ABSTRACT

AMBROSINO, MARY ELIZABETH. Maximum Gap of (Inverse) Cyclotomic Polynomials.
(Under the direction of Hoon Hong.)

The cyclotomic polynomial ®,, is the monic polynomial whose zeroes are the n-th primitive
roots of unity and the inverse cyclotomic polynomial ¥,, is the monic polynomial whose zeroes
are the n-th non-primitive roots of unity. They have numerous applications in number theory,
abstract algebra, and cryptography. Thus it is beneficial to further our understanding of their
properties. In this dissertation, we present results on the size of their maximum gap, that is,
the largest difference between consecutive exponents in the polynomials, denoted ¢(®,) and
g(V,,). In this paper, we assume that n is odd, square-free. A summary of results is as follows:

We present lower bounds for g(®,,) and g(¥,,):

1. We prove five lower bounds: o, 5+, v, 6~ and e*

2. We observe that they are very often equal to g(®,) and g(¥,,)

3. We analyze their time complexity compared to direct computation of g(®,) and g(¥,,)
We discuss an exact expression for g(®,):

1. We conjecture that, for n = mp where m is a product of odd primes and p is an odd

prime, g(®.,p) = @(m) if and only if p > m

2. We present an algorithm which we use to check the conjecture for infinitely many values

of mp
3. We prove the conjecture when m = pip> and p = p3, where p3 =p,p, +1, p2 =, £1
We discuss an exact expression for g(¥,,):
1. We prove that g(¥,) = 6~ under a certain condition

2. We show the condition “almost always” holds in a certain sense
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Chapter 1

Introduction

In this dissertation we study the cyclotomic and inverse cyclotomic polynomial. The cyclotomic
polynomial ®,, is the monic polynomial whose zeroes are the m-th primitive roots of unity
and the inverse cyclotomic polynomial W,, is the monic polynomial whose zeroes are the n-th

non-primitive roots of unity. Some examples of each are given below

Qi(x) = —1+2 Uy (z) = 1
Pa(z) = 1tz Us(z) = -1+
O3(x) = l+a+a? Us(z) = —1+z
Py(z) = 1+2° Uy(z) = 1422
Ps5(z) = 14+a+a”+a2+a! Us(z) = -1+
Po(z) = l-=z+a” Ug(r) = —1—x+2°+a2*
O7(x) = l+a+a?+a’+at+a®+af Ur(z) = —l+a
Bs() = 14zt Us(z) = —1+at
Pg(x) = 1+a°+ab Ug(z) = —142°

The cyclotomic polynomials are a fundamental family of objects in number theory and



their properties and applications have long been studied. The inverse cyclotomic polynomials
are relatively newer objects, but there have also been several recent studies on them. They have
numerous applications in number theory, abstract algebra, and cryptography. The cyclotomic
polynomial is used to prove many important theorems: a special case of Dirichlet’s theorem on
primes in arithmetic progressions [21], Wedderburn’s Theorem that every finite division ring is
a field [30] and the constructibility of regular n-gons [26], among others. The polynomials also
have numerous applications in cryptography; in particular, they are used to construct certain
cryptosystems [29, 35] and to study the efficiency of a certain class of cryptosystems [22].

Thus the cyclotomic and inverse cyclotomic polynomials are important objects and it is
beneficial to further our understanding of them. Many of their properties have been studied
previously, such as the maximum value of their coefficients and the number of nonzero terms
[3,4,7,8,9, 10, 13, 14, 16, 17, 18, 19, 20, 25, 28, 33, 36]. In [23], a study was initiated on the
size of their maximum gap, that is, the largest difference between consecutive exponents in the
polynomials, denoted ¢g(®,,) and g(¥y,). In this dissertation, we continue that investigation and
contribute some new results.

In Chapter 2, we review the basic properties and structures of the cyclotomic and inverse cy-
clotomic polynomials. We discuss some fundamental results, as well as more recent and relevant
theorems on their structure and size of their maximum gap.

In Chapter 3, we present several lower bounds for the size of the maximum gap of the two
polynomials. These expressions were discovered by carefully inspecting and finding patterns
among the size of the maximum gap of many cyclotomic and inverse cyclotomic polynomials.
Suppose that one of the maximum gaps in ®,, or ¥,, occurs between z! and z* (disregarding
coefficients). We observed that very often w is a divisor of n and [ is the signed sum of divisors
of n. The first four bounds presented in this chapter, a®, %, ¥& and §~, were constructed
by generalizing u and [ based off the indices of the divisors of n that appeared in them. Here

w_»

the “4” refers to lower bounds for the cyclotomic polynomial and the refers to those for



the inverse cyclotomic polynomial. We observe that they are simple to compute and very often
equal to the size of the maximum gap. We generalize these four formulas into another lower
bound, e*, which captures these and many more gap sizes, many of which are equal to the size
of the maximum gap. The complexity of a*, %, v, §~ and €7 is analyzed; we compare their
complexity to that of the fastest known algorithm for computing the cyclotomic and inverse
cyclotomic polynomial. We also analyze the complexity of &+, another lower bound which we
conjecture to capture the same gap sizes as ¥, but is simpler to compute.

In Chapter 4, we conjecture an exact expression for g(®,) under a certain condition. Let
n = mp, where m is a product of odd primes and p is an odd prime. We conjecture that
9(Pmp) = p(m) if and only if p > m. We present an algorithm which we use to check the
conjecture for infinitely many values of mp. This algorithm is based off a structure result found
in [1]. It allows us to show that g(®,,,) only depends on m and rem(p,m). Thus given m, we
only need to check finitely many values of p in order to check the conjecture for infinitely many
p. We use this algorithm to verify the conjecture for m < 1000. We then prove the conjecture
when m = pips and p = p3 where p3 =,,,, +1 and p» =, £1. This result is proved using
another structure result found in [1] which allows us to perform a detailed analysis of the gap
structure of @, ,p,-

In Chapter 5, we provide a sufficient condition that g(¥,,) is equal to 6, one of the lower
bounds presented in Chapter 3. We show that given k, the number of prime factors of n, the
condition “almost always” holds in a certain sense when the first (smallest) prime factor of n

is fixed.



Chapter 2

Review

In this chapter, we will review the definition and various properties of the cyclotomic and inverse

cyclotomic polynomial.

2.1 Cyclotomic Polynomial

-k
Given n, a positive integer, the roots of the polynomial ™ — 1 are of the form e*™n, where

1 < k <n. Thus we have the following equation

" —1=
k

K
<.%‘ _ 627r15>

1

n

The roots {627”%, cee 62”%} are called the n-th roots of unity. A root of unity is called

21

primitive if it is of the form e“™n» where k is coprime to n, that is, ged(k,n) = 1.

Example 2.1. The first few n-th roots of unity and n-th primitive roots of unity are given

below.



n n — th roots of unity n — th primitive roots of unity
1 {e%%} = {1} {1}
9 {ezmg 62m’§} {627m%} — (-1

2 2 i3 i1 P2
3 {627”3, 627”3, 62#13} {627rz3’ 627”3}
i1 2 i3 4 i1 i3 . .
4 {627”4, 6271’14’ 6271'14’ 627”4} {62#147 627”4} {Z, Z}
-1 .2 -3 4 .5 -1 -2 -3 -4
5 {627”5, eZTng7 627”5, 62#15’ e?Tng} {627”3, 627r157 e?ﬂlg, 627”3}

Definition 2.1 (Cyclotomic Polynomial). The n-th cyclotomic polynomial ®,, is the polynomial

whose zeroes are the n-th primitive roots of unity.

o, () = H (m - 627”%)

1<k<n
ged(k,n)=1

Example 2.2. The first few cyclotomic polynomials are given below

b =z — 2™ =—1+4z
(132:$—€2m%:33—(—1) =1+z

. . 1 3 1 3
Py = x—eQm%) (a:—e%”%) = (aﬂ—é—gz) <JI+§+§Z> =14z + 22

(
o,y = (:U—e%”%) (ZL'—EQM%) =(zx—1)(x+1) =1+ 22
(

:C_eQm%) ($_€27ri%) (x_ezm'g) <$_€2m§) S RTIP QI B

We observe that the above examples of the cyclotomic polynomial are all monic and have
integer coefficients. In general, this is true. It may also seem that all cyclotomic polynomials
have coefficients that are either —1,0, or 1. However, in general this is not true. The smallest
n whose cyclotomic polynomial has a coefficient not in {—1,0,1} is 105, and was discovered in

1883 by Migotti [31]. It is interesting to note that 105 is also the smallest number that is the



product of three odd primes.
Example 2.3.
Brps =1+z+2>—2°—28—22" — 28 — 2% + 22+ 2B 4 2 4 2P 4 216

LoplT 20 g2 24 26 028 031 32, 33, 34

L35 g 36 39 40 o 4l 42 43y 46 4T | 48

Observe that the coefficient of 7 and z*' in ®1o5 is —2.

We recall some basic functions from number theory, Euler’s totient function and the Mdobius
function. These functions and some results using them are useful for proving many properties

of the cyclotomic polynomial.

Definition 2.2 (Euler’s totient function). Let p(n) be the number of positive integers less than

or equal to n that are relatively prime to n.
Remark 2.1. From the definition of ®,, and ¢(n) we see that deg(®,,) = ¢(n).

Example 2.4. A few examples of Euler’s totient function are given below.

Lemma 2.1. Let m,n be integers. We have

1. n=3 4, ¢(d)
2. If gcd(m,n) = 1, then o(mn) = p(m)p(n)

3. If p is prime, then p(pF) = p* — pF~1



4. If n=pf*---p¥ is the prime factorization of n, then

o) = ilf[lpsﬂ(pi ~y=n II(1-)

=1
Proof. Proofs of this theorem can be found in many textbooks, including [6, 15, 34]. O

Definition 2.3 (Md&bius function). We define pu(n) as follows

1 n=1

pn) = (=% n=pi--py

0 otherwise
\

where p; are distinct prime numbers.
Remark 2.2. If gcd(m,n) =1, then p(mn) = p(m)u(n).

Example 2.5. The following are some examples of the Mébius function.

Definition 2.4. We define the radical of a positive integer n to be the product of the distinct

prime factors of n. That is,

rad(n) = H D
pln
p prime

Example 2.6. The following are some examples of the radical.

rad(3) = 3, rad(l5) = 15
rad(27) = 3, rad(1125) = 15



Corollary 2.1. We have the following

1 ifn=1

> ud) =

din 0 ifn>1

Proof. The proof for n = 1 is obvious. Suppose that n > 1. Let P = rad(n). Any divisor d of n

that does not divide P is not square free, so p(d) = 0. Thus

> oud) =) p(d)

dn d|P

Let p be any prime that divides P. Then

D ould) = p(d) + p(pd) =Y p(d) — p(d) =0

d|P s dZ

Example 2.7. The following is an example of Corollary 2.1. When n = 12, we see that

> uld) = p(1) + p(2) + u(3) + p(4) + p(6) + p(12) =1 =1 —1+0+1+0=0
d|12

Theorem 2.1 (Mébius inversion formula). Let f and g be functions such that f(n) =[]y, 9(d).
o p(d
Then g(n) = T, (f (3))"".

Proof. We have

w(d)

[T( (7)™ =TI | I

din din \elG



where the last line holds by Corollary 2.1. O

We will now use the previous definitions and results to prove some basic results regarding

the cyclotomic polynomial.

Theorem 2.2. We have

"—1:H<I>d(x)

dn

Proof. Consider

a" — 1= H( ) 1T 1I (w— ) 11 ®n/a(e) = I ®alx)

1<k<n din  1<k<n dln dln
ged(k,n)=d

Theorem 2.3. We have

B, (1) = H (acd B 1)u(n/d)

din

Proof. Recall from Theorem 2.2

"—1=]]®al)

din

By letting f(n) = 2™ — 1 and g(n) = ®,(x) in Theorem 2.1, we have

o, (x) =] (m"/d — 1) Ha I1 ($d B 1) wln/d)

dn din



Remark 2.3. Note that from the above theorem we easily see that

P —1
[0)) =7 Iy I
P z—1

Example 2.8. The following is an example of Theorem 2.5.

Di9(x) = -2+ 1

11 (xd _ 1)““2/ V(@ = 1)) (2 )0 (3 Y (g 1)) (4 _ 1)) (512 1yl
d|12

— (.%'2 . 1)1(.%'4 o 1)71(1,6 _ 1)71(.%,12 _ 1)1

:x4—;1:2+1

Theorem 2.4. ®,, € Z[x] and is monic.

Proof. We will prove this by induction on n. When n = 1, clearly ®,, = x —1. Assume ¢, € Z[z]

and is monic for all d < n. Recall that

2" —1=,- [ 24
dln
d<n

From the induction hypothesis, [] 4, ®4 € Z[r] and is monic. From the definition of ®,,, we see
d<n
that it is monic. Thus ®,, € Q[z]| and is monic. Since z" —1 € Z[x], we have that ®,, € Z[z]. O

Theorem 2.5. ®,(x) is irreducible over Q|x].

Proof. Proofs of this theorem can be found in many textbooks, including [6, 15, 34]. O

10



Theorem 2.6. Ifn > 3 is odd, then

Proof. We have

o
[\
3
—~
8
~—
I
/N
8
U
|
—_

I I
— =
—~

8 8

QU QU

Lol

=
—
—~
S
Y
~—
=
[\
£
Q

Il
&
3
/N
8
QU
|
p—
|
=
3
~
&
/N

Il Il
— ==
N
8 &gg
N

&
3

Theorem 2.7. We have

11



Proof. Consider

&, (z) = H (xn/d B 1)u(d)

dn

_ n/d _q w(d)
dlrgi[(n) (x )

= H <(xradn<n)>mz(m — l)u(d)
d|rad(n)

— @rad(n) (x rad(n) )

Example 2.9. The following examples demonstrate Theorems 2.6 and 2.7
1. ®3(x) =1+ x + 22
2. ®g(x) = P3(—z) =1— 2 + 22
3. Dg(x) = P3 (333) =1+23+25

Theorem 2.8. Let n > 2 and ®,, = Efi’}} asx®. Then we have

1. ®,(z) = 2¢M, (1)

T

2. as = Qp(n)—s for 0 < s < p(n)

Proof. 1. Let a be a root of ®,,(x). Since ®,,(x) € Z[z] and complex roots come in conjugate

pairs, @ = 1/« is a root of ®,,(z). Note that 2¥(M ®,, (1) is a polynomial in Z[z] with degree
©(n) and root a. Since ®,(z) is irreducible in Q[z], we have that ®,(z) = c- 29, (1)

x

for some nonzero rational number c. Note that ®,,(1) = ¢- ®,(1) so ¢ = 1 and we have

that ®,(z) = z*Md, (1).

T

12



2. Note

o(n) o(n)
Z asr’® = Z agz?)— Ay(n
s=0
Example 2.10. Let n =15. Then ¢(15) =8 and
Pi5(r) =1—x+2® -2 +2°5 2" +48
1
22Pq5 (—) = 28 (x_s A N . Qs SR 330)
x
=1l-z+2d—a*4+2°—2"+28
Clearly,
a():ag:l a1:a7:—1
agza(;:O a3:a5:1
as = —1

2.2 Inverse Cyclotomic Polynomial

The inverse cyclotomic polynomial has been studied more frequently in recent years. While
the n-th cyclotomic polynomial has the n-th primitive roots of unity as its zeroes, the inverse

cyclotomic polynomial has the n-th non-primitive roots of unity as its zeroes.

Definition 2.5 (Inverse cyclotomic polynomial). The n-th inverse cyclotomic polynomial ¥,

1s the polynomial whose zeroes are the n-th non-primitive roots of unity.

3
(l‘ o 627”")

U, (x) =

I

1<k<n
ged(k,n)#£1

Remark 2.4. The inverse cyclotomic polynomial is not the actually inverse of the cyclotomic

13



polynomial; rather, it would be more precise to call it the multiplicative inverse, since we have
the following relation

2" —1=o,(z) ¥,(x)

Example 2.11. The first few inverse cyclotomic polynomials are given below

r—1
Wy (z) = =1
2
. -1
Wy(x) = (a: - e%’%) = 2+ ; =-1+z
3
_ omid _ -1 _
\:[13(33)—(.’11'—67”3) —m =—14+z
4
. . -1
Uy(x) = (m — 627”4) (x 627”%) = ; ) =—1+2?
5
) x° —1
v :( — 2m§) - -1
s(@) =z —e™ et a3+ a2+ +1 e

We observe that the above examples of the inverse cyclotomic polynomial are all monic and
have integer coefficients. In general, this is true. It shares these and several other properties

with the cyclotomic polynomial.

Definition 2.6. For consistency, we define the degree of the inverse cyclotomic polynomial to
be ¢(n). Note that p(n) + ¥(n) = n. (Also note that this is different than the Dedekind psi

function.)

Theorem 2.9. We have the following

1. U, (z) € Z[x] and is monic

2 W)= [ (=" -1) """

dn
3. Uop(z) = (1 —2a") - Vp(—2x), if n > 3 is odd

4o Un(2) = ¥radm) <$%)

14



X

5 Wp(z) = —2¥™y, <1>
Proof. .

1. Since ®,,(z) € Z[z] and 2" — 1 € Z[z], we have that ¥, (z) € Z[z]. By the definition of

U, (x) we see that it is monic.

At =1 " =1 B d —p(n/d)
2. Wa(z) = o, (x) H (a;d— )H(n/d) - y (x B 1)
dln d#n
2 —1 (@ -1 +1) (@ -D((—2)"-1) n
S e o B T s
n rad(n)
n n g rad(n) —1 N
4. \Iln(x) = :IS{.) — = = _; = ( ) _n__ = ‘Ijrad(n) (xW)
n(.%') (I)rad(n) (xrad(n)) (I)rad(n) (xrad(n)>
s D et S ¢-) Kt SIRTOY ¢-) Kk SES 1
5. Uy(x) = Bo(@) 2o D, (%) = -z D, (%) =—x o, (%) = -z, <E>
O

Note that unlike the cyclotomic polynomial, the inverse cyclotomic polynomial is not ir-
reducible in Q[z]. In fact, if n is not prime then ¥, (x) is reducible, as we see in the next

theorem.

Theorem 2.10. We have
U, (z) = [] ®al)

dln
d#n

Proof. By Theorem 2.2 we have

15



2.3 Structure of (Inverse) Cyclotomic Polynomial

Currently, there are no explicit non-recursive formulas to compute ®,, or ¥,,. In this section,
we review some well known results and formulas about the the structure of the cyclotomic and

inverse cyclotomic polynomials.
Proposition 2.1. Let p be prime. We have
Oy(x)=14a+a®+ - aP!
Proof. See Remark 2.3 in Section 2.1. O
Proposition 2.2. Let p be prime. We have
Up(z) =1+

Proof. We have
xP —1 xP —1

= -1
Q,(x) l14+zxz+a?+---+aP! e

Up(z) =
O

The first nontrivial case of the cyclotomic polynomial is when n is the product of two distinct

odd primes. The following theorem can be found in [12].

Theorem 2.11. We have

r s q—1 p—1
Dy () = <Z $ip> ijq _ ( Z lﬂ'}?) Z 239 | p—Pa
i=0 =0

i=r+1 j=s+1

where p and q are distinct primes, and (p—1)(¢—1) = rp+ sq, where r and s are non-negative

integers. Moreover, if ®py(z) = Zf(:pg) apx®, then for any 0 <k < (p—1)(q — 1) we have

16



1. ax =1 if and only if k =ip + jq for some 0 <i<r and0<j<s
2. ap = —1if and only if k+pqg =ip+ jq for somer+1<i<g—1lands+1<j<p-1

3. ap = 0 otherwise.

Proof. Let

r s qg—1 p—1
f(z) = (Z%xzp> Zoqu _ (Z xw) Z 239 | e
1= j=

1=r+1
We will show that f(z) = ®,,(z) by showing

1. f(z) is monic

2. f(z) has degree ¢(pq)
3. f(¢) = 0 where ( is a primitive pg—th root of unity

First note that the first and second products in f(x) are both monic, so f(z) is monic, proving

(1). The degree of the first product is
rp+sqg=(p—1)(q—1) = »(pg)
The degree of the second product is
(¢—Dp+(p-1Dg—pr=p-1)(¢—1)—1=0(pg) -1
Thus the degree of f(z) is ¢(pq), proving (2). Let ¢ be a primitive pg—th root of unity. Then
Dpq () = Dy (1) = B4 (C7)

This implies

r q—1 S p—1
(C")'== > @), (€Y ==
=0 i=r+1 7=0 i=s5+1
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Hence

() () (£ (£e)-

i=0 j=0 i=r+1 i=s+1
Since (P4 = 1, we have that ¢ is a zero of f(x), proving (3).
To prove the second statement of the theorem, we will show that the monomial terms in each
of the two products in f(z) are respectively different. Suppose not, so there exist i1, i € [0,g—1]

and j1,j2 € [0,p — 1] such that
11p+J1q = t2p + Jj2q  Or  i1p+ ji1q = i2p + j2q — pq

Then q|(i1 — i2), S0 i1 = io. Similarly, j; = jo. O

Proposition 2.3. We have
\prq($) = — (1 +x4+--+ xp—l) 4 (xq +$Q+1 + ... _|_x‘1+17—1)
Proof. Note that by Theorem 2.10

Upg(x) = P1(2) - Pp(z) - Pg(2)
=(@-1)(1+z++a" ) (I+a+ - +27")
=Q+a+-+aP ) (-1+29

:_(1_|_;I;_|_..._|_xp—1)+($Q+$Q+1+...+$‘I+P—1)

O

The first nontrivial case of the inverse cyclotomic polynomial is when n is the product of
three distinct odd primes. Currently, there are no explicit non-recursive formulas.

In [1], the structure of ®,, was studied extensively. Many results were presented, including
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the following two theorems. Their proofs can be found in [1].

Theorem 2.12. Let m be odd square-free, and p prime. Let ¢ = quo (p,m) and r = rem (p,m).

Let
p(m)—1 '
q)mp = fm,p,ixlp deg fm,p,i <p
=0
q .
fm7p’i = Z fm’pﬂy]x‘jm deg fm7p7i7j <m
j=0

For all 0 <i < ¢(m) — 1, we have
(C1) frmpio="""= fmpig-1
(C2) fmpiq=rem (fmp,io,z")
(C3) fmpio= fmpio f0=m D

Theorem 2.13 (Structure Theorem). Let p3 =p,p, +1 and ps =,, £1. We have

@(p1p2)—1
‘I’n({L‘) = Z fa(x) P deg fo < p3
aq:30
falm) = )] fap(x) 2172 deg fop < p1pe
b=0
fao (@) = -+ = fags—1(2)
(
+A(x) —xP? A(x) ifa=0
+B(x) —zwtp=a g2 B(g)  42P1P2=¢ f g > 0, w < u and ~D(a)
=4 +C(x) —aP2B(z) +aPP27% ifa >0, w < u and D(a)
—D(x) —gWtp2=a a2 D(z)  42PP2= if g > 0, w > u and ~D(a)
—gutbr—a _D(g) +aP2D(x) +axPP27% 4fa >0, w > u and D(a)
1 ifa=0
fa7q3 ('T) =
0 ifa>0
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where

p1—1 p1—1—w p1—2—w p1H+u—w
A(z) = Z z*, B(z) = Z i C(x) = Z a*, D(z) = Z zk
k=0 k=u+1-w k=u+1—-w k=p1—w

U := quo (@717_2)

v := quo (rem (a,P3) , p1)

w :=rem (rem (a,pz) , p1)

q3 := quo (p3, p1p2)
p2—1 ifpe=p +1
D2 if p2 =p, —1

D(a) = pr=p —1 N v=1gq

2.4 Size of Maximum Gap

In this section we introduce the notion of the size of the maximum gap of a polynomial, and
in particular of the cyclotomic and inverse cyclotomic polynomial. We review the trivial cases

and previous results.

Definition 2.7 (Size of maximum gap). Let f(z) = Yi_, cia® where ¢; #0 and ey < -+ < e;.

The size of the mazximum gap, written as g(f), is given by

9(f) = max (eiv1—ei),  g(f) =0 whent=1

Example 2.12. We give some examples of the size of the mazximum gap.

1. Let fi(x) = 1+ x + 23 — 2% + 225, Then g(f1) = 2 since 2 is the mazimum amongst
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1-0,3-1,5-3,6—5.

2. Let fo(z) = —x + 23 + 5215 — 3220 + 221, Then g(fa) = 12 since 12 is the mazimum

amongst 3 — 1, 15 — 3, 20 — 5, 21 — 20.

Remark 2.5. Note that we use the phrase “size of maximum gap” to refer to the maximum
difference between exponents that appear in a polynomial. We may also use the phrase “gap” to
refer to any gap between exponents that appear, and “maximum gap” to refer to the largest of all
such gaps. For example, there is a gap between —x° and 25 in fi(x) above, and the mazimum
gap occurs between x and x3, and 2 and —z°. Note that where the mazimum gap occurs may

not be unique in a polynomial, but the size of the maximum gap is unique.

We now consider the size of the maximum gap in terms of the cyclotomic and inverse

cyclotomic polynomial.

Proposition 2.4. We have

1. g((I)n) = #(n)g (q)md(n))

n

2. g(\Iln) = md(n)g (\IImd(n))

3. g(Pan) = g(Py), where n > 3 is odd
4. 9(¥a,) = max {p(n), g(¥,)}, where n > 3 is odd

Proof. Note

1. By Theorem 2.7, we have that ®,,(z) = ®yaq(n) (xfa;(")) Thus g(®,) = rac?(n)g (‘I)rad(n))-
2. By Theorem 2.9, we have that W,,(z) = W,uq(n) (xfﬂcﬁn) ) Thus g(¥,,) = %g (‘Prad(n))-
3. By Theorem 2.6, we have that ®9,(z) = ®,(—x). Thus g(P2,) = g(Pn).

4. By Theorem 2.9, we have that Wa,(z) = (1—2")-¥,. Thus g(¥s3,) = max {¢(n), g(¥,)}.

21



O

Therefore, without losing generality, from now on we will only study the size of the maximum

gap of the cyclotomic and inverse cyclotomic polynomial where n is odd and square-free.

Proposition 2.5. Let p, q, and v be distinct odd primes. Then we have that

1. g(®) =1
2. g(¥1) =0
3. g(®p) =1
4 9(¥p) =1

6. g(Vpg) =q—p+1

7. 9(Wpgr) = 2qr — (pqr) “almost always”, where p < q < r.

Proof. Note that (1), (2), (3), (4), (6) are trivial. (5) was first proved in [23]. Additional proofs
can be found in [11, 32, 37]. (7) was proved in [23], and a more precise notion of “almost always”

is given there. O

The original motivation for studying the size of the maximum gap of the cyclotomic and
inverse cyclotomic polynomial came from elliptic curve cryptography; the computing time of
the Ate; pairing over elliptic curves depends on the maximum gap of the inverse cyclotomic
polynomials whose degree are decided from the parameter of the elliptic curves [24, 27, 36, 38].
However the problem of finding the maximum gap is interesting on its own and its study can
be viewed as a first step toward the detailed understanding of the sparsity structure of ®, and

v,.
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2.5 Time Complexities

In this section, we review the bit time complexities for some relevant computations. We use the

big O notation which we define as follows
Definition 2.8 (Big O Notation). Let f(x1,...,2,) and g(x1,...,2zy) be functions defined on
real numbers. Then we have f(z1,...,x,) = O (g(x1,...,zy)) if and only if

M >0, N >0 V(z1,...,z,) (Jiz; >N = |f(z1,....20)] < Mg(z1,...,2,)|)

We present the bit time complexities of some common operations using big O notation:

1. Multiplying two numbers of length Ly, Lo: O(L1Ls)

2. Adding two numbers of length Ly, La: O(max{Li, La})

3. Adding s numbers with length L: O(sL + s?). See Lemma 2.2 which follows for the proof.
4. Taking the maximum of two numbers of length Lj, Lo: O(max{Ly, La})

5. Factoring a number with length L (using the General Number Field Sieve [5]):

O (exp i\’/(%4 +0(1)) L(log L)2>

We prove the claim in (3) above. Let L(a) be the length of a. As a worst case scenario, let

us assume

L(ay) =+ = L(as) = max{L(a1), ..., L(as)} = L
for integers {ai, ..., as}.
Lemma 2.2. We have

1. Lla1+---+as) < L+s—1
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2. Ty (s,L) = O (sL + s?)

for integers {ay, ..., as} and where Ty (s, L) is the time required to add s numbers, the largest

of which is length L.

Proof. We prove the first claim by induction on s > 2. First note
L(ay 4+ a2) < max{L(a1), L(az)} +1=L+1
Now assume the claim is true for s, that is,
Liag+ - +as) <L+s—1
We want to show this is true for s + 1.

L(a1 + -+ ast1) = L((a1 + - +as) + ast1)

<max{L(a; + -+ as), L(as+1)} +1
By the induction hypothesis, we have
Llai+--+as) <L+s—1
Therefore,

L(ai+ -+ +as11) <max{L(a; +---+as), L(ast1)} +1
<max{L+s—1, L} +1

=L+s

which proves the claim.

24



We prove the second claim by first showing the following
s—1
Ty (s,L)=0 ((s— 1)L+ < 5 >>
for all s > 2. We will prove this by induction on s. First note

T,(2,1) = O(L)
2—1)L+ (2;1> ~r

Assume true for s, so that

-1
T, (s,L) =0 ((s 1)L+ (S ) )) (2.1)
We want to show this is true for s + 1. Note that since a1 + -+ as+1 = (a1 + -+ + as) + as+1,
we have
T (s+1,L)=T4(s,L)+ T+ (2,L+s—1) (2.2)
Note that
T, (2,L+s—-1)=0(L+s—-1) (2.3)

Combining (2.1), (2.2) and (2.3), we get that

Ty(s+1,L) = O<3L+< 2 >+<811>>
Ty(s+1,L) = <SL+<; )

which proves the claim. Therefore,
Ti(s+1,L)=0 <5L + (;))
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Ty(s+1,L) =0 (sL + 82)

O]

We consider the time complexity of computing ®,, and ¥,,. In [2] the fastest known al-
gorithms for computing the polynomials were given. In Section 5 of that paper, the authors
state that the number of computations in Z required to compute ®,, and ¥,, is O (2“’(”)@(71))
and O (2“(”)w(n)), respectively. Note that this does not take into consideration the bit lengths
of the intermediate integers. Thus, if they are taken into consideration, the time complexity
could be larger. Let k& be the number of prime factors of n and L be the length of the largest
prime factor of n. Note that ¢(n) < 2FF. Assume, though unrealistic, that the bit length of
all intermediate integers remains L. Then we have that the time complexity of computing ®,,,

To(k, L), is

where v > 0 is an arbitrarily small number. Similarly, the time complexity of computing ¥,
is O (2(’””)@“)). Of course, this is an optimistic estimate, as the length of the intermediate

integers will be larger than L.
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Chapter 3

Lower Bounds

In this chapter, we present various lower bounds for the cyclotomic and inverse cyclotomic
polynomial.
Introduction

Our challenge is to find general expressions for g(®,) and g(V,) where n is the product of an
arbitrary number of odd primes. To understand the complexity of this problem, we consider

the following graphs, where the z-axis is n odd, square-free and the y-axis is g(®,,) and g(¥y,).

600 ° 8000

9(®n) 9(¥y)

0 24311

Figure 3.1 Plots of g(®,,) and g(¥,,)
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We observe that although at first there may seem to be some patterns in the plots, in general,
the size of the maximum gap does not follow any obvious universal patterns. After several years
of attempts we have not yet found any general expressions, due to combinatorial blowup in
the number of cases to consider. Thus, we propose to consider instead a weaker challenge: find
expressions for lower bounds of g(®,) and g(¥,). The weaker challenge is still useful for the
original motivation from elliptic curve cryptography.

Thus, in this chapter, we tackle the weaker challenge of finding expressions for lower bounds.

The main contributions (precisely stated in Section 3.1) are as follows.

1. We provide four expressions (a®, 3%, & and 67) for lower bounds (Theorems 3.1, 3.2,
3.3 and 3.4). These expressions were discovered by carefully inspecting and finding pat-
terns among the maximum gaps of many cyclotomic and inverse cyclotomic polynomials.
The four expressions are easy to compute. Furthermore, numerous computer experiments
indicate that the combination (maximum) of the four expressions is very often exact

(Section 3.3.1).

2. We abstract the four expressions into a single general expression ¢* (Theorem 3.5). The
general expression was discovered by observing that each of the four expressions can be
rewritten as the difference of two numbers, say v and [, where u is a certain divisor of n
and [ is a signed sum of several other divisors of n. We also observed that there is indeed
a gap between 2! and z* in the polynomials, which led to an idea for proving the general
expression. The general expression takes more time to compute, since it captures many
other gaps that are not captured by the four expressions. As a result, e* is always greater
than or equal to a®, 8%, v and §~. Indeed, numerous computer experiments indicate

that it is almost always exact (Section 3.3.2).

3. We analyze the complexity of o, *, & and 6~. We also analyze the complexity of *

and %, another general lower bound which we observe captures all the same gaps as e*
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but is simpler to compute.

The chapter is structured as follows: In Section 3.1, we precisely state the lower bounds and
the conjecture informally described above. In Section 3.2, we illustrate each bound using small
examples. In Section 3.3, we report experimental findings on the quality of the bounds (how
often they are exact). In Section 3.4, we prove the lower bounds. In Section 3.5, we analyze the

complexity of the lower bounds.

3.1 Main Results

In this section, we precisely state the main results of this chapter. From now on, let n = p; - - - pg
where p; < -+ < pg are odd primes. We are ready to state the four lower bounds for (inverse)

cyclotomic polynomials.

Theorem 3.1 (Special bound a*). We have g(®,,) > a*(n) and g(V,) > a~(n) where

n) = Jnax, (pr —@(p1---Pr-1))

pk—r)=F1

Theorem 3.2 (Special bound 5%). We have g(®,,) > 5+ (n) and g(V,) > 3~ (n) where

BE(n) = max  (min{p1,p1-pe} = G(p1py)

p(k=r)=F1

Theorem 3.3 (Special bound y*). We have g(®,) > v+ (n) and g(¥,) > v~ (n) where

v (n) = max p1-Pr— Z +p(n/d) d

)= dn
p(k—r)==F1 wldy<r
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Theorem 3.4 (Special bound 67). We have g(V,,) > d~(n) where
_ n
67 (n) =2——1(n)
b1

Now we describe a more general lower bound, which is abstracted from the above four special

bounds. For this, we need a few notations.

Notation 3.1. For a positive integer d and a set B of positive integers, let

al
I

{h:d|ny B = |Jd

deB
{de B : p(n/d) ==+1}

d = {h: h|d} B*
Now are ready to state the general bound, unifying the four special bounds.

Theorem 3.5 (General bound £%). We have g(®,) > et (n) and g(V,) > ¢~ (n) where

ef(n) = max (min(n\ {n}\B) Z +u(n/d) d
BCn\{n} B
C*(B)

where

C*(B) & VdeB #(Bfnd) > #(BTnd)

Remark 3.1. The above four special bounds o, B, & and 6~ can be obtained from the

general bound €* by considering only certain B’s:

at: B={d:d|p1- pr—1 and w(d) <} for1<r<kandp(k—r)=F1
B B={d:dlp1---pr andw(d) <r} for1<r<kandp(k—r)=7F1
v B={d:dlp1--pr andw(d)<r} for1<r<kandp(k—r)=7F1

0": B={d:dlp1---pr andw(d) <k andd+#ps-- pr}
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It turns out that these B’s satisfy C*(B).

3.2 Examples

In Table 3.1 below, we give the values of g(®,,), g(¥,) and the lower bounds on several values

of n.

Table 3.1 Values of the size of the maximum gap and lower bounds on several values of n

n 3-5-11-133-5-7-71|7-11-13-17|3-7-11-13 | 3-5-7-11
9(@) 3 14 210 17 10
at(n) 3 2 6 2 2
B+ (n) 2 14 6 2 2
~F(n) 2 2 210 2 2
et (n) 3 14 210 17 2

n 5-7-11-13|7-11-13-17|{3-5-7-11|7-11-13-41 | 7-11-13
9(T,) 3 30 95 11 7
a(n) 3 5 3 5 6
5~(n) 0 4 0 4 6
v~ (n) 0 30 —10 6 6
5= (n) ~123 635 95 515 5
e (n) 3 30 95 11 6

In the above tables, we marked the exact ones in boldface, that is, the ones that match

g(®,,) or g(¥,). For the last column, we chose the smallest n such that g(®,) and g(¥,,) is not
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equal to any of the lower bounds. After checking all the values of n < 15013, we have not found
any such example for the cyclotomic case where k = 3.
3.2.1 Examples for special bounds

In the following, we will illustrate how the bounds oF, 8%, v+ and 6~ in Table 3.1 are computed
for some of the examples. First we compute examples for the cyclotomic polynomial, and then

examples for the inverse cyclotomic polynomial.

Example 3.1 (a™). Let n =3-5-11-13. We will compute o™ (n). Let

U = pr

l=¢pi-pr—1)

The following shows the values of u—1 for all choices of r such that 1 < r < k and p(k—r) = —1.

U ‘l‘u—l

r
113 |1]2
311183

Thus o™ (n) = 3.

Example 3.2 (81). Let n=3-5-7-71. We will compute 37 (n). Let

u = min {pr+1,p1 o 'pr}

L=4(pL---pr)

The following shows the values of uw — 1 for all choices of r such that 1 <r <k and p(k—1r) =
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U ‘l ‘u—l

r
113 |1 |2
3|71|57|14

Thus 57 (n) = 14.

Example 3.3 (y1). Let n="7-11-13-17. We will compute y*(n). Let

U=p1--Pr

B={d :d|nandw(d) <r}

1=> pun/d) d

deB

The following shows the values of uw—1 for all choices of r such that 1 <r <k and p(k —r)

—1.
U ‘B ‘l ‘u—l

T
17 {1} 1 |6
3|7-11-13|{1,7, 11, 13, 17, 77, 91, 119, 143, 187, 221} | 791 | 210

Thus vt (n) = 210.

Example 3.4 (a™). Let n=>5-7-11-13. We will compute o~ (n). Let

U = Pr

l= Qp(pl e ‘pr—l)

The following shows the values of uw—1 for all choices of r such that 1 <r <k and p(k —r)

+1.
u‘l ‘u—l

T
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Thus o~ (n) = 3.

Example 3.5 (7). Let n="7-11-13-17. We will compute v~ (n). Let

w=pi-pr

B={d :d|nandw(d) <r}

1=> —p(n/d) d

deB

The following shows the values of uw— 1 for all choices of r such that 1 <r <k and p(k—1r) =

+1.
U ‘B ‘l ‘u—l

r

p ‘ 7-11 ‘ (1,7, 11, 13, 17} ‘ 47 ‘ 30
Thus v~ (n) = 30.
Example 3.6 (67). Let n=3-5-7. We will compute 6~ (n). Note

n

6~ (n) =2— —(n)
P
:23'5’7—(3-5-7—(3—1)(5—1)(7—1))
=13

Thus 6~ (n) = 13.

3.2.2 Examples for general bound

In the following, we will illustrate how the bounds e* in Table 3.1 are computed for some of
the examples. First we compute examples for the cyclotomic polynomial, and then examples

for the inverse cyclotomic polynomial.
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Example 3.7 (¢7). Let n=3-7-11-13. We will compute €*(n). Let

u =min A
1= pu(n/d) d
deB

The following shows the values of uw— 1 for some A and B such that AW B =n\ {n}, A #10,

and CT(B). There are 1566 such pairs of A and B, so we only list a few below.

A B U I |u—=1
{3,7,11,13,3-7, ...} {1} 3 1 ]2
{11, 13,3-11,3-13,7-11, ...} | {1,3,7,3-7} 11 12| -1
{13,3-13,7-11,7-13, ...} {1,3,7,11,3-7,3-11} 13 34| -21
{7-11,7-13,11-13, ...} {1,3,7,11,13,3-7,3-11,3-13} | 7-11 | 60 | 17

Thus et (n) = 17.

Example 3.8 (¢7). Let n="7-11-13-41. We will compute e~ (n). Let

w=min A
1= —p(n/d) d
deB

The following shows the values of uw — 1 for some A and B such that AW B =n\ {n}, A # 0,
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and C~(B). There are 13301 such pairs of A and B, so we only list a few below.

A B u |1 u—1

{11,13,41,7-11,7-13, ...} | {1, 7} 116 |5
{1,41,7-11,7-13,11-13, ...} | {7, 11,13} |1 |31| =30
{41,7-11,7-13,11-13, ...} | {1,7,11,13} | 41|30 | 11

Thus e~ (n) = 11.

In the following, we explain the condition C*(B). Recall that

CX*(B) & VYdeB #(B*nd) > #(BTnd)

In words, this condition is true if for every number d that divides some number in B, the
number of multiples of d in BT is greater than or equal to the number of multiples of d in BT.

“—7” case is

We also explain the condition though examples. We will consider the “+” case; the
analogous. Let n =3-5-7-11 and B = {1, 3, 3-5}. Note that B™ = {1, 3-5} and B~ = {3}.

We consider every element of the set B = {1, 3, 5, 3-5}.

b | #(BTNb) | # (B Nb)
1 2 1

3 1 1

5 1 0
35 1 0

Since for every choice of b, the middle column is greater than or equal to the right column, the

condition C*(B) is true for this choice of B.
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Again let n =3-5-7-11 and now choose B = {1, 3, 7, 3-5}. Note that BT = {1, 3-5} and
B~ = {3, 7}. We consider every element of the set B ={1, 3, 5, 7, 3-5}

b | #(BTNb) | # (B Nb)
1 2 2

3 1 1

5 1 0

7 0 1
3-5 1 0

When b = 7, we have that the middle column is less than the right column, thus the condition
C™(B) is false for this choice of B.

We make the interesting observation that this condition is combinatorial, not arithmetic.
That is, given the number k of prime factors of n, we can compute all sets B such that C*(B)
is true. For example, if we write the first set B in terms of the indices of the prime factors of
n, such that B = {{0},{1},{1,2}} we can determine whether C*(B) is true without knowing

the values of the prime factors.

b |#{ceBt|bCc}t|#{ceB |bCc}
{0} 2 1
{1} 1 1
(2} 1 0
{1,2} 1 0

This is all to say that the condition C*(B) in e*(n) does not need to be checked for every choice

of B; rather, the sets B such that B C n\ {n} and C*(B) can be predetermined given k.
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3.3 Quality

3.3.1 Quality of special bounds

The following graphs in Figure 3.2 show how often the lower bound is equal to the size of the

maximum gap.

fr) =)

% 15013 % 15013
b b
_ #{n<b : g(®n) =max{at(n), B*(n), v (n)}} ) = #{n <b : g(¥,) = max{a"(n), B~ (n), v~ (n), d~(n)}}
#{n < b} #{n < b}

JH )

Figure 3.2 Plots of how often the size of the maximum gap is equal to one of the special lower bounds

In the above graphs, f*(15013) = 0.9829 and f~(15013) = 0.9984.

3.3.2 Quality of general bound

The following graphs in Figure 3.3 show how often the lower bound is equal to the size of the

maximum gap.
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fr(b) f= ()

0+ 0
0 15013 0 15013
b b

_#{n<b : g(®n) =c"(n)} F(b) = #{n <b: g(¥n) = (n)}
#{n < b} #{n < b}

Fr®)

Figure 3.3 Plots of how often the size of the maximum gap is equal to the general bound

In the above graphs, f*(15013) = 0.9957 and f~(15013) = 0.9984.

3.4 Proof

In this section, we prove the main results (Theorems 3.1, 3.2, 3.3, 3.4 and 3.5). We will first prove
the general lower bound * (Theorem 3.5). Then we will prove the three special lower bounds
o, #* and 4* (Theorems 3.1, 3.2, and 3.3) as certain restrictions of Theorem 3.5. Although 6~
(Theorem 3.4) can be proven in the same manner, we prove it in a different (simpler) manner.

In order to simplify the presentation of the proof, we introduce some notations.

Notation 3.2.

Ny =p1--Pr li(B):Z:I:,U,(TL/d) d
deB

3.4.1 Proof of general bound

Recall
ef(n) = max (min(@\{n}\B) — Y +u(n/d) d)

B 4eh
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where

CE(B) & VYdeB #(B*nd) > #(BTnd)
The idea of the proof is as follows (we will explain the process for the cyclotomic polynomial;
the proof for the inverse cyclotomic polynomial is analogous):

1. Recall that

B, — H <$d B 1)u(”/d)

den

2. We choose B C n and split ®,, accordingly

o, — H (md B 1)u(n/d) H (:rd B 1)M(n/d)

deB den\B
The condition C*(B) ensures that the first product is a polynomial.

3. We write ®,, as follows (ignoring the signs of each term)
®, =G + 2"+ H

where Gt = [[,cp (27 — 1)“(n/d), u=min (n \ {n}\ B), and H is some polynomial.
4. If u > deg(G™), then there is a gap in ®,, between 29e8(G") and zv.

5. Note that deg(GT) = >, u(n/d) d. Thus g(®,) > min (n\ {n} \ B) — > ,cp u(n/d)d

6. Taking the maximum over all sets B satisfying C*(B) gives us €™ (n), our first lower bound
for ®,,.

We break the proof into several lemmas.

Notation 3.3. Let

Fo=[JG"-1)

ceC
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and F(C)=11if C = 1.

FBi
B¥F

Lemma 3.1. We have that

1 a polynomial if

CE(B) = true

BcCn

Proof. Let C' C n. Consider the following equalities.

Fo = H(xc_l): HH(I)d:HH(I)d:Hq)j:{ceC:d\c}:Hq)jg(Cmg)

ceC ceC d|c deﬂcdelC den den
C
Thus _

H (I)d#(Bimd)

Fp+  den . H(I)#(Biﬁﬁ)—#(quﬂﬁ)

N B¥nd) d

P~ e

den

Note that for d € n\ B, we have #(B+* Nd) =0 and #(B~ Nd) = 0. Thus,

Fp+ #(BEnd)—#(BFnd)
= P
Fp+ [ 2

deB

Recall C*(B) <= Vd € B #(B* nd) > #(BT nd). Therefore, % is a polynomial.

Lemma 3.2. We have

N —(—1)AlGE — zmin(A)  if min (A) € A*
P Exrrlirl(A)+1 j:
—(=DIAIGE 4 zmin(A)  if min (A) € AT
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where

P:t _ Fﬂj: F{n};

F,+
-
AW B =n)\{n}
A4
C*(B) = true
|B| = #{b € B}

and the notation O = mina)11 A stands for :Umin(A)+1|D —A.

Proof. For simplicity, in the rest of this proof we will use u instead of min(A). Since A # 0,
min(A) is defined. Note

Fov P = Fyx Fpys

F{n}I FAJF FB; Pi :FA:l: FB:t F{n}i F{n]?

Case: u € A%, Since u = min A we have

ES
FAi\{u} Ex1z+1 (_].)IA | 1

FA:F Exu+1 (—1)|A$|
F{n}:t = u+l (—1)|{n}i|

Fluys Zgurt (~1)I7

Thus

Fpe P = (—D)APH0 e 1) Fp.
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Since C*(B), by Lemma 3.1 we have
Fpe PE =y (—D)ARHF (v 1) Fpe g*

Note that 0 is the only root of 2%+ and Fg+(0) = (—1)/B7]. Hence ged(Fgs, z%t!) = 1.

Thus we can cancel Fg+ from both sides, obtaining

Pt = (=D)AL e )Gt

=it —(— 1Al GE ()l A e gt

Note that G*(0) = (—1)!Bl. Thus we have

PE =, (1) ARG (A1 B
= a1 (—1)"HHH (_(_1)|A|Gi + (—1)\A\+IBlwu)
= w1 £ (—(—1)|A|Gi n (—1)2’“—195“)

— i £ (—(—1)|A|Gi - x“)

which proves the lemma.

Case: u € AT. Since v = min A we have

FAj: = u+1 (—1)|Ai|

Fam\(u) Sgutr (—-1)A7171

Flugs Zgurt (~1)1

Finys Sawes (—1)1007)
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Thus

(2" — 1) Fy - PE =up1 (—1)A-HHF pp,
Since C*(B), by Lemma 3.1 we have
(2" — 1)Fgy - PE = w1 (—1)A-HF P gE

Note that 0 is the only root of z%*! and Fg+(0) = (—1)/B7]. Hence ged(Fg+,z%!) = 1.

Thus we can cancel Fg+ from both sides, obtaining
(7" — 1) P =01 (—1)AFHIE G
Multiplying both sides by (z* + 1), we have

(7" + 1)(z* — 1)PE =01 (2 + 1)(—1)AI-HHn g
(x2u _ 1)Pi =_uti (_1)|A|71+|{n}i|Gi + (_1)|A|71+\{n}i|qui
Pt =y (CDAFHEGE 4 (A g

p* =_ut1 _(_1)|A|—1+\{n}i|G:|: _ (_1)|A\—1+|{n}i\quﬂ:
Note that G*(0) = (—1)/Bl. Thus we have

PE =i —(— DAl GE ()AL B
=t (=1) 7 (—(—1)'A'Gi - (—1)‘A‘+|Blg;“)
= ut1 £ (—(_1)|A|Gi _ (—1)2k_1mu>

=, ut1 £ (—(—1)|A|Gi + x“)

which proves the lemma.
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Proof of Theorem 3.5-(1). Using the same notation as in Lemma 3.2, note

Pt =9,

Let A and B be such that AW B =n\ {n}, A # 0, and C*(B). By Lemma 3.2, we have

_(_1)|A|G+ _ xmin(A) + xmin(A)+1H if min (A) c At
B, = +
—(=)AlGT  grin(A) 4 pmin(A+HL T if min (A) € A-

for some polynomial H. Note

deg Gt = deg <§§f) => d- Y d=> u(n/dd=1"(B)

deB+ deB~ deB
If min(A) < IT(B), then clearly
9(®n) > min(4) —17(B)
If min(A) > [*(B), then " ®) and z™(4) appear in ®,,, so we have
9(®y) > min(A) — I*(B)

Thus

g(®,) > max min(A) —IT(B)= max [|min(n\{n}\B) — Z p(n/d) d| =et(n)
AyB=n\{n} BCn\{n} B
A£0 CH(B)
CcH(B)

The theorem has been proved.
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Proof of Theorem 3.5-(2). Using the same notation as in Lemma 3.2, note

P =Y,

Let A and B be such that AW B=n\ {n}, A# 0, and C~(B). By Lemma 3.2, we have

—(—D)MAIG— — gmin(4) 4 gmintO+HLHif min (A) € A-

_(_1)|A\G7 + xmin(A) + xmin(A)JrlH if min (A) c At

for some polynomial H. Note

Fy-
Fg+

deg G~ = deg (

If min(A) <[~ (B), then clearly

>: dd- > d=) —pn/d)d=1(B)

deB~ deBt deB

9(¥n) = min(A) — " (B)

If min(A) > I~ (B), then 2~ (B) and £™(4) appear in ¥,,, so we have

Thus

g(¥y) > Ao min(A4)—{"(B)
A#D
c=(B)

The theorem has been proved.

g(¥,,) > min(A) — " (B)

max
BCn\{n}
¢~ (B)

(min(ﬂ\ {n}\B) = Y —n(n/d)

deB

d) =e (n)
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3.4.2 Proof of special bounds

We will first prove the lower bounds a®, 8% and 4%, which are all proved in a similar manner.
We will then prove 6~ in a different manner.

We prove the lower bounds a®, 3% and y* by restricting the choice of B as mentioned in
Section 5.1. Recall that the restrictions of B for are very similar. To handle them all at the

same time, we will use the following uniform notation

QjT:{CEE:w(C)<T}

Note that B for a®, 4%+ and ’yi can be compactly written as B = Q,_1,, B =, and B = Q,

respectively. In the following three lemmas, we will show that C* (€24r) holds. Recall that
CH(Qyy) & VdeQ, #(Q,Nd) > #(QF.nd)

The outline of the proof is as follows:

1. Given d € Qjr and s € {+,—} we show that #(€2}, N d) can be written as a sum of

binomial coefficients.

2. Using a telescoping sum property of binomial coefficients, we show #(Qﬁ Nd)— #(Q;FT Nd)

is non-negative
Lemma 3.3. We have, for s € {+,—}, that
— i —w(d
ACHUENED S ()

0<i<r—w(d)
pli)=splk—w(d)

f0r1§r<k,r—1§j§kandde%.
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Proof. Note

#(Q;Tﬂa) :#{CEE twie) <, p(njc)y=s,d|c}
= #{ld €nj w (ld) <, p(n/ (ld)) = s}
—Hlen/d o) <r—w(d), ul)=su(n/d)}

Note

sp (n/d) = sp (k —w (d))

Thus

#O,nd =% |4 {lEnj/d:w(l):i}
0<i<r—w(d)
p(i)=sp(k—w(d))

- ¥ #{lenj_/d:w(l):i}

0<i<r—w(d)
pli)=sp(k—w(d)

_ oy (w (ni/d))

0<i<r—w(d)
pli)=splk—w(d)

_ oy <j—c;<d>>

0<i<r—w(d)
pli)=splk—w(d)

which proves the lemma.

Lemma 3.4 (Telescoping sum). We have
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Proof. When t > 1, we have

Lemma 3.5. We have C*(Q;,) for 1 <r <k, plk—r)=F1l andr —1<j <k.
Proof. Recall
CH(Qyy) > VdeQ # (Qﬁ ma) > 4 (Qf m‘z)

Note

# (Q;t m‘z) — 4 (QjF na)
_ 3 <j - ‘Z" (d)> _ 3 (j - ‘;J (d>> by Lemma 3.3

0<i<r—w(d) 0<i<r—w(d)
p(i)=%p(k—w(d)) p())=Fp(k—w(d))

_ 3 (j Y (d)> - 3 <j Y (d)> since p (k — ) = F1

0<i<r—w(d) 0<i<r—w(d)
p(i)==p(k—r)p(k—w(d)) p(B)=+p(k—r)p(k—w(d))
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0<i<r—w(d) 0<i<r—w(d)
p())=—p(r—w(d)) p(i)= +P(7‘ w(d
—w
= Y pr—w@d)p ("
0<i<r—w(d)
~(]—w(d
—pr-w@) Y e (70
0<i<r—w(d)

p(r—w(d) —1) (j:w(d)_l) ifj—w(d)>1

=—p(r—w(d)) by Lemma 3.4

! itj—w(d)=0
—p(r—w(@)p(r—w(d)—1) (ZG7) ij-wd>1
ol eld) it~ w(d)=0
(iiﬁ%:}) if j—w(d)>1
—p(r—w(d) ifj—w(d)=0

Consider the case j —w (d) = 0: Since r—1 < j = w (d) < r—1, we have w (d) = r— 1. Therefore

we have
_ _ I=@l =1y e 5 (d >1
# (Qj; N d) —# (Qﬁ N d) = (o) Hi-w@
—-p(1) ifj-—w(d)=0
) ) i —e@ =
1 if j —w(d)=0
>0
which proves the lemma. ]

Now that we have shown that C*(£2;,.) holds, we restrict our choice of B in e* to Q;, and

simplify the expression.
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Lemma 3.6. We have, forr —1<j <k,

)z max | min{pned = Y Eu(n/d) d
p(k—r)=F1 dln;

w(d)<r
where pyy1 is viewed as oo.

Proof. Note

et (n) = Bg}g}{(n} (min(n \ {n}\ B) — I*(B))
c(B)

> Bén%}{c , min(n \ {n} \ Q) — £(Qj) by restricting the choice of B to €,
CE(B)
1<r<k
p(k—r)=F1
B=Qj,

= max min(n\ {n}\ Q) — I (Q)
1<r<k
p(k—r)=F1
Ci(er)

= max min (n \ {n} \ ;) —*(Q;,) by Lemma 3.5
<r<
p(k—r)=F1

Note

min (n\ {n} \ Q;r) = min (n\ {n} \ Q;)
=min (n\ {n} \ {c:cn;,w(c) <r})
=min{c:¢ln,c#nand (cfnjorw(c)>r)}

=min (min{c: ¢|n,c # nand ctn;} ,min{c: c/n,c # nand w(c) > r})

=min ( min< c¢: ¢jn,c #nand I pilcy,n,
i>j4+1

= min {pj+17 nT}
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Note

()= Y *p(n/d) d= Y +p(n/d) d

derr dEnj

w(d)<r

Hence

:t .
e(n) = max | min{p;1,np} = Y u(n/d) d
plk—r)=F1 den;

w(d)<r

Lemma 3.7. We have

Proof. Note

pnr) =P =1 (=) =" L=p)-(L=p) = (=1 Y pd) d=) pn/d) d
d‘TLT dlnr
O

To prove that o is a lower bound, we set j = 7 — 1 as mentioned earlier, and then simplify.

Proof of Theorem 3.1. We set j =r — 1. Note

+ : _
e (n) > 1I£E<Xk min {p,_1+1,nr} Z +u(n/d) d by Lemma 3.6
p(k—r)=F1 d|ny—1
w(d)<r

Note that

min {p,_14+1,n,} = min {p,,n,} = p,
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Note that

> tp(n/d) d= Y +p(n/d) d

d"I’LT_1 dlnr—l
w(d)<r

= 3 tp(n/nemr) p(ngi/d) d

d|n7‘71

= Y H1-£lp(ne_y/d) d

diny—1

= Z p(ne—1/d) d

d|nr71

=¢(ny—1) by Lemma 3.7

Thus
ex(n) > Jnax, (pr — ¢ (nr-1)) max (pr —@(p1--pro1)) = a™(n)
p(k—r)=F1 p(k—r)=7F1
Hence

The theorem has been proved.

To prove that 4+ is a lower bound, we set j = r as mentioned earlier, and then simplify.
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Proof of Theorem 3.2. We set j = r. Note

ef(n) > max min{py41,nr} — Z +u(n/d) d by Lemma 3.6

é§r<k . den
p(k—r)=F w(d)2r
Note that
Y. Enm/d)d= % Ep(n/n)p(ne/d) d
deny deny\{n}
w(d)<r
— Z +1-F1-pu(n./d) d
denr\{n-}
= Y wln/d) d
dens\{n-}
= ,u(nr/nr) Ny — Z :u'(nT/d) d
deny,
=n, — Z,u(nr/d) d
din,
=n, —p(n,) by Lemma 3.7
=Y(ny)
Thus
e5(n) > max  (min{p1,n:} — ()

1<r<k
p(k—r)==F1

= 1213<Xk (mln {pr—i-lapl o 'pr} - w(pl o 'pr))

p(k=r)=F1

= B=(n)

54



Hence

The theorem has been proved.
To prove that ¥ is a lower bound, we set j = k as mentioned earlier, and then simplify.

Proof of Theorem 3.3. We set j = k. Note

ef(n) > max min {pg41,nr} — Z +u(n/d) d by Lemma 3.6

1<r<k
p(k—r)=F1 wzlde)nq
Note
min {pk’-i-l) nr} = min {007 ’I’LT.} = N,
Thus
+
e*(n) > max | ny - ; +y(n/d) d
— = n
p(k—r)=F1 i
DR > N R > *u(n/d) d
plhr=F1 w(c(lil)n<r
=" (n)
Hence
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The theorem has been proved. ]

It is possible to prove Theorem 3.4 in a similar way to the last three theorems, by restricting

B as mentioned in Section 5.1, that is,

B={d:d|p1---prand w(d) <k and d # pa---px}

However, it is simpler to prove it in a different way. We show that ¥, can be written as the
sum of a polynomial with that same polynomial, shifted. When the shift is large enough, a gap

appears in the middle of ¥,,.

Lemma 3.8. We have

where H(x) = ®,, (x%) ®y, (xnkﬂ) By, (:C%)

Proof. Recall the well known property of cyclotomic polynomials

where p is a prime and not a factor of n. In terms of the inverse cyclotomic polynomial, it can
be immediately restated as

Unp(x) = @p(2) Wn (2)

Repeatedly applying the above equality on ¥,,(z), we have
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() b (1) o () ()

n

= H(z) Uy, (:f)

Recall that for a prime p, we have

Hence

Note
n
deg (H(z)) = ¢(n) — -
tdeg (H(a:) :c?’nl) = p%
We have

no_ <¢(n) . ﬁ) —2 Y _y(n)=6"(n)

n h
If 6~ (n) <0, then there is nothing to show. If 6~ (n) > 0 then there is a gap in ¥, () between

xw(n)fﬁ and azﬁ Therefore

9(Vpn) > 67 (n)
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The theorem has been proved. O

3.5 Complexity

In this section, we analyze the bit time complexity of the special lower bounds and the general
lower bound. We will see that the general lower bound e* has a very large computational

complexity, so we introduce a new general lower bound, &% which is defined as follows:

gf(n) =  max <min (n\ {n}\ B) = > +u(n/d) d)

bent
+ 0+ deB
B=n; U(n, )T

C*(B)

where A, = {a € A : a < b}. We conjecture that e¥(n) = £¥(n) for all n. We have verified
this conjecture for all n < 15015. Thus we also analyze the complexity of &+, which we observe
to be much less than that of .

Table 3.2 below is a summary of the bit time complexities of the various computations.
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Table 3.2 Time complexities

computation complexity
®, O (2*L)  operations over Z [2]
v, O (2*L)  operations over Z [2]
ot O (k*L?)
o)
Nt ( o(1+v)k LQ)
6 O (kL?)
ok ( (1+1)2% [ 2
Z:::t ( 3+u k:L2)

In the above table, v > 0 is an arbitrarily small number (note that we cannot use the conven-
tional € since it is already used to denote the lower bound). Observe that the time it takes to
compute ®,, is exponential in both k£ and L. However, recall from Chapter 2 Section 2.5 that
this was an optimistic estimate, since [2] only provides the number of operations in Z, and does
not take into account the lengths of the integers in intermediate steps. Thus if one takes them
into account the actual time complexity could be even larger.

Since o, 8% and 6~ are linear or quadratic in k and quadratic in L, we observe that they
are much faster to compute. For 4, e* and &%, we consider the time complexities when each
of k and L is fixed. When k is fixed, ®,, and ¥,, are exponential in L and v*, e* and & are
quadratic in L. Thus in this case, they are much faster to compute. When L is fixed, it is more
difficult to compare the time it takes to compute the lower bounds and ®,, and ¥,,. However,
note that when L, which is the length of the largest prime, is fixed, k is dependent on L and

cannot grow arbitrarily large. We will not get into that discussion here, since it involves a deeper
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examination into the distribution of prime numbers. However, note that it is more common in
practice for k, the number of prime factors, to be fixed, and the length of the largest prime to
be allowed to grow larger. Thus, in that sense, our lower bounds are much faster to compute
than direct computation of the cyclotomic polynomial.

We also remark that the complexities of the lower bounds are based on “brute force” imple-
mentations of the formulas. It is likely that the complexities can be reduced by using “smarter”
implementations.

Before we get into the formal analysis of the time complexity of the lower bounds, we first

state the following assumptions that we make to account for the asymptotically worst case:

1. We assume that all primes in the factorization of n are equal to the largest prime. There-
fore, we assume that the bit length of every prime is equal to the bit length of the largest
prime, that is, logy(p;) = L for all 1 < i < k where L = maxj<;<klogy(p;). This implies

p; = 2L for all 1 < i < k. It follows that

n:pl...pk:2L...2L:(QL)kZQkL

logy(n) = 10g2(2kL) = kL

2. When we take the maximum over 1 < r < k, p(k —r) = F1, we take the maximum over

1<r<k-1.

3.5.1 Complexity of shared operations

We list the time complexities for some important operations

1. Compute all divisors of n = p; - - p. The following shows the time complexity of com-

puting all the divisors with a given number of prime factors.
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divisors time to compute

{pla"'apk} 0

{ppoa R pk—lpk} (];)L2

{p1p2ps, - .., Pr—2Dk—1Dk} (§)2L2

1 Drety ooy p2-p} | (7)) (R —2)L2

n 0

Summing all of these, we get

(ki (T) (i — 1)) L= (k—2) (Qk_l B 1) 12

=2

Thus the time to compute all the divisors of n is O (k2kL2). We make an important
note here that when we compute n, we will also compute a graph showing the divisor
relationships between the elements in n. The nodes of the graph will be the elements of n
and the edges are the divisor relations. Two nodes will be joined by an edge if one element
is a divisor of the other. When doing this, we can also determine whether a divisor is in
nt or n~. Doing so will not take any more computational time and it will allow us to

simplify our computations later on in our analysis.

. Sort n. The number of comparisons required to do this is O (2k log(2k)), and the time
to compute each of those operations will be the length of the largest number we are
comparing, which is kL. Thus we have that the worst case computing time for sorting n,

Tsort (K, L), is given by the following

Toort(k, L) = O (2’f log(2k)kzL)

61



Toort(k, L) = O <k22kL)
Therefore, the time complexity for sorting the divisors is O (kQQkL).

3.5.2 Complexity of lower bounds

Table 3.3 below is a summary of the complexities of the lower bounds.

Table 3.3 Time complexities of the lower bounds

computation complexity
ot O (KL2)
g+ O (KL2)
N ( o(14+1)k LQ)
5 O (kI?)
o)
Z:::t ( 3+I/ kL2)

We give an informal interpretation of the above results, discussing those computations which

dominate the complexity:

e For bounds a* and 5+, we take the maximum over k elements. To compute the numbers
of which we are taking the maximum we continually multiply prime factors of n, which

gives us O (k:LQ). Thus, in total, we get O (k‘QLQ).

e For v*, we compute all divisors of n, which gives us k2¥L%. We then add and subtract

them, which gives us another factor of k in the complexity. Thus we get the time com-

plexity O (k22FL2), or O (20+V)kL2)
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e To compute §~, we are not taking the maximum over anything. Essentially, we continually

multiply prime factors of n, as we did in ot and 4%, which gives us O (kLz).

e To compute e+

, we compute all divisors of n, which gives us O (k:2kL2). The comparing
and adding numbers gives us an extra 2* term. The computation that dominates the

computation of this lower bound is taking the maximum over 22" numbers. Thus we get

0 (k22k+2kL2>’ or O <2(1+u)2kL2)

e To compute £, the main operations we perform are to compute n, sort n, compare
elements in n and add elements of n. All of these combined gives us O (k222kL2). Taking

the maximum over 2 elements gives us an extra 2* factor in the complexity, so we end

up with O (k?23%L?), or O (23K L2)

3.5.2.1 o

Recall

n) = Jnax, (pr —@(p1---Pr=1))

p(k=r)=F1
1. We compute ¢(p; -+ pr—1) for all 1 <r < k — 1. The following shows the computational

time for each value of r.
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r @(p1- pr-1) time to compute @(p1 - - pr_1)

1 1 0

2 op1)=p1—1 0

3 ¢(p1p2) = ¢(p1)(p2 — 1) L?
4 @(p1p2p3) = p(p1p2)(p3 — 1) 212
5 ©(P1p2p3ps) = ©(p1p2ps)(pa — 1) 3L2

k—1{ @i pr2) =@ pr-3)(Pr—2—1) | (k—3)L?

For each value of r, we multiply ¢(p; - - - pr—2), which has length (r —2)L, and (p,—1 — 1),

which has length L, so the time to compute ¢(py ---p,_1) is (r — 2)L2.
Summing all of these, we get

STLQ _ Bk =D) o)
r=1

2. We subtract p, and ¥ (py - - - pr—1). We assume that the largest length of two numbers we
are subtracting is kL. Thus the subtraction will take O(kL) time. Since we do this for all

1 <r <k-—1,in total, this will take O (kQL) time.

3. We take the maximum over r. We assume that we have k things to take the maximum

of, each with bit length kL. It will take O (k:QL) time to compute the maximum.

Combining all of the time complexities, we get that the complexity of computing ot is

O (k*L?).
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3.5.2.2 p*

B=(n) = nax, (min{py41,p1---pr} — (1 pr))

p(k=r)=F1
1. We compute p;---p, and ¥(p1---py) for all 1 < r < k — 1. The following shows the

computation time for each value of r. Recall that ¢)(n) = n — ¢(n).

r p1--DPr o(p1---pr) time to compute ¥(py -+ - pr)

1 D1 p1—1 0

2 P1p2 e(p1)(p2 — 1) L?+ 1% =2I2

3 P1P2D3 ¢(p1p2)(ps — 1) 2L% + 2L = 4I°

4 p1pep3ps | p(p1peps)(ps — 1) 3L% +3L% =612

E—=1|p-pr_1 | o®1-pe_2)pp_1—1) | (k—2)L* 4+ (k — 2)L* = 2(k — 2)L*

Summing all of these, we get

k—2
k—2)(k—
> orL? = 2#? =0 (K*L?)
r=1
2. We take the minimum of p,; and p; - - - p,. We have two things to take the maximum of

and we assume that the largest length of the two is kL. Thus taking the maximum will

take O(kL) time. Since we do this for all 1 <r < k — 1, in total, this will be O(k%L).

3. We subtract the minimum of p,+1 and pj---p, and ¥(p;---p,). We assume that the
largest length of two numbers we are subtracting is kL. Thus the subtraction will be

O(kL). Since we do this for all 1 <7 <k — 1, in total, this will be O (k*L).
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4. Finally, we take the maximum over all 1 <r <k — 1. We assume that we are taking the

maximum of k£ numbers, each of which have length kL. This will be O (kQL).

Combining all of the time complexities, we see that the complexity of computing ¥ is

0 (K2L?).

3.5.2.3 A+

:I: f— o e —
vHn) = max | piep dz tp(n/d) d
plh=r)=F1 w(d)<r

1. We compute the divisors of n which is O (k:ZkLZ).

2. We order the divisors of n based on their number of prime factors. That is, we order

all divisors with one prime factor, two prime factors, and so on. The time that takes is

O (k2*L).
3. We do the following operations for all 1 <r <k —1

(a) We compute pj - - - p,. This will not take any time since these numbers were already

calculated when we found the divisors of n.

(b) We find the alternating sum » g4, w(n/d) d. We calculate this in the following
manner: Consider the largest d sﬁ(él})lﬁc%at p(n/d) = +1. Subtract divisors e of n such
that pu(n/e) = —1 up until the point where the difference would be less than zero.
Note that the resulting number, call it s;, will be less than n. Then add to s; the
next largest number d such that pu(n/d) = +1. Since d < n, the resulting sum will
be less than 2n. Again, subtract divisors e of n such that pu(n/e) = —1 up until the

point where the difference would be less than zero. Note that the resulting number,

call it sg, will be less than n. Then add to so the next largest number d such that
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w(n/d) = +1. Since d < n, the resulting sum will be less than 2n. We continue adding
and subtracting numbers in this manner until we have accounted for all divisors of n
such that w(d) < r. In summary, what we have done is add and subtract numbers that
are never larger than 2n, and the number of additions and subtractions we perform

is at most 2¥. The computational time of this is O (2% - (2kL)), or O (k2*L).

4. We take the maximum over all 1 <r < k—1. We assume that we are taking the maximum

of k numbers, each of which have length kL. This will take O (k:QL).

Combining all of the time complexities, we get that the time to compute ¥, T,+(k,L),is

the following
T, (kL) = O (k2kL2 +R22FL + (k28 L) + k2L>
T, (kL) = O (k22kL2)

T,:(k,L) = O (2(1+”)kL2)

for some v > 0.

3.5.2.4 6~
57 (n) = 2]% —(n)

In order to compute p% = po - - Pk, Wwe need to compute pa, pops, pap3p4 and so on. In order
to compute ¥(n), we need to compute p(p1), ©(p1p2), Y(p1p2p3) and so on. We analyze the

time these take to compute in the following:
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P pr) time to compute py - - p, and ¥ (py - - py)
p1) 0

(
(
2 | pa (p1p2) 0+ L% =L
(
(

<
S
S
=
S

S

[t
©

3| paps | p(pip2)(ps — 1) 12 4912 — 312

4 | pap3ps | @(p1p2p3)(pa — 1) 2L% 4+ 3L° =517

B peeme | oo me )= 1) | (F= 2L+ (k= DI* = (2(k = 1) = L2

Summing all of the computational times, we get

E
,_.

M

(r—1)—1)L* = (k—2)’L* = O (k*L?)

\3
[|
¥

Therefore, the complexity of computing 6~ is O (k:QLQ).
3.5.2.5 ¢

+ = max min (n \ {n — n
. <”>—Bgn\{n}< B\ B) = 3 n /) d)
C*(B)

1. We compute n. The number of computations will be O (k2kL2). Recall that when we com-
pute n, we also compute a graph showing the divisor relationships between the elements

n n.

2. We consider all proper subsets B of n \ {n}. There are 22! such sets.

(a) We check the condition C*(B). Recall that to check this, for every element in B
we need to see how many elements in B+ and BT are multiples of that element.

Since we already computed the graph of divisor relations, we do not need to do any
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arithmetic at this step. We iterate through the graph, only looking at edges. Thus
this requires at most 2% operations, and we do this for every element in B, which

will at most be 2%, so the time complexity at this step is O (2k2k), or O (2%).

(b) We find min (n \ {n} \ B). We need to make at most 2¥ comparisons of numbers with

length at most kL. Thus this will be O (k‘QkL).

(c) We consider now the alternating sum of elements in B. The number of computations
to compute this is the number of computations it takes to add all the elements of B.
As a worst case scenario, assume # B = #n = 2¥, and the length of each number is
kL. Thus we are adding 2 numbers, each with length kL. By Lemma 2.2, the time

to compute this will be O (kaL + 22k).

3. We now take the maximum of 22°~1 numbers, each of which has length at most kL. This

is O <k22’“—1L).

Combining all of the above computations, we get that the time to compute e, T.+ (k, L) is

the following:

R2FL2 4 220 (2% 4 R2FL 4 2L 4+ 27%) 4 k2?1 )
R2FL2 4 922 g g TRL o g2 R g 9242k o2 1)

o
o
Ti(k,L)=0 <k2kL2 o2tk k:22’“+kL)
o
of

for some v > 0. Therefore, the complexity of computing £* is O (2(1“’ )2t Lz).
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3.5.2.6 &+

Let Ay ={a€ A : a<b}.

gf(n) =  max <min (n\ {n}\ B) = Y +u(n/d) d)

ben®
+ 0+ deB
B=n; U(n, )T

C*(B)

1. We compute n, which is O (k:2kL2).
2. We sort n, which is O (k*2FL).
3. Note that we have to do the following operations 2#~1 times.

(a) We consider the time it takes to compute B, given b.

i. First we consider all elements in n* that are less than b. To do this, we it-
erate through n*, and check if we have reached b. In the worst case, we will
have to iterate through all elements of n*, which is 25~1. This requires at most
2F=1 operations, each taking kL. Thus, the time complexity is O (2k*1kL), or
O (k2*L).

ii. Then we consider the set of divisors of those elements, but only those that are
in nF. Since we have already computed the graph of divisor relations, we do
not need to do any arithmetic at this step. We iterate through the graph, only
looking at edges from b. Thus this requires at most 2¥~! operations, so the time

complexity at this step is O (2k_1), or O (2’“)

(b) We consider now checking the condition C*(B). Recall that to check this, for every
element in B we need to see how many elements in BT and BT are multiples of
that element. Since we already computed the graph of divisor relations, we do not

need to do any arithmetic at this step. We iterate through the graph, only looking
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at edges. Thus this requires at most 2% operations, and we do this for every element
in B, which will at most be 2*, so the time complexity at this step is O (2’“2’“), or
O (2%).

(c) We consider now finding min (n \ {n} \ B). Note that when we found B, we could
have also found min (n \ {n} \ B) without increasing the time complexity. Thus we
have a sorted set, and to find the minimum we simply need to look at the first

element. This will not take any time to do.

(d) We consider now the alternating sum of elements in B. The number of computations
to compute this is the number of computations it takes to add all the elements of B.
As a worst case scenario, assume # B = #n = 2¥, and the length of each number is
kL. Thus we are adding 2 numbers, each with length kL. By Lemma 2.2, the time

to compute will be O (k:QkL + 22k).

4. We then take the maximum of 2¥~! numbers, each with length at most kL. This is

O (k2*L).

Combining all of the above computations, we get that the time to compute &, Ts+ (k, L),

is given by the following

kL k2P L2 4 K22k 4 2k (kaL 4ok 4 9% 4 pokp 4 2%) n kaL)

19
O (k28L? + k228 + k22K [ 4 22k 1 93k 4 po2k [, 4 93k 4 k2kL)
k223kL2)

(kL) =0 (
(k1) =0 (
Tei(k,L) = O (k2’“L2 +R2FL + k22 L+ 23k>
(k1) =0 (
( ) 1) (2(3+V)kL2>

for some v > 0. Therefore, the complexity of computing &+ is O (2(3+”)kL2).
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Chapter 4

Exact Cyclotomic

In this chapter, we present a conjecture for an exact expression for g(®,,), along with support-
ing evidence that the conjecture is true for infinitely many families of n. We then prove the
conjecture in a specific case of the ternary cyclotomic polynomial.

Introduction

Consider Figure 4.1 below, which shows plots of g(®,,) where n = mp, m is fixed and p is an

odd prime.
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Figure 4.1 Plots of g(®,,;,) for various values of m

An immediate observation in all these plots is that when p > m, we have g(®,,,) = ¢(m).
After studying these and many more plots, we conjectured that g(®p,..,,) = @(p1---pr—1) if
and only if pr > p1 -+ - pr—1 (Conjecture 4.1). It is a natural generalization of the result in [23]:
9(Pp1p,) = p1 —1 = @(p1). The conjecture has been already verified for m = p; - - - pr_1 < 1000
and arbitrary pg (Theorem 4.3). The verification technique is based on a structural result
that g(®,p,) only depends on m and rem(py, m) (Theorem 4.2). Thus, given m, we only need
to check finitely many py values in order to check the conjecture for infinitely many pi. We
organized it into an algorithm (Algorithm 4.1) and ran it for all odd square-free m < 1000.

We prove the conjecture for a specific case of the ternary cyclotomic polynomial. Given
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n = p1paps where p3 =p,,p, +1 and pp =5, £1, we prove that g(Pp,pops) = @(p1p2). This class
of the ternary cyclotomic polynomials is of particular interest because it is flat; that is, their

largest coefficient is no more than 1 in magnitude.

4.1 Main Results

Conjecture 4.1 (Equivalent condition on g(®,)). We have

9(®n) = @(p1---pr—1) if and only if pr > p1-- Pr—1

Theorem 4.1 (Exact formula in certain ternary cyclotomic case). We have

g(q)mpzps) = @(p1p2)

if P3 =pip, +1 and pa =, £1.

4.2 Evidence for equivalent condition on ¢(®,)

Note that the conjecture is trivially true for & = 1. In [23], the conjecture is proved for k = 2.
For k > 3 the conjecture is still open. One way to check (support or disprove) the conjecture is
to compute ®,, for many n with k£ > 3 and to check whether the maximum gap is ¢(p; - - - prp—1)
or not. We did this for n up to 40,000, without finding any counter-example. However, this
method only shows that the conjecture is true for finitely many such n.

In this section, we will describe an algorithm (Algorithm 4.1) which allows the conjecture to
be checked for infinitely many such n and we will report that we have done so (Theorem 4.3).
For the sake of notational simplicity, let m = py - - - px_1 and p = pi. Then the above conjecture

can be restated as: g(®p,,) = @(m) if and only if p > m. The algorithm (which will be given
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later) is based on the following theorem.

Theorem 4.2 (Invariance). Let m be odd square-free. Let p, p’ > m be primes such that
p=mnp. Then

g((bmp) = g((I)mp’)

Proof. Let m be odd square-free. Let p > m be prime. We will divide the proof into several

steps.

1. Let ¢ = quo (p,m) and r = rem (p, m). Let

p(m)—1 ‘
(I)mp = Z fm,p,il‘zp deg fm,p,i <p
i=0
q .
Frpi =Y fmpiga’™ deg fimpij <m
j=0

We recall the following results from [1]: For all 0 <1i < ¢(m) — 1, we have

(C]'> fm7p7i70 == fm,p,i,qfl
(C2) finpig = rem (fmp,i0,2")
(C3) fnpio = fmpioif p=mp’

—1 .
2. From ®,,, = 20:(70n) fmpix'?, we have

o) = max{ | wmx o(npa)s (o teg(fpie) ~ det(fnp) | (4)

3. From fimpi = >0 fmpi ;@' and (C1) and (C2), we have
g(fm,p,i) = max {g(fm,p,i,0)7 g(fm,p,i,q)y m+ tdeg(fm,p,i,O) - deg(fm,p,i,o)}

= max {g(finp,i0), M+ tdeg(fmpio) — deg(fmpi0)} (4.2)
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4. From p — gm = r, we have

p+ tdeg(fmpi+1,0) — ((¢ — 1)m + deg(fmpi0)) I fnpig=0
p+ tdeg(fm,p,iJrl) - deg(fmypi) =
p+ tdeg(fm,p,HLO) - (gm + deg(fmmﬂ)) else

_ )T +m + tdeg(finpi+1,0) — deg(fimp.io) if fimpiq=0 (4 3)

7+ tdeg( frmpit1,0) — deg(rem (frnpi0,2"7)) else
5. Combining the equalities (4.1), (4.2) and (4.3), we see g(®,,;,) depends only on m,r and
fm7p7i’0'
6. Let p’ > m be a prime other than p. Then g(®,,,,) also depends only on m,r" and fy, i 0

7. Suppose p =y, p’. Then obviously r = 7’. Furthermore from (C3), we have fp, ;0 =

Jmpi0- Thus g(®pp) = g(Pryr)-
O

The above proof can be visualized in the following example: We visualize a polynomial by

a graph where the horizonal axis stands for the exponents and the vertical axis stands for the

corresponding coefficients. Let m = 7, p = 17 and p’ = 31. Then p(m) —1=6,¢=2,¢ =4

and r = 8. The partition of the coefficients of ®,,,,, and ®,,,,y into fy, p; ;’s is illustrated by the

following diagram. Note that the space in ®,,, with no red line serves the purpose of aligning

the two polynomials; it does not represent a gap in the exponents.

S K AE 7777777777 = j_
o R 1
fm,p,0,0 fm,p,0,1 ‘ fLuﬂz fm,p,l,ﬂ fm,p,l,ﬂ anl,:!:IQ
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We observe the following characteristics in the above diagram, as expected from the results

in [1]:

(Cl) fm7p,i,0 == fm,m,q—l
(C2) fnpiqg=rem(fmpio ")

(C3) finp,io = frnpr i

After considering the diagram and these properties, we see visually why it is true that

g(q)mp) = g((I)mp’)'

From the above theorem (Theorem 4.2) we immediately obtain the following algorithm.

Algorithm 4.1 (Checking the conjecture).

In: m, odd square-free, say m =p1 -+ -pr_1 and p1 < -+ < pPgp_1

Out: truth of the claim that  V [ 9(Pmp) = @(m) <= p>m]
prime p>py—1

1. forp from pp_1+1 to m—1, p prime, do

(a) F — Py
(b) g «— the mazimum gap of F
(c) if g = p(m) then return false

2. forr from 1 to m — 1, where ged(m,r) =1, do

(a) p < the smallest prime larger than m such that rem(m,p) =r
(b) F = Oy

(c) g < the mazimum gap of F
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(d) if g # o(m) then return false

3. return true

We have implemented the above algorithm in C language. The cyclotomic polynomials were
computed using the algorithm called Sparse Power Series (Algorithm 4 in [2]) because it is the
fastest known algorithm for inputs where p is not very big compared to m. The code for the
algorithm has been kindly provided by Andrew Arnold, one of the authors of [2]. By executing

the program, so far we have proved the following.

Theorem 4.3 (Evidence of the conjecture for infinitely many primes). For all primes p and

m < 1000, we have

9(Prap) = @(m) if and only if p>m

In other words, for all k and for all py,...,pr such that py--- pr_1 < 1000, we have

9(Ppp) = @(p1 - pr—1) if and only if p > p1 -+ Pr—1-

The above computation took 86 minutes on a MacBook Pro (CPU: 2.4 GHz Intel Core i5,
Memory: 16 GB 1600 MHz DDR3). Of course, one could continue to check larger m values

using larger computing resources.

4.3 Proof

The proof of Theorem 4.1 is structured as follows:

1. In Theorem 4.4, we state an important theorem on the structure of the ternary cyclotomic

polynomial found in [1]

2. In Lemma 4.1 we use Theorem 4.4 to break down g(®p,p,p;) into the maximum of two

parts
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3. In Subsections 4.3 and 4.3, we prove that each of the parts is less than or equal to ¢(p1p2)
4. In Subsection 4.3, we prove Theorem 4.1
We recall the following result due to [1], which we presented in Chapter 2, Theorem 2.13.

Theorem 4.4 (Structure Theorem). Let p3 =p,p, +1 and ps =5, £1. We have

e(p1p2)—1
Py () = Z fa(z) 2°P2 deg fo < p3
aq:30
fa(x) = Z fa,b(x) zbPip2 deg fa,b < p1p2
b=0
fa,0 ()= = Jaqs—1 (x)
+A(x) —aP? A(x) ifa=0
+B(z) —gutbr2=a _gp2B(z) 42PP27 jfq >0, w < u and =D(a)
=4 +C(x) —xP2B(x) +aPP2=% ifa >0, w < u and D(a)
—D(x) —g(utbpz=a P2 D(g)  42PP2= if g >0, w > u and —D(a)
—gutbr—a _D(g) +aP2D(x) +aPP2~% ifa >0, w > u and D(a)
1 ifa=0
Jaqs () =
0 ifa>0
where
p1—1 p1—1-w p1—2—w p1H+u—w
Az) = Z z*, B(x) = Z z*, C(z) = Z z, D(z) = Z "
k=0 k=u+1—w k=u+1—w k=p1—w

u = quo (a, p3)
v := quo (rem (a,p3),p1)

w :=rem (rem (a, pz) , p1)
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g3 := quo (p3,p1p2)
p2—1 ifpe=p +1
D2 if p2 =p, —1

D(a) = pr=p —1 N v=q

In the following lemma, we break down g(®p, p,p,;) based off of the previous theorem.

Lemma 4.1. We have

0<a<h

9(Ppypops) = max { max {g(fa% p3 + tdeg(fat1) — deg(fa)}}

where h = —‘p(pépz).

Proof. By Theorem 4.4, we have

w(p1p2)—1
9 (Ppipops) = 9 Z Jaz®?
a=0

0<a<yp(p1p2)—1 0<a<yp(p1p2)—2

= max { max 9(fpipaps.a)s max {pS + tdeg(fa+1) — deg(fa)}}

Since

deg(z"?3 fy,) = hps + deg(fx)

= e, ()

<P(P1p2p3)
2
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and since @, p,p, is symmetric, we have the following equality

h
9(Ppipops) = 9 (Z faxam)
a=0

Thus we have

0<a<h

9(Ppipops) = max { max {g(fa)v p3 +tdeg(fat1) — deg(fa)}}

which proves the lemma.

Therefore, in order to prove g(®p,pops) = @(p1p2), we will show the following:

(G1) olélfé‘hg(fa) = p(p1p2)

(G2) Jnax, (p3 + tdeg(far1) — deg(fa)) < @(p1p2)

The following lemmas will be used to prove both parts.

Lemma 4.2. We have

p2(p1—1) ifa=0
deg(fa,0) =
pip2—a  ifa>0
u+1—w ifa>0andw <u
tdeg(fa,0) = p1 — w if a>0 and w > u and —D(a)
(u+1)pa —a ifa>0 and w > u and D(a)

Proof. Obvious from Theorem 4.4.

Lemma 4.3. We have

fo.0 = —Ypip,
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f10 — _xpl—l _ xpz—l + pP1tp2—1 + :L,plpz—l

Proof. If a = 0, then by Theorem 4.4 we have

p1—1 p1—1
fao =Y aF—am > at
k=0 k=0
= —Upip,

If a =1, then u =0 and w = 1, so by Theorem 4.4 we have

p1—1 p1—1
fio=— E 2k — p(Dp2—1 + P2 E xf 4 2=l
k=p1—1 k=p1—1

— _gp1—1l _ p2—l + pP1tp2—1

which proves the lemma.

Lemma 4.4. We have that u < p; —2 forall1 <a < h+1.

Proof. Note
quo(a,p2 — 1) if pp =, +1
u =
quo(a, p2) if pp =, —1
In both cases, u < pza 7- Thus we observe the following
1< 2P
2
2. u< a
p2—1

3. %(p1*1)§p1*2

By (1) and (2), we have u < (p1 — 1) + Iﬁ. Since u is an integer, u < 1(p; — 1). Then by

(3), we have u < p; — 2. O
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Proof of G1
Lemma 4.5 (G1). We have

Oglfghg(fa) = ¢(p1p2)

Before we can prove this, we first need to prove several other lemmas.

Lemma 4.6. We have

o(p1p2) ifa=0
g(fa) =

max { g(fa,0), p1p2 + tdeg(fap) — deg(fao)} f1<a<h

Proof. By Theorem 4.4, we have

q3
9(fa) =g D fajaitr?
7=0

= max {g(fa,())’ g(fa,%)v pip2 + tdeg(fa,()) - deg(fa,o)}

=max {g(fa,0), p1p2 + tdeg(fa,0) — deg(fap0)}

From Lemma 4.3 we have foo = —W¥, p,, SO

9(fo) = max {g(fo), p1p2 + tdeg(fo,0) — deg(foo)}
= max {pg —p1+ 1, pip2+0— ¢(P1p2))}
= max {pz — p1 + 1, p(p1p2) }

= p(p1p2)

which proves the lemma.
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By Lemma 4.6 we see that in order to prove Lemma 4.5, we must prove the following:

- <
(Gl-a) max g(fa0) < ¢(prp2)

(G1-b) gjgh(pmz + tdeg(fa,0) — deg(fa0)) < @(p1p2)

Lemma 4.7 (Gl-a). We have

<
ax g(fa0) < ¢(pip2)

Proof. We break the proof into four cases, and prove the lemma for each.

1. Case: w < u and —D(a). By Theorem 4.4 we have

p1—l-w p1—1—w
fao = Z o — plutDp2—a _ 4po Z 2k 4 gpipe—a
k=u+1—w k] —w
Thus
9(fa0) = max {(u+1)p2 —a — (p — 1 —w),
pptu+1l—w—((u+1)py —a),
pip2—a— (p2+p—1—w)}
:maX{Upz +ppt+w+1l—a-—p,
u+a+1—w—ups,
P1p2+w+1—a—p2—p1}
We have

upeg+pe+w+1l—a—pr=ups+pr+w+1— (upz + vp1 +w) —p1
=u(p2 —p2) +p2 —p1(v+1)+1

<u+p+1 since po —pg < 1
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<p1+p2—1 by Lemma 4.4

< p(p1p2)
ut+a+1l—w—ups<u+a+1 by Lemma 4.4
<pi—1+4+a
o(p1p2)
< o(p1p2) since a < £EP2
pip2+w+1—a—py—p1 < p(pip2) since w < a

. Case: w > u and —D(a). By Theorem 4.4 we have

p1tu—w p1tu—w
Z gk — glutlp=a 4 gp2 Z ak 4 gpip2—e
k=p1—w k=p1—w
Thus
9(fa0) = max{(u + 1p2—a— (p1 +u—w),
p2+p1—w— ((u+1)p2—a),
pipz—a—(p2+p1+u—w)}
= max {upz + p2 +w —u —a — py,
a+p1 —w — ups,
plpz—l—w—a—u—m—m}
We have

ups +p2 +w —a—p1 = ups +p2 +w — (upz + vp1 +w) — P
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=u(p2 —p2) +p2 —p1(v+1)

<u+p2 since py — 2 < 1
<p1tp2—2 by Lemma 4.4
< p(p1p2)

a+pr—w—ups <a+p

< p(p1p2)

pip2 +w —a—u—py—p1 < o(p1p2) since w < a

3. Case: w < u and D(a). By Theorem 4.4 we have

p1—2—w pi—l—w
ftl,O = Z xF — P2 Z 2k 4 gPip2—a
k=u+1—w k=u+1—w
Thus
9(fa0) =max {po+u+1—w—(p1 —2—w),
pip2 —a—(p2+p1 —1—w)}
= max {py +u+3 - p1,
pipz+w+1l—a—ps—pi}
We have

prtu+3—pr <po+p+1

< ¢(p1p2)
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pp2+w+1—a—py—p1 < @(pip2) since w < a

4. Case: w > u and D(a). By Theorem 4.4 we have

p1tu—w p1+u—w
fap = —glutlpz=a _ Z * 4 P2 Z zF 4 ppip2—a
k=p1—w k=p1—w
Thus
9(fa0) = max {p1 —w — ((u + 1)ps — a),
p2+p1—w— (p1+u—w),
pip2—a— (p2+pi+u—w)}
:max{a+p1 —w — up2 — p2,
P2 —u,
p1p2+w—a—u—p2—p1}
We have

a+pr—w—upy—p2<a+pi

< @(p1p2)
p2 —u < pa
< o(p1p2)
pip2 +w—a—u—pa —p1 < (pip2) since w < a
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Therefore, in all four cases we have shown that g(f,,0) < @(p1p2), which proves the lemma.

O]

Lemma 4.8 (G1-b). We have

1502 (p1p2 + tdeg(fa,0) — deg(fa0)) < @(p1p2)

Proof. Note that proving

p1p2 + tdeg(fa,0) — deg(fa0) < @(p1p2)

is equivalent to proving

deg(fa,0) — tdeg(fao) — (p1 +p2—1) >0

Recall from Lemma 4.2 that deg(f,,0) = p1p2 — a for all @ > 0. We break the proof into three

cases.

1. Case: w < u. By Lemma 4.2, we have

deg(fa,0) — tdeg(fa0) — (p1 +p2 —1)
=pip2—a—(u+1—-w)—(pr+p2—1)
=o(pp2)+w—a—u—1

> p(pip2) —a—u—1

> ¢(p1p2) —a—p1+1 by Lemma 4.4
>0 since a < %
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2. Case: w > u and —D(a). By Lemma 4.2, we have

deg(fa0) — tdeg(fa0) — (1 +p2 — 1)

=pip2 —a—(p1 —w) — (p1 +p2 — 1)

=¢(pip2) +w—a—p

> o(pip2) —a—u

> p(pip2) —a—p1 + 2 by Lemma 4.4

>0 sinceaﬁ%

3. Case: w > u and D(a). By Lemma 4.2, we have

deg(fa,0) — tdeg(fa0) — (p1 +p2 — 1)
=pip2 —a— ((u+1)p2 —a) — (p1 +p2—1)

= o(p1p2) — (u+ 1)p2

Note that in this case,

a = upy +vp; +w
a=1up2+qp1 +w
a=upa+p2—p1+1+w

a=u+lp—p1+1+w

Thus

deg(fa,0) — tdeg(fa0) — (p1 +p2 — 1) = w(p1p2) — (u + 1)p2
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= ¢(p1p2) — (a+p1 —1—w)

> o(pip2) —a—m

>0 sinceaﬁ%

Proof of Lemma 4.5 (G1). By Lemma 4.6, we have

©(p1p2) ifa=0
g(fa) =

max {g(fa,0), p1p2 + tdeg(fa0) — deg(fao)} if1<a<h

By Lemma 4.7, we have
<
éléziilg(fa,o) < o(p1p2)

By Lemma 4.8, we have

12aSh (p1p2 + tdeg(fa,0) — deg(fa0)) < (p1p2)

Therefore,

Orggghg(fa) = p(p1p2)

which proves the lemma.

Proof of G2

Lemma 4.9 (G2). We have

max (ps + tdeg(for1) — deg(fa)) < @(pip2)
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Before we can prove this, we first need to prove several other lemmas.

Lemma 4.10. We have

D3 + tdeg(faJrl) - deg(fa)
P1 ifa=0

p1p2 + 1+ tdeg(far1,0) — deg(fa0) else

Proof. By Theorem 4.4, we have

tdeg(fo+1) = tdeg(fa+1,0)

q3p1p2 ifa=0
deg(fa) =

(g3 — )p1ip2 + deg(fa0) else

Since p3 — gsp1p2 = r = 1, we have

p3 + tdeg(fat1) — deg(fa)

p3 + tdeg(f1,0) — g3p1p2 if a =0
p3 + tdeg(far1,0) — (g3 — 1)p1p2 — deg(fa0) else
tdeg(f1,0) +1 ifa=0

p1p2 + 1+ tdeg(fay1,0) — deg(fa0) else

Recall from Lemma 4.3,

fio = _xm—l _ 33192—1 + :Ep1+p2—1 + xmpz—l
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Hence,

tdeg(f10) +1=p1
which proves the lemma.

Lemma 4.11. We have

max
1<a<h

(p1p2 + 1 + tdeg( fat1,0) — deg(fa,0)) < w(p1p2)

Proof. Note that proving

pip2 + 1+ tdeg(fat1,0) — deg(fa0) < (p1p2)
is equivalent to proving
deg(fa,0) — tdeg(fa+1,0) — (P1 +p2) >0

Recall that deg(fq,0) = pip2 — a, for all a > 0. Thus we wish to show that

p1p2 — a — tdeg(far1,0) — (p1 +p2) >0

@(p1p2) — a — 1 — tdeg(far1,0) >0

By Lemma 4.2, we have

u+1—u if w' </

tdeg(fat1,0) = § p1 — o’ if w' > and =D(a + 1)

(W +1)py — (a+1) ifw > and D(a+ 1)
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where

v = quo(a + 1,p3)

w' = rem(rem(a + 1,pz2), p1)

We break the rest of the proof into three cases:

1. Case: w' < /. Then

¢(p1p2) — a—1 —tdeg(fa+10) = @(p1p2) —a—1— (' +1 -
=p(pip2) —a—2—u + '
> o(pip2) —a—2—u
> ¢(pip2) —a—m by Lemma 4.4

>0 sinceaﬁ%

2. Case: w' >« and =D(a + 1). Then

@(p1p2) —a — 1 —tdeg(far1.0) = p(p1p2) —a —1— (p1 —w')
=p(pip2) —a—1—p; +u'
> @(pip2) —a—1—p1

>0 sinceaﬁ%

3. Case: w’ > v and D(a + 1). Then

p(p1p2) —a—1 —tdeg(far10) = ¢(p1p2) —a—1— (' + 1)p2 — (a + 1))

= @(p1p2) — (v’ + 1)p2
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Let v = quo(rem(a + 1,p3), p1). Note that since D(a + 1),

a+1=upy+vp +u
a+1=u'py+qp1 +w'
at+l=upy+p—p1+1+uw

a+l=(+1ps—p1+1+w

Thus

so(plp2) —a—1-— tdeg(fa_i_l,o) = 90(]71}?2) _ (u/ + 1)p2
=o(pip2) — (a+1+p —1—w')

> o(pip2) —a—p1

>0 Sinceagw

Proof of Lemma 4.9 (G2). By Lemma 4.10, we have

p3 + tdeg(foy1) — deg(fa)
P1 ifa=0

p1p2 + 1+ tdeg(far1,0) — deg(fa0) else

By Lemma 4.11, we have

122 (p1p2 + 1 + tdeg(fa+1,0) — deg(fa0)) < @(p1p2)
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Since p; < p(p1p2), we have

Jhax, (p3 + tdeg(fat1) — deg(fa)) < w(p1p2)

Proof of Theorem 4.1

Now that we have proved (G1) and (G2), we are ready to prove the main theorem.

Proof of Theorem 4.1. By Lemma 4.1, we have

0<a<h

g(q)plpzm) = max { max {g(fa)7 D3 + tdeg(fa-i-l) - deg(fa)}}

In Lemma 4.5, we showed

Orélf;{hg(fa) = ¢(p1p2)

In Lemma 4.9, we showed

0%ash (p3 + tdeg(fat1) — deg(fa)) < (p1p2)

Therefore, we have shown that

g(q)mpzps) = @(p1p2)

which proves the theorem.
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Chapter 5

Exact Inverse Cyclotomic

Introduction

We provide a sufficient condition that g(V¥,,) = 6~ (Theorem 5.1). It is a straightforward
generalization of a result in [23] for the case k = 3. We also show that, for every fixed p1, the

sufficient condition holds “almost always” in a certain sense (Theorem 5.1).

5.1 Main Results
Theorem 5.1 (Sufficient condition on ¢(¥,)). We have

1. g(W,) = 6= (n) if 6~(n) > 1 2.

2. For every k > 2 and every odd prime p, we have

y #{n cpe<bpr=p, 6 (n)> %p%} ,
1m =
b—oo #{n : pp<b,pr=p}
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5.2 Examples for sufficient condition on ¢(¥,,)

Example 5.1. Let n=3-7-11. Then 6 (n) = 43. Consider

1/3.7-11\ 77
- — <5
2( 3 ) g S0 ()

Computation of V,, shows that g(V,) = 43, as expected from the theorem.

Example 5.2. Let n=3-5-7. Then 6~ (n) = 13. Consider

1(‘9"5'7) 25w

2 3 2

Computation of ¥,, shows that g(V,) = 13. Therefore, the condition is sufficient but not nec-

essary.

Example 5.3. Let n="7-11-13. Then 6 (n) = 5. Consider

1/7-11-13 143 _
§<T>—7>5 (n)

Computation of ¥,, shows that g(V,,) = 6. Thus 6~ (n) # g(¥,).

5.3 Quality of sufficient condition on ¢(V,)

The following plots in Figure 5.1 show the following ratio r for various values of k and p.

#{n e <b,pr=p, 6 (n)> %p%}

r =
#{n : ppr <b, p1 =p}

We observe that in all cases, the ratio goes to 1, as expected from the theorem.
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r r
0 0
0 1000 0 1000
b b
k=3,p=3 k=3, p=11
1 1
r r
0 0
0 1000 0 1000
b b

Figure 5.1 Plots validating Theorem 5.1

5.4 Proof

There are two claims in Theorem 5.1. We will prove them one by one.

Proof of Theorem 5.1 Claim 1. We will prove that g(V,) = 0 (n) if 67 (n) > %pﬂl From

Lemma 3.8 we have

Let
5~ (n) = tdeg (H(:p) - x*) — deg (H(z))

Note that if 6~ (n) > deg (H(z)), then we obviously have g(¥,) = 6~ (n). In the following we

simplify the expression 6~ (n) and the condition §~(n) > deg (H(x)). First, we simplify the
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expression §~ (n).

67 (n) > deg (H(x)) <= 2= —(n) > (n) — —
b1 b1
— 32 92ymn)>0
b1
3 n
n 1n
— 2]9—1—1#(71)25])—1
_ 1n

Therefore we have shown if 7 (n) > 5 = then ¢(¥,) = 0~ (n) which proves the first claim of

1
2 p1
the theorem. 0
We visualize the above proof as a diagram. We represent the inverse cyclotomic polynomial
as a horizontal block. A black box (block) represents that the exponent(s) appears in the
polynomial, a gray box (block) represents that the exponent(s) may or may not appear in the
polynomial, and a white box (block) represents that the exponent(s) does not appear. Recall
from the above proof that §~(n) > %pﬂl if and only if 6~ (n) > deg(H (x)). If this is the case,

then the inverse cyclotomic polynomial is as follows:
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Figure 5.2 Diagram showing 6~ (n) in ¥,,

From Figure 5.2, it is clear that if 0~ (n) > deg(H (x)), then g(¥,) = d~ (n).

The idea for the proof of the second claim is as follows: in Lemma 5.1, we weaken the
condition in Claim 1 to only depend on p1, po and k. Then we show that given k, when the
first prime p; is fixed, the numerator and denominator are combinatorial expressions that are
dominated by the same terms; thus, the limit of their quotient is one. We first prove a technical

lemma.

Lemma 5.1. If py > (k —1)(2py — 3) then 6~ (n) > 2.

Proof. Note
1
657 (n) = 5
2;
3 n
= - — n
> 2 v
— S n > (n)
- — n—en
2p1 4
2 p; n
31 1 1
— 2= > 1-(1-=)(1-=
2 ; P1 Pk
2 p; P1 P1 Pk
)
2 ; D1 D2 Dk
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1 1 1

;s o (-2 - 2)
2 D Dk

1> (- () (k) (i)
; = P2+ 1 P2+ k—2

s = oo (- (20) () () - (0s)
J— = pl_l DY —
2 D2 pa+1 pa+ 2 p2+k—2

1 p2—1

Z > 1) (1= £

5 2 - (1o

1 k-1

- > -

5 = (1—1) PR

po+k—2

> (k=1)(p—1)
pp+hk—2 > (k—1)2p1 —2)
p2 > (k—1)(2p1 —2) - (k—2)

pe > (k—1)(2p1 —3)+1

[ A A A A A R

p2 > (k—1)(2p1 —3)

Therefore, if ps > (k — 1) (2p1 — 3), then §~(n) > %ﬂ. =

Proof of Theorem 5.1 Claim 2. We will prove

i #{n e <bpr=p, 6 (n)> %pﬂl} X
1m =
b—oo #{n : pp<b,pr=p}

Let ¢; be the i-th odd prime, that is, ¢1 =3, g2 =5, g3 =7, q4 = 11, etc. Let k > 2. Let p = q,

and b = q,. Then we have

#{n : pp <b, p1 =p}
=#{(p1,--ok) - 1< - <ppe <b,p1=p}
:#{(QZ177QZk) P4y < <Q7,k Sqwa qdiq ZQU}

:#{(i17i27'--7ik) : 2‘1<i2<"'<ik§w,ilzv}
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Thus

~#{n..

> #{(p1,. ..
= #{(qi - --
= #{(Qiu s

= #{(i1,..

= #{(ia,. ..
= #{(i2,. ..
= #{(ia,...

= # {(inr o rig) 01 iy <o <ig S w)

=#{(igy...,ik) v+ 1<ia < - <ip <v+(w—v)}

-(521)

#{n : pp <bpr=p}= (Z:f)

- 1pr--pr
k) - pE<b,pi=p, 6 (p1--pi)> 5

D) 2 P <b,pi=p, p2>(k—1)(2p1 —3)} (from Lemma 5.1)
i) G < < iy < Qs Gy = Qus Gip > (K —1)(2¢0 — 3)}

2 Qi) Gy < < i, < Qu, @iy = Qus Qi > Qyy Where y = argmin g
¢;>(k—1)(2¢v—3)

.,ik) : i1<'~<z’k§w,i1:v,i22y}

,ik) : v+1§i2<---<ik§w,122y}
7Zk) : max{v+17y}§12<<2k§w}

vig) Yy <ig<---<ip<w} (sincey>v+1)

-("0)

k—1

Thus we have

_ 1n w—1y+1
# : < = n) > = >
{n P < b p75()_2p1}_< k—1 >
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Note

. — - 1ln w—y+1 1 k—1
lim #{n i mbm=p o> 43} o i CE) g, T P
b—oo #{n : pr < b, p1 = p} Twose ((77) weoe gplpuwkel 4
Since

#{n t Pk <b,pr=p, 6 (n) = %pﬂl}
lim <1
b—oo #{n : pp < b, p1 =p}

we can conclude

y #{n PPk <b,pr=p 6 (n) = ép%} X
11m —
b—oo #{n : pp < b, p1 =p}

which proves the second claim of the theorem.
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Appendix A

Maple Codes

A.1 Utilities

restart:
with(numtheory) :
with(ListTools):
with(combinat) :
with(plots):
with(Statistics):
unprotect (D) :

psi := n-> n - phi(n):

icyc := proc(n,x)
local f£f;
f := cyclotomic(n,x);
divide(x"n-1,f,’f’);
return f;

end:

exps_cyc := proc(n)
local £f,E;
f := cyclotomic(n,x);
coeffs(f,x,’E’);
E := map(degree,sort([E]),x);
if nops(E) > 2 then E := E[1..ceil(nops(E)/2)]; fi;
return E;
end:
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exps_icyc := proc(n)
local £f,E;
f := icyc(n,x);
coeffs(f,x,’E’);
E := map(degree,sort([E]),x);
if nops(E) > 2 then E := E[1..ceil(nops(E)/2)+1]; fi;
return E;

end:
max_gap_cyc := proc(n)
local E,F,g;
E := exps_cyc(n);
F := [seq(E[j+1]1-E[j],j=1..nops(E)-1)];
g := max(F);
return g;
end:
max_gap_icyc := proc(n)
local E,F,g;
E := exps_icyc(n);
F := [seq(E[j+1]1-E[j],j=1..nops(E)-1)];
g := max(F);
return g;
end:

# returns all the divisors of C (C can be a number or a set)
div_set := proc(C)

local D,d;

D := {seq(op(divisors(d)),d in C)};

return D;
end:

# returns number of prime factors

omega := proc(n)
return nops(factorset(n));
end:

# returns parity
rho := proc(n)

if type(n,even) then return 1; else return -1 fi;
end:
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# returns all elements d in D such that mu(n/d) = pm 1
set_D_pm := proc(n,D,pm)

local S,d;

S := select(d->mobius(n/d) = pm*1,D);

return S;
end:

# returns 1" {pm}(D)

lower_D_pm := proc(n,D,pm)
local 1,a,b;
1 := pm*add(d*mobius(n/d),d in D);
return 1;

end:

# returns u”{pm}(D)
upper_D := proc(n,D)
local u;
u := min(D);
return min(u);
end:

# returns C~{pm} (D)
c_D_pm := proc(n,D,pm)
local c,Dp,Dm,num_Dp,num_Dm,d,m;
c := true;
Dp := set_D_pm(n,D,+1);
Dm := set_D_pm(n,D,-1);
for d in div_set(D) do

num_Dp := nops(select(m->evalb(irem(m,d)=0),Dp));
num_Dm := nops(select(m->evalb(irem(m,d)=0),Dm));
if pm*num_Dp < pm*num_Dm then c := false; break fi;
od;
return c;

end:

A.2 Algorithms for lower bounds
alpha_pm := proc(n,pm)

local ps,gs,r,nr_1,k;
ps := factorset(n);
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k := nops(ps);
if k=1 then return 1 fi; if k=2 and pm=-1 then return 1 £fi;
gs := [];
for r from 1 to k-1 do
if rho(k-1-r) <> pm then next fi; r;
nr_1 := mul(ps([i],i=1..r-1);
gs := [op(gs), pslr] - phi(ar_1)];
od;
return max(gs);
end:

beta_pm := proc(n,pm)
local ps,gs,r,nr,k;

ps := factorset(n);

k := nops(ps);

if k=1 then return 1 fi; if k=2 and pm=-1 then return 1 fi;
gs = [1;

for r from 1 to k-1 do
if rho(k-1-r) <> pm then next fi; r;

nr := mul(ps[i],i=1..r);
gs := [op(gs), min(ar,ps[r+1]) - psi(anr)];
od;
return max(gs);
end:
gamma_pm := proc(n,pm)
local gs,n_k,B,r,1,u,div_n,ps,k,n_r;
gs := [1;
div_n := div_set(n);
ps := [op(factorset(n))];
k := nops(ps);

if k = 1 or k=2 and pm = -1 then return 1 £fi;
for r from 1 to k-1 do
if rho(k-1-r) <> pm then next fi;
B := select(d->omega(d) <= r-1, div_n);
n_r := mul(ps[i],i=1..1);
1 := lower_D_pm(n,B,pm);
gs := [op(gs), n_r - 1];
od;
return max(gs);
end:
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delta_m := proc(n)

local ps;

ps := factorset(n);

return 2*n/ps[1] - (n-phi(n));
end:

epsilon_pm := proc(n,pm)
local gs, D, Sp, Sm, A, B, 1, u;
gs := [1;
D div_set(n) minus {n};
for A in powerset(D) minus {{}} do
B := D minus A;
if not c_D_pm(n,B,pm) then next fij;
1 := lower_D_pm(n,B,pm); u := upper_D(n,A);
gs := [op(gs), u - 1];
od;
return max(gs);
end:

# returns true if n satisfies the sufficient condition for delta_m
suff := n -> evalb(delta_m(n) >= 1/2*n/(factorset(n)[1])):

# returns the smallest prime larger than (pO+l-r)/m such that p = g*m + r
findprime := proc(pO,m,r)

local q,p,P;
for q from ceil((pO+1-r)/m) to 1000 do
P := g¥m + r;
if isprime(p) then return p fi;
od:
print ("findprime: FAIL"):
end:

epsilon_tilde_pm := proc(n,pm)
local div_n,div_n_pm,div_n_mp,b,B1,B2,B,A,u,l,gs;
div_n := div_set(n);
div_n_pm := set_D_pm(n,div_n,pm);
div_n_mp := set_D_pm(n,div_n,-1*pm);

gs = [1;
for b in div_n_pm do
Bl := select(m-> m < b,div_n_pm);
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B2 := set_D_pm(n,div_set(B1),-1*pm);
B = B1 union B2;
A = div_n minus B;
u := upper_D(n,A); 1 := lower_D_pm(n,B,pm);
gs := [op(gs),u-11;
od;
return max(gs);

end:

A.3 Algorithm to check the conjecture

algorithm_one := proc(m)
local p,r,g;
for p from factorset(m)[-1] + 1 to m-1 do
if not isprime(p) then next fij;
if phi(m) = max_gap_cyc(m*p) then return false fi;
od;
for r from 1 to m-1 do
if gcd(m,r) <> 1 then next fij;
p := findprime(m,m,r);
g := max_gap_cyc(m*p);
if phi(m) <> g then return false fi;
od;
return true;
end:

algorithm := proc(ell)
local m;
for m from 3*5 to ell do
if not issqrfree(m) or type(m,even) or omega(m) < 2 then next fi;
if not algorithm_one(m) then return false fij;
od;
return true;
end:

algorithm(1000);
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