
ABSTRACT

DEMIR, ISMAIL. Classification of 5−Dimensional Complex Nilpotent Leibniz Algebras.
(Under the direction of Dr. Kailash Misra and Dr. Ernest Stitzinger.)

Leibniz algebras are certain generalization of Lie algebras. They were introduced

by Bloh (1965) who called them D-algebras. Then it was popularized by Loday (1993)

and the subject has been studied since then. Lie algebras are known to have many

applications in mathematical areas including algebraic geometry, differential geometry,

differential equations, number theory and also in physical areas such as general relativity,

quantum mechanics, quantum field theory, string theory, particle physics and nuclear

physics. The classification problem is one of the fundamental and important problems

in Lie algebras. The famous Levi-Malcev (1905, 1950) theorem reduce the problem of

classifying Lie algebras to classifying semisimple and solvable Lie algebras over a field of

characteristic 0. The semisimple Lie algebras was classified by Cartan (1894) and later

refined by Dynkin (1947). Malcev (1950) showed that the problem of classifying solvable

Lie algebras can be reduced to classifying nilpotent Lie algebras. So far the complete

classification of complex nilpotent Lie algebras of dimension n ≤ 7 is known and the

classification problem of complex nilpotent Lie algebras is wild in higher dimensions.

The lack of antisymmetry property in Leibniz algebras makes the classification problem

more difficult for Leibniz algebras.

In this work, we give the classification of complex nilpotent non-split non-Lie Leibniz

algebras of dimension n ≤ 5. A Leibniz algebras is called non-split if it doesn’t have

nontrivial ideals as a summand. We introduce the technique involving bilinear forms to

obtain the classification of complex nilpotent non-split non-Lie Leibniz algebras with

one dimensional derived algebra. The remaining cases are done by using some algebraic

invariants.
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Chapter 1

Introduction

Leibniz algebras are nonantisymmetric generalization of Lie algebras. Such algebras had

been first considered by Bloh who called them D-algebras [7], considering their connec-

tions with derivations. While studying the properties of the homology of Lie algebras

Loday noticed that the classical Chevalley-Eilenberg boundary map in the exterior mod-

ule of a Lie algebra can be lifted to the tensor module which yields a new chain complex.

For this chain complex to be well-defined the only property needed is the Leibniz identity.

This was the motivation for Loday to introduce Leibniz algebras [20], [21], [22].

It is always an interesting and fundamental problem to give the classification of any

kind of algebras. The problem of classifying all Lie algebras is still unsolved and it is very

complicated. One of the immediate applications of Levi-Malcev Theorem is to reduce the

problem of classifying Lie algebras over a field of characteristic 0 to classifying semisimple

and solvable Lie algebras over a field of characteristic 0 [19], [24]. The classification of

complex semisimple Lie algebras was completely given by Cartan [8] and later revisited

by Dynkin [17]. The problem of the classification of complex solvable Lie algebras can be

reduced to the classification of complex nilpotent Lie algebras due to Malcev [24].

Therefore, it has been of interest of many researchers to give the classification of

complex nilpotent Lie algebras. The first work on this problem was given by Umlauf [42],

in which he classified complex nilpotent Lie algebras of dimension n ≤ 6. By applying

the method of nilpotent elements of semisimple Lie algebras, Morozov classified complex

nilpotent Lie algebras up to dimension 6 [25]. Later Safiullina [37] presented new results
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on the classification of 7−dimensional complex nilpotent Lie algebras using Morozov’s

method. Major stepforward was made by Vergne who introduced filiform Lie algebras

as well as giving the complete classification of complex nilpotent Lie algebras of dimen-

sion n ≤ 7 [43]. Skjelbred and Sund tackled the problem by studying the orbits under

the action of a group on the second degree cohomology space of a smaller Lie algebra

with coefficients in a trivial module [40]. In 1989 Romdhani obtained a classification of

7−dimensional complex nilpotent Lie algebras using only basic Linear algebra techniques

such as Jordan forms of matrices and classification of bilinear forms [36]. Ancochea and

Goze [6] and Seeley [38] are the other researchers who attacked the problem by following

different approach, but they were later adjusted in [39] and [23]. In [11] De Graaf got the

classification 6−dimensional complex nilpotent Lie algebras by using Gröbner bases and

he compared it with the classifications of 6−dimensional complex nilpotent Lie algebras

given before.

The classification problem of complex nilpotent Leibniz algebras were first studied

by Loday himself. In [21] he obtained the complete classification of complex nilpotent

Leibniz algebras of dimension n ≤ 2. Later Ayupov and Omirov classified 3−dimensional

complex nilpotent Leibniz algebras in [3] and [4].

The classification of complex nilpotent Lie algebras is already a complicated problem.

Due to lack of antisymmetry the problem of classifying complex nilpotent Leibniz alge-

bras is more difficult. The problem is especially difficult for n ≥ 3 because that requires

to solve a system of n4 equations in n3 unknowns. This difficulty led some researchers to

work on a special subclass of nilpotent Leibniz algebras, namely filiform Leibniz algebras

which is introduced by Ayupov and Omirov [5]. They extended the concept of filiform Lie

algebras to Leibniz algebras and classified them for Leibniz algebras [5]. Using this result

along with the classification of 5−dimensional associative algebras, Albeverio, Omirov

and Rakhimov obtained the classification of 4−dimensional complex nilpotent Leibniz

algebras [2]. In [27] Rakhimov and Bekbaev proposed an algortihm for classification of

complex nilpotent Leibniz algebras deriving from naturally graded filiform Leibniz alge-

bras with regard to invariant functions which allowed them to find isomorphism criterion

for each class. In particular, they gave the classification of complex filiform Leibniz alge-

bras of dimension 5 and 6. Following [27] many researchers worked on the classification of
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complex filiform Leibniz algebras of dimension n ≤ 9 [26], [34], [33], [32], [29], [28], [16], [1].

As stated above one of the techniques to classify nilpotent Lie algebras was intro-

duced by Skjelbred and Sund. Rakhimov and Langari were the first researchers who

used Skjelbred-Sund method in Leibniz algebras [31]. They also applied this technique

to obtain the classification of 3−dimensional complex nilpotent Leibniz algebras [30].

Rikhsiboev and Rakhimov [35] presented another classification of 3−dimensional Leibniz

algebras by considering some invariants. It was not surprising that the technique involv-

ing Gröbner bases also was introduced for Leibniz algebras [18]. Casas, Insua and Ladra

first introduced an algorithm for testing whether a given algebra actually corresponds

to a Leibniz algebra [9]. Then they proposed another algorithm deciding whether any

given two Leibniz algebras are isomorphic [10]. In their work [10] they gave the complete

classification 3−dimensional Leibniz algebras and compared it with the one given in [3].

Demir, Misra and Stitzinger [13] used another approach involving the canonical forms for

the congruence classes of matrices for bilinear forms to classify complex nilpotent Leibniz

algebras of dimension n ≤ 3. Their technique allowed them to classify complex nilpotent

Leibniz algebras with one dimensional derived algebra of dimension n ≤ 8 [14]. In fact this

technique can be applied to complex nilpotent Leibniz algebra of any fixed dimension

n. Using this technique and some invariants they also gave the complete classification of

4−dimensional complex nilpotent Leibniz algebras [15].

In Chapter 2, we recall basic notions for Leibniz algebras. We introduce the technique

involving bilinear forms to give the classification of complex nilpotent non-Lie Leibniz

algebras with one dimensional derived algebra. In Chapter 3, we also include the results

on classification of complex nilpotent non-split non-Lie Leibniz algebras of dimension

n ≤ 4 that we obtained in [13] and [15].

There has been no attempt to give the complete classification of 5−dimensional com-

plex nilpotent Leibniz algebras. As stated above there exists only partial results for clas-

sification of nilpotent Leibniz algebras of dimension n ≥ 5. In Chapter 4, by applying the

bilinear form technique introduced in Chapter 3 and using some algebraic invariants we

classify 5−dimensional complex nilpotent non-split non-Lie Leibniz algebras. Throughout

this work, all algebras are over the field of complex numbers. We restrict our attention
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to give isomorphism classes of non-split non-Lie nilpotent Leibniz algebras because split

ones can always be obtained by non-split isomorphism classes. We use Mathematica pro-

gram implementing Algorithm 2.6 given in [10] to check that the classes we obtained are

indeed pairwise nonisomorphic.
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Chapter 2

Preliminaries

In this section we give the basic definitions and properties for Leibniz algebras.

Definition 2.0.1. A (left) Leibniz algebra A is a F−vector space equipped with a bilinear

map [ , ] ∶ A ×A→ A satisfying the Leibniz identity

[a, [b, c]] = [[a, b], c] + [b, [a, c]] (2.1)

for all a, b, c ∈ A.

For a Leibniz algebra A and a ∈ A, we define the left multiplication operator La ∶ A→
A and the right multiplication operator Ra ∶ A → A by La(b) = [a, b] and Ra(b) = [b, a]
respectively for all b ∈ A. Note that by equation (2.1), the operator La is a derivation,

but Ra is not a derivation. A (right) Leibniz algebra is a vector space equipped with a

bilinear map such that the right multiplication is a derivation. Throughout this work,

Leibniz algebra always refers to (left) Leibniz algebra. A (left) Leibniz algebra is not

necessarily a (right) Leibniz algebra, as the following example shows.

Example 2.0.2. Let A be a 2-dimensional algebra with the following products:

[x,x] = 0, [x, y] = 0, [y, x] = x, [y, y] = x.

A is a (left) Leibniz algebra, but it is not a (right) Leibniz algebra, since [[y, y], y] ≠
[y, [y, y]] + [[y, y], y].

Any Lie algebra is clearly a Leibniz algebra. A Leibniz algebra A satisfying the con-

dition that [a, a] = a2 = 0 for all a ∈ A, is a Lie algebra since in this case the Leibniz
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identity becomes the Jacobi identity. A Leibniz algebra which is not a Lie algebra is

called a non-Lie Leibniz algebra.

For any element a ∈ A and n ∈ Z>1 we define an ∈ A inductively by defining a1 = a
and ak+1 = [a, ak]. Similarly, we define An by A1 = A and Ak+1 = [A,Ak]. The Leibniz

algebra A is said to be abelian if A2 = 0. Furthermore, it follows from (2.1) that Lan = 0

for n ∈ Z>1.

Example 2.0.3. Let A be a n−dimensional Leibniz algebra generated by a single element

a. Then A = span{a,a2, . . . ,an} and we have [a, an] = α1a+⋯+αnan for some α1, . . . , αn ∈
F. By Leibniz identity we have 0 = [a, [an, a]] = [[a, an], a] + [[an, a], a] = [α1a + ⋯ +
αnan, a] = α1[a, a] which implies that α1 = 0. Hence A2 = span{a2, . . . ,an}. The Leibniz

algebra A is called a n−dimensional cyclic Leibniz algebra.

Definition 2.0.4. Let I be a subspace of a Leibniz algebra A. Then I is a subalgebra if

[I, I] ⊆ I, an ideal if [A, I], [I,A] ⊆ I.

A2 is called derived algebra of A. Given any Leibniz algebra A we denote Leib(A) =
{a2 ∣ a ∈ A}. In particular, Leib(A) is an abelian ideal of A. Leib(A) is a right ideal

by definition. The fact that Leib(A) is a left ideal follows from the identity [a, [b, b]] =
[a + [b, b], a + [b, b]] − [a, a]. For any ideal I of A we define the quotient Leibniz algebra

in the usual way. It can be seen that A/Leib(A) is a Lie algebra.

Definition 2.0.5. The left center of A is denoted by Z l(A)={x ∈ A ∣ [x, a] = 0 for all

a ∈ A} and the right center of A is denoted by Zr(A)={x ∈ A ∣ [a, x] = 0 for all a ∈ A} .

The center of A is Z(A) = Z l(A) ∩Zr(A).

Let A be a Leibniz algebra. Then the series of ideals

A(0) = A ⊇ A(1) ⊇ A(2) ⊇ . . . where A(1) = [A,A],A(i+1) = [A(i),A(i)]

is called the derived series of A.

Definition 2.0.6. A Leibniz algebra A is solvable if A(m) = 0 for some integer m ≥ 0.

Definition 2.0.7. A Leibniz algebra A is nilpotent of class c if Ac+1 = 0 but Ac ≠ 0.

Definition 2.0.8. A Leibniz algebra A is said to be split if it can be written as a direct

sum of two nontrivial ideals. Otherwise, A is called non-split.

Definition 2.0.9. A n−dimensional Leibniz algebra A is said to be filiform Leibniz

algebra if dim(Ai) = n − i, for 2 ≤ i ≤ n.
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Chapter 3

Classification of Nilpotent Leibniz

Algebras of dim ≤ 4

3.1 Classification of Nilpotent Leibniz Algebras with

One Dimensional Derived Algebra

Let A be a n-dimensional non-Lie nilpotent Leibniz algebra with dim(A2) = 1. Then

A2 = Leib(A) = span{xn} for some 0 ≠ xn ∈ A. Let V be a complementary subspace to A2

in A such that A = A2 ⊕ V . Then for any u, v ∈ V , we have [u, v] = cxn for some c ∈ C.

Define the bilinear form f( , ) ∶ V × V → C by f(u, v) = c for all u, v ∈ V . The canonical

forms for the congruence classes of matrices associated with the bilinear form g( , ) on

a vector space W given in [41], [12] is as follows. We denote

[A/B] ∶=
⎛
⎜⎜
⎝

0 B

A 0

⎞
⎟⎟
⎠

Theorem 3.1.1. [12] The matrix of the bilinear form g( , ) ∶W ×W → C is congruent to

a direct sum, uniquely determined up to permutation of summands, of canonical matrices

of the following types:

1. A2k+1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1

⋱ ⋱

0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

/

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

0 ⋱

⋱ 1

0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦(2k+1)×(2k+1)
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2. B2k(c) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 c

c 1

⋰ ⋰

c 1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

/

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

1 c

⋰ ⋰

1 c 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦2k×2k

, c ≠ ±1.

3. C2k+1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1

1 1

⋰ ⋰

1 1

1 −1

⋰ ⋰

1 −1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦(2k+1)×(2k+1)

4. D2k =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1

1 −1

⋰ ⋰

1 −1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

/

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

1 1

⋰ ⋰

1 1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦2k×2k

(k even)

5. E2k =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1

1 1

⋰ ⋰

1 1

−1 1

⋰ ⋰

−1 1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦2k×2k

6. F2k =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 −1

−1 1

⋰ ⋰

−1 1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

/

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

1 1

⋰ ⋰

1 1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦2k×2k

(k odd)

Using Theorem 3.1.1, we choose a basis {x1, x2, . . . , xn−1} for V so that the matrix

of the bilinear form f( , ) ∶ V × V → C is the (n − 1) × (n − 1) matrix N given in

Theorem 3.1.1. Then A has basis {x1, x2, . . . , xn−1, xn} and the multiplication among

the basis vectors is completely determined by the matrix N since A2 ⊆ Z(A). Hence
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the resulting Leibniz algebras corresponding to distinct congruence class of matrices are

pairwise nonisomorphic.

Lemma 3.1.2. Let A be a non-Lie nilpotent Leibniz algebra with dim(A2) = 1 and

A = A2 ⊕ V . The matrix of the bilinear form f( , ) ∶ V × V → C defined above is of the

form N =K ⊕ 0 if and only if A is split.

Proof. By Theorem 3.1.1, the matrix of the bilinear form f( , ) is of the form N =K ⊕0

with respect to the basis {x1, x2, . . . , xn−1} for V where K is a k × k matrix. Recall

that here A2 = Leib(A) = span{xn}, hence A has basis {x1, x2, . . . , xn−1, xn}. Set I1 =
span{x1, . . . , xk, xn} and I2 = span{xk+1, . . . , xn−1}. Then I1 and I2 are ideals of A and

A = I1 ⊕ I2. So A is split.

Conversely, suppose A is split. Then A = I1 ⊕ I2 where I1, I2 are ideals of A. Without

loss of generality we can assume that A2 = Leib(A) = span{xn} is contained in I1. Then

[I2, I2] ⊆ A2 ∩ I2 = {0} which implies that I2 is abelian. Hence the matrix N = K ⊕ 0 for

some k × k matrix K, k < n − 1.

It can be seen that by using Theorem 3.1.1 and Lemma 3.1.2, we can give the complete

classification of non-split non-Lie nilpotent Leibniz algebras with one dimensional derived

algebra of any fixed dimension n. In fact we obtained the complete classification up to

dimension 8 in [14].

3.2 Classification of Nilpotent Leibniz Algebras of

dim(A) ≤ 4

We gave the complete classification of complex nilpotent Leibniz algebras of dimension

n ≤ 3 in [13]. We list our results here.

Theorem 3.2.1. [13] Let A be a non-split non-Lie nilpotent Leibniz algebra of dim(A) =
2. Then A is isomorphic to a Leibniz algebra spanned by {x1, x2} with the nonzero products

given by the following:

A1: [x1, x1] = x2.

Theorem 3.2.2. [13] Let A be a non-split non-Lie nilpotent Leibniz algebra of dim(A) =
3. Then A is isomorphic to a Leibniz algebra spanned by {x1, x2, x3} with the nonzero

products given by the following:
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A1: [x1, x2] = x3 = −[x2, x1], [x2, x2] = x3.

A2(α): [x1, x2] = x3, [x2, x1] = αx3, α ∈ C/{−1,1}.

A3: [x1, x1] = x3, [x2, x2] = x3.

A4: [x1, x1] = x2, [x1, x2] = x3.

Remark. If α1, α2 ∈ C/{−1,1} such that α1 ≠ α2, then A2(α1) and A2(α2) are isomorphic

if and only if α2 = 1
α1

.

We also obtained the classification of 4−dimensional non-split non-Lie nilpotent Leib-

niz algebras in [15]. By comparing our classification with classification given in [2] we

realized that one isomorphism class was missed in their list.

Theorem 3.2.3. [15] Let A be a non-split non-Lie nilpotent Leibniz algebra of dim(A) =
4. Then A is isomorphic to a Leibniz algebra spanned by {x1, x2, x3, x4} with the nonzero

products given by the following:

A1: [x1, x3] = x4, [x3, x2] = x4.

A2: [x1, x3] = x4, [x2, x2] = x4, [x2, x3] = x4 = −[x3, x2], [x3, x1] = x4.

A3: [x1, x2] = x4 = −[x2, x1], [x3, x3] = x4.

A4: [x1, x2] = x4 = −[x2, x1], [x2, x2] = x4, [x3, x3] = x4.

A5(α): [x1, x2] = x4, [x2, x1] = αx4, [x3, x3] = x4, α ∈ C/{−1,1}.

A6: [x1, x1] = x4, [x2, x2] = x4, [x3, x3] = x4.

A7: [x1, x1] = x2, [x1, x2] = x3, [x1, x3] = x4.

A8: [x1, x1] = x4, [x1, x2] = x3 = −[x2, x1].

A9: [x1, x1] = x4, [x1, x2] = x3 = −[x2, x1], [x2, x2] = x4.

A10: [x1, x1] = x4, [x1, x2] = x3 = −[x2, x1], [x1, x3] = x4 = −[x3, x1].

A11: [x1, x2] = x3 = −[x2, x1], [x2, x2] = x4, [x1, x3] = x4 = −[x3, x1].

A12: [x1, x1] = x4, [x1, x2] = x3, [x2, x1] = −x3 + x4, [x1, x3] = x4 = −[x3, x1].
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A13: [x1, x2] = x3, [x2, x1] = −x3 + x4, [x2, x2] = x4, [x1, x3] = x4 = −[x3, x1].

A14: [x1, x1] = x3, [x1, x2] = x4.

A15: [x1, x1] = x3, [x2, x1] = x4.

A16: [x1, x2] = x4, [x2, x1] = x3, [x2, x2] = −x3.

A17(α): [x1, x1] = x3, [x1, x2] = x4, [x2, x1] = αx4, α ∈ C/{−1,0}.

A18(α): [x1, x1] = x3, [x2, x1] = x4, [x1, x2] = αx3, [x2, x2] = −x4, α ∈ C/{−1}.

A19: [x1, x1] = x3, [x1, x2] = x3, [x2, x1] = x3 + x4, [x2, x2] = x4.

A20: [x1, x2] = x3, [x1, x3] = x4.

A21: [x1, x2] = x3, [x2, x2] = x4, [x1, x3] = x4.

A22: [x1, x2] = x3, [x2, x1] = x4, [x1, x3] = x4.

A23: [x1, x2] = x3, [x2, x1] = x4, [x2, x2] = x4, [x1, x3] = x4.

A24: [x1, x1] = x3, [x2, x1] = x4, [x1, x3] = x4.

A25: [x1, x1] = x3, [x2, x2] = x4, [x1, x3] = x4.

Remark. 1. If α1, α2 ∈ C/{−1,1} such that α1 ≠ α2, then A5(α1) and A5(α2) are

isomorphic if and only if α2 = 1
α1

.

2. If α1, α2 ∈ C/{−1,0} such that α1 ≠ α2, then A17(α1) and A17(α2) are not isomor-

phic.

3. If α1, α2 ∈ C/{−1} such that α1 ≠ α2, then A18(α1) and A18(α2) are not isomorphic.
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Chapter 4

Classification of 5−Dimensional

Nilpotent Leibniz Algebras

Let A be a 5−dimensional non-split non-Lie nilpotent Leibniz algebra. Then since A is

non-Lie we have dim(A2) = 1,2,3 or 4. The case dim(A2) = 4 can be done using Lemma

1 in [5].

Theorem 4.0.1. Let A be a 5−dimensional non-split non-Lie nilpotent Leibniz algebra

with dim(A2) = 4. Then A is isomorphic to a Leibniz algebra spanned by {x1, x2, x3, x4, x5}
with the nonzero products given by the following:

A1 ∶ [x1, x1] = x2, [x1, x2] = x3, [x1, x3] = x4, [x1, x4] = x5.

We give the following Lemmas which are very useful. The following Lemma is a direct

consequence of Proposition 4.2 in [13].

Lemma 4.0.2. If A is a nilpotent Leibniz algebra of class c then Ac ⊆ Z(A)

Lemma 4.0.3. Let A be a non-split Leibniz algebra then Z(A) ⊆ A2.

Proof. Let A be a non-split Leibniz algebra. Assume Z(A) /⊆ A2. Take a complementary

subspace W to A2 in A such that A = W ⊕A2. Let V be a complementary subspace to

Z(A) ∩W in A such that A = V ⊕ (Z(A) ∩W ). Choose I1 = Z(A) ∩W and I2 = V .

Note that Z(A)∩W ⊆ Z(A) hence it is an ideal. Also V is an ideal since V contains A2.

Therefore, A = I1 ⊕ I2 where I1 and I2 are nontrivial ideals of A. Then A is split, which

is a contradiction.
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Lemma 4.0.4. Let A be a nilpotent Leibniz algebra and dim(Leib(A)) = 1. Then Leib(A) ⊆
Z(A).

Proof. If [A,Leib(A)] = 0 then Leib(A) ⊆ Z(A). Assume [A,Leib(A)] ≠ 0. Then using

Leib(A) is an ideal we get Leib(A) = [A,Leib(A)]. So

Leib(A) = [A,Leib(A)] ⊆ [A,A2] = A3⇒ Leib(A) ⊆ A3.

Leib(A) = [A,Leib(A)] ⊆ [A,A3] = A4⇒ Leib(A) ⊆ A4. By doing this repetitively we see

that Leib(A) ⊆ An for any natural number n. This implies A is not nilpotent which is a

contradiction. Hence Leib(A) ⊆ Z(A).

Lemma 4.0.5. Let A be n−dimensional nilpotent Leibniz algebra and dim(Z(A)) = n−k.

If dim(Leib(A)) = 1 then dim(A2) ≤ k2−k+2
2 .

Proof. By Lemma 4.0.4 we have Leib(A) ⊆ Z(A). Let Leib(A) = span{en}. Extend

this to a basis {ek+1, ek+2, . . . , en−1, en} for Z(A). Then the nonzero products in A =
span{e1, e2, . . . , ek, ek+1, . . . , en} are given by:

[er, er] = θren, [ei, ej] =
n−1
∑
t=1
αtijet + βijen, [ej, ei] = −

n−1
∑
t=1
αtijet + γjien.

for 1 ≤ r, i, j ≤ k, i ≠ j. Then dim(A2) ≤ {number of (i, j)’s where 1 ≤ i < j ≤ k} + 1. Note

that the number of (i, j)’s where 1 ≤ i < j ≤ k is equal to k2−k
2 . Hence dim(A2) ≤ k2−k+2

2 .

Lemma 4.0.6. Let A be n−dimensional nilpotent Leibniz algebra and dim(A2) = n − k.

If dim(Leib(A)) = 1 and A3 = Leib(A) then n ≤ k2+k+2
2 .

Proof. Let Leib(A) = A3 = span{en}. Extend this to a basis {ek+1, ek+2, . . . , en} for A2.

Then the nonzero products in A = span{e1, e2, . . . , ek, ek+1, . . . , en} are the following:

[ei, ej] =
n−1
∑
t=k+1

αtijet + βijen, [ej, ei] = −
n−1
∑
t=k+1

αtijet + γijen.

for 1 ≤ i, j ≤ k where i ≠ j and other products are in Leib(A). Then dim(A2) ≤ {number

of (i, j)’s where 1 ≤ i < j ≤ k} + 1. Hence n ≤ k2+k+2
2 .
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4.1 Classification of Nilpotent Leibniz Algebras of

Dimension 5 with dim(A2) = 1

We apply the bilinear form technique given in Chapter 3 to get the following result.

Theorem 4.1.1. Let A be a non-split non-Lie nilpotent Leibniz algebra of dim(A) = 5

with dim(A2) = 1. Then A is isomorphic to a Leibniz algebra spanned by {x1, x2, x3, x4, x5}
with the nonzero products given by one of the following:

A1(α): [x1, x4] = x5, [x2, x3] = x5, [x2, x4] = αx5, [x3, x2] = αx5, [x4, x1] = αx5, [x4, x2] =
x5, α ∈ C/{−1,1}.

A2: [x1, x4] = x5, [x2, x3] = x5, [x2, x4] = x5 = −[x4, x2], [x3, x2] = x5, [x4, x1] = x5.

A3: [x1, x4] = x5 = −[x4, x1], [x2, x3] = x5 = −[x3, x2], [x2, x4] = x5, [x3, x3] = x5, [x4, x2] =
x5.

A4: [x1, x3] = x5, [x3, x2] = x5, [x4, x4] = x5.

A5: [x1, x3] = x5, [x2, x2] = x5, [x2, x3] = x5 = −[x3, x2], [x3, x1] = x5, [x4, x4] = x5.

A6: [x1, x2] = x5 = −[x2, x1], [x3, x4] = x5 = −[x4, x3], [x4, x4] = x5.

A7(α): [x1, x2] = x5 = −[x2, x1], [x3, x4] = x5, [x4, x3] = αx5, α ∈ C/{−1,1}.

A8: [x1, x2] = x5 = −[x2, x1], [x2, x2] = x5, [x3, x4] = x5 = −[x4, x3], [x4, x4] = x5

A9(α): [x1, x2] = x5 = −[x2, x1], [x2, x2] = x5, [x3, x4] = x5, [x4, x3] = αx5, α ∈ C/{−1,1}.

A10(α,β): [x1, x2] = x5, [x2, x1] = αx5, [x3, x4] = x5, [x4, x3] = βx5, α, β ∈ C/{−1,1}.

A11: [x1, x2] = x5 = −[x2, x1], [x3, x3] = x5, [x4, x4] = x5.

A12: [x1, x2] = x5 = −[x2, x1], [x2, x2] = x5, [x3, x3] = x5, [x4, x4] = x5.

A13(α): [x1, x2] = x5, [x2, x1] = αx5, [x3, x3] = x5, [x4, x4] = x5 α ∈ C/{−1,1}.

A14: [x1, x1] = x5, [x2, x2] = x5, [x3, x3] = x5, [x4, x4] = x5.
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Proof. Let A2 = Leib(A) = span{x5}. Let V be a complementary subspace to A2 in A

such that A = V ⊕A2. Then by Theorem 3.1.1, there exists an ordered basis {x1, x2, x3, x4}
of V such that the matrix of the bilinear form f( , ) on V is one of the following listed

below. Here we group the matrices corresponding to each partition of 4.

Partition 4 × 4 matrices

4 B4,D4,E4

3 + 1 A3 ⊕C1,C3 ⊕C1

2 + 2 F2 ⊕ F2, F2 ⊕E2, F2 ⊕B2,E2 ⊕E2,E2 ⊕B2,B2 ⊕B2

2 + 1 + 1 F2 ⊕C1 ⊕C1,E2 ⊕C1 ⊕C1,B2 ⊕C1 ⊕C1

1 + 1 + 1 + 1 C1 ⊕C1 ⊕C1 ⊕C1

Table 4.1: 4 × 4 matrices of the bilinear form f( , )

Now {x1, x2, x3, x4, x5} is an ordered basis for A and we have an isomorphism class

corresponding to each matrix of the bilinear form f( , ) on V listed above. Thus we have

14 isomorphism classes with the nonzero multiplications among basis vectors given in the

statement of this theorem since the algebra corresponding to F2⊕F2 is a Lie algebra.

Remark. 1. If α1, α2 ∈ C/{−1,1} such that α1 ≠ α2, then A1(α1) and A1(α2) are

isomorphic if and only if α2 = 1
α1

.

2. If α1, α2 ∈ C/{−1,1} such that α1 ≠ α2, then A7(α1) and A7(α2) are isomorphic if

and only if α2 = 1
α1

.

3. If α1, α2 ∈ C/{−1,1} such that α1 ≠ α2, then A9(α1) and A9(α2) are isomorphic if

and only if α2 = 1
α1

.

4. If α1, β1 ∈ C/{−1,1} then we have the following isomorphism criterions in the fam-

ily A10(α,β): A10(α1, β1) ≅ A10(α1, β1),A10(α1, β1) ≅ A10(α1,
1
β1

), A10(α1, β1) ≅
A10( 1

α1
, β1),A10(α1, β1) ≅ A10( 1

α1
, 1
β1

),A10(α1, β1) ≅ A10(β1, α1),A10(α1, β1) ≅ A10(β1, 1
α1

),
A10(α1, β1) ≅ A10( 1

β1
, α1) and A10(α1, β1) ≅ A10( 1

β1
, 1
α1

).

5. If α1, α2 ∈ C/{−1,1} such that α1 ≠ α2, then A13(α1) and A13(α2) are isomorphic

if and only if α2 = 1
α1

.
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4.2 Classification of Nilpotent Leibniz Algebras of

Dimension 5 with dim(A2) = 3

Let A be a 5−dimensional non-split non-Lie nilpotent Leibniz algebra with dim(A2) = 3.

Then dim(A3) = 0,1 or 2.

4.2.1 dim(A3) = 0

Let dim(A2) = 3 and A3 = 0. Then by Lemma 4.0.2 and Lemma 4.0.3 we have A2 =
Z(A). We get dim(Leib(A)) ≠ 1 from Lemma 4.0.5. Then since Leib(A) ⊆ A2 we have

2 ≤ dim(Leib(A)) ≤ 3.

Theorem 4.2.1. Let A be a 5−dimensional non-split non-Lie nilpotent Leibniz algebra

with dim(A2) = 3, dim(A3) = 0 and dim(Leib(A)) = 2. Then A is isomorphic to a

Leibniz algebra spanned by {x1, x2, x3, x4, x5} with the nonzero products given by one of

the following:

A1: [x1, x1] = x4, [x1, x2] = x3, [x2, x1] = −x3 + x4 + x5, [x2, x2] = x5.

A2: [x1, x1] = x4, [x1, x2] = x3 = −[x2, x1], [x2, x2] = x5.

Proof. Let Leib(A) = span{e4, e5}. Extend this to a basis {e3, e4, e5} for A2 = Z(A).
Choose e1, e2 ∈ A such that [e1, e1] = e4, [e2, e2] = e5. Then the nonzero products in

A = span{e1, e2, e3, e4, e5} are given by:

[e1, e1] = e4, [e1, e2] = α1e3 + α2e4 + α3e5, [e2, e1] = −α1e3 + β1e4 + β2e5, [e2, e2] = e5.

Take θ = (α2 + β1)(α3 + β2) − 1.

• If θ = 0 then the base change x1 = (α2 + β1)e1, x2 = e2, x3 = (α2 + β1)(α1e3 + α2e4 +
α3e5), x4 = (α2 + β1)2e4, x5 = e5 shows that A is isomorphic to A1.

• If θ ≠ 0, α3 + β2 = 0 and α2 + β1 = 0 then the base change x1 = e1, x2 = e2, x3 =
α1e3 + α2e4 + α3e5, x4 = e4, x5 = e5 shows that A is isomorphic to A2.

• If θ ≠ 0, α3 + β2 = 0 and α2 + β1 ≠ 0 then the base change x1 = i(α2+β1)
2 e1, x2 =

ie1 − 2i
α2+β1 e2, x3 = α1e3 + α2−β1

2 e4 + α3e5, x4 = − (α2+β1)2
4 e4, x5 = e4 − 4

(α2+β1)2 e5 shows

that A is isomorphic to A2.
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• θ ≠ 0 and α3 + β2 ≠ 0 then the base change x1 = − θ2+
√
−θ3

(α3+β2)θ2
√

θ√
−θ3
e1 −

√
θ√
−θ3
e2, x2 =

−θ2+
√
−θ3

2(−θ3)5/8 e1 −
α3+β2

2(−θ3)1/8 e2, x3 = −α1(−θ3)3/8( θ√
−θ3

)5/2e3 − (α2−β1
2 )(−θ3)3/8( θ√

−θ3
)5/2e4 −

(α3−β2
2 )(−θ3)3/8( θ√

−θ3
)5/2e5, x4 = −2θ

2+(θ−1)
√
−θ3

(α3+β2)2
√
−θ3

e4+e5, x5 = θ(θ2−θ−2
√
−θ3)

4(−θ3)3/4 e4+ (α3+β2)2θ2
4(−θ3)3/4 e5

shows that A is isomorphic to A2.

Theorem 4.2.2. Let A be a 5−dimensional non-split non-Lie nilpotent Leibniz algebra

with dim(A2) = 3, dim(A3) = 0 and dim(Leib(A)) = 3. Then A is isomorphic to a

Leibniz algebra spanned by {x1, x2, x3, x4, x5} with the nonzero products given by one of

the following:

A1(α): [x1, x1] = x4, [x1, x2] = αx4 + x5, [x2, x1] = x3, [x2, x2] = x5, α ∈ C.

A2: [x1, x1] = x4, [x1, x2] = x3, [x2, x1] = x3, [x2, x2] = x5.

Proof. Let Leib(A) = A2 = Z(A) = span{e3, e4, e5}. Choose e1, e2 ∈ A such that [e1, e1] =
e4, [e2, e2] = e5. Then the nonzero products in A = span{e1, e2, e3, e4, e5} are given by:

[e1, e1] = e4, [e1, e2] = α1e3 + α2e4 + α3e5, [e2, e1] = β1e3 + β2e4 + β3e5, [e2, e2] = e5.

Case 1: Let α1 = 0. Then β1 ≠ 0 since dim(A2) = 3.

[e1, e1] = e4, [e1, e2] = α2e4 + α3e5, [e2, e1] = β1e3 + β2e4 + β3e5, [e2, e2] = e5. (4.1)

• If α3 = 0 then the base change x1 = (α2 − 1)e1 − e2, x2 = α2e1 − e2, x3 = (1−α2)β1e3 +
((1−α2)β2 −α2)e4 + ((1−α2)β3 + 1)e5, x4 = (1−α2)β1e3 + (1−α2)(β2 + 1)e4 + ((1−
α2)β3 + 1)e5, x5 = −α2β1e3 − α2β2e4 + (1 − α2β3)e5 shows that A is isomorphic to

A1(0).

• If α3 ≠ 0 then the base change x1 = e1, x2 = α3e2, x3 = α3(β1e3 + β2e4 + β3e5), x4 =
e4, x5 = α2

3e5 shows that A is isomorphic to A1(α).

Case 2: Let α1 ≠ 0.

Case 2.1: Let β1 = 0. Then the base change x1 = e2, x2 = e1, x3 = e3, x4 = e5, x5 = e4
shows that A is isomorphic to an algebra with nonzero products given by (4.1). Hence A

is isomorphic to A1(α).
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Case 2.2: Let β1 ≠ 0. Take θ1 = β1α2−β2α1 and θ2 = β1α3−β3α1. Note that α1+β1 ≠ 0

since dim(Leib(A)) = 3.

• θ1 = 0 = θ2 and α1 = β1 then the base change x1 = e1, x2 = e2, x3 = α1e3 + α2e4 +
α3e5, x4 = e4, x5 = e5 shows that A is isomorphic to A2.

• If θ1 = 0 = θ2 and α1 ≠ β1(taking k = α1

β1
) then the base change

x1 = −
i 4
√

(k−1)4(k+1)5
√
− k2(k+1)2√

(k−1)4(k+1)5
k2 e1− ik(k+1)

4
√

(k−1)4(k+1)5
e2, x2 = ik(k+1)

4
√

(k−1)4(k+1)5
√
− k2(k+1)2√

(k−1)4(k+1)5

e1−

ik
4
√

(k−1)4(k+1)5
e2, x3 = −β1(

√
− k2(k+1)2√

(k−1)4(k+1)5
(k2+1)

k )e3 + (−β2(

√
− k2(k+1)2√

(k−1)4(k+1)5
(k2+1)

k ) + 1
k +

1)e4 + (−β3(

√
− k2(k+1)2√

(k−1)4(k+1)5
(k2+1)

k ) − k2(k+1)√
(k−1)4(k+1)5

)e5, x4 = −
β1(k+1)2

√
− k2(k+1)2√

(k−1)4(k+1)5
k e3 +

(−
β2(k+1)2

√
− k2(k+1)2√

(k−1)4(k+1)5
k + (k+1)2

k2 )e4 + (−
β3(k+1)2

√
− k2(k+1)2√

(k−1)4(k+1)5
k − k2(k+1)2√

(k−1)4(k+1)5
)e5, x5 =

−β1
√
− k2(k+1)2√

(k−1)4(k+1)5
e3+(1−β2

√
− k2(k+1)2√

(k−1)4(k+1)5
)e4+(−β1

√
− k2(k+1)2√

(k−1)4(k+1)5
− k2√

(k−1)4(k+1)5
)e5

shows that A is isomorphic to an algebra with nonzero products given by (4.1).

Hence A is isomorphic to A1(α).

• If θ1 = 0 and θ2 ≠ 0(taking k = α1

β1
) then the base change x1 = (k+1)3/8√

k
e1− (k+1)3/8θ2√

kβ1
e2, x2 =

√
k

(k+1)5/8 e1, x3 = −
kθ2
4√
k+1
e3+(− kθ2β2

4√
k+1β1

+ 1
4√
k+1

)e4+(− kθ2β3
4√
k+1β1

− θ22
4√
k+1β2

1

)e5, x4 = − (k+1)7/4θ2
k e3+

(− (k+1)7/4θ2β2
kβ1

+ (k+1)3/4
k )e4− (k+1)7/4θ2β3

kβ1
e5, x5 = k

(k+1)5/4 e4+ ( θ2β1 )
2e5 isomorphic to an al-

gebra with nonzero products given by (4.1). Hence A is isomorphic to A1(α).

• If θ1 ≠ 0 then the base change x1 = θ1
α1
e1+e2, x2 = α1+β1

α1
e2, x3 = (α1+β1)θ1

α2
1

(β1e3+β2e4)+
( (α1+β1)θ1β3

α2
1

+ α1+β1
α1

)e5, x4 = θ1
α1

(α1+β1)e3+( θ1(α2+β2)
α1

+( θ1α1
)2)e4+(1+ θ1(α3+β3)

α1
)e5, x5 =

(α1+β1
α1

)2e5 shows that A is isomorphic to an algebra with nonzero products given

by (4.1). Hence A is isomorphic to A1(α).

Remark. If α1, α2 ∈ C such that α1 ≠ α2, then A1(α1) and A1(α2) are not isomorphic.

4.2.2 dim(A3) = 1

Let dim(A2) = 3 and dim(A3) = 1. Then by Lemma 4.0.2 and Lemma 4.0.3 we have

A3 ⊆ Z(A) ⊆ A2. Note that A2 ≠ Z(A) since A3 ≠ 0. Hence dim(Z(A)) = 1 or 2.
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First we consider the case dim(Z(A)) = 2. Note that since Leib(A) ⊆ A2 we have

1 ≤ dim(Leib(A)) ≤ 3.

Theorem 4.2.3. Let A be a 5−dimensional non-split non-Lie nilpotent Leibniz algebra

with dim(A2) = 3, dim(A3) = 1, dim(Z(A)) = 2 and dim(Leib(A)) = 1. Then A is

isomorphic to a Leibniz algebra spanned by {x1, x2, x3, x4, x5} with the nonzero products

given by one of the following:

A1: [x1, x2] = x3, [x2, x1] = −x3 + x5, [x1, x3] = x4 = −[x3, x1].

A2: [x1, x2] = x3 = −[x2, x1], [x2, x2] = x5, [x1, x3] = x4 = −[x3, x1].

A3: [x1, x2] = x3, [x2, x1] = −x3 + x5, [x2, x2] = x5, [x1, x3] = x4 = −[x3, x1].

A4: [x1, x1] = x5, [x1, x2] = x3 = −[x2, x1], [x1, x3] = x4 = −[x3, x1].

Proof. Using Lemma 4.0.6 we see that A3 ≠ Leib(A). Also from 4.0.4 we have Leib(A) ⊆
Z(A). Let Leib(A) = span{e5} and A3 = span{e4}. Then Z(A) = span{e4, e5}. Extend

this to a basis {e3, e4, e5} of A2. Then the nonzero products in A = span{e1, e2, e3, e4, e5}
are given by:

[e1, e1] = α1e5, [e1, e2] = α2e3 + α3e4 + α4e5, [e2, e1] = −α2e3 − α3e4 + α5e5, [e2, e2] = α6e5,

[e1, e3] = β1e4 = −[e3, e1], [e2, e3] = β2e4 = −[e3, e2].

Without loss of generality, we can assume β2 = 0 because if β2 ≠ 0 and β1 = 0(resp. β1 ≠ 0)

then with the base change x1 = e2, x2 = e1, x3 = e3, x4 = e4, x5 = e5(resp. x1 = e1, x2 =
β2e1 − β1e2, x3 = e3, x4 = e4, x5 = e5) we can make β2 = 0. Then β1 ≠ 0 since A3 ≠ 0. Hence

the products in A are given by the following:

[e1, e1] = α1e5, [e1, e2] = α2e3 + α3e4 + α4e5, [e2, e1] = −α2e3 − α3e4 + α5e5, [e2, e2] = α6e5,

[e1, e3] = β1e4 = −[e3, e1].

Case 1: Let α1 = 0. Then we have the following products in A:

[e1, e2] = α2e3 + α3e4 + α4e5, [e2, e1] = −α2e3 − α3e4 + α5e5, [e2, e2] = α6e5,

[e1, e3] = β1e4 = −[e3, e1]. (4.2)
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• If α6 = 0 then α4 + α5 ≠ 0 since dim(A2) = 3. Then the base change x1 = e1, x2 =
e2, x3 = α2e3 + α3e4 + α4e5, x4 = α2β1e4, x5 = (α4 + α5)e5 shows that A is isomorphic

to A1.

• If α6 ≠ 0 and α4 + α5 = 0 then the base change x1 = e1, x2 = e2, x3 = α2e3 + α3e4 +
α4e5, x4 = α2β1e4, x5 = α6e5 shows that A is isomorphic to A2.

• If α6 ≠ 0 and α4+α5 ≠ 0 then with the following change of basis x1 = α6e1, x2 = (α4+
α5)e2, x3 = α6(α4+α5)(α2e3+α3e4+α4e5), x4 = α2

6α2β1(α4+α5)e4, x5 = α6(α4+α5)2e5
A is isomorphic to A3.

Case 2: Let α1 ≠ 0. If (α4 + α5, α6) ≠ (0,0) then the base change x1 = xe1 + e2, x2 =
e2, x3 = e3, x4 = e4, x5 = e5 (where α1x2+(α4+α5)x+α6 = 0) shows that A is isomorphic to

an algebra with nonzero products given by (4.2). Hence A is isomorphic to A1,A2 or A3.

So let α6 = 0 = α4 +α5. Then the base change x1 = e1, x2 = e2, x3 = α2e3 +α3e4 +α4e5, x4 =
α2β1e4, x5 = α1e5 shows that A is isomorphic to A4.

Next we consider the case dim(Z(A)) = 2 = dim(Leib(A)). It can be seen that we

have either Leib(A) ≠ Z(A) or Leib(A) = Z(A). We start with the case Leib(A) ≠ Z(A).

Theorem 4.2.4. Let A be a 5−dimensional non-split non-Lie nilpotent Leibniz algebra

with dim(A2) = 3, dim(A3) = 1, dim(Z(A)) = 2 = dim(Leib(A)) and Leib(A) ≠ Z(A).

Then A is isomorphic to a Leibniz algebra spanned by {x1, x2, x3, x4, x5} with the nonzero

products given by one of the following:

A1: [x1, x2] = x3 + x4, [x2, x1] = −x3, [x1, x4] = x5.

A2: [x1, x2] = x3 + x4, [x2, x1] = −x3, [x2, x2] = x5, [x1, x4] = x5.

A3: [x1, x1] = x4, [x1, x2] = x3 = −[x2, x1], [x1, x4] = x5.

A4: [x1, x1] = x4, [x1, x2] = x3 = −[x2, x1], [x2, x2] = x5, [x1, x4] = x5.

Proof. Let A3 = span{e5}. Extend this to bases of {e4, e5}, {e3, e5} of Leib(A) and Z(A),
respectively. ThenA2 = span{e3, e4, e5} and the nonzero products inA = span{e1, e2, e3, e4, e5}
are given by:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e3 + α4e4 + α5e5, [e2, e1] = −α3e3 + β1e4 + β2e5,
[e2, e2] = β3e4 + β4e5, [e1, e4] = β5e5, [e2, e4] = β6e5.
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From the Leibniz identities [e1, [e2, e1]] = [[e1, e2], e1] + [e2, [e1, e1]] and [e1, [e2, e2]] =
[[e1, e2], e2] + [e2, [e1, e2]] we get the following equations:

⎧⎪⎪⎪⎨⎪⎪⎪⎩

β1β5 = α1β6

α4β6 = β3β5
(4.3)

If β6 ≠ 0 and β5 = 0 then by (4.3) we have α1 = 0 = α4. Then with the base change

x1 = e2, x2 = e1, x3 = e3, x4 = e4, x5 = e5 we can make β6 = 0. Also if β6 ≠ 0 and β5 ≠ 0 then

with the base change x1 = e1, x2 = β6e1 − β5e2, x3 = e3, x4 = e4, x5 = e5 we can make β6 = 0.

So we can assume β6 = 0. Then β5 ≠ 0 since A3 ≠ 0. Using (4.3) we get β1 = 0 = β3. Hence

we have the following products in A:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e3 + α4e4 + α5e5, [e2, e1] = −α3e3 + β2e5,
[e2, e2] = β4e5, [e1, e4] = β5e5.

Case 1: Let α1 = 0. Then α4 ≠ 0 since dim(A2) = 3. Hence we have the following

products in A:

[e1, e1] = α2e5, [e1, e2] = α3e3 + α4e4 + α5e5, [e2, e1] = −α3e3 + β2e5,
[e2, e2] = β4e5, [e1, e4] = β5e5. (4.4)

Without loss of generality we can assume α2 = 0. Otherwise with the base change x1 =
β5e1−α2e4, x2 = e2, x3 = e3, x4 = e4, x5 = e5 we can make α2 = 0. Then we have the following

products in A:

[e1, e2] = α3e3 + α4e4 + α5e5, [e2, e1] = −α3e3 + β2e5, [e2, e2] = β4e5, [e1, e4] = β5e5.

• If β4 = 0 then the base change x1 = e1, x2 = e2, x3 = α3e3 − β2e5, x4 = α4e4 + (α5 +
β2)e5, x5 = α4β5e5 shows that A is isomorphic to A1.

• If β4 ≠ 0 then the base change x1 = e1, x2 = α4β5
β4
e2, x3 = α4β5

β4
(α3e3 − β2e5), x4 =

α4β5
β4

(α4e4 + (α5 + β2)e5), x5 = (α4β5)2
β4

e5 shows that A is isomorphic to A2.

Case 2: Let α1 ≠ 0.
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• If α4 = 0 and β4 = 0 then the base change x1 = e1, x2 = β5e2 − (α5 + β2)e4, x3 =
β5(α3e3 − β2e5), x4 = α1e4 + α2e5, x5 = α1β5e5 shows that A is isomorphic to A3.

• If α4 = 0 and β4 ≠ 0 then the base change x1 = e1, x2 =
√

α1

β5
(β5e2 − (α5 +β2)e4), x3 =√

α1

β5
β5(α3e3 −β2e5), x4 = α1e4 +α2e5, x5 = α1β5e5 shows that A is isomorphic to A4.

• If α4 ≠ 0 then the base change x1 = α4e1−α1e2, x2 = e2, x3 = e3, x4 = e4, x5 = e5 shows

that A is isomorphic to an algebra with the nonzero products given by (4.4). Hence

A is isomorphic to A1 or A2.

Theorem 4.2.5. Let A be a 5−dimensional non-split non-Lie nilpotent Leibniz algebra

with dim(A2) = 3, dim(A3) = 1, dim(Z(A)) = 2 = dim(Leib(A)) and Leib(A) = Z(A).

Then A is isomorphic to a Leibniz algebra spanned by {x1, x2, x3, x4, x5} with the nonzero

products given by one of the following:

A1: [x1, x1] = x5, [x1, x2] = x3, [x2, x1] = −x3 + x4, [x1, x3] = x5 = −[x3, x1].

A2: [x1, x2] = x3, [x2, x1] = −x3 + x4, [x2, x2] = x5, [x1, x3] = x5 = −[x3, x1].

A3: [x1, x1] = x5, [x1, x2] = x3, [x2, x1] = −x3 + x4, [x2, x2] = x5, [x1, x3] = x5 = −[x3, x1].

A4: [x1, x2] = x3, [x2, x1] = −x3 + x5, [x2, x2] = x4, [x1, x3] = x5 = −[x3, x1].

A5: [x1, x1] = x5, [x1, x2] = x3 = −[x2, x1], [x2, x2] = x4, [x1, x3] = x5 = −[x3, x1].

A6: [x1, x1] = x5, [x1, x2] = x3, [x2, x1] = −x3 + x5, [x2, x2] = x4, [x1, x3] = x5 = −[x3, x1].

A7(α): [x1, x1] = x5, [x1, x2] = x3, [x2, x1] = −x3 + x4 + αx5, [x2, x2] = x4, [x1, x3] = x5 =
−[x3, x1], α ∈ C.

A8: [x1, x1] = x4, [x1, x2] = x3, [x2, x1] = −x3 + x5, [x1, x3] = x5 = −[x3, x1].

A9: [x1, x1] = x4, [x1, x2] = x3 = −[x2, x1], [x2, x2] = x5, [x1, x3] = x5 = −[x3, x1].

Proof. Let A3 = span{e5}. Extend this to bases of {e4, e5}, {e3, e4, e5} of Leib(A) and

A2, respectively. Then the nonzero products in A = span{e1, e2, e3, e4, e5} are given by the
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following:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e3 + α4e4 + α5e5, [e2, e1] = −α3e3 + β1e4 + β2e5,
[e2, e2] = β3e4 + β4e5, [e1, e3] = γ1e5, [e2, e3] = γ2e5, [e3, e1] = γ3e4 + γ4e5,

[e3, e2] = γ5e4 + γ6e5, [e3, e3] = γ7e4 + γ8e5.

From the Leibniz identities [e1, [e2, e1]] = [[e1, e2], e1]+[e2, [e1, e1]], [e1, [e2, e2]] = [[e1, e2], e2]+
[e2, [e1, e2]] and [e1, [e2, e3]] = [[e1, e2], e3] + [e2, [e1, e3]] we get the following equations:

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

γ3 = γ5 = γ7 = γ8 = 0

γ4 = −γ1
γ6 = −γ2

(4.5)

Note that if γ2 ≠ 0 and γ1 = 0(resp. γ1 ≠ 0) then with the base change x1 = e2, x2 = e1, x3 =
e3, x4 = e4, x5 = e5(resp. x1 = e1, x2 = γ2e1 − γ1e2, x3 = e3, x4 = e4, x5 = e5) we can make

γ2 = 0. So we can assume γ2 = 0. Then by (4.5) γ6 = 0, and so γ1, γ4 ≠ 0 since A3 ≠ 0.

Hence we have the following products in A:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e3 + α4e4 + α5e5, [e2, e1] = −α3e3 + β1e4 + β2e5,
[e2, e2] = β3e4 + β4e5, [e1, e3] = γ1e5 = −[e3, e1].

Case 1: Let α1 = 0. Then we have the following products in A:

[e1, e1] = α2e5, [e1, e2] = α3e3 + α4e4 + α5e5, [e2, e1] = −α3e3 + β1e4 + β2e5,
[e2, e2] = β3e4 + β4e5, [e1, e3] = γ1e5 = −[e3, e1]. (4.6)

Case 1.1: Let β3 = 0. Then α4 + β1 ≠ 0 since dim(Leib(A)) = 2.

• If β4 = 0 then α2 ≠ 0 since dim(Leib(A)) = 2. Then the base change x1 = e1, x2 =
α2

α3γ1
e2, x3 = α2

α3γ1
(α3e3 + α4e4 + α5e5), x4 = α2

α3γ1
((α4 + β1)e4 + (α5 + β2)e5), x5 = α2e5

shows that A is isomorphic to A1.
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• If β4 ≠ 0 and α2 = 0 then the base change x1 = e1, x2 = α3γ1
β4
e2, x3 = α3γ1

β4
(α3e3+α4e4+

α5e5), x4 = α3γ1
β4

((α4 + β1)e4 + (α5 + β2)e5), x5 = (α3γ1)2
β4

e5 shows that A is isomorphic

to A2.

• If β4 ≠ 0 and α2 ≠ 0 then the base change x1 =
√
α2β4
α3γ1

e1, x2 = α2

α3γ1
e2, x3 = α2

√
α2β4

(α3γ1)2 (α3e3+
α4e4 + α5e5), x4 = α2

√
α2β4

(α3γ1)2 ((α4 + β1)e4 + (α5 + β2)e5), x5 = α2
2β4

(α3γ1)2 e5 shows that A is

isomorphic to A3.

Case 1.2: Let β3 ≠ 0.

Case 1.2.1: Let α2 = 0. Take θ = (α5 + β2)β3 − (α4 + β1)β4. Note that θ ≠ 0 because

otherwise dim(Leib(A)) = 1, which contradicts with our claim.

• If α4 + β1 = 0 and θ ≠ 0 then the base change x1 = α5+β2
α3γ1

e1, x2 = e2, x3 = α5+β2
α3γ1

(α3e3 +
α4e4 + α5e5), x4 = β3e4 + β4e5, x5 = (α5+β2)2

α3γ1
e5 shows that A is isomorphic to A4.

• If α4 + β1 ≠ 0 and θ ≠ 0 then the base change x1 = θ
α3β3γ1

e1 − θ(α4+β1)
α3β2

3γ1
e2, x2 =

− θ(α4+β1)
α3β2

3γ1
e2, x3 = −α3θ

2(α4+β1)
α2
3β

3
3γ

2
1

e3+β1θ
2(α4+β1)
α2
3β

3
3γ

2
1

e4+ (β2β3−θ)θ2(α4+β1)
α2
3β

4
3γ

2
1

e5, x4 = θ2(α4+β1)2
(α3γ1β2

3)2
(β3e4+

β4e5), x5 = − θ
3(α4+β1)
α2
3β

4
3γ

2
1
e5 shows that A is isomorphic to A7(1).

Case 1.2.2: Let α2 ≠ 0.

• If α4 + β1 = 0 = α5 + β2 then the base change x1 = e1, x2 = α2

α3γ1
e2, x3 = α2

α3γ1
(α3e3 +

α4e4 + α5e5), x4 = ( α2

α3γ1
)2(β3e4 + β4e5), x5 = α2e5 shows that A is isomorphic to A5.

• If α4 + β1 = 0 and α5 + β2 ≠ 0 then the base change x1 = α5+β2
α3γ1

e1, x2 = α2

α3γ1
e2, x3 =

α2(α5+β2)
(α3γ1)2 (α3e3 + α4e4 + α5e5), x4 = ( α2

α3γ1
)2(β3e4 + β4e5), x5 = α2(α5+β2)2

(α3γ1)2 e5 shows that

A is isomorphic to A6.

• If α4+β1 ≠ 0 then the base change x1 = α2β3
α3γ1(α4+β1)e1, x2 =

α2

α3γ1
e2, x3 = α2

3β3
(α3γ1)2(α4+β1)(α3e3+

α4e4 +α5e5), x4 = ( α2

α3γ1
)2(β3e4 + β4e5), x5 = α3

2β
2
3

(α3γ1)2(α4+β1)2 e5 shows that A is isomor-

phic to A7(α).

Case 2: Let α1 ≠ 0. If (β3, α4 + β1) ≠ (0,0) then the base change x1 = xe1 + e2, x2 =
e2, x3 = e3, x4 = e4, x5 = e5(where α1x2 + (α4 + β1)x + β3 = 0) shows that A is isomor-

phic to an algebra with the nonzero products given by (4.6). Hence A is isomorphic to

A1,A2,A3,A4,A5,A6 or A7(α). So let β3 = 0 = α4 + β1.
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• If β4 = 0 then α5 + β2 ≠ 0 since dim(Leib(A)) = 2. Then the base change x1 =
α5+β2
α3γ1

e1, x2 = e2, x3 = α5+β2
α3γ1

(α3e3 + α4e4 + α5e5), x4 = (α5+β2
α3γ1

)2(α1e4 + α2e5), x5 =
(α5+β2)2
α3γ1

e5 shows that A is isomorphic to A8.

• If β4 ≠ 0 then the base change x1 = e1 − α5+β2
2β4

e2, x2 = α3γ1
β4
e2, x3 = α2

3γ1
β4
e3 + α3α4γ1

β4
e4 +

(α3α5γ1
β4

− α3(α5+β2)γ1
2β4

)e5, x4 = α1e4 + (α2 − (α5+β2)2
2β4

+ (α5+β2)2
4β4

)e5, x5 = (α3γ1)2
β4

e5 shows

that A is isomorphic to A9.

Remark. If α1, α2 ∈ C such that α1 ≠ α2, then A7(α1) and A7(α2) are isomorphic if and

only if α2 = α1

α1−1 .

Theorem 4.2.6. Let A be a 5−dimensional non-split non-Lie nilpotent Leibniz algebra

with dim(A2) = 3 = dim(Leib(A)), dim(A3) = 1 and dim(Z(A)) = 2. Then A is isomor-

phic to a Leibniz algebra spanned by {x1, x2, x3, x4, x5} with the nonzero products given

by one of the following:

A1: [x1, x1] = x3, [x2, x1] = x4, [x1, x3] = x5.

A2: [x1, x1] = x3, [x2, x1] = x4, [x2, x2] = x5, [x1, x3] = x5.

A3: [x1, x1] = x3, [x2, x2] = x4, [x1, x3] = x5.

A4: [x1, x1] = x3, [x2, x1] = x5, [x2, x2] = x4, [x1, x3] = x5.

A5: [x1, x1] = x3, [x2, x1] = x4, [x2, x2] = x4, [x1, x3] = x5.

A6: [x1, x1] = x3, [x2, x1] = x4 + x5, [x2, x2] = x4, [x1, x3] = x5.

A7: [x1, x1] = x3, [x1, x2] = x4, [x2, x1] = x5, [x1, x3] = x5.

A8(α): [x1, x1] = x3, [x1, x2] = x4, [x2, x1] = αx4, [x1, x3] = x5, α ∈ C/{−1}.

A9(α): [x1, x1] = x3, [x1, x2] = x4, [x2, x1] = αx4, [x2, x2] = x5, [x1, x3] = x5, α ∈ C/{−1}.

A10: [x1, x2] = x3, [x2, x2] = x4, [x1, x3] = x5.

A11: [x1, x2] = x3, [x2, x1] = x5, [x2, x2] = x4, [x1, x3] = x5.

A12: [x1, x2] = x3, [x2, x1] = x4, [x2, x2] = x4, [x1, x3] = x5.
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A13: [x1, x2] = x3, [x2, x1] = x4 + x5, [x2, x2] = x4, [x1, x3] = x5.

A14: [x1, x1] = x4, [x1, x2] = x3, [x1, x3] = x5.

A15: [x1, x1] = x4, [x1, x2] = x3, [x2, x1] = x5, [x1, x3] = x5.

A16: [x1, x1] = x4, [x1, x2] = x3, [x2, x2] = x5, [x1, x3] = x5.

A17: [x1, x1] = x4, [x1, x2] = x3, [x2, x1] = x5, [x2, x2] = x5, [x1, x3] = x5.

A18: [x1, x1] = x4, [x1, x2] = x3, [x2, x1] = x4, [x1, x3] = x5.

A19: [x1, x1] = x4, [x1, x2] = x3, [x2, x1] = x4, [x2, x2] = x5, [x1, x3] = x5.

A20(α): [x1, x1] = x4, [x1, x2] = x3, [x2, x1] = αx4, [x2, x2] = x4, [x1, x3] = x5, α ∈ C.

A21(α): [x1, x1] = x4, [x1, x2] = x3, [x2, x1] = αx4 + x5, [x2, x2] = x4, [x1, x3] = x5, α ∈ C.

Proof. Let A3 = span{e5}. Extend this to bases {e4, e5}, {e3, e4, e5} of Z(A) and Leib(A) =
A2, respectively. Then the nonzero products in A = span{e1, e2, e3, e4, e5} are given by:

[e1, e1] = α1e3 + α2e4 + α3e5, [e1, e2] = α4e3 + α5e4 + α6e5, [e2, e1] = β1e3 + β2e4 + β3e5,
[e2, e2] = β4e3 + β5e4 + β6e5, [e1, e3] = γ1e5, [e2, e3] = γ2e5.

From the Leibniz identities [e1, [e2, e1]] = [[e1, e2], e1] + [e2, [e1, e1]] and [e1, [e2, e2]] =
[[e1, e2], e2] + [e2, [e1, e2]] we get the following equations:

⎧⎪⎪⎪⎨⎪⎪⎪⎩

β1γ1 = α1γ2

α4γ2 = β4γ1
(4.7)

If γ2 ≠ 0 and γ1 = 0(resp. γ1 ≠ 0) then with the base change x1 = e2, x2 = e1, x3 =
e3, x4 = e4, x5 = e5(resp. x1 = e1, x2 = γ2e1 − γ1e2, x3 = e3, x4 = e4, x5 = e5) we can make

γ2 = 0. So we can assume γ2 = 0. Then γ1 ≠ 0 since A3 ≠ 0. By (4.7) we have β1 = 0 = β4.
Hence we have the following products in A:

[e1, e1] = α1e3 + α2e4 + α3e5, [e1, e2] = α4e3 + α5e4 + α6e5, [e2, e1] = β2e4 + β3e5,
[e2, e2] = β5e4 + β6e5, [e1, e3] = γ1e5.
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Case 1: Let α4 = 0. Then α1 ≠ 0 since dim(A2) = 3.

Case 1.1: Let α5 = 0. Then we have the following products in A:

[e1, e1] = α1e3 + α2e4 + α3e5, [e1, e2] = α6e5, [e2, e1] = β2e4 + β3e5,
[e2, e2] = β5e4 + β6e5, [e1, e3] = γ1e5. (4.8)

We can assume α6 = 0 because if α6 ≠ 0 with the base change x1 = e1, x2 = γ1e2−α6e3, x3 =
e3, x4 = e4, x5 = e5 we can make α6 = 0. Then we have the following products in A:

[e1, e1] = α1e3 + α2e4 + α3e5, [e2, e1] = β2e4 + β3e5, [e2, e2] = β5e4 + β6e5, [e1, e3] = γ1e5.

Case 1.1.1: Let β5 = 0. Then β2 ≠ 0 since dim(A2) = 3.

• If β6 = 0 then the base change x1 = e1, x2 = e2, x3 = α1e3 + α2e4 + α3e5, x4 = β2e4 +
β3e5, x5 = α1γ1e5 shows that A is isomorphic to A1.

• If β6 ≠ 0 then the base change x1 = e1, x2 =
√

α1γ1
β6
e2, x3 = α1e3 + α2e4 + α3e5, x4 =√

α1γ1
β6

(β2e4 + β3e5), x5 = α1γ1e5 shows that A is isomorphic to A2.

Case 1.1.2: Let β5 ≠ 0. Take θ = β3β5 − β2β6.

• If β2 = 0 and θ = 0 then the base change x1 = e1, x2 = e2, x3 = α1e3 +α2e4 +α3e5, x4 =
β5e4 + β6e5, x5 = α1γ1e5 shows that A is isomorphic to A3.

• If β2 = 0 and θ ≠ 0 then the base change x1 = e1, x2 = α1γ1
β3
e2, x3 = α1e3 + α2e4 +

α3e5, x4 = (α1γ1
β3

)2(β5e4 + β6e5), x5 = α1γ1e5 shows that A is isomorphic to A4.

• If β2 ≠ 0 and θ = 0 then the base change x1 = β5e1, x2 = β2e2, x3 = β2
5(α1e3 + α2e4 +

α3e5), x4 = β2
2(β5e4 + β6e5), x5 = β3

5α1γ1e5 shows that A is isomorphic to A5.

• If β2 ≠ 0 and θ ≠ 0 then the base change x1 = β2θ
α1β2

5γ1
e1, x2 = β2

2θ

α1β3
5γ1
e2, x3 = ( β2θ

α1β2
5γ1

)2(α1e3+
α2e4 +α3e5), x4 = ( β2

2θ

α1β3
5γ1

)2(β5e4 + β6e5), x5 = (β2θ)3
β6
5(α1γ1)2

e5 shows that A is isomorphic

to A6.

Case 1.2: Let α5 ≠ 0. If β5 ≠ 0 then the base change x1 = β5e1 − α5e2, x2 = e2, x3 =
e3, x4 = e4, x5 = e5 shows that A is isomorphic to an algebra with the nonzero products
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given by (4.8). Hence A is isomorphic to A1,A2,A3,A4,A5 or A6. Then let β5 = 0 which

implies α5 + β2 ≠ 0. Hence we have the following products in A:

[e1, e1] = α1e3 + α2e4 + α3e5, [e1, e2] = α5e4 + α6e5, [e2, e1] = β2e4 + β3e5,
[e2, e2] = β6e5, [e1, e3] = γ1e5.

Case 1.2.1: Let β6 = 0.

• If β2 = 0 = β3 then the base change x1 = e1, x2 = e2, x3 = α1e3 + α2e4 + α3e5, x4 =
α5e4 + α6e5, x5 = α1γ1e5 shows that A is isomorphic to A8(0).

• If β2 = 0 and β3 ≠ 0 then the base change x1 = e1, x2 = α1γ1
β3
e2, x3 = α1e3 + α2e4 +

α3e5, x4 = α1γ1
β3

(α5e4 + α6e5), x5 = α1γ1e5 shows that A is isomorphic to A7.

• If β2 ≠ 0 then the base change x1 = e1, x2 = e2+α5β3−α6β2
β2γ1

e3, x3 = α1e3+α2e4+α3e5, x4 =
α5e4 + α5β3

β2
e5, x5 = α1γ1e5 shows that A is isomorphic to A8(α)(α ∈ C/{−1,0}).

Case 1.2.2: Let β6 ≠ 0. If β3 ≠ 0 then with the base change x1 = β6e1 − β3e2, x2 =
e2, x3 = e3, x4 = e4, x5 = e5 we can make β3 = 0. So we can assume β3 = 0. Then we have

the following products in A:

[e1, e1] = α1e3 + α2e4 + α3e5, [e1, e2] = α5e4 + α6e5, [e2, e1] = β2e4, [e2, e2] = β6e5, [e1, e3] = γ1e5.

Without loss of generality, we can assume α6 = 0 because if α6 ≠ 0 then with the base

change x1 = e1, x2 = γ1e2 −α6e3, x3 = e3, x4 = e4, x5 = e5 we can make α6 = 0. Then we have

the following products in A:

[e1, e1] = α1e3 + α2e4 + α3e5, [e1, e2] = α5e4, [e2, e1] = β2e4, [e2, e2] = β6e5, [e1, e3] = γ1e5.

Then the base change x1 = e1, x2 =
√

α1γ1
β6
e2, x3 = α1e3 + α2e4 + α3e5, x4 = α5

√
α1γ1
β6
e4, x5 =

α1γ1e5 shows that A is isomorphic to A9(α).
Case 2: Let α4 ≠ 0. If α1 ≠ 0 then with the base change x1 = α4e1 −α1e2, x2 = e2, x3 =

e3, x4 = e4, x5 = e5 we can make α1 = 0. Then assume α1 = 0. Hence we have the following

products in A:

[e1, e1] = α2e4 + α3e5, [e1, e2] = α4e3 + α5e4 + α6e5, [e2, e1] = β2e4 + β3e5,
[e2, e2] = β5e4 + β6e5, [e1, e3] = γ1e5.
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Case 2.1: Let α2 = 0. If α3 ≠ 0 then with the base change x1 = γ1e1 − α3e3, x2 =
e2, x3 = e3, x4 = e4, x5 = e5 we can make α3 = 0. So we can assume α3 = 0. Then we have

the following products in A:

[e1, e2] = α4e3 + α5e4 + α6e5, [e2, e1] = β2e4 + β3e5, [e2, e2] = β5e4 + β6e5, [e1, e3] = γ1e5.

Note that if β5 = 0 then dim(Leib(A)) = 2 which is a contradiction. Suppose β5 ≠ 0. Take

θ = β3β5 − β2β6.

• If β2 = 0 = θ then the base change x1 = e1, x2 = e2, x3 = α4e3 + α5e4 + α6e5, x4 =
β5e4 + β6e5, x5 = α4γ1e5 shows that A is isomorphic to A10.

• If β2 = 0 and θ ≠ 0 then the base change x1 = β3
α4γ1

e1, x2 = e2, x3 = β3
α4γ1

(α4e3 + α5e4 +
α6e5), x4 = β5e4 + β6e5, x5 = β2

3

α4γ1
e5 shows that A is isomorphic to A11.

• If β2 ≠ 0 and θ = 0 then the base change x1 = β5e1, x2 = β2e2, x3 = β2β5(α4e3 +α5e4 +
α6e5), x4 = β2

2(β5e4 + β6e5), x5 = α4β2β2
5γ1e5 shows that A is isomorphic to A12.

• If β2 ≠ 0 and θ ≠ 0 then the base change x1 = θ
α4β5γ1

e1, x2 = β2θ
α4β2

5γ1
e2, x3 = β2θ

2

α2
4β

3
5γ

2
1
(α4e3+

α5e4+α6e5), x4 = ( β2θ
α4β2

5γ1
)2(β5e4+β6e5), x5 = β2θ

3

α2
4β

4
5γ

2
1
e5 shows that A is isomorphic to

A13.

Case 2.2: Let α2 ≠ 0.

Case 2.2.1: Let β5 = 0.

Case 2.2.1.1: Let β2 = 0.

• If β3 = 0 = β6 then the base change x1 = e1, x2 = e2, x3 = α4e3 + α5e4 + α6e5, x4 =
α2e4 + α3e5, x5 = α4γ1e5 shows that A is isomorphic to A14.

• If β6 = 0 and β3 ≠ 0 then the base change x1 = β3
α4γ1

e1, x2 = e2, x3 = β3
α4γ1

(α4e3 +α5e4 +
α6e5), x4 = ( β3

α4γ1
)2(α2e4 + α3e5), x5 = β2

3

α4γ1
e5 shows that A is isomorphic to A15.

• If β6 ≠ 0 and β3 = 0 then the base change x1 = e1, x2 = α4γ1
β6
e2, x3 = α4γ1

β6
(α4e3 +α5e4 +

α6e5), x4 = α2e4 + α3e5, x5 = (α4γ1)2
β6

e5 shows that A is isomorphic to A16.

• If β6 ≠ 0 and β3 ≠ 0 then the base change x1 = β3
α4γ1

e1, x2 = β2
3

α4β6γ1
e2, x3 = β3

3

α2
4β6γ

2
1
(α4e3+

α5e4 + α6e5), x4 = ( β3
α4γ1

)2(α2e4 + α3e5), x5 = β4
3

α2
4β6γ

2
1
e5 shows that A is isomorphic to

A17.
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Case 2.2.1.2: Let β2 ≠ 0.

• If β6 = 0 then the base change x1 = β2
α2
e1 + α2β3−α3β2

α2γ1
e3, x2 = e2, x3 = β2

α2
(α4e3 + α5e4 +

α6e5), x4 = β2
2

α2
e4 + β2β3

α2
e5, x5 = α4β

2
2γ1
α2
2
e5 shows that A is isomorphic to A18.

• If β6 ≠ 0 then the base change x1 = α2β6
α4β2

e1 + (α2β3−α3β2)α2β6
α4β2

2γ1
e3, x2 = α2

2β6
α4β2

2
e2, x3 =

α3
2β

2
6

α2
4β

3
2
(α4e3+α5e4+α6e5), x4 = α3

2β
2
6

α2
4β

2
2
e4+ α3

2β3β
2
6

α2
4β

3
2
e5, x5 = α4

2β
3
6

α2
4β

4
2
e5 shows that A is isomorphic

to A19.

Case 2.2.2: Let β5 ≠ 0. Take θ1 = β2
(α2β5)1/2

, θ2 = α2β3−α3β2
α2α4γ1

, θ3 = α2β6−α3β5
α4γ1(α2β5)1/2

. Then the

base change y1 = e1, y2 = (α2

β5
)1/2e2, y3 = (α2

β5
)1/2(α4e3 + α5e4 + α6e5), y4 = α2e4 + α3e5, y5 =

α4γ1(α2

β5
)1/2e5 shows that A is isomorphic to the following algebra:

[y1, y1] = y4, [y1, y2] = y3, [y2, y1] = θ1y4 + θ2y5, [y2, y2] = y4 + θ3y5, [y1, y3] = y5.

Without loss of generality, we can assume θ3 = 0, because if θ3 ≠ 0 then with the base

change x1 = y1 + θ3y3, x2 = y2 + y3, x3 = y3 + y5, x4 = y4 + θ3y5, x5 = y5 we can make θ3 = 0.

Then we have the following products in A:

[y1, y1] = y4, [y1, y2] = y3, [y2, y1] = θ1y4 + θ2y5, [y2, y2] = y4, [y1, y3] = y5.

• If θ2 = 0 then the base change x1 = y1, x2 = y2, x3 = y3, x4 = y4, x5 = y5 shows that A

is isomorphic to A20(α).

• If θ2 ≠ 0 then the base change x1 = θ2y1, x2 = θ2y2, x3 = θ22y3, x4 = θ22y4, x5 = θ32y5
shows that A is isomorphic to A21(α).

Remark. 1. If α1, α2 ∈ C/{−1} such that α1 ≠ α2, then A8(α1) and A8(α2) are not

isomorphic.

2. If α1, α2 ∈ C/{−1} such that α1 ≠ α2, then A9(α1) and A9(α2) are not isomorphic.

3. If α1, α2 ∈ C such that α1 ≠ α2, then A20(α1) and A20(α2) are isomorphic if and

only if α2 = −α1.
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4. If α1, α2 ∈ C such that α1 ≠ α2, then A21(α1) and A21(α2) are isomorphic if and

only if α2 = −α1.

Now suppose dim(Z(A)) = 1. If dim(Leib(A)) = 1 then from Lemma 4.0.2 and Lemma

4.0.4 we have A3 = Z(A) = Leib(A). Then using Lemma 4.0.6 we see that dim(A) ≤ 4

which is a contradiction. Therefore dim(Leib(A)) = 2 or 3.

Theorem 4.2.7. Let A be a 5−dimensional non-split non-Lie nilpotent Leibniz algebra

with dim(A2) = 3, dim(A3) = 1 = dim(Z(A)) and dim(Leib(A)) = 2. Then A is isomor-

phic to a Leibniz algebra spanned by {x1, x2, x3, x4, x5} with the nonzero products given

by one of the following:

A1: [x1, x2] = −x3 + x4, [x2, x1] = x3, [x2, x3] = x5 = −[x3, x2], [x1, x4] = x5.

A2: [x1, x2] = −x3 + x4, [x2, x1] = x3, [x2, x2] = x5, [x2, x3] = x5 = −[x3, x2], [x1, x4] = x5.

A3(α): [x1, x2] = −x3 = [x2, x1], [x2, x2] = x4, [x2, x3] = −αx5, [x3, x2] = (α−1)x5, [x1, x4] =
x5, α ∈ C.

A4(α): [x1, x2] = −x3 + x4, [x2, x1] = x3, [x2, x2] = x4, [x2, x3] = −αx5, [x3, x2] = (α −
1)x5, [x1, x4] = x5, α ∈ C.

A5: [x1, x2] = x3, [x2, x1] = −x3 + x4, [x3, x1] = x5, [x1, x4] = x5.

A6: [x1, x2] = x3, [x2, x1] = −x3 + x4, [x2, x2] = x5, [x3, x1] = x5, [x1, x4] = x5.

A7: [x1, x2] = x3, [x2, x1] = −x3 + x4, [x3, x1] = x5, [x2, x3] = x5 = −[x3, x2], [x1, x4] = x5.

A8: [x1, x2] = x3, [x2, x1] = −x3+x4, [x2, x2] = x5, [x3, x1] = x5, [x2, x3] = x5 = −[x3, x2], [x1, x4] =
x5.

A9(α): [x1, x2] = x3, [x2, x1] = −x3+x4, [x2, x2] = x4, [x3, x1] = x5, [x2, x3] = αx5, [x3, x2] =
(1 − α)x5, [x1, x4] = x5, α ∈ C/{0}.

A10: [x1, x1] = x4, [x1, x2] = x3 = −[x2, x1], [x2, x3] = x5 = −[x3, x2], [x1, x4] = x5.

A11: [x1, x1] = x4, [x1, x2] = x3 = −[x2, x1], [x2, x2] = x5, [x2, x3] = x5 = −[x3, x2], [x1, x4] =
x5.
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Proof. Let A3 = Z(A) = span{e5}. Extend this to bases {e4, e5}, {e3, e4, e5} of Leib(A)
and A2, respectively. Then the nonzero products in A = span{e1, e2, e3, e4, e5} are given

by:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e3 + α4e4 + α5e5, [e2, e1] = −α3e3 + β1e4 + β2e5,
[e2, e2] = β3e4 + β4e5, [e1, e3] = γ1e5, [e3, e1] = γ2e5, [e2, e3] = γ3e5, [e3, e2] = γ4e5,

[e3, e3] = γ5e5, [e1, e4] = γ6e5, [e2, e4] = γ7e5, [e3, e4] = γ8e5.

From the Leibniz identity [e1, [e2, e1]] = [[e1, e2], e1] + [e2, [e1, e1]] we get the following

equation:

α3(γ1 + γ2) + α1γ7 − β1γ6 = 0 (4.9)

Furthermore, from [e1, [e2, e2]] = [[e1, e2], e2]+[e2, [e1, e2]] we get the following equation:

α3(γ3 + γ4) + α4γ7 − β3γ6 = 0 (4.10)

Note that α3 ≠ 0 since dim(A2) = 3. From the Leibniz identities [e1, [e2, e3]] = [[e1, e2], e3]+
[e2, [e1, e3]] and [e1, [e2, e4]] = [[e1, e2], e4] + [e2, [e1, e4]] and using α3 ≠ 0 we get γ5 = 0 =
γ8. Without loss of generality, we can assume γ7 = 0. This is because if γ7 ≠ 0 and

γ6 = 0(resp. γ6 ≠ 0) then with the base change x1 = e2, x2 = e1, x3 = e3, x4 = e4, x5 = e5(resp.

x1 = e1, x2 = γ7e1 − γ6e2, x3 = e3, x4 = e4, x5 = e5) we can make γ7 = 0. Then γ6 ≠ 0 since

dim(Z(A)) = 1. Hence we have the following products in A:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e3 + α4e4 + α5e5, [e2, e1] = −α3e3 + β1e4 + β2e5,
[e2, e2] = β3e4 + β4e5, [e1, e3] = γ1e5, [e3, e1] = γ2e5, [e2, e3] = γ3e5, [e3, e2] = γ4e5,

[e1, e4] = γ6e5.

Note that if γ1 ≠ 0 then with the base change x1 = e1, x2 = e2, x3 = γ6e3 −γ1e4, x4 = e4, x5 =
e5 we can make γ1 = 0. So let γ1 = 0. Then we have the following products in A:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e3 + α4e4 + α5e5, [e2, e1] = −α3e3 + β1e4 + β2e5,
[e2, e2] = β3e4 + β4e5, [e3, e1] = γ2e5, [e2, e3] = γ3e5, [e3, e2] = γ4e5, [e1, e4] = γ6e5.
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Case 1: Let α1 = 0. Then the products in A are the following:

[e1, e1] = α2e5, [e1, e2] = α3e3+α4e4+α5e5, [e2, e1] = −α3e3+β1e4+β2e5, [e2, e2] = β3e4+β4e5,
[e3, e1] = γ2e5, [e2, e3] = γ3e5, [e3, e2] = γ4e5, [e1, e4] = γ6e5. (4.11)

We can assume α2 = 0, because otherwise with the base change x1 = γ6e1 − α2e4, x2 =
e2, x3 = e3, x4 = e4, x5 = e5 we can make α2 = 0. Then we have the following products in A:

[e1, e2] = α3e3 + α4e4 + α5e5, [e2, e1] = −α3e3 + β1e4 + β2e5, [e2, e2] = β3e4 + β4e5,
[e3, e1] = γ2e5, [e2, e3] = γ3e5, [e3, e2] = γ4e5, [e1, e4] = γ6e5.

Case 1.1: Let γ2 = 0. Then by (4.9) we get β1 = 0. Then we have the following

products in A:

[e1, e2] = α3e3 + α4e4 + α5e5, [e2, e1] = −α3e3 + β2e5, [e2, e2] = β3e4 + β4e5,
[e2, e3] = γ3e5, [e3, e2] = γ4e5, [e1, e4] = γ6e5. (4.12)

Case 1.1.1: Let β3 = 0. Then by (4.10) we get γ4 = −γ3. Also we have α4 ≠ 0 since

dim(A2) = 3. Note that γ3 ≠ 0 since dim(Z(A)) = 1.

• If β4 = 0 then the base change x1 = −α3γ3e1, x2 = α4γ6e2, x3 = −α3α4γ3γ6(−α3e3 +
β2e5), x4 = −α3α4γ3γ6[α4e4 + (α5 + β2)e5], x5 = (α3α4γ3γ6)2e5 shows that A is iso-

morphic to A1.

• If β4 ≠ 0 then the base change x1 = − β4
α3γ3

e1, x2 = α4β4γ6
α2
3γ

2
3
e2, x3 = −α4β

2
4γ6

α3
3γ

3
3

(−α3e3 +
β2e5), x4 = −α4β

2
4γ6

α3
3γ

3
3

[α4e4 + (α5 + β2)e5], x5 = α2
4β

3
4γ

2
6

α4
3γ

4
3
e5 shows that A is isomorphic to

A2.

Case 1.1.2: Let β3 ≠ 0. Let θ1 = (α5+β2)β3−α4β4
β2
3γ6

and θ2 = α3γ3
β3γ6

. The base change

y1 = e1, y2 = e2, y3 = −α3e3 + β2e5, y4 = β3e4 + β4e5, y5 = β3γ6e5 shows that A is isomorphic

to the following algebra:

[y1, y2] = −y3 +
α4

β3
y4 + θ1y5, [y2, y1] = y3, [y2, y2] = y4, [y2, y3] = −θ2y5, [y3, y2] = (θ2 − 1)y5, [y1, y4] = y5.
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If θ1 ≠ 0 then with the base change x1 = y1, x2 = y2 − θ1y4, x3 = y3, x4 = y4, x5 = y5 we can

make θ1 = 0. So we can assume θ1 = 0. Hence we have the following products in A:

[y1, y2] = −y3 +
α4

β3
y4, [y2, y1] = y3, [y2, y2] = y4, [y2, y3] = −θ2y5, [y3, y2] = (θ2 − 1)y5, [y1, y4] = y5.

• If α4 = 0 then the base change x1 = y1, x2 = y2, x3 = y3, x4 = y4, x5 = y5 shows that A

is isomorphic to A3(α).

• If α4 ≠ 0 then the base change x1 = y1, x2 = α4

β3
y2, x3 = α4

β3
y3, x4 = (α4

β3
)2y4, x5 = (α4

β3
)2y5

shows that A is isomorphic to A4(α).

Case 1.2: Let γ2 ≠ 0.

Case 1.2.1: Let β3 = 0. Then by (4.10) we get γ4 = −γ3. Also α4 + β1 ≠ 0 since

dim(A2) = 3. The base change y1 = e1, y2 = e2, y3 = α3e3 + α4e4 + α5e5, y4 = (α4 + β1)e4 +
(α5 + β2)e5, y5 = e5 shows that A is isomorphic to the following algebra:

[y1, y2] = y3, [y2, y1] = −y3 + y4, [y2, y2] = β4y5, [y3, y1] = α3γ2y5, [y2, y3] = α3γ3y5 = −[y3, y2],
[y1, y4] = (α4 + β1)γ6y5.

Then the Leibniz identity [y1, [y2, y1]] = [[y1, y2], y1]+[y2, [y1, y1]] gives α3γ2 = (α4+β1)γ6.

• If γ3 = 0 = β4 then the base change x1 = y1, x2 = y2, x3 = y3, x4 = y4, x5 = (α4+β1)γ6y5
shows that A is isomorphic to A5.

• If γ3 = 0 and β4 ≠ 0 then the base change x1 = y1, x2 = (α4+β1)γ6
β4

y2, x3 = (α4+β1)γ6
β4

y3, x4 =
(α4+β1)γ6

β4
y4, x5 = (α4+β1)2γ26

β4
y5 shows that A is isomorphic to A6.

• If γ3 ≠ 0 and β4 = 0 then the base change x1 = y1, x2 = (α4+β1)γ6
α3γ3

y2, x3 = (α4+β1)γ6
α3γ3

y3, x4 =
(α4+β1)γ6
α3γ3

y4, x5 = (α4+β1)2γ26
α3γ3

y5 shows that A is isomorphic to A7.

• If γ3 ≠ 0 and β4 ≠ 0 then the base change x1 = β4
α3γ3

y1, x2 = (α4+β1)β4γ6
(α3γ3)2 y2, x3 =

(α4+β1)β2
4γ6

(α3γ3)3 y3, x4 = (α4+β1)β2
4γ6

(α3γ3)3 y4, x5 = (α4+β1)2β3
4γ

2
6

(α3γ3)4 y5 shows that A is isomorphic to A8.

Case 1.2.2: Let β3 ≠ 0. Then the base change y1 = e1, y2 = e2, y3 = α3e3 + α4e4 +
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α5e5, y4 = β3e4 + β4e5, y5 = e5 shows that A is isomorphic to the following algebra:

[y1, y2] = y3, [y2, y1] = −y3 +
α4 + β1
β3

y4 +
(α5 + β2)β3 − (α4 + β1)β4

β3
y5, [y2, y2] = y4,

[y3, y1] = α3γ2y5, [y2, y3] = α3γ3y5, [y3, y2] = α3γ4y5, [y1, y4] = β3γ6y5.

Then the Leibniz identity [y1, [y2, y1]] = [[y1, y2], y1]+[y2, [y1, y1]] gives α3γ2 = (α4+β1)γ6.
This implies that α4 + β1 ≠ 0.

• If γ3 = 0 then the Leibniz identity [y2, [y1, y2]] = [[y2, y1], y2] + [y1, [y2, y2]] gives

the equation α3γ4 = β3γ6, and so γ4 ≠ 0. Then the base change x1 = γ4y1 − γ2y2 +
((α5+β2)β3−(α4+β1)β4)γ2

β2
3γ6

y4, x2 = y2, x3 = y3, x4 = y4, x5 = y5 shows that A is isomorphic

to an algebra with the nonzero products given by (4.12). Hence A is isomorphic to

A1,A2,A3(α) or A4(α).

• If γ3 ≠ 0 then w.s.c.o.b. A is isomorphic to A9(α).

Case 2: Let α1 ≠ 0. First suppose (α4 + β1, β3) ≠ (0,0). Take x ∈ C such that α1x2 +
(α4 + β1)x + β3 = 0. Then if γ3 = 0(resp. γ3 ≠ 0) the base change x1 = xe1 + e2, x2 =
e2, x3 = e3, x4 = e4, x5 = e5(resp. x1 = xe1 + e2, x2 = e2, x3 = −γ6γ3 e3 +

1
xe4, x4 = e4, x5 = e5)

shows that A is isomorphic to an algebra with the nonzero products given by (4.11).

Hence A is isomorphic to A1,A2,A3(α),A4(α),A5,A6,A7,A8 or A9(α). Now suppose

α4 + β1 = 0 = β3. Then by (4.10) we have γ4 = −γ3. The base change y1 = e1, y2 = e2, y3 =
α3e3 + α4e4 + α5e5, y4 = α1e4 + α2e5, y5 = e5 shows that A is isomorphic to the following

algebra:

[y1, y1] = y4, [y1, y2] = y3, [y2, y1] = −y3 + (α5 + β2)y5, [y2, y2] = β4y5,
[y3, y1] = α3γ2y5, [y2, y3] = α3γ3y5 = −[y3, y2], [y1, y4] = α1γ6y5.

Note that from the Leibniz identity [y1, [y2, y1]] = [[y1, y2], y1]+[y2, [y1, y1]] we get γ2 = 0.

So γ3 ≠ 0 since dim(Z(A)) = 1.

• If β4 = 0 then w.s.c.o.b. A is isomorphic to A10.

• If β4 ≠ 0 then w.s.c.o.b. A is isomorphic to A11.
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Remark. 1. If α1, α2 ∈ C such that α1 ≠ α2, then A3(α1) and A3(α2) are not isomor-

phic.

2. If α1, α2 ∈ C such that α1 ≠ α2, then A4(α1) and A4(α2) are not isomorphic.

3. If α1, α2 ∈ C/{0} such that α1 ≠ α2, then A9(α1) and A9(α2) are not isomorphic.

Theorem 4.2.8. Let A be a 5−dimensional non-split non-Lie nilpotent Leibniz algebra

with dim(A2) = 3 = dim(Leib(A)) and dim(A3) = 1 = dim(Z(A)). Then A is isomorphic

to a Leibniz algebra spanned by {x1, x2, x3, x4, x5} with the nonzero products given by one

of the following:

A1(α): [x1, x1] = x4, [x1, x2] = αx4, [x2, x1] = x3, [x2, x3] = x5, [x1, x4] = x5, α ∈ C.

A2: [x1, x1] = x4, [x1, x2] = −x4, [x2, x1] = −x3, [x2, x2] = x3, [x2, x3] = x5, [x1, x4] = x5.

A3(α,β): [x1, x1] = x4, [x1, x2] = αx4, [x2, x1] = βx3, [x2, x2] = x3, [x2, x3] = x5, [x1, x4] =
x5, α, β ∈ C, αβ ≠ 1.

A4(α): [x1, x2] = x3, [x2, x1] = αx3, [x2, x2] = x4, [x2, x3] = x5, [x1, x4] = x5, α ∈ C/{−1,0}.

A5(α,β): [x1, x1] = x4, [x1, x2] = x3+αx4, [x2, x1] = βx3, [x2, x2] = x4, [x2, x3] = x5, [x1, x4] =
x5, α ∈ C, β ∈ C/{−1}.

A6(α,β, γ): [x1, x1] = αx4, [x1, x2] = x3 + βx4, [x2, x1] = γx3, [x2, x2] = x4, [x2, x3] =
x5, [x1, x4] = x5, α, β, γ ∈ C.

A7(α,β): [x1, x1] = x3 +αx4, [x1, x2] = x3 +βx4, [x2, x1] = −x3 +x4, [x2, x2] = x4, [x2, x3] =
x5, [x1, x4] = x5, α, β ∈ C.

Proof. Let A3 = Z(A) = span{e5}. Extend this to a basis {e3, e4, e5} of Leib(A) = A2.

Then the nonzero products in A = span{e1, e2, e3, e4, e5} are given by:

[e1, e1] = α1e3 + α2e4 + α3e5, [e1, e2] = α4e3 + α5e4 + α6e5, [e2, e1] = β1e3 + β2e4 + β3e5,
[e2, e2] = β4e3 + β5e4 + β6e5, [e1, e3] = γ1e5, [e2, e3] = γ2e5, [e1, e4] = γ3e5, [e2, e4] = γ4e5.

From the Leibniz identity [e1, [e2, e1]] = [[e1, e2], e1] + [e2, [e1, e1]] we get the following

equation:

β1γ1 + β2γ3 = α1γ2 + α2γ4 (4.13)

36



Furthermore, from [e1, [e2, e2]] = [[e1, e2], e2]+[e2, [e1, e2]] we get the following equation:

β4γ1 + β5γ3 = α4γ2 + α5γ4 (4.14)

Note that if γ4 ≠ 0 and γ3 = 0(resp. γ3 ≠ 0) then with the base change x1 = e2, x2 = e1, x3 =
e3, x4 = e4, x5 = e5(resp. x1 = e1, x2 = γ4e1 − γ3e2, x3 = e3, x4 = e4, x5 = e5) we can make

γ4 = 0. So we can assume γ4 = 0. Then γ2, γ3 ≠ 0 since dim(Z(A)) = 1. Hence we have the

following products in A:

[e1, e1] = α1e3 + α2e4 + α3e5, [e1, e2] = α4e3 + α5e4 + α6e5, [e2, e1] = β1e3 + β2e4 + β3e5,
[e2, e2] = β4e3 + β5e4 + β6e5, [e1, e3] = γ1e5, [e2, e3] = γ2e5, [e1, e4] = γ3e5.

We can assume α3 = 0, because if α3 ≠ 0 then with the base change x1 = γ3e1−α3e4, x2 =
e2, x3 = e3, x4 = e4, x5 = e5 we can make α3 = 0. Then we have the following products in A:

[e1, e1] = α1e3 + α2e4, [e1, e2] = α4e3 + α5e4 + α6e5, [e2, e1] = β1e3 + β2e4 + β3e5,
[e2, e2] = β4e3 + β5e4 + β6e5, [e1, e3] = γ1e5, [e2, e3] = γ2e5, [e1, e4] = γ3e5.

If α6 ≠ 0 then with the base change x1 = e1, x2 = γ3e2 − α6e4, x3 = e3, x4 = e4, x5 = e5 we

can make α6 = 0. So let α6 = 0. Then we have the following products in A:

[e1, e1] = α1e3 + α2e4, [e1, e2] = α4e3 + α5e4, [e2, e1] = β1e3 + β2e4 + β3e5,
[e2, e2] = β4e3 + β5e4 + β6e5, [e1, e3] = γ1e5, [e2, e3] = γ2e5, [e1, e4] = γ3e5.

Furthermore we can assume β3 = 0, because if β3 ≠ 0 then with the base change x1 =
γ2e1 − β3e3, x2 = e2, x3 = e3, x4 = e4, x5 = e5 we can make β3 = 0. Then we have the

following products in A:

[e1, e1] = α1e3 + α2e4, [e1, e2] = α4e3 + α5e4, [e2, e1] = β1e3 + β2e4, [e2, e2] = β4e3 + β5e4 + β6e5,
[e1, e3] = γ1e5, [e2, e3] = γ2e5, [e1, e4] = γ3e5.

If β6 ≠ 0 then with the base change x1 = e1, x2 = γ2e2 −β6e3, x3 = e3, x4 = e4, x5 = e5 we can

37



make β6 = 0. So we can assume β6 = 0. Then we have the following products in A:

[e1, e1] = α1e3 + α2e4, [e1, e2] = α4e3 + α5e4, [e2, e1] = β1e3 + β2e4, [e2, e2] = β4e3 + β5e4,
[e1, e3] = γ1e5, [e2, e3] = γ2e5, [e1, e4] = γ3e5.

Case 1: Let α1 = 0. Then we have the following products in A:

[e1, e1] = α2e4, [e1, e2] = α4e3 + α5e4, [e2, e1] = β1e3 + β2e4, [e2, e2] = β4e3 + β5e4,
[e1, e3] = γ1e5, [e2, e3] = γ2e5, [e1, e4] = γ3e5. (4.15)

Note that if γ1 ≠ 0 then with the base change x1 = e1, x2 = e2, x3 = γ3e3 −γ1e4, x4 = e4, x5 =
e5 we can make γ1 = 0. So let γ1 = 0. Then by (4.13) we have β2 = 0. Hence we have the

following products in A:

[e1, e1] = α2e4, [e1, e2] = α4e3 + α5e4, [e2, e1] = β1e3, [e2, e2] = β4e3 + β5e4, [e2, e3] = γ2e5, [e1, e4] = γ3e5.

Case 1.1: Let α4 = 0. Then by (4.14) we have β5 = 0. Hence the products in A are

given by:

[e1, e1] = α2e4, [e1, e2] = α5e4, [e2, e1] = β1e3, [e2, e2] = β4e3, [e2, e3] = γ2e5, [e1, e4] = γ3e5.

Case 1.1.1: Let β4 = 0. Then β1 ≠ 0 since dim(A2) = 3. Also α2 ≠ 0 since dim(Leib(A)) =
3. Then the products in A are given by:

[e1, e1] = α2e4, [e1, e2] = α5e4, [e2, e1] = β1e3, [e2, e3] = γ2e5, [e1, e4] = γ3e5. (4.16)

The base change x1 = e1, x2 =
√

α2γ3
β1γ2

e2, x3 =
√

α2β1γ3
γ2

e3, x4 = α2e4, x5 = α2γ3e5 shows

that A is isomorphic to A1(α).
Case 1.1.2: Let β4 ≠ 0. If α2 = 0 then the base change x1 = e2, x2 = e1, x3 = e4, x4 =

e3, x5 = e5 shows that A is isomorphic to an algebra with the nonzero products given by

(4.16). Hence A is isomorphic to A1(α). Now let α2 ≠ 0. Take θ = (α2γ3
β4γ2

)1/3. The base

change y1 = e1, y2 = θe2, y3 = β4θ2e3, y4 = α2e4, y5 = α2γ3e5 shows that A is isomorphic to
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the following algebra:

[y1, y1] = y4, [y1, y2] =
α5θ

α2

y4, [y2, y1] =
β1
β4θ

y3, [y2, y2] = y3, [y2, y3] = y5, [y1, y4] = y5.

• If α5β1 = α2β4 and (α5θ
α2

)3 + 1 = 0 then w.s.c.o.b. A is isomorphic to A2.

• If α5β1 = α2β4 and (α5θ
α2

)3 + 1 ≠ 0 then w.s.c.o.b. A is isomorphic to A1(0).

• If α5β1 ≠ α2β4 then w.s.c.o.b. A is isomorphic to A3(α,β).

Case 1.2: Let α4 ≠ 0. Then by (4.14) we have β5 = α4γ2
γ3

. The base change y1 = e1, y2 =
e2, y3 = α4e3, y4 = β5e4, y5 = β5γ3e5 shows that A is isomorphic to the following algebra:

[y1, y1] =
α2

β5
y4, [y1, y2] = y3 +

α5

β5
y4, [y2, y1] =

β1
α4

y3, [y2, y2] =
β4
α4

y3 + y4, [y2, y3] = y5, [y1, y4] = y5.

Note that if β4 = 0 then α4 + β1 ≠ 0 since dim(Leib(A)) = 3.

• If β4 = 0, α2 = 0, α5 = 0 and β1
α4

= 0 then w.s.c.o.b. A is isomorphic to A2.

• If β4 = 0, α2 = 0, α5 = 0 and β1
α4

∈ C/{−1,0} then w.s.c.o.b. A is isomorphic to A4(α).

• If β4 = 0, α2 = 0 and α5 ≠ 0 then w.s.c.o.b. A is isomorphic to A1(α).

• If β4 = 0 and α2 ≠ 0 then w.s.c.o.b. A is isomorphic to A5(α,β).

• If β4 ≠ 0 then w.s.c.o.b. A is isomorphic to A6(α,β, γ).

Case 2: Let α1 ≠ 0. If (α4 + β1, β4) ≠ (0,0) then the base change x1 = xe1 + e2, x2 =
e2, x3 = e3, x4 = e4, x5 = e5 (where α1x2 + (α4 + β1)x + β4 = 0) shows that A is isomorphic

to an algebra with the nonzero products given by (4.15). Hence A is isomorphic to

A1(α),A2,A3(α,β),A4(α),A5(α,β) or A6(α,β, γ). Then we can assume α4+β1 = 0 = β4.
Hence we have the following products:

[e1, e1] = α1e3 + α2e4, [e1, e2] = α4e3 + α5e4, [e2, e1] = −α4e3 + β2e4, [e2, e2] = β5e4,
[e1, e3] = γ1e5, [e2, e3] = γ2e5, [e1, e4] = γ3e5.
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Note that if γ1 ≠ 0 then with the base change x1 = e1, x2 = e2, x3 = γ3e3 −γ1e4, x4 = e4, x5 =
e5 we can make γ1 = 0. So let γ1 = 0. Then we have the following products:

[e1, e1] = α1e3 + α2e4, [e1, e2] = α4e3 + α5e4, [e2, e1] = −α4e3 + β2e4, [e2, e2] = β5e4,
[e2, e3] = γ2e5, [e1, e4] = γ3e5.

Case 2.1: Let α4 = 0. Then by (4.14) we have β5 = 0. Hence we have the following

products:

[e1, e1] = α1e3 + α2e4, [e1, e2] = α5e4, [e2, e1] = β2e4, [e2, e3] = γ2e5, [e1, e4] = γ3e5.

Note that if α2 = 0 then α5 + β2 ≠ 0 since dim(Leib(A)) = 3.

• If α5

β2
= 0 then w.s.c.o.b. A is isomorphic to A2.

• If α5

β2
∈ C/{−1,0} then w.s.c.o.b. A is isomorphic to A4(α).

Case 2.2: Let α4 ≠ 0. Then by (4.13) and (4.14) we get β2 = α1γ2
γ3

and β5 = α4γ2
γ3

. Then

w.s.c.o.b. A is isomorphic to A7(α,β).

Remark. 1. If α1, α2 ∈ C such that α1 ≠ α2, then A1(α1) and A1(α2) are isomorphic if

and only if α2 = −α1.

2. If α1, α2 ∈ C/{−1,0} such that α1 ≠ α2, then A4(α1) and A4(α2) are not isomorphic.

3. Isomorphism conditions for the familiesA3(α,β),A5(α,β),A6(α,β, γ) andA7(α,β)
are hard to compute.

4.2.3 dim(A3) = 2

Let dim(A2) = 3,dim(A3) = 2 and A4 = 0. Then by Lemma 4.0.2 and Lemma 4.0.3 we have

A3 = Z(A). Assume dim(Leib(A)) = 3. Let A3 = Z(A) = span{e4, e5}. Extend this to a

basis {e3, e4, e5} of Leib(A) = A2. Then the nonzero products in A = span{e1, e2, e3, e4, e5}
are given by:

[e1, e1] = α1e3 + α2e4 + α3e5, [e1, e2] = α4e3 + α5e4 + α6e5, [e2, e1] = β1e3 + β2e4 + β3e5,
[e2, e2] = β4e3 + β5e4 + β6e5, [e1, e3] = γ1e4 + γ2e4, [e2, e3] = γ3e4 + γ4e5.
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From the Leibniz identity [e1, [e2, e1]] = [[e1, e2], e1] + [e2, [e1, e1]] we get the following

equations:
⎧⎪⎪⎪⎨⎪⎪⎪⎩

β1γ1 = α1γ3

β1γ2 = α1γ4
(4.17)

The Leibniz identity [e1, [e2, e2]] = [[e1, e2], e2]+[e2, [e1, e2]] gives the following equations:

⎧⎪⎪⎪⎨⎪⎪⎪⎩

β4γ1 = α4γ3

β4γ2 = α4γ4
(4.18)

Suppose γ3 = 0. Then γ1, γ4 ≠ 0 since dim(A3) = 2. From (4.17) and (4.18) we have

β1 = 0 = β4 = α1 = α4, which is a contradiction since dim(A2) = 3. Now suppose γ3 ≠ 0.

If β1 = 0 = β4 then by (4.17) and (4.18) we get α1 = 0 = α4, contradiction. If β1 ≠ 0(resp.

β4 ≠ 0) then by (4.17) (resp. by (4.18)) we have γ3γ2 − γ1γ4 = 0 that contradicts with the

fact that dim(A3) = 2. Hence our assumption was wrong. Therefore dim(Leib(A)) = 1 or

dim(Leib(A)) = 2.

Theorem 4.2.9. Let A be a 5−dimensional non-split non-Lie nilpotent Leibniz algebra

with dim(A2) = 3,dim(A3) = 2,A4 = 0 and dim(Leib(A)) = 1. Then A is isomorphic to a

Leibniz algebra spanned by {x1, x2, x3, x4, x5} with the nonzero products given by one of

the following:

A1: [x1, x2] = x3, [x2, x1] = −x3 + x5, [x1, x3] = x4 = −[x3, x1], [x2, x3] = x5 = −[x3, x2].

A2: [x1, x2] = x3 = −[x2, x1], [x2, x2] = x5, [x1, x3] = x4 = −[x3, x1], [x2, x3] = x5 = −[x3, x2].

A3: [x1, x2] = x3, [x2, x1] = −x3 + x5, [x2, x2] = x5, [x1, x3] = x4 = −[x3, x1], [x2, x3] = x5 =
−[x3, x2].

A4: [x1, x1] = x5, [x1, x2] = x3 = −[x2, x1], [x1, x3] = x4 = −[x3, x1], [x2, x3] = x5 = −[x3, x2].

Proof. Let Leib(A) = span{e5}. Extend this to bases {e4, e5} and {e3, e4, e5} of A3 = Z(A)
and A2, respectively. Then the nonzero products in A = span{e1, e2, e3, e4, e5} are given
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by:

[e1, e1] = α1e5, [e1, e2] = α2e3 + α3e4 + α4e5, [e2, e1] = −α2e3 − α3e4 + α5e5, [e2, e2] = α6e5,

[e1, e3] = β1e4 + β2e5, [e2, e3] = β3e4 + β4e5, [e3, e1] = −β1e4 + β5e5, [e3, e2] = −β3e4 + β6e5,
[e3, e3] = β7e5.

From the Leibniz identities [e1, [e2, e1]] = [[e1, e2], e1]+[e2, [e1, e1]], [e1, [e2, e2]] = [[e1, e2], e2]+
[e2, [e1, e2]] and [e1, [e2, e3]] = [[e1, e2], e3] + [e2, [e1, e3]] we get the following equations:

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

β5 = −β2
β6 = −β4
β7 = 0

(4.19)

Note that if β3 ≠ 0 and β1 = 0(resp. β1 ≠ 0) then with the base change x1 = e2, x2 = e1, x3 =
e3, x4 = e4, x5 = e5(resp. x1 = e1, x2 = β3e1 − β1e2, x3 = e3, x4 = e4, x5 = e5) we can make

β3 = 0. So let β3 = 0. Then β1, β4 ≠ 0 since dim(A3) = 2. Hence we have the following

products in A:

[e1, e1] = α1e5, [e1, e2] = α2e3 + α3e4 + α4e5, [e2, e1] = −α2e3 − α3e4 + α5e5, [e2, e2] = α6e5,

[e1, e3] = β1e4 + β2e5 = −[e3, e1], [e2, e3] = β4e5 = −[e3, e2].

Case 1: Let α1 = 0. Then we have the following products in A:

[e1, e2] = α2e3 + α3e4 + α4e5, [e2, e1] = −α2e3 − α3e4 + α5e5, [e2, e2] = α6e5,

[e1, e3] = β1e4 + β2e5 = −[e3, e1], [e2, e3] = β4e5 = −[e3, e2]. (4.20)

• If α6 = 0 then α4 + α5 ≠ 0 since Leib(A) ≠ 0. Then the base change x1 = e1, x2 =
α4+α5

α2β4
e2, x3 = α4+α5

α2β4
(α2e3 +α3e4 +α4e5), x4 = α4+α5

β4
(β1e4 +β2e5), x5 = (α4+α5)2

α2β4
e5 shows

that A is isomorphic to A1.

• If α6 ≠ 0 and α4 + α5 = 0 then the base change x1 = α6

α2β4
e1, x2 = e2, x3 = α6

α2β4
(α2e3 +

α3e4 + α4e5), x4 = α2
6

α2β2
4
(β1e4 + β2e5), x5 = α6e5 shows that A is isomorphic to A2.

• If α6 ≠ 0 and α4 + α5 ≠ 0 then the base change x1 = α6

α2β4
e1, x2 = α4+α5

α2β4
e2, x3 =
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α6(α4+α5)
α2
2β

2
4

(α2e3+α3e4+α4e5), x4 = α2
6(α4+α5)
α2
2β

3
4

(β1e4+β2e5), x5 = α6(α4+α5)2
α2
2β

2
4

e5 shows that

A is isomorphic to A3.

Case 2: Let α1 ≠ 0. If (α4 + α5, α6) ≠ (0,0) then the base change x1 = xe1 + e2, x2 =
e2, x3 = e3, x4 = e4, x5 = e5 (where α1x2 + (α4 + α5)x + α6 = 0) shows that A is isomorphic

to an algebra with the nonzero products given by (4.20). Hence A is isomorphic to

A1,A2 or A3. Now let α4 + α5 = 0 = α6. Then the base change x1 = α2β4
α1

e1, x2 = e2, x3 =
α2β4
α1

(α2e3 +α3e4 +α4e5), x4 = α3
2β

2
4

α2
1

(β1e4 +β2e5), x5 = α2
2β

2
4

α1
e5 shows that A is isomorphic to

A4.

Theorem 4.2.10. Let A be a 5−dimensional non-split non-Lie nilpotent Leibniz algebra

with dim(A2) = 3,dim(A3) = 2 = dim(Leib(A)) and A4 = 0. Then A is isomorphic to a

Leibniz algebra spanned by {x1, x2, x3, x4, x5} with the nonzero products given by one of

the following:

A1(α): [x1, x2] = x3, [x2, x1] = −x3 + x4, [x2, x2] = αx5, [x1, x3] = x4 = −[x3, x1], [x2, x3] =
x5 = −[x3, x2], α ∈ C/{0}.

A2(α): [x1, x1] = x5, [x1, x2] = x3, [x2, x1] = −x3 + x4, [x2, x2] = αx5, [x1, x3] = x4 =
−[x3, x1], [x2, x3] = x5 = −[x3, x2], α ∈ C.

A3(α): [x1, x1] = αx5, [x1, x2] = x3, [x2, x1] = −x3+x4+x5, [x1, x3] = x4 = −[x3, x1], [x2, x3] =
x5 = −[x3, x2], α ∈ C/{0}.

A4(α): [x1, x1] = αx5, [x1, x2] = x3, [x2, x1] = −x3 + x4 + x5, [x2, x2] = x5, [x1, x3] = x4 =
−[x3, x1], [x2, x3] = x5 = −[x3, x2], α ∈ C/{0}.

A5(α): [x1, x1] = αx5, [x1, x2] = x3, [x2, x1] = −x3 + x4 + x5, [x2, x2] = −1
2x5, [x1, x3] = x4 =

−[x3, x1], [x2, x3] = x5 = −[x3, x2], α ∈ C/{−1
6 ,0}.

A6(α): [x1, x1] = αx5, [x1, x2] = x3 = −[x2, x1], [x2, x2] = x4+x5, [x1, x3] = x4 = −[x3, x1], [x2, x3] =
x5 = −[x3, x2], α ∈ C/{− 4

27 ,0}.

A7(α,β): [x1, x1] = αx5, [x1, x2] = x3, [x2, x1] = −x3 + x5, [x2, x2] = x4 + βx5, [x1, x3] =
x4 = −[x3, x1], [x2, x3] = x5 = −[x3, x2], α ∈ C/{0}, β ∈ C,4αβ ≠ 1,8αβ3 − 2β2 + 1 ≠
0,16αβ3 ≠ 1 + 6β2 ±

√
4β2 + 12β + 1,−27αβ ≠ 9β2 + 2β4 ± 2

√
β2(3 + β2)3.

A8(α,β, γ): [x1, x1] = αx5, [x1, x2] = x3, [x2, x1] = −x3+x4+βx5, [x2, x2] = x4+γx5, [x1, x3] =
x4 = −[x3, x1], [x2, x3] = x5 = −[x3, x2], α, β, γ ∈ C.
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A9(α,β): [x1, x1] = x4 +αx5, [x1, x2] = x3, [x2, x1] = −x3 +βx5, [x2, x2] = x5, [x1, x3] = x4 =
−[x3, x1], [x2, x3] = x5 = −[x3, x2], α, β ∈ C.

Proof. Assume Leib(A) ≠ Z(A). Using A is nilpotent and Leib(A) ≠ Z(A) we see that

dim(A3) = 1, which is a contradiction. Hence Leib(A) = Z(A) = A3. Let Leib(A) =
Z(A) = A3 = span{e4, e5}. Extend this to a basis {e3, e4, e5} of A2. Then the nonzero

products in A = span{e1, e2, e3, e4, e5} are given by:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e3 + α4e4 + α5e5, [e2, e1] = −α3e3 + β1e4 + β2e5,
[e2, e2] = β3e4 + β4e5, [e1, e3] = β5e4 + β6e5, [e2, e3] = γ1e4 + γ2e5,
[e3, e1] = γ3e4 + γ4e5, [e3, e2] = γ5e4 + γ6e5, [e3, e3] = γ7e4 + γ8e5.

From the Leibniz identities [e1, [e2, e1]] = [[e1, e2], e1]+[e2, [e1, e1]], [e1, [e2, e2]] = [[e1, e2], e2]+
[e2, [e1, e2]] and [e1, [e2, e3]] = [[e1, e2], e3] + [e2, [e1, e3]] we get the following equations:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

γ3 = −β5
γ4 = −β6
γ5 = −γ1
γ6 = −γ2
γ7 = 0 = γ8

(4.21)

Note that if γ1 ≠ 0 and β5 = 0(resp. β5 ≠ 0) then with the base change x1 = e2, x2 = e1, x3 =
e3, x4 = e4, x5 = e5(resp. x1 = e1, x2 = γ1e1 − β5e2, x3 = e3, x4 = e4, x5 = e5) we can make

γ1 = 0. So let γ1 = 0. Then γ5 = 0 by (4.21) and β5, γ2 ≠ 0 since dim(A3) = 2. Hence we

have the following products in A:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e3 + α4e4 + α5e5, [e2, e1] = −α3e3 + β1e4 + β2e5,
[e2, e2] = β3e4 + β4e5, [e1, e3] = β5e4 + β6e5 = −[e3, e1], [e2, e3] = γ2e5 = −[e3, e2].
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Case 1: Let α1 = 0. Then we have the following products in A:

[e1, e1] = α2e5, [e1, e2] = α3e3+α4e4+α5e5, [e2, e1] = −α3e3+β1e4+β2e5, [e2, e2] = β3e4+β4e5,
[e1, e3] = β5e4 + β6e5 = −[e3, e1], [e2, e3] = γ2e5 = −[e3, e2]. (4.22)

Take θ1 = α2

α3γ2
, θ2 = α4+β1

α3β5
, θ3 = (α5+β2)β5−(α4+β1)β6

α3β5γ2
, θ4 = β3

α3β5
and θ5 = β4β5−β3β6

β5
. The base

change y1 = e1, y2 = e2, y3 = α3e3 +α4e4 +α5e5, y4 = α3(β5e4 + β6e5), y5 = α3γ2e5 shows that

A is isomorphic to the following algebra:

[y1, y1] = θ1y5, [y1, y2] = y3, [y2, y1] = −y3 + θ2y4 + θ3y5, [y2, y2] = θ4y4 + θ5y5,
[y1, y3] = y4 = −[y3, y1], [y2, y3] = y5 = −[y3, y2].

Note that (θ2, θ4) ≠ (0,0) and (θ1, θ3, θ5) ≠ (0,0,0) since dim(Leib(A)) = 2. Take θ6 =
θ1

√
θ3θ4
θ23

and θ7 = θ5√
θ3θ4

.

• If θ4 = 0, θ3 = 0 and θ1 = 0 then θ2, θ5 ≠ 0. Then the base change x1 = θ2y1, x2 =
y2, x3 = θ2y3, x4 = θ22y4, x5 = θ2y5 shows that A is isomorphic to A1(α).

• If θ4 = 0, θ3 = 0 and θ1 ≠ 0 then θ2 ≠ 0. Then the base change x1 = θ2y1, x2 =√
θ1θ2y2, x3 = θ2

√
θ1θ2y3, x4 = θ22

√
θ1θ2y4, x5 = θ1θ22y5 shows that A is isomorphic to

A2(α).

• If θ4 = 0, θ3 ≠ 0 and θ5
θ2
= 0 then θ2 ≠ 0. Then the base change x1 = θ2y1, x2 = θ3y2, x3 =

θ2θ3y3, x4 = θ22θ3y4, x5 = θ2θ23y5 shows that A is isomorphic to A3(α).

• If θ4 = 0, θ3 ≠ 0 and θ5
θ2

= 0 then θ1, θ2 ≠ 0 since dim(Leib(A)) = 2. Then the base

change x1 = θ2y1, x2 = θ3y2, x3 = θ2θ3y3, x4 = θ22θ3y4, x5 = θ2θ23y5 shows that A is

isomorphic to A3(α).

• If θ4 = 0, θ3 ≠ 0, θ5θ2 = 1 and θ1 = 0 then w.s.c.o.b. A is isomorphic to A3(−1
4).

• If θ4 = 0, θ3 ≠ 0, θ5θ2 = 1 and θ1 ≠ 0 then w.s.c.o.b. A is isomorphic to A4(α).

• If θ4 = 0, θ3 ≠ 0, θ5θ2 = −
1
2 and θ1 = 0 then w.s.c.o.b. A is isomorphic to A3(2).

• If θ4 = 0, θ3 ≠ 0, θ5θ2 = −
1
2 and θ1 = −1

6 then w.s.c.o.b. A is isomorphic to A4(1
3).
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• If θ4 = 0, θ3 ≠ 0, θ5θ2 = −1
2 and θ1 ∈ C/{−1

6 ,0} then the base change x1 = θ2y1, x2 =
θ3y2, x3 = θ2θ3y3, x4 = θ22θ3y4, x5 = θ2θ23y5 shows that A is isomorphic to A5(α).

• If θ4 = 0, θ3 ≠ 0 and θ5
θ2
∈ C/{−1

2 ,0,1} then w.s.c.o.b. A is isomorphic to A2(α)(α ∈
C/{−1

2 ,
1
2 ,1}).

• If θ4 ≠ 0, θ2 = 0, θ3 = 0, θ5 = 0 then θ1 ≠ 0. Then w.s.c.o.b. A is isomorphic to A2(−1
2).

• If θ4 ≠ 0, θ2 = 0, θ3 = 0, θ5 ≠ 0 and
θ1θ

2
4

θ35
= − 4

27 then w.s.c.o.b. A is isomorphic to A4(1
9).

• If θ4 ≠ 0, θ2 = 0, θ3 = 0, θ5 ≠ 0 and
θ1θ

2
4

θ35
≠ − 4

27 then w.s.c.o.b. A is isomorphic to

A6(α).

• If θ4 ≠ 0, θ2 = 0, θ3 ≠ 0,4θ6θ7 = 1 and θ26 = − 1
54 then w.s.c.o.b. A is isomorphic to

A4(1
9).

• If θ4 ≠ 0, θ2 = 0, θ3 ≠ 0,4θ6θ7 = 1 and θ26 ≠ − 1
54 then w.s.c.o.b. A is isomorphic to

A6(α).

• If θ4 ≠ 0, θ2 = 0, θ3 ≠ 0,4θ6θ7 ≠ 1,8θ6θ37 − 2θ27 + 1 = 0 and θ6 = 0 then w.s.c.o.b. A is

isomorphic to A3(2).

• If θ4 ≠ 0, θ2 = 0, θ3 ≠ 0,4θ6θ7 ≠ 1,8θ6θ37 − 2θ27 + 1 = 0, θ6 = 0 and θ27 = −3
2 ±

√
3 then

w.s.c.o.b. A is isomorphic to A4(1
3).

• If θ4 ≠ 0, θ2 = 0, θ3 ≠ 0,4θ6θ7 ≠ 1,8θ6θ37 − 2θ27 + 1 = 0, θ6 = 0 and θ27 ≠ −3
2 ±

√
3 then

w.s.c.o.b. A is isomorphic to A5(α)(α ∈ C/{−1
6 ,0,

1
8}).

• If θ4 ≠ 0, θ2 = 0, θ3 ≠ 0,4θ6θ7 ≠ 1,8θ6θ37 − 2θ27 + 1 ≠ 0, θ6 = 0 and θ7 = 0 then w.s.c.o.b.

A is isomorphic to A2(0).

• If θ4 ≠ 0, θ2 = 0, θ3 ≠ 0,4θ6θ7 ≠ 1,8θ6θ37 − 2θ27 + 1 ≠ 0, θ6 = 0 and θ7 ≠ 0 then w.s.c.o.b.

A is isomorphic to A3(α)(α ∈ C/{0,2}).

• If θ4 ≠ 0, θ2 = 0, θ3 ≠ 0,4θ6θ7 ≠ 1,8θ6θ37 − 2θ27 + 1 ≠ 0, θ6 ≠ 0 and 16θ6θ37 = 1 + 6θ27 ±√
4θ27 + 12θ7 + 1 then w.s.c.o.b. A is isomorphic to A2(α) for some α values.

• If θ4 ≠ 0, θ2 = 0, θ3 ≠ 0,4θ6θ7 ≠ 1,8θ6θ37 − 2θ27 + 1 ≠ 0, θ6 ≠ 0,16θ6θ37 ≠ 1 + 6θ27 ±√
4θ27 + 12θ7 + 1 and −27θ6θ7 = 9θ27 +2θ47 ±2

√
θ27(3 + θ27)3 then w.s.c.o.b. A is isomor-

phic to A4(α) for some α values.
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• If θ4 ≠ 0, θ2 = 0, θ3 ≠ 0,4θ6θ7 ≠ 1,8θ6θ37 − 2θ27 + 1 ≠ 0, θ6 ≠ 0,16θ6θ37 ≠ 1 + 6θ27 ±√
4θ27 + 12θ7 + 1 and −27θ6θ7 ≠ 9θ27 +2θ47 ±2

√
θ27(3 + θ27)3 then w.s.c.o.b. A is isomor-

phic to A7(α,β).

• If θ4 ≠ 0 and θ2 ≠ 0 then w.s.c.o.b. A is isomorphic to A8(α,β, γ).

Case 2: Let α1 ≠ 0. If (α4 + β1, β3) ≠ (0,0) then the base change x1 = xe1 + e2, x2 =
e2, x3 = e3, x4 = e4, x5 = e5 (where α1x2 + (α4 + β1)x + β3 = 0) shows that A is isomor-

phic to an algebra with the nonzero products given by (4.22). Hence A is isomorphic

to A1(α),A2(α),A3(α),A4(α),A5(α),A6(α),A7(α,β) or A8(α,β, γ). So we can assume

α4 + β1 = 0 = β3. Then we have the following products in A:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e3 + α4e4 + α5e5, [e2, e1] = −α3e3 − α4e4 + β2e5,
[e2, e2] = β4e5, [e1, e3] = β5e4 + β6e5 = −[e3, e1], [e2, e3] = γ2e5 = −[e3, e2].

Note that if β4 = 0 then α5 + β2 ≠ 0 since dim(Leib(A))=2.

• If β4 = 0 then w.s.c.o.b. A is isomorphic to A1(α).

• If β4 ≠ 0 then w.s.c.o.b. A is isomorphic to A9(α,β).

Remark. 1. If α1, α2 ∈ C/{0} such that α1 ≠ α2, then A1(α1) and A1(α2) are not

isomorphic.

2. If α1, α2 ∈ C such that α1 ≠ α2, then A2(α1) and A2(α2) are not isomorphic.

3. If α1, α2 ∈ C/{0} such that α1 ≠ α2, then A3(α1) and A3(α2) are not isomorphic.

4. If α1, α2 ∈ C/{0} such that α1 ≠ α2, then A4(α1) and A4(α2) are not isomorphic.

5. If α1, α2 ∈ C/{−1
6 ,0} such that α1 ≠ α2, then A5(α1) and A5(α2) are not isomorphic.

6. If α1, α2 ∈ C/{− 4
27 ,0} such that α1 ≠ α2, thenA6(α1) andA6(α2) are not isomorphic.

7. Isomorphism conditions for the families A7(α,β),A8(α,β, γ) and A9(α,β) are hard

to compute.
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Let dim(A2) = 3,dim(A3) = 2 and dim(A4) = 1. Then by Lemma 4.0.2 and using

0 ≠ A4 ⊆ A3 we have A4 = Z(A). Assume dim(Leib(A)) = 2. Take W such that A2 =
Leib(A) ⊕W . If W = Z(A) then A3 = Leib(A) since Leib(A) is an ideal. If W ≠ Z(A)
and W /⊆ A3 then A3 = Leib(A). Furthermore if W ≠ Z(A) and W ⊆ A3 then [A,W ] ⊆
[A,A3] = A4 = Z(A) ⊆ Leib(A). Then A3 = [A,A2] ⊆ Leib(A), so A3 = Leib(A). In all

cases we get A3 = Leib(A). Hence A3 = Leib(A). Let Z(A) = A4 = span{e5}. Extend

this to bases of {e4, e5} and {e3, e4, e5} of Leib(A) = A3 and A2, respectively. Then the

nonzero products in A = span{e1, e2, e3, e4, e5} are given by:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e3 + α4e4 + α5e5, [e2, e1] = −α3e3 + β1e4 + β2e5,
[e2, e2] = β3e4 + β4e5, [e1, e3] = β5e4 + β6e5, [e3, e1] = γ1e4 + γ2e5, [e2, e3] = γ3e4 + γ4e5,
[e3, e2] = γ5e4 + γ6e5, [e3, e3] = θ1e4 + θ2e5, [e1, e4] = θ3e5, [e2, e4] = θ4e5, [e3, e4] = θ5e5.

Leibniz identities give the following equations:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

γ1 = −β5
α3(β6 + γ2) + α1θ4 − β1θ3 = 0

γ5 = −γ3
α3(γ4 + γ6) + α4θ4 − β3θ3 = 0

θ1 = 0

α3θ2 + β5θ4 − γ3θ3
θ5 = 0

γ1θ3 = 0

γ5θ3 = α3θ2

γ1θ4 = −α3θ2

γ5θ4 = 0

(4.23)

Suppose θ4 = 0. Then θ3 ≠ 0 since dim(Z(A)) = 1. By (4.23) we have θ2 = 0 = γ5 =
γ3 = γ1 = β5. Then dim(A3) = 1 which is a contradiction. Now suppose θ ≠ 0. If θ3 = 0

then by (4.23) we have θ2 = 0 = γ1 = γ5 = γ3 = β5. This implies that dim(A3) = 1,

contradiction. If θ3 ≠ 0 then by (4.23) we have γ1 = 0 = γ5 = γ3 = β5. Then again we get

dim(A3) = 1, contradiction. Hence our assumption was wrong. Then dim(Leib(A)) = 1
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or dim(Leib(A)) = 3.

Theorem 4.2.11. Let A be a 5−dimensional non-split non-Lie nilpotent Leibniz algebra

with dim(A2) = 3,dim(A3) = 2 and dim(A4) = 1 = dim(Leib(A)). Then A is isomorphic

to a Leibniz algebra spanned by {x1, x2, x3, x4, x5} with the nonzero products given by one

of the following:

A1: [x1, x2] = x3, [x2, x1] = −x3 + x5, [x1, x3] = x4 = −[x3, x1], [x1, x4] = x5 = −[x4, x1].

A2: [x1, x2] = x3 = −[x2, x1], [x2, x2] = x5, [x1, x3] = x4 = −[x3, x1], [x1, x4] = x5 = −[x4, x1].

A3: [x1, x2] = x3, [x2, x1] = −x3 + x5, [x2, x2] = x5, [x1, x3] = x4 = −[x3, x1], [x1, x4] = x5 =
−[x4, x1].

A4: [x1, x2] = x3 = −[x2, x1], [x2, x2] = x5, [x1, x3] = x4 = −[x3, x1], [x2, x3] = x5 = −[x3, x2], [x1, x4] =
x5 = −[x4, x1].

A5(α): [x1, x2] = x3, [x2, x1] = −x3 + x5, [x2, x2] = αx5, [x1, x3] = x4 = −[x3, x1], [x2, x3] =
x5 = −[x3, x2], [x1, x4] = x5 = −[x4, x1], α ∈ C.

A6: [x1, x1] = x5, [x1, x2] = x3 = −[x2, x1], [x1, x3] = x4 = −[x3, x1], [x1, x4] = x5 = −[x4, x1].

A7: [x1, x1] = x5, [x1, x2] = x3 = −[x2, x1], [x1, x3] = x4 = −[x3, x1], [x2, x3] = x5 = −[x3, x2], [x1, x4] =
x5 = −[x4, x1].

Proof. By Lemma 4.0.4, Leib(A) = Z(A). Let A4 = Z(A) = Leib(A) = span{e5}. Extend

this to bases {e4, e5} and {e3, e4, e5} of A3 and A2, respectively. Then the nonzero products

in A = span{e1, e2, e3, e4, e5} are given by:

[e1, e1] = α1e5, [e1, e2] = α2e3 + α3e4 + α4e5, [e2, e1] = −α2e3 − α3e4 + α5e5, [e2, e2] = α6e5,

[e1, e3] = β1e4 + β2e5, [e3, e1] = −β1e4 + β3e5, [e2, e3] = β4e4 + β5e5, [e3, e2] = −β4e4 + β6e5,
[e3, e3] = γ1e5, [e1, e4] = γ2e5, [e4, e1] = γ3e5, [e2, e4] = γ4e5, [e4, e2] = γ5e5,

[e3, e4] = γ6e5, [e4, e3] = γ7e5, [e4, e4] = γ8e5.
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Leibniz identities give the following equations:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

α2(β2 + β3) + α3(γ2 + γ3) = 0

α2(β5 + β6) + α3(γ4 + γ5) = 0

β4γ2 = α2γ1 + α3γ7 + β1γ4
α2γ6 + α3γ8 = 0

β1(γ2 + γ3) = 0

β1γ5 + β4γ2 + α2γ1 + α3γ6 = 0

β1(γ6 + γ7) = 0

β1γ8 = 0

β1γ4 + β4γ3 − α2γ1 − α3γ6 = 0

β4(γ4 + γ5) = 0

β4(γ6 + γ7) = 0

β4γ8 = 0

(4.24)

Note that β1 ≠ 0 or β4 ≠ 0 since dim(A3) = 2. Then by (4.24) we have γ6 = 0 = γ7 = γ8.
Note that if β4 ≠ 0 and β1 = 0(resp. β1 ≠ 0) then with the base change x1 = e2, x2 = e1, x3 =
e3, x4 = e4, x5 = e5(resp. x1 = e1, x2 = β3e1 − β1e2, x3 = e3, x4 = e4, x5 = e5) we can make

β4 = 0. So let β4 = 0. Then β1 ≠ 0. From (4.24) we have β3 = −β2 and γ3 = −γ2. Suppose

γ5 ≠ 0. Then by (4.24) we get β1 = 0, contradiction. Hence γ5 = 0. Then by (4.24) we have

γ1 = 0 = γ4 and β6 = −β5. Hence we have the following products in A:

[e1, e1] = α1e5, [e1, e2] = α2e3 + α3e4 + α4e5, [e2, e1] = −α2e3 − α3e4 + α5e5, [e2, e2] = α6e5,

[e1, e3] = β1e4 + β2e5 = −[e3, e1], [e2, e3] = β5e5 = −[e3, e2], [e1, e4] = γ2e5 = −[e4, e1].

Case 1: Let α1 = 0. Then we have the following products in A:

[e1, e2] = α2e3 + α3e4 + α4e5, [e2, e1] = −α2e3 − α3e4 + α5e5, [e2, e2] = α6e5,

[e1, e3] = β1e4 + β2e5 = −[e3, e1], [e2, e3] = β5e5 = −[e3, e2], [e1, e4] = γ2e5 = −[e4, e1].
(4.25)

50



• If β5 = 0 and α6 = 0 then α4 + α5 ≠ 0 since dim(Leib(A)) = 1. The base change

x1 = ( α4+α5

α2β1γ2
)1/2e1, x2 = e2, x3 = ( α4+α5

α2β1γ2
)1/2(α2e3 + α3e4 + α4e5), x4 = α4+α5

β1γ2
(β1e4 +

β2e5), x5 = (α4+α5)3/2
(α2β1γ2)1/2

e5 shows that A is isomorphic to A1.

• If β5 = 0, α6 ≠ 0 and α4 + α5 = 0 then the base change x1 = e1, x2 = α2β1γ2
α6

e2, x3 =
α2β1γ2
α6

(α2e3 + α3e4 + α4e5), x4 = α2
2β1γ2
α6

(β1e4 + β2e5), x5 = (α2β1γ2)2
α6

e5 shows that A is

isomorphic to A2.

• If β5 = 0, α6 ≠ 0 and α4 + α5 ≠ 0 then the base change x1 = ( α4+α5

α2β1γ2
)1/2e1, x2 =

(α4+α5)3/2
(α2β1γ2)1/2α6

e2, x3 = (α4+α5)2
α2β1γ2α6

(α2e3 + α3e4 + α4e5), x4 = (α4+α5)5/2α2

(α2β1γ2)3/2α6
(β1e4 + β2e5), x5 =

(α4+α5)3
α2β1γ2α6

e5 shows that A is isomorphic to A3.

• If β5 ≠ 0 and α4 +α5 = 0 then α6 ≠ 0 since dim(Leib(A)) = 1. Then the base change

x1 = α6

α2β5
e1, x2 = α2

6β1γ2
α2
2β

3
5
e2, x3 = α3

6β1γ2
α3
2β

4
5
(α2e3+α3e4+α4e5), x4 = α4

6β1γ2
α3
2β

5
5
(β1e4+β2e5), x5 =

α5
6β

2
1γ

2
2

α4
2β

6
5
e5 shows that A is isomorphic to A4.

• If β5 ≠ 0 and α4 + α5 ≠ 0 then the base change x1 = ( α4+α5

α2β1γ2
)1/2e1, x2 = α4+α5

α2β5
e2, x3 =

(α4+α5)3/2
(α2β1γ2)1/2α2β5

(α2e3 + α3e4 + α4e5), x4 = (α4+α5)2
α2β1γ2β5

(β1e4 + β2e5), x5 = (α4+α5)5/2
(α2β1γ2)1/2α2β5

e5

shows that A is isomorphic to A5(α).

Case 2: Let α1 ≠ 0. If (α4 + α5, α6) ≠ (0,0) then the base change x1 = xe1 + e2, x2 =
e2, x3 = e3, x4 = e4, x5 = e5 (where α1x2 + (α4 + α5)x + α6 = 0) shows that A is isomorphic

to an algebra with the nonzero products given by (4.25). Hence A is isomorphic to

A1,A2,A3,A4 or A5(α). Then assume α4 + α5 = 0 = α6.

• If β5 = 0 then the base change x1 = e1, x2 = α1

α2β1γ2
e2, x3 = α1

α2β1γ2
(α2e3 + α3e4 +

α4e5), x4 = α1

β1γ2
(β1e4 + β2e5), x5 = α1e5 shows that A is isomorphic to A6.

• If β5 ≠ 0 then the base change x1 = α
1/3
1 β

1/3
5

α
1/3
2 β

2/3
1 γ

2/3
2

e1, x2 = α
2/3
1

α
2/3
2 β

1/3
1 γ

1/3
2 β

1/3
5

e2, x3 = α1

α2β1γ2
(α2e3+

α3e4 + α4e5), x4 = α
4/3
1 β

1/3
5

α
1/3
2 β

5/3
1 γ

5/3
2

(β1e4 + β2e5), x5 = α
5/3
1 β

2/3
5

α
2/3
2 β

4/3
1 γ

4/3
2

e5 shows that A is isomor-

phic to A7.

Remark. If α1, α2 ∈ C then A5(α1) and A5(α2) are isomorphic if and only if α4
2 = α4

1.
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Theorem 4.2.12. Let A be a 5−dimensional non-split non-Lie nilpotent Leibniz algebra

with dim(A2) = 3 = dim(Leib(A)),dim(A3) = 2 and dim(A4) = 1. Then A is isomorphic

to a Leibniz algebra spanned by {x1, x2, x3, x4, x5} with the nonzero products given by one

of the following:

A1: [x1, x2] = x3, [x1, x3] = x4, [x1, x4] = x5.

A2: [x1, x2] = x3, [x2, x1] = x5, [x1, x3] = x4, [x1, x4] = x5.

A3: [x1, x2] = x3, [x2, x2] = x5, [x1, x3] = x4, [x1, x4] = x5.

A4: [x1, x2] = x3, [x2, x1] = x5, [x2, x2] = x5, [x1, x3] = x4, [x1, x4] = x5.

A5: [x1, x2] = x3, [x2, x2] = x4, [x1, x3] = x4, [x2, x3] = x5, [x1, x4] = x5.

A6: [x1, x2] = x3, [x2, x1] = x5, [x2, x2] = x4, [x1, x3] = x4, [x2, x3] = x5, [x1, x4] = x5.

A7(α): [x1, x2] = x3, [x2, x1] = αx5, [x2, x2] = x4 + x5, [x1, x3] = x4, [x2, x3] = x5, [x1, x4] =
x5, α ∈ C.

A8: [x1, x1] = x3, [x2, x1] = x5, [x1, x3] = x4, [x1, x4] = x5.

A9: [x1, x1] = x3, [x2, x2] = x5, [x1, x3] = x4, [x1, x4] = x5.

A10(α): [x1, x1] = x3, [x2, x1] = x4, [x2, x2] = αx5, [x1, x3] = x4, [x2, x3] = x5, [x1, x4] =
x5, α ∈ C.

A11: [x1, x1] = x3, [x2, x1] = x4 + x5, [x2, x2] = 2x5, [x1, x3] = x4, [x2, x3] = x5, [x1, x4] = x5.

Proof. Let A4 = Z(A) = span{e5}. Extend this to bases {e4, e5} and {e3, e4, e5} of A3 and

A2, respectively. Then the nonzero products in A = span{e1, e2, e3, e4, e5} are given by:

[e1, e1] = α1e5 + α2e4 + α3e5, [e1, e2] = α4e3 + α5e4 + α6e5, [e2, e1] = β1e3 + β2e4 + β3e5,
[e2, e2] = β4e3 + β5e4 + β6e5, [e1, e3] = γ1e4 + γ2e5, [e2, e3] = γ3e4 + γ4e5,

[e1, e4] = γ5e5, [e2, e4] = γ6e5.
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Leibniz identities give the following equations:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

β1γ1 = α1γ3

β1γ2 + β2γ5 = α1γ4 + α2γ6

β4γ1 = α4γ3

β4γ2 + β5γ5 = α4γ4 + α5γ6

γ3γ5 = γ1γ6

(4.26)

We can assume γ3 = 0, because if γ3 ≠ 0 and γ1 = 0(resp. γ1 ≠ 0) then with the base

change x1 = e2, x2 = e1, x3 = e3, x4 = e4, x5 = e5(resp. x1 = e1, x2 = γ3e1 − γ1e2, x3 = e3, x4 =
e4, x5 = e5) we can make γ3 = 0. Then γ1 ≠ 0 since dim(A3) = 2. So by (4.26) we have

β1 = 0 = β4 = γ6. Then γ5 ≠ 0 since dim(Z(A)) = 1. Hence we have the following products

in A:

[e1, e1] = α1e5 + α2e4 + α3e5, [e1, e2] = α4e3 + α5e4 + α6e5, [e2, e1] = β2e4 + β3e5,
[e2, e2] = β5e4 + β6e5, [e1, e3] = γ1e4 + γ2e5, [e2, e3] = γ4e5, [e1, e4] = γ5e5.

Case 1: Let α1 = 0. Then α4 ≠ 0 since dim(A2) = 3. Then from (4.26) we get β2 = 0.

Hence we have the following products in A:

[e1, e1] = α2e4 + α3e5, [e1, e2] = α4e3 + α5e4 + α6e5, [e2, e1] = β3e5,
[e2, e2] = β5e4 + β6e5, [e1, e3] = γ1e4 + γ2e5, [e2, e3] = γ4e5, [e1, e4] = γ5e5. (4.27)

If α2 ≠ 0 then with the base change x1 = γ1e1 − α2e3, x2 = e2, x3 = e3, x4 = e4, x5 = e5 we

can make α2 = 0. So let α2 = 0. Then we have the following products in A:

[e1, e1] = α3e5, [e1, e2] = α4e3 + α5e4 + α6e5, [e2, e1] = β3e5,
[e2, e2] = β5e4 + β6e5, [e1, e3] = γ1e4 + γ2e5, [e2, e3] = γ4e5, [e1, e4] = γ5e5.

Also if α3 ≠ 0 then with the base change x1 = γ5e1 − γ3e4, x2 = e2, x3 = e3, x4 = e4, x5 = e5
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we can make α3 = 0. So we can assume α3 = 0. Then the products in A are the following:

[e1, e2] = α4e3 + α5e4 + α6e5, [e2, e1] = β3e5, [e2, e2] = β5e4 + β6e5, [e1, e3] = γ1e4 + γ2e5,
[e2, e3] = γ4e5, [e1, e4] = γ5e5.

Case 1.1: Let γ4 = 0. Then by (4.26) we have β5 = 0.

• If β6 = 0 = β3 then x1 = e1, x2 = e2, x3 = α4e3 + α5e4 + α6e5, x4 = α4(γ1e4 + γ2e5), x5 =
α4γ1γ5e5 shows that A is isomorphic to A1.

• If β6 = 0 and β3 ≠ 0 then the base change x1 =
√

β3
α4γ1γ5

e1, x2 = e2, x3 =
√

β3
α4γ1γ5

(α4e3+
α5e4 + α6e5), x4 = β3

γ1γ5
(γ1e4 + γ2e5), x5 = β3

√
β3

α4γ1γ5
e5 shows that A is isomorphic to

A2.

• If β6 ≠ 0 and β3 = 0 then the base change x1 = e1, x2 = α4γ1γ5
β6

e2, x3 = α4γ1γ5
β6

(α4e3 +
α5e4 + α6e5), x4 = α2

4γ1γ5
β6

(γ1e4 + γ2e5), x5 = (α4γ1γ5)2
β6

e5 shows that A is isomorphic to

A3.

• If β6 ≠ 0 and β3 ≠ 0 then the base change x1 = ( β3
α4γ1γ5

)1/2e1, x2 = (β3)3/2
β6(α4γ1γ5)1/2

e2, x3 =
β2
3

α4β6γ1γ5
(α4e3 + α5e4 + α6e5), x4 = β

5/2
3

α
1/2
4 β6γ

3/2
1 γ

3/2
5

(γ1e4 + γ2e5), x5 = β3
3

α4β6γ1γ5
shows that

A is isomorphic to A4.

Case 1.2: Let γ4 ≠ 0. Then β5 = α4γ4
γ5

from (4.26). Take θ = α2
4γ1(β6γ1−β5γ2)

β3
5γ5

. The base

change y1 = e1, y2 = α4γ1
β5
e2, y3 = α4γ1

β5
(α4e3+α5e4+α6e5), y4 = α2

4γ1
β5

(γ1e4+γ2e5), y5 = α2
4γ

2
1γ5
β5

e5

shows that A is isomorphic to the following algebra:

[y1, y2] = y3, [y2, y1] =
β3

α4γ1γ5
y5, [y2, y2] = y4 + θy5, [y1, y3] = y4, [y2, y3] = y5, [y1, y4] = y5.

• If θ = 0 and β3 = 0 then the base change x1 = y1, x2 = y2, x3 = y3, x4 = y4, x5 = y5
shows that A is isomorphic to A5.

• If θ = 0 and β3 ≠ 0 then the base change x1 =
√

β3
α4γ1γ5

y1, x2 = β3
α4γ1γ5

y2, x3 =
( β3
α4γ1γ5

)3/2y3, ( β3
α4γ1γ5

)2y4, x5 = ( β3
α4γ1γ5

)5/2y5 shows that A is isomorphic to A6.

• If θ ≠ 0 then the base change x1 = θy1, x2 = θ2y2, x3 = θ3y3, x4 = θ4y4, x5 = θ5y5 shows

that A is isomorphic to A7(α).
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Case 2: Let α1 ≠ 0. If α4 ≠ 0 the base change x1 = α4e1 − α1e2, x2 = e2, x3 = e3, x4 =
e4, x5 = e5 shows that A is isomorphic to an algebra with the nonzero products given by

(4.27). Hence A is isomorphic to A1,A2,A3,A4,A5,A6 or A7(α). So let α4 = 0. Then from

(4.26) we have β5 = 0. Note that here if α5 ≠ 0 then with the base change x1 = e1, x2 =
γ1e2 − α5e3, x3 = e3, x4 = e4, x5 = e5 we can make α5 = 0. Then we can assume α5 = 0.

Hence we have the following products in A:

[e1, e1] = α1e3 + α2e4 + α3e5, [e1, e2] = α6e5, [e2, e1] = β2e4 + β3e5, [e2, e2] = β6e5,
[e1, e3] = γ1e4 + γ2e5, [e2, e3] = γ4e5, [e1, e4] = γ5e5.

If α6 ≠ 0 then with the base change x1 = e1, x2 = γ5e2 −α6e4, x3 = e3, x4 = e4, x5 = e5 we

can make α6 = 0. Then we can assume α6 = 0. Hence we have the following products in

A:

[e1, e1] = α1e3 + α2e4 + α3e5, [e2, e1] = β2e4 + β3e5, [e2, e2] = β6e5, [e1, e3] = γ1e4 + γ2e5,
[e2, e3] = γ4e5, [e1, e4] = γ5e5.

Case 2.1: Let γ4 = 0. Then by (4.26) we have β2 = 0. Note that if β3 = 0 = β6

then A is split. So let (β3, β6) ≠ (0,0). If β6 = 0 then β3 ≠ 0. Then the base change

x1 = e1, x2 = α1γ1γ5
β3

e2, x3 = α1e3+α2e4+α3e5, x4 = α1(γ1e4+γ2e5), x5 = α1γ1γ5e5 shows that

A is isomorphic to A8. Now suppose β6 ≠ 0. Without loss of generality we can assume

β3 = 0 because if β3 ≠ 0 then with the base change x1 = β6e1 − β3e2, x2 = e2 + β3
γ5
e4, x3 =

e3, x4 = e4, x5 = e5 we can make β3 = 0. Then we have the following products in A:

[e1, e1] = α1e3 + α2e4 + α3e5, [e2, e2] = β6e5, [e1, e3] = γ1e4 + γ2e5, [e1, e4] = γ5e5.

Then the base change x1 = e1, x2 =
√

α1γ1γ5
β6

e2, x3 = α1e3 + α2e4 + α3e5, x4 = α1(γ1e4 +
γ2e5), x5 = α1γ1γ5e5 shows that A is isomorphic to A9.

Case 2.2: Let γ4 ≠ 0. Then β2 = α1γ4
γ5

from (4.26). Take θ = β3γ1−β2γ2
β2γ1γ5

. The base change

y1 = e1, y2 = α1γ1
β2
e2, y3 = α1e3 + α2e4 + α3e5, y4 = α1(γ1e4 + γ2e5), y5 = α1γ1γ5e5 shows that
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A is isomorphic to the following algebra:

[y1, y1] = y3, [y2, y1] = y4 + θy5, [y2, y2] =
α1β6γ1
β2
2γ5

y5, [y1, y3] = y4, [y2, y3] = y5, [y1, y4] = y5.

• If θ = 0 then the base change x1 = y1, x2 = y2, x3 = y3, x4 = y4, x5 = y5 shows that A

is isomorphic to A10(α).

• If θ ≠ 0 and α1β6γ1
β2
2γ5

≠ 2 then w.s.c.o.b. A is isomorphic to A10(α) again.

• If θ ≠ 0 and α1β6γ1
β2
2γ5

= 2 then the base change x1 = θy1, x2 = θ2y2, x3 = θ2y3, x4 =
θ3y4, x6 = θ4y5 shows that A is isomorphic to A11.

Remark. 1. If α1, α2 ∈ C such that α1 ≠ α2, then A7(α1) and A7(α2) are not isomor-

phic.

2. If α1, α2 ∈ C such that α1 ≠ α2, then A10(α1) and A10(α2) are not isomorphic.

Note that we classified 5−dimensional filiform Leibniz algebras in Theorem 4.2.11

and Theorem 4.2.12. We compare our classification with the classification given in [27].

They obtained the isomorphism classes in the classes FLb5, SLb5 and TLb5. It can be

seen that dim(Leib(FLb5)) = 3 = dim(Leib(SLb5)) and dim(Leib(TLb5)) = 1 or 0. The

classification of FLb5 and SLb5 given in [27] completely agrees with Theorem 4.2.12.

However we find some redundancy in the classification of TLb5 since L(2,1,0) ≅ L(0,1,0)
and L(2,1,1) ≅ L(0, 18 , 18). Also they missed the isomorphism classes A2 and A4 listed in

Theorem 4.2.11.

4.3 Classification of Nilpotent Leibniz Algebras of

Dimension 5 with dim(A2) = 2

Let A be a 5−dimensional non-split non-Lie nilpotent Leibniz algebra with dim(A2) = 2.

Then dim(A3) = 0 or 1. Since Leib(A) ⊆ A2 we have dim(Leib(A)) = 1 or 2.
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4.3.1 dim(A3) = 1

Let dim(A2) = 2 and dim(A3) = 1. Then by Lemma 4.0.2 and Lemma 4.0.3 we have

A3 = Z(A).

Theorem 4.3.1. Let A be a 5−dimensional non-split non-Lie nilpotent Leibniz algebra

with dim(A2) = 2 and dim(A3) = 1 = dim(Leib(A)). Then A is isomorphic to a Leib-

niz algebra spanned by {x1, x2, x3, x4, x5} with the nonzero products given by one of the

following:

A1: [x1, x2] = x4 = −[x2, x1], [x3, x3] = x5, [x1, x4] = x5 = −[x4, x1].

A2: [x1, x2] = x4, [x2, x1] = −x4 + x5, [x3, x3] = x5, [x1, x4] = x5 = −[x4, x1].

A3: [x1, x2] = x4 = −[x2, x1], [x2, x2] = x5, [x3, x3] = x5, [x1, x4] = x5 = −[x4, x1].

A4: [x1, x2] = x4, [x2, x1] = −x4 + x5, [x2, x2] = x5, [x3, x3] = x5, [x1, x4] = x5 = −[x4, x1].

A5: [x1, x1] = x5, [x1, x2] = x4 = −[x2, x1], [x3, x3] = x5, [x1, x4] = x5 = −[x4, x1].

A6: [x1, x2] = x4 = −[x2, x1], [x1, x3] = x5, [x1, x4] = x5 = −[x4, x1].

A7: [x1, x2] = x4 = −[x2, x1], [x2, x2] = x5, [x1, x3] = x5, [x1, x4] = x5 = −[x4, x1].

A8: [x1, x2] = x4 = −[x2, x1], [x2, x3] = x5, [x1, x4] = x5 = −[x4, x1].

A9: [x1, x1] = x5, [x1, x2] = x4 = −[x2, x1], [x2, x3] = x5, [x1, x4] = x5 = −[x4, x1].

A10(α): [x1, x2] = x4 = −[x2, x1], [x2, x2] = αx5, [x3, x3] = x5, [x1, x4] = x5 = −[x4, x1], α ∈
C.

A11(α): [x1, x2] = x4, [x2, x1] = −x4+x5, [x2, x2] = αx5, [x2, x3] = x5, [x3, x3] = x5, [x1, x4] =
x5 = −[x4, x1], α ∈ C.

A12: [x1, x1] = x5, [x1, x2] = x4 = −[x2, x1], [x2, x2] = 1
4x5, [x2, x3] = x5, [x3, x3] = x5, [x1, x4] =

x5 = −[x4, x1].

A13: [x1, x2] = x4, [x2, x1] = −x4 + x5, [x3, x2] = x5 = −[x2, x3], [x1, x4] = x5 = −[x4, x1].

A14(α): [x1, x2] = x4 = −[x2, x1], [x2, x3] = αx5, [x3, x2] = x5, [x1, x4] = x5 = −[x4, x1], α ∈
C/{−1}.
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A15(α): [x1, x2] = x4, [x2, x1] = −x4+x5, [x1, x3] = x5, [x2, x3] = αx5, [x3, x2] = x5, [x1, x4] =
x5 = −[x4, x1], α ∈ C.

A16: [x1, x1] = x5, [x1, x2] = x4 = −[x2, x1], [x3, x2] = x5 = −[x2, x3], [x1, x4] = x5 =
−[x4, x1].

A17: [x1, x2] = x4 = −[x2, x1], [x2, x2] = x5, [x3, x2] = x5 = −[x2, x3], [x1, x4] = x5 =
−[x4, x1].

A18: [x1, x2] = x4, [x2, x1] = −x4 + x5, [x2, x2] = x5, [x3, x2] = x5 = −[x2, x3], [x1, x4] = x5 =
−[x4, x1].

A19: [x1, x2] = x4 = −[x2, x1], [x2, x2] = x5, [x1, x3] = x5, [x3, x2] = x5 = −[x2, x3], [x1, x4] =
x5 = −[x4, x1].

Proof. Note that by Lemma 4.0.4 we have A3 = Z(A) = Leib(A). Let A3 = Z(A) =
Leib(A) = span{e5}. Extend this to a basis {e4, e5} of A2. Then the nonzero products in

A = span{e1, e2, e3, e4, e5} are given by:

[e1, e1] = α1e5, [e1, e2] = α2e4 + α3e5, [e2, e1] = −α2e4 + α4e5, [e2, e2] = α5e5, [e1, e3] = β1e4 + β2e5,
[e3, e1] = −β1e4 + β3e5, [e2, e3] = β4e4 + β5e5, [e3, e2] = −β4e4 + β6e5, [e3, e3] = β7e5, [e1, e4] = γ1e5,

[e4, e1] = γ2e5, [e2, e4] = γ3e5, [e4, e2] = γ4e5, [e3, e4] = γ5e5, [e4, e3] = γ6e5, [e4, e4] = γ7e7.
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Leibniz identities give the following equations:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

α2γ2 = −α2γ1

α2γ4 = −α2γ3

β4γ1 = α2γ6 + β1γ3
α2γ7 = 0

β1γ2 = −β1γ1
β4γ1 + β1γ4 + α2γ5 = 0

β1γ6 = −β1γ5
β1γ3 + β4γ2 − α2γ5 = 0

β4γ4 = −β4γ3
β4γ6 = −β4γ5
β1γ7 = 0

β4γ7 = 0

(4.28)

Note that (α2, β1, β4) ≠ (0,0,0) since dim(A2) = 2. Then by (4.28) we have γ7 = 0. Note

that if β4 ≠ 0 and β1 = 0(resp. β1 ≠ 0) then with the base change x1 = e2, x2 = e1, x3 =
e3, x4 = e4, x5 = e5(resp. x1 = e1, x2 = β4e1 − β1e2, x3 = e3, x4 = e4, x5 = e5) we can make

β4 = 0. So let β4 = 0. Then we have the following products in A:

[e1, e1] = α1e5, [e1, e2] = α2e4 + α3e5, [e2, e1] = −α2e4 + α4e5, [e2, e2] = α5e5, [e1, e3] = β1e4 + β2e5,
[e3, e1] = −β1e4 + β3e5, [e2, e3] = β5e5, [e3, e2] = β6e5, [e3, e3] = β7e5, [e1, e4] = γ1e5, [e4, e1] = γ2e5,

[e2, e4] = γ3e5, [e4, e2] = γ4e5, [e3, e4] = γ5e5, [e4, e3] = γ6e5.

If β1 ≠ 0 and α2 = 0(resp. α2 ≠ 0) then with the base change x1 = e1, x2 = e3, x3 = e2, x4 =
e4, x5 = e5(resp. x1 = e1, x2 = e2, x3 = β1e2 − α2e3, x4 = e4, x5 = e5) we can make β1 = 0. So

we can assume β1 = 0. Then by (4.28) we have γ2 = −γ1, γ4 = −γ3 and γ6 = 0 = γ5. Hence
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we have the following products in A:

[e1, e1] = α1e5, [e1, e2] = α2e4 + α3e5, [e2, e1] = −α2e4 + α4e5, [e2, e2] = α5e5, [e1, e3] = β2e5,
[e3, e1] = β3e5, [e2, e3] = β5e5, [e3, e2] = β6e5, [e3, e3] = β7e5, [e1, e4] = γ1e5 = −[e4, e1],

[e2, e4] = γ3e5 = −[e4, e2].

If γ3 ≠ 0 and γ1 = 0(resp. γ1 ≠ 0) then with the base change x1 = e2, x2 = e1, x3 = e3, x4 =
e4, x5 = e5(resp. x1 = e1, x2 = γ3e1 − γ1e2, x3 = e3, x4 = e4, x5 = e5) we can make γ3 = 0. So

we can assume γ3 = 0. Then γ1 ≠ 0 since dim(Z(A)) = 1. Hence we have the following

products in A:

[e1, e1] = α1e5, [e1, e2] = α2e4 + α3e5, [e2, e1] = −α2e4 + α4e5, [e2, e2] = α5e5, [e1, e3] = β2e5,
[e3, e1] = β3e5, [e2, e3] = β5e5, [e3, e2] = β6e5, [e3, e3] = β7e5, [e1, e4] = γ1e5 = −[e4, e1].

Case 1: Let β6 = 0. Then we have the following products in A:

[e1, e1] = α1e5, [e1, e2] = α2e4 +α3e5, [e2, e1] = −α2e4 +α4e5, [e2, e2] = α5e5, [e1, e3] = β2e5,
[e3, e1] = β3e5, [e2, e3] = β5e5, [e3, e3] = β7e5, [e1, e4] = γ1e5 = −[e4, e1]. (4.29)

Without loss of generality we can assume β3 = 0, because if β3 ≠ 0 then with the base

change x1 = e1, x2 = e2, x3 = γ1e3 + β3e4, x4 = e4, x5 = e5 we can make β3 = 0. Then we have

the following products in A:

[e1, e1] = α1e5, [e1, e2] = α2e4 + α3e5, [e2, e1] = −α2e4 + α4e5, [e2, e2] = α5e5, [e1, e3] = β2e5,
[e2, e3] = β5e5, [e3, e3] = β7e5, [e1, e4] = γ1e5 = −[e4, e1].

Case 1.1: Let β5 = 0.

Case 1.1.1: Let β2 = 0. Then β7 ≠ 0 since dim(Z(A)) = 1. Hence we have the following
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products in A:

[e1, e1] = α1e5, [e1, e2] = α2e4 + α3e5, [e2, e1] = −α2e4 + α4e5, [e2, e2] = α5e5,

[e3, e3] = β7e5, [e1, e4] = γ1e5 = −[e4, e1]. (4.30)

Case 1.1.1.1: Let α1 = 0. Then we have the following products in A:

[e1, e2] = α2e4 + α3e5, [e2, e1] = −α2e4 + α4e5, [e2, e2] = α5e5,

[e3, e3] = β7e5, [e1, e4] = γ1e5 = −[e4, e1]. (4.31)

• If α5 = 0 = α3 +α4 then the base change x1 = e1, x2 = β7
α2γ1

e2, x3 = e3, x4 = β7
α2γ1

(α2e4 +
α3e5), x5 = β7e5 shows that A is isomorphic to A1.

• If α5 = 0 and α3 + α4 ≠ 0 then the base change x1 = α3+α4

α2γ1
e1, x2 = α2β7γ1

(α3+α4)2 e2, x3 =
e3, x4 = β7

α3+α4
(α2e4 + α3e5), x5 = β7e5 shows that A is isomorphic to A2.

• If α5 ≠ 0 and α3 +α4 = 0 then the base change x1 = e1, x2 = α2γ1
α5
e2, x3 = α2γ1√

α5β7
e3, x4 =

α2γ1
α5

(α2e4 + α3e5), x5 = (α2γ1)2
α5

e5 shows that A is isomorphic to A3.

• If α5 ≠ 0 and α3 + α4 ≠ 0 then the base change x1 = α3+α4

α2γ1
e1, x2 = (α3+α4)2

α2α5γ1
e2, x3 =

(α3+α4)2
α2γ1

√
α5β7

e3, x4 = (α3+α4)3
(α2γ1)2α5

(α2e4 + α3e5), x5 = (α3+α4)4
(α2γ1)2α5

e5 shows that A is isomorphic

to A4.

Case 1.1.1.2: Let α1 ≠ 0. If (α3+α4, α5) ≠ (0,0) then the base change x1 = xe1+e2, x2 =
e2, x3 = e3, x4 = e4, x5 = e5 (where α1x2+(α3+α4)x+α5 = 0) shows that A is isomorphic to

an algebra with the nonzero products given by (4.31). Hence A is isomorphic to A1,A2,A3

or A4. So let α3 + α4 = 0 = α5. Then the base change x1 = e1, x2 = α1

α2γ1
e2, x3 =

√
α1

β7
e3, x4 =

α1

α2γ1
(α2e4 + α3e5), x5 = α1e5 shows that A is isomorphic to A5.

Case 1.1.2: Let β2 ≠ 0. If β7 ≠ 0 then the base change x1 = 2β7e1 − β2e3, x2 = e2, x3 =
−2γ1
β2
e3 + e4, x4 = e4, x5 = e5 shows that A is isomorphic to an algebra with the nonzero

products given by (4.30). Hence A is isomorphic toA1,A2,A3,A4 orA5. So let β7 = 0. Note

that if α1 ≠ 0 then with the base change x1 = β2e1 − α1e3, x2 = e2, x3 = e3, x4 = e4, x5 = e5
we can make α1 = 0. So we can assume α1 = 0. Then we have the following products in
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A:

[e1, e2] = α2e4 + α3e5, [e2, e1] = −α2e4 + α4e5, [e2, e2] = α5e5, [e1, e3] = β2e5, [e1, e4] = γ1e5 = −[e4, e1].

Take θ = α3+α4

α2γ1
. The base change y1 = e1, y2 = e2, y3 = α2γ1

β2
e3, y4 = α2e4 − α4e5, y5 = α2γ1e5

shows that A is isomorphic to the following algebra:

[y1, y2] = y4 + θy5, [y2, y1] = −y4, [y2, y2] =
α5

α2γ1
y5, [y1, y3] = y5, [y1, y4] = y5 = −[y4, y1].

Without loss of generality we can assume θ = 0 because if θ ≠ 0 then with the base change

x1 = y1, x2 = y2 = θy3, x3 = y3, x4 = y4, x5 = y5 we can make θ = 0. Then we have the

following products in A:

[y1, y2] = y4, [y2, y1] = −y4, [y2, y2] =
α5

α2γ1
y5, [y1, y3] = y5, [y1, y4] = y5 = −[y4, y1].

• If α5 = 0 then the base change x1 = y1, x2 = y2, x3 = y3, x4 = y4, x5 = y5 shows that A

is isomorphic to A6.

• If α5 ≠ 0 then the base change x1 = y1, x2 = α2γ1
α5
y2, x3 = α2γ1

α5
y3, x4 = α2γ1

α5
y4, x5 =

α2γ1
α5
y5 shows that A is isomorphic to A7.

Case 1.2: Let β5 ≠ 0. Without loss of generality we can assume β2 = 0. This is because

if β2 ≠ 0 then with the base change x1 = β5e1 −β2e2, x2 = e2, x3 = e3, x4 = e4, x5 = e5 we can

make β2 = 0. Then we have the following products in A:

[e1, e1] = α1e5, [e1, e2] = α2e4 + α3e5, [e2, e1] = −α2e4 + α4e5, [e2, e2] = α5e5,

[e2, e3] = β5e5, [e3, e3] = β7e5, [e1, e4] = γ1e5 = −[e4, e1].

Case 1.2.1: Let β7 = 0. If α5 ≠ 0 then with the base change x1 = e1, x2 = β5e2 −
α5e3, x3 = e3, x4 = e4, x5 = e5 we can make α5 = 0. So assume α5 = 0. Then we have the

following products in A:

[e1, e1] = α1e5, [e1, e2] = α2e4 + α3e5, [e2, e1] = −α2e4 + α4e5, [e2, e3] = β5e5, [e1, e4] = γ1e5 = −[e4, e1].

• If α1 = 0 then the base change x1 = e1 − α3+α4

β5
e3, x2 = e2, x3 = α2γ1

β5
e3, x4 = α2e4 +
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α3e5, x5 = α2γ1e5 shows that A is isomorphic to A8.

• If α1 ≠ 0 then the base change x1 = −e1 + α3+α4

β5
e3, x2 = α1

α2γ1
e2, x3 = α2γ1

β5
e3, x4 =

− α1

α2γ1
(α2e4 + α3e5), x5 = α1e5 shows that A is isomorphic to A9.

Case 1.2.2: Let β7 ≠ 0.

Case 1.2.2.1: Let α1 = 0. Then we have the following products in A:

[e1, e2] = α2e4 + α3e5, [e2, e1] = −α2e4 + α4e5, [e2, e2] = α5e5,

[e2, e3] = β5e5, [e3, e3] = β7e5, [e1, e4] = γ1e5 = −[e4, e1]. (4.32)

• If α3+α4 = 0 then the base change x1 =
√

β5
α2γ1

e1, x2 = β7
β5
e2, x3 = e3, x4 =

√
β5
α2γ1

β7
β5

(α2e4+
α3e5), x5 = β7e5 shows that A is isomorphic to A10(α).

• If α3+α4 ≠ 0 then the base change x1 = α3+α4

α2γ1
e1, x2 = (α3+α4)2β7

α2γ1β2
5
e2, x3 = (α3+α4)2

α2γ1β5
e3, x4 =

(α3+α4)3β7
(α2γ1β5)2 (α2e4 + α3e5), x5 = (α3+α4)4β7

(α2γ1β5)2 shows that A is isomorphic to A11(α).

Case 1.2.2.2: Let α1 ≠ 0. If (α3 + α4,4α5β7 − β2
5) ≠ (0,0) then the base change

x1 = xβ7
γ1
e1 − 2β7

β5
e2 + e3, x2 = e2, x3 = xe3 + e4, x4 = e4, x5 = e5 (where

α1β
2
7

γ21
x2 − 2(α3+α4)β2

7

β5γ1
x +

β7(4α5β7−β2
5)

β2
5

= 0) shows that A is isomorphic to an algebra with the nonzero products given

by (4.32). Hence A is isomorphic to A10(α) or A11(α). So let α3 + α4 = 0 = 4α5β7 − β2
5 .

Then the base change x1 =
√

α1

β7

β5
α2γ1

e1, x2 = α1

α2γ1
e2, x3 = α1β5

α2γ1β7
e3, x4 =

√
α1

β7

β5α1

(α2γ1)2 (α2e4 +
α3e5), x5 = (α1β5)2

(α2γ1)2β7 e5 shows that A is isomorphic to A12.

Case 2: Let β6 ≠ 0. Without loss of generality we can assume β3 = 0, because if β3 ≠ 0

then with the base change x1 = β6e1 − β3e2, x2 = e2, x3 = e3, x4 = e4, x5 = e5 we can make

β3 = 0. Then we have the following products in A:

[e1, e1] = α1e5, [e1, e2] = α2e4 + α3e5, [e2, e1] = −α2e4 + α4e5, [e2, e2] = α5e5, [e1, e3] = β2e5,
[e2, e3] = β5e5, [e3, e2] = β6e5, [e3, e3] = β7e5, [e1, e4] = γ1e5 = −[e4, e1].

Note that if β7 ≠ 0 then the base change x1 = e1, x2 = β7e2 − β6e3, x3 = e3, x4 = e4, x5 = e5
shows that A is isomorphic to an algebra with the nonzero products given by (4.29).

Hence A is isomorphic to A1,A2,A3,A4,A5,A6,A7,A8,A9,A10(α),A11(α) or A12. So let

β7 = 0.

63



Case 2.1: Let α5 = 0. Then we have the following products in A:

[e1, e1] = α1e5, [e1, e2] = α2e4 + α3e5, [e2, e1] = −α2e4 + α4e5, [e1, e3] = β2e5,
[e2, e3] = β5e5, [e3, e2] = β6e5, [e1, e4] = γ1e5 = −[e4, e1]. (4.33)

Case 2.1.1: Let α1 = 0. Then we have the following products in A:

[e1, e2] = α2e4 + α3e5, [e2, e1] = −α2e4 + α4e5, [e1, e3] = β2e5,
[e2, e3] = β5e5, [e3, e2] = β6e5, [e1, e4] = γ1e5 = −[e4, e1]. (4.34)

• If β2 = 0 and β5 + β6 = 0 then α3 + α4 ≠ 0 since Leib(A) ≠ 0. Then the base change

x1 = α3+α4

α2γ1
e1, x2 = ( α2γ1

α3+α4
)2e2, x3 = (α3+α4)2

α2γ1β6
e3, x4 = α2γ1

α3+α4
(α2e4 + α3e5), x5 = α2γ1e5

shows that A is isomorphic to A13.

• If β2 = 0 and β5 + β6 ≠ 0 then the base change x1 = e1 − α3+α4

β5+β6 e3, x2 = e2, x3 =
α2γ1
β6
e3, x4 = α2e4 + (α3 − (α3+α4)β6

β5+β6 )e5, x5 = α2γ1e5 shows that A is isomorphic to

A14(α).

• If β2 ≠ 0, β5 + β6 = 0 and α3 + α4 = 0 then the base change x1 = β6e1, x2 = β2e2 −
α2β6γ1e3, x3 = α2β6γ1e3, x4 = β2β6(α2e4 + (α3 − α2β6γ1)e5), x5 = α2β2β2

6γ1e5 shows

that A is isomorphic to A15(−1).

• If β2 ≠ 0, β5 + β6 = 0 and α3 + α4 ≠ 0 then the base change x1 = α3+α4

α2γ1
e1, x2 =

(α3+α4)β2
α2β6γ1

e2, x3 = (α3+α4)2
α2β6γ1

e3, x4 = (α3+α4)2β2
α2
2β6γ

2
1

(α2e4 + α3e5), x5 = (α3+α4)3β2
α2
2β6γ

2
2
e5 shows that

A is isomorphic to A15(−1).

• If β2 ≠ 0, β5 + β6 ≠ 0 and α3 + α4 = 0 then the base change x1 = β6
β2
e1 − β6

β5+β6 e2, x2 =
e2, x3 = α2β6γ1

β2
2
e3 − α2β

2
6

β2(β5+β6)e4, x4 = β6
β2

(α2e4 + α3e5), x5 = α2β
2
6γ1
β2
2
e5 shows that A is

isomorphic to A14(α).

• If β2 ≠ 0, β5 + β6 ≠ 0 and α3 + α4 ≠ 0 then the base change x1 = α3+α4

α2γ1
e1, x2 =

(α3+α4)β2
α2β6γ1

e2, x3 = (α3+α4)2
α2β6γ1

e3, x4 = (α3+α4)2β2
α2
2β6γ

2
1

(α2e4 + α3e5), x5 = (α3+α4)3β2
α2
2β6γ

2
2
e5 shows that

A is isomorphic to A15(α)(α ∈ C/{−1}).

Case 2.1.2: Let α1 ≠ 0.
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• If β2 ≠ 0 then the base change x1 = β2e1 −α1e3, x2 = e2, x3 = e3, x4 = e4, x5 = e5 shows

that A is isomorphic to an algebra with the nonzero products given by (4.34). Hence

A is isomorphic to A13,A14(α) or A15(α).

• If β2 = 0 and α3 + α4 ≠ 0 then the base change x1 = (α3 + α4)e1 − α1e2, x2 = e2, x3 =
(α3 + α4)γ1e3 − α1β6e4, x4 = e4, x5 = e5 shows that A is isomorphic to an algebra

with the nonzero products given by (4.34). Hence A is isomorphic to A13,A14(α)
or A15(α).

• If β2 = 0, α3 +α4 = 0 and β5 + β6 ≠ 0 then the base change x1 = e1 + e2 − α1

β5+β6 e3, x2 =
e2, x3 = γ1e3+β6e4, x4 = e4, x5 = e5 shows that A is isomorphic to an algebra with the

nonzero products given by (4.34). Hence A is isomorphic to A13,A14(α) or A15(α).

• If β2 = 0, α3 + α4 = 0 and β5 + β6 = 0 then the base change x1 = e1, x2 = α1

α2γ1
e2, x3 =

α2γ1
β6
e3, x4 = α1

α2γ1
(α2e4 + α3e5), x5 = α1e5 shows that A is isomorphic to A16.

Case 2.2: Let α5 ≠ 0. If β5 + β6 ≠ 0 then the base change x1 = e1, x2 = (β5 + β6)e2 −
α5e3, x3 = e3, x4 = e4, x5 = e5 shows that A is isomorphic to an algebra with the nonzero

products given by (4.33). Hence A is isomorphic to A13,A14(α),A15(α) or A16. So let

β5 + β6 = 0. Note that if α1 ≠ 0 and β2 = 0[resp. β2 ≠ 0] then with the base change

x1 = xe1+e2, x2 = e2, x3 = e3+ β6
xγ1
e4, x4 = e4, x5 = e5 (where α1x2+(α3+α4)x+α5 = 0)[resp.

x1 = β2e1 − α1e3, x2 = e2, x3 = e3, x4 = e4, x5 = e5] we can make α1 = 0. So assume α1 = 0.

Then we have the following products in A:

[e1, e2] = α2e4 + α3e5, [e2, e1] = −α2e4 + α4e5, [e2, e2] = α5e5, [e1, e3] = β2e5,
[e3, e2] = β6e5 = −[e2, e3], [e1, e4] = γ1e5 = −[e4, e1].

• If β2 = 0 and α3 + α4 = 0 then the base change x1 = e1, x2 = α2γ1
α5
e2, x3 = α2γ1

β6
e3, x4 =

α2γ1
α5

(α2e4 + α3e5), x5 = (α2γ1)2
α5

e5 shows that A is isomorphic to A17.

• If β2 = 0 and α3 + α4 ≠ 0 then the base change x1 = α3+α4

α2γ1
e1, x2 = (α3+α4)2

α2α5γ1
e2, x3 =

(α3+α4)2
α2β6γ1

e3, x4 = (α3+α4)3
(α2γ1)2α5

(α2e4 +α3e5), x5 = (α3+α4)4
(α2γ1)2α5

e5 shows that A is isomorphic to

A18.

• If β2 ≠ 0 then the base change x1 = α5β2
α2β6γ1

e1, x2 = α5β
2
2

α2β2
6γ1
e2 − (α3+α4)α5β2

α2β2
6γ1

e3, x3 =
(α5β2)2
α2β3

6γ1
e3, x4 = α2

5β
3
2

α2β3
6γ

2
1
e4 − α2

5α4β
3
2

(α2γ1)2β3
6
e5, x5 = α3

5β
4
2

(α2γ1)2β4
6
e5 shows that A is isomorphic to

A19.
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Remark. 1. If α1, α2 ∈ C such that α1 ≠ α2, then A10(α1) and A10(α2) are not isomor-

phic.

2. If α1, α2 ∈ C such that α1 ≠ α2, then A11(α1) and A11(α2) are not isomorphic.

3. If α1, α2 ∈ C/{−1} such that α1 ≠ α2, then A14(α1) and A14(α2) are not isomorphic.

4. If α1, α2 ∈ C such that α1 ≠ α2, then A15(α1) and A15(α2) are not isomorphic.

Theorem 4.3.2. Let A be a 5−dimensional non-split non-Lie nilpotent Leibniz algebra

with dim(A2) = 2 = dim(Leib(A)) and dim(A3) = 1. Then A is isomorphic to a Leib-

niz algebra spanned by {x1, x2, x3, x4, x5} with the nonzero products given by one of the

following:

A1: [x1, x2] = x4, [x3, x1] = x5, [x1, x4] = x5.

A2: [x1, x2] = x4, [x2, x2] = x5, [x3, x1] = x5, [x1, x4] = x5.

A3: [x1, x2] = x4, [x2, x3] = x5, [x1, x4] = x5.

A4: [x1, x2] = x4, [x2, x3] = x5, [x3, x1] = x5, [x1, x4] = x5.

A5: [x1, x1] = x4, [x2, x2] = x5, [x3, x1] = x5, [x1, x4] = x5.

A6: [x1, x1] = x4, [x2, x3] = x5, [x1, x4] = x5.

A7: [x1, x1] = x4, [x2, x3] = x5, [x3, x1] = x5, [x1, x4] = x5.

A8(α): [x1, x1] = x4, [x2, x3] = αx5, [x3, x2] = x5, [x1, x4] = x5, α ∈ C/{0}.

A9: [x1, x2] = x4, [x2, x1] = x5, [x3, x2] = x5, [x1, x4] = x5.

A10(α): [x1, x2] = x4, [x2, x3] = αx5, [x3, x2] = x5, [x1, x4] = x5, α ∈ C.

A11(α): [x1, x2] = x4, [x3, x1] = x5, [x2, x3] = αx5, [x3, x2] = x5, [x1, x4] = x5, α ∈ C.

A12: [x1, x2] = x4, [x2, x1] = x5, [x3, x1] = x5, [x3, x2] = x5, [x1, x4] = x5.

A13: [x1, x1] = x4, [x2, x2] = x5, [x2, x3] = x5 = −[x3, x2], [x1, x4] = x5.

A14: [x1, x2] = x4, [x2, x2] = x5, [x2, x3] = x5 = −[x3, x2], [x1, x4] = x5.
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A15: [x1, x1] = x4, [x1, x2] = x4, [x2, x2] = x5, [x2, x3] = x5 = −[x3, x2], [x1, x4] = x5.

A16: [x1, x2] = x4, [x3, x3] = x5, [x1, x4] = x5.

A17: [x1, x2] = x4, [x2, x3] = x5, [x3, x3] = x5, [x1, x4] = x5.

A18(α): [x1, x2] = x4, [x2, x2] = x5, [x2, x3] = αx5, [x3, x3] = x5, [x1, x4] = x5, α ∈ C.

A19: [x1, x2] = x4, [x2, x1] = x5, [x3, x3] = x5, [x1, x4] = x5.

A20: [x1, x2] = x4, [x2, x1] = x5, [x2, x3] = x5, [x3, x3] = x5, [x1, x4] = x5.

A21(α): [x1, x2] = x4, [x2, x1] = x5, [x2, x2] = x5, [x2, x3] = αx5, [x3, x3] = x5, [x1, x4] =
x5, α ∈ C.

Proof. Let A3 = Z(A) = span{e5}. Extend this to a basis {e4, e5} of Leib(A) = A2. Then

the nonzero products in A = span{e1, e2, e3, e4, e5} are given by:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α5e4 + α6e5, [e2, e2] = α7e4 + α8e5,

[e1, e3] = β1e4 + β2e5, [e3, e1] = β3e4 + β4e5, [e2, e3] = β5e4 + β6e5, [e3, e2] = β7e4 + β8e5,
[e3, e3] = γ1e4 + γ2e5, [e1, e4] = γ3e5, [e2, e4] = γ4e5, [e3, e4] = γ5e5.

Leibniz identities give the following equations:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

α5γ3 = α1γ4

α7γ3 = α3γ4

β5γ3 = β1γ4
β3γ3 = α1γ5

β7γ3 = α3γ5

γ1γ3 = β1γ5
β3γ4 = α5γ5

β7γ4 = α7γ5

γ1γ4 = β5γ5

(4.35)
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Note that if γ5 ≠ 0 and γ4 = 0(resp. γ4 ≠ 0) then with the base change x1 = e1, x2 = e3, x3 =
e2, x4 = e4, x5 = e5(resp. x1 = e1, x2 = e2, x3 = γ5e2 − γ4e3, x4 = e4, x5 = e5) we can make

γ5 = 0. So let γ5 = 0. Then we have the following products:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α5e4 + α6e5, [e2, e2] = α7e4 + α8e5,

[e1, e3] = β1e4 + β2e5, [e3, e1] = β3e4 + β4e5, [e2, e3] = β5e4 + β6e5, [e3, e2] = β7e4 + β8e5,
[e3, e3] = γ1e4 + γ2e5, [e1, e4] = γ3e5, [e2, e4] = γ4e5.

Note that if γ4 ≠ 0 and γ3 = 0(resp. γ3 ≠ 0) then with the base change x1 = e2, x2 =
e1, x3 = e3, x4 = e4, x5 = e5(resp. x1 = e1, x2 = γ4e1 − γ3e2, x3 = e3, x4 = e4, x5 = e5) we

can make γ4 = 0. So let γ4 = 0. Then γ3 ≠ 0 since dim(A3) = 1. So by (4.35) we have

α5 = 0 = α7 = β5 = β3 = β7 = γ1. Hence we have the following products in A:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α6e5, [e2, e2] = α8e5, [e1, e3] = β1e4 + β2e5,
[e3, e1] = β4e5, [e2, e3] = β6e5, [e3, e2] = β8e5, [e3, e3] = γ2e5, [e1, e4] = γ3e5.

If β1 ≠ 0 and α3 = 0(resp. α3 ≠ 0) then with the base change x1 = e1, x2 = e3, x3 = e2, x4 =
e4, x5 = e5(resp. x1 = e1, x2 = e2, x3 = β1e2 − α3e3, x4 = e4, x5 = e5) we can make β1 = 0. So

we can assume β1 = 0. Then we have the following products in A:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α6e5, [e2, e2] = α8e5, [e1, e3] = β2e5,
[e3, e1] = β4e5, [e2, e3] = β6e5, [e3, e2] = β8e5, [e3, e3] = γ2e5, [e1, e4] = γ3e5.

Without loss of generality we can assume β2 = 0, because otherwise with the base change

x1 = e1, x2 = e2, x3 = γ3e3 − β2e4, x4 = e4, x5 = e5 we can make β2 = 0. Then we have the

following products in A:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α6e5, [e2, e2] = α8e5,

[e3, e1] = β4e5, [e2, e3] = β6e5, [e3, e2] = β8e5, [e3, e3] = γ2e5, [e1, e4] = γ3e5.
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Case 1: Let γ2 = 0.

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α6e5, [e2, e2] = α8e5,

[e3, e1] = β4e5, [e2, e3] = β6e5, [e3, e2] = β8e5, [e1, e4] = γ3e5. (4.36)

Case 1.1: Let β8 = 0. Then we have the following products in A:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α6e5, [e2, e2] = α8e5,

[e3, e1] = β4e5, [e2, e3] = β6e5, [e1, e4] = γ3e5. (4.37)

Case 1.1.1: Let α1 = 0. Then α3 ≠ 0 since dim(A2) = 2. Hence we have the following

products in A:

[e1, e1] = α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α6e5, [e2, e2] = α8e5,

[e3, e1] = β4e5, [e2, e3] = β6e5, [e1, e4] = γ3e5. (4.38)

We can assume α2 = 0, because if α2 ≠ 0 then with the base change x1 = γ3e1 − α2e4, x2 =
e2, x3 = e3, x4 = e4, x5 = e5 we can make α2 = 0. Then we have the following products in A:

[e1, e2] = α3e4 + α4e5, [e2, e1] = α6e5, [e2, e2] = α8e5, [e3, e1] = β4e5, [e2, e3] = β6e5, [e1, e4] = γ3e5.

Case 1.1.1.1: Let β6 = 0. Then β4 ≠ 0 since dim(Z(A)) = 1. Without loss of generality

assume α6 = 0, because if α6 ≠ 0 then with the base change x1 = e1, x2 = β4e2 − α6e3, x3 =
e3, x4 = e4, x5 = e5 we can make α6 = 0. Then we have the following products in A.

[e1, e2] = α3e4 + α4e5, [e2, e2] = α8e5, [e3, e1] = β4e5, [e1, e4] = γ3e5.

• If α8 = 0 then the base change x1 = e1, x2 = e2, x3 = α3γ3
β4
e3, x4 = α3e4 + α4e5, x5 =

α3γ3e5 shows that A is isomorphic to A1.

• If α8 ≠ 0 then the base change x1 = e1, x2 = α3γ3
α8
e2, x3 = (α3γ3)2

α8β4
e3, x4 = α3γ3

α8
(α3e4 +

α4e5), x5 = (α3γ3)2
α8

shows that A is isomorphic to A2.
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Case 1.1.1.2: Let β6 ≠ 0. If α8 ≠ 0 then with the base change x1 = e1, x2 = β6e2 −
α8e3, x3 = e3, x4 = e4, x5 = e5 we can make α8 = 0. So let α8 = 0. Then the products in A

are the following:

[e1, e2] = α3e4 + α4e5, [e2, e1] = α6e5, [e3, e1] = β4e5, [e2, e3] = β6e5, [e1, e4] = γ3e5.

Furthermore if α6 ≠ 0 then with the base change x1 = β6e1 − α6e3, x2 = e2, x3 = e3, x4 =
e4, x5 = e5 we can make α6 = 0. So we can assume α6 = 0. Then we have the following

products in A:

[e1, e2] = α3e4 + α4e5, [e3, e1] = β4e5, [e2, e3] = β6e5, [e1, e4] = γ3e5.

• If β4 = 0 then the base change x1 = e1, x2 = e2, x3 = α3γ3
β6
e3, x4 = α3e4 + α4e5, x5 =

α3γ3e5 shows that A is isomorphic to A3.

• If β4 ≠ 0 then the base change x1 = β6e1, x2 = β4e2, x3 = α3β6γ3e3, x4 = β4β6(α3e4 +
α4e5), x5 = α3β4β2

6γ3e5 shows that A is isomorphic to A4.

Case 1.1.2: Let α1 ≠ 0. If α3 ≠ 0 then the base change x1 = α3e1 − α1e2, x2 = e2, x3 =
α3γ3e3 + α1β6e4, x4 = e4, x5 = e5 shows that A is isomorphic to an algebra with nonzero

products given by (4.38). Hence A is isomorphic to A1,A2,A3 or A4. So let α3 = 0.

Without loss of generality we can assume α4 = 0 because if α4 ≠ 0 then with the base

change x1 = e1, x2 = γ3e2 −α4e4, x3 = e3, x4 = e4, x5 = e5 we can make α4 = 0. Then we have

the following products in A:

[e1, e1] = α1e4 + α2e5, [e2, e1] = α6e5, [e2, e2] = α8e5, [e3, e1] = β4e5, [e2, e3] = β6e5, [e1, e4] = γ3e5.

Case 1.1.2.1: Let β6 = 0. Then β4 ≠ 0 since dim(Z(A)) = 1. Without loss of generality

we can assume α6 = 0 because if α6 ≠ 0 then with the base change x1 = e1, x2 = β4e2 −
α6e3, x3 = e3, x4 = e4, x5 = e5 we can make α6 = 0. Furthermore α8 ≠ 0 since A is non-split.

Therefore the products in A are the following:

[e1, e1] = α1e4 + α2e5, [e2, e2] = α8e5, [e3, e1] = β4e5, [e1, e4] = γ3e5.

Then the base change x1 = e1, x2 =
√

α1γ3
α8
e2, x3 = α1γ3

β4
e3, x4 = α1e4 + α2e5, x5 = α1γ3e5
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shows that A is isomorphic to A5.

Case 1.1.2.2: Let β6 ≠ 0. Without loss of generality we can assume α8 = 0 because if

α8 ≠ 0 then with the base change x1 = e1, x2 = β6e2 − α8e3, x3 = e3, x4 = e4, x5 = e5 we can

make α8 = 0.

[e1, e1] = α1e4 + α2e5, [e2, e1] = α6e5, [e3, e1] = β4e5, [e2, e3] = β6e5, [e1, e4] = γ3e5.

Furthermore if α6 ≠ 0 then with the base change x1 = β6e1 − α6e3, x2 = e2, x3 = e3, x4 =
e4, x5 = e5 we can make α6 = 0. So let α6 = 0. Then we have the following products in A:

[e1, e1] = α1e4 + α2e5, [e3, e1] = β4e5, [e2, e3] = β6e5, [e1, e4] = γ3e5.

• If β4 = 0 then the base change x1 = e1, x2 = e2, x3 = α1γ3
β6
e3, x4 = α1e4 + α2e5, x5 =

α1γ3e5 shows that A is isomorphic to A6.

• If β4 ≠ 0 then the base change x1 = e1, x2 = β4
β6
e2, x3 = α1γ3

β4
e3, x4 = α1e4 + α2e5, x5 =

α1γ3e5 shows that A is isomorphic to A7.

Case 1.2: Let β8 ≠ 0.

Case 1.2.1: Let α8 = 0. Then we have the following products in A:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α6e5,

[e3, e1] = β4e5, [e2, e3] = β6e5, [e3, e2] = β8e5, [e1, e4] = γ3e5. (4.39)

Case 1.2.1.1: Let α3 = 0. Then α1 ≠ 0 since dim(A2) = 2. If β4 ≠ 0 then with the base

change x1 = β8e1 − β4e2, x2 = e2, x3 = β8γ3e3 + β4β6e4, x4 = e4, x5 = e5 we can make β4 = 0.

So we can assume β4 = 0. Then we have the following products in A:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α4e5, [e2, e1] = α6e5, [e2, e3] = β6e5, [e3, e2] = β8e5, [e1, e4] = γ3e5.

Case 1.2.1.1.1: Let α6 = 0. Then we have the following products in A:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α4e5, [e2, e3] = β6e5, [e3, e2] = β8e5, [e1, e4] = γ3e5. (4.40)
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Note that if α4 ≠ 0 then with the base change x1 = e1, x2 = γ3e2−α4e4, x3 = e3, x4 = e4, x5 =
e5 we can make α4 = 0. So let α4 = 0. Then we have the following products in A:

[e1, e1] = α1e4 + α2e5, [e2, e3] = β6e5, [e3, e2] = β8e5, [e1, e4] = γ3e5.

Note that if β6 = 0 then the base change x1 = e1, x2 = e3, x3 = e2, x4 = e4, x5 = e5 shows

that A is isomorphic to an algebra with nonzero products given by (4.37). Hence A is

isomorphic to A1,A2,A3,A4,A5,A6 or A7. So let β6 ≠ 0. The base change x1 = e1, x2 =
e2, x3 = α1γ3

β8
e3, x4 = α1e4 + α2e5, x5 = α1γ3e5 shows that A is isomorphic to A8(α).

Case 1.2.1.1.2: Let α6 ≠ 0. If β6 ≠ 0 then the base change x1 = β6e1−α6e3, x2 = e2, x3 =
e3, x4 = e4, x5 = e5 shows that A is isomorphic to an algebra with nonzero products given

by (4.40). Hence A is isomorphic to A1,A2,A3,A4,A5,A6,A7 or A8(α). Now let β6 = 0.

Then the base change x1 = e1, x2 = e3, x3 = γ3e2 − α4e4, x4 = e4, x5 = e5 shows that A is

isomorphic to an algebra with nonzero products given by (4.37). Hence A is isomorphic

to A1,A2,A3,A4,A5,A6 or A7.

Case 1.2.1.2: Let α3 ≠ 0. If α1 ≠ 0 then with the base change x1 = α3e1 − α1e2, x2 =
e2, x3 = α3γ3e3 + α1β6e4, x4 = e4, x5 = e5 we can make α1 = 0. So let α1 = 0. Then we have

the following products in A:

[e1, e1] = α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α6e5, [e3, e1] = β4e5, [e2, e3] = β6e5,
[e3, e2] = β8e5, [e1, e4] = γ3e5.

Case 1.2.1.2.1: Let β6 = 0. Note that if α2 ≠ 0 then with the base change x1 =
γ3e1 − α2e4, x2 = e2, x3 = e3, x4 = e4, x5 = e5 we can make α2 = 0. So we can assume α2 = 0.

Then we have the following products in A:

[e1, e2] = α3e4 + α4e5, [e2, e1] = α6e5, [e3, e1] = β4e5, [e3, e2] = β8e5, [e1, e4] = γ3e5.

• If β4 = 0 and α6 = 0 then the base change x1 = e1, x2 = e2, x3 = α3γ3
β8
e3, x4 = α3e4 +

α4e5, x5 = α3γ3e5 shows that A is isomorphic to A10(0).

• If β4 = 0 and α6 ≠ 0 then the base change x1 = α6

α3γ3
e1, x2 = e2, x3 = α2

6

α3β8γ3
e3, x4 =

α6

α3γ3
(α3e4 + α4e5), x5 = α2

6

α3γ3
e5 shows that A is isomorphic to A9.

• If β4 ≠ 0 and α6 = 0 then the base change x1 = β8e1, x2 = β4e2, x3 = α3β8γ3e3, x4 =
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β4β8(α3e4 + α4e5), x5 = α3β4β2
8γ3e5 shows that A is isomorphic to A11(0).

• If β4 ≠ 0 and α6 ≠ 0 then the base change x1 = α6

α3γ3
e1, x2 = α6β4

α3β8γ3
e2, x3 = α2

6

α3β8γ3
e3, x4 =

α2
6β4

α2
3β8γ

2
3
(α3e4 + α4e5), x5 = α3

6β4
α2
3β8γ

2
3
e5 shows that A is isomorphic to A12.

Case 1.2.1.2.2: Let β6 ≠ 0. Without loss of generality we can assume α6 = 0 because

if α6 ≠ 0 then with the base change x1 = β6e1 − α6e3, x2 = e2, x3 = e3, x4 = e4, x5 = e5 we

can make α6 = 0. Then we have the following products in A:

[e1, e1] = α2e5, [e1, e2] = α3e4 + α4e5, [e3, e1] = β4e5, [e2, e3] = β6e5, [e3, e2] = β8e5, [e1, e4] = γ3e5.

Note that if α2 ≠ 0 then with the base change x1 = γ3e1−α2e4, x2 = e2, x3 = e3, x4 = e4, x5 =
e5 we can make α2 = 0. So we can assume α2 = 0. Then we have the following products

in A:

[e1, e2] = α3e4 + α4e5, [e3, e1] = β4e5, [e2, e3] = β6e5, [e3, e2] = β8e5, [e1, e4] = γ3e5.

• If β4 = 0 then the base change x1 = e1, x2 = e2, x3 = α3γ3
β8
e3, x4 = α3e4 + α4e5, x5 =

α3γ3e5 shows that A is isomorphic to A10(α)(α ∈ C/{0}).

• If β4 ≠ 0 then the base change x1 = β8e1, x2 = β4e2, x3 = α3β8γ3e3, x4 = β4β8(α3e4 +
α4e5), x5 = α3β4β2

8γ3e5 shows that A is isomorphic to A11(α)(α ∈ C/{0}).

Case 1.2.2: Let α8 ≠ 0. If β6 + β8 ≠ 0 then the base change x1 = e1, x2 = (β6 +
β8)e2 − α8e3, x3 = e3, x4 = e4, x5 = e5 shows that A is isomorphic to an algebra with

nonzero products given by (4.39). Hence A is isomorphic to A1,A2,A3,A4,A5,A6,A7,

A8(α),A9,A10(α),A11(α) or A12. So let β6 + β8 = 0. Note that if β4 ≠ 0 then with the

base change x1 = −β6e1 −β4e2, x2 = e2, x3 = γ3e3 −β4e4, x4 = e4, x5 = e5 we can make β4 = 0.

So let β4 = 0. Then we have the following products in A:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α6e5, [e2, e2] = α8e5,

[e2, e3] = β6e5 = −[e3, e2], [e1, e4] = γ3e5.

We can assume α6 = 0, because if α6 ≠ 0 then with the base change x1 = β6e1 − α6e3, x2 =
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e2, x3 = e3, x4 = e4, x5 = e5 we can make α6 = 0. Then we have the following products in A:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e4 + α4e5, [e2, e2] = α8e5, [e2, e3] = β6e5 = −[e3, e2], [e1, e4] = γ3e5.

Case 1.2.2.1: Let α3 = 0. If α4 ≠ 0 then with the base change x1 = e1, x2 = γ3e2 −
α4e4, x3 = e3, x4 = e4, x5 = e5 we can make α4 = 0. So let α4 = 0. Then we have the following

products in A:

[e1, e1] = α1e4 + α2e5, [e2, e2] = α8e5, [e2, e3] = β6e5 = −[e3, e2], [e1, e4] = γ3e5.

The base change x1 = e1, x2 =
√

α1γ3
α8
e2, x3 =

√
α1α8γ3
β6

e3, x4 = α1e4 + α2e5, x5 = α1γ3e5 shows

that A is isomorphic to A13.

Case 1.2.2.2: Let α3 ≠ 0. Without loss of generality we can assume α4 = 0 because if

α4 ≠ 0 then with the base change x1 = e1, x2 = γ3e2 − α4e4, x3 = e3, x4 = e4, x5 = e5 we can

make α4 = 0. Then we have the following products in A:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e4, [e2, e2] = α8e5, [e2, e3] = β6e5 = −[e3, e2], [e1, e4] = γ3e5.

Similarly if α2 ≠ 0 then with the base change x1 = γ3e1 −α2e4, x2 = e2, x3 = e3, x4 = e4, x5 =
e5 we can make α2 = 0. So we can assume α2 = 0. Then we have the following products

in A:

[e1, e1] = α1e4, [e1, e2] = α3e4, [e2, e2] = α8e5, [e2, e3] = β6e5 = −[e3, e2], [e1, e4] = γ3e5.

• If α1 = 0 then the base change x1 =
√

α8β6
α3γ3

e1, x2 = β6e2, x3 = α8e3, x4 =
√

α8β6
α3γ3

α3β6e4, x5 =
α8β2

6e5 shows that A is isomorphic to A14.

• If α1 ≠ 0 then the base change x1 = α1α8

α2
3γ3
e1, x2 = α2

1α8

α3
3γ3
e2, x3 = α2

1α
2
8

α3
3β6γ3

e3, x4 = α3
1α

2
8

α4
3γ

2
3
e4, x5 =

α4
1α

3
8

α6
3γ

2
3
e5 shows that A is isomorphic to A15.

Case 2: Let γ2 ≠ 0.

Case 2.1: Let α3 = 0. If α4 ≠ 0 then with the base change x1 = e1, x2 = γ3e2−α4e4, x3 =
e3, x4 = e4, x5 = e5 we can make α4 = 0. So let α4 = 0. Then we have the following products
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in A:

[e1, e1] = α1e4 + α2e5, [e2, e1] = α6e5, [e2, e2] = α8e5, [e3, e1] = β4e5, [e2, e3] = β6e5, [e3, e2] = β8e5,
[e3, e3] = γ2e5, [e1, e4] = γ3e5.

If α8 = 0[resp. α8 ≠ 0] then the base change x1 = e1, x2 = e3, x3 = e2, x4 = e4, x5 = e5[resp.

x1 = e1, x2 = e2, x3 = e2 + xe3, x4 = e4, x5 = e5 (where x2γ2 + x(β6 + β8) + α8 = 0)] shows

that A is isomorphic to an algebra with nonzero products given by (4.36). Hence A is

isomorphic to A1,A2,A3,A4,A5,A6,A7, A8(α),A9,A10(α),A11(α)A12,A13,A14 or A15.

Case 2.2: Let α3 ≠ 0. If α1 ≠ 0 then with the base change x1 = α3e1−α1e2, x2 = e2, x3 =
γ3e3 +β6e4, x4 = e4, x5 = e5 we can make α1 = 0. So let α1 = 0. Then we have the following

products in A:

[e1, e1] = α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α6e5, [e2, e2] = α8e5, [e3, e1] = β4e5,
[e2, e3] = β6e5, [e3, e3] = γ2e5, [e1, e4] = γ3e5.

Note that if α2 ≠ 0 then with the base change x1 = γ3e1−α2e4, x2 = e2, x3 = e3, x4 = e4, x5 =
e5 we can make α2 = 0. So let α2 = 0. Then we have the following products in A:

[e1, e2] = α3e4 + α4e5, [e2, e1] = α6e5, [e2, e2] = α8e5, [e3, e1] = β4e5,
[e2, e3] = β6e5, [e3, e3] = γ2e5, [e1, e4] = γ3e5.

If β4 ≠ 0 then with the base change x1 = γ2e1−β4e3, x2 = e2, x3 = γ3e3+β4e4, x4 = e4, x5 = e5
we can make β4 = 0. Then assume β4 = 0. Hence we have the following products in A:

[e1, e2] = α3e4 + α4e5, [e2, e1] = α6e5, [e2, e2] = α8e5, [e2, e3] = β6e5, [e3, e3] = γ2e5, [e1, e4] = γ3e5.

• If α6 = 0, α8 = 0 and β6 = 0 then the base change x1 = e1, x2 = γ2
α3γ3

e2, x3 = e3, x4 =
γ2
α3γ3

(α3e4 + α4e5), x5 = γ2e5 shows that A is isomorphic to A16.

• If α6 = 0, α8 = 0 and β6 ≠ 0 then the base change x1 = β6√
α3γ3

e1, x2 = γ2e2, x3 =
β6e3, x4 = β6γ2√

α3γ3
(α3e4 + α4e5), x5 = β2

6γ2e5 shows that A is isomorphic to A17.

• If α6 = 0 and α8 ≠ 0 then the base change x1 = e1, x2 = α3γ3
α8
e2, x3 = α3γ3√

α8γ2
e3, x4 =

α3γ3
α8

(α3e4 + α4e5), x5 = α2
3γ

2
3

α8
e5 shows that A is isomorphic to A18(α).
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• If α6 ≠ 0, α8 = 0 and β6 = 0 then the base change x1 = α6

α3γ3
e1, x2 = α3γ2γ3

α2
6
e2, x3 =

e3, x4 = γ2
α6

(α3e4 + α4e5), x5 = γ2e5 shows that A is isomorphic to A19.

• If α6 ≠ 0, α8 = 0 and β6 ≠ 0 then the base change x1 = α6

α3γ3
e1, x2 = α2

6γ2
α3β2

6γ3
e2, x3 =

α2
6

α3β6γ3
e3, x4 = α3

6γ2
(α3β6γ3)2 (α3e4 + α4e5), x5 = α4

6γ2
(α3β6γ3)2 e5 shows that A is isomorphic to

A20.

• If α6 ≠ 0 and α8 ≠ 0 then the base change x1 = α6

α3γ3
e1, x2 = α2

6

α3α8γ3
e2, x3 = α2

6

α3γ3
√
α8γ2

e3, x4 =
α3
6

α2
3α8γ23

(α3e4 + α4e5), x5 = α4
6

α2
3α8γ23

e5 shows that A is isomorphic to A21(α).

Remark. 1. If α1, α2 ∈ C/{0} such that α1 ≠ α2, then A8(α1) and A8(α2) are isomor-

phic if and only if α2 = 1
α1

.

2. If α1, α2 ∈ C such that α1 ≠ α2, then A10(α1) and A10(α2) are not isomorphic.

3. If α1, α2 ∈ C such that α1 ≠ α2, then A11(α1) and A11(α2) are not isomorphic.

4. If α1, α2 ∈ C such that α1 ≠ α2, then A18(α1) and A18(α2) are isomorphic if and

only if α2 = −α1.

5. If α1, α2 ∈ C such that α1 ≠ α2, then A21(α1) and A21(α2) are isomorphic if and

only if α2 = −α1.

4.3.2 dim(A3) = 0

Let dim(A2) = 2 and A3 = 0. Then by Lemma 4.0.2 and Lemma 4.0.3 we have A2 = Z(A).
Also since Leib(A) ⊆ A2 we have dim(Leib(A)) = 1 or 2.

Theorem 4.3.3. Let A be a 5−dimensional non-split non-Lie nilpotent Leibniz algebra

with dim(A2) = 2,A3 = 0 and dim(Leib(A)) = 1. Then A is isomorphic to a Leibniz alge-

bra spanned by {x1, x2, x3, x4, x5} with the nonzero products given by one of the following:

A1: [x1, x2] = x4, [x2, x1] = −x4 + x5, [x3, x3] = x5.

A2: [x1, x2] = x4 = −[x2, x1], [x3, x1] = x5.

A3: [x1, x2] = x4, [x2, x1] = −x4 + x5, [x3, x1] = x5, [x3, x3] = x5.
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A4(α): [x1, x2] = x4 = −[x2, x1], [x1, x3] = x5, [x3, x1] = αx5, α ∈ C/{−1}.

A5: [x1, x2] = x4, [x2, x1] = −x4 + x5, [x1, x3] = x5 = −[x3, x1].

A6(α): [x1, x2] = x4 = −[x2, x1], [x1, x3] = x5, [x3, x1] = αx5, [x3, x3] = x5, α ∈ C.

A7(α): [x1, x2] = x4, [x2, x1] = −x4 + αx5, [x3, x1] = x5, [x3, x2] = x5, [x3, x3] = x5, α ∈
C/{0}.

A8: [x1, x2] = x4, [x2, x1] = −x4 + x5, [x3, x1] = x5, [x3, x2] = x5.

A9: [x1, x2] = x4 = −[x2, x1], [x1, x3] = x5, [x3, x2] = x5.

A10: [x1, x2] = x4, [x2, x1] = −x4 + x5, [x1, x3] = x5, [x3, x2] = x5.

A11: [x1, x2] = x4, [x2, x1] = −x4 + x5, [x1, x3] = x5, [x3, x1] = x5, [x3, x2] = x5, [x3, x3] = x5.

A12(α): [x1, x2] = x4, [x2, x1] = −x4+x5, [x1, x3] = x5, [x3, x1] = αx5, [x2, x3] = x5, [x3, x2] =
αx5, α ∈ C.

A13: [x1, x2] = x4 = −[x2, x1], [x2, x2] = x5, [x2, x3] = x5 = −[x3, x2].

A14: [x1, x2] = x4 = −[x2, x1], [x2, x2] = x5, [x1, x3] = x5 = −[x3, x1].

Proof. Let Leib(A) = span{e5}. Extend this to a basis of {e4, e5} of A2 = Z(A). Then the

nonzero products in A = span{e1, e2, e3, e4, e5} are given by:

[e1, e1] = α1e5, [e1, e2] = α2e4 + α3e5, [e2, e1] = −α2e4 + α4e5, [e2, e2] = α5e5, [e1, e3] = β1e4 + β2e5,
[e3, e1] = −β1e4 + β3e5, [e2, e3] = β4e4 + β5e5, [e3, e2] = −β4e4 + β6e5, [e3, e3] = β7e5.

Without loss of generality we can assume β4 = 0, because if β4 ≠ 0 and β1 = 0(resp. β1 ≠ 0)

then with the base change x1 = e2, x2 = e1, x3 = e3, x4 = e4, x5 = e5(resp. x1 = e1, x2 =
β4e1 − β1e2, x3 = e3, x4 = e4, x5 = e5) we can make β4 = 0. Then we have the following

products in A:

[e1, e1] = α1e5, [e1, e2] = α2e4 + α3e5, [e2, e1] = −α2e4 + α4e5, [e2, e2] = α5e5, [e1, e3] = β1e4 + β2e5,
[e3, e1] = −β1e4 + β3e5, [e2, e3] = β5e5, [e3, e2] = β6e5, [e3, e3] = β7e5.

Note that if β1 ≠ 0 and α2 = 0(resp. α2 ≠ 0) then with the base change x1 = e1, x2 =
e3, x3 = e2, x4 = e4, x5 = e5(resp. x1 = e1, x2 = e2, x3 = β1e2 − α2e3, x4 = e4, x5 = e5) we can
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make β1 = 0. So let β1 = 0. Then α2 ≠ 0 since dim(A2) = 2. Hence we have the following

products in A:

[e1, e1] = α1e5, [e1, e2] = α2e4 + α3e5, [e2, e1] = −α2e4 + α4e5, [e2, e2] = α5e5, [e1, e3] = β2e5,
[e3, e1] = β3e5, [e2, e3] = β5e5, [e3, e2] = β6e5, [e3, e3] = β7e5.

If α1 ≠ 0 and (α3 + α4, α5) ≠ (0,0)[resp. α3 + α4 = 0 = α5] then with the base change

x1 = xe1 + e2, x2 = e2, x3 = e3, x4 = e4, x5 = e5 (where α1x2 + (α3 + α4)x + α5 = 0)[resp.

x1 = e2, x2 = e1, x3 = e3, x4 = e4, x5 = e5] we can make α1 = 0. So we can assume α1 = 0.

Then we have the following products in A:

[e1, e2] = α2e4 + α3e5, [e2, e1] = −α2e4 + α4e5, [e2, e2] = α5e5, [e1, e3] = β2e5, [e3, e1] = β3e5,
[e2, e3] = β5e5, [e3, e2] = β6e5, [e3, e3] = β7e5.

Case 1: Let α5 = 0. Then we have the following products in A:

[e1, e2] = α2e4 + α3e5, [e2, e1] = −α2e4 + α4e5, [e1, e3] = β2e5, [e3, e1] = β3e5,
[e2, e3] = β5e5, [e3, e2] = β6e5, [e3, e3] = β7e5. (4.41)

Case 1.1: Let β5 = 0. Then we have the following products in A:

[e1, e2] = α2e4 + α3e5, [e2, e1] = −α2e4 + α4e5, [e1, e3] = β2e5, [e3, e1] = β3e5,
[e3, e2] = β6e5, [e3, e3] = β7e5. (4.42)

Case 1.1.1: Let β6 = 0. Then we have the following products in A:

[e1, e2] = α2e4 + α3e5, [e2, e1] = −α2e4 + α4e5, [e1, e3] = β2e5, [e3, e1] = β3e5,
[e3, e3] = β7e5. (4.43)

Case 1.1.1.1: Let β2 = 0. Then we have the following products in A:

[e1, e2] = α2e4 + α3e5, [e2, e1] = −α2e4 + α4e5, [e3, e1] = β3e5, [e3, e3] = β7e5. (4.44)
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Case 1.1.1.1.1: Let β3 = 0. Then β7 ≠ 0 since dim(Z(A)) = 2. Note that α3 + α4 ≠ 0

since A is non-split. Then the base change x1 = β7
α3+α4

e1, x2 = e2, x3 = e3, x4 = β7
α3+α4

(α2e4 +
α3e5), x5 = β7e5 shows that A is isomorphic to A1.

Case 1.1.1.1.2: Let β3 ≠ 0.

• If β7 = 0 then the base change x1 = e1, x2 = β3e2 − (α3 +α4)e3, x3 = e3, x4 = β3(α2e4 +
α3e5), x5 = β3e5 shows that A is isomorphic to A2.

• If β7 ≠ 0 and α3+α4 = 0 then the base change x1 = β7e1−β3e3, x2 = e2, x3 = −β3e3, x4 =
β7(α2e4 + α3e5), x5 = β2

3β7e5 shows that A is isomorphic to A6(0).

• If β7 ≠ 0 and α3 +α4 ≠ 0 then the base change x1 = β7e1, x2 = β2
3

α3+α4
e2, x3 = β3e3, x4 =

β2
3β7

α3+α4
(α2e4 + α3e5), x5 = β2

3β7e5 shows that A is isomorphic to A3.

Case 1.1.1.2: Let β2 ≠ 0.

• If β7 = 0 and β2+β3 ≠ 0 then the base change x1 = e1, x2 = (β2+β3)e2−(α3+α4)e3, x3 =
e3, x4 = α2(β2+β3)e4+(α3β3−α4β2)e5, x5 = β2e5 shows that A is isomorphic toA4(α).

• If β7 = 0 and β2 + β3 = 0 then α3 + α4 ≠ 0 since Leib(A) ≠ 0. Then the base change

x1 = e1, x2 = β2e2, x3 = (α3 + α4)e3, x4 = β2(α2e4 + α3e5), x5 = β2(α3 + α4)e5 shows

that A is isomorphic to A5.

• If β7 ≠ 0 and α3 + α4 = 0 then the base change x1 = β7e1, x2 = e2, x3 = β2e3, x4 =
β7(α2e4 + α3e5), x5 = β2

2β7e5 shows that A is isomorphic to A6(α).

• If β7 ≠ 0 and α3 + α4 ≠ 0 then the base change x1 = −β7e1 − β2β3
α3+α4

e2 + β2e3, x2 =
e2, x3 = e3, x4 = e4, x5 = e5 shows that A is isomorphic to an algebra with the

nonzero products given by (4.44). Hence A is isomorphic to A1,A2,A3 or A6(0).

Case 1.1.2: Let β6 ≠ 0.

Case 1.1.2.1: Let β2 = 0. Then we have the following products in A:

[e1, e2] = α2e4 + α3e5, [e2, e1] = −α2e4 + α4e5, [e3, e1] = β3e5,
[e3, e2] = β6e5, [e3, e3] = β7e5. (4.45)

• If β3 = 0 then the base change x1 = e2, x2 = e1, x3 = e3, x4 = e4, x5 = e5 shows that A

is isomorphic to an algebra with the nonzero products given by (4.43). Hence A is

isomorphic to A1,A2,A3,A4(α),A5 or A6(α).
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• If β3 ≠ 0 and α3 + α4 = 0 then the base change x1 = e1, x2 = β6e1 − β3e2, x3 = e3, x4 =
e4, x5 = e5 shows that A is isomorphic to an algebra with the nonzero products

given by (4.43). Hence A is isomorphic to A1,A2,A3,A4(α),A5 or A6(α).

• If β3 ≠ 0, α3 + α4 ≠ 0 and β7 ≠ 0 then the base change x1 = β6e1, x2 = β3e2, x3 =
β3β6
β7
e3, x4 = β3β6(α2e4 + α3e5), x5 = (β3β6)2

β7
e5 shows that A is isomorphic to A7(α).

• If β3 ≠ 0, α3 + α4 ≠ 0 and β7 = 0 then the base change x1 = β6e1, x2 = β3e2, x3 =
(α3 +α4)e3, x4 = β3β6(α2e4 +α3e5), x5 = β3β6(α3 +α4)e5 shows that A is isomorphic

to A8.

Case 1.1.2.2: Let β2 ≠ 0.

Case 1.1.2.2.1: Let β7 = 0. Note that if β3 ≠ 0 then with the base change x1 =
β6e1 − β3e2 + β3(α3+α4)

β2
e3, x2 = e2, x3 = e3, x4 = e4, x5 = e5 we can make β3 = 0. So we can

assume β3 = 0. Then we have the following products in A:

[e1, e2] = α2e4 + α3e5, [e2, e1] = −α2e4 + α4e5, [e1, e3] = β2e5, [e3, e2] = β6e5.

• If α3 + α4 = 0 then the base change x1 = β6e1, x2 = β2e2, x3 = e3, x4 = β2β6(α2e4 +
α3e5), x5 = β2β6e5 shows that A is isomorphic to A9.

• If α3 + α4 ≠ 0 then the base change x1 = β2
6e1, x2 = β2β6e2, x3 = β6(α3 + α4)e3, x4 =

β2β3
6(α2e4 + α3e5), x5 = (α3 + α4)β2β3

6e5 shows that A is isomorphic to A10.

Case 1.1.2.2.2: Let β7 ≠ 0. Take θ = β7(α3 + α4) − β2β6.

• If θ ≠ 0 then the base change x1 = β7e1+ β2β3β7θ e2−β2e3, x2 = e2, x3 = e3, x4 = e4, x5 = e5
shows that A is isomorphic to an algebra with the nonzero products given by (4.45).

Hence A is isomorphic to A1,A2,A3,A4(α),A5,A6(α),A7(α) or A8.

• If θ = 0 and β3 = 0 then the base change x1 = β7e1−β2e3, x2 = e2, x3 = e3, x4 = e4, x5 =
e5 shows that A is isomorphic to an algebra with the nonzero products given by

(4.45). Hence A is isomorphic to A1,A2,A3,A4(α),A5,A6(α),A7(α) or A8.

• If θ = 0 and β3 ≠ 0 then the base change x1 = β6e1 + (β2 − β3)e2, x2 = β2e2, x3 =
β2β6
β7
e3, x4 = β2β6(α2e4 + α3e5), x5 = (β2β6)2

β7
e5 shows that A is isomorphic to A11.

Case 1.2: Let β5 ≠ 0.
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• If β2 = 0 then the base change x1 = e2, x2 = e1, x3 = e3, x4 = e4, x5 = e5 shows that A

is isomorphic to an algebra with the nonzero products given by (4.42). Hence A is

isomorphic to A1,A2,A3,A4(α),A5,A6(α),A7(α),A8,A9,A10 or A11.

• If β2 ≠ 0 and α3 + α4 = 0 then the base change x1 = e1, x2 = β5e1 − β2e2, x3 = e3, x4 =
e4, x5 = e5 shows that A is isomorphic to an algebra with the nonzero products given

by (4.42). Hence A is isomorphic to A1,A2,A3,A4(α),A5,A6(α),A7(α), A8,A9,A10

or A11.

• If β2 ≠ 0, α3 +α4 ≠ 0 and (β7, β5β3 −β2β6) ≠ (0,0) then the base change x1 = e1, x2 =
xe1 − xβ2+β7

β5
e2 + e3, x3 = e3, x4 = e4, x5 = e5(where (α3 + α4)β2x2 + ((α3 + α4)β7 −

β3β5+β2β6)x+β6β7 = 0) shows that A is isomorphic to an algebra with the nonzero

products given by (4.42). Hence A is isomorphic to A1,A2,A3,A4(α),A5,A6(α),
A7(α),A8,A9,A10 or A11.

• If β2 ≠ 0, α3+α4 ≠ 0 and (β7, β5β3−β2β6) = (0,0) hen the base change x1 = β5e1, x2 =
β2e2, x3 = (α3 + α4)e3, x4 = β2β5(α2e4 + α3e5), x5 = β2β5(α3 + α4)e5 shows that A is

isomorphic to A12(α).

Case 2: Let α5 ≠ 0. Note that if (β5 + β6, β7) ≠ (0,0) then the base change x1 =
e1, x2 = xe2 + e3, x3 = e3, x4 = e4, x5 = e5(where α5x2 + (β5 + β6)x + β7 = 0) shows that A is

isomorphic to an algebra with the nonzero products given by (4.41). HenceA is isomorphic

to A1,A2,A3,A4(α),A5,A6(α),A7(α),A8,A9,A10,A11 or A12(α). So let β5 +β6 = 0 = β7.
Then the products in A are the following:

[e1, e2] = α2e4 + α3e5, [e2, e1] = −α2e4 + α4e5, [e2, e2] = α5e5, [e1, e3] = β2e5, [e3, e1] = β3e5,
[e2, e3] = β5e5 = −[e3, e2].

Furthermore, if α3 + α4 ≠ 0 then the base change x1 = e1, x2 = α5e1 − (α3 + α4)e2, x3 =
e3, x4 = e4, x5 = e5 shows that A is isomorphic to an algebra with the nonzero products

given by (4.41). HenceA is isomorphic toA1,A2,A3,A4(α),A5,A6(α),A7(α),A8,A9,A10,A11

or A12(α). So we can assume α3 + α4 = 0. Then the products in A are the following:

[e1, e2] = α2e4 + α3e5 = −[e2, e1], [e2, e2] = α5e5, [e1, e3] = β2e5, [e3, e1] = β3e5, [e2, e3] = β5e5 = −[e3, e2].

If β2+β3 ≠ 0 then the base change x1 = e1, x2 = − α5

β2+β3 e1+e2+e3, x3 = e3, x4 = e4, x5 = e5
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shows that A is isomorphic to an algebra with the nonzero products given by (4.41). Hence

A is isomorphic to A1,A2,A3,A4(α),A5,A6(α),A7(α),A8,A9, A10,A11 or A12(α). So let

β2 + β3 = 0. Then we have the following products in A:

[e1, e2] = α2e4 + α3e5 = −[e2, e1], [e2, e2] = α5e5, [e1, e3] = β2e5 = −[e3, e1], [e2, e3] = β5e5 = −[e3, e2].

Case 2.1: Let β2 = 0. Then β5 ≠ 0 since dim(Z(A)) = 2. Then the base change

x1 = e1, x2 = e2, x3 = α5

β5
e3, x4 = α2e4 + α3e5, x5 = α5e5 shows that A is isomorphic to A13.

Case 2.2: Let β2 ≠ 0. Without loss of generality we can assume β5 = 0 because if

β5 ≠ 0 then with the base change x1 = e1, x2 = β5e1 − β2e2, x3 = e3, x4 = e4, x5 = e5 we can

make β5 = 0. Then we have the following products in A:

[e1, e2] = α2e4 + α3e5 = −[e2, e1], [e2, e2] = α5e5, [e1, e3] = β2e5 = −[e3, e1].

Then the base change x1 = α5

β2
e1, x2 = e2, x3 = e3, x4 = α5

β2
(α2e4+α3e5), x5 = α5e5 shows that

A is isomorphic to A14.

Remark. 1. If α1, α2 ∈ C/{−1} such that α1 ≠ α2, then A4(α1) and A4(α2) are not

isomorphic.

2. If α1, α2 ∈ C such that α1 ≠ α2, then A6(α1) and A6(α2) are isomorphic if and only

if α2 = 1
α1

.

3. If α1, α2 ∈ C/{0} such that α1 ≠ α2, then A7(α1) and A7(α2) are not isomorphic.

4. If α1, α2 ∈ C such that α1 ≠ α2, then A12(α1) and A12(α2) are not isomorphic.

Theorem 4.3.4. Let A be a 5−dimensional non-split non-Lie nilpotent Leibniz algebra

with dim(A2) = 2 = dim(Leib(A)) and A3 = 0. Then A is isomorphic to a Leibniz algebra

spanned by {x1, x2, x3, x4, x5} with the nonzero products given by one of the following:

A1: [x1, x1] = x5, [x1, x2] = x4, [x3, x3] = x5.

A2: [x1, x1] = x5, [x1, x2] = x4, [x2, x1] = x5, [x3, x3] = x5.

A3(α): [x1, x1] = x5, [x1, x2] = x4, [x2, x1] = αx5, [x2, x2] = x5, [x3, x3] = x5, α ∈ C.

A4(α): [x1, x2] = x4, [x2, x1] = αx4 + x5, [x3, x3] = x5, α ∈ C/{−1}.
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A5(α): [x1, x2] = x4, [x2, x1] = αx4, [x2, x2] = x5, [x3, x3] = x5, α ∈ C/{−1}.

A6(α): [x1, x2] = x4, [x2, x1] = αx4 + x5, [x2, x2] = x5, [x3, x3] = x5, α ∈ C/{−1}.

A7(α,β): [x1, x1] = x5, [x1, x2] = x4, [x2, x1] = αx4 + βx5, [x2, x2] = x5, [x3, x3] = x5, α ∈
C/{−1,0}, β ∈ C.

A8: [x1, x2] = x5, [x2, x2] = x4, [x3, x3] = x5.

A9(α): [x1, x2] = αx5, [x2, x1] = x5, [x2, x2] = x4, [x3, x3] = x5, α ∈ C.

A10: [x1, x1] = x5, [x1, x2] = x5, [x2, x2] = x4, [x3, x3] = x5.

A11: [x1, x2] = x4 + x5 = −[x2, x1], [x2, x2] = x4, [x3, x3] = x5.

A12: [x1, x2] = x4 + x5, [x2, x1] = −x4, [x2, x2] = x4, [x3, x3] = x5.

A13(α,β): [x1, x2] = x4 + αx5, [x2, x1] = −x4 + βx5, [x2, x2] = x4, [x3, x3] = x5, α, β ∈ C.

A14: [x1, x2] = x4, [x2, x3] = x5.

A15: [x1, x1] = x5, [x1, x2] = x4, [x2, x3] = x5.

A16(α): [x1, x2] = αx4, [x2, x1] = x4, [x2, x3] = x5, α ∈ C/{−1}.

A17(α): [x1, x1] = x5, [x1, x2] = αx4, [x2, x1] = x4, [x2, x3] = x5, α ∈ C/{−1}.

A18: [x1, x1] = x4, [x1, x2] = x5, [x2, x3] = x5.

A19: [x1, x1] = x4, [x1, x2] = x4, [x2, x3] = x5.

A20: [x1, x1] = x4, [x1, x2] = x4 + x5, [x2, x3] = x5.

A21: [x1, x1] = x4, [x1, x2] = x4 + x5, [x2, x1] = x4, [x2, x3] = x5.

A22(α): [x1, x1] = x4, [x1, x2] = αx4, [x2, x1] = x4, [x2, x3] = x5, α ∈ C/{0,1}.

A23(α): [x1, x1] = x4, [x1, x2] = αx4 + x5, [x2, x1] = x4, [x2, x3] = x5, α ∈ C/{0,1}.

A24(α): [x1, x2] = x4, [x2, x2] = αx5, [x2, x3] = x5, [x3, x3] = x5, α ∈ C.

A25(α): [x1, x2] = x4, [x2, x1] = x5, [x2, x2] = αx5, [x2, x3] = x5, [x3, x3] = x5, α ∈ C.
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A26(α,β): [x1, x1] = x5, [x1, x2] = x4, [x2, x1] = αx5, [x2, x2] = βx5, [x2, x3] = x5, [x3, x3] =
x5, α, β ∈ C.

A27(α,β): [x1, x2] = αx4, [x2, x1] = x4, [x2, x2] = βx5, [x2, x3] = x5, [x3, x3] = x5, α ∈
C/{−1,0}, β ∈ C.

A28(α,β): [x1, x2] = αx4 + x5, [x2, x1] = x4, [x2, x2] = βx5, [x2, x3] = x5, [x3, x3] = x5, α ∈
C/{−1}, β ∈ C.

A29(α,β, γ): [x1, x1] = x5, [x1, x2] = αx4 + βx5, [x2, x1] = x4, [x2, x2] = γx5, [x2, x3] =
x5, [x3, x3] = x5, α ∈ C/{−1}, β, γ ∈ C.

A30(α): [x1, x1] = x4, [x1, x2] = x5, [x2, x2] = αx5, [x2, x3] = x5, [x3, x3] = x5, α ∈ C/{0}.

A31: [x1, x1] = x4, [x2, x1] = x5, [x2, x3] = x5, [x3, x3] = x5.

A32(α,β, γ): [x1, x1] = x4, [x1, x2] = x4 + αx5, [x2, x1] = βx5, [x2, x2] = γx5, [x2, x3] =
x5, [x3, x3] = x5, α, β, γ ∈ C.

A33(α,β, γ): [x1, x1] = x4, [x1, x2] = x4 + αx5, [x2, x1] = x4 + βx5, [x2, x2] = γx5, [x2, x3] =
x5, [x3, x3] = x5, α, β, γ ∈ C, (α,β) ≠ (0,0).

A34(α,β, γ, θ): [x1, x1] = x4, [x1, x2] = αx4+βx5, [x2, x1] = x4+γx5, [x2, x2] = θx5, [x2, x3] =
x5, [x3, x3] = x5, α ∈ C/{0,1}, β, γ, θ ∈ C, (β, γ, θ) ≠ (0,0,0).

A35: [x1, x2] = x5, [x2, x2] = x4, [x2, x3] = x5.

A36: [x1, x2] = x4 = −[x2, x1], [x2, x2] = x4, [x2, x3] = x5.

A37: [x1, x1] = x5, [x1, x2] = x4 = −[x2, x1], [x2, x2] = x4, [x2, x3] = x5.

A38: [x1, x1] = x5, [x2, x1] = ix5, [x2, x2] = x4, [x2, x3] = x5, [x3, x3] = x5.

A39(α,β): [x1, x1] = αx5, [x1, x2] = x4, [x2, x1] = −x4+βx5, [x2, x2] = x4, [x2, x3] = x5, [x3, x3] =
x5, α, β ∈ C.

A40(α): [x1, x1] = x5, [x2, x1] = x4, [x2, x3] = αx5, [x3, x2] = x5, α ∈ C.

A41: [x1, x1] = x5, [x2, x1] = x4, [x2, x2] = x5, [x2, x3] = x5 = −[x3, x2].

A42(α): [x2, x1] = x4, [x1, x3] = x5, [x2, x3] = αx5, [x3, x2] = x5, α ∈ C.
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A43(α): [x2, x1] = x4, [x2, x2] = x5, [x1, x3] = x5, [x2, x3] = αx5, [x3, x2] = x5, α ∈ C.

A44(α,β): [x1, x2] = x4, [x2, x1] = αx4, [x2, x3] = βx5, [x3, x2] = x5, α, β ∈ C/{−1}.

A45(α,β): [x1, x1] = x5, [x1, x2] = x4, [x2, x1] = αx4, [x2, x3] = βx5, [x3, x2] = x5, α ∈
C/{−1}, β ∈ C.

A46(α): [x1, x2] = x4, [x2, x1] = αx4 + x5, [x2, x3] = αx5, [x3, x2] = x5, α ∈ C/{−1}.

A47(α): [x1, x1] = x5, [x1, x2] = x4, [x2, x1] = αx4, [x2, x3] = αx5, [x3, x2] = x5, α ∈
C/{−1}.

A48(α,β): [x1, x2] = x4, [x2, x1] = αx4, [x1, x3] = x5, [x2, x3] = βx5, [x3, x2] = x5, α ∈
C/{−1}, β ∈ C.

A49(α,β): [x1, x2] = x4, [x2, x1] = αx4+x5, [x1, x3] = x5, [x2, x3] = βx5, [x3, x2] = x5, α, β ∈
C/{−1}.

A50(α): [x1, x2] = x4, [x2, x1] = αx4, [x2, x2] = x5, [x2, x3] = x5 = −[x3, x2], α ∈ C/{−1}.

A51(α): [x1, x1] = x5, [x1, x2] = x4, [x2, x1] = αx4, [x2, x2] = x5, [x2, x3] = x5 = −[x3, x2], α ∈
C/{−1}.

A52(α): [x1, x2] = x4, [x2, x1] = αx4, [x2, x2] = x5, [x1, x3] = x5, [x2, x3] = x5 = −[x3, x2], α ∈
C/{−1}.

A53(α): [x1, x1] = x4, [x1, x3] = x5, [x2, x3] = αx5, [x3, x2] = x5, α ∈ C/{0,1}.

A54: [x1, x1] = x4, [x2, x1] = x5, [x1, x3] = x5, [x3, x2] = x5.

A55(α,β): [x1, x1] = x4, [x2, x1] = x4, [x1, x3] = αx5, [x2, x3] = βx5, [x3, x2] = x5, α ∈
C/{0}, β ∈ C.

A56: [x1, x1] = x4, [x2, x1] = x4 + x5, [x2, x3] = x5 = −[x3, x2].

A57(α,β): [x1, x1] = x4, [x2, x1] = x4 + x5, [x1, x3] = αx5, [x2, x3] = βx5, [x3, x2] = x5, α ∈
C, β ∈ C/{−1}.

A58(α,β, γ): [x1, x1] = x4, [x1, x2] = x4, [x2, x1] = αx4, [x1, x3] = βx5, [x2, x3] = γx5, [x3, x2] =
x5, α, β ∈ C/{0}, γ ∈ C.
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A59: [x1, x1] = x4, [x1, x2] = x4 + x5, [x1, x3] = x5, [x3, x2] = x5.

A60(α,β): [x1, x1] = x4, [x1, x2] = x4 + x5, [x2, x1] = αx4, [x1, x3] = (1 + β)x5, [x2, x3] =
βx5, [x3, x2] = x5, α, β ∈ C, α(1 + β) ≠ β.

A61(α,β): [x1, x1] = x4, [x1, x2] = x4+x5, [x2, x1] = x4, [x1, x3] = αx5, [x2, x3] = βx5, [x3, x2] =
x5, α, β ∈ C, α ≠ 1 + β,α ≠ β.

A62(α,β): [x1, x1] = x4, [x1, x2] = x4+x5, [x2, x1] = αx4, [x1, x3] = βx5, [x3, x2] = x5, α, β ∈
C/{0,1}.

A63(α,β, γ): [x1, x1] = x4, [x1, x2] = x4 + x5, [x2, x1] = αx4, [x1, x3] = βx5, [x2, x3] =
γx5, [x3, x2] = x5, α ∈ C/{0,1}, β ∈ C, γ ∈ C/{0}, β ≠ 1 + γ,αβ ≠ γ, (α + 1)β ≠ γ.

A64(α): [x1, x1] = x4, [x1, x2] = x4 + 1
αx5, [x2, x1] = x5, [x2, x3] = αx5, [x3, x2] = x5, α ∈

C/{−1,0}.

A65: [x1, x1] = x4, [x1, x2] = x4, [x2, x1] = x4 + x5, [x3, x2] = x5.

A66(α): [x1, x1] = x4, [x1, x2] = x4, [x2, x1] = x4+x5, [x1, x3] = αx5, [x2, x3] = αx5, [x3, x2] =
x5, α ∈ C/{0}.

A67(α): [x1, x1] = x4, [x1, x2] = x4, [x2, x1] = αx4 + x5, [x3, x2] = x5, α ∈ C/{0,1}.

A68(α): [x1, x1] = x4, [x1, x2] = x4, [x2, x1] = α
1+αx4 + x5, [x1, x3] = (1 + α)x5, [x2, x3] =

αx5, [x3, x2] = x5, α ∈ C/{−1,0,1}.

A69: [x1, x1] = x4, [x2, x1] = x5, [x2, x2] = x5, [x2, x3] = x5 = −[x3, x2].

A70(α): [x1, x1] = x4, [x2, x1] = x4 + αx5, [x2, x2] = x5, [x2, x3] = x5 = −[x3, x2], α ∈
C/{0,1}.

A71(α): [x1, x1] = x4, [x2, x1] = x4 + αx5, [x2, x2] = x5, [x1, x3] = x5, [x2, x3] = x5 =
−[x3, x2], α ∈ C/{0}.

A72(α): [x1, x1] = x4, [x1, x2] = x4, [x2, x1] = x4 + αx5, [x2, x2] = x5, [x2, x3] = x5 =
−[x3, x2], α ∈ C/{0, 12}.

A73(α): [x1, x1] = x4, [x1, x2] = x4, [x2, x1] = x4 + αx5, [x2, x2] = x5, [x1, x3] = x5, [x2, x3] =
x5 = −[x3, x2], α ∈ C/{1

2}.
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A74(α,β): [x1, x1] = x4, [x1, x2] = x4, [x2, x1] = αx4 + βx5, [x2, x2] = x5, [x2, x3] = x5 =
−[x3, x2], α ∈ C/{0,1}, β ∈ C.

A75(α): [x1, x1] = x4, [x1, x2] = x4, [x2, x1] = α−1
α x4, [x2, x2] = x5, [x1, x3] = αx5, [x2, x3] =

x5 = −[x3, x2], α ∈ C/{0,1}.

A76(α): [x1, x1] = x5, [x1, x2] = x4 = −[x2, x1], [x2, x2] = x4, [x2, x3] = αx5, [x3, x2] =
x5, α ∈ C.

A77(α): [x1, x2] = x4 = −[x2, x1], [x2, x2] = x4, [x1, x3] = αx5, [x3, x2] = x5, α ∈ C/{0}.

A78(α): [x1, x2] = x4, [x2, x1] = −x4 + x5, [x2, x2] = x4, [x1, x3] = αx5, [x3, x2] = x5, α ∈
C/{0,1}.

A79: [x1, x1] = x5, [x1, x2] = x4 = −[x2, x1], [x2, x2] = x4, [x1, x3] = x5, [x3, x2] = x5.

A80: [x1, x2] = x4, [x2, x1] = x5, [x2, x3] = x4.

A81(α,β): [x1, x2] = x4 + αx5, [x2, x1] = βx4, [x2, x2] = x5, [x1, x3] = x5, [x2, x3] = x4, α ∈
C, β ∈ C/{0}.

A82(α): [x1, x2] = x4, [x2, x1] = αx4 + (α + 1)x5, [x2, x3] = x4, [x3, x2] = x5, α ∈ C.

A83: [x1, x2] = x4 + 2x5, [x2, x1] = −x5, [x2, x2] = x5, [x2, x3] = x4, [x3, x2] = x5.

A84(α,β): [x1, x2] = x4, [x2, x1] = αx5, [x2, x2] = βx5, [x1, x3] = x5, [x2, x3] = x4, [x3, x2] =
x5, α, β ∈ C.

A85(α,β, γ): [x1, x2] = x4 + αx5, [x2, x1] = βx4, [x2, x2] = γx5, [x1, x3] = x5, [x2, x3] =
x4, [x3, x2] = x5, α, γ ∈ C, β ∈ C/{0}.

A86: [x1, x2] = x4, [x1, x3] = x5, [x3, x1] = x5, [x2, x3] = x4.

A86: [x1, x2] = x4 + x5, [x1, x3] = −x5, [x3, x1] = x5, [x2, x3] = x4.

A87(α,β): [x1, x2] = x4 + x5, [x2, x1] = αx4, [x1, x3] = βx5, [x3, x1] = x5, [x2, x3] = x4, α ∈
C, β ∈ C/{−1}.

A88(α,β): [x1, x2] = x4+αx5, [x2, x1] = βx4+x5, [x3, x1] = x5, [x2, x3] = x4, α ∈ C/{0}, β ∈
C, αβ ≠ 1.
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A89(α,β, γ): [x1, x2] = x4 + αx5, [x2, x1] = βx4 + x5, [x1, x3] = γx5, [x3, x1] = x5, [x2, x3] =
x4, α, β ∈ C, γ ∈ C/{0}, α ≠ γ.

A90(α): [x1, x2] = x4 + αx5, [x2, x1] = −x4 + −1−α
2

α x5, [x2, x2] = x5, [x3, x1] = x5, [x2, x3] =
x4, α ∈ C/{0}.

A91(α,β, γ): [x1, x2] = x4 + αx5, [x2, x1] = βx4 + γx5, [x2, x2] = x5, [x3, x1] = x5, [x2, x3] =
x4, α, β, γ ∈ C, αγ − α2β + 1 ≠ 0.

A92(α,β, γ): [x1, x2] = x4 + αx5, [x2, x1] = βx4, [x2, x2] = x5, [x1, x3] = γx5, [x3, x1] =
x5, [x2, x3] = x4, α, β ∈ C, γ ∈ C/{0}.

A93(α,β): [x1, x2] = x4− 2
αx5, [x2, x1] = βx4+αx5, [x2, x2] = x5, [x1, x3] = − 1

α2x5, [x3, x1] =
x5, [x2, x3] = x4, α ∈ C/{−1,0,1}, β ∈ C/{0}.

A94(α,β, γ): [x1, x2] = x4+2βγx5, [x2, x1] = αx4+βx5, [x2, x2] = x5, [x1, x3] = γx5, [x3, x1] =
x5, [x2, x3] = x4, α ∈ C, β, γ ∈ C/{0}, β2γ ≠ −1.

A95(α,β): [x1, x2] = x4+αx5, [x2, x1] = βx5, [x2, x2] = x5, [x1, x3] = −x5, [x3, x1] = x5, [x2, x3] =
x4, α ∈ C, β ∈ C/{0}, α ≠ −2β, β2 + αβ + 1 ≠ 0.

A96(α,β, γ, θ): [x1, x2] = x4+αx5, [x2, x1] = βx4+γx5, [x2, x2] = x5, [x1, x3] = θx5, [x3, x1] =
x5, [x2, x3] = x4, α, β ∈ C, γ ∈ C/{0}, θ ∈ C/{−1,0}, α ≠ 2γθ.

A97(α): [x1, x2] = x4, [x1, x3] = αx5, [x2, x3] = x4, [x3, x3] = x5, α ∈ C/{0}.

A98(α): [x1, x2] = x4+x5, [x2, x1] = αx4, [x1, x3] = −x5, [x3, x1] = αx5, [x2, x3] = x4, [x3, x3] =
x5, α ∈ C/{0}.

A99(α,β): [x1, x2] = x4+x5, [x2, x1] = αx4, [x1, x3] = βx5, [x3, x1] = αx5, [x2, x3] = x4, [x3, x3] =
x5, α ∈ C/{0,1}, β ∈ C/{−1,0}, α ≠ β.

A100(α,β): [x1, x2] = x4 + x5, [x2, x1] = αx4, [x1, x3] = αx5, [x3, x1] = βx5, [x2, x3] =
x4, [x3, x3] = x5, α ∈ C/{0}, α ≠ β.

A101(α,β, γ): [x1, x2] = x4 + x5, [x2, x1] = αx4, [x1, x3] = βx5, [x3, x1] = γx5, [x2, x3] =
x4, [x3, x3] = x5, α, β, γ ∈ C, α ≠ β,α ≠ γ.

R1: [x1, x2] = x4+αx5, [x2, x1] = βx4+x5, [x1, x3] = γx5, [x3, x1] = θx5, [x2, x3] = x4, [x3, x3] =
x5, α, β, γ, θ ∈ C.
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R2: [x1, x2] = x4+αx5, [x2, x1] = βx4+γx5, [x1, x3] = θx5, [x3, x1] = δx5, [x2, x3] = x4, [x3, x3] =
x5, α, β, γ, θ, δ ∈ C.

R3: [x1, x2] = x4+αx5, [x2, x1] = βx4+γx5, [x2, x2] = θx5, [x1, x3] = δx5, [x3, x1] = λx5, [x2, x3] =
x4, [x3, x3] = x5, α, β, γ, θ, δ, λ ∈ C.

R4: [x1, x1] = x5, [x1, x2] = x4+αx5, [x2, x1] = βx5, [x2, x2] = γx5, [x1, x3] = θx5 = −[x3, x1], [x2, x3] =
x4, [x3, x2] = δx5, α, β, γ, θ, δ ∈ C.

R5: [x1, x1] = x4, [x1, x2] = αx5, [x2, x1] = βx5, [x2, x2] = γx5, [x1, x3] = θx5, [x3, x1] =
δx5, [x2, x3] = x4, [x3, x2] = λx5, [x3, x3] = µx5, α, β, γ, θ, δ, λ, µ ∈ C.

R6: [x1, x1] = x4+x5, [x1, x2] = αx5, [x2, x1] = βx5, [x2, x2] = γx5, [x1, x3] = θx5 = −[x3, x1], [x2, x3] =
x4, [x3, x2] = δx5, α, β, γ, θ, δ ∈ C.

R7: [x1, x1] = x4+αx5, [x1, x2] = βx4+γx5, [x2, x1] = θx5, [x2, x2] = δx5, [x1, x3] = λx5, [x2, x3] =
x4 = −[x3, x2], α, β, γ, θ, δ, λ ∈ C.

R8: [x1, x1] = x4 + αx5, [x1, x2] = βx4 + γx5, [x2, x1] = θx5, [x1, x3] = δx5, [x2, x3] = x4 +
x5, [x3, x2] = −x4, α, β, γ, θ, δ ∈ C.

R9: [x1, x1] = x4+αx5, [x1, x2] = βx4+γx5, [x2, x2] = θx5, [x1, x3] = δx5, [x3, x1] = x5, [x2, x3] =
x4 + λx5, [x3, x2] = −x4, α, β, γ, θ, δ, λ ∈ C.

R10: [x1, x1] = x4 + αx5, [x1, x2] = βx4 + γx5, [x2, x1] = θx5, [x1, x3] = δx5, [x3, x1] =
λx5, [x2, x3] = x4 + µx5, [x3, x2] = −x4, [x3, x3] = x5, α, β, γ, θ, δ, λ, µ ∈ C.

R11: [x1, x1] = x4 + αx5, [x1, x2] = βx4 + γx5, [x2, x1] = θx5, [x2, x2] = δx5, [x2, x3] = λx4 +
µx5, [x3, x2] = x4, α, β, γ, θ, δ, λ, µ ∈ C.

R12: [x1, x1] = x4, [x1, x2] = αx4+βx5, [x2, x1] = γx5, [x2, x2] = θx5, [x1, x3] = x5, [x2, x3] =
δx4 + λx5, [x3, x2] = x4, α, β, γ, θ, δ, λ ∈ C.

R13: [x1, x1] = x4 + αx5, [x1, x2] = βx4 + γx5, [x2, x1] = θx5, [x2, x2] = δx5, [x1, x3] =
λx5, [x3, x1] = x5, [x2, x3] = µx4 + ωx5, [x3, x2] = x4, α, β, γ, θ, δ, λ, µ,ω ∈ C.

R14: [x1, x1] = x4 + αx5, [x1, x2] = βx4 + γx5, [x2, x1] = θx5, [x2, x2] = δx5, [x1, x3] =
λx5, [x2, x3] = µx4 + ωx5, [x3, x2] = x4, [x3, x3] = x5, α, β, γ, θ, δ, λ, µ,ω ∈ C.
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R15: [x1, x1] = αx5, [x1, x2] = βx4 + γx5, [x2, x1] = x4 + θx5, [x2, x2] = δx5, [x1, x3] = x4 +
λx5, [x3, x1] = µx5, [x2, x3] = ωx5, [x3, x2] = x4, [x3, x3] = ϕx5, α, β, γ, θ, δ, λ, µ,ω,ϕ ∈
C.

Proof. Let Leib(A) = A2 = Z(A) = span{e4, e5}. Then the nonzero products in A =
span{e1, e2, e3, e4, e5} are given by:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α5e4 + α6e5, [e2, e2] = β1e4 + β2e5,
[e1, e3] = β3e4 + β4e5, [e3, e1] = β5e4 + β6e5, [e2, e3] = γ1e4 + γ2e5, [e3, e2] = γ3e4 + γ4e5,

[e3, e3] = γ5e4 + γ6e5.

Without loss of generality we can assume γ5 = 0 because if γ5 ≠ 0 and β1 = 0(resp. β1 ≠ 0)

then with the base change x1 = e1, x2 = e3, x3 = e2, x4 = e4, x5 = e5(resp. x1 = e1, x2 =
e2, x3 = e2 + xe3, x4 = e4,5 = e5 where γ5x2 + (γ1 + γ3)x + β1 = 0) we can make γ5 = 0. Then

we have the following products in A:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α5e4 + α6e5, [e2, e2] = β1e4 + β2e5,
[e1, e3] = β3e4 + β4e5, [e3, e1] = β5e4 + β6e5, [e2, e3] = γ1e4 + γ2e5, [e3, e2] = γ3e4 + γ4e5,

[e3, e3] = γ6e5.

Note that if β5 ≠ 0 and γ3 = 0(resp. γ3 ≠ 0) then with the base change x1 = e2, x2 = e1, x3 =
e3, x4 = e4, x5 = e5(resp. x1 = γ3e1 −β5e2, x2 = e2, x3 = e3, x4 = e4,5 = e5) we can make β5 = 0.

So we can assume β5 = 0. Then the products in A are the following:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α5e4 + α6e5, [e2, e2] = β1e4 + β2e5,
[e1, e3] = β3e4 + β4e5, [e3, e1] = β6e5, [e2, e3] = γ1e4 + γ2e5, [e3, e2] = γ3e4 + γ4e5, [e3, e3] = γ6e5.

Case 1: Let γ3 = 0. Then we have the following products in A:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α5e4 + α6e5, [e2, e2] = β1e4 + β2e5,
[e1, e3] = β3e4 + β4e5, [e3, e1] = β6e5, [e2, e3] = γ1e4 + γ2e5, [e3, e2] = γ4e5,

[e3, e3] = γ6e5. (4.46)
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If β3 ≠ 0 and γ1 = 0(resp. γ1 ≠ 0) then with the base change x1 = e2, x2 = e1, x3 = e3, x4 =
e4, x5 = e5(resp. x1 = γ1e1 − β3e2, x2 = e2, x3 = e3, x4 = e4, x5 = e5) we can make β3 = 0. So

let β3 = 0. Then the products in A are the following:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α5e4 + α6e5, [e2, e2] = β1e4 + β2e5,
[e1, e3] = β4e5, [e3, e1] = β6e5, [e2, e3] = γ1e4 + γ2e5, [e3, e2] = γ4e5, [e3, e3] = γ6e5.

Case 1.1: Let γ1 = 0. Then we have the following products in A:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α5e4 + α6e5, [e2, e2] = β1e4 + β2e5,
[e1, e3] = β4e5, [e3, e1] = β6e5, [e2, e3] = γ2e5, [e3, e2] = γ4e5, [e3, e3] = γ6e5. (4.47)

Note that if β6 ≠ 0 and γ4 = 0(resp. γ4 ≠ 0) then with the base change x1 = e2, x2 = e1, x3 =
e3, x4 = e4, x5 = e5(resp. x1 = γ4e1 − β6e2, x2 = e2, x3 = e3, x4 = e4, x5 = e5) we can make

β6 = 0. So we can assume β6 = 0. Then the products in A are the following:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α5e4 + α6e5, [e2, e2] = β1e4 + β2e5,
[e1, e3] = β4e5, [e2, e3] = γ2e5, [e3, e2] = γ4e5, [e3, e3] = γ6e5.

Case 1.1.1: Let γ4 = 0. Then we have the following products in A:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α5e4 + α6e5, [e2, e2] = β1e4 + β2e5,
[e1, e3] = β4e5, [e2, e3] = γ2e5, [e3, e3] = γ6e5. (4.48)

Without loss of generality we can assume β4 = 0 because if β4 ≠ 0 and γ2 = 0(resp.

γ2 ≠ 0) then with the base change x1 = e2, x2 = e1, x3 = e3, x4 = e4, x5 = e5(resp. x1 =
γ2e1 − β4e2, x2 = e2, x3 = e3, x4 = e4, x5 = e5) we can make β4 = 0. Then we have the

following products in A:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α5e4 + α6e5, [e2, e2] = β1e4 + β2e5,
[e2, e3] = γ2e5, [e3, e3] = γ6e5.
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Case 1.1.1.1: Let γ2 = 0. Then γ6 ≠ 0 since dim(Z(A)) = 2. Hence we have the

following products in A:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α5e4 + α6e5, [e2, e2] = β1e4 + β2e5,
[e3, e3] = γ6e5. (4.49)

Note that if α1 ≠ 0 and β1 = 0(resp. β1 ≠ 0) then with the base change x1 = e2, x2 =
e1, x3 = e3, x4 = e4, x5 = e5(resp. x1 = xe1 + e2, x2 = e2, x3 = e3, x4 = e4, x5 = e5 where

α1x2 + (α3 + α5)x + β1 = 0) we can make α1 = 0. So we can assume α1 = 0. Then we have

the following products in A:

[e1, e1] = α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α5e4 + α6e5, [e2, e2] = β1e4 + β2e5, [e3, e3] = γ6e5.

Case 1.1.1.1.1: Let β1 = 0. Then α3 +α5 ≠ 0 since dim(Leib(A)) = 2. Hence we have

the following products in A:

[e1, e1] = α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α5e4 + α6e5, [e2, e2] = β2e5,
[e3, e3] = γ6e5. (4.50)

Case 1.1.1.1.1.1: Let α5 = 0. Then α3 ≠ 0 since dim(A2) = 2. Hence we have the

following products in A:

[e1, e1] = α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α6e5, [e2, e2] = β2e5, [e3, e3] = γ6e5. (4.51)

• If α2 = 0, β2 = 0 then α6 ≠ 0 since A is non-split. Then the base change x1 = e1, x2 =
γ6
α6
e2, x3 = e3, x4 = γ6

α6
(α3e4 + α4e5), x5 = γ6e5 shows that A is isomorphic to A4(0).

• If α2 = 0, β2 ≠ 0 and α6 = 0 then the base change x1 = e1, x2 = e2, x3 =
√

β2
γ6
e3, x4 =

α3e4 + α4e5, x5 = β2e5 shows that A is isomorphic to A5(0).

• If α2 = 0, β2 ≠ 0 and α6 ≠ 0 then the base change x1 = β2e1, x2 = α6e2, x3 =√
α2
6β2
γ6
e3, x4 = α6β2(α3e4 + α4e5), x5 = α2

6β2e5 shows that A is isomorphic to A6(0).
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• If α2 ≠ 0, β2 = 0 and α6 = 0 then the base change x1 = e1, x2 = e2, x3 =
√

α2

γ6
e3, x4 =

α3e4 + α4e5, x5 = α2e5 shows that A is isomorphic to A1.

• If α2 ≠ 0, β2 = 0 and α6 ≠ 0 then the base change x1 = α6e1, x2 = α2e2, x3 =√
α2α2

6

γ6
e3, x4 = α2α6(α3e4 + α4e5), x5 = α2α2

6e5 shows that A is isomorphic to A2.

• If α2 ≠ 0 and β2 ≠ 0 then the base change x1 = e1, x2 =
√

α2

β2
e2, x3 =

√
α2

γ6
e3, x4 =

√
α2

β2
(α3e4 + α4e5), x5 = α2e5 shows that A is isomorphic to A3(α).

Case 1.1.1.1.1.2: Let α5 ≠ 0. If α3 = 0 then the base change x1 = e2, x2 = e1, x3 =
e3, x4 = e4, x5 = e5 shows that A is isomorphic to an algebra with the nonzero products

given by (4.51). Hence A is isomorphic to A1,A2,A3(α),A4(α),A5(α) or A6(α). Then

suppose α3 ≠ 0.

Case 1.1.1.1.1.2.1: Let α2 = 0. Then we have the following products in A:

[e1, e2] = α3e4 + α4e5, [e2, e1] = α5e4 + α6e5, [e2, e2] = β2e5, [e3, e3] = γ6e5. (4.52)

• If β2 = 0 then α3α6 − α4α5 ≠ 0 since A is non-split. Then the base change x1 =
e1, x2 = α3γ6

α3α6−α4α5
e2, x3 = e3, x4 = α3γ6

α3α6−α4α5
(α3e4 + α4e5), x5 = γ6e5 shows that A is

isomorphic to A4(α)(α ∈ C/{−1,0}).

• If β2 ≠ 0 and α3α6 −α4α5 = 0 then the base change x1 = e1, x2 = e2, x3 =
√

β2
γ6
e3, x4 =

α3e4 + α4e5, x5 = β2e5 shows that A is isomorphic to A5(α)(α ∈ C/{−1,0}).

• If β2 ≠ 0 and α3α6 − α4α5 ≠ 0 then the base change x1 = β2e1, x2 = α3α6−α4α5

α3
e2, x3 =

α3α6−α4α5

α3

√
β2
γ6
e3, x4 = (α3α6−α4α5)β2

α3
(α3e4 + α4e5), x5 = β2(α3α6−α4α5

α3
)2e5 shows that A

is isomorphic to A6(α)(α ∈ C/{−1,0}).

Case 1.1.1.1.1.2.2: Let α2 ≠ 0. If β2 = 0 then the base change x1 = e2, x2 = e1, x3 =
e3, x4 = e4, x5 = e5 shows that A is isomorphic to an algebra with the nonzero products

given by (4.52). Hence A is isomorphic to A4(α),A5(α) or A6(α). So let β2 ≠ 0. Then

the base change x1 = e1, x2 =
√

α2

β2
e2, x3 =

√
α2

γ6
e3, x4 =

√
α2

β2
(α3e4 + α4e5), x5 = α2e5 shows

that A is isomorphic to A7(α,β).
Case 1.1.1.1.2: Let β1 ≠ 0. If α3 + α5 ≠ 0 then the base change x1 = e1, x2 = β1e1 −

(α3 + α5)e2, x3 = e3, x4 = e4, x5 = e5 shows that A is isomorphic to an algebra with the
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nonzero products given by (4.50). Hence A is isomorphic to A1,A2,A3(α),A4(α),A5(α),
A6(α) or A7(α,β). So let α3 + α5 = 0. Then we have the following products in A:

[e1, e1] = α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = −α3e4 + α6e5, [e2, e2] = β1e4 + β2e5, [e3, e3] = γ6e5.

Case 1.1.1.1.2.1: Let α3 = 0.

Case 1.1.1.1.2.1.1: Let α2 = 0. Then we have the following products in A:

[e1, e2] = α4e5, [e2, e1] = α6e5, [e2, e2] = β1e4 + β2e5, [e3, e3] = γ6e5.

• If α6 = 0 then α4 ≠ 0 since A is non-split. Then the base change x1 = γ6
α4
e1, x2 =

e2, x3 = e3, x4 = β1e4 + β2e5, x5 = γ6e5 shows that A is isomorphic to A8.

• If α6 ≠ 0 then the base change x1 = γ6
α6
e1, x2 = e2, x3 = e3, x4 = β1e4 + β2e5, x5 = γ6e5

shows that A is isomorphic to A9(α).

Case 1.1.1.1.2.1.2: Let α2 ≠ 0. Without loss of generality, we can assume α6 = 0,

because if α6 ≠ 0 then with the base change x1 = e1, x2 = α6e1−α2e2, x3 = e3, x4 = e4, x5 = e5
we can make α6 = 0. Then we have the following products in A:

[e1, e1] = α2e5, [e1, e2] = α4e5, [e2, e2] = β1e4 + β2e5, [e3, e3] = γ6e5.

Note that α4 ≠ 0 since A is non-split. Then the base change x1 = α4e1, x2 = α2e2, x3 =√
α2α2

4

γ6
e3, x4 = α2

2(β1e4 + β2e5), x5 = α2α2
4e5 shows that A is isomorphic to A10.

Case 1.1.1.1.2.2: Let α3 ≠ 0. Take θ1 = α4β1−β2α3

α3γ6
and θ2 = α6β1+β2α3

α3γ6
. The base change

y1 = β1
α3
e1, y2 = e2, y3 = e3, y4 = β1e4 + β2e5, y5 = γ6e5 shows that A is isomorphic to the

following algebra:

[y1, y1] =
α2β2

1

α2
3γ6

y5, [y1, y2] = y4 + θ1y5, [y2, y1] = −y4 + θ2y5, [y2, y2] = y4, [y3, y3] = y5.

• If α2 = 0 and θ2 = −θ1 then θ1, θ2 ≠ 0 since A is non-split. Then the base change

x1 = y1, x2 = y2, x3 =
√
θ1y3, x4 = y4, x5 = θ1y5 shows that A is isomorphic to A11.

• If α2 = 0 and θ2 ≠ −θ1 then the base change x1 = y1, x2 = −θ2
θ1+θ2y1 + y2, x3 =√

θ1 + θ2y3, x4 = y4 − θ2y5, x5 = (θ1 + θ2)y5 shows that A is isomorphic to A12.
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• If α2 ≠ 0 then the base change x1 = y1, x2 = y2, x3 =
√

α2β2
1

α2
3γ6
y3, x4 = y4, x5 = α2β

2
1

α2
3γ6
y5

shows that A is isomorphic to A13(α,β).

Case 1.1.1.2: Let γ2 ≠ 0.

Case 1.1.1.2.1: Let β1 = 0. Then we have the following products in A:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α5e4 + α6e5, [e2, e2] = β2e5,
[e2, e3] = γ2e5, [e3, e3] = γ6e5. (4.53)

Case 1.1.1.2.1.1: Let γ6 = 0. Note that if β2 ≠ 0 then with the base change x1 =
e1, x2 = γ2e2 − β2e3, x3 = e3, x4 = e4, x5 = e5 we can make β2 = 0. So we can assume β2 = 0.

Then we have the following products in A:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α5e4 + α6e5, [e2, e3] = γ2e5.

Case 1.1.1.2.1.1.1: Let α1 = 0. Then α3 + α5 ≠ 0 since dim(Leib(A)) = 2.

Case 1.1.1.2.1.1.1.1: Let α5 = 0. Without loss of generality we can assume α6 = 0

because if α6 ≠ 0 then with the base change x1 = γ2e1−α6e3, x2 = e2, x3 = e3, x4 = e4, x5 = e5
we can make α6 = 0. Then we have the following products in A:

[e1, e1] = α2e5, [e1, e2] = α3e4 + α4e5, [e2, e3] = γ2e5.

• If α2 = 0 then the base change x1 = e1, x2 = e2, x3 = e3, x4 = α3e4 + α4e5, x5 = γ2e5
shows that A is isomorphic to A14.

• If α2 ≠ 0 then the base change x1 = e1, x2 = e2, x3 = α2

γ2
e3, x4 = α3e4 + α4e5, x5 = α2e5

shows that A is isomorphic to A15.

Case 1.1.1.2.1.1.1.2: Let α5 ≠ 0. Take θ = α4α5 − α3α6.

• If α2 = 0 and θ = 0(resp. θ ≠ 0) then the base change x1 = e1, x2 = e2, x3 = e3, x4 =
α5e4 + α6e5, x5 = γ2e5(resp. x1 = α3γ2

θ e1 + e3, x2 = e2, x3 = e3, x4 = α3α5γ2
θ e4 + (α3α6γ2

θ +
γ2)e5, x5 = γ2e5) shows that A is isomorphic to A16(α).
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• If α2 ≠ 0 and θ = 0(resp. θ ≠ 0) then the base change x1 = e1, x2 = e2, x3 = α2

γ2
e3, x4 =

α5e4 + α6e5, x5 = α2e5(resp. x1 = α3γ2
θ e1 + e3, x2 = e2, x3 = α2

γ2
(α3γ2

θ )2e3, x4 = α3α5γ2
θ e4 +

(α3α6γ2
θ + γ2)e5, x5 = α2(α3γ2

θ )2e5) shows that A is isomorphic to A17(α).

Case 1.1.1.2.1.1.2: Let α1 ≠ 0.

Case 1.1.1.2.1.1.2.1: Let α5 = 0. Note that if α6 ≠ 0 then with the base change

x1 = γ2e1 − α6e3, x2 = e2, x3 = e3, x4 = e4, x5 = e5 we can make α6 = 0. So let α6 = 0. Then

we have the following products in A:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e4 + α4e5, [e2, e3] = γ2e5. (4.54)

• If α3 = 0 then α4 ≠ 0 since A is non-split. Then the base change x1 = γ2e1, x2 =
e2, x3 = α4e3, x4 = γ22(α1e4 + α2e5), x5 = α4γ2e5 shows that A is isomorphic to A18.

• If α3 ≠ 0 and α1α4 −α2α3 = 0 then the base change x1 = α3e1, x2 = α1e2, x3 = e3, x4 =
α2
3(α1e4 + α2e5), x5 = α1γ2e5 shows that A is isomorphic to A19.

• If α3 ≠ 0 and α1α4 − α2α3 ≠ 0 then the base change x1 = α3e1, x2 = α1e2, x3 =
α3(α1α4−α2α3)

α1γ2
e3, x4 = α2

3(α1e4+α2e5), x5 = α3(α1α4−α2α3)e5 shows that A is isomor-

phic to A20.

Case 1.1.1.2.1.1.2.2: Let α5 ≠ 0. Take θ1 = α5(α1α4−α2α3) and θ2 = α5(α1α6−α2α5).
Then the base change y1 = α5e1, y2 = α1e2, y3 = e3, y4 = α2

5(α1e4 +α2e5), y5 = e5 shows that

A is isomorphic to the following algebra:

[y1, y1] = y4, [y1, y2] =
α3

α5

y4 + θ1y5, [y2, y1] = y4 + θ2y5, [y2, y3] = α1γ2y5.

Note that if θ2 ≠ 0 then with the base change x1 = α1γ2y1 − θ2y3, x2 = y2, x3 = y3, x4 =
y4, x5 = y5 we can make θ2 = 0. So we can assume θ2 = 0. Then we have the following

products in A:

[y1, y1] = y4, [y1, y2] =
α3

α5

y4 + θ1y5, [y2, y1] = y4, [y2, y3] = α1γ2y5.

• If α3 = 0 then the base change x1 = y1, x2 = y1 − y2 − θ1
α1γ2

y3, x3 = y3, x4 = y4, x5 = y5
shows that A is isomorphic to an algebra with the nonzero products given by (4.54).

Hence A is isomorphic to A18,A19 or A20.
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• If α3 ≠ 0, α3 = α5 and θ1 = 0 then the base change x1 = −iy1 + iy2, x2 = −iy3, x3 =
−y1, x4 = α1γ2y5, x5 = y4 shows that A is isomorphic to A1.

• If α3 ≠ 0, α3 = α5 and θ1 ≠ 0 then the base change x1 = α1γ2y1, x2 = α1γ2y2, x3 =
θ1y3, x4 = (α1γ2)2y4, x5 = θ1(α1γ2)2y5 shows that A is isomorphic to A21.

• If α3 ≠ 0, α3 ≠ α5 and θ1 = 0 then the base change x1 = y1, x2 = y2, x3 = y3, x4 =
y4, x5 = α1γ2y5 shows that A is isomorphic to A22(α).

• If α3 ≠ 0, α3 ≠ α5 and θ1 ≠ 0 then the base change x1 = α1γ2y1, x2 = α1γ2y2, x3 =
θ1y3, x4 = (α1γ2)2y4, x5 = θ1(α1γ2)2y5 shows that A is isomorphic to A23(α).

Case 1.1.1.2.1.2: Let γ6 ≠ 0.

Case 1.1.1.2.1.2.1: Let α1 = 0. Then α3 + α5 ≠ 0 since dim(Leib(A)) = 2.

Case 1.1.1.2.1.2.1.1: Let α5 = 0. Then α3 ≠ 0. Then we have the following products

in A:

[e1, e1] = α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α6e5, [e2, e2] = β2e5, [e2, e3] = γ2e5, [e3, e3] = γ6e5.

• If α2 = 0 and α6 = 0 then the base change x1 = e1, x2 = γ6e2, x3 = γ2e3, x4 = γ6(α3e4 +
α4e5), x5 = γ22γ6e5 shows that A is isomorphic to A24(α).

• If α2 = 0 and α6 ≠ 0 then the base change x1 = γ22
α6
e1, x2 = γ6e2, x3 = γ2e3, x4 =

γ22γ6
α6

(α3e4 + α4e5), x5 = γ22γ6e5 shows that A is isomorphic to A25(α).

• If α2 ≠ 0 then the base change x1 =
√

γ22γ6
α2
e1, x2 = γ6e2, x3 = γ2e3, x4 = γ6

√
γ22γ6
α2

(α3e4+
α4e5), x5 = γ22γ6e5 shows that A is isomorphic to A26(α,β).

Case 1.1.1.2.1.2.1.2: Let α5 ≠ 0. Take θ = α4α5 − α3α6.

• If α2 = 0, θ = 0, α3 = 0 and β2 = 0 then the base change x1 = γ2e3, x2 = −γ6e2 +
γ2e3, x3 = −e1, x4 = γ22γ6e5, x5 = γ6(α5e4 + α6e5) shows that A is isomorphic to A19.

• If α2 = 0, θ = 0, α3 = 0 and β2 ≠ 0 then the base change x1 = xγ2+γ6
γ6

e3, x2 = xe2+e3, x3 =
e1, x4 = (xγ2+γ6)2

γ6
e5, x5 = x(α5e4 + α6e5) (where β2x2 + γ2x + γ6 = 0) shows that A is

isomorphic to A22(α).

• If α2 = 0, θ = 0 and α3 ≠ 0 then the base change x1 = e1, x2 = γ6e2, x3 = γ2e3, x4 =
γ6(α5e4 + α6e5), x5 = γ22γ6e5 shows that A is isomorphic to A27(α,β).
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• If α2 = 0 and θ ≠ 0 then the base change x1 = α5γ
2
2

θ e1, x2 = γ6e2, x3 = γ2e3, x4 =
α5γ

2
2γ6
θ (α5e4 + α6e5), x5 = γ22γ6e5 shows that A is isomorphic to A28(α,β).

• If α2 ≠ 0 then the base change x1 =
√

γ22γ6
α2
e1, x2 = γ6e2, x3 = γ2e3, x4 = γ6

√
γ22γ6
α2

(α5e4+
α6e5), x5 = γ22γ6e5 shows that A is isomorphic to A29(α,β, γ).

Case 1.1.1.2.1.2.2: Let α1 ≠ 0.

Case 1.1.1.2.1.2.2.1: Let α5 = 0.

• If α3 = 0, α6 = 0 and β2 = 0 then α4 ≠ 0 since A is non-split. Then the base change

x1 = −γ
2
2

α4
e1 − γ6e2, x2 = e2, x3 = γ6e2 − γ2e3, x4 = α1γ

4
2

α2
4
e4 + (α2γ

4
2

α2
4
+ γ22γ6)e5, x5 = −γ22e5

shows that A is isomorphic to A18.

• If α3 = 0, α6 = 0 and β2 ≠ 0 then α4 ≠ 0 since A is non-split. Then the base change

x1 = γ22
α4
e1, x2 = γ6e2, x3 = γ2e3, x4 = ( γ

2
2

α4
)2(α1e4 + α2e5), x5 = γ22γ6e5 shows that A is

isomorphic to A30(α).

• If α3 = 0, α6 ≠ 0 and (α4, β2) = (0,0) then the base change x1 = e1, x2 = α6γ6
γ22
e2, x3 =

α6

γ2
e3, x4 = α1e4 + α2e5, x5 = α2

6γ6
γ22
e5 shows that A is isomorphic to A31.

• If α3 = 0 and α6 ≠ 0 then w.s.c.o.b. A is isomorphic to A30(α).

• If α3 ≠ 0 then the base change x1 = α3γ6
α1
e1, x2 = γ6e2, x3 = γ2e3, x4 = (α3γ6

α1
)2(α1e4 +

α2e5), x5 = γ22γ6e5 shows that A is isomorphic to A32(α,β, γ).

Case 1.1.1.2.1.2.2.2: Let α5 ≠ 0. Take θ1 = α5γ6(α1α6−α2α5)
α2
1γ

2
2

and θ2 = α5γ6(α1α4−α2α3)
α2
1γ

2
2

.

The base change y1 = α5

α1
e1, y2 = e2, y3 = γ2

γ6
e3, x4 = (α5

α1
)2(α1e4 +α2e5), x5 = γ22

γ6
e5 shows that

A is isomorphic to the following algebra:

[y1, y1] = y4, [y1, y2] =
α3

α5

y4 + θ1y5, [y2, y1] = y4 + θ2y5, [y2, y2] =
β2γ6
γ22

y5, [y2, y3] = y5, [y3, y3] = y5.

• If α3 = 0 then the base change x1 = y1, x2 = y1 − y2, x3 = y3, x4 = y4, x5 = y5 shows

that A is isomorphic to A32(α,β, γ).

• If α3 ≠ 0, α3 = α5, θ1 = 0, θ2 = 0 and β2γ6
γ22

= 0 then the base change x1 = −iy1+ iy2, x2 =
−iy1 + iy2 − iy3, x3 = −y1, x4 = y4 + y5, x5 = y4 shows that A is isomorphic to A3(1).
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• If α3 ≠ 0, α3 = α5, θ1 = 0, θ2 = 0 and β2γ6
γ22

= 1
4 then w.s.c.o.b. A is isomorphic to

A13(α,β)((α + β)2 = 2(α − β)).

• If α3 ≠ 0, α3 = α5, θ1 = 0, θ2 = 0 and β2γ6
γ22

∈ C/{0, 14} then w.s.c.o.b. A is isomorphic

to A7(α,
√

(α − 1)2).

• If α3 ≠ 0, α3 = α5 and (θ1, θ2) ≠ (0,0) then the base change x1 = y1, x2 = y2, x3 =
y3, x4 = y4, x5 = y5 shows that A is isomorphic to A33(α,β, γ).

• If α3 ≠ 0, α3 ≠ α5 and θ1 = 0 = θ2 = β2 then w.s.c.o.b.A is isomorphic toA32(0,0, γ)(γ ∈
C/{0}).

• If α3 ≠ 0, α3 ≠ α5 and (θ1, θ2, β2γ6γ22
) ≠ (0,0,0) then the base change x1 = y1, x2 =

y2, x3 = y3, x4 = y4, x5 = y5 shows that A is isomorphic to A34(α,β, γ, θ).

Case 1.1.1.2.2: Let β1 ≠ 0. If (α1, α3 + α5) ≠ (0,0) then the base change x1 =
e1, x2 = e1 + xe2, x3 = e3, x4 = e4, x5 = e5(where β1x2 + (α3 + α5)x + α1 = 0) shows that

A is isomorphic to an algebra with the nonzero products given by (4.53). Hence A is

isomorphic to A1,A3(α),A7(α,β),A13(α,β),A14,A15,A16(α),A17(α),A18,A19,A20,A21,

A22(α),A23(α),A24(α),A25(α),A26(α,β),A27(α,β),A28(α,β),A29(α,β, γ),A30(α),A31,

A32(α,β, γ),A33(α,β, γ) or A34(α,β, γ, θ). So let α1 = 0 = α3 +α5. Then we have the fol-

lowing products in A:

[e1, e1] = α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = −α3e4 + α6e5, [e2, e2] = β1e4 + β2e5,
[e2, e3] = γ2e5, [e3, e3] = γ6e5.

Case 1.1.1.2.2.1: Let γ6 = 0. Then γ2 ≠ 0 since dim(Z(A)) = 2. Take θ1 = α4β1−α3β2
β1γ2

and θ2 = α6β1+α3β2
β1γ2

. Then the base change y1 = e1, y2 = e2, y3 = e3, y4 = β1e4 + β2e5, y5 = γ2e5
shows that A is isomorphic to the following algebra:

[y1, y1] =
α2

γ2
y5, [y1, y2] =

α3

β1
y4 + θ1y5, [y2, y1] = −

α3

β1
y4 + θ2y5, [y2, y2] = y4, [y2, y3] = y5.

Note that if θ2 ≠ 0 then with the base change x1 = γ2y1 − θ2y3, x2 = y2, x3 = y3, x4 = y4, x5 =
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y5 we can make θ2 = 0. So let θ2 = 0. Then we have the following products in A:

[y1, y1] =
α2

γ2
y5, [y1, y2] =

α3

β1
y4 + θ1y5, [y2, y1] = −

α3

β1
y4, [y2, y2] = y4, [y2, y3] = y5.

• If α3 = 0 and α2 ≠ 0 then w.s.c.o.b. A is isomorphic to A9(0).

• If α3 = 0 and α2 = 0 then θ1 ≠ 0 since A is non-split. Then the base change

x1 = y1, x2 = y2, x3 = θ1y3, x4 = y4, x5 = θ1y5 shows that A is isomorphic to A35.

• If α3 ≠ 0 and α2 = 0 then the base change x1 = 1
(α3
β1

)2/3y1 −
θ1

(α3
β1

)2/3y3, x2 = −y1 +
(α3

β1
)1/3y2 + θ1y3, x3 = 1

(α3
β1

)1/3y3, x4 = (α3

β1
)2/3y4 + θ1

(α3
β1

)1/3y5, x5 = y5 shows that A is

isomorphic to A36.

• If α3 ≠ 0 and α2 ≠ 0 then the base change x1 = y1 + θ1y3, x2 = −α3γ2θ1
α2β1

y1 + α3

β1
y2, x3 =

α2β1
α3γ2

y3, x4 = (α3

β1
)2y4, x5 = α2

γ2
y5 shows that A is isomorphic to A37.

Case 1.1.1.2.2.2: Let γ6 ≠ 0. Take θ1 = α4β1−α3β2
β1γ6

and θ2 = α6β1+α3β2
β1γ6

. Then the base

change y1 = e1, y2 = e2, y3 = e3, y4 = β1e4+β2e5, y5 = γ6e5 shows that A is isomorphic to the

following algebra:

[y1, y1] =
α2

γ6
y5, [y1, y2] =

α3

β1
y4 + θ1y5, [y2, y1] = −

α3

β1
y4 + θ2y5, [y2, y2] = y4, [y2, y3] =

γ2
γ6
y5, [y3, y3] = y5.

Without loss of generality we can assume θ1 = 0 because if θ1 ≠ 0 then with the base

change x1 = y1, x2 = xy1 + y2, x3 = y3, x4 = y4 + (α2

γ6
x2 + (θ1 + θ2)x)y5, x5 = y5(where α2α3

β1γ6
x2 +

(α3(θ1+θ2)
β1

− α2

γ6
)x − θ1 = 0) we can make θ1 = 0. Then the products in A are the following:

[y1, y1] =
α2

γ6
y5, [y1, y2] =

α3

β1
y4, [y2, y1] = −

α3

β1
y4 + θ2y5, [y2, y2] = y4, [y2, y3] =

γ2
γ6
y5, [y3, y3] = y5.

• If α3

β1
= 0 and α2

γ6
= 0 then θ2 ≠ 0 since A is non-split. Then w.s.c.o.b. A is isomorphic

to A9(0).

• If α3

β1
= 0, α2

γ6
≠ 0 and ( γ6θ2α2γ2

)2 + 1 = 0 then the base change x1 =
√

γ22
α2γ6

y1, x2 = y2, x3 =
γ2
γ6
y3, x4 = y4, x5 = (γ2γ6 )

2y5 shows that A is isomorphic to A38.

• If α3

β1
= 0, α2

γ6
≠ 0 and ( γ6θ2α2γ2

)2 + 1 ≠ 0 then w.s.c.o.b. A is isomorphic to A10.
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• If α3

β1
≠ 0 then the base change x1 = β1

α3
y1, x2 = y2, x3 = γ2

γ6
y3, x4 = y4, x5 = (γ2γ6 )

2y5

shows that A is isomorphic to A39(α,β).

Case 1.1.2: Let γ4 ≠ 0. If γ6 ≠ 0 then the base change x1 = e1, x2 = γ6e2 − γ4e3, x3 =
e3, x4 = e4, x5 = e5 shows that A is isomorphic to an algebra with the nonzero products

given by (4.48). Hence A is isomorphic to A1,A2, . . . ,A38 or A39(α,β).

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α5e4 + α6e5, [e2, e2] = β1e4 + β2e5,
[e1, e3] = β4e5, [e2, e3] = γ2e5, [e3, e2] = γ4e5.

Case 1.1.2.1: Let β1 = 0. Then the products in A are the following:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α5e4 + α6e5, [e2, e2] = β2e5,
[e1, e3] = β4e5, [e2, e3] = γ2e5, [e3, e2] = γ4e5. (4.55)

Case 1.1.2.1.1: Let α1 = 0. Then α3 + α5 ≠ since dim(Leib(A)) = 2. Note that if

α4 ≠ 0 then with the base change x1 = γ4e1 − α4e3, x2 = e2, x3 = e3, x4 = e4, x5 = e5 we can

make α4 = 0. So we can assume α4 = 0. Then we have the following products in A:

[e1, e1] = α2e5, [e2, e1] = α5e4 + α6e5, [e2, e2] = β2e5, [e1, e3] = β4e5, [e2, e3] = γ2e5, [e3, e2] = γ4e5.

Case 1.1.2.1.1.1: Let α3 = 0. Then α5 ≠ 0.

Case 1.1.2.1.1.1.1: Let β4 = 0.

Case 1.1.2.1.1.1.1.1: Let β2 = 0. Note that if α2 = 0 then γ2+γ4 ≠ 0 since dim(Leib(A)) =
2. Then we have the following products in A:

[e1, e1] = α2e5, [e2, e1] = α5e4 + α6e5, [e2, e3] = γ2e5, [e3, e2] = γ4e5. (4.56)

• If α2 = 0 and γ2 = 0 then the base change x1 = e3, x2 = α5

γ4
e2, x3 = γ4

α2
5
e1, x4 = α5e5, x5 =

e4 + α6

α5
e5 shows that A is isomorphic to A14.

• If α2 = 0 and γ2 ≠ 0 then the base change x1 = e3, x2 = γ4
γ2
e2, x3 = γ2

γ4
e1, x4 = γ4e5, x5 =

α5e4 + α6e5 shows that A is isomorphic to A16(α).
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• If α2 ≠ 0 then the base change x1 = e1, x2 = e2, x3 = α2

γ4
e3, x4 = α5e4 + α6e5, x5 = α2e5

shows that A is isomorphic to A40(α).

Case 1.1.2.1.1.1.1.2: Let β2 ≠ 0. If γ2 + γ4 ≠ 0 then the base change x1 = e1, x2 =
−γ2+γ4β2

e2 + e3, x3 = e3, x4 = e4, x5 = e5 shows that A is isomorphic to an algebra with the

nonzero products given by (4.56). Hence A is isomorphic to A14,A16(α) or A40(α). So

let γ2 + γ4 = 0. Then we have the following products in A:

[e1, e1] = α2e5, [e2, e1] = α5e4 + α6e5, [e2, e2] = β2e5, [e2, e3] = γ2e5 = −[e3, e2].

• If α2 = 0 then the base change x1 = −β2γ2 e3, x2 = e2, x3 = e1, x4 = β2e5, x5 = α5e4 +α6e5

shows that A is isomorphic to A36.

• If α2 ≠ 0 then the base change x1 =
√

β2
α2
e1, x2 = e2, x3 = β2

γ2
e3, x4 =

√
β2
α2

(α5e4 +
α6e5), x5 = β2e5 shows that A is isomorphic to A41.

Case 1.1.2.1.1.1.2: Let β4 ≠ 0.

• If α2 = 0 and β2 = 0 then the base change x1 = γ4e1, x2 = β4e2, x3 = e3, x4 =
β4γ4(α5e4 + α6e5), x5 = β4γ4e5 shows that A is isomorphic to A42(α).

• If α2 = 0 and β2 ≠ 0 then the base change x1 = γ4e1, x2 = β4e2, x3 = β2β4
γ4
e3, x4 =

β4γ4(α5e4 + α6e5), x5 = β2β2
4e5 shows that A is isomorphic to A43(α).

• If α2 ≠ 0 and
β2β

2
4

α2γ24
+ γ2
γ4
= −1 then w.s.c.o.b. A is isomorphic to A42(α).

• If α2 ≠ 0 and
β2β

2
4

α2γ24
+ γ2
γ4
≠ −1 then w.s.c.o.b. A is isomorphic to A43(α).

Case 1.1.2.1.1.2: Let α3 ≠ 0.

Case 1.1.2.1.1.2.1: Let β2 = 0. Then the products in A are the following:

[e1, e1] = α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α5e4 + α6e5,

[e1, e3] = β4e5, [e2, e3] = γ2e5, [e3, e2] = γ4e5. (4.57)

Case 1.1.2.1.1.2.1.1: Let β4 = 0. Take θ1 = α3α6−α4α5

α3
and θ2 = α5γ4−α3γ2

α3
. The base

change y1 = e1, y2 = e2, y3 = e3, y4 = α3e4 + α4e5, y5 = e5 shows that A is isomorphic to the
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following algebra:

[y1, y1] = α2y5, [y1, y2] = y4, [y2, y1] =
α5

α3

y4 + θ1y5, [y2, y3] = γ2y5, [y3, y2] = γ4y5.

Note that if θ2 ≠ 0 then we can assume θ1 = 0, because if θ1 ≠ 0 then with the base change

x1 = θ2y1 + θ1y3, x2 = y2, x3 = y3, x4 = θ2y4 + γ4θ1y5, x5 = y5 we can make θ1 = 0. Then we

have the following products in A:

[y1, y1] = α2y5, [y1, y2] = y4, [y2, y1] =
α5

α3

y4, [y2, y3] = γ2y5, [y3, y2] = γ4y5.

• If α2 = 0 then the base change x1 = y1, x2 = y2, x3 = y3, x4 = y4, x5 = γ4y5 shows that

A is isomorphic to A44(α,β)(α ≠ β).

• If α2 ≠ 0 then the base change x1 = y1, x2 = y2, x3 = α2

γ4
y3, x4 = y4, x5 = α2y5 shows

that A is isomorphic to A45(α,β)(α ≠ β).

Now suppose θ2 = 0.

• If θ1 = 0 and α2 = 0 then w.s.c.o.b. A is isomorphic to A44(α,α).

• If θ1 = 0 and α2 ≠ 0 then w.s.c.o.b. A is isomorphic to A45(α,α).

• If θ1 ≠ 0 and α2 = 0 then x1 = y1, x2 = y2, x3 = θ1
γ4
y3, x4 = y4, x5 = θ1y5 shows that A is

isomorphic to A46(α).

• If θ1 ≠ 0 and α2 ≠ 0 then x1 = y1, x2 = α2

θ1
y2, x3 = θ1

γ4
y3, x4 = α2

θ1
y4, x5 = α2y5 shows that

A is isomorphic to A47(α).

Case 1.1.2.1.1.2.1.2: Let β4 ≠ 0. Note that if α2 ≠ 0 then with the base change

x1 = β4e1 − α2e3, x2 = e2, x3 = e3, x4 = e4, x5 = e5 we can make α2 = 0. So we can assume

α2 = 0. Then we have the following products in A:

[e1, e2] = α3e4 + α4e5, [e2, e1] = α5e4 + α6e5, [e1, e3] = β4e5, [e2, e3] = γ2e5, [e3, e2] = γ4e5.

• If α3α6 − α4α5 = 0 then the base change x1 = e1, x2 = β4
γ4
e2, x3 = e3, x4 = β4

γ4
(α3e4 +

α4e5), x5 = β4e5 shows that A is isomorphic to A48(α,β).

• If α3α6 − α4α5 ≠ 0 and γ4 = −γ2 then w.s.c.o.b. A is isomorphic to A48(α,−1).
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• If α3α6 − α4α5 ≠ 0 and γ4 ≠ −γ2 then the base change x1 = e1, x2 = β4
γ4
e2, x3 =

α3α6−α4α5

α5γ4
e3, x4 = β4

γ4
(α3e4 + α4e5), x5 = (α3α6−α4α5)β4

α5γ4
e5 shows that A is isomorphic to

A49(α,β).

Case 1.1.2.1.1.2.2: Let β2 ≠ 0. If γ2 + γ4 ≠ 0 then the base change x1 = e1, x2 =
−γ2+γ4β2

e2 + e3, x3 = e3, x4 = e4, x5 = e5 shows that A is isomorphic to an algebra with the

nonzero products given by (4.57). Hence A is isomorphic to A44(α,β),A45(α,β),A46(α),
A47(α),A48(α,β) or A49(α,β). So let γ2 + γ4 = 0. Then we have the following products

in A:

[e1, e1] = α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α5e4 + α6e5, [e2, e2] = β2e5, [e1, e3] = β4e5,
[e2, e3] = γ2e5 = −[e3, e2].

Case 1.1.2.1.1.2.2.1: Let β4 = 0. Take θ = α3α6−α4α5

α3
. The base change y1 = e1, y2 =

e2, y3 = e3, y4 = α3e4 + α4e5, y5 = e5 shows that A is isomorphic to the following algebra:

[y1, y1] = α2y5, [y1, y2] = y4, [y2, y1] =
α5

α3

y4 + θy5, [y2, y2] = β2y5, [y2, y3] = γ2y5 = −[y3, y2].

Note that if θ ≠ 0 then with the base change x1 = y1 − α3θ
(α3+α5)γ2y3, x2 = y2, x3 = y3, x4 =

y4, x5 = y5 we can make θ = 0. So let θ = 0. Then we have the following products in A:

[y1, y1] = α2y5, [y1, y2] = y4, [y2, y1] =
α5

α3

y4, [y2, y2] = β2y5, [y2, y3] = γ2y5 = −[y3, y2].

• If α2 = 0 then the base change x1 = y1, x2 = y2, x3 = β2
γ2
y3, x4 = y4, x5 = β2y5 shows

that A is isomorphic to A50(α).

• If α2 ≠ 0 then the base change x1 =
√

β2
α2
y1, x2 = y2, x3 = β2

γ2
y3, x4 =

√
β2
α2
y4, x5 = β2y5

shows that A is isomorphic to A51(α).

Case 1.1.2.1.1.2.2.2: Let β4 ≠ 0. Without loss of generality we can assume α2 = 0,

because if α2 ≠ 0 then with the base change x1 = β4e1−α2e3, x2 = e2, x3 = e3, x4 = e4, x5 = e5
we can make α2 = 0. Then we have the following products in A:

[e1, e2] = α3e4 + α4e5, [e2, e1] = α5e4 + α6e5, [e2, e2] = β2e5, [e1, e3] = β4e5, [e2, e3] = γ2e5 = −[e3, e2].
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Take θ = (α4α5−α3α6)β4γ2
α5β2

. The base change y1 = γ2
β4
e1, y2 = e2, y3 = β2

γ2
e3, y4 = γ2

β4
(α3e4 +

α3α6

α5
e5), y5 = β2e5 shows that A is isomorphic to the following algebra:

[y1, y2] = y4 + θy5, [y2, y1] =
α5

α3

y4, [y2, y2] = y5, [y1, y3] = y5, [y2, y3] = y5 = −[y3, y2].

Note that if θ ≠ 0 then with the base change x1 = y1, x2 = y2 − θy3, x3 = y3, x4 = y4, x5 = y5
we can make θ = 0. So we can assume θ = 0. Then the base change x1 = y1, x2 = y2, x3 =
y3, x4 = y4, x5 = y5 shows that A is isomorphic to A52(α).

Case 1.1.2.1.2: Let α1 ≠ 0.

Case 1.1.2.1.2.1: Let β2 = 0.

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α5e4 + α6e5,

[e1, e3] = β4e5, [e2, e3] = γ2e5, [e3, e2] = γ4e5. (4.58)

Case 1.1.2.1.2.1.1: Let α3 = 0. If α4 ≠ 0 then with the base change x1 = γ4e1 −
α4e3, x2 = e2, x3 = e3, x4 = e4, x5 = e5 we can make α4 = 0. So we can assume α4 = 0. Then

we have the following products in A:

[e1, e1] = α1e4 + α2e5, [e2, e1] = α5e4 + α6e5, [e1, e3] = β4e5, [e2, e3] = γ2e5, [e3, e2] = γ4e5.

Take θ = α1α6−α2α5

α1γ4
. The base change y1 = e1, y2 = e2, y3 = e3, y4 = α1e4 + α2e5, y5 = γ4e5

shows that A is isomorphic to the following algebra:

[y1, y1] = y4, [y2, y1] =
α5

α1

y4 + θy5, [y1, y3] =
β4
γ4
y5, [y2, y3] =

γ2
γ4
y5, [y3, y2] = y5.

Notice that if α5 = 0 and θ = 0 then β4 ≠ 0 since A is non-split.

• If α5 = 0, θ = 0 and γ2
γ4
= 0 then w.s.c.o.b. A is isomorphic to A18.

• If α5 = 0, θ = 0 and γ2
γ4
= 1 then w.s.c.o.b. A is isomorphic to A38.

• If α5 = 0, θ = 0 and γ2
γ4
∈ C/{0,1} then the base change x1 = y1, x2 = β4

γ4
y2, x3 = y3, x4 =

y4, x5 = β4
γ4
y5 shows that A is isomorphic to A53(α).

• If α5 = 0, θ ≠ 0, β4 = 0 and γ2
γ4

= 0 then the base change x1 = −y1 + 1
θy2, x2 = θy3, x3 =

1
θy2 + θy3, x4 = y4 − y5, x5 = y5 shows that A is isomorphic to A31.
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• If α5 = 0, θ ≠ 0, β4 = 0 and γ2
γ4
= 1 then w.s.c.o.b. A is isomorphic to A38.

• If α5 = 0, θ ≠ 0, β4 = 0 and γ2
γ4
∈ C/{0,1} then w.s.c.o.b. A is isomorphic to A53(α).

• If α5 = 0, θ ≠ 0, β4 ≠ 0 and γ2
γ4

= 0 then the base change x1 = y1, x2 = β4
γ4
y2, x3 =

θy3, x4 = y4, x5 = β4θ
γ4
y5 shows that A is isomorphic to A54.

• If α5 = 0, θ ≠ 0, β4 ≠ 0 and γ2
γ4
= 1 then w.s.c.o.b. A is isomorphic to A10.

• If α5 = 0, θ ≠ 0, β4 ≠ 0 and γ2
γ4
∈ C/{0,1} then w.s.c.o.b. A is isomorphic to A30(α).

• If α5 ≠ 0, θ = 0, β4 = 0 and γ2
γ4
= 0 then w.s.c.o.b. A is isomorphic to A24(0).

• If α5 ≠ 0, θ = 0, β4 = 0 and γ2
γ4
∈ C/{−1,0} then w.s.c.o.b. A is isomorphic to A27(α,0).

Note that γ2
γ4
≠ −1 since dim(Leib(A)) = 2.

• If α5 ≠ 0, θ = 0 and β4 ≠ 0 then the base change x1 = y1, x2 = α1

α5
y2, x3 = y3, x4 =

y4, x5 = α1

α5
y5 shows that A is isomorphic to A55(α,β).

• If α5 ≠ 0, θ ≠ 0, γ2γ4 = −1 and β4 = 0 then the base change x1 = y1, x2 = α1

α5
y2, x3 =

−θy3, x4 = y4, x5 == α1θ
α5
y5 shows that A is isomorphic to A56.

• If α5 ≠ 0, θ ≠ 0, γ2γ4 = −1 and β4 ≠ 0 then w.s.c.o.b. A is isomorphic to A55(α,−1).

• If α5 ≠ 0, θ ≠ 0 and γ2
γ4
≠ −1 then w.s.c.o.b. A is isomorphic to A57(α,β).

Case 1.1.2.1.2.1.2: Let α3 ≠ 0. Take θ1 = α1α4−α2α3

α1γ4
and θ2 = α1α6−α2α5

α1γ4
. The base

change y1 = e1, y2 = α1

α3
e2, y3 = e3, y4 = α1e4 + α2e5, y5 = α1γ4

α3
e5 shows that A is isomorphic

to the following algebra:

[y1, y1] = y4, [y1, y2] = y4 + θ1y5, [y2, y1] =
α5

α3

y4 + θ2y5, [y1, y3] =
α3β4
α1γ4

y5, [y2, y3] =
γ2
γ4
y5, [y3, y2] = y5.

Note that if θ1 = 0, θ2 = 0 and α3β4
α1γ4

= 0 then γ2
γ4
≠ −1 since dim(Leib(A)) = 2.

• If θ2 = 0, θ1 = 0, α3β4
α1γ4

= 0 and α5

α3
= 1 then w.s.c.o.b. A is isomorphic to A5(α).

• If θ2 = 0, θ1 = 0, α3β4
α1γ4

= 0, α5

α3
≠ 1 and γ2

γ4
= 0 then w.s.c.o.b. A is isomorphic to A24(α).

• If θ2 = 0, θ1 = 0, α3β4
α1γ4

= 0, α5

α3
≠ 1 and γ2

γ4
∈ C/{−1,0} then w.s.c.o.b. A is isomorphic

to A27(α,β).
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• If θ2 = 0, θ1 = 0, α3β4
α1γ4

≠ 0 and α5

α3
= 0 then w.s.c.o.b. A is isomorphic to A55(α,β).

• If θ2 = 0, θ1 = 0, α3β4
α1γ4

≠ 0 and α5

α3
≠ 0 then the base change x1 = y1, x2 = y2, x3 = y3, x4 =

y4, x5 = y5 shows that A is isomorphic to A58(α,β, γ).

• If θ2 = 0, θ1 ≠ 0, α3β4
α1γ4

= 1 + γ2
γ4
, α5

α3
(1 + γ2

γ4
) = γ2

γ4
and γ2

γ4
= 0 then the base change

x1 = 1
θ1
y1, x2 = 1

θ1
y2, x3 = y3, x4 = ( 1

θ1
)2y4, x5 = y5 shows that A is isomorphic to A59.

• If θ2 = 0, θ1 ≠ 0, α3β4
α1γ4

= 1 + γ2
γ4
, α5

α3
(1 + γ2

γ4
) = γ2

γ4
and γ2

γ4
∈ C/{−1,0} then w.s.c.o.b. A is

isomorphic to A58(α−1α , α,α − 1)(α ∈ C/{0,1}).

• If θ2 = 0, θ1 ≠ 0, α3β4
α1γ4

= 1+ γ2
γ4

and α5

α3
(1+ γ2

γ4
) ≠ γ2

γ4
then the base change x1 = 1

θ1
y1, x2 =

1
θ1
y2, x3 = y3, x4 = ( 1

θ1
)2y4, x5 = y5 shows that A is isomorphic to A60(α,β).

• If θ2 = 0, θ1 ≠ 0, α3β4
α1γ4

≠ 1 + γ2
γ4
, α5

α3
= 0, γ2γ4 = 0 and α3β4

α1γ4
= 0 then w.s.c.o.b. A is

isomorphic to A24(0).

• If θ2 = 0, θ1 ≠ 0, α3β4
α1γ4

≠ 1 + γ2
γ4
, α5

α3
= 0, γ2γ4 = 0 and α3β4

α1γ4
∈ C/{0,1} then w.s.c.o.b. A is

isomorphic to A55(α,α)(α ∈ C/{−1,0}).

• If θ2 = 0, θ1 ≠ 0, α3β4
α1γ4

≠ 1 + γ2
γ4
, α5

α3
= 0 and γ2

γ4
= −1 then w.s.c.o.b. A is isomorphic to

A55(α,α − 1).

• If θ2 = 0, θ1 ≠ 0, α3β4
α1γ4

≠ 1+ γ2γ4 ,
α5

α3
= 0 and γ2

γ4
∈ C/{−1,0} then w.s.c.o.b. A is isomorphic

to A57(α,β).

• If θ2 = 0, θ1 ≠ 0, α3β4
α1γ4

≠ 1 + γ2
γ4
, α5

α3
= 1, α3β4

α1γ4
= γ2

γ4
and γ2

γ4
= 0 then w.s.c.o.b. A is

isomorphic to A5(0).

• If θ2 = 0, θ1 ≠ 0, α3β4
α1γ4

≠ 1 + γ2
γ4
, α5

α3
= 1, α3β4

α1γ4
= γ2

γ4
and γ2

γ4
≠ 0 then w.s.c.o.b. A is

isomorphic to A58(−1, α,α).

• If θ2 = 0, θ1 ≠ 0, α3β4
α1γ4

≠ 1+ γ2
γ4
, α5

α3
= 1 and α3β4

α1γ4
≠ γ2
γ4

then the base change x1 = 1
θ1
y1, x2 =

1
θ1
y2, x3 = y3, x4 = ( 1

θ1
)2y4, x5 = y5 shows that A is isomorphic to A61(α,β).

• If θ2 = 0, θ1 ≠ 0, α3β4
α1γ4

≠ 1 + γ2
γ4
, α5

α3
∈ C/{0,1}, γ2γ4 = 0 and α3β4

α1γ4
= 0 then w.s.c.o.b. A is

isomorphic to A24(α)(α ∈ C/{0}).
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• If θ2 = 0, θ1 ≠ 0, α3β4
α1γ4

≠ 1 + γ2
γ4
, α5

α3
∈ C/{0,1}, γ2γ4 = 0 and α3β4

α1γ4
∈ C/{0,1} then the base

change x1 = 1
θ1
y1, x2 = 1

θ1
y2, x3 = y3, x4 = ( 1

θ1
)2y4, x5 = y5 shows that A is isomorphic

to A62(α,β).

• If θ2 = 0, θ1 ≠ 0, α3β4
α1γ4

≠ 1 + γ2
γ4
, α5

α3
∈ C/{0,1}, γ2γ4 ≠ 0 and α5β4

α1γ4
= γ2
γ4

then w.s.c.o.b. A is

isomorphic to A58(α,β,αβ)(α ∈ C/{0,1}, β ∈ C{0}).

• If θ2 = 0, θ1 ≠ 0, α3β4
α1γ4

≠ 1 + γ2
γ4
, α5

α3
∈ C/{0,1}, γ2γ4 ≠ 0, α5β4

α1γ4
≠ γ2

γ4
and (α5

α3
+ 1)α3β4

α1γ4
= γ2

γ4

then w.s.c.o.b. A is isomorphic to A62(α,β).

• If θ2 = 0, θ1 ≠ 0, α3β4
α1γ4

≠ 1 + γ2
γ4
, α5

α3
∈ C/{0,1}, γ2γ4 ≠ 0, α5β4

α1γ4
≠ γ2

γ4
and (α5

α3
+ 1)α3β4

α1γ4
≠ γ2

γ4

then the base change x1 = 1
θ1
y1, x2 = 1

θ1
y2, x3 = y3, x4 = ( 1

θ1
)2y4, x5 = y5 shows that A

is isomorphic to A63(α,β, γ).

• If θ2 ≠ 0, α5

α3
= 0, α3β4

α1γ4
= 1+ γ2

γ4
and θ1 = −1 then w.s.c.o.b. A is isomorphic to A55(α,β).

• If θ2 ≠ 0, α5

α3
= 0, α3β4

α1γ4
= 1+ γ2

γ4
and θ1 ≠ −1 then w.s.c.o.b. A is isomorphic to A60(0, α).

• If θ2 ≠ 0, α5

α3
= 0, α3β4

α1γ4
≠ 1 + γ2

γ4
, θ1

γ2
γ4

= 1 − α3β4
α1γ4

and α3β4
α1γ4

= 0 then the base change

x1 = 1
θ2
y1, x2 = 1

θ2
y2, x3 = y3, x4 = ( 1

θ2
)2y4, x5 = y5 shows that A is isomorphic to

A64(α).

• If θ2 ≠ 0, α5

α3
= 0, α3β4

α1γ4
≠ 1 + γ2

γ4
, θ1

γ2
γ4

= 1 − α3β4
α1γ4

and α3β4
α1γ4

≠ 0 then w.s.c.o.b. A is

isomorphic to A55(α,β).

• If θ2 ≠ 0, α5

α3
= 0, α3β4

α1γ4
≠ 1 + γ2

γ4
and θ1

γ2
γ4

≠ 1 − α3β4
α1γ4

then w.s.c.o.b. A is isomorphic to

A57(α,β).

• If θ2 ≠ 0, α5

α3
= 1, α3β4

α1γ4
= 0 and γ2θ1

γ4
= 1 then w.s.c.o.b. A is isomorphic to A5(α).

• If θ2 ≠ 0, α5

α3
= 1, α3β4

α1γ4
= 0, γ2θ1γ4

≠ 1 and γ2
γ4

= −1 then w.s.c.o.b. A is isomorphic to

A60(1,−1).

• If θ2 ≠ 0, α5

α3
= 1, α3β4

α1γ4
= 0, γ2θ1γ4

≠ 1 and γ2
γ4

= 0 then the base change x1 = 1
θ2
y1, x2 =

1
θ2
y2, x3 = y3, x4 = ( 1

θ2
)2y4, x5 = y5 shows that A is isomorphic to A65.

• If θ2 ≠ 0, α5

α3
= 1, α3β4

α1γ4
= 0, γ2θ1γ4

≠ 1 and γ2
γ4
∈ C/{−1,0} then w.s.c.o.b. A is isomorphic

to A61(0, α).
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• If θ2 ≠ 0, α5

α3
= 1, α3β4

α1γ4
≠ 0, α3β4

α1γ4
= 1 + γ2

γ4
and θ1 = γ2

γ4
then w.s.c.o.b. A is isomorphic to

A58(0, α,α − 1).

• If θ2 ≠ 0, α5

α3
= 1, α3β4

α1γ4
≠ 0, α3β4

α1γ4
= 1 + γ2

γ4
and θ1 ≠ γ2

γ4
then w.s.c.o.b. A is isomorphic to

A60(1, α).

• If θ2 ≠ 0, α5

α3
= 1, α3β4

α1γ4
≠ 0, α3β4

α1γ4
≠ 1 + γ2

γ4
and α3β4

α1γ4
= γ2

γ4
then the base change x1 =

1
θ2
y1, x2 = 1

θ2
y2, x3 = y3, x4 = ( 1

θ2
)2y4, x5 = y5 shows that A is isomorphic to A66(α).

• If θ2 ≠ 0, α5

α3
= 1, α3β4

α1γ4
≠ 0, α3β4

α1γ4
≠ 1 + γ2

γ4
and α3β4

α1γ4
≠ γ2
γ4

then w.s.c.o.b. A is isomorphic

to A61(α,β).

• If θ2 ≠ 0, α5

α3
∈ C/{0,1}, θ1(α5β4

α1γ4
− γ2

γ4
) = α3β4

α1γ4
− 1 and α3β4

α1γ4
= 0 then w.s.c.o.b. A is

isomorphic to A27(α,β).

• If θ2 ≠ 0, α5

α3
∈ C/{0,1}, θ1(α5β4

α1γ4
− γ2

γ4
) = α3β4

α1γ4
− 1 and α3β4

α1γ4
≠ 0 then w.s.c.o.b. A is

isomorphic to A58(α,β, γ)(α ∈ C/{0,1}, β ∈ C/{0}, γ ∈ C).

• If θ2 ≠ 0, α5

α3
∈ C/{0,1}, θ1(α5β4

α1γ4
− γ2
γ4
) ≠ α3β4

α1γ4
− 1, α5β4

α1γ4
= γ2

γ4
− α3β4

α1γ4
and α3β4

α1γ4
= 0 then

the base change x1 = 1
θ2
y1, x2 = 1

θ2
y2, x3 = y3, x4 = ( 1

θ2
)2y4, x5 = y5 shows that A is

isomorphic to A67(α).

• If θ2 ≠ 0, α5

α3
∈ C/{0,1}, θ1(α5β4

α1γ4
− γ2
γ4
) ≠ α3β4

α1γ4
− 1, α5β4

α1γ4
= γ2

γ4
− α3β4

α1γ4
and α3β4

α1γ4
≠ 0 then

w.s.c.o.b. A is isomorphic to A62(α,β).

• If θ2 ≠ 0, α5

α3
∈ C/{0,1}, θ1(α5β4

α1γ4
− γ2

γ4
) ≠ α3β4

α1γ4
− 1, α5β4

α1γ4
≠ γ2

γ4
− α3β4

α1γ4
, α3β4
α1γ4

= 1 + γ2
γ4

and
α5

α3
(1+ γ2

γ4
) = γ2

γ4
then the base change x1 = 1

θ2
y1, x2 = 1

θ2
y2, x3 = y3, x4 = ( 1

θ2
)2y4, x5 = y5

shows that A is isomorphic to A68(α).

• If θ2 ≠ 0, α5

α3
∈ C/{0,1}, θ1(α5β4

α1γ4
− γ2

γ4
) ≠ α3β4

α1γ4
− 1, α5β4

α1γ4
≠ γ2

γ4
− α3β4

α1γ4
, α3β4
α1γ4

= 1 + γ2
γ4

and
α5

α3
(1 + γ2

γ4
) ≠ γ2

γ4
then w.s.c.o.b. A is isomorphic to A60(α,β).

• If θ2 ≠ 0, α5

α3
∈ C/{0,1}, θ1(α5β4

α1γ4
− γ2
γ4
) ≠ α3β4

α1γ4
− 1, α5β4

α1γ4
≠ γ2
γ4
− α3β4
α1γ4

and α3β4
α1γ4

≠ 1+ γ2
γ4

then

w.s.c.o.b. A is isomorphic to A63(α,β, γ).

Case 1.1.2.1.2.2: Let β2 ≠ 0. If γ2+γ4 ≠ 0 then the base change x1 = e1, x2 = −γ2+γ4β2
e2+

e3, x3 = e3, x4 = e4, x5 = e5 shows that A is isomorphic to an algebra with the nonzero prod-

ucts given by (4.58). HenceA is isomorphic toA5(α),A10,A18,A24(α),A27(α,β),A30(α),A31,
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A38,A45(α,β),A48(α,β),A53(α),A54,A55(α,β),A56,A57(α,β),A58(α,β, γ),A59,A60(α,β),
A61(α,β),A62(α,β),A63(α,β, γ), A64(α),A65,A66(α),A67(α) or A68(α). So let γ2 + γ4 =
0. Then we have the following products in A:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α5e4 + α6e5, [e2, e2] = β2e5,
[e1, e3] = β4e5, [e2, e3] = γ2e5 = −[e3, e2].

Case 1.1.2.1.2.2.1: Let α3 = 0. Note that if α4 ≠ 0 then with the base change

x1 = γ2e1 + α4e3, x2 = e2, x3 = e3, x4 = e4, x5 = e5 we can make α4 = 0. So we can assume

α4 = 0. Then we have the following products in A:

[e1, e1] = α1e4 + α2e5, [e2, e1] = α5e4 + α6e5, [e2, e2] = β2e5, [e1, e3] = β4e5, [e2, e3] = γ2e5 = −[e3, e2].

Take θ = α1α6−α2α5

α1β2
. The base change y1 = e1, y2 = e2, y3 = β2

γ2
e3, y4 = α1e4+α2e5, y5 = β2e5

shows that A is isomorphic to the following algebra:

[y1, y1] = y4, [y2, y1] =
α5

α1

y4 + θy5, [y2, y2] = y5, [y1, y3] =
β4
γ2
y5, [y2, y3] = y5 = −[y3, y2].

• If α5 = 0 and β4
γ2

= 0 then θ ≠ 0 since A is non-split. Then the base change x1 =
y1, x2 = θy2, x3 = θy3, x4 = y4, x5 = θ2y5 shows that A is isomorphic to A69.

• If α5 = 0 and β4
γ2

≠ 0 then w.s.c.o.b. A is isomorphic to A30(1
4).

• If α5 ≠ 0, α5β4
α1γ2

= 0 and α5θ
α1

= 0 then w.s.c.o.b. A is isomorphic to A39(0,0).

• If α5 ≠ 0, α5β4
α1γ2

= 0 and α5θ
α1

= 1 then w.s.c.o.b. A is isomorphic to A59.

• If α5 ≠ 0, α5β4
α1γ2

= 0 and α5θ
α1

∈ C/{0,1} then the base change x1 = α5

α1
y1, x2 = y2, x3 =

y3, x4 = (α5

α1
)2y4, x5 = y5 shows that A is isomorphic to A70(α).

• If α5 ≠ 0, α5β4
α1γ2

= 1 and α5θ
α1

= 0 then w.s.c.o.b. A is isomorphic to A59.

• If α5 ≠ 0, α5β4
α1γ2

= 1 and α5θ
α1

≠ 0 then the base change x1 = α5

α1
y1, x2 = y2, x3 = y3, x4 =

(α5

α1
)2y4, x5 = y5 shows that A is isomorphic to A71(α).

• If α5 ≠ 0 and α5β4
α1γ2

∈ C/{0,1} then w.s.c.o.b. A is isomorphic to A60(0, α).
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Case 1.1.2.1.2.2.2: Let α3 ≠ 0. Take θ1 = (α1α4−α2α3)α3

α2
1β2

and θ2 = (α1α6−α2α5)α3

α2
1β2

. The

base change y1 = e1, y2 = α1

α3
e2, y3 = α1β2

α3γ2
e3, y4 = α1e4 + α2e5, y5 = α2

1β2
α2
3
e5 shows that A is

isomorphic to the following algebra:

[y1, y1] = y4, [y1, y2] = y4 + θ1y5, [y2, y1] =
α5

α3

y4 + θ2y5, [y2, y2] = y5, [y1, y3] =
α3β4
α1γ2

y5,

[y2, y3] = y5 = −[y3, y2].

• If α5

α3
= 0, α3β4

α1γ2
= 0 and θ1 + θ2 = 0 then w.s.c.o.b. A is isomorphic to A39(0,0).

• If α5

α3
= 0, α3β4

α1γ2
= 0 and θ1 + θ2 = 1 then w.s.c.o.b. A is isomorphic to A56.

• If α5

α3
= 0, α3β4

α1γ2
= 0 and θ1 + θ2 ∈ C/{0,1} then w.s.c.o.b. A is isomorphic to A70(α).

• If α5

α3
= 0 and α3β4

α1γ2
≠ 0 then w.s.c.o.b. A is isomorphic to A57(α,α − 1).

• If α5

α3
= 1, α3β4

α1γ2
= 0 and θ1 + θ2 = 0 then w.s.c.o.b. A is isomorphic to A11.

• If α5

α3
= 1, α3β4

α1γ2
= 0 and θ1 + θ2 = 1

2 then w.s.c.o.b. A is isomorphic to A60(1,−1).

• If α5

α3
= 1, α3β4

α1γ2
= 0 and θ1 + θ2 ∈ C/{0, 12} then w.s.c.o.b. A is isomorphic to A72(α).

• If α5

α3
= 1, α3β4

α1γ2
= 1 and θ2 = 1

2 then w.s.c.o.b. A is isomorphic to A66(1).

• If α5

α3
= 1, α3β4

α1γ2
= 1 and θ2 ≠ 1

2 then w.s.c.o.b. A is isomorphic to A73(α).

• If α5

α3
= 1 and α3β4

α1γ2
∈ C/{0,1} then w.s.c.o.b. A is isomorphic to A61(α,2α − 1).

• If α5

α3
∈ C/{0,1}, α3β4

α1γ2
= 0 and α5

α3
(θ1+θ2) = 1−(θ1+θ2) then w.s.c.o.b. A is isomorphic

to A60(α,−1).

• If α5

α3
∈ C/{0,1}, α3β4

α1γ2
= 0 and α5

α3
(θ1+θ2) ≠ 1−(θ1+θ2) then w.s.c.o.b. A is isomorphic

to A74(α,β).

• If α5

α3
∈ C/{0,1}, α3β4

α1γ2
≠ 0 and α3α5β4

α1α3γ2
= α3β4

α1γ2
− 1 then w.s.c.o.b. A is isomorphic to

A75(α).

• If α5

α3
∈ C/{0,1}, α3β4

α1γ2
≠ 0 and α3α5β4

α1α3γ2
≠ α3β4

α1γ2
− 1 then w.s.c.o.b. A is isomorphic to

A63(α,β,1 + β).
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Case 1.1.2.2: Let β1 ≠ 0. If (α1, α3 + α5) ≠ (0,0) then the base change x1 = e1, x2 =
e1 + xe2, x3 = e3, x4 = e4, x5 = e5(where β1x2 + (α3 + α5)x + α1 = 0) shows that A is iso-

morphic to an algebra with the nonzero products given by (4.55). Hence A is isomorphic to

A5(α),A10,A11,A14,A15,A16(α),A17(α),A18,A24(α),A27(α,β),A30(α),A31,A36,A38,A39(α,β),
A40(α),A41,A42(α),A43(α),A44(α,β),A45(α,β),A46(α),A47(α),A48(α,β),A49(α,β),A50(α),
A51(α),A52(α),A53(α),A54,A55(α,β),A56,A57(α,β),A58(α,β, γ),A59,A60(α,β),A61(α,β),
A62(α,β),A63(α,β, γ),A64(α),A65,A66(α),A67(α),A68(α),A69,A70(α),A71(α),A72(α),A73(α),
A74(α,β) or A75(α). Then let α1 = 0 = α3 + α5. Then we have the following products in

A:

[e1, e1] = α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = −α3e4 + α6e5, [e2, e2] = β1e4 + β2e5,
[e1, e3] = β4e5, [e2, e3] = γ2e5, [e3, e2] = γ4e5.

Case 1.1.2.2.1: Let α3 = 0.

Case 1.1.2.2.1.1: Let β4 = 0. Note that if α4 ≠ 0 then with the base change x1 =
γ4e1 − α4e3, x2 = e2, x3 = e3, x4 = e4, x5 = e5 we can make α4 = 0. So we can assume α4 = 0.

Then we have the following products in A:

[e1, e1] = α2e5, [e2, e1] = α6e5, [e2, e2] = β1e4 + β2e5, [e2, e3] = γ2e5, [e3, e2] = γ4e5.

Then the base change x1 = e3, x2 = e2, x3 = e1, x4 = e4, x5 = e5 shows that A is isomorphic

to an algebra with the nonzero products given by (4.48). Hence A is isomorphic to

A1,A2, . . . ,A38 or A39(α,β).
Case 1.1.2.2.1.2: Let β4 ≠ 0. Without loss of generality we can assume α2 = 0,

because if α2 ≠ 0 then with the base change x1 = β4e1−α2e3, x2 = e2, x3 = e3, x4 = e4, x5 = e5
we can make α2 = 0. Then we have the following products in A:

[e1, e2] = α4e5, [e2, e1] = α6e5, [e2, e2] = β1e4 + β2e5, [e1, e3] = β4e5, [e2, e3] = γ2e5, [e3, e2] = γ4e5.

If γ2 ≠ 0 then with the base change x1 = e1, x2 = γ2e1 −β4e2, x3 = e3, x4 = e4, x5 = e5 we can

make γ2 = 0. So we can assume γ2 = 0. Then we have the following products in A:

[e1, e2] = α4e5, [e2, e1] = α6e5, [e2, e2] = β1e4 + β2e5, [e1, e3] = β4e5, [e3, e2] = γ4e5.
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If α4 ≠ 0 then with the base change x1 = e1, x2 = β4e2 − α4e3, x3 = e3, x4 = e4, x5 = e5 we

can make α4 = 0. So we can assume α4 = 0. Then we have the following products in A:

[e2, e1] = α6e5, [e2, e2] = β1e4 + β2e5, [e1, e3] = β4e5, [e3, e2] = γ4e5.

• If α6 = 0 then w.s.c.o.b. A is isomorphic to A31.

• If α6 ≠ 0 then w.s.c.o.b. A is isomorphic to A54.

Case 1.1.2.2.2: Let α3 ≠ 0.

Case 1.1.2.2.2.1: Let β4 = 0. Take θ1 = α4β1−α3β2
β1

and θ2 = α6β1+α3β2
β1

. The base change

y1 = e1, y2 = e2, y3 = e3, y4 = β1e4+β2e5, y5 = e5 shows that A is isomorphic to the following

algebra:

[y1, y1] = α2y5, [y1, y2] =
α3

β1
y4 + θ1y5, [y2, y1] = −

α3

β1
y4 + θ2y5, [y2, y2] = y4,

[y2, y3] = γ2y5, [y3, y2] = γ4y5.

Without loss of generality we can assume θ1 = 0, because if θ1 ≠ 0 then with the base

change x1 = γ4y1 − θ1y3, x2 = y2, x3 = y3, x4 = y4, x5 = y5 we can make θ1 = 0. Then we have

the following products in A:

[y1, y1] = α2y5, [y1, y2] =
α3

β1
y4, [y2, y1] = −

α3

β1
y4 + θ2y5, [y2, y2] = y4, [y2, y3] = γ2y5, [y3, y2] = γ4y5.

• If α2 = 0 then (θ2, γ2γ4 ) ≠ (0,−1) since dim(Leib(A)) = 2. Then w.s.c.o.b. A is

isomorphic to A50(α).

• If α2 ≠ 0 then w.s.c.o.b. A is isomorphic to A76(α).

Case 1.1.2.2.2.2: Let β4 ≠ 0. Note that if γ2 ≠ 0 then with the base change x1 =
e1, x2 = γ2e1 − β4e2, x3 = e3, x4 = e4, x5 = e5 we can make γ2 = 0. So we can assume γ2 = 0.

Then we have the following products in A:

[e1, e1] = α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = −α3e4 + α6e5, [e2, e2] = β1e4 + β2e5, [e1, e3] = β4e5,
[e3, e2] = γ4e5.

Take θ1 = α4β1−α3β2
β1

and θ2 = α6β1+α3β2
β1

. The base change y1 = e1, y2 = e2, y3 = e3, y4 =
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β1e4 + β2e5, y5 = e5 shows that A is isomorphic to the following algebra:

[y1, y1] = α2y5, [y1, y2] =
α3

β1
y4 + θ1y5, [y2, y1] = −

α3

β1
y4 + θ2y5, [y2, y2] = y4, [y1, y3] = β4y5,

[y3, y2] = γ4y5.

Without loss of generality we can assume θ1 = 0, because if θ1 ≠ 0 then with the base

change x1 = γ4y1 − θ1y3, x2 = y2, x3 = y3, x4 = y4, x5 = y5 we can make θ1 = 0. Then we have

the following products in A:

[y1, y1] = α2y5, [y1, y2] =
α3

β1
y4, [y2, y1] = −

α3

β1
y4 + θ2y5, [y2, y2] = y4, [y1, y3] = β4y5, [y3, y2] = γ4y5.

• If α2 = 0 and θ2 = 0 then the base change x1 = β1
α3
y1, x2 = y2, x3 = y3, x4 = y4, x5 = γ4y5

shows that A is isomorphic to A77(α).

• If α2 = 0, θ2 ≠ 0 and β1β4
α3γ4

= 1 then w.s.c.o.b. A is isomorphic to A77(1).

• If α2 = 0, θ2 ≠ 0 and β1β4
α3γ4

∈ C/{0,1} then the base change x1 = β1
α3
y1, x2 = y2, x3 =

β1θ2
α3γ4

y3, x4 = y4, x5 = β1θ2
α3
y5 shows that A is isomorphic to A78(α).

• If α2 ≠ 0 and β1β4
α3γ4

= 1 then the base change x1 = β1
α3
y1, x2 = y2, x3 = α2β

2
1

α2
3γ4
y3, x4 =

y4, x5 = α2β
2
1

α2
3
y5 shows that A is isomorphic to A79.

• If α2 ≠ 0, β1β4α3γ4
∈ C/{0,1} and β4θ2

α2γ4
(β1β4α3γ4

− 1) = −1 then w.s.c.o.b. A is isomorphic to

A77(α)(α ∈ C/{0,1}).

• If α2 ≠ 0, β1β4α3γ4
∈ C/{0,1} and β4θ2

α2γ4
(β1β4α3γ4

− 1) ≠ −1 then w.s.c.o.b. A is isomorphic to

A78(α).

Case 1.2: Let γ1 ≠ 0.

Case 1.2.1: Let α1 = 0.

Case 1.2.1.1: Let α3 = 0. Then if α5 = 0(resp. α5 ≠ 0) then the base change x1 =
e3, x2 = e2, x3 = e1, x4 = e4, x5 = e5(resp. x1 = e1, x2 = e2, x3 = γ1e1 − α5e3, x4 = e4, x5 = e5)
shows that A is isomorphic to an algebra with the nonzero products given by (4.47).

Hence A is isomorphic to A1,A2, . . . ,A78(α) or A79.
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Case 1.2.1.2: Let α3 ≠ 0.

Case 1.2.1.2.1: Let α2 = 0. Then we have the following products in A:

[e1, e2] = α3e4 + α4e5, [e2, e1] = α5e4 + α6e5, [e2, e2] = β1e4 + β2e5, [e1, e3] = β4e5,
[e3, e1] = β6e5, [e2, e3] = γ1e4 + γ2e5, [e3, e2] = γ4e5, [e3, e3] = γ6e5. (4.59)

Case 1.2.1.2.1.1: Let γ6 = 0.

Case 1.2.1.2.1.1.1: Let β6 = 0. If β1 ≠ 0 then with the base change x1 = e1, x2 =
γ1e2 − β1e3, x3 = e3, x4 = e4, x5 = e5 we can make β1 = 0. So we can assume β1 = 0. Then

we have the following products in A:

[e1, e2] = α3e4 + α4e5, [e2, e1] = α5e4 + α6e5, [e2, e2] = β2e5, [e1, e3] = β4e5,
[e2, e3] = γ1e4 + γ2e5, [e3, e2] = γ4e5.

Take θ1 = α4γ1−α3γ2
α3

, θ2 = α6γ1−α5γ2
α3

. The base change y1 = γ1
α3
e1, y2 = e2, y3 = e3, y4 = γ1e4 +

γ2e5, y5 = e5 shows that A is isomorphic to the following algebra:

[y1, y2] = y4 + θ1y5, [y2, y1] =
α5

α3

y4 + θ2y5, [y2, y2] = β2y5, [y1, y3] =
β4γ1
α3

y5, [y2, y3] = y4, [y3, y2] = γ4y5.

• If γ4 = 0, β4 = 0, θ2 = 0 and θ1 = 0 then β2 ≠ 0 since dim(Leib(A)) = 2. Then w.s.c.o.b.

A is isomorphic to A35.

• If γ4 = 0, β4 = 0, θ2 = 0 and θ1 ≠ 0 then w.s.c.o.b. A is isomorphic to A14.

• If γ4 = 0, β4 = 0, θ2 ≠ 0 and θ1
θ2

= −1 then β2 ≠ 0 since dim(Leib(A)) = 2. Then

w.s.c.o.b. A is isomorphic to A36.

• If γ4 = 0, β4 = 0, θ2 ≠ 0 and θ1
θ2

= 0 then the base change x1 = y1 − α5

α3
y3, x2 =

−β2θ2 y1 + y2 +
(α3+α5)β2

α3θ2
y3, x3 = y3, x4 = y4, x5 = θ2y5 shows that A is isomorphic to A80.

• If γ4 = 0, β4 = 0, θ2 ≠ 0 and θ1
θ2

∈ C/{−1,0} then w.s.c.o.b. A is isomorphic to

A16(α)(α ∈ C/{−1,0}).

• If γ4 = 0, β4 ≠ 0, θ2 = 0, β2 = 0, θ1 = 0 and α5

α3
= 0 then w.s.c.o.b. A is isomorphic to

A48(0,0).

115



• If γ4 = 0, β4 ≠ 0, θ2 = 0, β2 = 0, θ1 = 0 and α5

α3
≠ 0 then w.s.c.o.b. A is isomorphic to

A55(α,α).

• If γ4 = 0, β4 ≠ 0, θ2 = 0, β2 = 0, θ1 ≠ 0 and α5

α3
= 1 then w.s.c.o.b. A is isomorphic to

A26(0,0).

• If γ4 = 0, β4 ≠ 0, θ2 = 0, β2 = 0, θ1 ≠ 0 and α5

α3
≠ 1 then w.s.c.o.b. A is isomorphic to

A32(α,0,0).

• If γ4 = 0, β4 ≠ 0, θ2 = 0, β2 ≠ 0, α5

α3
= 0 and α3θ1

β4γ1
= −4 then w.s.c.o.b. A is isomorphic

to A48(0,0).

• If γ4 = 0, β4 ≠ 0, θ2 = 0, β2 ≠ 0, α5

α3
= 0 and α3θ1

β4γ1
≠ −4 then w.s.c.o.b. A is isomorphic

to A32(0,0,0).

• If γ4 = 0, β4 ≠ 0, θ2 = 0, β2 ≠ 0 and α5

α3
≠ 0 then the base change x1 = y1, x2 =

β4γ1
α3θ2

y2, x3 = y3, x4 = β4γ1
α3θ2

y4, x5 = β4γ1
α3
y5 shows that A is isomorphic to A81(α,β).

• If γ4 = 0, β4 ≠ 0, θ2 ≠ 0, β2β4γ1
α3θ22

(α5

α3
)2 + α5

α3
= −1 and α5θ1

α3θ2
= α5

α3
+ 2 then w.s.c.o.b. A is

isomorphic to A55(α,α).

• If γ4 = 0, β4 ≠ 0, θ2 ≠ 0, β2β4γ1
α3θ22

(α5

α3
)2 + α5

α3
= −1 and α5θ1

α3θ2
≠ α5

α3
+ 2 then w.s.c.o.b. A is

isomorphic to A81(α,β)(α,β ∈ C/{0}).

• If γ4 = 0, β4 ≠ 0, θ2 ≠ 0, β2β4γ1
α3θ22

(α5

α3
)2 + α5

α3
≠ −1, β2β4γ1

α3θ22
(α5

α3
)2 + α5θ1

α3θ2
= 1 and α5

α3
= 1 then

w.s.c.o.b. A is isomorphic to A26(0,0).

• If γ4 = 0, β4 ≠ 0, θ2 ≠ 0, β2β4γ1
α3θ22

(α5

α3
)2 + α5

α3
≠ −1, β2β4γ1

α3θ22
(α5

α3
)2 + α5θ1

α3θ2
= 1 and α5

α3
≠ 1 then

w.s.c.o.b. A is isomorphic to A32(α,0,0).

• If γ4 = 0, β4 ≠ 0, θ2 ≠ 0, β2β4γ1
α3θ22

(α5

α3
)2+ α5

α3
≠ −1 and β2β4γ1

α3θ22
(α5

α3
)2+ α5θ1

α3θ2
≠ 1 then w.s.c.o.b.

A is isomorphic to A81(α,β).

• If γ4 ≠ 0, β4 = 0, θ2γ4 =
α5

α3
− θ1
γ4
+1 and β2 = 0 then w.s.c.o.b. A is isomorphic to A82(α).

• If γ4 ≠ 0, β4 = 0, θ2γ4 =
α5

α3
− θ1
γ4
+ 1, β2 ≠ 0 and θ2

γ4
= −1 then w.s.c.o.b. A is isomorphic

to A83.

• If γ4 ≠ 0, β4 = 0, θ2γ4 =
α5

α3
− θ1
γ4
+ 1, β2 ≠ 0 and θ2

γ4
≠ −1 then w.s.c.o.b. A is isomorphic

to A50(α).
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• If γ4 ≠ 0, β4 = 0, θ2γ4 ≠
α5

α3
− θ1
γ4
+ 1 and θ2

γ4
= −

( θ1
γ4
−α5
α3

)2

4 then w.s.c.o.b. A is isomorphic

to A46(α).

• If γ4 ≠ 0, β4 = 0, θ2γ4 ≠
α5

α3
− θ1
γ4
+ 1 and θ2

γ4
≠ −

( θ1
γ4
−α5
α3

)2

4 then w.s.c.o.b. A is isomorphic

to A44(α,β).

• If γ4 ≠ 0, β4 ≠ 0 and α5

α3
= 0 then w.s.c.o.b. A is isomorphic to A84(α,β).

• If γ4 ≠ 0, β4 ≠ 0 and α5

α3
≠ 0 then w.s.c.o.b. A is isomorphic to A85(α,β, γ).

Case 1.2.1.2.1.1.2: Let β6 ≠ 0. If γ4 ≠ 0 then with the base change x1 = e1, x2 =
γ4e1 −β6e2, x3 = e3, x4 = e4, x5 = e5 we can make γ4 = 0. So we can assume γ4 = 0. Then we

have the following products in A:

[e1, e2] = α3e4 + α4e5, [e2, e1] = α5e4 + α6e5, [e2, e2] = β1e4 + β2e5, [e1, e3] = β4e5,
[e3, e1] = β6e5, [e2, e3] = γ1e4 + γ2e5.

If β1 ≠ 0 then with the base change x1 = e1, x2 = γ1e2 −β1e3, x3 = e3, x4 = e4, x5 = e5 we can

make β1 = 0. So we can assume β1 = 0. Then we have the following products in A:

[e1, e2] = α3e4 + α4e5, [e2, e1] = α5e4 + α6e5, [e2, e2] = β2e5, [e1, e3] = β4e5,
[e3, e1] = β6e5, [e2, e3] = γ1e4 + γ2e5.

Take θ1 = α4γ1−α3γ2
β6γ1

, θ2 = α5γ1−α6γ2
β6γ1

and θ3 =
√

β6γ1
α3β2

. The base change y1 = γ1
α3
e1, y2 =

e2, y3 = e3, y4 = γ1e4+γ2e5, y5 = β6γ1
α3
e5 shows that A is isomorphic to the following algebra:

[y1, y2] = y4 + θ1y5, [y2, y1] =
α5

α3

y4 + θ2y5, [y2, y2] =
α3β2
β6γ1

y5, [y1, y3] =
β4
β6
y5, [y3, y1] = y5, [y2, y3] = y4.

• If β2 = 0, θ2 = 0, θ1 = 0, α5

α3
= 0 and β4

β6
= 0 then w.s.c.o.b. A is isomorphic to A42(0).

• If β2 = 0, θ2 = 0, θ1 = 0, α5

α3
= 0 and β4

β6
∈ C/{−1,0} then w.s.c.o.b. A is isomorphic to

A48(α,0).

• If β2 = 0, θ2 = 0, θ1 = 0, α5

α3
≠ 0 and β4

β6
= 0 then w.s.c.o.b. A is isomorphic to A55(α,0).

• If β2 = 0, θ2 = 0, θ1 = 0, α5

α3
≠ 0 and β4

β6
∈ C/{−1,0} then w.s.c.o.b. A is isomorphic to

A58(α,β,0).
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• If β2 = 0, θ2 = 0, θ1 ≠ 0 and β4
β6

= −1 then w.s.c.o.b. A is isomorphic to A86.

• If β2 = 0, θ2 = 0, θ1 ≠ 0 and β4
β6

≠ −1 then w.s.c.o.b. A is isomorphic to A87(α,β).

• If β2 = 0, θ2 ≠ 0, θ1θ2 =
β4
β6

and α5

α3
= 1 then w.s.c.o.b. A is isomorphic to A29(α, i,0).

• If β2 = 0, θ2 ≠ 0, θ1θ2 = β4
β6
, α5

α3
≠ 1 and β4

β6
= 0 then w.s.c.o.b. A is isomorphic to

A32(α,−α2, α − α2)(α ∈ C/{0}).

• If β2 = 0, θ2 ≠ 0, θ1θ2 = β4
β6
, α5

α3
≠ 1 and β4

β6
= 1 then w.s.c.o.b. A is isomorphic to

A33(α −
√
α,α,0).

• If β2 = 0, θ2 ≠ 0, θ1θ2 =
β4
β6
, α5

α3
≠ 1 and β4

β6
∈ C/{−1,0,1} then w.s.c.o.b. A is isomorphic

to A34(α,
√
β + αβ,β,0)(α ∈ C/{−1,0,1}, β ∈ C/{0}).

• If β2 = 0, θ2 ≠ 0, θ1θ2 ≠
β4
β6
, β4β6 = 0, α5θ1

α3θ2
= 1 and α5

α3
= −1 then w.s.c.o.b. A is isomorphic

to A86.

• If β2 = 0, θ2 ≠ 0, θ1θ2 ≠
β4
β6
, β4β6 = 0, α5θ1

α3θ2
= 1 and α5

α3
≠ −1 then w.s.c.o.b. A is isomorphic

to A87(0, α).

• If β2 = 0, θ2 ≠ 0, θ1θ2 ≠ β4
β6
, β4β6 = 0 and α5θ1

α3θ2
≠ 1 then w.s.c.o.b. A is isomorphic to

A88(α,β).

• If β2 = 0, θ2 ≠ 0, θ1θ2 ≠
β4
β6

and β4
β6

≠ 0 then w.s.c.o.b. A is isomorphic to A89(α,β, γ).

• If β2 ≠ 0, β4β6 = 0, θ1θ2
θ23

− α5

α3
( θ1θ3 )

2 + 1 = 0 and α5

α3
= −1 then w.s.c.o.b. A is isomorphic to

A90(α).

• If β2 ≠ 0, β4β6 = 0, θ1θ2
θ23

− α5

α3
( θ1θ3 )

2 + 1 = 0 and α5

α3
≠ −1 then w.s.c.o.b. A is isomorphic to

A87(α,β)(α ∈ C/{0}, β ∈ C/{−1}).

• If β2 ≠ 0, β4β6 = 0 and θ1θ2
θ23

− α5

α3
( θ1θ3 )

2 + 1 ≠ 0 then w.s.c.o.b. A is isomorphic to

A91(α,β, γ).

• If β2 ≠ 0, β4β6 ≠ 0 and θ2
θ3
= 0 then w.s.c.o.b. A is isomorphic to A92(α,β, γ).

• If β2 ≠ 0, β4β6 ≠ 0, θ2θ3 ≠ 0, θ1θ3 =
2β4θ2
β6θ3

,
β4θ

2
2

β6θ23
= −1 and α5

α3
= 0 then w.s.c.o.b. A is isomorphic

to A85(0, α,0).
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• If β2 ≠ 0, β4β6 ≠ 0, θ2θ3 ≠ 0, θ1θ3 = 2β4θ2
β6θ3

,
β4θ

2
2

β6θ23
= −1, α5

α3
≠ 0 and β4

β6
= −1 then w.s.c.o.b. A is

isomorphic to A85(0,−1,0).

• If β2 ≠ 0, β4β6 ≠ 0, θ2θ3 ≠ 0, θ1θ3 = 2β4θ2
β6θ3

,
β4θ

2
2

β6θ23
= −1, α5

α3
≠ 0 and β4

β6
≠ −1 then w.s.c.o.b. A is

isomorphic to A93(α,β).

• If β2 ≠ 0, β4β6 ≠ 0, θ2θ3 ≠ 0, θ1θ3 = 2β4θ2
β6θ3

and
β4θ

2
2

β6θ23
≠ −1 then w.s.c.o.b. A is isomorphic to

A94(α,β, γ).

• If β2 ≠ 0, β4β6 ≠ 0, θ2θ3 ≠ 0, θ1θ3 ≠
2β4θ2
β6θ3

, β4β6 = −1 and ( θ2θ3 )
2 + θ1θ2

θ23
+ 1 = 0 then w.s.c.o.b. A is

isomorphic to A89(−1,−1, α)(α ∈ C/{−1,0}).

• If β2 ≠ 0, β4β6 ≠ 0, θ2θ3 ≠ 0, θ1θ3 ≠ 2β4θ2
β6θ3

, β4β6 = −1 and
θ22
θ23
+ θ1θ2

θ23
+ 1 ≠ 0 then w.s.c.o.b. A is

isomorphic to A95(α,β).

• If β2 ≠ 0, β4β6 ≠ 0, θ2θ3 ≠ 0, θ1θ3 ≠ 2β4θ2
β6θ3

and β4
β6

≠ −1 then w.s.c.o.b. A is isomorphic to

A96(α,β, γ, θ).

Case 1.2.1.2.1.2: Let γ6 ≠ 0. If β1 ≠ 0 then with the base change x1 = e1, x2 =
γ1e2 − β1e3, x3 = e3, x4 = e4, x5 = e5 we can make β1 = 0. So we can assume β1 = 0. Then

we have the following products in A:

[e1, e2] = α3e4 + α4e5, [e2, e1] = α5e4 + α6e5, [e2, e2] = β2e5, [e1, e3] = β4e5, [e3, e1] = β6e5,
[e2, e3] = γ1e4 + γ2e5, [e3, e2] = γ4e5, [e3, e3] = γ6e5.

Take θ1 = α4γ1−α3γ2
α3γ6

and θ2 = α6γ1−α5γ2
α3γ6

. The base change y1 = γ1
α3
e1, y2 = e2, y3 = e3, y4 =

γ1e4 + γ2e5, y5 = γ6e5 shows that A is isomorphic to the following algebra:

[y1, y2] = y4 + θ1y5, [y2, y1] =
α5

α3

y4 + θ2y5, [y2, y2] =
β2
γ6
y5, [y1, y3] =

β4γ1
α3γ6

y5, [y3, y1] =
β6γ1
α3γ6

y5,

[y2, y3] = y4, [y3, y2] =
γ4
γ6
y5, [y3, y3] = y5.

• If γ4
γ6

= 0, β2γ6 = 0, θ2 = 0, θ1 = 0, β4γ1α3γ6
= 0, β6γ1α3γ6

= 0 and α5

α3
= 0 then w.s.c.o.b. A is

isomorphic to A31.

• If γ4
γ6

= 0, β2γ6 = 0, θ2 = 0, θ1 = 0, β4γ1α3γ6
= 0, β6γ1α3γ6

= 0 and α5

α3
= 1 then w.s.c.o.b. A is

isomorphic to A38.
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• If γ4
γ6
= 0, β2γ6 = 0, θ2 = 0, θ1 = 0, β4γ1α3γ6

= 0, β6γ1α3γ6
= 0 and α5

α3
∈ C/{0,1} then w.s.c.o.b. A is

isomorphic to A53(α).

• If γ4
γ6

= 0, β2γ6 = 0, θ2 = 0, θ1 = 0, β4γ1α3γ6
= 0, β6γ1α3γ6

≠ 0 and α5

α3
= β6γ1

α3γ6
then w.s.c.o.b. A is

isomorphic to A48(0, α)(α ∈ C/{0}).

• If γ4
γ6

= 0, β2γ6 = 0, θ2 = 0, θ1 = 0, β4γ1α3γ6
= 0, β6γ1α3γ6

≠ 0, α5

α3
≠ β6γ1
α3γ6

and α5

α3
= 0 then w.s.c.o.b.

A is isomorphic to A42(α)(α ∈ C/{0}).

• If γ4
γ6

= 0, β2γ6 = 0, θ2 = 0, θ1 = 0, β4γ1α3γ6
= 0, β6γ1α3γ6

≠ 0, α5

α3
≠ β6γ1
α3γ6

and α5

α3
≠ 0 then w.s.c.o.b.

A is isomorphic to A55(α,β)(α,β ∈ C/{0}).

• If γ4
γ6
= 0, β2γ6 = 0, θ2 = 0, θ1 = 0, β4γ1α3γ6

≠ 0, β6γ1α3γ6
= α5

α3
− β4γ1
α3γ6

and β6γ1
α3γ6

= 0 then w.s.c.o.b. A

is isomorphic to A42(α)(α ∈ C/{0}).

• If γ4
γ6

= 0, β2γ6 = 0, θ2 = 0, θ1 = 0, β4γ1α3γ6
≠ 0, β6γ1α3γ6

= α5

α3
− β4γ1

α3γ6
, β6γ1α3γ6

≠ 0 and α5

α3
= 0 then

w.s.c.o.b. A is isomorphic to A77(α).

• If γ4
γ6

= 0, β2γ6 = 0, θ2 = 0, θ1 = 0, β4γ1α3γ6
≠ 0, β6γ1α3γ6

= α5

α3
− β4γ1

α3γ6
, β6γ1α3γ6

≠ 0 and α5

α3
≠ 0 then

w.s.c.o.b. A is isomorphic to A48(α,β)(α ∈ C/{−1}, β ∈ C/{0}).

• If γ4
γ6

= 0, β2γ6 = 0, θ2 = 0, θ1 = 0, β4γ1α3γ6
≠ 0, β6γ1α3γ6

≠ α5

α3
− β4γ1
α3γ6

, β6γ1α3γ6
= 0 and α5

α3
= 0 then the

base change x1 = y1, x2 = y2, x3 = y3, x4 = y4, x5 = y5 shows that A is isomorphic to

A97(α).

• If γ4
γ6

= 0, β2γ6 = 0, θ2 = 0, θ1 = 0, β4γ1α3γ6
≠ 0, β6γ1α3γ6

≠ α5

α3
− β4γ1

α3γ6
, β6γ1α3γ6

= 0 and α5

α3
≠ 0 then

w.s.c.o.b. A is isomorphic to A55(α,β)(α,β ∈ C/{0}).

• If γ4
γ6

= 0, β2γ6 = 0, θ2 = 0, θ1 = 0, β4γ1α3γ6
≠ 0, β6γ1α3γ6

≠ α5

α3
− β4γ1

α3γ6
, β6γ1α3γ6

≠ 0 and α5

α3
= 0 then

w.s.c.o.b. A is isomorphic to A48(α,β)(α ∈ C/{−1,0}, β ∈ C/{0}.

• If γ4
γ6

= 0, β2γ6 = 0, θ2 = 0, θ1 = 0, β4γ1α3γ6
≠ 0, β6γ1α3γ6

≠ α5

α3
− β4γ1

α3γ6
, β6γ1α3γ6

≠ 0 and α5

α3
≠ 0 then

w.s.c.o.b. A is isomorphic to A58(α,β, γ)(α,β, γ ∈ C/{0}).

• If γ4
γ6

= 0, β2γ6 = 0, θ2 = 0, θ1 ≠ 0, α5

α3
= β6γ1

α3γ6
, β4γ1α3γ6

= 0 and β6γ1
α3γ6

= 0 then w.s.c.o.b. A is

isomorphic to A57(0,0).

• If γ4
γ6

= 0, β2γ6 = 0, θ2 = 0, θ1 ≠ 0, α5

α3
= β6γ1

α3γ6
, β4γ1α3γ6

= 0 and β6γ1
α3γ6

= 1 then w.s.c.o.b. A is

isomorphic to A29(0,0,0).
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• If γ4
γ6

= 0, β2γ6 = 0, θ2 = 0, θ1 ≠ 0, α5

α3
= β6γ1
α3γ6

, β4γ1α3γ6
= 0 and β6γ1

α3γ6
∈ C/{0,1} then w.s.c.o.b.

A is isomorphic to A32(0, α,α).

• If γ4
γ6

= 0, β2γ6 = 0, θ2 = 0, θ1 ≠ 0, α5

α3
= β6γ1

α3γ6
, β4γ1α3γ6

= −1 and β6γ1
α3γ6

= 0 then w.s.c.o.b. A is

isomorphic to A29(0,0,0).

• If γ4
γ6
= 0, β2γ6 = 0, θ2 = 0, θ1 ≠ 0, α5

α3
= β6γ1
α3γ6

, β4γ1α3γ6
= −1 and β6γ1

α3γ6
≠ 0 then the base change

x1 = y1, x2 = 1
θ1
y2, x3 = y3, x4 = 1

θ1
y4, x5 = y5 shows that A is isomorphic to A98(α).

• If γ4
γ6
= 0, β2γ6 = 0, θ2 = 0, θ1 ≠ 0, α5

α3
= β6γ1
α3γ6

, β4γ1α3γ6
∈ C/{−1,0} and β6γ1

α3γ6
= 0 then w.s.c.o.b.

A is isomorphic to A32(0, α,α).

• If γ4
γ6
= 0, β2γ6 = 0, θ2 = 0, θ1 ≠ 0, α5

α3
= β6γ1
α3γ6

, β4γ1α3γ6
∈ C/{−1,0}, β6γ1α3γ6

≠ 0 and α5

α3
= β4γ1
α3γ6

then

w.s.c.o.b. A is isomorphic to A98(α).

• If γ4
γ6

= 0, β2γ6 = 0, θ2 = 0, θ1 ≠ 0, α5

α3
= β6γ1

α3γ6
, β4γ1α3γ6

∈ C/{−1,0}, β6γ1α3γ6
≠ 0, α5

α3
≠ β4γ1

α3γ6
and

α5

α3
= 1 then w.s.c.o.b. A is isomorphic to A98(α).

• If γ4
γ6

= 0, β2γ6 = 0, θ2 = 0, θ1 ≠ 0, α5

α3
= β6γ1

α3γ6
, β4γ1α3γ6

∈ C/{−1,0}, β6γ1α3γ6
≠ 0, α5

α3
≠ β4γ1

α3γ6
and

α5

α3
≠ 1 then the base change x1 = y1, x2 = 1

θ1
y2, x3 = y3, x4 = 1

θ1
y4, x5 = y5 shows that

A is isomorphic to A99(α,β).

• If γ4
γ6

= 0, β2γ6 = 0, θ2 = 0, θ1 ≠ 0, α5

α3
≠ β6γ1

α3γ6
, α5

α3
= β4γ1

α3γ6
and β4γ1

α3γ6
= 0 then w.s.c.o.b. A is

isomorphic to A88(α,0).

• If γ4
γ6

= 0, β2γ6 = 0, θ2 = 0, θ1 ≠ 0, α5

α3
≠ β6γ1

α3γ6
, α5

α3
= β4γ1

α3γ6
, β4γ1α3γ6

≠ 0 and β6γ1
α3γ6

= 0 then

w.s.c.o.b. A is isomorphic to A88(α,0).

• If γ4
γ6
= 0, β2γ6 = 0, θ2 = 0, θ1 ≠ 0, α5

α3
≠ β6γ1
α3γ6

, α5

α3
= β4γ1
α3γ6

, β4γ1α3γ6
≠ 0 and β6γ1

α3γ6
≠ 0 then the base

change x1 = y1, x2 = 1
θ1
y2, x3 = y3, x4 = 1

θ1
y4, x5 = y5 shows that A is isomorphic to

A100(α,β).

• If γ4
γ6

= 0, β2γ6 = 0, θ2 = 0, θ1 ≠ 0, α5

α3
≠ β6γ1

α3γ6
and α5

α3
≠ β4γ1

α3γ6
then the base change x1 =

y1, x2 = 1
θ1
y2, x3 = y3, x4 = 1

θ1
y4, x5 = y5 shows that A is isomorphic to A101(α,β, γ).

• If γ4
γ6

= 0, β2γ6 = 0 and θ2 ≠ 0 then the base change x1 = θ2y1, x2 = y2, x3 = θ2y3, x4 =
θ2y4, x5 = θ22y5 shows that A is isomorphic to R1.
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• If γ4
γ6

= 0 and β2
γ6

≠ 0 then the base change x1 = y1, x2 =
√

γ6
β2
y2, x3 = y3, x4 =

√
γ6
β2
y4, x5 = y5 shows that A is isomorphic to R2.

• If γ4
γ6

≠ 0 then the base change x1 = y1, x2 = γ6
γ4
y2, x3 = y3, x4 = γ6

γ4
y4, x5 = y5 shows

that A is isomorphic to R3.

Case 1.2.1.2.2: Let α2 ≠ 0. If (β4 + β6, γ6) ≠ (0,0) then the base change x1 =
xe1+e3, x2 = e2, x3 = e3, x4 = e4, x5 = e5(where α2x2+(β4+β6)x+γ6 = 0) shows that A is iso-

morphic to an algebra with the nonzero products given by (4.59). Hence A is isomorphic to

A14,A16(α),A26(α,β),A29(α,β, γ),A31,A32(α,β, γ),A33(α,β, γ),A34(α,β, γ, θ),A35,A36,A38,

A42(α),A44(α,β),A46(α),A48(α,β),A50(α),A53(α),A55(α,β),A57(α,β),A58(α,β, γ),A77(α),
A80,A81(α,β),A82(α),A83,A84(α,β),A85(α,β, γ),A86,A87(α,β),A88(α,β),A89(α,β, γ),A90(α),
A91(α,β, γ),A92(α,β, γ),A93(α,β),A94(α,β, γ),A95(α,β),A96(α,β, γ, θ),A97(α),A98(α),
A99(α,β),A100(α,β), A101(α,β, γ),R1,R2 or R3. So let β4 + β6 = 0 = γ6. Then we have

the following products in A:

[e1, e1] = α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α5e4 + α6e5, [e2, e2] = β1e4 + β2e5,
[e1, e3] = β4e5 = −[e3, e1], [e2, e3] = γ1e4 + γ2e5, [e3, e2] = γ4e5.

Without loss of generality we can assume α5 = 0 because if α5 ≠ 0 then with the base

change x1 = γ1e1 − α5e3, x2 = e2, x3 = e3, x4 = e4, x5 = e5 we can make α5 = 0. Furthermore,

if β1 ≠ 0 then with the base change x1 = e1, x2 = γ1e2 −β1e3, x3 = e3, x4 = e4, x5 = e5 we can

make β1 = 0. So we can assume β1 = 0. Then we have the following products in A:

[e1, e1] = α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α6e5, [e2, e2] = β2e5,
[e1, e3] = β4e5 = −[e3, e1], [e2, e3] = γ1e4 + γ2e5, [e3, e2] = γ4e5.

Take θ = α3(α4γ1−α3γ2)
α2γ21

. The base change y1 = γ1
α3
e1, y2 = e2, y3 = e3, y4 = γ1e4 + γ2e5, y5 =

α2γ
2
1

α2
3
e5 shows that A is isomorphic to the following algebra:

[y1, y1] = y5, [y1, y2] = y4 + θy5, [y2, y1] =
α3α6

α2γ1
y5, [y2, y2] =

β2α2
3

α2γ21
y5, [y1, y3] =

α3β4
α2γ1

y5 = −[y3, y1],

[y2, y3] = y4, [y3, y2] =
α2
3γ4

α2γ21
y5.
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Then the base change x1 = y1, x2 = y2, x3 = y3, x4 = y4, x5 = y5 shows that A is isomorphic

to R4.

Case 1.2.2: Let α1 ≠ 0.

Case 1.2.2.1: Let α1γ2 − α2γ1 = 0. If α3 ≠ 0 then with the base change x1 = e1, x2 =
α3e1 − α1e2, x3 = e3, x4 = e4, x5 = e5 we can make α3 = 0. So we can assume α3 = 0. Then

we have the following products in A:

[e1, e1] = α1e4+α2e5, [e1, e2] = α4e5, [e2, e1] = α5e4+α6e5, [e2, e2] = β1e4+β2e5, [e1, e3] = β4e5,
[e3, e1] = β6e5, [e2, e3] = γ1e4 + γ2e5, [e3, e2] = γ4e5, [e3, e3] = γ6e5. (4.60)

If α5 ≠ 0 then with the base change x1 = γ1e1 − α5e3, x2 = e2, x3 = e3, x4 = e4, x5 = e5 we

can make α5 = 0. So we can assume α5 = 0. Then we have the following products in A:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α4e5, [e2, e1] = α6e5, [e2, e2] = β1e4 + β2e5, [e1, e3] = β4e5,
[e3, e1] = β6e5, [e2, e3] = γ1e4 + γ2e5, [e3, e2] = γ4e5, [e3, e3] = γ6e5.

Furthermore, if β1 ≠ 0 then with the base change x1 = e1, x2 = γ1e2 − β1e3, x3 = e3, x4 =
e4, x5 = e5 we can make β1 = 0. So we can assume β1 = 0. Then we have the following

products in A:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α4e5, [e2, e1] = α6e5, [e2, e2] = β2e5, [e1, e3] = β4e5,
[e3, e1] = β6e5, [e2, e3] = γ1e4 + γ2e5, [e3, e2] = γ4e5, [e3, e3] = γ6e5.

The base change y1 = e1, y2 = α1

γ1
e2, y3 = e3, y4 = α1

γ1
(γ1e4 + γ2e5), y5 = e5 shows that A is

isomorphic to the following algebra:

[y1, y1] = y4, [y1, y2] =
α1α4

γ1
y5, [y2, y1] =

α1α6

γ1
y5, [y2, y2] =

α2
1β2
γ21

y5, [y1, y3] = β4y5,

[y3, y1] = β6y5, [y2, y3] = y4, [y3, y2] =
α1γ4
γ1

y5, [y3, y3] = γ6y5.

Then the base change x1 = y1, x2 = y2, x3 = y3, x4 = y4, x5 = y5 shows that A is

isomorphic to R5.

Case 1.2.2.2: Let α1γ2 − α2γ1 ≠ 0. Without loss of generality we can assume α3 = 0

because if α3 ≠ 0 then with the base change x1 = e1, x2 = α3e1−α1e2, x3 = e3, x4 = e4, x5 = e5
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we can make α3 = 0. Then we have the following products in A:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α4e5, [e2, e1] = α5e4 + α6e5, [e2, e2] = β1e4 + β2e5, [e1, e3] = β4e5,
[e3, e1] = β6e5, [e2, e3] = γ1e4 + γ2e5, [e3, e2] = γ4e5, [e3, e3] = γ6e5.

Furthermore, if β1 ≠ 0 then with the base change x1 = e1, x2 = γ1e2 − β1e3, x3 = e3, x4 =
e4, x5 = e5 we can make β1 = 0. So we can assume β1 = 0. Then we have the following

products in A:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α4e5, [e2, e1] = α5e4 + α6e5, [e2, e2] = β2e5, [e1, e3] = β4e5,
[e3, e1] = β6e5, [e2, e3] = γ1e4 + γ2e5, [e3, e2] = γ4e5, [e3, e3] = γ6e5.

Take θ1 = α2γ1−α1γ2
γ1

and θ2 = α1(α6γ2−α5γ1)
γ21θ1

. The base change y1 = e1, y2 = α1

γ1
e2, y3 = e3, y4 =

α1

γ1
(γ1e4 + γ2e5), y5 = θ1e5 shows that A is isomorphic to the following algebra:

[y1, y1] = y4 + y5, [y1, y2] =
α1α4

γ1θ1
e5, [y2, y1] =

α5

γ1
y4 + θ2y5, [y2, y2] =

α2
1β4
γ21θ1

y5, [y1, y3] =
β4
θ1
y5,

[y3, y1] =
β6
θ1
y5, [y2, y3] = y4, [y3, y2] =

α1γ4
γ1θ1

y5, [y3, y3] =
γ6
θ1
y5.

Note that if (β4 + β6, γ6) ≠ (0,0) then the base change x1 = xy1 + y3, x2 = y2, x3 = y3, x4 =
y4, x5 = y5((where θ1x2 + (β4 + β6)x + γ6 = 0) shows that A is isomorphic to an algebra

with the nonzero products given by (4.60). Hence A is isomorphic to R5.

So let β4 + β6 = 0 = γ6. Without loss of generality we can assume α5 = 0 because if α5 ≠ 0

then with the base change x1 = γ1y1 − α5y3, x2 = y2, x3 = y3, x4 = y4, x5 = y5 we can make

α5 = 0. Then we have the following products in A:

[y1, y1] = y4 + y5, [y1, y2] =
α1α4

γ1θ1
e5, [y2, y1] = θ2y5, [y2, y2] =

α2
1β4
γ21θ1

y5, [y1, y3] =
β4
θ1
y5 = −[y3, y1],

[y2, y3] = y4, [y3, y2] =
α1γ4
γ1θ1

y5.

Then the base change x1 = y1, x2 = y2, x3 = y3, x4 = y4, x5 = y5 shows that A is isomorphic

to R6.

Case 2: Let γ3 ≠ 0.

Case 2.1: Let β3 = 0.

124



Case 2.1.1: Let α1 = 0. If α3 = 0(resp. α3 ≠ 0) then the base change x1 = e3, x2 =
e2, x3 = e1, x4 = e4, x5 = e5(resp. x1 = e1, x2 = e2, x3 = γ3e1 − α3e3, x4 = e4, x5 = e5) shows

that A is isomorphic to an algebra with the nonzero products given by (4.46). Hence A

is isomorphic to A1,A2, . . . ,A101(α,β, γ),R1,R2,R3,R4,R5 or R6.

Case 2.1.2: Let α1 ≠ 0.

Case 2.1.2.1: Let γ1 = 0. Without loss of generality we can assume α5 = 0 because if

α5 ≠ 0 then with the base change x1 = e1, x2 = α5e1 − α1e2, x3 = e3, x4 = e4, x5 = e5 we can

make α5 = 0. Similarly we can assume β1 = 0 because if β1 ≠ 0 then with the base change

x1 = e1, x2 = γ3e2 − β1e3, x3 = e3, x4 = e4, x5 = e5 we can make β1 = 0. Then we have the

following products in A:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α6e5, [e2, e2] = β2e5, [e1, e3] = β4e5,
[e3, e1] = β6e5, [e2, e3] = γ2e5, [e3, e2] = γ3e4 + γ4e5, [e3, e3] = γ6e5.

The base change x1 = e1, x2 = e3, x3 = e2, x4 = e4, x5 = e5 shows that A is isomorphic

to an algebra with the nonzero products given by (4.46). Hence A is isomorphic to

A1,A2, . . . ,A101(α,β, γ),R1,R2,R3,R4,R5 or R6.

Case 2.1.2.2: Let γ1 ≠ 0.

Case 2.1.2.2.1: Let γ1 + γ3 = 0. If β1 ≠ 0 then with the base change x1 = e1, x2 =
e1 + xe2, x3 = e3, x4 = e4, x5 = e5(where β1x2 + (α3 + α5)x + α1 = 0) we can make β1 = 0. so

we can assume β1 = 0. Furthermore we can assume α5 = 0 because if α5 ≠ 0 then with the

base change x1 = γ1e1 −α5e3, x2 = e2, x3 = e3, x4 = e4, x5 = e5 we can make α5 = 0. Then we

have the following products in A:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α6e5, [e2, e2] = β2e5, [e1, e3] = β4e5,
[e3, e1] = β6e5, [e2, e3] = γ1e4 + γ2e5, [e3, e2] = −γ1e4 + γ4e5, [e3, e3] = γ6e5.

Case 2.1.2.2.1.1: Let γ6 = 0.

Case 2.1.2.2.1.1.1: Let β6 = 0.

Case 2.1.2.2.1.1.1.1: Let γ2+γ4 = 0. Take θ1 = α2γ1−α1γ2
γ1

and θ2 = α4γ1−α3γ2
γ1

. The base

change y1 = e1, y2 = e2, y3 = α1

γ1
e3, y4 = α1

γ1
(γ1e4 + γ2e5), y5 = e5 shows that A is isomorphic
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to the following algebra:

[y1, y1] = y4 + θ1y5, [y1, y2] =
α3

α1

y4 + θ2y5, [y2, y1] = α6y5, [y2, y2] = β2y5, [y1, y3] =
α1β4
γ1

y5,

[y2, y3] = y4 = −[y3, y2].

Then the base change x1 = y1, x2 = y2, x3 = y3, x4 = y4, x5 = y5 shows that A is

isomorphic to R7.

Case 2.1.2.2.1.1.1.2: Let γ2+γ4 ≠ 0. Without loss of generality we can assume β2 = 0

because if β2 ≠ 0 then with the base change x1 = e1, x2 = (γ2 + γ4)e2 − β2e3, x3 = e3, x4 =
e4, x5 = e5 we can make β2 = 0. Then we have the following products in A:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α6e5, [e1, e3] = β4e5,
[e2, e3] = γ1e4 + γ2e5, [e3, e2] = −γ1e4 + γ4e5.

Take θ1 = α2γ1+α1γ4
α1(γ2+γ4) and θ2 = α4γ1+α3γ4

α1(γ2+γ4) . The base change y1 = e1, y2 = e2, y3 = α1

γ1
e3, y4 =

α1

γ1
(γ1e4 − γ4e5), y5 = α1(γ2+γ4)

γ1
e5 shows that A is isomorphic to the following algebra:

[y1, y1] = y4 + θ1y5, [y1, y2] =
α3

α1

y4 + θ2y5, [y2, y1] =
α6γ1

α1(γ2 + γ4)
y5, [y1, y3] =

β4
γ2 + γ4

y5,

[y2, y3] = y4 + y5, [y3, y2] = −y4.

Then the base change x1 = y1, x2 = y2, x3 = y3, x4 = y4, x5 = y5 shows that A is isomorphic

to R8.

Case 2.1.2.2.1.1.2: Let β6 ≠ 0. Note that if α6 ≠ 0 then with the base change

x1 = e1, x2 = β6e2 − α6e3, x3 = e3, x4 = e4, x5 = e5 we can make α6 = 0. So let α6 = 0. Then

we have the following products in A:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e4 + α4e5, [e2, e2] = β2e5, [e1, e3] = β4e5, [e3, e1] = β6e5,
[e2, e3] = γ1e4 + γ2e5, [e3, e2] = −γ1e4 + γ4e5.

Take θ1 = α2γ1+α1γ4
α1β6

, θ2 = α4γ1+α3γ4
α1β6

and θ3 = γ2+γ4
β6

. The base change y1 = e1, y2 = e2, y3 =
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α1

γ1
e3, y4 = α1

γ1
(γ1e4−γ4e5), y5 = α1β6

γ1
e5 shows that A is isomorphic to the following algebra:

[y1, y1] = y4 + θ1y5, [y1, y2] =
α3

α1

y4 + θ2y5, [y2, y2] =
β2γ1
α1β6

y5, [y1, y3] =
β4
β6
y5, [y3, y1] = y5,

[y2, y3] = y4 + θ3y5, [y3, y2] = −y4.

Then the base change x1 = y1, x2 = y2, x3 = y3, x4 = y4, x5 = y5 shows that A is isomorphic

to R9.

Case 2.1.2.2.1.2: Let γ6 ≠ 0. Without loss of generality we can assume β2 = 0 because

if β2 ≠ 0 then with the base change x1 = e1, x2 = xe2 + e3, x3 = e3, x4 = e4, x5 = e5(where

β2x2 + (γ2 +γ4)x+γ6 = 0) we can make β2 = 0. Then we have the following products in A:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α6e5, [e1, e3] = β4e5, [e3, e1] = β6e5,
[e2, e3] = γ1e4 + γ2e5, [e3, e2] = −γ1e4 + γ4e5, [e3, e3] = γ6e5.

Take θ1 = α2γ1+α1γ4
γ1γ6

, θ2 = α1(α4γ1+α3γ4)
γ21γ6

and θ3 = α1(γ2+γ4)
γ1γ6

. The base change y1 = e1, y2 =
α1

γ1
e2, y3 = e3, y4 = α1

γ1
(γ1e4 − γ4e5), y5 = γ6e5 shows that A is isomorphic to the following

algebra:

[y1, y1] = y4 + θ1y5, [y1, y2] =
α3

γ1
y4 + θ2y5, [y2, y1] =

α1α6

γ1γ6
y5, [y1, y3] =

β4
γ6
y5, [y3, y1] =

β6
γ6
y5,

[y2, y3] = y4 + θ3y5, [y3, y2] = −y4, [y3, y3] = y5.

Then the base change x1 = y1, x2 = y2, x3 = y3, x4 = y4, x5 = y5 shows that A is isomorphic

to R10.

Case 2.1.2.2.2: Let γ1 + γ3 ≠ 0.

Case 2.1.2.2.2.1: Let γ6 = 0.

Case 2.1.2.2.2.1.1: Let β6 = 0.

Case 2.1.2.2.2.1.1.1: Let β4 = 0. Without loss of generality we can assume α5 = 0

because if α5 ≠ 0 then with the base change x1 = e1, x2 = α5e1−α1e2, x3 = e3, x4 = e4, x5 = e5
we can make α5 = 0. Furthermore if β1 ≠ 0 then with the base change x1 = e1, x2 =
(γ1 + γ3)e2 − β1e3, x3 = e3, x4 = e4, x5 = e5 we can make β1 = 0. So we can assume β1 = 0.
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Then we have the following products in A:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α6e5, [e2, e2] = β2e5, [e2, e3] = γ1e4 + γ2e5,
[e3, e2] = γ3e4 + γ4e5.

Take θ1 = α2γ3−α1γ4
γ3

, θ2 = α4γ3−α3γ4
γ3

and θ3 = α1(γ2γ3−γ1γ4)
γ23

. The base change y1 = e1, y2 =
e2, y3 = α1

γ3
e3, y4 = α1

γ3
(γ3e4 + γ4e5), y5 = e5 shows that A is isomorphic to the following

algebra:

[y1, y1] = y4 + θ1y5, [y1, y2] =
α3

α1

y4 + θ2y5, [y2, y1] = α6y5, [y2, y2] = β2y5, [y2, y3] =
γ1
γ3
y4 + θ3y5,

[y3, y2] = y4.

Then the base change x1 = y1, x2 = y2, x3 = y3, x4 = y4, x5 = y5 shows that A is isomorphic

to R11.

Case 2.1.2.2.2.1.1.2: Let β4 ≠ 0. Take θ1 = α2γ3−α1γ4
α1β4

, θ2 = α4γ3−α3γ4
α1β4

, θ3 = α5

α1
, θ4 =

α6γ3−α5γ4
α1β4

, θ5 = β1
α1
, θ6 = β2γ3−β1γ4

α1β4
and θ7 = α1(γ2γ3−γ1γ4)

α1β4γ3
. The base change y1 = e1, y2 = e2, y3 =

α1

γ3
e3, y4 = α1

γ3
(γ3e4+γ4e5), y5 = α1β4

γ3
e5 shows that A is isomorphic to the following algebra:

[y1, y1] = y4 + θ1y5, [y1, y2] =
α3

α1

y4 + θ2y5, [y2, y1] = θ3y4 + θ4y5, [y2, y2] = θ5y4 + θ6y5, [y1, y3] = y5,

[y2, y3] =
γ1
γ3
y4 + θ7y5, [y3, y2] = y4.

Without loss of generality we can assume θ1 = 0 because if θ1 ≠ 0 then with the base

change x1 = y1 − θ1y3, x2 = y2, x3 = y3, x4 = y4, x5 = y5 we can make θ1 = 0. Also if θ3 ≠ 0

then with the base change x1 = y1, x2 = θ3y1 − y2, x3 = y3, x4 = y4, x5 = y5 we can make

θ3 = 0. So we can assume θ3 = 0. Furthermore we can assume θ5 = 0 because if θ5 ≠ 0 then

with the base change x1 = y1, x2 = (γ1γ3 + 1)y2 − θ5y3, x3 = y3, x4 = y4, x5 = y5 we can make

θ5 = 0. Then we have the following products in A:

[y1, y1] = y4, [y1, y2] =
α3

α1

y4 + θ2y5, [y2, y1] = θ4y5, [y2, y2] = θ6y5, [y1, y3] = y5,

[y2, y3] =
γ1
γ3
y4 + θ7y5, [y3, y2] = y4.

Then the base change x1 = y1, x2 = y2, x3 = y3, x4 = y4, x5 = y5 shows that A is isomorphic

to R12.
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Case 2.1.2.2.2.1.2: Let β6 ≠ 0. Without loss of generality we can assume α5 = 0

because if α5 ≠ 0 then with the base change x1 = e1, x2 = α5e1−α1e2, x3 = e3, x4 = e4, x5 = e5
we can make α5 = 0. Furthermore if β1 ≠ 0 then with the base change x1 = e1, x2 =
(γ1 + γ3)e2 − β1e3, x3 = e3, x4 = e4, x5 = e5 we can make β1 = 0. So we can assume β1 = 0.

Then we have the following products in A:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α6e5, [e2, e2] = β2e5, [e1, e3] = β4e5,
[e3, e1] = β6e5, [e2, e3] = γ1e4 + γ2e5, [e3, e2] = γ3e4 + γ4e5.

Take θ1 = α2γ3−α1γ4
α1β6

, θ2 = α4γ3−α3γ4
α1β6

and θ3 = α1(γ2γ3−γ1γ4)
α1β6γ3

. The base change y1 = e1, y2 =
e2, y3 = α1

γ3
e3, y4 = α1

γ3
(γ3e4 + γ4e5), y5 = α1β6

γ3
e5 shows that A is isomorphic to the following

algebra:

[y1, y1] = y4 + θ1y5, [y1, y2] =
α3

α1

y4 + θ2y5, [y2, y1] =
α6γ3
α1β6

y5, [y2, y2] =
β2γ3
α1β6

y5, [y1, y3] =
β4
β6
y5,

[y3, y1] = y5, [y2, y3] =
γ1
γ3
y4 + θ3y5, [y3, y2] = y4.

Then the base change x1 = y1, x2 = y2, x3 = y3, x4 = y4, x5 = y5 shows that A is isomorphic

to R13.

Case 2.1.2.2.2.2: Let γ6 ≠ 0. Note that if β6 ≠ 0 then with the base change x1 =
γ6e1 − β6e3, x2 = e2, x3 = e3, x4 = e4, x5 = e5 we can make β6 = 0. So we can assume β6 = 0.

Without loss of generality we can assume α5 = 0 because if α5 ≠ 0 then with the base

change x1 = e1, x2 = α5e1 − α1e2, x3 = e3, x4 = e4, x5 = e5 we can make α5 = 0. Furthermore

if β1 ≠ 0 then with the base change x1 = e1, x2 = (γ1 + γ3)e2 − β1e3, x3 = e3, x4 = e4, x5 = e5
we can make β1 = 0. So we can assume β1 = 0. Then we have the following products in A:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α6e5, [e2, e2] = β2e5, [e1, e3] = β4e5,
[e2, e3] = γ1e4 + γ2e5, [e3, e2] = γ3e4 + γ4e5, [e3, e3] = γ6e5.

Take θ1 = α2γ3−α1γ4
γ3γ6

, θ2 = α1(α4γ3−α3γ4)
γ23γ6

and θ3 = α1(γ2γ3−γ1γ4)
γ23γ6

. The base change y1 =
e1, y2 = α1

γ3
e2, y3 = e3, y4 = α1

γ3
(γ3e4 + γ4e5), y5 = γ6e5 shows that A is isomorphic to the
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following algebra:

[y1, y1] = y4 + θ1y5, [y1, y2] =
α3

γ3
y4 + θ2y5, [y2, y1] =

α1α6

γ3γ6
y5, [y2, y2] =

α2
1β2
γ23γ6

y5, [y1, y3] =
β4
γ6
y5,

[y2, y3] =
γ1
γ3
y4 + θ3y5, [y3, y2] = y4, [y3, y3] = y5.

Then the base change x1 = y1, x2 = y2, x3 = y3, x4 = y4, x5 = y5 shows that A is isomorphic

to R14.

Case 2.2: Let β3 ≠ 0. Without loss of generality we can assume γ1 = 0 because if

γ1 ≠ 0 then with the base change x1 = e1, x2 = γ1e1 − β3e2, x3 = e3, x4 = e4, x5 = e5 we can

make γ1 = 0. Then the products in A are the following:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α5e4 + α6e5, [e2, e2] = β1e4 + β2e5,
[e1, e3] = β3e4 + β4e5, [e3, e1] = β6e5, [e2, e3] = γ2e5, [e3, e2] = γ3e4 + γ4e5, [e3, e3] = γ6e5.

Note that if β1 ≠ 0 then with the base change x1 = e1, x2 = γ3e2−β1e3, x3 = e3, x4 = e4, x5 =
e5 we can make β1 = 0. So we can assume β1 = 0. Then the products in A are the following:

[e1, e1] = α1e4 + α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α5e4 + α6e5, [e2, e2] = β2e5,
[e1, e3] = β3e4 + β4e5, [e3, e1] = β6e5, [e2, e3] = γ2e5, [e3, e2] = γ3e4 + γ4e5, [e3, e3] = γ6e5.

Furthermore if α1 ≠ 0 then with the base change x1 = β3e1 − α1e3, x2 = e2, x3 = e3, x4 =
e4, x5 = e5 we can make α1 = 0. So let α1 = 0. Then we have the following products in A:

[e1, e1] = α2e5, [e1, e2] = α3e4 + α4e5, [e2, e1] = α5e4 + α6e5, [e2, e2] = β2e5,
[e1, e3] = β3e4 + β4e5, [e3, e1] = β6e5, [e2, e3] = γ2e5, [e3, e2] = γ3e4 + γ4e5, [e3, e3] = γ6e5.

Case 2.2.1: Let α5 = 0. Then the base change x1 = e1, x2 = e3, x3 = e2, x4 = e4, x5 = e5
shows that A is isomorphic to an algebra with the nonzero products given by (4.46).

Hence A is isomorphic to A1,A2, . . . ,A101(α,β, γ),R1,R2,R3,R4,R5 or R6.

Case 2.2.2: Let α5 ≠ 0. Take θ1 = β3(α4γ3−α3γ4)
α2
5

, θ2 = β3(α6γ3−α5γ4)
α2
5

and θ3 = β4γ3−β3γ4
α5

.

The base change y1 = γ3
α5
e1, y2 = β3

α5
e2, y3 = e3, y4 = β3

α5
(γ3e4 + γ4e5), y5 = e5 shows that A is
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isomorphic to the following algebra:

[y1, y1] =
α2γ23
α2
5

y5, [y1, y2] =
α3

α5

y4 + θ1y5, [y2, y1] = y4 + θ2y5, [y2, y2] =
β2β2

3

α2
5

y5, [y1, y3] = y4 + θ3y5,

[y3, y1] =
β6γ3
α5

y5, [y2, y3] =
β3γ2
α5

y5, [y3, y2] = y4, [y3, y3] = γ6y5.

Then the base change x1 = y1, x2 = y2, x3 = y3, x4 = y4, x5 = y5 shows that A is isomorphic

to R15.

Now we give the conditions for two Leibniz algebras of the infinite families to be

isomorphic for the families obtained in Theorem 4.3.4.
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Class Isomorphism criterion Class Isomorphism criterion

A3(α) α2
2 = α

2
1 A45(α,β) α2 = α1 and β2 = β1

A4(α) α2 = α1 or α2 = 1
α1

A46(α) α2 = α1

A5(α) α2 = α1 A47(α) α2 = α1

A6(α) α2 = α1 A48(α,β) α2 = α1 and β2 = β1

A7(α,β) (α2 = α1 and β2
2 = β2

1) or (α2 = 1
α1

and β2
2 =

( β1
α1

)2)
A49(α,β) α2 = α1 and β2 = β1

A9(α) α2 = α1 A50(α) α2 = α1

A13(α,β) (α2+β2)2+2(α2−β2) = (α1+β1)2+2(α1−β1) A51(α) α2 = α1

A16(α) α2 = α1 A52(α) α2 = α1

A17(α) α2 = α1 A53(α) α2 = α1

A22(α) α2 = α1 or α2 = 1
α1

A55(α,β) α2 = α1 and β2 = β1

A23(α) α2 = α1 or α2 = 1
α1

A57(α,β) α2 = α1 and β2 = β1

A24(α) α2 = α1 A58(α,β, γ) (α2 = α1 and β2 = β1 and γ2 = γ1) or (α2 = 1
α1

and β2 = −α1β1 and γ2 = −β1 − α1β1 + γ1)

A25(α) α2 = α1 A60(α,β) (α2 = α1 and β2 = β1) or (α2 = 1
α1

and β2 =
−1 − α1 − α1β1)

A26(α,β) α2
2 = α

2
1 and β2 = β1 A61(α,β) (α2 = α1 and β2 = β1) or (α2 = −α1 and β2 =

−2α1 + β1)

A27(α,β) α2 = α1 and β2 = β1 A62(α,β) α2 = α1 and β2 = β1

A28(α,β) α2 = α1 and β2 = β1 A63(α,β, γ) hard to compute

A29(α,β, γ) α2 = α1 and β2
2 = β2

1 and γ2 = γ1 A64(α) α2 = α1

A30(α) α2 = α1 A66(α) α2
2 = α

2
1

A32(α,β, γ) α2 = α1 and β2 = β1 and γ2 = γ1 A67(α) α2 = α1 or α2 = 1
α1

A33(α,β, γ) (α2 = α1 and β2 = β1 and γ2 = γ1) or (α2 = −α1

and β2 = −β1 and γ2 = −2α1 − 2β1 + γ1)
A68(α) α2 = α1 or α2 = −1 − α1

A34(α,β, γ, θ) (α2 = α1 and β2 = β1 and γ2 = γ1 and θ2 = θ1)
or (α2 = 1

α1
and β2 = −α1β1 and γ2 = −α1γ1

and θ2 = −β1 − α1β1 − γ1 − α1γ1 + θ1)

A70(α) α2 = α1

A39(α,β) α2 = α1 and β2
2 − 2α1β2 − β2

1 + 2α1β1 = 0 A71(α) α2 = α1

A40(α) α2 = α1 A72(α) α2 = α1 or α2 = α1
2α1−1

A42(α) α2 = α1 A73(α) α2 = α1

A43(α) α2 = α1 A74(α,β) (α2 = α1 and β2 = β1) or (α2 = 1
α1

and β2 =
α1β1

α1β1+β1−1 )

A44(α,β) (α2 = α1 and β2 = β1) or (α2 = β1 and β2 = α1) A75(α) α2 = α1
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A76(α) α2 = α1 A91(α,β, γ) (α2 = α1 and β2 = β1 and γ2 = γ1) or (α2 = −α1

and β2 = β1 and γ2 = −γ1)

A77(α) α2 = α1 A92(α,β, γ) α2
2 = α

2
1 and β2 = β1 and γ2 = γ1

A78(α) α2 = α1 A93(α,β) α2
2 = α

2
1 and β2 = β1

A81(α,β) (α2 = α1 and β2 = β1) or (α2 = −α1 and

β2 = β1) or (α2 =
α1β1−(β1−2)

√
α2
1
+4β1+4

2β1

and β2 =
α2
1+2β1+4−α1

√
α2
1
+4β1+4

2β1
)

or (α2 =
−α1β1+(β1−2)

√
α2
1
+4β1+4

2β1

and β2 =
α2
1+2β1+4−α1

√
α2
1
+4β1+4

2β1
)

or (α2 =
−α1β1−(β1−2)

√
α2
1
+4β1+4

2β1

and β2 =
α2
1+2β1+4+α1

√
α2
1
+4β1+4

2β1
)

or (α2 =
α1β1+(β1−2)

√
α2
1
+4β1+4

2β1
and

β2 =
α2
1+2β1+4+α1

√
α2
1
+4β1+4

2β1
)

A94(α,β, γ) α2
2 = α

2
1 and β2 = β1 and γ2 = γ1

A82(α) α2 = α1 A95(α,β) (α2 = α1 and β2 = β1) or (α2 = α1 and β2 =
−β1

A84(α,β) α2 = α1 and β2 = β1 A96(α,β, γ, θ) (α2 = α1 and β2 = β1 and γ2 = γ1 and θ2 = θ1)
or (α2 = −α1 and β2 = β1 and γ2 = −γ1 and

θ2 = θ1)

A85(α,β, γ) α2 = α1 and β2 = β1 and γ2 = γ1 A97(α) α2 = α1

A87(α,β) α2 = α1 and β2 = β1 A98(α) α2
2 = α

2
1

A88(α,β) α2 = α1 and β2 = β1 A99(α,β) (α2 = α1 and β2 = β1) or (α2 = −β1 and β2 =
−α1) or (α2 = α1β1 and β2 = − 1

α1
) or (α2 =

α1β1 and β2 = 1
β1

) or (α2 = − 1
β1

and β2 =
−α1β1) or (α2 = 1

α1
and β2 = −α1β1)

A89(α,β, γ) α2 = α1 and β2 = β1 and γ2 = γ1 A100(α,β) hard to compute

A90(α) α2
2 = α

2
1 A101(α,β, γ) hard to compute

Table 4.2: Condition of isomorphism classes

Throughout this work, we use Mathematica program implementing Algorithm 2.6

given in [10] which determines if given two Leibniz algebras are isomorphic. This pro-

gram also gives the change of basis if given two Leibniz are isomorphic. However we note

that even with the help of this computer program it is too difficult to get change of bases

for some cases. We don’t give change of bases for those cases. Furthermore, for some

difficult cases in Theorem 4.3.4, this program cannot decide whether given two Leibniz
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algebras are isomorphic.

Note that in Theorem 4.3.4 we obtain 101 distinct isomorphism classesA1,A2, . . . ,A101(α,β, γ);
and additional 15 algebras R1, . . . ,R15 that are not distinct and can be isomorphic to

the isomorphism classes A1,A2, . . . ,A101(α,β, γ). Next we compare the classification of

non-split nilpotent Lie and Leibniz algebras. For this purpose we give the following table.

It can be seen from the table that the number of isomorphism classes increases drastically

with the dimension for Leibniz algebras.

Dimension Number of isomorphism classes of non-

split nilpotent Lie algebra

Number of isomorphism classes of non-

split nilpotent Leibniz algebra

1 - -

2 - 1 single algebra

3 1 single algebra 4 single algebras and 1 infinite family

4 1 single algebra 23 single algebras and 3 infinite families

5 6 single algebras 149 single algebras and 118 infinite

families(plus 15 remained algebras)

Table 4.3: Comparision of classification of nilpotent Lie algebras and Leibniz algebras
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Leibniz. Enseign. Math. (2), 39(3-4):269–293, 1993.

[22] J. L. Loday and T. Pirashvili. Universal enveloping algebras of Leibniz algebras and
(co)homology. Math. Ann., 296(1):139–158, 1993.

[23] L. Magnin. Determination of 7-dimensional indecomposable nilpotent complex Lie
algebras by adjoining a derivation to 6-dimensional Lie algebras. Algebr. Represent.
Theory, 13(6):723–753, 2010.

[24] A. I. Malcev. Solvable Lie algebras. Amer. Math. Soc. Translation, 1950(27):36,
1950.

[25] V. V. Morozov. Classification of nilpotent Lie algebras of sixth order. Izv. Vysš.
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variété des algèbres de Lie nilpotentes. Bull. Soc. Math. France, 98:81–116, 1970.

138


