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ABSTRACT 

The graphite components in an advanced gas-cooled reactor (AGR) core are subjected to fast neutron 

irradiation, thermal gradients and radiolytic oxidation during the reactor operation. The non-uniform 

changes in the material properties, irradiation, temperature, and weight loss across a typical graphite 

moderator brick lead to the generation of significant internal stresses. The internal stresses in a typical 

moderator brick are tensile at the bore and compressive at the periphery in early life, but later in life the 

stresses are reversed resulting in tensile stress at the periphery. The presence of sharp near 90° corners 

(keyway roots) at the brick periphery lead to stress concentrations and possible sites for crack initiation. 

Unirradiated graphite is a quasi-brittle material that becomes more brittle with increased irradiation. Sharp 

corners and notches, such as the brick keyways, are stress raisers as the stresses are singular at the 

notch/corner tip. This is similar to the singularity observed at a crack tip, which needs to be accounted for 

using fracture mechanics parameters such as the stress intensity factors (SIFs) in finite element 

assessments. Similarly, notch stress intensity factors (NSIFs) can be used to predict crack initiation at a 

90
o
 corner tip; i.e. crack initiation occurs when the NSIF reaches a critical value. In this paper, a local 

approach based on strain energy is explored and developed to predict the NSIF values at the keyway roots 

of an AGR moderator brick. The predicted NSIF values provide an alternative local failure criterion at the 

keyway roots based on fracture mechanics compared with the current criterion which is based on a series 

of failure stresses derived from feature tests for various loading configurations. One of the main 

advantages of this new methodology is that the criteria are not load geometry dependent and can be 

applied at any of the keyways. 

INTRODUCTION 

In linear elasticity, it is known that the presence of sharp corners leads to stress intensity problems 

(Williams, 1952). Theoretically, the stresses are infinite at the tip of a sharp corner, as is the case for a 

crack tip. In fracture mechanics, a crack is expected to propagate if fracture parameters, such as the stress 

intensity factors, reach critical values. Similarly, for a sharp corner, a fracture criterion based on V-notch 

stress intensity factors may be used to predict cracking at the V-notch tip (Gómez and Elices, 2003). In 

this paper, the terms V-notch, notch and corner are used interchangeably and they refer to a sharp corner 

with root radius of zero. The stress intensity at a crack tip is characterised by  or  where 

rp

and r is the radial coordinate of a system centred at the crack tip, similar to that shown in Figure 1(a). In 

the case of a V-notch, the stress intensity at the notch tip is also characterised by  where 

ig

 value is 

dependent on the notch opening angle. This general definition is applicable to both cracks and notches 

(the crack case is a special case of a notch when the notch opening angle is zero). 

When the corner is blunt at the tip (or root), the problem changes from a stress singularity case to a stress 

concentration case. Stress concentrations lead to increased level of stress, but the problem is bounded, and 
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converged stresses may be achieved by mesh refinement. However, depending on the geometry, the stress 

concentration may lead to very high stresses compared to the material strength, which practically lead to 

stress conditions similar to the case of a sharp corner (root radius of zero). This depends on the root radius 

compared to notch depth and other component’s dimensions. The smaller the root radius (or the ratio of 

radius to notch depth), the larger the stresses will be. 

 

The AGR moderator graphite bricks contain sharp corners of near 90
o
 (keyways) with very small root 

radii which are sites of stress concentration. Internal stresses in the graphite bricks are generated due to 

irradiation induced dimensional and material properties changes (Tsang and Marsden, 2007). The stresses 

are tensile at the bore of the brick and compressive at the periphery in early life, but later in life the 

stresses are reversed resulting in tensile stresses at the periphery. The presence of the sharp corners leads 

to stress elevation at the keyway roots. In finite element analyses, convergence problems arise as a result 

of sharp corners because of the stress singularity (stresses are unbounded at the corner tip). The 

predictions of stress will increase with finer meshes. When the corner root is blunt, the stresses are 

bounded but may be very high depending on the root radius compared to other dimensions of the notched 

component. Stress convergence may be achieved by using very fine meshes, but this usually leads to very 

high stresses depending on the root radius. Current approaches to overcome this problem involve carrying 

out full size feature tests of slices of a graphite brick, and using these results to estimate a pseudo strength 

using finite elements to estimate the failure stresses at the keyway roots. The results are dependent on the 

assumed root radius and the meshes used in the finite element analysis. In addition, stress analyses of 

graphite brick need to be carried out using the same meshes as those used for predicting the pseudo 

strength. This approach is very limited due to the limited availability of bricks used in the reactors. In 

addition, it is known that for the same geometry, different loading conditions lead to different stress 

concentration factors which may be significant. The stresses in the experiments are generated by external 

loading, while the stresses in the graphite bricks are generated internally. 

 

This paper presents an approach to compute the NSIF at the keyway root of an AGR graphite brick. The 

NSIF can then be used in a failure criterion based on fracture mechanics: keyway root cracking initiation 

is expected when the NSIFs reach a critical value. The approach is based on the strain energy of a control 

volume around the keyway root. The Numerical examples demonstrate the convergence of the SIF values 

and illustrate the applicability to blunt notches with small radii. The results of the blunt corners are 

limited by the results of sharp corners. The approach can be applied to any keyway and is not limited by 

the geometry of the keyway. 

 

STRAIN ENERGY APPROACH (SEA) TO PREDICT NSIF 
 

An approach developed by Treifi et al (2013) to compute the NSIF for a sharp corner based on the strain 

energy of a control volume around the notch tip is presented briefly in this section for completeness.  

 

The strain energy of a finite volume (v) around a notch-tip as shown in Figure 1(b) can be written as 

(Bower, 2010) 

ò=
V

ee
dVWE

)()(
      (1) 

where 
)(e

W  is the strain energy density  

ò ¶= εσ :
)(e

W
      (2) 

where σ  and ε  are stress and strain tensors, respectively. Eq. (2) can be rewritten as 
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Figure 1. Sharp notch and local coordinate system (a), and control volume radius c
R  (b). 

 

Eq. (3) can be simplified further for a 2D problem: 

( ) ( )[ ]2222)(
122

2

1
xyzzyyzzxxyyxxzzyyxx

e

E
W tnssssssnsss ++++-++=   (4) 

where 0=zzs  under plane-stress and ( )
yyxxzz

ssns +=  under plane-strain. 

 

For a sharp notch, the stress expressions can be written as (Williams, 1952) 
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where 
Il  and 

IIl  are eigenvalues and can be computed using the following characteristic equations 

02sin2sin =+ alal II
      (8) 

02sin2sin =- alal IIII
      (9) 

1
A  and 2A  are constants related to the mode I and mode II SIFs ( I

K  and IIK , respectively)  
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It should be noted that the Eqs. (5)-(7) are series expansions and that the å symbol is omitted for 

simplicity. In the SEA, only the singular terms 1<l  are considered. Under plane-stress conditions, 

substituting the above equations into Eq. (1) and integrating over a finite volume of a radius c
R  around a 

notch tip gives a quadratic equation with two unknowns 

IIIIII
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where M, N, and Q are integrals over the control volume.  Eq. (12) demonstrates a direct link between the 

strain energy of a control volume and the stress intensity factors of a V-notch. For mixed mode (I and II) 
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cases, the control volume is partitioned into two regions below and above the bisector. The integral in Eq. 

(12) is also carried over both regions to give two equations with two unknowns 
I

K  and IIK .  

 

NUMERICAL EXAMPLES 

 

Plate with a 90
o
 Corner (Mode I) 

 
Figure 2. Edge Notched Plate (a), mesh used in the FEA (b), sharp noch (c), blunt notch with radius 

0.01mm (d) and blunt notch with radius 0.1mm (e). 

 

A plate with a 90
o
 corner as shown in Figure 2a is analysed. The plate dimensions are: height 20mm, 

width 10mm, notch depth 4mm, notch opening angle 90
o
. The plate is subject to a uniformly distributed 

tensile force of 1 MPa. The plate is meshed as shown in Figure 2b. The volume around the notch tip of 

radius 0.6mm is meshed layer by layer with a similarity ratio of 0.6 using 20 layers of elements. The plate 

is analysed using different corner root radii: sharp, blunt with a radius of 0.01mm and blunt with a radius 
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of 0.1mm as shown in Figures 2c-e. The FE software package ABAQUS (ABAQUS, 2012) is used to 

build the numerical models and compute the strain energy. The NSIF values computed using different 

control volume radii 
c

R  (the range is 0.6, 0.6
2
, 0.6

3
… 0.6

20
) are plotted in Figure 3 for the different root 

radii. Different radii of the control volume 
c

R  are used to demonstrate the stability of the method. The 

plotted curves show clear convergence using a range of control volume radii. The converged NSIF value 

for this case is ( ) 473.2/
1 =- IaK

I

lps . For a 90
o
 corner, 5445.0=Il  and 9085.0=IIl . In addition, 

Figure 3 shows that the NSIF values of the blunt cases are bounded by the sharp notch NSIF. 

 

 
Figure 3. Notch stress intensity factors of the notched plate with sharp and blunt roots (scaled by 

Ia
lps -1

). 

 

 
Figure 4. Stress distribution around the notch tip for sharp (a) and blunt roots 0.01mm (b) and 0.1mm (c).  

 

The maximum hoop stresses predicted at the root are 987.2MPa, 78.13MPa, and 27.17MPa for the root 

radii 0.0, 0.01, and 0.1, respectively (as a result of the 1MPa applied stress). Obviously, the blunt roots 

give lower stresses. The larger the radius, the lower the stress concentration factor will be. However, for 

small radii, the stresses are very high, and practically they produce similar stress fields around the notch 

tip as is shown in Figure 4. The colour scale used in Figure 4 is the same for all the three cases, and it 

ignores the very high stresses at the notch tip for the sharp and the blunt with radius 0.01mm notches. 
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This is done to demonstrate the global effect of the stress concentration within the chosen volume of 

0.6mm. 

 

To demonstrate the “independence” of the NSIFs with regard to the mesh around the notch tip, the notch 

tip region of radius 0.6mm is meshed using 7 layers of elements as shown in Figure 5 as opposed to 20 

layers as is done previously. The NSIF values computed for different sizes of the control volume are 

plotted in Figure 6. This figure shows that the NSIF predicted using 7 layers gives the same NSIF as 

using 20 layers. However, the maximum hoop stresses computed using coarse (7 layers of elements) and 

fine (20 layers) are 47.88MPa, and 987.2MPa, respectively. The divergence in the computed stress values 

is clear, as opposed to the NSIFs. 

 

 
 

Figure 5. Mesh used around the sharp notch tip: (a) 20 layers and (b) 7 layers of elements. 

 

 
 

Figure 6. Convergence of the notch stress intensity factors using fine (20layers) and coarse (7layers) 

meshes around the notch tip (scaled by Ia
lps -1

). 
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Octant of a Moderator Brick with Keyways (Mixed Mode) 
 

A slice of an octant of a moderator graphite brick with keyways as shown in Figure 7a is considered. The 

slice is loaded with a uniformly distributed load of 5MPa on one side while the other side is constrained 

in the hoop direction. Different radii for the keyway root are considered; 0.0, 0.01mm, and 1.5mm (Figure 

7b shows a blunt keyway root with a radius of 1.5mm). The mesh used for the analyses is shown in 

Figure 8. The volume around the keyway root of radius 2.778mm is meshed layer by layer with a 

similarity ration of 0.6 using 17 layers of elements.  

 
 

Figure 7. Octant of a moderator brick with sharp (a) and blunt (b) keyway roots. 

 

The NSIF values computed using different sizes of the control volume 
c

R  (the range is 2.778, 1.667 … 

7.802*10
-4

) are plotted in Figure 9 for the different root radii to illustrate the convergence of the results. 

The predicted NSIF values for the sharp keyway root are ImmMPaK
I

lp -= 1
.23.37/  and 

IImmMPaK
II

lp -= 1
.93.14/ , for the blunt root radius of 0.01mm are ImmMPaK

I

lp -= 1
.25.37/  

and IImmMPaK
II

lp -= 1
.86.14/ , and for the blunt root radius of 1.5mm 

ImmMPaK
I

lp -= 1
.61.37/  and IImmMPaK

II

lp -= 1
.33.13/ . The NSIF values are comparably 

similar. Figure 9 also shows that the control volume sizes need to be larger than the radius of the keyway 

root to estimate accurate NSIF values. The maximum hoop stresses for the different root radii 0.0, 0.01, 

and 1.5mm are 7972MPa, 489.8MPa, 68.42MPa, respectively (as a result of the 5MPa applied stress).  

 

Similar to the previous example, the NSIF of the sharp root are computed using fewer elements in the 

control volumes to demonstrate the “independence” of the NSIFs with regard to the mesh around the 

notch tip. The notch tip region of radius 2.7mm is meshed using 7 layers as shown in Figure 10 of 

elements as opposed to 17 layers as is done previously. The NSIF values computed for different sizes of 

the control volume are plotted in Figure 11. This figure shows that the NSIFs computed using 7 layers are 

the same as NSIFs computed using 17 layers. However, the maximum hoop stresses computed using 

coarse (7 layers of elements) and fine (17 layers) are 214.4MPa, and 7972MPa, respectively. The 

divergence in the computed stress values is strong, as opposed to the converged NSIF values. 
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Figure 8. Mesh used in the FEA and details of the sharp and blunt roots. 

 

 

 
 

Figure 9. Mode I and II stress intensity factors at the keyway root for sharp and blunt cases. 

 

DISCUSSION 

 

In fracture mechanics, cracks are expected to propagate when the SIFs I
K  reach a critical value ICK  

called fracture toughness: 
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ICI
KK ³         (13) 

IK  and IC
K  are generally used to assess the crack size a component could tolerate without failure or to 

assess the possibility of crack propagation as a result of an existing crack of a certain size. Similarly, The 

NSIFs for a sharp corner can be used as fracture parameters to predict failure of components with sharp 

corners; that is, when an NSIF reaches a critical value: 
V

IC

V

I
KK ³

       (14) 

These critical values can be determined through experiments on specimens with sharp corners. It is also 

possible to estimate the critical NSIF from the fracture toughness associated with cracks. It should be 

noted that the NSIFs and its critical values have units associated with the order of singularity; 
l-1

.mMPa . 

Also, Eq (14) is a general equation of any notch opening angle g , and it covers the crack case of Eq. (13) 

because the case of a crack is the same as for a notch with a notch opening angle of zero. 

 

 

 
 

Figure 10. Meshes used around the keyway root: 17 layers of elements (a) and 7 layers of elements (b). 

 

 
Figure 11. Convergence of the stress intensity factors using fine (17 layers) and coarse (7 layers) meshes 

around the keyway root. 
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Blunt notches with small rounded roots exhibit high level of stress, despite the problem being a stress 

concentration problem rather than a singular problem. As such, stresses are finite, but may be very high 

depending on the root radius as shown in the examples above. It was also shown that the NSIFs computed 

for blunt notches with very small root radii are limited by the NSIF of a sharp corner. The accuracy and 

the applicability would depend on the radius of the root and the depth of the notch/corner. The NSIFs are 

computed using control volumes around the corner root. Figures 6 and 11 show that convergence of 

NSIFs is achieved using different sizes of the control volume and different meshes with no need for very 

fine meshes around the notch tip. The size of the control volume can be roughly assumed as a tenth of the 

notch depth. For a blunt notch, it is recommended to use a control volume with a radius similar to or 

larger than the root radius. The smaller the root radius, the more the problem approaches the case of a 

sharp corner. 

 

For the AGR graphite bricks, the keyway root radii is very small compared to other dimensions of the 

brick keyway and for some designs they are sharp corners. Structural integrity assessment of the keyway 

root based on stress intensity factors may provide an alternative and more scientific approach to the 

current stress based approach, because the stresses are more mesh dependent at the root radius as shown 

above while the NSIFs are not as much mesh dependent. The keyway roots can be assumed sharp and the 

NSIF are computed based on the elastic strain energy within a control volume around the root. This will 

need to be compared to a critical value estimated using 90° notched specimens or estimated from the 

fracture toughness of the graphite. The graphite material properties such as strength change over time due 

to irradiation and radiolytic oxidation. One of the major tasks would be the derivation of the material 

degradation model of the fracture toughness as a result of irradiation and radiolytic oxidation. 

 

CONCLUSIONS 

 

A strain energy approach was applied to compute the NSIF for sharp and blunt notches similar in shape to 

the keyways in the AGR graphite bricks. The approach is simple to implement as it is based on the strain 

energy of a control volume around the notch tip which could be computed from finite element solutions. 

The NSIF results converge well and are not as much mesh dependent as the stresses. The computed NSIF 

values are fracture parameters that can be used to predict the onset of keyway root cracking based on the 

material critical value of NSIF that can be determined experimentally. 
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