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ABSTRACT

During the operating life of an Advanced Gas-cooled Reactor, the core, made of thousands of graphite 

bricks, is subjected to internal stresses arising because of dimensional changes due to irradiation. It may 

lead to crack initiation and propagation especially in notched areas (called keyway corners). 

Understanding this phenomenon for the coming years is required to determine the remaining life time.

Using a matched asymptotic approach, a novel tool for predicting crack initiation has been developed in 

the University Pierre and Marie Curie Paris 6 (France). This method takes into account both stress and 

energy conditions. Depending on the solicitation and the geometry, crack initiation is mostly driven by 

one or the other. It is based on a critical value of the leading generalised stress intensity factor at the notch 

which arises to be the relevant parameter to predict the crack onset. The method also determines the 

length of the initial crack as well as its direction. The further growth of the nucleated crack should then be 

studied using classic fracture mechanics tools. This method has been validated and compared on various 

experiments on brittle materials with many different notches. It has also been tested on experiments 

performed on non-irradiated graphite bricks.

INTRODUCTION

Advanced Gas-cooled Reactor (AGR) cores are composed of thousands of graphite bricks. After years of 

service, the heterogeneous irradiation and temperature fields gradually modify the microstructure of the 

bricks resulting in dimensional changes and inducing internal stresses. This modification may lead to 

crack initiation and propagation especially from notched areas called keyway corners. Crack may also 

appear due to external loadings such as interactions between keys and graphite bricks due to the gap in 

between them. The British Plant Life EXtension program (PLEX), developed by EDF Energy, aims at 

understanding this phenomenon in the coming years for a better prediction of the remaining life time.

A novel crack initiation tool using a matched asymptotic approach, so-called coupled criterion (Leguillon, 

2002), has been developed in the University Pierre and Marie Curie Paris 6 (France). This method takes 

simultaneously into account both a stress and an energy condition. Depending on the solicitation and the 

geometry, crack initiation is mostly driven by one or the other. The generalised stress intensity factors at 

the notch are the relevant parameters to predict the crack onset (Dunn et al., 1997a, 1997b). They are 

extracted from a finite element solution and then compared to the critical value provided by the coupled 

criterion as a function of the material toughness and tensile strength. It also determines the length of the 

initial crack as well as its direction. The predicted loading at crack onset and the initiation angle are in 

good agreement to data found in the literature based on experiments or computational simulations 

(Leguillon, 2002; Picard et al., 2006; Yosibash et al., 2006; Leguillon et al., 2015). The further growth of 

the nucleated crack should then be studied using classic fracture mechanics tools.
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The method is presented in the following section and tested in the next section on two models 

reproducing available experiments conducted on non-irradiated AGR graphite bricks. 

THE COUPLED CRITERION

Let us consider the generic model of stress 

concentration at the root of a V-notch in a 

homogeneous structure as in the non-

symmetric 3-point bending test (Figure 1).

The material is assumed to be linear elastic 

(Young’s modulus E and Poisson’s ratio ! )

and the mechanical problem is written under 

the assumption of plane strains. The extension 

to the 3D case will be discussed in the conclusion. 

Williams’ Expansion

Under mixed mode loadings one has to consider two distinct real leading terms in Williams’ expansion of 

an elastic solution in the vicinity of the notch root (the explanation for the index 0 will be found further on 

and the dots hold for “smaller terms”), here 
0

U and 
0" denote respectively the displacement and stress 

fields:
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The space variables r $- are the polar coordinates with origin at the corner root O (see Figure 1). C is 

an irrelevant constant used for consistency. The exponents are real and such that 215.0 ## .. (see 

Table 1). When these # exponents are smaller than 1, the stresses tend to infinity when approaching the 

notch root (i.e. as 0r / ) hence the name singularity. 

Table 1.  Evolution of the two exponents 1# and 2# functions of the notch opening 0 . Note that for 

0 ' 120 deg. and above, the second exponent is no longer singular (i.e. it is larger than 1).

0 (deg.) 0 30 60 90 120 150 180

1# 0.5 0.502 0.512 0.545 0.616 0.752 1.

2# 0.5 0.598 0.730 0.906 1.149 1.485 2.

The two modes 
1
( )u $ and 

2
( )u $ are respectively associated with 

1# and 
2# . The leading term is 

symmetric while the second is anti-symmetric with respect to the bisector of the corner. They are 

solutions to an eigenvalue problem and normalized as follows:

1 2

1 2

1 1
(0) ... ; (0) ...

k k

r r# #" 1% %' ( ' (                                                     (2)

where (0)" is the hoop stress ( $$" ) and where (0)1 the shear stress ( r$" ) acting on the bisector ahead 

of the notch root. Note that both exponents and modes are independent of the applied load. They depend 

Figure 1. Non-symmetric 3-point bending loading
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only on the notch opening 0 .

The coefficients 1k and 2k represent the generalized stress intensity factors (GSIF) also called notch 

stress intensity factors (NSIF). They depend on the loading magnitude and the global geometry of the 

structure. Equation (2) allows characterizing the GSIF by:

1 21 1

1 2
0 0

lim (0)  ; lim (0)
r r

k r k r# #" 1% %

/ /
' '                                                         (3)

Nevertheless, such expression is not numerically convenient, as it requires a significant mesh refinement 

in the vicinity of the notch root. The GSIF can be more easily computed using a path-independent integral 

(Leguillon and Sanchez-Palencia, 1987; Labossiere and Dunn, 1999).

,

The Energy And Stress Criteria

• The energy condition
The starting point is an unquestionable energy balance between an initial equilibrium state and another 

state including a newly created crack of length l (plane elasticity) at an angle 2 with the bisector:

p k c 0W W G l3 3( ( '                                                                                (4)

Here, 
pW3 and kW3 are the changes in the potential and kinetic energies and the material toughness is 

denoted cG . The third term is the energy dissipated during fracture.

The initial state being quasi-static (slow monotonic loading) it implies k 0W3 4 and as a consequence, a

necessary and indisputable condition for fracture is:

p

inc c

W
G G

l

3
% ' 4                                                                                 (5)

This incremental form of the energy criterion requires the knowledge of the parameter l a priori unknown 

at this stage. Usually, the limit 0l / is considered and leads to the classical Griffith criterion 

(differential form of the energy criterion). Nevertheless, this differential form is unable to predict any 

crack nucleation and can only determine whether a pre-existing crack propagates or not.  

• The stress condition

It is based on the existence of a maximum tension stress c" (tensile strength) that a structure can undergo 

and the following inequality that must be valid all along the expected crack path:

c" "4 (6)

It is shown in Leguillon (2002) that these two criteria are necessary conditions for fracture initiation but 

neither one nor the other is sufficient. 

Matched Asymptotic Expansions

If l is small compared to the dimensions of the specimen and especially is small compared to the notch 

depth, the elastic solution 1 2( , )
l

U x x to the perturbed problem (i.e. with a short crack of length l making 

an angle 2 with the bisector at the root of the V-notch) can be expressed in terms of the unperturbed 

solution 
0

1 2( , )U x x prevailing prior to the onset of the crack:
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Where 1 12 21 2,  ,  ,  A A A A are scaling coefficients functions of the crack direction 2 (Figure 2) and 

1

1 2( , )U x x and 
2

1 2( , )U x x are solutions to well-posed problems (Leguillon, 1989; Leguillon, 2011). The 

correction brought to 
0

1 2( , )U x x decreases with l as 0l / .
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Figure 2. Evolution of the dimensionless coefficients 
*

k kA A E' functions of the crack direction 2 for a 

notch opening 0 '90 deg. corresponding to the applications discussed below.

The Coupled Criterion

Knowing the two states 
0

1 2( , )U x x prior to and 1 2( , )
l

U x x following crack initiation through (1) and (7),

the incremental energy release rate 
incG (see (5)) can be calculated:

6 71 1 2 22 1 1 2 12 2

inc 1 1 12 21 1 2 2 2( ) ( ) ( ) ( ) ...G A k l A A k k l A k l# # # #2 2 2 2% ( % %' ( ( ( ( (8)

Inserting (8) into the inequality (5) leads to a lower bound of the admissible crack length ( )l 2 whereas 

(1) and (6) give an upper bound. For small loadings (i.e. for small 1k and 2k ) these bounds are 

incompatible. Increasing the load leads to compatibility (i.e. to replace inequalities with equalities) and 

the equation for the unknown length l :
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The functions 1( )s 2 and 2 ( )s 2 are respectively the hoop components of 
1
( )s 2 and  

2
( )s 2 (see (1)). 

The parameter m is an extension of the classical mixed mode parameter defined at the tip of a crack. The 

length l solution to (9) is called crack initiation length. It can be a crack arrest length but often is not (as 

in the cases treated in the next section) (Leguillon et al., 2015).

After the fracture length l being determined as a function of the unknown direction 2 solving (9), the 

parameter m is known (as a function of 2 ) and the initiation criterion derives straightforwardly from 

these relations, it involves a critical value ck of the GSIF 
1k :

1 11 2 1
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The actual direction of fracture 2 is obtained by maximizing the denominator of (10), i.e. minimizing the 

critical value ck . Note that the parameter 2 occurs in 
1A ,

12A ,
21A ,

2A ,
1s ,

2s and m (Yosibash et al., 

2006; Tran et al., 2012). 

Once the crack has initiated, classical fracture mechanics can take over in order to study further crack 

growth or arrest. This criterion was proven effective in many situations as shown in Figure 3.
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Figure 3. Prediction of 3-point bending (dimensionless) forces 0/F F for v-notched PMMA specimens as

function of the notch opening 0 (Leguillon et al., 2009) in the symmetric case. Experiments: diamonds; 

theory: solid line.

Note that in case of symmetric loading m ' 0, then (9) provides an explicit equation for the crack 

initiation length. Moreover, in case of a crack (0 '0 deg., 1 2# #' ' 1/2) the criterion is reduced to an 

energy condition (the Griffith criterion), and in case of a straight edge (0 ' 180 deg., 1# ' 1, 2# > 1) it is 

reduced to a stress condition (the maximum stress condition).

The complete procedure is the following:

- compute by Finite Element (FE) the solution to the problem of interest,

- extract the GSIF 1k and 2k from this solution using a path independent integral, 
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- plot l function of 2 using (9),

- plot m function of 2 (through l ) using the definition in (9),

- determine 2 maximizing the denominator of (10),

- determine the critical value ck using (10) again, 

- compare 1k to ck .

APPLICATION – CRACK INITIATION IN AGR’S GRAPHITE BRICKS 

Figure 4: Schematic view of the key-keyway system (left) in AGR graphite cores (right).

The material parameters of graphite are those of the sound material. Two cases are considered on a brick 

slice (plane strain assumption): one simulates an internal loading and the other one corresponds to 

external forces induced by the key-keyway system (Figure 4). 

Internal Loading – Residual Stresses

The first case intends to simulate the effect of the residual stresses due to irradiation. Irradiation induces 

heterogeneous dimensional changes inside the graphite bricks, which leads to the development of internal 

stresses. Later in the core’s operating life, bricks develop tensile stresses in the outer part of the structure 

and compressive stresses in the inner one. Finite element computations are carried out on a mesh refined 

at the corners where stresses concentrate. The brick has slots (Figure 5) and residual stresses are 

simulated by a torque applied at one end of the disk (points A and B in Figure 6) via a 181.9 mm long 

connecting rod. The other end of the structure is embedded.

The crack initiates at the left corner P of the first keyway (the most solicited with this geometry) and it is 

verified that the initiation length l ' 0.46 mm (Figure 7) is much smaller than the dimensions of the 

structure (around 100 times smaller than the keyway depth) which ensures the validity of the asymptotic 

expansions. The method predicts a crack angle 2 ' 19 deg (deviation from the bisector) and the loading

Finit at crack initiation (the quantitative value is not given in this paper but it will be compared with values 

coming for the experiments Fexp). Note that, in the model, forces have been applied in A and B and 

generate the same momentum as the forces described in Figure 6.
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Figure 5: Model geometry of the graphite brick with slice thickness of 100 mm. The bottom slot is 

necessary for the application of the load in the testing machine.

Figure 6. Scheme of the experimental setup: the torque is applied via a connecting rod. Forces are acting 

at both ends of the rod. The structure is clamped along the grey zone on the left side of the bottom slot.

A parametric finite element analysis using Code_Aster and the eXtended Finite Element Method was 

conducted in order to verify that the angle of propagation predicted by this method was in agreement with 

classic fracture mechanics and widely accepted crack propagation criteria: namely the maximum 
1K ?

criterion or the minimum 
2K ?

criterion and the maximum G?
criterion , that state that crack is evolving 
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in order to maximize 1K or to minimize 2K (Hasebe et al. 

1984) and to maximize G (Hussain et al., 1974) respectively.

A crack of initial length l ' 0.46 mm is introduced in P and 

values of the stress intensity factors and strain energy release 

rate have been calculated with different propagation angles. The 

mesh size has been adapted in order to accurately capture the 

values of the stress intensity factors and the strain energy 

release rate (note that 
1K ?

and G?
are linked through Irwin’s

formula but they are calculated here in two different ways). 

Table 2 summarizes the results obtained for all criteria.

This analysis allowed evaluating the peak load GcF that would 

generate a G equal to the Griffith energy. In addition, a 

cohesive element model has also been employed to evaluate the 

predicted peak load CZMF . All three models results are close to the experimental value expF (Table 3).

A crack propagation analysis was then conducted with the angle predicted by the crack initiation theory 

and the obtained crack paths are in good agreement with both experimental results and previous analyses 

(Martinuzzi et al., 2012).

Table 2. Angle of the initial crack given by different criteria for the internal loading case.

Initiation criterion Maximum 1K ?
Minimum 2K ?

Maximum G?

Angle (deg.) 19 24 17 24

Table 3. Peak load obtained for the different models (normalized comparison with the experimental 

value).

init exp

exp

F F

F

%

exp

exp

F

FFGc %

exp

exp

F

FFCZM %

-6% -1% +2%

External Loading – Action Of The Keys Linking The Bricks Together

The second case analyses crack onset at the corner of a keyway under the action of the keys linking 

together the set of graphite bricks (Figure 4). The loading is applied using point forces corresponding to 

the contact points in the gap of the key with the graphite structure, i.e. at corner C and 2mm away from

the bottom corner R of the keyway (Figure 8). The other keyways are embedded.

The crack is assumed to initiate from the corner S of the keyway. Similar conclusions can be drawn 

concerning the crack direction 2 ' % 5 deg. (deviation from the bisector) and the crack initiation length 

l ' 0.42 mm (Figure 9). The prediction of the load F at crack initiation could not be compared with 

experiments as the correspondence between the applied load in the model and in the experiment is not 

straightforward. However, a parametric study was conducted to compare the results with fracture 

mechanics crack propagation criteria as for the previous model. The results are consistent and presented 

in Table 4. Additionally, the peak load predicted by the crack initiation criterion coincides with the 

Griffith criterion.

Figure 7. Crack initiation angle 

2 ' 19 deg. and initiation length 

l ' 0.46 mm at the left corner P of 

the first keyway.
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Figure 8. Case 2 where forces are applied at the corner C and 2mm away from the bottom corner R of the 

keyway. The structure is clamped along the grey zones around the other keyways.

A crack propagation analysis was then conducted with the 

angle predicted by the initiation theory and the obtained 

crack path was in good agreement with both experimental 

ones and previous analyses (Martinuzzi et al., 2012).

Table 4. Angle of the initial crack given by different criteria for the external loading case.

Initiation criterion Maximum 
1K ?

Minimum 
2K ?

Maximum G?

Angle (deg.) ! 5 ! 8 ! 8 ! 5

CONCLUSION

A coupled criterion based on stress and energy conditions has been satisfactorily employed to predict 

crack initiation at the root of the corners of graphite bricks keyways. The method does not require the 

introduction of a pre-existing crack whose length and direction are more or less arbitrarily chosen and 

thus takes advantage on other approaches. Once the crack has initiated, the classical fracture mechanics

can be employed to study further crack growth or arrest. The method remains valid as long as the quasi-

static loading assumption of equation (5) is verified.

This promising method will be implemented in EDF’s in-house open source Finite Element Code_Aster

and its extension to 3-dimensional theory will be considered. From a theoretical point of view the 

asymptotic expansions as well as the determination of the GSIF by path independent integrals can be 

straightforwardly generalized. The main difficulty lies in computational issues. Namely, the extension 

from a straight line crack in 2D to an initial crack surface in 3D will have to be closely investigated. If a 

short crack can be easily described in 2D by the length of a straight segment and an angle for the

Figure 9: The crack initiation angle 

2 ' % 5 deg. and initiation length l '
0.42 mm at the top corner S of the 

loaded keyway.
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direction, it becomes more entangled in 3D.  Even if it is assumed that, in the first stage of initiation, it is 

a planar crack, its shape still needs to be determined. An attempt has been done in which the shape of the 

crack is given by an isovalue of the tension acting on the plane of the new crack (namely c" "' ) and its 

surface by an energy condition (Leguillon, 2014) but many technical difficulties arise due to the 3D 

complexity. The study is ongoing.
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