ABSTRACT

OZCAN, SEYMA NUR. Development of Well-Balanced and Asymptotic Preserving Numerical
Methods for Partial Differential Equations . (Under the direction of Dr. Alina Chertock.)

In the context of this dissertation, we focus on numerical solutions of two separate
models which are encountered in physical and biological studies.

We begin with hyperbolic balance laws and develop a second-order well-balanced
central-upwind scheme for various systems of these types of equations, in particular, the
models of isothermal gas dynamics with source, traffic flow with relaxation to equilibrium
velocities and Euler equations of gas dynamics with gravitation are considered. The pro-
posed scheme is capable of exactly preserving state-state solutions expressed in terms
of nonlocal equilibrium variables. The new scheme is based on modifications in the re-
construction and evolution steps of a Godunov-type central-upwind method. The crucial
step in the construction of the second-order scheme is a well-balanced piecewise linear
reconstruction of equilibrium variables, which is combined with a well-balanced evolution
in time, achieved by reducing the amount of numerical viscosity (present at the central-
upwind scheme) in the areas where the flow is at (near) steady-state regime. We show the
performance of our newly developed central-upwind scheme and demonstrate importance
of perfect balance between the fluxes and gravitational forces on a number of one- and
two-dimensional examples.

The second part is devoted to the chemotaxis phenomena, taken from biological appli-
cations, that describes the biased motion of cells in response to the chemical substance in
a medium. We study a two-dimensional multiscale chemotaxis model based on a combi-
nation of the macroscopic evolution equation for chemoattractant and the microscopic
model for cell evolution. The latter is governed by a Boltzmann-type kinetic equation with a
local turning kernel operator which describes the velocity change of the cells. The parabolic
scaling yields a non-dimensional kinetic model with a small parameter, which represents
the ratio of the mean free path and the typical length scale. We propose a new asymptotic
preserving numerical scheme that reflects the convergence of the studied micro-macro
model to its macroscopic counterpart—the Patlak-Keller-Segel system—in the singular
limit. The method is based on the operator splitting strategy and suitable higher-order
time discretizations. In particular, we use the so-called even-odd decoupling and approx-

imate the stiff terms arising in the singular limit implicitly. We prove that the resulting



scheme satisfies the asymptotic preserving property. More precisely, it yields a consistent
approximation of the Patlak-Keller-Segel system as the scaling parameter tends to 0. The

performance of the proposed scheme is illustrated via a number of numerical experiments.
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CHAPTER 1

Introduction

In this dissertation, we study two distinct sets of systems that arise in various physical and
biological applications.

The first part of the dissertation is devoted to the development of novel numerical
methods for hyperbolic conservation laws with the source term, so-called hyperbolic
balance laws, in which non-smooth solutions and complicated wave structures may appear.
In the second part, we numerically study multiscale chemotaxis models, which are based
on macroscopic evolution equations for the chemoattractant concentration coupled with
a microscopic model for the cell evolution.

In this introductory chapter, we provide a brief overview of existing shock-capturing
methods used to numerically solve the hyperbolic conservation/balance laws and asymp-

totically preserving methods used to resolve multiscale phenomena.



1.1 Hyperbolic Conservation/Balance Laws

We consider a multi-dimensional system of hyperbolic conservation laws:
q:+V, F(g)=0, (1.1)

where = € R? and ¢ € R are the spatial and time variables, g(, t) is the vector of conserved
variables and F'(q) is the vector of flux terms. The main difficulty in numerically solving
the system (1.1) is due to the loss of smoothness even if the initial condition is smooth.
Typically, the solutions of (1.1) possess complicated nonlinear structures such as shock and
rarefaction waves. Capturing such solutions in an accurate, efficient and robust way requires
the use of high-resolution shock capturing techniques, see, e.g. [55,62,118,139, 144, 157].

Godunov-type finite-volume methods, first established in [57], are one of the most
typical numerical methods to solve (1.1) due to their accurate and non-oscillatory shock
capturing procedure. Those are reconstruction-evolution-projection methods, in which the
numerical solution is first realized in terms of cell averages over specific control volumes.
These cell-averages are then used to construct a global piece-wise polynomial solution
which is evolved in time and finally projected back onto the original grid.

For instance, consider the one-dimensional (1-D) system of conservation laws:

q;+F(q),=0. (1.2)

The cell averages of the computed solution at a certain time level ¢” are obtained by inte-
grating the solution over the spatial grid cells C; :=[x;_1, x; 1], which is taken to be uniform
for simplicity, of size |C;| = Ax:

_ 1
q'~— | q(x,t")dx. (1.3)
I Ax o
J

Then, following the Godunov scheme’s approach, the approximate solution at time ¢” is
reconstructed by a global piecewise polynomial:

qlx,t")~pi(x), forxe(x;_1,x;,1), (1.4)



where pj are polynomial pieces that are generically discontinuous at the cell interfaces
x = x;1. Alibrary of different reconstruction procedures is available, see, e.g. [2, 36, 56,
63,64,80,90,97,109,111,112,115,118-120, 126, 141, 143, 148, 152]. Next, the reconstructed
piecewise polynomial interpolant is used as initial data at ¢ = ", which is evolved to the
next time level ¢ = t"*! by integrating the system (1.2) over space-time control volumes
C;x[t", t"].

Depending on the choice of the control volume, Godunov-type schemes are mainly
split into two subclasses: central and upwind, as shown in Figure 1.1.

Central (staggered) schemes allow one to evolve the solution without (approximately)
solving any Riemann problems, in which the cell averages are computed over the centered

grid rather than the original computational cells:

X1 X s
a;h = ﬁ ijﬁz pj(x)dx +Jx_]1 Pl (x)dx | — é Jt [F(q(xj1, 1)—F(q(x;, t)]dt.

" (1.5)
Here, the flux integrals can be evaluated exactly, since the solution g(x, t) is smooth along
the lines x = x;,, for r €[z", t"*1] provided a suitable time-step restriction.

The first-order central schemes were introduced in the 1950s, [51, 106], and called Lax-
Friedrichs (LF) schemes in the literature. LF schemes are simple and universal to apply due
to their Riemann-problem-solver-free feature, since particularly in multi-dimensional prob-
lems, Riemann problem solvers do not exist. Central schemes have been broadly developed
including staggered and nonstaggered variants, higher-order methods, multidimensional
generalizations, see, e.g. [4,10,35,81,91,96,97,103,104,111,112,114,117,120, 126, 131-133,
138].

On the other hand, in the upwind schemes, also proposed in the 1950s, [57], the solution
cell averages at t = t"*! are obtained by approximating the integrals on the right-hand side

of

tn+1

1

g =g - ax ), [F(q(x;,1, )= Fq(x;_y, )] d. (1.6)

Since the solution g(x, t") is discontinuous at x = X;j.1, an (approximate) solution of
the (generalized) Riemann problems arising at the cell interfaces is required, see, e.g.,
[9,14,36,56,57,90, 109, 150]. Thus, these schemes are restricted to the systems, in which



A : =n+1 : A : =HA
e , _______________ qj?*l/z , e e qf __________________________
" s — — e OO ...
X2 X Xjryz  Xje1 Xpze X1 Xj1/2 X Xipz  Xjua

Figure 1.1 Central (staggered) control volume (left), Fj” = F(q(xj, t")). Upwind control volume
(right), an—1/2 =F(q(xj_1/2,t")).

Riemann problem solvers are available. However, they are highly accurate, less dissipative
and less diffusive than central schemes, since the latter does not catch the resolution of
nonlinear waves, which causes a larger numerical dissipation.

Recently, a new class of Godunov-type finite-volume methods —central-upwind (CU)
schemes— has been developed by combining the simplicity and universality of the central
scheme with the high accuracy and low dissipation of the upwind approach. The key idea
behind the construction of the CU schemes is to use the upwinding information, that is the
one-sided local speeds of propagation of the waves emerging at cell interfaces. These are
right- and left-sided speeds, which allow one to design two special sets of control volumes
as shown in Figure 1.2. One of these control volumes (colored with blue in Figure 1.2)
contains all (nonsmooth) nonlinear waves generated at time ¢ = ¢” at cell interfaces while
the second one (colored with green in Figure 1.2) contains smooth parts of the solution.
The stability condition, if chosen properly, would then, guarantee that no waves reach the
boundaries, hence the evolution mechanism within the control volumes remain central
and no Riemann problem solver is required. Once evolved in time, the solution must be, as
usual, projected back on the original uniform grid.

The CU schemes were initially introduced in [103] for hyperbolic systems of conser-
vation laws and further developed in [19, 20, 38,93, 95-99, 101, 102, 105]. These schemes
are efficient, highly accurate and do not require any (approximate) Riemann problem
solver (the latter makes the CU schemes applicable in a “black-box manner” to a wide

variety of multidimensional hyperbolic systems of conservation and balance laws). As it is



tﬂ;ﬂ

.
>

X1 X2 X Xp2 X

Figure 1.2 Central-upwind control volumes. The solution is nonsmooth in the blue colored con-
trol volume and it is smooth in the green control volume.

demonstrated in [93,95], the CU scheme has reduced numerical dissipation and enhanced
resolution of contact waves.

Solving the system of conservation laws (1.1) with additional source terms, i.e. the
system of balance laws, makes the development of the solution a more complicated task. A
system of balance laws reads:

q:+V. - F(q)=5(q), (1.7)

where S(q) is the vector of source terms. In many applications, a special class of solutions
to (1.7), steady-state solutions, are of particular interest and especially important in cases
when small perturbations of the steady states are considered as solutions of the system
(1.7). Capturing such solutions numerically is one of the major difficulties since the size of
these perturbations may be smaller than the size of the truncation error on a coarse grid.
To overcome this difficulty, one can use a very fine grid, but in many physically relevant
situations this may be computationally unaffordable. Another problem one may come
across while solving the system of balance laws (1.7) is preserving the positivity of the
computed solution of physically relevant problems. The numerical oscillations may cause
negative values for physical quantities, such as, density, pressure or water height.
Therefore, it is important to design a well-balanced and positivity preserving, i.e. struc-
ture preserving, numerical scheme, that is, a method which is capable of exactly preserving
some steady-state solutions as well as maintaining the positivity of the numerical solution

when it is necessitated by the physical application. Then, perturbations of these solutions



will be resolved on a coarse grid in a non-oscillatory way. Well-balanced schemes were
introduced in [61] and mainly developed in the context of shallow water equations; see,
e.g., [5,11,12,18,29, 49,53, 83, 86,92, 100, 108, 127, 136, 137, 140, 155]. Positivity preserv-
ing well-balanced schemes for shallow water equations can be reviewed in, for exam-
ple, [5,11,12,18,28,53,92,100]. Some of these schemes have been extended for the Euler
equations with gravitational fields. In [110], quasi-steady wave-propagation methods were
developed for models with a static gravitational field. In [13], well-balanced finite-volume
methods, which preserve a certain class of steady states, were derived for nearly hydrostatic
flows. In recent works [26,43,151], finite-volume methods that preserve more general classes
of steady states and handle more general gravitational potentials have been introduced.
In [121, 149, 156], gas-kinetic schemes were extended to the multidimensional gas dynamic
equations and well-balanced numerical methods were developed for problems in which
the gravitational potential was modeled by a piecewise step function. More recently, higher
order finite-difference [154] and finite-volume [113] methods for the gas dynamics with

gravitation have been introduced.

1.2 Kinetic Chemotaxis Models

The second part of the dissertation is focused on the study of the oriented movement of cells
in response to a chemical gradient (chemoattractant), so-called chemotaxis phenomena.
Chemotaxis can be represented by a multiscale model which involves a class of Boltzmann-
type kinetic equation for the evolution of the cell density and a macroscopic equation for
the chemoattractant concentration. This model was introduced in [147] based on a stochas-
tic approach and further developed by the kinetic theory in [3, 129, 145] for the chemotaxis.

The non-dimensionalized system reads as:

1
efi+v-V f= Eﬂ(f),
TS, =AS+ (S, p),

(1.8)

where f(x, £, v)is the local density of cells at the position z € R? with the velocity v € V c R?

at time ¢, the gradient term v -V, f describes the transport of cells with v and the turning



kernel operator 7 expresses the rate of change from the velocity v’ to v. S(z, t) and p (=, t)
are the macroscopic density of the chemoattractant and cells, respectively. The interaction
between cells and the chemoattractant is given by the function y. The non-dimensional
scaling parameter ¢ is the ratio of the average distance travelled between two velocity
changes (the mean free path) and the typical length scale.

The diffusion limit of the multiscale chemotaxis system (1.8) has been extensively
studied within the last few decades. For example, some of the literature can be found
in[1,3,23-25,68,71,76,79,130,135,153] and references therein. Under certain assumptions,
the limiting problem as £ — 0 results in the macroscopic system of equations for the cell
density and chemoattractant concentration, known as Patlak-Keller-Segel (PKS) system,
[134] and [87, 88]:

p:=V-(Vp—=ypVS),
S, = AS+ (S, p),

(1.9)

where y is the chemotactic sensitivity constant.

Since solutions of the system (1.8) reveal a multiscale character, their numerical resolu-
tion generates some major difficulties. For instance, the limiting solutions of (1.8) as&¢ — 0
may be different in nature from that of the solutions for finite values of £ > 0. As was shown
in a number of analytical works, the solution of the PKS system (1.9) may blowup under
certain regimes, [21, 34,52,65-67,69, 78, 124], while the behavior of solution to the kinetic
chemotaxis model (1.8) depends on the choice of the turning kernel and may not blowup
as the solution of the PKS model, see, e.g. [15, 25,76, 77].

From the numerical point of view, the use of standard explicit numerical methods in the
¢ — 0 regime, would require very restrictive time and space discretization steps: typically
they would need to be proportional to € as At, Ax ~ 0(g) or At,Ax ~ 0(&?), due to stability
conditions. This rapidly becomes too costly from a practical point of view and consequently
numerical solutions for small values of £¢ may be out of reach. Moreover, standard implicit
schemes, which will be uniformly stable for 0 < £ < 1, may be inconsistent with the limit
problem and thus may provide a wrong solution when ¢ — 0. Thus, designing robust
numerical methods, whose accuracy and efficiency is independent of ¢ is an important
and challenging task, which is the focus of this dissertation.

One of the most powerful numerical techniques applicable to such problems is asymptotic-



preserving (AP) methods, originally introduced in [82] to solve kinetic equations in diffusive
regimes and were later generalized for a variety of kinetic models; see, e.g., [39,40,44,47,73—
75,79,84,107]. The idea behind the AP methods is proposing a numerical transition from
one model to another, which is able to be preserved at the discrete level. More specifically,
for a fixed mesh size and time step, an AP scheme should be automatically transformed
into a stable discretization of the limiting model as € — 0. An illustrative description of
AP schemes is shown in Figure 1.3, where P, stands for the continuous problem with its
limit problem P, and P, ;, is the stable discretization of the problem P, with h = (Af,Ax).
As £ — 0, the AP scheme, P, ;, results in a consistent discretization P, j, for B, as well.

Ps,h > Pe
e—0 e—0
P > Py

0f h—0

Figure 1.3 Model of AP schemes. P,: a continous problem; P,: a well-posed limiting problem of P,;
P, j,: a stable discretization of P,; B, j,: a stable discretization of F,.

To review the properties of AP schemes referring to Figure 1.3, [73, 125]:

Consider a continuous problem P, and its well-posed limiting problem P,

For fixed ¢ > 0, P, , is a stable discretization of P, with a given time and space dis-
cretization h = (At,Ax)

For fixed discretization i = (At, Ax), P, , tends to an accurate discretization of P,
 The stability of the scheme does notrely on ¢

In the context of the kinetic chemotaxis model, a 1-D AP method has been designed for

various turning kernels in [23]. Additionally, a numerical investigation has been done for



the 2-D spherically symmetric initial data in ¢ = 1 regime. Moreover, for 1-D models, an
AP scheme based on a micro-macro decomposition has been proposed and implemented
in [8]. Recently, in [45], a general framework to design an AP scheme has been proposed for

the transport equation that models chemotaxis.

1.3 Outline of the Dissertation

The rest of the dissertation is organized as follows.

* In Chapter 2, we describe a second-order semi-discrete CU scheme and illustrate
its well-balanced modifications for several systems of equations. Particularly, In
Section 2.2, we consider 2 x 2 balance laws, while in Sections 2.3 and 2.4 the Euler
equations of gas dynamics with gravitation in both one- and two-dimensional spaces
are considered, respectively. In Section 2.2.2, we provide a number of examples to
demonstrate the performance of the prescribed well-balanced numerical scheme
for 2 x 2 systems of balance laws. In Sections 2.3.2 and 2.4.2, we examine the validity
of the proposed well-balanced method on several numerical examples for one- and

two-dimensional Euler equations with gravitation.

* In Chapter 3, we characterize a micro-macro model for chemotaxis and develop an
AP scheme to resolve the multiscale phenomena of the system. In Section 3.3, we
present the AP scheme The performance of the proposed AP scheme is illustrated in

anumber of numerical experiments in Section 3.5.
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CHAPTER 2

Well-Balanced Central-Upwind Schemes

The contents of this chapter have been submitted to SIAM Journal on Scientific Computing,
[27] and Proceedings of the Sixteenth International Conference on Hyperbolic Problems:
Theory, Numerics, Applications, [30].

In this chapter, we first outline a second-order CU scheme from [93] in Section 2.1.
We start with considering 2 x 2 systems of balance laws in Section 2.2 and present how
the described CU scheme can be modified to preserve the steady states of the system. In
Section 2.3 and Section 2.4, we illustrate the well-balanced modifications of the CU scheme
for 1-D and 2-D Euler equations of gas dynamics with gravitation, respectively. In Sections
2.2.2,2.3.2 and 2.4.2, we implement the proposed CU scheme on a number of numerical

examples.

2.1 Second-Order Semi-Discrete Central-Upwind Scheme -

Overview

In this section, we briefly describe a second-order semi-discrete CU scheme from [93]
applied to the 1-D in Section 2.1.1 and 2-D systems in Section 2.1.2.

11



2.1.1 One-Dimensional Central-Upwind Scheme

For simplicity, we first partition the computational domain into finite-volume cells C; :=
[xj_%, xj+%] of size |C;| = Ax centered at x;, j= j,..., jg. We assume that at time level 7,
the cell averages of the numerical solution, g j(t) = ALX fc q(x,t)d x, are available.
]
We consider the following 1-D system

q; +F(q),=S(q), 2.1)

where q(x, t) is the vector of unknown variables, F' and S are the vectors of the flux and

source terms and we apply the semi-discrete CU scheme which results in the following

system of ODEs:
d__ Zm=71 &
g . =— +S ., 2.2
dr i Ax J (2.2
where
a’, F(g)—a. F(q},,) a.a.,
s J j+s j+l w E Utz j+3
‘gH% = - at _a—z T2 (qj+1_qj_5qj+%)’ @} -—# (2.3)
A S i+3 it

are the CU numerical fluxes, and S j are the approximations of the cell averages of the
source term. In (2.3),

5qj+% = rninmod(q}(‘frl — q;+%, q;% — qf) (2.4)

is a built-in anti-diffusion term with

+ W - E W E
a;,ql,—a;,q;—{Fla},)-Fld)}
1= T = , (2.5)
2 a, ,—a.
Itz Jtz

and the minmod function defined by

min(z,, z,,...), if z;>0 Vi,
minmod(z,, z5,...):=4{ max(z,, z,,...), if z;<0 Vi, (2.6)

0, otherwise.
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In (2.3), (2.4) and (2.5), q and q] ., are the one-sided point values of the computed

solution at cell interfaces x = x;, 1. To construct a second-order scheme, these variables

are to be calculated using the piecewise linear reconstruction

dlx, )= (@,()+(g.)(x—x)- X ¢ (x 2.7)

j
where Y . is a characteristic function of the interval C;. We then obtain
]

Ax W _ Ax

— (@) a5, =A% +0)=q,0 ———(gx) - (2.8)

E._ ~ =
q;=4q(xj;—0)=q;+— 5

To avoid oscillations, the vertical slopes in (2.8), (g, ), are to be computed using a nonlinear
limiter applied to the cell averages {g;}. In all of the numerical experiments presented in
Section 2.3.2, we have used a generalized minmod limiter (see, e.g., [115, 126, 148]) applied

in the component-wise manner:

. aj+1_(7j aj+1_aj—1 E;—G,-_l
(qx)j—mmmod(e A 2Ax , 0 N ,

where the parameter 6 €[1,2] controls the amount of numerical dissipation: the use of
larger values of 0 typically leads to a less dissipative, but more oscillatory scheme.
The one-sided local speeds of propagation, a]il , are estimated using the smallest A,
2

and largest Ay eigenvalues of the Jacobian matrix d F'(q)/dq:

OF oF

aty =max{ Ay (Sotah) ). aw (St of.
_ . oF oF

ary=min{(Sota)) 2 Sotal) of-

Finally, the semi-discrete ODE system, (2.2) should be integrated in time by a high-order

(2.9)

accurate and stable ODE solver. For example, in the numerical examples presented in
Sections 2.2.2 and 2.3.2, we use the third-order strong stability preserving (SSP) Runge-
Kutta method (see, e.g., [58, 60, 144] and Appendix A.1). In order to make computations
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stable, the time step should be chosen with the following CFL condition:

AXx
At=k———, k<

max|a® |’ . (2.10)
j j+z

DN | =~

2.1.2 Two-Dimensional Central-Upwind Scheme

In this section, we implement a second-order semi-discrete CU scheme, [93], to the follow-
ing 2-D system:
q,+F(q), +Glq), =S(q), 2.11)

where q(x, y, t) is the vector of unknown variables, F' and G are the fluxes in x- and y-
directions, respectively, and S is the source term.

We consider a rectangular computational domain and divide it into the uniform Carte-
sian cells C; . := [xj_%,xﬁ%] X [yk_%,y,ﬁ%] of size |C; | = AxAy centered at (x;, yi), j =
Jir-- jr» k=ki,..., kr. We assume that at a certain time level z, the cell averages of the

computed numerical solution,

_ 1
q;(t)= AxAy Jf q(x,y,t)dxdy,

Cj,k

are available.
We employ the semi-discrete CU scheme which leads to the following system of ODEs:

a _ 9J-+%,k—9]‘—%,k gj,k%_gj,k—% =
L= - +8 0 (2.12)
dt ™ Ax Ay
where
+ E - w
a, Flag)—a,, Flay, )
Z L 3k J Jjt+3.k J+L s W _ E -5
jle = T —a 5k \ Dk~ Dk~ 094k )
i+3,k ji+3,k
j+3 j+3 . 3 (2.13)
at, a
Ol = jtz.k  j+3.k
]+§'k ) 6l+ _ai 1

j+3.k j+2.k
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+ N \Y_ 7}— S
— bf’k+%G(qJ' o) bj,k+%G(qj,k+1) < -
g]rk+% B b+ - +ﬂj,k+% (qj,k+1_qj,k_ qjyk_,_%),
I k+2 ],k+7 b+ bi (2.14)
NG s B8 s
ﬂj,k+% T b+ —

et~ Bl
are the CU numerical fluxes, and S jk is the approximations of the cell averages of the source
term and

5qur k—mlnmod( Qs qj%,k,q;%vk—q?k) (2.15)

and
* * N
5q]k+1—m1nmod( 9 1 qj,lc+%’qj,k+%_qj,k) (2.16)
are build-in anti-diffusion terms with
w - E
. a;+%,kqj+1,k_aj+%,kqjk {Flg ]+1k) F(qj,k)}

q. 1,= ,
j+az.k at |, —a,
j+3.k j+3.k

and
+ S _p- N
« bj.k+%qj,k+1 bj k+1qjk {G q; ki)~ G(qj,k)}
qj,k+% - bt —b- ’
Jk+3 jk+3

with the minmod function defined in (2.6). Notice that the anti-diffusion terms (2.15) and
(2.16) can be rigorously derived from the fully discrete CU framework; see [93] for details,
though they are slightly different from the ones presented in [93].

The one-sided point values of the computed solution at cell interfaces (x;.1, y;) and

(X}, Y1) are obtained using the piecewise linear reconstruction:
2

G(x, )= D @50+ @)lx—x)+(@) 16y =901 X ¢,y (2.17)
Jk

where ) . is a characteristic function of the finite-volume-cell C; ;.
I
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We then obtain

- _ Ax - _ AXx
q?,k =q(x;,1,—0)=q; + T(qx)j,k’ qﬂuc =q(xj1,+0)=G 4 — T(qx)jﬂ,k’
(2.18)
~ _ Ay ~ - Ay
Q?k = Q(J/j,k+% —0) =qjrt+ T(Qy)j_k, q;kﬂ = Q(J’j,mé +0) =dqjr+1— T(Qx)j,kﬂ-
(2.19)

Similarly to the 1-D case, to avoid oscillations, the slopes (q,);  and (q,); » are computed
with a nonlinear limiter, for example, the generalized minmod limiter:

: aj+l,k _aj,k aj-t—l,k —ﬁj_l,k aj,k _aj—l,k
. =minmod| 0 , 0 ,
(qX)]’k ( Ax 2Ax Ax (2.20)
(q ) — minmod| @ 6j,k+1 _(7j,k 6j,k+1 _aj,k—l 0 E,-,k _aj,k—l ' )
Y2k Ay ) oAy ) Ay

We then estimate the one-sided local speeds of propagation in the x- and y - directions,

respectively, using the smallest and largest eigenvalues of the Jacobians % and %:

OF oF
@ty =max( 2 St ) i (St ) o)
_ (. (OF , oF
ajJr%,k =min ()Ll (a_q(q]'k)) ))Ll (5_q(qj+1’k))' 0);
3G 0G
b;]ﬁ_% = maX(AN (Tq(qj'k))’)w (ﬁ_q(qj’k“))' 0);

_ ) G | oG,
bj,kJr% = min (M (a—q(qj,k)),% (3_q(qf'k“))’ 0),

where A, <...< Ay are the N eigenvalues of the corresponding Jacobians.

(2.21)

Finally, a sufficiently accurate and stable ODE solver, for example, the third-order SSP
Runge-Kutta method (see, e.g. [58, 60, 144] and Appendix A.1), is used to solve the ODE
system (2.12) with a modified CFL condition:

. Ax Ay 1
At =k min < < , K< -—. (2.22)
maxla,, [ max|by )| 2
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Remark 2.1.1 It should be observed, that the CU schemes, (2.1)-(2.9) or (2.11)-(2.21), do
not, in general, preserve steady state solutions when applied to systems of balance laws.
In what follows, we explain the well-balanced adjustments of the prescribed CU schemes,
(2.1)-(2.9) and (2.11)-(2.21), in regard to several models.

2.2 2 x2 Systems of Balance Laws

In this section, we consider a 2 x 2 system of balance laws of the following form:

{ pi+fi(p, ), =0, 023
qt +fz(P’CI)x =—S(,0,Q),
which can be rewritten in the vector form as
q; +F(q),=S(q), (2.24)
where
) 0
q:= (p), F(q):= (fl o q)), S(q):= ( ) (2.25)
q fz(P,CI) —S(P»CI)

are the vectors of the conservative variables, flux and source terms, respectively, and x € R
and t € R" are the spatial and time variables. These type of balance laws systems appear
as mathematical models in many applications, see, e.g., [16,41, 42,50, 54]. System (2.23)
is also a common model for gas flow in high-pressure transmission pipelines [7,128] and
traffic flow [6, 37], both will be our primary motivation for designing a numerical method
and validating computational results in this section.

The steady states, p, = g; =0, of (2.23) satisfy the following time-independent system:

{ o, @):=0, 2.26)

Lp,q),=—s(p,q),
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aswell as fi(p,q): = f2(p,q): = s(p, q), =0, which yields

X

fi(p,g)=Const, fz(p,q)+fs(p,q)d§ECOnst, Vx,t. 2.27)

The goal is to construct a numerical scheme which is able to preserves the given steady
states (2.27) and their small perturbations. To this end, we incorporate the source term into
the flux in the second equation of the system (2.23) and introduce a new reconstruction-
evolution process to guarantee that all steady states of (2.23) are captured exactly. Fol-
lowing [27, 29], we introduce new equilibrium variables, which are preserved during the
reconstruction and propagate in time according to a modified evolution step.

It is instructive to note that the scheme described in Section 2.1 does not necessarily
preserve the steady state solutions (2.27). To cite an example, we consider the case where
fi(p,q) = q and therefore g = Const and p = p(x) satisfies the steady state (2.27). Imple-
menting the CU scheme (2.2)-(2.9) with 6g;,1 =01in (2.3) for, say, the first component of
the solution will result in the following semi-discrete approximation:
dp, 1| %09 %09

L AW _ E
dr ~  Ax al ,—a_, TP p))
j+

+ _E -
N e
a

+a; 1 (p} —pi)|-

-
to—a7
= -

1
2

N~

The last equation reduces to

dp, __a]'+%(p}/\+,-1_‘O?)_af—%(p}{v_p]l?—l
dt Ax

) (2.28)

since q =q¥ e qJE ) qW Const. However, in general, the piecewise linear approxima-
tion, (2.7), forms discontinuities at the cell interfaces, so that the point values pj t, and p].
(p)f" and p]]?:_l) are not necessarily equal. Thus, right hand side of the ODE (2.28) does not

vanish and the scheme fails to preserve the steady state.
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2.2.1 Well-Balanced Central-Upwind Scheme

In this section, we present a well-balanced modification of the CU scheme described in

Section 2.1. To this end, we first define new variables:

X

K:=fi(p,q), and L:=f(p,q)+R, R ::f s(p,q)dé, (2.29)
and rewrite the system (2.23) as:
+K, =0,
P (2.30)
q,+L,=0,

which can be put into the vector form (2.24) with the different flux and zero source terms:
where g =(p,q)", F(q)=(K, L) and S(q)=(0,0)". Obviously, the steady state of (2.30) will
be in the following form:

K =Const, L =Const. (2.31)

2.2.1.1 Reconstruction

We start by describing a special reconstruction procedure, which is implemented to obtain
the point values, qfr and q}f‘il, used in (2.3), and is based on reconstructing equilibrium
variables, K and L, instead of conservative ones, p and g. To this end, we first compute the

values K ; and L j from the cell averages, p i and g I i.e.,

Kj:fl(ﬁj’aj)r Lj:fz(ﬁjyaj)'i'Rj; (2.32)

where the values of R; are evaluated by applying the midpoint quadrature rule to the integral

in (2.29) and using the following recursive relation:

1 S

starting from R, , =0.
The point values of K and L at the cell interfaces x = x;,) are then obtained from
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(2.7)-(2.6): A A
X X
KE:K]-+—(KX)]-, L?:Lj'i'T(Lx)j;

J 2
Ax

Ax (2.34)
W _ W _
KM =K——=(K); L}'=L;——(Ly);

J?
Finally, equipped with the values of K ]E’W, Lf"w and R, 1, we compute the corresponding

point values of p and g by solving the following four nonlinear equations in terms of

pf, p}f", qj‘? and q]W, respectively:

Ki=fpta?), Li=fp5a)+R.,
K =Ffp,a"), LY=fp},a") +R;_y.

2

Clearly, the procedure would significantly simplify when one of the conservative vari-
ables is also an equilibrium one, say, K = f,(p, g) = g. In such case, the point values q]‘.E'W
can be obtained directly from (2.6)-(2.7) and thus only two nonlinear equations should be
solved to obtain p?’w for each j. In all of our examples presented below, the set of nonlinear
equations (2.34) was solved analytically.

2.2.1.2 Evolution

We then evolve the cell averages, q; = (0 j,ﬁ j)T, in time by using the following system of
ODEs: F T

%a =", (2.35)
Here, we take the built-in anti-diffusion term q j+1 = 0 in the numerical fluxes & jl whose

two components are given as follows:
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. E W (2.36)
a C—a’.
g(z) . s jHL T+
j+z at | —a7,
Jtz Itz

PR (T
Ax max;{L;, L}
and @, 1 is defined in (2.3) with the corresponding one-sided local speeds aji%, which are
estimated by using the smallest and largest eigenvalues of the Jacobian 0 F'/dq.
The second components in the numerical flux functions (2.36) are modified (compared

to (2.3)) to preserve the steady states. Namely, a smooth function ¢, satisfying

_(Co)"

= copm

#(0)=0, (2.37)

is introduced for some constants C > 0 and m > 0. When the solution is a steady state,

e.g. both Kf = Kf) = K; = Constand L} = LY, = L; = Const, # vanishes, so is each

component of the numerical flux in (2.36). Otherwise, /¢ is very close to 1 and then the

scheme reduces to the classical semi-discrete central upwind scheme (2.3). The normaliza-
€2 €2

max;{K;, K} max;{L;, L.}

domain, are introduced in order to make the function /# nondimensional and independent

tion factors,

, Where [()| is the size of the computational

of the choice of C and m.

We summarize this observation in the following theorem.

Theorem 2.2.1 The semi-discrete CU scheme, (2.35)—(2.37), with the reconstruction de-
scribed in Section 2.2.1.1 gives an absolute balance between the source and flux terms and

thus preserves the steady state, (2.27), exactly, i.e. the scheme is well-balanced.

Proof: Let us start with assuming that at a certain time level ¢ the solution reaches its steady
state and

Ki=K{ =K;=K* and LY=L}, =L;=L", V] (2.38)

jt1 j+1 i=
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where K* and L* are constants. We show thatg; = (o j,L_] j)T remains constant in time, which
means the right-hand side of the ODE system (2.35) diminishes with given conditions
(2.66). Indeed, identities in (2.66) imply 22 = 0, which in turns results in 9'1(13% = K* and
9](?% = L*. Therefore, both 9'](2% — 9](1_)% =0and ﬁj(i)% — 7% =0and thus from (2.35) we

2

dq;
btain —2 =0, V.
obtain 7 Vj [ ]

2.2.2 Numerical Examples

In this section, we test the performance of the developed well-balanced method and show
that it preserves steady state solutions exactly for several 2 x 2 systems. In particular, the
system of isothermal Euler equations of gas dynamics with friction and with the bottom
profile and the model for traffic flow with relaxation are studied.

In all of the experiments reported below, we implemented the second-order well-
balanced CU scheme (2.35)—(2.37) and compared the obtained results with those computed
by the non well-balanced CU scheme (2.1)-(2.3). The scheme parameters were taken as
0 =1.3 in Examples 2.4, 2.5 and 6 =1 in Example 2.6; C = 200 in Examples 2.4, 2.6 and
C =400 in Example 2.5 and m =1 in (2.37) in all of the examples. For the time evolution, we
used the third-order SSP Runge-Kutta method (see, e.g., [58, 60, 144] and Appendix A.1) to
solve the semi-discrete ODE system (2.35) with the CFL constant in (2.10) taken as x = 0.4
in Examples 2.4, 2.6 and k = 0.1 in Example 2.5.

Example 2.4—Gas dynamics with pipe-wall friction.

In this example, we solve the isothermal Euler equations of gas dynamics with pipe-wall
friction, which is used for the simulation of high-pressure gas transmission systems [17,128].

The model is governed by the following system of hyperbolic balance laws:

pt+qx:0’

2 (2.39)
qu +(czp +%) =—u%|q|,

22



Table 2.1 Example 2.4: L!-errors and corresponding experimental convergence rates in the well-
balanced computation of K and L at T =1.

N | IIKC D) =Kl | IE( 1) =L
100 |  1.94E-18 7.77E-18
200 | 9.71E-19 9.71E-18
400 |  1.66E-18 9.57E-18
800 | 2.18E-18 1.18E-17

where, p(x, t) is the density of the fluid with the velocity u(x, t), g(x, t) is the momentum,
u >0 is the friction coefficient (divided by the pipe cross section) and ¢ > 0 is the speed of
sound.

We first check the well-balanced property of the developed scheme by considering
(2.39) with ¢ = u =1 and subject to the following initial data (given in terms of equilibrium
variables):

K(x,0)=¢q(x,00=K*=0.15 and L(x,0)=L*"=0.4, (2.40)

in a single pipe x €0, 1]. Here,

2

K(x,6)=q(x,t) and L(x,t)= (czp + %)(x, £)+R(x, 1), (2.41)

q(&,1)
p(g’t)ICI(i,t)ldi-

To run the computations we divide the interval Q =[0, 1] into N uniform grid cells and
apply the well-balanced second-order CU scheme (2.35)-(2.37) to the system (2.39) with
zero-order extrapolations for both K and L at the boundaries of the domain. We compute
the solution until the final time T = 1 with N =100, 200, 400 and 800 and report L!-errors,
measured as ||K(-, T)— K*||, and || L(-, T)— L*||,, in Table 2.1. As one can see, on all of these

X
are the steady states and R(x, t) = J u

grids, the initial data are preserved within the machine accuracy. For comparison, we run
the same computations using the non-well-balanced CU scheme (2.1)-(2.3), in which case
the initial equilibria are preserved within the accuracy of the scheme only, as can be seen
in Table 2.2.
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Table 2.2 Example 2.4: L!-errors and corresponding experimental convergence rates in the non-
well-balanced computation of K and L at T =1.

N | |IK(,1)—K*||, | rate | ||L(-,1)—L*||, | rate
100 1.29E-06 - 8.81E-07 -
200 3.30E-07 1.96 2.25E-07 1.97
400 8.34E-08 1.98 5.69E-08 1.98
800 2.09E-08 1.99 1.43E-08 1.99

Next, we solve the system (2.39) with the perturbed initial data:
K(x,0)= K*+ne 1005 — 0 5.4 e 10005 1(x 0)=L*=0.4, (2.42)

with the perturbation constant r > 0. In Fig. 2.1, we plot the obtained momentum pertur-
bations computed using both well-balanced and non-well-balanced schemes with two
different perturbation constants, = 107> and n = 107° at time T = 0.2 on N = 100 uniform
grid cells. We also calculate a solution using the non-well-balanced method on finer grids,
i.e., N =1600 for n =102 and N = 3200 for = 1075. We observe that for the larger value of
the constant 1 = 1073, both the well-balanced and non-well-balanced schemes can capture
the perturbation even on a coarse mesh. However, when the perturbation is relatively small,
n = 1075, the well-balanced scheme still can resolve the perturbation on a coarse grid
(N =100), while the non-well-balanced method is not capable of catching it unless it is

employed on a very fine mesh, say N =3200.

Example 2.5—Gas dynamics with the bottom profile.

In the second example, we consider the 2 x 2 system of gas dynamics with bottom profile

where the governing equations are given by:

pP:+q,=0,

, G (2.43)
q: + 6p+; =—gph(x),
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Figure 2.1 Example 2.4: Momentum perturbation computed by the well-balanced (WB) and
non-well-balanced (NWB) schemes at time T = 0.2 for n =1073 (left) and = 107 (right).

with h(x) being the bottom profile. This case is relevant to the practical applications when
gas pipes are not horizontal. In particular, the gravitational force needs to be considered in

mountainous regions with high-pressure gas transmission.
Here, we consider the system (2.43) with ¢ =1, g =9.81 and an exponential function

h(x)=e 09 (2.44)

We solve the system on the computational domain x €[0, 1] and subject to the following

initial data (again given in terms of equilibrium variables):

K(x,0)=¢q(x,00=K*=1 and L(x,0)=L*=20, (2.45)

where
2

K(x,t)=q(x,t) and L(x,t)= (czp + %)(x, £)+R(x, 1), (2.46)
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Table 2.3 Example 2.5: L!-errors and corresponding experimental convergence rates in the well-

balanced computation of K and L at T =1.

N | IIKC D) =Kl | IE( 1) =L
100 | 3.19E-16 1.17E-15
200 |  3.90E-16 9.76E-16
400 |  1.99E-16 8.70E-16
800 | 1.41E-16 9.45E-16

Table 2.4 Example 2.5: L!-errors and corresponding experimental convergence rates in the non-
well-balanced computation of K and L at T =1.

N | ||IK(,1)—K*|, | rate | ||[L(-,1)—L*||; | rate
100 8.97E-03 - 0.117 -
200 2.25E-03 1.99 2.98E-02 1.97
400 5.64E-04 1.99 7.54E-03 1.98
800 1.41E-04 2.00 1.89E-03 1.99

X

and R= | gp(&,t)h,(&)dE. Since (2.45) is a steady state solution of (2.43), we adopt it to

illustrate that the CU scheme (2.35)-(2.37) is well-balanced.

Similarly to the first example, we obtain the solutions of the system (2.43) by imple-
menting both the well-balanced and non-well-balanced CU schemes on a uniform grid
with N =100, 200, 400 and 800 cells. Tables 2.3 and 2.4 indicate the L!-errors as estimated
in the previous example in measuring the equilibrium states K and L computed by both
the well-balanced and non-well-balanced schemes. One can clearly see that while the well-
balanced scheme gives errors within machine accuracy, the non-well-balanced method
requires very fine grid, to preserve steady state solution.

We, then, introduce an initial perturbation on momentum as follows:

K(x, 0) — K* + ne—lOO(x—O.S)Z f— 1 + ne—lOO(X—O.S)Z’ L(x’ 0) o L* — 20’ (2.47)
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where 1) > 0 is the perturbation constant. We first run the computations with n = 107! and
plot the results in Fig. 2.2 (left) obtained at time T = 0.25 by both the well-balanced and
non-well-balanced methods with N = 100 uniform grid cells. In both cases, zero-order
extrapolations are implemented at the boundaries of the computational interval 2 =[0, 1].
For comparison, we also plot a solution obtained by the non-well-balanced scheme with
N =1600. We observe that, while the well-balanced scheme is capable of resolving the
perturbation on a coarse mesh, the non-well-balanced method requires a finer mesh, e.g.,
N =1600. In Fig. 2.2 (right), we illustrate the momentum perturbation at time T = 0.25

% 1072 perturbation of Q, 1= 10"1 % 107 p‘ert}erat‘ion of Q, 1= 1O'I3
| |~ initial state 12 |- — initial state i
_"_WB, N=100 ° WB, N=100 | :
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I i 1y i

8 I 8 \ iy i
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6 / \ 6t b i
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Figure 2.2 Example 2.5: Momentum perturbations computed by the well-balanced (WB) and
non-well-balanced (NWB) schemes for n =107"! (left) and n = 1073 (right) at time T = 0.25.

obtained by both the well-balanced and non-well-balanced schemes for a smaller value of
the perturbation constant ) = 10~3. We note that our well-balanced scheme can capture
smaller perturbations of the steady states on a coarse mesh, N = 100, while to obtain
corresponding results with the non-well-balanced method, one needs to use a very refined
mesh, N = 6400, which would be costly in most of the cases.
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Example 2.6—Traffic flow with relaxation to equilibrium velocities.

In the last example, we study a second-order model for traffic flow, which has been intro-
duced in [6] to model driver dependent traffic conditions. The model has been investigated
since then by many authors and we refer to [46] for a recent comparison and discussion.
The governing equations are written in terms of the density of cars p(x, t) and the
velocity u(x, t), as well as a driver property w(x, t). The latter can be viewed as distance
towards an equilibrium velocity V,,(p). For simplicity, we chose as V,,(p) = 1—p, where
p = 1represents maximum density and introduce a fixed relaxation time 7 > 0 for all drivers,

in which case the model reads:

p[+(pu)x:0y
(pw), +(puw) =E(1-p)—u),
w=u+p.

We substitute u = w — p, introduce a new variable g = p u = p(w — 1) and rewrite the

above system in the conservative form:

pi+(q+p(1—p)),=0,

e 1 (2.48)
q: + (; + q(l—p))x =4

We observe that in the limit of small relaxation times (7 — 0), the second equation in
(2.48) formally ensures g — 0 and p €0, 1], and the model predictions of (2.48) are expected
to be close to those of the classical Lighthill-Whitham-Richards (LWR) model [116] given
by p; +(p(1—p)), =0.

Clearly, g =0 is a steady state solution of the system (2.48) for any constant p. However,
for fixed positive 7, the system has steady states deviating from the LWR model. In view of
the previous discussion we introduce the equilibrium variables K and L as

2
K=qg+p(1—p), L:%+q(1—p)+R, (2.49)
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Table 2.5 Example 2.6: L!-errors and corresponding experimental convergence rates in the well-
balanced computation of K and L at T =1.

N | IK(,D)=K*|l; | [IL(, 1)—=L* ]
100 4.21E-17 1.00E-16
200 5.57E-17 8.74E-17
400 1.48E-15 2.46E-15
800 5.50E-17 1.17E-16
‘1
where R(x,t)= ;q(g, t)d&. Then, the steady states are K, L =Const.

We consider the system (2.48) with 7 =1 and set the following initial data given with

respect to the equilibrium variables:
K(x,00=K*=0.375, L(x,0)=L*=0.5, (2.50)

which also satisfy the steady state solutions of (2.48).

As before, we first verify that the developed well-balanced CU scheme (2.35)-(2.37) is
capable of preserving steady states of the system (2.48) exactly. To this end, we partition the
computational domain 2 =0, 1] into N uniform cells and assign zero-order extrapolations
for K and L at the boundaries. We obtain the results at final time T = 1 by implementing the
well-balanced CU scheme with N =100, 200, 400 and 800 grid cells. In Table 2.5, we present
the L!-errors computed as before, for equilibrium variables K and L, that s, ||K(-, T)— K*||;
and |[L(-, T)— L*||;, and observe the errors of machine accuracy for the well-balanced
scheme. However, we can conclude that non-well-balanced scheme can maintain the
steady states only within the order of the scheme, as seen in Table 2.6. We then investigate
the performance of the well-balanced scheme by capturing the perturbations of the steady

states. Here, we add a small perturbation to the initial value of the variable g:
g7 (x,0)= g(x,0)+ne 005 (2.51)

where = 1077 is taken in this example. In Fig. 2.3, we plot the perturbations on the
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Table 2.6 Example 2.6: L!-errors and corresponding experimental convergence rates in the non-
well-balanced computation of K and L at T =1.

N | |IK(,1)—K*||, | rate | ||L(-,1)—L*||, | rate
100 2.59E-06 - 8.10E-06 -

200 6.47E-07 2.00 2.02E-06 2.00
400 1.61E-07 2.01 5.04E-07 2.00
800 4.04E-08 1.99 1.25E-07 2.01

equilibrium variables K and L, respectively, obtained by both well-balanced and non-well-
balanced schemes with N =100 and 200 uniform grid cells at time 7 = 0.1. For observation,
we also plot the solutions computed by non-well-balanced method on a very fine mesh
with N =6400. We conclude that while the well-balanced scheme is capable of capturing
the perturbations on a relatively coarse grid, the non-well-balanced scheme needs to be

implemented on a much finer grid.
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Figure 2.3 Example 2.6: Perturbations on the equilibrium variable K (left column) and L (right
column), computed by the well-balanced (WB) and non-well-balanced (NWB) schemes at time

T=0.1forn=10"".
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2.3 The One-Dimensional Euler Equations of Gas

Dynamics With Gravitation

In this section, we consider the one-dimensional (1-D) Euler equations of gas dynamics
with gravitation in the y-direction:

q;+G(q), =S(q), (2.52)
where
p pv 0
qg=|pv|, G(@):=|pvi’+p | and S(q@)=| —po¢, (2.53)
E V(E+p) —pvo,

are the vectors of the conservative variables, flux and gravitational source term, respectively,
and the corresponding equation of state is

2
+ pTV. (2.54)

p_ P

y—1
Here, p is the density, v is the y-velocity, E is the total energy, p is the pressure and ¢ is
the time-independent gravitational potential.

Once again, the aim is to construct a well-balanced numerical method which is capable
of exactly capturing steady state solutions, which can be derived as follows. We consider
the system (2.52)-(2.54) and obtain its steady state solutions from the time-independent
system G(q), = S(q). To this end, we first incorporate the source term —p ¢, into the flux
and rewrite the system as follows:

p:+(p U)y =0,
(pv).+(pv*+L), =0, (2.55)

E,+((E+p))y=—prvo,,

which can be put into the vector form (2.52) with different flux and source terms:
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pv 0
Gl@)=| pv*’+L |, S(q) = 0 , (2.56)
v(E+ p) —P V¢y

where L is a global variable given by

y

L:=p+R, R(y,t)::fp(n, £, (n)dn. (2.57)

It then immediately follows that the simplest steady state of (2.55) is the motionless one,
for which

v=0 and L =Const. (2.58)

As before, we observe that the semi-discrete CU scheme (2.2)-(2.9) illustrated in Section
2.1 is not capable of exactly preserving the steady-state solutions of (2.52). Indeed, substi-
tuting v = 0 into (2.2)-(2.3) and noting that for all k, bk++% = —blc‘+% (since v} = vp, =0), we
obtain the ODE system

( dﬁk __ﬂk+%(l),sc+1—p?—5pk+%)—/3k_%(p2—pkN_1—5pk_%)
dt B Ay ’
dpv)e  (Pea+tpr)—(pE+pl) —
= - 2.59
{ dt sz pk(gby)k’ ( )
dEk _ ﬂk%(Eksﬂ_Eli\I_5Ek+%)_ﬁk—§(Eks_EkN_1_5Ek+%)

whose right-hand side (RHS) does not necessarily vanish and hence the steady state would
not be preserved at the discrete level. We would like to stress that even for the first-order
version of the CU scheme (2.2)—(2.9), that is, when (qy),C = 0in (2.7), (2.8), the RHS of
(2.59) does not vanish. This means that the lack of balance between the numerical flux
and source terms is a fundamental problem of the scheme. We also note that for smooth
solutions, the balance error in (2.59) is expected to be of order (Ay)?, but a coarse grid
solution may contain large spurious waves as demonstrated in the numerical experiments
presented in Section 2.3.2. We, then, in Section 2.3.1, derive a well-balanced modification
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of the described CU scheme.

2.3.1 Well-Balanced Central-Upwind Scheme

In this section, we present a well-balanced modification of the CU scheme from Section
2.1. The new scheme will be developed by first introducing a well-balanced reconstruc-
tion performed on the equilibrium variables, (p, p v, L), rather than the conservative ones,
(p,pv, E), see, e.g., [27,29], and then applying a slightly modified CU scheme to the system
(2.55)- (2.57).

2.3.1.1 Well-Balanced Reconstruction

We now point out a special reconstruction, which is used in the derivation of a well-balanced
CU scheme. The main idea is to reconstruct equilibrium variable L rather than E. For
the first two components we still use formula (2.7) to obtain the same piecewise linear
reconstructions as before, g(y) and (p7v)(y), and compute the corresponding point values
of pN5 and (p v)N5, and then obtain v™° = (p v)VS/pNS,

To reconstruct L, we first compute the point values of R at the cell interfaces and the
cell centers, recursively, by using the midpoint rule:

Ry =Ry + Ay p (@),
1:0, 1 k:kL,...,kR,

and thus the values of L at the cell centers are

where p, = (y—1) (E k —% v,f) is obtained from the corresponding EOS (2.54) and v, =
(o v)i/p - Equipped with (2.60), we then apply the minmod reconstruction procedure to
{L:} and obtain the point values of L at the cell interfaces:

Ay

— Ly

Ay
N _ S _
Ly=Le+ 2 (LJ’)k’ L =Lin—

34



where

L,.,—L, Ly ,—L;_ L,—L;_
(Ly)k:minmod(e e —Le Lin =L g Li kl)'

Ay 20y Ay

Finally, the point values of p and E needed for computation of numerical fluxes are
19;?] = L? — Ryl Pks = Lz — Ry

and

2
R S L

P (ooR)
r—1 2p}

E)=
r—=1 2p}

k

respectively.

Remark 2.3.1 If the gravitational potential is linear (e.g. ¢(y)= g y with g being the gravi-
tational constant), then R can be computed by using the piecewise linear reconstruction of

P, (2.7), which results in the piecewise quadratic approximation of R:

y

_ N k—l_ _ ( )
Riy)=g J PEVAE=g > [Ay D pi+Duy—yiy)+ p?f =5 )= Ve)] X o)
k

i:kL

Then, the point values of R at the cell interfaces and cell centers are

£ <-  8Ay_ g(Ayy
R,C+%=gAJ/ZPi and Rk:gAJ/ZPi+ > Pr— 8 ()i

i=k; i=kg

respectively.

2.3.1.2 Well-Balanced Evolution

The cell-averages of q are evolved in time according to the system of ODEs (2.2). The second
and third components of the numerical fluxes % are computed the same way as in (2.3),
but with G given by (2.56), that is,
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by (PN + L)~ by, (05 (05, P+ L5

(g(z)l — — 2
fre bk+% - bk+%
S N
+ﬂk+% ((P V)k+1 _(P U)k _5(p U)Iﬁ-%)y (2.61)
bt vNEN+pNY—b vd (ES . +p3)
@ k+y k*Tk k k+g  k+1Y k41 k+1 S
(gk+% = b+ +ﬂk+% (Ek+1_E]1\I_5pk+%)’

k+y bk_+%
while the first component is modified in order to exactly preserve the steady state (2.58):

blalpvyi=b,(pv),

n _
%k+% a b+ 1_b_ 1
k+3 k+3 (2.62)
[Lisyri—Lil  Yigsd = Vi—4 ) S N
+ 1 H . 2 = - —p,—0 1.
Prey ( Ay maxtiy L) P TP OPk)

Notice that the last term in (2.62) is now multiplied by a smooth function H, designed to be
very small when the computed solution is locally (almost) at steady state, that is, at the cell
interfaces where ‘L“A‘—;L"' ~ 0, and to be very close to 1 elsewhere. This is done in order to
guarantee the well-balanced property of the scheme as we show in Theorem 2.3.1 proved in
Section 2.3.1.3. On the other hand, the modification of the original CU flux is quite minor
since H (1) is very close to 1 unless i) is very small.

A sketch of a typical function H is shown in Figure 2.4. In all of our numerical experi-
ments, we have used .

HE) =

+(Cy)m
with C =200 and m = 6. To reduce the dependence of the computed solution on the choice
of particular values of C and m, the argument of H in (2.62) is normalized by a factor

ykR-*—L_yk _1
2 L 2 . . .
max L Which makes H(1)) dimensionless.

(2.63)

The one-sided local speeds of propagation, bki#, are estimated using the smallest and
2

largest eigenvalues of the Jacobian %:
+ N_ N S S - —in(yN_ N S _ S
bk+% =max(v) + ¢, vy, +¢5,,,0), bk+% =min(v, — ¢, vp,,— ¢, 0), (2.64)
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Figure 2.4 Sketch of H(v), (2.63).

where the velocities, v’ and v}, |, are obtained using the identity v =(pv)/p, ¢}’ and ¢,
are the speeds of sound defined by ¢?=yp/p, and the pressures, p}’ and p}, ,, are obtained
using the EOS (2.54).

Finally, the cell averages of the source term are approximated using the midpoint quadra-
ture rule as follows:

S, =(0,0,—EV)(0,))" - (2.65)

2.3.1.3 Proof of the Well-Balanced Property

Theorem 2.3.1 The semi-discrete CU scheme (2.2), (2.61)-(2.65) coupled with the recon-
struction described in Section 2.3.1.1 is well-balanced in the sense that it exactly preserves
the steady state (2.58).

Proof: Assume that at certain time level, we have

vy =y =v =0 and LEELkELzzf, (2.66)
where L is a constant. To show that the proposed scheme is well-balanced, we need to show
that the RHS of (2.2) is identically equal to zero for the data in (2.66). Since the source term
(2.65) vanishes for v, =0, it is enough to prove that the numerical fluxes are constant for all

k for the data in (2.66).
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Indeed, the first component (2.62) of the numerical flux vanishes since v\ = v?,, =0

Vigr 1)
and L, = L;,, = L (the latter implies H('L"+1 Lyl Rtz T ) = H(0) = 0). The second

maX{Lk L1}
k+1 =0

and LY =L}, = = L. Finally, the third component in (2.61) of the numerical flux also vanishes:

component in (2.61) of the numerical flux is constant and equal to L since v =ps

S N
Bi+1 P TPy

B _ S
%k+% —ﬂk+% (Ek+1 5Ek+ ) r—1 2
Briss
T_ZI)[(LkH Riy1)— (L Rk+%)]:0’
since LY =L3, =Land 6 E;,) = ( > —EN. u

2.3.2 Numerical Examples

In this section, we present a number of 1-D numerical examples, in which we demonstrate
the performance of the proposed well-balanced semi-discrete CU scheme.

In all of the examples below, we have used the three-stage third-order strong stability
preserving Runge-Kutta method (see, e.g., [58, 60, 144]) to solve the ODE systems (2.2) and
(2.79). The CFL number in (2.10) has been set to k = 0.4. Also, we have used the following
constant values: the minmod parameter § = 1.3 and the specific heat ratio y = 1.4.

In all of the 1-D numerical experiments, we use a uniform mesh with the total number
of grid cells N = kp — k; + 1.

Example 2.1—Shock tube problem.

The first example is a modification of the Sod shock tube problem taken from [121, 154].
We solve the system (2.52)-(2.54) with ¢,, =1 in the computational domain [0, 1] using the
following initial data:

(1,0,1), if y <0.5,

(p(¥,0), v(y,0), p(y,0) = { (0.125,0,0.1), ify>0.5,
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and reflecting boundary conditions at both ends of the computational domain. These

boundary conditions are implemented using the ghost cell technique as follows:

pkL—l ::p kL’ U]CLfl ::_vkL’ Lk[‘*l = Lk'L’

pk +1 ::pk ) ka+1 ::_ka’ LkR+1 = LkR'
R R

We compute the solution using N =100 uniformly placed grid cells and compare it with
the reference solution obtained using NV = 2000 uniform cells. In Figure 2.5, we plot both
the coarse and fine grid solutions at time T =0.2. As one can see, the proposed CU scheme
captures the solutions on coarse mesh quite well showing a good agreement with both the

reference solution and the results obtained in [121, 154].

Example 2.2—Isothermal equilibrium solution.

In the second example, taken from [154] (see also [110, 121, 149]), we test the ability of the

proposed CU scheme to accurately capture small perturbations of the steady state

p(y)=e?Y, u(y)=0, p(y)=e V), (2.67)

which satisfies (2.58) for the system (2.52)—(2.54) with the linear gravitational potential

P(y)=y.
We take the computational domain [0, 1] and use a zero-order extrapolation at the

boundaries:
= A Ay(gy) — —
pkL—l '_pkLe Y ¢.V kL’ U]CL—I T U]CL’ Lkl—l L LkL’

= — 7 o AY(9y) — —
ka+1 '_kae Y ¢)’ kR’ U]CR+1 - ka’ LkR+l T LkR'

Note that the boundary conditions on L can be recast in terms of p and p as

Pi,—1 = Pi, TAY0 1 (D)) Pyt = Py —AVO 1 (D y )iy

We first numerically verify the proposed CU scheme capable of exactly preserving the
steady state (2.67). We use several uniform grids and observe that the initial conditions are
preserved within the machine accuracy.

Next, we introduce a small initial pressure perturbation and consider the system (2.52)—
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(2.54) subject to the following initial data:

py,0)=e, v(y,0=0, p(y,0)=e " +ne "7,
where 7 is a small positive number. In the numerical experiments, we use larger (1 =107?)
and smaller (1 = 10~*) perturbations.

We first apply the proposed well-balanced CU scheme to this problem and compute the
solution at time T = 0.25. The obtained pressure perturbation (p(y,0.25)—e™?) computed
using N =200 and 2000 (reference solution) uniform grid cells are plotted in Figure 2.6 for
both n = 1072 and 10~. As one can see, the scheme accurately captures both small and
large perturbations on a relatively coarse mesh with N =200. In order to demonstrate the
importance of the well-balanced property, we apply the non-well-balanced CU scheme
described in Section 2.1 to the same initial-boundary value problem (IBVP). The obtained
results are shown in Figure 2.6 as well. It should be observed that while the larger perturba-
tion is quite accurately computed by both schemes, the non-well-balanced CU scheme

fails to capture the smaller one.

x10° | | | x10° | | |
10+ | =~ initial state I 10| .| =~ initial state
/| © WB,N=200 /| © WB,N=200
sl / \|—WB,N=2000 | 8l / V| —WB,N=2000 |
/- |+ Non-WB, N=200 /| Non-WB, N=200

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Figure 2.6 Example 2.2: Pressure perturbation (p(y,0.25)—e ™) computed by the well-balanced
(WB) and non-well-balanced (Non-WB) CU schemes with N = 200 and 2000 for ) = 1072 (left)
and n =10"* (right).
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Example 2.3—Nonlinear gravitational potential.

In this example, we consider the system (2.52)—(2.54) with the nonlinear gravitational
potentials ¢(y) = 1y? and ¢(y) = sin(27y) subject to the steady-state initial data

p(y,00=e*Y, v(y,00=0, p(y,0)=e?), (2.68)

with the same boundary conditions as in Example 2.2. We first apply both the well-balanced
and non-well-balanced CU schemes to this IBVP and compute the solution on a sequence
of different meshes until the final time T = 1. We observe that the while the well-balanced
scheme preserves the steady state (2.68) within the machine accuracy, the errors in the
non-well-balanced computations are of the second order of accuracy as shown in Tables
2.7 and 2.8.

Table 2.7 Example 2.3: L!-errors and corresponding experimental convergence rates in the non-
well-balanced computation of p, pv and E; ¢(y) = %yz.

N | llp(,1)=p(,0)l, | rate | [I(pv)(1)=(pv)(,0)ll, | rate | [|E(,1)—E(,0)ll; | rate
100 8.11E-06 - 9.02E-06 - 2.47E-05 -
200 1.94E-06 2.06 2.36E-06 1.93 5.96E-06 2.05
400 4.70E-07 2.04 6.04E-07 1.96 1.46E-06 2.02
800 1.15B-07 2.03 1.53E-07 1.98 3.62E-07 2.01

Table 2.8 Example 2.3: L!-errors and corresponding experimental convergence rates in the non-
well-balanced computation of p, pv and E; ¢(y)=sin(2ry).

N | llp(,1)=p(,0)l, | rate | [I(pv)(1)=(pv)(,0)ll, | rate | [|E(,1)—E(,0)ll; | rate
100 1.38E-03 - 1.01E-03 - 4.91E-03 -
200 3.38E-04 2.03 2.58E-04 1.97 1.19E-03 2.04
400 8.30E-05 2.01 6.51E-05 1.98 2.93E-04 2.02
800 2.03E-05 2.03 1.63E-05 1.99 7.27E-05 2.01
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We, next, consider the same IBVP but with the following perturbed initial data:

p(y,0)=e?Y, v(y,00=0, p(y,0)=e?V) +ne 00T,

We take 1 = 1072 and 1 = 10~°, then compute the solution until the final time T = 0.25 using
both the well-balanced and non-well-balanced CU schemes. In Figures 2.7 and 2.8, we
plot the pressure perturbations (p(y,0.25)— e~?)) computed using N =200 and N = 2000
(reference solution) uniform grid cells for ¢(y) = 3 y? and ¢(y) = sin(27 y), respectively. For
comparison, we plot the same perturbations computed by applying non-well-balanced
CU scheme with N = 200 uniform grid points. In Figures 2.7-2.8, we also include the
results obtained by non-well-balanced CU scheme with finer mesh sizes. One can conclude
that, while both well-balanced and non-well-balanced schemes can capture the larger
perturbation, e.g. n = 107, on a coarse grid; the latter one is not able to preserve this
property for smaller perturbation constant. As 1) gets smaller, very fine mesh size is required
to control the perturbation with the non-well-balanced method.

In Figure 2.8, we demonstrate the pressure perturbation (p(y,0.25)—e$"?7¥)) gobtained
by using well-balanced and non-well-balanced CU schemes on N = 200 uniform grid
cells for n = 1073. Similarly with the previous discussion, the proposed well-balanced CU
scheme resolves the perturbation precisely on coarser grids, while the non-well-balanced
scheme requires finer grid size, e.g. N = 2000 to capture the perturbation as accurate as the
well-balanced method does.

Then, similarly, we apply a perturbation to the steady state and present that it is resolved
by the well-balanced scheme for each perturbation on a coarse grid. However, the non-

well-balanced one fails to capture the smaller perturbations.
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Figure 2.7 Example 2.3: Pressure perturbation (p(y,0.25)—e ™Y */2) computed by the well-balanced
(WB) and non-well-balanced (Non-WB) CU schemes for = 107> with N = 200 for each scheme
(left) and N = 1600 for the non-well-balanced scheme (right). The reference solution is computed

with N = 2000 grid pints.

x10™

,~ |~ initial state

- WB, N=200

/ \| — WB, N=2000

/ \
|

= Non-WB, N=200

0.4 0.6 0.8

0 0.2

x10™

— — initial state
- WB, N=200
—WB, N=2000
= Non-WB, N=2000

0.2

0.4

0.6 0.8 1

Figure 2.8 Example 2.3: Pressure perturbation (p(y,0.25) — e~S"?7Y)) computed by the well-
balanced (WB) and non-well-balanced (Non-WB) CU schemes for ) = 10=3 with N = 200 for each
scheme (left) and N = 2000 for the non-well-balanced scheme (right). The reference solution is

computed with N = 2000 grid pints.
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2.4 The Two-Dimensional Euler Equations of Gas

Dynamics With Gravitation

In this section, we describe the well-balanced semi-discrete CU scheme for the 2-D Euler

equations of gas dynamics with gravitation. The 2-D system reads as
q,+F(q). +Glq), = S(q), (2.69)

where g :=(p,pu,pv, E)" is a vector of conservative variables, and

pu pv
u’+ uv
Flg=|"""P| and clo=| °, 2.70)
P pv-+p
u(E +p) v(E +p)
are the fluxes in the x- and y-directions, respectively, and
0
S(q):= 9 2.71)
—P ¢y
—pup.—pvo,

is the gravitational source term. The system (2.69)-(2.71) is closed using the following
equation of state (EOS):
p P

E=—"—+"(u’>+1? 2.72
7’_1+2(u + v9), (2.72)

where 7 stands for the specific heat ratio.
Similarly to the previous sections, our goal is to design a numerical scheme which exactly
preserves the steady states of the system (2.69). First, we rewrite the system (2.69)-(2.72) as

follows:
pit(pu)+(pv), =0,
(pu)+(pu®+K),+(puv), =0,
(pv); +(puv)+(pv*+L), =0,
Et+(u(E+p))x+(v(E+p))y :_pu¢x_pv¢y'

(2.73)
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This system can also be written in the vector form (2.69) with

Jo, pu pv 0
u u’>+K uv 0
a=|""|, Fl@=|" L Gl=| PFT | Sa)= ,
pv puv pv-+L 0
E u(E+p) v(E +p) —PuP,—pvo,
where
K:=p+Q end L:=p+R, (2.74)

are global variables with

X y

Q(x,y,t):= f P&y, ) (& y)dE, R(x,y t):= f plx,n, 1)p,(x,n)dn. (2.75)
The motionless steady states are then given by
u=v=0, K,=0 and L,=0. (2.76)

In the succeeding sections, we illustrate the well-balanced numerical scheme to resolve
the steady state solutions of the system (2.73)-(2.75).

2.4.1 Well-Balanced Central-Upwind Scheme

We consider a rectangular computational domain and partition it into the uniform Carte-
sian cells C; . := [xj_%,xﬁ%] X [yk_%,y,ﬁ%] of size |C; | = AxAy centered at (x;, yi), j =
Jir-- jr» k=ki,..., kr. We assume that at a certain time level z, the cell averages of the

computed numerical solution,

_ 1
qj,k(t)'_ AXAJ/ fJ Q(x»J/» [)dxdy;
C

ik

are available.

46



2.4.1.1 Well-Balanced Reconstruction

Similarly to the 1-D case, we reconstruct only the first three components of the conservative
variables, q, (p, pu and pv):
770, ) ="+ —x)+ @Dy =) (x,¥)€Cip, i=1,2,3,

and compute the corresponding point values at the cell interfaces (x j+1, i) and (x;, Vesd):

. o . Ax .
(@ =370y =0, 7) =+ =500

i ~(i —i) _Ax
(@ =G0y +0,7) =4~ = (a0
Ay i=1,2,3,
W L ~(i _5@ i
(CI( ))j,k = CI( )(xjryk+% _0)—5/“c + T(q)(,))j,k»
. , (i A .
(DS . 70) _z0 _2Y o
(@) =a" (X Yy +0)—qj,k_7(qy )j o

where the slopes (¢7); ; and (q;")) j,x are computed as in (2.20).

The point values for the forth conservative variable E should be calculated from the new
equilibrium variables obtained from the reconstruction of K and L. We stress that since at
the steady states (2.76), K = K(y)is independent of x and L = L(x) is independent of y, we,
in fact, perform 1-D reconstructions for K and L in the x- and y-directions, respectively.

To this end, we first use the midpoint rule to compute the point values of the integrals

Q and R in (2.75) at the cell interfaces in the x- and y-directions, respectively:

Qjuix=Qjtxt AxP (@)

1 J=Jo--jr k=kp,... kg,
Q=5 Q-+ Qs
R =R 1+Ayp; (D)0 o '
:0) 1 J=JLr-- Jr» k:kL,...,kR,
R]yk:E(R],k_l +R],k'+%)’

2

RjrkL_%

where (¢,); x == ¢ .(x;, yi) and (¢ )  := ¢, (X}, ¥i). We then compute the cell center values
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K; and L; as follows:
Kix=pjr+tQjr and L;;=pj;+R;.

We now obtain the point values of K and L at the cell interfaces in the x- and y-directions,

respectively:
Ax Ax
ka: j,k+7(Kx)j,k’ K}{\;c:Kj,k_T(Kx)j,k,
(2.77)
N o+ AV 15—, —2Y
ik j,k+7( Wik L= j,k_T( Wik
where

Kigii—Kjr Kipe—Kjox HKj,k_Kj—l,k)
)

(K)jk :minmod(H Ax AT , Ax

and

Lixsi—Ljx Ljryi—Ljra HLj,k_Lj,k—l)
Ay 2Ay ' Ay '

Finally, the values obtained in (2.77) are used to evaluate the point values of p from (2.74):

(L,)jr=minmod (9

E _ B _ W _ W
Pix=Kii= Qi Pia=Kji—Qi1p
N N s s (2.78)
Pie=Lic Rikstr Ple=Ljc Rt

and then the corresponding point values of E are calculated from the EOS (2.72).

2.4.1.2 Well-Balanced Evolution

The cell-averages of g are evolved in time according to the following system of ODEs:

d Zisk=Z bk Ginet = Yik-d

S =" Ax Ay +S 0 (2.79)

where Z and % are numerical fluxes. Introducing the notations

+ - + -

R N Y: d L.
W= 5= — and fiy=o—— e
sk gk Pty ikt

we write the components of Z ;1 , and % 1 as
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+ E _
a. uy, — A\
g(l)] — ]+%:k(p )],k aj.}.%'k(p u)j+1,k
Jjt3.k + —
a. —a
j+sk gk
| j+Lk kl Xi 41l — X _1
R T (7 A ) LT,
X max; i {K; i, Kji1} Lk Pk O9P 1 k)
+ E
a. . (P ( ) +KE) - w w
F? = j+ie Wik +%)k(/ojﬂ,k(ujﬂyk) +K+lk)
Jtak + -
a, ,,—a. ,
jt+3.k j+3.k
+a;,. w)W. — E _
]+ZYk((p )]+1'k (p u)]rk 5(p u)]+%vk)’
+ E E E _
a. CUus L U, — w w w
F9 = P eV ™ Rt o Pk e Uy (
j+az.k + — +a;. 1 ( w — E
a — Lllpv); v); — .
bk Dbk e jre = PV 5(pv)f+%,k)»
(l (EE + a W W
9(4)] = itok ]k ok p]k) jt+ia.k ]+1k(E]+1k+pj+1yk) (
j+§)k + +a EW
at, —a- k —0E;,
jtpk Tjtik il Epe B k )
b’ IV —
%(1) — J’k+%(p )]»k b] k+ (p )] k+1
jrk+% b+ _b_
Jk+s Tkt
|L:ti1—L: gl _
Jik+1 k YVip+d _1
+ﬁj,k+%H A J . RT3 ykL 3 (ps _pN _5 )
Y max; i {L ;e Lje} jkrr TPk TOP ki)
bt uN vN —p- us S
@@ = ]k+lp1k ik Vik ]k+1p]k+1 Ui k1 Ve ( S
s b+ = + B e ( —(oulN
— weillpu); u),, — ,
jk+3 bj'k.q.% LA Jik+1 (p )],k 5(pU)Jyk+%),
b+ (pN ( ) N ) _ (
i ke+d +L b S S S
g® jk+3 gk i pj,k+1(vj,k+1) -|-L]]Cle

j’k+% b+ b_
I k+2 j,k+%

+/3j,k+%((p U)ikﬂ —(p V)?k —o(p V)]'JH%)’

b’ et S
%(.4; = Jok+3 ( P;, M= b] - ]k+1(Ej,k+1+ij,k+1)
]7 +5 _ N
2 b+ —b ﬂjk+( ]k+1 j,k_5Ej,k+%)’

jkty  TUjk+y
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where the function H in the first components of the x- and y-numerical fluxes is defined,
as before, in (2.63). As mentioned earlier, the local speeds are obtained from the smallest
and largest eigenvalues of Jacobians d F'/dq and 0 G/Jq, which are given explicitly as

follows:
+ w w - E _E W W
aj%yk—max(u +c]k, uj+1yk+cj+1’k,0), aj%,k—mln(uj,k cj'k, uj+1_k Cj+1,k’0)’
+ - . N _ N .S 8
b]k+2 max(v +c]k, ]k+1+c]k+1,0), b].)k%—mln(vj’k Cir Uikt Cj,k+1’0)’
(2.80)
where the velocities uf‘ - u}f‘il - v . and N ke A€ obtained from the identities u =(p u)/p

and v =(pv)/p and the speeds of sound cj'k, cj"XL o c}f’k and cﬁk ., are computed from the
definition c?=yp/p.

The cell averages of the source term in (2.79) are approximated using the midpoint rule
as follows:

Sik= (0,0, 0,—~(pu); (@) x _(p_v)j,k(¢y)j,k)T- (2.81)

Finally, we state the following well-balanced property of the proposed 2-D CU scheme.

Theorem 2.4.1 The 2-D semi-discrete CU scheme described in Section 2.4.1.1 and Section
2.4.1.2 above is well-balanced in the sense that it exactly preserves the steady state (2.76).

Proof: We assume that the following equilibriums hold at certain time level t = ¢":

ul = uje=ul =0, vjl.\fk =V = vﬁk =0, (2.82)
E _— W _ 7~ N _— — 1S _7T
KE =K, =K%=K, LY =L;,=L5 =L, (2.83)

where K and L are constants. Similarly to the 1-D case, to prove the well-balanced property
of the scheme, the right hand side of the equation (2.79) should vanish. By considering
(2.82), the source term S ik givenin (2.81) is equal to zero. Thus, we only need to show that
the numerical fluxes in both both x- and y - directions are constant.

The equalities in (2.82) and (2.83) result in (,1)1 =0, where (2.83) yields

also vanishes since
L —9’ P = 0. The

third component of the numerical fluxes in the x-direction, 37].# o 18 1mmed1ately equal
3

m«’iX] kK ko K1}

H(lKjJrleKj,kl . __krtd ki) ) = H(0) = 0. The second term offf’ Tk
2
)

u] (U =ul k=0 and then we have 9 = K resulting in 9’
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to zero by (2.82). Finally, the first term of 9'](?1 , becomes zero and the rest of 9](.‘21 , can be
2 2

computed as follows:

(4)
‘g g, ]+1k ]k 5E )

P}l p;

]+1k ——minmod(af1 ,—a ) Lk TRk

Jjt3.k Jjt3.k 7,_1 7,_1

E
_ ik~ Qe ko K= Qi1
=Q;,1 k(l minmod(a ! k’_aj+;,k))( 1 — ))

since pE = KE —Qj41r and p]+1 ¢ = K]"J‘r’1 ¢ —Qj11 ¢ from (2.78).

Similarly to the x-direction, the first and second components of the numerical fluxes
in the y-direction, ‘5](.'1]1% and ‘5](,,2]1% are equal to zero according to the equations in (2.82)
and (2.83). The third one is 64;?]1+% = 1, which gives %j(,:o’]i+% — %](,,3]1_% =0. Lastly, by following
(2.78), (2.82) and (2.83), sq](,fﬂ;% also yields to zero.

Hence, the right hand side of (2.79) vanishes and the scheme preserves the state-states
(2.76).

|

2.4.2 Numerical Examples

In this section, we present a number of 2-D numerical examples, in which we demonstrate
the performance of the proposed well-balanced semi-discrete CU scheme.

In all of the examples below, we have used the three-stage third-order strong stability
preserving Runge-Kutta method (see, e.g., [58, 60, 144] and Appendix A.1) to solve the ODE
system (2.79). The CFL number in (2.22) has been set to k = 0.4. Also, we have used the

following constant values: the minmod parameter € = 1.3 and the specific heat ratio y = 1.4.
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Example 2.7—Isothermal equilibrium solution.

The first 2-D example was studied in [154]. We consider the system (2.73) with g =1 subject

to the initial data that are in isothermal equilibrium:

Po8Y Po8Y

p(x,y,O):pOe_ i ) p(x’y’o):poe_ o ’ u(xyy,O)EV(x;y;O)Eoy (284)

where p, =1.21 and p, =1, and the solid wall boundary conditions imposed at the edges of
the unit square [0, 1] x [0, 1].

We compute the solution until the final time T = 1 using the proposed well-balanced
CU scheme on 50 x 50, 100 x 100 and 200 x 200 uniform cells. On all of these grids, the initial
data are preserved within the machine accuracy. On contrary, the non-well-balanced CU
scheme preserves the initial equilibrium within the accuracy of the scheme only, as can be
seen in Table 2.9, where we present the L!-errors for both p, pu, pv and E components of

the non-well-balanced solution.

Table 2.9 Example 2.7: L!-errors for the non-well-balanced CU scheme.

N xN P pu pv E u v p

50 x 50 | 2.54E-03 | 0.00E+00 | 1.02E-04 | 1.16E-03 | 0.00E+00 | 1.72E-04 | 4.64E-04
100 x 100 | 1.07E-03 | 0.00E+00 | 1.54E-04 | 7.93E-04 | 0.00E+00 | 1.93E-04 | 3.17E-04
200 x 200 | 3.96E-04 | 0.00E+00 | 5.04E-05 | 2.66E-04 | 0.00E+00 | 6.39E-05 | 1.06E-04

Next, we add a small perturbation to the initial pressure (compare with (2.84)):

p(x,y,0)= poe_ml)ﬂ% + ne_m(%og((x_0'3)2+(y_0'3)2), n=10".

In Figures 2.9 and 2.10 (upper row), we plot the pressure computed by both the well-
balanced and non-well-balanced CU schemes at time T = 0.15 using 50 x 50 uniform
cells. As one can clearly see, the well-balanced CU scheme can capture the small pressure
perturbation much more accurately than the non-well-balanced one. When the mesh is

refined to 200 x 200 uniform cells, the non-well-balanced solution becomes better, but still
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x107

less accurate than the well-balanced one, see Figure 2.10 (lower row).

%107

vV

0.5 0.5

b X

Figure 2.9 Example 2.7: Pressure perturbation computed by the well-balanced (left) and non-
well-balanced (right) CU schemes using 50 x 50 uniform cells.

Example 2.8—Explosion.

In the second 2-D example, we compare the performance of well-balanced and non-well-
balanced CU schemes in an explosion setting and demonstrate nonphysical shock waves
generated by non-well-balanced scheme.

We solve the system (2.73) with g =0.118 in the computational domain [0, 3] x [0, 3],

subject to the following initial data:

0.005, (x—1.5+(y—1.5)*<0.01,

p(x,y,00=1, u(x,y,00=0, p(x,y,00=1—gy+ i
0, otherwise.

Zero-order extrapolation is used as the boundary conditions in all of the directions.
We use a uniform grid with 101 x 101 cells and compute the solution by both the well-
balanced and non-well-balanced CU schemes until the final time T = 2.4. At first, a circular
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Figure 2.10 Example 2.7: Contour plot of the pressure perturbation computed by well-balanced
(left column) and non-well-balanced (right column) CU schemes using 50 x 50 (upper row) and
200 x 200 (lower row) uniform cells.
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shock wave is developed and later on it transmits through the boundary. Due to the heat gen-
erated by the explosion, the gas at the center expands and its density decreases generating
a positive vertical momentum at the center of the domain. In Figures 2.11 and 2.12, we plot
the solution (p and /12 + v2 at times ¢ = 1.2, 1.8 and 2.4) computed by the well-balanced
and non-well-balanced schemes, respectively. As one can see, the well-balanced scheme
accurately captures the behavior of the solution at all stages, while the non-well-balanced
scheme produces significant oscillations at the smaller time ¢ = 1.2, which totally dominate

the solution, especially its velocity field, by the final time T =2.4.

WB t = 1.2, Density . WB t = 1.8, Density WB t = 2.4, Density

8 I 1 3 1

0.999 0.999 0.999
2 2 2

0.998 0.998 0.998
1 1 1

0.997 I 0.997 0.997
0 0.996 0 0.996 0 0.996

0 1 2 3 0 1 2 3

%1078 WBt=1.8, Velocity 10® WB t = 2.4, Velocity

3, - 3
'I14 15
12
10 2 e
; By
4 5
2
0
0 1 2 3

0 1 2 3 0 1 2 3

—_

0 1 2 3
. WBt= 12 Velocity

Figure 2.11 Example 2.8: Density (o) and velocity (v u2 + v2) computed by the well-balanced CU
scheme.

2.5 Conclusions

In this chapter, we developed a well-balanced second-order central-upwind scheme for

various types of balance laws. Particularly, we first considered 2 x 2 systems of balance laws,
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NWB t = 1.2, Density

NWB t = 1.8, Density
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O 10.999 0 £0.999 0 0,569
1 0.9985 1 0.9985 1
0.998 0,998 0.9985
0 0 ' 0
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2 - B0
2 8
15
6
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Figure 2.12 Example 2.8: Density (p) and velocity (v u2 + v2) computed by the non-well-
balanced CU scheme.

which is used to model, for instance, gas flow in high-pressure transmission pipelines and
traffic flow with relaxation. We presented the results of one-dimensional model, in which,
steady states are captured exactly by the proposed well-balanced scheme. As an ongoing
study, several physical models including the two-dimensional systems will be examined.
Furthermore, we considered one- and two-dimensional Euler equations of gas dynamics
under gravitational field. We applied the developed well-balanced central-upwind scheme
to numerous systems including both linear and nonlinear gravitational potentials and
proved that steady state solutions and their small perturbations are preserved by the new
well-balanced scheme. As a consecutive work, non-smooth steady-states with the strong

shock formation will be worth to test the performance of the well-balanced scheme.
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Part 11

Kinetic Chemotaxis Models
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CHAPTER 3

An Asymptotic Preserving Scheme for Kinetic Chemotaxis Models

in Two Space Dimensions

The contents of this chapter have been submitted to Kinetic and Related Models, [32].

3.1 Introduction

Chemotaxis is the movement of cells along the chemical gradient in a medium and it is often
modeled by systems of PDEs. The classical PDE chemotaxis model is the Patlak-Keller-Segel
(PKS) system [87-89, 134], which is derived at the macroscopic level in terms of the cell
density and chemoattractant concentration. In the 2-D case, this model reads as

p:=V-(DVp—ypVS), 3.1)
TS, =aAS—pBS+7yp, (3.2)

where x = (x, y) €2 C R? are spatial variables and ¢ is time, p(z, t) is the cell density and
S(z, t) is the chemoattractant concentration, D and « are positive diffusion constants, y

is the chemotactic sensitivity constant, and the positive constants y and 3 stand for the
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production and degradation rates of the chemoattractant, respectively. The constant ©
determines the type of the system: It is parabolic-parabolic if 7 = 1 and parabolic-elliptic
for T =0. In recent years, several modifications of the PKS system have also been studied;
see, e.g., [22,33,70-72,94, 135] and references therein.

In order to describe the chemotaxis at the cellular (microscopic) level, a class of Boltzmann-
type kinetic equations has been developed. A stochastic approach based on the velocity-
jump process was introduced in [147] and was later used in the framework of kinetic
chemotaxis models in [3, 129, 145]. The velocity-jump process characterizes the movement
in two phases, namely, run and tumble. During the run phase, cells move (almost) linearly
with constant speed and in the tumble phase, they reorient their motion with a new velocity

and direction. The Boltzmann-type kinetic model reads as
ft+v.vwf:J(T[S]f/—T*[S]f)d'v’, (3.3)
|4

where f := f(x, t,v) is the probability density function (pdf) of cells at the position x with
the velocity v = (u, v) € V C R? at a given time ¢, and f” := f(z, t,v’). In (3.3), T[S] is the
turning kernel operator, which describes the velocity change from v’ to v at (x, t), that
is, T[S]:=T[S](x, t,v,v") and T*[S]:= T[S](x, t,v’,v). Specifying the turning kernel T is a
crucial point in the kinetic chemotaxis modeling, which will be discussed in the §3.2. Notice

that the microscopic pdf f is related to the macroscopic cell density p in the following way:

plx, t)::ff(w,t,v)dv. (3.4)

Applying the parabolic scaling to (3.3) yields the following non-dimensionalized kinetic
equation (see, e.g., [25,68,130]):

ef, +'v-V,;f:éf(Tg[S]f’—T:[S]f)dv’ (3.5)

\4

with the non-dimensional scaling parameter (mean-free path) £ and the new notations:
[ =rfz t,v), f:= folz, £,v), T[S]:= T,[S](x, t,v,v") and T[S]:= T[S](zx, t,v',v).
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The question of convergence (in the singular limit as € — 0) of the kinetic model (3.5) to
the PKS system (3.1), (3.2) has been extensively studied. More precisely, the global in time
convergence was proven in the parabolic-elliptic case in [25]. In the parabolic-parabolic
case, only local convergence results were established; see [76]. We also refer the reader
to [130] for more results on the limiting process.

It is well-known that if the total number of cells is sufficiently large, a concentration
phenomenon may occur and can be modeled by both the PKS (3.1), (3.2) and kinetic-
chemotaxis (3.5), (3.2) systems. It should be observed that under the assumption that

no-flux conditions are imposed at the boundary of the domain (2, the total mass

M :=Jp(w, t)dx (3.6)
Q

is conserved for both models, but the solution behavior depends on the value of M. For
instance, the solution of the 2-D PKS system (3.1), (3.2) may develop o0-type singularities in
finite time if M is larger than some critical value M; see, e.g., [21,34,52,65-67,69, 78, 124].
Otherwise, the solution of (3.1), (3.2) exists globally in time. In the parabolic-elliptic case
(T = 0), the critical mass values are explicitly available, while this is not the case for the
parabolic-parabolic system (7 = 1); see, e.g., [135]. The kinetic-chemotaxis system (3.5),
(3.2) exhibits a similar behavior, which depends, however, not only on the value of the initial
mass M, but also on the choice of the specific kernel T;; see, e.g., [15,25]. At the same time,
the kinetic-chemotaxis system provides a more detailed description of the underlying cell
dynamics and thus may be advantageous in a variety of applications.

In this chapter, we develop an efficient and accurate numerical method for the kinetic-
chemotaxis system (3.5), (3.2). As it was discussed before, one of the difficulties in achieving
this goal is related to the fact that the studied system is stiff when 0 < £ << 1. If a naive
numerical discretization is used, then one may need to take both spatial and temporal
discretization parameters to be proportional to @(¢) or even @(&?) due to stability restric-
tions, which may become unaffordable for small . To overcome this difficulty, we develop
an asymptotic-preserving (AP) scheme, which yields a consistent approximation of the
limiting macroscopic PKS system as € — 0 and is stable on a coarse spatio-temporal grid
with the mesh parameters being independent of €. The AP methods were first introduced
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in [82] to solve kinetic equations in diffusive regimes and were later generalized for a variety
of kinetic models; see, e.g., [39,40,44,47,74,75,79,84,107].

The AP property of our numerical approach is achieved by implementing an operator
splitting technique combined with an idea of the even-odd formulation; see, e.g., [23, 85].
We split the system (3.5), (3.2) into the following two parts: a stiff nonlinear relaxation
equations for the pdf and a non-stiff linear transport system coupled with the macroscopic
equation (3.2) for the chemoattractant concentration. The nonlinear system is solved
exactly, while the linear transport part is then solved by a second-order upwind method
and the chemoattractant equation is treated by the spectral method.

3.2 Local Turning Kernel

In this section, we select a specific turning kernel 7, which models the reorientation process
of the cells and will be used in the kinetic equation (3.5). To this end, we first write the

formal asymptotic expansion (see, e.g., [23,25,48,68,130]):
T.[S]=T[S1+ e T,[S]+ O(?). 3.7

Here, the leading term 7,[S] = F(v) > 0 is the bounded velocity distribution at the equilib-

rium, which satisfies the following assumptions:

J F(w)dv=1 and F(v)=F(|v]). (3.8)

14

The coefficient of the second term in (3.7), T;[S], describes the new favorable direction of
the cells and we consider the positive faxis towards the chemoattractant.
Throughout this chapter, we employ the turning kernel operator introduced in [15],

which represents a small perturbation of the equilibrium state:

T.[S|(x, t,v,v")= F(v)+e(v-VS(x, t)),, 3.9
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where a, := max(a,0). Consequently, the kinetic equation (3.5) becomes:

'vVS

ef +v- vmf——[F )+ e VS)+]——(1+sf|VS|f 7 J |VS| _dv. (10)

We note that alternative turning kernels have also been studied; see, e.g., [25,76,77]. It
should be observed that the solution properties depend on the choice of the kernel. For
instance, it was shown in [25] that the kinetic model (3.5), (3.2) with certain global kernel
operators has a global solution for any initial mass. On the other hand, if the local kernel
operator (3.9) is used, the solution may blow up. Indeed, as it has been proven in [15] for the

6
parabolic-elliptic case, if the total mass M > M, = m, then the solution blows up, while
. 0.8067 . . . o .
ifM<m,= W, then a classical solution exists globally in time. We also note that in

the parabolic-parabolic case, the criteria for blow up or global existence are not explicitly
known. In this chapter we develop an AP numerical method for the kinetic chemotaxis
model (3.10), (3.2) and then use it to numerically investigate possible blowup scenarios in

the parabolic-parabolic case.

3.3 Numerical Method

In this section, we present an AP scheme for the kinetic equation (3.10) coupled with the
chemoattractant concentration equation (3.2). To this end, in §3.3.1, we first rewrite the
system (3.5), (3.2) in the form convenient for numerical simulations using an even-odd
formulation; see, e.g. [23,85]. Then, in §3.3.2, we implement the Strang splitting approach,
[146], by separating stiff and non-stiff parts of the system. In this setup, the stiff subsystem
is solved exactly as described in §3.3.2.1, while the non-stiff subsystem becomes a system
of linear transport equations, which is solved by a second-order upwind method presented
in §3.3.2.2.

3.3.1 Even-Odd Formulation

In this section, we follow [23,85] and introduce new variables r,, j;, 1, and j, by considering

the so-called even-odd formulation. We assume that v € V := {v||v| = 15} and denote by
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Vti={v=(u,v)e V|u>0,v > 0}. From now on, we consider v € V* only and rewrite
equation (3.10) as the system of four equations obtained by substituting (u, v), (—u,—v),
(u,—v), and (—u, v) into (3.10):

efilu,v)+uf(u,v)+vf,(u,v)

- g [F(u, v)+e(uS, + vsy)+]—§(1 +e ZIVSDf(u, v),

Eft(_u’_v)_ fo(—u,—v)— ny(—u,—l))

= P F(uy—v)—e(uS, + 1S5,), ]~ ~(L+ & £V f(—uts—v),
£ ¢ (3.11)
¢ fi(u,—v)+uf(u,—v)—vf,(u,—v)
=§[F(u,—v)+8(u8x— vSy)+]—§(1 +¢e Z|VS|)f(u,—v),
efi(—u,v)—uf(—u,v)+vf,(—u,v)
Jo,

= " [F(—u, v)—e(uS, — vSy)+]—§(1 +¢e Z|VS|)f(—u,v),

where f(+u,£v)is used instead of f(x, t,£u,£v) for the sake of simplicity. We then define

the new variables

Rt 0) = U —0)+ few, 0l o, v)i= S1F(w 0) + flett—)],
21 21 (3.12)
]l(u’ U) = g[f(u,—v)—f(—u, 1))], ]Z(u’ U) = g[f(ur v)—f(—u,—v)],

with a one-to-one correspondence between them and f:

rh+é&j, u>0,v>0,

rn—e&j, u<0,v<o0,
flu,v)=1 _ (3.13)
n+éej, u>0,v<0,

n—ej, u<0,v>0.
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It is instructive to point out that the macroscopic cell density p can be obtained from (3.4)

and (3.12) in terms of the new variables r, and r,:

Pz, t):ZJ[rl(a:,t,v)+ r(x, t,v)]dv. (3.14)

V+

Substituting (3.13) into (3.11), yields the following system:

1
(R + i) = VUi = 25 [2F (16, 0) + S, — v, || = — (1+ £ £1VS D,

1 1 1 .
(e + 5 uln)s— v(rl)y = L (us,—vS,)~— (1 +e#IVSDjy,

£2 £2 2¢e € (3.15)
L 1 '
(r2)t + u(]Z)x + v(]Z)y = 2@2 [ZF(U, U)+€|USx + USy|]_;(1 +€f|VS|)r2,

o 1 1 .
(o) + g ul)+ 5 0(1)y = o (uS, +vS,) = —(1+2 #IVSI)jy

Since the left-hand sides of the second and fourth equations in (3.15) include stiff terms
1

with the = coefficients, we add and subtract u(r), —v(r), and u(r,), + v(r,), from the

second and fourth equations, respectively, so that we finally obtain the following system

for ry, ji, , and j,:

() +u(j)e—v (),
P

22

(e tu(n)e—v(n),
=S —vs) = gl0reswsh 0= -0-wen)

(): + (s + v (o), o

p
2 2
(72)e +u(n)+v(r),

P
2.9

in which, all of the stiff terms are moved to the right-hand side.

~—QF(u,v)+eluS,—vS,|)— (1+£j|VS|)r1,

—(2F(u,v)+e¢e|luS,+vS |)——(1+£j|VS|)r2,

1
5o S+ v8)=—[(1+e g VS o +(1—eMu(n), + (1 - (r), |
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3.3.2 Operator Splitting

In order to develop an efficient numerical method, we implement the operator splitting, in
which the left-hand (non-stiff) and right-hand (stiff) sides of the system (3.16) are treated
separately. To this end, we first introduce the vector q :=(r, J;, I, j»)* and write the system
(3.16), (3.2) in the following form:

+A.q,+A,q, =X,
q; 19x qu (317)
T8, =aAS—BS+7rp,
where
0O u 0 O 0O —v 0 O
u 0 0 0 —v 0 0 O
A= , A, = , (3.18)
0 0 0 u 0 0 0 v
0 0 u O 0 0O v O
and

L2F(u,v)+eluS,—vS,))— %1+ £|VShn

g — | 2SS =3[+ gIVSDji + (1= (r)— (=& (n), ]
£2(2F (u, v)+e|luS, + vS,)— %1+ £|VS)r,

L (uS, + vSy)—Eiz[(l +& #IVS))jo+(1—e*)u(r), +(1—€2)V(I’2)y]

We then implement the splitting approach by considering the following two subsystem:s:

= %,
% (3.19)
7S5, =0,

+A,q,+A,q, =0,
{ qd; 14x 2qy (3.20)

T8, =aAS—-BS+yp.

We note that in the subsystem (3.19), only the g variable is evolved in time while S remains
unchanged there.
Assuming that the solution at time ¢ is available, we evolve it to the next time level using

an operator splitting algorithm, [122, 123, 146], of either the first order:
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qlx, t +At,v) N q(x, t,v)
( S(, 4 A1) )N.ZZ(At).EZI(At)( S(@, 1) ), (3.21)
or the second-order:
qlx, t+At,v) N q(x, t,v)
( S, 1+ A7) )N.Zl(At/Z).,%(At).SKl(At/Z)( S(@, 1) ) (3.22)

Here, ¢, and .%, stand for numerical solution operators for the stiff, (3.19), and non-stiff,
(3.20), subsystems, respectively.

Remark 3.3.1 It should be observed that the order of the operators in (3.21) and (3.22) is
interchangeable.

Remark 3.3.2 For simplicity of presentation, we will describe the numerical schemes used
to solve each one of the subsystems (3.19) and (3.20) in the context of the first-order operator
splitting (3.21). We also use the first-order splitting in the proof of the AP property of
the proposed scheme. However, in all of the numerical experiments reported in §3.5, we
implement the second-order operator splitting (3.22) to decrease the effect of splitting

errors on the computed solutions.

Before proceeding with the description of numerical methods for the subsystems (3.19)
and (3.20), we consider a computational domain, 2 x V*, where Q=[—L,, L,] x [—Ly, Ly]
and V* was introduced in the beginning of §3.3.1. The spatial domain (2 is partitioned into
uniform Cartesian cells C; ; := [xl-_%, X; +%] x[ Vi-b Yj +%] of size AxAy with the cell centers
(x;, yj) = (xi_% +Ax/2, Vil +Ay/2);i=1,...,N,, j= L,...,N,.We also introduce a uniform
grid in the velocity domain V* consisting of N, grid points:

2
v, =(vpcos Oy, vpsinby), 0, =(k—1/2)A0, AB:%, k=1,...,Ny. (3.23)

0

We also denote by plff]. A p(x,-,y]-, ), Si’fj A S(x,-,yj, t"), qlfijk A q(xl-,yj, t",v.), and F. :=
F(vg).
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3.3.2.1 _%,:Numerical Solution of the Stiff Subsystem (3.19)

In this section, we present a numerical scheme for the stiff subsystem (3.19). We start by

solving the equations for r; and r,,

1
(n)e = 2P (w,v)+eluS, —vS, )= —(1+& VS,
£ € (3.24)

1
(1) = Z%(ZF(u, )+ eluS,+vS, )= —(1+e 7 VS)r,

keeping in mind that the chemoattractant concentration S satisfies 7S, =0.
It is instructive to point out that not only S, but also the macroscopic cell density p does
not change in time during this substep. Indeed, from (3.14) and (3.24) we obtain

pIZZJ[rlJrrz]dv:%[ J4F(v)dv+sJ(Iqu—vSy|+|qu+ vSyI)dv
v+

V+ V+
2
—;(1+sj|VS|)J[r1+ r,]ldv=0,

v+

which follows directly from (3.8) and the definition of ¢ in (3.10).

We assume that the numerical solution is available at time level £ = t” and denote by

Dijk |.— LA Dijik | (3.25)
S;j Si,,l]'

Taking into account that P; ;=P and S; =S, we obtain the following semi-discrete

approximations for (h)’;j' . and (rz)j."jy . from (3.24):

d 1 Pi; " 0
E(rl)?,jyk + ;(1 + 8f|vsi,?j|)(rl)?j’k = 2_95(2Fk + Eluk(sx)i'j - Vk(Sy)iljD’
. : p (3.26)

27t U LIS n), = 5 2 E+ eluS,)] + ulS)) )
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Here, we approximate the derivatives (Sx);?]. and (Sy);?j with the central differences,

S n o _ H—l]_Sln 1,j n _Sir,lj+l_si’,1j—1
( X)i,j T» ( y)ij_Ty

and compute IVSl.’ij = /(S )L 2 +((S))7 )%
The linear ODE:s in (3.26) are then solved exactly in time to obtain

nl] £ n
()} =My (r) e+ W(Fk EACSETACH ) L H
(3.27)
(1), = M1 (1)] #(F F o]+ uds )y )or
2Ji i = Mij\T2); e T 1+24IVS]| AL K P
where A
n,.,j:exp{—g(usfwsgjn}.
We now solve the equations for j; and jj,:
(s = 2o (S, — v8,)— =[(1+ 22 1VSDjy + (1= u(r), —(1— ) (r), |
e = 2g2 X y 82 J 1)x 1y | (3 28)

(o)e = 3 (uS.+ vS))= [(1+sj|vsnj2+(1—82)u(rz)x+(1—82)u(r2)y].

Equipped with the updated values of (r; )’;’j, , and (rz)’;yjy » we use the central differences to
compute

( m)l+l J.k ( )?—l,j,k

()=

. B (3.29)
. ()7 e = (T ook
((rm)y)i,j'k: sz ’ m=1,2,

substitute them into (3.28) and arrive at the following semi-discrete approximations for
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(jl)?‘jyk and (jZ)?,j,k:

d

dt(]l)ljk+ 1+€flvsi,j|)(]1)i,j,k:
P

1
_;[(1 _gz)uk((rl)x)?’jyk_(l_gz)vk((rl)y)?,j,k] 2g2

w802, - w1,

d (3.30)

1 NS
(]2)l]k (1+€j|VSZj|)(]2)i,j,k:
pf’

> —Llu(S02+ vl .

1
=) ul(R))) o+ A= eul(),); ]+

Finally, we solve the linear ODEs (3.30) exactly to obtain (j, )*

Pk and (jz)’;j'k (for the sake of

brevity, we omit the precise formulae).

3.3.2.2 %,: Numerical Solution of the Non-Stiff Subsystem (3.20)

In this section, we describe the numerical solution operator %, and denote by

i q;; a;;
( S,é’f) ﬁfz(m)( S';’.’“)=$2(At)21(m)( S'.,g’.k).
L]

L,] L,]

As one can see from (3.20), the linear hyperbolic system
q;+A1q,+Aq,=0 (3.31)

with the constant coefficient matrices A; and A, given by (3.18) is, in fact, decoupled from

the chemoattractant concentration equation. The latter is either the Poisson equation
aAS=BS—yp, (3.32)
if T =0, or the parabolic equation
S, =aAS—pBS+yp. (3.33)
if T = 1. Therefore, we will first evolve the solution of (3.31) to obtain q;’]*}c, from which the

values of the macroscopic density p l”;‘l will be calculated and used in either (3.32) or (3.33)
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n+l
to compute Sl.’j .

Upwind method for (3.31).

We begin with the derivation of a second-order semi-discrete upwind approximation for
the system (3.31). To this end, we first introduce the matrix

-1

O O =
|
ek

— - O O

which is used to simultaneously diagonalize the matrices A; and A,. We then define a

change of variables U := Q~'q and rewrite the system (3.31) in the diagonal form:
U,+BU,+BU,=0, (3.34)
where B, and B, are the following diagonal matrices:
B, =Q7'A,Q=diag(—u, u,—u,u), B,=Q 'A,Q=diag(v,—v,—v,v).
Next, we split B, and B, into the sum of non-negative and non-positive definite matrices:

B,=B+B, B/ :=diag(0,u,0,u), B, :=diag(—u,0,—u,0),
B,=B+B,, B, :=diag(v,0,0,v), B, :=diag0,—v,—v,0),

and rearrange (3.34) in an equivalent form:
U+B'U,+BU+B/U,+B,U,=0.
Multiplying the last equation by Q, we recover the original system (3.31):

q,+A7q,+Aq,+A;q,+A,q,=0, (3.35)
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where

u u 0 0 —u u 0 0\

AY::QB;LQ_lzl u u 0 0 , A_=QB_Q_1:— —u 0 0 ,
2(0 0 u u ! ! 210 0 —-u u

0 0 u u 0 0 u —u}

v —v 0 0 —v —v 0 0)
A;’::QB;Q_lzl —v v 0 0 ’ A‘::QB‘Q‘lzl —v —v 0 0
2 v v z 2 21 0 0 —v v

0 v v 0 0 v —v)

We note that A7 and A; are non-negative definite, while A] and A; are non-positive
definite so that and one can easily design upwind finite-difference schemes for the system
(3.35). According to the upwind approach, we introduce the second-order forward and

backward finite-difference approximations for the spatial derivatives in (3.35):

_ ~Qis2,jk T 4G,k — 3G ik 3Gk —4qi,jk iz jk

+ —
(qx)i,j,k = A x ) (qx)i,j,k = A x )
N —q; 2,k T34 j41,6— 3G j & 3G ik —4G; i1k tqij—2k
(@,)ijk= )ijk =
d,)ijk= oAy v 4y )ik = 2Ay )

which are then used to construct the following second-order semi-discrete upwind scheme
for (3.31):

d _ _ _ _
Eqi,j,lc =—AT(q )ik —A (@) ik _A;(qy)i,j,k —A, (q;,—)i,j,k- (3.36)

The system of time dependent ODEs (3.36) should be numerically integrated in time using
a stable and sufficiently accurate ODE solver. For example, using the first-order forward

Euler method, a fully discretization of (3.36) can be written in the flux form as follows:

At At

1
qz‘rf;k = q;j,k - E (Hi-r%,j,k - Hi—%,j,k) - A_y (Gi,j+%,k - Gi,j—%,k)’ (3.37)
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where i i i i
0 _ 4t 3G; 1 =ik A 3G,y 1k~ Dok
i+%vjvk B | 2 1 2

* %
3G~ ik

)

* " (3.38)
3G kD ok

2
2
It is important to stress that according to the definitions in (3.12), both r; and r, (and

— At
Gi,j+%,k_A2 +A

hence p, see (3.14)) should be positive, which is not guaranteed unless the scheme (3.37),
(3.38) is used with a very small (possibly impractical) timestep A¢. We therefore implement

a draining timestep technique, which was introduced in [12]. To this end, we denote by

i,jk (m) (m) (m)
A y[(HH%'],ykL + (—Hi_%’j,k)+] +Ax| max(G,"},

k i,j—3,

where m =1, 2. We then replace the first (m = 1) and third (m = 2) equations in (3.37) with

(m) (m) (m) (m) (m) (m) (m) (m)
()7 = (1) _At”%’f”‘H"*%Jvk Ati—%vjkai—%rj,k_Ati,j+%,kGi,j+%,k AL kG
TLLE L Ax Ay ’
where ( . )
m
1 sgn H: 1k
At™  —min(Ar,(ArE M), Tz ——— 2
i+5,j,k W ) 2
(m) (3.39)
1 sgn(GLH%,k)

(m) _ . dr m — 1
At —mln(At,(Atl.J'k)( )), ]—]+§_

i,j+3.k 2
It can be easily verified that now (rl)Z}L}k >0and (rg)?’}f}k >0, and thus p;f]ﬂ» which is com-
puted from (3.14) using the midpoint rule, is non-negative, namely,

Ny
pr :zUOZ[(n o (ny ;f]f}k]Ae >0, Vi,j. (3.40)
k=1

Remark 3.3.3 Even though, we show here only one forward Euler step, in all of our compu-
tations below, we solve the semi-discrete system (3.36) using the three-stage third-order SSP
Runge-Kutta method: see, e.g., [58, 60, 144] and Appendix A.1. Since SSP methods consist of

n+l1
i,j,k’

a convex combination of forward Euler steps, the computed values of(rl);‘,}f}k and (r,
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aswellas p f;l, are still guaranteed to be non-negative.

Spectral methods for (3.32) and (3.33).

Equipped with the point values of the macroscopic density, p?jl at time level ¢ = t"*!, we
implement the spectral method to update the values of the chemoattractant concentration
S. To this end, we remind the reader that the Neumann boundary conditions are imposed
for both S and p. Therefore, the discrete Fourier coefficients §Z,m(t) and p; ,,(t) can be
computed from the available point values §; ;(¢) and p; ;(¢), respectively, using the fast

cosine Fourier transform and the solution at time ¢ can be approximated by

~ (4
S(x,y, 1)~ E Sz,m(t)COS(TCL x)cos(ﬂzny),
{,m x y

/ (3.41)
_ mlx mmy
plx,y 1)~ ézm:pg,m(t)cos( I )cos( L )
Substituting (3.41) into (3.2) yields
d - a ~ 2 2
TESZ,m(t)'i'wﬂ,mS(f,m(t):‘}/pf,m(t)’ C‘)Z,m = a(f +m )+ﬂ (342)
In the elliptic (T = 0) case, the values :9;”;11 are immediately computed from
St =L, (3.43)

Wy m

In the parabolic (T # 0) case, equation (3.42) can be solved exactly on the interval [, £"*1]:

tn+1

S'Ten:r—ll — e_w[’mA[S;n +Y J- ﬁg}m(S)e_wz'm(s_tn_A[)dS.

,m

n

We then approximate the integral in the last equation using the trapezoidal rule to obtain

~ ~ At - _ ~
St = Sl T e L) @44
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Finally, we use the inverse fast cosine Fourier transform to compute the point values {Sl."]?”}

out of the set of the discrete Fourier coefficients {@’frj;l}.

3.4 AP Property

As was mentioned in the Introduction §3.1, the solutions of the studied kinetic-chemotaxis
model are expected to converge to the corresponding solutions of PKS system as ¢ — 0.
In this section, we show that the proposed numerical scheme for (3.10), (3.2) provides
a consistent discretization of (3.1), (3.2) in the limiting £ — 0 case. In other words, the
numerical method is AP. For the simplicity of the presentation, we prove the AP property for
the first-order splitting (3.21) and note that a straightforward extension to the second-order
splitting (3.22) can be derived.
We first observe that when ¢ — 0 the equations in (3.27) reduce to

(rl)?,j'k:ijFkr (rz)?’j,k:ijFk' (3.45)

We then substitute (3.45) into (3.30) and derive the following formulae in the £ — 0 limit:

n
l

°

(jl ?,j,k [uk(s ) y)Zj]_uka(px)Zj'i_Vka(py)Zj’

(3.46)

(i = 22 (S + w8, | — w2 — v Felpy )y

NENE

where (px) and (p y)” are obtained from (3.29) and (3.40) and equal to

— n —
pl+1] pll] pl]+1 pl]l

ij=—ay W= 2Ay

Next, we consider the first and third equations in the semi-discrete upwind scheme
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(3.36), which after the forward Euler time discretization read as

(r)f = (s 1 _ o .
e [N FIEE AN N Yl T TNl

SR A(CV TR (1 AP () 19 MO (4 010 O .

(rz)lnﬁc (72); ik
At

1
= _5[ uk((rz);)?j,k + uk((jZ););jyk) - Uk(("z);)?jyk + uk((jZ):)?jyk
(A TR A (VA A (1 O£ 519

Substituting (3.45) and (3.46) into (3.47), adding the above two equations and multiplying
by 2 yield

2[(r1 e +(r2)"H'_1]:4p?'Fk_At|:(Ax)3(pxxxx)rl'uka+(Ay)3(pyyyy)Zjkak

i,j,k i,j,k ) (348)
+2((pS )X)l] k+2(105 )y)lj k 4(pxx)ljuka_4(pyy)1] ka]

where we have used the following notations:

_pl+3]+4pl+2]+pl+l]_8pl]+pl 1]+4p1—2]_p1—3]

(pxx)i,j = (AX)Z
(0,.)" ___pﬁj+3+4p?,j+2+pirfj+1_8pi,j+pirfj—1+4p?,j—z_p?,j—3
Pyyli;= 8(Ay )2 )
B N s o
(pxxxx),',j -— (Ax): ’
wo Piia T 4P0 i TOP AP P
Oyyyy)ij= (Ay) ’
n 1 n n n n
((psx)x)i,j = 8(Ax)2[_pl+2 ](Sl+3]_Sl+1])+4pl+1_](sl+2] Si,j)
_4pin—1,j(5 i,j Sl 2])+p1 2]( n—ZJ_SlnSJ)]
n 1 n n n
((psy)y)i,j = S(Ay)z[_pi,j+2(si,j+3 l]+l)+4pl ]+1(Sl ]+2_Sl ])

_4pl] 1(5 _Stn]—2)+p;fj—2(8ir,lj—2_Si,,zj—?))]‘
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We now multiply (3.48) by v,Af, sum it over all k, and use (3.40) to obtain

1_
l”]* =p}; UOZ4FkA9

Np
— WAL (AXP(Prrrr)] kZ W FAO +(Ay Y0y y)7 Z v A0
N N (3.49)
+2((pS):)7, D uZAD +2((pS,),)!, > vEAO
k=1 k=1
Ng NB
—4(p. ) D RN —4(p,, ) > vERAD]
k=1 k=1

We finally use (3.8), (3.23), and the approximation property of the midpoint rule to establish
the following estimates and identities:

Ny
v Y AFA0 =1+0((A0)),

Ng 2 NH 2
F.A0 < 24 0((00) , FA0 <22 1 o(a0
0 2 i F A0S+ OUADF), 1 ) nFA0 <+ O(A0P),
Ny Ny Ny Ny
ZVOZ”iAHZZVOZ”/?AH:Voz(ui"‘” Z Af~y,
k=1 k=1 k=1
Ny Ny Ny Ny
4u, > UEFAO =4 > vERAO =21 > (uf + v2)FAO =2 U EAO ~ D,
k=1 k=1 k=1 k=1

which can be used to show that (3.49) provides a consistent approximation of (3.1).

3.5 Numerical Results

In this section, we test the proposed AP scheme on several numerical examples and also
study the behavior of the solutions of the kinetic-chemotaxis system (3.10), (3.2) in the
€ — 0 regime. In all of the examples below, we take v, =1 and Ny = 32. The parameter € =1
in Example 1 and £ = 107° in all other examples.
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Example 3.1—Parabolic-Elliptic System

In this example taken from [23], we consider the system (3.10), (3.2) in the parabolic-elliptic
(T =0) and non-stiff (¢ = 1) regime witha =y =1, f =0, and F(v)=1/(27). The system is

solved on the domain 2 = [-2,2] x [-2, 2] and subject to the following Gaussian-shaped
initial data: . LM
) )0) = ) )0 ] ) )0 = —15(x2+y2),
[ y,0v)=2-p(x,y,0),  plx,y,00=——e

where M is a total mass.

According to the theoretical results in [15], there are two critical mass thresholds: if
M > M, =8, the solution blows up in finite time, while if M < m, =0.403, a global classical
solution exists. It is still, however, unclear whether the solution remains bounded if m, <
M<M,.

We investigate the solution behavior by computing the ratio ||p||,/M for different
values of M. We run the computations on a uniform grid with N, = N, = 128 until final time
T =6. The results are presented in Figure 3.1 for M =1,5,7,8 and 9. As one can see, when
M =1 the maximum density decays for all times while for other values of M the solution
exhibits an initial growth. For M =5 and M =7, the maximum density decays at later times
and the solution clearly remains bounded. At the same time, for M =9, which is above
the critical threshold M, = 8, the maximum density increases and eventually saturates.
In fact, this solution blows up and its maximum saturation phenomenon is attributed to
the fact that the magnitude of finite-difference approximations of 6-type singularities is
always proportional to 1/(AxAy). The blowup is also confirmed by the data presented
in the Figure 3.2 (right), where we plot the time evolution of ||p||., computed on three
consecutive meshes: as one can see, at time 7' = 6 the value of ||p||, increases by a factor of
four as the grid is refined. This behavior of || p||, is clearly different from the one observed
in the case of M =7 < M, shown in Figure 3.2 (left).
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Figure 3.1 Example 3.1: Behavior of ||p||co/M in time for varying values of M; N, = N, =128.

3000

2500 -
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Figure 3.2 Example 3.1: Behavior of ||p|| in time for M = 7 (left) and M = 9 (right) on three
consecutive meshes.
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Example 3.2—Parabolic-Parabolic System: Blowup at the Center

In this example, we consider the system (3.10), (3.2) in the parabolic-parabolic (7 =1) and
stiff (¢ < 1) regime with @ = 8 =y =1, and F(v) = 1/(27). The system is solved on the
domain 2 =[-1/2,1/2] x[-1/2,1/2] and subject to the following initial data:

100M gty

1
f(x’y!o’v)zgp(X,y,O), P(x»J/»O): ) (350)

where M is a total mass.

Example 3.2a.

We first consider the case when the initial chemoattractant concentration is a Gaussian-
shaped function given by
S(x, y,0)=500e 50" +¥"), (3.51)

We study the time evolution of maximum density for three different values of the initial
mass, M =1, 8 and 11. In Figure 3.3, we plot ||0||, as a function of time for four consecutive
meshes. We conclude that the behavior of the solution depends on the total mass: if M
is large enough, the maximum norm of the cell density grows rapidly and saturates after
blowup due to the finite-difference approximation limitation as discussed in Example 1.
However, for smaller M, the maximum density first increases and then decreases without
blowing up.

The blowup phenomenon is illustrated in Figure 3.4, where we plot the computed
density at the post-blowup time T =5 x 10~* for M = 11 on two different grids with N, =
N, =128 (left) and N, = N,, = 256 (right).

Example 3.2b.

We then consider the same initial boundary value problem with zero initial chemoattractant:
S(x,y,0)=0. (3.52)

In this case, the spiky structure at the center of the computational domain develops
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lloll

Figure 3.3 Example 3.2a: Behavior of ||p|| in time for M =1 (left), M = 8 (middle) and M =11
(right) on four consecutive meshes.
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Figure 3.4 Example 3.2a: The density p(x, y, T = 0.0005) for M = 11 computed on the meshes
with: N, = N, =128 (left) and N, = N), = 256 (right).
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much slower that in Example 2a, since S is not concentrated at the center initially. This
seems to affect the value of the critical mass. For instance, when M = 8, the solution does
not blow up in contrast to Example 2a; see Figure 3.5 (left), where we plot||p||.. as a function
of time for three consecutive meshes. When larger values of M are considered, the solution
blows up as expected; see Figure 3.5. It should be pointed out, however, that one can observe
rapid change in the solution magnitudes for both M =9.5 and M =11, but these changes
occur after the blowup times. The latter can be estimated as t = 0.24 (for M = 9.5) and
t =0.058 (for M =11), since of these times the ratio of ||p ||, computed on the 256 x 256
and 128 x 128 grids becomes 4.

0 0.1 0.2 0.3 0.4 0.5
t

Figure 3.5 Example 3.2b: Behavior of ||p|| o, in time for M =8 (left), M =9.5 (middle) and M =11
(right) on three consecutive meshes.

We conclude this example with a self-convergence study. To this end, we take a small
final time T = 0.01 and measure the experimental convergence rate for the density in the
L°°-norm by computing

_ ||62N||oo

rate,y =log, | ——— |,
||e4N||oo

where [|ey]oq = 12=p2vls

puted on a mesh with N = N, = N,,.

is the estimated relative L°°-error, and p is the solution com-

The results presented in Table 3.1 clearly demonstrate the second order of accuracy of
the proposed AP scheme.
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Table 3.1 Example 3.2b: L°°- errors for M =8, 9.5 and 11 (from left to right).

M =8 M =95 M=11
N lleanloo rateyy llean!loo rateyy llean!loo rate,y
32 | 1.5680E-02 - 2.9056E-02 - 4.9613E-02 -

64 | 3.2150E-03 | 2.2860 | 8.1861E-03 | 1.8276 | 1.6752E-02 | 1.5663
128 | 8.4486E-04 | 1.9280 | 2.1204E-03 | 1.9488 | 4.5867E-03 | 1.8688
256 | 2.0985E-04 | 2.0093 | 5.3892E-04 | 1.9761 | 1.1662E-03 | 1.9756

Example 3.3—Parabolic-Parabolic System: Blowup at the Corner

In our last example, we study the model (3.10), (3.2) in the parabolic-parabolic (7 =1) and
stiff (¢ << 1) regime with ¢ = § =y =1, and F(v) = 1/(2n). The system is solved on the
domain Q=[—-1/2,1/2] x[—1/2,1/2] and subject to the same initial data as in Example 2b,
but shifted by (0.25,0.25) from the center of the domain:

f(x,y,0,v)= %p(x, y,0), p(x,y,0)= %e100((x0.25)2+(y0.25)2)’ S(x,y,0)=0,
(3.53)
where M stands for a total mass.

According to the analytical results in [65] and the numerical simulations in [31], the
solution of the PKS model with the corresponding initial and boundary conditions moves
towards the upper right corner of the computational domain and blows up there. In view of
these results, it is interesting to numerically investigate whether the solution of the kinetic
chemotaxis model behaves similarly.

In Figures 3.6 - 3.8, we plot the density computed on the uniform grid with N, = N, =128
for M =3, 7 and 11. The time evolution is shown on each of these figures (from left to right).
As one can see, in all of the cases, even when M = 3, the solution blows up though the
blowup time is much smaller for larger values of M. One can also clearly see that the
solutions propagate towards the upper corner of the computational domain. However,
when M =11, the solution blows up much earlier than it would reach the corner. We have
also performed the same numerical experiments with £ = 107 and the obtained results
were very similar. This indicated that for larger initial masses the solutions of the kinetic

chemotaxis model may not converge to the corresponding PKS solution.
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Figure 3.6 Example 3.3: The displacement of the density for M =3.
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Figure 3.7 Example 3.3: The displacement of the density for M =7.

83



M=11,N=N =128 M=11,N =N =128 M=11,N =N =128
o X oy oy

300
0.4 »co 0.4 500 0.4 4000
02 02 400 02
200 3000
0- 0- 300 0-
150 2000
02 100 02 200 02
1000
100
0.4 50 0.4 0.4
-04-02 0 02 04 -04-02 0 02 04 -0.4-02 0 02 04
x 10 300 x 102 % 10°
; 500 4000
L,gg 250 §9 %\4;
400 ;
Se 200 S6 \ c3 3000
A 150 o 300 L2
=3 33 > 2000
x X X1
{0 1100 ‘io 200 ‘6:0
05 SN EA ~ Qoo 05 N
0 ; o 0.5 0 0 0.5 0 0 0.5
-05 05 -0.5 0.5 -0.5 05

Figure 3.8 Example 3.3: The displacement of the density for M =11.

3.6 Conclusions

In this chapter, we derived and studied a new asymptotic preserving method for the kinetic
chemotaxis model in two space dimensions. For time evolution of the cell distribution
we used the Boltzmann-type kinetic equation with a local turning kernel operator, which
describes the change in cell orientation. For the chemoattractant both the elliptic and
parabolic cases were considered. The Patlak-Keller-Segel model for chemotaxis can be
recovered in the singular limit of the kinetic model, when the mean free path converges
to 0. It is well-known that the solutions of both the kinetic and Patlak-Keller-Segel models
may blow up in finite time, when the initial mass is larger than a critical mass. The critical
values, however, are different for macroscopic and kinetic models.

Computing these blowing up solutions requires a reliable and efficient approximation
of singular functions or distributions. Our numerical method was based on the so-called
even-odd decoupling followed by the Strang splitting and a suitable combination of the
evolution of the chemoattractant, relaxation and transport steps for the evolution of cell
density. Using the splitting allows one to exactly solve the stiff relaxation system whereas
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the transport system is linear and is numerically solved using an upwind approach. The
macroscopic equations for the chemoattractant were treated by the spectral method.

We proved that as far as the global solution exists, our numerical scheme is asymptotic
preserving and yields a consistent approximation of the Patlak-Keller-Segel model when the
mean free path converges to 0. Our numerical experiments indicated that in the blowing
up regime, the solutions of the kinetic chemotaxis and Patlak-Keller-Segel systems may
behave differently. To the best of our knowledge, this does not contradict the theoretical
results since after the blowup time the solutions can only be understood as measure-valued
solutions for which no rigorous analysis is available. Moreover, in the numerical examples,
we considered initial data which is not necessarily spherically symmetric. However, in the
literature, the spherical symmetry is one of the assumptions for the existence of the solution
to the kinetic chemotaxis model, see e.g. [15,23].

In future work, we intend to study the kinetic model with global turning kernels and to
analyze whether there is a global weak solution for both parabolic and elliptic chemoat-

tractant equation for general two dimensional initial data.
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APPENDIX A

Time Integration

A.1 TheThird-Order Strong Stability Preserving Runge-Kutta
Methods

We consider the following ODE system:

a =%2(q) (A.1)

where q is the vector of unknowns and .Z is the spatial discretization.

To solve the system (A.1) in a highly accurate and stable way, we choose the three-
stage third-order strong stability preserving (SSP) Runge-Kutta method (see for the details,
e.g., [58-60, 142, 144]) which is a convex combination of forward Euler steps:
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3 1 (A.2)
9= 790 * 790 F ZAf-ff(q(n),
n+l __ 1 ZA g
77 =340 +=qp+ 3 t2(qw)

where q" =q(-, t").

Remark A.1.1 Recall that the SSP Runge-Kutta method has been used for time integration
of the semi-discrete schemes described in Sections 2.1.1, 2.1.2 and 3.3.2.2.
For instance, in the case of 1-D discretization of the scheme in (2.2), the system (A.1) is

to be replaced by
d _ 9]'_,_1 _9]'_1 —
— g, =——2z I ., A3
dar? Ax O (A3
with the corresponding numerical fluxes and source term for each j = j;,..., j.

Similarly, in the 2-D scheme (2.12), the system (A.1) is given as:
da_ Zink—T vk Gipr =G nt

2 Lie=" Ax - Ay +S; 6 (A.4)

fOI‘ j:jL!""jR and k: kL)""kR‘
Lastly, the SSP Runge-Kutta method is applied to solve the system (3.36) with the fol-
lowing modification in (A.1):

d _ _ _ _
77305k = —A7(q)i ik —A @Dk _A;(qy)i,j,k —A, (q;,_)i,j,kr (A.5)

foreachi=1,...,N,, j=1,...,N,,and k=1,...,N,.
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