ABSTRACT

DEMIR, ISMAIL. Classification of 5—Dimensional Complex Nilpotent Leibniz Algebras.
(Under the direction of Dr. Kailash Misra and Dr. Ernest Stitzinger.)

Leibniz algebras are certain generalization of Lie algebras. They were introduced
by Bloh (1965) who called them D-algebras. Then it was popularized by Loday (1993)
and the subject has been studied since then. Lie algebras are known to have many
applications in mathematical areas including algebraic geometry, differential geometry,
differential equations, number theory and also in physical areas such as general relativity,
quantum mechanics, quantum field theory, string theory, particle physics and nuclear
physics. The classification problem is one of the fundamental and important problems
in Lie algebras. The famous Levi-Malcev (1905, 1950) theorem reduce the problem of
classifying Lie algebras to classifying semisimple and solvable Lie algebras over a field of
characteristic 0. The semisimple Lie algebras was classified by Cartan (1894) and later
refined by Dynkin (1947). Malcev (1950) showed that the problem of classifying solvable
Lie algebras can be reduced to classifying nilpotent Lie algebras. So far the complete
classification of complex nilpotent Lie algebras of dimension n < 7 is known and the
classification problem of complex nilpotent Lie algebras is wild in higher dimensions.
The lack of antisymmetry property in Leibniz algebras makes the classification problem
more difficult for Leibniz algebras.

In this work, we give the classification of complex nilpotent non-split non-Lie Leibniz
algebras of dimension n < 5. A Leibniz algebras is called non-split if it doesn’t have
nontrivial ideals as a summand. We introduce the technique involving bilinear forms to
obtain the classification of complex nilpotent non-split non-Lie Leibniz algebras with
one dimensional derived algebra. The remaining cases are done by using some algebraic

invariants.
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Chapter 1
Introduction

Leibniz algebras are nonantisymmetric generalization of Lie algebras. Such algebras had
been first considered by Bloh who called them D-algebras [7], considering their connec-
tions with derivations. While studying the properties of the homology of Lie algebras
Loday noticed that the classical Chevalley-Eilenberg boundary map in the exterior mod-
ule of a Lie algebra can be lifted to the tensor module which yields a new chain complex.
For this chain complex to be well-defined the only property needed is the Leibniz identity.
This was the motivation for Loday to introduce Leibniz algebras [20], [21], [22].

It is always an interesting and fundamental problem to give the classification of any
kind of algebras. The problem of classifying all Lie algebras is still unsolved and it is very
complicated. One of the immediate applications of Levi-Malcev Theorem is to reduce the
problem of classifying Lie algebras over a field of characteristic 0 to classifying semisimple
and solvable Lie algebras over a field of characteristic 0 [19], [24]. The classification of
complex semisimple Lie algebras was completely given by Cartan [8] and later revisited
by Dynkin [17]. The problem of the classification of complex solvable Lie algebras can be

reduced to the classification of complex nilpotent Lie algebras due to Malcev [24].

Therefore, it has been of interest of many researchers to give the classification of
complex nilpotent Lie algebras. The first work on this problem was given by Umlauf [42],
in which he classified complex nilpotent Lie algebras of dimension n < 6. By applying
the method of nilpotent elements of semisimple Lie algebras, Morozov classified complex

nilpotent Lie algebras up to dimension 6 [25]. Later Safiullina [37] presented new results



on the classification of 7-dimensional complex nilpotent Lie algebras using Morozov’s
method. Major stepforward was made by Vergne who introduced filiform Lie algebras
as well as giving the complete classification of complex nilpotent Lie algebras of dimen-
sion n < 7 [43]. Skjelbred and Sund tackled the problem by studying the orbits under
the action of a group on the second degree cohomology space of a smaller Lie algebra
with coeflicients in a trivial module [40]. In 1989 Romdhani obtained a classification of
7—dimensional complex nilpotent Lie algebras using only basic Linear algebra techniques
such as Jordan forms of matrices and classification of bilinear forms [36]. Ancochea and
Goze [6] and Seeley [38] are the other researchers who attacked the problem by following
different approach, but they were later adjusted in [39] and [23]. In [11] De Graaf got the
classification 6-dimensional complex nilpotent Lie algebras by using Grobner bases and
he compared it with the classifications of 6—dimensional complex nilpotent Lie algebras

given before.

The classification problem of complex nilpotent Leibniz algebras were first studied
by Loday himself. In [21] he obtained the complete classification of complex nilpotent
Leibniz algebras of dimension n < 2. Later Ayupov and Omirov classified 3—dimensional

complex nilpotent Leibniz algebras in [3] and [4].

The classification of complex nilpotent Lie algebras is already a complicated problem.
Due to lack of antisymmetry the problem of classifying complex nilpotent Leibniz alge-
bras is more difficult. The problem is especially difficult for n > 3 because that requires
to solve a system of n* equations in n3 unknowns. This difficulty led some researchers to
work on a special subclass of nilpotent Leibniz algebras, namely filiform Leibniz algebras
which is introduced by Ayupov and Omirov [5]. They extended the concept of filiform Lie
algebras to Leibniz algebras and classified them for Leibniz algebras [5]. Using this result
along with the classification of 5—dimensional associative algebras, Albeverio, Omirov
and Rakhimov obtained the classification of 4—-dimensional complex nilpotent Leibniz
algebras [2]. In [27] Rakhimov and Bekbaev proposed an algortihm for classification of
complex nilpotent Leibniz algebras deriving from naturally graded filiform Leibniz alge-
bras with regard to invariant functions which allowed them to find isomorphism criterion
for each class. In particular, they gave the classification of complex filiform Leibniz alge-

bras of dimension 5 and 6. Following [27] many researchers worked on the classification of



complex filiform Leibniz algebras of dimension n < 9 [26], [34], [33], [32], [29], [28], [16], [1].

As stated above one of the techniques to classify nilpotent Lie algebras was intro-
duced by Skjelbred and Sund. Rakhimov and Langari were the first researchers who
used Skjelbred-Sund method in Leibniz algebras [31]. They also applied this technique
to obtain the classification of 3-dimensional complex nilpotent Leibniz algebras [30].
Rikhsiboev and Rakhimov [35] presented another classification of 3—dimensional Leibniz
algebras by considering some invariants. It was not surprising that the technique involv-
ing Grobner bases also was introduced for Leibniz algebras [18]. Casas, Insua and Ladra
first introduced an algorithm for testing whether a given algebra actually corresponds
to a Leibniz algebra [9]. Then they proposed another algorithm deciding whether any
given two Leibniz algebras are isomorphic [10]. In their work [10] they gave the complete
classification 3—-dimensional Leibniz algebras and compared it with the one given in [3].
Demir, Misra and Stitzinger [13] used another approach involving the canonical forms for
the congruence classes of matrices for bilinear forms to classify complex nilpotent Leibniz
algebras of dimension n < 3. Their technique allowed them to classify complex nilpotent
Leibniz algebras with one dimensional derived algebra of dimension n < 8 [14]. In fact this
technique can be applied to complex nilpotent Leibniz algebra of any fixed dimension
n. Using this technique and some invariants they also gave the complete classification of

4-dimensional complex nilpotent Leibniz algebras [15].

In Chapter 2, we recall basic notions for Leibniz algebras. We introduce the technique
involving bilinear forms to give the classification of complex nilpotent non-Lie Leibniz
algebras with one dimensional derived algebra. In Chapter 3, we also include the results
on classification of complex nilpotent non-split non-Lie Leibniz algebras of dimension
n <4 that we obtained in [13] and [15].

There has been no attempt to give the complete classification of 5—dimensional com-
plex nilpotent Leibniz algebras. As stated above there exists only partial results for clas-
sification of nilpotent Leibniz algebras of dimension n > 5. In Chapter 4, by applying the
bilinear form technique introduced in Chapter 3 and using some algebraic invariants we
classify 5—dimensional complex nilpotent non-split non-Lie Leibniz algebras. Throughout

this work, all algebras are over the field of complex numbers. We restrict our attention



to give isomorphism classes of non-split non-Lie nilpotent Leibniz algebras because split
ones can always be obtained by non-split isomorphism classes. We use Mathematica pro-
gram implementing Algorithm 2.6 given in [10] to check that the classes we obtained are

indeed pairwise nonisomorphic.



Chapter 2
Preliminaries

In this section we give the basic definitions and properties for Leibniz algebras.

Definition 2.0.1. A (left) Leibniz algebra A is a F—vector space equipped with a bilinear
map [, |: Ax A — A satisfying the Leibniz identity

[a,[b,¢]] = [[a,b], ] + [b, [a, ] (2.1)

for all a,b,c e A.

For a Leibniz algebra A and a € A, we define the left multiplication operator L, : A —
A and the right multiplication operator R, : A - A by L,(b) = [a,b] and R,(b) = [b,a]
respectively for all b € A. Note that by equation (2.1), the operator L, is a derivation,
but R, is not a derivation. A (right) Leibniz algebra is a vector space equipped with a
bilinear map such that the right multiplication is a derivation. Throughout this work,
Leibniz algebra always refers to (left) Leibniz algebra. A (left) Leibniz algebra is not

necessarily a (right) Leibniz algebra, as the following example shows.

Example 2.0.2. Let A be a 2-dimensional algebra with the following products:

[2,2]=0,[z,y]=0,[y, 2] =2,[y,y] = .

A is a (left) Leibniz algebra, but it is not a (right) Leibniz algebra, since [[y,y],y] #
[y, [y y1]+ [y, v].y].

Any Lie algebra is clearly a Leibniz algebra. A Leibniz algebra A satisfying the con-

dition that [a,a] = a®> = 0 for all a € A, is a Lie algebra since in this case the Leibniz



identity becomes the Jacobi identity. A Leibniz algebra which is not a Lie algebra is
called a non-Lie Leibniz algebra.

For any element a € A and n € Z.; we define a™ € A inductively by defining a' = a
and a**! = [a,a¥]. Similarly, we define A" by A! = A and A¥! = [A, A*]. The Leibniz
algebra A is said to be abelian if A% = 0. Furthermore, it follows from (2.1) that L,» =0

for n € Z.;.

Example 2.0.3. Let A be a n—dimensional Leibniz algebra generated by a single element

a. Then A =span{a,a?,... a"} and we have [a,a"] = qja+---+ a,a” for some oy, ..., q, €
F. By Leibniz identity we have 0 = [a,[a",a]] = [[a,a"],a] + [[a",a],a] = [cna + - +
ana™, al] = ai[a,a] which implies that a; = 0. Hence A% = span{a?,... ,a"}. The Leibniz

algebra A is called a n—dimensional cyclic Leibniz algebra.

Definition 2.0.4. Let I be a subspace of a Leibniz algebra A. Then [ is a subalgebra if
[I,I]<1,anideal if [A,I],[I,A] 1.

A? is called derived algebra of A. Given any Leibniz algebra A we denote Leib(A) =
{a? | a € A}. In particular, Leib(A) is an abelian ideal of A. Leib(A) is a right ideal
by definition. The fact that Leib(A) is a left ideal follows from the identity [a, [b,b]] =
[a+[b,b],a+[b,b]] - [a,a]. For any ideal I of A we define the quotient Leibniz algebra
in the usual way. It can be seen that A/Leib(A) is a Lie algebra.

Definition 2.0.5. The left center of A is denoted by Z!(A)={z € A | [z,a] = 0 for all
a € A} and the right center of A is denoted by Z"(A)={x € A|[a,z] =0 for all a € A} .
The center of A is Z(A) = Z'(A)n Z"(A).

Let A be a Leibniz algebra. Then the series of ideals
A = A2 AW 2 A®) 2 .. where AM =[A, A], A6+ = [A®) A®)]
is called the derived series of A.
Definition 2.0.6. A Leibniz algebra A is solvable if A(™) =0 for some integer m > 0.
Definition 2.0.7. A Leibniz algebra A is nilpotent of class ¢ if A*! =0 but A¢ # 0.

Definition 2.0.8. A Leibniz algebra A is said to be split if it can be written as a direct

sum of two nontrivial ideals. Otherwise, A is called non-split.

Definition 2.0.9. A n—dimensional Leibniz algebra A is said to be filiform Leibniz

algebra if dim(A%) =n -1, for 2<i<n.



Chapter 3

Classification of Nilpotent Leibniz
Algebras of dim <4

3.1 Classification of Nilpotent Leibniz Algebras with

One Dimensional Derived Algebra

Let A be a n-dimensional non-Lie nilpotent Leibniz algebra with dim(A?) = 1. Then
A? = Leib(A) = span{z, } for some 0 # x,, € A. Let V' be a complementary subspace to A2
in A such that A = A?@® V. Then for any u,v € V, we have [u,v] = cx,, for some ¢ € C.
Define the bilinear form f(, ):V xV - C by f(u,v) = ¢ for all u,v € V. The canonical
forms for the congruence classes of matrices associated with the bilinear form g( , ) on

a vector space W given in [41], [12] is as follows. We denote

0 B
[A\B] := ( )
A 0

Theorem 3.1.1. [12] The matriz of the bilinear form g( , ): W xW — C is congruent to
a direct sum, uniquely determined up to permutation of summands, of canonical matrices

of the following types:

1. Aggyr = \

(2k+1)x(2k+1)



c 1 1 ¢
2. Bog(c) = \ , c*=xl.
c 1 0 1 ¢ 0
2kx2k
0 1
11
3. Copy1 = 1 1
1 -1
1 -1 0
d(2k+1)x(2k+1)
0 1 1
1 -1 11
4. Doy = \ (k even)
1 -1 0 11 0
2kx2k
0 1
11
5. Egp = 1 1
101
101 0
“2kx2k
0 -1 1
11 11
6. Foy = \ (k odd)
101 0 11
2kx2k
Using Theorem 3.1.1, we choose a basis {x1,xs,...,2, 1} for V so that the matrix
of the bilinear form f( , ): V xV - C is the (n-1) x (n — 1) matrix N given in
Theorem 3.1.1. Then A has basis {z1,22,...,%, 1,2,} and the multiplication among

the basis vectors is completely determined by the matrix N since A2 ¢ Z(A). Hence



the resulting Leibniz algebras corresponding to distinct congruence class of matrices are

pairwise nonisomorphic.

Lemma 3.1.2. Let A be a non-Lie nilpotent Leibniz algebra with dim(A?) = 1 and
A= A?2@ V. The matriz of the bilinear form f(, ):V xV — C defined above is of the
form N = K &0 if and only if A is split.

Proof. By Theorem 3.1.1, the matrix of the bilinear form f( , ) is of the form N = K &0

with respect to the basis {x1,2z2,..., 2,1} for V where K is a k x k matrix. Recall
that here A? = Leib(A) = span{z,}, hence A has basis {z1,z2,...,Zy-1,2,}. Set I =
span{xy,..., Tk, x,} and Iy = span{zy1,..., T, 1}. Then I; and Iy are ideals of A and

A=1 @ I,. So A is split.

Conversely, suppose A is split. Then A = I; @ I, where I, I are ideals of A. Without
loss of generality we can assume that A% = Leib(A) = span{x,} is contained in I;. Then
[I3,15] € A2 n 15 = {0} which implies that I, is abelian. Hence the matrix N = K @ 0 for
some k x k matrix K, k<n-1. O

It can be seen that by using Theorem 3.1.1 and Lemma 3.1.2, we can give the complete
classification of non-split non-Lie nilpotent Leibniz algebras with one dimensional derived
algebra of any fixed dimension n. In fact we obtained the complete classification up to

dimension 8 in [14].

3.2 Classification of Nilpotent Leibniz Algebras of
dim(A) <4

We gave the complete classification of complex nilpotent Leibniz algebras of dimension

n < 3 in [13]. We list our results here.

Theorem 3.2.1. [13] Let A be a non-split non-Lie nilpotent Leibniz algebra of dim(A) =
2. Then A is isomorphic to a Leibniz algebra spanned by {x1,x2} with the nonzero products

giwven by the following:
Aps (21, 21] = 2.

Theorem 3.2.2. [13] Let A be a non-split non-Lie nilpotent Leibniz algebra of dim(A) =
3. Then A is isomorphic to a Leibniz algebra spanned by {xy,x2,x3} with the nonzero

products given by the following:



Ay [21,22] = 23 = —[29, 11], [12, 22] = 23.

Ao(a): [x1, 2] = 23, [22,21] = ax3, «aeC\{-1,1}.
As: [x1, 1] = x3, [22, 2] = x3.

Ayg: [x1,21] = 29, [21, 2] = 3.

Remark. If a, a9 € C\{=1,1} such that oy # g, then Ay(ay) and Ay(ay) are isomorphic

if and only if ay = 2

a—l.
We also obtained the classification of 4—dimensional non-split non-Lie nilpotent Leib-
niz algebras in [15]. By comparing our classification with classification given in [2] we

realized that one isomorphism class was missed in their list.

Theorem 3.2.3. [15] Let A be a non-split non-Lie nilpotent Leibniz algebra of dim(A) =
4. Then A is isomorphic to a Leibniz algebra spanned by {x1,xs, 3,14} with the nonzero

products given by the following:

Ais (21, 23] = 24, [13, 2] = 24.

Ag: [, 23] = 24, [x2, 2] = 4, [T2, 3] = 24 = —[23,22], [73, 1] = 24.
As: [x1, 9] = 24 = —[29, 1], [23, 23] = 24.

Aygs (21, 29] = 24 = —[m9, 1], [22, X2 ] = 24, [23, 23] = 4.

As(): [x1,22] = 24, [22, 21] = axy, [23, 23] =24, € C\{-1,1}.
Ag: [x1,21] = 24, [22, 2] = 24, [23, 23] = 24.

Az: (21, 21] = 2o, [21, 12] = 3, [21, 23] = 24.

Ag: [x1,21] = 24, [21,22] = 23 = —[22, 21].

Ag: [x1,21] = 24, [21,22] = 23 = —[29, 21], [X2, 2] = 74.

Ao [x1,21] = 24, [21, 22] = 23 = —[20, 21 ], [71, 23] = 24 = —[23, 21].
A [x1, 0] = 23 = =[29, 21], [22, 2] = 24, [21, 23] = 24 = —[23,21].

At [96'1,9171] =Ty, [331,332] =3, [33279171] = -3+ T4, [xlax?)] =Ty = —[9173,551]-

10



Ais: [x1, 0] = 23, [X2, 1] = =23 + T4, [T2, 22] = x4, [21, 23] = 24 = —[23,21].
Ay [x1,21] = 23, [21, 22] = 24.

Ais: [x1,21] = 23, [22, 21] = 4.

Aig: [x1,20] = x4, [22, 1] = T3, [T2, 2] = —23.

Aiz(@): [x1,21] = 23, [71, 2] = 24, [22,21] = @y, € C\{-1,0}.
Aig(@): [x1,21] = 23, [12, 1] = 24, [71, 2] = 3, [29, 2] = —24, € C\{-1}.
Aig: [x1, 1] = 23, [21, 2] = 23, [12, 1] = T3 + 14, [22, 2] = 24.

Aso: [x1,20] = 23, [21, 23] = 4.

Aoz [x1, 2] = 23, [X2, X2] = T4, [21, 23] = 24.

Asgor [x1, 0] = 23, [X2, 1] = T4, [21, 23] = 24.

Aos: [x1, 0] = 23, [X2, 1] = 24, [12, 2] = 24, [71, 23] = 24.

Aoy [m1,21] = 23, [0, 21] = 24, [21, 23] = 24.

Aos: [x1,21] = 23, [12, 22] = 4, [1, 23] = 4.

Remark. 1. If aj,as € C\{-1,1} such that a; # g, then As(a;) and As(ay) are

isomorphic if and only if as = a%

2. If ag, a5 € C\{-1,0} such that ay # s, then A;7(c;) and A;7(ag) are not isomor-
phic.

3. If ag, ap € C\{-1} such that oy # ag, then Ajs(a) and A;g(ag) are not isomorphic.

11



Chapter 4

Classification of b—Dimensional

Nilpotent Leibniz Algebras

Let A be a 5—dimensional non-split non-Lie nilpotent Leibniz algebra. Then since A is
non-Lie we have dim(A?) =1,2,3 or 4. The case dim(A?) =4 can be done using Lemma
1in [5].

Theorem 4.0.1. Let A be a 5—dimensional non-split non-Lie nilpotent Leibniz algebra
with dim(A?) = 4. Then A is isomorphic to a Leibniz algebra spanned by {1, s, x3, T4, x5}

with the nonzero products given by the following:
Av s [z, 1] = 29, [11, 1] = 23, [0, 23] = 24, [71, 74] = 5.

We give the following Lemmas which are very useful. The following Lemma is a direct

consequence of Proposition 4.2 in [13].
Lemma 4.0.2. If A is a nilpotent Leibniz algebra of class ¢ then A¢ < Z(A)
Lemma 4.0.3. Let A be a non-split Leibniz algebra then Z(A) ¢ A2.

Proof. Let A be a non-split Leibniz algebra. Assume Z(A) ¢ A2. Take a complementary
subspace W to A? in A such that A =W & A2. Let V be a complementary subspace to
Z(A)nW in A such that A=V @& (Z(A)nW). Choose I = Z(A)nW and I, =V.

Note that Z(A)nW c Z(A) hence it is an ideal. Also V' is an ideal since V' contains A2.
Therefore, A = I; & I, where I; and I, are nontrivial ideals of A. Then A is split, which

is a contradiction. OJ

12



Lemma 4.0.4. Let A be a nilpotent Leibniz algebra and dim(Leib(A)) = 1. Then Leib(A) ¢
Z(A).

Proof. 1f [A, Leib(A)] = 0 then Leib(A) € Z(A). Assume [A, Leib(A)] # 0. Then using
Leib(A) is an ideal we get Leib(A) = [A, Leib(A)]. So
Leib(A) = [A, Leib(A)] € [A, A?] = A3 = Leib(A) c A3.
Leib(A) = [A, Leib(A)] c [A, A%] = A* = Leib(A) ¢ A*. By doing this repetitively we see
that Leib(A) € A" for any natural number n. This implies A is not nilpotent which is a
contradiction. Hence Leib(A) ¢ Z(A). O

Lemma 4.0.5. Let A be n—dimensional nilpotent Leibniz algebra and dim(Z(A)) =n—k.
If dim(Leib(A)) =1 then dim(A?) < Ek2.

Proof. By Lemma 4.0.4 we have Leib(A) ¢ Z(A). Let Leib(A) = span{e,}. Extend

this to a basis {€x41,€r12,---,€n1,6,} for Z(A). Then the nonzero products in A =
span{ey,es, ..., €k, €1, ., €} are given by:
n-1 n-1
_ _ t _ ¢
[eraer] - Qrena[eivej]'_ 2: O%j€t4't%jena[ej;€J - = 2: O%jet*'qﬁien~
t=1 t=1

for 1<ri,j<k,i#j. Then dim(A2%) < {number of (i,j)’s where 1 <i<j <k} +1. Note

that the number of (7, 7)’s where 1 < i < j < k is equal to "@T‘k Hence dim(A?) < % O

Lemma 4.0.6. Let A be n—dimensional nilpotent Leibniz algebra and dim(A?) =n — k.
If dim(Leib(A)) =1 and A3 = Leib(A) then n < £2k2.

Proof. Let Leib(A) = A3 = span{e, }. Extend this to a basis {ex,1,€xsa,...,6,} for A2

Then the nonzero products in A = span{ey, ey, ..., €k, ex41,---,en} are the following:
n—1 n—1
_ t _ t
[61‘,6]’] = Z ;€ +5¢j€m [ejyei] =- Z Q€ + Yij€n-
t=k+1 t=k+1

for 1 <4,j <k where i # j and other products are in Leib(A). Then dim(A?) < {number

of (i,7)s where 1 <i<j<k}+1. Hencengk2+2k+2' .

13



4.1 Classification of Nilpotent Leibniz Algebras of
Dimension 5 with dim(A?) =1
We apply the bilinear form technique given in Chapter 3 to get the following result.

Theorem 4.1.1. Let A be a non-split non-Lie nilpotent Leibniz algebra of dim(A) =5
with dim(A?) = 1. Then A is isomorphic to a Leibniz algebra spanned by {1, s, x3, T4, x5}

with the nonzero products given by one of the following:

Ay (a): [$1,564] = 5657[1327173] = 1557[372,%4] = @$57[$37$2] = QTs, [x4,361] = 041357[9547372] =
x5, aeC\{-1,1}.

Ay: [551,374] =Ts, [33'2,1'3] = s, [9527354] =I5 = —[374,952]7 [3537952] =I5, [374,55'1] =Ts.

Aj: [961,554] =I5 = —[$4,$1], [$27$3] =I5 = —[1’3,962]7 [$2,I4] = Ts, [$37$3] =I5, [1’4,352] =

xs.
Ay (21, 23] = 5, [23, 02] = 5, [14, T4] = 5.

As: [x1, 23] = 5, [22, 2] = x5, [20, 23] = x5 = —[23, 22], [23, 1] = x5, [24, 24] = 5.

Ag: [x1, 2] = x5 = =[ma, 1], [23, 24] = x5 = —[24, 23], [24, 4] = 5.

Az(@): [x1,22] = x5 = 29, 21], [23, 4] = 5, [14, 23] = a5, € C\{-1,1}.

Ag: [21,22] = x5 = —[x2, 1], [T2, 22] = x5, [@3, ¥4] = 5 = —[T4, T3], [X4, 4] = 5

Ag(a): [21,22] = x5 = —[x9, 21], [T2, 2] = x5, [23, 4] = x5, [24, 23] = @y, e C\{-1,1}.
Aro(a, 8): [x1,22] = 5, [12, 21] = axs, [x3, 4] = x5, [14, 23] = Bx5, «,B€C\{-1,1}.
Az [x1, 0] = x5 = —[29, 21], [23, 23] = x5, [24, 4] = 5.

Aoz [x1,22] = x5 = —[w2, 21], [X2, X2 ] = x5, [13, 23] = x5, [, 4] = 5.

Ais(@): [x1,22] = o5, [22, 1] = axs, [23, 23] = x5, [24,24] =25 @€ C\{-1,1}.

Ay [Ihl’l] = Is, [$27$2] = Ts, [$3;$3] = Ts, [1547$4] =T5.
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Proof. Let A% = Leib(A) = span{zs}. Let V be a complementary subspace to A? in A
such that A = V@ A2. Then by Theorem 3.1.1, there exists an ordered basis {z1, z2, 3,24}
of V such that the matrix of the bilinear form f( , ) on V is one of the following listed

below. Here we group the matrices corresponding to each partition of 4.

Partition 4 x 4 matrices

4 By, Dy, £y

3+1 Aso C1,C3 0 C

2+2 oy Fo® Ey, Fo® By, Es® Fy, Fy ® By, By ® By

2+1+1 FQ@Ol@Ol,EQ@Ol@Ol,Bg@Cl@Cl

1+1+1+1 | CieChoCroCy

Table 4.1: 4 x 4 matrices of the bilinear form f( , )

Now {x1, %2, 3,24, 25} is an ordered basis for A and we have an isomorphism class
corresponding to each matrix of the bilinear form f(, ) on V listed above. Thus we have
14 isomorphism classes with the nonzero multiplications among basis vectors given in the

statement of this theorem since the algebra corresponding to Fy @ F5 is a Lie algebra. [

Remark. 1. If oy, € C\{-1,1} such that a; # as, then A;(a;) and A;(as) are

isomorphic if and only if a =

a1’

2. If ay, a9 € C\{-1,1} such that a; # ag, then A;(a;) and A;(as) are isomorphic if

and only if ap = ;-

3. If g, € C\{-1,1} such that a; # ay, then Ag(a;) and Ag(cz) are isomorphic if

and only if ap = o-.

4. If aq, By € C\{-1, 1} then we have the following isomorphism criterions in the fam-
ily Aw(a, B): Aro(en, f1) 2 Aw(as, 1), Aro(en, Br) 2 A10(041>%)7 Ayo(ou, 1) =
AlO(aLlaﬂl)aAl(](Oélyﬁl) = Am(o%’ 5_11),1410(@1,51) = Ajo(B1, 1), Ao(an, Br) = Awo(B1, a%)?
Alﬂ(@laﬁl) = Alo(%,Oﬂ) and Alo(al,ﬁl) = Alo(%> o%)

5. If ay,ap € C\{-1, 1} such that ay # s, then A;3(aq) and Aj3(as) are isomorphic

if and only if g = a%
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4.2 Classification of Nilpotent Leibniz Algebras of
Dimension 5 with dim(A?) =3

Let A be a 5—dimensional non-split non-Lie nilpotent Leibniz algebra with dim(A?) = 3.
Then dim(A43) =0,1 or 2.

4.2.1 dim(A43) =0

Let dim(A2?) = 3 and A% = 0. Then by Lemma 4.0.2 and Lemma 4.0.3 we have A? =
Z(A). We get dim(Leib(A)) # 1 from Lemma 4.0.5. Then since Leib(A) € A% we have
2 <dim(Leib(A)) < 3.

Theorem 4.2.1. Let A be a 5—dimensional non-split non-Lie nilpotent Leibniz algebra
with dim(A?) = 3, dim(A?) = 0 and dim(Leib(A)) = 2. Then A is isomorphic to a
Leibniz algebra spanned by {x1, 2,3, 14,5} with the nonzero products given by one of

the following:
Ay [$1,$1] = T4, [5B1,5E2] =3, [$2,$1] = -3+ T4+ Ts, [552,902] =T5.
Ay: [331,1‘1] = Ty, [151,932] =3 = —[3527551]7 [5172,962] =Ts5.

Proof. Let Leib(A) = span{ey,es}. Extend this to a basis {es, ey, e5} for A2 = Z(A).
Choose e1,es € A such that [er,e1] = ey, [e2,62] = e5. Then the nonzero products in

A = span{ey, eq, €3,€4, €5} are given by:
[e1,e1] = ey, [e1, 2] = ares + ageq + azes, [z, €1] = —are3 + Sreq + Baes, [ea, 2] = €5.

Take 0 = (052 +61)(O&3 +62) -1.

e If 0 = 0 then the base change x1 = (ag + B1)e1,Ta = €9, 73 = (s + 1) (are3 + aney +

azes ),y = (g + B1)%eq, x5 = e5 shows that A is isomorphic to A;.

e If 0 +0,a3+ 0 =0 and ay + f; = 0 then the base change x1 = ey, 29 = €3, 23 =

Q1e3 + (iaey + (izes, Ty = €4, T = €5 shows that A is isomorphic to A,.
o If 0+ 0,a3+ 8 =0 and as + 81 # 0 then the base change z; = Wel,xg =
2 _ (a2+p1)?
ag+f1 4

that A is isomorphic to As.

_ az-p1 _
€2,T3 = (1€3 + =5 €4 + (3€5, T4 =

: _ 4
€1 — €4,T5 = €4 — Weg, shows
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e 0 +0 and as + B3 # 0 then the base change x| = - — P08 \/_ -/ = 55622 =

(a3+62)92
—024+/— o o
20(,-;3)5/08361 - 2(,36);??/862@3 = —Ch( 03)3/8( . )5/2 (%&)(_93)3/8(\/%)5/284 -
az- —202+(0- \/—0 0(6%2-0-2/-63 a 292
(%@)(_93)3/8(\/?93)5/265,374 #&ﬁem% = X A(_63)3/ )€4+(4€f£2))3/4 €5

shows that A is isomorphic to As.

[]

Theorem 4.2.2. Let A be a 5—dimensional non-split non-Lie nilpotent Leibniz algebra
with dim(A?) = 3, dim(A3) = 0 and dim(Leib(A)) = 3. Then A is isomorphic to a
Leibniz algebra spanned by {x1,xs, 3, 14,25} with the nonzero products given by one of

the following:

Ai(a): [z1,21] = x4, [21, 2] = Qg + @5, 29,21 = 23, [0, 22] =5, a€C.

As: [x1,21] = 24, [21, 2] = 23, [22, 1] = 23, [22, 22] = 5.

Proof. Let Leib(A) = A2 = Z(A) = span{es, ey, e5}. Choose ey, e5 € A such that [er,e] =
ey, €2, €] = e5. Then the nonzero products in A = span{e;, ey, e3,e4, €5} are given by:

[617 61] = €4, [61, 62] = (rpes + (ipeq + (3es, [62, 61] = Preg + PBaey + Pses, [627 62] = €s.

Case 1: Let a; =0. Then S # 0 since dim(A?2) = 3.

[61, 61] = €4, [617 62] = (ipey t+ (3€5, [62, 61] = pres + PBaey + Pses, [627 62] = €5. (4-1)

o If a3 = 0 then the base change x1 = (g — 1)e; — €3, 9 = age; —eg, 13 = (1 —an) fres +
(1-ag)Ba—az)es+ ((1—a)fs+1)es, xs = (1 —ag)Bres + (1 — o) (e + 1)es + ((1 -
)Pz + 1)es, x5 = —anfres — agfreq + (1 — azf3)es shows that A is isomorphic to

A1(0).

e If a3 # 0 then the base change x1 = e1, x5 = azea, 13 = az(fres + Faeq + P3e5), x4 =

eq, x5 = a2es shows that A is isomorphic to A; ().

Case 2: Let oy 0.
Case 2.1: Let ; = 0. Then the base change x1 = e5, 19 = €1,x3 = €3,T4 = €5,T5 = €4
shows that A is isomorphic to an algebra with nonzero products given by (4.1). Hence A

is isomorphic to A ().
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Case 2.2: Let 5 # 0. Take 0, = B1as— Bcr1 and 0y = 13— F3aq. Note that a; +5; #0
since dim(Leib(A)) = 3.
e 0 =0 =10, and a; = ; then the base change x1 = e1,29 = €9,23 = Q€3 + A2€4 +

Qi3€s5, T4 = €4, 5 = €5 shows that A is isomorphic to As.
o If 0, =0=06, and ay # 51 (taking k = %) then the base change

YDAkt 1), - 202
V (k=1)4(k+1)5 e ik(k+1) ik(k+1)
-

€9y, L9 =
k2 VEDD? 2 T s, [ e
(k=14 (k+1)5

T =—

ST (g2, S 2T (g2
ik €9, 15 = -3 ( (k=1)4(k+1)® )e + (_5 ( (k=1)4 (k+1)5 ) L1l
4 (k—1)4(k‘+1)5 2,43 1 k 3 2 k k
*M(kQJrl) B1(k+1)2 __ K212
(k-1)4(k+1)5 kQ(k-i-l) (k-1)4(k+1)P
ey + (- VT . __ .
)64 ( 53( k ) \/(k71)4(k+1)5)65’$4 k €3
ponyz. [T 2. [ PG
pal ) (k-1)4(k+1)5 +(k‘+1)2)6 +(_ﬁd( ) (k-1)4(k+1)5 B k‘2(k+1)2 )e e =
K2 k V=D (kr1)s /2D

(- g
_ __ RPR+1)2 _ __ Rk1)2 _ __ Rk1)2 k2

51\/ (k71)4(k+1)563+(1 P (k—1)4(k+1)5)64+( b V-1 (k1) \/(k71)4(k+1)5)65
shows that A is isomorphic to an algebra with nonzero products given by (4.1).

Hence A is isomorphic to A;(«).

i k+1)3/8 k+1)3/30
o If 0 = 0 and 0, # O(taking k = ') then the base change z; = ( J:/% e+ J:/%Bl 209, Lo =
v/ — __kby _ k28 1  kbaBs 63 _ (k+1)Te
(k)5 LT3 = 77 k:+1€3+( Vreipy 3 k+1)€4+( Verip Vel %)65,1}4 N ket

(k+1)7/4928y | (k+1)3/4 (k+1)7/1653 __k 02\2, - .
(- 7 + ey - R €5 U5 = Gryeea (,31) e isomorphic to an al-

gebra with nonzero products given by (4.1). Hence A is isomorphic to A;(«).

e If #; # 0 then the base change z; = 2—1161 +e9,Tg = O‘;—Jrfleg,xg = %(6163+ﬁ2€4)+

((041+[i12)9153 +oz1(;1ﬂ1)65’m4 _ z_ll(al+ﬁl)€3+<01(a;:,32) +(Z—11)2)64+(1+91(a§;ﬂ3))€5,l’5 -

1
( a;—i’gl)Qeg) shows that A is isomorphic to an algebra with nonzero products given
by (4.1). Hence A is isomorphic to A; ().

]

Remark. If aq,ay € C such that oy # as, then A;(aq) and A;(aw) are not isomorphic.

4.2.2 dim(43) =1

Let dim(A?) = 3 and dim(A3) = 1. Then by Lemma 4.0.2 and Lemma 4.0.3 we have
A3 c Z(A) c A% Note that A2 # Z(A) since A3 # 0. Hence dim(Z(A)) = 1 or 2.



First we consider the case dim(Z(A)) = 2. Note that since Leib(A) < A% we have
1 <dim(Leib(A)) < 3.

Theorem 4.2.3. Let A be a 5—dimensional non-split non-Lie nilpotent Leibniz algebra
with dim(A?) = 3, dim(A43) = 1, dim(Z(A)) = 2 and dim(Leib(A)) = 1. Then A is
isomorphic to a Leibniz algebra spanned by {x1, o, x3, T4, 5} with the nonzero products

giwen by one of the following:

Ars (21, 29] = 23, [29,21] = 23 + 5, [11, 23] = 24 = —[23, 21].

Aot [w1, 0] = w3 = [0, 21], [0, 2] = x5, [21, 23] = 24 = —[23,71].

As: [x1, 0] = 23, [22,21] = 3 + 15, [29, X2 ] = x5, [21, 23] = 24 = —[ 23, 21].
Age (21, 21] = x5, [21, 2] = 13 = —[29, 21 ], [21, 23] = 24 = —[ 23, 21].

Proof. Using Lemma 4.0.6 we see that A3 # Leib(A). Also from 4.0.4 we have Leib(A) ¢
Z(A). Let Leib(A) = span{es} and A3 = span{e,}. Then Z(A) = span{ey,es}. Extend
this to a basis {e3,eq,e5} of A%2. Then the nonzero products in A = span{ey, ey, e3,e4,e5}

are given by:

[61, 61] = (€5, [61, 62] = g€z + (i3ey + (g€, [627 61] = —(p€3 — (1364 + (565, [62, 62] = Q6Cs,

[61, 63] = Bies = —[63761]7 [62763] = Baey = —[63, 62]~

Without loss of generality, we can assume 5 = 0 because if 55 # 0 and ; = O(resp. 1 #0)
then with the base change x1 = ey, 19 = €1,23 = €3,T4 = €4,T5 = es(resp. T = €1,Ty =
Paeq — Prea, T3 = €3,X4 = €4,T5 = e5) we can make By =0. Then f; # 0 since A3 # 0. Hence

the products in A are given by the following:

[61, 61] = (€5, [61, 62] = (Qipe3 + (izey + (g5, [627 61] = —(p€3 — (13€4 + (565, [62, 62] = Q6Cs,

[61763] = 6164 = _[63a 61]‘

Case 1: Let oy =0. Then we have the following products in A:

[617 62] = (Qip€3 + (i3€y + (g5, [627 61] = —Qp€3 — (1364 + (565, [62, 62] = QCs,

[61, 63] = Bres = —[63, 61]. (4.2)
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o If g = 0 then ay + a5 # 0 since dim(A?) = 3. Then the base change 21 = ey, 29 =
€2, X3 = (o€3 + a3ey + yes, Ty = apfh1e4, 5 = (g + a5)es shows that A is isomorphic

to .Al.

o If ag # 0 and ay + a5 = 0 then the base change xy = e, 29 = 3,23 = ages + agzeq +

Ques, Ty = Qo 1€4, x5 = ages shows that A is isomorphic to As.

o If g # 0 and ay+ a5 # 0 then with the following change of basis x1 = agey, xo = (ay+
_ _ 2 _
045)62, T3 = ()56(044+a5)(05263“'05364“'04465)7 Ty = 04606251(044+045)€4, Ts5 = 046(044+Oé5)2€5

A is isomorphic to As.

Case 2: Let ay # 0. If (g + as5,06) # (0,0) then the base change x1 = zej + e, 29 =
€9,T3 = €3,T4 = €4, T5 = €5 (Where ayz? + (g + a5)x + g = 0) shows that A is isomorphic to
an algebra with nonzero products given by (4.2). Hence A is isomorphic to A;, Az or Aj.
So let ag = 0 = ag + 5. Then the base change x1 = 1,29 = €9, 13 = ez + A3€4 + €5, T4 =

o31€4, x5 = aes shows that A is isomorphic to Ay. O

Next we consider the case dim(Z(A)) = 2 = dim(Leib(A)). It can be seen that we
have either Leib(A) # Z(A) or Leib(A) = Z(A). We start with the case Leib(A) # Z(A).

Theorem 4.2.4. Let A be a 5—dimensional non-split non-Lie nilpotent Leibniz algebra
with dim(A?) = 3, dim(A3) = 1, dim(Z(A)) = 2 = dim(Leib(A)) and Leib(A) + Z(A).
Then A is isomorphic to a Leibniz algebra spanned by {x1,xs,x3,24, x5} with the nonzero

products given by one of the following:

Aps (21, 20] = 23 + 24, [T2,21] = —x3, [21, 4] = 5.

Ao: [x1, 9] = 23 + x4, [0, 21] = =13, [T2, 2] = x5, [21, 4] = T5.
Asz: (21, 21] = 24, [21, 2] = 23 = 29, 21], [21, 24] = 5.

Ay: [$17$1] = Ty, [IlaxQ] =T3= —[$27$1]; [I2,$2] = s, [171,304] =T5.

Proof. Let A3 = span{es}. Extend this to bases of {e4,e5}, {e3,e5} of Leib(A) and Z(A),
respectively. Then A? = span{es, ey, e5} and the nonzero products in A = span{ey, es, e3,€4,€5}

are given by:

[61, 61] = Q€4 t+ 0g€s, [617 62] = (i3e3 + (iyey t+ Q565 [627 61] = —azez + Bieq + [aes,

[62, 62] = [Bseq + Byes, [61, 64] = fBses, [627 64] = Bses.
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From the Leibniz identities [eq,[ea,e1]] = [[e1,e2],e1] + [e2, [e1,e1]] and [eq,[ea, e2]] =

[[e1,e2],e2] + [e2,[e1,e2]] we get the following equations:

B1Bs = a1Ps
4B = P35

(4.3)

If B #+ 0 and B5 = 0 then by (4.3) we have ay = 0 = ay. Then with the base change
T1=€9,Ty=€1,T3=€3,T4 = €4,T5 = 5 we can make Fg = 0. Also if 8 # 0 and f5 # 0 then
with the base change z1 = ey, x5 = Bge1 — B5€9, T3 = €3, x4 = €4, T5 = €5 We can make (g = 0.
So we can assume [3g = 0. Then (5 # 0 since A% # 0. Using (4.3) we get 81 =0 = 3. Hence

we have the following products in A:

[61, 61] = (€4 t+ O2€s, [61, 62] = (33 + ey t+ (55, [627 61] = —ages + Paes,

[62, 62] = faes, [617 64] = Bses.

Case 1: Let a; = 0. Then a4 # 0 since dim(A?) = 3. Hence we have the following
products in A:

[61, 61] = (g€s, [61, 62] = (ze3 + (yyeyq + 565, [62, 61] = —ages + P65,

[e2,ea] = Baes, [e1, e4] = Bse5. (4.4)

Without loss of generality we can assume ay = 0. Otherwise with the base change x; =
B5€1— €y, Ty = €9, T3 = €3, T4 = €4, T5 = €5 We can make ay = 0. Then we have the following

products in A:

[61, 62] = (i3€e3 + (yyey t+ Q565 [627 61] = —ages + [aes, [627 62] = e, [61, 64] = fses.

e If 5, = 0 then the base change x1 = e1,x2 = €3, 23 = azes — faes, 4 = ayeq + (a5 +

Ba)es, x5 = ayfses shows that A is isomorphic to Aj.

o If 54 # 0 then the base Change r1 = €1,To = aé—fseg,xg = Otéfs (04363 - BQ€5),ZL’4 =
2
aéff’ (ageq + (a5 + B2)es), x5 = (o‘“ﬁi5) es shows that A is isomorphic to As.

Case 2: Let o # 0.
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o If ay = 0 and 4 = 0 then the base change x; = e1,5 = [5e3 — (a5 + [a)eq, x3 =

B5(04363 - 6265), Ty = Qreg4 + (€5, T5 = Oélﬁ5€5 shows that A is iSOl’IlOI'phiC to ./43.

o Ifay=0and 64 # 0 then the base Change T1=€1,Tg = 4 /%(5562 - (Oé5 +52)€4)7$3 =

%ﬁ5(@3€3 — Bae5), 4 = a1eq + o€y, Ts = ay Pses shows that A is isomorphic to Ay.

o If oy # 0 then the base change x1 = aye; —aqes, 9 = €5, 13 = €3, T4 = €4, T5 = €5 shows
that A is isomorphic to an algebra with the nonzero products given by (4.4). Hence

A is isomorphic to A; or A,.
]

Theorem 4.2.5. Let A be a 5—dimensional non-split non-Lie nilpotent Leibniz algebra
with dim(A?) = 3, dim(A3) = 1, dim(Z(A)) = 2 = dim(Leib(A)) and Leib(A) = Z(A).
Then A is isomorphic to a Leibniz algebra spanned by {x1,xs,x3,24, x5} with the nonzero

products given by one of the following:

Ais [z, 1] = o5, [21, 2] = 23, [20, 1] = —23 + 24, [21, 23] = 25 = —[ 23, 21].

Aot [x1, 9] = 23, [12, 1] = =3 + 14, [X2, 2] = x5, [21, 23] = 25 = —[ 23, 21].

Asz: [x1,21] = x5, [21, 2] = 23, [0, 1] = =23 + 24, [0, 2] = w5, [71, 23] = x5 = —[23, 21].
Ag: [, 0] = w3, [0, 1] = —x3 + T35, [T, X2 | = 14, [21, 23] = x5 = —[23, 21].

As: [x1,21] = x5, [21,22] = 13 = —[x2, 1], [X2, 2] = 24, [21, 23] = x5 = —[23, 21].

Ag: [x1,21] = x5, [21, 2] = 23, [0, 1] = =23 + X5, [0, 2] = 24, [71, 23] = x5 = —[23, 21].

Ar(): [w1,21] = x5, [21, 2] = 23, [12,21] = ~23 + 24 + x5, [T2, ¥2] = T4, [71, 73] = 75 =

_[I37I1]7 aeC.
Agt [71,21] = 24, [21, 2] = 23, [22,71] = ~23 + 25, [21, 73] = 5 = ~[23, 71].
Ay: [$17$1] = T4, [371,902] =3 = —[Izwl]’ [$2,9€2] = Ts, [$1,$3] =5 = —[903,901]-

Proof. Let A3 = span{es}. Extend this to bases of {e4,e5}, {e3,e4,€5} of Leib(A) and

A2, respectively. Then the nonzero products in A = span{ey, ey, €3, €4, €5} are given by the
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following;:

[61, 61] = (€4 t 02€s, [617 62] = (33 + (yey + (565, [627 61] = —ages + [freq + [aes,
[62, 62] = [Bseq + Paes, [61, 63] = M16s, [627 63] = Y265, [63, 61] = Y3€4 + Y4€s5,

[637 62] = Y5€4 + Y6Es5, [637 63] = Y74 + Y5€5.

From the Leibniz identities [eq, [es, e1]] = [[e1, €2], €1]+[e2, [e1,e1]], [e1, [e2,e2]] = [[e1, 2], e2]+

[ea,[e1,e2]] and [ey, [e,e3]] = [[e1,€2],e3] + [€2,[e1, €3]] we get the following equations:

V3= =77 ="78=0
Y4 =N (4.5)
Y6 = —7V2

Note that if 75 # 0 and ~; = O(resp. 71 # 0) then with the base change z1 = €9, 25 = €1, 73 =
€3,y = €4,T5 = e5(resp. x1 = €1,Ty = Vo€ — Y1€2,T3 = €3,T4 = €4,T5 = €5) We can make
72 = 0. So we can assume 2 = 0. Then by (4.5) v = 0, and so ~;,74 # 0 since A3 # 0.
Hence we have the following products in A:

[61, 61] = Q€4 t+ 02€s, [61, 62] = (33 + ey t+ (55, [62, 61] = —ages + Bieq + Paes,

[e2, €2] = B3eq + Paes, [e1, €3] = y1e5 = —[e3, €1].

Case 1: Let oy =0. Then we have the following products in A:

[617 61] = (2€s, [61, 62] = (iges3 + yeq + 0565, [62, 61] = —ages + fBreq + Paes,

[62, 62] = B364 + 5465, [61, 63] =Y1€5 = —[63, 61]. (46)

Case 1.1: Let 83 =0. Then ay + f; # 0 since dim(Leib(A)) = 2.

o If 5, =0 then as # 0 since dim(Leib(A)) = 2. Then the base change 1 = eq,x2 =
Q371

shows that A is isomorphic to Aj;.

a2

s ((ca + Br)es + (as + B2)es), x5 = azes

(0%
€y, T3 = ﬁ(ageg + ey + ases), Ty =
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I3 = agvl (Oég@g + gy +

e If 54 # 0 and ay = 0 then the base change x1 = ey, x5 = 0‘271

ases), 24 = G ((au+ Br)es+ (a5 + B2)es), x5 = %e shows that A is isomorphic

to ./42.
e If 5, # 0 and ap # 0 then the base change 1 = 02510 1y = eo, Ty = 22020 (ases+

(azy)?
2
((Oé4 + 51)64 + (015 + 52)65),1‘5 = W€5 shows that A is

@371 013’71

ag/ a2y

(a3m1)?

046y + 04565), Ty =

isomorphic to As.

Case 1.2: Let 83 # 0.
Case 1.2.1: Let ap = 0. Take 0 = (a5 + 52) 83 — (g + 51) 4. Note that 6 # 0 because

otherwise dim(Leib(A)) =1, which contradicts with our claim.

e If ay + 51 =0 and 6 # 0 then the base change z; = ao‘:";ff €1,T9 = €9, X3 = ;37'312 (azes +

ey + a5es5), x4 = B3ey + Baes, x5 = (a Z;rff) es shows that A is isomorphic to Ay.
o If ay+ 1 # 0 and 6 # 0 then the base change z; = aggm 1 - eijggii)eg,{lfg =
_0(ayt+p) _ _a392(a4+51) B162(ca+B1) (B283-6)62(cta+B1) 6% (aq+p1)?
w08 = T e e gy e T T gy (et

Baes), T5 = —%65 shows that A is isomorphic to A7(1).

Case 1.2.2: Let aq £ 0.

o If ay + 31 = 0= a5+ [ then the base change x; = 1,25 = a:m 225 13 = a‘”‘il (azes +
g€y + 5€5), Ty = (le) (Bseq + Baes), 5 = anes shows that A is isomorphic to As.
o If ay + 31 =0 and a5 + B # 0 then the base change x; = 0;53—2’61)261,:132 = aﬂl €9, T3 =
5 5 2
O‘?ég+%+)ﬁf)(04363 +agey + ases), vy = (522)*(Bsea + Paes), x5 = %65 shows that
A is isomorphic to Ag.
a3 aZBs
o If a4+51 # 0 then the base Change I = mel,zh a3’y1 ——=€9,x3 = m(&geg-i-
_ 2 _ . .
ey + Q5€5), Ty = ogil (Bseq + Baes), x5 = W% shows that A is isomor-

phic to A7 ().

Case 2: Let oy # 0. If (83,4 + 81) # (0,0) then the base change 1 = xe; + e, x5 =
€9, T3 = €3,T4 = €4,%5 = es(where a12? + (ay + 1)z + P53 = 0) shows that A is isomor-
phic to an algebra with the nonzero products given by (4.6). Hence A is isomorphic to

Al,Az,Ag,A4,A5,AG or A7(a). So let 53 =0= Qy + ﬂl.
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o If B4y = 0 then as + By # 0 since dim(Leib(A)) = 2. Then the base change z; =

as5+B2 _ _ ast+B as+52 \2 _
a5 62,1‘2 = €9,T3 = s (06363 + Qy€y + Oé5€5),$4 ( s ) (04164 + 06265),I5 =
+ . . .
%65 shows that A is isomorphic to As.
2
e If 8, # 0 then the base change x1 = e — 22 2¢, gy = %Ney gy = 2Bhpo 4 ey +

281 Ba B

aggj'yl _ a3(a§gf2)’71 )65,554 = qpeq + (062 _ (0‘52"1'3i2) (a5+,82) )e Ty = ( ?671) €5 shows

that A is isomorphic to Ag.
O

Remark. If oy, ap € C such that aq # ag, then A7(aq) and A7(ay) are isomorphic if and

only if ap = ;%45

Theorem 4.2.6. Let A be a 5—dimensional non-split non-Lie nilpotent Leibniz algebra
with dim(A?) = 3 = dim(Leib(A)), dim(A3) =1 and dim(Z(A)) =2. Then A is isomor-
phic to a Leibniz algebra spanned by {x1,xs,x3, 24, x5} with the nonzero products given

by one of the following:

Ar: (21, 21] = 3, [0, 11] = 24, [21, 23] = x5.

Ao: [x1,21] = 23, [19, 1] = 24, [0, 2] = x5, [21, 23] = 5.

Az [x1,21] = 3, [0, 12| = 14, [11, 23] = x5.

Age (21, 21] = 23, [19, 1] = 25, [0, 2] = 24, [21, 23] = 5.

As: [x1,21] = 23, [22, 1] = 24, [0, 2] = 24, [21, 23] = 5.

Ag: [x1,21] = 23, [X2,11] = T4 + 5, [0, T2 ] = T4, [21, 23] = x5.

Aze (21, 21] = 23, [21, 2] = 24, [0, 1] = X5, [21, 23] = 5.

As(a): [z1,21] = 23, [21, 22] = T4, [T2,21] = axy, [21, 23] =25, e C\{-1}.
Ag(): [w1, 1] = 23, [21, k2] = T4, [T2, 21] = ay, [22, 2] = 5, [21, 23] =25, € C\{-1}.
Ao [x1, 2] = 23, [22, 22| = T4, [21, 23] = 5.

A [z, 2] = 23, [X2, 1] = T5, [T2, 2] = 24, [21, 23] = 5.

Ao [901,902] =Is, [‘T27171] = 24, [952,902] = X4, [$1;$3] =Ts.
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Ais: [x1, 0] = 23, [X2, 1] = T4 + T35, [22, 2] = x4, [21, 23] = 5.

Ay [m1,21] = 24, [21, 22] = 23, [21, 23] = 5.

Ais: [z, 21] = 2y, [21, 22] = T3, [22, 21] = x5, [21, 23] = 5.

Aig: [x1, 1] = 24, [21, 2] = 23, [12, 2] = x5, [21, 23] = 5.

Ai7: [x1,21] = 24, [21, 2] = 23, [12, 1] = x5, [0, 22| = 5, [21, 23] = 5.

Ais: [z, 21] = 24, [21, 22] = T3, [22, 1] = 24, [21, 23] = 5.

Ajor [x1,21] = x4, [21, 2] = T3, [T2, 1] = 24, [T, X2] = T5, [11, 23] = 5.

Aso(@): [x1,21] = 24, [11, 2] = 23, [0, 21| = @y, [22, 2] = 4, [21, 23] =25, @ €C.

Ao (a): [21,21] = 4, [, 2] = 23, [T2, 21 ] = axg + x5, [12, 22] = T4, [¥1, 03] =25, «a€C.

Proof. Let A3 = span{e;}. Extend this to bases {e4, e5}, {e3,e4,e5} of Z(A) and Leib(A) =

A2 respectively. Then the nonzero products in A = span{ey, e, €3, €4, €5} are given by:

[617 61] = (€3 + (ipey + (365, [617 62] = (ye3 + ey t Oes, [627 61] = fBies + Baeq + Pses,

[62, 62] = Baes + PBseq + Bees, [617 63] =165, [62, 63] = Y2€5.

From the Leibniz identities [e1,[e2,e1]] = [[e1,€2],e1] + [e2,[€1,€1]] and [eq, [ea,e2]] =

[[e1,e2],e2] + [€2,[€1,€2]] we get the following equations:

Bim = a2 (4.7>

a2 = Ban

If 99 # 0 and 47 = O(resp. 71 # 0) then with the base change z; = eg, x5 = €1,23 =
€3,T4 = €4,T5 = 65(I'€Sp. T = €1,T2 = 7Y2€1 — 7V1€2,T3 = €3,Ty4 = €4,T5 = 65) we can make
72 = 0. So we can assume v, = 0. Then v, # 0 since A3 # 0. By (4.7) we have 5, =0 = ;.

Hence we have the following products in A:

[€1> 61] = (pe3 + (ipey + (365, [61, 62] = Qye3 + (54 + Q6Cs, [62, 61] = [aeq + Pses,

[627 62] = Bseq + Bses, [€1> 63] = Y165
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Case 1: Let ay =0. Then oy # 0 since dim(A?) = 3.
Case 1.1: Let a5 = 0. Then we have the following products in A:

[617 61] = (€3 t+ (ipey + (365, [617 62] = O6€s, [62, 61] = [aeq + [3e5,

[e2,e2] = Bses + Bses, [e1,e3] = yies. (4.8)

We can assume ag = 0 because if ag # 0 with the base change x1 = ey, 9 = 7169 —age3, 13 =

€3, 4 = €4, x5 = €5 we can make ag = 0. Then we have the following products in A:

[61, 61] = e3 + (ipey + (3€s, [6’27 61] = [aeq + Pses, [627 62] = fseq + Pees, [61, 63] =76s5.

Case 1.1.1: Let 5 =0. Then f, # 0 since dim(A?) = 3.

If B¢ = 0 then the base change x1 = 1,79 = €3, 23 = Q163 + A€y + Q3€5, T4 = [Poey +

Bses, r5 = a7y es shows that A is isomorphic to A;.

If B¢ # 0 then the base change @1 = 1,22 = \ /3 es, 3 = €3 + aneq + z€5, T4 =
\/ 5 (Baea + Bze5), 05 = ary1e5 shows that A is isomorphic to Ay.

Case 1.1.2: Let 5 # 0. Take 0 = 5385 — £26.

If B3 =0 and 6 = 0 then the base change x| = ey, = €3, 23 = Q13 + A€y + Az€5, Ty =

Bseq + Pees, Ts = a1y1e5 shows that A is isomorphic to Ajs.

If B5 =0 and 6 # 0 then the base change z1 = ey, 25 = O‘Egl €9,T3 = (€3 + ey +
o

azes, T4 = ( ézl )2(Bse4 + Pses), T5 = a1y1e5 shows that A is isomorphic to Aj.

If 52 # 0 and € = 0 then the base change 1 = f5€1, 22 = Baea, x5 = B2(ane3 + ey +

ases), xq = B5(Pses + Poes), T5 = fearyies shows that A is isomorphic to As.

B20

a1 B

2
If 55 # 0 and 6 # 0 then the base change x; = %61,.%2 = %62,$3 =( )2 (ares+
5 5

(62—6)3)265 shows that A is isomorphic

20
Qz€4 + 35), T4 = (afégw )*(Bseq + Boes ), x5 = B8 (a1m
to .A6.

Case 1.2: Let a5 # 0. If 85 # 0 then the base change x1 = B5¢1 — ase, 19 = €9, 23 =

e3, T4 = €4,T5 = e5 shows that A is isomorphic to an algebra with the nonzero products
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given by (4.8). Hence A is isomorphic to A;, As, A3, Ay, A5 or Ag. Then let 5 = 0 which

implies as + B2 # 0. Hence we have the following products in A:

[61, 61] = (Qe3 + (ipey + 365, [617 62] = (Qi5€4 t+ Q€5 [6’2, 61] = [aeq + Pses,

[62, 62] = fBses, [61, 63] =71€s5-

Case 1.2.1: Let (5 = 0.

o If By =0 = (B3 then the base change x1 = e1,x9 = €3,23 = a1e3 + Qgey + Qz€5, T4 =

(€4 + ages, Ts = agy1e5 shows that A is isomorphic to Ag(0).

e If By =0 and 3 # 0 then the base change x{ = e, 2y = O‘é;” €9, X3 = (11€3 + (pey +
(e}

365, T4 = ézl (aseq + ages), x5 = aryres shows that A is isomorphic to As.

o If 35 # 0 then the base change z1 = €1, 29 = 62+%63, T3 = ez +anestases, Ty =
asey + agf3 es, s = a5 shows that A is isomorphic to Ag(a)(a e C\{-1,0}).

Case 1.2.2: Let G5 # 0. If f3 #+ 0 then with the base change x1 = fgeq — Bzea, x5 =
€9,T3 = €3,y = €4,T5 = €5 we can make 3 = 0. So we can assume (33 = 0. Then we have

the following products in A:

[61, 61] = Qe3 + (ipey + 365, [617 62] = Q564 t+ Q€5 [62, 61] = 264, [62, 62] = fBses, [61, 63] = M6s5.

Without loss of generality, we can assume ag = 0 because if ag # 0 then with the base
change 1 = ey, x5 = y1€9 — ages, T3 = €3, x4 = €4, T5 = €5 We can make ag = 0. Then we have

the following products in A:

[61, 61] = ez t+ ey + (365, [61, 62] = (564, [62, 61] = [aey, [627 62] = Bses, [61, 63] =M6€s.

Then the base change 1 = ey, 29 = , /O‘ézl €9, T3 = (11€3 + (a4 + (35, Ty = (i /%64, T5 =
apy1es shows that A is isomorphic to Ag(«).

Case 2: Let a4 # 0. If ay # 0 then with the base change x| = aye; — ajeq, x5 = €9, 23 =
€3,T4 = €4, x5 = e5 we can make o = 0. Then assume a7 = 0. Hence we have the following

products in A:

[61, 61] = (Qipey t (3€s5, [61, 62] = Qyez + (54 + 0665, [62, 61] = [aey + Pses,

[62, 62] = Bseq + Bses, [61, 63] = Y16s5.
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Case 2.1: Let as = 0. If ag # 0 then with the base change x; = y1e; — ages, xs =

€2,T3 = €3,X4 = €4,T5 = €5 we can make as = 0. So we can assume a3 = 0. Then we have

the following products in A:

[61, 62] = (yes + 56y + Qges, [62, 61] = [aeq + P3es, [627 62] = fseq + Poes, [617 63] =716s.

Note that if 55 = 0 then dim(Leib(A)) = 2 which is a contradiction. Suppose (5 # 0. Take
0 = B35 — 2.

If B3 = 0 = 0 then the base change x1 = e1,x9 = e9,x3 = aues + azes + Qges, Ty =

Bseq + Bges, 5 = agyres shows that A is isomorphic to Ajg.

If B5 =0 and 6 # 0 then the base change x; =

B3
o 7161,372 €2,%3 = 5 71(04463 T Qseq +

ages ), Ta = Preq + Poes, T5 = 52

If B5 #+ 0 and € = 0 then the base change x1 = Sse1, 23 = Saes, T3 = P25 (g3 + asey +

Qges), Ta = Ba(Pses + Poes), 5 = aufafzy1e5 shows that A is isomorphic to Ajs.

If B3 # 0 and @ # 0 then the base change z; = 1,To = 55—67162, T3 = %(a463+

)2(Bseq + Bees), x5 = 254 265 shows that A is isomorphic to

—9 o
044,3571 Ls

a5eq t 04665) Ty = (

0445271

Case 2.2: Let ay # 0.
Case 2.2.1: Let 55 =0
Case 2.2.1.1: Let 55=0

If 53 =0= ﬁG then the base Change T1 = €1,T9 = €2,T3 = Qye3z + (54 + Qg€5, Ty =

ioey + azes, T = ayye; shows that A is isomorphic to Ayy.

If B =0 and P3 # 0 then the base change x; =
B3

471

B3 _ B
mmel,% €2,T3 = a471(044€3+065€4+

Q6€5)ax4 = ( )2(CY264 + 04365)7375 =2 ,dy

If 55 # 0 and 33 = 0 then the base change x1 = e, 29 = %eg,xg = 0‘471 (aes +aseq +

(6E5), Ty = Aoy + (i35, Ty = %65 shows that A is isomorphic to A16

B2 B3
If Bg # 0 and (5 # 0 then the base change z; = aﬂl €1,Ty = 014132’71 €2, 13 = a5 (aqe3+
aseq + Qges), Ty = (Ofi )2 (azeq + azes), x5 = g €5 shows that A is isomorphic to

./417.
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Case 2.2.1.2: Let (5 # 0.

e If B¢ = 0 then the base change z; = 52 | azbimasBh o g0 = oy gy = %(OZ4€3 + agey +

Q271
52 azes+ '8263 es, Ts = %65 shows that A is isomorphic to Ag.
2

04665),964 =

o \ 2
° If 66 # 0 then the base change z; = 322261 + (azﬁdafﬁdgﬁ)ang@?,,@ = gi—ggeQ,xg, =
3
256

263/86
252 253

€4+

4 23
(6% . . .
253 (a463+a5e4+a665) T4 = €5, T5 = ég% es shows that A is isomorphic

to ./419.
Case 2.2.2: Let 5 # 0. Take 0; = —52__ 9, = @2f=asbz g _ _osfe-asls ~ Thep the

(c2f3s) 172772 aza4y1 a1 (azfs)1/2”
base change y; = e1,2 = ( )1/262,y = ( )1/2(a463 + 5y + Q6€35), Yo = A€y + A3€5, Y5 =

(G )1/ 2e5 shows that A is isomorphic to the following algebra:

(1, 1] = Yas [y1, 9] = ys, (Y2, y1] = O1ya + O2ys, [Y2, 2] = ya + O3ys, [y1,y3] = ¥5.

Without loss of generality, we can assume 63 = 0, because if 63 # 0 then with the base
change 1 = y1 + 03y3, 02 = Y2 + Y3, T3 = Y3 + Y5, T4 = Ya + O3y5, 25 = y5 we can make 65 = 0.

Then we have the following products in A:

[yh y1] = Yy, [yh?h] = Y3, [y27y1] = 01y4 + Oy, [?J2; ?42] =Y, [y17y3] =VYs.

e If 5 = 0 then the base change x1 = y1, 22 = Y2, 3 = Y3, T4 = Y4, T5 = Y5 shows that A

is isomorphic to Ay ().

o If 6 + 0 then the base change x1 = 6oy, 22 = Ooyo, x5 = 03y3, x4 = O3ys, x5 = O3ys
shows that A is isomorphic to A («).

]

Remark. 1. If ay,ay € C\{-1} such that ay # a3, then Ag(a;) and Ag(ay) are not

isomorphic.
2. If ay, a9 € C\{-1} such that oy # g, then Ag(c;) and Ag(az) are not isomorphic.

3. If ay, 9 € C such that o # g, then Ay () and Asg(as) are isomorphic if and

only if ap = —a.
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4. If oy, a9 € C such that oy # ag, then Ay (o) and A (ap) are isomorphic if and

only if ag = —a.

Now suppose dim(Z(A)) = 1. If dim(Leib(A)) = 1 then from Lemma 4.0.2 and Lemma
4.0.4 we have A3 = Z(A) = Leib(A). Then using Lemma 4.0.6 we see that dim(A) < 4
which is a contradiction. Therefore dim(Leib(A)) =2 or 3.

Theorem 4.2.7. Let A be a 5—dimensional non-split non-Lie nilpotent Leibniz algebra
with dim(A?) =3, dim(A3?) =1 =dim(Z(A)) and dim(Leib(A)) = 2. Then A is isomor-
phic to a Leibniz algebra spanned by {x1, s, 3,14, x5} with the nonzero products given

by one of the following:
Aj: [$17$2] = —T3 + Ty, [902,901] =3, [$27$3] =T5= —[$3,$2], [$17$4] =Ts5.
Ay: [351,552] = T3+ Ty, [5152,931] =3, [952,552] = Ts, [552,933] =5 = —[1537552], [$1,934] = 5.

As(): [1,22] = —3 = [22, 21], [0, T2] = T4, [T2, 23] = —aws, [23, 22] = (a=1) x5, [1,24] =

Ty, « e C.

A4(04)= [1’1,902] = —X3 +IB4>[$2,$1] = 1’3,[952,332] = 564,[952,903] = —049557[353,372] = (04 -

Daxs, [x1,24] =25, «€C.
As: [x1,20] = 23, [22, 1] = 23 + 14, [13, 1] = x5, [21, 24] = T5.
Ag: [x1, 2] = T3, [22, 21] = 3 + 14, [T9, 2] = x5, [23, 1] = T5, [21, 24] = 5.
Aze (21, 20] = 23, [22, 1] = =3 + 14, [23, 1] = x5, [0, 23] = 25 = —[ 23, 2], [21, 24] = T5.

Ag: [$17$2] = s, [$2,$1] = —X3+4, [952,%2] =Ts, [$3,$1] = Ts, [I2,$3] =T5 = —[173,I2], [I1,$4] =

Ts5.

Ag(a)i [$1,$2] =3, [$2,$1] = —T3+ Ty, [%;Iz] = T4, [$3,9€1] =Ts, [$2;$3] = QTs, [$37$2] =
(1 -a)ws,[r1,24] =25, aeC\{0}.

Ao [x171’1] = X4, [9517@] =I3= —[%7131]7 [$27$3] =T5= —[$3,$2]7 [$17$4] =T5.

Ajq: [$17I1] = T4, [Il,@] =T3 = —[$2,$1], [$27$2] = Ts, [$27$3] =I5 = —[!703,%]7 [$1,$4] =

Ts.
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Proof. Let A3 = Z(A) = span{es}. Extend this to bases {ey,e5}, {es,e4,e5} of Leib(A)
and A2, respectively. Then the nonzero products in A = span{ej,eq,e3,e4,e5} are given
by:

[61, 61] = (Q1€4 t+ (a€s, [61, 62] = (33 + ey t+ (55, [62, 61] = —qzes + [req + Boes,
[€2> 62] = Bseq + Byes, [61, 63] =M16s, [63, 61] = Y265, [62, 63] = 7365, [63, 62] = Y4€s5,

[63, 63] = V565, [61, 64] = Y6€s5, [62, 64] = Y7€s, [63, 64] = 78€s5.-

From the Leibniz identity [e1,[ea,e1]] = [[e1,e2],e1] + [e2, [€1,€1]] we get the following

equation:

az(nm+72)+a1y7 =i =0 (4.9)

Furthermore, from [eq, [ea, e2]] = [[€1, 2], €2] + [ €2, [€1,€2]] we get the following equation:

az(ys+71) +auyr — P36 =0 (4.10)

Note that a3 # 0 since dim(A?) = 3. From the Leibniz identities [eq, [es, €3]] = [[ €1, €2], e3]+
[es, [e1,e3]] and [eq, [ea,e4]] = [[e1, e2], e4] + [€2,[€1,€4]] and using a3 # 0 we get v5 =0 =
~vs. Without loss of generality, we can assume ~; = 0. This is because if vz # 0 and
76 = 0(resp. v¢ # 0) then with the base change x1 = €9, 29 = €1, 23 = €3, x4 = €4, x5 = e5(resp.
Ty = €1,Ty = Yr€1 — Y62, T3 = €3,T4 = €4,T5 = €5) we can make vz = 0. Then ~¢ # 0 since
dim(Z(A)) = 1. Hence we have the following products in A:

[31, 61] = (peq + Qigts, [617 62] = (i3e3z + ey t+ Q565 [627 61] = —azez + Bieq + [aes,
[62, 62] = [seq + Pyes, [31, 63] = Y165, [63, 61] = 7265, [62, 63] = 73€s5, [637 62] = 7465,

[617 64] = Y6€s5-

Note that if v, # 0 then with the base change x1 = ey, x5 = €9, 13 = Vg3 — V164, T4 = €4, T5 =

es we can make v = 0. So let 71 = 0. Then we have the following products in A:

[31, 61] = (164 + Qig€s, [617 62] = (i3e3z + (iyey + Q565 [627 61] = —azez + Bieq + [aes,

[62, 62] = B3e4 + Baes, [63, 61] = Y2€s, [62, 63] = 7365, [63, 62] = Y465, [61, 64] = Y6€5-
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Case 1: Let oy =0. Then the products in A are the following:

[617 61] = (€5, [61, 62] = (zeztye toses, [627 61] = —aes+freqtPaes, [627 62] = [Bseq+fses,

[es,e1] = Y265, [€2, €3] = Y3€5, [€3, €2] = Yae5, [€1,€4] = Ye€5.  (4.11)

We can assume as = 0, because otherwise with the base change x1 = vge1 — asey, xo =

€9,T3 = €3,T4 = €4, T5 = €5 We can make ao = 0. Then we have the following products in A:

[617 62] = (€3 + ey t+ (55, [627 61] = —azes + freq + [aes, [627 62] = Bseq + Byes,

[637 61] = Y2€s5, [627 63] = 7365, [63, 62] = Y465, [61, 84] = Y6€5-

Case 1.1: Let 5 = 0. Then by (4.9) we get 51 = 0. Then we have the following
products in A:

[61, 62] = (33 + gy t+ 565, [627 61] = —azes + [Faes, [62, 62] = Bseq + Byes,

[62,63] = 73€s5, [63762] = 7465, [61764] = Y6€5- (4-12)

Case 1.1.1: Let 3 = 0. Then by (4.10) we get v4 = —y3. Also we have a4 # 0 since
dim(A?) = 3. Note that 3 # 0 since dim(Z(A)) = 1.

o If 5, = 0 then the base change 1 = —azvyzer, T2 = agYsea, T3 = —azayy3Ye(—azes +
Baes), va = —azayyzys[aaes + (as + Ba)es], x5 = (azayzys)?es shows that A is iso-

morphic to Aj;.

2
~ o
e If 5, # 0 then the base change x; = —a/j“%el,xg = O‘;%geeg,xg = - ;gf/gﬁ (—azes +
« 2 CVQ 3~2 . . .
Baes),xq = — ;%? [ages + (s + B2)es], x5 = %65 shows that A is isomorphic to

As.

Case 1.1.2: Let 83 # 0. Let 0, = w@# and ¢ = 322 The base change
3

Y1 = €1,Y2 = €2,Y3 = —0ze3 + [aes,Ys = B3eq + Baes, ys = B3yses shows that A is isomorphic

to the following algebra:

Oy
[yl, yz] =-Ys+ —3y4 +01ys, [y27 ?/1] = Y3, [yz>y2] = Y4, [?J2»y3] = 0y, [y?ny?] = (92 - 1)y5, [yh y4] =Ys-
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If #; # 0 then with the base change x1 = y1, %9 = Yo — O1ys, x3 = Y3, T4 = Y4, T5 = Y5 We can

make #; = 0. So we can assume #; = 0. Hence we have the following products in A:

Oy
[?Jl’ 92] =-Yst+ Eyﬁb [y2>y1] = Y3, [y2, yz] =Ya, [y2,y3] = ~thys, [?/3, yz] = (92 - 1)957 [y1>y4] =VYs.

e If a4 =0 then the base change x1 = y1, 2 = Yo, T3 = Y3, T4 = Y4, T5 = Y5 shows that A
is isomorphic to Az(a).

e If ay # 0 then the base change 1 = y1, 22 = Gtyo, x5 = Frys, 14 = (F)%va, 75 = (52)°ys
shows that A is isomorphic to Ay(«).

Case 1.2: Let v, # 0.
Case 1.2.1: Let 83 = 0. Then by (4.10) we get 74 = —7v3. Also ay + 1 # 0 since
dim(A?) = 3. The base change y; = €1, ys = €3,Yy3 = a3 + Quey + ases,ys = (g + f1)eq +

(a5 + Ba)es, ys = e5 shows that A is isomorphic to the following algebra:

(1, Y2] = Y3, (Y2, 0] = —Ys + Ya, [Y2, Y2 ] = Bays, [Ys, y1] = as¥2ys, [Y2, Y3] = asysys = —[ys, y2],
[y17y4] = (CY4 + 51)76%-

Then the Leibniz identity [y1, [y2, y1]] = [[y1, ¥2], y1 ]+ [vo. [y1, y1]] gives agya = (aa+51)7s.

e If v3 = 0=/, then the base change x1 = y1, T2 = Yo, T3 = Y3, T4 = Ys, T5 = (s + 1) Y6Ys
shows that A is isomorphic to As.

e If~; =0and 3, # 0 then the base change 1 = y;, x5 = My%xg = Myg, Ty =

Ba Ba
2.2
%%myzl, Ty = %% shows that A is isomorphic to Ag.

e Ify3 # 0 and 34 = 0 then the base change x1 = y1, 75 = Myg,x = Myg, Ty =

Q373 Q373
(aq+B1)76 _ (cua+B1)*+3

one Y4, Ts = o s shows that A is isomorphic to As.

o If v3 #+ 0 and B4 # 0 then the base change x; = Ba Y1, Ty = myg,xg =

asz"s3 (a3v3)?
2 2 2p3.2
—(a‘z;’f fyifg”ﬁ Y3, Tq = —(a‘z;’f}yifg”ﬁ Y4, T5 = —(a“:oi 17)3)54476 ys shows that A is isomorphic to As.

Case 1.2.2: Let 3 # 0. Then the base change y; = e1,y2 = €2,y3 = ages + ey +
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ases, Ys = P3eyq + Baes, ys = e5 shows that A is isomorphic to the following algebra:

a4+61y . (a5 + B2) B3 = (ca + B1) P
By Bs

[?Ja, yl] = (37%2Ys, [927 y3] = (37Y3Ys, [3/3, ?JQ] = (37Y4Ys, [yb y4] = 83Y6Ys5-

[91,,92] =y3,[y2,y1] =-Ys+ y57[y27y2] = Ys,

Then the Leibniz identity [y1, [y2, y1]] = [[v1, v2], v1]+[ve, [y1,y1]] gives asye = (ca+51) 6.
This implies that a4 + 51 # 0.

e If v3 = 0 then the Leibniz identity [vo, [y1,v2]] = [[v2, v1], v2] + [v1, Y2, y2]] gives

the equation asys = P37, and so 4 # 0. Then the base change z1 = v4y1 — Yoy +
((a5+B2)Bs—(va+B1)Ba)ve
B2v6
to an algebra with the nonzero products given by (4.12). Hence A is isomorphic to

Ap, Ao, As(a) or Ag(a).

Ya,To = Yo, X3 = Y3, T4 = Ya, T5 = Y5 shows that A is isomorphic

e If 75 # 0 then w.s.c.o.b. A is isomorphic to Ag(c).

Case 2: Let o # 0. First suppose (ay + (1, 83) # (0,0). Take = € C such that ayz? +
(ag + f1)x + B3 = 0. Then if 73 = O(resp. 3 # 0) the base change 1 = zej + ey, 29 =
€9, T3 = €3,T4 = €4,T5 = e5(resp. rq = Tey + ey, Ty = €9,T3 = —::—263 + %64,1’4 = e4,T5 = €5)
shows that A is isomorphic to an algebra with the nonzero products given by (4.11).
Hence A is isomorphic to Aj, A, Asz(«), As(), As, Ag, A7, As or Ag(a). Now suppose
ay + 1 =0 = F3. Then by (4.10) we have 74 = —y3. The base change y; = €1,y2 = €2, y3 =
Qi3e3 + Quuey + 55, Yy = 1€y + o€y, Ys = e5 shows that A is isomorphic to the following

algebra:

[yhyl] = Y4, [y17y2] = VY3, [92, yl] =-Yst+ (Oé5 + ﬁz)ys, [y2>?/2] = B4Ys,
[ys. y1] = asVays, (42, ys] = asvsys = —[ys, v2], (Y1, 4] = 1 v6ys-

Note that from the Leibniz identity [y1, [y2, y1]] = [[y1, y2], y1]+[¥2, [y1, y1]] we get 72 = 0.
So 3 # 0 since dim(Z(A)) = 1.

e If 5, =0 then w.s.c.o.b. A is isomorphic to Ajg.

e If 5, #0 then w.s.c.o.b. A is isomorphic to Aj;.
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Remark. 1. If oy, € C such that ag # ag, then As(a;) and As(as) are not isomor-

phic.
2. If g, 9 € C such that ag # g, then Ay(ay) and Ay(as) are not isomorphic.
3. If a1, s € C\{0} such that oy # a, then Ag(c;) and Ag(az) are not isomorphic.

Theorem 4.2.8. Let A be a 5—dimensional non-split non-Lie nilpotent Leibniz algebra
with dim(A?) = 3 = dim(Leib(A)) and dim(A3) =1 =dim(Z(A)). Then A is isomorphic
to a Leibniz algebra spanned by {x1,x2,x3, 24,25} with the nonzero products given by one
of the following:

-Al(Oé)i [1’1,131] = X4, [1’17%] = Oy, [9627%1] =3, [x27x3] = s, [3717154] =x5, oaecC.
Ag: [1317371] = Ty, [x17x2] = —Ty, [1‘2,I1] = -3, [1727902] = T3, [$2,$3] = Ts, [$17964] =Ts.

As(a, B): [551,131] = T4, [$17SC2] = iy, [5527961] = B, [9627372] = X3, [1327953] = s, [56’17374] =
x5, a,feC,af 1.

As(a): [21,22] = x3, [T2, 1] = o, [, T2] = 24, [0, 23] = @5, [21, 24] =25, € C\{-1,0}.

«45(0475)3 [931,$1] = Ty, [1717532] = T3+0y, [932,951] = B, [$2,$2] = Ty, [332>$3] = Ts, [IB1,5E4] =

x5, aeC,peC\{-1}.

«46(04»ﬁ,7)5 [$1,I1] = 04I4,[$17$2] = T3 + 5$47[$2,$1] = 7$37[$2,$2] = $47[$27$3]

.T5,|:LU1,LU4]:ZZ'5, OC?B?’.YG(C'

Az (o, B): [351,361] =x3+ 0y, [371@2] = x5+ By, [372,171] = =23+ T4, [xzafb’z] = X4, [132,173] =

l’5,[l’1,$4] = Ts, O{,ﬁEC.
Proof. Let A% = Z(A) = span{es}. Extend this to a basis {es,e4,e5} of Leib(A) = A2.

Then the nonzero products in A = span{ey, e, e3,e4,e5} are given by:

[61, 61] = (rpes3 + (ipey + (i3es, [61, 62] = (ge3 t+ sy t O€s, [62, 61] = Bres + Paey + Bses,

[62, 62] = Baes + Bseyq + Pses, [617 63] =M16€s, [62, 63] = Y265, [61, 64] = 7Y3€s, [627 64] = Y4€5.

From the Leibniz identity [e1,[ea,e1]] = [[e1,e2],e1] + [e2, [e1,€1]] we get the following

equation:

P11+ B2y = arye + s (4.13)
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Furthermore, from [eq, [ea, e2]] = [[€1,€2], €2] +[e2,[€1,€2]] we get the following equation:

Bami + P53 = Quy2 + 5 (4.14)

Note that if 74 # 0 and -3 = O(resp. 73 # 0) then with the base change z1 = €9, 25 = €1, 73 =
€3, %y = €4,T5 = e5(T€SpP. T1 = €1,To = Y41 — Y3€2,T3 = €3,T4 = €4,T5 = €5) We can make
~v4 = 0. So we can assume 7y = 0. Then 75,73 # 0 since dim(Z(A)) = 1. Hence we have the

following products in A:

[61, 61] = ez + (ipey + (365, [61, 62] = ez + (54 t Q665 [62, 61] = Preg + Baey + Pses,

[62, 62] = Baes + Bseq + Pses, [617 63] = M16s, [627 63] = Y2€s, [61, 64] = 7Y3€s.

We can assume a3 = 0, because if ag # 0 then with the base change x1 = v3e1—azey, 19 =

€9,X3 = €3,T4 = €4, T5 = e5 we can make ag = 0. Then we have the following products in A:

[617 61] = (€3 + Qly, [61, 62] = ye3 t+ ai5eq + (ges, [62, 61] = Preg + PBaey + Pses,

[62, 62] = Baes + Bseq + Pses, [€1> 63] = Y165, [62, 63] = Y265, [61, 64] =Y3€s5.

If ag # 0 then with the base change x1 = ey, x5 = V32 — gey, T3 = €3,24 = €4,%5 = €5 We

can make ag = 0. So let ag = 0. Then we have the following products in A:

[61, 61] = (€3 + Qiaty, [617 62] = 03 + 56y, [627 61] = Preg + PBaey + Pses,

[62, 62] = Baes + Bseq + Pses, [€1> 63] = Y165, [62, 63] = Y265, [61, 64] = 7Y3€s5.

Furthermore we can assume (3 = 0, because if $3 # 0 then with the base change x; =
Vo€ — [3€3, Ty = €9,T3 = €3,T4 = €4,T5 = €5 we can make 3 = 0. Then we have the

following products in A:

[61, 61] = (€3 + (ig€y, [61, 62] = ez t (isly, [627 61] = pres + [aeq, [62, 62] = [aes + Bseq + Bees,

[61, 63] = 716s, [62, 63] = 7265, [61, 64] = 73€s5.

If B¢ # 0 then with the base change 1 = ey, x5 = Yoe9 — fge3, T3 = €3, T4 = €4, T5 = €5 We can
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make g = 0. So we can assume g = 0. Then we have the following products in A:

[61, 61] = (€3 t+ (iaty, [617 62] = ez + (i5ey, [62, 61] = fres + Baey, [627 62] = Bsez + Bseu,

[617 63] =M€s, [62, 63] = 72€s5, [61, 64] =73€s5.
Case 1: Let a; =0. Then we have the following products in A:
[61, 61] = i€y, [61, 62] = 0iye3z + Qi5€y, [62, 61] = pres + [aeq, [62, 62] = faes + Bseu,
[61,63] = 7165, [62763] = 7265, [61764] = 73€s5. (4-15)

Note that if 7, # 0 then with the base change x1 = ey, x5 = €9, 13 = Y3€3 —V1€4, T4 = €4, 25 =
es we can make v, = 0. So let 71 = 0. Then by (4.13) we have 85 = 0. Hence we have the

following products in A:

[617 61] = (igty, [617 62] = ez + (5€y, [62, 61] = Pres, [62, 62] = Bses + Bseu, [62; 63] = 726s, [61, 64] = 736s5.

Case 1.1: Let ay = 0. Then by (4.14) we have 5 = 0. Hence the products in A are
given by:

[61, 61] = g€y, [61, 62] = (Ol5€4, [62, 61] = €3, [62, 62] = Baes, [62, 63] = Y265, [61, 64] = 73€s5.

Case 1.1.1: Let 84 = 0. Then f; # 0 since dim(A?) = 3. Also a # 0 since dim(Leib(A)) =
3. Then the products in A are given by:

[617 61] = (Qig€y, [61, 62] = (O5€4, [62, 61] = pes, [€2> 63] = 7265, [617 64] = 7365 (4-16)

The base change x; = ey, 25 = 4 /gf,zs €9, T3 = \/0‘252”3 €3, T4 = Qip€y, Ty = Qa7y3e5 shows
that A is isomorphic to A; ().

Case 1.1.2: Let B4 # 0. If ap = 0 then the base change x1 = €5, 19 = €1,23 = €4, T4 =

es, T5 = e5 shows that A is isomorphic to an algebra with the nonzero products given by
(4.16). Hence A is isomorphic to A;(a). Now let ay # 0. Take 0 = (Zz—zj)l/? The base

change y; = e1,ys = Oea, y3 = Bab?es,ys = ey, ys = aayzes shows that A is isomorphic to
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the following algebra:

a0 51
[ylayl] =Y, [y1>y2] = a—2y47 [y2,y1] = @yi’n [y2,y2] = Y3, [yz,ya] =Ys, [3/173/4] =VYs.

o If a5, = asf, and (%)3 +1=0 then w.s.c.o.b. A is isomorphic to A,.
o If a5/ = asf8y and (‘)(")[—529)3 +1#0 then w.s.c.o.b. A is isomorphic to A;(0).

o If a5f; # asf, then w.s.c.o.b. A is isomorphic to As(a, ).

Case 1.2: Let ay # 0. Then by (4.14) we have 5 = % The base change y; = €1,y =

€9,Y3 = €3, Ys = Pseq, Y5 = Psy3es shows that A is isomorphic to the following algebra:

a Q B B4
[ylayl] = —294, [y17y2] =Y+ —594: [y2>y1] = —1?/3, [ymyz] = —Y3 t+ Y4, [y2>y3] =UYs, [yl,y4] =Ys.
65 65 Y Oy

Note that if 54 =0 then ay + 81 # 0 since dim(Leib(A)) = 3.
o If 3,=0,a0=0,a5 =0 and % =0 then w.s.c.o.b. A is isomorphic to A,.
e If 5,=0,000=0,05 =0 and % € C\{-1,0} then w.s.c.o.b. A is isomorphic to A4(«).

If B4 =0, =0 and a5 # 0 then w.s.c.o.b. A is isomorphic to A;(«).

[ J
e If 5, =0 and s # 0 then w.s.c.o.b. A is isomorphic to As(a, ).
e If 84 # 0 then w.s.c.o.b. A is isomorphic to Ag(c, 3,7).

Case 2: Let oy # 0. If (ayq + 51,84) # (0,0) then the base change 1 = xe; + e, 9 =
€9, T3 = €3,T4 = €4,T5 = €5 (where ayx? + (ay + B1)x + B4 = 0) shows that A is isomorphic
to an algebra with the nonzero products given by (4.15). Hence A is isomorphic to
Ai(a), Ay, As(a, 8), As(a), As(a, B) or Ag(c, 5,7). Then we can assume a4+ 51 =0 = ;.

Hence we have the following products:

[617 61] = (€3 + (ia€y, [61, 62] = ez t (i5ey, [62, 61] = —ayes + [aey, [627 62] = Bseq,

[617 63] = M16s, [62; 63] = Y2€s, [61, 64] = 7Y3€s.
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Note that if 4, # 0 then with the base change x1 = ey, x5 = €9, 23 = Y363 —V1€4, T4 = €4, 25 =

es we can make v; = 0. So let v; = 0. Then we have the following products:

[61, 61] = (r1€3 + (p€y, [61, 62] = yye3 + Qi5€y, [62, 61] = —ayes + ey, [62, 62] = Bse4,

[62, 63] = 726€s, [61, 64] = 736s5.

Case 2.1: Let ay = 0. Then by (4.14) we have 5 = 0. Hence we have the following

products:

[61, 61] = (r1€3 + (ia€y, [61, 62] = O5€4, [62, 61] = 64, [62, 63] = 7265, [61; 64] = 7Y3€s.
Note that if ap = 0 then as + B2 # 0 since dim(Leib(A)) = 3.

o If % =0 then w.s.c.0.b. A is isomorphic to As.

o If 3 ¢ C\{-1,0} then w.s.c.o.b. A is isomorphic to As(a).

Case 2.2: Let aq # 0. Then by (4.13) and (4.14) we get > = <22 and 5 = =12 Then

w.s.c.0.b. A is isomorphic to A7 («, 3). ]

Remark. 1. If oy, a9 € C such that oy # ag, then A;(«q) and A;(az) are isomorphic if

and only if as = —ay.
2. If oy, an € C\{-1,0} such that ag # ay, then A4(ay) and A4(az) are not isomorphic.

3. Isomorphism conditions for the families As(«, ), As(«, ), As(a, 5,7) and Az («, 3)

are hard to compute.

4.2.3  dim(43) =2

Let dim(A?) = 3,dim(A3) =2 and A* = 0. Then by Lemma 4.0.2 and Lemma 4.0.3 we have
A3 = Z(A). Assume dim(Leib(A)) = 3. Let A3 = Z(A) = span{ey, e5}. Extend this to a
basis {e3, €4, €5} of Leib(A) = A%. Then the nonzero products in A = span{ey, ey, e3,e4, €5}

are given by:

[€1> 61] = (e3 + (ipey + (365, [61, 62] = ez + 5y + Q665 [627 61] = Preg + Baey + Pses,

[62, 62] = Baes + Bseq + Pses, [61, 63] =164 T Y264, [62, 63] =Y3€4 + Y4€5.
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From the Leibniz identity [e1,[ea,e1]] = [[e1,e2],e1] + [e2, [€1,€1]] we get the following

equations:
=«
Bin 173 (4.17>
B1y2 = 01ya

The Leibniz identity [eq, [e2, e2]] = [[e1, €2], e2]+[e2, [e1, e2]] gives the following equations:

=«
Bami 473 (4.18)

Baya = s

Suppose 73 = 0. Then 71,74 # 0 since dim(A3) = 2. From (4.17) and (4.18) we have
B1=0= 04 =i = ay, which is a contradiction since dim(A?) = 3. Now suppose 73 # 0.
If 81 =0 = B4 then by (4.17) and (4.18) we get ay = 0 = g, contradiction. If 3; # O(resp.
B4 #0) then by (4.17) (resp. by (4.18)) we have 7372 — 7174 = 0 that contradicts with the

fact that dim(A3) = 2. Hence our assumption was wrong. Therefore dim(Leib(A)) =1 or
dim(Leib(A)) = 2.

Theorem 4.2.9. Let A be a 5—dimensional non-split non-Lie nilpotent Leibniz algebra
with dim(A?) = 3,dim(A3) =2, A* =0 and dim(Leib(A)) = 1. Then A is isomorphic to a
Leibniz algebra spanned by {x1,x2, 3,14, 5} with the nonzero products given by one of

the following:
Az [z, 20] = 23, [22,21] = 23 + x5, [21, 23] = 24 = —[33, 21, [202, 23] = 75 = —[23, 22].
Agt [11,29] = 23 = ~[22,21], [T2, T2] = 25, [71, 73] = 04 = ~[23, 21], [0, 73] = 75 = ~[23, 2]

As: [I17$2] = I3, [I27$1] = I3+ Is, [$2,9€2] = Ts, [371,903] =Ty = —[$3,$1], [902,903] =I5 =

_[1'3,372].
Ay: [$17$1] = s, [$1,902] =3 = —[%,xl]a [$1,903] =T4= —[$37$1]a [$2,ﬂ73] =T5= —[I37$2]'

Proof. Let Leib(A) = span{es }. Extend this to bases {e4, e5} and {e3, 4,5} of A3 =Z(A)

and A2, respectively. Then the nonzero products in A = span{ey, e, e3,e4,e5} are given
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by:

[61, 61] = (g €s, [61, 62] = Qig€3 + (i34 + Oy€s, [62, 61] = —(pe3 — (izeq + 565, [62, 62] = (€5,
[61, 63] = preq + Paes, [627 63] = B3e4 + Baes, [63, 61] = —freq + Bses, [63, 62] = —[3e4 + Bges,

[63, 63] = B7€5.

From the Leibniz identities [e1, [e2, e1]] = [[e1, e2], e1]+[e2, [e1,e1]], [e1, [e2, e2]] = [[e1, €2], e2]+

[es, [e1,62]] and [eq, [e2,e3]] = [[e1,e2],e3] + [e2, [e1, €3]] we get the following equations:

65 = _62
Bs = =P (4.19)
pr=0

Note that if g3 # 0 and 51 = O(resp. 81 # 0) then with the base change x| = eg, 29 = €1, 23 =
€3,Ty = €4,T5 = es(resp. o1 = e1,Ts = P31 — P1€9,T3 = €3,T4 = €4,T5 = €5) we can make
B3 = 0. So let B3 = 0. Then (31,34 # 0 since dim(A3?) = 2. Hence we have the following
products in A:

[61, 61] = (é€s, [61, 62] = (g3 + (izey + (g5, [627 61] = —(p€3 — (13€4 + (565, [62, 62] = O€s,

[61,63] = freq + Baes = —[€3>€1]> [62,6’3] = €5 = —[63, 62]-

Case 1: Let oy =0. Then we have the following products in A:

[61, 62] = (Qip€3 + (i3€y + (g€, [627 61] = —Qp€3 — (1364 + (565, [62, 62] = Q6Cs,

[61, 63] = 5164 + 5265 = —[63, 61], [62, 63] = 5465 = —[637 62]. (420)

o If ag = 0 then ay + a5 # 0 since Leib(A) # 0. Then the base change x1 = e1, x5 =

astos _ oatas _ oatos _ (aaras)”
e, 3 = gt (Qnes + ages + aues), 1y = HFE(Breq + Paes ), w5 = =52 e5 shows
that A is isomorphic to Aj;.

o If ag # 0 and a4 + a5 = 0 then the base change x, = #2461,{[‘2 =e9,T3 = ajg4 (ages +

2
Q . . .
3e4 + Qges5), Ty = 522(6164 + faes), x5 = ages shows that A is isomorphic to As.

ag
a2y

a4+
azB4

o If g #+ 0 and ay + a5 # 0 then the base change x; =

€1,T2 = €2,T3 =
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ag(agt+as) _ aZ(aatas) _ ag(agtas)?
B (g3 +azes+ayes), xy = S5t 25 (Brea+ Paes), x5 = e shows that

A is isomorphic to Ajs.

Case 2: Let ay # 0. If (ay + a5,056) # (0,0) then the base change x1 = zej + e, 9 =
€9, T3 = €3,y = 4,25 = e5 (Where agx? + (ay + a5)z + g = 0) shows that A is isomorphic

to an algebra with the nonzero products given by (4.20). Hence A is isomorphic to

Ai, Ay or As. Now let ay + a5 = 0 = ag. Then the base change z; = ajf“ €1,Ty = €9, T3 =

OéS 2 a2 2 . . .
aff‘* (anes + aseq + ayes), oy = ;?4 (Preq + Baes), x5 = ff‘* es shows that A is isomorphic to
A O

Theorem 4.2.10. Let A be a 5—dimensional non-split non-Lie nilpotent Leibniz algebra
with dim(A?) = 3,dim(A3) = 2 = dim(Leib(A)) and A* = 0. Then A is isomorphic to a
Leibniz algebra spanned by {x1,xs, 3, 14,5} with the nonzero products given by one of

the following:

Ai(a): [z1,22] = 23, [29, 1] = —23 + 24, [2, 22] = a5, [21, 23] = 24 = ~[33, 1], [22, 23] =

.T5=—[I3,ZL’2], OCEC\{O}

AQ(CY)i [901,%] = $5;[$1,$2] = 903»[952,%] = —I3 +I47[$2,$2] = Oé$5,[901,$3] = X4 =

—[I?),xl], [$2,$3] =T5 = —[I:a,fﬁz], aeC.

«43((1)1 [$1,$1] = QTs, [371,902] =3, [$27$1] = —231tX4+Ts5, [$1,$3] =Ty = —[!Eg,ffl], [$2,I3] =

ZE5:—[I3,JI2:|, OéE(C\{O}

A4(a): [901,951] = axs, [551,952] = X3, [$2,£B1] = —T3 + Ty t+ Ts, [51527952] = s, [3717533] =24 =

—[x3,21], [72, 3] = w5 = —[23,22], € C\{0}.

As(a): [w1,21] = aws, [21, 2] = @3, [22, 1] = —23 + T4 + 5, [T2, 2] = —%ﬂ?sa [21,73] = 14 =

~[@3, 1], [w2, 23] = w5 = —[23,22], aeC\{-3},0}.

Aﬁ(Oé)i [951,51?1] = axs, [1’1,5132] =T3 = —[332,331], [562,952] = Ty+Ts, [551,5133] =4 = —[353,351], [1’2,1’3] =
x5 = —[w3,12], «¢ C\{—%,O}.

Az (a, B): [951,961] = 04555,[9517952] = 5637[952,%1] = —I3 +5E57[$2,1‘2] =X + 51'5,[9517553] =
x4 = —[x3,21], [22, 23] = 15 = —[23,22], € C\{0},5eC,4af+1,8ap%-252+1+%
0,163 # 1+ 652 £ /462 + 126 + 1, -27af + 952 + 2% £ 2,/ F2(3 + 5%)3.

As(a, B,7): [x1,21] = aws, [@1,22] = 23, [0, 21| = —x3+34+ x5, [T2, X2 ] = Ta+yxs, [21, 23] =

Ty = ~[x3,11]), [2, 23] = x5 = ~[73,72], «,B,7€C.
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Ag(a, B): [w1,21] = 24+ s, [21, 2] = T3, [T0, 21] = —23+ B5, [12, 72] = @5, [21, 73] = 74 =
—[x3,21], [72, 73] = 25 = ~[73,22], ,BeC.

Proof. Assume Leib(A) # Z(A). Using A is nilpotent and Leib(A) # Z(A) we see that

dim(A3) = 1, which is a contradiction. Hence Leib(A) = Z(A) = A3. Let Leib(A) =

Z(A) = A3 = span{ey, e5}. Extend this to a basis {es,eq,e5} of A%2. Then the nonzero

products in A = span{e, ey, e3,€e4, €5} are given by:

[61, 61] = (€4 t+ 02€s, [617 62] = (33 + (yey + (565, [627 61] = —agez + Bieq + [aes,
[62, 62] = [B3eq + Baes, [617 63] = Bseq + Bees, [62, 63] = 7164 + V265,

[637 61] = 7Y3€4 + Y465, [637 62] = Y5€4 + VY6Es5, [637 63] =Y7€4 + V8E5.

From the Leibniz identities [e1, [e2, e1]] = [[e1, e2], e1]+[e2, [e1,e1]], [e1, [e2, e2]] = [[e1, €2], e2]+

[es, [e1,62]] and [eq, [e2,e3]] = [[e1,e2],e3] + [e2, [e1, €3]] we get the following equations:

Y3 =—Ps
Ya =P
175 =" (4.21)
Y6 = —72
v7=0="13

Note that if 73 # 0 and S5 = O(resp. f5 # 0) then with the base change z1 = €9, 25 = €1, 73 =
€3,y = €4,T5 = e5(resp. 1 = e1,Ty = y1e1 — P5€9,%3 = €3,T4 = €4,T5 = €5) we can make
7 =0. So let 73 = 0. Then 75 = 0 by (4.21) and S5,7, # 0 since dim(A3) = 2. Hence we
have the following products in A:

[61, 61] = Q€4 t+ 0a€s, [61, 62] = (33 + ey t+ 55, [62, 61] = —ages + Bieq + Paes,

[62, 62] = [Bseq4 + Baes, [617 63] = fseq + PBees = —[63, 61], [627 63] = Ye2€5 = —[637 62]~
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Case 1: Let oy =0. Then we have the following products in A:

[617 61] = (€5, [61, 62] = (zeztyestoses, [627 61] = —aes+freqtfaes, [627 62] = [seq+fses,

[61, 63] = 5564 + 6665 = —[63, 61], [62, 83] = Y265 = —[63, 62]. (422)

Take 6y = 22 4, = as+B1 0 = (a5+ﬂ2)55—(a4+61)/36794 =B and 05 = %_ The base

azy2’ aszfs ? aszfBs5v2 asfs

change y; = €1, y2 = €2,Y3 = azez + aueq + ases, ys = az(Bses + foes), Ys = azyaes shows that

A is isomorphic to the following algebra:

[yb 3/1] = 61ys, [3/1, yz] =Ys, [yzy yl] = —y3 + Oays + O3ys, [y27y2] = 04y + O5ys,
[3/1793] =Yg = —[y3,y1]7 [?/zays] =Ys = —[1/37y2]-

Note that (0s,604) # (0,0) and (6y,603,05) + (0,0,0) since dim(Leib(A)) = 2. Take g =
Ovs0 and 07 = -2

N
If 4 = 0,03 =0 and 61 = 0 then 65,05 # 0. Then the base change x1 = Oy, x5 =

Yo, T3 = O2ys, T4 = 03ys, x5 = Ooy5 shows that A is isomorphic to A;(«).

If 0, = 0,05 =0 and #; # 0 then 65 # 0. Then the base change z; = Oy, 25 =
AV 9192y2,x3 = 92\/91923/3,364 = 6%\/9192y4,$5 = 919%y5 shows that A is iSOIl’lOI'phiC to
AQ(CK).

If0,=0,03+#0 and z—z =0 then 65 # 0. Then the base change x1 = Oyy1, x5 = O3y, T3 =
0205y3, x4 = 0203y, x5 = o03ys shows that A is isomorphic to Az(a).

If 6, =0,05 # 0 and Z—z = 0 then 61,05 # 0 since dim(Leib(A)) = 2. Then the base
change 1 = Oay1, 9 = O3y, 23 = Oob3ys, x4 = 0303ys, x5 = O203y5 shows that A is

isomorphic to Az(«).
If0,=0,0; %0, z—; =1 and 6; = 0 then w.s.c.o.b. A is isomorphic to As(-1).
If0,=0,05%0, z—; =1 and #; # 0 then w.s.c.0.b. A is isomorphic to A,(«).

If 0, =0,03 %0, z—z = -1 and 61 = 0 then w.s.c.o.b. A is isomorphic to As3(2).

If6,=0,05+0, z—g = —% and 6 = —% then w.s.c.o.b. A is isomorphic to A4(%).
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If 6, = 0,05 0, Z—; = —% and 0, € C\{—%,O} then the base change x; = Oy, 29 =
93y2,$3 = 9203y3,$4 = 8%83y4,$5 = 929§y5 shows that A is iSOl’IlOI‘phiC to A5(Oé).

If 6, =0,65 0 and Z—z € C\{-1,0,1} then w.s.c.o.b. A is isomorphic to Ax(a)(c €
C\{_%a %7 1})
If 64 # 0,60, = 0,605 = 0,05 = 0 then 6; # 0. Then w.s.c.o.b. A is isomorphic to Ax(-3).

0162
63

If04s+0,05=0,05=0,05 + 0 and —% then w.s.c.0.b. A is isomorphic to A4(%).

If 6, # 0,05 = 0,03 = 0,05 #+ 0 and % # —% then w.s.c.o.b. A is isomorphic to

05
Aﬁ(Oé).

1 and 62 = —5—14 then w.s.c.o.b. A is isomorphic to

If 04 # 0,05 = 0,03 = 0,400,
Aa(5)-
If 6, # 0,60 = 0,05 # 0,4066; = 1 and 62 + —5—14 then w.s.c.o.b. A is isomorphic to

-/46(04)~

If 94 * 0,(92 = 07(93 * 0749697 * 1,8969$ - 29% +1 =0 and 96 =0 then w.s.c.o.b. A is
isomorphic to A3(2).

If 6, + 0,92 = 0,93 * 0,49607 * 1,8969;—29$+1 = 0796 =0 and 93 =3 i\/gthen

T2
w.s.c.0.b. A is isomorphic to A4(3).

If 6, + 0,92 = 0,03 * 0,40607 * 1,8960§ —29$ +1-= 0706 =0 and 9% * —% + \/g then
w.s.c.0.b. A is isomorphic to As(a)(a e C\{-%,0,3}).

If 0, # 0,05 = 0,05 # 0,40507 # 1,80505 — 202 + 1 + 0,05 = 0 and 07 = 0 then w.s.c.0.b.
A is isomorphic to Ay (0).

If o, + 0, 0y = 0, 03 + 0, 40667 + 1, 80@9? - 28% +1+%0, 0s =0 and 67 # 0 then w.s.c.0.b.
A is isomorphic to Az(a)(a € C\{0,2}).

If 64 + 0,92 = 0,93 F 0746697 F 178668§ - 293 +1+ 0,86 +# 0 and 16069? =1+ 69% +
V4602 + 120, + 1 then w.s.c.o.b. A is isomorphic to As(«) for some « values.

If 6, + 0,92 = 0,93 F 0,46607 F 1,8969§ - 29% +1 # 0796 + 0, 16666§ 1+ 69% +

V402 + 1207 + 1 and —27050, = 902 + 202 + 2,/02(3 + 62)3 then w.s.c.0.b. A is isomor-

phic to Ay(a) for some «a values.
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o If 0, + 0,0, = 0,05 # 0,40507 + 1,80602 — 202 + 1 # 0,05 #+ 0,160603 # 1 + 662 +
V462 + 1207 + 1 and —2760607 + 902 + 202 £ 2,/02(3 + 62)3 then w.s.c.0.b. A is isomor-
phic to A7 («, ).

e If 0, #0 and Ay # 0 then w.s.c.o.b. A is isomorphic to Ag(a, 3,7).

Case 2: Let oy # 0. If (g + 1, 83) # (0,0) then the base change 1 = xe; + e, x5 =
€9, T3 = €3,%4 = €4,%5 = €5 (Where ayz? + (ay + 1)z + 3 = 0) shows that A is isomor-
phic to an algebra with the nonzero products given by (4.22). Hence A is isomorphic
to Ay (a), Az (), As(), As(a), As(a), Ag(a), A7 (e, B) or Ag(a, B,7). So we can assume
ay + B1 =0 = 5. Then we have the following products in A:

[61, 61] = (€4 + Qg€s, [61, 62] = (ige3z + ey + Q565 [62, 61] = —(ize3 — ey + Poes,
[e2, €] = Baes, [e1,e3] = Bseq + Boes = —[e3, e1], [e2, €3] = 1265 = —[e3, €2].
Note that if 54 = 0 then as + 33 # 0 since dim(Leib(A))=2.

e If 5, =0 then w.s.c.o.b. A is isomorphic to A; ().

e If 5, # 0 then w.s.c.o.b. A is isomorphic to Ag(a, 3).

]

Remark. 1. If ag,a9 € C\{0} such that a; # a9, then A;(a;) and A;(ay) are not

isomorphic.
2. If g, 9 € C such that ag # g, then As(ay) and Az(as) are not isomorphic.
3. If a1, as € C\{0} such that oy # a, then Az(c;) and As(az) are not isomorphic.
4. If aq,ap € C\{0} such that oy # s, then Ay(c;) and A4(ay) are not isomorphic.
5. If oy, crp € C\{~3, 0} such that a; # ap, then A5 () and As(aw) are not isomorphic.
6. If oy, an € C\{~55, 0} such that a; # ap, then Ag(a) and Ag(a2) are not isomorphic.

7. Isomorphism conditions for the families A7(«, 3), As(«, 5,7) and Ag(c, 5) are hard

to compute.
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Let dim(A?) = 3,dim(A3) = 2 and dim(A*) = 1. Then by Lemma 4.0.2 and using
0 # A* ¢ A3 we have A* = Z(A). Assume dim(Leib(A)) = 2. Take W such that A? =
Leib(A) @ W. If W = Z(A) then A3 = Leib(A) since Leib(A) is an ideal. If W # Z(A)
and W ¢ A3 then A3 = Leib(A). Furthermore if W # Z(A) and W ¢ A3 then [A, W] ¢
[A,A%] = A* = Z(A) < Leib(A). Then A = [A, A?] ¢ Leib(A), so A% = Leib(A). In all
cases we get A3 = Leib(A). Hence A3 = Leib(A). Let Z(A) = A* = span{e;}. Extend
this to bases of {e4,e5} and {es, eq,e5} of Leib(A) = A% and A2, respectively. Then the

nonzero products in A = span{ey, es,e3,e4,€5} are given by:

[61, 61] = (r1eq + Qigts, [617 62] = (i3e3z + (iyey t+ Qi5€s5, [627 61] = —azez + Bieq + [aes,
[62, 62] = (B3e4 + Baes, [617 63] = Bseq + Bees, [63, 61] = 7164 *+ V265, [62, 63] = 7Y3€4 + Y465,

[63, 62] = Ys5€4 + Y6€5, [637 63] = 01e4 + Oses, [61, 64] = Ozes, [62, 64] = O4€5, [63, 64] = Oses.

Leibniz identities give the following equations:

N =05

as(fs +72) + 10y — P103 =0

V5 =73

as(ya+76) + sy — B33 = 0

6:=0

agl + 501 = Y303 (4.23)
05 =0

Y105 =0

V503 = a3l

Y104 = —a302

Y504 =0

Suppose 0, = 0. Then 03 # 0 since dim(Z(A)) = 1. By (4.23) we have 65 =0 = 5 =
v3 = = fB5. Then dim(A3) = 1 which is a contradiction. Now suppose 6 # 0. If 3 = 0
then by (4.23) we have 6y = 0 = 71 = 75 = 73 = (5. This implies that dim(A3) = 1,
contradiction. If f5 # 0 then by (4.23) we have 71 = 0 = 5 = 3 = §5. Then again we get

dim(A?) = 1, contradiction. Hence our assumption was wrong. Then dim(Leib(A)) =1
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or dim(Leib(A)) = 3.

Theorem 4.2.11. Let A be a 5—dimensional non-split non-Lie nilpotent Leibniz algebra
with dim(A?) = 3,dim(A3) = 2 and dim(A*) =1 = dim(Leib(A)). Then A is isomorphic
to a Leibniz algebra spanned by {x1,xa, x3, x4, x5} with the nonzero products given by one
of the following:

Az [z, 2] = 23, [2,21] = 23 + x5, [21, 23] = 24 = —[x3, 21 ], [01, 24] = 75 = —[24, 21].
Aot [21,22] = 23 = = [0, 21], [w2, 22] = w5, [w1, 23] = w4 = [z, 1], [21, 4] = w5 = —[w4,21].

Aj: [$17$2] = I3, [$27$1] = -3+ Ts, [%;M] = Ts, [%;953] =24 = —[$3,$1]7 [$1,I4] =T5 =

—[z4,21].

Ay: [9017@] =T3 = —[$27$1], [$27$2] = s, [Ilux?)] =Ty = —[$37$1], [$2,I3] =I5 = —[$37$2], [$1,I4] =

x5 = —[x4,21].

As(a): [@1,22] = 23, [20, 1] = —23 + 25, [2, 22] = a5, [21, 23] = 24 = —[33, 1], [22, 23] =

r5 = —[w3,22], [11,74] = 25 = ~[74,71], a€eC,

As: [z1,21] = w5, [21, 2] = 3 = ~[@2, 21], [w1, 03] = w4 = ~[w3, 1], [21, w4] = w5 = —[wg, 1]

Azi w1, 21] = s, [0, 22] = w3 = —[w2, 1], [21, @3] = w4 = —[w3, 1], [w2, 23] = w5 = —[ws, 22], [w1, 4] =
Ts = _[1'4,.1'1].

Proof. By Lemma 4.0.4, Leib(A) = Z(A). Let A* = Z(A) = Leib(A) = span{es }. Extend
this to bases {e4, e5} and {es, e4, e5} of A3 and A2, respectively. Then the nonzero products

in A =span{ey, ey, e3, 64,65} are given by:

[61, 61] = (€5, [61, 62] = Qig€3 + (i34 + Oy€s, [62, 61] = —(pe3 — (3€4 + (5€s5, [62, 62] = (€5,
[61, 63] = freq + Paes, [63, 61] = —[1eq + PBses, [62; 63] = fseq + PBses, [63, 62] = —Bseq + Boes,
[63, 63] =Meés, [61, 64] = 7265, [€4> 61] = 7365, [627 64] = 7465, [64, 62] = Y565,

[63, 64] = Y6€s5, [647 63] = V765, [64, 64] = 78€s.
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Leibniz identities give the following equations:

as(Be+ B3) +az(y2+73) =0
as(Bs + Bs) +az(ya+75) =0
Bay2 = coy1 + asyr + P17y

apYe + azyg = 0

Bi(y2+73) =0

Bi(v6 +77) =0
Biys =0

Ba(va+75) =0
Ba(v6+77) =0
Bays =0

B1Ys + Baya + oy + azye = 0

B1ya + Bayz — o1 —asys =0

(4.24)

Note that 8; # 0 or 54 # 0 since dim(A3) = 2. Then by (4.24) we have 75 = 0 = v7 = 5.
Note that if g4 # 0 and 51 = O(resp. 81 # 0) then with the base change 1 = 3,29 = €1, 23 =

€3,Ty = €4,T5 = es(resp. o1 = e1,T9 = P31 — P1€9,T3 = €3,T4 = €4,T5 = €5) we can make
B4 =0. So let B, =0. Then 3y # 0. From (4.24) we have 83 = =5 and 3 = —7,. Suppose
75 # 0. Then by (4.24) we get 81 = 0, contradiction. Hence 5 = 0. Then by (4.24) we have

v1 =0 =" and S = —f5. Hence we have the following products in A:

[61, 61] = (€5, [61, 62] = (a3 + (izey + g€y, [62, 61] = —(p€3 — (13€4 + (565, [62, 62] = Q6Cs,

[617 63] = freq + Paes = —[63, 61], [627 63] = Bses = —[63, 62], [61, 64] = Y265 = —[64, 61]-

Case 1: Let oy =0. Then we have the following products in A:

[61, 62] = Q€3 + (i3€y + (g5, [62, 61] = —(rp€3 — (3eyq + (¥5Cs5, [62, 62] = O€s,

[61,63] = Preq + PBaes = —[63761]7 [62763] = Bses5 = _[63a62]a [61, 64] =265 = —[64761]-
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o If 55 =0 and ag = 0 then ay + a5 # 0 since dim(Leib(A)) = 1. The base change

agta gt agta
11 = (5575) Per,xp = e, 13 = (52522 ) 2 (anes + azeq + aues), xa = G0 (Breq +
3/2 . :
Boes), x5 = %65 shows that A is isomorphic to A;.
o If 5 =0,a6 # 0 and ay + a5 = 0 then the base change x1 = ey, x5 = 2517262@3 =
0425172

(ages + azeyq + ayes), 14 %5”2 (Breq + Baes), x5 = (a25”2) 2e12) oo shows that A is

1somorphlc to As.

o If 85 = 0,a6 # 0 and a4 + a5 # 0 then the base change x; = (%)1/261,$2
(a4+a5)3/2 _ (a4+a5)2 _ (a4+a5)5/2a2
(a2Bi72) Pag €203 = apBimag (azes + ages + aues), xq = (a2B172)3 %6 (Brea + Baes), 5

3
—224,8::250)16 es shows that A is isomorphic to As.

o If B5 + 0 and ay + a5 = 0 then o4 # 0 since dim(Leib(A)) = 1. Then the base change

o172 agBiv2 agB1y2 _
a2 €1 T2 = T,2p3 €2,73 = jgﬁé (agez+azes+ayes), x4 = a3fe (Biea+Paes), x5 =

Ty = az/?’s
0425172

aTgm €5 shows that A is isomorphic to Ajy.

o If 55+ 0 and a4 + a5 # 0 then the base change z; = (;“;giz)l/?el,m = aa i

_ (a4+a5) _ (a4+a5)5/2
(ozes + aseq + aues), xq = 52 (Bieq + faes), x5 = b aaBs €5

ey, T3 =

(a4+a5)3/2
(a2172)2a2p5
shows that A is isomorphic to As(«).

Case 2: Let ay #0. If (g + as5,06) # (0,0) then the base change x1 = zej + e, 29 =
€9, T3 = €3,y = €4, 25 = e5 (Where ayx? + (ay + a5)z + g = 0) shows that A is isomorphic
to an algebra with the nonzero products given by (4.25). Hence A is isomorphic to
Ay, Ag, As, Ay or As(a). Then assume ay + a5 = 0 = ag.

o If B5 = 0 then the base change x; = e, = m@Q,l’g = a26172(a263 + aizey +
Qyes5), Ty = é‘% (Preq + Paes), w5 = ares shows that A is isomorphic to Ag.
a}/s ;/3 a2/3
o If/65 # 0 then the base change T = m@l,lj W@g,xs 0425172 (&2634‘
0/11/3,6’;/3 2o asl)/:sﬁz/s o
364 + CK4€5),LE4 = W(ﬂla + 5265), Ty = Weg, shows that A is isomor-
2 P12 2 P12
phic to A5.
0

Remark. If oy, g € C then As(ay) and As(ae) are isomorphic if and only if a3 = af.
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Theorem 4.2.12. Let A be a 5—dimensional non-split non-Lie nilpotent Leibniz algebra
with dim(A?) =3 = dim(Leib(A)),dim(A3) = 2 and dim(A*) = 1. Then A is isomorphic
to a Leibniz algebra spanned by {x1,xa,x3, x4, x5} with the nonzero products given by one
of the following:

Ars (21, 29] = 23, [21, 23] = 24, [1, 4] = 5.

Ag: [x1,x0] = 3, [22, 21] = x5, [21, 23] = 4, [21, T4] = 5.

As: [x1,29] = 23, [22, 2] = x5, [21, 23] = 4, [21, 24] = 5.

Ags [x1,29] = 23, [22,21] = x5, [0, 2] = X5, [21, 23] = T4, [71, 74] = 5.

As: [x1,22] = 23, [22, 2] = x4, [21, 23] = 24, [22, 23] = 5, [21, 74] = 5.

Agt [11, 2] = w3, [22, 1] = x5, [T2, 2] = T4, [71, 23] = T4, [0, 23] = 25, [21,74] = T5.

Az (a): [1'1,962] = T3, [1'2,961] = s, [%sz] =24+ T5, [371;1'3] = T4, [33271'3] = Ts, [33171'4] =

T5, « e C.
Ag: [21,71] = 23, [12, 71] = 75, [11, 73] = 24, [71, 4] = T5.
Ay: [3617371] =3, [x27x2] = s, [37171’3] =24, [%7554] =Ts.

A10(Oé)= [$1,$1] = $37[$2,$1] = $47[$2,$2] = 049557[$17$3] = $4,[x2,953] = $5,[$17$4] =

X5, Q€ C.
Aws [x1,210] = 23, [29, 01] = 24 + 5, [T, 02 ] = 225, [21, 3] = 24, [22, 23] = 75, [21, 24] = 75.
Proof. Let A* = Z(A) =span{es}. Extend this to bases {e4,e5} and {es, eq,e5} of A3 and

A2, respectively. Then the nonzero products in A = span{ey, ey, e3, 4, €5} are given by:

[e1,€1] = aues + ages + ases, [€1, e2] = aues + aseq + ages, [€2,e1] = freg + Paes + Pses,
[62, 62] = Bues + Bseq + Boes, [61, 63] =71€4 T 7265, [32, 63] =34 + Y465,

[61, 64] = Y5€s5, [62, 64] = Y6€s5-
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Leibniz identities give the following equations:

B = a173

B1ye + Bays = a1va + anye

Bay1 = a3 (4.26)
Baya + B55 = Quya + 576

V375 = 1176

We can assume 73 = 0, because if 3 # 0 and 77 = O(resp. 71 # 0) then with the base
change 1 = ey, 29 = €1,%3 = €3,T4 = €4,T5 = e5(resp. Ty = €1, Ty = Y361 — Y162, T3 = €3, T4 =
e4,T5 = e5) we can make 3 = 0. Then v, # 0 since dim(A3) = 2. So by (4.26) we have
B1=0=p4 =" Then 5 # 0 since dim(Z(A)) = 1. Hence we have the following products
in A:

[617 61] = (Q1e5 + (ipey + (365, [@17 62] = ez + ey t 065, [627 61] = [Baeq + Bses,

[62, 62] = B5e4 + Bses, [61; 63] =7Y1€4 t+ Y265, [62; 6’3] = Y465, [61, 64] = Y565

Case 1: Let oy = 0. Then a4 # 0 since dim(A?) = 3. Then from (4.26) we get [ = 0.

Hence we have the following products in A:

[617 61] = (xa€y + (3€5, [617 62] = ez + ey t 065, [@27 61] = [33es,

[62, 62] = Bseq + Bees, [61, 63] =164 + V265, [62, 63] = 7Y4€s5, [617 64] = 5€s5. (4-27)

If ay # 0 then with the base change w1 = v1e1 — ases, X9 = €3, T3 = €3,T4 = €4,T5 = €5 We

can make g = 0. So let ay = 0. Then we have the following products in A:

[61, 61] = (365, [61, 62] = (ye3 + sy t Oes, [62, 61] = f3ses,

[62, 62] = fseq + Pees, [6’1, 63] =164 + V265, [6’2, 6’3] = Y4€s, [81, 64] = Y5€s5-

Also if a3 # 0 then with the base change 1 = v5e1 — y3€4, T2 = €9, T3 = €3,4 = €4,T5 = €5
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we can make a3 = 0. So we can assume a3 = 0. Then the products in A are the following:

[61, 62] = ayes3 t+ aseq + (ges, [62, 61] = f3ses, [62, 62] = Bseq + Bes, [61, 63] = 7164 + V265,

[62, 63] = Y465, [61, 64] = s5€s5.

Case 1.1: Let 74 = 0. Then by (4.26) we have (5 = 0.

o If 55 =0= (5 then z1 = 1,79 = €9, T3 = Que3 + 54 + g€5, T4 = u(Y1€64 + Yo€5), T5 =

ayY1Ys5€s shows that A is isomorphic to A .

o If 35 =0 and 3 # 0 then the base change x; =/ aﬁ?%el,xg =e9,23 =1/ affiw (ayes+

fo;s (7164 + Y2€5),T5 = P3 aﬁi% es shows that A is isomorphic to

€y + a665), Ty =

As.

e If 35 # 0 and (33 = 0 then the base change z{ = ey, x5 = a4g;75 €9, T3 = 0‘4;é75 (ages +

2 2 . . .
Q€ + QGes ), Ty = %(’)@64 +Y9€5), T5 = %65 shows that A is isomorphic to
As.
If d hen the base ch = (B )12y 0y = -~ =
e If 55 # 0 and 33 # 0 then the base change xl—(aﬂm) €1, Ty = G NS, T3 =
8 _ &P % __ shows th
asBeV17s (cues + aseq + ages ), 14 = ISTEEWENTE (7164 + Y2€5), x5 = oifeoss Shows that

A is isomorphic to Ajy.

Case 1.2: Let 74 # 0. Then f; = =21 from (4.26). Take 0 = 9in(Ben=hnz) The hage

Bs
2 2.2
change y; = 1,92 = %627?;3 = aézl (Ques+azes +aees), Ya = afgzl (11€4+72€5), Y5 = %65
shows that A is isomorphic to the following algebra:
- _ Bs - 0 _ _ _
[y1,v2] = y3, (Y2, 0] = PP (Y2, y2] = ya + Oys, [y1,y3] = ya, [y2,y5] = Y5, [y1, ya] = 5.

e If # =0 and f3 = 0 then the base change x| = y1,22 = Yo, T3 = Y3, T4 = Ys,T5 = Y5
shows that A is isomorphic to As.

e If # = 0 and 3 # 0 then the base change z; = \/Mﬁ’%yl,xg = ﬁyg,@ =

(ﬁ)g/ng, (ﬁ)?y%% = (%)5/23/5 shows that A is isomorphic to Ag.

e If 6 # 0 then the base change 1 = Oy, 19 = 0%ys, 13 = 3y3, x4 = *y4, x5 = POys5 shows
that A is isomorphic to Az («).
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Case 2: Let a7 # 0. If ay # 0 the base change z1 = age; — ajes,T9 = €9, T3 = €3,T4 =
e4, x5 = e5 shows that A is isomorphic to an algebra with the nonzero products given by
(4.27). Hence A is isomorphic to Ay, As, As, A4, A5, Ag or A7(«). So let ay = 0. Then from
(4.26) we have 5 = 0. Note that here if a5 # 0 then with the base change = = e,z =
Yi€s — (5€3,X3 = €3,T4 = €4,T5 = €5 we can make a5 = 0. Then we can assume as = 0.

Hence we have the following products in A:

[61, 61] = (rpes3 + Qipey + (3es, [61, 62] = 065, [62, 61] = [aeq + Bses, [62, 62] = fBses,

[61, 63] =164 T Y265, [62, 63] = Y465, [61, 6’4] = 5€5.

If ag # 0 then with the base change 1 = e1, x5 = Y569 — Qgey, T3 = €3, T4 = €4, Ty = €5 We
can make ag = 0. Then we can assume ag = 0. Hence we have the following products in

A:

[61, 61] = (ge3 + 0igeyq + 0365, [62, 61] = [aeq + PBses, [62, 62] = Bses, [617 63] =164 + Y265,

[62, 63] = 7Y46€s5, [61, 64] = V5€5-

Case 2.1: Let 4 = 0. Then by (4.26) we have B = 0. Note that if 83 = 0 = 34
then A is split. So let (83,06) # (0,0). If B = 0 then f3 # 0. Then the base change

— _ Q17175 — _ —
T1 = €1,y = TR ey, Ty = €3+ ey + (365, Ty = aq(req+7265), T5 = a1y17Y5€5 shows that

A is isomorphic to Ag. Now suppose [ # 0. Without loss of generality we can assume
B3 = 0 because if f3 # 0 then with the base change z1 = fge; — B3e9, 29 = €5 + %64,1’3 =
€3,T4 = €4, x5 = e5 we can make 3 = 0. Then we have the following products in A:

[61, 61] = (pes + (ipeyq + (3es, [52, 62] = fBses, [617 63] =164 + Y265, [617 64] = V5€5.-

Then the base change x; = e, 29 = O‘lg;% €, T3 = (€3 + oey + azes, g = ai(y1e4 +

Y2€5), x5 = a1 Y17Ys5€5 shows that A is isomorphic to Ay.

Case 2.2: Let v4 # 0. Then [ = % from (4.26). Take 0 = % The base change
0l

— _ oM — — —
Y1 =e1,Y2 = Sgtes, Yz = anez + aney + azes, Ya = (Y164 +72€5), Y5 = ar17s€5 shows that
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A is isomorphic to the following algebra:

a1 86
5375

[ybyl] = Y3, [y2, 3/1] =Yg + 0ys, [ZJQ, y2] = Ys, [3/17?/3] = Y4, [9273/3] =VYs, [yh y4] =Ys.

e If § =0 then the base change x1 =y, = Yo, T3 = Y3, %4 = Ys, T5 = Y5 shows that A

is isomorphic to Ajg(a).
o If#+0 and % # 2 then w.s.c.o.b. A is isomorphic to A;o() again.
2

e If # + 0 and % = 2 then the base change x1 = Oy, 20 = 0%yy, 13 = 6%y3, 24 =

2715

03y,, 6 = 0*ys shows that A is isomorphic to Aj;.

]

Remark. 1. If ay, g € C such that oy # g, then A;(ay) and A;(az) are not isomor-

phic.

2. If a1, as € C such that oy # ag, then Aj0(a;) and Ajo(az) are not isomorphic.

Note that we classified 5—dimensional filiform Leibniz algebras in Theorem 4.2.11
and Theorem 4.2.12. We compare our classification with the classification given in [27].
They obtained the isomorphism classes in the classes F'Lbs, SLbs and T Lbs. It can be
seen that dim(Leib(F Lbs)) = 3 = dim(Leib(SLbs)) and dim(Leib(TLbs)) =1 or 0. The
classification of FLbs and SLbs given in [27] completely agrees with Theorem 4.2.12.
However we find some redundancy in the classification of T'Lbs since L(2,1,0) = L(0,1,0)
and L(2,1,1) = L(0, %, %) Also they missed the isomorphism classes A, and A4 listed in
Theorem 4.2.11.

4.3 Classification of Nilpotent Leibniz Algebras of
Dimension 5 with dim(A?) =2

Let A be a 5—dimensional non-split non-Lie nilpotent Leibniz algebra with dim(A?) = 2.
Then dim(A3) =0 or 1. Since Leib(A) ¢ A2 we have dim(Leib(A)) =1 or 2.
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4.3.1 dim(4%) =1

Let dim(A?) = 2 and dim(A3) = 1. Then by Lemma 4.0.2 and Lemma 4.0.3 we have
A3 =Z(A).

Theorem 4.3.1. Let A be a 5—dimensional non-split non-Lie nilpotent Leibniz algebra
with dim(A?) = 2 and dim(A3) = 1 = dim(Leib(A)). Then A is isomorphic to a Leib-
niz algebra spanned by {x1, s, 23,14, 5} with the nonzero products given by one of the

following:

Ais (21, 29] = 24 = —[m9, 1], [23, 23] = x5, [21, 4] = 25 = —[ 24, 21].

Aot [x1,22] = 24, [12, 1] = 4 + 15, [23, 23] = x5, [21, 4] = 25 = —[ 24, 21].

As: [x1, 9] = x4 = —[m9, 1], [22, X2 ] = x5, [X3, T3] = T5, [21, 4] = x5 = —[24, 71].

Ayg: [x1,20] = 24, [22,21] = =4 + 15, [0, 2] = x5, [23, 23] = T5, [21, 4] = x5 = —[ 24, 71].
As: [x1,21] = x5, [21, 2] = 14 = —[29, 21], [23, 23] = T5, [71, 4] = 5 = —[24, 71].

Ag: [x1, 2] = 24 = —[ma, 1], [71, 23] = x5, [21, 4] = 25 = —[ 24, 21].

Az: (w1, 0] = x4 = [0, 21], [0, 2] = x5, [21, 23] = 5, [21, 4] = x5 = —[14, 21].

Ag: [x1, 0] = x4 = —[29, 1], [T2, 3] = x5, [21, 4] = T5 = —[ 24, 21].

Ag: [x1,21] = z5, [21,22] = 14 = —[22, 21], [0, 23] = T5, [21, 4] = x5 = —[24, 71].

A10(OZ)= [171,$2] =Ty = —[$27$1], [$2,$2] = s, [$3,$3] = Ts, [$1,904] =T5 = —[$4,$1]7 Q€

C.

An(Oz)i [xhxz] = 2y, [952,%1] = —24tTs, [%,fz] = QTs, [$27$3] = Ts, [$3,$3] = Ts, [$17$4] =

x5 = —[z4,21], aeC.

Aot [Il,l’l] =Ts, [96’17$2] =Ty = —[mz,l‘ﬂ, [$27$2] = %11357 [$2,$3] =Ts, [xs,l’:s] =Ts, [96’17$4] =

x5 = —[x4,21].
Ais: [$175€2] =Ty, [$27$1] =24+ 5, [5537132] =T5 = —[$2,$3], [$1,174] =T5 = —[$4,$1]-

A14(Oé)= [$1,$2] =Ty = —[$27$1]7 [$2,$3] = QTs, [$37$2] = Ts, [%;M] =T5 = _[x4,l”1]a Q€

C\{-1}.
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«415(04)= [$1,$2] = Ty, [$2,I1] = —Tyt+Ts5, [$1;$3] =Ts, [952,903] = Qxs, [$3,902] =Ts, [$1>$4] =

x5 = -[z4,21], aeC.

Asg: [xl,Il] = 175,[%,952] = Ty = —[$27$1];[$3,$2] =I5 = —[$2,$3]7[$1,$4] = T =
—[z4,21].

Az [$1,$2] = Ty = —[5E27$1],[$2,$2] = $5,[$3,I2] =I5 = —[$27$3]7[$1,I4] = T =
—[z4,21].

As: [Il,l’Q] = Ty, [$27$1] =24t Ts, [13271102] = Ts, [I?),Iz] =T5 = —[$27$3]; [$1,I4] =T5 =

—[z4, x1].

Ajg: [551756’2] =Ty = —[$2,$1]7 [1’27332] = Ts, [13171133] = Ts, [333,372] =T5 = —[1’27903], [371,$4] =

x5 = =[xy, 71].

Proof. Note that by Lemma 4.0.4 we have A3 = Z(A) = Leib(A). Let A% = Z(A) =
Leib(A) = span{es}. Extend this to a basis {ey, e5} of A2. Then the nonzero products in

A =span{ey, eq, e3,e4,€5} are given by:

[61, 61] = (¢6s5, [€1> 62] = (Qip€y t+ (365, [62, 61] = —Qp€y + (y€s, [62, 62] = (565, [61, 63] = preq + Paes,
[63, 61] = —freq + Bses, [627 63] = Bseq + Bses, [63, 62] = —feq + Bges, [637 63] = Bres, [61, 64] =M16s,
]

[64, 61] = 7265, [62, 64] = 73€s5, [64, €2] = V4€s5, [63, 64] = V565, [647 63] = Y665, [64; 64] =Yrér.

58



Leibniz identities give the following equations:

Q272 = —0i21
QoYy = —(273

Bayi = e + P13

azyr =0

B1ye = =i

Bayr + Prya+ azys =0 (4.28)
B1ve = =515

B1ys + Payz — a2y =0

Bava = —Pays

Bave = —Pavs

Bi1y7 =0

Bayr =0

Note that (aq, 1, 61) # (0,0,0) since dim(A?) = 2. Then by (4.28) we have 7; = 0. Note
that if 54 # 0 and 3y = O(resp. §; # 0) then with the base change x; = ey, 29 = 1,23 =
€3,Ty = €4,T5 = es(resp. o1 = e1,T9 = fae1 — P1€9,T3 = €3,T4 = €4,T5 = €5) we can make
B4 =0. So let 84 =0. Then we have the following products in A:

[e1,e1] = aqes, [e1, €2] = aneq + azes, [e2, €1] = —eq + aues, (e, e2] = ases, [e1, e3] = Freq + Paes,
[63, 61] = —Pieq + Bses, [627 63] = fBses, [63, 62] = Bses, [637 63] = [res, [61, 64] = 76s, [64, 61] = Y265,

[62, 64] = 73€s5, [64, 62] = Y4€s5, [63, 64] = V565, [64, 63] = Y6€5.-

If 81 #0 and ag = O(resp. ay # 0) then with the base change x; = €1, 29 = 3,23 = €3, 14 =
e4,T5 = es(resp. Ty = e1,Tg = €9, T3 = P1€9 — Qg€3, T4 = €4,%5 = €5) we can make 5, = 0. So

we can assume (7 = 0. Then by (4.28) we have 75 = —y;1,74 = —y3 and 5 = 0 = 5. Hence
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we have the following products in A:

[61, 61] = (¢6s5, [61, 62] = (rpey t (365, [32, 61] = —rp€yq + (€5, [62, 62] = (565, [61, 63] = Bses,
[63761] = [(ses, [62,63] = Bses, [63762] = Bses, [63, 63] = fBres, [61764] =Meés = —[64761];

[627 64] =365 = —[64, 62]-

If 3 # 0 and v, = O(resp. 71 # 0) then with the base change x; = €9, 29 = €1, 23 = €3, 24 =
€4,T5 = 65(resp. T1 =€1,T2 = 7Y3€1 —V1€2,T3 = €3,T4 = €4,T5 = 65) we can make Y3 = 0. So
we can assume 73 = 0. Then 7 # 0 since dim(Z(A)) = 1. Hence we have the following

products in A:

[61, 61] = (€5, [@17 62] = (pey t (365, [62, 61] = —(rp€y + yts5, [627 62] = O5€5, [617 63] = [aes,

[63,61] = (Bses, [62763] = fBses, [63762] = fBses, [63, 63] = [res, [61,64] =765 = —[64761]-

Case 1: Let 85 = 0. Then we have the following products in A:

[617 61] = (€5, [61, 62] = (Qip€y t+ (365, [627 61] = —Qp€y t (y€s, [62, 62] = O5€5, [61, 63] = [aes,

[637 61] = 63657 [627 63] = ﬁ5€5a [637 63] = 67657 [617 64] =765 = _[647 61]. (429)
Without loss of generality we can assume 3 = 0, because if 83 # 0 then with the base

change w1 = ey, 15 = €9, 13 = Y163 + P3€4, T4 = €4, T5 = €5 We can make 3 = 0. Then we have

the following products in A:

[61, 61] = (€5, [617 62] = (pey t (365, [62, 61] = —(rp€yq + yts5, [627 62] = Q5€5, [617 63] = [aes,

[62763] = fBses, [63, 63] = [3res, [61764] =765 = —[64,61]'

Case 1.1: Let 5 =0.
Case 1.1.1: Let 5 = 0. Then 7 # 0 since dim(Z(A)) = 1. Hence we have the following
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products in A:
[e1,e1] = aues, [er, e2] = aneq + azes, [e2,€1] = —azes + aues, [ea, €2] = ases,
[es, €3] = Bres, [e1, e4] = ie5 = —[es, e1]. (4.30)
Case 1.1.1.1: Let a; = 0. Then we have the following products in A:

[617 62] = (Qip€y + (365, [62, 61] = —Qply + 45, [62, 62] = (565,

[es, €3] = Bres, [€1,€4] = nes = —[eq, e1]. (4.31)

o If a5 =0 = a3+ ay then the base change x1 = ey, 29 = aﬂl £y, X3 = €3,y = aﬂl T (apeq +
ases), Ts = Pres shows that A is isomorphic to Aj.
— _ azta _ _ofmm —
e Ifas =0 and az + ay # 0 then the base change z; = ;714 €1, Ty = [Gora 262, T3 =
€3, T4 = (aneq + azes), x5 = fres shows that A is isomorphic to As.

a3+a4

T3 = —2h=e3,Ty =
Vaspr 27

e If a5 # 0 and a3+ ay =0 then the base change z1 = 1,25 = le

(a271)? 2"/1)

aﬂl (ageq + ages), x5 = ~“2ey5 shows that A is isomorphic to As.

2
e If a5 # 0 and a3 + a4 # 0 then the base change z; = aag’;ﬁ“el,xz = %eg,xg =
(a3+a4) _ (a3+a4) _ (a3+a4)
Py = ST Sl ey e (aneq + azes), o5 = Tan) s €5 shows that A is isomorphic
to A4.

Case 1.1.1.2: Let ay # 0. If (ag+ay, as5) # (0,0) then the base change x1 = zej+ey, o =
€9, T3 = €3,T4 = €4, %5 = 5 (Where a2+ (a3 +ay)x+ a5 = 0) shows that A is isomorphic to

an algebra with the nonzero products given by (4.31). Hence A is isomorphic to Ay, As, Az
ocm €2, X3 = \/%63,354 =
a271

Case 1.1.2: Let 85 # 0. If 57 # 0 then the base change x1 = 2871 — Bae3, 22 = €9, 23 =
—%63 +e4,T4 = €4,x5 = €5 shows that A is isomorphic to an algebra with the nonzero
products given by (4.30). Hence A is isomorphic to Ay, As, Az, A4 or As. So let 57 = 0. Note

that if a; # 0 then with the base change x1 = Boe; — aqes, 19 = €5, 23 = €3,4 = €4,25 = €5

or Ay. So let az + ay =0 = a5. Then the base change x1 = ey, x5 =

2L (ageq + azes), T = ages shows that A is isomorphic to As.

we can make a; = 0. So we can assume «; = 0. Then we have the following products in
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A:

[61, 62] = Qig€y + (365, [62, 61] = —Qp€q + 0ye€s, [62, 62] = (565, [617 63] = Byes, [61, 64] =165 = —[€4> 61]-

Take 6 = a3+a4 . The base change y; = e1,ys = €2,y3 = ﬂ2 Les, Yy = ey — ey, Y5 = QY1 €5

shows that A is isomorphic to the following algebra:

Qs
(Y1, y2] = ya + 0ys, [Y2, y1] = —ya, (Y2, y2] = - Ys, [y1,ys] = ys, (Y1, ya] = Y5 = —[ya, 1.

Without loss of generality we can assume 6 = 0 because if 6 # 0 then with the base change
Ty = Y1, = Yo = Oys3,x3 = y3,4 = Yy, x5 = y5 we can make 6 = 0. Then we have the

following products in A:

a5
- Ys, [y1,us] = ys, (Y1, ya] = Y5 = —[ya, y1].

[y1:y2] = Y4, [?J2,y1] =Y, [92&2] =

o If a5 =0 then the base change x| = y1, 22 = Yo, T3 = Y3, T4 = Y4, T5 = Y5 shows that A

is isomorphic to Asg.

o If a5 # 0 then the base change @1 = y1,29 = “2Lys, 03 = “2lys x4 = Ty, a5 =

a2'Yl

22N 45 shows that A is isomorphic to As.

Case 1.2: Let 85 # 0. Without loss of generality we can assume (35 = 0. This is because
if B # 0 then with the base change x| = 5¢1 — Ba€9, T2 = €9, 23 = €3,T4 = €4, X5 = €5 We can

make (5 = 0. Then we have the following products in A:

[61, 61] = (€5, [617 62] = Qip€y t+ (365, [627 61] = —Qrp€yq + 465, [6’27 62] = 0565,

[627 63] = ﬁ5€5a [€3a 63] = 57657 [617 64] =765 = _[647 61]'

Case 1.2.1: Let 8; = 0. If a5 # 0 then with the base change x; = e1,19 = O5e5 —
Q5€3,T3 = €3,4 = €4,T5 = €5 we can make as = 0. So assume a5 = 0. Then we have the

following products in A:

[61, 61] = (€5, [61, 62] = (pey t (365, [32, 61] = —rp€y + (€5, [627 63] = fBses, [61, 64] ="€s5 = —[€4> 61]-

e If a; = 0 then the base change x; = e — 0‘3550‘4 €3,Ty = €9,T3 = 55 Les, Ty = o€y +
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Qizes, Ty = (igy1e5 shows that A is isomorphic to Ag.

a3+og aq

Q271
(ageq + aes), x5 = ares shows that A is isomorphic to Aj.

_ @271

e If a; # 0 then the base change x; = —e; + €2, 3 = “ges, g =

— €3,T2 =
3]
a1

Q271

Case 1.2.2: Let 87 # 0.
Case 1.2.2.1: Let a; = 0. Then we have the following products in A:

[61, 62] = (Qip€y + (3€s, [627 61] = —ip€y + yes, [62, 62] = O05€5,

[627 63] = fBses, [63, 63] = fBres, [61, 64] =M6s5 = —[647 61]- (4-32)

e If as+ay = 0 then the base change x1 = af‘:lel,m = %62, T3 =e€3,T4 = %%(ageﬁ
ases), Ts = Pres shows that A is isomorphic to Ajg(«).
o If ag+ay # 0 then the base change zq = @%@, g, = (ost0albr, . (osvaa)®,
3t oy BCXL = Toony C1 T2 = T n e €2, 8 = o 00, 63 Ve =
3 4
%(O@&; +azes), Ts = % shows that A is isomorphic to Ay («).

Case 1.2.2.2: Let oy # 0. If (a3 + ay,4as07 — B2) # (0,0) then the base change

_ zfr 287 — _ _ _ @157 2(asz+a4)B?
Ty = TTer — res + €3, = €3, T3 = Tey + €4,T4 = €4,T5 = €5 (Where 7%71’2 - T

Y1
B7(dasB7—B2)
B3
by (4.32). Hence A is isomorphic to Ajg(a) or Aji(a). So let ag + oy = 0 = 487 — B2.

_ [a1 Bs _ a1 _ _a1Bs _ Jau _Bsaa
Then the base change x; = B g €1 T2 = 5169, T3 = =€, Ty = //6,7 L (aney +
(a185)?

ases), Ts = Torn 25 65 shows that A is isomorphic to Ajs.

= 0) shows that A is isomorphic to an algebra with the nonzero products given

Case 2: Let g # 0. Without loss of generality we can assume 3 = 0, because if f3 # 0
then with the base change x1 = Bgeq — B3ea, T2 = €3, T3 = €3, T4 = €4,T5 = €5 we can make

B3 =0. Then we have the following products in A:

[617 61] = (€5, [61, 62] = (ip€y t (365, [62, 61] = —(rp€yq + y€s5, [627 62] = Q5€5, [61’ 63] = [aes,

[62,63] = fBses, [63762] = fBses, [63, 63] = [3res, [61764] ="e€s = —[64761]'

Note that if 87 # 0 then the base change x1 = e, 19 = B7e5 — Bg€3, T3 = €3,T4 = €4,%5 = €5
shows that A is isomorphic to an algebra with the nonzero products given by (4.29).
Hence A is isomorphic to A;, Ay, As, Ay, As, Ag, A7, As, Ag, A1o(), A1 () or Ajs. So let
Br7=0.
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Case 2.1: Let a5 = 0. Then we have the following products in A:

[617 61] = (1€s, [61, 62] = (ipey t (365, [627 61] = —Qip€y + €5, [61, 63] = [aes,

[627 63] = fBses, [63, 62] = fBses, [61, 64] =M65 = —[64, 61]~ (4.33)

Case 2.1.1: Let a; = 0. Then we have the following products in A:

[617 62] = (Qip€y + (365, [62, 61] = —Qply + 45, [61, 63] = [aes,

[62, 63] = fBses, [63, 62] = fBses, [61, 64] =M€s5 = —[64, 61]- (4-34)

e If By =0 and S5 + B = 0 then a3 + a4 # 0 since Leib(A) # 0. Then the base change

@271
a3+og

2
— agtay — (0271 2 _ (a3+ou)
L1 = Tapy €112 = (a3+a4 €2,%3 = “apmBe

shows that A is isomorphic to Ajs.

€3,Ty4 = (()é264 + a3€5),$5 = (xaY1€5

o If 35 = 0 and (5 + B # 0 then the base change z; = e} — %%%e3, 19 = €9,23 =

B5+P6
aézl 3,74 = qoeq + (a3 — %)65,% = apvyies shows that A is isomorphic to
A14(a).

o If By + 0,05+ s =0 and agz + ay = 0 then the base change x = fgeq, 29 = [oeg —

azfBsie3, T3 = aafleyies, vy = 5256(%64 + (043 - 0125671)65),955 = 04252/327165 shows
that A is isomorphic to A;5(-1).

o If By #+ 0,85+ B = 0 and az + ay # 0 then the base change z; = %*%¢e; 1y =

271
(az+as)Bs _ (az+ay)? _ (a3+04)’Bs _ (a3+04)®Bs
aaBarn €203 = Toig €3 T4 = S oags (azeq + aszes), x5 = 2l 6 shows that

A is isomorphic to A;5(-1).

o If By #+ 0,05+ B £ 0 and a3 + g = 0 then the base change x; = @el - %62,@ =

B2
2 2
€9, T3 = a2§§7163 - 52?;5€666)e4,x4 = %(O[264 + ages), Ty = 0‘252871 es shows that A is

isomorphic to A ().

o If By #+ 0,85+ B # 0 and az + oy # 0 then the base change z; = %*%¢e| 7y =

@271
(az+as)Bs _ (az+an)? _ (a3+04)?By _ (a3+04)®Bs
waBan €203 = Toig €3, T4 = S oas (ageq + azep), x5 = 2l 6 shows that

A is isomorphic to Ajs(a)(a € C\{-1}).

Case 2.1.2: Let oy #0.
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e If 85 # 0 then the base change x| = fye; — €3, = €9, T3 = €3, 4 = €4, T5 = €5 shows
that A is isomorphic to an algebra with the nonzero products given by (4.34). Hence
A is isomorphic to Ajz, Aps(a) or Ajs(a).

o If 55 =0 and a3+ ay # 0 then the base change z1 = (a3 + ag)e; — ayeq, T9 = €9, 73 =
(a3 + ag)mre3 — a1 fgeq, 4 = €4, 75 = e5 shows that A is isomorphic to an algebra
with the nonzero products given by (4.34). Hence A is isomorphic to A3, A14()
or Aj5(a).

o If 52 =0,a3+a,=0 and 65 + ﬁG # 0 then the base change r1 =€ +eg— €3,To =

Bs+Bs +B
€9,x3 = Y13+ 6€4, T4 = €4, x5 = €5 shows that A is isomorphic to an algebra with the

nonzero products given by (4.34). Hence A is isomorphic to A3, A14(ar) or Ajs().

o If B, =0,a3+ay =0 and 5+ = 0 then the base change z; = €1, 22 = 71-€3, 23 =
a§z1 €3, T4 = a"‘; = ai1e5 shows that A is isomorphic to Ajg.

Case 2.2: Let a5 # 0. If §5 + B¢ # 0 then the base change x1 = ey, x5 = (05 + Fs)ea —
Qi5€3,T3 = €3, T4 = €4, %5 = €5 shows that A is isomorphic to an algebra with the nonzero
products given by (4.33). Hence A is isomorphic to Az, A14(@), Ais(a) or Ajg. So let

Bs + Bs = 0. Note that if a; # 0 and Py = Ofresp. 52 # 0] then with the base change
L1 =T€+E9, o =€y, T3 =€C3+ f—%e4, Ty = ey, x5 = 5 (where agz? + (s + ayq )z + a5 = 0)[resp.

x1 = [ae1 — (ie3, o = €9, T3 = €3,T4 = €4,T5 = 5] we can make ag = 0. So assume o = 0.

Then we have the following products in A:

[61; 62] = (ipey + (3€5, [62, 61] = —Qp€y + €5, [62, 62] = 0565, [617 63] = [aes,

[63,62] = fees = —[62,63]> [61764] =765 = —[64,6’1]-

112’71

e If 55 =0 and a3z + a4y = 0 then the base change x1 = e1, 29 = T3 = agzl Ty =

21 (zeq + azes), o5 = me shows that A is isomorphic to A17
2

o If B =0 and a3 + ay # 0 then the base change x; = 02;,?1461,372 = %e xr3 =
(a3+a4) (a3+a4) _ (a3+a4)
m@g,.ﬁ&; m(&g&l + 06365) Ty = W@g, shows that A is 1SOHlOI'ph1C to
Alg.

o If B, # 0 then the base change z; = 2322 ¢, 2, = o5y o, lostan)asfs, o

2 8¢ 11 = GpBem € T2 = azfEn 2 s 353 =

(a5B2)? _ 5ﬁ2 _ O‘s 452 a?ﬂé iqd 3
el T Sl LT Bl vy o7 TRl oy 77 0 shows that A is isomorphic to
-/419.
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]

Remark. 1. If ay, a9 € C such that ay # an, then Ajg(a;) and Ajg(az) are not isomor-

phic.
2. If aq, a9 € C such that oy # ag, then Aj;(;) and Ap1(az) are not isomorphic.
3. If oy, € C\{-1} such that oy # g, then Aj4(a;) and Aj4(as) are not isomorphic.
4. If oy, ap € C such that a; # s, then Ajs5(a;) and Ajs(ae) are not isomorphic.

Theorem 4.3.2. Let A be a 5—dimensional non-split non-Lie nilpotent Leibniz algebra
with dim(A?) = 2 = dim(Leib(A)) and dim(A3) = 1. Then A is isomorphic to a Leib-
niz algebra spanned by {x1, s, x3, 24,5} with the nonzero products given by one of the

following:

Aps (21, 29] = 24, [23,21] = x5, [ 21, 4] = 5.

As: [x1,29] = 24, [22, 2] = x5, [23,21] = x5, [21, 24] = 5.

As: [x1, 9] = 24, [22, 23] = x5, [21, 4] = 5.

Ags (21, 29] = 24, [22, 3] = x5, [23, 21] = x5, [21, 24] = 5.

As: [x1,21] = 24, [22, 2] = x5, [23, 1] = 5, [71, 24] = 5.

Ag: [x1,21] = 24, [0, 3] = 5, [11, 24] = 5.

Az: [x1,21] = 24, [22, 23] = x5, [23, 1] = x5, [21, 24] = 5.

Ag(a): [x1,21] = 24, [22, 23] = axs, [23,02] = 15, [11,24] = x5, € C\{0}.
Ag: [x1, 2] = 24, [12,71] = x5, [23, 2] = x5, [21, 24] = 5.

Aio(@): [x1, 22] = 24, [12, 23] = axs, [23, 22] = x5, [21,24] =25, @ €C.

A (@) [z, 20] = 24, [23, 1] = x5, [22, 23] = s, [23, 2] = x5, [21, 4] =25, @ €C.
Ao [x1,20] = x4, [X2, 1] = 5, [23, 1] = x5, [23, 2] = T5, [21,24] = 5.
Ais: [x1,21] = x4, [22, 2] = T5, [22, 23] = x5 = —[23, 2], [21, 24] = 5.

Ay [11717902] = T4, [$2,$2] = Ts, [952,903] =I5 = —[$3,$2], [371,1104] =T5.
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Ais: [x1,21] = 24, [21, 2] = 24, [22, 2] = x5, [22, 23] = 25 = =23, 22], [71, 74] = 5.
Aig: [x1, 2] = 24, [23, 23] = 5, [21, 24] = 5.

Ai7: (11,20 = T4, [12, 23] = 5, [23, 23] = x5, [11, 4] = T5.

Ais(@): [x1,22] = 24, [22, 23] = x5, [22, 23] = s, [23, 23] = x5, [21, 4] =25, a€C.
Ao [x1,20] = x4, [22, 1] = 5, [23, 3] = x5, [21, 4] = 5.

Aso: [x1, 0] = x4, [22, 1] = 5, [22, 3] = x5, [23, 23] = 5, [21, 24] = 5.

./421(0&): [xlaxQ] = l‘4,[$2,$1] = '1757[:17271:2] = 1'5,[1'2,173] = 011'5,[1'3,1'3] = 1’5,[331,[174] =

rs, aeC.
Proof. Let A3 = Z(A) = span{es}. Extend this to a basis {e4,e5} of Leib(A) = A2. Then

the nonzero products in A = span{ej, ey, e3, ey, €5} are given by:

[61, 61] = (164 + Q€5 [617 62] = (364 + (g5, [627 61] = (564 t+ Qg5 [62, 62] = Qur€ey + Qges,
[61, 63] = Preq + Baes, [63, 61] = [Bseq + Byes, [62, 63] = Bseq + Bses, [63, 62] = [Breq + Pges,

[637 63] = 71€4 T 7265, [617 64] = 7Y3€s, [62, 64] = Y465, [63, 64] = Y5€s5.

Leibniz identities give the following equations:

Q573 = (174
Q773 = Q374
B573 = B17a
B33 = 15
Brys = azs (4.35)
1173 = B17s
B374 = a57s
Brya = ar7s
Y174 = B57s
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Note that if v5 # 0 and -4 = O(resp. 74 # 0) then with the base change =1 = ey, 25 = €3, 73 =
€2,T4 = €4,T5 = e5(resp. T1 = €1,Ty = €3,T3 = Y56z — V4€3,T4 = €4,T5 = €5) We can make

v5 = 0. So let 75 = 0. Then we have the following products:

[61, 61] = Q1€4 t+ Og€s, [61, 62] = 3y t (yy€s, [62, 61] = Q€4 t OCs, [62, 62] = (u7eq t (g€s,
[e1,e3] = Biea + Baes, [e3,e1] = Bseq + Pues, (€2, €3] = Pseq + Foes, [e3, e2] = Breq + Pses,

[€3> 63] =71€4 + V265, [61, 64] = 73€s5, [62, 64] = Ya€s.

Note that if 74 # 0 and 3 = O(resp. 73 # 0) then with the base change z; = ey, x5 =
€1,T3 = €3,T4 = €4,T5 = €5(resp. T1 = €1, = Y4€1 — V3€2,T3 = €3,T4 = €4,T5 = €5) We
can make v, = 0. So let 4 = 0. Then 3 # 0 since dim(A?) = 1. So by (4.35) we have

a5 =0=a7 = f5 = B3 = B7 =v1. Hence we have the following products in A:

[61, 61] = (Qr1e4 t+ (€5, [61, 62] = Q364 + (y€s, [627 61] = Q€s5, [627 62] = (g€s, [617 63] = Breq + Baes,

[63, 61] = Bses, [€2> 63] = fBses, [63, 62] = fses, [637 63] = 7265, [€1> 64] = 7365

If 51 #0 and a3 = O(resp. ag # 0) then with the base change x1 = ey, 29 = €3,23 = €3, 4 =
ey, x5 = e5(resp. x1 = €1,x9 = €9,x3 = €9 — (ze3, T4 = 4,75 = €5) we can make 5 = 0. So

we can assume [3; = 0. Then we have the following products in A:

[61, 61] = (€4 + Qg€s, [61, 62] = i3y t (yes, [62, 61] = O€s, [62, 62] = 0ig€s, [61, 63] = [aes,

[63, 61] = Byes, [627 63] = Bges, [637 62] = f3ses, [63, 63] = Y265, [61, 64] = 73€s5.

Without loss of generality we can assume (5 = 0, because otherwise with the base change
X1 = €1,Ty = €3,T3 = Y33 — [Poey, Ty = €4,T5 = €5 we can make [ = 0. Then we have the

following products in A:

[61, 61] = (164 + Qig€s, [61, 62] = 3y t (€5, [62, 61] = QCs, [62, 62] = (g€s,

[63, 61] = Baes, [627 63] = Bses, [63, 62] = fses, [637 63] = 7265, [617 64] = 73€s5.-
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Case 1: Let v, = 0.

[61, 61] = (1€4 t+ Q€5 [617 62] = i3y t (yes, [62, 61] = (O6Cs, [62, 62] = (g€s,

[es,e1] = Baes, [e2, €3] = Boes, [€3, €2] = Pses, [e1,€4] = v3e5.  (4.36)

Case 1.1: Let g = 0. Then we have the following products in A:

[61, 61] = (€4 + Qg€s, [61, 62] = (Qi3€y + (g5, [62, 61] = 065, [62, 62] = 0iges,

[63,61] = Baes, [62763] = fBses, [61764] =73€s5. (4-37)

Case 1.1.1: Let ag =0. Then a3 # 0 since dim(A?) = 2. Hence we have the following
products in A:

[617 61] = (€5, [61, 62] = (364 + Qy€s, [627 61] = Q€s5, [627 62] = (g€s,
[63,61] = fses, [62763] = Bses, [61764] =73€s5. (4-38)

We can assume as = 0, because if as # 0 then with the base change z1 = y3¢1 — asey, x5 =

€9,X3 = €3,T4 = €4, T5 = €5 we can make as = 0. Then we have the following products in A:

[61, 62] = Qi3ey t+ (s, [62, 61] = 0€s, [62, 62] = 0g€s, [63, 61] = fByes, [62, 63] = fBses, [6’17 64] = 7Y3€s.

Case 1.1.1.1: Let B = 0. Then 34 # 0 since dim(Z(A)) = 1. Without loss of generality
assume ag = 0, because if ag # 0 then with the base change x1 = ey, x5 = S4e5 — age3, 3 =

€3, x4 = €4, x5 = €5 we can make ag = 0. Then we have the following products in A.

[61, 62] = (igey + Qyes, [627 62] = Og€s, [637 61] = fBaes, [61, 64] = 73€5.

@373

Ba

o If ag = 0 then the base change x1 = €1, = €9, 23 = €3,T4 = (3€4 + Qyes5, Ty =

azyzes shows that A is isomorphic to Aj.

2
e If ag # 0 then the base change z; = e,z = a;zgeg,xg = %eg,m = O‘;—ZS(%Q +
2
Q4es), T5 = % shows that A is isomorphic to Aj.
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Case 1.1.1.2: Let g # 0. If ag # 0 then with the base change x; = e, 29 = [ges —
Qige3, T3 = €3,T4 = €4,T5 = €5 we can make ag = 0. So let ag = 0. Then the products in A

are the following:

[61, 62] = (i3ey + (yes, [62, 61] = Oj4€s5, [63, 61] = f,es, [62, 63] = fBses, [61, 64] = 736s5.

Furthermore if ag # 0 then with the base change z1 = Bge1 — ages, xo9 = €9, T3 = €3,24 =
e4,T5 = e5 we can make ag = 0. So we can assume «g = 0. Then we have the following

products in A:

[61, 62] = (i3€y + (g5, [33, 61] = fByes, [627 63] = fBses, [617 64] = 7Y3€s.

@373

Be

e If B4 = 0 then the base change z; = ey,29 = €9, 23 = €3,T4 = (364 + Qu€5, Ty =

azyzes shows that A is isomorphic to Aj.

e If 3, # 0 then the base change x1 = fge1,Ta = faea, 3 = a3f7y3€3, T4 = Bafs(zeq +

aues), s = azfyf2yses shows that A is isomorphic to Ay.

Case 1.1.2: Let a; # 0. If a3 # 0 then the base change x1 = aze; — e, 19 = €9, 23 =
3yze3 + a1 Bgeys, Ty = €4, T5 = €5 shows that A is isomorphic to an algebra with nonzero
products given by (4.38). Hence A is isomorphic to A, Ay, A3 or Ay. So let ag = 0.
Without loss of generality we can assume a4 = 0 because if oy # 0 then with the base
change z1 = e1, x5 = Y369 — ey, T3 = €3, T4 = €4, T5 = €5 We can make oy = 0. Then we have

the following products in A:

[61, 61] = (r1e4 t+ (€5, [62, 61] = O6€s, [62, 62] = 0iges, [63, 61] = fByes, [627 63] = Bses, [61, 64] = 736s5.

Case 1.1.2.1: Let B = 0. Then S, # 0 since dim(Z(A)) = 1. Without loss of generality
we can assume ag = 0 because if ag # 0 then with the base change z1 = ey, x5 = [4e9 —
ge3, T3 = €3, T4 = €4, x5 = €5 we can make ag = 0. Furthermore ag # 0 since A is non-split.

Therefore the products in A are the following:

[61, 61] = ey + Qigts, [62, 62] = Og€s, [63, 61] = Bses, [617 64] = 7365

@173
asg

— 2173 — —
€2, T3 = —5,7€3, T4 = 164 + (265, T5 = 17365

Then the base change z; = ey, 29 =
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shows that A is isomorphic to As.
Case 1.1.2.2: Let g # 0. Without loss of generality we can assume ag = 0 because if
ag # 0 then with the base change x1 = ey, x5 = Bgea — ages, T3 = €3,T4 = €4, T5 = €5 We can

make ag = 0.
[61, 61] = Q1€4 t+ (g€s, [62, 61] = (06Cs, [63, 61] = Baes, [627 63] = Bses, [61, 64] = 7Y3€s5.

Furthermore if ag # 0 then with the base change x1 = Bge; — ages, xo = €9, T3 = €3,24 =

e4,T5 = e5 we can make ag = 0. So let ag = 0. Then we have the following products in A:

[61, 61] = (1€q4 + (€5, [33, 61] = fByes, [627 63] = fBses, [617 64] = 7Y3€s.

e If B4 = 0 then the base change z; = e1,29 = €9, 23 = aé2363,$4 = (€4 + Qa€s, Ty =

ay3es shows that A is isomorphic to Ag.

e If 5, # 0 then the base change 1 = ey, x5 = 2—262,1’3 = 0%23 €3, T4 = (11€4 + Q2€5, Ty =

ayy3es shows that A is isomorphic to As.

Case 1.2: Let g # 0.
Case 1.2.1: Let ag =0. Then we have the following products in A:

[617 61] = (€4 + Qg€s, [61, 62] = (Qi3€y + (ys, [62, 61] = O6€s,

[es,e1] = Baes, [e2, €3] = Poes, [€3, €2] = Pses, [e1,e4] = y3e5.  (4.39)

Case 1.2.1.1: Let a3 = 0. Then a4 # 0 since dim(A?) = 2. If 54 # 0 then with the base
change @1 = fge1 — €2, 22 = 2,23 = Psy3e3 + Pafeea, Ta = €4, 25 = €5 we can make (4 = 0.

So we can assume (34 = 0. Then we have the following products in A:
[e1, 1] = ares + ages, [e1, ea] = aues, [e2,e1] = ases, [e2, 3] = Boes, [es, e2] = Bses, [e1, €] = 3es.
Case 1.2.1.1.1: Let ag = 0. Then we have the following products in A:

[61, 61] = (i1eq + (€s, [61, 62] = Qyes, [62, 63] = fBses, [63, 62] = fses, [61, 64] = Y3€s. (4-40)
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Note that if ay # 0 then with the base change x1 = €1, x5 = Y3€5 —Que4, X3 = €3, 14 = €4, 5 =

es we can make ay = 0. So let ay = 0. Then we have the following products in A:

[61, 61] = (Qr1€q4 + (€5, [62, 63] = fBses, [63, 62] = fges, [61, 64] = 736s5.

Note that if S5 = 0 then the base change x; = ey, 29 = €3,73 = €9, 4 = €4, x5 = e5 shows
that A is isomorphic to an algebra with nonzero products given by (4.37). Hence A is
isomorphic to Ay, Ay, A3, Ay, As, Ag or A7. So let B¢ # 0. The base change x1 = e, 2o =

173

Bs
Case 1.2.1.1.2: Let ag # 0. If B¢ # 0 then the base change x| = fge1 —ages, o = €3, 3 =

€9,T3 = €3, Ty = ey + aes, Ty = (1y3€5 shows that A is isomorphic to Ag(a).

€3, T4 = €4, x5 = €5 shows that A is isomorphic to an algebra with nonzero products given
by (4.40). Hence A is isomorphic to Ay, A, As, Ay, As, Ag, A7 or As(a). Now let Gg = 0.
Then the base change x1 = ey, 19 = e3,T3 = Y369 — ey, T4 = €4, T5 = €5 shows that A is
isomorphic to an algebra with nonzero products given by (4.37). Hence A is isomorphic
to Ay, Ao, A3, Ay, As, Ag or As.

Case 1.2.1.2: Let a3 # 0. If a; # 0 then with the base change x; = age; — ajes, x9 =
€9, X3 = (3Y3€3 + a1 Py, Ty = €4, x5 = €5 we can make oy = 0. So let a; = 0. Then we have

the following products in A:

[61, 61] = (€5, [61, 62] = Q34 t (s, [62, 61] = Q6Cs, [63, 61] = Baes, [627 63] = Bses,

[63, 62] = Bges, [617 64] = 73€5.-

Case 1.2.1.2.1: Let g = 0. Note that if as # 0 then with the base change x; =
V3€1 — (W2€y, T2 = €2,T3 = €3,T4 = €4,T5 = €5 WE Call make Qg = 0. So we can assume Qg = 0.

Then we have the following products in A:

[61, 62] = Qi3ey + (s, [62, 61] = O€s5, [63, 61] = fByes, [€3> 62] = fses, [617 64] = 736s5.

e If 5, =0 and ag = 0 then the base change x1 = €1, 25 = €5, 23 = a223€3,$4 = izey +

ayes, Ty = azyses shows that A is isomorphic to Aj(0).

2

_ _ _ag _ _ Qs _
o If 5, =0 and ag # 0 then the base change x; = Gl T2 = €2,T3 = 5i—e3,1y =
2
3 (o' . . .
Of;‘gg (azeq + ages), x5 = 527 €5 shows that A is isomorphic to Ay.

o If B4 # 0 and ag = 0 then the base change z1 = fgeq, xo = a2, 3 = agfsyzes, Ty =
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BaPs(ases + aues), x5 = asfafayses shows that A is isomorphic to A11(0).

2
o If B4 # 0 and ag # 0 then the base change x1 = 2%-¢;, 19 = afa €y, Ty = —0

; - - €3, T4 =
w2 w3, 373 azfBsy3 aszfBsy3
4 . . .
m(agq +Ques), T5 = m% shows that A is isomorphic to Ajs.
Case 1.2.1.2.2: Let (5 # 0. Without loss of generality we can assume ag = 0 because

if ag # 0 then with the base change x1 = fge; — ages, To = €o,T3 = €3,T4 = €4,T5 = €5 We

can make ag = 0. Then we have the following products in A:

[61, 61] = g€y, [617 62] = 3y t (€5, [63, 61] = fBses, [€2> 63] = Bges, [63, 62] = f3ges, [617 64] = 7Y3€s5.-

Note that if as # 0 then with the base change x1 = y3e1 —aney, xo = €9, 3 = €3, 14 = €4, T5 =
es we can make as = 0. So we can assume as = 0. Then we have the following products
in A:

[61, 62] = (34 + Qy€s, [63, 61] = fBses, [627 63] = Bges, [63, 62] = fses, [61, 64] = 736s5.

e If 5, = 0 then the base change x| = ey, 22 = €9, 23 = agz?’eg,u = (3e4 + €5, T5 =

aszyses shows that A is isomorphic to Ajp(a)(a € C\{0}).

e If 5, # 0 then the base change x1 = fgeq, x2 = Bie2, 3 = a3fs7Y3€3, 4 = Byfs(azey +
aues), x5 = agfafiyses shows that A is isomorphic to Ap;(a)(a € C\{0}).

Case 1.2.2: Let ag # 0. If B + fs # 0 then the base change x1 = ey, x5 = (f +
Bg)ea — ages, 13 = €3,y = e4,x5 = e5 shows that A is isomorphic to an algebra with
nonzero products given by (4.39). Hence A is isomorphic to A, Az, Az, A4, As, As, A7,
Asg(a), Ag, Ajp(a), A11(a) or Aja. So let g + s = 0. Note that if 54 # 0 then with the
base change x1 = —fge1 — B4€2, T3 = €9, T3 = Y33 — fa€4, T4 = €4, X5 = €5 we can make [, = 0.

So let 8, =0. Then we have the following products in A:

[617 61] = Q1€4 t+ (g€s, [61, 62] = Q3eq t (s, [62, 61] = Q6Cs, [62, 62] = (gCs,

[62, 63] = 5665 = —[63, 62], [61, 64] = 7Y3€s.

We can assume ag = 0, because if ag # 0 then with the base change x1 = fge; — ages, xo =
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€9,X3 = €3,T4 = €4, T5 = €5 we can make ag = 0. Then we have the following products in A:

[61, 61] = (€4 t (2€s, [61, 62] = (3eyq + (g5, [62, 62] = (g€s, [627 63] = fes = —[63, 62], [61, 64]

Case 1.2.2.1: Let a3 = 0. If ay # 0 then with the base change xy = €1, 25 = 3¢9 —
Quuey, T3 = €3, T4 = €4, x5 = €5 we can make ay = 0. So let ay = 0. Then we have the following

products in A:

[617 61] = (€4 + Qg€s, [62, 62] = 0ig€s, [627 63] = fees = —[63, 62], [617 64] = 73€s5.-

a1
”3 €, T3 = Y0 1 VLI 0o, Ty = 1€y + (2€5, T = (1365 Shows

The base change z; = ey, x5 =
that A is isomorphic to A;s.

Case 1.2.2.2: Let ag # 0. Without loss of generality we can assume ay = 0 because if
ay4 # 0 then with the base change x1 = ey, 79 = V32 — €4, T3 = €3,24 = €4, 25 = €5 We can

make ay = 0. Then we have the following products in A:

[617 61] = (1eq + (g€s, [61, 62] = (i3€y4, [62, 62] = O0ig€s, [627 63] = Pees = —[63, 62], [617 64] = 7365

Similarly if ag # 0 then with the base change x1 = v3e1 — agey, 1o = €9, 3 = €3, T4 = €4, %5 =
es we can make as = 0. So we can assume as = 0. Then we have the following products

in A:

[61, 61] = (x1€y4, [61, 62] = (364, [62, 62] = (g€s, [62, 63] = fees = —[63, 62], [61, 64] = 73€s5.

= Y3€s.

e If a; = 0 then the base change x1 = 1/ azgg 1, T2 = Pg€a, T3 = Qig€z, Ty =/ aigg a3feeyq, T5 =

agF2es shows that A is isomorphic to Ajy.

2 2 043 2
€3,Ty4 = al2 5€4,Ts5

e If oy # 0 then the base change = =

To = 2198 198
7 2= o3 o3B3

4
o . .
5€s 15-
s 86 shows that A is isomorphic to A
Q373

Case 2: Let v, # 0.
Case 2.1: Let a3 = 0. If a4 # 0 then with the base change x1 = ey, x5 = Y365 — €4, 13 =

€3,T4 = €4, x5 = e5 we can make ay = 0. So let ay = 0. Then we have the following products
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in A:

[61, 61] = (€4 t (2€s, [62, 61] = (665, [32, 62] = (g€s, [63, 61] = Bses, [62, 63] = Bses, [637 62] = fBses,

[€3> 63] = Y265, [61, 64] =Y3€s5.

If ag = O[resp. ag # 0] then the base change x; = e1, 29 = 3,23 = €9, T4 = €4, x5 = e5[resp.
X1 = €1,Ty = €9,X3 = €9 + Te3, Ty = 4,75 = e5 (where 22y, + x(5g + fs) + ag = 0)] shows
that A is isomorphic to an algebra with nonzero products given by (4.36). Hence A is
isomorphic to Ay, As, As, Ay, As, As, A7, As(a), Ag, A1p(), A1 () A1, Ass, A1g or Asgs.
Case 2.2: Let a3 # 0. If a; # 0 then with the base change x1 = aze; —aies, 19 = €9, 23 =
V33 + Beeq, Ty = €4, T5 = €5 we can make oy = 0. So let oy = 0. Then we have the following

products in A:

[61, 61] = (pes, [61, 62] = Q3€q t+ (s, [62, 61] = Q6Cs, [62, 62] = (gCs, [63, 61] = faes,

[62, 63] = fses, [63» 63] = 7265, [61, 64] = 7365

Note that if as # 0 then with the base change x1 = y3e1 —aney, xo = €9, 3 = €3, 14 = €4, T5 =

es we can make s = 0. So let a = 0. Then we have the following products in A:

[61, 62] = (iz3eyq + (yes, [62, 61] = Qg€s5, [62, 62] = Og€s, [63, 61] = Baes,

[62, 63] = fBses, [63, 63] = 7265, [61, 64] = 7365

If 54 # 0 then with the base change x1 = vse1 — f4e3, T2 = €2, 13 = Y3e3+ a4, Ty = €4,T5 = €5

we can make (4 = 0. Then assume f; = 0. Hence we have the following products in A:

[617 62] = (i34 t+ Oy€s, [62, 61] = Qs [62, 62] = (gées, [62, 63] = Bses, [63, 63] = Y265, [617 64] = 73€s5.

Y2
@373

o If a5 =0,a5 =0 and g = 0 then the base change x1 = ey, 29 =

Y2
373

€2,T3 = €3,T4 =

(azeq + ayes), x5 = Yoe5 shows that A is isomorphic to Ajg.

o If ag = 0,05 = 0 and g # 0 then the base change z; = \/g:_%el,mg = Yo€9, 13
Bev2

Bees, Ty = m(a364 +aues), x5 = BEyees shows that A is isomorphic to A7

@373
ag

— @373 —
€2, T3 = me?)ale =

o If ag = 0 and ag # 0 then the base change z; = ey, 29 =

2.2
@373
asg

@373

o es shows that A is isomorphic to Ajg(a).

(0[364 + 04465), Ty =

75



o If ag # 0,ag = 0 and g = 0 then the base change z; = ai§361,l'2 = %?eg,xg

€3,y = 3—2(0@64 + ayes), Ts = Yae5 shows that A is isomorphic to Ajg.

2
_ _ _o6 _ %72 _
o If ag #+ 0,a5 = 0 and (g # 0 then the base change x; = aan €1 T2 = €2, T3 =
2

3 4

ag _ g2 _ g2 .. .
% = 612 + = —8=
538763 T4 = Gapons)? (aseq + aqes), o5 TG shows that A is isomorphic to
./420.

ag a(23 a%
° Ifag # 0 and ag # 0 then the base Change Tl = mel,l'g = %Q—WEQ,ZB;} = (mg—meg,m =

CYS CY4 . . .
— -t (azeq + ayes), T5 = -e5 shows that A is isomorphic to Ay (a).

3873 30873

]

Remark. 1. If oy, a9 € C\{0} such that oy # s, then Ag(ay) and Ag(as) are isomor-

phic if and only if oy = O%l
2. If ag, a9 € C such that ag # g, then Ajg(ay) and Ajg(ae) are not isomorphic.
3. If a1, a9 € C such that oy # ag, then A;;(a;) and A;1(az) are not isomorphic.

4. If oy, a9 € C such that a; # as, then Ajg(ay) and Ajg(as) are isomorphic if and

only if ag = —a.
5. If a1, 0 € C such that a; # g, then Ay («ay) and Ag(ag) are isomorphic if and
only if ag = —ay.
4.3.2 dim(A3) =0

Let dim(A?) = 2 and A3 = 0. Then by Lemma 4.0.2 and Lemma 4.0.3 we have A2 = Z(A).
Also since Leib(A) € A? we have dim(Leib(A)) =1 or 2.

Theorem 4.3.3. Let A be a 5—dimensional non-split non-Lie nilpotent Leibniz algebra
with dim(A?) =2, A3 =0 and dim(Leib(A)) = 1. Then A is isomorphic to a Leibniz alge-

bra spanned by {x1, o, x3, T4, x5} with the nonzero products given by one of the following:
Avs [21,20] = 24, [22,11] = 24 + 25, [73, 73] = 25.
Ag: [21,22] = 24 = ~[20, 21], [23, 71] = 5.

Aj: [$17$2] = 24, [$2,$1] = —24 + s, [$37$1] = Ts, [I3,$3] =T5.
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Ay(@): [x1,20] =24 = [0, 21], [71, 23] = 5, [23,71] = axs, «eC\{-1}.
As: [$17$2] = T4, [172,901] = —X4 + Ts, [351,%] =T5 = —[ifs,xl]-
Ag(a): [x1, 1] = x4 = —[x9, 21], [71, 23] = x5, [23, 21] = Qws, [23, 23] =25, @ €C.

Az (a): [1'1,3?2] = 554,[352,%1] = —Ty +06$5,[~’U3,371] = Ts, [1'3,952] = 1’57[9537%3] =5 QE

C\{0}.
Ag: [x1,22] = 24, [12, 1] = 24 + 15, 13, 21] = 25, [23, 22] = 5.
Ag: [x1,22] = 24 = —[x2,21], [71, 23] = 5, [23, 2] = 5.
Aoz [x1, 2] = 4, [w2, 21] = =24 + x5, [11, 23] = T35, [23, X2] = 5.
Air: [x1, 0] = x4, [0, 1] = =24 + 5, [21, 23] = 25, [ 23, 1] = x5, [23, 2] = 5, [23, 23] = x5.

«412(0z)= [$1,902] = T4, [$2,$1] = —Tyt+Ts5, [$1;$3] = Ts, [3737901] = Qxs, [$2,=’E3] =Ts, [$3,$2] =

ars, «aeC.
Ais: [xhxz] =Ty = —[$2,$1], [$2,I2] = Ts, [%@3] =5 = —[I3,$2]~

Ay [901,%] =Ty = —[$2,$1], [902,902] = Ts, [$1,$3] =5 = —[903,%]-

Proof. Let Leib(A) = span{e;}. Extend this to a basis of {ey,e5} of A2 =Z(A). Then the

nonzero products in A = span{ey, eq,e3,e4,€5} are given by:

[61, 61] = Q€s, [61, 62] = Qia€y t+ (365, [32, 61] = —Qp€y + (y€s, [62, 62] = O5€5, [617 63] = B1eq + Baes,

[63, 61] = —freq + Bses, [627 63] = Bseq + Bses, [63, 62] = —[yeq4 + Pges, [63, 63] = [res.

Without loss of generality we can assume (34 = 0, because if 84 # 0 and 3; = O(resp. ;1 # 0)

then with the base change 1 = e, 9 = €1,23 = €3,y = e4,T5 = e5(resp. x1 = €1,y =

Bae1 — Prea, T3 = €3,y = 4,25 = €5) we can make 3, = 0. Then we have the following

products in A:

[617 61] = (¢es5, [61, 62] = (rp€y t (365, [627 61] = —(rp€yq + (465, [627 62] = (565, [617 63] = freq + Baes,

[63, 61] = —5164 + 5365; [62; 63] = 5565, [637 62] = ﬁ6€57 [637 63] = 5765-

Note that if 51 # 0 and ay = O(resp. ay # 0) then with the base change x; = €1, 25 =

3,3 = €2,T4 = €4,T5 = €5(T€SP. Ty = €1,T2 = €2,%3 = P12 — (€3, Ty = €4,T5 = €5) We can
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make (31 = 0. So let $; = 0. Then ay # 0 since dim(A?) = 2. Hence we have the following
products in A:

[61, 61] = (gé€s, [617 62] = Qip€y t+ (365, [62, 61] = —Qp€y + y€s, [62, 62] = O5€5, [61, 63] = [(aes,

[es,e1] = Bses, [e2, €3] = Bses, [e3, 2] = Bses, [e3, e3] = Bres.

If o #+ 0 and (a3 + ay,a5) # (0,0)[resp. asz + ay = 0 = a5] then with the base change
T = Ty + e9,Tg = €9,T3 = €3,y = €4,%5 = e5 (where a2 + (a3 + ag)z + a5 = 0)[resp.
X1 = e,y = €1,T3 = €3,X4 = €4,T5 = €5] we can make «; = 0. So we can assume «; = 0.

Then we have the following products in A:

[61, 62] = (Qpey t (3€s5, [62, 61] = —rp€y + (€5, [62, 62] = (565, [61: 63] = Byes, [63, 61] = [3es,

[62, 63] = Bses, [637 62] = Bses, [63, 63] = Bres.

Case 1: Let a5 = 0. Then we have the following products in A:

[61, 62] = gy + (365, [62, 61] = —Qply + 45, [61, 63] = [aes, [63, 61] = [3es,

[627 63] = ﬁ5€5a [63? 62] = /86657 [637 63] = 6765' (441)

Case 1.1: Let 85 = 0. Then we have the following products in A:

[61, 62] = (ip€y + (3€s, [627 61] = —ip€y + y€s, [61, 63] = Byes, [637 61] = fses,

[63, 62] = fBses, [63763] = fBres. (4-42)

Case 1.1.1: Let B = 0. Then we have the following products in A:

[617 62] = (Qip€y + (365, [62, 61] = —Qply + 45, [61, 63] = [(aes, [63, 61] = [ses,

[63763] = Bres. (4-43)

Case 1.1.1.1: Let 85 = 0. Then we have the following products in A:

[e1,e2] = oy + ages, [eg, e1] = —aneq + aues, [es,e1] = Bses, [e3, e3] = Bres. (4.44)
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Case 1.1.1.1.1: Let 83 = 0. Then 7 # 0 since dim(Z(A)) = 2. Note that ag +ay # 0

since A is non-split. Then the base change x| =

Bz _ _ _ _Br
a3+a4€171é =€92,T3 =€3,T4 = astag

(agey +

ases), Ts = Pres shows that A is isomorphic to Aj.
Case 1.1.1.1.2: Let 83 #0.

If B7 =0 then the base change T1=€1,Ty = 6362 - (043 + 044)63, XT3 =€3,Ty4 = 53(04264 +

ases), Ts = P3e5 shows that A is isomorphic to As.

If B7 # 0 and ag+ay = 0 then the base change x = 57e1—[3€3, x5 = €9, 13 = —f3€3, T4 =
Br(aes + ases), x5 = B2 Bres shows that A is isomorphic to Ag(0).

2
If 87 #+ 0 and a3+ a4 # 0 then the base change z1 = freq, x5 = B3 €9, T3 = 363, T4 =

a3+oy
2
63ﬁ7
a3+og

(aaeyq + azes), 5 = B2 Bre5 shows that A is isomorphic to As.

Case 1.1.1.2: Let £, # 0.

If 87 = 0 and B2+ 05 # 0 then the base change x1 = e1, 25 = (f2+03)ea—(az+ay)es, r3

e, Ty = ag(Po+03)es+(azf3—ayfs)es, x5 = Paes shows that A is isomorphic to Ay(a).

If 67 =0 and By + B3 = 0 then ag + oy # 0 since Leib(A) # 0. Then the base change
Ty = e1,T = [aeg, x5 = (a3 + ay)es, Ty = Pa(ges + ages), x5 = Pa(as + ag)es shows
that A is isomorphic to As.

If 87 #+ 0 and a3 + a4 = 0 then the base change x; = (re1,x9 = €3,x3 = Poe3, x4 =

Br(aaeys + ases), x5 = B2 07e5 shows that A is isomorphic to Ag(a).

If ; # 0 and a3 + ay # 0 then the base change z; = —(7e1 — Ba s €9 + Paes, Ty =

a3+oyg

€9,T3 = €3,Ty4 = e4,T5 = e5 shows that A is isomorphic to an algebra with the

nonzero products given by (4.44). Hence A is isomorphic to A;, Ay, Az or Ag(0).

Case 1.1.2: Let §g # 0.
Case 1.1.2.1: Let 5 = 0. Then we have the following products in A:

[617 62] = (ig€y + (3€5, [627 61] = —ip€y + €5, [63, 61] = [Bses,

[63, 62] = 5665, [63, 63] = 5765. (445)

If B3 = 0 then the base change x1 = e, x5 = €1, 23 = €3, x4 = €4, T5 = €5 shows that A
is isomorphic to an algebra with the nonzero products given by (4.43). Hence A is

isomorphic to Ay, Az, As, As(a), As or Ag(a).
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o If B3 #0 and a3+ ay = 0 then the base change x| = ey, 29 = Bge; — 8362, T3 = €3, 24 =
e4,T5 = e5 shows that A is isomorphic to an algebra with the nonzero products
given by (4.43). Hence A is isomorphic to Ay, Ay, A3, Ag(), As or Ag(a).

o If B3+ 0,a3+ay #+ 0 and 7 # 0 then the base change x| = fgeq, 12 = b3es, 13 =

B3Bs T5 = (5356)

Sites, Ty = Bs3Ps(zey + aizes), 252 es shows that A is isomorphic to A7 ().

o If B3+ 0,a3 +ay #+ 0 and 7 = 0 then the base change x; = [gey, 1o = b3e, 13 =
(a3 +ay)es, x4 = P3fs(azey + ases), x5 = B306(as + g )es shows that A is isomorphic

to Ag.

Case 1.1.2.2: Let (5 # 0.
Case 1.1.2.2.1: Let 8; = 0. Note that if §3 # 0 then with the base change x; =
Bee1 — P3ea + W@g,mg = e9,T3 = €3,X4 = €4,T5 = €5 we can make 3 = 0. So we can

assume 3 = 0. Then we have the following products in A:

[61, 62] = (ip€y + (365, [62, 61] = —rp€y + (yes, [617 63] = Bses, [63, 62] = fBees.

e If a3+ a4 = 0 then the base change w1 = fge1, 29 = [aea, w3 = €3, 24 = [ofs(aney +

ases), Ts = Pofses shows that A is isomorphic to Ajg.

o If a3+ ay # 0 then the base change x1 = fZe1, 22 = fofse2, 3 = Bs(az + ay)es, x4 =

Ba2f3(anes + ases), x5 = (ag + aq) PoSges shows that A is isomorphic to Ajy.

Case 1.1.2.2.2: Let 87 # 0. Take 6 = 57(as + ag) — B256-

e If 6 # 0 then the base change z; = 37e1+ 5259357

e2—[2€3, T2 = €2, T3 = €3,T4 = €4,T5 = €5
shows that A is isomorphic to an algebra with the nonzero products given by (4.45).

Hence A is isomorphic to A;, As, As, As(), As, As(ar), A7 () or Ag.

e If # =0 and (3 = 0 then the base change x1 = f7e1 —2e3, 19 = €9, 23 = €3,T4 = €4, T5 =
es shows that A is isomorphic to an algebra with the nonzero products given by

(4.45). Hence A is isomorphic to Ay, As, As, As(a), As, As(a), A7 () or As.

o If # =0 and B3 # 0 then the base change x; = Sge; + (62 - Bg)@g,xg = [aeo,x3 =

B286
B7

es, x4 = Pofg(aeq + aizes), x5 = (6266) 2257 eo shows that A is isomorphic to Aj;.

Case 1.2: Let (5 # 0.
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e If 85 = 0 then the base change x; = eg, x5 = €1,23 = €3, 74 = €4, 5 = e5 shows that A
is isomorphic to an algebra with the nonzero products given by (4.42). Hence A is

isomorphic to Al,AQ,Ag,A4(Oé),A5,A6(a),A7(Q),Ag,Ag,A10 or All-

o If 55 # 0 and a3 + a4 = 0 then the base change x1 = ey, 19 = B5e1 — Boeg, X3 = €3, 4 =
e4, T = e5 shows that A is isomorphic to an algebra with the nonzero products given
by (4.42). Hence A is isomorphic to Ay, As, Az, As(a), As, As(a), A7 (), As, Ag, Ao

or An.

o If B #+0,a3+ay #+0 and (57,5553 _5266) ¥ (O, 0) then the base change x; = ey, 25 =
zB2+fB7
B

5

zrey — €y +€3,73 = €3,T4 = 4,75 = es(where (asz + ay)fer? + ((a3 + au)fBr -

B35+ a3 )x + B S7 = 0) shows that A is isomorphic to an algebra with the nonzero
products given by (4.42). Hence A is isomorphic to Aj, As, Az, As(a), As, Ag(v),
Az (a), As, Ag, Aig or Aiy.

o If /82 ¥ 07(134-0(4 #+ 0 and (6776553_ﬁ266) = (0,0) hen the base Change I = ﬁ561,$2 =
ﬁ262,x3 = (043 + 064)63,33‘4 = Bgﬂ5(a2€4 + CM3€5),Q35 = ﬁ2ﬁ5(a3 + 064)65 shows that A is

isomorphic to Ajs(a).

Case 2: Let a5 # 0. Note that if (85 + 6, /57) # (0,0) then the base change x; =
€1, Ty = Teg + €3,x3 = €3,y = €4, T5 = e5(where asz? + (f5 + )« + f7 = 0) shows that A is
isomorphic to an algebra with the nonzero products given by (4.41). Hence A is isomorphic
to Ay, As, A, Ay(@), As, Ag (), A7 (@), As, Ag, Ao, A11 or Aja(). So let 5+ s = 0 = 7.
Then the products in A are the following:

[617 62] = Qip€y t+ (365, [62, 61] = —Qp€y + g5, [62, 62] = Q5€5, [617 63] = [aes, [6’37 61] = [3es,

[627 63] = Bses = —[63, 62]'

Furthermore, if a3 + ay # 0 then the base change 1 = ey, x5 = ase; — (a3 + ay)es, x3 =
e3, T4 = €4,T5 = e5 shows that A is isomorphic to an algebra with the nonzero products
given by (4.41). Hence A is isomorphic to Ay, Ao, A3, As(«), As, As(), A7 (), As, Ag, Ajo, A11

or Ajp(ar). So we can assume ag + g = 0. Then the products in A are the following:

[61, 62] = (Qipey + (i3e5 = —[62, 61], [62, 62] = 565, [61, 63] = Byes, [63, 61] = [ses, [62, 63] = fses = —[63, 62]-

If 85+ B3 # 0 then the base change x1 = e, 29 = —ﬁel +eg+e3,L3 =63,y =€y, T5 = €5
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shows that A is isomorphic to an algebra with the nonzero products given by (4.41). Hence
A is isomorphic to A;, Ay, Az, As(), As, As (), A7 (@), As, Ag, Aig, A11 or Ajz(a). So let
B2 + B3 =0. Then we have the following products in A:

[61762] = (Qupey + a3es = —[62,61], [62762] = Qi5€5, [61,63] = [aes = —[63,61]7 [6’2,63] = Bses = —[63762]-

Case 2.1: Let 8 = 0. Then 55 # 0 since dim(Z(A)) = 2. Then the base change

T1=€1,T9=€9,T3= %63,[174 = (pey + azes, Ty = aes shows that A is isomorphic to Ajs.

Case 2.2: Let 8 # 0. Without loss of generality we can assume (5 = 0 because if
Bs # 0 then with the base change x1 = ey, 19 = 51 — Baea, T3 = €3,4 = €4, T5 = €5 We can

make 5 = 0. Then we have the following products in A:

[617 62] = (Qupey + 365 = —[62, 61], [62, 62] = Qi5€5, [61, 63] = a5 = —[63, 61]-

Then the base change x; = %61, To = €9,T3 = €3,Ty = %(&264+a365),$5 = ase5 shows that

A is isomorphic to Aj4. O

Remark. 1. If ay,a9 € C\{-1} such that a; # as, then A4(a;) and A4(ap) are not

isomorphic.

2. If ay, g € C such that ay # an, then Ag(ay) and Ag(az) are isomorphic if and only

if Qo = 0%1
3. If oy, a0 € C\{0} such that oy # o, then A;(a;) and A7(ag) are not isomorphic.
4. Tf ay, i € C such that ag # ag, then Aja(aq) and Aja(as) are not isomorphic.

Theorem 4.3.4. Let A be a 5—dimensional non-split non-Lie nilpotent Leibniz algebra
with dim(A?) = 2 = dim(Leib(A)) and A3 =0. Then A is isomorphic to a Leibniz algebra

spanned by {x1,xs, 3,24, 25} with the nonzero products given by one of the following:
Aps [z, 21] = o5, [21, 2] = 24, [23, 23] = 5.

Ao: [x1,21] = 25, [21, 2] = 24, [0, 1] = x5, [23, 23] = 5.

As(@): [x1,21] = x5, [21, 22] = 24, [22, 21] = a5, [22, 2] = w5, [23, 23] =25, «€C.

Ag(@): [1,22] = 24, [, 01] = g + 5, [23, 23] = 25, e C\{-1}.
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«45(@)3 [5E17I2] = T4, [$2,$1] = Oy, [$27$2] = s, [$3,903] =T5, Q€ C\{_l}-
As(a): [901,1'2] = 24, [$2,£B1] =Qary t+ Ts, [$2,$2] = s, [5173,5103] =5, Q€ C\{‘l}-

A7(a,6): [1’1,951] = s, [331,332] = T4, [1’2,1’1] = axy + s, [952,952] = s, [333,333] =T5, QF€

C\{-1,0},8 €C.
Ag: [x1, 2] = x5, [12, 2] = 24, [23, 23] = x5.
Ag(a): [21,22] = axs, [12,21] = x5, [22, X2 ] = x4, [23, 23] =25, a€C.
Ao [x1,21] = x5, [21, 2] = T35, [22, 2] = 24, [23, 23] = 5.
Air: [m1, 0] = 24 + 15 = =29, 1], [22, 2] = 24, [23, 23] = x5.
Ao [x1, 0] = x4 + x5, [0, 21| = =24, [22, 2] = 24, [23, 23] = x5.
Ais(a, B): [x1, 2] = x4 + a5, [12,21] = =4 + Bs, [X2, X2] = 24, [23, 23] =25, «,F€C.
Az [x1, 2] = 24, [0, 23] = T5.
Ais: [z, 21] = x5, [21, 2] = T4, [22, 23] = 5.
Avg(a): [@1,22] = g, [22, 21] = 24, [0, 23] =25, a € C\{-1}.
Aiz(@): [x1,21] = o5, [21, 2] = @y, [22,71] = 24, [22, 23] = 25, @€ C\{-1}.
Aig: [x1,21] = 24, [21, 22] = 5, [12, 23] = 5.
Ao [x1,21] = x4, [21, 22] = T4, [T2, 23] = 5.
Aso: [x1,21] = 24, [21, 22] = T4 + x5, [T2, 23] = 5.
Ao [x1, 1] = 24, [21, 2] = 24 + 5, [22, 21] = 24, [20, 23] = 5.
Ago(@): [x1,21] = 24, [21, 2] = Qg [22,21] = 24, [22, 23] = x5, € C\{0,1}.
Aos(@): [x1,21] = 24, [21, 22] = axg + x5, [X2, 1] = T4, [22, 23] = x5, @€ C\{0,1}.
Aog(@): [x1,22] = 24, [22, 2] = axs, [22, 23] = x5, 23, 23] =25, «€C.

Ags(): [21, 2] = 24, [T2,21] = 75, [22, 72] = a5, [22, 73] = 5, [23, 73] =75, @ €C.
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«426(0475)3 [$1,9€1] = Ts, [%7@] = Ty, [952,$1] = Qrs, [902,$2] = s, [$2,$3] = Ts, [$3,373] =

x5, «,peC.

-»427(0475)3 [%,Iﬂ = 0@4,[%,951] = $47[$2,$2] = 5%,[@,953] = $5;[$3,$3] =5, Q€

C\{-1,0},B8€C.

Azs(@;ﬁ)‘ [Ilaxﬂ = QT4+ Ts, [552,961] = X4, [%;Iz] = s, [$27$3] = Ts, [x37x3] =T5, «QE€

C\{-1},p ¢C.

Az (v, B,7): [371,561] = 56'5,[55'17902] = Ty +5$5a[372,5€1] = 56'4,[5627902] = 79557[552,373] =
s, [13,23] = 15, aeC\{-1},5,7€C.

Ago(@)= [331,1’1] = 24, [9517352] = Ts, [552,5152] = QTs, [332,333] = Ts, [1’3,1’3] =5, Q¢ C\{O}-
Asq: [56'17961] =Ty, [372,371] = Ts, [5027363] =Ts, [3337373] =Ts.

Aso(a, B,7): [l’bml] = I4,[I17$2] = T4 +Oé$5,[$2,9€1] = 5%;[@%2] = 71’57[902@3] =

.1'5,[1'3,1’3] =Ts, Oé,ﬁ,’}/e(C.

Ass(a, B,7): [371,561] = T4, [551,962] =24+ T3, [5’72,371] = x4 + s, [56'2,1'2] =YTs, [5’3271’3] =
$5,[l’3,l‘3]:$5, a,ﬁ,ye@,(a,,@)i(0,0).

A34(O55 5777 9): [mlaxl] = T4, [:Ula x2:| = Oé.’]:4+6$5, [an :Ul] = T4+ Ts, |:.T2, xZ] = 91’5, [$2,$3] =
X5, [1'3,1'3] = Ts, Q€ C\{Oa 1}aﬁa770 € Ca (57779) * (07070)

Ass: [x1,20] = x5, [0, 22| = 24, [22, 23] = 5.

Asg: [11, 2] = 24 = —[2, 21], [12, 2] = 24, [0, 23] = 5.

Asze [z, 21] = x5, [21, 22] = 24 = —[29, 1], [22, T2] = 24, [X2, 23] = T5.
Ass: [x1,21] = x5, [22, 1] = ix5, [20, X2 | = 4, [2, 23] = 5, [23, 3] = 5.

Agg(%ﬁ)’ [$1,I1] = QTs, [xlal’z] = T4, [x%-rl] = —wy4+ x5, [$2,$2] = T4, [952,903] = Ts, [$37$3] =

x5, «,peC.
Ag(a): [x1,21] = 25, [2, 01] = 24, [22, 73] = s, [23,22] =25, @ €C.
A [21,01] = 05, [02, 11] = 24, [09, 23] = 75, [22, 73] = 75 = ~[23, 22].

Ap(@): [x9,21] = 24, [21, 23] = @5, [02, 13] = a5, [23, 2] =25, «aeC.
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Ag(a): [22,21] = 24, [12, 22] = 25, [21, 73] = 75, [0, 73] = s, [23,22] =75, a€C,
Asa(e, B): [21, 2] = 24, [0, 21] = aa, [02, 03] = Bs, [w3,20] =25,  «, € C\{-1}.

A45(04,5): [$1,1’1] = 335,[351,562] = $4>[$2,331] = 04334,[372,553] = 5355,[533,96’2] =T5, «F€

C\{-1},B ¢C.
Ag(@): [x1, 22] = x4, [T2, 1] = Qg + x5, [T2, 23] = x5, [13,22] = 15, € C\{-1}.

Ay (a): [371,371] = £E57[371,l'2] = 554,[372,1'1] = 06334,[33'2,553] = OZZU57[953,£C2] = T5 Q€

C\[-1}.

Aygs(a, B): [xljl’z] = 3547[352,531] = 04354,[53171’3] = 335,[352,553] = 5355,[53371’2] =5, €

C\{-1},B8 ¢C.

«449(04,5): [331,3?2] = Ty, [372,331] = Qx4t+Ts, [371,3?3] = Ts, [952,333] = Bws, [3?3,1’2] =I5, ,f€

C\{-1}.
Aso(@): [x1, 22] = 24, [12, 1] = axg, [22, 22] = x5, [29, 23] = x5 = —[23,22], e C\{-1}.

A51(&): [xla xl] =Ts, [xlaxQ] = Xy, [an i[fl] = Oy, [33273:2] =Ts, [ﬁlﬁ'g, 1'3] =I5 = —[.1'3,1'2], « €

C\{-1}.

Aso(a): [@1,22] = 24, [T2, 21] = 0y, [22, 2] = @5, [01, 23] = 5, [02, 23] = x5 = —[w3,22], €

C\{-1}.
Ass(@): [x1,21] = 24, [21, 23] = x5, [22, 23] = @y, [23,22] = x5, € C\{0,1}.
Asy: [1'179171] = Ty, [332,371] =I5, [33'17953] = Is, [353,5132] =Ts.

A55(Oé,ﬁ): [Iluxl] = $4,[.T2,I'1] = ‘7:47[‘1:17373] = 041:5,[372,x3] = ﬁ.’lﬂ'5,[l’3,$’2] = Ts, Q €

C\{0},5 €C.
Ase: [$17361] = Ty, [$2,371] =4+ Ts, [$275L’3] =I5 = —[$3,372]-

A57(04;5): [I1,$1] = T4, [952,901] =24+ Ts, [9517x3] = QTs, [$2,$3] = Bws, [$3,$2] =T5, «F¢€

C, 3 eC\{-1}.

Ass(a, B,7): [1’1,501] =24, [xl,l’Q] =Xy, [$27I1] = Qly, [361,1’3] = Bws, [332,373] =7Ts, [$3;I2] =
zs5, a,BeC\{0},7€C.
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Aso: [901@1] = T4, [$1,$2] =Ty + Ts, [1’1,903] =Ts, [$37$2] =Ts.

«460(04,5)3 [5171,5151] = T4, [5U1,332] = X4 + Ts, [5U2,1'1] = 041’4,[$1,ZE3] = (1 + 5)$5, [9027933] =
BCE’5,[$3,IE2]=$5, 047/8€C7Oé(1+/8):/:/6'

«461(0475)3 [$1,$1] = T4, [$1,I2] = X415, [$27$1] = 24, [901,903] = QTs5, [$2,$3] = fxs, [I3,$2] =
x5, a,feCazl+p,a+p.

«462(0475)3 [$1,9€1] = T4, [$1>$2] = X4tTs5, [$27$1] = Oy, [$1,I3] = s, [953,902] =T5, a,f¢€

C\{0,1}.

A63(O‘767’7): [$1,$1] = $4;[$1,$2] = T4 +$57[$2,$1] = Oé$4,[951,$3] = 5$57[$2;$3] =

vIs, [3,22] = x5, @€ C\{0,1},8eC,veC\{0},8+1+v,aB8+7,(a+1)3 7.

Asa(a): [x1,21] = @4, [21,02] = 24 + i%a (22, 21] = @5, [72, 73] = aws, [23,22] = 25, €

C\{-1,0}.
Ags: [xl,l’l] = T4, [96’17I2] =4, [$27$1] =24+ Ts5, [953,902] =Ts5.

A66(a)= [171,$1] = T4, [l‘l,xz] = 24, [$2,$1] = Xy+Ts, [$17$3] = QTs, [%@3] = QTs, [$37$2] =
x5, a€C\{0}.
Agr(): [x1,21] = 24, [21, 2] = 24, [22, 1] = g + 5, [23,22] = x5, @€ C\{0,1}.

Aes(): [w1,21] = 24, [21,22] = 24, [39,21] = ooy + x5, [21,23] = (1 + @)xs, [29, 73] =

azxs, [r3, 2] =25, aeC\{-1,0,1}.
Ago: [I1,$1] = Xy, [$2,$1] = Ts, [952,902] =Ts, [%@3] =I5 = —[I3,$2]~

«470(04)1 [Il,-’m] = $4,[$2,£E1] = T4 +a$5,[ﬂ72,$2] = $57[$2,$3] =I5 = —[$3,$2], Q€

C\{0,1}.

An(a): [x1,21] = 2y, [22,21] = 74 + ams, [29,20] = x5, [21,73] = @5, [72, 23] = 25 =
—[I‘g, l’g], Q€ (C\{O}
Arn(a): [z1,21] = z4, [21, 2] = 74, [22,71] = 74 + x5, [22,79] = @5,[22,23] = 75 =

—[I‘g,LEQ], QGC\{O,%}

A73(Oé)= [171,$1] = Ty, [171,$2] = Ty, [172,$1] =4 + QTs5, [952,302] = Ts, [951,903] =Ts, [952,903] =

—[Ig,l’g], OCEC\{%}

Ts
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«474(0475)3 [$1,9€1] = $47[$1,$2] = 904,[%,%] = axy + P, [$2,$2] = Ts, [$2,$3] = Ts

—[Ig,IQ], OéGC\{O,l},ﬁEC.

Azs(@): [21,21] = 24, [21,22] = 24, [22,71] = O‘T_l$47 (22, 2] = 5, [21, 23] = axs, [22, 23]

Ts —[Ig,l’g], (XEC\{O,l}
A76(Oé)= [$1,$1] = $5,[$1,$2] = Xyg = —[$2,$1],[$27$2] = $4,[l’2,$3] = 0@57[%,%2] =
Ts, aeC.

-A77(Oé)= [Ih $2] =4 = —[952,961]7 [$2, xz] = Ty, [$1,$3] = QTs, [I?” $2] =T5, «QE€ C\{0}~

A78(a)= [$1,$2] = T4, [$2,$1] = T4 t Ts, [x2,952] = T4, [I1,$3] = 0@5;[%,@] =I5, QF€

C\{0,1}.
Azt [xhxl] = Ts, [$17$2] =Ty = —[$2,$1]7 [$27$2] = T4, [I1,I3] = Ts, [$37$2] =Ts5.
Ago: [901,902] =Ty, [$2,$1] = Ts, [902,903] =24.

«481(0475)3 [-’31,5102] = T4+ QZTs, [932,$1] = By, [552,932] =Ts, [351,553] =I5, [$2,$3] =4, QE

C, 3 e C\{0}.
«482(04)1 [Il,wz] = T4, [$2,$1] =Qry + (04 + 1)$5, [Iz,%] = T4, [1173,902] =5, aeC.
Ags: [517171’2] =Ty + 25, [$2, 371] = —Ts, [332,452] = Ts, [332, 1753] = Ty, [$3,$2] =Ts.

Asa(a, B): [33'1,502] = T4, [372,371] = s, [372,372] = fxs, [3317373] = Ts, [302,563] = T4, [33'3,56'2] =
rs, «,B€eC.

Ass(a, B,7): [$1,$2] = Tg + 042135,[552,1'1] = 5904,[3”2,352] = 7565,[3317953] = 91?57[%27373] =
1‘4,[1'3,1'2] = Ts, Q,7y € Caﬁe C\{O}

Ase: [33171132] = Ty, [331,553] = Ts, [1’37901] =Ts, [352,453] =24.
Ase: [$17SC2] =24+ Ts, [371,173] = —Ts, [1’371’1] = s, [1727373] =24.

A87(04;5): [Ilaxz] =24+ Ts, [%@1] = Oy, [x1;$3] = s, [1?37%1] = Ts, [$2,$3] =4, QE

C, 3 eC\{-1}.

Ass(%ﬁ): [IlaxZ] = T4taxs, [1’2,%1] = fry+as, [$3,$1] = Ts, [x2,$3] =Ty, QE C\{O}vﬁ €
C,ap + 1.
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«489(0475,7): [$1,$2] = T4 t 05, [952,1101] = Bay + x5, [$17$3] =Ts, [$3,901] = Ts, [$27$3] =

Lyg, Oé75€(c,’}/€(C\{O},Oé¢’7.

Ago(a): [@1,22] = x4 + o, [22,21] = —24 + _1;a2$57 (29, 22] = @5, [X3, 1] = X5, [0, 23] =

21, aeC\{0}.

-A91(047577): [xlaxQ] = T4 + 05, [%,Il] = Bxy + x5, [$27$2] = Ts, [$3a$1] = Ts, [9027%]

x4, a,B,7€C,ay-a?f+1#0.

A92(04;5,7)3 [%;Iz] = T4t Oéxsn[Iz,Il] = 51‘47[%27%] = $5,[$17$3] = 79557[96‘3@1]

33'5,[1'2,373] = Ty, Oé,BE(C,’}/EC\{O}.

Ags(a, B): [1,22] = 24— %Isa (22, 21] = Brg+aws, [12,72] = x5, [1, 73] = —é%a (23, 21]

.1'5,[.1'2,1’3] = T4, aEC\{_LOal}?BEC\{O}‘

Aga(a, B,7): [@1,02] = 24428725, [22, 21] = @wa+Bas, [12, ¥2] = x5, [21, 73] = Y5, [23,21] =
v5, (w9, 03] =14, a€C,B,7eC\{0}, 3%y #-1.

Aogs (v, B): [33'1,56'2] =Tyt [3527331] = Bws, [5527362] = s, [51317373] = —Ts, [3037331] = s, [33271'3] =
xy, a€C,feC\{0},a+-28,2+af+1+0.

Ags(a, B,7,0): [551,332] = Xy+axs, [5'3'2,1'1] = Bry+yxs, [3?2,332] =I5, [531,333] = 0zs, [953,%1] =
s, [w2a 1‘3] = T4, avﬁ € C/Y € C\{O}v 0 e C\{_la 0}7 o # 279

Agr(@): [x1, 22] = x4, [21, 23] = a5, [12, 3] = T4, [73,23] =25, € C\{0}.

Agg(a): [371,$2] =Tyt Ts, [$2,SU1] = Qly, [371;$3] = —Ts, [133,96‘1] = Qls, [3?27373] = X4, [373;$3] =
Ty, Q€ C\{O}

Ago(a, B): [33'1,56'2] = T4+ Ts, [513'27561] = Qly, [$17x3] = s, [333,371] = Qs, [95271’3] = T4, [56'3,56'3] =

x5, a€C\{0,1},8eC\{-1,0},a + 0.

AlOO(aaﬁ): [5U1>ZU2] = Ty +9€5,[$27$1] = (1354,[5131,333] = 0433'5,[953,551] = 5555,[@,563]
2y, (23, 23] =25, a€C\{0},a .

A101(0475>’Y)1 [1’1,352] =24t 56’5,[5152,961] = 0496’4,[51317353] = 51?5>[$3>$1] = 71’57[1?27%3]

1’4,[1)3,1'3]21'5, a7/67’7€(cva¢ﬁ7a¢ry'

Ri: [5131,452] = Tyt+aTs, [37271’1] = Bay+as, [551,553] =75, [553, xﬂ = fxs, [152,353] = T4, [3?3, 953] =
s, a;/Ba%QEC-
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Ro: [$1,$2] =Ty +Qxs, [9527901] = fxg+yxs, [$17$3] = Oxs, [373,$1] =05, [952,1103] = Ty, [$37$3] =

x5, Oé,ﬂ,’)/,@,éG(C.

Rs: [$1,$2] = Ty +Qxs, [%,Il] = fay+yxs, [%7@] = Oxs, [%71‘3] =05, [x?nxl] = AT, [$2,I3] =

.T4,|:I'3,SU3] = Ts, a767’776757>\€(c'

Ry: [$1,$1] = ZTs, [I1,$2] = X4t0s, [$27$1] = s, [9527%2] =Ts, [xlax?)] =05 = —[I37$1]; [$2ax3] =

.1'4,[33'3,33’2] :6*1'57 oz,ﬁ,fy,ﬁ,&e(c.

Rs: [1’17I1] = 1’47[901@2] = 0496‘57[%,%] = 5%;[%@2] = 7I5;[I17$3] = 996’57[%37%] =

(5%’5, [$27x3] = T4, [.’L’g, 1’2] = >‘$57 [.1'3, 1‘3] = uxs, 0575777 97 57 )‘a M e C.

Re: [1‘1,371] = T4t+Ts, ['TlaxZ] = Qs, [952,371] = s, [5’?27902] =7Ts, [1‘17553] =0xs = —[9037371]7 [$275€3] =

Ty, [23,22] = 625, «,B,7,0,0 €C.

Ry: [371,371] = T4+0Ts, [1'17952] = Bwyt+rys, [352,1171] = Oxs, [5327952] =0, [371, 903] = AT, [1'2, $3] =
1'42—[1’3,372], a7ﬁ77a9757)‘ec'

Rs: [331,331] = T4+ Qs [$1,$2] = Bag + yas, [352,961] = Oxs, [951,953] = 0, [1’2,1’3] =Tyt

1’5,[1)3,1'2] = Ty, a757779a5€C'

Ry: [$1,$1] = Tyt+aTs, [3717902] = Bry+yxs, [3327552] = Oxs, [37171’3] = 0xs, [3?3,951] = s, [332,333] =

I’4+AI’5,[5E3,ZE2] = —Ty4, 047/37’7767(5,)\5@-

Rio: [931,351] = X4t 04335,[151,ZBQ] = By +7£E5,[5U2,$1] = 9135,[9517953] = 5335,[1?37531] =

ATs, [96‘2,%3] =Ty + UTs, [$3,9€2] = —Ty, [$3,$3] =x5, o,3,7,0,0,\,ueC.

Rll: [xlrrl] = T4+ QTs5, ['Tl,l’g] = /BZL’4 + 75, [1’2,.%'1] = 9'7;57 [1:27'172] = 5$57 [.172,1'3] = )\374 +

,LLQT5,[.’E3,.T2] = Ty, 047/87’}/,0,6,)\,,u€(c.

Rig: [$1,I1] = X4, [%JCQ] = axy+ Brs, [$2,9C1] =Ts, [$27I2] = Oxs, [951,1103] =Ts, [$27$3] =

dxy + x5, [T3,22] =24, «,f,7,0,5,\eC.

9$5,[952,$2] = 5$57[$1;$3]

Rus: [#1,71] = 24 + aws, [21,22] = By + y25, [72,71]

ATs, [1’37961] = s, [1’2,$3] = U4+ WTs, [373,@] =x4, o,3,7,0,0,\,p,weC.

Ria: [Il,xl] = X4+ a:v5,[x1,x2] = By +V$57[$2,$1] 9$5;[$2,$2] = 5$57[$1;$3]

)\1’5, [1'2,333] = UT4 + WTs, [1'3,.%2] = T4, [.I'g, :C3:| = Ts, «, 5777 97 57 )\7/%‘*1 eC.
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Ris: [ffl,xl] = QTs5, [951,902] = Bxy + Y5, [%,901] = x4 + Oxs, [$2,$2] = 0xs, [%@3] =24+
ATs, [1’3,%1] = U5, [xz,l’:s] = WTs, [$3,$2] = T4, [$3,$3] = PTs, 04,57%9,5; A W, p €

C.

Proof. Let Leib(A) = A? = Z(A) = span{ey,e5}. Then the nonzero products in A =

span{ey, ey, e3,€4, €5} are given by:

[61, 61] = Q1€4 t (g€s, [617 62] = (3€q t+ (yes, [62, 61] = (54 t 665, [62, 62] = preq + Paes,
[61, 63] = [seq + Paes, [63, 61] = fseq + Pees, [627 63] = 71€4 + 7265, [637 62] = 7Y3€4 T V465,

[63» 63] =7Y5€4 T V6E5.

Without loss of generality we can assume 75 = 0 because if 5 # 0 and 5 = 0(resp. 51 #0)
then with the base change z1 = e1,x9 = €3,23 = €9,y = €4,T5 = e5(resp. ¥y = €1,y =
€9,T3 = €9 + XTe3, Ty = €4,5= 5 where y522 + (71 +y3)x + 1 = 0) we can make 5 = 0. Then

we have the following products in A:

[61, 61] = (i1€g + Q€5 [61, 62] = (igey + Qyes, [62, 61] = (Qi5€4 t+ Q6€5, [6’27 62] = freq + Paes,
[61’ 63] = [seq + Byes, [63, 61] = Bseq + Bees, [62, 63] = 7164 + Y265, [637 62] = 7Y3€4 T V465,

[637 63] = Y665-

Note that if 5 # 0 and 3 = O(resp. 3 # 0) then with the base change =1 = €9, 29 = €1, 73 =
€3,y = €4, %5 = e5(resp. x1 = y3e1 — P5€2,Ta = €9, T3 = €3, T4 = €4,5 = €5) We can make 5 = 0.

So we can assume (5 = 0. Then the products in A are the following:
[e1,e1] = e + ages, [e1, e2] = azes + aues, [ea, €1] = ases + ages, [ea, €2] = Bres + Paes,

[61, 63] = [seq + Paes, [63, 61] = Bses, [627 63] =164 + Y265, [637 6’2] = Y364 T Y4€5, [63, 63] = Y6€s5-

Case 1: Let v3 = 0. Then we have the following products in A:

[617 61] = (€4 + Qg€s, [61, 62] = (Qi3€y + (uys, [62, 61] = (564 + Qg5 [627 62] = preq + Paes,
[61, 63] = [seq + Byes, [63, 61] = Bees, [627 63] = 71€4 + 7265, [63, 62] = Y4€s5,

[63, 63] = Y6€5- (446)
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If B3 #0 and 7, = O(resp. 71 # 0) then with the base change x; = ey, 29 = €1, 23 = 3,24 =
€4,T5 = 65(I'€Sp. T = Y1€1 — Bgeg,l’z = €9,T3 = €3,T4 = €4,T5 = 65) we can make ﬁg =0. So
let B3 =0. Then the products in A are the following:

[617 61] = Q1€4 t+ (2€s, [61, 62] = (3eq t+ (s, [62, 61] = (54 t 665, [62, 62] = Breq + Paes,

[61, 63] = €5, [63, 61] = fBses, [62, 63] =164 + Y265, [63, 62] = Y46€s5, [63, 63] = Y665-

Case 1.1: Let 71 = 0. Then we have the following products in A:

[617 61] = (€4 + Qg€s, [61, 62] = (Qi3€y + (g5, [62, 61] = (564 + Q€5 [627 82] = freq + Paes,

[617 63] = B4€57 [635 61] = 56657 [627 63] = 7265, [637 62] = 7Y4€s5, [637 63] = Y6€s. (447)

Note that if g # 0 and 74 = O(resp. 4 # 0) then with the base change 1 = ey, x5 = €1, 23 =
€3,T4 = €4,T5 = 65(resp. T = Y4€1 — 6662,272 = €9,T3 = €3,T4 = €4,T5 = 65) we can make

Be =0. So we can assume (g = 0. Then the products in A are the following:

[61, 61] = Q1€4 t (2€s, [617 62] = (3€q t+ (s, [62, 61] = (54 t 665, [62, 62] = freq + Paes,

[61, 63] = fBses, [62; 63] = 7265, [63, 62] = 7Y46€s5, [63, 63] = Y665-

Case 1.1.1: Let 4 = 0. Then we have the following products in A:

[61, 61] = (€4 + (g€s, [61, 62] = Qi3€y + (g5, [62, 61] = 0564 + Qs [62, 6’2] = B1e4 + Baes,

[81, 63] = Baes, [62763] = 72€s5, [63763] = 76€5- (4-48)

Without loss of generality we can assume 3, = 0 because if 84 # 0 and 5 = O(resp.
72 # 0) then with the base change x1 = ey, 29 = €1,23 = €3,24 = 4,25 = es(resp. 1 =
Yoe1 — Ba€2, Ty = €9,T3 = €3,T4 = €4,T5 = e5) we can make ; = 0. Then we have the

following products in A:

[617 61] = (1€q4 t+ (g5, [61, 62] = (igey + Qyes, [62, 61] = (564 + Q6€5, [62, 62] = Preq + Paes,

[62, 63] = Y2€s, [63, 63] = Ye€s-
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Case 1.1.1.1: Let 75 = 0. Then ~4 # 0 since dim(Z(A)) = 2. Hence we have the

following products in A:

[617 61] = (€4 + Qg€s, [61, 62] = (i3€4 + (g5, [62, 61] = Q564 + Q€5 [627 62] = f1eq + Baes,

[63, 63] = Y6€5- (449)

Note that if a; # 0 and f; = O(resp. 51 # 0) then with the base change z7 = €3,z =
€1,T3 = €3,T4 = €4,T5 = 65(resp. X1 = Ty +€2,Tg = €2,T3 = €3,T4 = €4,T5 = €5 where
a12? + (a3 + a5)x + B = 0) we can make a; = 0. So we can assume a; = 0. Then we have

the following products in A:

[617 61] = (g€s, [61, 62] = (r3eq t+ Qyes, [62, 61] = (564 t Q665 [627 62] = Bieq + Boes, [63, 63] = Y6€5-

Case 1.1.1.1.1: Let 5, = 0. Then a3+ a5 # 0 since dim(Leib(A)) = 2. Hence we have
the following products in A:

[61, 61] = (€5, [61, 62] = (3yq + (g5, [62, 61] = (54 t 0665, [62, 62] = [aes,

[63, 63] = Y6€5- (450)

Case 1.1.1.1.1.1: Let a5 = 0. Then a3 # 0 since dim(A?) = 2. Hence we have the

following products in A:

[61, 61] = g€y, [617 62] = (i34 t (yes, [62, 61] = Oi€s5, [62, 62] = Bses, [63, 63] = Y6€s5- (4-51)

o If ay =0, =0 then ag # 0 since A is non-split. Then the base change x; = ey, 25 =
2—26271‘3 =€3,T4 = Z—z(a364 + ayes), o5 = Yees shows that A is isomorphic to A4(0).

o If ap = 0,85 # 0 and ag = 0 then the base change x1 = €1, 29 = €9, 23 = \/&63,334 =

V6
azey + ages, Ts = Paes shows that A is isomorphic to As5(0).

o If apy = 0,05 # 0 and ag # 0 then the base change z; = [se1,29 = ages,x3 =

a%ﬁz
Y6

e3, x4 = agP2(azes + aues), x5 = akfaes shows that A is isomorphic to Ag(0).
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o If as # 0,05 = 0 and ag = 0 then the base change z1 = ey, 25 = €5, 23 = , /%63,1’4 =

Qizey + Ques, Ty = anes shows that A is isomorphic to A;.

o If ay # 0,035 = 0 and ag # 0 then the base change x1 = ager,ra = ases, T3
aga%
6

e3, Ty = agag(Qzey + aqes), x5 = apaizes shows that A is isomorphic to As.

o If ay # 0 and (5 # 0 then the base change z1 = ey, x5 = , /%62,1’3 =, /?;—263,I4 =
\ /%(@364 +ayes), Ts = aes shows that A is isomorphic to Az(«).

Case 1.1.1.1.1.2: Let a5 # 0. If ag = 0 then the base change x1 = eg, x5 = €1,23 =
e3, T4 = €4,T5 = e5 shows that A is isomorphic to an algebra with the nonzero products
given by (4.51). Hence A is isomorphic to A;, A, As(a), As(r), As(a) or Ag(a). Then
suppose ag # 0.

Case 1.1.1.1.1.2.1: Let as = 0. Then we have the following products in A:

[e1,e2] = azeq + aues, [ea,€1] = ases + ages, [e2, €2] = Paes, [e3, €3] = Yges. (4.52)

o If 55 = 0 then asag — ayas # 0 since A is non-split. Then the base change z; =

@376 376
Q306 —0qQ5 Q306 —0405

isomorphic to As(a)(a € C\{-1,0}).

e1,Ty = €9, T3 = €3,T4 = (azeq + ayes), x5 = Yges shows that A is

o If 35 + 0 and agag — agas = 0 then the base change x1 = ey, 19 = €9, 3 = \/%63,%’4 =

azey + ayes, s = fPoes shows that A is isomorphic to As(a)(a € C\{-1,0}).

Q306 =g Q5

o If B +# 0 and azag — ayas # 0 then the base change xy = fseq, 29 = Ley, g =
%ﬁ“%\/%eg,m = W(agq +aues), x5 = Po (XY ) 2e5 shows that A
is isomorphic to Ag(a)(a € C\{-1,0}).

Case 1.1.1.1.1.2.2: Let as # 0. If 85 = 0 then the base change xy = 9,29 = €1, 23 =

e3, T4 = €4,T5 = e5 shows that A is isomorphic to an algebra with the nonzero products
given by (4.52). Hence A is isomorphic to A4(a), As(a) or Ag(a). So let Sy # 0. Then

the base change 1 = eq, x5 =, /%6273}3 =\ /%637$4 =\ /%(agq + @yes), Ts = ges shows
that A is isomorphic to A7 («, 3).
Case 1.1.1.1.2: Let 81 # 0. If a3 + a5 # 0 then the base change x1 = ey, x5 = f1e1 —

(a3 + a)e, k3 = €3,24 = 4,75 = e5 shows that A is isomorphic to an algebra with the
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nonzero products given by (4.50). Hence A is isomorphic to A, As, Az(), As(«), As(a),
Ag(a) or A7(a, 5). So let ag + a5 = 0. Then we have the following products in A:

[61, 61] = (g€s, [617 62] = Qi3€y t+ (g5, [62, 61] = —Qi3€4 + Qp€5, [62, 62] = freq + Paes, [63, 63] = Y665-

Case 1.1.1.1.2.1: Let a3 =0.
Case 1.1.1.1.2.1.1: Let as = 0. Then we have the following products in A:

[61, 62] = (yes, [62, 61] = QCs, [627 62] = [req + Paes, [€3> 63] = Y6Cs5-

o If ag = 0 then a4 # 0 since A is non-split. Then the base change x; = l—iGl,Ig =

€9,X3 = €3,T4 = P1e4 + [oes, T5 = Yge5 shows that A is isomorphic to As.

o If Qg * 0 then the base Change I = 2—261,.1'2 =€9,T3 = €3,T4 = 5164 + 5265,%5 = Y6€5

shows that A is isomorphic to Ag(«).

Case 1.1.1.1.2.1.2: Let ay # 0. Without loss of generality, we can assume ag = 0,
because if ag # 0 then with the base change x1 = €1, x5 = age; —nes, 13 = €3, 14 = €4, 5 = €5

we can make ag = 0. Then we have the following products in A:

[61, 61] = (g€s, [617 62] = Qyes, [627 62] = freq + Paes, [637 63] = Y665.

Note that ay # 0 since A is non-split. Then the base change z1 = aye;, r9 = asey, x3 =

agai

Y6
Case 1.1.1.1.2.2: Let g # 0. Take 0, = 24825293 51\ ¢, = 26014505 The hage change

a376 @376
Yy = g—;el,yz = e9,Y3 = €3,Ys = P1e4 + a5, Y5 = Yges shows that A is isomorphic to the

e3, Ty = a3 (S1es + Paes), x5 = anaies shows that A is isomorphic to Ajg.

following algebra:

04252
[y, 1] = 0427; Ys, (Y1, 2] = ya + 01ys, [y2, y1] = —ya + O2ys, [y2, y2] = ya, [y3, y3] = vs.
3

o If oy = 0 and 65 = -0, then 60,60, # 0 since A is non-split. Then the base change
T1=Y1, T = Yo, T3 = \/O1Y3, T4 = Ys, T5 = O1y5 shows that A is isomorphic to A;y;.

o If ap = 0 and 6y # —0; then the base change z; = y;,29 = 91_49-323/1 + Yo, T3 =

V01 + 0sys, x4 = ys — O2ys, 5 = (01 + 02)ys shows that A is isomorphic to Ajs.

94



2 2
o If ay # 0 then the base change x; = ¥y, 29 = Yo, 23 = \/ngéyg,m = Yy, Ty = Zéf;%
3 3
shows that A is isomorphic to A;3(«a, ).

Case 1.1.1.2: Let 75 # 0.
Case 1.1.1.2.1: Let 51 = 0. Then we have the following products in A:

[617 61] = (€4 + (g€s, [61, 62] = Qi3€y t+ (s, [62, 61] = 0564 + Qs [@2, 62] = [aes,

[e2, €3] = 1265, [e3, €3] = Y6e5.  (4.53)

Case 1.1.1.2.1.1: Let 75 = 0. Note that if gy # 0 then with the base change x; =
€1,To = Yoby — [Po€3, T3 = €3,T4 = €4,T5 = €5 we can make [y = 0. So we can assume (5 = 0.

Then we have the following products in A:

[€1> 61] = (r1eq4 t+ (€5, [61, 62] = (igeq + Qyes, [627 61] = (564 + Q6€5, [62, 63] = 726s5.

Case 1.1.1.2.1.1.1: Let ay = 0. Then as + a5 # 0 since dim(Leib(A)) = 2.
Case 1.1.1.2.1.1.1.1: Let a5 = 0. Without loss of generality we can assume ag = 0
because if ag # 0 then with the base change x1 = yoe1—ages, To = €9, 13 = €3, T4 = €4, 25 = €5

we can make ag = 0. Then we have the following products in A:

[61, 61] = (ix€s5, [61, 62] = (igey + Qyes, [€2> 63] = 726€s5.

e If ay = 0 then the base change x1 = €1, = €9,x3 = €3, T4 = Q3€4 + Qu€5,T5 = Yob5

shows that A is isomorphic to Ai4.

o If ay # 0 then the base change x1 = ey, = €5, 23 = %63,374 = Q3e4 + Quu€5, Ty = Qs

shows that A is isomorphic to Ajs.
Case 1.1.1.2.1.1.1.2: Let a5 # 0. Take 0 = aya; — aga.

o If vy =0 and € = O(resp. 6 # 0) then the base change x1 = e1,29 = €9, 23 = €3,24 =

— _ Q372 — — _ Q3a572 Q3672
Qseq + QGes, Ty = Ya2e5(resp. Ty = g €1TE€3,Ta=€2,T3=E€3,T4= "7 €4 +( 9 T

Y2)es, Ts = Yaes5) shows that A is isomorphic to Ajg(a).
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o If @y # 0 and € = O(resp. € # 0) then the base change =1 = €1, 25 = 3,23 = %63,1’4 =

%(%)2 Q3572

Q372 —
€3,Ty4 = T€4 +

Q54 + g€, Ty = 042€5<I'€Sp. T = 0 €] +€3,Ty =€2,T3 =
(a3a6’72
0

+72)es, T5 = az(“52)%e;5) shows that A is isomorphic to A7 (a).

Case 1.1.1.2.1.1.2: Let a; £ 0.
Case 1.1.1.2.1.1.2.1: Let a5 = 0. Note that if ag # 0 then with the base change
T1 = Y€1 — Qge3, Ty = €9, T3 = €3,L4 = €4,T5 = €5 We can make ag = 0. So let ag = 0. Then

we have the following products in A:
[e1,e1] = aueq + ages, [e1, e2] = azeq + aues, [e2, 3] = 12e5. (4.54)

o If a3 = 0 then ay # 0 since A is non-split. Then the base change x; = ey, 19 =

€2, T3 = (ues, Ty = Yo (e + aes), Ty = ayyaes shows that A is isomorphic to Ajs.

o If a3 #+ 0 and ajay — asaz = 0 then the base change x1 = ageq, X9 = €9, T3 = €3,4 =

2 _ . . .
aj(ares + ages), 5 = agyze; shows that A is isomorphic to Ajg.

o If a3 #+ 0 and ajay — asaz # 0 then the base change x1 = aszey, o = ajes, x3 =

az(arog—aza3)
Q172

phic to Ayg.

e3, x4 = a2 (Qreq+anes), x5 = az(aay — anas)es shows that A is isomor-

Case 1.1.1.2.1.1.2.2: Let a5 # 0. Take 0; = as(ayay—asas) and 0y = as(agag—asas).
Then the base change y; = aser, Ya = ar€a,Ys = €3, Y1 = a2 (€4 + a2e5), ys = €5 shows that

A is isomorphic to the following algebra:

a
[yb y1] =Yy, [91792] = a_3y4 +01ys, [y2>y1] = y4 + oy, [927,@3] = Q172Y5-
5

Note that if 5 # 0 then with the base change x1 = 17y — O2y3, T2 = Yo, T3 = Y3, 24 =
Ys, 5 = Y5 we can make 0y = 0. So we can assume fy = 0. Then we have the following

products in A:

o
[3/17341] = Ya, [yla 3/2] = a_§y4 +01ys, [?/%yl] = Ya, [3/2>Z/3] = 172Ys-

61 — — —
a1z Y3 L3 = Y3, T4 = Y4, Ts = Ys

shows that A is isomorphic to an algebra with the nonzero products given by (4.54).

e If a3 = 0 then the base change x1 = y1,29 = y1 — Yo —

Hence A is isomorphic to Ag, A9 or Ayg.
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o If a3 #+ 0,3 = a5 and #; = 0 then the base change x1 = —iy; + iyo, 19 = —iy3, 23

—UY1, T4 = Q1Y2Ys5, Ts = Y4 shows that A is isomorphic to Aj;.

o If a3 #+ 0,a3 = a5 and #; # 0 then the base change x1 = a;Vy1, 2 = a1Y2ys, 3

01y3, 4 = (@172)?ys, x5 = 01 (172)%ys shows that A is isomorphic to Ay;.

o If a3 # 0,3 # a5 and #; = 0 then the base change x1 = y;, 29 = Yo, T3 = Y3, T4 =

Y4, Ts = 172Yys shows that A is isomorphic to Ao ().

o If a3 # 0,a3 # a5 and #; # 0 then the base change x1 = a172y1, T2 = Q172Y2, T3

01y, x4 = (172)?ys, x5 = 01 (a172)%ys shows that A is isomorphic to Axz(«).

Case 1.1.1.2.1.2: Let 75 # 0.

Case 1.1.1.2.1.2.1: Let ag = 0. Then a3 + a; # 0 since dim(Leib(A)) = 2.

Case 1.1.1.2.1.2.1.1: Let a5 =0. Then a3 # 0. Then we have the following products
in A:

[617 61] = (€5, [61, 62] = i3y + Qyes, [62, 61] = Q€5 [62, 62] = fses, [62, 63] = 72€s5, [637 63] = Y6Es5-

e If ay = 0 and ag = 0 then the base change x; = 1,9 = Yg€2, T3 = V€3, 14 = V(34 +
Ques5), Ts = Y3y6es shows that A is isomorphic to Agy(a).

2
o If ap = 0 and ag # 0 then the base change z; = z—éel,xg = Yg€2,T3 = Yo€3, Ty =

36
a6

_ [ _ _ _ Y276
e If ay # 0 then the base change x; = 261, Lo = V6€2, T3 = V263, T4 = Yo\ 2, (azeq+
ues), T5 = Yayees shows that A is isomorphic to Ags(a, ).

(azeq + aues), s = Y3yees shows that A is isomorphic to Ags(a).

Case 1.1.1.2.1.2.1.2: Let a5 £ 0. Take 0 = aqas — av3006.

o If ap = 0,0 =0,a3 =0 and By = 0 then the base change x; = Y2e3,29 = —Yge2 +

Y2€3, T3 = —€1, L4 = V5Y6€s5, L5 = Ye(seq + ages) shows that A is isomorphic to Ajg.
e Ifay, =0,0=0,a3 =0and 3, # 0 then the base change x| = mig%‘ €3, Ty = Tey+es, Ty =

2
Try2+

Ty = (zy2+76)
Y6

isomorphic to Az ().

el, es, 5 = x(aseq + ages) (where o2 + yox + 6 = 0) shows that A is

o If ay = 0,60 =0 and a3 # 0 then the base change x| = ey, 19 = Yge2, T3 = Yo€3,24 =

ve(ases + ages ), 5 = Yayses shows that A is isomorphic to Ay («, 3).
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2
o If ap = 0 and # # 0 then the base change x; = %972 €1,To = V€2, T3 = Yo€3,Ty =

2
%(%64 +ages), Ts = Yayees shows that A is isomorphic to Ags(a, ).

2 2
e If oy # 0 then the base change x; = \/ EZG e1,Ta = Yge2, T3 = Y2€3, T4 = Yo/ 22 (aseq+

a2

a6es), T5 = Yayees shows that A is isomorphic to Asg(a, 3,7).

Case 1.1.1.2.1.2.2: Let a; £ 0.
Case 1.1.1.2.1.2.2.1: Let a5 =0.

o If a3=0,06 =0 and f5 =0 then a4 # 0 since A is non-split. Then the base change

-5 - - - a7 2
L1 = 5, €1~ 762, T2 = €2,X3 = Y6€2 — V263, T4 = —

shows that A is isomorphic to A;s.

Q7.
(e

2 _ .2
€4+ ( + ’7276)657375 = —7365

2 2
4 4

o If a3 =0,06 =0 and fs # 0 then a4 # 0 since A is non-split. Then the base change
2 2 ]
Ty = 2rer, Ty = Vg2, Ty = Yae3, 04 = (32)2(ar€s + azes), 5 = Y376e5 shows that A is

isomorphic to Asg(a).

e If a3 =0,06 # 0 and (ay,f2) = (0,0) then the base change x1 = ey, x5 = O‘:Zﬁ €9, Ty =
2
2
%eg,m = (€4 + Qipes, Ty = ”,336 es shows that A is isomorphic to Aj;.
2

e If a3 =0 and o # 0 then w.s.c.o.b. A is isomorphic to Aszp(«).

Q376

— — — (2376 )2
oy €102 = 7662, L3 = 7263, T4 = ( a1 )?(areq +

e If a3 # 0 then the base change x; =
(i2€5), T5 = Y3y6€s shows that A is isomorphic to Ass(a, 3, 7).
Case 1.1.1.2.1.2.2.2: Let a5 # 0. Take 6, = %W and 0y = %ﬂ;‘{am
172 172
2
The base change y; = 3—?61, Ys = €9,z = 3—263, Ty = (3—?)2(04164 +ges), x5 = 3—265 shows that

A is isomorphic to the following algebra:

Qas B276
[y = ya, [y1, 9] = —ya+ Ouys, [y2, 911 = ya + O2ys. [, 92] = 7 [v2,y3] = ys. U3, y3] = y5.
5 2
e If a3 = 0 then the base change 1 = y1,29 = Y1 — Y2, 23 = Y3, %4 = Ys, T5 = Y5 shows
that A is isomorphic to Ass(a, 5,7).

o Ifas+0,a3=a5,0; =0,0, =0 and % = 0 then the base change x| = —iy; +iys, 19 =
2
—iyy + 1Yo — 1Y3, T3 = —Y1, T4 = Y4 + Y5, T5 = Y4 shows that A is isomorphic to Az(1).
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o If s + 0,03 = a5,0; = 0,05 = 0 and 238 = 1 then w.s.c.ob. A4 is isomorphic to

2
vz 4
Aiz(a, B)((a+ B)? =2(a - B)).
o If a3 #0,a3 = a5,0, =0,0, =0 and % € C\{0,1} then w.s.c.o.b. A is isomorphic

to Az(a, /(o —1)2).

o If a3 # 0,3 = a5 and (01,02) # (0,0) then the base change x1 = y1,22 = Yo, 73 =
Y3, T4 = Y4, T5 = Y5 shows that A is isomorphic to Ass(a, 3,7).

o Ifag #0,a3 # a5 and 01 = 0 = 05 = S5 then w.s.c.0.b. A is isomorphic to As35(0,0,7) (7 €

C\{0}).

o If a3 + 0,3 # a5 and (04, 6,, nygﬁ) # (0,0,0) then the base change x; = y;,x5 =

Y2, T3 = Y3, T4 = Y4, T5 = Y5 shows that A is isomorphic to Ass(«, 3,7, 0).

Case 1.1.1.2.2: Let f; # 0. If (ag,a3 + a5) # (0,0) then the base change x; =
€1,Ty = €1 + XTeog, T3 = €3,%4 = e4,x5 = es(where S22 + (a3 + as)x + a; = 0) shows that
A is isomorphic to an algebra with the nonzero products given by (4.53). Hence A is
isomorphic to Ay, As(«), A7(«, ), Ais(a, 5), Aig, Ais, A1g( @), A7 (), Aig, Arg, Asg, Ao,
Az (), Azz(a), Ass(r), Azs (), Azs (v, B), Aaz (e, 8), Azs(av, B), Aso (v, B,7), Aso (), As,
Ass(a, 5,7), Ass(a, 5,7) or Ass(a, B,7,0). So let ag =0 = ag + as. Then we have the fol-

lowing products in A:

[61, 61] = (g€s, [61, 62] = Q364 + (g5, [62, 61] = —Q3€4 + QpCs, [62, 62] = freq + Paes,

[62, 63] = 726€s, [63, 63] = Y665.-

Case 1.1.1.2.2.1: Let 75 = 0. Then v, # 0 since dim(Z(A)) = 2. Take 6, = %jj&

and 0, = % Then the base change y; = e1,y2 = €2,y3 = €3,y1 = B1e4 + Baes, Ys = 1265

shows that A is isomorphic to the following algebra:

«

Q
[3/1,341] = —23/57 [ylva] = —33/4 +01ys, [3/273/1] =-
2 Bi

«
B—T?M + 02ys, [3/273/2] = Ya, [92, 3/3] =Ys.

Note that if 65 # 0 then with the base change x1 = Yoy; — Ooys3, X2 = Yo, T3 = Y3, T4 = Yy, T5 =
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Y5 we can make 0y = 0. So let #5 = 0. Then we have the following products in A:

(8} 0] 0]
[y1,01] = 7§y5, [y1,12] = B—fm +01ys, [y2,91] = —B—fy4, (Y2, Y2] = Ya, [Y2, y3] = s.

e If a3 =0 and as # 0 then w.s.c.o.b. A is isomorphic to Ag(0).

o If a3 = 0 and ap = 0 then 6; # 0 since A is non-split. Then the base change

T1=Y1, T2 = Yo, T3 = O1y3, T4 = Y4, T5 = O1y5 shows that A is isomorphic to Ass.

o If a3 # 0 and ay = 0 then the base change x; = (%31)2/3% - (%332/33/3,352 = -y +
1 1
(52)"y2 + Orys, v = cyys o1 = (5)%0y + cofirsys, v = ys shows that A s
1 1
isomorphic to Asg.

e If a3 # 0 and ay # 0 then the base change z, = y; + 01y3, 12 = —%yl + %yg,l'g =
a281

s Y3, Ta = (%—f)2y4,x5 = %% shows that A is isomorphic to Asy.

Case 1.1.1.2.2.2: Let 75 £ 0. Take 6; = % and 6, = %jjﬁz Then the base

change y1 = €1, Y2 = €2, Y3 = €3, ys = 14+ Bae5, Y5 = Ys€5 shows that A is isomorphic to the

following algebra:

Qg Qg Qg 2
[?Jl, 91] = %95, [9173/2] = —1y4 +01ys, [92, yl] = ——1y4 + 0215, [92, yz] = Ya, [3/2,%] = %ys, [y3>y3] =VYs.

Without loss of generality we can assume 6; = 0 because if 6; # 0 then with the base

change @1 = y1, T2 = TY1 + Y2, T3 = Y3, T4 = Ya + (5227 + (61 + 02)2)ys5, 5 = ys(where F22? +

(% - 22)z - 61 =0) we can make ¢, = 0. Then the products in A are the following:

Q9 O3 Q3 Y2
(1, v1] = —Us, (Y1, Y2] = ==va, [Y2, 1] = ——==va + 025, [Y2, Y2 ] = Ya, [V, Y3] = —Ys, [¥s, 3] = Us.
Y6 B b1 Ve

o If % =0 and % =0 then #, # 0 since A is non-split. Then w.s.c.0.b. A is isomorphic

to ./49(0)

2
o If % =0, % +0 and (;’2—:22)2 +1 =0 then the base change x; =/ %?myl,l’g =Yg, T3 =
%yg,m =Yy, T = (%)ng) shows that A is isomorphic to Asg.

o If 52 =0,22#0and (z‘;—fz)? +1+# 0 then w.s.c.o.b. A is isomorphic to Ajg.
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e If 3* # 0 then the base change z; = g—;yl,xg = Yy, I3 = %yg,m = Yy, Ty = (%)2%
shows that A is isomorphic to Asqg(c, ).

Case 1.1.2: Let v, # 0. If 74 # 0 then the base change x| = ey, 19 = Y5e2 — Ys€3, T3 =
€3, T4 = €4,T5 = e5 shows that A is isomorphic to an algebra with the nonzero products
given by (4.48). Hence A is isomorphic to Aj, As, ..., Ass or Ase(a, ).

[61, 61] = Q1€4 t+ (2€s, [61, 62] = Q3eq t (s, [62, 61] = Q564 + Q€5 [62, 62] = Breq + Paes,

[e1,e3] = Baes, [e2, e3] = 12e5, [€3, €2] = Vaes.

Case 1.1.2.1: Let 8, = 0. Then the products in A are the following:
[617 61] = (€4 + Qg€s, [61, 62] = (Qi3€y + (g5, [62, 61] = Q564 + Q€5 [627 62] = Byes,
[31, 63] = fBses, [@2763] = 72€s5, [63762] = Y4€s5. (4-55)

Case 1.1.2.1.1: Let ag = 0. Then a3 + a5 # since dim(Leib(A)) = 2. Note that if
ay4 # 0 then with the base change x1 = y4e1 — €3, 19 = €9,23 = €3,24 = €4,T5 = €5 We can

make a4 = 0. So we can assume ay4 = 0. Then we have the following products in A:

[61, 61] = (p¢€s, [627 61] = Q54 t O6€5, [62, 62] = [aes, [61, 63] = fses5, [627 63] = Y2€s, [63, 62] = Ya€s.

Case 1.1.2.1.1.1: Let a3 =0. Then a5 # 0.

Case 1.1.2.1.1.1.1: Let 5, =0.

Case 1.1.2.1.1.1.1.1: Let 5, = 0. Note that if ap = 0 then v+, # 0 since dim(Leib(A)) =
2. Then we have the following products in A:

[61, 61] = (ges, [62, 61] = Q€4 t O6C5, [62, 63] = Y265, [63, 62] = Y4€s. (4-56)

o If ay =0 and 7, = 0 then the base change x; = e3, x5 = %eg,xg = %el,m = Qseés, Ty =
5

e4 + 5%es5 shows that A is isomorphic to Ayy.
2

o If @y =0 and 7, # 0 then the base change z1 = e3, x5 = %62,.1'3 = 3—261,954 = Y4€5,T5 =

aseq + ages shows that A is isomorphic to Ajg(a).

101



o If ay # 0 then the base change x1 = ey, 29 = €9, 23 = %637.1'4 = (564 + Qge5, Ty = Qipes

shows that A is isomorphic to Ag(a).

Case 1.1.2.1.1.1.1.2: Let 5 # 0. If 75 + 74 # 0 then the base change x| = ey, x5 =

_Y2ty4
B2

nonzero products given by (4.56). Hence A is isomorphic to A4, Aig(a) or Ag(a). So

€9+ €3,T3 = €3,T4 = €4, x5 = €5 shows that A is isomorphic to an algebra with the
let 5 +v4 = 0. Then we have the following products in A:

[61, 61] = (€5, [62, 61] = (54 t Q€5 [627 62] = [aes, [62, 63] =Ye€5 = —[63, 62]‘

e If a5 =0 then the base change z; = Ba €3,To = €9,T3 = €1,T4 = [PBa€s5,T5 = Q5€4 + Q€5

)

shows that A is isomorphic to Ajzg.

e If ay # 0 then the base change x; = \/%el,xQ = e9,X3 = %63,.1'4 = \/g—z(a5e4 +
ages), Ts = Paes shows that A is isomorphic to Ay;.

Case 1.1.2.1.1.1.2: Let 54, # 0.
o If ay = 0 and [y = 0 then the base change x; = ye1,20 = [ie0,23 = €3,14 =
Bava(ases + ages), x5 = Bayses shows that A is isomorphic to Ay (a).

o If ap = 0 and (5 # 0 then the base change xy = ye1, 29 = Byeo, 23 = B?y4ﬁ4€3,$4

Bava(ases + ages), x5 = faf3es shows that A is isomorphic to Aysz(a).

2
o If oy £ 0 and gz—i‘; + % = -1 then w.s.c.0.b. A is isomorphic to Ay ().
4

B2

a2

e If ap #0 and 7‘2 + % # —1 then w.s.c.o.b. A is isomorphic to Ay3(a).
4

Case 1.1.2.1.1.2: Let a3 £ 0.
Case 1.1.2.1.1.2.1: Let 55 = 0. Then the products in A are the following:

[617 61] = (g€s, [61, 62] = (i3eq + Qyes, [627 61] = Qi5€4 t+ Q€5
[e1, e3] = Baes, [e2, €3] = 12€5, [€3, €2] = 1ae5.  (4.57)

Case 1.1.2.1.1.2.1.1: Let 8, = 0. Take 6, = %30‘4‘15 and fy = 32 The base

3
change y; = e1,ys = €2,y3 = €3,ys = azeq + Qqes, Y5 = es5 shows that A is isomorphic to the
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following algebra:

a5
(Y1, 1] = @2ys, [Y1,Y2] = Ya, [y2, 1] = e +01Ys, [Y2, Y3] = V2Ys, (U3, Y2 ] = Yays.

Note that if 5 # 0 then we can assume 6, = 0, because if 6; # 0 then with the base change
11 = Ooy1 + 01Y3, T2 = Yo, T3 = Y3, T4 = Oays + 7401Ys, 75 = Y5 we can make ¢ = 0. Then we

have the following products in A:

a5
(Y1, 1] = @2Ys, (Y1, Y2] = Ya, [y2, 1] = et (Y2, y3] = Y25, (U3, Y2] = Yays-

o If ay = 0 then the base change x1 = y1, x5 = Yo, T3 = Y3, T4 = Ys, T5 = Y4y5 shows that
A is isomorphic to Ay (o, 8)(a # B).

o If as # 0 then the base change x1 =y, 75 = Yo, 3 = %yg,m = Y4, T5 = QY5 shows
that A is isomorphic to Ags (e, B)(a # 5).

Now suppose 6 = 0.

e If ; =0 and ay =0 then w.s.c.o.b. A is isomorphic to Ayy(a, @).
e If §; =0 and a3 # 0 then w.s.c.o.b. A is isomorphic to Ays(a, ).

o If #; #0 and ap =0 then x1 = y1, 29 = Yo, 23 = %yg,m =1y, T5 = 01y5 shows that A is

isomorphic to Agg(a).

o I[fA; #+0 and as # 0 then x1 =y, 25 = z‘—fyg,xg = %yg,u = ’;—fy4,:1:5 = a5 shows that

A is isomorphic to Ag7(«).

Case 1.1.2.1.1.2.1.2: Let 84 # 0. Note that if ay # 0 then with the base change
T1 = i1 — ae3,T9 = €3,T3 = €3,T4 = €4,T5 = €5 We can make ay = 0. So we can assume

as = 0. Then we have the following products in A:

[61, 62] = (igeq + Qyes, [627 61] = (0564 + Q€5, [61, 63] = Baes, [62, 63] = 7265, [637 62] = Y4€s5.

o If agag — asas = 0 then the base change x; = ey, 25 = %eg,mg =e3,T4 = %(a364 +

ages), Ts = Baes shows that A is isomorphic to Asg(a, 5).

o If azas — ayas # 0 and 4 = =y, then w.s.c.o.b. A is isomorphic to Ays(a, -1).
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o If agag — agas # 0 and 4 # —yo then the base change x; = ey, x5 = %62,13 =
azag—agas _ Ba _ (asag—asas)Ba P .
acitdties, xy = O (azeq + ayes), xs I e shows that A is isomorphic to
Ao (e, B).

Case 1.1.2.1.1.2.2: Let [y # 0. If 75 + 74 # 0 then the base change x; = e, x5 =

_2t7a
B2

nonzero products given by (4.57). Hence A is isomorphic to A (o, ), Ass (o, 8), Ass (),
Agr(a), Ags(a, B) or Agg(ar, 5). So let 75 + 44 = 0. Then we have the following products
in A:

€+ €3,T3 = €3,T4 = €4, %5 = €5 shows that A is isomorphic to an algebra with the

[61, 61] = (p€s, [61, 62] = (3eq t+ (s, [62, 61] = (54 t 665, [62, 62] = [aes, [617 63] = Bses,

[62, 63] =265 = —[63762]

Case 1.1.2.1.1.2.2.1: Let f4 = 0. Take § = =2%¢=24%5. The base change y = e,y =

€9,Y3 = €3,Y4 = Qi3e4 + Q4€5, Y5 = €5 shows that A is isomorphic to the following algebra:
Q5
[y1,v1] = ays, [y1, v2] = ya, [y2,11] = a_3y4 +0ys, [y2,y2] = Bays, [y2, 3] = 125 = —[y3, 2]

Note that if 8 # 0 then with the base change z; = y; — ﬁyg,:@ = Y9, T3 = Y3, Ty =

Y4, T5 = Y5 we can make 6 = 0. So let 6 = 0. Then we have the following products in A:
«
[y1,y1] = a2ys, [Y1, Y2] = Ya, [y, v1] = a_zyA" (Y2, y2] = Bays, [Y2, y3] = 12y = —[Y3, ¥2]-

o If ap = 0 then the base change xy = y1, 29 = Yo, 23 = %yg,m = Y4, T5 = [oys shows

that A is isomorphic to Aso(a).

o If ay # 0 then the base change z; = g—iyl,xg =Y, T3 = %y3,x4 = %y‘l’% = Bays

shows that A is isomorphic to Az ().

Case 1.1.2.1.1.2.2.2: Let 4 # 0. Without loss of generality we can assume ay = 0,
because if ay # 0 then with the base change x = Sye1—awes, Xy = €9, 3 = €3,14 = €4, T5 = €5

we can make s = 0. Then we have the following products in A:

[617 62] = (i3ey + (s, [62, 61] = (564 t 065, [627 62] = Bses, [617 63] = Baes, [62, 63] =Y2€5 = —[637 62]-
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Take 6 = % The base change y; = %el,yg = e9,Y3 = %63,y4 = %(agq +

v es),ys = Baes shows that A is isomorphic to the following algebra:

(67
[yl,yz] =Yy + Oys, [yQ,yl] = a—3y4, [?Jz,yz] =VYs, [yla?JB] =Ys, [y2,y3] =Ys = —[y3>y2]-

Note that if 6 # 0 then with the base change x1 = y1, 29 = yo — 0ys3, 3 = Y3, T4 = Ys, T5 = Y5
we can make # = 0. So we can assume 6 = 0. Then the base change x = y1,22 = Yo, 3 =
Y3, T4 = Y, T5 = Y5 shows that A is isomorphic to Az ().

Case 1.1.2.1.2: Let oy # 0.

Case 1.1.2.1.2.1: Let 85 =0.

[61, 61] = (€4 + Qg€s, [61, 62] = (34 t (s, [62, 61] = Q564 t Q€5

[61, 63] = Byes, [62763] = 7265, [63762] = Y4€s5. (458)

Case 1.1.2.1.2.1.1: Let a3 = 0. If ay # 0 then with the base change z; = y4e; —
Que3, Ty = €9, T3 = €3,T4 = €4, T5 = €5 we can make ay = 0. So we can assume ay = 0. Then

we have the following products in A:

[61, 61] = Q€4 t+ 02€s, [62, 61] = (54 t 665, [617 63] = Baes, [62, 63] = Y265, [637 62] = Y4€5.

Take 0 = %ﬁfo“” The base change y; = e1,y2 = €2,y3 = €3,Ys = Q14 + Q2€5, Y5 = V465

shows that A is isomorphic to the following algebra:

a5 Ba 72
(W1, v1] = ya, (Y2, 1] = —ya + 0us, (Y1, y3] = —ys, (Y2, ¥3] = —¥s, V3, ¥2] = Us.
aq Y4 Y4

Notice that if a5 =0 and 6 =0 then §4 # 0 since A is non-split.

e If a5=0,0=0 and ;Li =0 then w.s.c.o.b. A is isomorphic to A;g.
e If 5 =0,0=0 and z—i =1 then w.s.c.o.b. A is isomorphic to Asg.

e Ifa5=0,0=0and z—j € C\{0,1} then the base change x1 =y, x5 = %yg, T3 = Y3, Ty =

Ya, Ty = %y5 shows that A is isomorphic to As3(«).

o If a5=0,0+0,6,=0 and % = 0 then the base change x; = —y; + %yg,xg = Oy3, x3 =

%yg +0ys3, x4 = Y4 — Y5, Ts = Y5 shows that A is isomorphic to As;.
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o Ifa5;=0,0+0,8,=0 and % =1 then w.s.c.o.b. A is isomorphic to Asg.
o Ifa;=0,0#0,8,=0and 2 e C\{0,1} then w.s.c.o.b. Ais isomorphic to As3(a).

o If a5 = 0,0 # 0,84 # 0 and z—i = 0 then the base change x; = y;, 29 = %yQ,xg =

Oys, Ty =Yg, T5 = %yg, shows that A is isomorphic to Asy.
o lfa;=0,0+0,8,#0 and 22 =1 then w.s.c.o.b. A is isomorphic to Ajo.
o lfa;=0,0#0,8,#0 and 22 ¢ C\{0,1} then w.s.c.o.b. A is isomorphic to Aszo(cv).
o If a5 +0,0=0,5,=0 and 1—?1 =0 then w.s.c.o.b. A is isomorphic to Ay4(0).

o lfas #0,0=0,0;=0and 2 € C\{-1,0} then w.s.c.0.b. A is isomorphic to Az (e, 0).
Note that 22 # -1 since dim(Leib(A)) = 2.

o If a5 # 0,0 = 0 and B4 # 0 then the base change xy = y;, 29 = g—;yg,xg = Y3, Ty =
Yg, T5 = z—éyg, shows that A is isomorphic to Ass(a, ).

o If a5 # 0,0 # 0,3—?1 = -1 and SB4 = 0 then the base change

—0y3, T4 = Yy, T5 == ‘fx—lfyg, shows that A is isomorphic to Aszg.

- Q1 —
Y1, T2 = Y2, T3 =

o If a5 0,0 +0, z—j =-1 and B4 # 0 then w.s.c.0.b. A is isomorphic to Ass(c,-1).
o If a5 #0,0 +#+0 and 3—2 # —1 then w.s.c.o.b. A is isomorphic to As7(a, ).

Case 1.1.2.1.2.1.2: Let ag # 0. Take 0, = «494=22%3 gpd @, = H26=22% The base

1774 174
Q174
a3

change 1 = €1,y = g—;eg,yg = €3,y = Q€4 + Qg€5, Y5 = es shows that A is isomorphic

to the following algebra:

(€7 04354
(Y1, y1] = ya, (Y1, Y2] = ya + 0195, (Y2, y1] = o +02ys, [Y1,y3] = -

Y2
Ys, [Y2,U3] = —Us, (U3, Y2 ] = ¥5.
174 V4

Note that if 6, = 0,0, = 0 and 222 =0 then 2 # -1 since dim(Leib(A)) = 2.

o If 0, =0,6, =0,2% - 0 and o2 =1 then w.s.c.o.b. A is isomorphic to As(a).

7 14

o If0,=0,0, =0,25 -, 2 #1land % =0 then w.s.c.0.b. A is isomorphic to Ag ().

7 14

o If A, = 0,6, =0,235 = 0,95 % ] and 2 e C\{-1,0} then w.s.c.o.b. A is isomorphic
o1Y4 as Y4
to ./427((1/,5).
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If 6,=0,0, =0, 2354 #0 and 52 =0 then w.s.c.o.b. A is isomorphic to Ass(a, B).

If6,=0,0, =0, z?—?: #+ 0 and 3—3 # 0 then the base change x1 = y1, 22 = Y9, 23 = Y3, 24 =
Y4, T5 = Y5 shows that A is isomorphic to Ass(«, 8,7).

If 0, = 0,0, # 0 % 2 52(1+ ) =2 and 2 = 0 then the base change

? o1ya ’Y4’ a3 Y4
Ty = %yl,xg = 91 19, T3 = Y3, Ty = (91) Y4, T5 = Y5 shows that A is isomorphic to Asg.

If;=0,0, #0,28 =] 4 22 as5(] 4 22) - = 2 and 2 € C\{-1,0} then ws.cob. Ais

Y a1y Y40 az

isomorphic to Ass(%=, o, = 1) (v € (C\{O 1}).

If 0y = 0,6, 0,25 = 1+72 and O‘5(1+“*2) * 72 then the base change z; = 9 Y1, To =

7 a1v4

9—11y2,x3 = Y3, Ty = (91) Y4, T5 = Y5 shows that A is isomorphic to Ag(cv, 3).

If 6 = 0,6) # 0,208 » 142295 -2 -0 and 2% =0 then ws.c.ob. A is

? a1va Y47 a3

isomorphic to Ag(0).

If 65 = 0,0, # 0,208 2 14+ 22 82 - () 22 = ) and 22 ¢ C\{0, 1} then w.s.c.ob. Ais

7 a1va Y4 as

isomorphic to Ass (o, a)(a € C\{-1,0}).

If 65 = 0,0, 0,25 21 4+ 2 %2 =0and 22 = -1 then w.s.c.o.b. A is isomorphic to

7 o1y, 47 a3

Ass(a, a0 = 1).

If0y=0,60, 0, 3354 #1+22 2% =0 and 22 € C\{-1,0} then w.s.c.o.b. Ais isomorphic
to A57(CV,B)-

If 65 = 0,6, # 0 asBa 4 422 a5 q @B % oand 2 = () then w.s.c.ob. A is

T a1va Y4 a3 T a1va Y4 Y4

isomorphic to A5(0).

If 6y = 0,6, # 0,280 5 1422 - ] @b -2 5pnq 2 2 () then w.s.c.ob. A is

T onva 747 as ? a1va Y4 74
isomorphic to Ass(-1, o, @).

If0y=0,0; #0,958 2 1422 95 -] gpd 2 4 72 then the base change z; = 0 Y1, Lo =

a7 Y4 a3 174

%yg,xg, = Y3, Ty = (91 )2y, x5 = y5 shows that A is isomorphic to Agi (v, 3).

If 65 = 0,0, %0, 0‘364 #1+2,22eC\{0,1},2 =0 and 0‘354 =0 then w.s.c.o.b. A is
isomorphic to A24(a)(a € C\{O})
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If 63 =0,60, 20,220 1+ 22 95 ¢ C\{0,1},22 = 0 and 22 € C\{0,1} then the base

? a1va (%]
change ;| = %yl,xg = %yg, X3 = Y3, Ty = (9—11)23/4, x5 = y5 shows that A is isomorphic

to A62(Oé,/8).

If 2= 0,6, # 0,22 =1+ 22 22 ¢ C\{0,1}, 2 # 0 and 222 = 22 then w.s.c.ob. A is

? 14 a1v4

isomorphic to Ass(a, B, af)(a e C\{0,1}, 5 € C{0}).

If 0 = 0,0; # 0,935 3 1+ 22 95 ¢ C\{0,1},22 # 0,225 3 2 and (2 4+ 1)l - 2

7 14 Y47 Qs Y4 7 a1y4 Y4 174 Y4

then w.s.c.o.b. A is isomorphic to Ag(cv, ).

If 0, = 0,0 # 0,250 # 1+ 2295 ¢ C\{0,1},22 # 0,258 ¢+ 22 and (25 +1)220 5 2

2
T a4 Y4 a3 Y4 ? 14 Y4 174 Y4
then the base change x; = %yl, Xy = %yg,l’g =3, Ty = (%)2y4,x5 = 15 shows that A

is isomorphic to Ags(a, 3,7).

If 65 £ 0, 3—2 = (), 288 — 1+z—i and 6; = -1 then w.s.c.0.b. A is isomorphic to Ass(«, 3).

7 a1v4

If 6, £ 0, 2—3 =(, b - 1+z—fl and 0; # —1 then w.s.c.0.b. A is isomorphic to Ag (0, «).

7 14

If 6, # 0,25 = 0,980 4 1422 9,22 =1 - @B 45 281 _ () then the base change
3 174 V4 Y4 174 174

Ty = %yl,xQ = %yg,l';; = Y3,X4 = (%)2y4,x5 = y5 shows that A is isomorphic to

A64(Oé).

If 6, + 073_2 = (), b 4 1+3—i,01% =1 -2 gnd 28 4 () then w.s.c.o.b. A is

7 o4 a1v4 174

isomorphic to Ass(«, 8).

If 0, +0,2 =0 asB 41 422 and 6,22 # 1 - 284 then wes.c.o.b. A is isomorphic to
as Y4 Y4 4

7 a1v4 a1y
A57(OK, 5)

If6,+0,52=1 @i — () and 2% = 1 then w.s.c.o.b. A is isomorphic to As(a).

7 o1y4 V4
a5 _ azfBs _ v20 v .. .
If 65 + 0, a—z =1, ﬁ =0, % +# 1 and v_i = -1 then w.s.c.o.b. A is isomorphic to
Ago(1,-1).

It 6, # 0,5 = 1,3?—53 = O,E—Zl + 1 and % = 0 then the base change z; = %yl,mg =

éyQ,az;; = Y3, Ty = (%)2y4,x5 = y5 shows that A is isomorphic to Ags.

If6,#0,2=1, gi’—fj =0, % #1 and 22 € C\{-1,0} then w.s.c.o.b. A is isomorphic
to Ag1 (0, ).
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as _ 1 o34 asfa _ Y2 _ 7 s .
o If 6y +0, =1 o * 0, oy = 1+ - and 6, = - then w.s.c.o.b. A is isomorphic to

A58(0, a, x — 1)

o If 0y #0,2 =1 @b 4 2B _ 1,22 4nd 6 2 then w.s.c.o.b. A is isomorphic to
asg Y4 Y4

? a1v4 ? a1v4
Ago(1, ).

as _ 3By 3By Y2 azBs _ 2 _
o If Oy # 0, o = 1’_aw4 # 0’_a174 1+ o and o then the base change x; =

%yl,xQ = %yQ,xg = Y3,y = (%)2y4,91;5 = y5 shows that A is isomorphic to Agg(c).

o Ifp#0,2=1 asba o (), @b 41 4 z—j and 2354 % then w.s.c.o.b. A is isomorphic

? a1v4 ? a1y Q174
to A61(a7ﬁ)'

o If 6 # 0,25 € C\{0,1},6, (224 - 2) - @31 _ 1 and 2384 = ( then w.s.c.o.b. A is

Q174 Q174 174

isomorphic to Asz (e, 3).

o If 6 #0,5 ¢ C\{0,1},0, (28 _ ) = 2581 _ 1 and 281 4 () then w.s.c.ob. A is

Q174 Q174 174

isomorphic to Asg(a, 3,7)(a € C\{0,1},5 € C\{0},~ € C).

o If 0y # 0,25 € C\{0,1},0, (222 — 22) » @ufs _q 2o/ _ 22 _ &l g 2954 = () then

o174 V4 174 ? a4 Y4 Q14 a1
the base change x; = %yl,xg = %yg,l'g = Y3, Ty = (%)2y4,x5 = 15 shows that A is

isomorphic to Agr(a).

o If 0y # 0,20 ¢ C\{0,1},0, (2208 — 22) 3 290t _q o8 _ 22 _ 29 gq 2304 4 () then

174 V4 Q174 ? a1va V4 Q174
w.s.c.0.b. A is isomorphic to Ag(a, 3).

o If 0y # 0,25 € C\{0,1},0, (288 — 22) » Qafs 7 Q0B 5 22 _ 00k 3/ _ ] 4 22 apq

a1Y4 Y4 o174 > o1y4 Y4 174 @174

as Y2\ _ 02 _ 1 _ 1 _ _ (12 —
ax(1+22) = 22 then the base change x1 = -y1, 22 = g-y2, @3 = Y3, 24 = (5;)*Y1,T5 = Y5

shows that A is isomorphic to Ags(a).

o If 6y # 0,25 € C\{0,1},0, (2288 - 22) 8t _j G5l o 22 _ 3t @afl _ | 4 22 apq

a1v4 174 T a1y Y4 c1va’ a1y 74
as 2 2 2 o -
2(1+2)# 2 then w.s.c.ob. A is isomorphic to Ago(c, 3).
o If 00,95 ¢ C\{0,1},0, (282 22y asb _q oafs o 2o _ 0P 5y 98B 4 1 4 22 thep
27 ag Py T T as T T aa T e a1 V4

w.s.c.0.b. A is isomorphic to Ags(c, 3,7).

Case 1.1.2.1.2.2: Let 85 # 0. If y5+74 # 0 then the base change x1 = ey, x5 = _W2E274e2+

€3, X3 = €3,T4 = €4, T5 = €5 shows that A is isomorphic to an algebra with the nonzero prod-
ucts given by (4.58). Hence A is isomorphic to As (), Ay, Aig, Asa(), Aoz (e, 8), Aso(), Az,
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A387 A45(O[,B),A48(O[7B),A53(O[),A54,A55(O[,/B),A56,A57(Oé,ﬂ)7./458(0[,ﬂ,’Y),A597A60(OZ,/8)7
Asi (v, ), A2 (e, 8), Ass (v, 8,7), Asa(), Ass, Ags (), Agr(ar) or Ags(ar). So let g+, =
0. Then we have the following products in A:

[617 61] = Q1€4 t+ (g€s, [61, 62] = (3€q t+ (s, [62, 61] = (54 t 665, [62, 62] = [aes,

[61, 63] = fBses, [627 63] =265 = —[63, 62]-

Case 1.1.2.1.2.2.1: Let a3z = 0. Note that if ay # 0 then with the base change
T1 = Y261 + Oy€3,T9 = €9,T3 = €3,T4 = €4,T5 = €5 WE can make Gy = 0. So we can assume

ay = 0. Then we have the following products in A:

[61, 61] = (Qr1eq + (€5, [62, 61] = Q564 + Q€5 [62, 62] = [(aes, [61, 63] = fBses, [62, 63] =265 = —[63, 62]-

_ joe—aoQ _ _ _ B — —
Take 0 = %/5)225' The base change Yy =€1,Ya = €2,Ys = 7—263,y4 = a1eyq4t+Qgets, Ys = 6265

shows that A is isomorphic to the following algebra:
Qas B
[y1,91] = Ya, [y, 1] = Qi 0ys, [y, y2] = ys. [y1, Y] = U [v2,y3] = y5 = —[y3, v2]-

e If a5 = 0 and % = 0 then 6 # 0 since A is non-split. Then the base change x; =
Y1, Lo = Oyg, x3 = Oy, 4 = Y4, x5 = 0%y5 shows that A is isomorphic to Agg.

e If a5 =0 and % # 0 then w.s.c.o.b. A is isomorphic to Ago(}l).

o If as # 0,251 = () and 0;—519 =0 then w.s.c.0.b. A is isomorphic to As39(0,0).

? a1vy2

o If a5 #0, zif;‘ =0 and 0&—519 =1 then w.s.c.0.b. A is isomorphic to Asg.

o If a5 # 0, zj—% =0 and C;—ie € C\{0,1} then the base change x| = Y1, T2 = Yo, T3 =

Y3, Xy = (g—f)2y4,x5 = y5 shows that A is isomorphic to Az ().

o If a5 #0, zf—g‘z‘ =1 and 0;—519 =0 then w.s.c.0.b. A is isomorphic to Asg.

o If a5 %0, zf;‘ =1 and ‘L—ig # 0 then the base change x; = %yl,mg =Yg, T3 = Y3, Ty =

(52)ya, 75 = y5 shows that A is isomorphic to Az (a).

o If a5 #0 and 3?—5‘2‘ € C\{0,1} then w.s.c.o.b. A is isomorphic to Ag (0, a).
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Case 1.1.2.1.2.2.2: Let a3 # 0. Take 0, = (G@i—a2as)as ) q ¢ _ (uac-asas)as g

aips aips

2
(0% .
base change y; = eq,ys = —g;eg,yg = 3;§§eg,y4 = i€y + Qoes, Y5 = 61§265 shows that A is
3

isomorphic to the following algebra:

as33y
172

[yz,ys] =Ys = _[y37y2]-

Qs
1, y1] = yas [y1,92] = ya + 01ys, [y2, 1] = o +02ys, [y2,y2] = ¥, [y1, y3] = Ys,

o If 25 =0, 0‘36;‘ =0 and 6; + 6 =0 then w.s.c.o.b. A is isomorphic to As39(0,0).
o If 23 = (), 25 _ () and #; + 6, = 1 then w.s.c.o.b. A is isomorphic to Asg.
o If 92 =0, 281 _ () and 6, + 0, € C\{0,1} then w.s.c.o.b. A is isomorphic to Az (a).

o If 25 = 0 and 224 4 () then w.s.c.o.b. A is isomorphic to Asz(a, o = 1).

a3 a17y2

o If 22 =1, @381 — () and 6, + 0y = 0 then w.s.c.o.b. A is isomorphic to Aj;.
o If 2 = 1,25 () and ¢ + 60, = 1 then w.s.c.o.b. A is isomorphic to Ago(1,-1).

o If 92 =1 281 _and g, +6, e C\{0, 3} then w.s.c.o.b. A is isomorphic to Az ().

o172

o [fes=1 28 _14nd6,=

as 7 a1z

then w.s.c.o.b. A is isomorphic to Ags(1).

N

o If 2 =1 281 -1 and @, +

as 7 o1y2

then w.s.c.o.b. A is isomorphic to Azz(«).

N

o If 22 =1 and 3?—53 e C\{0,1} then w.s.c.o.b. A is isomorphic to Agi (c,2ac—1).

a3

o If 22 e C\{0,1} @B — () and a2(0h+02) =1-(01+062) then w.s.c.o.b. A is isomorphic

> a1z

to A(;()(Oé, —1)

o If 22 e C\{0,1} @B — () and a2(01+02) # 1-(01+62) then w.s.c.o.b. A is isomorphic

> a1z

to A74(Oé,ﬁ).

o If 22 ¢ C\{0,1} 95Pi 4 () and 22284 - 98P _ ] then w.s.c.0.b. A is isomorphic to

> a1y aijasy? o172
Azs ().

o If 2 ¢ C\{0,1} 03fs 4 () and 28988 4 2s5s _ 7 thep w.s.c.o.b. A is isomorphic to

> a1y aiasy? o172

A63(05757 1 +5)
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Case 1.1.2.2: Let f#; # 0. If (o, a3 + a5) # (0,0) then the base change x1 = ey, x5 =
€1+ Teg, T3 = €3,y = €4,x5 = es(where B122 + (a3 + as)x + ag = 0) shows that A is iso-
morphic to an algebra with the nonzero products given by (4.55). Hence A is isomorphic to
As(a), Aro, Arr, Ais, Ais, Aig (@), Arr (@), Aws, Asa(), Aoz (a, B), Aso(v), Asi, Ase, Ass, Ase (v, 8),
Aso(a), Aar, Aa(a), Asz(a), Aw(a, B), Ass(, B), Ass (), Aar (), Aus(a, B), Asg (v, 8), Aso(a),
Asi(a), Asa(a), Asz(a), Asa, Ass(a, 8), Ase, Asz (@, ), Ass(a, 8,7), Ase, Aso (v, 8), Asi (, B),
Asa (v, B), Ass(av, B,7), Asa(a), Ass, Ags (@), Asr (), Ags (), Asg, Aro (), Ari (), Ara (), Azs(a),
Az4(e, B) or Azs(a). Then let ay = 0 = a3 + a5. Then we have the following products in

A:

[617 61] = g€y, [61, 62] = Qi3€y + (s, [62, 61] = —Qi3€4 + Q€s, [627 62] = Breq + Paes,

[e1,e3] = Baes, [e2, €3] = 1aes5, [€3, €2] = Y465.

Case 1.1.2.2.1: Let a3 =0.
Case 1.1.2.2.1.1: Let 4 = 0. Note that if ay # 0 then with the base change x; =
Y4€1 — Quue3, Lo = €9, T3 = €3, L4 = €4, T5 = €5 we can make ay = 0. So we can assume oy = 0.

Then we have the following products in A:

[617 61] = (g€s, [62, 61] = O€s5, [62, 62] = fBreq + Baes, [627 63] = 7265, [63, 62] = 7Y46s5.

Then the base change 1 = e3, 9 = €9, 13 = €1, x4 = €4, 5 = 5 shows that A is isomorphic
to an algebra with the nonzero products given by (4.48). Hence A is isomorphic to
Ai, Ag, .o Asg or Asg(av, ).

Case 1.1.2.2.1.2: Let 84 # 0. Without loss of generality we can assume s = 0,
because if as # 0 then with the base change 11 = Si61—anes, g = €9, 13 = €3, 14 = €4, X5 = €5

we can make s = 0. Then we have the following products in A:

[61, 62] = (yes, [62, 61] = QCs, [627 62] = preq + Paes, [61, 63] = Bses, [627 63] = Y265, [637 62] = Y4€s5.

If 75 # 0 then with the base change x1 = e1, x5 = Y9e1 — Bs€2, 23 = €3,T4 = €4, x5 = €5 We can

make 75 = 0. So we can assume v, = 0. Then we have the following products in A:

[e1,e2] = aues, [ea, e1] = ages, [€2, €2] = Breq + Paes, [e1, e3] = Paes, [e3, e2] = vaes.
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If ay # 0 then with the base change x1 = ey, x5 = Bie5 — aue3,T3 = €3,T4 = €4,T5 = €5 We

can make a4 = 0. So we can assume a4 = 0. Then we have the following products in A:

[e2,e1] = ages, (€2, e2] = Pres + Paes, [e1, €3] = Paes, [€3,€2] = Yaes.
e If ag =0 then w.s.c.o.b. A is isomorphic to As;.

e If ag # 0 then w.s.c.o.b. A is isomorphic to As,.

Case 1.1.2.2.2: Let a3 £ 0.
Case 1.1.2.2.2.1: Let 8, =0. Take 6, = % and 0y = % The base change
Y1 =€1,Y2 = €2,Y3 = €3,Ys = P1e4 + [Baes, Y5 = €5 shows that A is isomorphic to the following

algebra:

0] 0]
[y1,y1] = @2ys, [y1,92] = 5—3y4 +01Ys, (Y2, 1] = —6—3y4 +02ys, [Y2, Y2 = Ya,
1 1

[92; y3] = 72VYs, [?J:s; ?42] = 74Ys.-

Without loss of generality we can assume 6; = 0, because if 6; # 0 then with the base
change x1 = Y4y1 — 01y3, T2 = Y2, T3 = Y3, T4 = Ys, T5 = Y5 we can make 67 = 0. Then we have

the following products in A:

a3 (0%}
[y1, 1] = aays, [y1, 2] = 3,9 (Y2, 11] = 5 +02ys, (Y2, Y2 | = Ya, [Y2, U3 ] = V2Us, (Y3, 2] = Yays.

o If @y = 0 then (62, 2) # (0,-1) since dim(Leib(A)) = 2. Then w.s.co.b. A is

isomorphic to Asg(a).
e If ap # 0 then w.s.c.o.b. A is isomorphic to Azs(a).

Case 1.1.2.2.2.2: Let 4 # 0. Note that if 79 # 0 then with the base change x; =
€1,Tg = Yo€1 — [a€9,X3 = €3,T4 = €4, T5 = 5 We can make v, = 0. So we can assume ¥y = 0.

Then we have the following products in A:

[61, 61] = (p¢ts, [617 62] = i3y T (€5, [62, 61] = —Qi3€4 + Q€s, [627 62] = freq + Paes, [61, 63] = fB4es,

[637 62] = Y4€5.

Take 0, = ‘“51/8;1“352 and 0y = % The base change y; = e1,y2 = €2,93 = €3,y =
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Bres + Paes, ys = e5 shows that A is isomorphic to the following algebra:

0] 0]
[mwﬂ=%%{mwﬂ=ﬁm+&%{mwﬂ:7fm+%%{wwﬂ:m{mwﬂ=&%7

(Y3, y2] = 74Ys-
Without loss of generality we can assume 6; = 0, because if ; # 0 then with the base

change x1 = y4y1 — 01y3, T2 = Y2, T3 = Y3, T4 = Ys, T5 = Y5 we can make 67 = 0. Then we have
the following products in A:
o o

3 3
[me:%%{mwﬂ=E@dmwﬂ=—&m+%%{mwﬂ=w{mwﬂ=&%{%wﬂ=ww-

o If ay = 0 and 65 = 0 then the base change x; = %yl, To = Yo, X3 = Y3, Ty =Yg, Ts = Va5

shows that A is isomorphic to Az7(a).
o If ay=0,05 #+ 0 and g;—iz =1 then w.s.c.o.b. A is isomorphic to A77(1).

o If vy = 0,0, #+ 0 and g;—ﬁ‘l e C\{0,1} then the base change x; = %yl,xg = Y9, T3 =

g;ii Y3, Ty =Yg, T5 = 5;—2)23;5 shows that A is isomorphic to Azg().

52
o If ay # 0 and flls—gj = 1 then the base change z; = %yl,@ = Y, T3 = %yg,m =

2
aggl y5 shows that A is isomorphic to Arg.

Y, T5 = —

o If ay # 0, 5;—% e C\{0,1} and g;—iﬁ(g;—gﬁ —1) = -1 then w.s.c.o.b. A is isomorphic to
Arr(a)(a € C\{0,1}).

o If ap # 0,284 ¢ C\{0,1} and 2% (2181 _ 1) & _1 then w.s.c.o.b. A is isomorphic to

? a3y4 Q24 N 374

A78(Oé).

Case 1.2: Let vy, #0.

Case 1.2.1: Let o = 0.

Case 1.2.1.1: Let ag = 0. Then if a5 = O(resp. a5 # 0) then the base change z; =
€3,T2 = €2,T3 = €1,T4 = €4,T5 = 65(resp. T1 = €1,T2 = €2,T3 = Y161 — O5€3,T4 = €4,T5 = 65)
shows that A is isomorphic to an algebra with the nonzero products given by (4.47).

Hence A is isomorphic to Aj, As, ..., Ars(a) or Az.
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Case 1.2.1.2: Let a3 = 0.
Case 1.2.1.2.1: Let as = 0. Then we have the following products in A:

[617 62] = (Q3€4 + (€5, [627 61] = (54 t 065, [62, 62] = Preq + Paes, [617 63] = faes,

[es, e1] = Bses, [e2, €3] = Y14 + Y265, [€3, €2] = Va5, [€3, €3] = Y6€5.  (4.59)

Case 1.2.1.2.1.1: Let 75 = 0.
Case 1.2.1.2.1.1.1: Let g = 0. If 51 # 0 then with the base change x; = e;, 29 =
Y€ — P1e3, T3 = €3,T4 = €4, T5 = €5 we can make 5, = 0. So we can assume ; = 0. Then

we have the following products in A:

[61, 62] = (izeq t+ Qyes, [627 61] = (54 t 665, [62, 62] = Bses, [61, 63] = fBaes,

[627 63] = 7164 + Y265, [63, 62] = Y4€5.

Take ¢ = 1812 (, = 212582 The base change y; = 2heq,ys = €2,Y3 = €3,y = Y164 +
as as a3

Yee5,Ys = €5 shows that A is isomorphic to the following algebra:

By

1
ors Ys, [y2>yz] = Y4, [y37y2] = Y4Ys.

(67
[?h, 92] =Yy + 01Ys, [?/2, yl] = a—394 + 02ys, [y27y2] = [a2ys, [yl,?/z%] =

e Ifv,=0,8,=0,0,=0and #; =0 then 55 # 0 since dim(Leib(A)) = 2. Then w.s.c.0.b.

A is isomorphic to Ass.
o Ifv,=0,8,=0,0,=0 and #; # 0 then w.s.c.o.b. A is isomorphic to Ayy4.

o If v, =0,8,=0,0, # 0 and g—; = —1 then [y # 0 since dim(Leib(A)) = 2. Then

w.s.c.0.b. A is isomorphic to Asg.

o If v, =0,8y = 0,60 # 0 and z—; = 0 then the base change z; = y; — Z—zy:g,fﬂg =

—g—jy1+y2+ (az+as)Ba

a0, Y3, L3 = Y3, g = Ya, T5 = O2ys shows that A is isomorphic to Asgp.

e If 74 =0,68, = 0,0, # 0 and z—; e C\{-1,0} then w.s.c.o.b. A is isomorphic to
Asg(@)(a e C\{-1,0}).

® If7,=0,80#0,05=0,5=0,01 =0 and 3> = 0 then w.s.c.o.b. A is isomorphic to
Au5(0,0).
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Ifv=0,8,#0,00=0,06,=0,0; =0 and 3—2 #+ 0 then w.s.c.o.b. A is isomorphic to
.A55(Oé, Oé).

Ifv=0,8,#0,00=0,06,=0,0; #+ 0 and 3_2 =1 then w.s.c.o.b. A is isomorphic to
A26(07 O)

Ifv=0,8,#0,00=0,06,=0,0; #+ 0 and z—z # 1 then w.s.c.o.b. A is isomorphic to
Agz(O&, O, O)

It =0,00#0,00=0,0 #0,5% = 0 and gi—zi = —4 then w.s.c.o.b. A is isomorphic
to .A48(0, 0)

It =0,00#0,00=0,0, #0,5% =0 and gi—zi # —4 then w.s.c.o.b. A is isomorphic
to A32(0, 0, 0)

If v4=0,64 # 0,05 = 0,8, # 0 and g—g # 0 then the base change z1 = y1, 25 =

f:g; Yo, T3 = Y3, Ty = giz; Ya, L5 = ﬁggl ys shows that A is isomorphic to Agi(a, ).

If v4=0,64 #0,05 #0 M(3—2)2 + Z—z = -1 and &4 = Z‘—g + 2 then w.s.c.o.b. A is

) ag@% aszfs
isomorphic to Ass(a, a).

If v4=0,6s #0,05 #0 M(3—2)2 + g—z = -1 and &% 2‘—2 + 2 then w.s.c.o.b. A is

) ag@% aszfs

isomorphic to As; (o, 3)(a, B € C\{0}).

If 74 = 0,85 # 0,0, # 0,2001 (93)2 4 22 5 _ B2 (as)2 38 = ] and 22 = 1 then

’ a39§ ’ 04393 azfo

w.s.c.0.b. A is isomorphic to As(0,0).

If v4=0,8,#0,0,# 0 M(%)Q“'g—zi_l M(g—g)2+a5—61:1andg—z¢lthen

’ ageg ’ ageg aszbs

w.s.c.0.b. A is isomorphic to Aszs(c,0,0).

If v, =0,84# 0,0, #0, 2501 (92)2 4+ 95 & _] and 2041(22)21 %50+ 1 then w.s.c.0.b.

? ng@% 0430% asf2

A is isomorphic to Agi(«, 3).

Ifv,#0,8,=0, % =25 % +1 and 3 = 0 then w.s.c.0.b. A is isomorphic to Ags ().

as

If 740,08, =0,% =2 _ % +1,8,#0 and ,% = —1 then w.s.c.0.b. A is isomorphic

4 o3
to Agg.

If v4#0,6,=0, % = Z_i - % +1,82#0 and 2—1 # —1 then w.s.c.0.b. A is isomorphic
to ./450((1/).
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012542
o Ifv+0,8,=0 b2 4 a5 _ z—i +1 and 3—2 = —% then w.s.c.o.b. A is isomorphic

v a3
to A46(Oé).

(91_%)2

Y4 a3
4

o Ify,+0,8,=0 b2 4 a5 _ z—i +1 and f‘;—i + - then w.s.c.0.b. A is isomorphic

P4 a3
to -'444(057ﬁ)'
e Ifv4#0,5,#0and 52 =0 then w.s.c.o.b. A is isomorphic to Asa(a, B).
e Ifv4#0,8,#0and 3> # 0 then w.s.c.o.b. A is isomorphic to Ass(a, 8,7).

Case 1.2.1.2.1.1.2: Let g # 0. If 74 # 0 then with the base change x; = ey, 29 =
V41 — Bges, T3 = €3, T4 = €4, T5 = €5 we can make v4 = 0. So we can assume 4 = 0. Then we

have the following products in A:

[61, 62] = (izey + Qyes, [62, 61] = (54 t 665, [62, 62] = freq + Paes, [617 63] = fBaes,

[63, 61] = Bses, [62; 63] =71€4 + Y26€5.

If 5, # 0 then with the base change 1 = ey, x5 = Y169 — f1€3, T3 = €3,T4 = €4, 5 = €5 We can

make 31 = 0. So we can assume [; = 0. Then we have the following products in A:

[617 62] = (izey + (yes, [62, 61] = (54 t 665, [62, 62] = Bses, [617 63] = Baes,

[63, 61] = Bses, [627 63] = 7Y1€4 + Y2€5.

_ a4m1-a372 _ a5Y1-a672 _ Be11 _m _
Take 0, = o 0y = B and 03 = PR The base change y; = o€l Ya =

€2,Y3 = €3,Ys = Y164 +V2€5, Y5 = 5211 es shows that A is isomorphic to the following algebra:

asf3 @

(0% 2
[?/173/2] =Yy + 0hys, [1/2,91] = —1yy + Oays, [yz,?/Q] =5 Ys, [yhy?,] = Ys, [yg,yl] =Ys, [1/2,93] =Yy
a3 Be11 Be

o If3,=0,0,=0,6,=0,52=0 and % =0 then w.s.c.o.b. A is isomorphic to A42(0).

o If 5,=0,6,=0,6,=0,2 =0 and 2* € C\{~1,0} then w.s.c.o.b. A is isomorphic to
A48(Oé, O)

e If$,=0,0,=0,0,=0,3>+#0and % =0 then w.s.c.0.b. A is isomorphic to Ass(c,0).

o If 3,=0,6,=0,6,=0,2 # 0 and 2 € C\{~1,0} then w.s.c.o.b. A is isomorphic to
Ass(a, 8,0).
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If 85=0,0,=0,0, # 0 and % = —1 then w.s.c.0.b. A is isomorphic to Agg.
If B5=0,05=0,0; # 0 and % # —1 then w.s.c.o.b. A is isomorphic to Agz(a, 3).

If 55=0,0, %0, Z—; = % and 22 =1 then w.s.c.0.b. A is isomorphic to Axg(a,,0).

a3

If By = 0,6, # 0,8 = 21,2 + 1 and 2

Aso(a,—a?, a0 — o) (a € C\{0}).

0 then w.s.c.o.b. A is isomorphic to

If B = 0,0 # O,Z—; = %,3—2 # 1 and g—z 1 then w.s.c.o.b. A is isomorphic to
.,433(04—\/5,@,0).

If B =0,05 0, g—; = %, o +1and % € C\{-1,0,1} then w.s.c.o.b. A is isomorphic

to Ass(a, /B +af, B,0)(ae C\{-1,0,1}, 3 € C\{0}).

If ,=0,0,+0, g—; + 2_27 % =0,%% -] and g—i = —1 then w.s.c.o.b. A is isomorphic
to A86‘

If ,=0,0,+0, g—; # g—:, % =0,%% -] and 3—; # —1 then w.s.c.o.b. A is isomorphic
to .A87(0,0é).

If By =0,00 # 0,3—; # %,% = 0 and zz—z; # 1 then w.s.c.o.b. A is isomorphic to
Agg(()é,ﬂ)-

If B5=0,05%0, Z—; + % and % # 0 then w.s.c.o.b. A is isomorphic to Age(c, 3,7).

If 5y #0, % =0, %0 _ 3—2(%)2 +1=0and §2 = -1 then w.s.c.o.b. A is isomorphic to

Ago(Oz).

If 5y #0, g—g =0, %0 _ 3—2(%)2 +1=0and g2 # -1 then w.s.c.o.b. A is isomorphic to

79%

As7(o, ) (a € C\{0}, 8 € C\{-1}).

If By # O,,g—‘g = 0 and % - 3—2(2—;)2 +1 # 0 then w.s.c.o.b. A is isomorphic to
.Agl(Oé,ﬁ,’}/).

If 5y #0, % # 0 and g—§ =0 then w.s.c.o.b. A is isomorphic to Ags(c, 3,7).

Ba 02 01 _ 28405 Pab3 _ _ o5 _ . .
If B # 0, 5 * 0,5 #0,5 = Bofs * Boll = 1 and o =0 then w.s.c.0.b. A is isomorphic

to .A85(0, a, 0)
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0 9 284602 Bab3 .
. Ifﬂgi(),%qt(],i;to,é:%,ﬂieg :—1,3—2¢0and %:—1 then w.s.c.o.b. A is

isomorphic to Ags(0,-1,0).

0 0 28405 Bab2 .
o If B2 0,58 0,5 #0,8 = B%QSZ,ﬁgeg =-1,2 20 and 5 # -1 then w.s.c.ob. Ais

isomorphic to Agz(a, ).

2
o If 35 # 0, % %0, z—g # 0, z—; = 201% and 2% 4 _1 then ws.c.ob. A is isomorphic to

Bs03 B602
A94(047577)'
o If 55+ O,% # O,z—g #0, z—; * 2554922,% =-1 and (2—5)2 + 9;% +1=0 then w.s.c.o.b. A is
3

isomorphic to Agg(-1,-1,a)(a € C\{-1,0}).

Ba 02 01 , 2Babs Ba _ _ %
oIfﬁ2¢O,BG¢0,93¢O,93¢6603,ﬁ6— 1and9§+

isomorphic to Ags(a, 3).

010,
o3

+1 # 0 then w.s.c.o.b. A is

o If 55 # 0, g—;‘ * O,g—; * O,z—; * Qﬂi% and % # —1 then w.s.c.o.b. A is isomorphic to
-’496(0(757779)'

Case 1.2.1.2.1.2: Let v # 0. If f; # 0 then with the base change x;

Y€ — P1e3,T3 = €3,T4 = €4, T5 = €5 we can make 5, = 0. So we can assume ; = 0. Then

€1,T2 =
we have the following products in A:

[61, 62] = (i3ey + (yes, [62, 61] = (54 t Q€5 [627 62] = Bses, [61, 63] = fBses, [63, 61] = Bses,

[627 63] = 7164 *+ Y265, [637 62] = Y465, [63; 63] = Y6€s5-

_ Q471 -Q372 _ QY1 -Q572 _m _ — —
Take 6; = Ere— and 0y = =L The base change y; = o€, Y2 = €2,Y3 = €3,Ys =

Yi€4 + Y265, Ys = Ye€5 shows that A is isomorphic to the following algebra:

a s B B
[, 92) = ya + 01y, (2,01 ] = 20 + Oy, (112, 2] = = [, 03] = =, (s, 1] = 2,
a3 Ve @376 @376

Y4
(Y2, 3] = ya, Y3, y2] = ponid (Y3, y3] = ys.

0,800 — 0 B~ () and 2 = 0 then w.s.c.o.b. A is

? a3ve ? azve as

o If 2 =02 =00, =00
Y6 6

isomorphic to As;.

o If 2 =0,2200,=00 =022 =020 - 0and =
Y6 6

7 a3Ye ? a3ve as

1 then w.s.c.o.b. A is

isomorphic to Assg.
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Ifz—‘é:O,%zOﬁg:O,Ql:O By -, B — () and o2 € C\{0,1} then w.s.c.ob. Ais

? a3ve > a3ye
isomorphic to Asz(a).

Ifz_: =O’% =0,0,=0,0, = 0,200 = 0 B 4 () and 2= BN then w.s.c.o.b. A is

? a3ve ? a3ye o376

isomorphic to Aus(0, ) (a € C\{0}).

If 2% =0,2=0,0,=0,0, =0, 22 = 0,20 2 0,95 3 0 gpq 2 = () then w.s.c.0.b.

7 a3ve ? a3v6

A is isomorphic to Ay (a)(a € C\{0}).

If 20,2 =0,0,=0,0, =0, 220 = 0,22 2 0,9 3 50 apq 2 2 () then w.s.c.0.b.

7 a3ve ? a3ve

A is isomorphic to Ass(«, ) («, B € C\{0}).

If 2 =0,2-0,0,=0,0 =022 »0, 20 - a5 _ 2 45q 20— ) then w.s.c.ob. A

> a3Ye ? a3ve a3z o376 o376

is isomorphic to Ay (a)(a € C\{0}).

If 2= 0,2 -0,0,=0,0 =052 # 0,50 - a2 _ S Jon 4 () and 22 = () then

7 36 7 a3ve
w.s.c.0.b. A is isomorphic to A7z ().

If 2= 0,2 -0,0,=0,0 = 0,22 # 0,508 - a2 _ B Jon 4 () and 22 2 ( then

7 azve ? azve as azye’ a3ve

w.s.c.0.b. A is isomorphic to Ass(c, f)(a € C\{-1},5 € C\{0}).

If 24 =0,2=0,0,=0,0 =0, 82 0,52 3 25 B Jn _ ) apd 2% = () then the
Y6 Y6 o3

? a3ve Tagve T a3 a3’ 36
base change x1 = y1, %2 = Y2, T3 = Y3, T4 = Y, T5 = Y5 shows that A is isomorphic to

Agr ().

If 2 =0,%2=0,0,=00 =022 20,50 3 95 _ 2 B0 _ () gpd 2 20 then

Y6 ? a3ve ? a3e asg azve’ a3ve

w.s.c.0.b. A is isomorphic to Ass(c, 5) (e, 8 € C\{0}).

If 2 =0,%2=0,0,=0,0 = 0,22 30,50 5 05 _ S B0 4 () g 2 = then

> a3Ye > a3e asg azve’ a3Ye as

w.s.c.0.b. A is isomorphic to Ass(a, 5)(a € C\{-1,0}, 5 € C\{0}.

If 2= 0,%2=0,0,=0,0, = 0,22 30,50 5 05 Jn B0 4 () apd 2 2 then

> 36 ? a6 asg a3ye’ a3vYe6 as

w.s.c.0.b. A is isomorphic to Ass(a, 8,7) (o, 8,7 € C\{0}).

If 2= 0,2 =0,0,=0,0, # 0,22 = [0 2 - and 22 = 0 then w.s.c.ob. A s

as a3v¥e’ a3Ye 376

isomorphic to A57(0,0).

If 2= 0,2 20,0,=0,6, # 0,2 = 200 J01 ) and 22 = 1 then w.s.c.ob. A is
isomorphic to Az9(0,0,0).
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If 2 =0, % =0,05=0,0, 0,2 = e Bin _ ) apq % € C\{0,1} then w.s.c.o.b.

) as a3’ a3Ye 376
A is isomorphic to Asz(0, a, ).

If% :0,5—2 =0,0,=0,0; 0,2 =81 Bam _ 7 4pd % =0 then w.s.c.o.b. A is

’as a3ve’ 376
isomorphic to A (0,0,0).

Ifz—ézo,%:o,6’2=0,91¢0 @ - Bem Bim _ 1 apd gi—%ththen the base change

Taz  a3ve’ azve
T1=Y1,T = éyg, T3 =13, L4 = %y4,x5 = y5 shows that A is isomorphic to Agg(a).

If 2 =, ﬁ—; =0,05=0,6, # 0,25 = 221 201 ¢ C\{-1,0} and 5—3 = 0 then w.s.c.o.b.

a3ve6’ 376
A is isomorphic to A3 (0, o, ).

If 2 =0,220,6,=0,6; #0,2 = 20 IO ¢ C\{-1,0}, 222 + 0 and 2 = 242L then

Taz  azye’ asve ? azve Q36
w.s.c.0.b. A is isomorphic to Agg(a).

If 2= 0,2 =0,0,=00 #0,2 = 20 00 ¢ C\{-1,0}, 22 » 0,2 3 Z1 apq

? ag asye’ a3Ye 7 a3 %} 36

&2 =1 then w.s.c.o.b. A is isomorphic to Ags(a).

If 2= 0,2 =0,0,=00 #0,2 = 20 00 ¢ C\{-1,0}, 22 » 0,2 3 &1 apq

fyes] a3y6 ! 36 7 a3y a3 Q376
as _ _ 1 _ _ 1 —
o> # 1 then the base change 21 = y1,%2 = 5-y2, T3 = Y3, T4 = 5-Ya, L5 = Y5 shows that

A is isomorphic to Agg(a, 3).

IfZ—E :0,% =0,0,=0,0;, #0,2 ¢ Bon a5 _ Bim pq Ban _ ) then wes.c.o.b. A is

7 as a3Ye’ a3 376 o376
isomorphic to Agg(,0).

If 2 =0,2 =00, =06, # 0,2 # 20 a5 - Jo A 4 and 220 = () then

T as azve’ as azve’ a3ye
w.s.c.0.b. A is isomorphic to Ags(a,0).

Y _ B2 _ _ as 4 Bevi as _ Bav1 Bam Beri
If =0, = 0,6,=0,6,#0,5% % aare) o = agre’ asye T 0 and agrg * 0 then the base
change xy = y1, 29 = éyg,l'g = Y3, L4 = 0—11y4,x5 = y5 shows that A is isomorphic to

Aloo(%ﬁ)-

If 1—‘; = O,% =0,60,=0,0, 0,2 ¢ 20 44 o4 % then the base change x; =

fye%:] Q376
Y1, To = %yQ, T3 =1Y3, Ty = %y4,x5 = y5 shows that A is isomorphic to Ao (, 5,7).

If % =0, % =0 and 6, # 0 then the base change x1 = Osy1, 22 = Yo, 23 = boys, x4 =
02y, x5 = O3y5 shows that A is isomorphic to R;.
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o If % = 0 and % # 0 then the base change x; = yy, 29 = %yg,l'g = Y3, Ty =
%y4, x5 = y5 shows that A is isomorphic to Rs.

o If % # 0 then the base change z1 = y1, 79 = %yg,xg = Y3, Ty = %y4,x5 = y5 shows

that A is isomorphic to Rs.

Case 1.2.1.2.2: Let as # 0. If (B4 + B6,7%) # (0,0) then the base change x; =
xey+es, Ty = €9, X3 = €3, T4 = 4,5 = e5(where aor?+(B4+ Fs)x+76 = 0) shows that A is iso-
morphic to an algebra with the nonzero products given by (4.59). Hence A is isomorphic to
Aug, Aig (), Azs (v, B), Azo(a, B,7), Asi, Asa(a, B,7), Ass(a, 8,7), Asa(a, B,7,0), Ass, Ass, Ass,
Ap(a), Au(a, B), Ass(a), Ass(a, B), Aso(a), Ass(a), Ass (o, B), As7 (e, B), Ass(a, B,7), Az (),
Aso, Asi (@, B), Asa (@), Ass, Asa(e, 8), Ass (@, 8,7), Ass, Ast (v, 8), Ass(a, 8), Aso (v, B,7), Ago (),
Agi (v, 8,7), Ag2 (e, B,7), Agz(c, B), Aga(e, B,7), Ags (v, B), Ags (v, 8,7,8), Agr (), Agg (),

Ao (v, 8), Aro0(c, 8), Aro1(c, 5,7),R1,Ro or R3. So let 54+ B = 0 = 5. Then we have
the following products in A:

[61, 61] = (g€s, [61, 62] = (34 t+ (s, [627 61] = (54 t O6€s, [62, 62] = Breq + Paes,

[617 63] = faes = —[63, 61]» [62, 63] = 71€4 + Y265, [63, 62] = Y46€s5.

Without loss of generality we can assume a5 = 0 because if a5 # 0 then with the base
change x; = y1e1 — ases, xo = €9, 3 = €3, x4 = €4, x5 = €5 we can make a; = 0. Furthermore,
if 81 # 0 then with the base change x = ey, x5 = Y165 — B1€3, 13 = €3,24 = €4, x5 = €5 We can

make (5, = 0. So we can assume (3; = 0. Then we have the following products in A:

[61, 61] = (xg€s, [61, 62] = (i3ey + Qyes, [62, 61] = Og€s, [62, 62] = [aes,

[e1,e3] = Baes = —[e3, €1], [e2, €3] = Y1€4 + Ya€5, [€3, €2] = Ya65.

_ as(aam-asy2) _ _ _ _ _
Take 0 = I R The base change y; = 3—261792 =€2,Y3 = €3,Ys = V164 T 7265,Y5 =

2
Q277
2
a3

es shows that A is isomorphic to the following algebra:

Q30 520% 04354
Y1, Y1) = s, (W1, ¥2] = ya + O0ys, (Y2, y1] = Ys, 1Y2,Y2] = Ys, |Y1,Y3] = Ys = —1Ys3, Y1,
[1 1] 5 [ 1 2] 4 5 [ 2 1] o 5 [ 2 2] aﬂ% 5 [ 1 3] a1 5 [3 1]

2
- _ M
[3/2, 3/3] Ya, [1/37192] aﬂlg Ys.
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Then the base change 1 =y, 22 = Y2, 3 = Y3, T4 = Ys, T5 = Y5 shows that A is isomorphic
to Ry.

Case 1.2.2: Let oy #0.

Case 1.2.2.1: Let a9 — asyy = 0. If az # 0 then with the base change x1 = e, 29 =
(31 — (11€9, T3 = €3,T4 = €4, %5 = €5 we can make asz = 0. So we can assume a3z = 0. Then

we have the following products in A:

[61, 61] = (ryeqtQies, [61, 62] = Qyes, [62, 61] = (i5€4+0pEs5, [627 62] = fres+[aes, [€1> 63] = e,

[es, e1] = Bees, [e2, €3] = y1€4 + Y265, [e3, €2] = a5, [€3, €3] = Y6€5.  (4.60)

If a5 # 0 then with the base change x1 = y1€1 — as€3, 29 = €9,23 = €3,T4 = €4,T5 = €5 We

can make a5 = 0. So we can assume a5 = 0. Then we have the following products in A:

[e1,e1] = aneq + anes, [e1, 2] = aues, [ea,e1] = ages, [e2, €2] = Pres + Paes, [e1, €3] = Baes,

[63, 61] = Bses, [627 63] = 7164 + V265, [63, 62] = Y4€s, [63, 63] = Y6C€s-

Furthermore, if 5; # 0 then with the base change x1 = ey, x5 = y1e5 — B1e3,23 = €3,24 =
e4,T5 = e5 we can make 5, = 0. So we can assume [3; = 0. Then we have the following

products in A:

[61, 6’1] = ey + Qigts, [61, 62] = (€5, [62, 61] = Oj4€s5, [62, 62] = [aes, [617 63] = fBses,

[63, 61] = fBses, [627 63] = 7164 + Y265, [€3> 62] = Y465, [63; 63] = Y6€s5-

The base change y; = e1,ys = %62,3}3 =e3,Yy = %(%64 +72€5),ys5 = €5 shows that A is

isomorphic to the following algebra:

2
o100 106 ai B
[y, 1] = ya, (1, 2] = Ys, [y2, 1] = Ys, [Y2, 2] = =53, [y1, 3] = Bays,
Al 71 M
Q174

(s, y1] = Beys, (Y2, Y3 ] = ya, (Y3, y2] = Ys, (Y3, Ys] = Y6Us.

4!

Then the base change x1 = y1,T2 = Yo, T3 = Y3,T4 = Ys4,T5 = Y5 shows that A is
isomorphic to Rs.
Case 1.2.2.2: Let a1y — asy; # 0. Without loss of generality we can assume ag =0

because if a3 # 0 then with the base change x1 = €1, x5 = age;—a €9, 23 = €3, 14 = €4, 25 = €5
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we can make az = 0. Then we have the following products in A:

[61, 61] = (€4 t+ (g€s, [61, 62] = (€5, [32, 61] = Q54 t Q€5 [62, 62] = [req + Baes, [61, 63] = Bses,

[63, 61] = Bses, [62, 63] =164 + Y265, [63, 62] = Y465, [63, 63] = Y6€5-

Furthermore, if 5; # 0 then with the base change x1 = e1, x5 = Y15 — B1e3, 23 = €3,24 =
e4,T5 = €5 we can make 3; = 0. So we can assume (3; = 0. Then we have the following

products in A:

[61, 61] = ey + Qiges, [61, 62] = (yyés, [62, 61] = Q564 + Q€5 [62, 62] = [aes, [61, 63] = Bses,

[63, 61] = fBses, [62, 63] = 7164 + 7265, [63, 62] = Y4€s5, [637 63] = Y6€5-

Take ¢y = “1-¢22 and 0, = —O‘l(a"%%_las“). The base change y; = €1, 92 = e, y3 = €3,Ys =

%(7164 +72€5),ys = O1e5 shows that A is isomorphic to the following algebra:

2

10y Q ai By B4
i, y1] = va+ys, [y1,92] = . es, (Y2, y1] = —5y4 + 62y, (Y2, y2] = é—y{’n [y1,93] = —us,
M6 T Y101 01

[ys, 91] = ?—fysn [y2,y3] = ya, [y3,y2] = %%, [y3, ys] = g—f%-
Note that if (64 + B6,76) # (0,0) then the base change x1 = xy; + y3, T2 = Y2, T3 = Y3, T4 =
Ya,T5 = ys((where 6122 + (B4 + Bs)x + 6 = 0) shows that A is isomorphic to an algebra
with the nonzero products given by (4.60). Hence A is isomorphic to Rs.
So let 4 + B = 0 = v6. Without loss of generality we can assume a; = 0 because if a5 # 0
then with the base change =1 = y1y1 — Q5ys, T2 = Yo, T3 = Y3, T4 = Yy, T5 = Y5 We can make

a = 0. Then we have the following products in A:

10y 04%54 @

(1, 1] = ya + s, (Y1, y] = es, (Y2, y1] = O2ys, (Y2, v2] = —5— Vs, (W1, y3] = 7=ys5 = —[y3, y1],
701 V101 01
(Y2, ys] = ya, [y, v2] = — 2y
) ) ) 7191

Then the base change x1 = yy, T2 = Y2, T3 = Y3, T4 = Ys, T5 = y5 shows that A is isomorphic
to Re.

Case 2: Let v3 # 0.

Case 2.1: Let 83 =0.
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Case 2.1.1: Let ag = 0. If ag = O(resp. ag # 0) then the base change x; = e3, 25 =
€9, T3 = €1,T4 = €4,T5 = e5(resp. Ty = €1,Tg = €9, T3 = Y361 — A3€3, T4 = €4,T5 = €5) shows
that A is isomorphic to an algebra with the nonzero products given by (4.46). Hence A
is isomorphic to Aj, As, ..., Aj01(, 5,7), R1, R, R3, R4, R5 or Rs.

Case 2.1.2: Let oy #0.

Case 2.1.2.1: Let 7 = 0. Without loss of generality we can assume a5 = 0 because if
as # 0 then with the base change x1 = €1, 19 = aze; — ajes, T3 = €3, T4 = €4, T5 = €5 We can
make a5 = 0. Similarly we can assume [3; = 0 because if 3; # 0 then with the base change
T, = €1,Ty = Y3€ — Pre3,T3 = €3,T4 = €4,T5 = €5 we can make #; = 0. Then we have the

following products in A:

[61, 61] = ey + Qixes, [61, 62] = 3y t (s, [62, 61] = O€s5, [62, 62] = fBses, [617 63] = Baes,

[es,e1] = Boes, [€2, €3] = 1aes, [€3, €2] = y3€4 + Ya€s5, [€3, €3] = Ys€5.

The base change x; = e1,x9 = €3,73 = €3,24 = €4,T5 = e5 shows that A is isomorphic
to an algebra with the nonzero products given by (4.46). Hence A is isomorphic to
A, Ags o Avor (@, 8,7), R1, Ra, R3, Ry, Rs or Rg.

Case 2.1.2.2: Let v, # 0.

Case 2.1.2.2.1: Let v +3 = 0. If 81 # 0 then with the base change xy = ej, x5 =
€1+ Tey, T3 = e3,x4 = €4, x5 = es(where 5122 + (a3 + as)x + ag = 0) we can make 5 = 0. so
we can assume 7 = 0. Furthermore we can assume a5 = 0 because if a5 # 0 then with the
base change x1 = y1e1 — as€3, 9 = €9, T3 = €3,24 = €4, T5 = €5 We can make as = 0. Then we

have the following products in A:

[61, 61] = (€4 t 02€s, [617 62] = 3y t (€5, [62, 61] = OpCs, [62, 62] = Bses, [617 63] = Baes,

[63, 61] = fBses, [62, 63] = 71€4 + 7265, [63, 62] = —71€4 + Y465, [637 63] = Y6€5-

Case 2.1.2.2.1.1: Let 75 = 0.
Case 2.1.2.2.1.1.1: Let §¢ =0.
Case 2.1.2.2.1.1.1.1: Let 75 +74 = 0. Take 6, = % and 6, = % The base

change y; = e1,92 = €9,y3 = %63,y4 = %(")/164 +7265),Ys = €5 shows that A is isomorphic
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to the following algebra:

a1 34

ag
(Y1, 1] = Ya + O1ys, (Y1, y2] = P O2ys, (Y2, y1] = 6ys, [Y2, y2] = Boys, [y1, 3] = Ys,

4!

(Y2, y3] = ya = —[y3, y2].

Then the base change x1 = y1,T2 = Yo, T3 = Y3,T4 = Ys4,T5 = Y5 shows that A is
isomorphic to R7.

Case 2.1.2.2.1.1.1.2: Let 5+, # 0. Without loss of generality we can assume S5 = 0
because if 3y # 0 then with the base change x1 = ey, 29 = (72 + 4)ea — Pae3, T3 = €3, 24 =

e4, x5 = e5 we can make 5 = 0. Then we have the following products in A:

[e1,e1] = areq + ages, [e1, €a] = azeq + aues, [e2, 1] = ages, [e1, e3] = Baes,

[e2, €3] = y1€4 + Y265, [€3,€2] = =714 + Ya05.

Take 0 = S22 and 0, = S22 The base change y1 = e1,y2 = ea,y3 = Stes,ys =

a1 (y2+7a) a1 (y2+y4) ©
(vi€4 —va€5), Y5 = ‘”(“’7#65 shows that A is isomorphic to the following algebra:
a3 Q671
Y1, 91 = ya + O0vys, (Y1, 92] = —ya + 02y, (Y2, y1 | = ————— s, (Y1, 43] = Ys,
() 0] = 20 B Ln] = — 2 ] = 2

[y2,v3] = ya + Us, [Y3, Y2 ] = —Va.

Then the base change 1 =y, 2 = Y2, T3 = Y3, T4 = Ys, T5 = y5 shows that A is isomorphic
to Rs.

Case 2.1.2.2.1.1.2: Let g # 0. Note that if ag # 0 then with the base change
T, =e€1,T9 = Pgea — Qg€3, T3 = €3,T4 = €4, T5 = €5 we can make ag = 0. So let ag = 0. Then

we have the following products in A:

[61, 61] = (€4 + (€5, [61, 62] = (364 + (y€s, [€2> 62] = [aes, [61, 63] = fBses, [637 61] = fBses,

[62, 63] =7Y1€4 + V265, [63, 62] = —71€4 t Y465.

_ Q2yi1toantyyq _ O4v1+a3tg _ D2t74 _ _ _
Take 6 = Tﬁﬁ,ﬁg == and 603 = et The base change y; = e1,ys = €9,y =

126



%63, Yg = %(’7164 —4€5), Y5 = O‘;—lﬁ"'% shows that A is isomorphic to the following algebra:

Bay
j ! y5a[y373/1] =VYs,

(%] 54
= + 9 = — + 0 , = — s s = —
[ylayl] Ya 1Ys, [ylay2] a1y4 2y5,[y2 y2] o /3695 [yl ys] B

[92, 3/3] =Yy + O3ys, [3/3, yz] =Y.

Then the base change 1 =y, 22 = Y2, 3 = Y3, T4 = Ys, T5 = Y5 shows that A is isomorphic
to Rye.

Case 2.1.2.2.1.2: Let 74 # 0. Without loss of generality we can assume 5 = 0 because
if B5 # 0 then with the base change x; = ey, 79 = xeg + €3,73 = €3, T4 = €4,%5 = e5(where

Pox? + (72 +74)x +76 = 0) we can make (35 = 0. Then we have the following products in A:

[61, 61] = (peq + Qigés, [61, 62] = Q364 + (g5, [62, 61] = 065, [61, 63] = e, [637 61] = fBses,

[627 63] = 71€4 + V265, [63, 62] = —71€4 + Y465, [637 63] = Y6€5.

Take 0, = c2utan g _ caleaytrosy) 09 9. = 90247)  The hase chanee - e -
1 Y176 V2 7%76 3 Y176 8¢ Y1 1 Y2

%62,y3 =e3,Yy = %(7164 - v4€5), Y5 = Yee5 shows that A is isomorphic to the following

algebra:

Q106

o
[y17y1] =Yy + 01ys, [y17y2] = —3y4 + 02ys, [y2,?/1] =
§a! 7176

(Y2, 93] = ya + Osys5, (Y3, Y2] = —ya. (U3, U] = ys.

B _ B
Ys, [y1,Y3] = —us, (Y3, y1] = — s,
V6 80

Then the base change x1 = y1, 22 = Y2, T3 = Y3, T4 = Y4, T5 = Y5 shows that A is isomorphic
to Rio.

Case 2.1.2.2.2: Let v +v3 # 0.

Case 2.1.2.2.2.1: Let 75 = 0.

Case 2.1.2.2.2.1.1: Let £5 =0.

Case 2.1.2.2.2.1.1.1: Let 84 = 0. Without loss of generality we can assume a; = 0
because if a5 # 0 then with the base change x1 = ey, 9 = ase;—aqes, 3 = €3, x4 = €4, T5 = €5
we can make as = 0. Furthermore if 8; # 0 then with the base change x1 = e, 29 =

(71 +73)es — Bies, x3 = €3, T4 = €4, T5 = €5 we can make ; = 0. So we can assume 3; = 0.
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Then we have the following products in A:

[61, 61] = (r1eq4 t+ (g5, [61, 62] = (364 + (y€s, [62, 61] = Qp€s, [627 62] = [aes, [62, 63] =71€4 + Y265,

[63, 62] =7Y3€4 + Y4€5.

Take 0 = “03 f, = 081 and ¢ = —0‘1(727735_7”4). The base change y; = e1,ys =
€,Y3 = ST€3,Ys = %(’7364 +74€5),ys = es shows that A is isomorphic to the following

algebra:

(6%
[y1,91] = ya + 61ys, [y1,92] = &—33/4 + 025, [Y2, Y1 | = a6ys, (Y2, Y2] = Bays, (Y2, y3] = %yz; +0sys,
1 3

[y3,y2] =Yy

Then the base change 1 =y, T2 = Y2, 3 = Y3, T4 = Y4, T5 = Y5 shows that A is isomorphic
to Rll-

Case 2.1.2.2.2.1.1.2: Let f; # 0. Take §; = 228010 ¢, = 04%-05% ¢, — 0 ¢, -
. The base change y; = eq,ys = €3,¥y3 =

e g, 2 g, - B30 and g, - 20y
%63, Yy = %(’7364 +74€5),y5 = e, shows that A is isomorphic to the following algebra:

73

6]
[y1,v1] = ya + O1ys, [y1,92] = a—3y4 + 02y, [Y2, Y1 | = O3ya + 0ays, (Y2, Y2] = O5ya + O6Ys, [y1,Y3] = U,
1

71
(Y2, y3] = %yz; +07y5, (Y3, Y2 = ya.

Without loss of generality we can assume 6; = 0 because if ; # 0 then with the base
change 1 = y1 — 01y3, 22 = Y2, T3 = Y3, T4 = Y, 5 = y5 we can make #; = 0. Also if #3 # 0
then with the base change x1 = y1, 29 = O3y1 — Y2, T3 = Y3, T4 = Y4, T5 = Y5 We can make
03 = 0. So we can assume 63 = 0. Furthermore we can assume 65 = 0 because if 05 # 0 then
with the base change x; =y, 2o = (% + 1)yo — Os5y3, x3 = Y3, T4 = Y4, T5 = Y5 We can make

05 = 0. Then we have the following products in A:

o
[y1,y1] = Y4, [ylay2] = a—jyz; + 0,ys, [yQ;yl] = 0495, [y2,y2] =065, [Z/lays} =Ys,

71
[y27 y3] = %ZM +07ys, [937 yz] =Y.

Then the base change x1 = yy, T2 = Y2, T3 = Y3, T4 = Y4, T5 = y5 shows that A is isomorphic
to ng.

128



Case 2.1.2.2.2.1.2: Let [ # 0. Without loss of generality we can assume a; = 0
because if a5 # 0 then with the base change x1 = ey, 19 = ase;—aqes, 3 = €3, x4 = €4, T5 = €5
we can make as = 0. Furthermore if 8; # 0 then with the base change x1 = e, 29 =
(71 +73)es — Bres, w3 = €3, T4 = €4,T5 = 5 we can make [ = 0. So we can assume [3; = 0.

Then we have the following products in A:

[e1,e1] = areq + ases, [e1, €3] = azes + aues, [e2, 1] = ages, [ea, e2] = Paes, [e1, 3] = faes,
[63, 61] = Bees, [€2> 63] = 7164 t+ Y2€5, [€3> 62] = Y364 t+ Y4€5.

_ azy3—01va _ oyv3—a3v4 _ a1(y2y3—7174)
Take 0, = o106 05 = o106 and 03 = a108673

€9,Y3 = %63, Yyq = %(7364 +7y4€5), Y5 = es shows that A is isomorphic to the following

algebra:

. The base change y; = e,y =

186
3

Bav3 B

2 e Ty v2] = =By, [y, ys] = 22y
56 M M al/BG ) ] /86 )

o
[yh yl] =Yy + 6hys, [ylu yz] = —394 + 6ays, [?/2; y1] =
(65} &3]

4!
(s, 1] = U5, [y2,y3] = %?M +05ys, (Y3, 2] = Y.

Then the base change 1 =y, 2 = y2, 3 = Y3, T4 = Y4, T5 = Y5 shows that A is isomorphic
to Ris.

Case 2.1.2.2.2.2: Let 75 # 0. Note that if S5 # 0 then with the base change x; =
Ye€1 — €3, o = €9,X3 = €3,L4 = €4, L5 = €5 We can make B = 0. So we can assume g = 0.
Without loss of generality we can assume a5 = 0 because if a5 # 0 then with the base
change x1 = €1, 19 = aze; — 69,13 = €3,T4 = €4, x5 = €5 We can make as = 0. Furthermore
if 81 # 0 then with the base change x1 = ey, 29 = (71 + Y3)ea2 — S1€3, T3 = €3,T4 = €4, T5 = €5

we can make 5, = 0. So we can assume [; = 0. Then we have the following products in A:

[61, 61] = (rpeq + Qig€s, [61, 62] = Q364 + (g5, [62, 61] = 065, [627 62] = [aes, [61, 63] = Baes,

[627 63] = 7164 + V265, [637 62] = 7Y3€4 + Y465, [637 63] = Y6€5-

Take 6, = %,92 = cleays-asm) apg g, = 22BN The hage change 1, =
Y376 Y376

e1,Ys = %eg,yg = e3,Y4 = %(7364 +Y4€5),Ys = Yees shows that A is isomorphic to the
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following algebra:

2
Qs a6 afi B 54
[y1,91] = Ya + 0195, [y1, 92] = —ya + Ooys, [Y2,51] = ——ys, (Y2, Y] = ——s, [y1,y3] = — s,
3 Y376 Y376 G

é!
(Y2, y3] = %% +03ys, (Y3, y2] = ya, [y3, 3] = 5.

Then the base change 1 =y, T2 = Y2, 3 = Y3, T4 = Y4, T5 = Y5 shows that A is isomorphic
to Ria.

Case 2.2: Let 3 # 0. Without loss of generality we can assume 7; = 0 because if
~v1 # 0 then with the base change x| = ey, 29 = 161 — f3€2, 23 = €3,x4 = €4, T5 = €5 We can

make v = 0. Then the products in A are the following:

[617 61] = Q1€4 t+ (2€s, [61, 62] = (Q3eq t+ (s, [62, 61] = Q564 + Q€5 [62, 62] = B1eq + Paes,

[61, 63] = [Bseq + Baes, [63, 61] = fBses, [62, 63] = Y265, [63, 62] =7Y3€4 + Y465, [63, 63] = Y6€s5-

Note that if 5; # 0 then with the base change x| = ey, 19 = Y35 — f1€3, %3 = €3, T4 = €4, T5 =

es we can make 51 = 0. So we can assume [, = 0. Then the products in A are the following:

[61, 61] = Q1€4 t+ g€s, [61, 62] = (x3q t+ (€5, [@27 61] = Q54 t O6€s, [62, 62] = [aes,

[61, 63] = [3eq + Baes, [63, 61] = fses, [62, 63] = Y265, [63, 62] = Y364 T 7Y4€s5, [63» 63] = Y6€s5-

Furthermore if o # 0 then with the base change x; = f3e1 — ajes3, 19 = €5, 13 = 3,14 =

e4, 5 = e5 we can make a = 0. So let oy = 0. Then we have the following products in A:

[61, 61] = (g€s, [61, 62] = (3yq t+ (€5, [627 61] = Q54 t O6€5, [62, 62] = [aes,

[61, 63] = [3eq + Paes, [63, 61] = fses, [62, 63] = Y265, [63, 62] = Y3€4 + Y4€5, [63» 63] = Y6€s5-

Case 2.2.1: Let a5 = 0. Then the base change x = €1, = €3, T3 = €3, 14 = €4, 75 = €5
shows that A is isomorphic to an algebra with the nonzero products given by (4.46).
Hence A is isomorphic to A, As, ..., Ajo1(a, 5,7), R1, Re, R3, R4, R5 or Re.

Case 2.2.2: Let a5 # 0. Take 6, = 53(a4f{a374),62 = 63(0‘67(;”2_%74) and @y = Z1sBsn

5 5 a5
The base change y1 = 2xe1,ys = g—ieg,yg =e3,Yy = 5—35’(”}/364 +74€5), Y5 = e5 shows that A is
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isomorphic to the following algebra:

2 2
Q273

(6% 526
y1, 1] = 2 Y5 (y1,92] = Q. 0195, (Y2, y1] = ya + 02y, [Y2, yo] = a—ggym (Y1, y3] = ya + O3ys,
5 5

_ B673 _ B372 B B
[y3,y1] = a_5y5’ [yzyys] = a_5y5’ [y?ny?] =Yy, [?Js,yS] = Y6Ys-

Then the base change xq =y, 2 = Y2, 3 = Y3, T4 = Y4, T5 = Y5 shows that A is isomorphic
to ng,. ]

Now we give the conditions for two Leibniz algebras of the infinite families to be

isomorphic for the families obtained in Theorem 4.3.4.
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Class Isomorphism criterion Class Isomorphism criterion
Az (@) a3 =af Ass(a, B) az =0 and B2 = 81
As(e) a9 =@ Or (aig = O% A (@) as = aq
A5 (a) a2 = Q1 -A47(06) Q2 = Q1
Ag () Qg = a1 Ayg(a, B) ag =aq and B2 = 1
A7 (e, 8) (a2 = a1 and ,6’% = ,8%) or (ag = chl and ,8% = | Ag9(e,B) ag = a1 and B2 = 1
(212)
oy
Ag () az =aq Aso(a) ag =ai
Az (e, B) (az+B2)?+2(az-B2) = (1 +81)2+2(c1 - B1) | As1(a) az =ai
Aie () az =ay Asa (o) as = aj
A7 () az =1 Ass () az =oq
Azz(a) az=ayoraz= ;- Ass(a, B) az =ai and f2 = 81
Azz(a) az=ayoraz= ;- As7(a, B) az =ai and B2 = B
Az () as = o Ass(a, 8,7) (a2 = a1 and B2 = 31 and 2 = 1) or (a2 = 6%1
and B2 = —a181 and v2 = -f1 - @181 + )
Asas () ag = aq Aeo(a, B8) (a2 = a1 and B2 = 1) or (a2 = a—ll and B2 =
-l1-a1-a16)
Aazg(a, B) a2 =a? and B2 = f1 Ag1 (e, B) (a2 = a1 and B2 = B1) or (ag = —ay and B =
—2a1 + B1)
Aaz(a, B) az =a1 and f2 = f1 As2(a, B) az =ay and B2 = f1
Aag(a, ) ag =ap and B2 = 51 Aes(a, B,7) hard to compute
A9 (a, B,7) az=aj and 8% =% and 12 =71 Aga () ag = o
Aso(2) a2 = Aso (@) of = af
Asza(a, B,7) az =aj and B2 = f1 and v2 =71 Ag7 () ag =1 or ag = a%
A3zz(a, B,7) (a2 = 1 and B2 = B1 and y2 = 1) or (a2 = —a1 | Aes(a) ag=ajorag=-1-a
and B2 = -1 and y2 = —2a1 - 261 + 1)
Asza(a,B,7,0) | (a2 =a1 and B2 =1 and y2 =~1 and 02 =61) | A7o() a2 =0y
or (ag = a% and B2 = —a1B1 and v2 = —a171
and 02 = -1 — a1 —y1 — a1 +61)
Asg(a, B) az =aj and 8% -2a182 - 2 + 20181 =0 A71(c) az = ap
Ago(a) o =y A7z () ag = or ag =
As2(a) ag = aq A7s3(a) asz = o
Az (o) a2 = Aza(a, B8) (g = a1 and B2 = 1) or (a2 = a% and B2 =
o181 )
a1B1+B1-1
Asa(a, B) (a2 =ajand B2 = 1) or (a2 = f1 and B2 = 1) | Ars(a) az =
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Az () a2 =1 Ag1(a, 8,7) (a2 =1 and B2 = f1 and v2 =v1) or (a2 = —a1
and B2 = 81 and v2 = —71)

Arr(e) @z = Aga (e, 8,7) aZ2=a? and B2 =$1 and y2 =71

Azs(a) az=ao Agz(a, B) a3 =af and B2 = 1

Asgi(a, B) (ag = a1 and B2 = B1) or (a2 = —a1 and | Aga(a, 3,7) a% :oc% and B2 = 31 and v =71

B1-(B1-2)\/a2+4P1 +4

By = P1) or (g = = 1261a1 :

a2+2B1 +4-a1 /a2 +4B,+4
and  f2 = DRt 2511 )

—a1B1+(B1-2)\/a?+4B1 +4
or (a2 = T

a2+2p81 +4-a1+\/a2+4B1 +4
and B2 = ! - 2[;1 1 L )

—a1B1-(B1-2)\/ad+4B; +4
or (a2 = GTen

a2+281 +4+a1+\/a2+4B81 +4
and Bo = 17ePL 2;1 177PL )
or (ag = a1B1+(/31—22;1v of+dpi+d and

_ af+281+4+ary/al+4p+4

BQ = PR )

As2(a) @z =aq Ags(a, B) (a2 = o1 and B2 = B1) or (a2 = o1 and B2 =
b1

Aga(a, B) az =ap and B2 = f1 Aogs(a, 8,7,0) | (a2 =ai and B2 =31 and v2 =1 and 62 = 01)
or (g = —a1 and B2 = 1 and y2 = —y1 and
02 =61)

Ass (o, B,7) az=aj and B2 =1 and y2 =m1 Ag7(a) az =ai

As7(a, B) az=ag and B2 = B Ags(a) a2 = a?

Ass(a, B) az =a1 and f2 = f1 Agg (e, B) (a2 = aj and B2 = B1) or (a2 = -f1 and B2 =
—a1) or (a2 = a1 and B2 = —a%) or (ag =
aify and B2 = 5-) or (a2 = —5- and B =
—a1f1) or (az = a and B2 = —a181)

Asgg(a, B,7) az =aq and B2 =1 and y2 =71 Aioo(e, 8) hard to compute

Ago () al=a? Aio1 (e, 8,7) hard to compute

Table 4.2: Condition of isomorphism classes

Throughout this work, we use Mathematica program implementing Algorithm 2.6

given in [10] which determines if given two Leibniz algebras are isomorphic. This pro-

gram also gives the change of basis if given two Leibniz are isomorphic. However we note

that even with the help of this computer program it is too difficult to get change of bases

for some cases. We don’t give change of bases for those cases. Furthermore, for some

difficult cases in Theorem 4.3.4, this program cannot decide whether given two Leibniz
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algebras are isomorphic.

Note that in Theorem 4.3.4 we obtain 101 distinct isomorphism classes A, As, ..
and additional 15 algebras R, ..

the isomorphism classes A, As, ..

S Aror(a, 8,7). Next we compare the classification of

non-split nilpotent Lie and Leibniz algebras. For this purpose we give the following table.

It can be seen from the table that the number of isomorphism classes increases drastically

with the dimension for Leibniz algebras.

Dimension | Number of isomorphism classes of non- | Number of isomorphism classes of non-
split nilpotent Lie algebra split nilpotent Leibniz algebra

1 - ,

2 - 1 single algebra

3 1 single algebra 4 single algebras and 1 infinite family

4 1 single algebra 23 single algebras and 3 infinite families

) 6 single algebras 149 single algebras and 118 infinite

families(plus 15 remained algebras)

Table 4.3: Comparision of classification of nilpotent Lie algebras and Leibniz algebras
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., R15 that are not distinct and can be isomorphic to
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