs e-p relaxation time and thermal conductivity of 20 W∙m-

1∙K-1.  The predicted D* is found to exhibit an athermal trend, which is consistent with the 

anticipated physical behavior and the experimental observations [14,53-55].  In addition, it is 

significantly larger than the “extrapolated” thermal diffusion coefficient (D), which is 

expected to be smaller by orders of magnitude depending on the considered temperature.  

Moreover, the contribution to the fission D* from nuclear stopping is on the order 10-20 cm2/s 

for a fission rate density of 1013 cm-3∙s-1, which is much less than the estimated electronic 

stopping contribution [14,53]. This further suggests that in UO2 the observed enhancement of 

uranium mobility is due to the interaction between the excitation of the electronic system and 

the lattice. 
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The impact of the electron-phonon coupling strength on fission enhanced mobility was 

also examined.  Fission enhanced mobility of uranium in UO2, like track radius, was found to 

vary with e-p relaxation time. The evolution of the diffusion process is illustrated in Fig. 4.10 

for e-p relaxation times of 150 fs and 1000 fs.  The mean squared displacement (MSD) is 

observed to evolve after the electronic and atomic systems have equilibrated, consistent with 

the characteristics suggested for the annealing phase in which mobile interstitial atoms 

recombine with vacancies within the fission spike core. As in thermal diffusion the 

displacement of oxygen through fission enhanced mobility is much greater than that of 

uranium.  The displacement of both atom types is more pronounced as e-p coupling strength 

increases (i.e. τe-p decreases). For a metal-like system the MSD of uranium is nearly that 

expected from thermal motion. 

 

 
Fig. 4.9. Fission-enhanced diffusion coefficient of uranium for a fission rate density of 1013 cm-3∙s-1 and an 
insulator-like electronic system with a τe-p of 150 fs and ke of 20 W∙m-1∙K-1. The MD-TTM D*, calculated using 
Eq. (4.18) and (4.19), is compared to experimental measures of uranium fission enhanced diffusion [14,53-55] 
and thermally actived diffusion coefficient [222-224]. As in experiment the predicted D* has a relatively 
athermal behavior [14,53-55]. 
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Fig. 4.10. Atomic displacement for uranium and oxygen resulting from a 22 keV/nm fission spike in a UO2 
system with τe-p of (a) 150 fs and (b) 1000 fs.  The atomic displacements and average temperature, Tave, were 
calculated within a 6 nm radius of the simulated fission fragment path. 

 

This trend of increasing mobility with lower e-p relaxation time, i.e., greater coupling 

strength, may also be observed through the fission enhanced diffusion coefficient, as defined 

in Eqs. (4.18) and (4.19) and shown in the relationships below. Due to the variation in 

electronic stopping power along the trajectory of fission fragments, a range of possible values 

for D* was determined for the present work.  The upper limit for this range was estimated 

assuming that the electronic stopping power of a fission fragment is constant for the entire 

range. The lower limit was determined by assuming that electronic energy deposition results 

in increased diffusivity of uranium for the 2-3 µm of the fission fragments range in which 

electronic stopping power is approximately constant.   

 32 5 32 51.4 10 cm D* 4.9 10 cmF F− −× ⋅ < < × ⋅ ; τe-p=150 fs (4.20) 

 32 5 32 51.1 10 cm D* 3.8 10 cmF F− −× ⋅ < < × ⋅ ; τe-p=200 fs (4.21) 

 33 5 32 57.4 10 cm D* 2.6 10 cmF F− −× ⋅ < < × ⋅ ; τe-p=300 fs (4.22) 

 34 5 34 52.6 10 cm D* 9.1 10 cmF F− −× ⋅ < < × ⋅ ; τe-p=1000 fs (4.23) 
The above relationships show that for an insulator-like (strong e-p coupling and low 

electronic thermal conductivity) the uranium diffusivity is enhanced significantly beyond that 

in a metal-like system (weak e-p coupling and high electronic thermal conductivity).  
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4.2.3 Fission-Track Interactions 

To examine the impact electronic structure on the ability of the fission spike to annealing 

pre-existing damage in nuclear fuel, MD-TTM simulations of fission spike interactions with 

latent ion tracks were performed. However, to verify the MD-TTM ability to qualitatively 

capture this annealing effect, simulations of SHI interactions with latent tracks were 

performed for which direct observations of this effect are available [20]. In particular, the 

irradiation of UO2 with 173 MeV 129Xe ions (29 keV/nm) has been found to cause latent ion 

tracks of between 1-2 nm, which subsequently precipitate into dislocation loops at an ion 

fluence of around 7×1012 Xe/cm2 [20].  

Simulations of the interaction of these ions with 1 nm tracks, which result from 

simulated 29 keV/nm ions [50], in an insulator-like system were found to cause the 

precipitation of these tracks into dislocation loops in the uranium sub-lattice, as illustrated in 

Fig. 4.11. The threshold interaction distance for this phenomenon was found to be around 5 

nm, which is consistent with the experimentally observed distance between ion spikes of 6 

nm corresponding to a fluence of 7×1012  Xe/cm2. This agreement in the prediction of track 

precipitation indicates that the current MD-TTM model is able to capture the 

phenomenological effect of ion or fission spikes on these lattice defects. 

 
Fig. 4.11. Uranium sub-lattice of UO2 in the {110} direction around (a) a 1 nm track and (b) dislocation 
precipitates following a simulated 29 keV/nm ion spike. Dislocation loops are a result of stacking faults and two 
exemplar dislocations are labeled. 

 

The impact of the electronic structure on the annealing of latent ion tracks by LFF (18 

keV/nm) and HFF (22 keV/nm) fission spikes through fission induced mobility were studied 
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using MD-TTM. The model insulator-like and metal-like systems used electronic thermal 

conductivity, κe, of 20 W∙m-1∙K and 200 W∙m-1∙K respectively and e-p relaxation times, τe-p, 

of 150 fs and 1000 fs respectively. To approximate the impact of fission fragment fluence 

(i.e. dose) within the fuel, fission spike interactions with a latent ion track 3 nm in radius 

were simulated for various distances between the latent ion track and the fission fragment 

trajectory, Δx. The fission fragment fluence corresponding to each distance is estimated to be 

at most 26×1012 cm-2, 9×1012 cm-2 and 2×1012 cm-2 for Δx of 3 nm, 5 nm, and 10 nm, 

respectively. The impact of fission fragments on 3 nm tracks at distances of Δx of 0 nm and 3 

nm is illustrated in Fig. 4.12 and Fig. 4.13 respectively. These fission spikes are observed to 

result in annealing of the latent ion track, and the annealing is found to be significantly 

greater in the insulator than in the metal. 

 

 
Fig. 4.12. Interaction of 22 keV/nm fission fragment with (a) a 3 nm track, in UO2 modeled as (b) insulator-like 
and (c) metal-like from MD-TTM simulations. The distance between the track center and fission fragment 
trajectory is Δx = 0 nm. 

 

 
Fig. 4.13. Interaction of 22 keV/nm fission fragment with (a) a 3 nm track, in UO2 modeled as (b) insulator-like 
and (c) metal-like from MD-TTM simulations. The distance between the track center and fission fragment 
trajectory is Δx = 3 nm. 

(a) (b) (c) 

(a) (b) (c) 
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The fission induced annealing of the ion tracks was found to produce defect types other 

than a latent tracks; therefore to quantify the annealing of latent ion tracks of initial radius, 

Ri, was characterized by comparison to an equivalent final track radius, Rf. This equivalent 

track radius was defined as the track radius of a cylindrical track with a volume equal to that 

of the defected volume following annealing. The equivalent track radii resulting from LFF 

and HFF interactions with a 3 nm track and are tabulated in Table 4-2 for the varying 

distances between track and fission fragment path. Comparison of the equivalent track radii 

demonstrates that an insulator-like electronic structure (strong e-p coupling) generally 

promotes greater annealing than that of a metal-like electronic structure (weak e-p coupling). 

The contrast between insulator-like and metal-like systems in regards to the impact of 

electronic structure on annealing is significantly demonstrated in the greater distances (i.e. 

lower fluence), Δx, at which the insulator-like system impacts the track than the metal-like 

system. This implies that the influence on defects of fission spikes occurs at lower doses in 

insulator systems than in metal systems, which is consistent with experimental measurements 

of swelling and with the current theory of a diminished temperature and pressure spike in 

metallic fuels [13,14]. 

 
Table 4-2. Impact of electronic structure on fission fragment annealing of latent ion tracks. The MD predicted 
initial track radii, Ri, and final track radii, Rf, have estimated uncertainties of no more than ±0.3 nm.  

d
d e

E
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 − 
 

  

[keV/nm] 

Δx  
[nm] 

Ri 
[nm] 

Rf [nm] 

Insulator-
like Defect Type Metal-

like 
Defect 
Type 

18 0 3.0 1.4 track 3.0 track 
18 3 3.0 2.2 track 2.9 track 
18 5 3.0 2.5 track 2.8 track 

18 10 3.0 2.6 track and defect 
clusters 3.0 track 

22 0 3.0 1.4 track 2.7 track 
22 3 3.0 2.0 track 2.9 track 
22 5 3.0 2.7 track 2.8 track 

22 10 3.0 2.6 track and defect 
clusters 3.0 track 
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4.3 Multi-group Model for Fission Effects 
Although current TTM models may be utilized to capture the effects of fission, the 

evolution of electronic excitations and the subsequent transfer of energy to the lattice is 

modeled under the assumption of a free electron gas as a single energy group characterized 

by a local temperature and temperature independent properties [50,51,58,69,209]. Moreover, 

these properties are generally treated as adjustable parameters, which are often set to provide 

reasonable agreement with ion track radii [50,58,69]. To model the fission spike phenomena 

with fewer assumptions on the physics of the electron-phonon interaction which drives 

fission effects, a new multi-group model (MGM) is developed in which the electron energy 

loss is predicted from first principle calculations. Furthermore, the model attempts to capture 

the phenomenological evolution of fission induced electronic excitations, from delta-rays to 

secondary excitations. In the current MGM electron energy groups are sub-divided into ‘fast’ 

electrons and thermal electrons, which form a thermal distribution. Energy transport in the 

electronic structure during the thermal spike in both groups is assumed to originate electron 

primarily from electrons such that holes are ignored, (both excitations of the electronic 

structure).  A single group is used to capture thermal transport of the atomic lattice (i.e. 

phonons).  

The ‘fast’ electrons include delta-rays and secondary electrons which do not form an 

approximate thermodynamic distribution.  These electrons will slow-down through electron-

electron (e-e) and electron-phonon (e-p) interactions, transferring energy to excite a thermal 

distribution of electronic structure. Because the ‘fast’ electrons are disrupted far from 

equilibrium, it may be assumed that there is no up-scattering of thermal electrons to this 

group; therefore e-e interactions within this group results in a net transfer of energy to the 

thermal electrons. Furthermore, the ‘fast’ electron energies are sufficiently large compared to 

lattice vibrations (phonons) that energy loss through e-p scattering may also be assumed to 

negligible in comparison to e-e energy loss. Any other processes related to the initial 

excitation of electrons contribute to the energy transfer within the group. Electron energy 

transport within this group is modeled as, 
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where κ~ is the effective energy diffusion coefficient, Q  is the energy imparted to the 

creation of delta-rays by the fission fragments, and '''
fE  is the energy density, and nf is the 

delta-ray density.  

The electron-electron interaction term describes the energy transfer from the fast group 

to the thermal group through e-e scattering. This form of the heat equation assumes that the 

energy transfer is relatively isotropic [182]. The energy loss rate due to e-e scattering will be 

dependent on the energy distribution of the delta-rays which evolves over time; therefore this 

rate will be time-dependent. The group average energy energy loss rate for the fast group 

may be derived from Eqs. (2.3), and (3.36) – (3.38) as, 
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where Emin is the energy cut-off for fast electrons (~10 eV). The average of the energy loss 

rate for each energy is taken over the time-dependent energy distribution of fast electrons, 

P(E,t).  

Thermal electrons, which are those electrons excited during the slowing down of fast 

electrons are assumed to have a thermal distribution tending toward local equilibrium with 

the lattice. These ‘electrons’ are assumed to be quasi-particles with kinetic energies on the 

order of the electron temperature and an effective mass greater than to the electron mass, me, 

as described in section 3.3.2. Furthermore, the energy states in this group may be assumed to 

sparsely occupied such that the ‘electrons’ behave as a free gas appropriately described with 

Maxwell-Boltzmann statistics [182]. These electrons lose energy through electron-phonon 

interactions in an attempt to return to equilibrium with the atomic lattice (i.e. thermalization). 

The energy transport equation (heat equation) for thermal electrons with electron thermal 

conductivity of eκ
  is, 
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The electronic stopping coupling factor gs and threshold temperature are the same as those 

used in TTM, Eq. (4.1). The e-p energy loss, l, and gain, g, for thermal electrons is an 

average over the Maxwell-Boltzmann distribution as described in Eqs. (3.37) and (3.38). 

Energy transport of thermal electrons is similar to the formulation of TTM, Eq. (4.1); 

however, instead of an assumed analytic expression of the injection of energy from the delta-

rays, the injection of energy to the thermal electrons is explicitly modeled as a consequence 

of energy transport in the ‘fast’ group. Additionally, the e-p energy transfer rate is not 

assumed to be proportional to a relaxation rate but instead is modeled explicitly from the e-p 

cross-section. 

Phonon energy transport during the thermal spike represents the final energy sink for 

fission energy. Phonons may transfer energy to thermal electrons through phonon absorption 

processes; however, typical energy transfer processes during the fission spike result in 

heating of the lattice as the electrons slow-down and thermalize. Phonons, like thermal 

electrons, form a thermodynamic energy distribution. In this case the energy distribution is 

representative of the atomic temperature and phonon energy transport through the atomic 

lattice is, 
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where the subscript a indicates atom properties. As with thermal electrons, the phonon 

energy transport equation is similar to TTM, Eq. (2.2), except that e-p interactions are 

modeled explicitly. 

 

4.3.1 Molecular Dynamics Multi-Group Model 

To model the fission spike with the use of a multi-group model and molecular dynamics, 

the governing equations must be reformulated in a manner similar to that of TTM [210-213]. 

An MGM formulation was, therefore, developed utilizing an atom-continuum approach, 
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whereby the electron groups are modeled using finite elements overlayed on MD simulation 

supercell.  

The fast electron equation, Eq. (4.24), is unaffected by the use of MD-MGM, except that 

the continuous equation is discretized using finite elements. In this case the governing 

equation may be re-written in Cartesian geometry as, 
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where ΔV is the volume of each discrete cell and Δt is the MD time-step. The initial injection 

of energy from fission is modeled as an initial condition and is the energy deposited in a cell 

by electron stopping, Fig. 2.4, 
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where Δx is the length of the cell along the fission fragment trajectory. In practice this energy 

is deposited over a radial distance of at least one discrete cell from the initial trajectory.  

The effective energy diffusion coefficient and energy loss rate may be extracted from 

time-dependent Monte Carlo simulations of the delta-rays; both parameters will therefore be 

time-dependent. Assuming delta-rays ‘diffuse’ radially with negligible energy loss for short 

time lengths (i.e. a single time-step), the energy density for delta-rays of energy E is, 
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where P(E,r,t) is the delta-ray distribution in time space and energy, and p(E) the distribution 

with respect to energy. A single time-dependent fast group diffusion coefficient may be 

derived for Eq. (4.30) from the mean-square-displacement averaged over all energy groups, 
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Evaluation of the MSD yields a time-dependent coefficient analogous to the Einstein relation 

for particle diffusion (Eq. (4.17)), 
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In MD-MGM simulations it is convenient to describe the energy loss due to e-e 

scattering in terms of an effective ‘relaxation’ time, τe-e, such that 
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Although this shares a similar formutlation to e-p relaxation time, no assumptions are made 

about the energy distribution. The relaxation time is defined as the inverse ratio of the 

average energy loss rate to the average energy at a given time, 
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This parameter may be extracted from Monte Carlo simulation of fission spikes. Due to the 

low energy of delta-rays, radiative energy loss may be assumed to be negligible [71]. 

Furthermore, it can be assumed the energy is sufficiently large that e-p energy loss is also 

negligible and any energy loss results in the creation of secondary excitations. Currently, the 

electron scattering behavior is not well defined below 100 eV, and the Monte Carlo code 

MCNP used in this work has an electron energy limit of 10 eV [104,105]. The lower limit for 

fast electrons is set to 10 eV in current MD-MGM; however, it is worth noting that, the 

electron groups are defined primarily by the behavior (i.e. non-equilibrium for fast, and 

equilibrium for thermal) such that there may some overlap in energy ranges. 

 The thermal electrons and phonon equations, Eqs. (4.26) and (4.27) respectively, are 

fundamentally changed by the use of MD-MGM in a manner similar to MD-TTM. While the 

transport of thermal electron energy and the transfer of energy between electron groups is 

calculated using finite elements, the e-p interaction between the lattice and electronic 

system–a random process in nature–is captured by a Langevin force equation [210] 
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where iF  describes the forces due to interatomic potentials on atom i I∈ . The energy 

transfer from the atom system to the electronic system is described by the friction term with 

coefficient iγ ; while the energy transfer from the electronic system to the atom system is 

described by a stochastic force, iF , with a random direction and magnitude.  

As in MD-TTM the stochastic force component of the force equation in MD-MGM must 

follow the fluctuation dissipation theorem and satisfies the equations, 

 ( ) 0i t =F   (4.36) 

 ( ) ( ) ( )' δ 'i i It t A t t⋅ = −F F  . (4.37) 
 
To determine the value of the parameter AI for atoms i I∈   the relationship between force 

and stopping power may be utilized, 
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In stochastic calculus formulations of the Langevin equation, the velocity of an atom is a 

random variable [225], 
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Upon substitution of Eq. (4.39) into (4.38) and applying the fluctuation dissipation theorem 

the energy loss rate may be expressed as, 
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The exponential may be Fourier expanded in terms of ( )''tt −  in which case the correlation is 

zero unless ''tt = , such that 
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Implementation of the stochastic force in MD typically replaces that the delta-function 

from the fluctuation dissipation theorem, Eq. (4.37), with a Kronecker delta-function at each 

time-step [215,216]. Consequently, the stochastic force is not sampled from a Gaussian 

distribution, but instead a uniform distribution with a width of a single time-step. This 

uniform distribution approaches the behavior of a Gaussian random variable for sufficiently 

short time-steps (i.e. much less than the effective interaction rate). The resulting 

implementation of the stochastic force is, 
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where rand indicates a random number between 0 and 1, and the subscript indicates that 

separate random number are used for each spatial direction. 

Following similar logic from Eq. (4.38) the friction coefficient can be related to the 

energy gain rate through, 
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The average value of the velocity is directly related to the local atom temperature Ta, which 

is assumed to be locally homogeneous. In MD-MGM, as in MD-TTM, the friction coefficient 

can be generalized to include both the electron-phonon interaction and electronic stopping 

[35]. 

 , ,i e p I s i i tvγ γ γ−= + >v   (4.44) 

 ,i e p I i tvγ γ −= <v   (4.45) 
 
where ,e p Iγ −  is the electron-phonon friction coefficient, Eq. (4.43), and ,s iγ  is the electronic 

stopping friction coefficient. In this work only one electronic stopping friction coefficient 

was used for oxygen since uranium atoms did not have sufficient energy to surpass the 
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threshold velocity of vt. Nevertheless, oxygen atoms do not in general exceed the threshold 

velocity in current MD-MGM simulations, and this term was included only for completeness 

of the energy balance and comparison to TTM.  

The governing equation of the thermal group, Eq. (4.26), in MD-MGM formulated using 

finite elements methods is, 
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As in MD-TTM, the current MD-MGM is distributed over a Cartesian grid, and the thermal 

diffustion term is solved discretely over this domain. The energy transfer, ΔE, within a grid-

cell between the electron and atom system is set such that energy is conserved. From Eqs. 

(4.42)-(4.45) the energy transfer in each grid cell is, 
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In MD-MGM simulations a bath is created for both the thermal group and fast group, 

whereby the temperature and energies of these groups are fixed. 

 

4.4 MD-MGM Simulations of Fission Spikes 
Molecular dynamics was used in this work to explore ion track formation and fission 

enhanced diffusion in UO2 where the electron energy transport was described with the use of 

a multi-group model. Subsequently, the interaction of fission fragments with ion tracks was 

explored, where tracks are representative type of damage which may occur in UO2. In these 

simulations the e-p interactions calculated as a function of band gap in section 3.2 were 

utilized. The results of SHI and fission spike MD-MGM simulations were compared to 

experiment and contrasted with predictions of MD-TTM.  

The interactions between atoms in this MD-MGM model were described by the same 

interatomic potential function as for MD-TTM simulations [15], 

 6
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As in the case of MD-TTM, the MD-MGM simulations in this work were performed using 

the LAMMPS code (see Appendix D.3), which utilizes the particle-particle particle-mesh 

(PPPM) method for treating the long-ranged coulomb interactions between atoms [217-219]. 

Fission spikes resulting from electronic stopping were modeled in a 10x60x60 supercell, 

432000 atoms, representing a cross-section perpendicular to the fission fragment trajectory.  

Prior to the simulation of a fission spike, the supercell was relaxed under an NVE thermostat 

(i.e. micro-canonical ensemble) with a Langevin bath outside of a cylinder with a radius of 

28 unit cell lengths which was found to be sufficiently large to capture the thermal spike 

phenomena. 

The electronic subsystem for fast and thermal electrons in MD-MGM simulations of 

fission spikes and ion spikes were treated using the continuum model formulated in Eq. 

(4.28) and Eqs. (4.46)‒(4.47) respectively. Each electronic subsystem was composed of 

10x60x60 finite element cells and contained a bath with the same dimensions as that for the 

atomic lattice. For thermal electrons the electron temperature was held fixed at the atomic 

temperature in the bath, whereas for fast electrons the energy density was held fixed at zero 

in this same region. To capture the changing time scales of the phenomenological 

development of fission and ion spikes, the time steps were varied from 10 as at the initial 

injection of electronic energy to 1 fs during the quenching of the resulting thermal spike, 

which leads to track formation for swift heavy ions.  

The effective e-e scattering time (i.e. relaxation time) and electron diffusion coefficient 

which describe the evolution of energy for non-equilibrium fast electrons (i.e. delta-rays) 

were obtained from Monte Carlo simulations of fission spikes using the MCNP6 particle 

transport code [104,105]. These simulations were performed for ions of 18 keV/nm‒59 

keV/nm with an initial energy distribution of delta-rays defined by Eq. (2.58) with the 

angular emission of delta-rays modeled as parallel to the fission fragment path (see section 

2.3). The corresponding energies which limit the maximum excitation energy of delta-rays, 

Eq. (2.54), are listed in Table 4-3. In each case the excitation spectrum for delta-rays utilized 

the ionization for each electron within uranium and oxygen available in the NIST atomic 

spectra data base [101]. 
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Table 4-3. Stopping force and energy of SHI and fission fragments used in MGM simulations of fission spikes. 
The maximum delta-ray energy, Em, calculated using Eq. (2.54) is also shown. 

Ion Stopping Force [keV/nm] Energy [MeV/amu] Em [keV] 
LFF 18 1 2.2 
HFF 22 0.5 1.1 

129Xe 29 1.3 2.9 
238U 56 5.5 12 
238U 59 11 24 

 

The initial delta-ray spectra were modeled as being emitted promptly (t = 0) within a 0.5 

nm cylindrical radius of the fission fragment trajectory. To ensure that the relative statistical 

uncertainties were sufficiently low (<10%), each simulation sampled the delta-ray emission 

spectrum for 109 electrons. The evolution of the delta-rays within these simulations is 

demonstrated for LFF and HFF in Fig. 2.8 and Fig. 2.9 respectively. The MGM scattering 

parameters for fast electron were derived from the resulting evolution of the delta-rays using 

Eqs. (4.32) and (4.34), and are exemplified for an 18 keV/nm LFF and 22 keV/nm HFF in 

Fig. 4.14. In this case it is assumed that all energy loss from fast electrons with energies 

greater than 10 eV result in secondary electron excitations in a thermal distribution, i.e. 

thermal electrons. 

 
Fig. 4.14. (a) Relaxation time and (b) effective diffusion coefficient for delta-rays resulting from an 18 keV/nm 
LFF and 22 keV/nm HFF. The relaxation time (Eq. (4.34)) defines the rate of energy transfer rate from the fast 
electron group to the thermal electron group, whereas the diffusion coefficient (Eq. (4.32)) describes the spatial 
transport of the energy of the fast electrons. 
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After approximately 0.1 fs the fission induced delta-rays have deposited most of their 

energy. Furthermore, after approximately 1-2 fs the energy density of delta-rays is negligible 

compared to that of the secondary excitations. Initial relaxation times for SHI induced delta-

rays are between 1-5 fs, and are comparable to the mean free flight time of 5 fs utilized in 

TTM. However, unlike TTM, the energy deposition rate and diffusion of electrons in MGM 

is entirely predictive, and dependent only on the physics of the initial distribution of delta-

rays and the available electron interaction cross-section data [105]. 

To explore the impact or electronic structure on the evolution and impact of fission 

spikes, simulations were performed on systems with band gaps ranging from 0 eV (metal) to 

3.5 eV (insulator). In each case the secondary thermal electrons were treated as free gas of 

electron quasi-particles, whereby the heat capacity can be assumed to be 3/2 kB and the 

energy of these ‘electrons’ may be described with a Maxwell-Boltzmann distribution of 

temperature Te. Following a fission spike the linear density of secondary electrons can be 

estimated as [52], 
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and are effectively localized to a radius of approximately 10 nm. Consequently, the density 

of secondary electrons can be expected to be on the order 0.01 Ǻ-3 for typical fission 

fragments in material with a band gap energy, Eg, on the order of 1 eV.  

The thermal conductivity of a free gas of electrons following fission can be 

approximated as, 

 τκ 2
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where ne is the electron density. The effective time between interactions which result in 

energy loss, τ , can be assumed to be the e-e relaxation time. This relaxation time is 

expected to be much less than the e-p relaxation time and may be estimate to be on the order 

of 0.1 fs from Fig. 4.14 (a) for electrons near or less than 10 eV (i.e. times around 1 fs). For a 

material with a band gap on the order of 1 eV, the resulting thermal conductivity for 
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electrons in MGM is on the order of 10 W∙m-1∙K-1. A metallic material (i.e. 0 eV), will have 

an e-e and e-p relaxation times significantly greater than that of a semi-conductor or 

insulator.  

The deposition of energy in the MGM simulations utilized a stochastic and friction force 

to capture the energy exchange between the atomic and electronic subsystems as described in 

Eqs. (4.35)‒(4.45). The energy deposition rate libraries as a function of ion temperature and 

electron temperature, discussed in section 3.3.8 and emplified in Fig. 3.57‒Fig. 3.62, were 

utilized in the MD simulations. Energy deposition rates for exact temperatures were obtained 

from bilinear interpolation. Whereas, in TTM simulations the e-p relaxation time was treated 

as an adjustable parameter, the energy exchange due to e-p interactions in MGM were 

calculated independent of the fission event; therefore, the e-p energy loss rate in MGM can 

be considered to be predictive. 

To isolate the impact of e-p interaction on the evolution of the fission spike and its 

subsequent effects, electron density and thermal conductivity were taken to be constant for 

all insulator band gap energies. Electron density was set to 0.048 Ǻ-3, which is the same as 

that used in TTM simulations. Thermal conductivity can be expected in range of 5-50 W∙m-

1∙K-1
 in insulator electronic structures, with a value less than that of TTM due to the 

separation of fast and thermal electrons. The thermal conductivity utilized for insulators was 

set to 11 W∙m-1∙K-1 which is less than that of TTM, yet maintains the qualitative behavior of 

fission fragment energy deposition in UO2 where these particles are not observed to yield 

tracks [60].  

 

4.4.1 Ion-track Formation 

Molecular dynamics simulations of track formation were first performed using MD-

MGM for HFF, LFF and SHI of stopping forces listed in Table 4-3,  where SHI with a 

stopping force greater than 29 keV/nm are known to cause latent tracks in UO2 [58]. 

Moreover, these simulations explored the impact of band-gap on the size of SHI latent tracks. 

Fission or ion spike evolve through three phenomenological phases: ballistic, quenching, and 

annealing [13], the consequence of which is either the emergence or absence of a latent. 



 

143 

These latent tracks may be defined as stable, disordered regions along the incident ion 

trajectory, and are expected to be composed of vacancy rich core surrounded by interstitial 

rich zone [49].  

The phenomenological evolution of an ion spike as simulated with MD-MGM for 29 

keV/nm 129Xe ion, is illustrated in Fig. 4.15, while the changes in uranium density due to a 

fission spike is illustrated in Fig. 4.16.  The density was calculated within 1 nm thick shells 

around the ion trajectory. At approximately 60 ps the fission spike has subsided, and the 

relative density outside a radius of approximately 4 nm has been restored approximately to 

the initial level.  As expected for track formation, the vacancy rich zone core does not fully 

anneal during the quenching phase.  The high density zone encompassing the vacancy rich 

zone is the interstitial zone. 

 

 
Fig. 4.15. Evolution of a thermal spike due to a 29 keV/nm 129Xe ion in a simulated system with 2 eV band gap.  
The ion spike time progression from left to right is (a) original crystal, (b) ballistic phase, (c) quenching phase, 
(d) annealing phase, and (e) latent track. Uranium atoms are blue (dark) and oxygen atoms are yellow (light). 

 

Latent ion tracks are fundamentally disruptions to the atomic lattice and may be 

observed visually in MD simulation, as demonstrated in Fig. 4.17; however, quantitative 

estimation of an ion track size were also obtained through the use of pair-correlation 

functions (see Appendix C.2) which measure the atomic structure of a system [220].  To 

estimate track radii of fission fragment and heavy ions, pair-correlations functions were 

calculated within 0.5 nm thick cylindrical shells centered about simulated trajectory. These 

functions demonstrated either disordered or structured character corresponding to track or 

non-track behavior respectively. 

 

(a) (b) (c) (d) (e) 
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Fig. 4.16. Evolution of relative uranium density during a thermal spike resulting from a 29 keV/nm 129Xe ion in 
a simulated insulator system with a 2 eV band gap.  The relative density is referenced to the initial density 
within each zone. 

 

 
Fig. 4.17. (a) Pristine crystal and latent tracks resulting from (b) 29 keV/nm, (c) 56 keV/nm and (d) 59 keV/nm 
ion spike in an insulator system with a 2 eV band gap.  Uranium atoms are blue (dark) and oxygen atoms are 
yellow (light). The ion corresponding to each stopping force is listed in Table 4-3. 

   

(a) (b) (c) (d) 
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As in the case of MD-TTM simulations, the track radius for MD-MGM simulations was 

defined to be the mean radius within this transition region between the amorphous and 

structured zones.  In this region some structure has re-emerged but the lattice is not yet 

completely distinguishable. The transition between track and structured regions after the 

annealing phase of a 29keV/nm thermal spike in an insulator-like system at 300 K with a 2 

eV band gap and thermal conductivity of 11 W∙m-1∙1-1 is shown in Fig. 4.18. The pair-

correlation functions inside the track and at the track boundary predicted using MD-MGM 

model were similar to those predicted using MD-TTM, Fig. 4.5. 

The rapid deposition of electronic energy to the lattice system following fission results in 

the thermal spike and associated pressure spike, illustrated for a 22 keV/nm HFF in Fig. 4.19. 

The impact of electronic structure on these phenomena are demonstrated for a simulated 29 

keV/nm 129Xe ion in for UO2 modeled with a 2 eV (insulator) and 0 eV (metal) band gap in 

Fig. 4.20 and Fig. 4.21 respectively. As the band gap energy increases, the e-p interaction 

becomes more pronounced. Consequently, smaller band gap energies, i.e. weaker e-p 

interaction, and decreasing electronic stopping power are observed to result in a less 

pronounced thermal spike and associated pressure spike.  

 
Fig. 4.18. Pair-correlation function, G(r), for a simulated 29 keV/nm 129Xe ion track in a system with a 2 eV 
band gap and ke of 11 W∙m-1∙K-1. The pair correlation functions were measured within 0.5 nm thick cylindrical 
zones centered about the simulated particle trajectory. The cylindrical zone for each illustrated pair correlation 
is shown. 



 

146 

 
Fig. 4.19. (a) Temperature and (b) pressure spikes for a simulated 22 keV/nm HFF in an UO2 system with a 2 
eV band gap. The pressure spike is shown as stress energy, pressure × volume, illustrating the development and 
decay of a pressure gradient. While no track was observed for fission fragments, a stress zone from oxygen 
defect clusters may be observed near the simulated fission fragment path.  

 

 

 
Fig. 4.20. (a) Temperature and (b) pressure spikes for a simulated 29 keV/nm 129Xe ion in an UO2 system with 2 
eV band gap. The temperature distributions illustrate the rapid increase in lattice energy in a thermal spike 
followed by a slower quenching of heat from a molten zone. The pressure spike is shown as stress energy, 
pressure × volume, illustrating the development and decay of a pressure gradient. A stress zone may be 
observed around the latent track, which has a radius of 1.9 nm. 
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Fig. 4.21. (a) Temperature and (b) pressure spikes for a simulated 29 keV/nm 129Xe ion in an UO2 system with a 
0 eV band gap. The pressure spike is shown as stress energy, pressure × volume, illustrating the development 
and decay of a pressure gradient. 

 

Latent tracks which emerge as a consequence of the thermal spike are observed to result 

in significant residual pressure within the 129Xe ion induced track radius, as indicated in Fig. 

4.20b. Defect clusters observed within ~0.5 nm of the fission fragment trajectory of 

simulated HFF were also found to exert pressure on the surrounding bulk crystal, see Fig. 

4.19c. These phenomenological predictions by MD-MGM are consistent with MD-TTM. 

The impact of the strength of the e-p interaction on the track radii predicted using MD-

MGM for UO2 modeled with various band gap energies are compared to experiment in Table 

4-4 for a range of stopping forces. In MD-MGM, simulations of incident ions utilized fast 

electron data derived from Monte Carlo simulations and are therefore representative of the 

experimental ion irradiation. The existence of each ion track was verified by visual 

observation of the MD supercell following the simulated irradiation. Although tracks were 

not observed for fission fragments (i.e. 18 keV/nm and 22 keV/nm) in UO2 with a 2 eV band 

gap (i.e. experimental band gap), oxygen defect clusters were observed near the fragment 

path, which is consistent with experimental predictions [19,60,225]. As in MD-TTM 

simulations, the transition between disorder and order in the pair-correlation functions 
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predicted by MD-MGM causes some ambiguity in the track radii such that all track radii are 

bound with a maximum estimated uncertainty of half a UO2 cell length (±0.3 nm).  

Variation in the strength of e-p interactions with band gap energy demonstrates that 

increasing interaction strength (or increasing Eg) results in larger track radius. Additionally 

the threshold stopping force for the onset of track formation is found to decrease with 

increasing band gap energy. The track radii predicted for each ion listed in Table 4-3, have 

reasonable agreement with experiment within an electronic structure with a 2 eV band gap 

[20,58].  

 
Table 4-4. Track Radius for various electronic stopping powers and band gap energies.  The MD-MGM 
electronic system had an 11 W∙m-1∙K-1

 conductivity for all Eg. The experimental data are 173 MeV (29 keV/nm) 
Xe ions, 1300 MeV (56 keV/nm) uranium ions, and 2713 MeV (59 keV/nm) uranium ions in UO2. Fission 
fragments of stopping powers between 18 keV/nm and 22 keV/nm have been found to not form tracks in bulk 
UO2 [58,60]. Track radii have an estimated uncertainty of approximately ±0.3 nm. 

d
d e

E
x

 − 
 

  

 [keV/nm] 

Energy  
[MeV/amu] 

Track Radii [nm] 
Eg [eV] 

Exp [58] 
0 0.9 1.3 2 2.6 3.5 

18 1 0 0 0 0 0 1.3 0 
22 0.5 0 0 0 0 1.7 2.3 0 
29 1.3 0 0 0 1.9 2.3 2.7 1.7±0.2 
56 5.5 0 2.3 2.7 4.1 4.3 5 4.4±0.5 
59 11 0 0 2.3 3.5 3.8 4.8 4.8±0.5 

 

While the track radii of 1300 MeV and 2713 MeV 238U ions were experimentally 

observed to be similar, the MD-MGM predicts a smaller radius for the higher energy ion. 

Such deviation may arise from missing physics which is not captured in the Monte Carlo 

models utilized to obtain the fast group data. Specifically, the stopping force of the 1300 

MeV ion is expected to be reasonably described using the LSS model, whereas the stopping 

force of the 2713 MeV ion is better described by the Bethe model where radiative stopping is 

expected to contribute to energy loss [49,72,91-93]. 

The track radii predicted for each stopping force from MD-MGM simulations is 

compared to those predicted from MD-TTM simulations as a function of band gap energy in 



 

149 

Fig. 4.22. MD-TTM simulations utilized the e-p relaxation time as an input and did not 

define an explicit band energy; however, utilizing the trend between e-p relaxation time and 

band gap derived from experiment and theoretical calculations (Fig. 3.15), the band gap 

corresponding to each e-p relaxation time was approximated within an estimated uncertainty 

of 0.25 eV. Because e-p stopping power libraries are derived from first principles 

calculations, where the band gap is directly calculated, there is no uncertainty in this measure 

of the electronic structure in the multi-group model. Each track radius has a maximum 

uncertainty of approximately 0.3 nm. At band gap energies below 1.5 eV MD-TTM and MD-

MGM the track radii are reasonably consistent; however, as the band gap increases the MD-

MGM simulations yield a trend in track radii that is greater than MD-TTM. Furthermore, the 

track radii of the multi-group model are in better agreement with experimental observed track 

radii, demonstrating the improved predictive power of this new method when compared to 

the traditional semi-empirical TTM approach. 

 
Fig. 4.22. Comparison of track radii predicted using MD-MGM and MD-TTM. The track radii for both models 
have an uncertainty of 0.3 nm. The band gap corresponding to each τe-p utilized in MD-TTM was derived from 
Fig. 3.15, and is shown with the corresponding estimated 0.25 eV uncertainty. Experimental track radii are 
shown with uncertainty [58]. 
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4.4.2 Fission Enhanced Diffusion 

As demonstrated in MD-TTM simulations, the thermal spike and associated pressure 

spike are expected to result in induced atomic mobility during the fission spike [50,51]. This 

enhancement of atomic mobility may be measured with the mean-square displacement 

(MSD) resulting from the fission spike. The temperature dependence of fission enhanced 

diffusion of uranium in UO2 (Eg = 2 eV) was estimated using Eqs. (4.18) and (4.19) from 

MD-MGM simulations of LFF and HFF listed in Table 4-3. The resulting diffusion 

coefficient (D*), which is directly proportional to the MSD, is shown in Fig. 4.23 and 

compared to the range related experimental data [14,53-55]. The predicted D* exhibits a non-

Arhennius behavior which is athermal in comparison to the thermal diffusion coefficient, 

consistent with the experimentally observed behavior [14,53-55].   

 

 
Fig. 4.23. Fission-enhanced diffusion coefficient of uranium for a fission rate density of 1013 cm-3∙s-1 and an 
insulator electronic system with a Eg of 2 eV and ke of 11 W∙m-1∙K-1. The MD-MGM D*, calculated using Eq. 
(4.18) and (4.19), is compared to experimental measures of uranium fission enhanced diffusion, D*, [14,53-55] 
and thermally actived diffusion coefficient [222-224]. As in experiment the predicted D* has a relatively 
athermal behavior [14,53-55]. 
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As in MD-TTM simulations, the D* predicted by MD-MGM it is significantly larger 

than the “extrapolated” thermal diffusion coefficient (D) for temperatures less than 

approximately 1300 K. Additionally, the contribution to the fission D* from nuclear stopping 

is on the order 10-20 cm2/s for a fission rate density of 1013 cm-3∙s-1, which is much less than 

the estimated electronic stopping contribution [14,53]. Moreover, the range of D* determined 

from MD-MGM is consistent with that of MD-TTM. This correspondence between MD-

TTM and the more predictive MD-MGM approach further suggests that in UO2 the observed 

enhancement of uranium mobility is due to the interaction between the excitation of the 

electronic system and the atomic lattice (i.e. the e-p interaction). 

The impact of the strength of e-p interactions resulting from the electronic structure on 

fission enhanced mobility was examined in model UO2 systems using MD-MGM.  Fission 

enhanced mobility of uranium in UO2, like track radius, was found to increase with 

increasing band gap energy. The evolution of the diffusion process in a 2 eV (insulator) and 0 

eV (metal) system is compared for a 22 keV/nm HFF and 18 keV/nm LFF in Fig. 4.24 and 

Fig. 4.25 respectively.  The MSD is observed to evolve during the quenching phase, 0.1‒1 

ps, and after the electronic and atomic systems have equilibrated during the annealing phase. 

During the annealing phase mobile interstitial atoms recombine with vacancies within the 

fission spike core, and the pressure spike subsides alleviating any temporary local swelling. 

  As in thermal diffusion the displacement of oxygen through fission enhanced diffusion 

is much greater than that of uranium.  Nevertheless, the displacement of both atom types is 

more pronounced as e-p interaction strength and band gap increases.  The magnitude of the 

and behavior of the MSD is similar between MD-MGM and MD-TTM simulations, see Fig. 

4.10; however, the magnitude of the temperature spike within the 6 nm zone in which 

enhanced mobility occurs is significantly less in the MD-MGM simulations. Although the 

temperature is lower, the thermal spike has a longer duration in the MD-MGM simulations 

permitting a longer period of atomic mobility, and thus a comparable mean-square 

displacement. 
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Fig. 4.24. Atomic displacement for uranium and oxygen resulting from a 22 keV/nm fission spike in a UO2 
system with a (a) 2 eV band gap and (b) 0 eV band gap.  The atomic displacements and average temperature, 
Tave, were calculated within a 6 nm radius of the simulated fission fragment path. 

 
Fig. 4.25. Atomic displacement for uranium and oxygen resulting from a 18 keV/nm fission spike in a UO2 
system with a (a) 2 eV band gap and (b) 0 eV band gap.  The atomic displacements and average temperature, 
Tave, were calculated within a 6 nm radius of the simulated fission fragment path. 

 

This trend of increasing mobility with increasing band gap energy, i.e., greater e-p 

interaction strength, may also be observed through the fission enhanced diffusion coefficient, 

as defined in Eqs. (4.18) and (4.19) and shown in the relationships below. Although the 

initial fission fragment stopping force is used to define the initial injection of energy into the 
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‘fast’ electrons in the current MD-MGM simulations, the electronic stopping stopping along 

the trajectory of fission fragments is expected to vary, see Fig. 2.4. A range of possible 

values for D* was, therefore, determined for the present work, whereby the upper limit for 

this range was estimated assuming that the electronic stopping power of a fission fragment is 

constant for the entire range. The lower limit was determined by assuming that electronic 

energy deposition results in increased diffusivity of uranium for the 2-3 µm of the fission 

fragments range in which electronic stopping power is approximately constant.  

The enhanced mobility resulting from the simulated fission fragments in the metal 

system (0 eV) was found to be negligible in comparison to the MSD resulting from thermal 

vibration. The range of predicted diffusion coefficient for UO2 (i.e. 2 eV) system from MD-

MGM simulations is of a similar order of magnitude to that of MD-TTM (τe-p of 150 fs). 

 33 5 32 53.6 10 cm D* 1.3 10 cmF F− −× ⋅ < < × ⋅ ; Eg=0.9 eV (4.50) 

 33 5 32 55.8 10 cm D* 2.1 10 cmF F− −× ⋅ < < × ⋅ ; Eg=1.3 eV (4.51) 

 32 5 32 51.3 10 cm D* 4.6 10 cmF F− −× ⋅ < < × ⋅ ; Eg=2.0 eV (4.52) 

 32 5 32 51.9 10 cm D* 6.4 10 cmF F− −× ⋅ < < × ⋅ ; Eg=2.6 eV (4.53) 

 32 5 32 52.6 10 cm D* 8.9 10 cmF F− −× ⋅ < < × ⋅ ; Eg=3.5 eV (4.54) 
 

The above relationships demonstrate that for an insulator (large band gap, strong e-p 

coupling and low electronic thermal conductivity) the uranium diffusivity is enhanced 

significantly beyond that in a metal-like system (no band gap, weak e-p coupling and high 

electronic thermal conductivity).  

Enhancement of atomic mobility in UO2 resulting from fission, as predicted by MD-

MGM for varying electronic structures is compared to MD-TTM in Fig. 4.26. While the 

qualitative behavior of increasing fission enhanced mobility for increasing band gap energy 

predicted from MD-MGM and MD-TTM, the differences in the models result in different 

magnitudes of mobility. As in the model comparison for track radii, the e-p relaxation time 

used in MD-TTM simulations is converted into an estimated band gap energy with an 

uncertainty of 0.25 eV using the trend in Fig. 3.15; however, the e-p interaction strength used 

in MD-MGM is based on a predictive approach. The evolution of delta-rays (i.e. fast group) 

resulting from fission is also predictive in MD-MGM simulations.  
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The MSD resulting from a simulated 18 keV/nm LFF is greater for MD-TTM than MD-

MGM for all band gap energies. In the case of HFF, the MSD predicted from MD-TTM is 

greater than MD-MGM for greater for band gap energies less than 1 eV (semi-conductors) 

but lesser for energies above this range (insulators). These deviations in behavior arise in part 

due to the differences in the treatment of fast electrons in each method. In MD-TTM 

simulations a localized radial distribution was assumed for the delta-ray energy deposition. In 

contrast, MD-MGM allow the delta-ray distribution to evolve using an effective diffusion 

coefficient, whereby the higher energy delta rays emitted from electronic stopping of LFF 

result in a faster rate of diffusion than HFF (see Fig. 2.8 and Fig. 4.14). Consequently, the 

localization of energy in the ‘fast’ group can be expected to differ in the MD-MGM 

simulations, and results in a net decrease localization of LFF energy when compared to MD-

TTM.  Any decrease in energy localization may be expected to result in a lesser enhancement 

of mobility.  

 
Fig. 4.26. Comparison of atomic mobility predicted from MD-MGM and MD-TTM simulations of LFF (18 
keV/nm) and HFF (22 keV/nm) simulations. The band gap corresponding to each τe-p utilized in MD-TTM was 
derived from Fig. 3.15, and is shown with the corresponding estimated 0.25 eV uncertainty. The MSD was 
calculated in 16 nm radius around the trajectory of the fission fragment trajectory, and includes the contribution 
from thermal vibrations. In the case of the metal systems, Eg = 0 eV, the contribution to MSD from enhanced 
mobility resulting from fission is negligible in comparison to thermal vibrations. 
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4.4.3 Fission-damage Interactions 

The fission induced mobility resulting from the fission spike is expected to influence the 

evolution of damage in nuclear fuel material, resulting in the evolution of fission effects. To 

examine the impact electronic structure on this process, MD-MGM simulations of fission 

spike interactions with latent ion tracks were performed. Initially the ability of MD-MGM to 

capture the damage annealing of fission fragments was explored. In these simulations the 

interaction of a 173 MeV 129Xe ions (29 keV/nm) SHI with its corresponding latent tracks of 

2 nm were performed. Experimentally, this interaction has been found to result in the 

precipitation of the ion track into dislocation loops at an ion fluence of around 7×1012 Xe/cm2 

[20].  

Simulated 29 keV/nm ions [50], in an insulator UO2 system (Eg=2 eV) were found to 

cause the precipitation of dislocation loops in the uranium sub-lattice within the initial track, 

as illustrated in Fig. 4.27. While remnants of the original track were observed, subsequent 

interactions can be expected to reduce the size of the track through enhanced mobility 

resulting from both the thermal and pressure spike. The threshold interaction distance for the 

onset of track precipitation was found to be around 5 nm, which is consistent with the 

experimentally observed distance between ion spikes of 6 nm corresponding to a fluence of 

7×1012  Xe/cm2. These observations are phenomonologically consistent with those obtained 

from MD-TTM. Moreover, the agreement in the prediction of track precipitation with 

experimental observations indicates that the current MD-MGM model is able to capture the 

phenomenological effect of ion or fission spikes on these lattice defects. 

As indicated by the results of MD-TTM, the electronic structure is expected to have an 

impact on the magnitude of fission induced defect annealing resulting from enhanced 

mobility. MD-MGM simulations of the interactions LFF (18 keV/nm) and HFF (22 keV/nm) 

on 3 nm (same as TTM) were executed in a model insulator and metal UO2 system to further 

examine the impact of electronic structure (i.e. band gap and corresponding e-p interaction) 

on this phenomenon. The model insulator (Eg=2 eV) and metal (Eg=0 eV) systems used 

electronic thermal conductivity, κe, of 11 W∙m-1∙K and 110 W∙m-1∙K respectively, whereby 

the weaker e-e interaction expected in the metal system results in an estimated thermal 
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conductivity an order of magnitude greater than that of an insulator. To capture the impact of 

fission fragment fluence (i.e. dose) expected within the fuel during operation, the distance of 

the fission spike, Δx, from the latent ion track 3 nm in radius was varied track. The impact of 

HFF on 3 nm tracks at Δx of 0 nm and 3 nm is illustrated in Fig. 4.28 and Fig. 4.29 

respectively. Additionally the impact of LFF at a Δx of 0 nm is demonstrated in Fig. 4.30. 

These fission spikes are observed to result in annealing of the latent ion track, and the 

annealing is generally found to be significantly greater in the insulator than in the metal. 

 

 
Fig. 4.27. Uranium sub-lattice of UO2 in the {110} direction around (a) a 2 nm track and (b) dislocation 
precipitates following a simulated 29 keV/nm ion spike. Dislocation loops are a result of stacking faults and two 
exemplar dislocations are labeled. 

 

The fission induced annealing of the ion tracks was found to produce defect types other 

than a latent tracks (e.g. defect clusters) and to result in the distortion of the originally 

cylindrical track shape, as seen in Fig. 4.29(b). Therefore, in MD-MGM simulations, as in 

MD-TTM, the annealing of latent ion tracks of initial radius, Ri, was quantified with 

equivalent final track radius, Rf, which was defined as the track radius of a cylindrical track 

with a volume equal to that of the defected volume following annealing. The equivalent track 

radii resulting from LFF and HFF interactions with a 3 nm track and are tabulated in Table 

4-5 for the varying distances between track and fission fragment path. For each distance the 

fission fragment fluence corresponding was estimated, and determined to be at most 26×1012 

cm-2, 9×1012 cm-2 and 2×1012 cm-2 for Δx of 3 nm, 5 nm, and 10 nm, respectively.  
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Fig. 4.28. Interaction of 22 keV/nm HFF with (a) a 3 nm track, in UO2 modeled as (b) insulator and (c) metal 
from MD-MGM simulations. The distance between the track center and fission fragment trajectory is Δx = 0 
nm. 

 

 
Fig. 4.29. Interaction of 22 keV/nm HFF with (a) a 3 nm track, in UO2 modeled as (b) insulator and (c) metal 
from MD-MGM simulations. The distance between the track center and fission fragment trajectory is Δx = 3 
nm. 

 

 
Fig. 4.30. Interaction of 18 keV/nm LFF with (a) a 3 nm track, in UO2 modeled as (b) insulator and (c) metal 
from MD-MGM simulations.  The distance between the track center and fission fragment trajectory is Δx = 0 
nm. 

(a) (b) (c) 

(a) (b) (c) 

(a) (b) (c) 
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 Comparison of the equivalent track radii demonstrates that an insulator electronic 

structure (strong e-p interaction, large band gap) generally promotes greater annealing than 

that of a metallic electronic structure (weak e-p interaction, no band gap). The insulator 

system also demonstrates significant influence on the track at greater distances (i.e. lower 

fluence), Δx, than metal systems, stronger annealing at lower fission doses in fuel is also with 

experimental measurements of swelling [13,14]. In particular, at distance of 10 nm the initial 

track is beyond the ‘core’ of the fission track in which fission induced mobility was observed 

in the pristine UO2 system, which suggests that annealing at this distance is a direct 

consequence of the pressure spike. These observations imply that the influence on defects of 

fission spikes occurs at lower doses in insulator systems than in metal systems, and result 

from the greater local mobility in thermal spike but also long range fission induced mobility 

from the pressure spike.  

 
Table 4-5. Impact of electronic structure on fission fragment annealing of latent ion tracks. The MD predicted 
initial track radii, Ri, and final track radii, Rf, have estimated uncertainties of no more than ±0.3 nm.  

d
d e

E
x

 − 
 

  

[keV/nm] 

Δx  
[nm] 

Ri 
[nm] 

Rf [nm] 

Insulator  
(2 eV) Defect Type Metal  

(0 eV) 
Defect 
Type 

18 0 3.0 1.8 track 2.7 track 

18 3 3.0 2.1 track 2.7 track 

18 5 3.0 2.3 track 2.8 track 

18 10 3.0 2.5 track and defect 
clusters 2.9 track 

22 0 3.0 2.3 track 2.4 track 

22 3 3.0 2.3 track 2.6 track 

22 5 3.0 2.3 track 2.7 track 

22 10 3.0 2.5 track and defect 
clusters 2.9 track 

 
 

Both TTM and MGM demonstrated the impact of electronic structure on the evolution of 

damage in nuclear fuel resulting from the fission spike. The effect of electronic structure and 
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‘dose’ as quantified through the effective radius resulting from fission-track interactions is 

compared for the MD-TTM and MD-MGM methods in Fig. 4.31. In MD-TTM the insulator 

and metal system have a τe-p of 150 fs and 1000 fs respectively; however, in MD-MGM the 

electronic structure of these systems may be characterized directly by their band gap energies 

of 2 eV and 0 eV.  

In general the methods demonstrate similar trends in the behavior of metal and insulator 

systems. The only notable difference in the overall trends of fission spikes predicted by the 

two models, is that MD-MGM the impact of HFF on the ion track seems to have an 

asymptotic behavior as the interaction distance decreases, thus limiting the effectiveness of 

this fission fragment to annealing damage at high fission doses. Regardless of this difference 

in the behavior of fission fragments, fission induced annealing of the ion track in the 

insulator system is apparent for HFF and LFF at all simulated interaction distances (i.e. dose) 

and generally has greater impact at smaller distances. Conversely, the metallic system is only 

observed to have a significant annealing effect at distances less than 3 nm, and only for HFF.  

 

 
Fig. 4.31. Comparison of fission-track interaction predicted from MD-MGM and MD-TTM simulations in an 
insulator (I) and metal system (M). Fission spikes in this case were simulated at varying distances from a 3 nm 
track. The result of this interaction is quantified using an effective radius of the final lattice damage. A dotted 
line is included to demonstrate the asymptotic behavior of the fission track interaction for MGM HFF-I.  
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CHAPTER 5 Conclusion and Future-work 

In this work a molecular dynamics (MD) model approach has been developed to study 

the fission phenomenon in nuclear fuel materials. These models utilize a description of the 

electron-phonon interaction as the primary physical input to investigate the transfer of energy 

from fission induced electronic excitations to the atomic lattice.  Two models were utilized to 

explore the evolution of fission energy deposition during the fission spike: the traditional 

two-temperature model (TTM), and a multi-group model (MGM) developed in this work.  

The TTM represents the traditional approach to the study of the fission spike, where the 

parameters describing the behavior of electron excitations (e.g. thermal conductivity, e-p 

relaxation time) are treated as adjustable parameters. These parameters are ‘tuned’ such that 

the predicted behavior of the model demonstrates agreement with experimental observables, 

typically the radii of latent tracks resulting from the passage of a swift heavy ion (SHI) 

[58,69,204,205,51]. Fission spikes using TTM are initialized from the dose resulting from 

fission delta-rays into the creation of secondary electron excitations; often described with a 

theoretical or semi-empirical function. MD simulations utilizing TTM to describe the 

evolution of electron energy and its deposition into the atomic lattice demonstrated that both 

track radii and fission enhanced mobility increase with increasing e-p coupling strength. 

These simulations were also able to capture the relatively athermal behavior of fission 

enhanced mobility. Simulations of the interaction between simulated SHI and latent ion 

tracks were able to capture the collapse of the track into dislocation loops at high ion doses. 

Moreover, in these simulations, fission fragments were found to result in greater annealing of 

latent ion tracks with greater e-p interaction strength. 

The MGM developed in this work represents a move toward a predictive approach for 

the simulation of fission spikes. In this model the electronic excitations from fission are 

modeled as a fast delta-ray group and a thermal distribution of secondary electrons. 

Consequently, the evolution of delta-rays is modeled explicitly, utilizing transport parameters 

derived from Monte Carlo simulations which employ established electron cross-sections to 

describe the interaction of delta-rays in the fuel material [105]. Furthermore, the e-p 

interaction, which has been determined to be the primary parameter impacting the magnitude 
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of fission effects [50,51], is calculated from a theoretical formulation of the e-p cross-section 

and first principles calculations. The thermal conductivity and electron density used to 

capture the creation and transport of secondary excitations were determined within a 

physically expected range.  

MD-MGM simulations using UO2 as a template material were utilized to study the 

impact of electronic structure on the fission spike and its corresponding phenomena. UO2 

represents a unique fuel material, in that the electronic structure (i.e. band gap) predicted 

from density functional theory is adjustable through the use of the parameterization of 

Coulomb repulsion energy [85-86]. As such the electron-phonon interaction rate for various 

electronic structures (i.e. band gap energy) was able to be generated using UO2 as the model 

structure. While in TTM a single temperature independent interaction rate is generally 

assumed for the entire system [58,69,204,205,51], these e-p interaction rates in MGM were 

calculated for each atom type as function of temperature and found to be significantly 

different for uranium and oxygen.  

MD-MGM simulations of SHI resulted in greater track radii than MD-TTM, and were in 

better agreement with experiment. The atomic mobility resulting from fission was also found 

to be comparable to that predicted using MD-TTM, despite a thermal spike of a lesser 

magnitude but longer duration. This mobility was found to increase as the electronic structure 

is varied from metal to insulator (i.e. increasing band gap energy). Furthermore, MD-MGM 

simulations of the interaction between a fission spike and latent ion track yielded consistent 

predictions of the annealing of this type of damage, whereby the degree of recovery 

increasing with increasing band gap energy. The MD-MGM, which relies on direct input 

from the electronic structure and first principles simulation, may be considered a more 

predictive approach demonstrating the link between electronic structure and fission effects.  

 

5.1 Correlations between Fission Effects and Electronic Structure 
A physical link between the fundamental electronic structure of nuclear fuel and the 

meso-scale and micro-scale effects resulting from the intense fission environment in a 

nuclear reactor has been established. The magnitude of fission enhanced mobility may be 
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correlated to the strength of the electron-phonon interaction, which increases with increasing 

band gap energy. Following the fission event, the e-p interaction determines the final transfer 

of energy to the atomic lattice. Thus a greater localization of fission energy resulting from 

stronger e-p interactions increases the magnitude of the thermal spike and corresponding 

atomic mobility. Moreover, simulations of the fission spike have demonstrated that greater 

enhanced mobility may result in greater annealing of damage to the fuel crystal structure; 

therefore, the electronic structure is predicted to influence radiation resistance of the fuel 

material. In particular the radiation resistance of UO2 in comparison to other metallic fuel 

types may be strongly correlated to the presence of a band gap in the electronic structure, for 

which e-p scattering is expected to be significantly greater thereby resulting in greater atomic 

mobility and defect recovery in a fission environment. Further study into the nature of this 

link between radiation resistance and electronic structure may permit the exploitation or 

engineering of novel fuel materials, which are able to withstand the harsh radiation 

environment of the nuclear reactor but with more favorable heat transport properties than 

UO2. 

 

5.2 Future-work 
Although, the MGM model is a more predictive approach than TTM, neither model 

captures the complete physics of the excitation of the electronic structure following fission. 

Whereas the excitations modeled in the current models are limited to electrons, the 

deposition of energy through electronic stopping of fission fragments and electron-electron 

scattering of subsequent delta-rays is expected to result in the excitation of both ‘holes’ and 

electrons. In general, these excitations are expected to thermalize into an approximate 

Maxwell-Boltzmann distribution with a combined kinetic energy of nearly 1.8×Eg (band gap 

energy) such that the initial secondary excitation temperature is approximately a constant 

[52].  

The density of the creation of these excitations will be directly related to local deposition 

of energy; therefore, a heterogeneous excitation density can be expected. In this case, the 

transport of these excitations may become important. A system with lower electrons and hole 
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mobility due to e-p scattering may result in greater localization energy closer to the fission 

fragments trajectory and thus a greater enhancement of atomic mobility. Furthermore, the 

various energy loss pathways available to these excitations, which are not directly captured in 

MGM or TTM, may result in greater transfer of energy to the atomic lattice. 

Excited electrons and holes lose energy through a number of mechanisms, e-p scattering, 

Auger recombination, direct recombination, Shockley-Read-Hall (SRH) recombination, and 

the formation of self-trapped excitons [52,57,226]. These interactions which are expected to 

result in energy loss of electrons and holes are illustrated in Fig. 5.1. Recombination 

interactions result in the loss of electron and hole pairs. Both MDM and MGM explicitly 

model the e-p scattering interactions; however, the effective scattering interaction used for 

the generation of scattering cross-sections for MGM may be improved through the use of 

Bloch waves as opposed to free particle wavefunctions [81,83,106,227]. 

 

 
Fig. 5.1. Energy loss reaction pathways for excitations of the electronic structure. The upper and lower semi-
circles represent the bottom of the conduction and top of the valence bands respectively. Closed circles 
represent electron quasi-particles which are excitations of the valence band. Open circles represent ‘holes’ 
which are excitations of the conduction band. The reactions utilize the Feynman diagram symbol notation 
defined in Table 2-1; however, these diagrams are illustrative and should not in general be interpreted as proper 
representations of the interactions (i.e. the diagram may not translate into the exact mathematical expression). 

 

Electron-phonon scattering, SRH and the formation of self-trapped excitons result in 

direct heating of the atomic lattice. Self-trapped excitons and polarons which may occur in 

UO2 are expected to decay slowly following the fission spike [226,228]. In the case of SRH, 

which occurs with greater frequency in the vicinity of lattice defects (e.g. disorder from a 

fission spike), electrons and holes recombined injecting an energy equal to the band gap, Eg, 
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directly into the lattice through the creation of phonons.  Auger recombination, acts a source 

of electron heating, where by electron-hole recombination deposits energy in an excited 

electron through a virtual photon. This process competes with direct recombination where by 

electron-hole recombination results in the production of a photon which subsequently carries 

heat away from the fission spike. Nevertheless, the increase in electron temperature may be 

expected to increase the strength of the e-p interaction. Inclusion of these energy loss 

pathways in MD models of the fission spike are likely to predict a greater promotion of 

atomic mobility in more insulator-like systems, where localized and heavy excitations such 

as excitons and polarons are more likely to occur, such as UO2 [22,57]. 

Various models have been proposed to incorporate some of the listed energy loss 

mechanism into the model of the fission spike, specifically Auger recombination [212-214]; 

however, the fundamental data and theoretical treatments for predictive modeling of these 

phenomena is lacking. The transport of particles in addition to energy has also been proposed 

to better describe the behavior of the thermal spike resulting from SHI [52,212-214]. In this 

case the energy and velocity moments of the Boltzmann transport equation are 

simultaneously solved. Such implementations may utilize experimental or calculated 

parameters for transport parameters (e.g. thermal conductivity, electron mobility); however, 

theories defining transport properties during the non-equilibrium crystal disruption of the 

fission event are not widely available. Furthermore, the additional equations add complexity 

to the calculations which can slow computations. Nonetheless, future development of the 

MGM will focus on advancing the first principles approach to the calculation of electron 

interaction cross-sections and incorporate explicit modeling of excitation transport into the 

simulations of fission spikes. Such a model would be a valuable research tool for elucidating 

the unknown physics of the fission spike, furthering the understanding of fission fragment 

interaction in nuclear fuel and its impact on fuel performance. 
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APPENDIX A. Feynman Diagrams and Many-Body Theory 

Modern techniques for understanding the behavior of excitations in solids make use of 

Feynman diagrams to pictographically represent the complex mathematics required to treat 

these inherently many-body problems. Several text offer introductory and comprehensive 

material on the solutions to the many body problem as it pertains to electron-electron (e-e) 

and electron-phonon (e-p) scattering in solids [75,81,86,106,110]. The aim of these 

methodologies to solve the many-body problem is to reduce the problem to a description of 

weakly interacting excitations of the system. In the solid state, the many-body problem is 

treated using an approach based on the Born theory of scattering, whereby excitations 

represent the behavior of particles (e.g. electrons) and their interactions within the crystal 

(e.g. e-e and e-ph scattering).  

These excitations may be either collective excitations or quasi-particles. The former 

describes the behavior of many constintuents of the crystal (i.e. electrons and atoms), 

whereas latter describes the motion of a single particle ‘dressed’ by interactions with other 

particles, quasi-particles, or excitations. Many-body analysis of these excitations proceeds 

from a transformation of the Hamiltonian of a strongly interacting system of ‘bare’ particles 

(i.e. electrons) to that of system of weakly interacting quasi-particles and collective 

excitations, 

 
( ) ( )

† †
0

1ˆ ˆ , , ; ,
2

ˆ ˆˆ ˆ ˆ'

i i i i j j
i ij

c
q q q q q q

q q

H H V

H E A A B Bω ω

= +

→ = + +

∑ ∑

∑ ∑

r p r p r p

 

. (A.1) 
 

 
The energy of the system deviates from the ground state energy, 0E , by the creation ( †ˆ

qA , †ˆ
qB ) 

and destruction ( ˆ
qA , ˆ

qB )  of quasi-particles and collective excitation of momentum q and 

energy of qω  and c
qω  respectively. 

This transformation may be accomplished through use of ‘particle’ (‘bare’ particles, 

quasi-particles, collective excitations) propagators. These propagators are defined as the 

Green’s function of the Hamitonian describing the system. The Hamiltonian of an interacting 
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‘particle’ in a solid is ideally the summation of a free ‘particle’ Hamiltonian, 0
'Ĥ ,  and a 

perturbing potential, 

 0
'ˆ ˆH H V= + . (A.2) 

 
In this case the propagator of the initially free particle, 0G , may be used to determine the 

‘propagator of the particle, G , in response to the interaction potential, V . This propagator is 

often interpreted as a more complex ‘dressed’ particle (e.g. quasi-particle). Although, a free 

‘particle’ system is desirable for the unperturbed Hamiltonian, it is not required, such that 0
'Ĥ  

Eq. (A.2) may be interpreted as general. 

In the case of an initially free ‘particle’, the ‘particle’ propagator can be expressed as a 

summation of a series of increasing numbers of interactions described by the free ‘particle’ 

propagator and the interaction potential (as in Eq. (2.18)), 

 ( )0 0 0 0 0 0 .....G G G VG G VG VG= + + + . (A.3) 
 
While this form appears simplistic each term represents a complex series of interactions. The 

use of Feynman diagrams is at this stage instructive in illucidating the solution for the 

propagator. 

To demonstrate the basic use of Feynman diagrams the interaction potential will be 

assumed to be a simple scattering potential. In this case the series expressed in Eq. (A.3) may 

be represented by Feynman diagrams as illustrated in Fig. A.1 (also Fig. 2.1). The definition 

of symbols is shown in Table A-1 (also Table 2-1). Each diagram is the convolution of 

propagators and and interactions. The arrow on the propagator indicates the direction of time 

evolution, which is forward for ‘real’ particles (e.g. electrons) and backward for ‘anti- 

particles’ (e.g. holes). Contact points between the propagator and interaction are referred to 

as a vertices. Diagrams in the series may be defined as reducible or irreducible and are 

unique. Irreducible processes are those which describe interdependent scattering events; 

therefore, these diagrams cannot be broken into other processes with a line cut perpendicular 

to the propagator symbol (e.g. diagram 2, 3, 4, and 6 on rhs). Conversely, reducible processes 

describe multiple irreducible processeses (e.g. diagram 5 on rhs). 
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Table A-1. Basic Feynman diagrams for particle propagators and interactions. 

Diagram Expression Meaning 

 ( ),iG ωq  Particle Propagator 

 ( )0 ,iG ωq   Free Particle Propagator 

 ( ),iD ωq   Phonon Propagator 

 

( )0 ,ip ω− q   Polarization (e.g. two 
particle propagator) 

 ( )iV− q   Scattering interaction 

 ( )
2

2
0εe e
eiV i
q−− = −q   Coulomb interaction 

 
 Hartree interaction 

 
 Fock interaction 

 
( )e iiV −− q   Electron-phonon 

interaction 

 

( ) ( )
( )ε

e i
e i

V
iV i −

−− = −
q

q
q



  

Effective electron-phonon 
interaction 
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Fig. A.1. Feynman diagram of general scattering phenomena. 

 

The interdependent scattering events described by the irreducible diagrams are 

mathematically convolutions of single scattering events (i.e. diagram 2 on rhs). The 

methodology for the construction of each diagram and conversion to a mathematical 

expression is demonstrated for diagram 2 on the rhs in Fig. A.2.  

 

 
Fig. A.2. Example of basic construction of a Feynman diagram and its corresponding mathematical expression. 
The vectors above each propagator diagram correspond the momentum of the particle, where as the momentum 
below each vertex indicates momentum change due to scattering. As q becomes small the number of states 
becomes infinite and the summation may be replaced with an integral. The factors of i multiply to 1 and are not 
shown 

 
Each diagram in a series must be topologically different to be considered unique. As an 

example the mathematical expression corresponding to diagram 3 and 4 on the rhs are 

respectively, 

 
( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
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 (A.4) 

and 
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( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

0 0 0
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0 0
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V G V G

ω ω ω ω

ω ω ω ω
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. (A.5) 

 
Although subtle, the difference in these two diagrams can be seen in the final momentum 

transfer which returns the propagator to its original state, which is q in diagram 3 and q’ in 

diagram 4. Each reducible diagram is simple a product of its corresponding irreducible terms.  

Consequently, the irreducible terms may summed into a ‘dressed’ or effective 

interaction, the average value of which is commonly referred to as the self-energy, Σ . The 

self-energy and propagator satisfy the Dyson equation, 

 0 0G G G GΣ= + . (A.6) 
 
Assuming that the self-energy can be envisanged as a weak interaction the propagator may be 

expressed as, 

 
( ) 2 21

0

1 1,

2 e

G
kG i
m

ω
Σ ω δ Σ

−= =
− − + −

k




, 
(A.7) 

 
where δ is an infinitesimal quantity which ensures that free particle propagator is not 

divergent at 2 2 2 ek mω =  . Due to the fact that the free particle propagator is a complex 

function, the self-energy has a real and imaginary component. The real component may be 

interpreted as the extra energy a particle carries due to the interactions, which is often 

manifested in the use of an effective mass deviating from the mass or the original ‘bare’ 

particle. This effective mass is defined as [109], 

 ( )1
*

E
m k kαβ α β

∂ ∂  =  ∂ ∂ 
k , (A.8) 

 
which is a function of energy and may be directionally dependent. 

The imaginary component of free energy is the ‘particle’ life-time or interaction rate. 

Cross-sections for an interaction (e.g. scattering) are defined as the interaction rate per 

incident flux; therefore the cross-section for a ‘free’ particle of mass, m, momentum, k , and 

energy, E, may be related to the self-energy as, 
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 ( ) ( )( )2 Im ,mE E
n k

σ Σ= k


. (A.9) 

 
The self-energy, which is a summation over all irreducible diagrams, may be expressed as, 
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. (A.10) 

 
Assuming that the ‘bare’ potential in Fig. A.1 is small the double differential cross-section 

for a general scattering potential in the first born approximation may be derived from (A.10) 

as, 
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. (A.11) 

 
In general the imaginary part of the propagator is a lorenztian delta-function; therefore this 

measure of conservation of energy has the property, 

 
2 2 2 2 2 2 2 2' 'δ δ
2 2 2 2

k k k k
m m m m

   
− = −   

   

   

. (A.12) 

 
While the free propagator propagator was utilized in this formulation, if the unperturbed 

Hamiltonian differs from the free particle, the propagator may be interchanged for the 

Green’s function of this Hamiltonian. 

 

A.1. Electron-Electron Scattering 

Following the fission event, delta-rays and secondary electrons slow down through 

electron-electron (e-e) scattering. To demonstrate the application of Feynman diagrams to the 

examination of e-e scattering in solids, the electronic structure is assumed to be a 

homogeneous electron gas (HEG) in the random phase approximation (RPA). The self-

energy of a HEG in RPA is illustrated in Fig. A.3. The first diagram is the Fock interaction, 
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which describes the exchange of electrons resulting from the indistinguishabile nature of 

these particles. The remaining diagrams represent scattering interactions. Electron scattering 

induces temporary polarization of the electronic structure. This process results in the creation 

of an electron and hole quasi-particles which may combine to form a plasmon (an elementary 

excitation), and are represented by polarization diagrams. The construction of these diagrams 

and their corresponding mathematical expressions are shown in Fig. A.4. 

 

 
Fig. A.3. Self-Energy of HEG in the RPA. 

 

 
Fig. A.4. Construction of polarization diagram and corresponding mathematical expression. The summation 
over momentum exchange q and energy exchange ħω’ becomes an integral for an infinite system (e.g. crystal). 

 

The Fock term in the HEG is expected to be negligible compared to the polarization 

diagrams. If the effect of polarization is assumed to be sufficiently small the series of 

diagrams composing the self-energy in the RPA is, 

 ( )
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The dielectric function for the HEG in the RPA is a response function which modifies the 

electron-electron scattering potential and may be defined from (A.13) to be, 

 ( ) ( ) ( )0, 1 ,e eVε ω p ω−= +q q q . (A.14) 
 
The self-energy may, therefore be expressed as, 

 ( )
( ) ( )

( )03
d d ' , '

π , '2π
e eiV
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. (A.15) 

 
At this stage the general result for the double differential e-e scattering cross-section for 

an electron of incident momentum ħk may be derived from (A.11) and (A.15) as, 
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(A.16) 

 
In the above formulation 'ω  has been defined to be the excitation energy; however, for the 

purposes of cross section generation this energy should be defined as the energy loss or gain 

of the incident electron such that, ' 'ω ω→ −  . As in Eq. (2.2), the energy exchange of the 

incident electron with the system is, 
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2 2 2 2'
2 2
k k
m m

ω = −
 

 . (A.17) 

The inverse dielectric function is expected to satisfy the Kramers-Kronig relation [80], 

such that, 

 ( )
( )

1Re
, 'd ' 1Im

π ' ,
ε ωω
ω ω ε ω

 
      =   −  

∫
q

q
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(A.18) 

 
Applying Eq. (A.18) to (A.16) and performing the integrations, results in double differential 

e-ph scattering cross-section in the RPA, 
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' 1 1Im
' 2π π ,e e

e e

m k V
E k
σ

ε ω−

−
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q
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. (A.19) 

 
To achieve the more familiar form of Eq. (2.47), the inverse dielectric function may be 

related to the electron dynamic structure factor through the relation, 

 ( ) ( ) ( )
1 1, Im

π ,e
e e

S
V

ω
ε ω−

 −
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q

q q
. (A.20) 

 
The double differential scattering cross-section for e-e scattering is then, 

 ( ) ( )
22

2

2

' ,
' 2π e e e

e e

m k V S
E k
σ ω−

−

 ∂    =     ∂Ω∂   
q q



. (A.21) 

 
Because the Fock exchange interaction was assumed negligible in the derivation of (A.21) 

this double differential scattering cross-section may be generalized to any ‘free’ charged 

particle (e.g. electronic stopping of fission fragment) by replacing the e-e interaction with the 

corresponding charged particle scattering potential. Furthermore, the HEG polarization, 

( )0 ,p ωq , may be generalized to the polarization for an arbitrary electronic structure in the 

RPA, ( ),p ωq ,  without affecting the form of the final differential cross-section; therefore, 

the expression for the electron-electron scattering double differential cross-section is general 

for a free electron, and the details of the electronic structure are contained in the dynamic 

structure factor. 
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A.2. Electron-Phonon Scattering 

Secondary electrons excited through electron-electron scattering of fission delta-rays 

eventually thermalize through electron-phonon scattering. A holistic approach is general 

employed in the treatment of the e-ph interaction in the many-body problem, whereby the e-e 

and e-ph are considered simultaneously. In this case the interaction of excited electrons (i.e. 

self-energy) in matter may be represented through the use of diagrams as shown in Fig. A.5. 

The construction of the basic electron-phonon (i.e. electron-atom scattering) diagrams is 

illustrated Fig. A.6 with the corresponding mathematical expression. The phonon propagator, 

( ),D ωq , is a two-particle propagator (collective excitation) which is fundamental correlated 

to the dynamic structure factor through, 

 ( )( ) ( )1 Im , ,
π

D Sω ω− =q q . (A.22) 

 

 
Fig. A.5. Electron self-energy in a crystal. Electrons in crystalline materials may interact through e-e or e-ph 
interactions. Diagrams 1 and 3 on the rhs represent e-e interactions, whereas diagrams 2 and 6 correspond to e-
ph interactions. The remaining rhs diagrams represent mixed interactions (i.e. both e-e and e-ph). 

 
 

 
Fig. A.6. Basic electron-phonon interaction with corresponding mathematical expression. The summation over 
momentum exchange q and energy exchange ħω’ becomes an integral for an infinite system (e.g. crystal). 
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At this stage it is convenient to describe a combined interaction for e-e and e-p 

interactions as demonstrated in Fig. A.7. This combined interaction may be introduced into 

the electron self-energy (i.e. Fig. A.5), as illustrated in Fig. A.8. Subsequently, the combined 

interaction may be utilized to depict the Dyson series corresponding to the electron 

propagator resulting from e-e and e-ph interactions, as illustrated in Fig. A.9.  

 

 
Fig. A.7. Feynman diagram for combined ‘bare’ e-e and e-ph interaction. 

 
 

 
Fig. A.8. Electron self-energy in a crystal using a combined e-e and e-ph interaction. 

 
 

 
Fig. A.9. Dyson series for electron propagator resulting from e-e and e-ph interactions in a crystalline material. 

   

Upon careful examination of the electron self-energy and propagator, it may be seen that a 

‘dressed’ combined interaction can be defined as [86,106], 
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Moreover, this ‘dressed’ (i.e. effective) combined interaction can be subdivided into an 

effective e-e and effective e-ph, depicted in Fig. A.10. The effective e-e interaction, 

illustrated in Fig. A.11, combines all interactions which exclusive involve electrons, whereas 

the remaining interactions are combined into the effective e-ph interaction. The e-ph 

contribution to the ‘dressed’ interaction is composed of a ‘dressed’ phonon propagator and 

effective electron-atom interaction which are illustrated in Fig. A.12 and Fig. A.13 

respectively. 

 

 
 Fig. A.10. ‘Dressed’ combined e-e and e-ph interaction. 

 

 

 
Fig. A.11. Effective e-e interaction. 

 

 

 
 Fig. A.12. ‘Dressed’ phonon propagator. 
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Fig. A.13. Effective e-ph (i.e. electron-atom) interaction. 

 

The effective e-e interaction may be mathematically expressed from Fig. A.11. as, 
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It may be recognized from section A.1 that the denominator is the dielectric function in the 

RPA; therefore the effective e-e interaction remains unchanged from its previous treatment in 

Appendix A.1, 
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The dielectric function may also be recognized in the ‘dressed’ phonon propagator, such that, 
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(A.26) 

 
The denominator in this case captures the contribution of e-ph interactions to the phonon 

lifetime. In the present work these anharmonic contributions are assumed to be small; 

therefore, 

 ( ) ( ), ,D Dω ω=q q . (A.27) 
 

So far, the polyatomic nature of typical nuclear fuels has been ignored; however, the 

effective e-ph interaction represented in Fig. A.10 may be subdivided by atom type such that 

for a diatomic system, a propagator and corresponding electron-atom interactions are present 
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for self (i.e. non-interference) and distinct (interference). The e-ph contribution to the 

‘dressed’ combined interaction then has a general formulation from Fig. A.12 and Fig. A.13 

of, 

 ( ) ( ) ( )*
,

,
, , ,I J

e i I J e i
I J

V D Vω ω ω− −∑ q q q  . (A.28) 

 
As in the case of the e-e interaction and the ‘dressed’ phonon propagator, the effective e-ph 

interaction is dependent on the RPA dielectric function. From Fig. A.13, the effective e-ph 

interaction is, 
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 . (A.29) 

 
The self-energy may once again be recast using the ‘dressed’ combined interaction (Fig. 

A.10) and electron propagator (Fig. A.9); the result is depicted in Fig. A.14 [86,106]. 

 

 
Fig. A.14. Electron self-energy as a function of the electron propagator and ‘dressed’ combined interaction. 

 

In the first Born approximation only the first diagram in the series need be considered. The 

resulting self-energy is, 
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Because the incident particle is not assumed to be free, the electron-atom interaction 

potentials used in this formulation are transformed with wavefunction corresponding to the 

electron propagator, which are typically Bloch functions or Wannier functions [106,227]. 

The effective e-e interaction term defines the double differential e-e scattering cross-section, 

which is equivalent to Eq. (A.21) for a ‘free’ incident electron (i.e. if ( ) ( )0, ,G Gω ω=q q ). 

The double differential e-ph scattering cross-section may be derived from Eq. (A.9) and 

(A.30) as, 
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The dynamic structure factor may be substituted for the phonon propagator using the 

definition in Eq. (A.22), such that, 
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. (A.32) 

 
In the static approximation, whereby electronic excitations are assumed to be of much greater 

energy than phonons the cross-section becomes, 
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If the incident electron is assumed to be a ‘free’ quasi-particle with a mass m* then the 

quasi-particle propagator becomes a free particle propagator, and 
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. (A.34) 

 
Thus far, 'ω  has been defined to be the excitation energy; however, for the purposes of 

cross section generation this energy should be defined as the energy energy exchange 

incident electron with the lattice such that, ' 'ω ω→ −  , which is consistent with Eq. (A.17). 

Since the phonon propagator is a response function it is expected to satisfy the Kramers-

Kronig relation [80], such that, 
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q . (A.35) 

 
Combining Eq. (A.35) to (A.34) and performing the integration over ω’, results in the double 

differential e-ph scattering cross-section for a free electron quasi-particle in the RPA, 
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The electron-phonon interaction potential for a ‘free’ incident ‘electron’, in this case, is a 

Fourier transform of the corresponding electrostatic electron-atom interaction potential. 

Additionally the effective mass may be a function of ‘electron’ energy.  
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APPENDIX B. Density Functional Theory 

Density funcitional theory (DFT) is a method whereby the many electron Hamiltonian is 

reduced to a functional of the electron density. Several text provide comprehensive 

introductions to DFT and time-dependent DFT (TDDFT) [77,113,114]. DFT has been 

available since its initial formulation by P. Hohenberg and W. Kohn in 1964 [111]. This 

work provided two fundamental theorems for DFT, known as the Hohenberg-Kohn theorems 

[111,113],  

 

Theorem I.  “For any system of interacting particles particles in an external potential ( )extV r , 

the potential ( )extV r  is determined uniquely, except for a constant, by the ground state 

particle density ( )0n r .” 

Theorem II.  “A universal functional for the energy [ ]E n  in terms of the density ( )n r   can 

be defined, valid for any external potential ( )extV r . For any particular ( )extV r , the exact 

ground state energy of the system is the global minimum value of this functional, and the 

density ( )n r  that minimizes the functional is the exact ground state density ( )0n r .” 

 

As a consequence of these theorems the ground state electronic structure (i.e. energy and 

density) of a crystalline material may be described by the ground state electron density, 

which is corresponds to a unique set of ground state electron wavefunctions. Tradiationally 

DFT calculations are performed using the Kohn Sham equations, 

  [ ]( ) ( ) ( ) [ ]( ) ( ) ( )
2

2

2
s s s s s s s
KS i i KS i i i

e

E n V n E
m

φ φ φ φ= − ∇ + =r r r r r r , (B.1) 

 [ ]( ) [ ]( ) [ ]( ) [ ]( )s s
KS ext H xcV n V n V n V n= + +r r r r , (B.2) 
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These equations include the spin dependence, s, of the electrons. The Kohn-Sham potential,   

[ ]( )s
KSV n r   is composed of an external potential, [ ]( )extV n r , a Hartee potential, [ ]( )HV n r , 

and an electron exchange correlation energy functional, [ ]( )s
xcV n r . In crystals the external 

potential is the electron-ion interaction, which is typically a pseudopotential describing the 

electrostatic field of the nucleus and core electrons. The Hartree interaction is the 

electrostatic electron-electron interaction. The exchange correlation energy functional 

captures the indistinguishability of electrons and any impact of correlation which are not 

captured in the Hartree potential. The energy eigenvalues, s
iE , of the Kohn-Sham energy 

functional, [ ]( )s
KSE n r , may be determined using Lagrangian multiplier techniques which 

vary the electron density in an attempt to find the global minimum of this energy functional. 

This global minimum is considered the ground state energy and the corresponding electron 

density the ground state electronic structure. 

 

B.1. Exchange Correlation Functional 

Many exchange correlation functionals exist, the simplest of which is the local density 

approximation (LDA). The LDA functional describes the exchange and correlation behavior 

of electrons in a HEG; therefore, this functional provides reasonable predictions of the 

electronic structure in simple metals (e.g. Sodium, Aluminum). Nevertheless, the desire for 

an accurate description of electronic structure in semi-conductors has resulted in the 

development of the generalized gradient approximation (GGA). In contrast to LDA, GGA 

functionals utilize the gradient of the density in addition to the local density. Often these 

GGA functionals have a semi-empirical component. Among the most popular GGA 

functionals in the study of nuclear materials is the non-empirical Perdew-Burke-Ernzerhof 

(PBE) [119,120]. The GGA-PBE functional has the form [114,119,120] 
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, (B.4) 

 

where ( )HEG
xe n  is the exchange energy function for an HEG and ( ),HEG

ce n ζ  is the correlation 

energy function for an HEG of spin polarization fraction ζ . The Fermi energy is Fk , and 

( )A ζ   is exclusively a function of the polarization. All remaining parameters are constants. 

 

B.2. PAW Pseudopotentials 

In most DFT methods it is assumed that only valence electrons of atoms in crystals 

participate in interatomic bonding. Core electrons, in contrast, are assumed to remain fixed 

around the nucleus. This distinction between the behavior of core and valence electrons are 

captured through the use of frozen-core pseudopotentials, whereby the external potential in 

the Kohn-Sham equations (i.e. electron-ion interaction in electron system Hamiltonian) 

represents the core electrons and atomic nucleus. The density of core electrons in these 

potentials has a finite radius, beyond which the pseudopotential is exclusively coulombic. 

Core electron density can fluctuate rapidly close to the atomic nucleus, which would 

require high energy wavefunctions from a basis set to accurately describe. Plane augemented 

wave (PAW) pseudopotentials are ab initio frozen-core pseudopotentials which attempt to 
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circumvent this problem by transforming the rapidly varying AE wavefunction of the atomic 

core to a ‘smooth’ pseudo- (PS) wavefunction using a linear transformation operator, called a 

projector [117,118], 

 ( ), , , , , , , , ,
, ,

n n n l m n l m n l m n
l m

pφ φ φ φ φ= + −∑ R R R
R

  

 . (B.5) 

 
This linear transformation makes use of the completeness relation of wavefunctions, whereby 

the PS-wavefunction nφ  can be decomposed into partial waves , , ,n l mφ R
 . Each projector, 

, , ,n l mp R , is distinctly correlated to a partial wave such that, 

 , , , ', ', ', ' , , , ; ', ', ', 'δn l m n l m n l m n l mp φ =R R R R


 . (B.6) 
 

The AE charge density, which is important to the formulation of functionals in DFT, 

may be related to the PS-charge density through use of projectors as [117], 

 ( ) ( ) ( ) ( )' 'n n n n= + −r r r r  , (B.7) 
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where , , ,n l mν = R  and ', ', ', 'n l mµ = R . Each AE and PS-charge density is a sum over all 

energy states, n, with occupation nf . The AE density and PS-charge density are denoted by 

( )n r  and ( )n r  respectively. Support, or augmentation charges which ensure conservation of 

charge are denoted by ( )'n r  and ( )'n r . For a frozen core potential it is more convenient to 

subdived the total charge density (T) into valence electrons (V)  and the atomic core (ZC), 

 ( ) ( ) ( )T V ZCn n n= +r r r . (B.12) 
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The atomic core includes both core electrons and the atomic nucleus, whereas the valence 

electrons are those electrons permitted to participate in bonding in DFT calculations. 

The PS-potential is a functional of these charge densities and is composed of Hartree 

interactions and exchange correlation interactions, 

 [ ] [ ]ˆ ˆPS H ZC V xc V CV V n n n V n n n= + + + + +    , (B.13) 
 
where n̂  is a compensation charge introduced to ensure that the multipole moments of the 

PS-charge density are the same as those of the AE density. The exchange correlation 

interactions (e.g. Fock type interactions) occur between electrons such that in this functional 

the core electron PS-charge density, Cn , excludes the atomic nucleus. While important to 

electronic structure calculations, the contribution of the exchange correlation interactions are 

small in comparison to the Hartree interactions [114]. 

Electrostatic interactions with the core atomic PS-charge density may be considered a 

local part, whereas the Hartree interactions resulting from the valence electrons and 

compensation charge are dependent on the electronic structure. In general the Hartree 

interaction has a radial and momentum dependence of, 

 [ ]( ) ( )2
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4π 'H

neV n
ε
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r r
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, (B.14) 
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The atomic core charge density exists exclusively within the pseudopotential cutoff radius 

such that, 

 [ ]( )
2

04π
c

H ZC c
e ZV n r r

rε
−

= >r , (B.16) 

 
where cZ  is the atomic core charge, which is equal to the number of valence states selected 

for the atom. As 0q →  the charge density in momentum space becomes the total charge. 

Consequently, the component of the Hartree interaction for the atomic core charge beyond 
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the cutoff radius becomes divergent in momentum space. Fortunately, the Hartree interaction 

of the valence charge for the atom is equally divergent, and cancels with the divergent 

component of the electrostatic interaction of the atomic core charge for small momentum 

transfers. 

 

B.3. TDDFT and Response Functions 

Although DFT calculations permit the calculation of the static ground state properties of 

the electronic structure, the dynamic properties of the electronic structure are necessary to 

describe scattering and transport phenomena in solids. Time-dependent density functional 

theory (TDDFT) methods are used to describe the dynamic properties of electronic structure, 

including specific excitations of the electronic structure (e.g. quasi-particles). These methods 

provide solutions to the time-dependent Kohn-Sham equations [114], 
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While nany methods exist to solve these equations, linear response theory TDDFT 

(lrTDDFT) is a computationally accessible method for periodic systems (e.g. crystals). This 

method is able to capture the response (e.g. dynamic structure factor) of the system resulting 

from time-dependent fluctuations in the electronic structure [77,114,121,122].  

The lrTDDFT method uses a time-dependent many-body formulation of quantum 

mechanics [77,114,121,122], compatible with the techniques discussed in 0. The response 

function in lrTDDFT is formulated as a Dyson equation [114], 
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and is dependent on the response function of the non-interacting Kohn-Sham system, 

( )0 , , ', 't tχ r r . Linear response assumes that fluctuations in the system are small such that the 

difficulties of solving the time-dependent Kohn-Sham equations may be bypassed. In this 

case the response function may be determined directly in frequency space from the static 

ground state wavefunctions of tradiational DFT methods as [114,121,122], 

    ( ) ( ) ( ) ( ) ( ) ( )0 0* 0* 0

,

'
, ',

δ
j k j k

k j
j k jkj k

f f
E E i

φ φ φ φ
χ ω

ω
= −

− − +∑
r r r r

r r . (B.21) 

 
The quantity δ  is infinitesimal state life-time which prevents the divergences of the response 

function in real space. The superscript 0 indicates that the wavefunctions correspond to the 

ground state solution of the Kohn-Sham equations, while kf  and jf  are the fractional 

occupation of these wavefunctions. Given that lrTDDFT is based on the many-body 

interpretation of quantum mechanics, it is no coincidence that the denominator of Eq. (B.21) 

bears striking similarity to the propagator in Eq. (A.7). In fact as indicated by Eq. (A.22), 

propagators for elementary excitations (e.g. phonons, plasmons) and responsed functions 

(e.g. dynamic structure factor) are fundamentally correlated. Accordingly, the imaginary part 

of the response function in Eq. (B.21) is the dynamic structure factor corresponding to the 

electronic structure of a material; therefore, the lrTDDFT techniques directly generate the 

dynamic structure factor which is required for the calculation of double differential scattering 

cross-sections. 
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APPENDIX C. Molecular Dynamics 

Molecular dynamics (MD) is a computational technique which directly simulates the 

motion of atoms using classical Newtonian mechanics. For introductory texts see [220,229]. 

In tradiational MD, interatomic interactions are defined using semi-empirical interatomic 

potential functions. Parameterization of these potential functions is typically performed to 

achieve reasonable agreement with bulk thermodynamic and structure parameters, such as 

lattice parameter, heat capacity, thermal expansion, and thermal conductivity. Often these 

potentials are two-body interactions with a central potential (e.g. Coulomb interaction). 

MD simulations start with the construction of an atomic supercell, and the definition of 

the interatomic potential functions. The motion of atoms in MD systems is evolved from the 

interatomic forces. In a MD system of N atoms, the classical force on an atom bound by a 

two-body potential functions is, 

 ( ) ( )( )i j ij ij
j

t V t= − ∇∑F R , (C.1) 

 
The evolution of the atom velocities and positions are obtained by integration of this force 

using descrete time steps of t∆ . A common scheme for integration in MD, is the Verlet 

method [220,229]. In this method each atom velocity is first predicted for ½ t∆  as, 

 ( ) ( ) ( )1
2 2

 i
i

i
i

t
t t

M
t t++ ∆ = ∆

F
v v , (C.2) 

 
where iM  is the atom mass. Subsequently, the atom postions are predicted for the next time-

step from the half-step velocity, 

 ( ) ( ) ( )1
2 iii t t t tt t++ ∆ = + ∆ ∆RR v . (C.3) 

 
Utilizing these new positions to estimate the forces at t t+ ∆ , the velocities are predicted for 

the next time step as, 
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The above procedure evolves the system of atoms, which over time approach some 

thermodynamic equilibrium, within a finite simulation box. This box is a bounded region 

containing the entire simulations (i.e. the supercell). Achieving thermodynamic equilibrium 

often requires a thermostat to regulate the temperature and size of the simulation box. After 

the simulated system has achieved thermodynamic equilibrium the MD model may used to 

study the behavior of the atomic system under equilibrium conditions. Furthermore, given an 

appropriate thermostat and a thermodynamic bath region to capture the bulk crystal, the 

system may be used to simulate non-equilbrium disruptions such as radiation matter 

interactions.  

To simulate crystals, the finite box is given periodic boundary conditions, which for 

Bravais lattice system ensures that the behavior of opposing box faces are the same. These 

conditions result in a crystal which is a translationally infinite system of the MD supercell. 

Periodic boundary conditions may, therefore, introduce size effects into thermodynamic 

properties (e.g. limits on the phonon wavevector); yet, MD systems would ideally model a 

subsystem of an infinite crystal. To model the behavior of crystal subsystem, a bath region 

may be defined on the boundary of the simulation box, in which the thermostat for this 

region is set to capture the impact of the crystal beyond the simulation box. Since interaction 

on the microscale can be considered random phenomena, a stochastic thermostat may be an 

appropriate choice to simulate the effect of the crystal on the subsystem within the MD 

supercell. 

 

C.1. Thermostats 

In MD thermostats are designed to regulate the thermodynamic behavior of the systems, 

with the aim of ensuring the simulation is stable and reproduces the statistically behavior of 

‘real’ systems. Typically each thermostat has a corresponding thermodynamic ensemble. In 

this work, both NVT (Canonical ensemble) and NVE (Canonical ensemble) are used.  

A commonly used NVT thermostat is the Nosé-Hoover, in which a canonical 

transformation of the Hamiltonian of the atomic systems adds an additional degree of 
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freedom. This change in the Hamiltonian results in the addition of a friction force for each 

atom [229,230], 

 ( ) ( )( ) ( ) ( ),i j ij ij i NH i
j

t V t t tγ= − ∇ −∑F r v . (C.5) 

 
The time-dependent friction factor, ( ),i NH tγ , is a time depedent variable propoportional to 

the atom mass, which stabilizes the fluctuations in the system temperature around a specified 

equilibrium value.  

The NVE thermostat is the simplest thermostat in MD, and predicts atom dynamics in 

the supercell exclusively upon the interatomic potential function; therefore, unlike Nosé-

Hoover, the thermostat does not interfere with the dynamics of the system. Energy 

conservation is achieved through use of the Verlet algorithm, Eq. (C.2) – (C.4). This 

thermostat is ideal to study non-equilibrium radiation events, as it does not artificially alter 

the disruption to the system; as would be the case with the NVT Nosé-Hoover thermostat. 

To capture the impact of the bulk crystal on the MD system in such simulations, a 

Langevin thermostat may be used in a bath region. This thermostat maintains the temperature 

of atoms around an equilibrium value, 0T , by adding a friction, ( ),i L i tγ− v , and stochastic 

force, ( )i tF , to each atom, such that Newtons second law for an atom may be expressed as 

[225], 

 ( ) ( ) ( ),
d
d

i
i i i L i iM t t t

t
γ= − +

v F v F . (C.6) 

 
The stochastic force is a Gaussian random variable which obeys the fluctuation dissipation 

theorem,  

 ( ) 0i t =F , (C.7) 

 ( ) ( ) ( )0' 6 δ 'i i B Lt t k T t tγ⋅ = −F F  . (C.8) 

 
These equations indicated that on average the stochastic force has no impact on the net force 

of an atom and is not correlated in time. Although the probability distribution function for the 
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stochastic force is Gaussian, in MD, where the timestep is expected to much less than the 

Langevin relaxation time, Lτ , the distribution may be model as a uniform distribution 

[215,216]. The Langevin friction factor and stochastic force may be modeled in MD as, 
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The magnitude of the MD stochastic force in each Cartesian direction (x, y, z) is determined 

by random number, rand, at each timestep. 

 

C.2. Correlation Functions 

The dynamic and static properties of atomic systems may be extracted from MD using 

correlation functions. These functions may correspond to atomic properties or bulk 

properties, where the former includes includes the dynamic structure factor and the latter 

include thermal conductivity. In general correlation functions for an atomic property ( ),i tc r   

for an atom type I have the form, 

 ( ) ( ) ( )
', '

, ' , ' ' , 'I i i i i t
i I

C t t t t
∈

= + + + ⊗ +∑ r
r c r r R c r R



, (C.11) 

 
which is an average over all spacial and time origins of r’ and t’ in the simulation. If the atom 

property is scalar, then the result is also a scalar and the tensor product reduces to simple 

multiplication. In cases where the evolution of a correlation function during a disruption (e.g. 

radiation event) is desired, the time origin is fixed and the time average is ignored. 

In this work both the pair-correlation function and mean square displacement (MSD) are 

calculated for MD systems following and during a simulated fission event respectively. The 

pair correlation function is closely related to the dynamic structure factor and is calculated as, 

   ( ) ( )( ) ( )( )
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1 δ ' ' , ' δ ' ' , 'i j tj J i I
G t t t t t t

N ∈ ∈
= + + + + +∑∑ r

r r R r r R , (C.12) 
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where the delta function represents the density function for an atom and N is the total number 

of atoms. The MSD is physically equivalent to the Debye Waller factor used in the phonon 

expansion method for the dynamic structure factor, but may also be used to determine the 

atomic self-diffusion coefficient. For the purposes of determining the diffusion coefficient 

resulting from fission, the MSD tensor is calculated from a specific time origin, 0t , as, 

 ( ) ( ) ( ), 0 0 0
1,MSD I i i

I i I
C t t t t t

N ∈
= + ⊗∑R R



, (C.13) 

 
and IN  is the number of atoms of type I. While MSD fundamentally represents a matrix, it is 

often reported as a scalar which in a cubic system is the sum of each direction. In this case 

MSD is calculated as, 

 ( ) ( )( )0 , 0, Tr ,MSD IMSD t t C t t=


, (C.14) 

 
where Tr is the matrix trace operation. 
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APPENDIX D. Computational Packages 

Various computational packages were used in the generation of cross-section data and 

simulation of the fission spike in this work. General details, procedures, and algorithms for 

several of the packages are discussed in the following sections. Each code has extensive 

capabilities; therefore, the discussions are limited to calculations relevant to this work.  

 

D.1. VASP 

The Vienna Ab Initio Package (VASP) is a DFT and TDDFT code for the the 

examination of electronic structure in periodic (e.g. crystalline) systems using PAW 

pseudopotentials and a plane wave basis set [115-117,121,122]. The plane wave basis is a 

convenient choice for crystals as a complete set can be created which satisfies periodic 

boundary conditions. Futhermore delta-functions resulting from a spacial Fourier transform 

of plane waves permit integration to be performed in momentum space as opposed to real 

space.  

The DFT calculation performed by VASP finds the ground state energy and electronic 

structure of an atomic structure of the Kohn-Sham equations using the self-consistent 

algorithm shown in Fig. D.1. This algorithm makes use of crystal symmetry to reduce the 

computational complexity of the calculation. Initially the electron density is calculated from 

Eq. (B.3) using a random set of plane waves satisfying the periodic boundary conditions. 

Because the plane wave basis is theoretically infinite, a user specified energy cutoff is 

selected to limit the number of plane waves used to determine the wavefunctions. 

At the start of each iteration the Kohn-Sham functional, Eq. (B.2), is evaluated using the 

current electron density. Subsequently, the eigenfunctions of the resulting Hamiltonian are 

determined from the occupation factor (i.e. probability) for each plane wave. This is achieved 

through matrix operations which diagonalize the Kohn-Sham Hamiltonian, Eq. (B.1), 

particular the block Davidson scheme [231]. 
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Fig. D.1. Basic algorithm employed in VASP to determine the ground state energy and electronic structure of a 
configuration of atoms [115,116]. 

 

At various stages of the self-consistent algorithm, integration of functionals over the 

entire crystal is required. To increase accuracy, this integration is performed in momentum 

space, thereby converting the process of integration into a summation of the functional 

evaluated in momentum space on pre-defined grid. The default scheme to determine the 
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momentum space grid–referred to as a k-point mesh–for integration is Mohnkhorst-Pack 

[127]. In this case the Brillouin zone of a model system is evenly divided in momentum 

space such that evaluation of the Kohn-Sham functions on a n m l× ×  Monkhorst-Pack k-

point mesh in the kx, ky, and kz, corresponds to integration of these functionals in a n m l× ×  

supercell. 

Following the evaluation of the eigenfunctions in each iteration, the energy of the 

systems is evaluated by integrating the Hamiltonian. After the second iteration, the difference 

in energy between iterations is evaluated and compared to a user defined convergence 

criterion. The wavefunction and density when the criterion is met are considered the ground 

state. These properties are used to evaluate the electronic structure properties (e.g. DOS, 

band-structure) and Hellmann-Feynman forces [144], both of which may be output.  

Before performing calculations to evaluate the electronic structure of a system an 

appropriate energy cutoff for the plane wave basis and sufficiently dense k-point mesh must 

be determined. Selection of these parameters is such that the desired precision of the ground 

state energy of the calculation. In the current work, a convergence of 5 meV/atom in the 

predicted ground state energy of the UO2 crystal structure was chosen. The ground state 

energy as a function of the energy cutoff and number of k-points is shown in Fig. D.2. 

 
Fig. D.2. Convergence of UO2 unit cell for plane wave energy cutoff and number of k-points. Each simulation 
included an effective Hubbard parameter of 4 eV [128,129]. The UO2 cell used in these calculations is the 1-k 
anti-ferromagnetic structure shown in Fig. 3.3. The unit cell energy is converged for a plane wave cutoff and k-
point mesh of 600 eV and 6x6x6 k-point mesh (196 k-points). The large number of k-points was selected such 
that the predicted volume is converged. 



 

212 

In addition to the selection of an optimal plane wave cutoff and k-point mesh, the atomic 

structure must be ‘relaxed’. Relaxation of a structure is a procedure which finds the atom 

position and unit cell lattice parameters with the minimal energy. This procedure may be 

done internally in VASP, in which case the self-consistent algorithm shown in Fig. D.1. is 

repeated until the approximate minimum has been found; however, this internal procedure 

may not provide information necessary to calculate an equation of state. Alternatively, the 

ground state energy can be calculated for a range of volumes to determine the minimum and 

equation of state, see Fig. 3.4. Theoretically, the VASP internal relaxation should produce 

results consistent with the equation of state. 

Using the optimal plane wave cutoff and k-point mesh with the relaxed structure the 

static electronic structure (e.g. electronic DOS) can be calculated. In this case a non-self-

consistent calculation is performed utilizing the wavefunctions and density from a self-

consistent calculation. In non-self consistent calculations, the electron density is not updated. 

Typically the number of k-points for these calculations is increased from the calculation of 

the ground state energy. 

While static DFT calculations are able to determine the static electronic structure of a 

material, TDDFT is required to predict the dynamic properties of the electronic structure. In 

particular the inverse dielectric function, required for electron-phonon cross-section 

calculations in this work, may be generated from TDDFT. In VASP lrTDDFT is used to 

calculate the response function, Eq. (B.21), and subsequently the inverse dielectric function 

in the RPA. The important components of the algorithm used for these calculations is shown 

in Fig. D.3. These calculations are performed using the wavefunctions from a DFT 

calculation as input. Since the response function is calculated in inverse space an appropriate 

mesh of possible momentum transfers is created from the k-point mesh of the DFT 

calculation. 

 In the RPA, the inverse dielectric function may be related to the response function (i.e. 

collective excitation propagator) by, 

 ( ) ( ) ( )1 , 1 ,e eVε ω χ ω−
−= +q q q . (D.1) 
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For computational efficiency, the imaginary component of the inverse dielectric function (i.e. 

dynamic structure factor) is calculated and the real component is generated through Kramers-

Kronig relations,  

 ( )( ) ( )( )
1

1
Im , 'd ' Re ,

π '
ε ωω ε ω
ω ω

−
−=

−∫
q

q . (D.2) 

 
While this function is calculated in VASP, modifications to the code were made in this work 

to output to a file in a format similar to that of electron band structure. 

 

 
Fig. D.3. Algorithm for VASP calculation of the inverse dielectric function in the RPA. The static DFT 
calculation is performed according Fig. D.1. 
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D.2. PHONON 

The PHONON code is a lattice dynamics code which generates the phonon properties of 

crystals in the harmonic approximation using the dynamical matrix method [146]. This 

method calculates the phonon for various phonon wave-vectors as the eigenvalues of [80], 
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. (D.3) 

 
The harmonic force constant, , ; ,i jν µΦ



, is calculated for atoms i and j for displacements in the 

direction ν and μ respectively. The vector, τ , is any periodic translation of the crystal. The 

procedure for the calculation of phonons using the PHONON and VASP codes in this work 

is illustrated in Fig. D.4. 

In this procedure the PHONON code is initially used to generate supercell crystal 

structure files for x, y, and z direction displacements of each symmetry unique atom position 

in the unit cell. These supercells are sufficiently large to reduce the effects of periodicity, and 

contain a single displaced atom. As an additional input for ionic crystals, such as UO2, the 

dielectric properties of the crystal are required for correct prediction of LO/TO degenerancy 

splitting near the Γ-point. These dielectric properties include the dielectric constant at 0=q  

and the Born effective charges, both of which may be generated from non-self-consistent 

DFT calculations in VASP. For each displacement the VASP code is used to calculate the 

Hellmann-Feynman forces [144].  

These forces are then used to generate the harmonic force constants, which are 

calculated as a Hessian matrix of the atomic displacements. Subsequently, the dynamical 

matrix is solved to determine the phonon energies (eigenvalues) for various phonon 

wavevectors, which are selected through Monte Carlo sampling of the Brillouin zone. The 

phonon DOS is determined by tallying each occurance of phonon energies in discrete energy 

bins. If the dispersion curve is desired instead of the DOS, the Monte Carlo sampling is 

replaced by a user defined grid of phonon wavevectors. 
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Fig. D.4. Procedure for calculating the phonon DOS using the VASP and PHONON codes. 

 

 

D.3. LAMMPS 

Large-scale Atomic/Molecular Massively Parallel Simulator (LAMMPS) is a MD code 

developed at Sandia National Laboratory [217-219]. This code has significant GPU 

capabilities for the calculation of atom dynamics which were utilized in this work. Fission 
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spike simulations using MD-TTM and MD-MGM were performed in this work using 

LAMMPS. MD-TTM routines are accessible in LAMMPS, and despite any changes to the 

formulation of the Langevin equation and the addition of an electron system bath, the general 

algorithm employed is the same as that already available in LAMMPS. The MD-MGM 

developed in this work, however, required changes to the MD calculation procedure to 

accommodate the use of temperature dependent libraries. 

The general routine used at each time-step is illustrated in Fig. D.5. To generate the 

stochastic and frictional forces for the thermal group, according to Eqs. (4.42) and (4.43), the 

atomic temperature is first calculated in each grid cell. The energy gain and loss were then 

calculated for each atom type in each grid cell from the stopping force libraries (e.g. Fig. 

3.57) using bilinear interpolation with the current electron and atom temperature in the grid 

cell. Subsequently, the forces on each atom are calculated and appended to the MD forces 

calculated using Verlet integration, Eqs. (C.2) – (C.4).  

Additionally the energy transfer for the thermal and fast groups is calculated, the later 

according to Eq. (4.47). Since the fast group data is time depenendent, linear interpolation of 

the fast group library is performed using the MD elapsed simulation time. As a final step the 

fast group energy transport and thermal group heat equations are simultaneous solved. To 

balance accuracy in capturing the physical phenemonon and numeric stability, calculations of 

the fast group is not performed in a grid cell once the energy has dropped below a threshold 

value (~1E-6 eV), but is instead set to zero. At the end of the timestep the fast group energy 

and thermal group temperature in each grid cell are stored as inputs for the MGM procedure 

in the following MD timestep. 
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Fig. D.5. General MGM algorithm implemented in LAMMPS in this work. 

 
 
D.4. LEAPR 

LEAPR is a module of the NJOY nuclear data processing package [150,154]. This 

module is intended for use in the generation of thermal neutron scattering libraries, and 

calculates the dynamic structure factor in the independent oscillator approximation, known as 

the incoherent approximation in thermal neutron scattering. The module makes use of the 

unitless energy transfer and momentum transfer variables, 
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which are analogous to Eq. (3.19) and (3.20). The mass, A, is ratio of the atom mass to the 

neutron mass. The dynamic structure factor generated from the phonon expansion using these 

variables is, 
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The Debye Waller factor, λ, is proportional to the mean-square displacement. Although this 

formulation is intended for neutrons, it is easily generalized for any particle atom interaction 

(e.g. photon, neutrino, electron excitations). This may be achieved by replacing the atom-

neutron mass ratio with the corresponding atom-particle (i.e. atom-electron) mass ratio. For 

electron-atom interactions the domain of α and β values in LEAPR must be defined based on 

an appropriate range of Q and W, which was defined to be 1 meV - 5 keV and 1 meV - 20 

keV in this work. To span such a large range, a logarithmic grid was used with the maximum 

number of α and β values, which is 400. Conversion of the dynamic structure factor in (α,β) 

space to (Q,W) is achieved by, 

 ( ) ( )1 , ,s s
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S S Q W
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