ABSTRACT

SULLIVAN, STEVEN MCKAY. Twisted Logarithmic Modules of Free Field and Lattice
Vertex Algebras. (Under the direction of Bojko Bakalov.)

Vertex algebras formalize the relations between vertex operators and appear naturally
in several areas of physics and mathematics, including 2-dimensional chiral conformal field
theory, the representation theory of infinite-dimensional Lie algebras, the construction
of the “moonshine module” for the monster group, boson-fermion correspondences, and
integrable systems among others. Given an automorphism ¢ of a vertex algebra V', -
twisted modules of V' provide a rigorous mathematical framework for the “twisted” vertex
operators appearing in the applications listed above. They also give rise to representations
of orbifold subalgebras. If the automorphism ¢ is not semisimple, the fields in a p-twisted
V-module involve the logarithm of the formal variable. Another distinguishing feature
of such modules is that the action of the Virasoro operator Lj is not semisimple. We
construct examples of such modules, realizing them explicitly on Fock spaces when V is
generated by free fields. Specifically, we consider the cases of symplectic fermions (odd
superbosons), free fermions, and the fy-system (even superfermions). In each case we
determine the action of the Virasoro algebra.

Free field vertex algebras and the closely related oscillator Lie algebras are constructed
using supersymmetric or skew-supersymmetric bilinear forms. Such forms are generally
assumed to be even. We show that inhomogeneous supersymmetric bilinear forms, i.e.,
forms that are neither even nor odd lead to a new type of oscillator superalgebra. We
classify such forms on a complex vector superspace up to dimension seven in the case when
the restrictions of the form to the even and odd parts of the superspace are nondegenerate.

Given an integral lattice @), we study the -twisted modules of the lattice vertex
algebra Vg where ¢ is not semisimple. We show that under certain conditions the twisted
logarithmic vertex operators on a ¢-twisted Vp-module can be written in terms of the
action of the p-twisted Heisenberg algebra and a certain group on the module. We also
show that the classification of such modules reduces to the classification of modules of

the corresponding group.
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Chapter 1
Introduction

A symmetry is a mapping of a mathematical object onto itself that preserves the struc-
ture of the object. Often we learn valuable information about a mathematical object by
studying its symmetries. Hence symmetries play a key role in many areas of mathematics
and science. The set of symmetries of a mathematical object satisfies the axioms of a
group. Thus a strong understanding of groups greatly aids the study of mathematical
objects via their symmetries. Such an understanding for finite groups begins with the
classification of the fundamental building blocks, known as finite simple groups. The
classification of finite simple groups is a remarkable achievement comprising thousands
of pages of publications (see [88] for a historical overview). The complete list consists of
18 infinite subfamilies and 26 sporadic groups that do not fit into any of the families.
The largest and most complicated sporadic group is known as the monster group
M. Given a finite simple group such as M, one may pose the natural question whether
it is the space of symmetries of some mathematical object. In the early 1980s, Robert
Griess answered this question for M when he constructed the Griess algebra V' and
showed that M is its full automorphism group [47,48]. Also occurring in the late 1970s
and early 1980s was the adoption of vertex operators, which were already in use by
physicists in dual resonance theory, for the purpose of studying the representation theory
of affine Lie algebras [41, 78]. Frenkel, Lepowsky, and Meurman further developed and
used this theory of vertex operators to construct the moonshine module, an irreducible
graded representation of the monster group [42], thereby shedding some light on the
mysterious moonshine conjectures [19]. Their construction made use of so-called twisted

vertex operators, which are a central focus of this text.



Given the complexity of the monster group, it comes as no surprise that the moon-
shine module itself has a very complicated structure, namely that of a verter algebra. In
1986, Richard Borcherds defined vertex algebras as a rigorous set of axioms describing
the spaces of vertex operators appearing in physics and representation theory [17]. Two
years later, Frenkel, Lepowsky, and Meurman added additional axioms, defining a vertex
operator algebra. They constructed the so-called monster vertex operator algebra V¥, ob-
taining the twisted vertex operators used in their original construction of the moonshine
module by considering the orbifold subalgebra of a certain lattice vertex algebra under
an automorphism of order two [43].

Twisted vertex operators have proven useful in many of the original places where
vertex operators appear. Given a finite-order automorphism ¢ of a vertex algebra V,
one studies the @-twisted V-modules [10,28,39,43]. As in the case of the monster vertex
algebra V%, these ¢-twisted modules give rise to orbifold subalgebras, which consist of
the elements of V' fixed by ¢ (see e.g. [27,30,67]).

In the case when the automorphism ¢ is not of finite order, p-twisted modules can
still be defined, but one is forced to allow logarithms of the formal variable in the twisted
fields. The first example of such a module appeared in 2009 in a paper by Adamovié
and Milas [4]. Only a few weeks later, Huang published a paper formally defining such
logarithmic modules [51]. However, the full development of the theory of logarithmic
modules was hindered by the lack of a good notion of nth products of logarithmic fields.
In 2015, using an alternative definition of nth products and a more general definition of a
logarithmic module, Bakalov proved versions of the Borcherds identity and commutator
formulas for logarithmic fields. With these tools in hand, he further developed the theory
6], and provided explicit examples of twisted logarithmic modules.

The motivation to study twisted logarithmic modules comes from logarithmic confor-
mal field theory (see e.g. [5,20,72]) and from Gromov—Witten theory (cf. [11,15,31,82]).
They also look promising for applications to integrable systems and hierarchies of partial
differential equations [24,80]. The purpose of this text is to further develop the theory
of twisted logarithmic modules as presented in [6], and to explicitly construct important
examples of such modules.

In Chapter 2, we review some basic definitions from the theory of Lie (super)algebras
and provide several examples of Lie algebras, including those of finite-dimensional Clifford-

Weyl algebras. Then we move on to review infinite-dimensional affine Lie algebras includ-



ing the special case of the Weyl affinization, and the closely related infinite-dimensional
Clifford affinization.

In Chapter 3, we present our first original results of the text. We consider inhomo-
geneous supersymmetric bilinear forms, i.e., forms that are neither even nor odd. We
classify such forms up to dimension seven in the case when the restriction to even and
odd parts of the superspace is nondegenerate, and we indicate a possible approach for a
complete classification in any finite dimension. We conclude the chapter by providing an
example of an oscillator algebra obtained from such a form and consider its subalgebra
of quadratic elements.

Chapter 4 is a review of the basic theory of vertex algebras. We begin by giving a
definition of a vertex algebra in terms of modes and show how one can use this to arrive
at a second definition in terms of quantum fields. Then we consider the cases of affine and
free field vertex algebras, including the superbosons and superfermions. Next we briefly
review lattice vertex algebras. Finally, we review twisted logarithmic modules of vertex
algebras as developed in [6].

In Chapter 5, we present our classification of the twisted logarithmic modules of the
four types of free field algebras arising via the Clifford or Weyl affinization of either
an even or odd abelian Lie superalgebra, namely the free bosons (previously computed
in [6]), symplectic fermions, free fermions, and bosonic ghost system.

In Chapter 6, we initiate the study of twisted logarithmic modules of lattice vertex
algebras. Following similar methods to those found in [10] for the case of a finite-order
automorphism, we reduce the classification of twisted logarithmic modules of vertex al-
gebras to the question of classifying modules of a certain group. We provide explicit 3
and 4-dimensional examples.

In Chapter 7, we provide a conclusion and discuss the application of Chapters 5
and 6 to orbifolds and other subalgebras. We also mention several future projects, in-
cluding the possible use of twisted logarithmic modules to construct new boson-fermion
correspondences and integrable systems, the application of recently defined logarithmic
vertex algebras to logarithmic conformal field theory, and possible applications of vertex

algebras to lattice-based cryptosystems.



Chapter 2
Lie (Super)algebras

Often the group of symmetries of a mathematical object with structure takes the form of
a Lie group, which is a group that also has a compatible structure of a smooth manifold.
A Norwegian mathematician named Sophus Lie opened the curtains on Lie theory in
the early 1870s when he made the realization that certain differential equations could
be integrated using classical methods precisely because of a high-degree of symmetry
in the equation, i.e., a large group of transformations which left the equation invariant.
Thus the idea of continuous symmetry groups was born. At first he considered only
one-parameter groups of transformations. Then in 1873, he introduced the notion of
infinitesimal transformation groups, which allowed him to study continuous groups of
noncommuting symmetries using a less-complicated linear space (see [12] for a detailed
history).

In modern language a continuous symmetry group is known as a Lie group, and the
corresponding linear space of infinitesimal transformations is a Lie algebra. Much can be
learned about a Lie group by studying its Lie algebra. Lie algebras have proven useful in
many areas of mathematics and physics. Thus they have received an enormous amount

of attention during the last century.

2.1 Lie algebras

The theory of Lie algebras is interesting in its own right and has many applications. The

definition can be given independently of groups as follows:

Definition 2.1.1. A complex Lie algebra is a vector space g over C taken together with



a binary bracket operation [-,-]: g X g — g satisfying

1. (linearity) [cx + y, 2| = c[z,y] + [z, 2],

2. (skew-symmetry) [z,y] = —|y, z],

3. (Jacobi identity) [z, [y, 2]] = [[x, ], 2] + [y, [z, 2]],
for all z,y,2z € g and c € C.

The first example of a Lie algebra one encounters is generally the vector space R?
with the Lie bracket defined by the vector cross product:

[v,w] =v X w.

Another natural example is g = gl(V), the space of linear operators on a vector space V'

together with the commutator bracket:
[T, U] =TU - UT, (2.1)

where T'U is the composition of operators obtained by first applying U and then T'. If
we assume dimV = n < oo, then any choice of basis B for V' defines an isomorphism
T — [T}B from gl(V') to the general linear Lie algebra gl(n) of n x n matrices over C

with the bracket (2.1), where the composition TU becomes matrix multiplication.

Definition 2.1.2. A representation of a Lie algebra g of finite dimension n is a linear

map R: g — gl(n) which is a homomorphism of the Lie bracket:
R([a,b]) = [R(a), R(b)] = R(a)R(b) — R(b)R(a).

Example 2.1.3. The Lie algebra s[(2) C gl(2) is the Lie algebra of 2 x 2 matrices over

C with trace zero. It has basis

One can easily check that the commutation relations are given by

[hae]:267 [haf]:_va [eaf]:h'



The adjoint representation of 5[(2) is obtained by letting V' = sl(2) = C? as vector spaces
and defining the adjoint action of s[(2) on V' by

a-v=la,v

for all a € s1(2) and v € V. Thus by letting the elements of s[(2) act on the basis {e, h, f}

of V, we can write the map R explicitly as

0 —2 0 20 0 0 00
Rle)=10 0 1|, Rh)y=100 0 |, R(f)y=1-10 0
0 0 0 00 —2 0 20

Example 2.1.4. The 3-dimensional Heisenberg Lie algebra n(3) has basis { X, Y, Z} with

commutation relations
[X, Y] = Z, [X, Z] = [Y, Z] =0. (2.2)

In this case, the adjoint representation is not faithful, meaning the kernel of the represen-
tation map R is nontrivial (Z € ker R). However, a faithful 3-dimensional representation

of n(3) on C? is given by the matrices

010 000 00 1
RX)=]000|, RY)=|l001]|, RZ=]000] (23
0 00 000 0 00

The Heisenberg algebra n(3) also has the infinite-dimensional representation V' = Clz],

where the operators corresponding to the basis are
X =0,, Y =z, Z = Id. (2.4)

One can easily check that these operators satisfy the commutation relations (2.2). Such

representations involving differential operators on polynomial spaces will be important



throughout this text. One advantage of this representation over (2.3) is that it extends
to a faithful representation of the universal enveloping algebra of n(3), which we dis-
cuss in subsection 2.1.2. It is a standard exercise to show that an infinite-dimensional

representation such as (2.4) is required to represent Z as the identity operator.

The action of a Lie algebra on its representation may also be written in the language

of modules:

Definition 2.1.5. Let g be a Lie algebra. An g-module is a vector space V' together with

a bilinear map g x V' — V often written as (a,v) — a - v satisfying
la,b] - v=2a-(b-v)—b-(a-v), a,beg, velV.

For any g-module V', the corresponding representation is given by the map R: g —
End V' defined by
R(a)v =a - . (2.5)

Given any representation V', (2.5) defines the corresponding g-module structure. Because
of this equivalence, we move freely between the language of modules and representations
throughout the text.

A subspace S of a Lie algebra g is itself a Lie algebra if [u, v] € S for all u,v € S. Then
S is called a subalgebra of g. A subalgebra I € g satisfying [u,v] € I for all u € g,v € I

is called an ideal of g. A Lie algebra g is nilpotent if the sequence of subalgebras

gO = ga
gk = [0, Ok—1) k>1,

satisfies gr = {0} for £ > 0 (i.e., there exists V € N such that £ > N implies g, = {0}).
Given a Lie algebra g, a Cartan subalgebra of g is a nilpotent subalgebra h C g satisfying
the condition that if [u,v] € b for all v € b, then u € b.

Let h € g be a Cartan subalgebra. Consider a 1-dimensional representation of h, or
equivalently a linear map \: h — C satisfying A([u,v]) = 0 for all u,v € h. Let V be a

representation of g. If the space
Vi={veV:a-v=>Aa)v for all a € h}

is nonzero, then A is called a weight of the representation V', and V), is called the weight



space with weight A. A vector v € V) is a weight vector.

The matrix multiplication AB in gl(n) endows it with the structure of an associative
algebra, i.e., a vector space together with a compatible associative bilinear product. One
can check that given any associative algebra A, the commutator bracket (2.1) defines a
canonical Lie algebra structure on A.

Similar to Lie algebras, a representation V' of an associative algebra is a linear map

R: A — EndV, where End V is the space of linear operators on V', such that R satisfies
R(ab) = R(a)R(b)

for all a,b € A. The representation theory of an associative algebra is closely related to
the representation theory of its canonical Lie algebra structure.

A subspace U of an associative algebra A satisfying ab € U for all a,b € U is itself an
associative algebra known as a subalgebra. A subalgebra I C A is called an ideal in A if
ab € I and ba € I for every a € A and b € I. Weights, weight spaces, and weight vectors

are defined analogously to those of Lie algebras.

2.1.1 Exponentiation of operators

Given a vector space V', a linear operator a € End V', and any integer n > 0, the operator

a™ € EndV is defined by applying a to V repeatedly n times:

This operator is well-defined and linear for any n = 0,1,2, ..., where we let a° = Id be

the identity operator on V. One may also consider the exponential operator

9]
=2
n=0

However, such an operator does not make sense in every case. If a is locally nilpotent,

n

| Q

- (2.6)

S

i.e., for every v € V we have a"v = 0 for n > 0, then (2.6) is well-defined, as the sum
terminates for the action on any vector. For example, the operators corresponding to the

Heisenberg elements X, Y, and Z in the 3-dimensional representation of n(3) in Example



2.1.4 all square to zero and hence can be exponentiated. For instance

1 10
exp(X)=I+X=|01 0
0 01

If V= Clz] is the infinite-dimensional representation of n(3) given in Example 2.1.4,

then X = 0, is locally nilpotent, and
exp(X) = e
is the well-defined shift operator satisfying

e f(z) = flz +1).

However, the exponentials of Y = z and Z = Id are not well-defined on C[z]|. One
way to fix this issue is to extend the representation to allow formal power series in z:
V' = C[[z]]. Such issues are important to our discussion in Chapter 6, where we will need
to exponentiate the action of a Heisenberg algebra on a certain representation.

Now assume a € A is such that e is well-defined as an operator on V. If b € A
commutes with a, then from (2.6) we have [b,e?] = 0. If d € A commutes with [d, a], the

following power rule holds:
[d,a"] = nld,ala™ ", n>1. (2.7)
Then (2.6) and (2.7) imply that if d commutes with [d, a], then
[d,e*] = [d, a]e”. (2.8)
Furthermore, if the operators a,b commute with their commutator [a, b], then

ot — palabltath _ labl boa (2.9)



2.1.2 Universal enveloping algebra of a Lie algebra

Every Lie algebra g embeds in some associative algebra A so that the bracket on g is
given by the commutator in A. In general this embedding is not unique. The freest such
algebra, known as the universal enveloping algebra of g, has no relations other than those

induced by the Lie algebra structure of g:

Definition 2.1.6. An associative algebra with multiplicative unit is called the universal
enveloping algebra of a Lie algebra g and denoted U(g) if there exists an embedding
o: g <— U(g) satisfying

(i) o(la,b]) = o(a) oa(b) —o(b) oo(a) for all a,b € g,

(ii) the wuniversal property: given any associative algebra A with unit 1 and a linear
map o': g — A satisfying (i), there exists a unique homomorphism of algebras
R:U(g) — A with R(1) = 1" and Ro o = ¢'. In other words, the following
diagram commutes:

g — U(g)

0_/
R

A
The universal enveloping algebra U(g) is unique up to isomorphism. Let
Tgl=ge(geg e(gogeg) e (2.10)

be the tensor algebra. Then U(g) can be constructed as the quotient of T'(g) by the

two-sided ideal generated by the elements
a®b—b®a—|a,b, (a,b € g),

where [a,b] € T(g) is obtained via the inclusion g < T'(g). We will suppress the tensor
notation in U(g) and write a; ® - - - ®ay, = a - - - a,. We give explicit examples of universal

enveloping algebras and computations in such algebras in Chapter 3.
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2.2 Superalgebras

The study of Lie superalgebras originated in physics with the idea of supersymmetry, a
proposed symmetry of spacetime and the fields of quantum field theory which related
bosonic and fermionic particles (see, e.g., [83] for an introduction). Though to date all
attempts to experimentally verify supersymmetry have failed, graded Lie superalgebras
have proven themselves useful to other areas of physics and mathematics. For good

references on Lie superalgebras see [61], [21], and [79].

Definition 2.2.1. A complex vector superspace is a Zs-graded vector space V = V5@ Vi
over C. The elements of Vj are called even, and the elements of V; are called odd. An
element which is either even or odd is called homogeneous. We let p(x) = 0 if x € V5 and
plz) =1if z € 5.

Note that each inhomogeneous vector v € V' can be uniquely written as a sum v =
vg+wv7 of an even and an odd vector, allowing us to write the axioms of a Lie superalgebra

in terms of homogeneous elements:

Definition 2.2.2. A complex Lie superalgebra is a vector superspace g = gg® g7 together

with a bilinear bracket operation [-,-]: g X g — g satisfying
1. (linearity) [cz + v, 2] = c[z, y] + [, 2],
2. (skew-supersymmetry): [z,y] = —(—1)P@PW [y 2],
3. (Jacobi identity): [z, [y, z]] = [[z, ], 2] + (—=1)P@PW[y, [z, 2]],

where each of z, y, and z is a homogeneous element of g. The bracket uniquely extends
to inhomogeneous elements via bilinearity. The bracket of two homogeneous elements is

again homogeneous, and the parity of the bracket is given by

p([z,y]) = p(x) + p(y) mod 2.

Let V = V5 @& Vi be a superspace. Then End V' naturally has the structure of a Lie
superalgebra, where A € End V' is even if

A(Ve) €V, AT €W,

11



and odd if
A(Vp) € VA, A(Wg) € V.

Then the bracket of homogeneous operators is given by the (super)commutator bracket:
[a,b] = ab — (—1)P@P®)pq, (2.11)

The commutator is then extended linearly to the inhomogeneous elements. In other words,

given a = ag + aj and b = by + by, we have
[a,b] = [ag, bo] + [ao, b1 + [az, bo] + [ag, by].

Let m = dim V5 and n = dim V;. Then any choice of homogeneous basis B for V
gives an isomorphism End V' — gl(m|n), where gl(m|n) is the set of (m + n)-dimensional
matrices together with the commutator bracket (2.11).

An associative superalgebra is a Zo-graded associative algebra A = Ay @& Aj whose
associative product satisfies A; A; C AaTb where a+b is taken modulo 2. Each associative
superalgebra admits a canonical Lie superalgebra structure via the bracket (2.11). The
universal enveloping (super)algebra U(g) of a Lie superalgebra g is constructed similarly
to that of a Lie algebra. One takes the quotient of the tensor (super)algebra T'(g) (cf.
(2.10)) by the two-sided ideal generated by the elements

a®b— (=1)P*Op @ q — [a,b)].

The natural embedding o: g < U(g) satisfies the universal property (cf. Definition 2.1.6).
The parity of elements in U(g) is inherited from g via the rule p(ab) = p(a) + p(b).

A representation of a Lie superalgebra is defined analogously to that of a Lie al-
gebra with the added assumption that R is an even map. Then the corresponding Lie

superalgebra module is defined by the action (2.5).

2.3 Clifford-Weyl Algebras

Many important Lie superalgebras can be constructed as subalgebras of oscillator super-

algebras (see, e.g., [34]), which in turn are constructed using central extensions of abelian

12



Lie algebras. An ezact sequence of Lie algebras is a sequence

90£>91£>92£>"'i>9k

of Lie algebras g; and homomorphisms f; between them such that the image of f; is
exactly the kernel of f;,; for 1 <i <k — 1. A central extension of a Lie algebra g by an

abelian Lie algebra ¢ is an exact sequence
0—c—b-"5g—0,

where 7: b — g is the projection.
Let V = V5 Vi be a vector superspace. We aim to put a Lie superalgebra structure

on V @ CK by declaring that K is an even central element and introducing the bracket
[CL, b] = f((l, b)K,

where f: V xV — C. Then the bilinearity of the bracket requires that f(-,-) = (:|-): V' x

V' — C is a bilinear form on V| i.e.,

(cu +vjw) = c(ulw) + (v[w),
(wleu 4+ v) = c(wlu) + (w|v),

for all u,v,w € V. Furthermore, the skew-supersymmetry of the bracket requires that

(+|-) must also be skew-supersymmetric, i.e., for all homogeneous a,b € V/
(afb) = —(=1)""® (bla).

We restrict our attention to the case when (-|-) is nondegenerate, meaning that for
every u € V there exist v and w in V such that (u|v) # 0 and (w|u) # 0. We also assume
the restrictions of (+|-) to V5 and V4 are nondegenerate. Finally, if we assume additionally

that the form is even, i.e., (V5|Vi) = 0, then we arrive at the following definition:

Definition 2.3.1. Let V = V5®V; be a vector superspace over C and (-|-): VxV — C an

even nondegenerate skew-supersymmetric bilinear form on V. Define a Lie superalgebra
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structure on A =V ® CK by declaring K to be an even central element and letting
la,b] = (a]b) K, a,beV.

The Lie algebra A is known as a I-dimensional central extension of A, and the Clifford-

Weyl algebra is the quotient A = U(A)/(K — 1), where 1 is the unit of U(A).

There exists a basis {bf,...,b%} for V5 C A such that

b, b;1=0,  [b;,b]] =6y,

7 ) ] 1) ]
where ¢ is the Kronecker delta:
0, ifi#j,
by = #J
1, ifi=j.

Such a basis can be obtained using a Gram-Schmidt orthogonalization process. The

elements bii are known as bosonic oscillators. Similarly, there exists a Darboux basis of

fermionic oscillators {a,...,aF} for Vi satisfying
[af,a?c] =0, la;,af] = b (2.12)

For this reason, the Clifford-Weyl algebra A is called an oscillator superalgebra.

We note that the elements ai are odd, and thus the brackets in (2.12) are anti-
commutator brackets: [z,y] = zy + yz. We make no distinction in the notation through-
out this text, since the parity of the elements implies whether the commutator or anti-
commutator should be used.

Remark 2.3.2. Another way to view A is as the quotient of the tensor algebra T'(A) by
the ideal generated by the elements

a®b—(—1)P"Op© a — (a]b)1

for all homogeneous a, b € b.

In Chapter 3, we introduce analogous constructions allowing nontrivial interactions
between bosons and fermions, i.e., allowing (Ag|Az) to be nonzero. This leads to new

oscillator-like algebras.
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2.4 Affine Lie (Super)algebras

The most relevant Lie superalgebras to the present text are infinite-dimensional, meaning
that any linear spanning set of the algebra contains infinitely many elements. As a first
example, we consider infinite-dimensional analogues of Clifford-Weyl algebras, namely
the Weyl and Clifford affinizations of abelian Lie superalgebras.

Let g = gg® g1 be a finite-dimensional Lie superalgebra. The loop algebra g = g[t, t!]
is the Lie superalgebra of Laurent polynomials in a formal variable ¢ with coefficients in

g. The parity of elements is given by p(at™) = p(a), and the brackets by
[at™ bt"] = [a, b]t" ™.

Let (+]-) be a nondegenerate even supersymmetric bilinear form on g. Furthermore, assume
that (+|-) is invariant, i.e., ([a,b]|c) = (a|[b,c]) for all a,b,c € g. Then the affine Lie

superalgebra g is the 1-dimensional central extension of g by an even vector K:
g=glt,t o K
with brackets
[at™, bt"] = [a, b]t™ ™ + mby, _n(a|b) K, [at™ K] = 0. (2.13)
The Lie algebra g has a triangular decomposition
g=g" @' ®g, (2.14)

where g* = g[t]t, g~ = g[t'|t7!, and §° = gt’ ® CK. Given such a decomposition and a
representation V' of g, a highest weight vector is a weight vector v € V satisfying gtv =
{0}, and V' is a highest weight representation of g with highest weight v if V= U(g™)v.

The (generalized) Verma module is the highest-weight g-module obtained by letting
g[t] act as 0 and K = kld for some k € C on a representation R = C, then inducing this
representation to all of g:

V* = Tnddy o R (2.15)

The highest weight vector, written as 1 € \7”, is the image of 1 € R in the induced

representaton.
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2.4.1 Weyl Affinization

In the special case when g = b is an abelian Lie superalgebra, the affinization 6 is called
the Weyl affinization of h. The brackets (2.13) become

[at™, bt") = My _n(a|D)K,  [h,K]=0,  (m,n€Z), (2.16)

and p(at™) = p(a), p(K) = 0. Since the bilinear form (-|-) is even and nondegenerate,
there is an orthonormal basis {uy,...,ux} for V5 and a Darboux basis {ugi1,. .., ugi2}
for Vi so that the corresponding Gram matrix, i.e., the matrix with entries G;; = (u;|u;),
has the block form

I | 0
G = , (2.17)

0| Ja

where

Joy = diag(J, ..., J), J = : (2.18)

We make the following change of basis for hg:

L (ug + up_ig) 1<i<?,

V2

V; = U; 1= %,
1 : k :
Ti(uk_iﬂ — 1u2-) 9 +1<1<k.

Then
(vilv;) = Sigjm+1, 1<i,j<k (2.19)

Using similar methods, we can find a basis wq, . .. wqy of by satisfying
(wilw;) = dirjoer = —(wjlw;),  1<i<j<20 (2:20)

Let 6 = 6+ @ 60 @ 6_ be the triangular decomposition (2.14). The elements of 6_

supercommute. We write their action on the Verma module V! as

Uit_m = Zim, U)jt_m = fjm“ 1 S 1 S ]C, k +1 S] S k + 26, (221)
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where the x’s commute among themselves and with all the £’s, and the £’s anticommute

among themselves. Then

V2 Cleim, - s Thmlmetz,. @ /\(fl,m o Eotm)m=1,2,...-

Using (2.16), we can explicitly write the action of 6* on V1. For example, we compute

the action of v;t™ on z;, as follows:

(”Uitm)l'jm = (Uitm)<1}jt_n)1
= ['U,L'tm, thin]]_

= 6m,n5i+j,k+1 1.

Thus v;t™ = axk_j L, on Vi We compute the actions of the other elements similarly. Thus
b acts on V! by

;"™ = mo

m f— P —
Th—it1l,m? wjt - ma€2£7j+1,m7 Wty = maﬁé—jJrl’

for 1<i<k 1<j<C.

2.4.2 Clifford Affinization

We let a be an abelian Lie superalgebra with dima = d < oo, and (-|-) be a nondegenerate
even skew-supersymmetric bilinear form on a. The Clifford affinization of a is the Lie
superalgebra

Co=alt,t '] ®CK

with commutation relations
[at™, bt"] = (a]b)dm, —n—1K, [Co, K] =0 (2.22)

for m,n € Z, where p(at™) = p(a) and p(K) = 0. We let k = dim a; and 2¢ = dim a5, and

we choose a basis wy, . .., wy, of ag satisfying (2.20) and a basis vy, . . ., v; of aj satisfying
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(2.19). We have a triangular decomposition C, = Cf & C? & C, where

(C'Cl>+ = {witma thm}m=0,1,2,...a

(Ca)” ={wit ™™, vt ™" } 12,0

and (C,)? = CK. The generalized Verma module V! for C, is defined analogously to that
of the Weyl affinization. We label the action of the elements of C; on V! as

—m —m
w;t = fi,m, vyt = Tptjm-
Then C acts by
m __ 4mo_ 4mo__
wit™ = 856254+1,m+17 wzﬂt - a$£7i+1,m+1’ vﬂt - afj,m“'

2.4.3 The Virasoro Lie Algebra

Many important vertex algebras have the additional structure of a vertex operator alge-
bra, meaning that they have a conformal element whose corresponding field is a Virasoro
field. The modes of a Virasoro field satisfy the commutation relations of the Virasoro Lie
algebra, which can be constructed as follows.

The space of real polynomial vector fields on the circle can be complexified to ob-
tain the Witt algebra (see, e.g., [65]), which may be realized as the following space of

differential operators on Cl[z, z27']:

d

m+1 7

= span {dm = —z dz}mez'

Then a short computation yields the following commutation relations in 9:
[dp, dn] = (M — n)dpin, m,n € 7Z.

The Virasoro algebra Vir is the unique (up to isomorphism) nontrivial 1-dimensional

central extension of 0:

Definition 2.4.1. The Virasoro algebra with central charge C'is the infinite-dimensional
Lie algebra
Vir = span{L,,, C} ez
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with commutation relations

(Lo, L] = (m — 1) Lo + 1—12(m3 ) nC (O Ln] =0 (2.23)

for all m,n € Z.

Remark 2.4.2. The Virasoro algebra can be realized as a subalgebra of a completion of
U(g) for any affine Lie superalgebra g where g is either simple or abelian using the so-
called Sugawara construction. The Clifford affinization also yields such a construction.
Though this can be done on the level of Lie (super)algebras, it is more elegantly expressed

in the language of vertex algebras (cf. Section 4.2).
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Chapter 3
Supersymmetric Bilinear Forms

In Chapter 2, we saw that supersymmetric and skew-supersymmetric bilinear forms can
be used to construct interesting and useful algebras. Each bilinear form we considered
in Chapter 2 was even. In the current chapter, we consider what happens when we do
not assume (+|-) is even. We have submitted the results contained in this chapter for
publication under the title Inhomogeneous Supersymmetric Bilinear Forms [14].

We let V' = V5 @ V; be a superspace and (+|-): V' x V' — C be an inhomogeneous (i.e.
neither even nor odd) skew-supersymmetric bilinear form. Then there exist a € V5 and
b € Vi satisfying (a|b) # 0. Thus an oscillator-like algebra constructed from (-|-) will have
la,b] # 0. We note that p([a,b]) = 1. So [a,b] cannot be a scalar multiple of the even
vector K. Instead we must adjoin a second central element x satisfying p(x) = 1. Then

we can set [a,b] = (a|b)k. To make this explicit, we consider the extension
A=V ®CK & Ck. (3.1)

We give this extension the structure of a Lie superalgebra by declaring K and s to be

even and odd central elements respectively and letting
la,b] = (3.2)

for all homogeneous vectors a,b € V. We obtain an oscillator-like superalgebra by letting
A=UA)/(K - 1).

Though skew-supersymmetric forms are used to construct oscillator algebras, there
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is a natural one-to-one correspondence between supersymmetric forms on V' and skew-
supersymmetric forms on V!, where V! is the superspace obtained by reversing the
parity of the elements of V:

W=V W=V

We will call inhomogeneous supersymmetric bilinear forms whose restrictions to V5 and V;
are nondegenerate pre-oscillator forms and the algebras obtained as universal enveloping

algebras of central extensions of VI inhomogeneous oscillator algebras.

Remark 3.0.1. Further relaxing the assumption that the restrictions of the form to even
and odd parts are nondegenerate also leads to oscillator-like algebras. An example is the
superspace spanned by an even vector v; and an odd vector vy, with the form given by
(vifv) = (vi|v2) = (vofv1) =1, (v2|vz) =0.

We call a bilinear form (-|-) on a superspace V' reducible if V= V; & V5 is an orthogonal
direct sum of subsuperspaces, i.e., if (V1|V32) = 0. Otherwise (+|) is irreducible. A natural
first step in investigating inhomogeneous oscillator algebras is to classify all irreducible

pre-oscillator forms on a given superspace V.

Remark 3.0.2. If V' = Vj, then (+|-) is symmetric, and via Gram — Schmidt orthogonal-
ization we obtain an orthonormal basis for V. Thus V is an orthogonal direct sum of
1-dimensional subspaces. On the other hand, if V' = Vj, then (-|-) is skew-symmetric and

there exists a Darboux basis for V', i.e., a basis {vy, ..., vy} such that
(U2i—1|v2j—1) = (UQi‘U2j) =0, (U2z‘—1|U2j) = 5i,j7 (1 <1, < 5)- (3-3)

Thus V' restricts to an orthogonal direct sum of subspaces V; = span{ve;_1,ve;} with
form (3.3).

We call two bilinear forms (-]-); and (+|)2 equivalent if there exists an even automor-
phism ¢ : V' — V satisfying
(pulev)r = (ulv)s (3-4)

for all u,v € V. In Section 3.1, we introduce invariants that help us distinguish between
equivalence classes of forms. In Section 3.2, we find representatives of equivalence classes
of irreducible forms and use the invariants to prove that they are irreducible and distinct.
This allows us to obtain the main result of this chapter: a classification of pre-oscillator

forms on complex superspaces of dimension up to 7. In Section 3.3, we discuss a 3-
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dimensional example.

3.1 Invariants

In this section, we reduce the question of classification to one of matrices. Given a vector
(super)space V' and a bilinear form (-|-) on V, a choice of basis {v;} allows us to construct

the Gram matriz G of (-|-) in this basis by letting
Gij = (vilv;)-

Then if we write any two vectors of V' in component form:

:E:(xla---vxd)T> y:(yl7"'ayd)T7

we have
(z]y) = 2" Gy.

Throughout the remainder of this chapter, every bilinear form (-|-): V x V — C we
discuss will be assumed to be a pre-oscillator form. Then by Remark 3.0.2 we can choose

a homogeneous basis for V' so that the Gram matrix of the form is a block matrix of type

I, | B
G= , (3.5)

BT | Jy

where dim Vg = k, dim V; = 2¢, B € C**% and Jy is the matrix (2.18).

We aim to find invariants that distinguish the equivalence classes of forms on a given
superspace V. We assume (:|-); and (+|-)2 are equivalent forms on V', and choose bases
for V' so that the Gram matrices G; (i = 1,2) take the form (3.5) with B = B;. If M is
the matrix of an even automorphism ¢ satisfying (3.4), then (3.4) can be written as a

matrix equation

MTGIM = G. (3.6)
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Since ¢ is even, M is a block matrix of the form

X 1|0
01Y

Then (3.6) holds if and only if

X € O(k) ={X € GL(k): X"X = I},
Y € Sp(20) = {Y € GL(20): YT JorY = Jy},
B, = X"ByY.

Hence finding the equivalence class of a bilinear form with Gram matrix (3.5) is equivalent
to finding the orbit of B under the right action of O(k) x Sp(2¢) on C**2¢ defined by

B-(X,Y)=X"BY. (3.7)

Given X € O(k) and Y € Sp(2(), let A = XTBY. Then ATA = YT'BTBY is

independent of X. Thus any invariant of the right action of Sp(2¢) on C2¢*?¢

given by
C-Y=Y'Cy

is an invariant of BT B under the action (3.7). Similarly AJy AT = XTBJyBTX is
independent of Y. Thus any invariant of the right action of O(k) on C*** given by

C-X=X'Cx (3.8)

is an invariant of B.Jy, BT under the joint action (3.7).
Let us consider the action (3.8). Since det(X) = 41, it is apparent that det(X7CX) =
det(C). Thus the determinant of B.JyBT is an invariant of the action (3.7). More gener-

ally, we can write

XT(BJyB" — A\[)X = (XTBY ) Jy(XTBY) — \I,.
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This implies that the characteristic polynomials of the two matrices BJy BT and
(XTBY)Jy(XTBY)"
are equal. Therefore, the characteristic polynomial
Pp(A\) = det(BJy BT — \I)

is invariant under the joint action (3.7). We have obtained the following theorem.

Theorem 3.1.1. Let V = V5@ Vi be a superspace with dim Vg = k and dim Vi = 20, and
let (<|'): V xV =V be an inhomogeneous nondegenerate supersymmetric bilinear form
on V with Gram matriz (3.5) in a given homogeneous basis. Then each coefficent of the
characteristic polynomial Pg(\) is an invariant for the joint action (3.7) of O(k)xSp(2¢)
on B € CF*?

By a similar argument, the polynomial
Qp()\) = det(BTB — \Jy)

is also invariant under the action (3.7). However, it is essentially the same as Pg()\).

Lemma 3.1.2. With the above notation, we have
Qu(\) = (=1)" A2k Pg(=N). (3.9)

Proof. Sylvester’s determinant identity (see, e.g., [84]) states that if U and W are matrices

of size m x n and n X m respectively, then
det(l, + UW) = det(I,, + WU).
We replace U with A™'A7U, where A is an invertible m x m matrix, thus obtaining
det(AA + UW) = A" det(A, + WA~'U) det(A).

Letting m =20, n =k, A = —Jy, and UT =W = B, we get (3.9). O
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Along with the constant terms

po(B) = Pg(0) = det(BJyB"),
q(B) = Qp(0) = det(B'B),

the coefficient of A*=2 in Pg(\) will also be useful in the following section. Let Ry, ..., Ry
be the rows of B. Then up to a sign, this coefficient is given by

pea(B)= > (RyJoRT)?

1<s51<52<k
s1,2t—1 S1,2t
= E (E det ) .
1<s1<s9<k “t=1 b52,2t—1 b52,2t

Remark 3.1.3. Though not an invariant, the following observation will be useful in the
classification given in the next section. Assume the matrix B satisfies C7C = 0 for every
linear combination C' of columns of B. Then this same property holds for every matrix
in the orbit of B under the action (3.7).

3.2 Classification up to dimension 7

In this section, for each superspace V' with dimV' < 7, we find a representative of each
equivalence class of irreducible pre-oscillator forms on V. First, we let b = (by,...,bx)T €
C* be a column vector and ¢(b) = bTb. We aim to find a canonical form for a representative
of the orbit of b under the left action Xb of X € O(k).

Proposition 3.2.1. Let b € C* be a column vector. If q(b) # 0, then under the left
action of O(k), b is in the orbit of

(Va(b),0,...,0)7, (3.11)
where \/a is defined to be the unique element =y of
Ct={y€eC:Rey>0o0r Rey=0and Im~vy > 0}

satisfying v* = a. On the other hand, if q(b) = 0, then either b =0 or b is in the orbit
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of
(1,i,0,...,0)T. (3.12)

Proof. 1f q(b) # 0, it is enough to give the proof in the case when k = 2, because the
general case can be reduced to that. Let b = (by,b2)” be such that ¢(b) # 0. Then the

matrix
1 by b
X = b € 0(2)
ab) | —p, b,

satisfies Xb = (1/q(b),0)7.

Now assume ¢(b) = 0. If & = 2, then ¢(b) = 0 implies b = (by, +ib;)T. These two
possible forms for b are in the same orbit, so without loss of generality b = (by,ib;)7.
Then Xb = (1,i)T for

1 B+1  i(br—1)

X =
2| 2 —1) a1

€ 0(2). (3.13)

Now suppose k£ > 3 and b is nonzero. Then possibly after reordering, we may assume
bl # 0. Then
b+ -+ b = —b7 #0.

There exists an X € O(k) that leaves by invariant and replaces (by, . .., by)? with a vector
of the form (3.11). Thus we obtain

Xb = (by,iby,0,...,0) .
Then using an orthogonal transformation that acts as (3.13) on rows 1 and 2 and as the
identity on the remaining rows, we obtain (3.12). O

Now we consider the right action of the symplectic group: B — BY for B € CFx?¢
and Y € Sp(2/). Let C4, ..., Cy be the columns of B. For 1 < < /¢, we will say columns
Cyi_1, Cy; are paired. Using suitable Y € Sp(2(), we can perform the following elementary

operations on paired columns of B.

i. Rescaling by A # 0:

(- Caic1, Caiy o) = (o, ACi 1, A Gl ),
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ii. Adding any multiple of a column to its paired column:
(. ey CQifla C2i7 .. ) — ( .. 7021'71, C2’L' + )\Cgifl, .. )
iii. Switching columns:

(. R Cgi_l,CQi, .. ) — ( R Cgi, _021'—17 .. )

The following are elementary operations outside of pairs.
iv. Adding a multiple of a column to a column other than its pair:

(. . 022'—17 027;, ce ,02]'_1,02]', .. )
— ( Cy 021;1 — )\ngfl, CZ'L': cey 02];1, 02]' -+ )\021'7 .. )

v. Switching pairs of columns:

(' ) C2i—1702i7 s 702]'—17 CQj? o )
— ( R Cijla CQj, R 021'71,021', .. )

From the above discussion, we see that using the orthogonal action, we can always
reduce to at most 4¢ nonzero rows. Also, using the symplectic action we can always reduce
so that at most the first 2k columns are nonzero. Thus if V' has an irreducible bilinear
form, its even and odd dimensions must satisfy ¢ < k < 4/. It follows that to obtain a
complete classification of irreducible pre-oscillator forms up to dimension 7, we only need

to consider the following cases.

Case k=/¢=1

It is easy to see that B is in the orbit of

Bi=|10]
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Case k=/0=2

If there exists a linear combination C' = A\;Cy+- - -+ Aoy Coy of columns satisfying ¢(C') # 0,
then we can use the symplectic action to put C' in the first column of B. Then using the

orthogonal action and rescaling we obtain

1 b12 b13 b14
0 b22 b23 b24

Then using the symplectic action we eliminate b13 and by4 followed by b5 obtaining a

matrix of the form

1 0 0 O
B =

0 b22 b23 b24

Then again via the symplectic action we get

1 0 00
B:

0 a 0 O

If a = 0, this reduces to B;. If a # 0, then this reduces to the case

BZ,a = (Oé € (CJF)

Finally, assume every linear combination C' of the columns of B satisfies ¢(C') = 0. Then

using the orthogonal action we obtain

1 612 b13 b14

1 iblg iblg ib14

Using the symplectic action we eliminate columns 2, 3, and 4. Thus this reduces to the

case

Bs =
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Notice that this argument also shows that every irreducible matrix B of size k =2,/ =1
is in the orbit of By , or Bs. The details of the remaining cases are similar to those already
shown, so we omit them and provide the results.

Case k=3,/=1

The matrix B is in the orbit of

10
B4 == O 1 )
0 1
or it can be reduced to By, Bg,, or Bs.
Case k=3,0=2
Either the matrix B is in the orbit of
1 000

or it can be reduced to an orthogonal direct sum involving the previous four irreducible

cases.

Case k=4,/=1

Either B is in the orbit of

or it reduces to one of By, By, B3, or By.

Theorem 3.2.2. Let V = Vi @ Vi be a superspace of dimension < 7. Then Table 3.1
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18 a complete list up to equivalence of inhomogeneous irreducible supersymmetric bilinear

forms on V' whose restrictions to Vg and Vi are nondegenerate (o € C"):

Table 3.1: Classification of inhomogeneous supersymmetric bilinear forms up to dimen-
sion 7.

dim V5 dimVj B

1 2 B;
2 2 By, Bs
3 2 B,
3 4 Bs

4 2 Bs

Proof. We have shown that every matrix B corresponding to a bilinear form on a super-
space of dimension up to seven is either reducible or in the orbit of one of the representa-
tives listed in the table. In order to complete the proof of the theorem we need to check
that the entries of the table are irreducible and distinct, i.e., in different orbits.

The matrix B; clearly corresponds to an irreducible form. We note that det(B3)* = 0
and det(Bs,)? = a*. Thus these matrices are all in distinct orbits. If any of these matrices

reduces, it must be in the orbit of
, (3.14)
but this matrix has determinant 0 and therefore cannot share an orbit with By ,. So Bg 4

is irreducible for a € C. That Bs is not in the orbit of (3.14) follows from Remark 3.1.3.

The matrix B4 has rank 2 and so reduces only if it is in the orbit of the matrix

10
0 « (3.15)
0 0
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for some o € C*. But the invariant p; (c.f. (3.10)) evaluated on the matrix (3.15) is
a? # 0, whereas p;(Bs) = 0. So By is irreducible. The matrix Bg has rank 2 and is

therefore reducible only if it is in the orbit of B4 or the matrix

1 0
0 «o
(3.16)
00
00

for some a € C*. By Remark 3.1.3, Bg is not in the orbit of By or (3.16). So Bg is
irreducible.

Bs has rank three and so is reducible only if it is in the orbit of the matrix

1000
0 a 00 (3.17)
0010

for some o € C*. But the invariant p; shows that Bs is not in the same orbit as (3.17).
So Bj is irreducible. O

Applying our methods to higher dimensions, we have found that the classification
seems to become increasingly complicated as dim V' increases. Though it should be pos-
sible to extend the classification to dimension 8 or 9 with the methods of this paper, a
more general approach will be needed for a complete classification in any dimension. We

plan to address this question in the future by using the theory of 0-groups (see [22,62]).

3.3 A 3-dimensional example

Before considering an example of such a form, let us recall a construction of osp(1]2)
as a subalgebra of a homogeneous oscillator algebra. Assume k = ¢ = 1 and (-|-) is a

nondegenerate, even, skew-supersymmetric bilinear form. Then there exist bases {b;, b}
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of Vg and {a} of Vj such that the Gram matrix of the bilinear form is

0 10
G=|-10]0
0 01

The central extension A = V @ CK has nonzero brackets
[bl,bg]:K, [CL,G]ZK,

Then o0sp(1]2) is realized as a subalgebra of the oscillator algebra U(A) as follows (see,
e.g., [34]):

1 1 1 1
H = Zbel + Zble, F+ = Z CLbQ + Zbga,
1 1 1
E+ = 56%, F~ = Z abl + Zbla, (318)
1
E~ = —-b,
2
with brackets
[H, E*] = £E*, [EY,E7] = 2H,
1 1
[H, F*) = iéFi, [F P = 5H,
1
[E*, FF] = —F=, [F= F*) = iﬁEi.
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For example, to compute [ET, E~], we repeatedly make use of the fact that bob; = biby—1

obtaining
+ - Lo

1
- _Z_lb2(b1b2 - 1)b1

1 1
= _Zbelebl + Zbel

1 1
= —(baby = 1)(biby = 1) + Sboby

4
1 1 1 1
- _Z_lbleble + §b1b2 —|— z_lebl — ZK
1 1 1 1
— _ibl(bllb - ].)bg + Eblbg + Zbel - ZK
1 1 1
=E ET +2H.

We obtain a highest weight representation of A on a Fock space F = C[z] ® C& where

€ is an odd indeterminate satisfying £2 = % The action of A on F is given by
b1 — 0., by — x, aw— &, K — 1d.
Now consider the case when the Gram matrix is given instead by

0 11
G=1|-1010
~1 01

This inhomogeneous form gives rise to the central extension (3.1) with nonzero brackets
[b1,bo] = K, b1, a] = K, {a,a} = K.

We consider the same elements (3.18) of A we used to construct osp(1]2) in the previous
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example. Then the brackets become

[H, E*] = +E*, [E~,F7 | =krE",
HF = 1pt 4 Rt EY E7] =20,
2 2
1 K 1 K
HF |=—F +-H Fr Fl=-H—-=F" 3.19
[ ? ] 2 + 2 Y [ Y ] 2 2 Y ( )
1
[EY F7]=—F", [FT FT] = §E+,
1

E- FY)=—-F" —kH, F~ F|=——FE —kF".
[ 2

Observe that x* = 0 in A. Thus the brackets of the osp(1]2) subalgebra have been

modified by elements of the abelian ideal
M = span{xH, kE* kF*}.

We note that span{H, E*, F*} acts on M as the adjoint representation of osp(1]2), and
thus we have a Lie superalgebra structure on the vector space L = osp(1|2) & M such
that the projection 7m: L — o0sp(1]2) is a surjective homomorphism, and the restriction
of the adjoint representation of L to M yields the original action of 0sp(1|2) on M. Thus
L is an abelian extension of 0sp(1]2) by its adjoint representation viewed as an abelian
Lie superalgebra with parities reversed.

Denote by [-, |1 the bracket on L given by (3.19) and let

v 0sp(1]2) x osp(1]2) — osp(1]2)
satisfy
[a, b = [a,b] + ky(a,b).

This extension is trivial if there exists an odd linear map f: osp(1|2) — osp(1]2) such
that

7(a,0) = (=1)"a, f(0)] = (~=1)P VPO, £(a)] — f(la, b)) (3.20)

for all a,b € osp(1]2). It is straightforward to check that the following choice of f satisfies
(3.20):
flH)=f(E¥) =0, f(F)=E"  f(F)=H
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As before, we can represent A on the Fock space F = C[z] ® A(§, k) where £ is odd

with &2 = % and k acts as an odd indeterminate that we denote again by x. Then the

action of A on F is given by

by — 0y + KOk, by — x, av &, K — 1d, K+ K.
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Chapter 4
Vertex Algebras

Vertex algebras are highly nontrivial generalizations of both Lie algebras and associative
algebras. In essence, a vertex algebra is a vector space together with bilinear nth products
for every integer n satisfying a restrictive set of axioms. Besides their applications to
number theory and the representation theory of finite groups and Lie algebras discussed
in the introduction of this text, vertex algebras also apply to other areas of mathematics
such as: combinatorics [60], algebraic geometry and algebraic topology [40], and integrable
systems of differential equations [80]. They also have important applications to physics
including conformal quantum field theory [16,26] and string theory [92].

In the present chapter, we give two equivalent definitions of vertex algebras and recall
several of their basic properties. Then we review the examples of Affine vertex algebras,
free superbosons, free superfermions, and lattice vertex algebras. Finally, we review por-
tions of the theory of twisted logarithmic modules of vertex algebras as developed in [6].

For more detailed introductions to vertex algebras, see, e.g., [60,75].

4.1 A basic introduction

Several equivalent definitions of vertex algebras exist. For a detailed exposition of the
different definitions and comparisons between them, see [25, Section 1]. We give the two

definitions which will be most useful in the sequel.

Definition 4.1.1. A wvertex algebra is a vector superspace V = V5 @ Vi over C with
a distinguished vacuum element 1 € V5 and bilinear nth products ap)b € V, (n € Z)
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satisfying

amyl = 0p,—1a, (n>—1)
1)b =0, 10, (n€Z)
a(n)b =0 (’fl > 0)

> m
=2 ( j ) (@ 15)b) k) C-

=0

.

The Borcherds identity can be thought of as a generalization of the Jacobi identity
of a Lie algebra. The infinitesimal translation operator T: V — V is defined by

Ta= a(,g)l (42)

foraeV.
Since the nth products are bilinear, for any n € Z and any a € V the map a¢,): V. — V
defined by a,)(b) = a(n)b is linear. For any given a € V, it is convenient to arrange all of

the modes a@,) of a into a formal series

Y(a,z) = Z amz " (4.3)

meZ
The map Y (+,2): V — End(V)[[z, 27]] is called the state-field correspondence. The series
(4.3) is an example of a (quantum) field, which is a formal distribution

b(z) =Y buwz """, b € End(V)

satisfying the condition that for every v € V, b,yv = 0 for n > 0. In other words there
exists a positive integer M such that n > M implies b,)v = 0. We denote the space of
fields on V' by Fie(V).

Recall that End V' carries the structure of an associative superalgebra (see Section
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2.2). Thus there is a natural Lie superalgebra structure on the modes ap,) € EndV
defined by the commutator bracket (2.11). Thus we can define a bracket of fields:

la(2), b(w)] = Z [amys by | 27" T (4.4)

m,ne”L

We note that the bracket (4.4) encodes all possible brackets between modes of a and

modes of b.

Definition 4.1.2. Two fields a(z) = Y(a,z) and b(z) = Y (b, z) are called (mutually)
local if
(z —w)a(z),b(w)] =0 (4.5)
for N > 0.
When a(z) and b(z) are local, their bracket [a(z),b(w)] can be conveniently written
in terms of the formal delta-function

§(z,w) =271 Z(%) € Cllz, 2z w,w']] (4.6)

ne”

as follows:

[a(z),b(w)} = cj(w)ﬁ(j)5(z,w), (4.7)

where 0% = 99 /3! Alternatively, we can express the formal delta-function as

4 1 , 1
(S(Z, w) =lzw———— —lwzT—,
Z—w Z—w
where i, is the power series expansion in the domain |z| > |w|. For this reason, §(z, w)
is sometimes denoted in the literature as d(z — w). It is straightforward to show that

more generally

. 1 1
() L
It is clear from (4.8) that for 0 < k < j the formal delta-function satisfies
(z — w)*0V6(z, w) = OYM5(z, w). (4.9)
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One can also show that for any formal distribution f(z), the following equation holds:
Res, f(2)d(z,w) = f(w), (4.10)

where Res, f(z) is the coefficient of z~!. Thus the coefficients ¢/(w) in (4.7) can be
recovered using (4.9) and (4.10) as follows:

d (w) = Res,(z — w)’ [a(2), b(w)].

In general it does not make sense to multiply two fields a(z) = Y'(a, z) and b(2) =
Y (b, z), since the coeflicients on powers of the formal variable z may themselves be infinite
sums of operators on V. We make use of a well-defined pairing of fields called the normally

ordered product:
:a(2)b(w): = a(2) 1b(w) + (—=1)PPOp(w)a(z)_,

where

a(z)- = Z amz "1, a(z)y = Z amz "
n€Zso neZ<g
Then :a(z)b(2): is a well-defined formal distribution which is a field if a(z) and b(z) are
fields.
A second way to encode the coefficients ¢/(w) of the bracket of two local fields a(z)
and b(z) is via the operator product expansion (OPE) of a(z) and b(z) used heavily by
physicists:

a(2b(w) = 3 (Mﬁ) & (w) + :a(2)b(w): (4.11)

— )it
=0

Note that the OPE is split into the part that is singular at z = w, and the normally
ordered product, which is regular at z = w. Also note that all of the coefficients ¢/ (w) are
encoded in the singular part of (4.11). Throughout the rest of this text, we will follow
the convention of physicists in writing only the singular part of the OPE and suppressing

the notation for the 7, , expansion:

N-1

a(z)b(w) ~ > % (4.12)

=
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We have seen that for any a,b € V, the vertex algebra has nth products a,)b € V' for
every integer n. Now we aim to define the nth product of fields in such a way that the

state-field correspondence is a homomorphism of all of the nth products, i.e., such that
Y(amb, 2) = Y(a, 2)mY (b, 2). (4.13)

We define the nth product of two local fields for n > 0 so that a(w),)b(w) is the coefficient

¢"(w) in the commutator formula:
a(w)mb(w) = Res; (2 —w)"[a(z), b(w)]. (4.14)

Then (4.13) holds for all n > 0. The nth product of fields can be extended to include
negative values of n by expanding the terms of the formula (4.14) in the appropriate

domain:
a(w) () = Res. (ix(z = w)"a(2)b(w) — (<1 Di (= w)"bw)a(2)).  (4.15)

Then (4.13) holds for all n € Z.
One can alternatively obtain the coefficients ¢/(w) using the following formula (see,
e.g, [65, Lecture 14]):

a(w)myb(w) = 9N ((z = w)Na(z)b(w))] (4.16)

z=w’

where NN is chosen so that (4.5) holds, and n < N —1. For n > N one has a(w),)b(w) = 0.
By setting b(z) = Y'(1, z), choosing N = 0, and replacing n with —n —1 in (4.16), we see
that

Y(an-1l,2)=0"Y (a,2), n€Zso (4.17)

Recalling that the infinitesimal translation operator 7" acts by (4.2) and setting n = 1

in (4.17), we recover the property of vertex algebras known as translation covariance:
7,Y (a, 2)] = 0.Y (a, 2).

Thus we arrive at a definition of vertex algebras given in terms of fields:

Definition 4.1.3. A vertex algebra is a triple (V;1,Y) where V = V5 @ V; is a vector
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superspace, 1 € Vj is the vacuum vector, and Y (-,2): V — Fie(V) is the state-field

correspondence map, and the following axioms are satisfied:

1. (vacuum) 71 =0, Y(a, z)1|

2=0 a,

2. (translation covariance) [T,Y (a, z)] = 8.Y (a, 2),
3. (locality) (z — w)™[Y(a, 2),Y (b,w)] = 0 for n>> 0,
where 7' is the infinitesimal translation operator (4.2).

The following theorem and proposition make the OPE a powerful tool when working

with the field definition of a vertex algebra:

Theorem 4.1.4 (Wick theorem). Let a'(2),a*(z) and b'(2),b*(2) be two pairs of fields
satisfying

(i) [[a'(2)_, ¥ (w)],c*(2)+] = 0 for all i,j,k, and ¢ = a or b.
(i) [@*(2)+, ¥ (w)x =0 for alli and j.

Following the notation in [60], we let [a'b] = [a'(2)_, ¥ (w)] be the “contraction” of a'(z)
and ¥ (w). Then

al(2)a’(2):b! (w)b* (w): = wa’ (2)a”(2)b' (w )52( ):

(=170l :a ()bz( ):

(=1 (1) [ 07]:a? ()b (w):
[a®b']:a’ (2)b% (w):

(=1 a0l ()b (w):

(=)D b (0] + [a'b7][a”D').

+ + + + +

A more general form of the Wick theorem is obtained in a similar way [60, Thm
3.3]. In practice, it is much easier to use than the general formula suggests. The right-
hand side of (4.18) is not yet written in the standard form of the OPE of the two fields
a(z) = :a'(2)a*(z): and b(z) = :b'(2)b*(2):. In order to obtain the standard form, one

must replace all of the a’(z) with fields in terms of w using the following formula:
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Proposition 4.1.5 (Taylor’s formula (see, e.g., [60])). Let a(z) be a formal distribution.
Then in the domain |z| > |w| the following equality in formal distributions in z and w

holds: -
a(z +w) = Z oW a(z2)u. (4.19)
=0

By replacing z by w and w by z — w, we obtain a second form of Taylor’s formula
that is useful in calculating OPEs. In the domain |z — w| < |w| we have the following

equality of formal distributions in w and z — w:

a(z) = Z OV a(w)(z — w)’. (4.20)

Jj=0

This second form of Taylor’s formula allows us to rewrite the coefficients of the singular
part of the (4.18) strictly in terms of w as required by the OPE (cf. (4.12)).

4.2 Affine and free field vertex algebras

Recall from Section 2.4 that the affine Lie algebra g is defined using a finite-dimensional
Lie algebra g with a nondegenerate supersymmetric invariant bilinear form (-|-) on g. In
the case when g is simple and the (-|-) has been scaled in a particular way, the generalized
Verma module V* (see (2.15)) has the structure of a vertex algebra [44], which is called
the universal affine vertex algebra at level k, and denoted V"(g). The vacuum vector is
taken to be the highest weight vector 1 € V*. Tt is standard practice to identify a € g
with a(_y1 € V*(g). Then the fields

Y(a,z) = Za(n)zfnfl, acg

nel

are local and generate V*(g).
Recall from Section 2.4 that the Virasoro algebra has basis {L,,, C'},cz and bracket

(Lo, L] = (m — 1) Lo + 1—12(m3 ) nC, (O L] =0
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for all m,n € Z. We arrange the generators L, into the following formal distribution:

= Z L,z"2

nel

Then L(z) satisfies the OPE

:C N 2L(w) +6wL(w)

4 2

L(z)L(w) ~ (4.21)

(z—w)* (2 —w) z—w

In particular, L(z) is local with itself. Any vertex algebra V' containing a field L(z)
satisfying the OPE (4.21) such that C' acts on V as C' = cId for some ¢ € C is called a

Virasoro field with central charge c.

Definition 4.2.1. Let V be a vertex algebra and w € V an even vector. If the corre-
sponding field Y (w, z) is a Virasoro field with central charge ¢, then w is a conformal
vector. A vertex algebra with a conformal vector w whose corresponding field Y (w, z) has

central charge c is called a conformal vertex algebra of rank c.

As we mentioned in Section 2.4, in the case when g is abelian or simple the Virasoro
algebra can be constructed as a subalgebra of V*(g). Choose a basis {v;} of homogeneous
vectors for g. Let {v'} be the dual basis for g, which is the unique homogeneous basis such
that (v;|v?) = 6;; for 1 < 4,5 < d. We define the vector w € V*(g) using the Sugawara

construction:
d
V .
v Zv )i Kk # —h', d = dim g, (4.22)
(k+ h —

where h" is a certain number associated to g called the dual Cozeter number. In the case

when g is abelian, we have hY = 0. Let

z) = Zw(n)z_”_l = Z Lz ™2

ne’l meZ

Using the Wick formula and Taylor’s theorem together with the fact that

M&

+hv

=1
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one computes the OPE

sc 2L(w)  OpL(w)

LELw) ~ st Lo T

where ¢ = ksdimg/(k + h"), and sdim g = dim gg — dim g;. Equivalently, the modes L,
satisfy the commutation relations of the Virasoro algebra (2.23). Thus w is a conformal

vector with central charge

ksdim g
S A
For a thorough treatment of universal affine vertex algebras see, e.g., [60, Ch. 4]. Now
we will consider the vertex algebras corresponding to the Weyl and Clifford affinizations

we introduced in Section 2.4.

4.2.1 Free Superbosons

In this section, we review the definition of free superbosons following [60]. Let h = hg @ by
be an abelian Lie superalgebra with dimbh = d < co. Let (-|-) be a nondegenerate even
supersymmetric bilinear form on . Let h = hit,t7!] & CK be the Weyl affinization
(cf. Section 2.4.1) with brackets (2.16). We will use the notation a(,y = at™. The free

superbosons

a(z) = Z a(m)z_m_l, a€b,

meZ

have OPEs given by

The (generalized) Verma module

T b
V= Indb[t]@CK

C

is constructed by letting h[¢] act trivially on C and K act as 1. Then V! has the structure
of a vertex algebra called the free superboson algebra and denoted B'(h). The commutator

(2.16) is equivalent to the following n-th products:

a(o)b =0, a(l)b = (a|b)1, a(j)b =0 (j >2) (4.23)
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for a,b € b, where 1 is the vacuum vector in B!(f).
Recall from Section 2.4.1 that there exist bases vy,...v, and wy, ..., wqy for 6() and
b1 respectively such that (2.19) and (2.20) hold. Then let

i _ P erj
V= Ug—it1, w! = wap_iy1, w = —wpiy, (4.24)

for 1 <i <k, 1<j </ The basis {v',w/} is dual to the basis {v;, w;}. Thus via the

Sugawara construction (4.22) we obtain a conformal vector

d 2
1L 1 .
=3 g V(_1yVi + 5 E wzfl)wj. (4.25)
i=1 j=1

In the even case (h = bg), the free superbosons are known as the Heisenberg ver-
tex algebra or simply free bosons. In the odd case (h = bhi), they are called symplectic

fermions.

4.2.2 Free Superfermions

Let us review the definition of free superfermions given in [60]. Let a = ag & a; be an
abelian Lie superalgebra with dima = d < co. Let (+|-) be a nondegenerate even skew-
supersymmetric bilinear form on a. Let Cy = a[t,t7'] ® CK be the Clifford affinization
(cf. Section 2.4.2) with brackets (2.22). The free superfermions

a(z) = Z amyz” ™, amy = at™,

meZ
have OPEs given by
(alb) K
a(z)b(w) ~ P
The (generalized) Verma module
V! =Ind{s cx C

is constructed by letting a[t] act trivially on C and K act as 1. Then V! has the structure

of a vertex algebra called the free superfermion algebra and denoted F'(a). The brackets
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(2.22) are equivalent to the following n-th products in F'(a):
agb=(alb)l,  apb=0 (G =1), (4.26)

where 1 is the vacuum vector.
There exist bases wy, ..., wy, for ag and vy, ..., v for a; such that (2.19) and (2.20)

hold. Then (4.24) is again a dual basis, and we obtain a conformal vector

1 & 1
W= Z W(_gyw; + 3 2 V(_a)Vi (4.27)
1=1 7=1

In the even case (a = ag), the free superfermions are also known as symplectic bosons
or as the bosonic ghost system (S7y-system). In the odd case (a = ag), they are called

free fermions.

4.3 Lattice Vertex Algebras

Lattice vertex algebras were originally introduced by Borcherds. He used them to give a
rigorous algebraic description of the vertex operators appearing in physics and represen-
tation theory (see Chapter 1). We begin our review of lattice vertex algebras by recalling

the definition of a module of a vertex algebra.

Definition 4.3.1. Let V be a vertex algebra with vacuum vector 1. A V-module is a
vector (super)space M together with an even state-field correspondence map: Y : v —
Fie M such that Y™ (1,2) = Id on M, and the Borcherds identity (4.1) holds for all
a,beV and ce M.

Remark 4.3.2. Equivalently, instead of requiring that the Borcherds identity holds, one
may require that Y (V) is a local collection and the nth product identity (4.13) holds
for fields Y*(a, z) and Y (b, ), where a,b € V.

Throughout the rest of this text, we will suppress the dependence on M in the fields
corresponding to a V-module except when doing so would cause confusion.

The following example motivates the definition of lattice vertex algebras. Let fh =
span{a}, and let V' = B!(h) be the corresponding free boson vertex algebra. We construct

irreducible highest weight modules of V' similarly to the construction of V itself. We
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note that (4.23) implies that a() is central in h and therefore acts diagonally on any
representation of 6
We consider the representation of 6+ S5) 60 on C where 6+(C =0, K = I and a) acts

with weight A. Then we induce this representation to a highest-weight representation of

b:

TN b
Vit = Ind6+@6°

(©).

Note that V10 = V! as h-modules. Thus it is natural to ask whether V* can be included
in some larger vertex algebra structure. If such a structure exists, it must contain the
highest weight vector in V', which we denote by e*. The weight A\: h — C can be
identified with an element of b using the bilinear form (-|-). We will denote this element
as A € b. Then we have

a@ye* = (al\)e.

In the attempt to construct a vertex algebra including the highest weight vector e*,
we must assume that [A|2 = (A|]A) € Z and include all the highest weight modules of b

mA

with highest weight vectors e™*, m € Z. Then the weights form an integral lattice

@ = spang{A}

satisfying h = C ®z Q. In order to complete the construction, one must find the fields
corresponding to the highest weight vectors: Y (e™, z), m € Z. Such fields are known as
vertex operators, and their derivation can be found in, e.g, [60]. We define them explicitly
in the general case below.

Armed with the intuition afforded by this example of a single free boson, we proceed
to the formal definition of a lattice vertex algebra. We start with a lattice ) of rank d,

i.e., a free abelian group on d generators:

Q = spang{ A1, ..., \a}.
We give () the structure of an integral lattice, meaning we take () together with a bilinear
form (-]-): Q@ x Q — Z.
We let € : Q x Q@ — {£1} be a bimultiplicative function which satisfies

e(\,\) = (=DPFIAPED2 0\ e . (4.28)
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A unique such function exists up to equivalence and satisfies
(A e, A) = ()XWHREE ) e Q. (4.29)
Then the twisted group algebra C.[Q] has basis {e*},cq, with multiplication given by
etet = e(\, p)e A€ Q. (4.30)

Using bilinearity, we extend (-|-) to h = C ®z Q. Let h = b[t,t7'] & CK be the
corresponding Heisenberg (free boson) current algebra with brackets (2.16), and let S =
V! be its Fock space representation as in Section 4.2. Then we extend this representation
to the space Vo = S ® C.[Q] via

(at™)(s @ e*) = (at™ + Smo(alN))s @ e, (m >0). (4.31)
In particular, we have
a)(s ® e*) = (al\)s ® e, ach, Aeq@. (4.32)

The twisted group algebra C.[Q)] can also be represented on Vi by the following
action:
s ®@et) =e(\ pu)s @ e, (4.33)

Following the notation of [10], we write e* (resp. at™) for 1 ® e* (resp. ht™ ® 1). Then
equations (4.31) and (4.33) together with the relation

eMat™) = (at™ — Smo(Na))et
define a representation of the associative algebra Ag = U (h) ® C.[Q] in V. The fields

Y(a,2) =Y amz"",  a€h, (4.34)

MEZ

on Vg are called currents.

The lattice vectors A € ) act semisimply with integral eigenvalues on Vj via the
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action of the zero modes given by (4.32). This allows us to define operators z* by
Ms®er) = 20W (s @ et). (4.35)
Let Z* = £N. The fields
Y(e, z) = e/\:exp/Y()\,z):

= eXp( > /\(n)§> < 2 )‘(”)%>

nez— neZ*

(4.36)

are called vertex operators. Then the currents (4.34) and the vertex operators (4.36)
generate a vertex algebra structure on Vi, called a lattice vertexz algebra, where the

vacuum vector is given by 1 ® €, the infinitesimal translation operator acts as
Te* = A_1ye, (4.37)

and the parity in Vj is given by p(a ® €*) = (A|\). Reminiscent of (4.30), in the vertex
algebra the following formula holds:

1o = e\, p)er (4.38)
The locality of the vertex operators Y (e}, z) and Y (e#, 2) is established by showing that
(21 — 20) " AMWY (e, 2)Y (", 20) = (1)1 (2 — 20)~ AWy (e 2)Y (€, 1), (4.39)

The currents (4.34) generate the Heisenberg algebra B'(h). Let d = dimb and
{v1,...,v4} be a basis of h. Also let {v!,...,v%} its dual basis with respect to (:|-).

Then we can construct a conformal vector (cf. (4.25))

d

Z vf_l)vi (4.40)

i=1

N | —

w =

for BY(h). In fact (4.40) is a conformal vector for the lattice vertex algebra Vg (see,
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e.g., [60]) The corresponding Virasoro field
L(z) =Y(w,z) = Z Lz ™2 (4.41)

has central charge d.
It will be important to a later discussion that we know the explicit action of Ly on
the vectors e*. From (4.40) and the fact that

Y (a—1yb, z) = :Y(a, 2)Y (b, 2):

we have
IS 1L & .
Lo =3 DD Vembiom + B DD Vitm)Vim)-
i=1 m=1 i=1 m=0

We recall that any vector h € h can be written as

h=>Y (v'|h)v:.

i=1
Then from (4.31) we have
d d
LA_l ol A_l U\ A—l)\ )\_1)\2/\ 449
o€ = QZUZ(O)U(O)G =3 Z(v| JViye” = SAN0E" = 2| |“e”. (4.42)
i=1 i=1

4.4 Twisted Logarithmic Modules

Vertex operators often appear in applications in a “twisted” form. For example, the mon-
ster vertex algebra was constructed using twisted vertex operators [42,43]. Twisted vertex
operators are formalized by twisted modules of vertex algebras, which are constructed
using an automorphism of the vertex algebra. We recall that an automorphism of a vertex
algebra V' is a vector space isomorphism o: V' — V on the space of states which respects
all nth products:

(0a)m)(ob) = o(am)b), a,beV, neZ.

Until Huang’s article [51] entitled Generalized twisted modules associated to general au-

tomorphisms of a vertex operator algebra published in 2010, o-twisted modules were only
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defined for automorphisms o of finite order. However, there are instances of vertex oper-
ators which cannot be described by a o-twisted module for an automorphism ¢ of finite
order. Such is the case with logarithmic conformal field theory (LCFT) [20], which has
applications to percolation [81] and the quantum Hall effect [93] (see Section 7.4).

Huang was hindered in the full development of the theory because of the lack of a us-
able definition for the nth products of twisted vertex operators. In 2015, also motivated
by LCFT along with certain vertex operators arising in Gromov-Witten theory [11],
Bakalov introduced a more general notion of a twisted logarithmic module (TLM) of a
vertex algebra and defined the nth product of twisted vertex operators, allowing him to
further develop the theory [6].

In this section, we review the definition of twisted logarithmic modules of vertex
algebras following [6]. We also review several properties of such modules. The main dis-
tinguishing feature of twisted logarithmic modules is the presence of a second formal
variable in the fields. This new formal variable { essentially plays the role of log z. How-
ever, sometimes it is convenient to specialize ¢ to values independently of z. So the
formalism is developed as follows.

Let z and ¢ be two independent formal variables. If we think of ( as log z, then the

derivatives with respect to z and ¢ become
D,=08,+2z'9,  D¢=2z0,+0. (4.43)
For a vector space W over C, a logarithmic (quantum) field on W is a formal series
a(z) =a(z,()=>_ > an()z",
acAmea

where A is a finite subset of C/Z, a,,(¢): W — W][(]] is a power series in ¢ with
coefficients in End W, and for any w € W we have a,,({)w = 0 for Rem > 0. If all
coefficients of each power series a,,(¢) are even (resp. odd) elements of End W, then a(z)
is said to be an even (resp. odd) logarithmic field. The space of all logarithmic fields on
W is denoted LFie(W).
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We use the notation

Let a(z),b(z) € LFie(W) be homogeneous fields with parities p(a) and p(b) respectively.
The normally ordered product of a(z) with b(z) is given by

:a(2)b(22): = a(21) 1 b(22) + (—1)PPOp(z)a(z) . (4.44)

The normally ordered product is then extended linearly to include all a(z) € LFie(W).
One can check that the normally ordered product is well-defined for z; = 25 and that

:a(z)b(2): is again a logarithmic field of parity p(a) + p(b).

Definition 4.4.1. Two logarithmic fields a(z) and b(z) are local if there exists an integer
N > 0 such that

(21 — 22)Na(21)b(22) = (=1)P@OPO (2 — 2)Vb(2)a(z). (4.45)

The key to the full development of the theory of twisted logarithmic modules of vertex

algebras is the following nth product formula of local logarithmic fields:

(@(2)b(2))w = DY (3 = 20)¥a(s)b(z)w) | (4.46)

21=z29=2

C1=C2=¢

for w e W and n < N — 1 an integer. For n > N, we set the nth product equal to 0.

Definition 4.4.2 ([6]). Given a vertex algebra V' and an even automorphism ¢ of V', a
p-twisted V -module is a vector superspace W equipped with an even linear map Y : V' —
LFie(WW) such that Y (1,z) = Id is the identity on W, and Y (V) is a local collection of
logarithmic fields satisfying:

1. p-equivariance:
Y (pa, 2) = ™Y (a, 2) (4.47)
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2. n-th product identity:
Y(amb, 2) =Y(a, 2)mY (b, 2) (4.48)

for all a,b € V and n € Z.

We note that Y (a, z) depends on ¢ as well as z, though we do not indicate this in the
notation. From (4.48) and (4.2) we obtain (cf. [51])

Y(Ta,z) = D,Y(a, 2), acV. (4.49)

Let V' C V be the subspace of V on which ¢ is locally-finite i.e., the subspace of

vectors v € V such that span{¢'v: i > 0} is finite-dimensional. Then we can write
p=ypl, =oe ™™, (4.50)

where o € Aut(V), N € Der(V), o and N commute, o is semisimple, and A is locally
nilpotent on V.

We denote the eigenspaces of o by
Vo ={a €V]oa=e "}, a € C/Z.
Then p-equivariance implies that
X(a,z)=Y(eNa,z) =Y(a, z)|<:0 (4.51)

is independent of (, and the exponents of z in X(a,z) belong to —a for a € V,. For
m € «, the (m + N)-th mode of a € V, is defined as

am+n) = Res, 2" X (a, 2), (4.52)
where, as usual, Res, denotes the coefficient of z71. Then

Y(a,2) = X(eNa,2) =Y (27N a) mwn, (4.53)

mex

where we use the notation 2= = e¢~*V. We note that Y (a, z) is a polynomial of ¢ for
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a € V, since N is nilpotent on a.
One of the main results of [6] is the Borcherds identity for twisted logarithmic modules.

In terms of fields, this identity is written using the shifted delta-function

5a+/\/(217 ZQ) _ Z Zl—m—l—/\/zgz—i-N

meo
as follows:

Proposition 4.4.3 (Borcherds Identity [6]). Let ¢ be an even automorphism of a ver-
tex algebra V. Let o and N be defined by (4.50). Then in any p-twisted V-module the
following identity holds:

Q220 (21 — 22)" Y(a, 21)Y (b, z2)w — (—1)p(“)p(b)i227zl(zl —29)" Y (b, 20)Y (a, z1)w

_ y(( Dbuin(z1, 22)a) b 22>w
=0

foracV,CV,beV, weW andn € Z.

The fact that b is allowed to be an arbitrary element of V' will be especially important
in Chapter 6 when we study twisted logarithmic modules of lattice vertex algebras. From
the Borcherds identity we have the following commutator formulas for modes:

& m+N
(i), D = < , a),. b) 4.54
[0, b4 jzo <( j ) o (m+h—j+A) (4.54)

for a € V,,, b € V3, and m,n € Z. We also have

[amin), Y (b, 2)] = i Y (( <m —; N) 2N G) b z) (4.55)

foraeV,,beV, and m,n € Z.
The (—1)-st product in a twisted logarithmic module is related to the normally ordered
product (4.44) by the formula

Y(a,2)Y (b, 2): = Nz_l Z—j—ly<((a; 1"{\/’> a) e z) (4.56)
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foraeV,and b e V.
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Chapter 5

Twisted Logarithmic Modules of
Free Fields

In this chapter, we investigate the twisted logarithmic modules of free field vertex al-
gebras, extending the results on free bosons obtained in [6] to the cases of symplectic
fermions, free fermions, and the bosonic ghost system (see Table 5.1). We have previously
published the results included in this chapter in [13]. We begin by answering a question
from linear algebra regarding canonical forms of an automorphism preserving a bilinear
form. Then we consider the case of twisted logarithmic modules of free superbosons, in-
cluding the odd case of symplectic fermions SF' and the even case of free bosons which
was previously done in [6]. We also consider the free superfermions, specifically the odd
case of free fermions and the even case of the bosonic ghost system. In each of these cases,
we realize the twisted logarithmic modules explicitly as highest-weight representations of
certain Fock spaces, and we explicitly write the action of the Virasoro algebra on each.
We show in each case that when N # 0 the action of Ly is not semisimple (cf. [4,20,72]).

5.1 Automorphisms Preserving a Bilinear Form

We recall from Chapter 4 that a superboson (resp. superfermion) vertex algebra is con-
structed using a finite-dimensional vector superspace b (resp. a) together with a non-
degenerate even supersymmetric (resp. skew-supersymmetric) bilinear form (+|-) on the
superspace. Thus in order to classify the twisted logarithmic modules of the superboson

and superfermion vertex algebras, we must first obtain canonical forms for (+|-) and the

o6



automorphisms ¢ preserving it.

A supersymmetric bilinear form is symmetric on hg and skew-symmetric on hi. Simi-
larly, a skew-supersymmetric bilinear form is skew-symmetric on bz and symmetric (resp.
symmetric) on hi. Thus it is enough to find canonical forms for an automorphism ¢ of
a vector space V which preserves a nondegenerate bilinear form that is either symmetric
or skew-symmetric.

Let V be a finite-dimensional vector space and (-|-): V' x V' — C be a nondegenerate
bilinear form. Let ¢ be an invertible linear operator on V' which preserves the bilinear

form, i.e., which satisfies
(palpb) = (alb). (5.1)

Via the multiplicative Jordan-Chevalley decomposition, we may uniquely write ¢ =

67271'1./\/’

o such that o is a semisimple invertible operator, A is nilpotent, and cN = No.

Then the ¢-invariance (5.1) is equivalent to
(oalob) = (alb), (Nalb) + (a|Nb) = 0, (5.2)

for all a,b e V.

5.1.1 The symmetric case

The case when (-]-) is symmetric was investigated previously in [6, Section 6]. The clas-
sification of all o and N satisfying (5.2) can be deduced from the well-known descrip-
tion of the canonical Jordan forms of orthogonal and skew-symmetric matrices over C
(see [45,50]). We include it here for completeness.

In the following examples, V' is a vector space with a basis {vy,...,v4} such that

(vi]v;) = diyjar for all 4,7, and A = 2™ for some ap € C such that —1 < Reag < 0.

Example 5.1.1 (d = 2¢).

Vi+1, 1§Z§€—1,
ov; = _' ./\/”Ui: —Vit1, £—|—1§2§2€—1,
- 0, i= 10,20,
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Let us write A™F = e 250 where —1 < Re By < 0. Let

Ct={y€C: Rey>0}U{y€C: Rey=0, Imvy > 0}, (5.3)
and let C~ = —C™. The symmetry
Vi (—1>i’05+i, Voti (_1>i+8+1,0i7 (1 <1< g) (54)

allows us to switch A with A™! and assume that oy € C~U{0}. For example, if Re ag = 0,
then we may switch the roles of oy and [ if necessary to ensure that Imagy < 0 as

illustrated in Figure 5.1.

! Alm
1 1
; o .
1 1
1 1
1 1
1 1
| 1 1
~1l 73 0; Re
| - ]
1 1
1 1
1 L}
1 1
|
+ ] 0400 °
1 [}
1 1
1 [}

Figure 5.1: The case when Reay = 0.

If -1 < Reay < 0, then again employing the symmetry (5.4), we may assume —1/2 <
Re ap < 0 as shown in Figure 5.2. Finally, if Reag = —1/2, then (5.4) allows us to assume
Imay > 0 as shown in Figure 5.3. In summary, we may always assume « is located in
the gray region of Figures 5.1 through 5.3, where only the solid portions of the boundary

are included.
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—Qp — 1.

Figure 5.2: The case when —1/2 < Reay < 0 and 5y

~1/2.

Figure 5.3: The case when Re o
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Example 5.1.2 (d =2¢ —1 and A = £1).

(=)o, 1<i<20-2,
0, i=20—1.

O"Ui:)\Ui, 1§Z§2€—1, N'U,L':

Since A = %1, it follows that ag =0 or —1/2.

Remark 5.1.3. After rescaling the basis vectors in Example 5.1.2, the operator N can be

written alternatively in the form

Vit1, 1§Z§€—1,
Nvy = —vipq, (<i<20-2,
0, i—20—1,

which more clearly shows the strong relationship between the symmetric and skew-

symmetric cases (cf. Example 5.1.6 below).

Proposition 5.1.4 ([6]). Let V be a finite-dimensional vector space, equipped with a
nondegenerate symmetric bilinear form (-|-) and with commuting linear operators o, N
satisfying (5.2), such that o is invertible and semisimple, and N is nilpotent. Then V

1s an orthogonal direct sum of subspaces that are as in Examples 5.1.1 and 5.1.2.

5.1.2 The skew-symmetric case

In the case when (-|-) is a nondegenerate skew-symmetric bilinear form, we were unable
to locate in the literature an analogous classification of symplectic matrices. Below we
present two explicit examples of linear operators o and N satisfying (5.2). Pick a basis
{v1,...,v9} for V such that

(vilv;) = dirjoen = —(vslvi), 1 <i<j<2 (5.5)

and let A = e~ 2™ ag hefore.
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Example 5.1.5 (¢ is odd, or ¢ is even and A # +1).

v, L<i<l-1,
ov; = _. N/Ui: _Ui+17 €+1§Z§2€_1,
- 0, i=10,20.

As in Example 5.1.1, the symmetry v; — (—1)vp4;, vy — (—1)%; (1 < i < £) allows us
to assume that oy € C~ U {0}, —% < Reag <0, and Imag > 0 when Reay = —% (see
Figures 5.1 through 5.3).

We have omitted the case when ¢ is even and A = +1 in Example 5.1.5, because it

can be rewritten as an orthogonal direct sum of two copies of the following example.

Example 5.1.6 (A = £1).

Vit1, 1< <Y,
ov; = M, 1 <1 <20, Nv, =< —vpq, (4+1<i<20—1,
0, i = 2.

Since A = %1, we have ag =0 or —1/2.

Theorem 5.1.7. Consider a finite-dimensional vector space V with a nondegenerate
skew-symmetric bilinear form (-|-). Let o and N be commuting linear operators satis-
fying (5.2), such that o is invertible and semisimple and N is nilpotent. Then V is an

orthogonal direct sum of subspaces as in Examples 5.1.5 and 5.1.6.

Proof. Denote by V) the eigenspaces of o. Since the form (-|) is nondegenerate and o-
invariant, it gives isomorphisms Vy 2 (Vy-1)*, while V) LV, for X # p~!. Hence, we can
assume that V =V, @ V-1 (A # £1) or V = V4.

In the first case, pick a basis {wy, ..., wy} for V3 in which A is in lower Jordan form.
Then V-1 has a basis {wgi1, ..., weq} such that (w;|w;) = 6;1j24+1 for all i < j, and V
becomes an orthogonal direct sum of subspaces as in Example 5.1.5.

Now assume V' = Vi;. By a similar argument as above, we can assume that V' has
the form V' 4+ V" where V' has a basis {wy, ..., wg}, and V" has a basis {wgi1, ..., wa}
such that

N:iw = wy—= = wg— 0, (5.6)
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and (w;|wgy;) = 0iyja41 for all 1 < i, 5 < d. However, V' and V" may not be distinct,
and we must consider two cases.
First we suppose V' and V" are distinct, and hence V' =V’ @ V”. When d is odd, ¢

acts on V' @ V" as in Example 5.1.5. When d is even, we make the following change of

basis:
. \%(wz + (=) wgy), 1<i< %l,
%((_1)%1% + wayi), ‘—3 +1<9<d,
o Vet (CD'wan), 1<is<s,
H((=Diwi +ways), $+1<i<d
Then U’ = span{u},...,u,} and U"” = span{u/, ..., uj} are as in Example 5.1.6, and

V =U'"® U" is an orthogonal direct sum.

Finally, consider the case when V =V’ = V”. Then d = 2/ is even, and V' has a basis
{w1,...,wq} such that (5.6) holds. Note that (5.2) and (5.6) imply that (w;|w;) = 0
whenever i + j > 2¢ + 1. With the appropriate rescaling we may assume (w;|wy,) = 1.
Then

(wilwag_i11) = (=1)"+ 1<i<20 (5.7)

A Gram-Schmidt process allows us to construct a new basis w, ..., w), such that (5.6)
and (5.7) still hold and (wj|w}) = 0 when i+ j < 2+ 1. Thus (wj|w}) = (=1)""0iy; 2041

for all 7, j. Rescaling the basis vectors, we see that V is as in Example 5.1.6. O

Note that Proposition 5.1.4 can be proved similarly to Theorem 5.1.7.

5.2 Twisted Logarithmic Modules of B!(f)

Let ¢ be an even automorphism of h such that (-|-) is p-invariant. As in Section 5.1, we

—27N and denote the eigenspaces of o by

write p = oe
ho = {a € h|oa = e *™q}, aecC/Z.

Definition 5.2.1 (cf. [6]). The @-twisted affinization b, is the Lie superalgebra spanned
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by an even central element K and elements ania) = at™ (a € b, m € a) with parity

P(am+nry) = p(a), and the Lie superbracket
[a(erN)v b(n+N)] = O, —n((m + N)alb) K (5.8)

fora € ho, b€ hg, mea, nep.

An 6¢—module W is called restricted if for every a € b,, m € a, v € W, there is an
integer L such that (at™)v =0 for all i € Z, i > L. We note that every highest weight
Gw-module is restricted (see [59]). The automorphism ¢ naturally induces automorphisms

of 6 and B'(h), which we denote again by ¢.

Theorem 5.2.2 (See [6], Theorem 6.3). Every o-twisted B'(h)-module W has the struc-
ture of a restricted fA)(p—modUZe with (at™)v = im0 for a € ho, m € a, v € W.

Conversely, every restricted Gw-module uniquely extends to a p-twisted B (h)-module.

As before, we split C as a disjoint union of subsets C*, C~ = —C* and {0} (see

(5.3)). Then the ¢-twisted affinization b, has a triangular decomposition

~

hgo - 6; D 6?9 S 6;7 (59)
where
6;'} = span{at™ |a € by, « € C/Z, m € a N C*}

and
62, = span{at’ |a € b} © CK.

Starting from an Gg-module R with K = I, the (generalized) Verma module is defined
by

b
M(R) = Ind!? . R,

@
b
P

where 6;; acts trivially on R. These are ¢-twisted B'(h)-modules.

5.2.1 Virasoro Fields

Choose dual bases {v;} and {v'} of b of homogeneous elements, i.c., satisfying

(vi]v?) = 6, p(v) =p(v'), 1<i,j<d. (5.10)
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Let w be the conformal vector (4.25), and let S: h — b be the linear operator given by
Sa = apa for a € b,, where, as before, ag € « is such that —1 < Reay < 0. The following
result is the super analogue of [6, Lemma 6.4] in the special case when g = b is abelian.

We use the normally ordered product (4.44).
Proposition 5.2.3. In every p-twisted B'(h) module, we have
d . S
2Y (w, 2) = Z X (v 2) X (v3,2): — 2 2 str (2>I. (5.11)

=1

Proof. Equation (4.56) together with the nth products (4.23) give the equation:

Y (a—1b, 2) =Y (a,2)Y (b, 2): — 22<(S —;N)a‘b>l (5.12)

for a,b € h. Note that (Nv'|v;) = 0. Using this fact together with (5.12) and (4.25), we

obtain

vi)]. (5.13)

2V (w, 2) = zd: Y (0, 2)Y (0y, 2): — 22 zd: ( (‘;) v

i=1 i=1
We also observe that pw = w, which implies Y (w, z) is independent of (. Thus we obtain
the desired result by setting ( = 0 in (5.13) and noting that

S(5)ele) =By el (5)e) e (5

=1

]

Throughout the next several sections, we will study the four types of free field algebras
arising via the Weyl or Clifford affinization (cf. Section 2.4) of an even or odd abelian

Lie superalgebra. These four types of free fields are listed in Table 5.1.

5.3 Symplectic fermions

Historically, the symplectic fermions provided the first example of a logarithmic conformal
field theory, due to Kausch [72,73]. An orbifold of the symplectic fermion algebra SF
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Table 5.1:  Even and odd free field algebras arising via the Clifford affinization C, or the
Weyl affinization b.

Vertex Algebra g dim (-|") Affinization
Free Bosons b=bs n symmetric 6
Symplectic Fermions h=10hy 2¢ skew-symmetric 6
Free Fermions a=a; n symmetric Cyq
Bosonic Ghost System a=a; 2¢ skew-symmetric Cq

under an automorphism of order 2 has the important properties of being Cs-cofinite but
not rational [1]. More recently, the subalgebras of SF' known as the triplet and singlet
algebras have generated considerable interest (see [5,74]). Other orbifolds of SF give rise
to interesting W-algebras [18].

In this section, we will continue to use the notation from Section 5.2. We will assume
that b is odd, i.e., h = by. In this case, B'(h) is called the symplectic fermion algebra and
denoted SF (see [1,72,73]). Then the bilinear form (-|-) on b is skew-symmetric. For h and
@ as in Examples 5.1.5 and 5.1.6, we will describe explicitly the p-twisted affinization
fA)g, and its irreducible highest-weight modules M,(R), together with the action of the

Virasoro algebra on them.

5.3.1 Action of the Virasoro algebra

Choose a basis {v;} for b satisfying (5.5), where ¢ acts either as in Example 5.1.5 or
5.1.6. Let v’ = vyy_;41 and v = —v,_;,y (1 < i < ¢). The basis {v'} is dual to {v;}
with respect to (+|-), so that (v;]v?) = d;; (cf. (5.10)). Then

2 ¢
1 i i
w= 5 vy =) vy € B'(h)
i=1 i=1
is a conformal vector with central charge ¢ = sdim h = —2¢. Since pw = w, the modes of

Y (w, 2) give a (untwisted) representation of the Virasoro Lie algebra on every o-twisted
B!(h)-module (cf. [6, Lemma 6.8]).

The triangular decomposition (5.9) induces the following normal ordering on the
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modes of FA)S@:

c(atmy oy = ) mee (5.14)
(—=1)P@P®)(ptm)(at™), m € CtU{0}.

On the other hand, the normally ordered product :Y (a, 2)Y (b, 2): of two logarithmic fields
is defined by placing the part of Y (a, z) corresponding to powers z? with Re~y < 0 to the
right of Y (b, z) (see (4.44)). This also induces a normal ordering on the modes:

(at™)(bt"): = (at™)(bt™), Rem < —1, (5.15)
' | (C 0RO ) (at™), Rem > —1. '

Note that the two normal orderings (5.14) and (5.15) of the modes differ when —1 <
Rem < 0 and Imm < 0 (see Figure 6.1.7).

Alm

S —

\

Figure 5.4: Choices of m € C for which :(at™)(bt"): and (at™)(bt"™)2 differ.

The normal ordering (5.14) consistently moves all annihilation operators to the right
of creation operators and hence is more convenient than (5.15) in explicitly calculating

the action of Virasoro on M,(R). We should note, however, that (5.14) moves all zero
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modes to the right, even those that act as creation operators on M,(R). We correct this

on a case-by-case basis depending on the choice of representation of the zero modes.

Proposition 5.3.1. Assume b and ¢ are as in Example 5.1.5 or 5.1.6. Then in every
o-twisted module of SF = B(h), we have

Z Z ’U t_ tk+m) + 514508040(040 + 1)] (516)

i=1 meEag+7Z

Proof. Assume vy, ...,vy € b, and vpyq, ...,V € hg, where f = —a. Using (4.56), (4.23),
the skew-symmetry of (-|-), and the fact that (NMv'|v;) = 0 for 1 < i < £, we obtain

:i;X(vi,z)X(vl, 2): +z-2£(50) (5.17)

=1

If Reap = 0, then By = —ap € CTU{0}. So the normal ordering in (5.17) coincides with
(5.14), and () = Jag(ap + 1). Thus Ly is given by (5.16).

Now assume Reag < 0. Then Sy = —ag — 1 € C, and the ordering of the modes in
(5.17) differs from (5.14) when k = 0 for

— (vt P) (v'tP0) = 2(vit?) (vt =70)2 + Bol.

Finally, we note that [, + (’820) = lag(ap + 1). Thus after reordering to match (5.14), Ly
is given by (5.16). O

Note that the normal orderings in (5.16) can be omitted for & # 0. In the following
subsections, we will compute explicitly the actions of Gw and Ly on M,(R) when b is odd
as in Examples 5.1.5, 5.1.6.

5.3.2 The case of Example 5.1.5

Recall that for any @-twisted SF-module, the logarithmic fields are given by (4.53).

Assume that AV acts on h as in Example 5.1.5. Since this action is the same as in Example
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5.1.1, the logarithmic fields Y (v;, z) are the same as in [6, Section 6.4]:

Y (v, 2 Z Z C’ itz

1=7 man+Z

Ve D=Y ¥

1=J] me— ao+Z

(5.18)

(Ug.i_ltm) m—l’

for 1 <5 </
The Lie superalgebra [A)So is spanned by an even central element K and odd elements
vt 0yt (1 < < 4, m € Z), where ap € CT U {0} and —1 < Reayy < 0. By

(5.8), the only nonzero brackets in 6@ are given by:
[’UithraO, thnfao] = (m + 040>5m,7n52’+j,2€+1K + 5m,7n5'i+j,2£K, (519)

for 1 <i:< /0, 0+1<75 <20, myn € 7Z. Notice that the elements of 6; act as creation
operators on M, (R). Throughout the rest of the section, we will represent them as anti-

commuting variables as follows:
’Uit_m—i_ao = §i7m, th—n—ao = fjmd (520)

for1<i</l /(4+1<j<20,andm>0,n>1.

The precise triangular decomposition (5.9) depends on whether ag € C~ or ag = 0.
Suppose first that oy € C~. Then 63 = CK and R = C. Equations (5.19) and (5.20)
imply that

M,y (R) = /\(Si,ma€€+i,m+1)1§i§€,m:O,l,Q,...- (5.21)

Using the commutation relations (5.19) and the fact that fA]:gR = 0, we obtain the action
of 6; on M,(R):

Uitm+a0 = (m + ao)a§2lfi+1,m + (1 - 6i:£)a§2ifi,m7
W+z‘tnia0 = _(n - ao)aﬁéﬂ'ﬂ,n + (1 - 52‘!)85272',717
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where 1 <i < /¢, m > 1, n > 0. By Proposition 5.3.1, the action of L is

{ oo
LO = Z Z fz}m <(m - a0>a§i,m - (1 - 51'71)8&—1,7”)

i=1 m=0

4 )
+ Z Z f@ﬂ',m ((m + ao)aﬁuz‘,m + (1 - 5i,1)a§e+i71,m)

i=1 m=1

(5.22)

12
—I— 5@0(0[0 —|— 1)]
Now we consider the case when ag = 0. Then 687 = span{vito}lgigzz @ CK. We let

R= /\(&',0, §200)1<i<t;

where the action of 6?0 on R is given by

vit® = &, 1<i</{ or i=2L,
(5.23)
0t = 0ey_ 0y (+1<j<20—1.
Therefore, by (5.20),
M@(R) = /\(fzmu E20.m, fj,mﬂ)lgz‘ge, 0+1<j<20—1,m=0,1,2,...5 (524)

where the action of 6;; is given by

vit™ = ma§2£—i+l,m + (1 - 5i,ﬁ)a€2e—i,m7
Vet = —ma&—i-m‘,m + (1 - 5i7£)8§£—i,m’

for 1 <¢ < /¢ and m > 1. The action of L is

Lo= i i i (e, — (1= 8,100, )

i=1 m=0

{ oo
+ Z Z otiym (magwm +(1— 5i,1)8§g+i_17m> — &1,08200-

i=1 m=1
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5.3.3 The case of Example 5.1.6

Let h be as in Example 5.1.6. Then, by (4.53), in any ¢-twisted S F-module,

Y (v, 2 I (™) ™t
=7 meao+Z
] —(+1 'L j(Uitm>Z7m71’ (525)
1={+1 m6a0+Z
/UEJr]J (/UEJritm)Zimil?

=] m€a0+Z

for 1 <j</{and oy =0or —1/2.
The Lie superalgebra fA)(p is spanned by an even central element K and odd elements
vit™ (1 <i < 20,m € ag + Z). The brackets in b, are:

[0:;t™, 0;t"] = My, —nitj2e41 K + O —n(1 — 28 0)0i1 20K,

[Veit™, vt"] = =M, —n0itj o1 K + O —n0igj o K,

for 1 <i</(,1<j5<20, mn € ay—+ Z. Again, we will let the creation operators from
6; act by (5.20). To determine explicitly f] , we need to consider separately the cases
ap=0or —1/2.

First, we assume ag = 0. Then 62 = span{v;t®}1<i<or & CK. We let

1
R = /\(5&',0, §20,0)1<i<t (Where 5‘20 = _§>7

with the action of 6?0 given by (5.23). Thus
My(R) = /\(fi,m, Eatms Ejimt1)1<i<0,041<5 <20 1,m=0,12,..., (5.26)
where &7 = —1/2. The action of 6;; on M, (R) is given by

vt™ = ma§24—i+1,m + (1 - 25i,f)afze—i,mv
veyit™ = =m0, + (1 —=06i0)0,_, .,
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for 1 <7 </{, m > 1. The action of Ly is

= f: f: i (e, — (1= 6110,

i=1 m=0
J4 )
+ Z Z Eerim <ma§z+z‘,m + (1 - 25i71)852+i71,m) — &1,08200-
i=1 m=1
Second, we consider the case when g = —1/2. Then 682 = CK and the Verma module

M,(R) is given by (5.21). The action of 6; on M,(R) is

_ 1
vt™ 1/2 _ (m — §>8§2£_i+17m + (1 — 262-,4)8524_@”1,

1
U£+itn+l/2 —— (n —+ 5)8&7H1’n + (1 — (5@[)8@71-’”,

for1<i</{¢ m>1,n>0. The action of Lg is

ZZ%((TM )a&m (1—5@1)3&_1“)

i=1 m=0

F S (- D)ot (- 20—

i=1 m=1

5.4 Free Bosons

In the case when b is even (h = ), the free superbosons are known simply as free bosons
and Bl(h) is called the Heisenberg vertex algebra. Its twisted logarithmic modules were

described in [6, Section 6]. We include the results here for completeness.

Proposition 5.4.1. Assume b is even and ¢ is as in Example 5.1.1, we have

Z > it (ot —5k0§a0(a0+1)1 (5.27)

i=1 meag+7Z
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in any p-twisted B (h)-module. In the case of Example 5.1.2, we have

d
Z Z U t m tk+m) - (Sk 04060(0[0 + 1)] (528)
i=1 meag+7Z
The proof is similar to that of Proposition 5.3.1 and is omitted. These results agree
with [6, Section 6]. Again the normal orderings in (5.27), (5.28) can be omitted for k # 0.
In the following subsections, we will list the actions of EA)@ and Ly on M,(R) when b is

even as in Examples 5.1.1, 5.1.2. These calculations were originally computed in [6].

5.4.1 The case of Example 5.1.1

Let b and ¢ be as in Example 5.1.1. By (4.53), since the action of N is the same as it was
in Example 5.1.5, the logarithmic fields Y (v;, z) are again given by (5.18). The Lie algebra
630 is spanned by a central element K and elements v;t" 10 v, ™ (1 <i < ¢, m € 7).

By (5.8), the nonzero brackets in b, are:

[0it™, v;t"] = MO sx.00itj 201K + Smaro(1 — 05.0)0isj2e K, (5.29)
[Werit™, vt = MO k0014 j041K — Omsro(1 — 0i0)0i 0K (5.30)

for 1 <i </, 1 <7 <20 We note that the elements of h‘p act as commuting creation

operators on M,(R). Throughout this section, we will represent them as follows:

apg—m —ap—n
’Uﬂf 0 = Tim, ’Ug_H't 0 = Tp+in (531)

where 1 <i</,and m >0, n > 1.

As in the case of the symplectic fermions, the precise triangular decomposition (5.9)
of fAJ(p depends on whether ag € C™ or ag = 0. Suppose first that ag € C~. Then we have
6?0 = CK. We let 6:5 act as zero on R = C and K act as the identity operator. Then
(5.29) and (5.31) imply that

My(R) = Clz; 0, %) n)1<i<t,1<j<26,n=1,2,3,... - (5.32)
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The action of 6;2 on M,(R) is given by

vitao+n+1 = (Oto +n+ 1)81'2£+17i,n+1 + (1 - 51'/)8902@71‘,7&1 )
Wﬂ'tiaOJrn = (_ao + n)afvulﬂ',n - (1 - (Si,f)aﬂﬁefi,n )
where 1 <7 < /¢, n > 0. The action of Lg is
{ oo
LO = Z Z ZL’i7n((—a0 + n)@xm — (1 — 51‘71)8%.71,”)
i=1 n=0
L (5.33)
+ Z Z IZ-H'JL((O‘O + n>aﬂﬁz+¢,n + (1 - 62‘71)8‘%“171,71) '
=1 n=1
l
— (o + ag)I .
2
Now we consider the case when ay = 0. Then 62 =ht" @ CK. We let
R, .0y = Clzio)i<i<i— (ay,a2 € C),
where the action of ﬁg on R is given by
Uito = T;,0, ’Ug+it0 = —(?Wfiyo, U@to = (11[, Uggto = GQ[.
Therefore, by (5.31),
My(Ray a5) = Clwig, Tjn)1<ice—1,1<j<26,n=1,2,3,... (5.34)

where the action of 6; is given by

vit" = naﬁb%ﬂﬂ',n + (1 —0:0)0

T2f—in ?

Vpyit" = naxé+17i,n - (1 - 51}5)89014,71 )
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for 1 <¢</{¢and n > 1. The action of Lg is

? oo

LO == Z Z$i’n (n@xlyn — (1 - 51»71)3%._1@)

i=1 n=1

{ oo
+ Z Z mé—&-i,n (n8x5+i,n + (1 - 5@',1)896@“,1,”)

i=1 n=1
-1

- E :xi,Oafﬂi—Lo + G210 — alaﬂ?e&,o :
=2

5.4.2 The case of Example 5.1.2

Let b be as in Example 5.1.2. Then by (4.53), the logarithmic fields are given by (cf. [6,
Section 6.5]):

21
Y(v;,2) = Z Z (—1) =D GEHI=D/2 (=) (g pm) ,=m=1
i=j me€ao+7Z
for 1 <j<20-1.
The Lie algebra 650 is spanned by a central element K and elements v;t*0*™ (1 < i <

20 —1,n € Z), where ag = 0 or —1/2. By (5.8), the nonzero brackets in 639 are given by:
[it™, v;t"] = My k00isj2e K + (1) 6k 00ijoe 1 K

for 1 < j <20 —1, m,k € Z. Notice that the elements of 6; act as creation operators
V0T =@y, for 1 <9 <20—-1, m > 0.
First, we assume ag = —1/2. Then ﬁg = CK and R = C, where K acts as the
identity. Thus
My(R) = Clzjn|i<j<2e-1,n=012,... - (5.35)

The action of 6;5 is given by

1 .
vttt = (5 + n) Ogg o + (1)1 = Gi20-1)Ogy s,
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where 1 <7 <2¢—1 and n > 0. The action of Lg is

Lo = %Z_l i xn(<% 1)+ () (L= 60000, ) + 1%(212 —1)I.

i=1 n=0

Now we assume oy = 0. Then 62 =ht" @ CK. We let
R, = Clzioli<i<e—1 (a€C),
where the action of ﬁg is

0 0 l—i 0
Uit =0, Ug,1+it = (-1) a’M—i,o s Uzgflt = CZI,

for 1 <3¢ <¢—1. Thus
My(R,) = Clwio, Tjn)1<ice—1,1<j<20-1,n=12,3,... - (5.36)
The action of 6;2 is given by

vt" = na’fzeﬂ‘,n + (_1>i+1(1 - 51',25*1)8932#171‘@ :

where 1 <3¢ <2¢—1 and n > 1. The action of Lg is

20—1 oo

Lo=Y Y win(nd,,, + (—1)" (1= 061)0s,_,,)

=1 n=1

-1
4 1
+ Z(_1)1+1$i,oafti71,o + 58;_1,0 -+ aryo -
=2

5.5 Twisted logarithmic modules of F'!(a)

In this section, we study the twisted logarithmic modules of free superfermions (cf. [60]),
which include in particular the free fermions and the symplectic bosons (also known
as the bosonic ghost system or fv-system). The [3y-system provides another interesting
model of logarithmic conformal field theory [87].

Let a be as in Section 4.2, and let ¢: a — a be an automorphism such that (-|-) is
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2miN

p-invariant, as before we write ¢ = ge™ , and denote the eigenspaces of o by

0, = {a € a|oa = e ™}, a e C/Z.

Definition 5.5.1. The @-twisted Clifford affinization (Cy), is the Lie superalgebra
spanned by elements at™ (a € a,,m € «) with p(at™) = p(a) and an even central

element K. The Lie superbracket in (Cy),, is given by
[at™, bt"| = O —n—1(alb) K, [K,at™] =0, (5.37)

foraca,, bcag, mea,bep.

Remark 5.5.2. Since the brackets (5.37) do not depend on N, we have (Cy), = (Cy)o. In
particular, (Cy), = Cy if ¢ = e 2™V,

As in the case of superbosons, ¢ naturally induces automorphisms of C, and F'(a).
As before, a (Cy),-module W will be called restricted if for every a € a,, m € o, v € W,
there is an integer L such that (at™™)v =0 for alli € Z, i > L.

Theorem 5.5.3. Every ¢-twisted F'(a)-module W has the structure of a restricted
(Ca)p-module with (at™)v = a@miav for a € ao, m € a, v € W. Conversely, every

restricted (Cy),-module uniquely extends to a @-twisted F*(a)-module.

The proof of the theorem is identical to that of [6, Theorem 6.3] and is omitted. It
follows from (Cy), = (C4), that every p-twisted F'(a)-module W has the structure of a
o-twisted F'(a)-module, and vice versa. More precisely, if Y': F''(a) — LFie(W) is the
state-field correspondence as a p-twisted module, then the state-field correspondence as
a o-twisted module is given by the map X from (4.51) for a € a. Conversely, given X,
we can determine Y from (4.53) for a € a. However, the relationship is more complicated
for elements a € F'(a) that are not in the generating set a. In particular, we will see
below that the action of the Virasoro algebra is different, so that Lj is not semisimple in
a p-twisted module while it is semisimple in a o-twisted module.

We will split C as a disjoint union of subsets C*,, C~, and { —% where
2

_1
2

Ct,=--4+C*, C,=---C (5.38)
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and C* is given by (5.3). The ¢-twisted Clifford affinization (Cy), has a triangular

decomposition

(Ca)so = (Ca); S5 (Ca)?p > (Cu);; (5-39)
where
(Ca); =span{at™ |a € ay, a € C/Z, m € aNC, }
and

(C’a)?p = span{at_% la € a_%} ® CK.

Starting from a (C,)J-module R with K = I, the (generalized) Verma module is defined
by

(G,
M (R) =Ind ;3% 00 B

where (Cq)¥ acts trivially on R. These are p-twisted F'(a)-modules, and in the following
sections we will realize them explicitly as Fock spaces and will determine the action of

the Virasoro algebra on them.

5.5.1 Action of the Virasoro algebra

Pick dual bases {v;} and {v'} of a satisfying (5.10). Then

d
1 ; )
w=g ; V(_g)Vi € F'(a), d = dim a, (5.40)
is a conformal vector with central charge ¢ = —% sdim a.

Let S: a — a be the linear operator given by Sa = aga for a € a,, where, as before,
ap € « is such that —1 < Reag < 0. In the next result, we use the normally ordered
product (4.44).

Proposition 5.5.4. In every p-twisted F*(a)-module, we have

Proof. Recall that in any vertex algebra, (T'a);)b = —ja¢;—1)b, where T is the translation
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operator (see e.g. [60]). By replacing a with Ta in [6, Lemma 5.8] and using [6, (4.3)], we

obtain

(D.Y (a,2))Y(b,z): = — NZ_:I jzj1Y<((S +N> a)(jil)b, z>

= Jj+1
for sufficiently large N (depending on a,b). Due to (4.26), when a,b € a, the right-hand

Y (aqayb, 2) — z2<<8 J;N)a‘b)l.

Now using (4.43) and (4.53), we observe that

side reduces to

D.Y (a, z)}czo =0.X(a,2) — 2 ' X(Na, 2). (5.41)

Finally, we note that
d d
S\ i S\ S

Then the rest of the proof is similar to that of Proposition 5.2.3. O

5.5.2 Other Virasoro fields

Now let us assume that a can be written as the direct sum of two isotropic subspaces
a~ = span{v;} and a™ = span{v'} (1 < i < (), i.e., subspaces satisfying (a*|a*) = 0.
Additionally, we will assume that as before, (v;|v?) = 6, ; and d = dima = 2¢. Following
[60, Section 3.6], we let

w=(1-Nwr+x”  (AeC), (5.42)
where
¢ ¢
wh = 20272)1)1-, wo=— Z(—l)p(”")vi(_mvi.
i=1 i=1

Then w?” is a conformal vector in F'(a) with central charge

cx = (607 — 6\ + 1) sdim a.
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In particular, w'/? coincides with (5.40). We denote the corresponding family of Virasoro
fields as
LM2) =Y (Wt 2) = (1 = ALY (2) + AL (2).

Their action can be derived from the proof of Proposition 5.5.4 as follows.

Corollary 5.5.5. If p(wt) =w™, then in every @-twisted F'(a)-module

¢ ¢
Z (0.X(v",2)) X (v;, 2 12 XNV, 2) X (v, 2):

=1 =1

S+
—Z_QStI‘< >I,
2

where ST is the restriction of S to a™.

If the automorphism ¢ is as in Example 5.1.6, then a short calculation gives N (w}) =
(2X — 1)vgs1(_gyves1. This implies that only the modes of Y (w'/?, 2) = L'/2(z) yield an
untwisted representation of the Virasoro algebra on a ¢-twisted F*(a)-module. If ¢ is as
in Examples 5.1.1 or 5.1.5, then N (w*) = 0 and L*(z) yields an untwisted representation
of the Virasoro algebra for any A € C.

Remark 5.5.6. In the special case when a is even with dima = 2 (i.e., when we have

a [y-system of rank 1), the above Virasoro fields resemble but are different from those
of [3, (3.15)].

5.6 Free fermions

In this section, we will compute explicitly the actions of (Cy), and Ly on M,(R) when
a is odd as in Examples 5.1.1, 5.1.2. Let {v;} be a basis for a such that (v;|v;) = 61441
(1 <i,j <d),and ¢ acts as in Example 5.1.1 or 5.1.2. We obtain a dual basis satisfying
(5.10) by letting v* = v4_;11. Thus a conformal vector w is given by (5.40).

5.6.1 The case of Example 5.1.1

Assume that dima = 2/, and ¢ and N act as in Example 5.1.1. The logarithmic fields
Y (vj, z) are given by (5.18). The Lie superalgebra (Cy), is spanned by an even central
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element K and odd elements v;t™ 0 v, ;t" 0 (1 < ¢ < £, m € Z). The nonzero brackets

in (Cy), are given by:
[Uitm+a0,2}jtn_a0] = m,_n_léiH,ggHK, (543)

for 1 <i</{,0+1<75<2l, mn € Z. The elements of (C’a); act as creation operators
on M,(R). Throughout the rest of this section, we will represent them as anti-commuting

variables as follows:
Uit_m+a0 = §i7m, th—n—ao—l = éjmn (544)

for v; € a,, v; € a_,, and m > 1, n > 0. The precise triangular decomposition (5.39)
depends on whether ag = —1/2 or ap € C*, (cf. (5.38)).
2
Suppose first that ag € C*,. Then (C,)), = CK and R = C. Thus

NI

My(R) = N\ (Gims1s Eevim)i<ictm=0,1.2,... (5.45)
The action of (Cy)f on M,(R) is given explicitly by

,Uitm—i-ao _ tn—ao—l

8§2£—i+1,m7 Vgt = 8§Z—i+1,n7

where 1 <i < /¢, m >0, n > 1. By Proposition 5.5.4, the action of L is

{ oo
Ly = Z Z gi,m <<m — Qo — %)a&,m - (1 - 5@1)8&1,771)

i=1 m=1

{ oo
+ Z Z Eevim ((m + oo+ %)8&%% +(1— 5@.’1)(3&“_%) (5.46)

i=1 m=0

14
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Using Corollary 5.5.5, we find that the action of L{ is given by:

V4 00
Ly = Z Z Sim ((m —ag—1)0,,, —(1- 51',1)8@17,”)

i=1 m=1
l 0o
5.47
+ Z Z &—H‘,m <<m +ap + 1)8E£+i,m + (1 - 6i,1)a€£+i—1,m) ( )
i=1 m=0

14
+ 50&0(0&0 + 1)[,

which coincides with (5.22) up to relabeling of the variables.

Now we consider the case when ag = —1/2. Then
(Ca)? = span{vit /*}1<icq @ CK, (5.48)

where d = 2¢. We let
R = /\(@H,O)lgige
with
Uf+it_1/2 = &Jri,O’ v;t 172 = aﬁze i+1,0 (1 <1< ﬁ)

Therefore, by (5.44), M,(R) is again given by (5.45). The action of (Cy)7 is given by

vt 12 = 852/

(—i+1,m?

eyt = B,

—it1,m)

for 1 <4< ¢, m>0,n> 1. The actions of Ly and LJ are given by (5.46) and (5.47)

respectively, each with ag = —3.

5.6.2 The case of Example 5.1.2

Let a be as in Example 5.1.2. The logarithmic fields Y (v, z) are the same as in [6, Section
6.5]:
21 (i=9)(+5-1)/2

V)= Y —— ¢

i=] meEao+7Z

for 1 < j <20 —1. The Lie superalgebra (Cj),, is spanned by an even central element K
and odd elements v;t™ 0 (1 <i < 20— 1, m € Z) where ag = —3% or 0. The brackets in
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(Ca), are given by

[0 ™0 0" ) = 6 1054420 K,
for 1 <i,j <20 —1, m,n € Z. We let the creation operators from (Cy);
o = 0. We first consider the case when ay = 0. Then (C’a)g> = CK and
M,(R) = /\(&,m)1gig2e—1,m:1,2,3,...,
where the action of (Cy)f on M, (R) is

Vit™ = Oy min s 1<i<20—-1, m>0.

The action of Ly is

20—1 oo

-3 Y <<m - -)a& o (1) - 5@1)6&_177”).

i=1 m=1

act by the first
equation of (5.44). The triangular decomposition (5.39) depends on whether oy =

1
201‘

Now consider the case when ag = —1/2. Then (C,)?, is given by (5.48) with d = 20—1.

We let 1
R= /\(fj,o)egjgzeq (Where o= 5),

with
1/2 5] 05 vit71/2 = 852271',0

for 1 <i¢</{¢—1and ¢ <j<2¢—1. Therefore,

M,(R) = /\(fi,m-{—la Ejm)1<i<t—1,0<j<2—1,m=012,...1
where the action of (Cy)7 on M, (R) is given by

vit™ V=0, . 1<i<20—1,m>1.
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The action of L is

20—1 oo
o= 2 G <m8§i,m - (=0 5i,1)3§i_1,m>
1=1 m=1
= 20— 1
+ ;(_1)%@@05@%170 + TI'

5.7 Bosonic ghost system

Now we will compute explicitly the actions of (Cy), and Ly on M,(R) when a is even as
in Examples 5.1.5 and 5.1.6. Let {v;}1<i<o¢ be a basis for a such that (v;|v;) = 0;4j 2041
(1 <i<j <20, and ¢ acts as in Example 5.1.5 or 5.1.6. Then the basis defined by
v = vy, v = —vp1 (1 < i < 0) is dual to {v;} with respect to (-|-), and a

conformal vector is given by (5.40).

5.7.1 The case of Example 5.1.5

Assume that o and N act as in Example 5.1.5. The logarithmic fields Y (v;, z) are given
by (5.18). The Lie algebra (Cy),, is spanned by a central element K and elements vt
Vet (1 <9 < 4, m € Z). The nonzero brackets in (Cy),, are given by

[Uitm+a0,’(}jtnia0] = m,—n—15i+j,28+1K7 (549)

for 1 <i</l,0+1<7j5<2(, mn e Z. The elements of (C’a); act as creation operators

on M,(R). Throughout the rest of this section, we will represent them as commuting

variables as follows

Uit_m+ao = Tim, ,th—n—ao—l = Tjn, (550)

for1 <</l /l+1<j<20andm>1,n>0.

Again, the precise triangular decomposition (5.39) depends on whether ay € C*, or
2

_ 1
Qo = —5-

Consider first the case when ag € C*

Then (C,), = CK, R=C, and

1-
2

Mso(R) = ClZim+1, Toim]i<i<e,m=0,12,.... (5.51)
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The action of (Cy)f on M, (R) is given explicitly by
,Uithrao — 8362é7i+1,m7 veJritnfaofl = —8”7”1’”, (552)

for1 <i</{¢ m>0,n>1. The action of Lg is

14

Lo = Z i Tim ((m — g — %)@CW —(1- 51»,1)3%_17”1)

i=1 m=1

{ oo
+ Z Z Zotim ((m + ap + %)c‘%w’m +(1— 5@.71)@%“”) (5.53)

i=1 m=0

l

By Corollary 5.5.5, the action of Ld is given by:

l 00
L(J)r = Z Z IEZ‘,m ((m — Oy — 1) axiym — (1 — 5i,1)8£(3¢1,m>

i=1 m=1
l [es)

+ Z Z Totim ((m + o + 1) Ovgyn + (1= 5@‘11)6@“_1,”@) (5.54)

i=1 m=0

14
— 5040(040 + 1)1,

which agrees with (5.33) up to relabeling of the variables.
Now consider the case when ag = —#. Then (C,)? is given by (5.48) with d = 2(. We
let

R = Clzgyi0)1<i<e, (5.55)
with
veyit = Tegi0, vit™? = Oy iv10 (1<i<y).

Then M,(R) is given by (5.51), where the action of (C,)7 is given by

Uitm71/2 =0

gm+1/2
T2—it1,m> Uit = —0

Tp—i+1,m+1"

(5.56)

for 1 < i < ¢ and m > 1. The actions of Ly and L are given by (5.53) and (5.54)

respectively, each with ay = —%.
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5.7.2 The case of Example 5.1.6

Let a be as in Example 5.1.6. The logarithmic fields are given by (5.25). The Lie algebra
(Cq), is spanned by a central element K and elements vt (1 < ¢ < 2/) where
ap = 0 or —1/2. The brackets in (Cy),, are given by (5.49). We let the creation operators
from (Cy); act on M,(R) by (5.50). As before, the triangular decomposition depends on
whether ap = 0 or —1/2.

We first consider the case when ag = 0. Then (C,)), = CK, R = C, M,(R) is given
by (5.51), and the action of (Cy)7 is given by (5.52) with ag = 0. The action of Ly is

Ly = XZ: i :172~7m(<m — %)&,ﬁ’m —(1- 51-,1)8%1“)

i=1 m=1

{ oo
+ Z Z Totim <<m + %)&EWW + (1 — 2(5171)8:52“17”1) .

i=1 m=0

Now assume ag = —1/2. Then (C,)2, R, and M,(R) are the same as in the case when

ap = —1/2 in Section 5.7.1. The action of Ly is

{ o0
LO = Z Z xi,m (m@xzm — (1 — (5i,1)3xilym>

i=1 m=1

{ oo
+ Z Z Letim (mawu—i,m + (1 - 25i»1)a$4+i—1,m)

i=1 m=1
‘ 1, l
+ Z x€+i,08$g+i71,0 + 51’.@4»1,0 - g[

=2
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Chapter 6

Twisted Logarithmic Modules of
Lattice Vertex Algebras

Twisted modules for lattice vertex algebras formalize the relations between twisted vertex
operators [28]. In [10], such modules were classified under some natural assumptions in the
case when the automorphism has finite order. In the current chapter, we use the theory of
twisted logarithmic modules as presented in [6] to develop a framework for studying the
case of a general automorphism. In particular, we show that twisted logarithmic vertex
operators on certain o-twisted Vp-modules M can be written in terms of the action
of [A]@ on M together with the action of a group, and that the question of classifying
such -twisted V-modules reduces to the classification of modules of this group. To
demonstrate the utility of our approach, we construct explicit examples from 3 and 4-

dimensional lattices.

6.1 The ¢p-twisted Vertex Operators

Continuing the notation from Section 4.3, we let () be an integral lattice with bilinear form
(-]), b = C ®z Q be its complexification, and S = V! be the Fock space representation
of h. Welet e: Q x Q — {#£1} be a bimultiplicative function such that (4.28) holds and
Vo = S ® C.[Q] the corresponding lattice vertex algebra. We let ¢ be an automorphism
of the lattice @ which preserves the bilinear form, i.e., such that (5.1) holds. We extend

@ linearly, thereby obtaining an automorphism of b, which we denote again by ¢. As in
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Chapter 5, we write
@ = ge 2N (6.1)

where o is semisimple and N is nilpotent on b, and o N = No.
The map @ x Q — {£1} given by (A, ) — (@A, pu) is a 2-cocycle satisfying (4.28).

Since ¢ is unique up to equivalence, there exists some 7: @) — {£1} satisfying

nAn(eA, 1) = nA+ pe(pr, o), A p € Q. (6.2)

Proposition 6.1.1 (See [10], Proposition 4.1). The automorphism ¢: Q — @ can be
lifted to an automorphism of the lattice vertex algebra Vg so that

plam) = (Pa)emy, () =nN)"e?,  aeh AeQ, meL (6.3)

A is not locally finite, and the decomposition

Remark 6.1.2. In general the action of ¢ on e
(6.1) is not valid for such vectors. However, (6.3) guarantees that ¢ is locally finite on

the Heisenberg subalgebra B'(h) C Vj,.

We have already considered the p-twisted modules of the Heisenberg subalgebra B!(h)
in Chapter 5. Now we aim to extend such modules to be yp-twisted modules of V. In
particular, we need to find logarithmic fields Y (e, 2) on the module which taken together
with the fields corresponding to the Heisenberg subalgebra satisfy the axioms of a (-
twisted module (see Definition 4.4.2).

We begin by assuming that M is a p-twisted V-module. Then the logarithmic fields
Y (a,z), a € b generate a p-twisted B'(h)-module structure on M. In Chapter 5 we dealt
exclusively with modes a4 Where a was an eigenvector for o. Here we do not have
that luxury, since there may be no generating set for () consisting of eigenvectors for o.

Instead we let S, be the spectrum of o, i.e., its set of eigenvalues. Then we let
A={a€C/Z: e?* € S,}.

Given a € A, we let m,: h — b, be the projection onto the corresponding eigenspace.

Then we can write any A € () uniquely as a sum of eigenvectors for o:

A= ZWQA.

acA
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We adopt the convention that given o € A, m € «, and any a € b,

A(m4+N) = (Waa)(m—l-/\/)- (64)

We set agniny = 0 for m € o, where a € (C/Z) \ A. We also use the notation my = 7z,
bo = bz, and ap = moa.
We recall that b, L hg for 5 # —a. Thus for any a € A, a,b € b, we have

(maalb) = (maa|m_ab). (6.5)
Then from (4.23), (4.54), (6.4), and (6.5) we have
[a(minry, binsan ] = ((m +/\/')7raa|b)6m7_n, méeEa, neC. (6.6)
Let A € @Q and « € A. Then (4.32) and (4.55) imply
[a(erN),Y(e”\, z)} = (zm+N7raa‘)\)Y(e’\,z), a€h, mea. (6.7)

Using (4.53), we can write

YOu2) =D > N e = 2 TN (6.8)

acAmea meC

For m € C\ {0}, the operator (m + N'): h — b is invertible on h with

_ — (—N)/
(m+N) 1@:Z mj+2 a. (6.9)
5=0
We recall that the operator 2=V acts on § as
Na=eNa= Z(—C)(j)Nja. (6.10)
§=0

The sums in both (6.9) and (6.10) are finite, since N is a nilpotent operator on b.
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We define linear operators P+ = 732:: h — b[¢] by

1

+, -
P a_iCN

(ziN — 1)a.

These operators commute with ¢ and hence preserve its eigenspaces h,. We note that
(5.2) implies that
(P*alb) = (a|Pb), a,b€b. (6.11)

It immediately follows that
(P*ala) = (P~ ala). (6.12)

We also define the operator P = P.: h — h[(] by

P+ —P-

P="

As an immediate consequence of (6.11), we have
(Palb) = —(a|Pb). (6.13)
We define the logarithmic field

oaz) == D (m+N)2 NN L+ (PN o

meC\{0}
Then D,ox(z) = Y (A, 2).

Now we consider the exponentials

E\(z)x = exp<— Z ((m +N)_12_m_N)‘)(m+N)>’

meCTF

and define
E\(z) = Ex(2)+Ex(2)-

Proposition 6.1.3. Let a € h and m € «. Then

(NmaalX)2mEx(z), m #£0,

[a(miny), Ea(z)] =
0, m = 0.
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Proof. The case when m = 0 follows immediately from (6.6). If m # 0, we use (2.8),
(6.6), and the fact that A satisfies (5.2) to compute

[aminys Ex(2)] = =[a@minny, (=m +N) 7 EZ"NX) Cogan | Ea(2)
= —((m + N)maal(—m + N)_lzm_N)\) E\(2)
= (2™ N 7,0\ Bx(z).
O

At times we use the notation e%¢, where ¢ is a semisimple operator on M. This should
be understood to mean the operator z9. If instead ¢ is nilpotent, the notation z? means

the operator e¢?. With this notational convention in mind, we define the operators
0 = 0,(C) = P Mo+n) | heb.
Then from (2.9) and the commutator

[(CP™h)0+n): (CP™ 1 )ora] = 2(CPholh’),  h,h" € b,

we have
0,0, = e(Prollg, ., = 2CPholllg, g, (6.14)

Then it follows from (6.13) and (6.14) that 6, is invertible with 8, ' = 6_;,. We define the
operators

Un(z) = Ex(2)1'Y (e}, 2)00Ex(2)"Y, MeqQ. (6.15)
Proposition 6.1.4. Leta € h and A € Q. Then
[@nan Un(2)] = G0 (a0|A) Un(2)

Proof. First assume m # 0. Then from (6.6) we have

[a(m+N ((n+N)7tz"M)) n+N)]

= Om,—n ((m + N)maa

(cm+N) L NN)(616)

= —0m,—n (ZN’/TaCL|/\) z
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Then (2.8), (6.7), and (6.16) imply that [agn.ay, Ux(z)] = 0. Now assume that m = 0.
Then

[a(oJrN), U)\(Z)] = (zNaOP\)U)\(Z) + |:(I(0+./\/’), (_/%/' (z_N _ 1))\)

= (zNa0|/\)U,\(z) + (Nao /%/,(z_N — 1)/\>U,\(z)
= (zNa0|/\)U,\(z) — ((zN — 1)a0|)\)UA(2)
= (ao|N\)Ux(2).

o)

(0+N)

[
From (6.15) we obtain
Y (et 2) = Ex(2):Ux(2)Ex(2)_ 0.
Proposition 6.1.4 implies that [Ey\(z)+, Ux(z)] = 0. Thus
Y (e}, 2) = Un(2)0\Ex(2). (6.17)
From (4.37) and (4.49) we have
D.Y (e} 2) =Y (A e, 2). (6.18)

We will use this equality to produce a partial differential equation in z and ( satisfied by

Ux(2). In order to do so, we need several lemmas.

Lemma 6.1.5. Let A be an associative algebra and D: A — A a deriwation. Assume
X € A satisfies [ X, D(X)] = C, where C commutes with X . Then for any n € N we have

TL(TL B 1) OXn—2

2
n(n — 1)Can2‘ (6.19)

D(X™) =nX"'D(X) —

=nD(X)X" ' +
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Furthermore, in any representation R of A on which X can be exponentiated, we have

X\ _ €X o g
)= <D<X)C 2) (6.20)
= (D(X) + E)ex

Proof. We prove (6.19) by induction on n. The claim is clearly true for n = 0 and n = 1.

Now assume it is true for n — 1. Then

D(X™) = D(X" )X + X" 'D(X)

= ((n—1)X"*D(X) - - 1)2(” L) CX" )X + X"'D(X)
= (n—1X"3(XD(X)-C) - (n 1>2(” “Dexnz g X" 'D(X)
— nX"1D(X) — @cxw.

Similarly by shifting D(X) to the left instead of right we obtain the second line of (6.19).
We prove (6.20) using (6.19):

n!
— 1 —1
— Z ( X" lD ) (n )CXn—2>
n! 2
DT ER D
“—~ (n—1)! 2 “= (n—2)!
C
= X (D(X) . —).
2
We obtain the second line of (6.20) similarly using the second line of (6.19). O

Lemma 6.1.6. As in Chapter 5, we let S: h — b be the operator Sa = aga for a € b,
a € S, and extend linearly to . Then for any X\ € QQ we have

Y(Acnet,z) =Y (X 2)Y (e}, 2): — 27 (SAA) Y (e}, 2).
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Furthermore, we have
(SAN) = AP = 2ol + 3 (raA)
2 2 0 o )
a€ATUZ
where
At ={ae A: aqp e C"}
={a e A: Reay =0 and Im oy > 0},
A" ={aeA: apeC}

={a€eA: Reag <0 or Reag =0 and Imay < 0}.

Proof. From (4.32) and (4.56) we obtain

Y (A 2)Y (et 2): = Z Y (T, 2)Y (e}, 2):

acA
_ z;é\y((wa/\)(_l)eA, z) + 2;42_13/(((040 +N)ma) (0)6A7 Z) (6.21)

=Y (Apnet,z) + 27 ((SHN)AN)Y (e}, 2)
=Y (A\pet, 2) + 2 (SAN) Y (e, 2).

To obtain the last line of (6.21), we note that the symmetry of (|-) and (5.2) imply
(Nala) =0, a€bh.
From (6.4) and the symmetry of (|-) we have
(TaA|A) = (T_aA|N). (6.22)

We also recall that
—ayp, Reay =0,
(—Oé)o = (6.23)
—OQp — 1, Re o < 0.
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Thus for o # Z, —% + Z, we have

0 Re Qg = O,
(aoﬁa)\p\) + ((—Oé)oﬂ_a)\‘)\) = (624)
—(maAA)  Reag < 0.

In the case of oy = —1/2, we have (—a)g = ap. Thus from (6.22) and (6.24) we obtain

(SAIA) =D (anmaA|N)

acA
1 1
= —5(71'1/2+Z)\’)\) + Z 5((0&07Ta)\|>\) + ((-Oé)oﬂ',a)\’)\))
acA\{1/2+Z}
1
) DRCSVY
acA
Re ap<0
1 1
= -3 D (maAlN) — 5 1ol® + > (maAN)
acA acATU{Z}

1 2 1 2
= =5 =51l + ) (TaAlA).
a€ATU{Z}

Lemma 6.1.7. For any A € QQ we have

Y (N 2)Y(er2): =Y (N 2)Y (e} 2) — 27 APV (et 2) + 27 Z (TaA|A) Y (e, 2).
acAtU{Z}

Proof.

YAV 2):= D (7778 g V(4 2) Y (02) DL (77N

meC meC
Rem<—-1 Rem>—1
__ o A o A —ag—1-N
=Y (N 2)Y (e, 2)s + Z [Y(e ,2), (7% )‘)(aow\f)]'
acA~
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Thus it only remains to note that (6.7) implies

3 [(Z’“O’l’N)\)(aoJrN),Y(e’\,z)] =Y (AN Y (N 2)

ac A~ acA~

=2 AP =27 ) (maAN) V(e ).
acAtU{Z}

[]

Theorem 6.1.8. Assume that M is a @-twisted Vo-module. Then there exist operators
Uy, (A € Q) on M which are independent of z and { such that

Y (et 2) = UpOret™ 22 By(2), (6.25)
where
e P
by = |)\0|22— |/\|27

and the operators Uy satisfy

[aminry, U] = 6m,o(ao| AUy, (6.26)
Upr = ()AL, (6.27)
fora e, m e C, where
(PamidolA) — [A?

C\ = 27Ti(l,\(27Ti) -+ b)\ = 9 s

and
™ — (9)(271’1)

Proof. Using Lemma 6.1.5 with D = D, X = ((P~A) 0+,

DX = (Dz(CP_<)\)))(O+N) - ('24_/\/_1/\)(04-/\/)7

and
C = [([CP" N+, (VN 0ran] = 2_1((2_N —1)Xo|A),

95



we obtain .
D0y = 03 (™ Moy — 527 (7 = DA ). (6.28)

Next we compute

D.Ex) = (D2 7 Vi ) Ba2) + Ba(2) (2 G T N i)
meC- meC+ (6.29)
=Y (% 2) = ) A04m) Ba(2):.
Thus from (6.28) and (6.29) we have

D.Y (e}, 2) =Y (N, 2)Y (e}, 2)2 4 (D.Ur(2))0rEx(2)
. (6.30)

- 5z—l((z—N — DAY (e, 2).

On the other hand, from (6.18), Lemma 6.1.6, and Lemma 6.1.7 we obtain
DY (e*, 2) =Y (N, 2)Y (e}, 2)2 + 27\ Y (e}, 2). (6.31)

By comparing (6.30) and (6.31), we find that U,(z) satisfies the following partial differ-

ential equation in z and (:
D.UN(2) = %z—l((Z-N ~ DA E) + 2l ().
It follows immediately that the operator
Uy = 2727 Uy (2) (6.32)

satisfies D,Uy = 0. Thus we may conclude that U, is a function of ze=¢. Next we will
show that U, is independent of z and ( by proving that 0,U, = 0.

From Proposition 5.1.4, we know b is a direct sum of subspaces

b=01@--- @b,

where each subspace h; admits dual bases {v;} and {v'} on which ¢ and (-|-) are as in
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Example 5.1.1 or Example 5.1.2. Let

1)Vi d; =dimb;, 1 <5<t

[\Dll—l
||M&

Then w = wy + - -+ + w; is a conformal vector in Vg whose corresponding field L(z) =
Y (w, 2) on Vg has central charge d = dy + - - -+ d; (see (4.40)). Let LM (z) = YM(w, 2) be
the field corresponding to w on M. The following equation holds for all a € Vi (cf. [6]):

(L3, Y (a,2)] = Y (Loa, z) + D¢Y (a, 2). (6.33)

We know from Chapter 5 that the action of L}’ may not be semisimple. We split the

action of L) on M into its semisimple and nilpotent parts
LY =%+, (6.34)
Then (6.33) yields the following equation for Lés)
(LYY (a,2)] = Y(Loa, 2) + 20.Y (a,2),  a€ V. (6.35)
In particular, we apply this equation for a = e, obtaining
(LYY (e, 2)] = Y (Loe, 2) + 20,Y (e}, 2). (6.36)
By linearity, we can write
YM(w,2) =YM(wy,2) +- -+ YM(w, 2).

We fix a subspace h; with {v;} and {v'} the dual bases of h guaranteed by Proposition
5.1.4. Then either h; = b, & h_q,, or b; = by, with a; = Z or % + Z. We let

Lj('Z) = YM(wj7 Z),
and we let p;: h — b, be the projection. Then from Proposition 5.4.1 and (6.6) we obtain

(L3, hmann) = —((m + N)pih) pmin. hebh, meC. (6.37)
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Since L) = L} + -+ + L}, it follows immediately from (6.37) that
[L5"s himan] = = ((m + N)h) sy (6.38)

The Jordan decomposition (6.34) of L) implies the following Jordan decomposition of
the adjoint action of L)'

adLS/f =ad, ¢ + adL(n>, (6.39)
0

(s
LO

where ad, () is semisimple, and ad, ) is nilpotent. Then from (6.38) and (6.39) we im-
0

L
mediately obtain

[Lés), R(many] = —mbminn), heb.

Then it is straightforward to check that
[L6", Ex(2)] = 20.Ex(2),

and by a calculation similar to (4.42), we have

&7 1Nl )
LUy = S5-ULL.
It follows that
s Aol?
[L(() ),Y(e)‘,z)] = [l Y (e, z) + Un0ret™ 2" (20, E\(2)). (6.40)

2
From (4.42) we have
Y (Loe, 2) + 20.Y (e, 2)

_ PP

5 Y (e}, 2) + (20,U,)05e5 2" By (2)

(6.41)
+ b)Y (e, 2)

+ Uy 0,52 2 (z@zEA(z)).
By equating (6.40) with (6.41) we obtain
(20.U,)05e5™ 22 By (2) = 0.

Then 0,U, = 0, and hence U, is independent of z and (.
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From (4.47) and (6.3) we have
MDY (e} 2) = n(\) Y (e, 2). (6.42)
We make the following computations:

. 1 _
627T1DC0>\ _ 65(47’ (l—w)ko\)\)TAe(p)”

e2mDe pCax _ 6%((73*(50—1))\0\)\)+27ria,\(ZWi)GCa,\‘
It is easy to check that e*™P¢E)(z) = E,y\(z). Thus we have
MDY (e} 2) = XM AUNT O pr e 20 By (2). (6.43)
On the other hand we have
Y (e, 2) = Uppfpret™ 2 By (2). (6.44)

Then we obtain (6.27) by substituting (6.43) and (6.44) into (6.42). O

6.2 Products of Twisted Vertex Operators

Our next goal is to see how the operators Uy commute. For each A\, u € ) we will need

to write
(21 — 22) AW EL (1) Eu(22)]

21=22=2
explicitly in terms of the exponential £y, (z). In order to do this, we make use of several
well-known functions (see, e.g., [7,8]), the first of which is the Lerch transcendent, a

complex-valued function of three complex variables defined by the infinite series

<1 C 0,-1,-2,.... 6.45
D(z,s,a) mgzo (m+a) |2| , s€C, a#0,-1,-2, ( )
The integral formula
Bz, 5,a) = — / B (6.46)
z,8,a) = :
o L'(s)Jo 1—zet

analytically extends ® to include the cases
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1. Rea>0,Res >0, 2€ C\[1,0),
2. Rea>0,Res>1,and z = 1.

Throughout the rest of this chapter, when dealing with In(z), we will assume —7 <
arg(z) < m. For |z] > 1, 2 ¢ (—o0,1) U (1,00), and a ¢ Z, the Lerch’s transcendent

®(z,1,a) admits the following convergent expansion (see [32]):

®(z,1,a) = iz “sgn(w(z)) + 2 “m cot(ma) + 2" Z
m=0

—m

z

_— 4
m+1—a’ (6.47)

where w(z) = arg(ln z). We will also make use of the following well-known properties of

the Lerch transcendent:

n—1 k
®(z,5,a) = 2"B(2,5,a +n) + 2 i i o) (6.48)
and
0uP(z,8,a) = —sP(2,s+ 1,a). (6.49)

Other functions that can be derived from & are relevant to this text, including the
polylogarithm:
Lis(2) = 2®(z, s, 1),

and the Riemann zeta-function:

C(s) =P(1,s,1).

We also need the closely related digamma function:

\I’(a):_7+z(mil_ L ) a0 —1,-2 ...
m=0

m—+ a

where v ~ 0.577216 is the Euler-Mascheroni constant. The digamma function satisfies

the following reflection formula:

U(—a) — ¥(a+1) = mcotma = 2miLig(e ™) 4+ 7i, a € C\ {Z}. (6.50)
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The derivatives of the digamma function are the polygamma functions:

4 . 4 - 1

D(g) = & — (1)t - ; 1. —
U9 (a) = #U(a) = (—1) j'mzo rapT € N, a#-1,-2,.... (651)
The polygamma functions also satisfy a reflection formula obtained by taking the jth
divided derivative of (6.50) with respect to a:

(—1)7 0 (—a) — B9 (g + 1) = —(=2mi) ! Li_;(e72m9), ac C\{Z}. (6.52)

The polygamma functions are related to the Riemann zeta-function by the following
formula:

1 4
CG+1)=——99(1), =123, ... (6.53)
4!
The values of the Reimann zeta-function for nonnegative even integers can be obtained

using the following generating function:

ZC(Zj)a:Qj = —%ﬂ'l‘ cot(mzx). (6.54)
=0

Proposition 6.2.1. Let

ap+1 age C U{0},
a =4 " ’ {0y (6.55)
(%) OéoE(C+,

and define the operator §': h — b by letting S'a = apa for a € a and a € A and
extending linearly. Then for any A\, u € QQ we have

(21 — Zz)_(M“)EA(ZﬁEu(ZQ)‘ =2~ ABy By u(2),

Z1=29=2

where
By, = exp(((\p(S’JrN) +7))\|u)>, (6.56)
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and the operator (V(S'+N)+7): Q — b is understood via the following series expansion:

(U(S +N)+ DA =eN=(T(2) +7)| A

S/

zZ=

= Z —0U(¥(2) +7)|
= i ‘If(j + 5 o’Y)N])\
:ZAZOl (o)) + 607N TN

Proof. Using (6.51) and (6.57) we rewrite (6.56) as

B/\# = exp(Z Z Ca,j (Njﬂ-a)\|ﬂ)>a

acA j=0

//\/j)\

(6.57)

"w

where the ¢, ; are constants given by

Using (2.9) and writing

C= [ (m+ NN oy 2 (0 M) ]

meCt neC—

we obtain

Ex(21)Eu(22) = Ex(21)+ Ex(21)-Eu(22)+ Eu(22) -
= exp(C)Ex(21)+ Ey(22)+ Ex(21) - Ep(22) -

Then using (6.6) and (5.2), we write the commutator C' as

c=Y i(_1)j+1<<?>NN%A u) - mjl.ﬂ (z—j)m (6.58)

aceA j=0 1 meat

where a™ = a N CT, and the sum over j is finite due to the nilpotency of N. For each
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a € Aand j > 1, the sum

1 2o\ ™ > 1 22>m+al0 <22>a6 Zo .
(2) 3 e () () e (2 1)
Zm3+1<z1> Z()(m+a/0)]+1<zl ) Zl]-i— Qo

meat m=

converges for |za| < |z1], and from (6.51) we obtain

(9) 0@(@,j+1,ag)
1 1

Now we consider the case when j = 0. The sum is

1 m al
Y (2) = () e(2a), fmlslal ata (660
1

mit \z; 21

=~ U0 (ap). (6.59)

21=20=2 ]'

mexq

We cannot set zo = z; in (6.60), because both the sum (6.45) and the integral formula
(6.46) for ® diverge. Let t = (maA|p). For |23] < |21| and 21 # 25, we have

(21 — 20) " = 27" exp(—tln(l — Q)) = exp(i: t%(j—i)m) (6.61)

21

Since the sums in both (6.60) and (6.61) converge for |z;| < |z1]| and z; # 2z, we obtain

(21 — 29)7" exp(—((?)Nﬂa)\‘u) (é>a6¢)<z—j, 1, aé))

1 21
o0 - N o (6.62)
=aiten(U (o (2) " - () el (2)7))
= m+1\z 21 m+a6 21
The sum in the right-hand side of (6.62) converges for z; = z5. Thus we have
> 1 m+1 N 1 m+a
Sl (G g () )
f— m + 1 Z1 21 m + Oy \ 21 Z1=22=2
B i (t Lo, 1 > (6.63)
B —Nm+1  m+ o

= t(¥(ag) +7)-
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Therefore

(21 — 22)” YW exp(C))|

:Og[(zl — zp) " (maAl) eXp(—((?j)Nﬂa)\ u) m%; %(i—j)m>
(e ((2) W) X = (2]
j= meat =2=2
_ H [ (TaAlp) exp( o(TaA|1t) ) exp<i Caj (NjwaA}u)}
acA j=1
= () exp(Z f: Ca,j (Njﬂa/\|u)>.
acA j=0

Corollary 6.2.2. For )\, u € QQ we have

(21— 2)"AWY (e 21V (e, 2)| = By U\U, 05y €820 By (2),  (6.64)

Z1=20=2
Proof. Using (6.26) we obtain
O\U, = Py 0, (6.65)

We compute

v = o+ oot (TP 00 [u) = ol
and
b/\+u =by+ bu + ()‘OW) - ()‘|M)-
From these three equations and Proposition 6.2.1, we obtain the desired result. O

We recall that b is the subset of elements of h which are fixed by . Then the operator

(1 — o) is invertible on (ho)*. Thus there exists a unique element a, € (o) satisfying

a=ap+ (1 —0)a,.
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Proposition 6.2.3. We have
U)\Uu = 8()\,/JJ)B>:LU,\+H = O)\,HUMU/U (666)
where

Chp = (_1)I/\IQ\M\Zeﬂi(/\olu)e%i(%‘;k*Iu)e(%(ﬂw%fl)kolu) (6.67)

Proof. Since the vertex operators on V satisfy (4.39), so do the logarithmic vertex oper-
ators on any ¢-twisted Vg-module. Thus (4.46) holds for logarithmic operators Y (e, z)
and Y (e*, z) with N = —(A|u) and n = —1 — (A|p). Then from (6.64) we obtain

A _ —( A
Y(etii—pu € 2) = (21 — 22) Py (e ’Zl)Y@H’ZZ)‘Zl:Z?:Z (6.68)

= B)\’HU)\UFLQ)\+”€CG>‘+”ZM+”E)\Jr“(Z).
On the other hand, from (4.38) we have

Y(ef\—l—()\m))euv Z) = Z.:()‘7 M)Y(e/\—’_ua Z)

(6.69)
= 8()\, [L)UA+H9)\+H€@A+”Zb’\“‘E,\_,_M(Z).
Comparing (6.68) and (6.69), we obtain the first equality of (6.66).
From (6.23) and (6.55) we have
(—a)p = —ag + 1, a€ A\ {Z}.
Then it is straightforward to check that
(U(S +N)p|(1 = o)\) = (¥(=8" =N +1)(1 — o)A\ |p). (6.70)

From the reflection formulas (6.52) we obtain

(U(=8" —N+1)-0(S"+N))(1—0)\
= MO (W(—2) = (= + 1))
_ eNaz(

z:sul(l — o)A\
Z:S_l(l — o)\

= meot(m(S" + N))(1 — o).

cot(mz))|
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We recall that " “is 1 9
cot(z) = i e i *e (6.71)

eiz _ e—lz 1 _ 6_21Z

Thus

(7 cot(m(S" + N))(1 — o).

1+ e—27ri($'+/\f)
) - 7“<1 _ e—2mi(S+N) (1 —o)A

")
i) = mi((1 = o))

1) = mi(A = M),

)

1
-

1_
:2m< 7\
I—o

1—0
—9 ( A,
Tl 1

Next we note that S’ fixes each element of ho. Thus by (6.57), (6.53), (6.54), and (6.71)

we have

(S +N) +

_oln)

:Z(«—l)jw-)m j'( ) A olu)

=2 (2 +2) (VT )

(N cot(mN) — 1) Ao |p1)
_ (N( WH_:Z 1) lu).

Thus
B

HyA
BAM

— (_1)\>\|2|M|2+(>\|M eXp( S/+N +/7 /\{,u (S,—f-./\/’)—f—’)/)[t})\))

SAlm) g =mi(A=Xol) (N(m/\/”w 1 Aolw)

Oy = (—1)PPIP+)

(1) PRI+ Ol 2

— (_1)\)\|2|M|2eﬂi()\olu)g”i(ﬁ)\*|N)€(ﬁ(ﬂw%*1))\o\ﬂ).
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6.3 Reduction to Group Theory

The discussion in the previous section leads us to make the following definition. Let
G=C"xQx exp(ho) (6.72)
be the set of elements
cUyel, ceC*, e @, he€ b (6.73)
We define the following multiplication in G-
ehel — e%(]\/hm’)eh—i—h”
e"Uye™ = ey, (6.74)
U\U, = e(A, u)B;’}LU,\W.

Proposition 6.3.1. The set G with the multiplication defined above is a group with
identity element 1 = 1Uye".

Proof. We have
Une"Ueh = e®lio=3N (6 1) BI Uy e (6.75)

Then from (6.75) we see that cU,e©) is invertible with
(cUre™)™' = cte(), )\)B;&e(h‘)‘O)U_)\e_h. (6.76)

Since N and 7, are linear maps for o € A, the map @ x () — C defined by

M) = Y0 oW maA|n)

acA j=0

is bilinear. Thus the map (A, p) — B, ,, is bimultiplicative. We know that ¢ is a 2-cocycle.
So the map (A, p) — e(A, ,u)B):b is also a 2-cocycle, i.e.,

e\ we(N+ 11, 7) By Baipr = €A i+ 7)e(1t, 7) Ba i By (6.77)

T
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The associativity of G follows immediately from (6.74) and (6.77) via direct computation.
[l

We have the following action of G on 6@ by conjugation:

(cU,\eh)(h'(m+N) + dK)(cUye") ™!

o , , (6.78)
= hpin) + Omo (W |Nh = M) K + K.

This action is compatible with the adjoint action of 6?0 on 6¢. We say that a fA]SD—module is
a (h,, G)-module if it is also a G-module such that the adjoint action of G on b, satisfies
(6.78). A 6¢—module or a (GW G)-module is called restricted if for every v € M and h € b,
we have h(,qanv = 0 for Rem > 0. We say that a ([A]W, G)-module is of level 1 if both
K €h,and 1 € G act as 1.

We note that as defined, the elements of the group G do not necessarily satisfy the
condition (6.27) on the operators U, induced by ¢-equivariance. We amend this issue by

considering a quotient group in which (6.27) holds.

Proposition 6.3.2. The set
N, = {n(\)e*™*U_Usty: X € Q}

1s a central subgroup in G.

Proof. For each A € @, we let
g\ = n(/\)GQWiC)‘US;)\IU)\T)\.
Then for every h € by we have

"V = "7V _g)re”,

1
el = e WhlR =DV 1 oh — o=l 1, oh

It follows that
e"gre™ = ga. (6.79)

We note that
(1 — )A]2 = 2(A|A) — 2(pA|N) € 2Z. (6.80)
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Now we let 1 € ) and compute

(l—0o 3 1— -1
2FEZ (1= _ 2mi((1-0) 52 N)

e 2mi((1=0)px|pX)

— e(koleA)
By a similar albeit longer computation we obtain

e(ﬁ(wwi%ﬁ—l)uol(l—@)/\) — o~ mikol(1+9)A) ,2mi(Py i dolu)

From (6.67), (6.80), (6.81), and (6.82) we have

Cui—pr = 2™ (Pamidoln)

Thus

UHU@—@,\TAUJI = CM,(1—¢),\6_2”1(PQ_““\°|“)U(1_¢)A7',\ = U@—p)ATx-

It follows from (6.79) and (6.83) that g, is central in G.
It is straightforward to check that

627ri(c>\—‘,-cu) — G_Wi((Pztri'i'P;wi))‘O|“)€27rick+u

and

. + —
T)\UMT# = 67"1((7)27ri+7)2m))\0|ﬂ) UMTAJr,u'

We also have
nA+pu),

—1 _
(Uso/\Uw) UAUM_ ?7()\)77(”) (A tp)

U)‘+:U"

Then from (6.84), (6.85), (6.86), and the fact that g, is central in G we have

g = (W)U g\ U,,s

- T]()\)n<lu’)e27ri(0)\+cu)U<;; UL;)\I U)\T)\U/J,Tp
=n(A+ N)emeM Ua;({\-i-u) Ut

= Gx+p-

Thus N, is a subgroup of G.
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We define G, as the quotient group G, = G/N,,. Then the elements of G, satisfy the
group relations (6.74) along with g-equivariance (6.27). The following theorem, which is
the main result of this chapter, reduces the classification of p-twisted V-modules to the

classification of restricted (Gw G,)-modules.

Theorem 6.3.3 (Main Theorem). Every ¢-twisted V-module is naturally o restricted
(BW,GW)-module of level 1. Conversely, any restricted (650, G,)-module of level 1 extends

to a p-twisted Vg-module.

Proof. Let M be a ¢-twisted Vg-module. As we mentioned previously, the logarithmic
fields Y (a, 2), (a € h) define a B'(h)-module structure on M. By Theorem 5.2.2, M is a
restricted Gw-module of level 1. The action of the group elements e € exp(ho) is defined
by

h _ _h
e’ = "0tV hEho,

and the action of Uy, (A € @) is defined by the operators (6.32). Then the group relations
of G and the adjoint action (6.78) are satisfied (see (6.26), (6.27), and (6.66)). The -
equivariance (6.27) implies gy = 1 on M for all gy € N,,. Thus M is a restricted (650, G,)-
module of level 1.
Conversely, we assume M is a restricted (fA)@,Gg,)—module of level 1. We define the
logarithmic fields
Y(a,z), Y(e 2), a€eh, \AeQ, (6.87)

by (4.53) and (6.25) respectively. Since the fields Y (a, z) generate a p-twisted module
structure on M (see Theorem 5.2.2), they are local and satisfy the y-equivariance (6.27).
To show that Y (a, ) is local with Y (e, 2), we use (4.6), (6.7), and (6.8) to compute

29 )S-i-./\f

[Y(a,z1),Y (e}, 22)] = 6(21, 20) ( (2—1 al\)Y (e}, z).

Thus locality follows from the fact that (23 — 22)d(21, 22) = 0. Let us temporarily assume
that the fields Y (e, 2) are mutually local. We let W € LFie(M) be the subspace of
all the fields (6.87). Then the smallest subspace W C LFie(M) containing W U {I}
and closed under D¢ and all n-th products is a local collection, and the nth products
endow W with the structure of a vertex algebra with vacuum vector I and translation
operator D, (see [6, Theorem 3.7]). A p-twisted V-module structure on M is equivalent
to a homomorphism of vertex algebras Vo — W. The lattice vertex algebra Vi can
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be generated by the Heisenberg h and the elements e*, \ € (@ subject to the following

relations:
1. h(n)h/ = 5n71(h|h/)1, n Z 07
2. hgyet = 6,0(h|\)er, n >0,
3. Ter = )\(_1)6’\,
4. 6)‘(_()\‘”)_1)6“ = 8()\,/1)6>‘+M.

Thus to show that M carries the structure of a ¢-twisted Vip-module, it suffices to show
that the same relations are satisfied by the twisted fields in WW. Relations 1. and 2. for
the twisted fields are equivalent to (6.6) and (6.7), 3. is equivalent to (6.18), and 4. is
equivalent to (6.69). Each of these equations holds for the twisted fields by construction.
Thus M is a p-twisted Vi-module.

All that remains is to prove the locality of the fields Y (e*, z) and Y (e*, z). We do so
by proving that

(21 — 22) " AMWY (e, 2)Y (", 20) = (1)1 (2 — 25)~ QWY (e 2)Y (€, 21).  (6.88)

We let Ry (21, 22) = exp(C), where C' is given by (6.58). Using (6.74) we obtain

N1

Ur0A(C)UB,(Go) = Ci e X (G001 g () 1,0,0(¢1).

Thus to show (6.88), we may equivalently show that

(21 — Zz)_(’\lﬂ)R,\,u(Zh 22)

i (6.89)
_ (_1)|A|2|u|2Cwe((,%((%)’v—l)no\u)(Zl — ) MR (29, 21).
From (6.45), (6.49), and (6.58) we have
_ 29 S'+N 29 ,
Ry (21, 29) —exp<—(<<z—1> @(2—1,1,8 +./\/')>)\‘,u)>, (6.90)

where the right-hand side of (6.90) is expanded in the domain |z5| < |21]. In the same

domain, we have

_ z
(21 = 22)701 = 27 exp (— (A ) In (1 — :7?))
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Thus the left-hand side of (6.89) is equal to

2 W exp(—((m(1-2) + (éf/wcp(z—j, LS+ N)Am)),  (6.91)

21 21

expanded in the domain |z5| < |21]. We note that (6.91) is regular at z; = z5. Indeed (see
(6.56)),

((n(1=3)+ (2) e w00
= ((U(S"+N) +7)A| ).

21=22=2

It follows that the function (6.91) is holomorphic in the domain z3/2 ¢ (—o00, 00). Thus
to complete the proof of locality, it suffices to show that the right-hand side of (6.89) is
equal to (6.91) expanded in the domain

2] < |2, z—; ¢ (—o00,1) U (1, 00). (6.92)

For z5/z ¢ (—00,00), we have

Z;(,\\u) exp(— ln<1 _ z_j)) _ (_1)(,\Iu)z;(klu) eXp(— ln(l — %)) (6.93)

Using the expansion formula (6.47), we obtain

eXp(_((@)squ)(j—j, 1,8 +N)>(1 — o)A

21

u))

= e~misen(w(z2/2)) (1= l) o <— (7 cot(m(S + N)) (1 — o)A,

.exp(_(<<ﬁ>5’+/\f¢(z—;, 1,8 —i—N))(l — ) s /\)>

zZ2

u)) (6.94)
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Using (6.47) and (6.48), we obtain

exp<—(<é>1+N<I>(j—j, 1,1 —I—/\/’))\o}u)>

21
1+a
- eXp<_6Naa(<j_j> @(z—j, 1,1+ a)Ao\u)>’

_ exp(—ew‘l(((z_j)a(b(é’ 1,a) — 1<é>a)/\o|#)> ‘af

21 a \zy

a=0

— e misgn(w(z2/21))(Molw)

: eXp<—eNaa(<7T cot(ma) — é(j—?)a) AO‘M))
. exp(—e’va“((z—;) 17(L<I>(ﬁ, 1,1 — a))\0|,u)> ‘

—misgn(w(z2/21))(No|p) ((ﬁ(( =2 )N 1)Xolw)

a=0 (6.95)

: exp(— (/%/.(W./\fcot(ﬂ./\f) — 1))\0|,u)>
.exp<_<(ﬁ>1"“q>(j_;, 11— M) ol

22

_ e—ﬂi sgn(w(zz/z1))()\o\u)e((ﬁ((%)]\[—l))ko\#)

: exp(— (Ai/,(ﬂj\/'cot(w/\/') — 1))\0{u)>
. exp<—(<ﬁ>1+N®(j—;, 1,1 —i—./\f),uol)\)).

<2
Using (6.93), (6.94), and (6.95), and noting that sgn(w(z2/21)) = £1, we see that an
expansion of (6.90) in the domain (6.92) is given by

(_1)()\|,u)z2—(>\\u)e—nisgn(w(zg/zl))()\lu)e((ﬁ((%)Nfl)))\o\ﬂ) exp(—(/\|,u) 111(1 . ﬁ))
)

: exp(— (7 cot(m(S" + N))(1 — 0))\*|u))
.exp<— (/%[ 7rNcot(7rN) — 1))\0‘,u)>
exp ) o= ,1,8’+N)u}>\))
_ ( 1)\)\| |2\ ) ((%((i) ))AOW)(ZQ . Zl)f()\\,u CM,ARM,)\(Z%Zl),

which is equal to the right-hand side of (6.89). O

113



6.4 Examples of p-twisted Vp-modules

As we have seen in Chapter 5, a major advantage of the theory of twisted logarithmic
modules of vertex algebras as developed in [6] is the framework for working out explicit
examples. In this section, we demonstrate the utility of the results of the current chapter

by working out two small-dimensional examples in detail.

Example 6.4.1. We begin with the integral lattice
Q = spang{ A1, A2, A3, \s},
with bilinear form (+|-): @ x @ — Z defined by
(A1lAa) = (A Ar) = (A2fAs) = (As|he) = 1,

and all other scalar products of basis elements are zero. We let ¢p: Q — @ be the
automorphism defined by

AL = A — Ag, Py = Qua, PA3 = A3 + A4, AL = Ay

It is easy to check that (-|-) is g-invariant. We let h = C ®z Q. Then we can write

© = e 2™V where

1 1
N)\l - _.A27 N)\Q = O’ N)\3 - __.>\47 NA4 - 07
2mi 2mi
and N2\, = N?)\3 = 0. We use the 2-cocycle
6()\4, )\1) = 8(/\37 /\2) = —]_, (696)

and € = 1 on all other pairs of basis vectors. This allows us to also choose n = 1.

We consider the Bg-module
R = C[SELO, q%ﬂa qg:l]a

with the action

1
ALO+N) = T1,0, A204A) = Q10q,,  A3(04n) = —%&m, As(0+N) = q20q,,
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and we let M = M,(R) be the corresponding generalized Verma module for fA]w. We label

the action of 6; by the commuting variables:

)\1(fm+./\f) = T1,m, /\2(7m+N) = 27Tix2,m7
1
A3(—miN) = 2 %3m Ad(—mtN) = Tam,

for m € N. Then

M,(R) = Cla o, it i Timhi<icam=12,..,

and the action of 6; is given by

)\1(m+N) = maam,m + axg,my /\2(m+/\/) - 27Timam37m7
1
)\3(m+/\/') = %(ma’pg,m - ame)y /\4(m+N) - mamlymv
for m € N.

We define the following operators on M, (R):
U/\1 = {2, U)\2 = (_1)(113q1 6727&961’07 U)\s = Q1ei%iq26q27 U)\4 = (_1)q28q2 6_811’07

and

el = ehorn| h €. (6.97)

It is straightforward to check that (6.26) holds, and that the operators U, satisfy the

following commutation relations:

U,\l U)\Q - U)\QU)\lﬂ U)\z U)\g = _U/\3U)\27
Un Uy = €5 Ur,Uy,, Un,Un, = U, U,
UnUx, — Uy, Uy, UnsUr, = Ux, Uy,

which agree with the relations (6.74). Thus M,(R) is a representation of the group G
defined by (6.72). This G-module satisfies the adjoint action of G on 6¢ given by (6.78).
It is also straightforward to check that all elements of the normal subgroup N, act as
1 on M,(R). Thus M,(R) is a restricted (fA)(p, G,)-module of level 1. Thus by Theorem
6.3.3, the logarithmic fields

Y(a, z), a€bh, (6.98)
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and

Y (et 2) = Updre*™ 2 Ey(2), A€ Q, (6.99)

generate a @-twisted Vp-module structure on M, (R). The logarithmic vertex operators

corresponding to the generators \; are

o0

2 1 1—m(
Y<€/\l, Z) — q2eCrl,oe 4-;riQ1aql exp(Z (Eajl’m + m2 ‘T2,m> Zm>
m=1
00
.eXp< Z T4,m —Caxdm) >7
m=1
[e's) m ')
Y<e>\27 Z) — (_1)q18q1 e—27rla:1,ozq13q1 exp (27Ti Zl xQﬂﬂE) exp (—27T1 Zl 8$3 me ) s
m= m=

( A5 ) (52' 7é )¢204, 2c O, 0 ( 1 < 1 mC —1 > m)
Y (e Z) = 1€ 47 e 2w ex E —XT3., T Tam |2
’ N P 2mi m 5 m?2 4

(3 (0

m=1

Y(eM, 2) = (—1)®2%2e %10 29200 eXP(Z Tam= ) eXp< Z Oy 2 )

m=1 m=1

Let
A2 :
V1 = )\17 Vo = ——, V3 = 271'1)\3, Vg4 = )\4.
2mi
Then {v;} is a basis for b for which ¢ and (|-) are as in Example 5.1.1. Let w € b be
the conformal vector given by (4.25). Then the action of the Virasoro field Y (w, z) on

M,(R) is given by Proposition 5.2.3 with ay = 0. The action of L is given explicitly by

§ E mxzm Tim + E x4m T3,m x2,ma$1,m)

i=1 m=1 (6.100)

1
—.QIaql a1‘1,0 .

+ CL’LQQQan + o

Example 6.4.2. For an example on which N acts as a single Jordan block, we revisit
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Example 6.10 from [6]. Let h be the Cartan subalgebra of a type Agl) affine Kac-Moody
algebra. The dual space h* has a basis {ay, 0, Ao} with a nondegenerate symmetric bilinear
form (-]-) defined by:

(arfar) =2, (0]Ao) = (Aofd) =1,

with all other products of the basis vectors equal to 0. Thus @ = spanz{ay,d, Ag} is an
integral lattice. We let ¢ = t,, be the element of the affine Weyl group which acts on h*
by

pay = o — 20, o =9, wAg=Ag+ a3 — 0.

Then ¢ is an automorphism of the lattice, and (:|-) is ¢-invariant. We can write ¢ =

e 2"V where

1)
Nag =2 N6=0, NA=-——L  N2A =
i 271

and NV?a; = N3Ay = 0. We use the 2-cocycle € with
5(0[1,0(1) = 8((57 Ao) = —1,

and € = 1 on all other pairs of generators. Again we can assume n =1 on Q.
We identify b with its dual space and write h = C ®7 (). We consider the Gg—module

R= (C[xl,07 qil]a

with the action

V2
A0(0+N) = T omi 21,0, Q1(0+N) = _\/§8$1,07 5(0+N) = q3q~
We let M = M,(R) be the corresponding generalized Verma module for fA)gD. We label the

action of 6; by the commuting variables:

V2 27i
AO(—m+N) - _% Tim, O1(—m+N) = \/§x2,m7 5(—m+./\f) = _E T3m, M= ]-7 27 37 s
Then

Mso(R) = C[ld,o, qﬂ, $i,m]1§ig3;m=1,2,...,
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and the action of 6; is given by

V2

AO(m+N) = _%(max?)nn + aﬂcz,m)v
O (mn) = V2(m0ay ,, = s, ),

27

Oim = ——= M0, ,, -
(m+N) V2 1,
We define the operators e (h € ) again by (6.97), and the operators Uy by
Une =@ Usy = —ie¥%ie™V200 [ = (—1)®0e B0,
Then these operators agree with (6.74). In particular we have

UnUs, = € 5 Uy Un,,
UrUs = =UsUy,,
Un,Us = UsU,, .

As in the previous example, M,(R) is a restricted (b, G,,)-module of level 1 and hence
can be extended to be a p-twisted Vjp-module. The logarithmic vertex operators corre-

sponding to the generators are

V2 _VZ 2 ¢ 3
Y(6A07 Z) — qe_%gzl’oe 47"ic a101v0—"_12'/l'2 q8q6247"2

( ﬂi(lx 1—m( m2C2—2mC+2x37m)2m)

o0
. m _ _2 1 m( — 1
Y(e™, z) = e 10~ V221,0 Vs, o550 eXP<\/§ E :<_562,m + me 2 —$3,m)2m>
“=\m m

: exp(—\/§ f: (&CM + C@xl’m>zm>,
m=1
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2mi 271 2™ 21
Y(ed,2) = (—1)%aeva¥10 9% ¢ (—— x m—)e (—— Oy z_m>.
(€%, 2) = (=1) XPp > 3m— ) exp > Oes

Let

27 a V2

A = — = =4
05 V2 2, U3 o
)

Then {v;} is a basis for  for which ¢ and (-|-) are as in Example 5.1.2. Again we let
w € b be the conformal vector given by (4.25). The action of the Virasoro field Y (w, 2)
on M,(R) is given by Proposition 5.2.3 with ay = 0. The action of L is given explicitly
by

3 o 0
Lo = E E mxi,maa%m + E (IB,maxgm - IQ,mame)
m=1

i=1 m=1

Ve -
— 2—m$1,0qaq + 58331’0.
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Chapter 7

Conclusion and Future Work

7.1 Conclusion

Vertex algebras have been of use in abstract settings, such as string theory and the
representation theory of infinite-dimensional Lie algebras, as well as areas with known
concrete applications, such as conformal field theory and integrable systems. Twisted
modules of vertex algebras have important applications in both the abstract and concrete
settings. Twisted logarithmic modules of vertex algebras extend the theory of twisted
modules in a natural way. Where twisted modules have been useful in applications, we
expect that twisted logarithmic modules will also have use.

We have classified (up to the choice of representation of zero modes) the twisted
logarithmic modules of free field vertex algebras, extending the results on free bosons
obtained in [6]. We began by answering a question from linear algebra regarding canonical
forms of an automorphism preserving a nondegenerate skew-symmetric bilinear form.
Then we considered the case of twisted logarithmic modules of free superbosons, including
the odd case of symplectic fermions SF' and the even case of free bosons which was
previously done in [6]. We also considered the free superfermions, specifically the odd
case of free fermions and the even case of the bosonic ghost system. In each of these cases,
we realized the twisted logarithmic modules explicitly as highest-weight representations
of certain Fock spaces. We explicitly wrote the action of the Virasoro algebra on each. In
particular, we showed in each case that when N # 0 the action of Ly is not semisimple.
We have previously published these results [13].

Supersymmetric and skew-supersymmetric bilinear forms can be used to construct
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interesting and useful algebras. The bilinear form used in such constructions is generally
assumed to be even. We have shown that inhomogeneous supersymmetric bilinear forms,
i.e., forms that are neither even nor odd also lead to the construction of interesting
oscillator-like algebras. We have classified such forms up to dimension seven in the case
when the restriction to even and odd parts of the superspace is nondegenerate. We have
also provided an explicit example of an oscillator-like algebra constructed from such a
form. These results have been submitted for publication [14].

Twisted modules for lattice vertex algebras formalize the relations between twisted
vertex operators [28]. In [10], such modules were classified under some natural assump-
tions in the case when the automorphism has finite order. We have developed a framework
for studying the case of a general automorphism. In particular, we showed that under
suitable assumptions twisted logarithmic vertex operators on a p-twisted Vp-module M
can be written in terms of an action of the ¢-twisted Heisenberg algebra 6@ on M together
with an action of a certain group G,. We also showed that the question of classifying
such p-twisted Vi-modules reduces to the classification of modules of this group. To
demonstrate the utility of our approach, we constructed explicit examples from 3 and
4-dimensional lattices.

In the remainder of this chapter, we mention several future project areas, some of

which relate directly to the results in this text.

7.2 Subalgebras and Orbifolds of Free Field Algebras

Many important vertex algebras can be obtained as subalgebras of free field algebras,
such as affine Kac-Moody algebras [33, 35, 38,63, 91], toroidal Lie algebras [57, 58], W-
algebras [36,37,66], the Wy -algebra [64,71,76], superconformal algebras [66,70], and
affine Lie superalgebras [69].

An orbifold of a vertex algebra is a subalgebra fixed pointwise by an automorphism ¢
or group of automorphisms I'. Orbifold subalgebras are of particular interest to physicists,
since they correspond to important 2-dimensional conformal field theories (see, e.g., [26]).
Any ¢-twisted logarithmic module of V' restricts to a usual (untwisted) module for the
orbifold V¥. Furthermore, for any group of automorphisms I' containing ¢, the orbifold
V' is contained in V%, and any ¢-twisted module of V' restricts to an untwisted module
for VI, Orbifolds of free field algebras have been studied in such papers as [1] and [18].
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For example, in [18], Creutzig and Linshaw study the orbifolds of the rank n symplectic
fermions. Among other results, they show that the orbifolds corresponding to the full
automorphism group I' = Sp(2n) and the subgroup I' = GL(n) are W-algebras. For any
element ¢ € I', using our construction of p-twisted modules for the symplectic fermions,

we can consider questions such as

1. What is the fixed subalgebra V#?

2. What is the representation of V¥ obtained via the restriction from the @-twisted
module for V7?7

3. The orbifold V! is of course a subalgebra of V¥, but how do they compare? Which

modules for V! can be obtained via restriction from V¢ for some ¢?

If V' is one of the free-field algebras, ¢ € Aut(V), and A C V is a subalgebra such
that p(A) C A, then any p-twisted V-module gives rise to a ¢-twisted A-module by
restriction. Moreover, such A-modules are untwisted if ¢ acts as the identity on A (i.e.,
if A C V¥). Thus, we expect the twisted modules constructed in this paper to be useful

for studying modules over subalgebras of free-field algebras.
Example 7.2.1 (The triplet algebra). Let dimh = 2 in Example 5.1.6. The triplet
algebra 23(1,2) C SF is generated by the elements (see [20,74]):

WF = —vy_gyun, WO = —Vy(—2)V2 — Vg(—2)V1, W= = —vy_9)vs.

Then o = I on 25(1,2) and N: W+ — WY — 2W~ + 0. Hence, the restriction of any
e-twisted module of SF to 20(1,2) is a p-twisted module of 20(1, 2), in which Y/(W ™, z)
is independent of ¢ while the fields Y/ (W, 2) and Y (W7, 2) are logarithmic. Explicitly,

Y(W™,2)=X(W™,2),
YW 2) = X(W°, 2) — 20X (W™, 2),
Y(WH, 2) = X(WH, 2) = CX(W,2) + CX (W, 2).

Example 7.2.2 (Superbosons as a subalgebra of superfermions). Suppose that dima =

20 as in Examples 5.1.1, 5.1.5. It is well-known that the elements

U; = U GFI(G), U,g_H‘:TUg_H‘ GFl(a) (1 SZSK)
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(where T is the translation operator) are generators of the free superboson algebra B*(a) C
F'(a). This is the Heisenberg vertex algebra in the case of Example 5.1.1, and the sym-
plectic fermion algebra SF in the case of Example 5.1.5 (see e.g. [72]). Here u; plays the
role of v; from Sections 5.3 and 5.4.

When ¢ is the automorphism of F!(a) from Examples 5.1.1, 5.1.5, then ¢ restricts
to an automorphism of B'(a) of the same type, since ¢ commutes with 7. Thus, any
p-twisted F'(a)-module restricts to a ¢-twisted B'(a)-module. In such a module, the
logarithmic fields corresponding to the generators are given by (cf. (4.49)):

Y(ui, 2) = Y(vi,2),  Y(urpi, 2) = DY (vegs, 2) (1<i<VY).
Then w;(miny = Vigmenr for m € ag + Z, and using (5.41) we obtain

Ueti(maN) = ~MWti(m-14N) T (1- 5i,£)W+i+1(m—1+N)

for m € —ap+Z. The action of these modes on M, (R) is related to the p-twisted modules
constructed in Sections 5.3 and 5.4 by a linear change of variables.

The free superboson algebra B'(a) has a conformal vector (cf. (4.25))

1

/

w = E U20—i+1(—1)Ui-
i=1

Since
i

U2p4+1—i(—1)Wi = (TU2£+1—Z')(71)U¢ = V2t+1-i(—2)Vi = V(_2)Vi,

we have ' = wt € F'(a) (see (5.42)). It follows that the action of Y (w’, 2z) on M,(R) is
equivalent to the action of LT (z) (cf. Sections 5.6 and 5.7).

Example 7.2.3 (The W), -algebra). Other important subalgebras of F''(a) are the
Wi oo-algebra and its subalgebras [64]. The following elements similar to w™ generate
the W, -algebra:

V"t = vé_n)vi, n=123,... (7.1)

14
1

so that v? = w™ and v! generates the Heisenberg algebra. The automorphism ¢ of F!(a)
from Examples 5.1.1, 5.1.5 satisfies p(v™) = v" for all n. Therefore, any p-twisted F'(a)-

module restricts to an (untwisted) module of W . The fields Y (v", z) in such a module
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can be computed as in Proposition 5.5.4 and Corollary 5.5.5:

14

YV z) = _;' Z X ((0. - z_lj\f)n_lvi, 2) X (v, 2):
= X (7.2)
+ (=) sty (Sn )[.

Example 7.2.4 (The general linear Lie superalgebra gl(m/|n)). Other important realiza-
tions by free superfermions are those of classical affine Lie (super)algebras [33,38,63,69].
Here we discuss just one example. Let us assume, as before, that a can be written as the
direct sum of two isotropic subspaces a~ = span{v;} and at = span{v'} (1 < i < 0),
where (v;[v7) = §;;. We label the basis vectors so that the odd part (a”); is spanned
by {vi}iz1,..m, and the even part (a™)g is spanned by {v; }izm+1.. m+n Where £ =m + n.
Then, by [69, Proposition 3.1], the elements e;; = v;_1yv’ (1 < i,j < £) provide a real-
ization of the affine Lie superalgebra gl [(m|n) inside the free superfermion algebra F''(a).
It is easy to see that if ¢ is the automorphism of F''(a) from Examples 5.1.1, 5.1.5, then
(© preserves g/;\[(m|n) In fact, ¢ acts as an inner automorphism of gl(m|n); hence, the

corresponding ¢-twisted modules are as in Section 5.2.

7.3 Boson-Fermion Correspondences and Integrable

Systems

A Hamiltonian system with j degrees of freedom is given by the differential equations

dp OH dq OH

@~ g dt op’
where p and q are j-dimensional vectors describing momentum and position respectively.
Such a system is (completely) integrable if there exist j independent first integrals. Some
differential equations can be equivalently written as a Hamiltonian system. If the cor-
responding Hamiltonian system is integrable, then given one solution to the original
differential equation, others can be obtained using the high degree of symmetry in the
system. Nonlinear differential equations generally do not correspond to integrable Hamil-

tonian systems. However, some exceptional nonlinear PDEs do if one allows systems with
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infinitely many degrees of freedom [24]. The Korteweg-de Vries (KdV) equation was the
first known example [54,94]. Certain solutions, called soliton solutions, exhibit behavior
similar to the superposition property of linear differential equations, allowing the theory
to be rewritten in the language of linear differential operators [77].

The KdV hierarchy is an infinite hierarchy of PDEs that are commuting symmetries
for the KdV equation and each other. Noncommuting symmetries of this hierarchy are
more easily obtained in the language of differential operators. Then using the classical
boson-fermion correspondence one realizes these symmetries as vertex operators acting
on the space of solutions to the hierarchy. The classical boson-fermion correspondence is
a highly nontrivial isomorphism between fermionic and bosonic Fock spaces [80]. Other
boson-fermion correspondences are written in terms of twisted modules of vertex algebras,
and some in terms of twisted vertex algebras. Such constructions lead to other important
hierarchies (see, e.g., [3,9,29,68]).

The results in this text prepare the way for the exploration of the possibility of boson-
fermion correspondences for twisted logarithmic modules. For example, a free field algebra
of k bosons can be realized using k pairs of fermions. For £ = 1, this realization leads
to the classical boson-fermion correspondence. For k£ > 3, the fermions admit p-twisted
modules where ¢ is not semisimple. We plan to investigate whether twisted logarithmic
modules of the bosonic subalgebra can be obtained by restricting such (-twisted modules.
Such constructions may lead to new boson-fermion correspondences which may in turn

lead to new hierarchies of PDEs.

7.4 Logarithmic Vertex Algebras and LCFT

In quantum field theory, one studies quantum mechanical models by describing interac-
tions between particles in terms of the interactions of corresponding quantum fields. A
conformal field theory (CFT) is a quantum field theory that is invariant under confor-
mal transformations [26]. Vertex algebras provide a rigorous mathematical definition for
chiral CFT (see, e.g., [60]). CFTs have important physical applications including sta-
tistical mechanics and condensed matter physics [89]. There are also more theoretical
applications such as to string theory [92].

In certain models of conformal field theory, logarithms of the formal variables are

required in the vertex operators and their operator product expansions, something not
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allowed in vertex algebras. Thus a more general structure is needed. Bakalov recently
defined such a notion, calling it a logarithmic vertex algebra. Currently only a few exam-
ples of logarithmic vertex algebras are known, but they coincide with important LCFTs
such as the symplectic fermion model [49, 73] and the WZW model on GL(1]1) [85,86].

Logarithmic vertex algebras look promising as a way to greatly simplify the methods
used in developing and analyzing LCFTs. We plan to investigate methods of constructing
other logarithmic vertex algebras not obtained from free fields. Possible candidates are

~

the fractional level WZW model sl(2)_, ,, and the staggered modules discussed in [20].

7.5 Cryptography and Error-correcting Codes

Recent progress toward the construction of real quantum computers has led to strong
interest in cryptosystems that are resistant to both quantum computer and classical
computer attacks. Lattice-based cryptosystems, such as the Ajtai-Dwork, GGH, and
NTRU cryptosystems, were first developed in the 1990s [2,53,56]. They are based on
difficult lattice problems such as the shortest vector and the closest vector problems.
Such cryptosystems have received renewed attention recently, because there are no known
algorithms either for quantum computers or classical computers with the potential to
efficiently attack them. However, one major disadvantage to such systems is that their
underlying mathematical theory is not nearly as well understood as for cryptosystems
based on factorization or the discrete log problem. As a long-term goal, I intend to help
develop the theory needed to better analyze the security of such systems, and to possibly
even develop other lattice-based systems. As a first step in this direction, I plan to explore
possible applications of lattice vertex algebras to lattice-based cryptosystems.

Another important application of integral lattices is to error-correcting codes. Any
medium used to transmit information is imperfect. Noise in the signal invariably arises,
and this causes mistakes in the transmission. Error-correcting codes were first intro-
duced in the mid-twentieth century in order to detect and correct these mistakes [55,90].
Connections have already been made between error-correcting codes and vertex alge-
bras [23,46,52], and I intend to use connections as a springboard to making contributions

to this theory.
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