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ABSTRACT 

In the framework of the R6 development programme,  NRG has performed a probabilistic  

investigation of Leak Before Break. This paper describes the LBB case for a circumferentially cracked 

pipe, with reduced safety factor on detectable leakage rate, to achieve  low failure probability in the order 

of 10
-8

. MATLAB  code has been generated for  deterministic fracture mechanics analysis to estimate the 

minimum leakage rate. Deterministic analysis has been extended to probabilistic LBB by considering

uncertainties in material properties involving tensile and fracture toughness characteristics. 

Due to inefficiency of the Monte Carlo method to solve this extremely  low probability LBB case, 

efficient probabilistic methods i.e. ADIS, ARBIS, FORM and SORM which are available in the RAP++ 

software,  have been used  by coupling with MATLAB code. Results obtained from  these probabilistic 

methods have been compared. 

The probabilistic approach has also been applied to the Master Curve concept, which provides a 

description for the fracture toughness scatter, size effect and temperature dependence for the transition 

region. MATLAB code has been generated to calculate the failure probability as a function of crack 

length based on the fracture toughness (Kmat) distribution which has been generated from the Master 

Curve. The assessment shows the conservatism in the relation between Master Curve and Charpy 

transition temperature determination.  

From this assessment it is shown that the safety factor of 10 on leakage from Standard Review Plan 

3.6.3 results in an extremely low probability (<10
-8

) of undetected leakage in the LBB case. This 

probability is much lower than the probability for crack initiation in Master Curve 5%, which is also used 

in the LBB argument. Therefore, the safety factor 10 in Standard Review Plan 3.6.3  is probably too 

restrictive for LBB demonstration. 

INTRODUCTION

In continuation to the LBB calculations for a section of reactor pipe work which has been published in the 

ASME 2014 Pressure Vessels and Piping Conference, “Probabilistic Fracture Analysis of 

Circumferentially Cracked Pipes,”  Bhimanadam and Blom (2014), the calculations are extended with a 

reduced safety factor on detectable leakage rate to investigate low failure probabilities in the order of 10
-8

.  

Several probabilistic calculations have been performed by reducing the safety factor on detectable leakage 

rate with various probabilistic methods i.e. MCS, ADIS, ARBIS, FORM and SORM which are available 

in RAP++ software, RAP++ (2012). Deterministic and probabilistic calculations  corresponding to the 

safety factor have been reported in this paper. 

Then, the probabilistic approach has been applied to the Master Curve concept according to BS7910 

Annex J, BS 7910 (2013), and calculated the failure probability as a function of crack length based on the 

fracture toughness (Kmat) distribution, which has been generated from the Master Curve at known fracture 

toughness transition temperature T0. These calculations have been extended by considering 27 J  Charpy 

transition temperature variation with standard deviation 15 
0
C as specified in the BS7910, BS 7910 

(2013).     
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MODEL 

A section of reactor pipe work with an outer radius of 447.70 mm and the thickness of 76.80 mm contains 

a circumferential through-wall crack of length 2c, is shown in Figure 1. The  yield strength, modulus of 

elasticity and the critical stress intensity are 158 MPa, 173.5 GPa and 190 MPa�m, respectively, and a 

Poisson’s ratio of 0.3 was taken. Three load cases i.e normal operational, reactor trip and fault load cases 

have been considered for this analysis and are listed in Table 1.   

Figure 1. Geometrical details 

                                               

Table 1: Loads 

Load cases Normal operational Reactor trip Fault loads SSE 

P- Internal pressure [MPa] 15.4 12.95 15.4 

Fx Force in x-direction [MN] -0.216 0.1816 1.565 

My Moment in y-direction [MNm] 0.341 0.2868 0.479 

Mz Moment in z-direction [MNm] 3.2085 2.3461 2.963 

BT- Through wall bending stress [MPa] 0 125.078 0 

DETERMINISTIC CALCULTIONS 

MATLAB  code has been generated to calculate the critical crack lengths corresponding to each load case 

using Failure Assessment Diagram approach from R6, EdF Energy (2013), (see Figure 2).  

Figure 2. FAD, deterministic calculations 
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MATLAB  code has been extended to find the minimum crack length from out of three load cases. 

Leakages have been evaluated for all three load cases corresponding to minimum critical crack length. All 

these calculations have been performed  with R6 option 1 approach, EdF Energy (2013) using MATLAB. 

The minimum crack length obtained is 0.46 m, corresponding minimum leakage is 102.67 

Litres/min, which is greater than 9 Liters/min (Detectable Leakage rate with safety factor SF=2.37), 

demonstrating Leak Before Break for this case. 

As per  U.S. Nuclear Regulatory commission, Standard Review Plan 3.6.3, a margin of 10 on the 

leakage prediction will be required. Factor 10,  gives  a very low probability of failure, in order to get a 

low probability of failure in the order of 10
-8

 , safety factor SF =2.37 has been used for the calculations. 

PROBABILISTIC CALCULATIONS 

For the probabilistic assessment, the  model has 2 parameters that are regarded as random input 

variables. A list of these random input variables, the distribution (lognormal), and their distribution 

parameters are provided in Table 2. 

Table 2: The statistical characteristics of random parameters 

Random parameters Mean Standard deviation 

�y Yield stress [MPa] 151 11.15 

Kmat fracture toughness [MPa �m] 190 12 

The limit state function G is built as 

G = (Minimum leakage rate  – Detectable leakage rate x SF);  and the failure is given by G < 0;  (1) 

Several probabilistic methods i.e. MCS, ARBIS, ADIS, FORM and SORM which are available in 

the RAP++ software, RAP++ (2012), are used by coupling with MATLAB deterministic code to solve 

this probabilistic problem and the corresponding results are subsequently presented in the following 

sections addressing their advantages and limitations. In all these methods, a set of  non-normal stochastic 

variables �y , Kmat (X-space ) have been be transformed to a set of independent standard normal variables 

u, called the U-space, by applying appropriate transformations. 

Monte Carlo simulations 

The basic idea behind the method is to calculate values of the limit-state function G (called 

simulations) using randomly generated values for its variables based on their known probability density 

functions. An estimate of the probability of failure can be calculated by means of the following simple 

expression: 

                                             Pf = n/N                                                                      (2) 

in which n is the number of simulations for which G< 0 (failures) and N is the total number of 

simulations.  

In Figure 5 (MCS), the limit-state and 100000 simulations are plotted in U-space. All points are 

located within the safe area (see Figure 5 (MCS)) where the limit-state function G is positive and none are 

located at the other side of the failure area where the limit-state function G is negative. The MCS will end 
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when the maximum number of simulations has been reached. The accuracy depends on the maximum 

number of simulations. Obtained probability of failure with 10
5
 MCS simulations is shown in Table 3. 

Adaptive Radial-based importance sampling(ARBIS) 

This method  is an NLR in-house development implemented in RAP++ and is based on a very 

simple but effective importance sampling method, excluding a �-circle from the sample domain, 

Grooteman (2008), (see Figure 3). A threshold radius �th is set defining that part of the domain (2D: 

circle) which is safe, i.e. no failure points are located there. Since the important domain lies outside this 

area no effort has to be spent in sampling in this part of the domain, having the highest probability values.  

Figure 3. ARBIS, in U-space (example) 

The probability of failure for this method is given by:  

                                                    Pf = (n/N)(1-�n
2
(�th

2
))                                                           (3) 

�n
2
( ) = Cumulative chi-square distribution function 

In Figure 5 (ARBIS), the limit-state and simulations are plotted in U-space. The solution has been 

converged (� error =1.96COV- �) in 326 simulations. Obtained probability of failure with ARBIS is 

shown in Table 3. 

Adaptive directional importance sampling(ADIS) 

ADIS has been developed by NLR in RAP++ software, RAP++ (2012), combining directional 

simulation and a response surface approach in an efficient adaptive scheme, Reliability Analysis Program 

(2011).  

The strategy is to gather knowledge about the failure domain and location of the limit-state(s) 

during sampling and use this knowledge to guide the sample domain towards the most important part(s). 

Again, at start no information about the limit-state and its most important part(s) is available. Therefore, 

the method starts with the standard DS scheme performing a number of directional simulations (pre-

sampling). When enough points have been sampled the obtained limit-state function information is used 

to construct a response surface (RS). This response surface, being an approximation of the real limit-state 

function, is then used in the DS scheme. In addition, the obtained limit-state function information is used 

to determine a threshold � circle �th. Figure 5 shows response surface, in U-space for reactor pipe 

problem.  



23
rd

 Conference on Structural Mechanics in Reactor Technology 

Manchester, United Kingdom - August 10-14, 2015 

Division II 

Figure 4. Response surface, in U-space (reactor pipe) 

In Figure 5 (ADIS), the limit-state and simulations are plotted in U-space. The solution has been 

converged in 139 simulations. Obtained probability of failure with ADIS is shown in Table 3. 

First order reliability method (FORM) 

General probabilistic problem can be represented by following equation   

       

                                             Pf =P(G(x)<0)= � �  f(x)dx                             (4) 

                                                                    G(x)<0 

This multi-dimensional integral equation transforms to a simple one-dimensional integral with known 

analytical solution:   

                                            Pf =P(G(x)<0)= � �  f(x)dx = �(-�)                                                       (5) 

                                                            G(x)<0 

where � is the standard normal cumulative distribution function and � the safety (reliability) index or 

Most Probable Point (MPP), being the point on the limit-state with the smallest distance to the origin. 

This is the point on the limit-state with the highest probability value, i.e. most probable point at which the 

structure will fail. In this way the probabilistic problem is reduced to finding the point on the limit-state 

G(u)=0 with the smallest distance to origin, which is a minimization problem. In Figure 5 (FORM), the 

limit-state and simulations are plotted in U-space. Obtained probability of failure with FORM is shown in 

Table 3. 

  

Second order reliability method (SORM) 

Applying a second-order approximation of the limit-state instead of a first-order approximation will 

increase the accuracy. 

                                                                      n-1 

                      Pf =P(G(x)<0)= �(-�)� (1/sqrt(1+ �*ki)                                                        (6) 

                                                                      i=1 

Besides the optimisation problem to compute �, now also the curvatures ki at the Most Probable 

Point have to be determined. In Figure 5 (SORM), the limit-state and simulations are plotted in U-space. 

Obtained probability of failure with SORM is shown in Table 3. 
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COMPARISION OF PROBABILISTIC METHODS 

In this section the results of probabilistic methods  have been compared. Figure 5 shows sampling 

plots for the reactor pipe problem. Table 3 shows a summary of the reliability analysis. 

In comparison with all probabilistic methods which are used in reactor pipe probabilistic  analysis, 

MCS is too inefficient. By comparing number of analyses, ADIS is more efficient when compared to 

MCS and ARBIS. For the � values larger than approximately 3, convergence will be reached based on the 

COV- � criterion. The error for  MCS, ARBIS and ADIS is less than 2 % for the  � value (COV- � =0.01 

with 95% confidence, The � error =1.96COV- �)  can  be observed from Table 3.  This accuracy  is 

acceptable for engineering applications. The accuracy of the solution for these sampling methods can  be 

improved by reducing the COVs. This is not the case for FORM and SORM. These methods require a 

certain number of deterministic analyses to reach a solution (or not) with unknown accuracy. FORM/ 

SORM  predicted a lower value, this is due to the fact that these methods are not capable to accurately 

handle problems with multiple MPPs. Only one MPP is found by FORM and SORM (see Figure 5). The 

second failure region is thus not found and as a result the probability of failure is underestimated. 

FORM/SORM often lack accuracy and robustness, but are useful to efficiently return a first rough 

estimate. Figure 5 shows sampling plots in U-space for MCS, ARBIS, ADIS, FORM and SORM. 

Table 3: Summary of the reliability analysis results for the reactor pipe problem 

Probabilistic 

method 
Pf

Number of 

analysis 

Reliability 

index �
COV-Pf COV- �

MCS 0 100000 - 0.1 1E-02 

ARBIS 1.16E-8 326 5.556 0.1 1E-02 

ADIS 0.74E-8 139 5.664 0.1 1E-02 

FORM 9.33E-10 14 6.009 - - 

SORM 9.48E-10 21 6.009 - - 

Figure 5. Reactor pipe problem sampling plots in U-space for the various probabilistic methods 
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MASTER CURVE IMPLIMENTATION 

The probabilistic approach has subsequently been applied to Master Curve concept according to BS7910 

Annex J, BS 7910 (2013). The fracture toughness transition curve is described by the Master Curve as 

follows (according to BS7910): 

         Kmat = 20+(11+77*e
{0.019(T-T

0
-T

k
)}

)*((25/B) 
(1/4)

 )*{ln(1/(1-Pf))}
(1/4)

                                                     (7) 

Where 

Kmat  is the estimate of the fracture toughness  (MPa ��	
�
T is the temperature at which Kmat  is to be determined (°C); 

To is the fracture toughness transition temperature  

T0= T27J - 18 °C,  standard deviation = 15 °C                                                                                              (8) 

T27J is the temperature for energies of 27 J, measured in a standard 10 mm x 10 mm Charpy V   specimen. 

Tk (25 
0
C) is the temperature term that describes the scatter in the Charpy versus fracture toughness 

correlation given by equation 8. 

B is the thickness of the material for which an estimate of Kmat is required (in mm); 

The following probabilistic calculation have been proceeded with only normal operational load case (see 

Table 1). 

Probabilistic calculations with Kmat distribution @ known fracture toughness transition temperature 

Table 4 shows the fracture toughness parameters which are used to demonstrate the probabilistic 

problem. Probabilistic calculations have been performed by considering Kmat distribution from the Master 

Curves at known fracture toughness transition temperature T0 = 0 
0
C (T= 94.3 

0
C, see Figure 6). Kmat

random variables have been generated  using MATLAB user defined function. This model has only one 

parameter (Kmat) that are regarded as random input variable. Subsequently the probability of failure Pf  is 

determined as a function of crack length. The results are shown in Figure 7. 

Figure 6. Kmat distribution at T = 94.3 
0
C from Master Curve 
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Table 4: Fracture toughness parameters  

B 76.8 mm 

T27J 18 0C 

T 94.3 0C 

Tk 0 0C 

T0 0 0C 

Kmat Kmat  distribution from master curve at T0 MPa �m

�y 158 MPa 

Figure 7. Probability of failure Vs Crack length @ T0 = 0 
0
C case 

Probabilistic calculations with Kmat distribution @ T27J variation with Tk =0 
0
C 

Probabilistic calculations have been extended by considering 27J  Charpy transition temperature variation 

with standard deviation 15
0
C as specified in the BS7910, BS 7910 (2013). In this case T0  is not measured 

directly, but calculated from T27J.  Tk=0 
0
C has been used for the calculations. 100 random temperatures 

have been generated for T27J  for this analysis. T0  temperature distribution has been calculated from the 

Equation (8). At each temperature, Kmat random values have been generated according to Master Curve 

equation (7) from the MATLAB user defined function. By considering T27J normal variation total 10
5
 Kmat

random values (100 x 1000) have been generated as shown in Figure 8. 

Figure 8. Kmat by considering T27J variation, Tk = 0 
0
C, 100000 simulations  
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Subsequently the probability of the failure Pf  is determined as a function of crack length and plotted in 

Figure 9. 

Figure 9. Probability of failure Vs crack length (considering T27J variation, Tk=0 
0
C) 

Comparison of probabilistic calculations, T0 = 0 
0
C Vs T27J variation with Tk = 0 

0
C  

From the probabilistic calculations with T0 = 0 
0
C case, crack length corresponding to the 

probability of failure Pf =0.05, is 0.491 m (see Figure 7). The same crack length has been obtained from 

the deterministic calculations with Kmat=190 MPa�m (probability for crack initiation in Master Curve 

5%) for normal load case (see Figure 2) . For the same probability of the failure, corresponding  crack 

length  with T27J variation case with  Tk =0 
0
C is 0.422 m (see Figure 9). Deterministic calculation has 

been performed with Tk = 25 
0
C (probability for crack initiation in Master Curve 5%, Kmat=127 MPa�m) 

for the same load case. The critical crack length is 0.31 m, which shows the conservatism in using Tk=25 
0
C, comparing this value to the critical crack length of 0.491 when T0 is known (and Tk=0 

0
C). 

   The probability of failure Pf , corresponding to the crack length 0.491 m with T0=0 
0
C case  is 5% 

(see Figure 7). For the same crack length, the probability of failure Pf with T27J variation case with Tk=0 
0
C is 12.5% (see Figure 9) . 

The assessment shows the conservatism in the relation between Master Curve and Charpy 

transition temperature determination, when the T0 is determined from T27J using BS7910, BS 7910 

(2013), relation with Tk = 25 
0
C. When Tk=0 

0
C  is used the results are only slightly non-conservative. 

Therefore, it can be concluded that Tk=25 
0
C is very conservative. Kmat distributions obtained from T0 = 0 

0
C case and T27J variation cases have been compared. Figure 10 shows this comparison.  

Figure 10. Kmat distribution, T27J variation Vs T0= 0
0
C
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CONCLUSIONS 

Probabilistic LBB calculations have been performed with reduced safety factor on detectable 

leakage rate to investigate low failure probabilities in the order of 10
-8

. Several probabilistic methods i.e. 

MCS, ADIS, ARBIS, FORM and SORM which are available in RAP++ are used by coupling with 

MATLAB deterministic code to solve this probabilistic problem. Results obtained from these methods 

have been compared, addressing their advantages and limitations. From this assessment it is shown that 

the safety factor of 10 on leakage from Standard Review Plan 3.6.3  results in an extremely low 

probability (<10
-8

) of undetected leakage in the LBB case. This probability is much lower than the 

probability for crack initiation in Master Curve 5%, which is also used in the LBB argument. Therefore, 

the safety factor 10 in Standard Review Plan 3.6.3  is probably too restrictive for LBB demonstration.

These probabilistic calculations have been extended using Master Curve concept and estimated 

failure probability as a function of  crack length based on the fracture toughness (Kmat) distribution which 

has been generated from the master curve at known fracture toughness transition temperature T0 and 

considering 27 J  Charpy transition temperature variation with standard deviation 15
0
C as specified in the 

BS7910, BS 7910 (2013) with Tk = 0 
0
C and Tk = 25 

0
C. These results have been compared. The 

assessment shows the conservatism of Tk=25 
0
C in the relation between Master Curve and Charpy 

transition temperature determination.  
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