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ABSTRACT 

The seismic analysis of existing structures can be performed using pushover methods as prescribed in 

ASCE 41 (2014). These methods of pushover analyses use inelastic displacement amplification factors, 

C1, calculated from equations.  The equations are based on single degree of freedom nonlinear analyses 

such as those performed by Ruiz-García and Miranda (2003) for a large number of earthquake records.  

The equations for C1 are generic and inexact because they are based on a generalized suite of time 

records and are based on full hysteresis models.  An adjustment factor is provided for concrete hysteresis. 

For this study, the authors performed a series of non-linear single degree of freedom analyses using a 

suite of time histories established to meet site-specific spectra with significant high frequency content.  

The analyses considered both full metal plasticity and pinched concrete hysteretic modelling.  The results 

demonstrate significant high frequency amplification and behavior that is not adequately captured by the 

ASCE 41 equations.  The authors recommend that if the methods using inelastic displacement 

amplification are to be used for high hazard facilities, engineers develop site and material specific values.  

These analyses are relatively simple to perform and provide project specific data that greatly improves the 

prediction of non-linear response. 

INTRODUCTION 

Nonlinear static procedures (often called pushover analyses) are provided in ASCE 41 (2014) to 

approximate the maximum structural response of simple building-type structures as a means to evaluate 

their ability to resist seismic ground motions.  A pushover analysis results in a “pushover curve” 

representing the base shear with respect to displacement of a control node (typically on the roof of the 

building).  In order to be used in seismic analysis or design/evaluation, points along this pushover curve 

must be related to different levels of seismic demand.  One technique to accomplish this is through 

inelastic displacement amplification factors, which establish a relationship between the inelastic 

displacements extracted from the pushover analysis and elastic spectral displacements.  This is illustrated 

with a qualitative example in Figure 1. 

Figure 1: Illustration of Inelastic Displacement Amplification 



 

23
rd

 Conference on Structural Mechanics in Reactor Technology 

Manchester, United Kingdom - August 10-14, 2015 

Division V 

 

BACKGROUND 

 

FEMA 273 (1997) and FEMA 356 (2000) introduced a coefficient method for nonlinear static procedures, 

in which a target inelastic displacement is calculated using the spectral acceleration at the fundamental 

period of the structure, an inelastic displacement amplification factor ( ), and several other factors to 

account for the shape of the loading vector ( ), the hysteresis loop characteristics ( ), and P-Δ effects 

( ).  FEMA 440 (2005) suggested the equation below as an improvement to the displacement 

amplification factor formula published in FEMA 356, which was later integrated into ASCE 41. 

 

  (1) 

 

In Equation 1,  is the initial frequency of the structure and R is the strength ratio, which is the ratio 

between the spectral acceleration of the target spectra at  and the acceleration at which the structure 

becomes nonlinear.  The parameter  is a site factor and is taken as 130, 90, and 60 for site classes B, C, 

and D, respectively.  Site classes are defined in ASCE 7 (2013).  ASCE 41 and FEMA 440 permit 

capping the value of  at  of 5 Hz for frequencies greater than 5 Hz; however, FEMA 440 suggests that 

this limitation should not be used.  This equation assumes elasto-plastic behavior with zero post-yielding 

stiffness. 

 

Ramirez et al. (2002) developed a relationship for  using 10 sets of earthquake records (each with two 

directional components), all of which had a magnitude larger than 6.5, a distance to epicenter between 10 

and 20 km, and site class C or D. 

 

  (2) 

 

Where:  is the hardening ratio, defined as the ratio between the post-yield stiffness and the elastic 

stiffness of the structural response.  The parameter  is the frequency at the intersection of the constant 

velocity and constant acceleration regions on the characteristic spectrum.  The parameter  is tabulated 

for different quantities of viscous damping ( ) and post-yield stiffness ratios, and is equal to 0.116, 

0.100, 0.093, 0.071 for post-yield stiffness ratios of 0.05, 0.15, 0.25 and 0.50, respectively, if the system 

has 5% viscous damping. 

 

Ruiz-García and Miranda (2003) studied displacement amplification factors using a set of 216 ground 

motion records.  The study showed that the displacement amplification factors from this large suit of 

records had a coefficient of variation (COV) exceeding 1.0 at frequencies beyond about 3 Hz.  An 

equation was developed to calculate the inelastic displacement amplification ratio, which they labeled , 

using regression analysis of the time history responses. 

 

  (3) 

 

Values for parameters , , , and  are tabulated separately for site classes B, C, and D.  Miranda and 

Ruiz-García (2003) state that the parameters , , and  can be simplified to 50, 1.8, and 55 with only a 

slight increase in error.  The parameter  can be taken as 1.33, 1.18, and 0.95 Hz for site classes B, C, 

and D, respectively. 
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LIMITATIONS OF ESTABLISHED RELATIONSHIPS 

 

Inelastic displacement amplification factors are traditionally obtained using published relationships, 

which were developed by performing single degree of freedom non-linear dynamic analyses using a large 

number of earthquake records and then fitting the resulting data to a curve.  Such equations are generally 

limited for the reasons listed below. 

 

· They generally represent expected mean response from a suite of non-site specific time history 

records.  This can add a significant amount of inaccuracy to displacement amplification factors 

if the site-specific hazard differs from those used in the generalized suite. 

 

· The ratios are typically calculated using purely elasto-plastic (zero post-yield stiffness) 

oscillators and a full hysteresis loop intended for metal structures.  Concrete hysteresis loops 

exhibit a much lower damping level per cycle and may soften during seismic events due to 

damage.  Adjustment factors are typically provided to account for a pinched hysteretic shape, 

stiffness degradation, and strength degradation; however, these factors are generic and only take 

into account a limited number of factors, such as the type of lateral force resisting system that is 

used in the structure. 

 

· The equations have been typically intended for use in typical medium-to-high-rise structures 

and are not explicitly intended for low-rise stiff structures.  This limitation is because the 

responses at high frequencies are seen as more volatile and produce high C1 scale factors.  

Therefore, the equations provide a good match to the frequency range of interest for medium-to-

high-rise structures (low frequencies) and do not provide a good match at high frequencies.  In 

fact, some equations provide a cap on maximum C1 because high-frequency amplifications 

were considered unrealistic or unreliable (FEMA 440). 

 

Due to these limitations, pushover methodologies have been used primarily for horizontal analysis of 

medium-to-high-rise buildings with relatively long periods.  This study outlines the approach that has 

been used by the authors to address the limitations of published inelastic displacement amplification ratios 

by calculating the factors directly using site-specific material characteristics and time histories scaled to a 

site-specific hazard. 

 

CALCULATION OF SITE-SPECIFIC DISPLACEMENT AMPLIFICATION FACTORS 

 

To produce site-specific inelastic displacement amplification ratios, a series of non-linear single degree of 

freedom (SDOF) analyses can be performed using a suite of time histories established to meet the site-

specific spectra.  This involves analyzing a large number of oscillators for each site-specific time history 

record to cover a wide range of possible values of parameters , , and .  The authors analyzed each 

time history record using oscillators with the following ranges of parameters: 

 

· Initial frequency, , set to 301 different values between 0.1 and 100 Hz 

· Strength ratio, , set to 16 different values between 1 and 10 

· Hardening ratio, , set to 12 different values between 0 and 1 
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For the calculation, all SDOF oscillators were assigned a mass of 1 unit and are assigned a quantity of 

viscous (non-hysteretic) damping and a hysteretic material model.  Nonlinear displacement amplification 

ratios are calculated by dividing the peak displacement of each nonlinear oscillator by the displacement of 

the elastic oscillator with equivalent , as shown below.  The result is a three-dimensional matrix of 

inelastic displacement amplification ratios for each time history record. 

 

  (4) 

 

To implement the  ratios in a pushover analysis, the individual  matrices from each time history 

record in the suite can be statistically combined to form a single  matrix for each analysis direction, 

representing the mean, median, or desired percentile.  A smoothing/enveloping/broadening operation can 

also be performed on the  matrix to adjust time-history-specific peaks in the data.  A triple interpolation 

is used to extract  ratios based on the problem’s specific , , and  parameters. 

 

COMPARISON OF SITE-SPECIFIC FACTORS WITH ESTABLISH RELATIONSHIPS 

 

In this paper,  factor matrices calculated directly for two different input spectra are compared with 

those provided by the relationships established in literature.   matrices Af and Bf are calculated using 

time histories selected and scaled to match shape and ZPA of the target spectra and a bilinear material 

model with kinematic hardening.   matrices Ap and Bp are calculated using the same set of time 

histories with a pinched hysteresis material.   matrices Am and Bm are calculated using a separate set of 

time histories that are closely matched to the target spectra along with the same bilinear material model as 

Af and Bf.  An overview of the calculated  matrices is given in Table 1.  Calculation of the matrices of 

 factors is automated using a program that has been specially developed by one of the authors (Baig) to 

efficiently perform time history analyses of nonlinear SDOF oscillators. 

 

Table 1: Site-Specific  Matrices 

 

 Matrix Name Time History Selection Associated Material Model 

Af 11 records scaled to Spectrum A Bilinear with kinematic hardening 

Bf 11 records scaled to Spectrum B Bilinear with kinematic hardening 

Am 10 records matched to Spectrum A Bilinear with kinematic hardening 

Bm 10 records matched to Spectrum B Bilinear with kinematic hardening 

Ap 11 records scaled to Spectrum A Pinched hysteresis 

Bp 11 records scaled to Spectrum B Pinched hysteresis 

 

The pinched hysteresis model used for  matrices Ap and Bp are based on the Dowell (1998) model for 

reinforced concrete.  The  and  input factors used to generate Ap and Bp were 2.56 and 0.38, 

respectively.  The shape of the resulting pinched hysteresis loop is compared to that of the bilinear model 

with kinematic hardening in Figure 2.  In this figure, the two hysteresis loops were created using the same 

initial frequency ( ), hardening ratio ( , strength ratio ( ), and identical sinusoidal input acceleration 

records. 

 

For all presented  matrices in this study, 5% viscous damping is used.  The spectral content of the 11 

time histories selected and scaled to spectra A and B are shown in Figures 3a and 4a, respectively.  The 

spectral content of the 10 time histories selected and closely matched to spectra A and B are shown in 

Figures 3b and 4b, respectively.  Although the mean of the spectral content of the matched and scaled 

time history suites differ, they both approximate the same design spectra. 
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(a)  (b) 

Figure 2: Hysteresis loop shapes for (a) bilinear with kinematic hardening material model and (b) pinched 

hysteresis material model 

 

 
(a) 11 Scaled Time History Records 

 
(b) 10 Matched Time History Records 

 

Figure 3: Spectral Content of Time History Records Scaled to Target Spectrum A 

(Mean of time history suites are plotted using a solid black line) 

 

Plots comparing the site-specific inelastic displacement amplification ratios to those found using the 

relationships in ASCE 41 (2014), Ramirez et al. (2002), and Ruiz-García and Miranda (2003) are 

provided for a variety of conditions in Figures 5 and 7.  Since the ASCE 41 and the Ruiz- García and 

Miranda models do not account for post-yield stiffness, these curves always use  = 0.00.  The Ramirez et 

al. model accounts for post-yield stiffness; however, the minimum post-yield stiffness permitted by the 

model is 5% (  = 0.05).  When required as input, site class C is used for both spectra A and B.  Based on 

the shear wave velocity, this site class most closely characterizes the site from which the target spectra 

were developed.  Additionally, the characteristic period of spectra A and B is taken as 1 second and 0.25 

seconds, respectively. 

 
Selection of site class and/or characteristic period has a significant impact on the inelastic displacement 

amplification ratios provided by the established relationships.  Since these parameters are loosely defined, 

selection of these parameters can be subjective for a given site and target spectra.  Development of site-

specific  factors does not require these input parameters; however, the site-specific factors are 
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dependent on the time history records that are selected to match the target spectra.  The authors used a 

suite of time history records to reduce the resulting  matrix’s dependency on any single record. 

 

 
(a) 11 Scaled Time History Records 

 
(b) 10 Matched time History Records 

 

Figure 4: Spectral Content of 11 Time History Records Scaled to Target Spectrum B 

(Mean of time history suites are plotted using a solid black line) 

 

The established relationships for inelastic displacement amplification ratios do not consistently match the 

site-specific ratios, particularly when there is low post-yield stiffness ( ) and the strength ratio ( ) is 

high.  Of the evaluated relationships, Ramirez et al. (2002) tends to match the site-specific values most 

closely; however this model is sensitive to the selection of spectra’s characteristic period. 

 

The impact of the pinched hysteresis loop and stiffness degradation on inelastic displacement 

amplification factors is related to the hysteresis model that is used and amount of pinching/degradation 

that is selected.  The hysteresis model and inputs used in this study results in an increase to the inelastic 

displacement amplification factors by typically about 130% but as much as 270%.  ASCE 41 provides a 

 factor, as shown in Equation 5, which aims to account for the pinching and stiffness degradation.  

Therefore, site-specific  matrices Ap and Bp are comparable to the product of the ASCI 41  and  

factors calculated using Equations 1 and 5. 

 

  (5) 

 

The ratio of  using pinched hysteresis and  using a full hysteresis is compared with the  factors in 

Figures 6 and 8.  Although the ASCE 41 expression for the  factor is a second-order polynomial, this 

study suggests that this factor may be better represented by a single constant; for the pinching and 

stiffness degradation properties used in this study, this factor would be between 1.1 and 1.5. 

 

Results show significant variability across time histories.  For the  matrices based on scaled time 

histories (Af and Bf), the coefficient of variation (COV) exceeds unity at high frequencies and is 

particularly large when post-yield stiffness is not present (  = 0.0) as shown in Figure 9.  The COV is 

significantly smaller for  matrices based on matched time histories (Am and Bm).  Variability in 

nonlinear response may be significant to probabilistic evaluations including fragility analyses for 

probabilistic assessments. 
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Figure 5: Comparisons of Site-Specific Inelastic Displacement Amplification Factors from 

  Matrix Af, Ap, and Am with Established Relationships 

 

 
 

Figure 6: Ratio between Site-Specific  matrices Ap and Af compared to factor C2 in ASCE 41 
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Figure 7: Comparisons of Site-Specific Inelastic Displacement Amplification Factors from 

  Matrix Bf, Bp, and Bm with Established Relationships 

 

 
 

Figure 8: Ratio between Site-Specific  matrices Bp and Bf compared to factor C2 in ASCE 41 
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Figure 9:  Mean plus/minus one standard deviation of  matrix Af (based on 11 scaled time histories) 

and matrix Am (based on 10 matched time histories) 
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CONCLUSIONS 

 

The following conclusions are drawn from this study: 

 

· Site-specific displacement amplification factors can be calculated for any input motions and can 

be based on any applicable material model. 

· Calculation of site-specific inelastic displacement amplification factors can benefit nonlinear 

static (pushover) procedures by reducing approximation in seismic demand. 

· Comparison between site-specific inelastic displacement amplification factors performed in this 

study and relationships established by ASCE 41 and published authors show a relatively poor 

match with greater displacement demands observed for the site-specific cases over most 

frequencies. 

· The use of a pinched hysteresis material model with stiffness degradation increases inelastic 

displacement amplification factors in comparison to a bilinear material model without 

pinching/degradation; the increase is related to the hysteresis model and amount of 

pinching/stiffness degradation.  Although ASCE 41 recommends using a second order 

polynomial to approximate the increase in nonlinear displacement amplification due to pinching, 

this study finds that a single constant between 1.1 and 1.5 may be a better approximation. 

· The coefficient of variation for inelastic displacement amplification factors are large and can 

exceed unity, particularly at low post-yield stiffness.  A much lower variability is observed for 

time histories that are closely matched to the target spectra. 
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