
Abstract 

HALL, JR. WILLIAM LLOYD. A Qualitative Study of the Ways Students from the 
Biological and Life Sciences Solve Calculus Accumulation Tasks. (Under the direction of 
Dr. Karen Allen Keene). 
 

Calculus serves a great many students from myriad fields of study. Investigations into 

the ways students from these client disciplines of calculus reason about calculus concepts are 

vital, yet lacking (Rasmussen, Marrongelle, & Borba, 2014). One such client discipline, the 

biological and life sciences, makes up 30% of traditional Calculus I students, the largest 

single subgroup of such students in Calculus I (Bressoud, 2015). Using qualitative methods, 

task-based interviews were conducted with 12 undergraduate students majoring in the 

biological and life sciences. Data were analyzed via open coding from a constructivist 

grounded theory approach (Charmaz, 2000), a priori literature-based codes, and with local 

theory diagrams, an analytical tool developed to illustrate the ways students approached the 

tasks by developing theories about the task and revising those theories by assessing their 

viability in the face of the results of the hypotheses they generate. Results indicate that the 

context of the calculus accumulation tasks presented to students and the representation of the 

rate of change function influenced the students’ solution strategies. Additionally, students 

utilized their understanding of the problem context to assess the viability of their assumptions 

regarding the tasks. Thus, the students’ experiences in their chosen major have an impact on 

their mathematical reasoning as it pertains to calculus accumulation tasks. Furthermore, the 

new analytical tool, the local theory diagram, was helpful in demonstrating the ways students 

develop and revise theories about the accumulation tasks.  
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Chapter 1: Introduction 

Calculus is at the heart of a great many disciplines. Accounting, biology, chemistry, 

computer science, economics, engineering, meteorology, and physics are just a few of the 

undergraduate programs that require at least one semester of calculus. Helping us to model 

how quantities change accumulate, calculus is invaluable to the study of differential 

equations as well, which are used extensively in the biological and life sciences. As such, 

investigations into the teaching and learning of calculus concepts are growing more 

important. Enrollment in calculus courses (at the secondary and post-secondary levels) 

continues to rise (Bressoud, Carlson, Mesa, & Rasmussen, 2013; Kaput, 1997) and so 

understanding how students reason about calculus concepts is vital to better serve this 

growing community. Mathematics education research has kept pace with this need. Since the 

1980s, research in calculus teaching and learning has blossomed into a field unto itself where 

researchers have explored several areas including the cognitive development of introductory 

calculus concepts in students and the potential for new digital tools to change calculus 

instruction (see Rasmussen, Marrongelle, & Borba, 2014 for a review).  

Recent studies have highlighted the service nature of introductory calculus at the 

undergraduate level, since “very few students in Calculus I - between 1% and 3% of those 

enrolled in this course - intend to major in mathematics” (Bressoud et al., 2013, p. 691), most 

students in these classes are majoring in other fields, what are often called the client 

disciplines of calculus. Researchers have identified that 30% of the students in traditional 

Calculus I courses intend for careers in the biological and life sciences (Bressoud, 2015). 
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However, the traditional Calculus I course “is designed to prepare students for the study of 

engineering or the mathematical or physical sciences” (Bressoud et al., 2013, p. 691).  

The definite integral and accumulation are important topics in the study of calculus. 

In this study, accumulation tasks are those that involve the definite integral of a rate of 

change function. Integration and accumulation serve an important role in differential 

equations and various models in the biological and life sciences. Research into student 

understanding of the definite integral has identified that calculus students are good at using 

the standard antiderivative techniques taught in introductory calculus (Ferrini-Mundy & 

Graham, 1994; Grundmeier, Hansen, & Sousa, 2006; Mahir, 2009; Orton, 1983) and that 

while area under the curve dominates instruction of the definite integral in calculus, the 

multiplicative structure of the Riemann sum is a more powerful way to conceive of the 

definite integral as seen in both mathematics and physics education research (e.g. Jones, 

2015a; Sealey, 2014).  

Significance of the Study and Research Questions 

Research on the teaching of and learning about integrals has largely focused on the 

definite integral and has primarily attended to students in the physical sciences and 

engineering. Researchers have shown that some students focus on: analytic antiderivative 

techniques when considering the definite integral (Jones, 2013, 2015a, 2015b), the definite 

integral as area under a curve (Bezuidenhout & Olivier, 2000; Hall, 2010; Jones, 2013, 

2015b; Orton, 1983; Sealey, 2006; Thompson & Silverman, 2008), Riemann sums as a 

multiplicative structure (Jones, 2015b; Orton, 1983; Sealey, 2006, 2014), and the 
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Fundamental Theorem of Calculus (Grundmeier, Hansen, & Sousa, 2006; Thompson, 1994; 

Thompson & Silverman, 2008).  

Findings paint a picture of a calculus student who learns integration techniques 

adequately but struggles to see the larger picture of how the integral plays a role outside of 

calculus. In their review of the impact of the research that has been done in calculus teaching 

and learning, Bressoud et al. (2013) question “whether the traditional Calculus I curriculum 

is preparing any students to use ideas of calculus in future courses in mathematics, 

engineering or the sciences” (p. 692). As such, researchers have been pushing for a calculus 

that better supports the client disciplines (e.g. Rasmussen et al., 2014).  

However, it seems there is a disconnect in the world of calculus teaching and 

research, namely, “the tension here is multifaceted and includes differences between the 

secondary and tertiary level as well as differences between the needs of students studying 

mathematics and those majoring in economics, biology, engineering, business, etc.” 

(Rasmussen et al., 2013, p. 513). While the standard calculus curriculum was written for 

“students in engineering or the physical sciences” and provides ample examples to those 

fields, we find that “these students constitute only a third of those who take Calculus I” 

(Bressoud et al., 2013, p. 691), meaning most students in Calculus I are not being presented 

with examples and contexts that are meaningful to their intended career.  

Furthermore, as far as preparing students in the client disciplines of calculus (those 

that require undergraduate students to talk calculus) physics education researchers have 

found that problem-solving strategies differ in relation to the context presented (e.g., 

Bajracharya & Thompson, 2014; Jones, 2015b; Sealey, 2014), that some of these strategies 
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are more or less productive in a physics context when compared to a decontextualized 

mathematics context (Bajracharya, Wemyss, & Thompson, 2012; Jones, 2015a), and that 

professionals in these different disciplines (e.g., mathematics, physics, engineering) 

communicate differently about equivalent mathematical structures (Wemyss, Bajrachara, 

Thompson, & Wagner, 2011; Dray & Manogue, 2004). However, as mentioned above, this 

research is largely based on the abilities of students from fields like the physical sciences and 

engineering and no studies have been conducted to investigate how students from the 

biological and life sciences solve calculus accumulation tasks.   

To better serve students from the myriad client disciplines of calculus, we must 

understand how the specific calculus concepts are utilized and understood in those client 

disciplines and how students solve calculus tasks set in contexts relevant to those fields. 

Rasmussen et al. (2014) end their review of the state of research on calculus teaching and 

learning with a call for “research that closely examines the ways in which calculus ideas are 

leveraged in the client disciplines, how these ideas are conceptualized and represented in the 

client disciplines, and what these insights might mean for calculus instruction” (p. 513). The 

current study was designed to address this gap in the literature. My specific research 

questions are:  

1. How can we characterize the ways undergraduate students majoring in the biological 

and life sciences solve calculus tasks involving accumulation?  

2. What role does context play in how undergraduate students majoring in the biological 

and life sciences solve calculus tasks involving accumulation?  
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To answer the research questions posed, qualitative methods were employed. This study is 

situated within a constructivist perspective on learning and research. As such, I utilized task-

based interviews with twelve undergraduate students majoring in the biological and life 

sciences at a large public university in the Southeastern United States that I will call South 

State University in the spring of 2016. Task-based interviews allowed me to investigate 

students reasoning about calculus tasks involving accumulation and to probe their 

understanding as they solved the problems. Data were analyzed with methods from 

constructivist grounded theory (Charmaz, 2000) as well as with local theory diagrams, an 

analytical tool developed for the interview data collected in this study. 

Important Terms and Definitions 

In this section, I will define the various important terms and concepts that will be 

utilized in this study.  

Antiderivative: Finding the antiderivative of a given function is the inverse process of 

differentiating. 

Definite integral: A definite integral is a limit of a sequence of Riemann sums. This 

means we consider subsequent Riemann sums over partitions with arbitrarily small 

subintervals. It is important to note that a Riemann sum is formed through summation of a 

multiplicative relationship between a small change in the dependent variable and the function 

value. This fact allows for one of the most common applications of the definite integral, 

calculating area bounded by the x-axis and the graph of the function being integrated. 

Definite integrals can be calculated via the Fundamental Theorem of Calculus.  
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Indefinite integral: An indefinite integral of a given function is the set of all 

antiderivatives of the given function. 

Riemann sum: Riemann sum is one of many ways we can approximate the area under 

a curve or some accumulated quantity. To construct a Riemann sum, we partition the domain 

of the function into a finite number of subintervals and consider some values of the function 

over each subinterval. The Riemann sum is the sum of products between the length of each 

subinterval and the chosen value of the function at some arbitrary point in the subinterval.  

Traditional Calculus I: Refers generally to what undergraduate educators would call 

Calculus I, in which students are exposed to standard derivative and antiderivative 

techniques, limits of functions, the definite integral, and the Fundamental Theorem of 

Calculus. 

Organization of the Paper 

In Chapter 2, I will review the existing research concerning who traditional Calculus I 

students are and what client disciplines they belong to, the role of quantitative reasoning in 

the biological and life sciences, and what we know about student understanding of the 

definite integral in both mathematics and physics education. Chapter 3 describes the research 

methods used in the current study. Chapter 4 presents the results of the open coding analysis 

of the interview data while Chapter 5 presents the results of the local theory diagrams. 

Chapter 6 is a discussion of both the open coding results and the local theory diagrams. 

Chapter 7 includes conclusions drawn from the study as well as the limitations and 

implications of the study.  
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Chapter 2: Literature Review 

In this chapter, I present the demographic information concerning who traditional 

calculus students are and how a significant subgroup of these students belongs to the 

biological and life sciences. I also review the existing research on quantitative reasoning in 

the biological and life sciences. Additionally, I review the existing research on student 

understanding of the definite integral. I discuss how we find that calculus students are good 

at using the standard antiderivative techniques taught in introductory calculus (Ferrini-

Mundy & Graham, 1994; Grundmeier, Hansen, & Sousa, 2006; Mahir, 2009; Orton, 1983) 

and that while area under the curve dominates instruction of the definite integral in calculus, 

the multiplicative structure of the Riemann sum is a more powerful way to conceive of the 

definite integral as seen in both mathematics and physics education research (e.g., Jones, 

2015a; Sealey, 2014). The literature includes the finding that practitioners talk about 

mathematics differently in mathematics and physics, so students are not always able to 

readily apply their knowledge in these different fields (Dray & Manogue, 2004; Wemyss et 

al., 2011). This research emphasizes that part of learning about the definite integral is 

practice in the different client disciplines that utilize the definite integral. 

Demographics of Traditional Calculus I Students 

In the fall semester of 2010, a large national survey of calculus programs was 

conducted with the support of the Mathematical Association of America (Bressoud, Carlson, 

Mesa, & Rasmussen, 2013; Bressoud, 2015). The goals of this survey were to provide a more 

detailed picture of the demographic background of traditional Calculus I students as well as 

identify successful calculus programs across the country and what factors lead to their 
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success. The survey was taken by more than 14,000 undergraduate students from over 200 

different colleges and universities across the country. The researchers found that traditional 

Calculus I students have a diverse set of career goals and the most common intended career 

of students enrolled in traditional Calculus I are the biological and life sciences (30%), 

followed closely by engineering (27%). See Figure 1 for the breakdown of intended careers 

as reported by the researchers (Bressoud et al., 2013, p. 691).   

 

Figure 1. Intended careers of Calculus I students (Bressoud, Carlson, Mesa, & Rasmussen, 
2013, p. 691) 

 
Interestingly, Bressoud (2015) breaks these demographics down even further to 

showcase a significant gender divide amongst Calculus I students. As we see in Figure 2, 
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45% of the men in Calculus I intend to pursue a career in engineering, mathematics, or the 

physical sciences whereas this is true for only 19% of women. The biological and life 

sciences are a much more popular intended career field for women as 43% of women in 

Calculus I intend to pursue a career in the biological and life sciences whereas only 19% of 

men in Calculus I intend to pursue a career in the biological and life sciences. This implies 

that there are a great deal of students majoring in the biological and life sciences enrolling in 

traditional Calculus I courses and that these students are predominately women.

 

Figure 2. Career goals of Calculus I students by gender (Bressoud, 2015, p. 12) 

 
These statistics are important as they point out a rather striking equity issue in our 

traditional Calculus I courses. Bressoud et al., (2013) point out that the traditional Calculus I 

course “is designed to prepare students for the study of engineering or the mathematical or 

physical sciences,” (p. 691) implying that we are privileging those students in our calculus 

courses who study within one of those fields. As noted above, these students do not make up 

a significant majority of our students in Calculus I and this subgroup is predominately male. 
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The researchers note that Calculus I is “a service run for the benefit of departments other than 

Mathematics” (p. 691) and yet our traditional approaches to the course are focused on a 

minority of our students, when considered by major. As we will see later in this chapter, this 

focus on engineering and the physical sciences in the teaching is mirrored in the research 

concerning student understanding of the definite integral, leaving a significant gap in how we 

approach both the teaching and learning of calculus, specifically as it relates to the various 

client disciplines outside of engineering and the physical sciences. Research attending to this 

gap is warranted given the previous demographic information and researchers have called for 

studies that explore “the ways in which calculus ideas are leveraged in the client disciplines” 

(Rasmussen et al., 2014, p. 513). Unfortunately, there is no research concerning how students 

from the biological and life sciences think about and understand the definite integral. 

However, more broadly, there is some research at the intersection of mathematics and 

biology. In the next section I will describe work that has been done concerning quantitative 

reasoning in the biological and life sciences. 

Quantitative Reasoning in the Biological and Life Sciences 

 While there are not studies that directly identify how students majoring in the 

biological and life sciences reason about calculus concepts, there has been some work done 

at the intersection of quantitative reasoning and the biological and life sciences. Researchers 

have found that there is a need for quantitative reasoning in the training of future biologists 

as the field of biology now depends on advanced mathematical and computer programming 

techniques (Bialeck & Botstein, 2004; Cohen, 2004; Gross 2004; Hastings & Palmer, 2003; 

NRC, 2003). However, researchers have found that students and professional biologists tend 
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to be math averse (e.g., Hoy, 2004; Sorgo, 2010). Finally, biologists have noted that 

complicated analytic techniques from calculus may not be as useful for students studying in 

the biological and life sciences as qualitative and numerical solution strategies (Bossert & 

Chin, 1987; Horn, 1987; Levin, 1987). These findings are elaborated in the following 

sections.  

Quantitative reasoning is important for biologists. In 2003, the National Research 

Council (NRC) published a report entitled BIO2010, suggesting university biology programs 

develop stronger connections between the life sciences and the mathematical, physical, and 

computer sciences (NRC, 2003). As a result of that report, several biology departments 

across the country incorporated changes in how the quantitative sciences are utilized. Some 

created new biology courses focused on quantitative skills (e.g., Chiel, McManus, & Shaw, 

2010; Feser, Vasaly, & Herrera, 2013) while others created brand-new degree programs 

focused on quantitative biology (e.g., Usher, Driscoll, Dhurjati, Pelesko, Rossi, Schleiniger, 

Pusecker, & White, 2010).  

Several researchers have specifically identified how the future of the biological and 

life sciences is dependent upon future biologists being adept with mathematical and statistical 

techniques (Bialeck & Botstein, 2004; Cohen, 2004; Gross 2004; Hastings & Palmer, 2003; 

NRC, 2003). Bialeck & Botstein (2004) note that “dramatic advances in biological 

understanding, coupled with equally dramatic advances in experimental techniques and 

computational analyses, are transforming the science of biology” (p. 788). The researchers 

claim that to “participate fully in the research of the future, it will be essential for scientists to 

be conversant not only with the language of biology but also with the languages of 
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mathematics, computation, and the physical sciences” (p. 789). Gross (2004) highlights the 

changing landscape of skills required of biologists, “it is next to impossible for those who are 

skilled field observers to make substantial new contributions to our understanding of natural 

system function without utilizing methods and approaches that natural historians of the past 

would never have dreamed of, let alone be skilled enough to use” (p. 85). These authors 

make it clear that the present and future of the biological and life sciences must include 

mathematical skills and techniques. Unfortunately, as we shall see in the next section, there is 

a sense of math aversion in the biological and life sciences. 

Math aversion in the biological and life sciences. While there is some consensus 

concerning the importance of mathematical skills in the biological and life sciences, 

researchers have found that students and professionals in the biological and life sciences tend 

to be math averse (Brent, 2004; Chiel, McManus, & Shaw, 2010; Fawcett & Higginson, 

2012; Hoy, 2004; Sorgo, 2010). Sorgo (2010) claims that “students often choose biology as a 

safe refuge inside the archipelago of science disciplines, one where mathematics can be in 

most cases tolerated or even ignored” (p. 196). This aversion is not only relegated to 

students. Fawcett & Higginson (2012) analyzed the citation statistics in top journals for 

ecology and evolution to investigate the impact of including mathematical equations on 

citation rates. The researchers found that “equation density negatively affects citation rates, 

leading on average to 22% fewer citations for each additional equation per page” (p. 11735). 

The researchers conclude that “a scientifically strong theoretical paper risks dramatically 

reducing its impact by presenting its mathematical details in a highly technical manner” (p. 

11736). The researchers also found that papers that presented equations in an appendix did 
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not suffer the same negative effect. These results are problematic for a field that has 

identified mathematics as an important component of the future of the field. 

Focus on numerical methods and modeling. Several professional biologists have 

identified how qualitative and numerical techniques in calculus are more appropriate than 

analytic techniques for students in the biological and life sciences (Bossert & Chin, 1987; 

Horn, 1987; Levin, 1987). For example, Levin (1987) claims that “the availability of high 

speed computers has…reduced the necessity of training students to be facile in the clever 

manipulation of integrals (p. 117-118). Similarly, Bossert & Chinn (1987) claim that biology 

students “need to be shown how to depend more on qualitative and numerical methods than 

on those traditionally taught in the calculus” (p. 67). It is important to note that these are not 

research findings but suggestions from professional biologists concerning what calculus 

students in the biological and life sciences should know.  

The lack of research studies that illustrate the ways students majoring in the 

biological and life sciences think about and utilize calculus concepts is troubling. Given that 

calculus is a required course for many biological and life science majors across the country, it 

is important for us to know if there are idiosyncrasies in how these students approach 

calculus tasks. In the current study, my goal is to explore how undergraduate students from 

the biological and life sciences solve calculus accumulation tasks. In doing so, I hope to 

provide some evidence regarding how these students’ solution strategies are the same as or 

different from what we know about how students solve these kinds of tasks from the existing 

literature, which do not primarily focus on students in the biological and life sciences. In the 
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next section I will describe what we do know about how students think about and reason with 

the definite integral. 

Student Understanding of Definite Integrals in Calculus 

Researchers have found that students draw on several different conceptions of the 

definite integral when working on calculus tasks. As an overview, results of these studies 

indicate that students focus on the antiderivative techniques when considering the definite 

integral (Hall, 2010; Jones, 2013, 2015a, 2015b), that many students conceptualize the 

definite integral as area under a curve (Bezuidenhout & Olivier, 2000; Hall, 2010; Jones, 

2013, 2015b; Orton, 1983; Sealey, 2006; Thompson & Silverman, 2008), and that some also 

attend to Riemann sums and a multiplicative structure of the definite integral (Jones, 2015b; 

Orton, 1983; Sealey, 2006, 2014). There is also some research on students’ understanding of 

the Fundamental Theorem of Calculus (Grundmeier, Hansen, & Sousa, 2006; Thompson, 

1994; Thompson & Silverman, 2008).  

Recently, researchers have been championing an accumulation model of the definite 

integral, where the multiplicative and summative structures of the Riemann sum are stressed 

as a more productive means for students in understanding definite integrals when compared 

with the more traditional area model (e.g., Jones, 2015a; Thompson & Silverman, 2008). I 

discuss these findings in the following sections. 

Students are successful with analytic techniques. Several researchers have 

demonstrated that students are adept with using basic integration techniques (Ferrini-Mundy 

& Graham, 1994; Grundmeier, Hansen, & Sousa, 2006; Mahir, 2009; Orton, 1983). For 

example, Mahir (2009) administered five integration tasks to 62 undergraduate calculus 



 

15 

students and found that students performed very well on the two examples that could be 

solved by applying memorized integration techniques, with 92% of respondents answering 

the first correctly and 74% answering the second correctly. Similarly, Grundmeier, Hansen, 

& Sousa (2006) report that 32 of the 52 undergraduate calculus students they surveyed could 

provide completely correct solutions to two definite integral problems involving basic 

trigonometric functions (p. 185) and note that only 13% of students who made mistakes, did 

so in a way relating to integrating the functions (p. 189). Overall, students have shown 

computational fluency with regards to basic integration techniques; however, there are a few 

areas in which students tend to make mistakes, namely, integrating functions that include 

fractional and negative exponents and definite integral problems where the function crosses 

the x-axis (Orton, 1983).  

Success with analytic techniques does not imply understanding. Even when students 

present strong procedural fluency with integration techniques, they tend to do so without 

consideration of the deeper scope of such techniques, leading them to rely on computational 

skills and algebraic representations even when simpler interpretations (e.g., graphical) are 

available. For example, in Mahir’s (2009) study, one task presented to students was designed 

to be solvable using a relatively simple integral-area relation, but also via trigonometric 

substitution, a challenging analytical integration technique. Mahir found that 73% of students 

attempted to solve the problem using trigonometric substitution and only 11% of those 

students could solve it correctly, whereas each of the 8% of students who attempted to use an 

integral-area relation were able to solve the problem correctly (p. 205). These results point to 

an over-reliance on analytical techniques. Mahir concludes, “memorized procedural 
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knowledge that is not supported by conceptual understanding can produce only limited 

success,” (p. 202) meaning that while it is encouraging that students are able to apply 

integration techniques, it should give researchers and instructors pause when evaluating those 

students’ level of understanding since such facility with techniques does not guarantee deeper 

understanding.  

Furthermore, researchers have shown that some students attend to the antiderivative 

as the primary definition of the definite integral (e.g., Hall, 2010; Jones, 2015b). Relying on 

such a conceptualization of the definite integral can cause significant issues for a student’s 

understanding of the definite integral. Jones (2015b) concludes, “even when a student could 

reasonably use an anti-derivative technique to calculate an integral, antiderivatives fall short 

of providing coherence to the integral expression and a reason for why it calculates what it 

does” (p. 13).  

Connecting algebraic and geometric representations of definite integrals. Several 

researchers have found similar results to those of Mahir (2009), concluding that students tend 

to avoid geometric representations in favor of algebraic representations. Moreover, students 

are not employing algebraic representations to their full potential, students are simply 

memorizing procedures and when to apply them (Ferrini-Mundy & Graham, 1994; Mahir, 

2009; Sevimli & Delice, 2010; Thompson, 1994). Ferrini-Mundy & Graham (1994) found 

that one of their interview subjects “demonstrated great reluctance to use geometric 

interpretations as a help in completing an algebraic process, and was much more inclined to 

move to her algebraic context when possible” (p. 41). The researchers conclude, “graphical 

contexts and algebraic contexts may function for students as separate worlds, where 
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unrelated algorithms for solving problems are applied, and where competing meanings can 

be held” (p. 42). These results shed light on those of Mahir since students who cannot view 

algebraic and graphical representations of definite integrals as equivalent are not able to 

choose between complicated trigonometric substitution strategies and straightforward 

graphical representations as they only see the algebraic path.  

Understanding the definite integral as area under the curve. One powerful application 

of definite integrals is the computation of area under a curve. This fact often forms the 

fulcrum about which integration instruction revolves, the definite integral is seen solely as 

equivalent to finding area under a curve. While it is mathematically accurate to equate 

elements of the definite integral with finding area under a curve, it can limit students’ 

abilities to relate integration to other, equally meaningful contexts. Additionally, the area 

under the curve model can bleed into other, often unproductive arenas. For example, Hall 

(2010) found that when asked about an indefinite integral, some students talked about 

potential or infinite area, as if the indefinite integral was just a definite integral waiting for 

limits of integration. This conception is not mathematically accurate and potentially 

confusing for students’ future use of the definite integral.  

Furthermore, students tend to struggle with contexts when physical area is 

meaningless, e.g., the area under a cost curve representing total expense, not an actual 

physical area (Bezuidenhout & Olivier, 2000; Orton, 1983; Sealey, 2006; Thompson & 

Silverman, 2008). This is an important finding regarding the intersection of calculus and the 

biological and life sciences. Modeling in the biological and life sciences often involves rates 

of change of quantities for which the area under the curve would not represent physical 
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space. For example, the area under a curve representing the rate of change of a city’s 

population may be relevant for a student in the biological and life sciences but this area 

represents gains or losses in overall population, not physical space.  

This brings us to another possible complication of students relying solely on area to 

understand the definite integral: the concept of “negative area.” Where area is a physical 

quantity and therefore non-negative, definite integrals can take on negative values when the 

integrand takes on negative values and the total accumulated quantity becomes negative. 

Therefore, the definite integral of a function that is strictly negative over the interval being 

integrated over, would give a negative value. This can be problematic if one believes the 

definite integral always computes area under the curve. Orton (1983) found that “many 

students interviewed had problems with finding areas when the curve crossed an axis, or 

generally in understanding the relationship between a definite integral and areas under the 

curve” (p. 12). Bajrachaya, Wemyss, & Thompson (2012) extend this research to positive 

functions where the limits of integration have been reversed. The researchers found that 

students reasoned about the sign of an integral with a positive function and reversed limits of 

integration in one of three ways: by attending to the FTC and correctly evaluating the 

problem algebraically, using Riemann sums but fixing the sign of the differential resulting in 

a positive value, or by using the physical quantities in the problem. Students tended to reason 

that area should always be positive and therefore so would be the accumulated quantity in 

many of these cases. The researchers conclude “most students can correctly identify the signs 

of definite integrals, but often with incomplete or incorrect reasoning” (p. 114). As will be 

elaborated later, meaningful physical contexts have been shown to help students make sense 
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of negative area in physics contexts and therefore could be beneficial to students studying in 

the biological and life sciences as well. 

Understanding the definite integral as accumulation. Attending to an accumulation 

model of the definite integral in an introductory calculus course means abandoning the 

primary identification of the definite integral with area under a curve and considering instead 

how to help students develop productive views of accumulation as multiplicatively-based 

summation. Accumulation, as opposed to area under a curve, can represent any accumulating 

quantity, whether positive or negative. As Sealey (2006) illustrates, “I do not in any way 

claim that area under a curve is a bad representation or that is should not be taught. Instead, I 

claim that area under a curve is not sufficient for understanding the definite integral” (p. 52). 

Even when students can reason about area and the definite integral, Sealey (2006) points out 

they “may not be able to solve other accumulation problems without thinking about area 

under a curve, or may not be able to relate the area under a curve to the structure of a 

Riemann sum” (p. 52). Again, in context-rich problems where functions represent quantities 

other than physical space, it is necessary that students can detach their understanding from 

the traditional perspectives on area, and this is difficult for students. Sealey suggests that 

when students can reason effectively about Riemann sums, they are able make such a 

transition.  

Multiplicative structure. Thompson & Silverman (2008) contend “for students to see 

‘area under a curve’ as representing a quantity other than area, it is imperative that they 

conceive of the quantities being accumulated as being created by accruing incremental bits 

that are formed multiplicatively” (p. 120), meaning students have a robust understanding of 
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the definition of integrals as limits of Riemann sums. This point is confirmed and further 

explored in the work of Jones (2013, 2015a, 2015b) who demonstrated three primary forms 

that students draw on when making sense of integrals: antiderivative, area under the curve, 

and adding up pieces. Jones (2015a) renames the “adding up pieces” form as 

multiplicatively-based summation to focus more heavily on both the multiplicative and 

additive structure that he found to be more productive for students in solving both 

decontextualized mathematics problems and applied physics problems. Furthermore, Jones 

found that even when students could not make sense of area under the curve in an applied 

physics context, when they turned to the multiplicatively-based summation form, they were 

more successful in making sense of the quantities involved and in the long run, how a 

definite integral would help them solve the problem.  

Unfortunately, students do not seem to rely on the more productive accumulation 

model based on the multiplicatively-based summation nature of the Riemann integral. Jones 

(2015b) found that students more regularly employ either an antiderivative or area 

conceptualization. He concludes that "around half of all successful first-semester calculus 

students might not draw on any type of summation conception as a basis for explaining the 

meaning of these types of definite integral” (p. 11).  

Reimann integral framework. Sealey (2014) establishes that there are four layers and 

one pre-layer to student conceptualizations of the definite integral, orienting, product, 

summation, limit, and function. Unlike Jones, Sealey found that students were quick to 

identify the need for a summation in physics-based problems, but that identifying what 

needed to be summed was rather difficult. She concludes that “students have the most trouble 
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while working in the Product layer” given that students must “coordinate both factors in the 

product as well as the new quantity that results from the multiplication” (p. 243). These 

issues are compounded by the fact that students’ problem solving strategies and ability to 

recognize the need for a multiplicatively-based summation change within different problem 

contexts (e.g., Bajracharya & Thompson, 2014; Sealy, 2014). This finding is confirmed by 

my study as well.   

For students to develop an understanding of accumulation functions, students must do 

more than evaluate definite integrals. As Thompson & Silverman (2008) conclude, “no one 

would claim to teach the idea of function by having students calculate specific values of one. 

Similarly, we should not think that we are teaching the idea of accumulation function by 

having students calculate specific definite integrals” (p. 121). Again, it should be stressed 

that arguments for focusing on accumulation within calculus instruction do not do so at the 

exclusion of all connections between integration and area under the curve. In fact, such 

connections are made more robust when students perceive integrals through the lens of 

accumulation functions and then see area as a special case of such a function. 

Student Understanding of Definite Integrals in Physics 

As noted earlier, there is no research concerning how students from the biological and 

life sciences reason about the definite integral. However, we can turn to other fields to 

investigate how the mathematical structure of the definite integral is utilized in an applied 

setting. Namely, there have been several important findings regarding how students use the 

definite integral in the context of physics and engineering. In this section I describe these 

findings.   
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Problem-solving strategies in integration problems are context-dependent. The fact 

that context influences problem-solving strategies is probably not surprising, when students 

are more familiar with the context of a problem they are able to attend to different 

components of the problem as opposed to when they must spend time understanding the 

context. This idea was illustrated in Sealey’s (2014) Riemann Integral Framework by her 

eventual inclusion of the orienting pre-layer, “which includes visualizing the situation, 

understanding the variables in the problem, and understanding the quantities in the problem 

(pressure, force, etc.)” (p. 237). She explains that while students could recognize the need for 

a product in problems involving energy as the product of force and distance and distance as 

the product of velocity and time, they were unable to do so in a problem involving force as a 

product of pressure and area, until they redirected their attention because of their computing 

an exact answer while the problem asked for an approximation. While all students eventually 

recognized the need to approximate the resulting quantity using a product (the basis of a 

Riemann sum and therefore a definite integral) the problem context seemed to influence how 

readily that knowledge was accessible.  

Like Sealey’s work, Bajracharya & Thompson (2014) interviewed students in 

introductory physics and mathematics and found that students struggled more to correctly 

solve physics problems involving definite integrals in contexts they were unfamiliar with 

(pressure and volume) compared with a more familiar context (changing temperature). The 

authors conclude, “although the underlying mathematical structures in both the questions 

were the same, individual students treated the two problems quite differently indicating the 

attribution of the context familiarity in student problem-solving at least to some degree” (p. 
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50). It is clear here that experience with the standard applications that show up in physics is 

an important element of learning about integrals for physics students. These results indicate 

there is a warrant for investigation of how problem context and setting of calculus tasks 

influences students’ solution strategies from other client disciplines of calculus.  In this 

research report, I consider more than just what students do not do well, but how they reason 

with context in solving calculus accumulation tasks. 

Productive conceptions of the definite integral for physics students. Jones (2013, 

2015a, 2015b) has spent time investigating what cognitive resources mathematics and 

physics students draw upon when working with definite integrals. As noted earlier, he has 

found that students largely conceptualize the definite integral through antiderivatives and 

area under the curve and to a much smaller extent through multiplicatively-based summation. 

However, when he investigated how productive each of these conceptions were for students 

in both decontextualized mathematics problems and applied physics problems, he found that 

while all three conceptualizations were productive for students in the decontextualized 

mathematics problems, only the multiplicatively-based summation conception was 

productive for students in the applied physics problems. For example, Jones (2015b) reports 

that an antiderivative conception “is typically not the way that pressure is defined nor 

discussed in physics and engineering textbooks” and thus “is a problematic way to interpret 

these integrals and generally does not provide the meaning that is intended in physics and 

engineering” (p. 10). In the context of an electric field on a bar of charge, Meredith & 

Marrongelle (2008) state that the integral “must be viewed as adding up infinitesimal 
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physical effects to obtain a total physical effect,” a view they claim is inconsistent with the 

antiderivative conceptualization of the definite integral (p. 576). 

In the case of the area conceptualization, Jones (2015a) also found that one set of 

students began their work with an area conceptualization and were unable to reason 

productively about how area under the curve connected to the units given in the problem. 

However, once they switched to a multiplicatively-based summation conception, they could 

make sense of the integral and could then backtrack to explain how area under the curve was 

meaningful. Jones concludes that a multiplicatively-based summation conception “was able 

to provide meaning to the area underneath the curve even when the perimeter and area 

conception itself could not provide this meaning to the students,” a sentiment echoed across 

several studies (e.g., Bajracharya, Wemyss, & Thompson, 2012; Meredith & Marrongelle, 

2008; Sealey, 2006). In sum, area under the curve is a powerful, but not a complete 

conception of the definite integral. These findings point towards the importance of 

investigating the contexts and applications that naturally crop up in the various client 

disciplines of calculus so that we can be aware of and incorporate those contexts into 

introductory calculus courses.  

Differences in language and symbols. Discipline-specific language and assumptions 

are important for calculus instructors to be aware of as they prepare lessons. When 

professionals from one field reference mathematical techniques and concepts in idiosyncratic 

ways, students can get confused when moving between the various fields. Additionally, 

certain techniques and assumptions may be specifically relevant for one discipline but almost 

non-existent within another. As we saw previously, switching the limits of integration is 
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common in calculating accumulated charge on a charged bar, but is not as useful in a 

biological setting in which the independent axis represents time and therefore switching the 

limits of integration is more problematic. 

 

Figure 3. Revision of graph to align with mathematical norms (Wemyss, Bajrachara, 
Thompson, & Wagner, 2011, p. 525-525) 

 
The language of mathematics certainly carries over to other fields, however there are 

subtle alterations that come into play. Researchers have noted these discrepancies to help 

educators attend to such differences so that students can transfer their mathematics 

knowledge more effectively (e.g., Dray & Manogue, 2004; Wemyss et al., 2011). One telling 

example is the work of Wemyss et al. (2011) in which they describe the alteration of a 

research item to align more with the standard representation practices of mathematics. In 

their earlier work, a graph was shown to students with the endpoints labeled on the graph 

itself instead of the horizontal axis (see left of Figure 3). This representation was later edited 

so that the endpoints are shown on the horizontal axis to “provide a more mathematically 
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acceptable representation” (p. 525), see the right of Figure 3 for the altered version. This is a 

prime example of the subtle discrepancies between physics and mathematics and the 

symbolic and linguistic worlds students are required to live within. Understanding these 

nuances is imperative to helping students develop productive conceptions of the integral in 

all the client disciplines it is relevant to. 

Mathematical preparation of physics students. One encouraging finding from the 

physics education literature is that while students may have a hard time applying their 

mathematics knowledge in physics settings, they do seem to have the requisite mathematics 

background (Bajracharya & Thompson, 2014; Christensen & Thompson, 2010; Meredith & 

Marrongelle, 2008; Rebello, Cui, Bennet, & Ozimak, 2007). As a result of interviewing 

physics students in an effort to learn about how students transfer their mathematical 

knowledge to a physics context, Rebello et al. (2007) report that their results “appear to 

indicate that the main difficulty that students appear to have does not lie in their lack of 

understanding of mathematics per se, rather it lies in their inability to see how mathematics is 

appropriately applied to physics problems” (p. 30-31) as they found that students’ “typically 

do have an adequate calculus knowledge and skills required for solving end-of-chapter 

physics problems” (p. 20). Similarly, Bajracharya & Thompson (2014) conclude that students 

seem to have the requisite mathematical knowledge, but they sometimes need to have that 

knowledge elicited explicitly before they can use it in an applied physics setting.  

These findings illustrate that students can learn the mathematics, but more attention 

needs to be focused on the specific ways this knowledge is utilized in the various disciplines 

where integration is part of their practice. Therefore, studies like the current one are 
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important for helping us identify how students from the client disciplines of calculus reason 

about accumulation tasks and whether (and if so, how) the context of the tasks plays a role in 

the students’ abilities to apply their calculus knowledge.  

Conclusion 

In this chapter, we have seen that a significant proportion of the students in traditional 

calculus courses are intending on careers in the biological and life sciences but that our 

current instructional model and research base primarily support those students in the physical 

sciences and engineering. We note that professional biologists have called for an increased 

focus on quantitative reasoning within the biological and life sciences but that there is some 

math aversion within the community. Finally, we have seen how researchers have shown that 

while calculus students tend to be adept with standard integration techniques, the more useful 

conception of the definite integral, a multiplicatively-based summation conception, still is not 

the most prevalent conception of the definite integral for calculus students. What results is a 

rather significant hole in the research concerning how students from the biological and life 

sciences utilize various calculus concepts. This study was developed with the aim of filling a 

component of that gap. In the next chapter I will describe the research methods I have 

employed to answer these research questions.   
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Chapter 3: Methods 

This qualitative study was designed to add to the research about calculus learning by 

life science students by answering the following research questions:  

1. How can we characterize the ways undergraduate students majoring in the biological 

and life sciences solve calculus tasks involving accumulation?  

2. What role does context play in how undergraduate students majoring in the biological 

and life sciences solve calculus tasks involving accumulation?  

 Qualitative research methods were chosen because they offer the opportunity to 

thoroughly examine the solution strategies students employ as they solve calculus 

accumulation tasks (Hesse-Biber & Leavy, 2011). Engaging students in the tasks and being 

able to ask clarifying and probing questions afforded me unique opportunities to understand 

more fully the cognitive structures that give way to solving the tasks. Therefore, I conducted 

task-based interviews with twelve undergraduate students majoring in the biological and life 

sciences at South State University in the spring semester of 2016. Note that this school name 

is a pseudonym for the actual university. While I interviewed 20 students, I selected 12 of the 

interviews that were both complete in data collection and best represent the community of 

undergraduate students majoring in the biological and life sciences. Task-based interviews 

allowed me to investigate how students thought through calculus tasks involving 

accumulation and to probe their understanding as they worked. In this chapter, I describe my 

theoretical perspective, the participants, the sampling process, the interview protocol, and the 

data analysis.  
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Theoretical Perspective 

When doing qualitative research, it is important to acknowledge and illustrate one’s 

ontological and epistemological views. Our views on the nature of reality, knowledge, and 

learning influence the questions we ask and the methods we feel are valid for answering such 

questions (Hesse-Biber & Leavy, 2011). What follows is a presentation of my own beliefs 

concerning the learning process, the nature of knowledge, and how these views influenced 

the data collection and analysis in the current study. The perspective of learning that 

influenced the construction and analysis of this study is constructivism, specifically a view of 

knowledge as cognitive adaptation. Below, I briefly describe this theory of learning and in 

the next section I discuss how this perspective directly influenced the development of the 

local theory diagrams. 

Constructivism. In a constructivist theory of learning, the fundamental assumption is 

that learners build up knowledge for themselves instead of being imbued with knowledge by 

those around them. In other words, the learner must actively participate in the development 

and organization of the cognitive structures making up their understanding of the world (von 

Glasersfeld, 1982). The individual is the “primary unit of analysis for assessing and 

evaluating cognitive achievements” in constructivism (Confrey & Kazak, 2006, p. 316). 

However, to explore an individual’s understanding, one must consider the following three 

factors: “the individual’s current state of development, social and cultural influences of a 

tribe (group), and environmental/physical factors in relation to the task at hand” (Confrey & 

Kazak, 2006, p. 317). This perspective on learning, while maintaining focus on the individual 
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learner, acknowledges that social and environmental factors must necessarily play a role in 

that learning. For this study, such a perspective provides the foundation for analyzing 

individual’s approaches to calculus tasks while framing those approaches within the 

influence of those individual’s backgrounds (in this case, as undergraduate students majoring 

in the biological and life sciences) and the interview setting itself.  

Knowledge as an adaptive function. One aspect of constructivism that played a key 

role in the data analysis in this study is a view of knowledge as an adaptive function. Ernst 

von Glasersfeld, in his interpretation and extension of the work of Jean Piaget, stresses the 

connection between the mechanisms of evolution by natural selection and how individuals 

learn. von Glasersfeld (1982) claims “knowledge for Piaget is never (and can never be) a 

‘representation’ of the real world. Instead it is the collection of conceptual structures that turn 

out to be adapted, or as I would say, viable within the knowing subject’s range of 

experiences” (p. 4). Viability is the crucial idea. Just as with the evolution of an organism in 

an ecosystem, what students learn is not driven by matching some objectively true reality, but 

what the student, within their personal “ecosystem,” finds viable. For example, consider 

Jane, a high school freshman learning to solve quadratic equations. Jane’s teacher provides 

numerous examples of quadratic equations but only ones solvable via factoring as this is the 

current skill the teacher wants Jane to learn. Jane gets quite good at factoring quadratic 

equations and so her teacher gives her an example of a quadratic equation that cannot be 

factored. Jane quickly realizes her previous tool will not help her solve this equation and asks 

if there are other ways to solve quadratic equations. Prior to being given this last example, 

Jane’s conception of how to solve quadratic equations was stable and viable since each 
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example she solved fit within her current perspective on how to solve quadratic equations. 

The last example provided a perturbation in that perspective – it showed Jane that her theory 

of how to solve all quadratic equations was no longer viable and needed to be restructured in 

some way. Had Jane never been given this last example, there would be no reason for her to 

believe there were quadratic equations that could not be solved via factoring.  

This example illustrates the process of learning is not matching what is “true”, but 

developing mental schemes that prove viable. von Glasersfeld (1982) explains that “nature 

does not…select the ‘fittest’, it merely lets live those that have the characteristics necessary 

to cope with their environment and lets die those that have not” (p. 4). Therefore, for 

learning, as in evolution, there is an emphasis placed on stability and equilibrium. von 

Glasersfeld states that “in the sphere of cognition, though indirectly linked to survival, 

equilibrium refers to a state in which an epistemic agent's cognitive structures have yielded 

and continue to yield expected results, without bringing to the surface conceptual conflicts or 

contradictions (p. 5). This is the heart of the concept of viability in constructivism, that 

learning is the development of stable cognitive structures. This perspective forms the 

foundation for the analytical tool developed herein, local theory diagrams, which were 

designed to highlight this process of students assessing the viability of their mental schemes. 

In the next section, I describe the participants of the study, followed by the interview 

protocol. 

Participants 

The population under consideration are all undergraduate students majoring in the 

biological and life sciences at South State University (SSU). Undergraduate majors in the 
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biological and life sciences at SSU are Biological Sciences (BA/BS), Genetics, 

Microbiology, and Zoology. The Department of Biological Sciences graduates approximately 

500 students per year (NC and represents about 10% of the undergraduate population of SSU 

(The College Board, 2017) SSU is a large, public university serving approximately 24,000 

undergraduates. The students at SSU are of high academic caliber; half of all incoming 

freshman rank in the top ten percent of their high school class with a GPA of at least 3.75. 

SSU is considered “very selective” with 46% of applications admitted per year (The College 

Board, 2017). Students majoring in the biological and life sciences at SSU at the time of this 

study, were required to take at least two semesters of calculus, either the calculus sequence 

for life and management sciences or Calculus I and II. 

In qualitative studies, interview data is rich and takes a good deal of time to collect 

and analyze, therefore finding a large, representative pool of the population for participants, 

while optimal, is not always feasible. Nonetheless, an attempt was made to select a diverse 

sample of the population. The primary factor taken into consideration during the selection of 

study participants was their year in school, as this measure was assumed to be directly 

correlated to experience within the study of the biological and life sciences. Students who 

would refer to themselves as juniors or seniors would likely have taken at least a few upper-

level undergraduate courses within their major whereas students referring to themselves as 

freshman or sophomores may have only taken a few introductory courses within their major. 

While not universally true for every undergraduate majoring in the biological and life 

sciences, the standard recommendation is to take calculus the first year of study and so it is 

true that the freshman and sophomore students would have been in calculus more recently. 
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To find a diverse set of participants from the undergraduate students majoring in the 

biological and life sciences, I attempted to solicit participants from two groups, experienced 

undergraduates (juniors and seniors) and novice undergraduates (freshmen and sophomores).  

Novice undergraduates. To access the novice undergraduates, I visited four of the five 

sections of MA 241 (second semester of Calculus for Life and Management Sciences) 

courses being taught at SSU in the Spring semester of 2016. These courses were chosen since 

a large portion of the enrolled students in MA 241 are first and second year biological and 

life science majors. These students would have also already successfully passed at least one 

semester of calculus either in a previous semester or during high school so they would have 

learned the calculus necessary to complete the interview tasks.  

Experienced undergraduates. To solicit participation from the experienced 

undergraduate students, I visited upper-level undergraduate courses in the biological and life 

sciences. I contacted all instructors of courses being offered in the Spring of 2016 with the 

prefix BIO that was at least 400 level. I ended up getting permission to visit four of the nine 

such courses being offered. After receiving permission from the instructors, I visited with 

each class for five minutes to describe the focus of my study, an overview of what 

participation would look like, and the available compensation (20.00 USD for an hour-long 

interview). I left my contact information with each student and those who were interested 

emailed me to set up a mutually agreeable interview time. See Appendix A for templates for 

the recruitment materials I utilized. A detailed discussion of the participants is included in a 

later section. In the next section I describe the interview protocol, including the specific tasks 

students were asked to solve. 
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Interview Protocol 

The tasks utilized in this study were calculus accumulation tasks. This means the 

students were given a rate of change function for some quantity and asked about the 

accumulation of that quantity. This means each task involves the definite integral of a rate of 

change function. The task-based interviews consisted of two phases, an introductory period 

in which I asked the students questions about their background in calculus, their chosen 

major, as well as questions about their views and perspectives on calculus (lasting 

approximately 10 minutes) and then they completed five calculus tasks concerning 

accumulation (approximately 50 minutes). For the purposes of this study, the results from the 

first phase are only used to describe the students’ backgrounds and so analysis of that aspect 

of that data is not presented. In each of the five calculus tasks, the students are presented with 

a rate of change function of some quantity and questions about the accumulation of said 

quantity over various periods of time. Task 1 has been omitted from analysis in the current 

study as students did not tend to be as descriptive in their thinking during work on this task. 

Analyzing this data is among the plans for future research. See Table 1 for a summary of 

each tasks under analysis in the current study. To answer the research question: “What role 

does context play in how undergraduate students majoring in the biological and life sciences 

solve calculus tasks involving accumulation?”, the contexts for the tasks were chosen to be 

diverse but relevant for the students’ backgrounds. Furthermore, to more directly investigate 

this potential impact of context on students’ solution strategies, two tasks were included that 

were similar in terms of the underlying mathematical concepts, but were presented in 

different contexts (Tasks 2 and 4). Additionally, I chose four different representations for the 
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rate of change (generic function with and without an analytical representation, graph, and 

table). These variations in representation were chosen specifically to represent a diversity in 

calculus tasks. The focus of the current study is on Tasks 2, 3, 4, and 5. The next section will 

be devoted to describing these four tasks. See Appendix B for copies of the tasks as 

presented to participants. 

Table 1. 
Summary of interview task context and rate of change representation 

Task Number Context Rate of Change Representation 
Task 2 Velocity & Distance Traveled Graph 
Task 3 Climate Change Equation 
Task 4 Plant Growth Graph 
Task 5 Spread of a Virus Table 

 
 

Task 2. Task 2 was written to be the most traditional calculus task. Students were 

given a graph representing velocity versus time for two cars over a two-and-a-half-minute 

period. Each curve started at the origin to represent zero velocity at time zero, Car 1 

accelerated more quickly than Car 2 at first, maintaining a higher velocity until the one 

minute mark. Car 2 accelerated slowly at first but matched Car 1’s velocity at the one minute 

mark. After the first minute, Car 2’s velocity was higher than that of Car 1 for the remainder 

of the time. This implies that Car 1 would have traveled farther than Car 2 after one minute 

but that Car 2 would have traveled farther after two minutes, and one would need to utilize an 

accumulation strategy to approximate the total distance traveled over a time period. See 

Figure 4 for the given graph. The problem stated, “Two cars start from rest at a traffic light 

and accelerate for several minutes. Each driver has already traveled 500 feet from home. The 
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figure below shows each car’s velocity as a function of time. Use this figure to answer the 

following questions:  

1. Which driver has traveled farther after one minute?  

2. Which has traveled farther after two minutes?  

3. Describe the trip of each car during the first minute. 

4. How could you figure out the total distance traveled by Car 1 in the first minute?” 

 

Figure 4. Graph used in Task 2 

 
For the first interview (Mary), it should be noted that the dependent axis was not 

labeled with a zero at the origin, and the 2000 was labeled 3000. These changes were made 

to make the graph more directly match the information given in the problem text. 

Additionally, the fourth question was asked to Mary orally and had not been written into the 

task at the time of her interview. 

Task 4. Task 4 is presented next due to its similarity with Task 2. To help answer my 

second research question, (What role does context play in how undergraduate students 

majoring in the biological and life sciences solve calculus tasks involving accumulation?) I 
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decided to include a similar task to Task 2 except presented in a different context. In Task 4, 

students are given the same graph as Task 2 but are now told this graph represents plant 

growth rates, measured in plants per year, over a two-and-a-half-year period. The discussion 

of the plant growth rates over time therefore should parallel the discussion of the two cars’ 

velocities from Task 2, namely that Species 1 grows faster throughout the first year, the two 

species have equal growth rates at one year, and after two years Species 2 would have grown 

more. Task 4 read, “The rates of growth of two species of plants (measured in plants per 

year) are shown in the figure below. Each species starts with 500 plants. Use the graph to 

answer the following questions: 

1. Which species is larger after one year? 

2. Which species is larger after two years?  

3. Describe how the population of each species changes during the first year. 

4. How could you figure out the total number of plants in Species 1 after one year?” 

The graph from Task 4 is presented below in Figure 5. 

 

Figure 5. Graph used in Task 4 



 

38 

Task 3. In Task 3, students are given an equation modeling the rate of change of the 

average surface temperature of the Earth, in degrees Fahrenheit per year, and are told the 

average surface temperature is 57.8 degrees Fahrenheit in the year 2000. There is a short 

introduction concerning the greenhouse effect and it is stated that the planet is warming. The 

students are asked to approximate the average surface temperature of the Earth in the year 

2200. Task 3 reads: “The greenhouse effect is the rise in temperature that the Earth 

experiences because certain gases prevent heat from escaping the atmosphere. According to 

one study, the temperature is rising at the rate of 𝑅 𝑡 = 0.014𝑡(.) degrees Fahrenheit per 

year, where t is the number of years since 2000. Given that the average surface temperature 

of the Earth was 57.8 degrees Fahrenheit in the year 2000, predict the temperature in 2200.”  

Task 5. In Task 5, students are given a table of values (see Table 2) that represents the 

rate of change of the population of individuals infected with a virus in a small town. The 

table of values included is reported in number of infected people per day but values are only 

given every other day. Students are then asked to describe how the number of infected people 

is changing and to approximate the total change in infected people over the given period of 

16 days. In this task, unlike the others, the rate of change takes on negative values. Task 5 

reads “A new virus has shown up in a small town. The following table gives the estimated 

rate of change of the number of infected individuals on a given day (measured in people per 

day). Describe how the number of infected people is changing and use the information in the 

table to estimate the total change in the infected population over the given time period.” 
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Table 2. 
Table of rate of change values given in Task 5 
Days 0 2 4 6 8 10 12 14 16 
Rate 
(Infected 
per day) 

18 25 20 4 -5 -10 16 17 20 

 

Protocol development. To choose the interview tasks, I reviewed various calculus 

textbooks and online sources to find appropriate tasks involving accumulation that were set 

in contexts relevant to the biological and life sciences. Task 4 was found on a PDF of a 

section of the calculus textbook used in a calculus course at Virginia Tech through an online 

search (citation). This task was edited and additional questions were posed. The graph was 

then repurposed in Task 2 with the new context of traveling cars written over it. Task 3 was 

taken verbatim from a list of integration application problems from a calculus instructor’s 

website (citation). These tasks were given to two undergraduate student volunteers to assess 

whether they proved to be useful in data collection. The results of these two interviews 

indicated that the tasks were viable means of exploring how students think about 

accumulation tasks and indicated that there would be time for an additional task. This led me 

to write Task 5, utilizing a table for the rate of change values and another context I felt was 

meaningful to undergraduate biological and life science majors, climate change.  

Data Collection 

As undergraduate students interested in participating in the interviews contacted me, I 

coordinated a mutually agreeable time for them to meet with me. Interviews took place in an 

empty office space and lasted approximately one hour. Interviews were audio and video 

recorded with the interviewee’s permission and after the interview, data was immediately 
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anonymized prior to being uploaded to my personal computer. Interviews were transcribed 

and transcriptions were then checked for accuracy prior to beginning analysis.  

Students were first read a short description of the interview process including that the 

interview tasks would concern the calculus concept integral. Students were made aware that I 

would be asking probing questions and that they had the right to end the interview at any 

time. Next, I asked them a list of demographic questions including their age, undergraduate 

major, and year in school. I asked them a few questions regarding their mathematical 

background and their feelings towards mathematics. After these questions, I asked the 

students to describe the calculus concept integral, what it means to integrate a function, and 

how important they felt integrals would be to their future work. Please note that the results of 

this part of the interview are not under analysis in the current study.  

After this initial phase of the interview, which lasted approximately 10 minutes, the 

students were given the calculus tasks one-by-one and asked to solve them. I encouraged 

them to think aloud as they worked and to write anything they felt appropriate. I made sure 

the students knew they could return to any task they wanted later in the interview. The tasks 

were presented in the same order for every interview apart from Tasks 2 and 4 as an attempt 

was made to present Task 4 prior to Task 2 in approximately half the interviews and to both 

novice and experienced undergraduate students. This was done to attempt to alleviate the 

possibility that all students would use their approach from Task 2 directly on Task 4 and 

therefore obfuscate their potentially unique approaches to Task 4. A total of 20 students were 

interviewed, however, only 12 are under consideration for analysis in the current study. 

Three students were omitted as they were graduate students as I decided to focus exclusively 
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on undergraduates at this time, two students due to incomplete data as they did not complete 

Task 5 within the hour time limit, one student’s interview was very brief as she was rather 

unwilling to discuss her reasoning, one student’s interview recording was corrupted, and one 

student was majoring in biomedical engineering and not the biological and life sciences. See 

Table 3 for a chronological listing of the interview participants, their year in school, whether 

Task 2 or 4 was presented first, whether they were omitted from the current analysis and 

why. Please note all names are pseudonyms. 

Table 3. 
Summary of interview participants listed chronologically with omitted students and reasons 
for omission 

Student Year Task 2 or 4 First Omitted (Y/N) Reason 
Mary Sophomore Task 2 N - 
Rita Graduate Task 4 Y Graduate student 
Jessica Freshman Task 2 Y Interview quality 
Jane Freshman Task 4 N - 
Tom Senior Task 2 N - 
April Freshman Task 2 Y Data corrupted 
Anne Freshman Task 4 N - 
Shauna Freshman Task 2 N - 
Carol Freshman Task 4 Y Incomplete interview 
Ron Freshman Task 2 N - 
Andy Freshman Task 2 N - 
Doug Sophomore Task 4 Y Incomplete interview 
Jake Senior Task 4 N - 
Brenda Junior Task 2 N - 
Lisa Senior Task 2 N - 
Gina Junior Task 2 N - 
Pam Graduate Task 2 Y Graduate student 
Gary Sophomore Task 4 Y Biomedical engineer 
Nancy Senior Task 4 N - 
Brian Graduate Task 4 Y Graduate student 
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In Table 4, I summarize those students whose data was included, now grouping 

novice and experienced undergraduate students instead of listing the interviews by order of 

interview. Due to those students omitted, it did end up that Task 2 was presented first in a 

slightly disproportionately higher number of interviews as there were four students in both 

the novice and experienced groups who had Task 2 presented first and two students in both 

groups who had Task 4 presented first. 

Table 4. 
Summary of interview participants analyzed in the current study with undergraduate status 
and task order 

Student Year in School Task 2 or 4 First 
Mary Sophomore Task 2 
Jane Freshman Task 4 
Anne Freshman Task 4 
Shauna Freshman Task 2 
Ron Freshman Task 2 
Andy Freshman Task 2 
Tom Senior Task 2 
Jake Senior Task 4 
Brenda Junior Task 2 
Lisa Senior Task 2 
Gina Junior Task 2 
Nancy Senior Task 4 

 

Data Analysis 

Data analysis happened in two phases: 1. coding via open and a priori coding of the 

interview data and 2. coding via an analytical tool called local theory diagrams. The open 

coding of the interview data was based in a constructivist grounded theory approach to 

qualitative data analysis (Charmaz, 2000) while the a priori codes were the literature-based 

conceptions of the definite integral. The local theory diagrams have their theoretical base in 
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constructivism, specifically the concept of viability in learning, but were also influenced 

heavily by the work in philosophy of science by Imre Lakatos.  

Below, I will first discuss Charmaz’s perspective on constructivist grounded theory, 

then describe the development and application of the codes for the interview data. Finally, I 

will briefly describe the work of Imre Lakatos that inspired the development of the local 

theory diagrams, discuss the local theory diagrams themselves, and how they were created 

for the interview data. 

Constructivist grounded theory. Analysis of the interview transcripts followed a 

constructivist grounded theory approach (Charmaz, 2000). Constructivist grounded theory, 

like other forms of grounded theory (e.g., Glaser & Strauss, 1967; Strauss & Corbin, 1990), 

allows the researcher to explore the data without a preconceived framework of what results 

should emerge from the data. Assuming a grounded theory approach is a way to build new 

theories and frameworks for data when it may not be appropriate to assume a previously 

existing framework. For this study, while frameworks do exist for studying how students 

think about the definite integral (e.g., Jones, 2015b; Sealey, 2014), part of the research focus 

was to explore whether individuals from the biological and life sciences approached 

accumulation tasks in unique ways and so a grounded theory approach was deemed 

appropriate.  

Constructivist grounded theory differs from other forms of grounded theory in its 

rejection of positivist assumptions. Charmaz (2000) notes that objectivist grounded theorists 

“assume that following a systematic set of methods leads them to discover reality and to 

construct a provisionally true, testable, and ultimately verifiable ‘theory’ of it” (p. 524) and 
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therefore that the data collection and analysis procedures should aim to minimize the role of 

the researcher to be able to make claims about an observer-independent reality. For 

constructivist grounded theory, Charmaz argues, this is not the case. She argues that “the 

research products do not constitute the reality of the respondents’ reality. Rather, each is a 

rendering, one interpretation among multiple interpretations, of a shared or individual 

reality” (Charmaz, 2000, p. 523). For the constructivist grounded theorist then, data analysis 

should be completed not with a perspective that a window to objective reality has been 

opened. A more fitting analogy may be that the researcher has asked the respondent to paint a 

picture of some element of their reality, the painting will certainly not be a window to 

objective reality in the same way no painting of a landscape is the landscape itself. Further, 

the painting’s creation is necessarily a product of the colors and medium at the artist’s 

disposal. As such, the interview setting, tasks posed, and probing questions asked are all 

inextricable from the reality that is illustrated within the data for the constructivist grounded 

theorist. Charmaz illustrates this succinctly when she says, “data do not provide a window on 

reality. Rather, the ‘discovered’ reality arises from the interactive process and its temporal, 

cultural, and structural contexts” (p. 523-524). This approach to data analysis fits with the 

theory of learning described earlier, particularly the focus on viability in learning since both 

perspectives reject the assumption that we are uncovering some objectively true reality. In 

the next section I will describe how I utilized a constructivist grounded theory approach in 

open coding the interview data. 

Code development. The analysis process began with a review of the transcribed data. 

I first read through the interviews while watching the interview videos and reviewing the 
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written work so that I could be more familiar with the data. Each interview was then 

summarized task-by-task. The transcripts were imported into Microsoft Excel with the 

timestamps along the first column, followed by the speaker identification in the second 

column, then the transcript in the third column. Six columns were labeled and color coded, 

one for each task and one for the introduction, and these columns were used to identify which 

task was being solved at a given time. The letter “x” was entered for a transcript line for the 

corresponding interview section and that cell was colored to correspond with the interview 

section. All student data was loaded into one spreadsheet with each student receiving their 

own tab. Figure 6 below is a screenshot illustrating the data configuration. 

 

Figure 6. Screenshot of example of interview data organization 

 
Open-coding and annotations. Analysis within a grounded theory approach primarily 

happens through the open-coding process, which is guided by constant-comparative methods 

(Charmaz, 2000). My open-coding process began with data annotations in which I tried to 

use natural language to describe what the students were doing while solving each of the 

interview tasks. This means that when possible, I utilized the students’ language while 

attempting to not be so specific to create a new annotation for each line of transcript. For 
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example, here Jake is explaining one of his strategies for Task 3: “Um, I was trying, I was 

just plugging in two thousand to find the rate at that year and then multiplying it times the 

current year that it wants us to find. That’s not right either though.” This piece of transcript 

was marked with the following annotations: (1) R(2000) = rate in year 2000 and (2) 

R(2000)*2200 is not average surface temperature in 2200. As I progressed through the data 

set, certain patterns in annotations began emerging both within and across tasks and so 

annotations began to repeat. The annotation process was completed for all students and tasks. 

See Appendices C-E for a complete listing of all annotations for each task. 

The annotations, while quite useful in describing everyone’s approach to each task, 

were unwieldy in identifying any trends within and across the strategies of the students. 

However, there were the beginnings of interesting results when keeping a focused eye on the 

subtleties of each student’s approach to each task. At this point, it was determined that to 

answer the first research question, “How can we characterize the ways undergraduate 

students majoring in the biological and life sciences solve calculus tasks involving 

accumulation?” two different levels of analysis were preferable. The first was the 

continuation of the open coding process, which included the development and application of 

a codebook by grouping annotations for similarity and highlighting emerging trends in the 

data as well as the literature-based coding. The second approach was to hang on to the 

subtleties of everyone’s approach to the task using local theory diagrams. In the next section 

I will describe the development and application of the codebook and in a later section, 

discuss the literature-based coding and the local theory diagrams. 
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Codebooks. The annotations were then used to define the codebooks for the data. I 

collected the annotations for each task into one document and then, task-by-task, I grouped 

the annotations based on similarity. There were no predetermined codes nor was there a 

preset number of codes expected. Some annotations were directly converted to codes. For 

example, one annotation that showed up frequently that directly became a code across all 

four tasks was “Remembering,” an annotation used when a student either spoke about trying 

to remember a specific technique for solving the task or tried talked about remembering the 

type of problem they were solving. Some emerging codes consumed a great number of 

annotations. For example, in Task 5, “Rectangles to approximate area” collected 16 different 

annotations since it was determined that these annotations were all applied to the same 

solution strategy of breaking up the given area into rectangles. Such annotations included 

“height of rectangle is rate of change value” and “width of rectangle can be two days.” With 

this process, there were several annotations that were not directly converted to codes, nor 

were they comparable enough to include in any of the emerging codes. These singletons were 

left out of the codebook as it was determined they were idiosyncratic and would not serve the 

larger purpose of identifying emerging themes within student solution strategies. This was 

acceptable largely because of the second analysis phase (local theory diagrams), which 

would highlight such individualistic approaches.  

This process resulted in a chapter of the codebook for each task with some unique 

codes for that task and some codes that show up across multiple tasks. For example, “Area 

Under Curve Equivalent to Integral” and “Assessing Reasonableness of Work” were two 

codes that emerged within all four tasks. Finally, it should be noted that due to the similarity 
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of Tasks 2 and 4, the annotations for these tasks were merged into one chapter of the 

codebook. Generic language replaced the context-specific language (e.g., using “rate of 

change” instead of “plant growth rate” or “velocity”). This decision parallels the construction 

of the tasks in that the same graph and overall questions were repeated with a new context 

written on top. A single chapter of the codebook for these tasks allowed me to more directly 

compare the students’ approaches to the tasks. In the codebook, the annotations that were 

grouped together under each code were listed and a short description of each code was 

written. The codebook chapter for Tasks 2 and 4 is shown in Table 5 including the codes, a 

short description of the code, and an example of interview transcript that was marked as each 

code. See Table 6 for the codebook chapter for Task 3 and Table 7 for the codebook chapter 

for Task 5. The three codebook chapters and their creation were reviewed by the faculty 

advisor during regular meetings. 

Table 5. 
Codebook chapter for Task 2 and Task 4 with examples of coded transcript 

Code Description Example 

Area Suggestion Student suggests that bounded area may be 
appropriate but gives little to no support 
for their claim. 

You can calculate just what’s in 
between there [shades between the 
two curves] but I don’t know if 
that would find total distance. 

Area Under Curve 
Equivalent to Integral 

Student connects the ideas of integral and 
bounded area.  

I definitely feel like that there’s 
something about integration and I 
feel like if it’s zero to one then you 
can write the function in, of like 
what’s below car one, like all of 
this space 

Area Under Curve 
Equivalent to Net 
Quantity 

Student connects the ideas of bounded area 
and total quantity or net quantity. 

Um, so you asked what the total 
population of species one would be 
after a year so…if this is plants per 
year [the y-axis] then the area 
under this curve would be plants 
after a year. 
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Table 5. (continued)   
Assessing 
Reasonableness of Work 

Student analyzes whether their approach, 
assumptions, calculations are accurate or 
reasonable. Might use the problem context 
in such assessment. 

I’m kind of second guessing now 
that I look more in depth at the 
labels on the y-axis I guess. 

Contextual 
Assumptions/Knowledge 

Student makes assumptions concerning the 
context of the problem or uses the context 
to justify assumptions about the given 
equation/data. 

Um, because I know like plants 
aren’t gonna like shrink or go 
backwards. 

Counting Boxes to 
Approximate Area 

Student counts boxes to approximate the 
bounded area. 

I know that if I count the boxes 
that that’s the, like that would give 
me my answer… I’m going with 
species one based off the area 
underneath it. 

Equation Necessity Student talks about needing an equation to 
model the table values or attempts to solve 
for an equation. 

So you could um, again, take the 
integral, if you had the formula for 
the line. 

Graphed Function 
Represents Quantity 

Student reasons about the graphed function 
as representing quantity, either total 
number of plants or total distance traveled. 

And then after two years, species 
two is larger, that’s pretty 
obvious…this is plants [vertical 
axis] and this is years [horizontal 
axis]. 

Graphed Function 
Represents RoC 

Student reasons about the graphed function 
as representing rate of change of quantity, 
either plant growth or velocity. 

Okay, so after one and some years, 
the growth rate was fifteen 
hundred plants per year. 

Greater RoC Implies 
Greater Quantity 

Student states that a greater rate of change 
value implies that the quantity will be 
larger. 

If you have a higher velocity your 
speed is faster, so feet per minute, 
so you’re traveling more feet per 
minute, so he’s traveled farther. 

Identifies Initial 
Quantity 

Student specifically identifies the initial 
quantity given while working through the 
task. 

So here it mentions that each starts 
with five hundred plants 

Initial Value Added Student suggests adding the initial quantity 
given to their calculation. 

You would add the five hundred 
plus that number and then that’s 
how many they’d have 

Integral Equivalent to 
Net Quantity 

Student connects the ideas of integral and 
change in quantity or total quantity. 

Just like, the integral of…so if this 
is velocity, then if you did the 
integral of the velocity you’d get 
the distance, traveled. 
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Table 5. (continued)   

Integral Suggestion Student suggests that an integral may be 
appropriate but gives little to no support 
for their claim. 

But you could probably find an 
integral if you really wanted to 

Intersection of Curves 
Implies Quantities Equal 

Student claims that when the curves 
intersect, it implies the quantities will be 
equal. 

Okay so I mean they’re the same 
at, after one year. Um… 

Intersection of Curves 
Implies RoC Equal 

Student claims that when the curves 
intersect, it implies the rates of change are 
equal. 

Even though they both end at the 
same rate at year one 

Kinematics Derivatives Student recalls the calculus relationship 
between displacement, velocity, and 
acceleration. 

The derivative of distance traveled 
is velocity 

Kinematics Influence Student explicitly reasons about the task 
utilizing their knowledge and/or language 
of kinematics 

It’s telling us the, the rate of…so 
we have the, I guess “velocity” of 
plant growth here 

Other Course Influence Student recalls specific information from a 
previous course, though not from a 
calculus course. 

I didn’t learn that, all of that in 
calculus, I learned that in physics 

Rectangles to 
Approximate Area 

Student reasons about or attempts to 
approximate bounded area via rectangles.  

Like a rectangle from here, that 
would get you the amount of plants 
in that time. 

Remembering Student explicitly states they are trying to 
remember a technique or they identify the 
given task with tasks they have seen 
previously. 

I just remember having two lines 
like this and if you find the 
difference between two of the two 
of them that gets you something 

Representation 
Influenced Approach 

Student talks about how the representation 
of the task impacted their solution strategy. 
Includes using their understanding of one 
task to reason about another task. 

Well I was just thinking, I think it 
might have been easier with the 
plants. 

RoC Multiplied by Time 
Equals Net Quantity 

Student multiplies a rate of change value 
by time to calculate the change in quantity 
over a given time period. 

They’re going a thousand feet per 
minute for one minute, so I guess 
they went a thousand feet, 

Summation Suggestion Student suggests the need to sum up the 
various values for the RoC to calculate 
total quantity or change in quantity 

So, something to do with maybe 
the summation of all these points 
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Table 6. 
Codebook chapter for Task 3 with examples of coded transcript 

Code Description Example 

Area Under Curve 
Equivalent to Integral 

Student connects the ideas of integral 
and bounded area.  

[Asked about what the definite 
integral would compute] This would 
give us the area under this curve 

Assessing 
Reasonableness of Work 

Student analyzes whether their 
approach, assumptions, calculations are 
accurate or reasonable. Might use the 
problem context in such assessment. 

Um, I was trying, I was just plugging 
in two thousand to find the rate at that 
year and then multiplying it times the 
current year that it wants us to find. 
That’s not right either though. 

Compute Definite 
Integral 

Student computes a definite integral in 
service of solving the task. 

So I just added one to the exponent so 
instead of point four it’s one point 
four and then just divided it by 
that…yeah, I think that’s right. 

Contextual 
Assumptions/Knowledge 

Student makes assumptions concerning 
the context of the problem or uses the 
context to justify assumptions about the 
given equation/data. 

And just by like my knowledge of like 
global warming and all of like the 
theories and stuff about the Earth 
getting warmer, I would assume that 
the average temperature is gonna 
increase 

Equation Manipulation Student suggests that they need to solve 
for various components of the equation 
to find the average surface temperature. 

So really I’d want to find the rate of 
change first and then, so solve this one 
for the rate [pointing to R(t) in the 
problem] and then use that rate to 
figure out what the degrees is and, and 
um, twenty-two… Let’s see. 

Identifies Initial 
Quantity 

Student specifically identifies the initial 
quantity given while working through 
the task. 

I’m trying to figure out where this 
comes into play [57.8 degrees], if it’s 
gonna be a part of my equation or if 
they’re just giving me a start point 

Incomplete Data Student claims there is information 
missing from the task. 

Like in chemistry when we’re 
working with temperature we have 
like some constant or like something, 
some variable of temperature in here 
and I’m just not sure like, if that’s 
really in here 

Initial Value Added Student suggests adding the initial 
quantity given to their calculation. 

Because I didn’t incorporate the 
average temperature, so. I guess I 
would add it to fifty-seven point eight. 

  



 

52 

Table 6. (continued)   

Integral Equivalent to 
Net Quantity 

Student connects the ideas of integral 
and change in quantity or total quantity. 

This is the rate of the temperature 
rising so if you take the integral of it 
it’ll give you the temperature change. 

Integral Suggestion Student suggests that an integral may 
be appropriate but gives little to no 
support for their claim. 

And I can’t remember, you probably 
have to take the derivative, do an 
integral and solve for t and then like 
plug something back in. 

Other Course Influence Student recalls specific information 
from a previous course, though not 
from a calculus course. 

Like in chemistry when we’re 
working with temperature we have 
like some constant or like something, 
some variable of temperature in here 
and I’m just not sure like, if that’s 
really in here 

R(t) is Exponential  Student claims that the given function 
is an exponential model. 

Yeah it’s like po or perk, perk, pert, 
pert, pert, something. It’s like, that, 
when you have the e, the l n, and 
they’re supposed to cancel and all that 

R(t) Multiplied by 
Temperature 

Student talks about or multiplies the 
output of the given function by the 
current temperature. 

Well I used that [.116] multiplied it by 
that [57.8]. 

R(t) Outputs AST Student reasons that the output of the 
given function is or will be the average 
surface temperature. 

To find twenty-two hundred, you’d 
have like the function and then you’d 
plug in two hundred for t because 
that’s the amount of time since two 
thousand and then you’d put it to the 
point four and that would give you the 
predicted temperature in twenty-two 
hundred. 

R(t) Outputs RoC of 
Temperature 

Student reasons that the output of the 
given function is or will be the rate of 
change of the average surface 
temperature. 

So it’s telling me that each individual 
year how much is the rate changing. 

R(t) Outputs 
Temperature Change 

Student reasons that the output of the 
given function is or will be the change 
in the average surface temperature over 
a given period. 

Um, this is giving us a rate function so 
basically just plug in how many years 
past the rate and then add the initial 
temperature at time zero. 

Remembering Student explicitly states they are trying 
to remember a technique or they 
identify the given task with tasks they 
have seen previously. 

You’re trying to predict the 
temperature in this year [2200] given 
this function of time, or function of 
temperature in this year. And I just 
can’t remember how to do it. 
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Table 6. (continued)   

Representation 
Influenced Approach 

Student talks about how the 
representation of the task impacted 
their solution strategy. Also includes 
when the order of the tasks or another 
task influenced the solution strategy. 

So I guess this one here would be, 
kinda the same way the other one 
where, I have to take the integral of 
that 

RoC Multiplied by Time 
Equals Net Quantity 

Student multiplies a rate of change 
value by time to calculate the change in 
quantity over a given time period. 

It’s saying that it’s rising that much 
every year so then you’d have to 
multiply that times the number of 
years it’s been since two thousand 

Summation Suggestion Student suggests the need to sum up the 
various values for the RoC to calculate 
total quantity or change in quantity 

If it increased by you know, point one 
degrees you’d have to add that to that 
and then every year it would be a 
different number that you’re adding to 
this original temperature 

 
 

Table 7. 
Codebook chapter for Task 5 with examples of coded transcript 

Code Description Example 

Area Suggestion Student suggests that bounded area may 
be appropriate but gives little to no 
support for their claim. 

I feel like there’d have to be another 
line to graph if I was gonna use area. 

Area Under Curve 
Equivalent to Integral 

Student connects the ideas of integral and 
bounded area.  

So from here to here [points to 0 and 16 
days on his graph] divided by infinitely 
small rectangles, what would be the 
area, which is basically the integral. 

Area Under Curve 
Equivalent to Net 
Quantity 

Student connects the ideas of bounded 
area and total quantity or net quantity. 

The area represents the total number of 
infected 

Assessing 
Reasonableness of 
Work 

Student analyzes whether their approach, 
assumptions, calculations are accurate or 
reasonable. Might use the problem 
context in such assessment. 

I was gonna say um, out of sixteen days 
these were like the people infected or 
not infected so I could just add them up 
but um, I don’t know if that really 
makes sense 
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Table 7. (continued)   

Average of Table Values 
Represents Total Change 

Student computes the average of the table 
values when tasked with finding the total 
change in the infected individuals. They 
may reason about this value as a daily 
average rate of change later.  

The total change in the infected 
population in a given time period 
[reading], so that’s all of that, so 
then I just, the rate, added all the 
numbers together. I basically just 
did the average. 

Average Values to Fill 
Table 

Student averages table values to determine 
values that are not given. 

So I would average, like between 
the two days, even though that’s 
not the exact curve of the line 

Contextual 
Assumptions/Knowledge 

Student makes assumptions concerning the 
context of the problem or uses the context to 
justify assumptions about the given 
equation/data. 

Maybe you can’t see if the virus 
is, you know, transmitted in that 
day, you needed two days to see 
if the virus transmitted 

Equation Necessity Student talks about needing an equation to 
model the table values or attempts to solve 
for an equation. 

Um, and without having the 
function it’s also difficult. Like I 
said, I mean, I’m sure I could 
make a function if I have those 
numbers 

Incomplete Data Student claims there is information missing 
from the task. 

Um, well cause it is per day so 
it’s not every two days, I guess 
they’re just ignoring the rate on 
the odd numbers. 

Integral Equivalent to 
Net Quantity 

Student connects the ideas of integral and 
change in quantity or total quantity. 

In the end this integral, when you 
solve it would be the total number 
of infected. 

Integral Suggestion Student suggests that an integral may be 
appropriate but gives little to no support for 
their claim. 

I think you’d have to use like the 
integral and I don’t know how to 
use, like, how to form those 
equations. 

Kinematics Influence Student explicitly reasons about the task 
utilizing their knowledge and/or language of 
kinematics 

This [the curve] is a velocity of 
how many people, not how many 
people, but how fast through the 
days people got infected 

Other Course Influence Student recalls specific information from a 
previous course, though not from a calculus 
course. 

Well I’m actually in a 
tuberculosis class right now, so 
like we’re looking at, you know, 
treatments and you know, 
antibiotics and like modes of 
transfer for tuberculosis, so that’s 
kind of what I started thinking 
about. 
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Table 7. (continued)   

Rectangles to 
Approximate Area 

Student reasons about or attempts to 
approximate bounded area via rectangles.  

This little block right here is two 
wide and about…about twenty-
one and a half high. This one 
right here is two wide and about 
twenty-two and a half wide, or 
not wide, just tall. 

Remembering Student explicitly states they are trying to 
remember a technique or they identify the 
given task with tasks they have seen 
previously. 

Because that’s the thing, I really 
don’t remember how to make a 
function out of this 

Representation 
Influenced Approach 

Student talks about how the representation 
of the task impacted their solution strategy. 
May also include students discussing 
alternate representations and how they 
particularly effect their strategies. 

A graph, I feel is very, very 
accurate, like you can see every, 
like, little piece of it. Whereas 
this one [virus] every other day 
was left out so, like imagine 
chunks of this just like missing 
[graph], you don’t know what 
happened 

RoC Multiplied by Time 
Equals Net Quantity 

Student multiplies a rate of change value by 
time to calculate the change in quantity over 
a given time period. 

Um, so the eighteen people per 
day would be, since there’s two 
days, would be two times that, 
would be how much I’ve 
increased. 

Sketch a Graph Student sketches a graph to represent 
information from the task. 

Okay so, if we were to kind of 
think of this like graphically 
[draws axes], if this [vertical axis] 
is the rate of infected people per 
day and this [horizontal axis] is 
days then it would start off at 
eighteen, get a little higher… 

Sum Table Values to 
Find Net Infected 

Student connects the sum of the table values 
to the net or total infected. 

So I guess just total change is just 
adding all of them up 

Summation Suggestion Student suggests the need to sum up the 
various values for the RoC to calculate total 
quantity or change in quantity 

At some point you’ll get that 
summation that we’ve been 
talking about of, okay this plus 
this plus this plus this… 

Table Values Represent 
Number of Infected 

Student reasons about the values given in 
the table as representing the number of 
people infected on that given day. 

Basically, it’s like the first day 
like the initial time they studied 
it, there’s a lot of people infected 
and at first it increased but then 
like it went down for a really long 
time 
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Table 7. (continued)   

Table Values Represent 
RoC of Number of 
Infected 

Student reasons about the values given in 
the table as representing a rate of change of 
number of people infected. 

Okay so, so on this day it was 
eighteen, eighteen people per day, 
that were infected. But on day 
twenty-five, I mean on day two it 
was twenty-five people are being 
infected per day. 

 
 

Validity and reliability of the codebook. With a constructivist grounded theory 

approach to data analysis, there is not one interpretation of the qualitative data that is 

“correct.” Interview data are not seen as windows to objective reality, not perfectly 

representative of the participant’s knowledge devoid of the interview setting, tasks, and the 

interviewer. One may conclude this implies a certain solipsistic nature to the data analysis, 

where everyone’s perspective on what the data mean is incommensurable with anyone else’s. 

While there is merit to such an argument in validating alternative perspectives to the data, it 

is equally valid to note that when independent researchers can consistently apply a set of 

codes to the data, it gives credence to a level of consistency within the primary researcher’s 

perspective on data analysis. The process of independent researchers coding the data also 

provides an opportunity for alternative perspectives, heretofore unidentified by the primary 

researcher, to be brought into the analysis.  

I asked two individuals with experience in mathematics education research and 

calculus to each code a different subset of the data. The first independent coder (Coder A) 

was a doctoral student in mathematics education research with experience teaching calculus 

and performing qualitative data analysis. Coder A was randomly assigned five interview 

participants to code and was asked to code the responses to Task 2 and Task 4 for those five 
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participants. The second independent coder (Coder B) was a veteran mathematics teacher 

with extensive experience in teaching calculus as well as a Ph.D. in mathematics education 

and experience in analyzing qualitative data. Coder B was randomly assigned five different 

individuals and was asked to code the responses to Task 3 and Task 5 for those five 

participants. I met with each coder to describe the data set and the process of utilizing the 

code book and after coding had been completed, I met with each coder to discuss 

discrepancies between the assigned codes. During these meetings, discussions concerning the 

interpretation of the transcript and the codes themselves led to a several clarifications within 

the code book descriptions and at the end of the meeting there was 100% agreement upon the 

codes applied for the interview task under consideration.  

Prior to meeting, inter-coder reliability statistics were calculated to gauge how closely 

my codes aligned with the independent coders. I counted the total number of coded sections 

and counted a match if the two coders matched in at least one assigned code. Using this 

measure, I had 73% coded sections matched with Coder A for Tasks 2 and 4 together, 68% 

coded sections matched with Coder B for Task 3 and 63% coded sections matched with 

Coder B for Task 5. Again, after meeting, there was 100% agreement on the coded sections. 

These discussions clarified my own stance on various codes and after these discussions, I 

coded the remaining data. This process helped me to ensure that I was applying my own 

coding structure reliably across the data and that there was some independent validity to the 

applicability of the codes to the data. 

Summarizing the codes. To present the results of the coding of the data, I made a 

table for each task with a code listed in each row and the twelve student names listed along 
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the columns. An “X” was marked in a cell if a student was coded with that code at some 

point during their work on the task. This resulted in four tables summarizing all the ways 

students approached the tasks. The number of “x” marks were counted to identify the more 

common codes for each task. Figure 7 is a snapshot of the analysis table for Task 2 with three 

of the twelve students shown. These tables and their analysis are presented in Chapter 4. 

 

Figure 7. Screenshot of data analysis spreadsheet for Task 2 

 
Literature-based codes. After a full coding of the data with the revised codebook, I 

then returned to the data and codebook to explore whether standard conceptions of the 

definite integral could be identified within the data. This level of analysis would allow me to 

compare the ways the students within this study thought about the definite integral with the 
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ways previous research in calculus education have identified. As summarized in Chapter 2, 

there are three primary conceptions of the definite integral that have emerged from the 

existing research: (1) area, (2) accumulation, and (3) antiderivative (e.g., Jones, 2013). It is 

important to note that the accumulation conceptualization includes the multiplicatively-based 

summation approach to the definite integral and the antiderivative techniques 

conceptualization includes the standard analytical approaches to solving definite integral 

problems. Instead of coding the data again, I reviewed the existing codebook and selected 

any codes that fit under one of these three themes. 

For example, the literature-based code “Area” for Task 5 includes the following 

emergent codes: Area Suggestion, Area Under Curve Equivalent to Integral, Area Under 

Curve Equivalent to Net Quantity, and Rectangles to Approximate Area. In my data, students 

rarely used the term “antiderivative” and more commonly talked about “the integral” when 

referencing the analytic approach to integration. For example, in his work on Task 2, Andy 

answers one of the questions, “How could you figure out the total distance traveled by car 

one in the first minute? You find the integral from zero to one.” Similarly, during her work 

on the same task, Lisa said, “how could you figure out the total distance traveled by car one 

in the first minute? Mm, I guess using an integral.” Both responses were coded as Integral 

Suggestion since they clearly identify an integral as useful but do not provide much detail 

beyond the initial identification. Since I tried to reflect the students’ vocabulary and voice 

when possible, the emergent codes often reference “integral” in cases where the student is 

reasoning about the analytical approach to the definite integral instead of antiderivative. 

These instances were paired with the literature-based code, antiderivative, since they refer to 
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the students’ identifying the use of computing a definite integral or just the analytic approach 

to integration broadly. See Table 8 for a complete listing of the emergent codes that were 

collected under each of the literature-based codes for each task.  

Table 8. 
Literature-based codes matched with emergent codes 

Literature-
based Code Tasks 2 & 4 Task 3 Task 5 

Area 

• Area Suggestion 
• Area Under Curve 

Equivalent to Integral 
• Area Under Curve 

Equivalent to Net 
Quantity 

• Counting Boxes to 
Approximate Area 

• Rectangles to 
Approximate Area 

• Area Under Curve 
Equivalent to Integral 

 

• Area Suggestion 
• Area Under Curve Equivalent 

to Integral 
• Area Under Curve Equivalent 

to Net Quantity 
• Rectangles to Approximate 

Area 

Antiderivative 

• Area Under Curve 
Equivalent to Integral 

• Integral Equivalent to 
Net Quantity 

• Integral Suggestion 

• Area Under Curve 
Equivalent to Integral 

• Compute Definite 
Integral 

• Integral Equivalent to 
Net Quantity 

• Integral Suggestion 

• Area Under Curve Equivalent 
to Integral 

• Integral Equivalent to Net 
Quantity 

• Integral Suggestion 

Accumulation 

• Rectangles to 
Approximate Area 

• RoC multiplied by Time 
Equals Net Quantity 

• Summation Suggestion 

• RoC multiplied by 
Time Equals Net 
Quantity 

• Summation Suggestion 

• Rectangles to Approximate 
Area 

• RoC multiplied by Time 
Equals Net Quantity 

• Summation Suggestion 
• Sum Table Values to Find Net 

Infected 

 
 

To apply the literature-based codes, I investigated the four tables developed after 

coding the data previously. A student was coded for the area theme if they were coded for 

any of the listed codes under the area theme for that task. Similarly, they were coded for the 

accumulation themes if they were coded for any of the listed codes under those themes. A 
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table was created for each task with the new literature-based coding results so that further 

investigation of the trends could be carried out. A screenshot of one such table is presented in 

Figure 8. These further analyses are presented in the next chapter. 

 

Figure 8. Screenshot of spreadsheet for analyzing literature-based codes for Task 2 

 
The coding of the data, first through open coding with a constructivist grounded 

theory approach and secondly with literature-based codes, provides an opportunity to analyze 

trends within the solution strategies of the students both across tasks and across individuals. 

However, as noted earlier in the chapter, the annotation process illuminated the need for a 

second level of analysis that fixated more on idiosyncratic strategies. The local theory 

diagrams were constructed to address this need. It should be noted that the coding of the data 

and the construction of the local theory diagrams coincided. The local theory diagrams were, 
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in some ways, born out of the annotations process and were undertaken while coding was 

still happening. Therefore, these analyses are not independent of one another and they do 

highlight some of the same findings. In the next section I describe the development of the 

local theory diagrams and their inspiration in the work of Imre Lakatos. 

Local theory diagrams. This section is devoted to the development of the local theory 

diagrams. In alignment with a constructivist theoretical perspective, data analysis is focused 

on the individual. As stated earlier, after the data annotation process, I felt it was necessary to 

utilize data analysis methods that highlighted and accentuated students’ progress through 

each task instead of only identifying themes across students’ strategies. This led me to 

creating what I call local theory diagrams. As I began reviewing the interview data through 

the annotation process, I noticed that students tended to begin solving a task one way but 

then sometimes, after attempting a solution, they shifted to a different strategy based on 

feedback from their initial strategy. This process, I felt, mirrored how constructivists think 

about learning as an adaptive function that is focused primarily on viability – students were 

assessing the viability of their strategies. Furthermore, I noticed there were instances where 

students acknowledged contradictions in their approach but were sometimes able to explain 

these contradictions away for themselves without shifting their strategy, even though their 

explanations may not be mathematically accurate. This, I felt, was akin to what Imre Lakatos 

described in his work on philosophy of science – that scientists do not have to reject outright 

the hard core of their theory due to one contradiction. Thus, a framework of local theory 

diagrams for investigating how students work through the accumulation tasks was developed.   
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Lakatos and scientific research programs. There are several different theories about 

how science progresses over time. One such theory comes from Lakatos (1970) who claims 

that scientific theories do not progress linearly, matching objective reality better as time goes 

on. Instead, Lakatos states that theories either progress or degenerate over time. Theory 

degeneration does not happen immediately upon identifying a contradiction for Lakatos. 

Lakatos describes scientific theories as having both a “hard core” of central assumptions and 

a “protective belt” of auxiliary hypotheses and models of the world (p. 133). Seemingly 

contradictory evidence can be redirected towards the protective belt instead of instantly 

disproving the theory outright. The hard core can be altered, but only after accumulating 

significant contradictory evidence that leads to the development of a new hard core and 

protective belt that explains the observations and makes new predictions. This element of 

Lakatos’ perspective inspired the development of the local theory diagrams, particularly as it 

aligns with the aforementioned ideas concerning knowledge as an adaptive function. 

Lakatos’ ideas on progress in science are not necessarily vital to my perspectives, but his 

work was very influential on how I conceptualized this part of the data analysis at a much 

more local level than his theory. Next, I describe what the local theory diagrams are and how 

they were utilized in the data analysis. 

Creating the local theory diagrams. Each diagram represents a student’s solution 

strategy for one interview task. The diagrams contain one to three of what I am considering 

local theories of the task. Each local theory has a core containing the central assumptions 

about the given rate of change function (and occasionally other central assumptions that 

proved to be essential for the student’s work). The core is surrounded by a belt of supporting 
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concepts, assumptions, and calculations (I call these “ideas” hereafter for brevity) that the 

student seems to accept as viable given their current assumptions (i.e. their core). When 

contradictions to either the core or the ideas within the surrounding belt are perceived by the 

student, these are presented externally to the current local theory. If this contradictory idea 

leads the student to drop an idea from the belt of their theory, a solid arrow points from the 

contradictory idea in towards the dropped idea and the dropped idea has a dashed outline. 

Occasionally, a new idea supplants the dropped one, these have a solid outline. If this 

contradictory idea could have been used by the student to reject an assumption within their 

core, a dashed arrow points from the contradictory idea into the core. If a contradictory idea 

does lead to a student rejecting their current core, a grey arrow points from the contradictory 

idea to the core and a black arrow represents the transition to a new local theory. Each idea 

within the belt is presented chronologically how it appeared within the interview and in any 

second or third local theories for a given task, the ideas that are presented above the core are 

those that have been transitioned from the previous theory while those below are the new 

ideas that are now viable within the current theory. The completed diagram is a visualization 

of the student’s work on a given task including any contradictions they perceive. If more than 

one local theory exists, the final (rightmost) theory would represent the most viable 

conceptualization the student was able to generate regarding the given task.  

To standardize the creation of the diagrams across tasks, I analyzed each task 

independently. This means I sketched the local theory diagrams for each student for Task 3 

first, then Task 5, and then I sketched the diagrams for Tasks 2 and 4 simultaneously. The 

diagrams were first sketched by hand and then they were transferred to PowerPoint. The 
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cores and ideas present in the diagrams were read directly from the interview transcripts. 

Direct quotes were used occasionally though generally summarized and/or synthesized the 

students’ work to fit them into the diagram space. Summaries for each diagram were written. 

While the diagrams themselves form a significant aspect of this level of analysis, I eventually 

also analyzed overall trends both within and across tasks, specifically in how students 

assessed the viability of their theory. In Chapter 5, I present each of the four local theory 

diagrams for five students with a discussion of their work on each task and what aspects of 

the interview the diagrams highlight. Please note that there was an attempt to externally 

validate the diagrams and these efforts are described at the end of the next section on the 

open-coding analysis. 

Example of a local theory diagram. As an example, to showcase the description 

presented in the previous section, I will describe Jake’s work on Task 5 and show the local 

theory diagram I have created for his work (see Figure 9 for Jake’s local theory diagram for 

Task 5).  

 

Figure 9. Local theory diagram for Jake's work on Task 2 
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At first Jake claims that R(t) will output the average surface temperature. He states 

that “they told me the average surface temperature, which I would put in as r of t right here, 

fifty-seven point eight degrees” and claims he can calculate the average surface temperature 

of the Earth in the year 2200 by evaluating R(200). This is represented in the first local 

theory as the core, “R(t) outputs AST,” as one statement that 57.8 is an output of the given 

function, and as a hypothesis generated from his core, “R(200) = AST in 2200.” Upon getting 

a small value (0.116) when calculating R(200), he states he did something wrong since he 

should be getting a “whole number…probably around 57.8, maybe a little higher.” This new 

evidence is presented outside the current theory in his local theory diagram since it has been 

perceived as a contradiction to an element of his current theory. There is a solid white arrow 

pointing towards his hypothesis since he has identified this hypothesis as incorrect.  

Reasoning in this way, Jake shifts to thinking about R(t) as giving “the rate,” though 

he never clarifies further what he means by this. There is a grey arrow pointing from the 

perceived contradiction towards the original core as this evidence has now convinced Jake 

his original theory is not viable. He tries two different calculations, multiplying the output of 

the given function first by the original tempertaure (57.8) and the number of years that have 

passed (200) and then by the year in which he is trying to predict the temperature (2200). 

Neither of these calculations give Jake a value close to 57.8, his primary means of assessing 

reasonableness. This is represented in his local theory diagram by outlining his hypotheses 

about what to multiply in dotted lines indicating they were not viable in his current theory 

and having solid white arrows pointing in at these ideas from the evidence Jake attended to, 

namely that the values were not close to 57.8. Jake believes he must multiply the rate by 



 

67 

some value and that 57.8 will be important, but does not seem confident in what to multiply. 

Jake does not appear to think his current theory is viable but moves on to the next task.  

Validity and reliability of the local theory diagrams. As with the open coding of the 

interview data, it was important to have external assessment of the local theory diagrams. 

Coder A and Coder B reviewed a selection of the local theory diagrams from the student 

interviews they had independently coded. Each coder was sent the local theory diagrams 

from three of the five students they coded for the two tasks they had worked on. The coders 

reviewed the transcript to validate my interpretation of the data in the local theory diagrams. 

Specifically, I asked the coders to identify any claims they felt were unwarranted and if there 

were elements from the interviews that had not been represented in the diagrams. Each coder 

reported that they felt the diagrams were a fair assessment of the students’ work.  

Conclusion 

 This study was designed to investigate how undergraduate students from the 

biological and life sciences solve calculus accumulation tasks. I employed qualitative 

methods in data collection and analysis. Task-based interviews were conducted with twelve 

undergraduate students majoring in the biological and life sciences. Data were analyzed 

using an open coding process along with a priori, literature-based codes concerning standard 

conceptualizations of the definite integral. Additionally, a new analytical tool, the local 

theory diagram, was developed and used in data analysis. These analysis methods together 

allowed me to provide in-depth descriptions of the ways the students went about solving the 

calculus accumulation tasks and how the context of the tasks played a role in their solution 

strategies.  
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Chapter 4: Results from Coding 

In this chapter, I present the findings that emerged from the open coding analysis and 

literature-based coding of the data. Codes were born out of an in-depth annotation process 

that was focused on prioritizing student language over mathematical concepts. Hence, it was 

not my intention to necessarily identify the standard calculus approaches to the accumulation 

tasks within the open coding analysis, but to attend to the myriad ways students went about 

making sense of and solving the tasks. In the following sections I describe the codes that 

emerged within each task and present the findings regarding how many students were 

assigned each code. For each task or set of tasks, I report on the results of both the open 

coding and the literature-based coding. I highlight major trends emerging within the results 

of each coding scheme. Chapter 6 contains a more detailed development of common themes 

within and across the tasks. 

Tasks 2 and 4 

Given their intentional similarity, the results from Tasks 2 and 4 are presented 

simultaneously. As noted earlier, each task was annotated independently so that analysis did 

not begin with an assumption of uniformity in approaches. However, I determined that due to 

the similarity in student approaches and the frequency with which students talked about both 

tasks at the same time during the interviews, that the annotations for each task should be 

merged into a single codebook chapter during analysis.  

Open coding results. A discussion of how the annotations were merged into codes can 

be found in Chapter 3 while a complete list of annotations for Tasks 2 and 4 can be found in 

Appendix C. The codebook chapter for Tasks 2 and 4 is reproduced in Table 9, though this  
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Table 9. 
Codebook chapter for Task 2 and Task 4 

Code Description 
Area Suggestion Student suggests that bounded area may be appropriate but gives little to no 

details regarding their claim. 

Area Under Curve 
Equivalent to Integral 

Student connects the ideas of integral and bounded area.  

Area Under Curve 
Equivalent to Net Quantity 

Student connects the ideas of bounded area and total quantity or net quantity. 

Assessing Reasonableness 
of Work 

Student analyzes whether their approach, assumptions, or calculations are 
accurate or reasonable. Might use the problem context in such assessment. 

Contextual 
Assumptions/Knowledge 

Student makes assumptions concerning the context of the problem or uses the 
context to justify assumptions about the given information. 

Counting Boxes to 
Approximate Area 

Student counts boxes to approximate the bounded area. 

Equation Necessity Student talks about needing an equation for the given function and/or 
attempts to solve for an equation. 

Graphed Function 
Represents Quantity 

Student reasons about the graphed function as representing quantity, either 
total number of plants or total distance traveled. 

Graphed Function 
Represents RoC 

Student reasons about the graphed function as representing rate of change of 
quantity, either plant growth or velocity. 

Greater RoC Implies 
Greater Quantity 

Student states that a greater rate of change value implies that the quantity will 
be larger. 

Identifies Initial Quantity Student specifically identifies the initial quantity given while working 
through the task. 

Initial Value Added Student suggests adding the initial quantity given to their calculation. 

Integral Equivalent to Net 
Quantity 

Student connects the ideas of integral and change in quantity or total quantity. 

Integral Suggestion Student suggests that an integral may be appropriate but gives little to no 
details regarding their claim. 

Intersection of Curves 
Implies Quantities Equal 

Student claims that when the given curves intersect, it implies the quantities 
(number of plants or distance traveled) will be equal. 

Intersection of Curves 
Implies RoC Equal 

Student claims that when the given curves intersect, it implies the rates of 
change (rate of plant growth or velocity) are equal. 
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time with only the codes and descriptions. The codebooks presented in Chapter 3 also 

contain transcript examples for each code. 

 Table 10 contains the frequency the codes were assigned for each task. Recall that 

these frequencies identify only if a student’s work was coded with each code, they do not 

represent how many times each code showed up within an interview. In comparing the codes 

from Task 2 and Task 4, a few clear distinctions emerge. In solving Task 2 (car context), 

each of the 12 students, at some point during their interview, reasoned about the graphed 

function as representing rate of change, 10 of the 12 students reasoned that a greater rate of 

change value would imply a greater distance traveled, and 5 of the 12 students multiplied a 

value for the velocity by time to calculate distance traveled. Only 3 of 12 students reasoned 

about the graphed function as representing distance traveled.   

Table 9. (continued)   
Kinematics Derivatives Student recalls the calculus relationship between displacement, velocity, and 

acceleration. May or may not recall this relationship accurately. 

Kinematics Influence Student explicitly reasons about Task 4 (plant context) utilizing their 
knowledge and/or language of kinematics 

Other Course Influence Student recalls specific information from a previous course (e.g., physics or 
chemistry), though not from a calculus course. 

Remembering Student explicitly states they are trying to remember a technique or how to 
solve a specific type of problem. 

Representation Influenced 
Approach 

Student talks about how the representation of the task impacted their solution 
strategy. Includes using their understanding of one task to reason about 
another task and any comparison between tasks. 

RoC Multiplied by Time 
Equals Net Quantity 

Student multiplies a rate of change value by time to calculate the change in 
quantity over a given time period. 

Summation Suggestion Student suggests the need to sum various values to calculate total quantity or 
change in quantity. 
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However, this was not the case for Task 4 (plant context). In solving Task 4, only five 

students reasoned about the graphed function as giving a rate of change, four students 

reasoned that a greater rate of change value would imply more plants had grown, and only 

one student multiplied a rate of change value by time to find total number of plants. Instead, 

students tended to reason about the graphed function in Task 4 as if it were giving the total 

number of plants (9 of 12) and that the intersection of the curves implied that the plants had 

the same number of plants after one year (9 of 12). Additionally, across both tasks, 8 of the 

12 students either referenced their desire to or attempted to write the equation for the given 

function. In each task, 11 of 12 students were coded as being influenced by the 

representation, mainly while comparing their work across task. 

Table 10. 
Frequency of codes applied to Task 2 and Task 4 

Code Frequency of Codes for 
Task 2 

Frequency of Codes for 
Task 4 

Area Suggestion 5 2 

Area Under Curve Equivalent to Integral 3 4 

Area Under Curve Equivalent to Net Quantity 4 3 

Assessing Reasonableness of Work 3 4 

Contextual Assumptions/Knowledge 2 2 

Counting Boxes to Approximate Area 3 1 

Equation Necessity 5 5 

Graphed Function Represents Quantity 3 9 

Graphed Function Represents RoC 12 5 

Greater RoC Implies Greater Quantity 10 4 

Identifies Initial Quantity 5 8 

Initial Value Added 2 2 

Integral Equivalent to Net Quantity 5 1 

Integral Suggestion 6 5 

Intersection of Curves Implies Quantities Equal 7 9 
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Table 10. (continued)   
Intersection of Curves Implies RoC Equal 8 1 

Kinematics Derivatives 7 0 

Kinematics Influence 0 3 

Other Course Influence 5 1 

Rectangles to Approximate Area 1 1 

Remembering 7 4 

Representation Influenced Approach 11 11 

RoC Multiplied by Time Equals Net Quantity 5 1 

Summation Suggestion 3 1 

 
 
 In Task 2, students were likely to recall and utilize the derivative-based relationships 

between displacement, velocity, and acceleration (7 of 12) and were more likely to reference 

their experiences in other courses (5 of 12) compared with Task 4 where no students utilized 

the derivative-based relationships and one student referenced another course. More students 

specifically identified the initial quantity given when solving Task 4 (8 of 12) compared with 

Task 2 (5 of 12). Relatively equal numbers of students assessed the reasonableness of their 

work in each task (3 of 12 in Task 2 and 4 of 12 in Task 4) and utilized contextual 

assumptions/knowledge in their solutions (2 of 12 for each task, each task had 2 unique 

students coded as such).  

Literature-based coding results. Table 11 shows the literature-based codes for each 

student for both Tasks 2 and 4. An asterisk next to a student name indicates that Task 4 was 

presented prior to Task 2 for that student. Four students (Mary, Jane, Tom, and Andy) all 

reasoned with the same conceptualizations of the definite integral while solving Tasks 2 and 

4. Mary and Jane both reasoned with area and antiderivative conceptualizations while Tom 

and Andy reasoned with area, antiderivative, and accumulation conceptualizations. For other 
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students like Ron, Lisa, Gina, and Nancy, there were discrepancies between their approaches. 

We see that Ron reasoned with an area and antiderivative conceptualization in Task 2, but 

none of the three in Task 4. Lisa reasoned with all three while solving Task 2, but only 

accumulation while working on Task 4. Gina and Nancy both reasoned with an antiderivative 

and accumulation conceptualization for Task 2, but none of the three for Task 4. Overall, we 

see more literature-based codes applied to students’ solutions of Task 2 than applied to 

solutions of Task 4. Specifically, we note that no student presented work on Task 2 that was 

not coded as at least one of the three primary conceptualizations, whereas in Task 4 we see 

four such students. This implies the students solved the tasks in ways not aligned with three 

traditional representations for the definite integral. 

Table 11. 
Distribution of literature-based codes for Task 2 and Task 4 

Student Task 2   Task 4   
Area Antiderivative Accumulation Area Antiderivative Accumulation 

Mary X X - X X - 

Jane* X X - X X - 

Tom X X X X X X 

Anne* - - X - - - 

Shauna - - X - - - 

Andy X X X X X X 

Ron X X - - - - 

Jake* - - X - X - 

Brenda X - X X - - 

Lisa X X X - - X 

Gina - X X - - - 

Nancy* - X X - - - 

Totals 7 8 9 5 5 3 
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Task 3 

Open coding results. Table 12 contains the codebook chapter for Task 3 along with 

short descriptions of each open code. See Appendices C-E for a complete list of annotations 

for each code. Table 13 contains the frequency the codes were assigned for Task 3. The 

students’ approaches to Task 3 varied a great deal. Almost every student (10 of 12) assessed 

the reasonableness of their work during Task 3 and 10 of 12 students, at some point during 

the interview, suggested the need to add the initial temperature to the value they were 

computing, though these values were not always computed the same way. During the 

interview, 7 of 12 students suggested the given function would directly output the average 

surface temperature for various values of t, 7 of 12 students reasoned that the given function 

would output the change in temperature after t years (usually 200 years specifically based on 

their computations), and 6 of 12 students reasoned that the function would output the yearly 

rate of change for a given year. Note that these previous codes were not mutually exclusive 

as several students moved between these conceptions of the given function. Only 4 of the 12 

students attempted to compute a definite integral, though 6 of 12 students at least suggested 

an integral might be useful (see Table 15 for the results of the literature-based codes).  

Table 12. 
Codebook chapter for Task 3 

Code Description 

Area Under Curve 
Equivalent to Integral 

Student connects the ideas of integral and bounded area.  

Assessing 
Reasonableness of Work 

Student analyzes whether their approach, assumptions, or calculations are 
accurate or reasonable. Might use the problem context in such assessment. 

Compute Definite Integral Student computes a definite integral in service of solving the task. 

  



 

75 

Table 12. (continued)   
Contextual 
Assumptions/Knowledge 

Student makes assumptions concerning the context of the problem or uses the 
context to justify assumptions about the given information. 

Equation Manipulation Student suggests that they need to solve for various components of the equation 
to calculate the average surface temperature. 

Identifies Initial Quantity Student specifically identifies the initial quantity given while working through 
the task. 

Incomplete Data Student claims there is information missing from the task. 

Initial Value Added Student suggests adding the initial quantity given to their calculation. 

Integral Equivalent to Net 
Quantity 

Student connects the ideas of integral and change in quantity or total quantity. 

Integral Suggestion Student suggests that an integral may be appropriate but gives little to no details 
regarding their claim. 

R(t) is Exponential  Student claims that the given function is an exponential model. 

R(t) Multiplied by 
Temperature 

Student talks about or multiplies the output of the given function by the current 
temperature. 

R(t) Outputs AST Student reasons that the output of the given function is or will be the average 
surface temperature. 

R(t) Outputs RoC of 
Temperature 

Student reasons that the output of the given function is or will be the rate of 
change of the average surface temperature. 

R(t) Outputs Temperature 
Change 

Student reasons that the output of the given function is or will be the change in 
the average surface temperature over a given period. 

Remembering Student explicitly states they are trying to remember a technique or how to solve 
a specific type of problem. 

Representation Influenced 
Approach 

Student talks about how the representation of the task impacted their solution 
strategy. Includes using their understanding of one task to reason about another 
task and any comparison between tasks. 

RoC Multiplied by Time 
Equals Net Quantity 

Student multiplies a rate of change value by time to calculate the change in 
quantity over a given time period. 

Other Course Influence Student recalls specific information from a previous course (e.g., physics or 
chemistry), though not from a calculus course. 

Summation Suggestion Student suggests the need to sum various values to calculate total quantity or 
change in quantity. 
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Table 13. 
Frequency of codes applied to Task 3 

Code Number of Students Coded 
Area Under Curve Equivalent to Integral 2 

Assessing Reasonableness of Work 10 

Compute Definite Integral 4 

Contextual Assumptions/Knowledge 2 

Equation Manipulation 3 

Identifies Initial Quantity 9 

Incomplete Data 1 

Initial Value Added 10 

Integral Equivalent to Net Quantity 4 

Integral Suggestion 5 

Other Course Influence 1 

R(t) is Exponential 2 

R(t) Multiplied by Temperature 2 

R(t) Outputs AST 7 

R(t) Outputs RoC of Temperature 6 

R(t) Outputs Temperature Change 7 

Remembering 4 

Representation Influenced Approach 3 

RoC Multiplied by Time Equals Net Quantity 4 

Summation Suggestion 1 

 
 

Rarely did students reference their work in other courses (1 of 12), nor did they 

usually claim that there was missing information (1 of 12). Unlike Tasks 2 and 4, in which 

almost every student referenced another task or the representation of the task in their work, 

only 3 of 12 students did so on Task 3. However, 9 of 12 students specifically identified the 

given initial value of the temperature in their solution. As we will see in greater detail in 

Chapter 5, several students altered their conception about what the output of the function 

would be and the focus on this output was the primary means of solution for Task 3. Table 14 
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shows the three different ways students reasoned about the given rate of change function and 

which students were coded within each perspective. 

Table 14. 
Frequency of codes concerning interpretations of the rate of change function in Task 3 
Student R(t) Outputs Average 

Surface Temperature 
R(t) Outputs Temperature 

Change 
R(t) Outputs Rate of 

Change of Temperature 
Mary - - X 

Jane* - - - 

Tom X X X 

Anne* X X X 

Shauna X - - 

Andy - X - 

Ron X X X 

Jake* X - X 

Brenda X X - 

Lisa - X - 

Gina X X X 

Nancy* - - - 

Total 7 7 6 

 
 

As we can see, four students (Tom, Anne, Ron, and Gina) reasoned about the given 

function as outputting average surface temperature, temperature change, and rate of change 

of temperature during their interview. However, it should be noted that the only student to 

reason about the given function as a rate of change solely and not as outputting the average 

surface temperature nor overall temperature change was Mary who also reasoned about the 

task using all three standard conceptions of the definite integral, we will see this in more 

detail in the next section. 
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Literature-based coding results. Within the literature-based codes in Table 15, we see 

that students predominately relied on an antiderivative conceptualization in solving Task 3. 

Like in Tasks 2 and 4 we see Mary, Tom, and Andy with multiple literature-based codes 

meaning they are utilizing more than one conception of the definite integral in solving the 

task. Four students use none of the three approaches and five students used only one 

approach. Overall, only two students utilized an area conceptualization, six students utilized 

an antiderivative conceptualization, and four students utilized an accumulation 

conceptualization. 

Table 15. 
Frequency of literature-based codes applied in Task 3 

Student Literature-Based Codes 
Area Antiderivative Accumulation 

Mary X X X 
Jane* - X - 
Tom - X X 
Anne* - - X 
Shauna - - - 
Andy X X - 
Ron - X - 
Jake* - - X 
Brenda - - - 
Lisa - - - 
Gina - - - 
Nancy* - X - 
Total 2 6 4 

 
 
Task 5 

Open coding results.  

Table 16 contains the codebook chapter for Task 5 along with short descriptions of 

each code. Table 17 contains the frequency the codes were assigned for Task 5. Perspectives 

on what the table values represented varied as 4 of 12 students reasoned about the values as if 

they represented the total number of people infected at some point during the interview while 



 

79 

10 of 12 students reasoned about the table values as if they represented the rate of change of 

the number of people infected. However, only 3 of 12 students talked about multiplying rate 

of change values by time to find the total number of people infected. Another common 

approach used by the students (9 of 12) was to sketch a graph of the given table values 

instead of reasoning about the table values directly. In utilizing the graph, 4 of 12 students 

tried to approximate the area under the curve using rectangles, similar or equivalent to a 

Riemann sum approach. Like Task 3, several students (7 of 12) discussed the necessity of 

writing an equation to model the given information.  

Table 16. 
Codebook chapter for Task 5 

Code Description 
Area Under Curve 
Equivalent to Integral 

Student connects the ideas of integral and bounded area.  

Area Under Curve 
Equivalent to Net Quantity 

Student connects the ideas of bounded area and total quantity or net quantity. 

Assessing Reasonableness 
of Work 

Student analyzes whether their approach, assumptions, or calculations are 
accurate or reasonable. Might use the problem context in such assessment. 

Average of Table Values 
Response to Total Change 

Student computes the average of the table values when tasked with finding the 
total change in the infected individuals. They may reason about this value as a 
daily average rate of change later.  

Average Values to Fill 
Table 

Student averages table values to determine values that are not given. 

Contextual 
Assumptions/Knowledge 

Student makes assumptions concerning the context of the problem or uses the 
context to justify assumptions about the given information. 

Equation Necessity Student talks about needing an equation for the given function and/or attempts 
to solve for an equation. 

Incomplete Data Student claims there is information missing from the task. 

Integral Equivalent to Net 
Quantity 

Student connects the ideas of integral and change in quantity or total quantity. 
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Table 16. (continued)   
Integral Suggestion Student suggests that an integral may be appropriate but gives little to no 

details regarding their claim. 

Kinematics Influence Student explicitly reasons about the task utilizing their knowledge and/or 
language of kinematics 

Rectangles to Approximate 
Area 

Student reasons about or attempts to approximate bounded area via rectangles.  

Remembering Student explicitly states they are trying to remember a technique or how to 
solve a specific type of problem. 

Representation Influenced 
Approach 

Student talks about how the representation of the task impacted their solution 
strategy. Includes using their understanding of one task to reason about another 
task and any comparison between tasks. 

RoC Multiplied by Time 
Equals Net Quantity 

Student multiplies a rate of change value by time to calculate the change in 
quantity over a given time period. 

Other Course Influence Student recalls specific information from a previous course (e.g., physics or 
chemistry), though not from a calculus course. 

Sketch a Graph Student sketches a graph of the given information.  

Sum Table Values to Find 
Net Infected 

Student connects the sum of the table values to the net or total infected. 

Summation Suggestion Student suggests the need to sum various values to calculate total quantity or 
change in quantity. 

Table Values Represent 
Number of Infected 

Student reasons about the values given in the table as representing the number 
of people infected on that given day. 

Table Values Represent 
RoC of Number of 
Infected 

Student reasons about the values given in the table as representing a rate of 
change of number of people infected. 

 

Utilizing contextually based assumptions was much more prevalent in Task 5 

compared with other tasks as 6 of the 12 students did so here. Only one student referenced 

another course while working during their work. Additionally, 4 of 12 students claimed there 

was missing information. Only one student referenced kinematics language (e.g., velocity) 

during their solution. 
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Table 17. 
Frequency of codes applied in Task 5 

Code Number of Students Coded 
Area Suggestion 2 

Area Under Curve Equivalent to Integral 3 

Area Under Curve Equivalent to Net Quantity 4 

Assessing Reasonableness of Work 5 

Average of Table Values Response to Total Change 3 

Average Values to Fill Table 3 

Contextual Assumptions/Knowledge 6 

Equation Necessity 7 

Incomplete Data 4 

Integral Equivalent to Net Quantity 4 

Integral Suggestion 4 

Kinematics Influence 1 

Other Course Influence 1 

Rectangles to Approximate Area 4 

Remembering 3 

Representation Influenced Approach 4 

RoC Multiplied by Time Equals Net Quantity 3 

Sketch a Graph 9 

Sum Table Values to Find Net Infected 5 

Summation Suggestion 1 

Table Values Represent Number of Infected 4 

Table Values Represent RoC of Number of Infected 10 

 
 

Literature-based coding results. Table 18 contains the literature-based codes for Task 

5. As before, Mary, Tom, and Andy were coded with multiple conceptual approaches 

regarding the definite integral, each with all three. Ron and Lisa also reasoned about Task 5 

using all three conceptualizations of the definite integral. 
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Table 18. 
Frequency of literature-based codes applied in Task 5 

Student Area Antiderivative Accumulation 
Mary X X X 

Jane* X X - 

Tom X X X 

Anne* - - X 

Shauna - - X 

Andy X X X 

Ron X X X 

Jake* - - - 

Brenda - - - 

Lisa X X X 

Gina - X - 

Nancy* - - X 

Total 6 7 8 

 

We see an even distribution between the three conceptualizations with 6 of 12 students 

reasoning about area, 7 of 12 students reasoning with an antiderivative conceptualization and 

8 of 12 students reasoning about accumulation. There were two students who were not coded 

as using any conceptualization of the definite integral, Jake and Brenda.  

Results Across the Tasks  

 In this section, I summarize the results of the literature-based codes across the four 

interview tasks. These results include which students utilized more than one standard 

conceptualization of the definite integral while solving the tasks, which students used the 

fewest conceptualizations of the definite integral while solving the tasks, which tasks were 

solved via standard conceptualizations most frequently, and a comparison of novice and 

experienced undergraduate students. 
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Table 19 contains a summary of the number (out of three) of the conceptualizations of 

the definite integral utilized by each student in each task. In theory, a student could reason 

about each conceptualization in each task, resulting in a total score of 12. The column sum is 

a measure of how frequently students used the three conceptualizations of the definite 

integral on each task. The column sum has a theoretical maximum of 36, where all 12 

students would have used all three conceptualizations of the definite integral on the task. As 

reported earlier, Mary, Tom, and Andy consistently used multiple conceptualizations of the 

definite integral while solving the four tasks. Three students (Anne, Shauna, and Jake) used 

at most one conceptualization per task. Eight of the 12 students completed at least one task 

without referencing any of the three conceptualizations of the definite integral. 

Table 19. 
Frequency of literature-based conceptualizations of the definite integral used by each student 
in each task 

Student Task 2 Task 3 Task 4 Task 5 Total 
Mary 2 3 2 3 10 
Jane* 2 1 2 2 7 
Tom 3 2 3 3 11 
Anne* 1 1 0 1 3 
Shauna 1 0 0 1 2 
Andy 3 2 3 3 11 
Ron 2 1 0 3 6 
Jake* 1 1 1 0 3 
Brenda 2 0 1 0 3 
Lisa 3 0 1 3 7 
Gina 2 0 0 1 3 
Nancy 2 1 0 1 4 
Total 24 12 13 21 - 

 

 Looking down the columns, Tasks 2 and 5 were clearly more popular than Tasks 3 

and 4 in terms of using one of the three standard conceptualizations of the definite integral 

given that there are almost double the total instances of literature-based codes for those two 

tasks. Specifically, there were 24 of a possible 36 instances of the literature-based codes for 



 

84 

Task 2 and only 13 of a possible 36 instances of the literature-based codes for Task 4. Table 

20 contains the breakdown of each of the literature-based codes as they were applied to 

Tasks 2 and 4. From this table we see that the antiderivative and accumulation 

conceptualizations were more popular in the student solutions to Task 2. Additionally, six 

students were not coded as using any of the three conceptualizations when solving Task 4 

whereas no one was coded as such within Task 2. 

Table 20. 
Frequency of literature-based codes applied to Task 2 and Task 4 

Task Number None Area Antiderivative Accumulation 
Task 2 0 7 8 9 

Task 4 6 5 4 3 

 
 

Table 21 summarizes the findings above from Table 19 but looking exclusively at the 

breakdown between novice and experienced undergraduates. Recall that novice 

undergraduates include freshmen and sophomores while experienced undergraduates include 

juniors and seniors. While there are some discrepancies between the two groups, there are not 

overwhelming differences between them.  

Table 21. 
Number of literature-based conceptualizations of the definite integral used by undergraduate 
group in each task 

Undergraduate Status Task 2 Task 3 Task 4 Task 5 Total 
Novice Undergraduates 11 8 7 13 39 

Experienced Undergraduates 13 4 6 8 31 

Total 24 12 13 21 - 

 

However, it should be noted that the three students reported earlier as having the highest 

frequency of conceptualizations of the definite integral (Mary, Tom, and Andy) are all novice 
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undergraduates. Additionally, 3 of the 8 students who were coded with a zero in the thematic 

coding were novice undergraduates and the remaining five were experienced undergraduates.  

 Finally, Table 22 contains the overall results concerning the four tasks in terms of the 

literature-based coding. We see that the task with the highest frequency of no literature-based 

codes was Task 4 (6) while the task with the lowest frequency of no literature-based codes 

was Task 2 (0). Additionally, we see that the area conceptualization showed up less 

frequently in Task 3 while the accumulation conceptualization showed up more frequently in 

Tasks 2 (9) and 5 (8) compared with Tasks 3 (4) and 4 (3).  

Table 22. 
Frequency of literature-based codes for each task 

Task Number None Area Antiderivative Accumulation 
Task 2 0 7 8 9 

Task 3 4 2 6 4 

Task 4 6 5 4 3 

Task 5 2 6 7 8 

 

Conclusion 

 In this chapter, the results of the open coding and literature-based coding were 

presented. Tasks 2 and 4, while mathematical similar, were solved in rather different ways by 

the students. Students were much more likely to reason about the graphed function as rate of 

change and were more likely to use one of the three standard conceptions of the definite 

integral in solving Task 2 (car context) than in Task 4 (plant context). Many students 

interpreted the equation from Task 3 as modeling the average surface temperature of the 

Earth instead of the rate of change of the average surface temperature and could adjust their 

assumptions about the task based on comparing the results of their hypotheses to the given 
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information and the context of the task. Students were likely to shift the representation of 

Task 5 (table) to a graph and/or equation and utilized an accumulation conceptualization of 

the definite integral most frequently on this task.   
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Chapter 5: Results from Local Theory Diagrams 

In this chapter, I present the local theory diagrams for the four tasks under study for 

each participant. Five subjects were chosen to be presented as a sample of the twelve total 

interviews analyzed, a complete listing of the local theory diagram can be found in 

Appendices F-I. These five students were chosen with the aim of presenting a diverse sample 

of the subjects in terms of their year in school and the number of local theories they utilized. 

I first counted the number of local theories assigned to each student (from the diagrams) and 

chose the students with the largest and smallest numbers of local theories. There were two 

students assigned four local theories, Mary (sophomore) and Nancy (senior). I chose to 

include Mary’s interview since she presented a more traditional approach to each of the 

tasks, one of few students to do so. Tom (senior) was chosen since he utilized the most (8) 

local theories through the four tasks. Two students, Anne (freshman) and Jane (sophomore) 

had seven local theories and Anne was chosen as she presented an interesting approach in 

accounting for information that conflicted with the core of one of her local theories – 

something several students contended with and will be reviewed more extensively in Chapter 

6. There were four students who utilized five local theories and of them, Jake (senior) was 

chosen both because he was a senior and he utilized non-traditional approaches to the tasks. 

There were three students, Andy (freshman), Ron (freshman), and Gina (junior) who utilized 

six local theories and Gina was chosen so that a junior student would be represented. Finally, 

I ensured that of the five students presented, at least two students solved Task 4 prior to Task 

2. This information is summarized in Table 23 below. 
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Table 23. 
Summary of interview participants whose local theory diagrams are described 

Student (Pseudonym) Year in School Total Number of Local theories Task 2 or 4 First 
Mary Sophomore 4 Task 2 

Tom Senior 8 Task 2 

Anne Freshman 7 Task 4 

Jake Senior 5 Task 4 

Gina Junior 6 Task 2 

 
 

The descriptions of the students’ interviews include a summary of the demographic 

background of the interviewee along with details concerning how they went about solving 

each of the four tasks under consideration. Recall that Task 1 has been omitted from the 

current analysis. Local theory diagrams are included for each interviewee for all four tasks. 

The descriptions are presented chronologically both in terms of when each interview was 

conducted as well as which order the tasks were completed. Note that all local theory 

diagrams for all students are included in Appendices F-I. 

Creating the Local Theory Diagrams 

To reiterate from earlier, each diagram represents a student’s solution strategy for one 

interview task. The diagrams contain one to three of what I am considering local theories of 

the task. Each local theory has a core containing the central assumptions about the given rate 

of change function (and occasionally other central assumptions that proved to be essential for 

the student’s work). The core is surrounded by a belt of supporting concepts, assumptions, 

and calculations (I call these “ideas” hereafter for brevity) that the student seems to accept as 

viable given their current assumptions (i.e. their core). When contradictions to either the core 

or the ideas within the surrounding belt are perceived by the student, these are presented 
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externally to the current local theory. If this contradictory idea leads the student to drop an 

idea from the belt of their theory, a solid arrow points from the contradictory idea in towards 

the dropped idea and the dropped idea has a dashed outline. Occasionally, a new idea 

supplants the dropped one, these have a solid outline. If this contradictory idea could have 

been used by the student to reject an assumption within their core, a dashed arrow points 

from the contradictory idea into the core. If a contradictory idea does lead to a student 

rejecting their current core, a grey arrow points from the contradictory idea to the core and a 

black arrow represents the transition to a new local theory. Each idea within the belt is 

presented chronologically how it appeared within the interview and in any second or third 

local theories for a given task, the ideas that are presented above the core are those that have 

been transitioned from the previous theory while those below are the new ideas that are now 

viable within the current theory. The completed diagram is a visualization of the student’s 

work on a given task including any contradictions they perceive. If more than one local 

theory exists, the final (rightmost) theory would represent the most viable conceptualization 

the student was able to generate regarding the given task. 

Student 1 - Mary 

Mary is a 20-year-old sophomore majoring in zoology. She seems to like math and 

feels confident in her abilities; she comments that she earned a five on her AP exam and 

credits her success and attitude to her high school calculus teacher. She sees a good deal of 

mathematics in her science courses but not much calculus. She does not think calculus will 

be used in her future career explicitly but that being good at calculus does help one 

understand mathematics differently and so would implicitly help in her future career. 
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In describing the integral she states it is the aspect of calculus she has forgotten the 

most but immediately identifies integration as a “backwards derivative” and that it is the area 

under the curve. She comments on the difference between definite and indefinite integral as 

she tries to remember the reverse power rule and in not remembering, she states, “now I feel 

like I’m not that good at calculus.” Mary gives an example of how the definite integral is the 

area underneath the curve between the limits of integration. She does have a sense of the idea 

that integrating a rate function gives an accumulated quantity and gives a few examples of 

how that works. Finally, she states that she does not think integrals will be important in her 

future work at all, either calculating or simply understanding the topic. 

Mary – Task 2. After reading the task, Mary identifies it as a problem type she has 

seen before but focuses primarily on the two curves and needing to subtract one from the 

other, though she’s not sure why she would want to do that (I note that the full tasks were 

presented in Chapter 3 and Appendix B). Mary interprets the graph as representing velocity 

and states that Car 1 travels faster for the whole first minute and therefore has traveled farther 

than Car 2 at the one-minute mark. Mary initially suggests that she needs to calculate the 

integral of Car 2 minus Car 1 to find which has traveled farther after two minutes and shades 

the area between the curves as she talks. When asked, she cannot explain why this might be 

useful, just that she remembers finding the area between curves. She then reasons more about 

the integrals themselves and states that if she integrated each car from zero to two, she could 

tell who had traveled farther. She uses the graph to reason that Car 2 would have traveled 

farther after two minutes because their velocity increased “so much more.” In describing the 

trips of each car, Mary states that since the curves start at the origin, they would have zero 
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velocity to start and that after the first minute, Car 2 has decreasing acceleration but 

increasing velocity. Mary states that the integral of velocity is distance traveled and that the 

derivative of velocity is acceleration but these seem to be memorized facts from high school 

calculus rather than an understanding of accumulation or rate of change as indicated by her 

description of how she remembers seeing her teacher write them on board. Mary also states 

that the intersection point of the curves would imply that the cars had the same velocity at 

that time. Mary does spend some time talking about area between curves during her work on 

the task, but cannot state why she may need to find this area nor how it relates to her other 

ideas concerning the task. 

Mary’s local theory diagram reflects her consistent conceptualization that the graphed 

function represents a rate of change, specifically velocity as a function of time. She presents 

no ideas that may contradict this core assumption and so all her work is presented within the 

local theory. In terms of viability, there were no instances in which Mary perceived her core 

assumption at risk of falsification nor did she present any supporting hypotheses that ended 

up as falsified. Mary’s local theory diagram is presented below in Figure 10.  
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Figure 10. Local theory diagram for Mary's work on Task 2 

 
Mary – Task 3. Mary’s local theory was also stable throughout her work on Task 3. 

She initially identified the equation as representing the rate of change of the average surface 

temperature and she never perceived a challenge to that assumption. Mary recognizes the 

need for an integral because she knows she is being given a rate function and tasked with 

finding total change in the quantity. Later, Mary does indicate that the interview setting 

played a role in her use of the integral in setting up the problem but that she does understand 

why it is necessary and explains its use well. She sets up the definite integral correctly but is 

not sure how to go about solving the task or how to use the initial condition in the final 

answer. However, with some probing, she can identify the need to add the initial temperature 
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to whatever the result of the integration would be, though she is not able to perform the 

calculation. When asked for other solution strategies, Mary claimed she could plug 200 into 

the given equation to find the rate of change of temperature in the year 2200 and multiply 

that value by 200 years to approximate the total change in temperature. Mary knew that this 

value would be a rough estimate since the rate of change function varied over those 200 

years. Finally, Mary identified a connection between the integral and the bounded area 

between the curve, the x-axis, and the two boundary values, though just in passing and 

without much discussion.  

Mary’s local theory was largely stable, though she never carried out any calculations, 

meaning her claims went largely unchallenged. Mary’s local theory diagram for Task 3 is 

shown below in Figure 11. As for Task 2, Mary’s local theory diagram for Task 3 has only 

one local theory since she never shifts her assumption concerning what the given function 

represents, nor does she perceive any contradictions within the ideas she generates. 
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Figure 11. Local theory diagram for Mary's work on Task 3 

 
Mary – Task 4. Mary views the graphed function as representing a rate of change, the 

rate of plant growth in this task. Unlike her work in Task 2, Mary identifies and focuses on 

the initial condition of each species starting with 500 plants. Near the end of the interview, as 

she is trying to remember how to solve such a task, she writes 500 on the origin, as if the 

growth rates start at 500 instead of the number of plants. When I ask her about this value she 

realizes this contradicts her current assumption, erases the 500 and replaces it with zero 

claiming she thought she read that the rate of change started at 500. Mary states that Species 

1 would have more plants after one year since it has been growing at a faster rate that whole 

year and that the intersection of the curves implies that both species are growing at the same 

rate, much like she reasoned in Task 2. Again, Mary notes that Species 2 would have more 

plants after two years but this time she specifically reasons about the area between the 
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curves, something she was unable to do in Task 2. Mary claims that that area between the 

curves represents the difference in the total growth of the species since the area under the 

entire curve down to the x-axis would represent the total growth for each species during that 

time period. She briefly equates the integral with finding area under the curve and starts 

describing the acceleration of the plant growth. When I asked her what acceleration would 

represent, she uses her understanding of physics and the units of acceleration to reason that 

the acceleration would be the rate at which the growth rate is changing. When comparing the 

two tasks simultaneously, Mary notes that Task 4 was easier as the units were more 

“concrete”; she attributed her ability to reason about the area between curves to this 

difference in the units of the contexts. Mary’s local theory diagram for Task 4 is shown 

below in Figure 12.  

Mary’s local theory diagram for Task 4 contains only one core, but in this case, there 

is an instance of one idea supplanting another. Near the end of the interview I ask Mary about 

why she wrote 500 near the origin. In the given context, the 500 represents the initial number 

of plants in each species and Mary has claimed that the graphed function represents the rate 

of change in the number of plants, meaning this is a potential contradiction for Mary’s 

theory. Mary acknowledges that this claim runs contrary to her current conception of what 

the graphed function represents and drops this claim, hence the reason it is surrounded in a 

dashed line and my question is listed externally to Mary’s theory with a solid white arrow 

pointing to Mary’s claim. Mary ends up erasing the 500 and replacing it with zero, as shown 

in her local theory diagram by being outlined with a solid line.  
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Figure 12. Local theory diagram for Mary's work on Task 4 

 
Mary – Task 5. The core of Mary’s local theory, that the table values represent the 

rate of change of the infected population, remains stable throughout her work on Task 5 as 

she never perceives any contradictions that would have her reject this assumption. She starts 

off her solution by sketching a graph of the table values, which she uses throughout her work 

as she primarily reasons about the area under this graph in answering the question about the 

change in the infected population. Mary correctly identifies that when the graph is negative, 

she will be subtracting area and that this means people are becoming “uninfected.” To 

estimate the total change, Mary claims she could add the table values but that it would be 

more accurate if she had the data for each day. She also claims she could average the 

surrounding table values to fill in the missing data (e.g., averaging the table values for days 
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zero and two to use as the rate of change for day one). When asked what this process has to 

do with the area under the curve suggestion she had made earlier, Mary is able to recall the 

process of approximating area under a curve via Riemann sums, though she does not use that 

term specifically. Mary states that the averaging process she suggested would “fill in” the 

area under the curve and she sketches a few representative rectangles. She knows that the 

area of the rectangle with a one day width would represent the number of people infected in 

one day and that she could follow that process for each day and sum those areas to find an 

approximation of the total change. In talking through this process, she recognizes that she 

does not need to average the surrounding days as she can use rectangles with two day widths 

and that this process would be better because she remembers doing it that way in class. Mary 

identifies the connection between the integral and finding area a few times and knows that 

smaller rectangles would result in a more accurate approximation of that area, but that the 

integral is more accurate because “it doesn’t have extra.” Mary’s local theory diagram for 

Task 5 is shown below in Figure 13. We see one core, that the table values represent a rate of 

change, and no contradictory claims.  
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Figure 13. Local theory for Mary's work on Task 5 

 
Summary of Mary. Mary is one of few students who only forms one local theory per 

task. She reasons about all the given functions as rates of change and can therefore reason 

about the accumulation of the given quantity productively. She does have one small moment 

in which she misreads the problem in Task 4 concerning the initial value but attends to this 

error and corrects her work so that it fits within her current theory. Mary does not remember 

many of the specific techniques and so she does not have many opportunities to gauge 
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whether her assumptions concerning the procedures to solve the tasks will prove viable in her 

current theories. 

Student 2 – Tom 

Tom is a 21-year-old human biology major who wants to eventually go to medical 

school. Tom took calculus his freshman year, getting an A in first semester calculus and a B 

in second semester calculus. Tom seems to like math and feels he is good at it. Tom initially 

identifies integrals with finding area under a curve and states that when in second semester 

calculus, he really started to understand the integral when the idea of area under the curve 

clicked, particularly finding solids of revolution. Tom does not think integrals will be very 

important to his future work and that the ideas have not stayed with him much because he has 

not had to use integrals in his studies. 

Tom – Task 2. Tom identifies the graph as representing velocity and states his 

“instinct would say whichever one has the greater area underneath the curve would have 

gone farther.” He reasons that he could think about chunks of the graph with the first section 

representing the first quarter of a minute and the area under the curve of that section 

representing the distance traveled in that quarter of a minute. Tom counts the boxes using the 

grid given on the graph to identify which function has the greater area for the first and second 

minute, finding that Car 2 would have traveled farther after two minutes while Car 1 would 

have traveled farther after one minute. He also states a few times that the integral would find 

the area under the curve and the total distance traveled but never actually sets up an integral 

or discusses how this would work. Tom states that the cars would have the same speed at one 

minute (about 1,000 feet per minute) but that Car 2 had greater acceleration in the first 
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minute. While Tom has been able to reason effectively about how greater area under the 

curve implies a greater distance traveled, he is unable to translate any of his calculations to 

an actual value for distance traveled. He states that the value would be related, in some way, 

to summing the velocity values and that he would assume the distance traveled would be 

lower than 1,000 feet since each car only reaches this velocity at the one minute mark.  

Tom’s local theory diagram for Task 2 is shown below in Figure 14. As indicated in 

his description, there is only one core for Tom as he claims from the beginning that the 

graphed function represents a rate of change and no claims run contrary to that assumption 

nor any other assumption he generates. However, as we will see in the description of his 

work on Task 4, Tom does hesitate briefly about his conclusions regarding Task 2 based on 

his work on Task 4. 

 

Figure 14. Local theory diagram for Tom's work on Task 2 
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Tom – Task 3. Tom thinks this problem “looks like classic calculus one.” He initially 

starts by setting the function, 𝑅 𝑡 = 0.014𝑡(.), equal to 57.8 and inputs 0 but realizes that 

will not work because the right side becomes zero. He is focused on remembering how he 

went about solving these kinds of problems in the past as opposed to thinking about what the 

function represents and how he can use it. He moves on to plugging 200 into the function and 

thinks this will give him the average surface temperature in the year 2200. When he gets 

0.117, he says “that doesn’t make sense at all” and then suggests that he might need to use an 

integral, though “not just because he’s in a study of integrals.” When pressed about what he 

might want to do with the 0.117 he suggests he might need to plug it back into the function to 

find t but knows that will give him 200. I ask him about the function and what it represents in 

the context of the problem and he states, “it’s telling you it’s rising at a rate of this 

many…this is how many degrees it’s increased in, since, or in two hundred years” and 

therefore he adds 0.117 to the initial temperature. Later I push him to consider the units of 

degrees per year and he then realizes his method is not viable given those units and so he 

needs to multiply 0.117 by 200 and then add that to the initial temperature. Tom talks about 

the reasonableness of the two values in terms of the context of greenhouse gases and that the 

new value seems “more dramatic.” 

In Figure 15, we see Tom’s local theory diagram for Task 3. He starts with comments 

about how this task is familiar and upon first reading the task, suggests that the given 

equation should output the average surface temperature of the Earth. I contend this idea is the 

hard core of the first of three local theories Tom will work through as he recognizes new 
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evidence that challenges the viability of each local theory. He generates the hypothesis that 

inputting zero into the given function will give the initial temperature (he thinks R(0) should 

be 57.8) but quickly realizes this is not true. Instead of letting this evidence count against his 

current theory (that the equation outputs the average surface temperature) and therefore 

disprove it, he drops the claim entirely, believing he simply cannot remember the correct 

method he is supposed to use. This is represented in the local theory diagrams with a solid 

white arrow pointing from the evidence that R(0)=0 towards the original claim that 

R(0)=57.8 and a dashed arrow pointing from the same evidence pointing towards the core 

indicating this evidence could have been directed at the core but was not. Tom’s hypothesis 

concerning R(0)=57.8 is outlined in a dashed line indicating it has been dropped from the 

current theory.  

Tom generates a new hypothesis within the same theory, that plugging in 200 will 

give him the average surface temperature in 2200. When he gets 0.117, he again sees 

disconfirming evidence stating, “that doesn’t make sense at all.” This time the evidence is not 

dropped and later in the interview he states that since the temperature of the Earth should be 

increasing, it does not make any sense for the average temperature in 2200 to be a small 

value. In Tom’s local theory diagram we see his second hypothesis, R(200)=AST in 2200, 

with a dashed outline with a solid white arrow pointing towards it from the evidence he used 

to drop this hypothesis.   

Tom then suggests that he might need to use an integral, though “not just because 

he’s in a study of integrals.” Tom has used his knowledge of the task and the context together 

with evidence from the mathematics to see that his current theory is not viable – it fails to 
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explain what he is seeing. Tom now drops his hard core and shifts to a new theory (indicated 

in the diagram with a larger, solid black arrow) that the equation will output the total 

temperature change. This new theory is more viable for Tom because it explains what the old 

theory could not, primarily the small value for R(200). He generates a new hypothesis that he 

must add the value of R(200) to the initial temperature to get the new temperature in 2200.  

 

Figure 15. Local theory diagram for Tom's work on Task 3 

Later in the interview, I push him to consider the units of the function (degrees per 

year) and he then realizes his second method is also not viable given those units and that he 

needs to multiply 0.117 by 200 and then add that to the initial temperature. Tom talks about 

the reasonableness of the two values in terms of the context of greenhouse gases and that the 

new value seems “more dramatic.” Tom’s third local theory is then considered the most 

viable theory since it is able to support all the evidence that has come up during his work, 

namely that R(200) is a small value and that the units on the equation are degrees Fahrenheit 
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per year. This example clearly shows how a student can develop increasing viable theories 

based on the evidence they perceive as contradicting their current theory. What students 

perceive to be “correct” or “incorrect” about their solutions is very important in whether they 

continue along the same solution path or alter that path.  

Tom – Task 4. In Figure 16 we see that Tom begins his work on Task 4 by 

identifying the similarity between Task 2 and Task 4, this connection is important as his 

questioning of what the graph represents in Task 4 briefly impacts what he thinks about his 

previous work on Task 2. Initially, Tom states that Species 1 will be larger after one year 

using the “same logic as for why the car had gone farther,” that “there’s more area under the 

function.” He claims Species 1 was growing faster but that Species 2 had larger “acceleration 

of plant growth” in the first year. In discussing the acceleration of plant growth, Tom utilizes 

his knowledge of kinematics by reasoning about how the units in standard acceleration would 

be feet per second squared and so in the plant context the units on acceleration would be 

“plants per year squared.” This talk concerning acceleration leads Tom to investigate the 

slope of each curve and when they would be equal and then he begins questioning his current 

local theory about what the functions represent, this is represented in the local theory 

diagram with a grey arrow pointing towards the core of Tom’s first local theory. Tom 

considers whether the intersection of the curves implies that the two plant species would have 

the same number of plants. After a short time, he states that he knows that counting the boxes 

give him his answer and then fully decides that the area under the curve would represent the 

total number of plants. This temporary shift represents for Tom a check on the validity of his 

local theory, which is represented by the first local theory shift in Tom’s diagram below in 
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Figure 16. It should be noted that Tom’s first and third theories are the same local theory, 

separated by the brief detour he took. The ideas presented above the core in the third theory 

are only those he now sees as valid in the current theory that invalidated his previous theory. 

The concept of area under the curve is very strong and his reasoning about area under 

the curve keeps him from abandoning completely his local theory that the graphed function 

represents a rate of change. Interestingly, Tom has tied his work from Task 2 to these local 

theory shifts as he explicitly states, “I guess I’m starting to think that they’re the same after 

one year, and I would say with the car one too” meaning he is willing to quickly overthrow 

his work from Task 2, implying that his assumption on the interrelatedness of Tasks 2 and 4 

is stronger than his individual reasoning on task-to-task basis. It seems as if he may have a 

larger local theory at work concerning how these tasks work and one assumption is that they 

are interrelated at a deep level. 

Once Tom feels comfortable that the intersection does not imply the plants have the 

same number of plants, he returns to his work considering the functions as representing rate 

of change and the area under the curve as giving total number of plants. Tom states Species 2 

would be larger after two years since there is a greater area under the curve and that the curve 

is the “velocity of plant making.” When asked to explain how area under the curve represents 

total number of plants, Tom is hesitant and cannot justify his reasoning, he states that the fact 

more area implies greater number of plants “just seems obvious.” Tom states that the integral 

of the given function would give the total number of plants and is equivalent to the area 

under the curve so he does have some understanding these concepts are related.  
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When asked to compare his work on the two tasks, Tom states that Task 2 was easier 

to talk about and that he had more experience with tasks like that. He initially expected the 

graph of velocity to represent a rate of change whereas that was not the case with the plant 

task. Tom states that the plant context was easier to visualize and that summation seemed 

more appropriate. While he cannot say why, he felt integral seemed more appropriate to use 

in the plant context. We can see these differences represented in his diagrams as Tom’s local 

theory diagram for Task 2 as one local theory while Task 4 illustrates his temporary shift in 

considering the graphed function as representing the number of plants instead of a rate of 

change with the various perceived contradictions and resolutions. 

 

Figure 16. Local theory diagram for Tom's work on Task 4 

 
Tom – Task 5. Tom’s local theory remains stable throughout his work on Task 5, 

although he does make progress and adds various pieces to that local theory over the course 

of his work. Tom sees the table values as outputting the daily rate of change of the infected 
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population and this allows him to make some claims regarding how to compute the change in 

the infected population. As many other students, Tom starts by graphing the data and then 

claims that he is looking for a way to calculate the area under the curve. He knows that the 

contribution from when the daily rate of change is negative will be subtracted and he also 

claims that this is equivalent to the definite integral of the graphed function from zero to 

sixteen. Since Tom claims he does not remember how to find the analytic function 

representing the table data, he uses an approximation method for computing the total change, 

which is a standard left hand Riemann sum approach with a step size of two days. When 

asked, Tom is specific that his approximation is the change in the infected population since 

he is not given a starting infected population. Tom’s local theory diagram for Task 5 is 

shown in Figure 17. 

 

Figure 17. Local theory diagram for Tom's work on Task 5 
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Summary of Tom. Tom, like Mary, only develops one local theory for Tasks 2 and 5. 

In Task 3, Tom develops three local theories since he recognizes that with his first theory he 

is unable to explain the small value he sees from the given function and his second theory is 

unable to support the differing units on the quantities he wants to add. His third local theory 

would be considered the most viable for Tom and his perspectives as it explains all the 

evidence that caused issues for the other two theories. In Task 4, Tom shows us that he has 

significant underlying assumptions concerning the similarities of Tasks 2 and 4 since he is 

almost willing to re-conceptualize his work on Task 2 due to a potential contradiction in Task 

4. In the end, he can reconcile the contradiction and ends with a viable theory for Task 4, 

which also appears to be viable given his assumptions concerning Task 2.  

Student 3 – Anne 

 Anne is an 18-year-old freshman intending to become a human bio major who wants 

to go to medical school. She is already a certified EMT from high school. Anne took MA141 

(Calculus I) the previous semester but found it rather difficult and so took MA231 (Calculus 

for Life and Management Sciences B) instead of MA241 (Calculus II). She seems to like 

math somewhat but is not passionate about it and has had some challenges with the more 

advanced math courses she has taken recently. She feels she has slightly above average math 

skills for someone in biology. When asked about integrals, she says she mainly remembers 

derivatives and even talks about derivatives when asked what it means to integrate a 

function. She states the integral is the opposite of the derivative and alludes to the power rule. 

Note that Anne was one of the students for whom Task 4 was presented prior to Task 2 and 

so her work on Task 4 is presented first. 
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Anne – Task 4. Anne’s local theory is stable throughout her work on Task 4. She sees 

the graphed function as representing the number of plants in the given year. She claims that 

Species 2 is slightly higher than Species 1 after one year and that Species 2 is increasing 

more at this point. She describes Species 2 as growing exponentially at first before leveling 

off and though Species 1 started with more plants, Species 2 is growing faster. She claims 

there are about 1,000 plants in Species 1 after one year by looking at the value on the 

dependent axis on the graph at one year though she also claims you could take the initial 

number of plants (500) and use the function for rate of change to find the number of plants – 

it is unclear if she realizes the rate of change function is the very function she used to 

determine the value 1,000. At the end of the interview, Anne reiterates her claim that the 

function is modeling the actual number of plants and so the graph is directly relevant to the 

questions concerning number of plants. Anne’s diagram reflects her unshifting view of how 

to solve Task 4, she believes the function represents the number of plants in each species 

instead of the rate of plant growth and so each of her claims are presented as part of a 

singular theory with her assumption about the graphed function at the core. Anne’s local 

theory diagram is shown in Figure 18. 
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Figure 18. Local theory diagram for Anne's work on Task 4 

 
Anne – Task 3. Anne begins by writing the initial value (57.8 degrees Fahrenheit) as 

the output for the function and in describing her work states that the function gives the “rate 

of change for the temperature.” In talking through the task, Anne says she does not know 

what to plug in for t but then suggests she plug 200 into the function and that this will give 

her the new average surface temperature in the year 2200. Anne computes R(200) and states 

that value is too small and returns to her earlier ideas on R(t)=57.8 and that she has to solve 

this for t to get ”the number” at 2000, which she can use to find the average surface 

temperature in 2200. Anne’s current theory is quite fluid, she believes the function represents 

the average surface temperature in some way but does not seem to know what to do with the 

function to compute the average surface temperature. The first theory of Anne’s local theory 

diagram shows her varied approach and the unapparent contradiction – that she is treating the 
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function as outputting a total quantity after having stated it is a rate of change function. 

Anne’s initial claims that R(200) would calculate the average surface temperature is shown 

with a dashed outline to indicate that she dropped this claim due to R(200) being “very 

small,” which is shown externally to the theory with a white arrow pointing in towards the 

claim this evidence was used to debunk. 

The first big transition for Anne comes when I ask her what the function represents, 

which refocuses her back on the task and how it is presented. She again states the function 

represents a rate of change and now claims that expecting the output to be the average 

surface temperature was incorrect. She states that R(t) gives “after so many, the years, this 

would give you what it’s increasing by” and that she can add R(200) to 57.8 to get the new 

average surface temperature. This claim indicates Anne’s second assumption about what the 

function represents is that it gives the change in average surface temperature, her second 

core. In her second local theory, we see one observation that previously clashed with her first 

theory that is supported within her new theory and one claim that is carried over from the 

previous theory. These are represented above the core within the second theory. The 

contradictory evidence from her first theory, that R(200) is a very small value, is no longer 

contradictory for Anne with her new assumption that R(t) outputs the change in temperature 

instead of the average surface temperature and so this local theory is more valid for Anne 

than her first local theory. Carried over from her first theory is her statement that “R(t) is rate 

of change for the temperature,” which did not fit mathematically within her first theory but 

she did not perceive any contradiction. Anne has reiterated this fact within her work with her 

new assumptions and so it would seem she still believes this to be true. 
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To probe further, I ask Anne what the units of R(200) would be and she claims they 

would be “degrees Fahrenheit per year” because the function is the “average rate of change 

of the temperature in degrees Fahrenheit per year.” Anne’s specificity here concerning the 

units represents a potentially disconfirming piece of evidence since it does not align with her 

previously stated suggestion that R(200) is “what it’s increasing by” but she does not 

perceive it as such and so is represented internally to her second theory. This is where Anne 

ends her work on the task and we move on. 

At the end of the interview session I return to this task and specifically ask Anne if 

she is okay with adding two quantities with different units. She then revises her perspective 

on what to do with the R(t) value and keys in on the fact that the function gives a rate of 

change in a specific year, which is more consistent with how she has talked about R(t) being 

a rate of change. She now reasons that the rate of change is non-constant and that she would 

need to compute the rate of change for every year starting at 2000 and add those values to 

57.8. She admits this new process has been influenced by my question about the units, my 

redirection on Task 5 (towards looking at the table values as being rate of change), and the 

fact that I wanted to return to this task again. Each of these are represented externally to 

Anne’s second theory on her local theory diagram as being the impetus for her shift to her 

third theory with the core assumption that the function outputs the yearly rate of change for 

the average surface temperature. Anne’s local theory diagram is shown below in Figure 19. 
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Figure 19. Local theory diagram for Anne's work on Task 3 

 
Anne – Task 2. Anne identifies the graphed function here as velocity or “how many 

feet per minute” the cars are going. She claims that a car with a higher velocity would be 

“covering more ground” and so Car 1 would have traveled farther after one minute. In this 

task, Anne specifically notes that the graph is not representing distance traveled and that the 

intersection point implies that the cars have the same velocity. She reads the value of the 

velocity at one minute to be about 1,000 feet per minute and then claims that this would also 

be approximately how far the car has traveled since it has traveled for one minute. Hence, 

Anne is treating the car as if its velocity has been constant for the entire minute instead of 

increasing to the value of 1,000 feet per minute. Anne claims the initial distance traveled is 

not relevant since the graph is of velocity. Unlike Task 4, Anne describes the function as a 

rate of change and reasons about it as such. However, it is clear Anne does not see the 

contradiction between identifying the graph as velocity measured in feet per minute and 
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using that as a constant velocity in her calculation. This is like the way she reasoned about 

Task 3, in that she expected the rate of change to equate to the total change in the 

accumulating quantity instead of thinking about using the rate of change function to calculate 

or approximate the accumulating quantity over the time period. 

Anne approached Tasks 2 and 4 quite differently. She reasons about the graph in Task 

4 as if it models the number of plants in a given year while reasoning about the graph in Task 

2 as if it models velocity. When asked about the tasks and her different approaches, Anne 

states that the graphs represent different aspects of their respective contexts since one is 

asking questions about the quantity graphed (Task 4) while the other asks questions about a 

quantity related to the given graph (Task 2).  Anne’s local theory diagram for Task 2 can be 

found in Figure 20. 

 

Figure 20. Local theory diagram for Anne's work on Task 2 
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Anne – Task 5. Anne’s local theory is stable throughout her work on Task 5 until, like 

Task 3, I specifically redirect her perspective on what the table values might represent. 

Initially, and throughout much of the interview, Anne acts as if the table values represent the 

number of infected individuals on a given day. She begins by computing differences in 

successive table values to find the change in the infected population and she claims that she 

would need the values on the missing days to find the total change. Anne takes an interesting 

turn and discusses what she knows about the virus given the data, which seems influenced by 

her observation that there is no correlation between the day and the number of infected 

individuals, she notes that “there’s not like oh well, you know, every, every day more people 

get sick, or you know, every day more people get better.” She claims that the virus is most 

likely not airborne since there is not a direct correlation between time and number of 

infected; an airborne virus, Anne claims, would just continue increasing in total number of 

infected. She talks about how it might be contact-based but also wonders whether the 

infected population is being quarantined from the uninfected. When asked, Anne claims 

some of this curiosity is because of her experiences in a class on tuberculosis.  

Given Anne’s assumption that the table values represent the number of infected 

individuals on a given day, I ask her how she would reason about the negative table values. 

Anne begins by acknowledging that “obviously, you don’t have like, negative people” and 

then comes up with a very ingenious way to reason about the negative table values within her 

current theory. Anne claims the negative value could represent formerly infected people who 

were not counted in the initially reported data. With such a perspective, she claims the value 

of negative five on day eight represents five individuals who were not included in the 
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original eighteen reported on day zero, but were infected at that time and have now been 

cured. This is a creative assumption that allows Anne to avoid the contradiction of “negative 

people.” My question concerning the negative table values is represented externally to 

Anne’s theory with a dashed arrow indicating the possibility of it leading to disconfirming 

evidence and her new claim is outlined in a solid black line to highlight this was her attempt 

to reconcile this discrepancy. Anne’s work on this task thus represents how a student can 

form a theory concerning a given task, identify disconfirming evidence for that theory, and 

redirect that disconfirming evidence to protect the core of her theory. Anne is more willing to 

assume there are significant missing details than she is to dismiss her theory regarding what 

the table values represent. 

At the end of the interview, I took time to redirect Anne regarding the table values, 

specifically addressing them not as representing the number of infected individuals in total, 

but the daily rate of change of the infected population. With this new perspective, Anne then 

sums the table values without hesitation to find the total change, while now describing the 

negative values as representing individuals who had gotten better. When pressed on the fact 

that the data is presented every two days, Anne again returns to her perspective on the virus 

itself claiming that maybe symptoms take two days to show or the researchers just decided to 

look only every other day. Anne does not see an issue in the data being reported as a daily 

rate of change and not multiplying those values by two. Finally, there is no evidence that 

Anne has dropped her original theory in favor of the latter, she starts her work with “if you 

think of it like that,” which could just mean she is entertaining an alternative perspective. 

This shift is represented in her local theory diagram with a large dashed arrow due to my 
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direct action in redirecting Anne’s assumptions regarding the task. Anne’s local theory 

diagram is shown below in Figure 21. 

 

Figure 21. Local theory diagram for Anne's work on Task 5 

 
Summary of Anne. Anne’s work on Tasks 2 and 4 is interesting in that she is resolute 

in the distinction between the two tasks. The graphs represent two different things for Anne, 

in Task 4 the graph represents the number of plants and in Task 2 the graph represents a rate 

of change. She, unlike Tom, has no underlying assumption about the similarities of the two 

tasks. Her work on Task 3 takes her through three local theories, one of which was heavily 

influenced by my questioning. However, there is clear evidence of Anne assessing the 

validity of her local theories and moving towards what she considered more valid theories 

throughout the task. Task 5 was most interesting in that Anne brought to bear some of her 

experiences in studying infectious diseases to posit ideas about how the virus was transferred 
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and utilized this knowledge in assessing the validity of certain mathematical techniques (e.g., 

adding up the table values to estimate the total change in the infected population).  

Student 4 – Jake 

Jake is a 21-year-old senior biology major with a concentration in neurobiology and 

physiology who wants to go to school to be a physician’s assistant. Jake took Precalculus and 

Calculus I at a different four-year university before transferring to South State University 

where he took Calculus II. He does not remember doing many biological examples in 

calculus but does remember using some statistics. Jake feels he is good at math and does not 

dislike math, but does not feel strongly positive either. Jake sees understanding graphs as a 

very important component of his future work in biology and that analyzing different kinds of 

graphs shows up frequently in his field. Finally, when asked what the remembers about 

integrals, Jake is not able to come up with any meaningful ideas. Like Anne, Jake was 

presented Task 4 prior to Task 2 and so a discussion of Task 4 is presented first. 

Jake – Task 4. From the beginning of his work on Task 4, Jake claims the graphed 

function represents the total number of plants at a given time. He claims the intersection of 

the curves implies that both species have the same number of plants after one year and 

describes Species 1 as growing quickly at the beginning but then slows down and Species 2 

as growing slowly at first but then grows more quickly. When asked what he is considering 

when he talks about the growth rate, he says it is “how [the function] is curved” but he 

forgets the mathematical term. Jake continues along this line of thought in claiming that 

Species 2 would be larger after two years and that he could find the total number of plants in 

Species 1 after one year if he knew the total number of plants in Species 2 at the same time 
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since they are equal. I ask him if there are other ways he could find the total number of plants 

and he talks about finding the equation of the curve or utilizing more known points, 

specifically the number of plants after two years. He mentions using an “integral equation” 

but only as a passing suggestion and does not return to the idea of integration. Jake concludes 

that he could just use the current graph to estimate the total number of plants after one year, 

which he says is about 1,200, by reading the value on the dependent axis at the intersection 

point. Jake claims to have seen problems like this and could solve it but he does not 

remember the equations he used and would have to go look them up. Jake’s local theory 

diagram for Task 4 is shown below in Figure 22. Jake does not perceive any contradictions to 

his theory regarding what the graphed function represents and makes all claims seemingly 

supported by this view, meaning there are no shifts and no intra-theory rejections to show.  

 

Figure 22. Local theory diagram for Jake's work on Task 4 
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Jake – Task 3. Jake never settled into a stable local theory for Task 3, nor did he 

eventually provide an answer to the question. At first, Jake claims that R(t) will output the 

average surface temperature in year 2200 if he plugs 200 into the function. Upon getting a 

small value (0.116) he states he did something wrong since he should be getting a “whole 

number…probably around 57.8, maybe a little higher” indicating he has some preconceived 

notions of what the answer should be. In Jake’s local theory diagram (shown below in Figure 

23) we see his claim that R(200) would compuate the average surface temperature in 2200 

with a dashed outline indicating his eventually rejection of this claim primarily through the 

disconfirming evidence that R(200) is too small a value to represent the average surface 

temperature.  

Reasoning in this way, Jake shifts to thinking about R(t) as giving “the rate,” though 

he never clarifies further. There is not evidence to suggest he has carried over any previous 

claims or assumptions from is first theory and so his ensuing work is presented underneath 

his second core. Jake now calculates R(1) to help him try to reason about the function and its 

output. He multiplies R(1) by 57.8, the initial temperature, and 200, the number of years that 

have passed and notes that the product is not close to 57.8 and is therefore incorrect. Jake 

then states R(2000) should be the rate of change in the year 2000 and so multiplies that value 

by 2200, the year he is trying to predict the average surface temperature for. Again, Jake 

notes this product is also not close to 57.8 and is also incorrect. Jake knows that he must 

multiply the rate by some value, but does not seem confident in what to multiply. For Jake, 

the validity of a given theory or claim is clearly tied to getting an answer slightly higher than 

57.8, which can be seen by the three external components in Jake’s local theory diagram. 
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Each of these serve as powerful disconfirming evidence for Jake and these comparisons are 

the vehicle for his progression through the task. Jake moves on to the next task without 

identifying an answer to the question. 

 

Figure 23. Local theory diagram for Jake's work on Task 3 

 
Jake – Task 2. In Task 2, Jake claims that the graphed function represents velocity, 

noting that at one minute the cars have the same velocity. Jake then notes that if the cars have 

“the same velocity and the same time” then they will have traveled the same distance. To 

establish which car had traveled farther after two minutes Jake recalls an equation from 

physics (velocity equals distance divided by time) to calculate distance traveled. Jake claims 

that Car 2 had traveled farther after two minutes both because it had a higher velocity and 

because traveling faster over the same time interval would imply traveling a greater distance. 

In describing the trips of the cars, Jake says that Car 1 initially had higher acceleration but 

that Car 2 “accelerated quickly” and then caught up and passed Car 1 around one minute. 

When thinking about the total distance traveled, he notes the similarity to the graph from 
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Task 4 and states that the velocity at one minute would be 1,200 feet per minute, like the 

value from Task 4’s graph. He uses his equation (1,200/1=1,200) to find that Car 1 had 

traveled 1,200 feet after one minute.  

To probe Jake’s reasoning about the connection between velocity and distance 

traveled further, I ask him a new question concerning a new car, Car 3. I ask Jake if he could 

represent Car 3, which had traveled less distance than Car 1 over the first two minutes, but 

ended up traveling faster than Car 1 at the two minute mark. At first, Jake draws an 

appropriate graph for such a situation, with Car 3’s curve under Car 1 all the way until just 

before two minutes where it pops above. He states that to travel less distance, one would 

have to have a lower velocity for that time interval, but to be traveling faster would have to 

jump up quickly. I ask him about his contradiction regarding the intersection point now since 

he is claiming Car 3 has not traveled as far as Car 1 yet earlier he stated that since Car 1 and 

Car 2 would have the same velocity at the same time, that this implies their distance traveled 

after one minute is also equal. He then takes back his graph of Car 3 stating that to be 

traveling faster the curves would have to intersect meaning that Car 3 would have to have 

traveled farther and therefore the task is not possible.  

In Jake’s local theory diagram (see Figure 24 below), we see a largely stable theory 

with his assumption that the function represents a rate of change. External to this theory is 

my posing of the Car 3 task with a dashed arrow pointing towards Jake’s claim that if two 

cars have the same velocity and same time they would have traveled the same distance since 

there was an opportunity for Jake to reject this claim but maintain the core of his theory 

given his work on the Car 3 task. Additionally, my question regarding his two different 
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conceptions of the intersection points is external to his theory and in this case, the question 

led to a rejection of a previously held claim regarding what Car 3’s graph would have to look 

like to travel less distance overall but be traveling faster at a certain time. At the bottom of 

Jake’s theory, his final claim that the Car 3 task is not possible is outlined in solid black to 

indicate that this claim has replaced the now rejected claim regarding Car 3. After his work 

on both tasks, Jake states that while both tasks felt similar, he thought Task 2 was maybe a 

bit easier because of his experiences with physics since he could remember the equations 

relevant to the problem. 

 

Figure 24. Local theory diagram for Jake's work on Task 2 
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Jake – Task 5. Jake’s local theory for Task 5 is stable throughout his work. He 

believes the table values represent the total number of infected even though he struggles to 

reason about the table values decreasing (could represent people who have died) and negative 

table values (could represent people who have died or people who are now immune). He 

identifies that a negative number of people infected is not reasonable, but then reasons that 

this could represent people who have died, which he does not see as clashing with his earlier 

conception of what a dead infected individual would represent, or people who are immune. 

Either way, he does not see this as enough disconfirming evidence to shift his thinking on 

what the table values represent. He continues by sketching a graph of the table values, talking 

about the graph as representing the total number of infected people. He notices that the total 

number is higher at the end compared with what it started as and claims he could enter all the 

data into his calculator to find other information, like how many there were on day three. He 

claims he “would go on the calculator and find the day and then plug it in and it’d give me 

individuals infected on that day.”  

In Jake’s local theory diagram (see Figure 25 below), we see his single core 

assumption that the table values represent the number of infected individuals. External to his 

theory is the fact that within his theory, a negative number would imply a negative number of 

people are infected, which could end up as disconfirming evidence for his current view of 

what the table values represent. Instead, Jake redirects this discrepancy by essentially 

dismissing it. He claims the negative values could represent people who have died or are 

immune, which seems to indicate he is more comfortable accepting that he does not fully 

understand what the negative table values represent in the context of the problem and his 
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theory than he is in analyzing his current assumptions regarding what the table values 

represent more generally. 

 

Figure 25. Local theory diagram for Jake's work on Task 5 

 
Summary of Jake. Jake, like Anne, sees the graphs in Tasks 2 and 4 differently and 

does not feel strongly that the two tasks should be solved the same. Jake starts Task 3 

believing the function represents the average surface temperature but transitions to a more 

valid theory that the function represents rate of change. However, he is unable to generate 

any productive hypotheses about how to find the temperature in 2200 but he tries multiplying 

the output of the function by various quantities. In Task 5, Jake recognizes that he cannot 

explain the negative table values but instead of generating a new theory that is more valid, he 

writes off the contradiction to his understanding of the problem context.  
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Student 5 – Gina 

Gina is a 22-year-old junior biology major with a concentration in integrative 

neurobiology and physiology. Gina wants to go to graduate school and eventually enter the 

education system, potentially as a school psychologist. She is working in a lab on campus in 

biomathematics and has found calculus to be easy in college. The examples she remembers 

from math most related to biology come from differential equations, which she had to take to 

work in the lab. She seems confident in her mathematics abilities and seems to like math. 

When asked about what she remembers about integration, she talks only about it being 

related to “going backwards from the derivative.” It is interesting to note that Gina never 

mentions integration as relevant to differential equations. 

Gina – Task 2. Gina references the values of the function as velocity but then claims 

that the two cars had traveled the same distance after one minute because they had the same 

velocity. She states Car 2 had traveled farther after two minutes because its velocity was 

higher. Gina describes velocity as “when you get one point to another, like how far you went 

over a certain time” and that “regardless of how they got there, their distance over time is the 

same” with regards to the two cars at one minute. To probe deeper about her ideas 

connecting velocity and distance traveled, I ask her if one car is ahead at all during the first 

minute and she says that Car 1 is since their velocity is higher for most of the time. When she 

moves on to calculating the distance traveled, she claims that she would need to use an 

integral and that she would have to compute two different integrals, one before the 

intersection point and one after. Later, when asked why she needs to integrate she only 
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claims, “that’s just how you solve it.” Gina states she would need the equation for each part 

of the curve to integrate the function and that this would be a linear equation for each section.  

The dashed outline surrounding “Slope is equal to velocity” represents how Gina 

temporarily claims that the slope of the curve is the velocity, but then retracts that and again 

notes that the function itself is the velocity and that slope is just important in finding the 

equation. When I ask her about why she needs to break up the integral, she says that it is 

possibly not necessary but since the slopes of each part are so different it seems appropriate. 

Gina then claims she could break it down further and write the equation and integrate over 

each block of the graph. This reminds her of Riemann sums, which she first claims could be 

used to find the distance traveled and then connects to estimating area under the curve, which 

seems to confuse her and she is not sure how the area under the curve is related to the 

integral or if it is at all. Gina clarifies that she knows to integrate since the derivative of the 

equation of “what you traveled is velocity and the integral goes backwards.” See Figure 26 

below for Gina’s local theory diagram for Task 2. Please note that there was some additional 

work regarding this task that was not completed until after her work on Task 4. The 

description of that additional work is presented at the end of the description of her work in 

Task 2. 
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Figure 26. Local theory diagram for Gina's work on Task 2 

 
Gina – Task 3. Gina initially claims that R(t) outputs the average surface temperature 

in a given year and therefore R(200) will compute the average surface temperature in the 

year 2200. See Figure 27 for her local theory diagram for Task 3. She also seems rather 

interested in calling 57.8 the initial temperature “at time one,” though she does not return to 

this idea to explain further. When she evaluates R(200), Gina now drops her claim that 

R(200) would be the average surface temperature in the year 2200 and more broadly that R(t) 

outputs average surface temperature at all in favor of viewing R(200) as the change in the 

average surface temperature over the 200 years. This is indicated in her local theory diagram 
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by the observation external to her first theory providing disconfirming evidence to said 

theory. Her second theory, with the core assumption that R(t) outputs the change in the 

average surface temperature explains her previous observation regarding the size of R(200), 

which is shown above the core to indicate it came from her work in her previous theory. Gina 

now claims she should add R(200) to 57.8 to find the average surface temperature in the year 

2200. This theory seems quite stable for Gina as she now references R(t) as giving “the rate 

that [the temperature] has changed” over a given time period. When asked, Gina states that 

the units on R(t) are degrees Fahrenheit per year, a potential discrepancy, but one that she 

views as agreeing with her current theory. 

 

Figure 27. Local theory diagram for Gina's work on Task 3 

 
Gina – Task 4. Gina immediately notices the similarity of Task 4 to Task 2 and this 

serves as rather important since she assumes the answers will be the same. She claims that 

the two species will be the same size after one year and Species 2 will be larger after two 

years. When tasked with finding the total number of plants in Species 1 after one year, she 



 

130 

claims she can do it “like I did in the other one.” However, Gina states that the vertical axis 

gives the number of plants grown since time zero, a clear difference in how she was 

interpreting the graph from Task 2. When I asked her which species was larger during the 

first year she says that Species 1 was larger the whole time but that Species 2 was 

“exponential” and grew quickly, another indication she may view the graphs as representing 

the total number of plants instead of the rate of change of plant growth. See Figure 28 for 

Gina’s local theory diagram for Task 4. 

After completing both tasks, Gina claimed the plant context was easier mainly 

because Task 2 reminded her of physics, which she failed. Gina reviews her work on Task 2 

and it becomes evident that she thought the problem stated that each car traveled a total of 

500 feet, not that each car had traveled 500 feet prior to the beginning of the events indicated 

by the graph. However, this revelation does not impact Gina’s thoughts on her previous 

solution and so is indicated in the diagram without any shift between theories and without 

any rejection of previously held claims. I then pose the same Car 3 Task I posed to Jake, in 

which she is to sketch the graph of Car 3, which is traveling faster than Car 1 at the two-

minute mark but would not have traveled as far as Car 1 at that moment. Initially, Gina draws 

an appropriate graph stating that “it can go faster but not as far if it was like super low,” 

indicating she has some intuition regarding velocity and distance traveled. However, when I 

call her attention to the new intersection point, she claims that Cars 1 and 3 “traveled the 

same amount” at that time and likens it to her thinking for the first intersection point. Gina 

states that she does not know if there is another way to sketch the curve to solve the task. 

Like Jake, Gina acknowledges the discrepancy between the Car 3 task and her thinking 



 

131 

regarding what the intersection point would imply, but is not willing to utilize this work in 

disconfirming her current theory and assumptions instead dismissing her work entirely. 

 

Figure 28. Local theory diagram for Gina's work on Task 4 

 
Gina – Task 5. Gina is one of the few students to begin Task 5 with one local theory 

and transition to a new local theory. First, Gina reasons about the table values as if they 

represent the number of people infected on a given day. She computes the differences 

between successive days and sums them to find the total change. She explicitly claims these 

difference values are “the number of people that get infected every two days.” She finds that 

the total change in the infected population is two and then wonders if it is a coincidence that 

this is equivalent to the final table value minus the initial. Seemingly out of nowhere, Gina 

realizes she has not been thinking about the table values correctly, she claims that she had not 
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originally read that the table values give the rate of change instead of the number of infected. 

With this new information, Gina reasons that she will need to now find linear equations 

modeling the rate of change between successive days so that she can integrate the rate 

function over the given intervals, much like she suggested in Task 2. She briefly considers 

finding one equation for the whole data set but then claims it would be more accurate if she 

finds eight different equations and integrates each over the appropriate interval. She notes 

that thinking about the graph, instead of the table, led her to consider writing the linear 

equations. Gina claims that each definite integral would be a “part” of the total accumulation 

and that she would have to add up all those parts to get the total change in the infected 

population. Unfortunately, the interview session had come to a close and I did not probe 

further on why she wanted to find these linear equations or how why the integral was 

necessary. This shift is indicated on Gina’s local theory diagram (see Figure 29 below) by her 

re-reading the problem, cause her to reject her previous theory. All her work within her 

second theory is developed anew and not carried over from her previous theory and so is 

presented underneath the core. 
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Figure 29. Local theory diagram for Gina's work on Task 5 

 
Summary of Gina. Gina interprets the graph in Task 2 as representing velocity but 

also claims that the two cars would have traveled the same distance after one minute since 

they had the same velocity. Gina seems to reason about the graph in Task 4 as representing 

the number of plants but also claims that her methods from Task 2 would be applicable on 

Task 4. Like other students, Gina starts her work on Task 3 assuming the function will output 

the average surface temperature but then develops a more viable theory, that the function 

outputs the temperature change. In Task 5, Gina begins with assuming the table values 

represent the number of infected individuals but shifts to a new theory rather abruptly after 

recognizing the table values mean something different than what she originally assumed. She 

ends by claiming she would need to find piece-wise linear functions that model the table data 

so that she could integrate those functions to find the total change in the infected population. 
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Results Across Tasks 

 The local theory diagrams illustrate both the unique characteristics and some of the 

common trends of students’ solution strategies for each task. The cores of the local theories 

students utilized show that students reasoned in largely similar ways about the given 

information in all four tasks, namely as either a rate of change or as the actual given quantity. 

The cores of the local theories students utilized in all four tasks included one in which the 

given function was interpreted as a rate of change and one in which the given function was 

interpreted as the accumulated quantity. For example, the cores for Tasks 2 and 4 were 

Graphed Function Represents Rate of Change and Graphed Function Represents Quantity. 

While students reasoned about the given function in each of these ways in all four tasks, they 

did so differently for each task. In Task 2, two students’ cores included Graphed Function 

Represents Quantity while nine students’ cores included this core in their work on Task 4. 

See Table 24 for the frequency for these cores, Table 25 for all cores used in Tasks 3, and 

Table 26 for Task 5.   

Students used much more varied local theories in Task 3. Whereas there were only 

two cores used by students in Tasks 2, 4, and 5, there were nine different cores used in Task 

5. There were still the parallel cores in which the students reasoned about the equation as 

either a quantity or a rate of change, but also a core in which the students reasoned about the 

equation as change in average surface temperature and several idiosyncratic cores not seen in 

the other tasks. Students solved this task much differently when compared to the other tasks, 

mainly since they could compare their work to the given initial temperature and they could 

confidently validate whether their solution strategy made sense. When they perceived 
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themselves to be doing something wrong, they adjusted their strategy accordingly, hence the 

increased number of cores of local theories. 

Table 24.  
Frequency of cores of local theories for Task 2 
Core Task 2 Task 4 
Graphed Function Represents Rate of Change 12 5 
Graphed Function Represents Quantity 2 9 

  

Table 25.  
Frequency of cores of local theories for Task 3 
Core Frequency 
R(t) Outputs Average Surface Temperature 9 
R(t) Outputs Change in Average Surface Temperature 6 
R(t) Outputs Rate of Change of Average Surface Temperature 5 
Integrate R(t) to find Average Surface Temperature in 2200 1 
Integrate R(t) to find Change in Average Surface Temperature 1 
R(t) is an Exponential Model 2 
R(t) Outputs Growth Rate of Average Surface Temperature 1 
Need to Integrate R(t) 1 
Cannot Remember How to Solve Task 1 

 

Table 26.  
Frequency of cores of local theories for Task 5 
Core Frequency 
Table Values Represent Rate of Change of Infected Population 9 
Table Values Represent Number of Infected Individuals 6 

 

 In this chapter, the work of five students was presented through the lens of local 

theory diagrams. These diagrams illustrate the specific strategies students develop as they 

solve the calculus accumulation tasks, particularly how they shift from one strategy to 

another. By outlining how the cores of the local theory diagrams students utilized were 

similar across tasks, we saw that students tended to view the given rates of change in two 

primary ways, as a rate of change and as the accumulated quantity itself. Additionally, we 
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saw that in Task 3, students generated a greater number of unique local theories. This seems 

primarily due to students interpreting the given starting temperature as a check for their 

calculations, meaning they decided to alter their strategy based on the feedback they were 

seeing. The local theory diagrams highlight this process of students shifting their local 

theories to be more viable given the information they perceive to be important.   
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Chapter 6: Discussion   

In this chapter, I use the results of the analysis to answer the research questions:  

1. How can we characterize the ways undergraduate students majoring in the 

biological and life sciences solve calculus tasks involving accumulation?  

2. What role does context play in how undergraduate students majoring in the 

biological and life sciences solve calculus tasks involving accumulation?  

To answer these questions, qualitative methods were employed. Task-based interviews were 

conducted with 20 students majoring in the biological and life sciences, 12 of the students’ 

solution strategies were analyzed. During the interviews, the students solved five calculus 

tasks involving accumulation and the data were analyzed via in accordance with a 

constructivist grounded theory approach (Charmaz, 2000).  

To answer the first research question, I used different lenses to develop the 

characterizations of the students’ solution strategies. First, I present characteristics of the 

students’ solutions for each task as evidenced by the open coding analysis and secondly by 

the local theory diagrams. In the second case, I specifically discuss how students worked to 

develop viable local theories for each task; I use the local theory diagrams for a few students 

to help describe some of the common trends amongst the local theories students utilized 

while demonstrating some of the idiosyncratic ways they went about solving the tasks. Note 

that in this section, I present results from students beyond the five described in the previous 

chapter. Then, I present a review the literature-based coding for the students’ work as well as 

a cross-task analysis from the literature-based codes to illustrate the distinctions between the 

characteristics of how students solved the different tasks.  
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To answer the second research question, I first discuss the evidence from the local 

theory diagrams that concern how the students utilized information from the problem context 

in Task 3 to assess the viability of the local theories, even though this may not have resulted 

in assumptions that were mathematically accurate. Next, I summarize how the representation 

of the rate of change function influenced the students’ solution strategies. Then I discuss my 

interpretation of the ways the students’ experiences as biological and life science majors 

influenced their solution strategies.  

In the final section, I return to the findings from the existing research literature base 

concerning student understanding of the definite integral to explore whether the findings 

from the current study support, refute, or extend those findings, using this to deepen the 

characterizations from the earlier sections. 

Characteristics of Students’ Solution Strategies 

In this section, I summarize the results of the grounded theory analysis of the 

interview data as they pertain to the ways students go about solving each of the four 

interview tasks. For each task, I report on the trends that emerged from the data analysis 

including the most common codes that were applied to each task. This will serve as a partial 

answer to the first research question. An additional way I characterize students’ solution 

strategies to the accumulation tasks is through the local theories they generate to solve the 

tasks. Therefore, in this section I will also display several of the local theories that students 

developed for each of the given tasks. What follows is a summary of each task with both 

analyses presented. I first present results of Tasks 2 and 4, then Task 3, followed by Task 5. 
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Characteristics of solution strategies for Task 2 from the open coding. Every student, 

at some point during their work on Task 2, interpreted the graphed function as representing a 

rate of change while only 4 of the 12 students interpreted the graphed function as 

representing distance traveled during their interview. Only two of these four students 

interpreted the graphed function as representing distance traveled throughout the interview as 

one student (Andy) mentioned it as a possibility briefly at the beginning of the interview and 

another (Jane) started reasoning this way but then changed her mind midway through the 

interview after she reviewed the given information more closely. 

 While almost all students reasoned about the graph as representing velocity, there 

was some confusion regarding what the intersection of the two velocity curves implied. Nine 

of the 12 students reasoned that the intersection implied the cars had the same velocity after 

one minute, which parallels their view of the function representing velocity. However, six 

students reasoned that the intersection of the curves implied the two cars had traveled the 

same distance after one minute. For Brenda and Jane, two of the six students who claimed the 

intersection of the two curves implied the cars would have traveled the same distance, this 

was directly related to the fact that the functions represented the actual distance traveled. It 

should be noted for Jane, this was temporary as she eventually changed her mind on what the 

graphed functions represent. For the remaining four students, the fact that the intersection 

point implied that the cars had traveled the same distance was a consequence of the velocities 

being equal at the same time, indicating they are not reasoning about accumulation with a 

varying rate of change but instead as if the instantaneous rate of change of the cars at the one-

minute mark is valid for the whole minute.    
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Students reasoned about the accumulated distance traveled in several ways. There 

were three codes that tell us about these methods: Area Under Curve Equivalent to Net 

Quantity, Integral Equivalent to Net Quantity, and RoC Multiplied by Time Equivalent to 

Net Quantity. The results of which students were coded as each for the work on Task 2 is 

shown in Table 27. There was not one method of reasoning about the accumulation that 

dominated all approaches. Four students talked about area under the curve being equivalent 

to the distance traveled while five students talked about evaluating an integral to find the 

distance traveled. There was overlap between these two approaches for two students so a 

total of 7 of the 12 students reasoned about either area under a curve or computing an integral 

explicitly when talking about distance traveled. The five students coded as RoC Multiplied 

by Time Equivalent to Net Quantity all reasoned about the total distance traveled as being 

given by the rate multiplied by the current time. For example, while talking about the 

intersection of the two velocity curves, Jake stated that “because they’ve got the same 

velocity and they’ve got the same time so, say velocity is five and time is one, you divide that 

to get um, the distance and it’s gonna be the same.” Here, Jake was working with an equation 

he had remembered from physics class, that velocity equals distance divided by time. This 

kind of reasoning, where velocity was treated as a constant value, was very common for 

these five students. 

Another common strategy students used to help them solve Task 2 was referencing 

the derivative-based relationship amongst displacement, velocity, and acceleration. Seven of 

the 12 students referenced this relationship at least once during their work on Task 2. Most of 

the time, students called on this relationship to validate the necessity for an integral. Six of 
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the seven students who referenced kinematics derivatives were also coded as either Integral 

Equivalent to Net Quantity or Integral Suggestion meaning that they could successfully recall 

at least an element of the relationship between the integral of velocity and distance traveled. 

Previous researchers have found that familiarity with task context can aid in students’ 

mathematical reasoning (e.g., Bajracharya & Thompson, 2014; Sealey, 2014) and this seems 

to be the case for students in this study. Students were generally more experienced with the 

context of Task 2, particularly in comparison with Task 4, and this is demonstrated in their 

overall use of the standard conceptualizations of the definite integral while solve the task. 

Table 27. 
Summary of codes applied to Task 2 pertaining to the calculation of accumulated distance 

Student Area Under Curve 
Equivalent to Net Quantity 

Integral Equivalent to Net 
Quantity 

RoC Multiplied by Time 
Equivalent to Net Quantity 

Mary - X - 

Jane - - - 

Tom X X - 

Anne - - X 

Shauna - - X 

Andy X X - 

Ron - X - 

Jake - - X 

Brenda X - X 

Lisa X - X 

Gina - - - 

Nancy - X - 

 
 

Characteristics of solution strategies from local theory diagrams for Task 2. Most of 

the students utilized only one local theory for Task 2, as evidenced by the fact that every 

student interpreted the graphed function as representing a rate of change. Only one student, 
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Jane, started her solution with one theory about the task, that the function represented 

distanced traveled, and transitioned to a different theory about the task, that the function 

represented velocity.  

This may have been the result of her work on Task 4 (she completed Task 4 prior to 

Task 2) as she only saw the graphed function from Task 4 as representing total number of 

plants and not as the rate of plant growth. Jane immediately recognized the similarity 

between Tasks 2 and 4 at the beginning of her work on Task 2 and so she may have assumed 

the graphs represented parallel quantities. Jane provides a few different strategies for finding 

Car 1’s distance traveled after one minute. While at first, she assumes she can read the value 

for distance traveled off the dependent axis, she also states that she feels “there’s something 

about integration…and then you can calculate what’s in between [the two curves]” as she 

shades the area between the curves. Here, Jane holds contradictory views about how to 

evaluate the distance traveled, that it is calculated via an integral and read off the dependent 

axis directly, this is shown in her local theory diagram (see Figure 30 below).  

Seemingly unprovoked, Jane shifts to a new local theory. She realizes that the 

graphed function represents velocity and specifically not distance traveled as she previously 

assumed. This new local theory is shown in Jane’s diagram with a new core and a whole new 

set of assumptions and conclusions she can draw. This new theory opens Jane up to her 

knowledge of the relationship between distance traveled, velocity, and acceleration and that 

integrating the given function will be necessary to find distance traveled. However, this 
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seems more rote memorization for Jane as she continues to focus primarily on area between 

curves. 

 

Figure 30. Local theory diagram for Jane's work on Task 2 

 
For most students, the local theory diagram looked simpler. For example, Anne’s 

diagram is presented again below in Figure 31. She only had one local theory with the core 

assumption that the function represented a rate of change. Anne reasons about how if one car 

has a higher velocity than another car over a period of time, that it will travel farther in that 

time period, but then calculates distance traveled by multiplying the velocity at one minute 

by one minute, therefore disregarding the varying values of velocity. As stated earlier, there 

were five students who reasoned about the accumulated distance in this way. Overall, 

students could reason about the graphed function as a rate of change, potentially because 

many of them expressed that they had familiarity with the problem context and kinematics-

based tasks in general. However, students also tended to reason about the distance traveled 

by assuming a constant rate of change instead of attending to how the velocity was changing 
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over the first minute. This implies that students’ abilities to reason about accumulation were 

significantly hampered. 

 

Figure 31. Local theory diagram for Anne's work on Task 2 

 
Viability overtaking mathematical intuition in reasoning about Task 2. In a few of the 

interviews, I asked an additional question after the students’ work on Tasks 2 and 4 to further 

push the students’ interpretation of the intersection of the curves as denoting that the cars had 

traveled the same distance. In this task, I asked the students to sketch the graph of Car 3 who, 

after two minutes, had not traveled as far as Car 1 but was traveling faster than Car 1 at the 

second minute. This task was specifically aimed at undermining the students’ assumption 

that if two cars had the same velocity at the same time, that that would necessarily imply they 

had traveled the same distance. While this was a question I had not originally intended to ask 

and so it was not asked of all participants, two students who reasoned about the intersection 

of the velocity curves as noted above were able to initially draw a curve that would have 
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correctly modeled the situation at hand then recanted this solution when pressed to explain 

the new intersection point, indicating the stability of their current local theory overpowered 

their mathematical intuition. In this section I illustrate Jake’s local theory diagram of his 

solution to the task. 

 

Figure 32. Local theory diagram for Jake's work on Task 2 

 
In Figure 32, I repeat Jake’s local theory diagram for Task 2. Note that when asked 

how he knew Cars 1 and 2 had traveled the same distance after one minute, Jake stated 

“because they’ve got the same velocity and they’ve got the same time.” While Jake viewed 

the graphed function as representing velocity, he also reasoned that the cars would have 
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traveled the same distance after one minute even though the two cars had different velocities 

throughout the first minute. After he had completed both Task 2 and 4, I asked him the Car 3 

question and initially he presented a mathematically accurate solution, as seen in Figure 33. 

However, when pressed to explain the new intersection point between Cars 1 and 3, he 

recants his solution and states it is not possible, “um, that is the point where, let’s see… their 

velocities are the same and their times the same, so no I was wrong because they would have 

ended up having the same distance at this point so no, I mean he can’t, he actually can’t ever 

cross this without going a farther distance. So yeah, I take back my answer.” In this case, 

Jake acknowledges the contradiction that his new sketch is supposed to denote a car that has 

not traveled as far as Car 1 and yet its curve intersects that of Car 1 but instead of altering his 

local theory on what the intersection of two velocity curves would imply, he rejects his new 

solution outright. Even though he reasons correctly about how Car 3 “has to have a lower 

velocity for a longer time than car one and then he’s gonna have to accelerate pretty quickly 

to reach a higher velocity in the two-minute mark,” this intuition is disregarded, meaning his 

previous conception of what the intersection of the velocity curves implies is stronger than 

this intuition.  
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Figure 33. Jake's written work on the Car 3 problem from Task 2 

 
Characteristics of solution strategies for Task 4 from the open coding. Students 

interpreted the graphed function quite differently in Task 4 compared to their interpretation 

in Task 2. Five of the 12 students reasoned about the graphed function as if it represented a 

rate of change at some point during their work on Task 4. Seven students reasoned about the 

graphed function only as giving the number of plants while two students (Ron and Lisa) 

reasoned about the function both as a growth rate and as giving number of plants. Ron 

initially believed the origin of the graph should be labeled 500 since there were 500 plants 

initially while also reasoning about the graphed function as giving the growth rate. Lisa 

reasoned about the graphed function as representing the number of plants for most of the 

interview but after some probing questions regarding various values on the graph, she 

transitions to a new theory in which she assumes the graphed function now represents the 

growth rate of the plant species. The propensity to view the graphed function as representing 
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number of plants is also seen in the students’ interpretation of the meaning of the intersection 

of the curves as only one student reasons that the intersection implies the growth rates of the 

two species are equivalent while nine students reason that the intersection implies the two 

species have the same number of plants. 

Table 28. 
Summary of the codes applied to Tasks 2 and 4 pertaining to how students calculated 
accumulated quantity 

Student Area Under Curve 
Equivalent to Net Quantity 

Integral Equivalent to Net 
Quantity 

RoC Multiplied by Time 
Equivalent to Net Quantity 

 Task 2 Task 4 Task 2 Task 4 Task 2 Task 4 
Mary - X X - - - 
Jane - - - - - - 
Tom X X X X - - 
Anne - - - - X - 
Shauna - - - - X - 
Andy X X X - - - 
Ron - - X - - - 
Jake - - - - X - 
Brenda X - - - X - 
Lisa X - - - X X 
Gina - - - - - - 
Nancy - - X - - - 

 

Unlike in Task 2, only one student discussed multiplying a rate of change by time to 

find the change in the number of plants. Lisa, after my question about what the graphed 

function represents, shifts to a local theory with the core assumption that the function 

represents the growth rate. However, Lisa, like many students did in their work on Task 2, 

assumed she could multiply the rate of change value by the current elapsed time to accurately 

find the change in the number of plants. As we see in Table 28, students discussed finding 

the change in number of plants through area, integration, and multiplying the rate of change 

by time much less frequently when compared with Task 2. This is related to the popularity of 
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viewing the graphed function as representing the number of plants, which precludes the 

students from needing to reason about how to calculate the change in number of plants.  

Characteristics of solution strategies from local theory diagrams for Task 4. Like in 

Task 2, most students utilized only one local theory while solving Task 4. However, what 

those theories consisted of varied more than with Task 2. Three students had a single theory 

with the core assumption that the function represents the growth rate of the plant species. 

Seven students had a single theory with the core assumption that the function represents the 

number of plants at a given time. Two students, Tom and Lisa, shifted between local 

theories. Tom’s shift was a temporary consideration of what the intersection of the curves 

implied while Lisa’s was a more significant shift from viewing the function as giving the 

number of plants to the growth rate of the plants.  

Below, I showcase two local theories, one with a core assumption that the graphed 

function represents the number of plants and one with a core assumption that the graphed 

function represents the plant species’ growth rates. In Figure 34 we again see Anne’s local 

theory diagram for Task 4. She reasons about the graphed function as if it represents the 

number plants throughout her work on Task 4. When asked how she knew that Species 2 was 

larger after two years she stated, “Um because obviously, this is plants and then this is years 

so if you go to the years here and you follow up the species of plants two, it’s much higher 

than the species of plants on” clearly indicating she believes the graph is telling the number 

of plants directly. This is supported further when asked to compare the number of plants in 

Species 1 after one year to the number of plants it started with, “Well I mean, so in the first 
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year the number of plants doubled from, like in the first year from what they started with, the 

number of plants doubled.”  

 

Figure 34. Local theory diagram for Anne's work on Task 4 

 
Mary’s work on Task 4 gives us our example of a local theory with a core assumption 

that the graphed function represents the rates of growth for the plant species. In determining 

which species would be larger after one year, Mary states that “Species one would 

have…well…yeah, species one would have more plants after one year because its rate is 

higher for this chunk of time than this one [traces Species 2], even though they both end at 

the same rate at year one.” This type of reasoning is certainly distinct from that of Anne who 

does not reason about the rate of growth at all in determining which species is larger after 

one year. Mary reasons effectively about how the difference in the areas under the two curves 

can be used to determine which plant species is larger after one year, “So this difference 
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between species two and species one between year one and two is bigger than the difference 

between where species one is more than species two [shades and indicates to each area as she 

talks]”. Mary temporarily claims that she should write 500 on the origin of the graph since 

both species start with 500 plants but she quickly changes her mind when she realizes that the 

500 does not refer to the rate of growth and so she erases the 500. Figure 35 below is Mary’s 

local theory diagram for Task 4.  

 

Figure 35. Local theory diagram for Mary's work on Task 4 
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While there were several different local theories, these two show the most common 

core assumptions for Task 4. Students reasoned about the two tasks differently, primarily in 

what they assumed the graphed function represented. In solving Task 2, students were much 

more likely to reason about rate of change, even if superficially in some cases. When 

students did reason about the graphed function from Task 4 as a rate of change, they tended 

to still calculate the number of plants as if the rate of change were constant, much like they 

did in Task 2. This implies that many students in the study were inclined to think about rate 

of change in ways contradictory to what the tasks were presenting. 

Characteristics of solution strategies for Task 3 from the open coding. The most 

common strategy in solving Task 3 began with the assumption that the given function would 

output the average surface temperature in the year 2200 if 200 were plugged in for t. Seven 

of the 12 students were coded with R(t) Outputs AST (average surface temperature). None of 

these students ended the interview believing this was a viable assumption and all nine 

students have more than one local theory in their diagrams, as seen in the next section. Five 

of these students were also coded with R(t) Outputs Temperature Change and Initial Value 

Added, implying they have shifted to reasoning about the function as outputting temperature 

change instead of the temperature itself. Since there were so many multiple theories 

developed while working on Task 3, it is not surprising that another very common code 

applied to the students’ work on Task 3 was Assessing Reasonableness of Work. Since they 

were given an initial temperature to compare their work against and a context in which they 

could glean some useful information (that the temperature should rise) 10 of the 12 students 

explicitly assessed how reasonable their calculations and assumptions were. The other two 



 

153 

codes that showed up very frequently were Identify Initial Quantity and Initial Value Added 

(9 and 10 students were coded as such respectively). The fact that these codes were so 

frequently used coincides with the earlier discussion of how students progressed through 

various theories.  

Characteristics of solution strategies from local theory diagrams for Task 3. As noted 

above, the most common local theory diagram that emerged from the students’ work on Task 

3 was one in which the student initial assumed the function would output the average surface 

temperature in the year 2200 if they plugged in 200 for t but then upon doing so, shifted to a 

new local theory concerning the function as outputting the change in the average surface 

temperature. Figure 36 contains the local theory diagram for Brenda as an exemplar of such a 

student. 

 

Figure 36. Local theory diagram for Brenda's work on Task 3 

 



 

154 

Here we see that initially, Brenda’s local theory of Task 3 contains the core assumption that 

the function will output the average surface temperature. When asked what the function tells 

her about the situation, Brenda replies, “Um, the temperature at, in a certain year.” However, 

when she plugs in 200, she realized this value does not make sense as the average surface 

temperature and quickly adjusts her local theory, “okay, so [reviews problem, plugs 200 into 

R(t) and gets .116557] and then you add it to that [57.8].” When I ask her how she knows to 

add the value she has gotten from plugging in 200, she states “because it’s rising, so you 

know that the change in temperature is this [.116557] in two hundred years.” When I asked 

her specifically why she changed her mind about what the output of the function represents, 

she simply replies, “because it’s a decimal.” Brenda’s work is a clear example of how 

students assess the viability of their theories as they work through tasks. These examples will 

be discussed in more detail in the next section. 

Below in Figure 37, we see the local theory diagram for Shauna, whose core includes 

not only what she assumes the given function represents but also that she believes R(t) is an 

exponential function. The first thing Shauna identifies is that R(t) is an exponential function 

(even though it is a power function) and she reasons this way throughout her work on Task 3. 

This belief even survives her shifting from reasoning about the given function as outputting 

the average surface temperature to reasoning about the function as outputting the growth 

factor of the temperature change.   



 

155 

 

Figure 37. Local theory diagram for Shauna's work on Task 3 

 
We see in Shauna’s local theory diagram that she recognizes that the variable is not in 

the exponent but this does not deter Shauna from her belief that the function is exponential, 

she simply accepts this fact as if this is a different version of an exponential function. Like 

many other students, her computation of R(200) leads her to reason that her current theory is 

not viable and must therefore change. Unlike those other students, Shauna reasons about the 

output of the function as if it were a growth factor and so she suggests multiplying R(200) by 

57.8 to get what the temperature has increased by. Shauna explains her process as, “that is 

just um, what it increased by, like, like when you’re doing like money and you try to figure 

out like what fifteen percent of like a hundred is or something.”  

The defining characteristic of Task 3 was how much students shifted their local 

theories of the task. It was clear that the students’ expectations of plugging a value into the 

function to get the answer was stronger than their attention to the wording of the task. In fact, 

several students would specifically address the units of the function only after having first 

claiming the function would output the average surface temperature and then realizing there 
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was something wrong about that assumption. It seems as if in some cases, students 

selectively attended to the given information to support their current local theory. 

Characteristics of solution strategies for Task 5 from the open coding. The most 

common code applied to the students’ work on Task 5 was Table Values Represent Rate of 

Change as 10 of 12 students interviewed reasoned this way at some point during their work 

on Task 5. Five of these 10 students then claimed they could find the total change in the 

infected population by summing the table values. Three students, Tom, Andy, and Ron, were 

coded as both Area Under Curve Equivalent to Net Quantity and Integral Equivalent to Net 

Quantity, implying they were reasoning about finding the area and computing an integral to 

calculate the total change in the infected population. The second most commonly applied 

code was Sketch a Graph as 9 of 12 students used the given table values to sketch a graph of 

the given information. Furthermore, seven students talked about needing or tried to find an 

equation for the table values, implying that students were not inclined to reason exclusively 

about the table values but instead opted for converting the given information to another 

format. Finally, six students were coded as Contextual Assumptions and/or Knowledge. This 

means half of the students used the given context to expand upon the given information. For 

example, Anne spends a great deal of time discussing the possible transmission of the given 

virus and reasons that since “people are getting better, then, especially as drastically as they 

are” that the virus is most likely not airborne. Additionally, Jane is not confident in the data 

since she is not sure about whether the cases are new or not, “but I don’t know like from this 

if it’s like…a repeat of the disease, like, or the virus, if it’s coming back or if it’s like new 

infections.” These are interesting comments since the information is not necessarily needed 
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for solving the task, but the students felt it relevant enough to discuss. These instances are 

discussed further in the following section regarding the second research question. 

Characteristics of solution strategies from local theory diagrams for Task 5. As 

demonstrated above, most students interpreted the table values as representing the rate of 

change of the infected population. However, like in previous tasks, students did not always 

treat the given rate of change values in mathematically accurate ways. Additionally, the 

negative table values were occasionally used by students to help assess the validity of the 

students’ theories. Below, I illustrate two students’ local theory diagrams for Task 5. 

We will first examine the local theory diagram for Lisa as she is one of the many 

students whose core assumption was that the table values represent the rate of change of the 

infected population. Lisa reasons that negative table values represent that people are getting 

healed from the infection and that summing the table values would give an approximation of 

the total change in the infected population (recall that five total students were coded as such). 

When asked about the fact that the table values are given every other day, Lisa initially states 

that the researchers must be ignoring the data from the missing days. She is resolute in that 

she would not be able to average the data to approximate the rate of change on the missing 

days since she cannot assume that the infection rates are dependent on one another. She also 

reasons that she would not be able to define a function to represent this table data to find the 

missing rate of change values, the data is just missing. 

Conversely, Jane reasons about the table values as if they represent the number of 

infected individuals, “basically it’s like the first day, like the initial time they studied it, 

there’s a lot of people infected and at first it increased but then like it went down for a really 
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long time.” This is also evidenced by her calculation of the differences in the table values 

when asked about how the number of infected individuals is changing. Interestingly, Jane 

still believes that an integral would be relevant, but mainly due to the interview setting, “I 

mean, my first instinct is like, set up an integral, I mean it’s like an integral study.” Jane also 

expresses some hesitancy about the task given she does not know what kind of virus it is and 

how it may behave in the future. Furthermore, she reasons that she is not sure whether the 

data constitute repeat cases of people getting sick again. 

Standard conceptualizations of the definite integral. To broaden the characterization 

of how the students in this study solved the calculus accumulation tasks, I utilized results of 

the literature-based codes. These codes help to demonstrate whether and how the students 

used the standard conceptualizations of the definite integral in their solutions to the tasks. 

There are three standard conceptualizations of the definite integral identified by previous 

researchers (e.g., Jones, 2015b), area under the curve, antiderivative (including analytic 

computation of definite integrals), and multiplicatively-based summation (including a 

standard Riemann sum approach). In this study, these three conceptualizations are referred to 

as area, antiderivative, and accumulation respectively. In this section, I will discuss the 

differences in how students applied these three conceptualizations across the four tasks. 

Area conception of the definite integral. Area under the curve was a common concept 

students utilized while solving the interview tasks. In Table 29 we see which students 

reasoned about area in some form or fashion in each task. There are several interesting 

findings to explore. First, area was utilized least frequently on Task 3 with only two students. 

This may well be correlated with the findings concerning the hierarchy of use of 
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representations as we saw Task 3 was the only task in which students did not utilize a graph 

to solve, potentially minimizing the opportunities to reason about area under a curve. 

Secondly, five students never reasoned about area under a curve during their work on the 

four tasks. This is surprising given how common an area conception of the definite integral is 

in the existing research. There were five students who reasoned about area on both Tasks 2 

and 4, the two tasks in which a graph was given. Six of the nine students who sketched a 

graph in Task 5 also reasoned about area under a curve. Therefore, there is evidence to 

suggest that the presence of a graph, either within the problem itself or created by students, is 

correlated with students reasoning about area under the curve.   

Table 29. 
Summary of students who were coded with literature-based code Area for each task 

Student Task 2 Task 3 Task 4 Task 5 
Mary X X X X 
Jane X - X X 
Tom X - X X 
Anne - - - - 
Shauna - - - - 
Andy X X X X 
Ron X - - X 
Jake - - - - 
Brenda X - X - 
Lisa X - - X 
Gina - - - - 
Nancy - - - - 
Total 7 2 5 6 

 
 

Antiderivative techniques conception. In this study, students did not tend to use the 

term antiderivative and as seen earlier in this chapter, they were not inclined to calculate a 

definite integral. However, students did reference the analytic aspect of integrating functions 

while solving the interview tasks and so these instances are collectively referred to as 

Integral, since that was the way students tended to discuss them. Table 30 below summarizes 
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the results of the coding in terms of which students reasoned about integrating a function, 

finding an antiderivative, or linking the definite integral to the other conceptions of the 

definite integral.  

Table 30. 
Summary of students who were coded with literature-based code Antiderivative for each task 

Student Task 2 Task 3 Task 4 Task 5 
Mary X X X X 

Jane X X X X 

Tom X X X X 

Anne - - - - 

Shauna - - - - 

Andy X X X X 

Ron X X - X 

Jake - - X - 

Brenda - - - - 

Lisa X - - X 

Gina X - - X 

Nancy X X - - 

Total 7 6 5 7 

 

Here we see less of a discrepancy in what conceptions of the definite integral showed up in 

the students’ solutions to the interview tasks. Here we see that there three students who did 

not reason about the analytic component of the definite integral at all and one student who 

only did so on Task 4. Three of these students (Anne, Shauna, and Jake) also did not utilize 

the area conception of the definite integral either. Four students reasoned about the analytic 

component of the definite integral in all four tasks and one student reasoned about it in three 

of the four tasks. Four of these five students (Mary, Jane, Tom, and Andy) were also those 
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identified as having reasoned about the area conception of the definite integral in at least 

three of the four tasks. 

Multiplicatively-based summation conception. In this study, students did reason about 

accumulating quantities by thinking about the effect of rate of change over time. 

Unfortunately, in Tasks 2 and 4 this tended to come in the form of claiming that given a rate 

of change value after one unit of time (one minute in Task 2 and one year in Task 4) that the 

change in accumulated quantity would just be the given rate of change value. For example, a 

student reasoning that Car 1 was traveling at about 1,000 feet per minute at the one minute 

mark, that this would imply the car had traveled about 1,000 feet in the first minute. Table 31 

summarizes the findings regarding which students reasoned about accumulation as being 

formed multiplicatively. Here we see a stark difference in how students approached Tasks 2 

and 4. Nine of the 12 students reasoned about a component of a multiplicatively-based 

summation conception of the definite integral while only three did so for Task 4. This is most 

likely due to the students’ inclination to interpret the graph in Task 4 as representing the 

actual number of plants as opposed to the plant growth rate. This conception was also 

popular in the students’ approaches to Task 5, the task in which a table of rate of change 

values was given. One aspect of this task that may have led to an increased focus on the 

multiplicative structure of the accumulation was the table itself. Five students reasoned that 

the total change in the infected population could be approximated by adding the values of the 

table. Only four students of the 12 interviewed talked about needing to multiply the table 

values by two since the table represented a daily rate and the data was only given for every 

other day.  
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Table 31. 
Summary of students who were coded with literature-based code Accumulation for each task 

Student Task 2 Task 3 Task 4 Task 5 
Mary - X - X 

Jane - - - - 

Tom X X X X 

Anne X X - X 

Shauna X - - X 

Andy X - X X 

Ron - - - X 

Jake X X - - 

Brenda X - - - 

Lisa X - X X 

Gina X - - - 

Nancy X - - X 

Total 9 4 3 8 

 

Overall, students in this study did reason about the tasks in ways that align with the 

standard conceptions of the definite integral but these solutions were often incomplete or 

incorrectly executed. These categories (area, antiderivative, accumulation) include the 

“suggestion” codes (Area Suggestion, Integral Suggestion, and Sum Suggestion), which were 

coded as such when a student mentions these conceptions as being relevant to the problem, 

but does not support why. It is also true that these students were made aware both during data 

collection and at the beginning of the interview that the questions would concern the topic of 

integration from calculus and so these data may be considered as a liberal representation of 

the students’ understanding of the standard conceptions of the definite integral. Results 

indicate that students were not very successful in applying standard conceptions of the 
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definite integral to the accumulation tasks, though those conceptions certainly played a role 

in solving those tasks. 

Differences in conceptualizations of the definite integral across tasks. One glaring 

distinction in how the students utilized the standard conceptualizations of the definite integral 

was that each student used at least one of the three conceptualizations of the definite integral 

while solving Task 2. This was the only task this was true for. This seems to imply that 

students may have interpreted Task 2 as the most traditional calculus task. The students’ 

comments while comparing Tasks 2 and 4 supports this conclusion as several students noted 

that they had more familiarity with the context in Task 2 than with the context in Task 4. 

Interestingly, six of the twelve students were coded as using zero of the three standard 

conceptualizations of the definite integral on Task 4. This means that students did not treat 

Task 4 as an accumulation task as much as they did Task 2. This is supported by how many 

students assumed the graphed function represented the number of plants instead of the plant 

growth rate. Tasks 2 and 4 differed in terms of how frequently the other conceptualizations 

were utilized as well. The integral conceptualization was used eight times in Task 2 and only 

four times in Task 4 and the accumulation conceptualization was used nine times in Task 2 

and only three times in Task 4. Clearly, the context and presentation of the tasks had a 

significant impact on how students approached these two tasks and further investigation of 

how other contexts might influence these approaches is warranted. 

 
Another distinction in how the standard conceptualizations of the definite integral 

were applied was the infrequency of students using an area conception on Task 3 as only two 
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of the 12 students did so. The hierarchy of use of representations illustrated earlier may help 

us unpack these results further. Recall that students were not apt to generate alternative 

representations when given an analytic function for the rate of change. The fact that area 

came up more frequently in Tasks 2 and 4 makes sense since those tasks included a graphed 

function. Additionally, since nine of the 12 students sketched a graph of the table values in 

Task 5, it is not surprising that an area conceptualization showed up more frequently in this 

task when compared with Task 3.  

Surprisingly, besides the lack of area conceptualization approaches to Task 3, the 

breakdown of which conceptualizations showed up within each task was evenly distributed, 

as seen in Table 32. There were not overwhelmingly popular conceptualizations for each task 

as differences between in the frequencies of the conceptualizations were limited to two 

within each task, barring Task 3.  

Table 32. 
Frequency of application of literature-based codes in each task 

Task Number None Area Antiderivative Accumulation 
Task 2 0 7 8 9 

Task 3 4 2 6 4 

Task 4 6 5 4 3 

Task 5 2 6 7 8 

 

Characterizing the ways students solve the calculus accumulation tasks is a multi-

faceted endeavor. The preceding sections serve to provide such a characterization. Overall, 

students do attend to the standard conceptualizations of the definite integral (area, 

antiderivative, and accumulation) but not generally in mathematically sophisticated ways 

since their assumptions concerning the given rate of change functions are varied and 
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inconsistent. Additionally, there are numerous idiosyncratic ways the students went about 

solving the tasks and assessing the viability of their work. In the next section I review the 

data concerning how context affects the students’ solution strategies to answer the second 

research question. 

The Role of Context in Students’ Solution Strategies 

 In this section, I answer the second research question, what role does context play in 

how undergraduate students majoring in the biological and life sciences solve calculus tasks 

involving accumulation? To do so I first discuss the evidence from the local theory diagrams 

concerning how students utilized information from the problem context in Task 3 to assess 

the viability of the local theories, even though this may not have resulted in assumptions that 

were mathematically accurate. Next, I discuss my interpretation of the ways the students’ 

experiences as biological and life science majors influenced their solution strategies. Like 

problem context, the function representations chosen can impact students’ mathematical 

reasoning. I expand upon results concerning problem context to include how the 

representation of the rate of change function influenced the students’ solution strategies.  

Using problem context and given information in theory refinement. I propose that 

whenever the students began working through one of the accumulation tasks, they were 

continuously revising or replacing a local theory concerning the task. For some tasks, like 

Tasks 2 and 4, there were few opportunities for students to assess the reasonableness of their 

approach since there were no hints at what the solution should be. However, for Task 3, there 

were a few pieces of information students attached to while generating various solution 

strategies. Primarily, students knew that because the initial temperature was given to be 57.8 
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degrees Fahrenheit and the problem concerned climate change and the warming Earth, that 

their answer must be greater than 57.8 degrees Fahrenheit. As noted earlier, seven of the 12 

students interviewed initially assumed that the given function would output the average 

surface temperature in the year 2200. This assumption runs contrary to the actual problem 

text in which it is stated that “the temperature is rising at the rate of: 𝑅 𝑡 = 0.014𝑡(.) 

degrees Fahrenheit per year.” While many of them read the task out loud prior to beginning 

their work, they neglected this specific description of the function as a rate and instead 

assumed it represented the average surface temperature.  

With this assumption, each of the seven students then evaluated R(200) and were then 

faced with contradictory evidence since R(200) equals approximately 0.116. Each of the 

seven students then realized their current theory was no longer viable, their understanding of 

what the answer to the task should be overwrote their assumption that the function would 

output the average surface temperature and so a new local theory was developed to explain 

this new contradictory evidence. As Tom acknowledged after seeing the result of R(200), 

“and I said that was wrong because I was, wait, that’s so small.” It is important to note that 

this realization does not necessarily lead the students to interpret the output of the function as 

it was intended, as a rate of change. When contradictory evidence is acknowledged, the 

student adjusts their local theory or abandons it for another local theory that is more viable to 

them. In five of the seven interviews in which students acknowledged this contradictory 

evidence, the student then developed a second local theory with the core assumption that the 

function is outputting the change in the average surface temperature instead of the average 

surface temperature itself. Thus, the students tend to suggest adding 0.116 to 57.8 to find the 
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new average surface temperature. This new hypothesis is more viable for the students since it 

fits within the contextual assumptions they have made. This hypothesis is not mathematically 

accurate. The students are adding a value of the instantaneous rate of change to the initial 

temperature instead of using the rate of change to approximate or calculate the change in the 

temperature over the 200 years. However, the students do not tend to perceive any 

contradiction here, their current local theory is viable to them since the contextually-based 

assumptions are now not in contradiction with the evidence. The fact that their solution is 

mathematically inaccurate is not a factor in the students’ assessment of viability. 

In Figure 38 below, we see such an example in Anne’s local theory diagram for her 

work on Task 3. We see in Anne’s first local theory that her core assumption is R(t) outputs 

the average surface temperature. While she describes the function as the “rate of change for 

the temperature” she then claims that by plugging in 200 into the equation she will get the 

average surface temperature in the year 2200. After calculating R(200) she notes that this is a 

very small value and after I ask her what the function tells her about the context she drops her 

current theory for a more viable one, one with a core assumption that the function outputs the 

change in the average surface temperature. This theory is more viable for Anne since she is 

now able to explain her formally contradictory information that R(200) is a small number. I 

ask Anne specifically what the units on R(t) are with the intention of seeing if this will cause 

her to acknowledge another contradiction but she is content in stating the units are degrees 

Fahrenheit per year without acknowledging any contradiction in her theory. Later in the 

interview, after she had completed all the other tasks, I again direct her attention to the units 

and ask her if she can add degrees per year to degrees. Now, based on this question and my 
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desire to return to this task, Anne shifts to another local theory with the core assumption that 

the function outputs the rate of change of the average surface temperature instead of the 

actual temperature or the temperature change. Anne now reasons that the rate of change 

would vary each year and so she would have to add the value each year to the starting 

temperature of 57.8 degrees. Anne has now utilized the context of the task, the given 

information from the task, and the interview setting to continually revise her local theory 

about the task and so her final local theory would be considered the most viable for her at the 

end of the interview. 

 

Figure 38. Local theory diagram for Anne's work on Task 3 

 
A more viable theory is not necessarily a more mathematically accurate theory. There 

are several examples of student work in which a student revises or replaces their local theory 

to increase viability, but end up moving away from what would be considered a 

mathematically correct theory. One such example comes from Andy’s work on Task 3, his 
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local theory diagram is shown in Figure 39 below. Andy begins with a core assumption that 

the function will output the change in average surface temperature and so adding R(200) to 

57.8 would find the average surface temperature in the year 2200. However, unlike Anne, 

after computing this value Andy concludes that this would not be a large enough change in 

the average surface temperature seemingly based on his understanding of climate change. 

Andy states that the change is “too small, but I can see it. It’s not a, it’s not a great like, the 

rate seems kinda small but it could be right potentially because it is hotter.” Here, Andy 

acknowledges that his answer does, in some ways, fit what he expected to find given his 

contextually-based assumptions, but not entirely. There is enough doubt in his current theory 

to shift to a new theory in which he assumes he must integrate the function to find the change 

in the average surface temperature. Andy has some trouble calculating the integral correctly 

and gets an answer in the thousands, which he immediately assesses to be much too large and 

suggests reverting back to his original theory, “that one’s wrong, there’s no way that it’d be 

that much so. I’m gonna go with the first answer.” He attempts to integrate the function again 

after realizing he made a mistake and computes it correctly but has canceled out the initial 

temperature and so interprets the value of the definite integral (16.65) as his computation of 

the average surface temperature which he interprets as “negative, that’s cold. That would not 

be good” and finally decided to return to his initial theory that the function outputs the 

change in the average surface temperature despite his initial concerns that the value is too 

small.  
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Figure 39. Local theory diagram for Andy's work on Task 3 

 
In this example, Andy utilizes his expectations concerning the amount the 

temperature should change in 200 years to continually assess the reasonableness of his work 

and thus revise his local theory to be more viable. In the end, Andy settles on a local theory 

whose mathematical accuracy he has some hesitation about, but which has proven to be the 

most viable local theory he has come up with. In the next example, I discuss how the 

students’ experiences as biological and science majors influenced their solution strategies. 

Experiences as biological and life science majors on solution strategies. While I 

cannot claim that these students solved the accumulation tasks in ways unique to the 

experiences of biological and life science majors, there were some instances in which the 

students specifically reasoned about the problem context in ways that indicated they had 

knowledge of the context prior to the interview. This implies that the problem context may 

play a key role in how students solve the accumulation tasks students come to calculus with a 

diverse set of experiences and therefore their familiarity the contexts will vary. In this section 

I will discuss a few of these instances. Additionally, I report on the students’ comparison of 

Tasks 2 and 4 and whether they felt one was easier than another as this gives us some 
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evidence as to whether the context explicitly affected these students and how they 

approached the tasks. 

Knowledge of the context affecting solution strategies. In some cases, students’ 

knowledge of the context of the task affected their solution strategies. This was captured by 

the code Contextual Assumptions/Knowledge, see Table 33 below for a summary of when 

that code was applied across the four tasks. This code was most frequently applied to Task 5, 

the virus infection task, as six of the 12 students interviewed were coded as such. I 

Table 33. 
Summary of the application of the Contextual Assumptions/Knowledge code across each 
task 

Student Coded with Contextual Assumptions/Knowledge 
Task 2 Task 3 Task 4 Task 5 

Mary - - - - 

Jane X X - X 

Tom - X - - 

Anne - - - X 

Shauna - - X X 

Andy - - - - 

Ron - - - - 

Jake - - - X 

Brenda - - - - 

Lisa - - X X 

Gina X - - - 

Nancy - - - X 

 

In describing how she would calculate the total number of infected individuals, Jane states 

she does not know what kind of virus it is, “um, I mean I don’t know what kind of virus it is 

so, yeah. But, I guess, maybe. The thing that I don’t know, the thing that’s like most…is like 

that increase from ten to twelve, that’s like a really big increase.” Later, Jane says she is not 
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sure about her solution strategy because she is not sure if the data represent new cases or 

repeat infections, “but I don’t know like from this if it’s like a repeat of the disease, like, or 

the virus, if it’s coming back or if it’s like new infections and so that’s kind of like 

challenging, to like, know how the populations changing without those details.” Here we see 

Jane inferring that she is missing key information about the context. This indicates that her 

understanding of the context has impacted her solution strategy and how confident she feels 

in the strategies she has developed. The desire for more information regarding the virus in 

Task 5 was not unique to Jane. Anne spends a few minutes discussing the potential 

transmission modes of the virus, claiming it could not have been airborne given the infection 

rates fell for a time then rose again, since with airborne viruses, “because with an airborne 

virus it’s just, once it’s out it’s out.”  

Reasoning about contradictions via problem context. Another way students utilized 

the context in reasoning about Task 5 was how they interpreted the negative table values. For 

some students, like Jake, they could shrug off a potential contradiction. Jake interpreted the 

table values as representing the number of infected individuals. This means that a negative 

table value could have served as a contradiction, leading to a theory shift. However, Jake 

waves away the contradiction by claiming that the negative table values must imply, “there’s 

like a negative amount of people infected I guess. Um, let’s see, I don’t know just, dropped 

below the line of infected individuals, I guess maybe they were infected and they died? And 

they’re still… or maybe they’re people immune.” Jake does not have to settle on any one 

idea here to disregard the apparent issue. It appears he assumes he must not fully understand 

the problem and so this allows him to continue with his core assumption that the table values 
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represent the number of infected individuals instead of having to generate a new local theory. 

This may be related to the difficulties other researchers have identified with how students 

reason about area under the curve when a function is not strictly positive (e.g., Orton, 1983). 

Anne similarly reasons her way through a potential contradiction but instead of 

attributing the discrepancy to a lack of understanding, she adjusts the problem context 

entirely to fit within her current theory therefore preserving the viability of her assumption 

that the table values represent the number of infected individuals. Anne acknowledges that 

negative people is not a viable interpretation, “so I mean obviously, you don’t have like 

negative people but, like it’s saying on day zero there was eighteen people…” but instead of 

altering her theory to increase viability, she alters the problem itself. She claims that the 

negative five in the table must represent five people who should have been included in the 

original figures but were not, “I guess if like if they had these people as the original eighteen 

then they found five people who were sick who weren’t sick anymore they would be like oh, 

that was five people hadn’t included in the original number that were sick and, but now 

they’re not sick.” This is a rather sophisticated approach to maintain the consistency of her 

theory and I believe this creative alteration of the given data is only possible for her because 

of her confidence with and understanding of the context.  

Comparison of contexts in Tasks 2 and 4. When asked directly about the differences 

between Tasks 2 and 4, students noted some interesting distinctions. Mary felt that the plant 

context was “more concrete,” Tom claimed that area under a curve was easier to 

conceptualize while solving the plant task and that he felt more comfortable with Task 2 

because he had seen tasks like that in the past. Andy indicated that Task 2 was easier because 
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“you can picture [velocity] in your mind, at least I can personally can picture. It’s harder to 

picture plant growth, or plant growth to population.” Similarly, Jake also claimed Task 2 was 

easier because of his experience with physics. When asked whether one task was easier than 

the other he said, “I think they’re about the same. Maybe, I think maybe this one [Task 2] 

because I was more used to doing that.” Brenda was enrolled in physics at the time of the 

interview and she said that experience made it so that Task 2 was easier since she 

remembered what she thought was the equation necessary to solve the task, “we were just 

doing velocity in physics so I knew that equation.” However, physics was not a universally 

positive influence on students’ work on the tasks as Gina claimed Task 4 was easier since 

Task 2 “reminds me of physics and I failed physics.” Clearly, students felt differently about 

the two tasks even though they were very similar mathematically and this seemed to be a 

product of their experiences in other courses. Next I discuss the results concerning how the 

representation of the rate of change impacted the student’s solution strategies, namely that a 

hierarchy of use of representations emerged. 

Hierarchy of use of representations. In this section I discuss the influence of the 

representation of the rate of change in student solution strategies. While not directly related 

to the problem context, the representation of the rate of change can similarly have an impact 

on the students’ solution strategies. Over the four interview tasks, there were three different 

representations of rate of change. Tasks 2 and 4 present the rate of change graphically, Task 

3 presents the rate of change in an equation, and Task 5 presents the rate of change in a table. 

There is some evidence that the presentation of the rate of change was important for students’ 

solution strategies as they tended to showcase a hierarchy of use of these representations. At 
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the top of the hierarchy is the analytic equation. The fact that an analytic representation is at 

the top of the hierarchy is evidenced by the fact that no student attempted to sketch a graph or 

generate a table of rates while solving Task 3. The students were comfortable reasoning 

about the given equation without having to alter the presentation. Graphs seem to be second 

in the hierarchy of use of representations since when combining the results of Tasks 2 and 4, 

eight students talk about or attempt to find an equation for the graphed function, see Table 34 

for a summary of the codes Equation Necessity (code for students saying they needed an 

equation to do the problem) for both Tasks 2 and 4. Note that no student attempted to 

generate a table of rate values from the graphs in Tasks 2 and 4. 

Table 34. 
Summary of which students were coded with Equation Necessity on Tasks 2 and 4 

Student Coded with Equation Necessity 
Task 2 Task 4 

Mary - - 

Jane - X 

Tom - X 

Anne X X 

Shauna X - 

Andy X - 

Ron X X 

Jake - X 

Brenda - - 

Lisa - - 

Gina X - 

Nancy - - 

 
 

Finally, the table of rate values seemed to be third in the hierarchy of use of 

representations. This is evidenced by the fact that while working on Task 5 in which they 
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were given a table of rate of change values, seven students were coded with the code 

Equation Necessity while nine students were coded with the code Sketch a Graph. If we look 

across both codes (see Table 35), we see that only three students (Anne, Brenda, and Nancy) 

worked through Task 5 without attempting to or discussing the need to alter the 

representation of the given rate of change information.  

Table 35. 
Summary students were coded as either Equation Necessity and/or Sketch a Graph on Task 5 

Student Equation Necessity Sketch a Graph 
Mary X X 

Jane X X 

Tom X X 

Anne - - 

Shauna - X 

Andy X X 

Ron X X 

Jake - X 

Brenda - - 

Lisa X X 

Gina X X 

Nancy - - 

 

In this section, we have seen that students seemed to prefer analytic equations over 

graphical and tabular representations of the given rate of change information. This was 

evidenced by the students’ propensity for sketching a graph of the table values in Task 5 and 

discussing the need for an equation in both Tasks 2, 4, and 5 where an equation was not 

given. Additionally, when given a graph, a table of values was never generated, and when 

given an equation, neither a graph or a table of values were generated. These results are 

discussed further in the section discussing connections to existing literature below. In the 
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next section, I will discuss how students’ experiences as biological and life science majors 

showed up in their solution strategies and whether there were differences in how the novice 

undergraduate students solved the tasks when compared with the experienced 

undergraduates. This chapter concludes with a discussion of how the results of this research 

relate to earlier work.   

Situating Results within the Existing Research 

Researchers in mathematics and physics education have found that students are adept 

with standard integration techniques; that students prefer analytic to graphical techniques; the 

primary conceptions of the definite integral are area, antiderivative techniques, and a 

multiplicatively-based summation conception (Riemann sums); and that familiarity with the 

context of the problem can play a role in how students solve calculus tasks. In this section I 

will address each of these findings individually and whether the findings from the current 

study support, refute, or extend these findings. 

Students are adept with standard integration techniques. Several researchers have 

demonstrated that students are able to solve problems necessitating basic integration 

techniques (Ferrini-Mundy & Graham, 1994; Grundmeier, Hansen, & Sousa, 2006; Mahir, 

2009; Orton, 1983). This finding is not supported by the current study. We can look to the 

results of Task 3, the task concerning climate change, to address these findings. In Task 3, 

students are given a rate of change equation and an initial temperature and are asked to 

approximate the temperature 200 years in the future. This task is one that could be solved 

directly via standard integration techniques. To find the change in temperature over the 200-

year period, one could integrate the given function over the range of 0 to 200. The 
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temperature after 200 years would then be the initial temperature with the results of the 

definite integral added on. Students identifying this strategy would have been coded with 

Integral Equivalent to Net Quantity and those who attempted to compute a definite integral 

would have been coded with Compute Definite Integral.  

If the students in this study had conformed with previous findings, we should see a 

significant percentage of students with these two codes. However, this is not the case. Only 

four students (Mary, Jane, Andy, and Ron were coded with both codes (no other student were 

coded as either). Mary states that the definite integral will find the change in the average 

surface temperature but is unable to integrate the function, Jane knows to integrate the 

function but only realized the integral computes the change in the average surface 

temperature after realizing the result is too small to be the average surface temperature, Andy 

integrates the function but ends up canceling out the initial temperature and reverts back to 

reasoning that the function outputs the change in temperature directly, and Ron returns to 

Task 3 at the end of the interview to realize that he needs to integrate the function and 

calculates the temperature change accurately. What we have is only a third of the students in 

the study recognize that a definite integral will compute the change in average surface 

temperature and only two of those students are able to correct compute the definite integral. 

Therefore, while this setting is not equivalent to students being given a set of definite 

integrals to compute void of context, there is no evidence in the current study to support the 

contention that these students are adept with standard antidifferentiation techniques. 

However, it should be noted that professional biologists have identified that analytic 

integration techniques may not be as important for students in the biological and life sciences 
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as are numerical solution strategies (Bossert & Chin, 1987; Horn, 1987; Levin, 1987). This 

may indicate that we need to refocus our attention in calculus courses for the biological and 

life sciences if students do not tend to retain these techniques given they are not required to 

utilize them in their future coursework.  

Students prefer analytic to graphical techniques. It has been shown that students tend 

to prefer analytic techniques to graphical techniques when solving integration tasks (Ferrini-

Mundy & Graham, 1994; Mahir, 2009; Sevimli & Delice, 2010; Thompson, 1994). This 

finding is supported by the current study. As we saw in Chapter 6, a hierarchy of use of 

representations of the rate of change function emerged when analyzing the results across the 

tasks. At the top of the hierarchy is the analytic representation, followed by a graphical 

representation, with the table of values representation being lowest. This was evidenced by 

the students’ inclination to create new representations while solving the interview tasks. 

While solving Task 5, the task in which the rate of change is given in table form, nine of 12 

students sketched a graph of the values given in the table and seven of 12 students discussed 

or attempted to find an equation for the table values. In Tasks 2 and 4, the tasks in which the 

rate of change is given in graphical form, five students in each tasks discuss or attempt to 

find an equation for the graphed function and no students attempted to create a table of 

values. In Task 3, the task in which the rate of change is given as an analytic equation, no 

student attempted to sketch a graph and no student attempted to generate a table of values. 

These results indicate that analytic representations do not evoke a necessity in the students to 

find an alternative representation whereas students did discuss or attempt to generate either 

an analytic function or a graph when given a graph or a table of values. Therefore, this 
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student confirms the findings from previous research concerning students’ preference for an 

analytic representation over a graphical representation and extend these findings to also 

consider how both analytic equations and graphical representations seem preferable to a table 

of values. 

Influence of context on solution strategies. Researchers have found that the context 

calculus tasks involving accumulation is presented in can influence how students go about 

solving those tasks (e.g., Bajracharya & Thompson, 2014; Jones, 2015b; Sealey, 2014). Both 

Sealey (2014) and Bajracharya & Thompson (2014) claim that students’ familiarity with the 

context of the calculus and physics tasks involving accumulation they presented to their 

students affected if the students could solve the tasks successfully. These findings are 

supported by the current study. As illustrated earlier, Tasks 2 and 4 were mathematically 

equivalent tasks in that both presented a graph representing a rate of change and questions 

were asked about the total accumulation of the quantity changing. However, students tended 

to interpret the graph in Task 4 as representing the actual number of plants and so fewer of 

them reasoned about how the graph could be used to estimate the change in the plant 

populations.  

The results of this study also expand upon these initial findings in that there were 

occasions in which students reasoned in particular ways about the tasks because of the 

context given. For example, in Task 3, students could assess the validity of the assumptions 

about the task because of the context and the information given. Several students first 

assumed that the function given modeled the average surface temperature and so plugging 

200 into the function would give the average surface temperature in the year 2200. However, 
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when they got a small value, they could use this information to reason that their initial 

assumption must not be correct since they were given an initial temperature and they knew 

the temperature should be rising.  

Additionally, the results of the current study show that the representation of the given 

rate of change function can influence how the students reason about the accumulation of the 

changing quantity. This was evidenced by the fact that students were more apt to reason 

about area under the curve while solving the interview tasks if a graph was given or if the 

student sketched a graph from the given information. Furthermore, students were more likely 

to reason about components of a multiplicatively-based summation conception of the definite 

integral when a table of values was given. These results seem to indicate that educators can 

influence how students reason about accumulation with the types of tasks we select for them 

to complete. 

Overall, it appears that there are several similarities in the ways the students in the 

current study reasoned about the accumulation tasks. However, there were several key 

differences. Students in this study were not overly successful in solving the accumulation 

tasks they were not successful in using standard integration techniques. The context of the 

problem did seem to influence how the students reasoned about the tasks but there were 

further effects of the representation of the rate of change function, which had not been widely 

reported on in the previous research concerning student understanding of the definite 

integral. Finally, while the students in this study did reason about accumulation in ways that 

align with the standard conceptions of the definite integral, there were several students who 

did not utilize these standard conceptions and relied on other methods for solving the tasks. 
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In the next section I will revisit the findings regarding using the local theory diagrams as an 

analytical tool to illustrate how they add to our knowledge of how students solve the 

accumulation tasks and their potential use in other areas of research. 

Local theory diagrams. One way the results of the current study expand upon the 

existing research is the use of the local theory diagrams developed for this study to illustrate 

the ways students form and revise local theories concerning the accumulation tasks. The 

constructivist theory of learning assumed for this study claims that learning can be viewed 

through an evolutionary lens and that knowledge is an adaptive function (von Glasersfeld, 

1982). This means that learning is viewed not as the student uncovering objective reality but 

instead as the development and revision of mental schemes that have proven viable. The 

local theory diagrams were created with this perspective in mind, but applied to problem 

solving. The diagrams were inspired by the work of Lakatos (1970) and how he referred to 

scientific theories as having a hard core and a protective belt. Lakatos claimed that a theory 

need not be falsified entirely at the first piece of contradictory evidence if some hypotheses 

or assumptions within the protective belt can be altered to contend with the contradiction. 

Lakatos’ philosophical views provided an avenue for illustrating how I viewed the students 

assessing the viability of what I considered their local theories of the tasks.  

The local theory diagrams clearly illustrate a distinction in how students went about 

solving the interview tasks. In Task 3 we see at least one local theory shift in almost every 

student’s work and in some cases two or more local theory shifts (see Appendix G for a 

complete collection of the local theory diagrams for Task 3). These shifts were primarily due 

to the students’ altering their assumptions about what the given function represented. 
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Initially, seven students implied that the function would output the average surface 

temperature in a given year. However, since the question was about climate change and the 

initial temperature was given as 57.8 degrees Fahrenheit, when students got a value of 0.116 

from the function, they shifted to a new local theory that was more viable given this new 

evidence. These diagrams do not necessarily represent what we might consider as 

traditionally mathematically accurate representations of the solutions to the tasks, to the 

contrary, they showcase the many “mistakes” the students make in solving the tasks. What 

they represent is a shift towards a more viable theory given the evidence they perceive to be 

pertinent in light of their understanding of the task, the context, and the information given. 

These diagrams help us to illustrate the nature of the tasks we, as educators, assign to 

students and what affordances they provide. Clearly, Task 3 offered students opportunities to 

check the viability of their theories in ways that the other tasks did not.  

Additionally, the diagrams allow us to highlight what pieces of information count as 

contradictory evidence for students. There were also occasions in which students would 

generate explanations and alter their protective belt, instead of rejecting their current theory. 

We saw earlier the example of Anne in her work on Task 5. Anne reasoned that the table 

values represented the infected population in the town instead of the rate of infected people. 

When asked about the negative values, instead of recognizing contradictory evidence and 

shifting to a new local theory, she adapted her current theory to assimilate this new 

information. She reasoned that there must have been sick individuals who were not originally 

reported in the given data and now since these people are no longer sick, they would be 

represented as negative values in the table. These alterations allowed Anne to retain her 
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current theory and deal with the seemingly contradictory “negative people.” Such a 

perspective on how students solve tasks can help use as both researchers and educators 

understand more completely how our students solve mathematics tasks and how they do so 

through developing viable theories instead of focusing on the mathematical concepts we 

anticipate them to reason about. 

The local theory diagrams were developed out of initial results from the annotation 

process. However, the explanatory power of the diagrams is not tied to the mathematical 

tasks themselves and could be applied in a broader research setting concerning other calculus 

tasks not involving accumulation and even in non-calculus tasks. For researchers and 

practitioners who are interested in more closely analyzing how students alter their 

assumptions and conceptions of mathematical tasks, I contend that local theory diagrams can 

benefit their analysis. In the final sections of this chapter I discuss the limitations, future 

work, and implications of the current study, followed by a few concluding remarks. 
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Chapter 7: Conclusion 

Summary of Results of the Study 

This study was designed to explore how students majoring in the biological and life 

sciences solve calculus tasks involving accumulation and was completed in large part as a 

response to a call for educational research within the client disciplines of calculus. As 

illustrated in Chapter 2, much of the research concerning student understanding of the 

integral does not address any specific community beyond the calculus classroom, apart from 

a few research groups studying calculus within the physics community (e.g. Jones 2013, 

2015a, 2015b; Bajracharya, Wemyss, & Thompson, 2012). While these studies have resulted 

in some very useful perspectives on how students approach accumulation tasks and some 

new instructional programs in calculus (e.g. Swiden & Yerushalmy, 2014) none have 

specifically addressed how students from client disciplines outside of physics solve 

accumulation tasks.  

One reason mentioned in the introduction for studying the students majoring in the 

biological and life sciences is that they are a rather significant population in our university 

calculus courses, making up approximately 30% of all students and 46% of women in 

traditional Calculus I courses (Bressoud, 2015, p. 11). If we solely base our knowledge of 

how students understand calculus concepts on studies with a predominately physics-based or 

engineering focus, we may be privileging those students above those who will utilize the 

calculus in other ways. Unfortunately, as illustrated in Chapter 2, almost all the examples 

utilized by researchers interested in how students think about and use the definite integral are 

drawn from physics-based contexts. Researchers use tasks involving contexts like 
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accumulated force and distance traveled as opposed to examples from the other client 

disciplines like the biological and life sciences. Collectively, these results leave rather 

significant gaps in our understanding of how students from the biological and life sciences 

solve accumulation tasks. It is important for educators to know whether students approach 

accumulation tasks differently depending on their chosen major and the context within which 

those tasks are presented. 

In this study, I found that students tended to reason about the given rate of change 

function in various ways, which were influenced by the representation of the rate of change 

(i.e. equation, graph, or table). Students were found to be more likely to attempt to alter the 

representation if they are given a table of values but less likely when given an equation. 

Students used the context of the task to help them reason about the assumptions they were 

making. Problem context also affected how the students reasoned about the given rate of 

change function as students were more likely to view the graphed function in Task 2 as a rate 

of change then they were in Task 4. In Task 3 we saw that students could alter their 

assumptions about what the given function represented by reasoning about the 

reasonableness of the output in light of both the context of the task and given information. In 

Task 5 we saw how some students used their understanding of the context to expand upon the 

given information of the task. Overall, there is ample evidence that student knowledge of the 

context and comfort with the representations used are influential on how they solve calculus 

accumulation tasks. Therefore, the training the students receive outside of calculus can play 

an important role in how students reason about mathematical tasks since this training largely 

dictates which contexts they will be comfortable with. 
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Another result of my study is the development of the local theory diagrams. 

Underlying this analytical tool is a constructivist perspective on learning, specifically the 

view of knowledge as an adaptive function. With this view, we focus on how learning can be 

viewed as students evaluating the viability of their mental schemes as opposed to fitting some 

objectively true external reality. The local theory diagrams apply this perspective to students’ 

solution strategies on calculus accumulation tasks. Using local theory diagrams in data 

analysis allowed me to highlight how students made assumptions regarding the tasks, 

assessed the viability of those assumptions by generating hypotheses, and gauging their 

results against their knowledge of the context and the given information. The local theory 

diagrams were instrumental in my close analysis of the data and I believe their application 

can be expanded beyond calculus accumulation tasks and into other qualitative research 

programs.  

Limitations and Future Research 

There are a few limitations of the current study that deserve attention. In this section I 

discuss two limitations I feel are important to highlight including the limited sample size and 

the number of factors being adjusted simultaneously. I also describe how these limitations 

will be addressed in my future research program and what that program looks like for the 

next few years. 

Rate of change 

At the heart of accumulation tasks is rate of change. Students reasoned about rate of 

change in several ways when solving the interview tasks. Additionally, researchers have 

found that rate can be a challenging concept for students to grasp (e.g., Confrey & Smith, 
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2000; Zandieh, 2000). For these reasons, it would be prudent to investigate how students’ 

understanding of rates of change play a role in how the solve calculus accumulation tasks. In 

the future, I would like to utilize a measure of how students think about the rate of change of 

the given quantity prior to their solving the accumulation task. This way I will be able to 

analyze the students’ solution strategies in light of their understanding of rate of change.  

Limitation of size of study and selection process. First is the number of participants 

and selection process. Answering the research question: “How can we characterize the ways 

undergraduate students majoring in the biological and life sciences solve calculus tasks 

involving accumulation?” with qualitative methods alone is difficult. There were only 12 

students under consideration in the current study and all 12 students were from the same 

university. These students cannot be assumed to be representative of all students majoring in 

the biological and life sciences at South State University and certainly do not represent all 

such students across the country. These students had varying concentrations in the biological 

and life sciences and given the focus of how their experiences can alter their conceptions of 

the tasks, these concentrations may be an important factor to consider in future work. 

Additionally, the small number of participants precluded me from investigating further the 

distinction between novice and experienced undergraduates as there simply were not enough 

individuals in each group to draw conclusions between them. Therefore, it is important to 

acknowledge the limited scope of the findings of the current study. In the future, I hope to 

expand the work to include more universities with varying calculus requirements.  

Limitation of variety of factors in tasks. There were several factors being altered 

simultaneously within the interview protocol used in this study. For example, there were 
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three different representations of the rate of change used including graphs, equations, and a 

table of values. Students seemed to reason about these different representations differently 

and each influenced the mathematical reasoning of the students. There were also four 

different contexts used in the interview tasks including velocity of cars, climate change, plant 

growth, and a viral infection. Mixing the representations and the task contexts made it 

difficult to unpack the effect of each on the students’ solution strategies. I elaborate on how I 

plan to attend to these limitations in the section below. 

Future research program. My plan for the immediate future involves addressing these 

limitations in follow up studies, applying my findings in programmatic changes at the 

university level, and further developing the local theory diagrams as an analytical tool. I first 

plan to refine the interview protocol to limit the number of concurrent factors so that I can 

analyze more explicitly how the representation of the rate of change function and the task 

context influence students’ solution strategies. One study I plan to conduct is to again 

interview students from the biological and life sciences, again present various accumulation 

tasks with different representations of the rate of change, but this time all within the same 

context, chosen to be like those that appear within the biological and life sciences. I will then 

interview another set of students from the same community with similar tasks and 

representations of the rate of change, but presented in a context chosen to be unlike those in 

the biological and life sciences. This will allow me to unpack more carefully the impact of 

both problem context and representation of the rate of change function. 

At a broader scale, I wish to apply the findings of this study to the programmatic 

evaluation and revision of calculus for life science courses. It appears that students in such 
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classes may not be receiving instruction tailored to their specific needs. I wish to work 

closely with other mathematics educators and biology educators to revise the calculus for life 

sciences curriculum to focus more on numerical solution strategies as suggested by 

professional biologists (e.g. Horn, 1987). In three to five years, after the initial evaluation of 

the current programs and the development of new curricular materials, I plan to work on the 

training and support of graduate students in the mathematics department who teach such 

courses. 

Finally, I would also like to continue the work of validating and refining the local 

theory diagrams as an analytical tool. Given that the local theory diagrams were a product of 

my initial analysis of the data, I did not set out to study their application to qualitative data. 

In the regular process of constructivist grounded theory, my next step will be to design a 

follow-up study with a research question geared towards the further refinement and 

application of the local theory diagrams. This will improve upon my argument of their use in 

data analysis and specify their creation in greater detail.  

Implications 

Implications for researchers. Viewing students’ work on calculus tasks through the 

lens of viability is a meaningful way to approach the data analysis. The local theory diagrams 

were immensely helpful in my attempt to better understand how the students were solving the 

tasks. Creating these diagrams provided me the opportunity to view the data through a 

different lens and thus I came to understand more about how students interpret calculus tasks 

and what it takes for them to notice a mathematical contradiction. I believe there is merit in 
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the continued development and use of the local theory diagrams in qualitative data analysis 

both in calculus and more broadly in mathematics education research. 

Additionally, the research model I utilized in studying how students from the 

biological and life sciences solve calculus accumulation tasks can be used as a foundation for 

future research in both other calculus concepts (e.g. derivative, limit) and other client 

disciplines. The arguments used herein to support the need for research into how students 

from the biological and life sciences think about and understand calculus are directly 

applicable to the other client disciplines in calculus. For example, research into how students 

majoring in business and economics would be a fruitful focus as 7% of traditional Calculus I 

students intend for careers in business and economics (Bressoud et al., 2013, p. 691). 

Implications for practitioners. There is ample evidence in the current study that 

problem context and the representation of the rate of change function had an impact on how 

the students reasoned about the tasks. For educators, this means that we need to give students 

ample opportunities to solve accumulation tasks within various contexts and with varying 

representations of rate of change. The results of this study indicate that students may only 

reason about the accumulation in specific ways when given a specific representation. 

Additionally, we need to be cautious about what kinds of tasks we use in summative 

assessments in calculus. Assuming a student’s performance on a contextually-based test 

question accurately models that student’s ability to solve similar tasks in different contexts 

may not be warranted. Their experiences in their chosen major and their educational history 

has given them specific tools they will utilize to reason about these tasks.  
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Implications for students. Students intending for careers in the biological and life 

sciences make up 30% of those in traditional Calculus I courses. Furthermore, 43% of 

women in traditional Calculus I courses are intending for careers in the biological and life 

sciences (Bressoud, 2015). All students required to take calculus in their major deserve to see 

calculus taught in a way that connects it to the field they have chosen to study. Unfortunately, 

traditional calculus courses are geared primarily to those students studying engineering and 

the physical sciences (Bressou et al., 2013). Students made aware of the potential impact of 

context on how they reason about calculus tasks would be empowered to demand more 

appropriate examples from their instructors and to seek these examples out on their own. 

Whether outside of class in tutorials or office hours or in regular class meetings, students 

should see how calculus can be used in their field of study so that they can be better equipped 

to utilize calculus in meaningful ways. 

Concluding Remarks 

Currently, there is a gap in what we know about how students reason about calculus 

accumulation tasks. Much of the existing research concerns specifically how students from 

physics and engineering think about and use the definite integral but we know that students 

from the biological and life sciences make up 30% of the students in traditional Calculus I 

courses. This study addresses this gap in providing a characterization of how students from 

the biological and life sciences go about solving calculus accumulation tasks.  

The results of this study indicate that researchers and educators must be aware that 

task context is important because the mathematical reasoning students bring to bear on 

calculus tasks can be influenced by the task context. We must work to develop calculus 
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materials that present rates of change within various contextual settings and with various 

representations so that students can work to understand how the mathematical concept of 

accumulation helps us understand the world.  

Furthermore, results indicate that the students' backgrounds in their chosen career 

field will influence their solution strategies on calculus tasks. We saw that students attended 

to the task context in ways both supportive and contrary to traditional mathematical 

interpretations of the task. This implies that the knowledge they develop in these fields may 

allow them to reason about calculus tasks in particular ways or serve as a barrier to 

understanding. This research study can serve as a foundation for both practitioners and 

researchers alike to use biological contexts in calculus.   
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Appendix A – Recruitment Materials 

Email to Professors 
 

Dear ____________________, 
 
My name is William Hall and I am a Ph.D. student here at NCSU currently conducting 
research in the teaching and learning of calculus. I am particularly interested in how 
undergraduate students and faculty members from the biological sciences think about and use 
the definite integral. 
 
I am currently attempting to recruit undergraduate students majoring in the biological 
sciences here at NCSU who may be interested in participating in my study. I would greatly 
appreciate it if you would be willing to allow me to come to your class for approximately 5 
minutes, either at the beginning or end of class, in order to ask your students if they might be 
interested in participating.  
 
Students may participate in one of two ways. First, they may take a short online survey 
lasting approximately 15-20 minutes. Secondly, they may participate in task-based 
interviews. The interviews will last approximately one hour and students will be asked 
questions about their studies and will complete a few tasks concerning the definite integral. 
Students will receive $20 for their participation in the interviews and entry into a raffle for a 
$20 gift card for participation in the online survey 
 
If you would be willing to allow me to come to your class, please let me know a day and time 
that best works for you. 
 
Thank you so much for your time. 
-William Hall 
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Student Recruitment Prompt 
 
Hello, my name is William Hall and I am a graduate student in the mathematics education 
department here at NC State. I am currently conducting research into how students and 
faculty from the biological sciences think about and use the definite integral.  
 
I am here today to recruit participants for my study. I am looking for 
(freshman/sophomores/seniors) currently majoring in biology who would be interested in 
sitting down with me for an hour to talk about calculus and biology. During this interview I 
will ask you a few questions about your studies and your experiences with calculus. You will 
also be asked to work through four calculus tasks and to think aloud as you work.  
 
For your participation, you will receive $20. 
 
Additionally, I am looking for participants who are interested in participating in an online 
survey regarding your experiences with mathematics and your knowledge of calculus topics. 
This survey will take you approximately 30 minutes to complete. 
 
For your participation in the online survey, you will be able to enter a drawing for a $20 gift 
card to either Amazon.com or the Apple iTunes store. 
 
Please leave your email address with me if you might be interested in participating in the 
interviews and follow this link [show survey link to class] if you are interested in completing 
the online survey. I will contact you with potential interview times and we can set up a time 
to meet.  
 
Thank you for your time. 
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Handout to Students 
 
Title of the Study: 
A qualitative study concerning the ways individuals from the biological sciences think about 
and use the definite integral 
 
Thank you very much for your interest in my study. If you are interested in participating in 
an interview please email me at: wlhall@ncsu.edu to set up a time that works for you. You 
will receive $20 for your participation in these 45-60 minute interviews. 
 
If you are interested in participating in my online survey, please go to the following link or 
use the QR code to access the survey. If you complete the survey you will be able to enter a 
drawing for a $20 gift card to either Amazon or the Apple iTunes store. 
 
Survey Link: http://tinyurl.com/hallcalculussurvey 
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Appendix B – Interview Protocol 

 
Introduction 

 
Say:  Hello ____________, thank you for agreeing to participate in this interview, I really 

appreciate your taking the time to talk with me today. As you know, I am interested in 
how biological sciences students utilize integrals in their studies. During this 
interview I will ask you a few questions about definite integrals and ask you to work 
on a few calculus tasks. Keep in mind that what you say here will remain confidential 
and that your name will never be published or connected with this research in any 
way.  

 
Throughout the interview I may ask you to elaborate on a previous answer from the 
survey or an answer you’ve given here. Please feel free to ask any clarifying 
questions you may have during the interview as well.  
 
In order to return to our conversation later, I would like to audio and video record our 
conversation today. During the interview, if you ever want me to stop the recording, 
please let me know. Please note that all of the questions are voluntary and you may 
abstain from answering any question if you wish.  
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Part 1: Demographic Information 
 
Say: Tell me a little about yourself.  

• How old are you?  
• What year are you in school? 

 
Say:  Could you tell me a little about your major? 
 

Examples of probing questions: 
• What is your concentration? 
• What math courses are required for your major? 
• What led you to choosing this major? 

 
Say:  What calculus courses have you taken in both high school and college? Were they 

specifically for people with your major? 
 

Examples of probing questions: 
• How well do you normally do in mathematics? 
• Do you remember any specific problems you have done in calculus that were 

related to biology? 
• What other math courses have you taken? 
• Do you remember working with other people during calculus? 
• Has calculus shown up in any other courses you’ve taken? 

 
 

 
Say: What is your attitude towards math?  

(I don’t like math at all – I like math very much) 
 

1  2  3  4  5 
 
Say: What would you say about your mathematical ability?  

(I’m not very good at math – I’m very good at math) 
 

1  2  3  4  5 
 
 
Say: What role, if any, did mathematics play in your choosing a major? 
 
Say: What is the most important mathematical knowledge to someone with your major? 
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Part 2: How are integrals used in the participant’s work? 
 
Say:  I would like to begin by asking you a few questions about calculus. First of all, how 

would you describe the calculus concept integral? 
Possibly: to someone who is getting ready to take calculus for the first time? 

 
 
 
 
Say: What would you say it means to integrate a function? 
 

Examples of probing questions: 
• What did you mean by ____________? 
• Could you say more about what you know about integrals? 

 
 
 
 
 
Say: On a scale of 1-5 where 1 is not at all important and 5 is very important, how 

important do you feel knowledge of integrals will be in your future work when you 
graduate? 

 
1  2  3  4  5 

 
Examples of probing questions: 

• Why did you choose that number?  
• Do you think integrals are more or less important to students with other 

biology concentrations? 
 

If interviewee indicates they use integrals: 
Say: Please describe two or three ways integrals are relevant to your major. 
Say: Are there specific integration techniques or strategies that are particularly useful 

within your major? If so, please elaborate. 
Say: What role does technology play in how integrals are used within your major? 
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Task 2 
 
Two cars start from rest at a traffic light and accelerate for several minutes. Each driver has 
already traveled 500 feet from home. The figure below shows each car’s velocity as a 
function of time. Use this figure to answer the following questions: 
 

1. Which driver has traveled further after one minute?  
2. Which has traveled further after two minutes?  
3. Describe the trip of each car during the first minute. 
4. How could you figure out the total distance traveled by Car 1 in the first minute? 

 

 
 
 
  

2000 

0 
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Task 3 
 
The greenhouse effect is the rise in temperature that the Earth experiences because certain 
gases prevent heat from escaping the atmosphere.  
 
According to one study, the temperature is rising at the rate of: 𝑅 𝑡 = 0.014𝑡(.) degrees 
Fahrenheit per year, where t is the number of years since 2000. Given that the average 
surface temperature of the earth was 57.8 degrees Fahrenheit in 2000, predict the temperature 
in 2200. 
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Task 4 
 
The rates of growth of two species of plants (measured in plants per year) are shown in the 
figure below. Each species starts with 500 plants. Use the graph to answer the following 
questions: 
 

1. Which species is larger after one year? 
2. Which species is larger after two years?  
3. Describe how the population of each species changes during the first year. 
4. How could you figure out the total number of plants in Species 1 after one year? 

 

 
 
 
  

2000 

0 
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Task 5 
 
A new virus has shown up in a small town. The following table gives the estimated rate of 
change of the number of infected individuals on a given day (measured in people per day). 
Describe how the number of infected people is changing and use the information in the table 
to estimate the total change in the infected population over the given time period. 
 
Days 0 2 4 6 8 10 12 14 16 
Rate  
(Infected per day) 18 25 20 4 -5 -10 16 17 20 
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Appendix C – Annotations and Codes for Tasks 2 and 4 

Code Annotations 

Area Suggestion Area between curves suggestion 
Area under curve is rate of growth of plants 

Area Under Curve Equivalent to 
Integral Integral finds area under curve 

Area Under Curve Equivalent to 
Net Quantity 

Area between curves gives difference in number of plants 
Area between curves to determine distance traveled 
Area under curve equivalent to distance traveled 
Area under curve equivalent to number of plants 
Greater area under curve implies greater distance traveled 

Assessing Reasonableness of 
Work Answer close to 500 

Contextual 
Assumptions/Knowledge 

Additional information about cars 
Additional information about plants 
Information about cars 

Counting Boxes to Approximate 
Area 

Box value is 500 feet 
Number of boxes multiplied by box value gives total distance 

Equation Necessity 

Equation for curve 
Equation for plant growth rate 
Equation for velocity 
Velocity equals distance over time 

Graphed Function Represents 
Quantity 

500 feet on vertical axis 
500 plants on origin 
500 plants on vertical axis 
Graph represents number of plants 
First minute - C1 going fast then slower 
First year - S1 growing fast 
First year - S1 more plants whole year 
First year - S2 gradually growing 
First year - S2 slow growth 
Graph leveling out implies plants dying 
Higher on curve implies greater distance traveled 
Higher on curve implies more plants 
Slope of curve is growth rate 
Slope of curve is velocity 
Vertical axis gives distance traveled 
Vertical axis gives total number of plants 

Graphed Function Represents 
RoC 

Graph represents RoC of plant growth 
Decelerating equivalent to slowing down 
First minute - C1 has higher velocity 
First minute - C1 velocity increasing acceleration decreasing 
First minute - C2 increasing velocity 
First year - S1 growing but rate of growth decreasing 
First year - S1 higher RoC of plant growth 
First year - S1 slowing growth rate 
First year - S2 growing and rate of growth increasing 
Graph leveling out implies slower velocity 
Greater RoC does not imply more plants 
Higher on curve implies greater plant growth rate 
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Higher on curve implies greater velocity 
One minute - C1 traveled farther (probably) 
One minute - C1 traveled less than 1000 feet (probably) 
One year - S1 larger 
Second minute - C2 has higher velocity 
Second minute - C2 velocity increasing acceleration decreasing 
Slope of curve is acceleration of plant growth 
Steepness of tangent lines describe acceleration 
Two minutes - C2 has higher velocity 
Two years - S2 higher RoC of plant growth 
Vertical axis gives plant growth rate 
Vertical axis gives velocity 

Greater RoC Implies Greater 
Quantity 

C2 has big jump in velocity 
Greater plant growth rate over time implies more plants 
Greater velocity implies greater distance traveled 
Greater velocity over time implies greater distance traveled 
RoC higher implies traveling farther distance 

Identifies Initial Quantity Initial quantity like zero 
S1 and S2 start with 500 plants 

Initial Value Added Add initial distance traveled 
Add initial plants 

Integral Equivalent to Net 
Quantity 

DI [RoC function, 0, 1] finds number of plants over one year 
DI [RoC function, 0, 2] finds number of plants over two years 
Integral of rate of plant growth gives number of plants 
Integral of velocity gives distance traveled 
Integrate to determine larger species 

Integral Suggestion Integral because interview 

Intersection of Curves Implies 
Quantities Equal 

Intersection of curves means distance traveled is equal 
First year - S1 and S2 added same number of plants 
Intersection of curves means same number of plants 
One minute - distance traveled is equal 
One year - same number of plants 

Intersection of Curves Implies 
RoC Equal 

Intersection of curves means velocities are equal 
One minute - velocities are equal 
One year - same RoC of plant growth 

Kinematics Derivatives N/A 
Kinematics Influence N/A 
Other Course Influence N/A 

Rectangles to Approximate Area 

Area of a rectangle represents number of people infected over time period 
Height of rectangle is RoC value 
RoC value over two days 
Smaller rectangular width results in more accurate estimate of area 
Sum daily RoC values like finding area under curve 
Sum rectangle areas to find change in infected 
Sum rectangular areas to find total change in infected 
Width of rectangle can be two days 
Width of rectangle is one day 
Infinitely Small Subintervals 
Rectangle Height: Average RoC Values 
Estimate Area Using Rectangles 
Negative RoC values lead to subtracting area 
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Negative RoC: Break Up Integral 
Summing rectangular areas estimates integral 

Remembering N/A 

Representation Influenced 
Approach 

Axis influence 
Car context easier 
Plant context easier 
Task difference - area application 
Task difference - graphed quantity 
Task difference - initial value 
Task difference - using integral 
Task difference - visualizing contexts 

RoC Multiplied by Time Equals 
Net Quantity Velocity multiplied by time equals distance traveled 

Summation Suggestion N/A 
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Appendix D – Annotations and Codes for Task 3 

 
Code Annotations 
Area Under Curve Equivalent to 
Integral Integral calculates bounded area 

Assessing Reasonableness of 
Work 

Value is bigger than expected 
Value is too large for AST in 2200 
Value is too small for AST in 2200 
R(0) = 0 
R(200) is not AST in 2200 
R(200) is small for increase in temperature 
R(2000) * 2200 is not AST in 2200 
R(2000) is really small 
R(2200) is not AST in 2200 
Try out different strategies 

Compute Definite Integral 
DI [R(t), 0, 200] +57.8 = 16.65 
DI [R(t), 0, 200] = 16.65 
Difficulty with DI 

Contextual 
Assumptions/Knowledge Climate change 

Equation Manipulation Need to solve for t 
Plug 57.8 in for t 

Identifies Initial Quantity 

57.8 is initial temperature 
Initial is "time one" 
Need to incorporate 57.8 
R(0) does not equal 57.8 
R(t) = 57.8 
Year zero is 2000 

Incomplete Data Need more information 

Initial Value Added 57.8 + DI [R(t), 0, 200] = AST in 2200 
57.8 + R(200) * 57.8 = AST in 2200 

Integral Equivalent to Net 
Quantity 

57.8 + DI [R(t), 0, 200] = AST in 2200 
Integral of RoC of temp function is temp 

Integral Suggestion 
Integral because interview 
Supposed to integrate 
Integrates function without referencing rate or quantity 

Other Course Influence N/A 
R(t) is Exponential  Exponential model 

R(t) Multiplied by Temperature 
57.8 + R(200) * 57.8 = AST in 2200 
R(1) * 57.8 * 200 is not AST in 2200 
R(200) * 57.8 = temperature change 

R(t) Outputs AST R(200) = AST in year 2200 
Units on R(t) are degrees F 

R(t) Outputs RoC of Temperature 

57.8 + RoC each year = AST in 2200 
R(t) gives temperature change in one year 
R(200) = rate temperature is changing at year 2200 
Units on R(t) are degrees F per year 
RoC is non-constant 

R(t) Outputs Temperature Change 57.8 + R(200) = AST in 2200 
R(200) = temperature change in 200 years 
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Remembering Task archetype 
Representation Influenced 
Approach N/A 

RoC Multiplied by Time Equals 
Net Quantity 

57.8 + R(200) * 200 = AST in 2200 
RoC multiplied by time calculates total change 

Summation Suggestion N/A 
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Appendix E – Annotations and Codes for Task 5 

Code Annotations 
Area Suggestion N/A 
Area Under Curve Equivalent to 
Integral Integral is exact area 

Area Under Curve Equivalent to 
Net Quantity 

Area of net infected graph gives net infected 
Area Under Curve to Find Total change in Infected 

Assessing Reasonableness of 
Work Value is incorrect 

Average of Table Values 
Represents Total Change Average table values to get total change 

Average Values to Fill Table 
Average chunks for missing RoC data 
Average surrounding days for missing RoC data 
Averaging table values not appropriate for missing RoC values 

Contextual 
Assumptions/Knowledge 

Information about the virus 
RoC values are independent of surrounding days 
Two days due to context 

Equation Necessity 

Writing linear equations for RoC 
Equation for RoC 
Need equation to use in integral 
RoC equation not enough 

Incomplete Data 
Need daily change to find total change 
Negative table values account for hidden infected 
No data means no one infected 

Integral Equivalent to Net 
Quantity 

Integral of net infected gives net infected 
Integral of RoC Gives net Infected 
RoC zero means graph of net infected has max or min 

Integral Suggestion Integral because interview 

Kinematics Influence 
Kinematics Language 
Average RoC of table values is overall change 
Average RoC of table values units are people per day 

Other Course Influence N/A 

Rectangles to Approximate Area 

Area of a rectangle represents number of people infected over time period 
Height of rectangle is RoC value 
RoC value over two days 
Smaller rectangular width results in more accurate estimate of area 
Sum daily RoC values like finding area under curve 
Sum rectangle areas to find change in infected 
Sum rectangular areas to find total change in infected 
Width of rectangle can be two days 
Width of rectangle is one day 
Infinitely Small Subintervals 
Rectangle Height: Average RoC Values 
Estimate Area Using Rectangles 
Negative RoC values lead to subtracting area 
Negative RoC: Break Up Integral 
Summing rectangular areas estimates integral 

Remembering Data Points Led to Riemann Sum Approach 
Add values because of graph 
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Representation Influenced 
Approach 

Average daily infected multiplied by number of days gives total infected 
RoC multiplied by number of days 
RoC multiplied by number of days gives increased infected 
Sum RoC multiplied by number of days to find net infected 

RoC Multiplied by Time Equals 
Net Quantity Non-math course experience 

Sketch a Graph Estimate missing RoC data with graph 
Sketch graph of net infected 

Sum Table Values to Find Net 
Infected 

Sum daily RoC values to find total change in infected 
Sum of table values is overall RoC 

Summation Suggestion N/A 

Table Values Represent Number 
of Infected 

Differences in table values give change in infected population 
Drop in table values represent no new infections 
Negative table values account for hidden infected 
No correlation between days and infected 
Sum differences to find total change in infected 

Table Values Represent RoC of 
Number of Infected 

Negative table values represent people getting better 
Table values represent new cases 
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Appendix F – Local Theory Diagrams and Interview Descriptions for Task 2 

Description of Mary’s Interview 

Mary identifies the graphed function as representing a rate of change, in this case, she 

specifically notes that the velocity is represented. She states that Car 2 has a higher velocity 

for most of the represented time but that Car 1 has a higher velocity for the first minute, 

meaning it has traveled farther after the first minute. Mary states that she would need to 

integrate the functions for each car to determine the distance traveled, noting that she could 

integrate them separately or together to figure out which car had traveled farther after two 

minutes. However, she also acknowledges that since Car 2’s velocity “increases so much 

more” than Car 1 after the first minute, she believes Car 2 would have traveled farther after 

two minutes. In describing the trips of each car, Mary states that since the curve starts at the 

origin, they would have zero velocity to start and that after the first minute Car 2 has 

decreasing acceleration but still increasing velocity. Mary states that the integral of velocity 

is distance traveled and that the derivative of velocity is acceleration but these seem to be 

more memorized facts from high school calculus rather than an understanding of 

accumulation or rate of change as indicated by her description of how she remembers seeing 

her teacher right them on board. Mary also states that the intersection point of the curves 

would imply that the cars had the same velocity at that time. Mary does spend some time 

talking about area between curves during her work on the task, which she appears to simply 

remember doing in calculus. She cannot state why she may need to find this area nor how it 

relates to her other ideas concerning the task. 
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Mary’s Local Theory Diagram for Task 2 
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Jane’s Local Theory Diagram for Task 2 

Description of Jane’s Interview 

Jane starts Task 2 by noticing its similarity with Task 4. She claims that the 

intersection point of the curve implies that the quantities (in this case distances traveled) are 

equal and that Car 2 had traveled farther after two minutes. Jane adds details about the 

quality of the cars, stating that Car 2 may have been an older car since it took a bit to get 

going but that Car 1 had a “good engine” as it was going right from the start. While she 

claims that each car had traveled about 1000 feet after one minute, she insists that area under 

and between the curves is relevant to the question of distance traveled, as is the integral from 

zero to one. She inspects the problem more carefully and realizes the y-axis represents 

velocity, not distance traveled and that the units would be feet per minute. Now she again 

claims an integral would be necessary to find distance traveled and describes the relationship 

between “speed [sic], velocity, and acceleration” through derivatives; she writes f, f’, and f’’ 

under each. Jane claims she would need to integrate each function separately but shifts to say 

she could subtract the functions first and then integrate. She claims this integral would 

calculate the area between the curves but when I ask her if this would then be the answer to 

the final question, how far had Car 1 traveled after one minute, she is hesitant. Jane reiterates 

her desire to be able to compare the numbers she gets with various given components. She 

says that since each started 500 feet from home, that if she were to get a value such as 2 for 

the integral, that would imply something were wrong. I ask her if she still thinks the 

intersection point implies the cars are at the same place after one minute and she hesitantly 

says yes but then reasons that it would mean the cars had the same velocity.  
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Jane’s Local Theory Diagram for Task 2 
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Tom’s Local Theory Diagram for Task 2 

Description of Tom’s Interview 

Tom identifies the graph as representing velocity and states his “instinct would say 

whichever one has the greater area underneath the curve would have gone farther.” He 

reasons that he could think about chunks of the graph with the first section representing the 

first quarter of a minute and the area under the curve of that section representing the distance 

traveled in that quarter of a minute. Tom counts the boxes using the grid given on the graph 

to identify which function has the greater area for the two time periods finding that Car 2 

would have traveled farther after two minutes while Car 1 would have traveled farther after 

one minute. He also states a few times that the integral would find the area under the curve 

and the total distance traveled but never actually sets up an integral or discusses how this 

would work. Tom states that the cars would have the same speed at one minute (about 1,000 

feet per minute) but that Car 2 had greater acceleration in the first minute. While Tom has 

been able to reason effectively about how greater area under the curve implies a greater 

distance traveled, he is unable to translate any of his calculations to an actual value for 

distance traveled. He states that the value would be related, in some way, to summing the 

velocity values and that he would assume the distance traveled would be lower than 1,000 

feet since each car only reaches this velocity at the one minute mark.  
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Tom’s Local Theory Diagram for Task 2 
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Anne’s Local Theory Diagram for Task 2 

Description of Anne’s Interview 

Anne identifies the graphed function here as velocity or “how many feet per minute” 

the cars are going. She claims that a car with a higher velocity would be “covering more 

ground” and so Car 1 would have traveled farther after one minute. In this task, Anne 

specifically notes that the graph is not representing distance traveled and notes that the 

intersection point implies that the cars have the same velocity. She reads the value of the 

velocity at one minute to be about 1,000 and then claims that this would also be 

approximately how far the car has traveled since it has traveled for one minute. Here, Anne 

claims the initial distance traveled is not relevant since the graph is of velocity. She notes the 

distinction between the two tasks since one is asking questions about the quantity graphed 

(Task 4) while the other asks questions about a quantity related to the given graph (Task 2). 
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Anne’s Local Theory Diagram for Task 2 
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Shauna’s Local Theory Diagram for Task 2 

Description of Shauna’s Interview 

Shauna’s work in Task 2 is rather convoluted given that she specifically calls the 

graphed function the velocity numerous times but then simultaneously reasons that C2 has 

gone farther after both one and two minutes since the curve is “higher up.” After making this 

claim, I ask her if the graph represents the distance traveled and she again reiterates that it 

represents velocity. In describing the two trips, Shauna claims that Car 1 was “going faster, 

farther” than Car 2 in the first minute but that at one minute the cars “cross” and then Car 2 is 

“traveling a small distance farther.” It seems that Shauna believes velocity and distance 

traveled coincide. In trying to find the distance traveled, Shauna focuses on how acceleration 

is the derivative of velocity and uses that idea to try to figure out an equation for velocity. 

She notes the y-value at one minute and creates the equation V(t)=1000x. She is hesitant but 

claims that since the cars have traveled one minute and the velocity is 1,000 feet per minute, 

that would be the distance traveled. Shauna doubts her work both because she feels 

“something else” is supposed to be included on the velocity function so that the derivative 

gives the acceleration and that her physics course was in 12th grade. 
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Shauna’s Local Theory Diagram for Task 2 

 

 

  



 

230 

Andy’s Local Theory Diagram for Task 2 

Description of Andy’s Interview 

Andy identifies the y-axis as representing velocity and reasons that Car 1 had a 

greater acceleration in the first minute compared with Car 2, though Car 2 eventually 

surpasses Car 1. He claims that Car 1 had traveled farther than Car 2 in the first minute since 

it accelerated faster, even though both cars had the same velocity at one minute. Andy is 

quite specific that these graphs are showing velocity, or feet per minute, and not distance 

traveled. Andy claims that Car 2 had traveled farther after two minutes because its velocity 

had increased much more than Car 1’s over the second minute. He also states that you could 

take the integral of the velocity function from zero to one to find distance traveled, which his 

equivalent to the area under the velocity curve, which is also equivalent to the distance 

traveled. To wrap up his work on the task, Andy claims he could not actually find the 

distance traveled via an integral since he does not have an equation.  
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Andy’s Local Theory Diagram for Task 2 
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Ron’s Local Theory Diagram for Task 2 

Description of Ron’s Interview 

Ron makes his way through Task 2 without much trouble. He states that the graph 

represents velocity and not distance traveled and seems to reason that way throughout his 

work on the task, making his local theory stable. He claims Car 1 had traveled faster for the 

first minute and therefore had traveled farther while Car 2 “went much faster” during the 

second minute and so would have traveled farther after two minutes. Ron does have a bit of 

an issue with his terminology as he claims that since the slopes of the tangent lines are 

decreasing for Car 1, this would imply both that the car is slowing down and decelerating. He 

does not notice that claiming the car is slowing down would contradict his belief that the 

graph represents velocity. In trying to find the total distance traveled by Car 1, Ron claims 

the integral of the function would do that but since he does not have an equation he 

approximates the area under the curve by counting the boxes on the grid, implying he has 

equated integration with area under the curve. He states that each box would equate to 500 

feet traveled and then multiplies that by the number of boxes he counted to approximate the 

distance traveled at 2,750 feet. There is some evidence from his work in Task 4 that Ron 

does not actually believe Car 1 is slowing down as he describes the plant growth of Species 1 

as growing less as more plants appear (which is a reasonable description of decreasing 

acceleration with increasing growth) and says it’s “like the last one.” Therefore, he may not 

have meant to imply Car 1 was really slowing down, but merely decelerating. 
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Ron’s Local Theory Diagram for Task 2 
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Jake’s Local Theory Diagram for Task 2 

Description of Jake’s Interview 

While Jake reasons that the graphed function represents velocity, he reasons 

throughout the task that if the cars have “the same velocity and the same time” then they will 

have traveled the same distance; Jake is reasoning that the graph is giving continuous 

velocity throughout the interval instead of instantaneous velocity. He recalls an equation 

from physics relating velocity, distance, and time that he uses throughout the interview to 

calculate distance traveled. Jake claims that Car 2 had traveled farther after two minutes 

because it had a higher velocity and that traveling faster than another over the same time 

interval would imply traveling a greater distance. In describing the trips of the cars, Jake says 

that Car 1 initially had higher acceleration but that Car 2 caught up at one minute. When 

thinking about the total distance traveled, he notes the similarity to the graph from Task 4 

and states that the velocity at one minute would be 1,200 feet per minute, like the value from 

Task 4’s graph. He uses his equation (1,2000/1) to find that Car 1 had traveled 1,200 feet 

after one minute but does not realize that he should have multiplied by one since they result 

in the same value. I ask Jake if he could represent Car 3, which had traveled less distance 

than Car 1 over two minutes, but ended up traveling faster than Car 1 at two minutes. At first, 

Jake draws an appropriate graph with Car 3’s curve under Car 1 all the way until just before 

two minutes where it pops above. He states that to travel less distance, one would have to 

have a lower velocity for that time interval but to be traveling faster would have to jump up 

quickly. I ask him about his contradiction regarding the intersection point now since he is 

claiming Car 3 has not traveled as far as Car 1 yet earlier he stated that Car 1 and Car 2 
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would have the same velocity, time, and distance at one minute. He then takes back his graph 

of Car 3 stating that to be traveling faster the curves would have to intersect meaning that Car 

3 would have to have traveled farther and therefore the task is not possible. After his work on 

both tasks, Jake states that while both tasks felt similar, he thought the kinematics task was 

maybe a bit easier because of his experiences with physics and that he could remember the 

equations relevant to the problem. 

 

Jake’s Local Theory Diagram for Task 2 
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Brenda’s Local Theory Diagram for Task 2 

Description of Brenda’s Interview 

Brenda’s perspective on what the curve represents is convoluted. She claims that the 

graphs are “velocity vs. time” and reads the value of 1,000 as if it were velocity for her 

equation towards the end of her work, but also claims the intersection of the curves would 

imply the cars had traveled the same distance, the cars were traveling at different speeds at 

one minute, and that the slope of the graph gives velocity. It seems as if Brenda thinks the 

graph represents velocity and the slope of the curve and does not see the contradiction, 

flowing from one perspective to another regularly. Brenda claims that Car 2 would have 

traveled farther after two minutes since its velocity sped up while Car 1’s velocity remained 

“fairly constant.” After I question whether she is looking at the slopes of the graphs or the 

points themselves to determine total distance, Brenda says she is looking at the final points at 

two minutes to determine total distance traveled. She notes that Car 2 had a slower velocity 

at first then sped up while Car 1 had a faster velocity but then slowed down. She uses the 

equation velocity = distance / time to find out the total distance traveled after one minute and 

finds that value to be 1,000 feet. Her confusion is made slightly more explicit at the end of 

her work on the task when she says she is not sure whether Car 1 had a constant velocity or a 

constant acceleration, indicating that her moving back and forth is partly due to her being 

unsure about what the slope of the curve truly means. Due to Brenda’s flipping between ideas 

about what the curve represents, I have included both cores for her local theory diagram. 

Brenda’s work on the Car 3 task does not provide much clarification as she claims the curve 

for Car 3 should be above Car 1. She states she could use the equation to figure it out. She 
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says that her graph “has the same velocity over time” as Car 1, but it is not clear why she 

believes this means that Car 3 would have traveled less distance. 

 

Brenda’s Local Theory Diagram for Task 2 
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Lisa’s Local Theory Diagram for Task 2 

Description of Lisa’s Interview 

Lisa has a relatively stable core in her view of the function as representing velocity. 

At first, she states the vertical axis represents speed but then “at first glance” claims that the 

cars would have traveled the same distance after one minute. She then more carefully 

considers the context and says that Car 1 would have traveled farther after one minute since 

Car 1 “accelerated consistently faster over a longer period of time.” She is accepting of this 

view particularly because she finds that it makes sense when she thinks about area under a 

curve. Lisa notes that the area under the Car 1 curve is larger than the area under the Car 2 

curve and that this would be related to distance traveled. When I ask her about this, she notes 

that the vertical axis does not represent distance traveled and she recalls considering area 

when she looked at integrals previously. Lisa also notes that she and I were just talking about 

area earlier, meaning she is utilizing context clues regarding both calculus and the interview 

setting to assess the reasonableness of her approach. Retuning back to the task, Lisa notes 

that a car going faster for longer would imply going farther. She remembers counting blocks 

to approximate area on integral problems from calculus. Lisa claims that Car 2 would have 

traveled farther after two minutes since the area under the curve is larger. She also reasons 

that the non-overlapping region when the Car 2 curve is above the Car 1 curve is larger than 

that of the non-overlapping region when the Car 1 curve is above the Car 2 curve. This is 

sophisticated area reasoning, though it is quite clear her conception of how area is related to 

distance traveled is largely based on memory of the connection and not a deeper conceptual 

tie. Lisa describes how Car 1 accelerated faster at first and then at a steady rate, which she 
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clarifies to mean the velocity was increasing and then became constant. When tackling the 

task of computing the distance traveled in the first minute, Lisa notes it would be the area 

under the curve but that she is “guessing an integral.” Clearly Lisa knows integrals are 

involved in the tasks but does not know how to utilize them. To answer the question, Lisa 

states that since Car 1 is traveling for about 1,000 feet per minute for one minute, the car 

would have traveled 1,000 feet. 

 

Lisa’s Local Theory Diagram for Task 2 
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Gina’s Local Theory Diagram for Task 2 

Description of Gina’s Interview 

Gina references the values of the function as velocity but then reasons that equivalent 

velocity implies equivalent distance traveled. She claims that the two cars had traveled the 

same distance after one minute because they had the same velocity and that Car 2 had 

traveled farther after two minutes because its velocity was higher. She describes velocity as 

“when you get one point to another, like how far you went over a certain time” and that 

“regardless of how they got there, their distance over time is the same” with regards to the 

two cars at one minute. I ask her if one car is ahead at all during the first minute and she says 

that Car 1 is since their velocity is higher for most of the time. When she moves on to 

calculating the distance traveled, she claims that she would need to use an integral and that 

she would have to compute two different integrals, one before the intersection point and one 

after. She claims she would need the equation for each part of the curve and that this would 

be a linear equation for each section. She temporarily claims that the slope of the curve is the 

velocity then retracts that and instead notes that the function itself is the velocity and that 

slope is just important in finding the equation. When I ask her about why she needs to break 

up the integral, she is not quite sure and then claims she could break it down further and 

write the equation and integrate over each block of the graph. This reminds her of Riemann 

sums, which she claims is used to estimate area under the curve. I ask her how area is 

connected to the idea of integrals she has been talking about and she is not sure and is not 

sure how the area relates to the task. Gina is able to clarify that she knows to integrate since 
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the derivative of the equation of “what you traveled is velocity and the integral goes 

backwards. 

After completing Task 4, we return to Task 2 and I pose the Car 3 Task. Initially Gina 

draws an appropriate graph showing she has some intuition regarding velocity and distance 

traveled. However, when I call her attention to the new intersection point, she rejects her new 

graph and claims the task is not possible. 

 

Gina’s Local Theory Diagram for Task 2 
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Nancy’s Local Theory Diagram for Task 2 

Description of Nancy’s Interview 

Task 2 gives Nancy some significant trouble. She initially identifies the graph as 

representing velocity and not displacement and therefore the intersection point would imply 

that the cars’ velocities were equal. She states that you would need to integrate the functions 

to find distance traveled since velocity is the derivative of the function she needs and 

therefore you need to “go backwards.” Nancy then flips back and forth several times 

regarding what the intersection point implies, almost at random. As she works through the 

task she suggests that maybe the intersection point implies that the cars in the same spot. She 

tries to reason about the integral but only really talks about various qualities like the fact a 

zero on the curve might be a min or max. She then flips back to thinking about Car 1 having 

traveled farther after the first minute since their velocity is higher. She also starts talking 

about the slope of the graphs as if those values equate to the velocity. Nancy claims that Car 

2 would have traveled farther after two minutes given it had such a large jump in velocity. 

Again, Nancy struggles with the intersection point now suggesting if the cars are in the same 

spot then the graph might represent how each car took an alternate path. Nancy discusses the 

need for an integral again since the integral of velocity would give distance and knows that 

she cannot just take the endpoint as the distance traveled as she must “add up all the points,” 

talking about accumulation. 
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Nancy’s Local Theory Diagram for Task 2 
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Appendix G – Local Theory Diagrams and Interview Descriptions for Task 3 

Mary’s Local Theory Diagram for Task 3 

Description of Mary’s Interview 

Mary’s local theory was stable throughout her work on T3. She initially identified the 

equation as representing the rate of change of the average surface temperature and she never 

perceived a challenge to that assumption. She instantly recognized the necessity of a definite 

integral, though admittedly this was partially due to the interview setting. She knew that once 

she solved the definite integral of the rate of change function from zero to two hundred, that 

she would add that value to the given initial temperature, though she was not able to do the 

calculation. When asked about approximating the value of the definite integral, Mary claimed 

she could plug two hundred into the given equation to find the rate of change of temperature 

in the year 2200 and multiply that value by 200 years to approximate the total change in 

temperature. Mary knew that this value would be a rough estimate since the rate of change 

function varied over those 200 years. Finally, Mary identified a connection between the 

integral and the bounded area between the curve, the x-axis, and the two boundary values, 

though just in passing and without much discussion. Mary’s local theory was largely stable, 

though she never carried out any calculations, meaning her claims went largely unchallenged. 
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Mary’s Local Theory Diagram for Task 3 
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Jane’s Local Theory Diagram for Task 3 

Description of Jane’s Interview 

Jane is a unique case as she does not actually make any claims at all about what the 

function represents while she is reasoning about the problem. From the get-go she is intent on 

integrating the given function in order to find the answer, which seems to show she was 

influenced by the interview setting rather extensively. At first, Jane thinks the definite 

integral of R(t) from 0 to 200 will give her the AST in 2200. To verify that integration is 

indeed necessary, Jane temporarily shifts to a different theory in which she assesses whether 

it makes sense that the function could output the AST without the need for the integral. She 

finds R(0)=0 and not 57.8 and R(200) to be ”very small.” This is enough information for 

Jane to reject this theory quickly and so she returns to her work within the previous theory, in 

which she believes integrating will give her the correct answer. When she computes the 

definite integral (correctly), she again acknowledges a contradiction, the definite integral of 

R(t) from 0 to 200 is 16.65, which is too low to be the AST of the Earth in 2200. She checks 

her integration technique by doubling the exponent instead of raising the power by one and 

does not get a more reasonable answer so she claims that instead of the integral computing 

the AST, it must be computing the change in temperature and so she must add 16.65 to 57.8, 

the initial temperature. This local theory is more stable than the previous as this value makes 

sense given that the problem stated that the temperature is increasing and that she knows 

global warming means the Earth is getting hotter.  

 

  



 

247 

Jane’s Local Theory Diagram for Task 3 
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Tom’s Local Theory Diagram for Task 3 

Description of Tom’s Interview 

In this diagram, we see Tom’s full solution to Task 3. He starts with comments about 

how this task is familiar and upon first reading the task, suggests that the given equation 

should output the average surface temperature of the Earth. I believe this idea is the hard core 

of the first of three mental schemes Tom will work through. He generates the hypothesis that 

inputting zero into the given function will give the initial temperature (he thinks r(0) should 

be 57.8) but quickly realizes this is not true. Instead of letting this evidence count against his 

current theory (that the equation outputs the average surface temperature) and therefore 

disprove it, he drops the evidence entirely, believing he simply cannot remember the correct 

method he is supposed to use (here he is redirecting the evidence to what I’m considering his 

protective belt for this current theory). He generates a new hypothesis using the same theory, 

that plugging in 200 will give him the average surface temperature in 2200 and again sees 

disconfirming evidence (R(200) is too small to be average surface temperature). This time 

the evidence is not dropped and later in the interview he states that since the temperature of 

the Earth should be increasing, it doesn’t make any sense for the average temperature in 2200 

to be a small value. Tom has used his knowledge of the task and the context together with 

evidence from the mathematics to see that his current theory is not viable – it fails to explain 

what he is seeing. Tom now drops his hard core and shifts to a new theory, that the equation 

will output the total temperature change. This new theory is more viable for Tom because it 

explains what the old theory could not, primarily the small value for r(200). He generates a 
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new hypothesis that he must add the value of r(200) to the initial temperature to get the new 

temperature in 2200.  

 

Tom’s Local Theory Diagram for Task 3 
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Anne’s Local Theory Diagram for Task 3 

Description of Anne’s Interview 

Determining an appropriate core for Anne is difficult. She simultaneously reasons 

about R(t) outputting the new average surface temperature while referring to it as the rate of 

change for the temperature. However, I think the core I have is appropriate since this is the 

idea that she bases her initial solution strategy on. I would suggest that her writing R(t)=57.8 

is not necessarily based on her assumption about plugging in 200 for t, but a parallel theory 

she does not know what to do with at first nor how it fits within the problem. 

Within the first diagram, we see Anne’s theory shift slightly, but only on what to do 

with the value she has, not an outright dismissal of her proposed strategy. She initially thinks 

plugging in 200 will give the AST in 2200 but in seeing that value as too small, she returns to 

her earlier ideas on R(t)=57.8 and thinks she should solve this for t to get “the number” at 

2000, which she can use to find the AST in 2200. 

The first big transition for Anne comes when I ask her what the function represents, 

which refocuses her back on the task and how it’s presented. She quickly realizes the 

function gives a rate and that expecting the output to be the AST is incorrect. She states that 

R(t) gives the yearly rate of change but suggests that she can just add R(200) to 57.8 to get 

the new temperature, which is actually inconsistent with her new theory about R(t). This is 

where Anne ends the task and we move on. 

At the end of the interview session I return to this task and specifically ask Anne if 

she is okay with adding two quantities with different units. She then revises her perspective 

on what to do with the R(t) value and keys in on the fact that the function gives a rate of 
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change in a specific year (which is more consistent with how she is talking about R(t)). She 

now reasons that the rate of change is non-constant and that she would need to compute the 

rate of change for every year starting at 2000 and add those values to 2200. She admits this 

new process has been influenced by my questions about the units and my redirection on Task 

5 (towards looking at the table values as being rate of change) so there is interviewer 

intervention here. 

 

Anne’s Local Theory Diagram for Task 3 
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Shauna’s Local Theory Diagram for Task 3 

Description of Shauna’s Interview 

For the first core here, I included both Shauna’s thoughts on what the equation 

represents and her early focus on exponential models. Neither of these seem generated by the 

other and both were important to her earlier reasoning about the task. It’s interesting that she 

acknowledges that the variable is normally in the exponent but this does not seem to be much 

of a problem for her. In the diagram, this is represented as evidence that could act against the 

core, but as shown, is redirected away.  

When Shauna calculates R(200) she immediately notices that her original theory is 

incorrect since the temperature should rise and she only gets 0.116. After some time 

pondering, Shauna comes up with a new idea – that R(200) doesn’t give the new temperature 

but the growth rate (she compares it to money, like finding 15% of $100). Due to her 

understanding that the temperature should increase, she has adjusted her theory to 

accommodate the conflicting information. There is no evidence she has dropped her 

perspective that this model is exponential and so it stays as part of the core in the second 

theory. 
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Shauna’s Local Theory Diagram for Task 3 
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Andy’s Local Theory Diagram for Task 3 

Description of Andy’s Interview 

Andy initially comments that R(t) is a rate function and that he would need to plug in 

200, add that to 57.8, and that would be the answer. He clearly thinks rate function means the 

function gives the total change over t years, ignoring the “per year” aspect. Interesting, unlike 

man folks, upon plugging in 200 and adding to 57.8, Andy temporarily rejects his theory 

since the new temperature is too small. He doesn’t explicitly state why he thinks this value is 

too small but he decides to try integrating the rate function as new strategy.  

Andy has not dropped his assumption that R(t) is a rate function and uses this idea to 

justify integrating (though in the end he drops this strategy entirely). He integrates incorrectly 

at first (adds to get coefficient instead of multiplying) and gets a very large number, which he 

knows is incorrect. He wants to return to his initial theory but I ask him to explain more 

about what he did. He talks about integrating a rate function to get the actual temperature but 

then decides that is dumb and he doesn’t need an integral because he “already has a rate 

function.” When asked, he knows the integral will find the area underneath the curve but has 

no idea how this relates to the task.  

He walks through his calculation and realizes his mistake and integrates again. This 

time, he incorrectly includes the initial condition when inputting the limits of integration 

causing the 57.8 to cancel out and so he (correctly) finds the integral to equal 16.65, but 

incorrectly assumes this is the new AST in 2200 and now finally rejects his theory that 

integration is involved and settles back on 57.9 as the most viable answer. We can conceive 
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of his entire second theory as an auxiliary hypothesis, a test of his original theory as it ends 

up providing support to his initial ideas. (Talk to Karen about this). 

 

Andy’s Local Theory Diagram for Task 3 
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Ron’s Local Theory Diagram for Task 3 

Description of Ron’s Interview 

In this diagram, Ron identifies R(t) as an exponential model (like Doug) but Ron does 

not seem to base any further ideas or hypotheses on this fact. Therefore, I decided to treat his 

identification of R(t) as an exponential model as part of his protective belt of ideas rather 

than as part of his core. Ron initially believes that plugging in 200 for t will give him the 

AST in 2200 but when he does this in his calculator he immediately states that he should add 

this value to 57.8 to get the answer without much discussion of his shift. However, he is not 

satisfied with this answer as he feels it is too low, the temperature should have changed more 

than 0.1 degrees in 200 years. He leaves the problem here until later when I ask him to return 

to it at the end of the interview. 

After his work on Task 5 (which is some fairly high level Riemann sum/integral 

work) he immediately suggests integrating R(t) from 0 to 200 to get the answer. He now 

states the units on R(t) are degrees Fahrenheit per year instead of degrees Fahrenheit as he 

stated earlier and his views on the function itself have immediately shifted to seeing a rate of 

change. He knows he will have to integrate and after integrating states he will add that value 

to 57.8 to get the AST in 2200. It is not clear what exactly he meant at the beginning that the 

integral would be “the answer” and if there was a similar shift as earlier where he needed to 

see the value to know if the integral was the overall answer or needed to be added to the 

initial temperature. This case is very interesting because the work on Task 5 completely 

invalidated all earlier work on this task. Ron never returns to his original ideas and is 

completely fine restarting with a new theory. 
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Ron’s Local Theory Diagram for Task 3 
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Jake’s Local Theory Diagram for Task 3 

Description of Jake’s Interview 

Jake never settled into a stable local theory, nor did he eventually answer the 

question. At first Jake claims that R(t) will output the average surface temperature in year 

2200 if he plugs 200 in. Upon getting a small value (0.116) he states he did something wrong 

since he should be getting a “whole number…probably around 57.8, maybe a little higher” 

indicating he has some preconceived notions of what the answer should be. Reasoning in this 

way he shifts to thinking about R(t) as giving “the rate,” though he never clarifies further. He 

tries two different calculations, neither of which give a value close to 57.8, his primary 

means of assessing reasonableness. Jake knows that he must multiply the rate by some value, 

but does not seem confident in what to multiply.  

 

Jake’s Local Theory Diagram for Task 3 
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Brenda’s Local Theory Diagram for Task 3 

Description of Brenda’s Interview 

Brenda starts the task assuming R(200) will output the average surface temperature in 

the year 2200 and that therefore 57.8 is unnecessary information. When she evaluates this 

value she immediately shifts to treating this value as the increase in temperature over the 200 

years and adds that value to 57.8. She claims this makes sense because R(t) is “rate of change 

of temperature, not temperature is equal to” refuting her initial claim quickly and easily. Her 

final local theory seems stable. 

 

Brenda’s Local Theory Diagram for Task 3 
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Lisa’s Local Theory Diagram for Task 3 

Description of Lisa’s Interview 

Lisa is not confident in her approach to task 3. She recognizes the function as an 

exponential model and seems to believe there is some specific technique she is supposed to 

remember. She claims numerous times that she must plug all the given information into 

somewhere in solving the task, though she does not seem to know where to plug any values 

in. Lisa knows that 200 years have elapsed but is hesitant to plug that value into R(t) and 

when she does, she is not sure what to do with the value. She adds R(200) to 57.8 but 

immediately states that cannot be the average surface temperature in 2200 because she is not 

sure that the appropriate temperature constant was used, which she seems to remember from 

her experience with chemistry. 

 

Lisa’s Local Theory Diagram for Task 3 
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Gina’s Local Theory Diagram for Task 3 

Description of Gina’s Interview 

Gina initially claims that R(t) outputs the average surface temperature in a given year 

and therefore if she plugs 200 in for t, she will get the average surface temperature in the year 

2200. She also seems rather interested in calling 57.8 the initial temperature “at time one,” 

though she does not seem to return to this idea. When she evaluates R(200) she shifts her 

local theory to accommodate the fact that the value she got was “really small” and claims she 

should add R(200) to 57.8 to find the average surface temperature. This local theory seems 

quite stable for Gina as she now references R(t) as giving “the rate that [the temperature] has 

changed” over a given time period. However, when asked, she states that the units on R(t) are 

degrees Fahrenheit per year, a potential discrepancy or a semantic disconnect. 

 

Gina’s Local Theory Diagram for Task 3 
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Nancy’s Local Theory Diagram for Task 3 

Description of Nancy’s Interview 

Nancy makes very little headway on task 3. She continually references not being able 

to remember how to do the problem as she suggests various solution strategies. One idea she 

continually returns to is whether she should take the derivative of R(t). Eventually she does 

take the derivative and tries to plug in 57.8 for t afterwards. Nancy also refers to solving for t 

using 57.8 to help her solve for the temperature in year 2200. Again, Nancy never settles on a 

strategy and does not really establish any kind of identifiable, stable local theory. 

 

Nancy’s Local Theory Diagram for Task 3 
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Appendix H – Local Theory Diagrams and Interview Descriptions for Task 4 

Mary’s Local Theory Diagram for Task 4 

Description of Mary’s Interview 

Mary views the graphed function as representing a rate of change, rate of plant 

growth in this task. Unlike her work in Task 2, Mary identifies and focuses on the initial 

condition of each species starting with 500 plants. Near the end of the interview, as she is 

trying to remember how to solve such a task, she writes 500 on the origin, as if the growth 

rates start at 500 instead of the number of plants. When I ask her about this value she realizes 

this is incorrect, erases the 500 and replaces it with zero claiming she thought she read that 

the rate of change started at 500. Mary states that Species 1 would have more plants after one 

year since it has been growing at a faster rate that whole year and that the intersection of the 

curves implies that both species are growing at the same rate, much like she reasoned in Task 

2. Again, Mary notes that Species 2 would have more plants after two years but this time she 

specifically reasons about the area between the curves, something she was unable to do in 

Task 2. Mary claims that that area between the curves represents the difference in the total 

growth of the species since the area under the entire curve down to the x-axis would 

represent the total growth for each species during that time period. She briefly equates the 

integral with finding area under the curve and starts describing the acceleration of the plant 

growth. When I asked her what acceleration would represent, she uses her understanding of 

physics and the units of acceleration to reason that the acceleration would be the rate at 

which the growth rate is changing. When comparing the two tasks simultaneously, Mary 
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notes that Task 4 was easier as the units were more “concrete,” she attributed her ability to 

reason about the area between curves to this difference in the units of the contexts. 

 

Mary’s Local Theory Diagram for Task 4 
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Jane’s Local Theory Diagram for Task 4 

Description of Jane’s Interview 

Jane believes the graphed function represents the number of plants in each species. 

She directly claims that the intersection of the curves implies that Species 1 and 2 are equal 

after one year, that Species 2 had slower growth over that time, and that Species 2 is larger 

after two years since the curve is above Species 1. In describing the growth of each species, 

Jane struggles to come up with the term to describe the behavior but says that there “nothing 

inhibiting its growth.” She claims that Species 2’s growth looks exponential at first but then 

it hits carrying capacity. To clarify that she is really seeing the functions as representing the 

number of plants and not the rate of change, I ask Jane if either species is ever decreasing and 

she says no since the graphs are never decreasing. Jane thinks the two species will have the 

same number of plants after one year since the graphs intersect there though this idea is 

challenged a bit by her stating that sometimes problems mislead you and that she likes to 

make educated guesses based on multiple choice options. She claims that the actual value of 

the number of plants after one year should be lower since “you’re only going from zero to 

one” but that it will really depend on the function. Jane does not seem to inherently trust the 

graph as being perfectly accurate, possibly because of the lack of detailed y-axis values. She 

also claims you could find the total number of plants after one year by taking the integral 

from zero to one to find the area between the curves. Jane talks for a little while about the 

different areas that could be relevant including the area above the curve, below the curve, and 

between the curves. She tries to remember how to utilize area to solve the problem but never 

settles on a specific strategy. She does note that she is hesitant to use the area between the 
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curves in finding the number of plants for Species 1 since that calculation would also involve 

the curve for Species 2. Finally, Jane reiterates her belief that both species would have about 

1000 plants after one year, despite her earlier issues with that value being too high and her 

discussion of integrals and area. 

 

Jane’s Local Theory Diagram for Task 4 

 

  



 

267 

Tom’s Local Theory Diagram for Task 4 

Description of Tom’s Interview 

Tom begins his work on Task 4 by identifying the similarity between Task 2 and 

Task 4, this connection is important as his questioning of what the graph represents in Task 4 

briefly impacts what he thinks about his previous work on Task 4. Initially, Tom states that 

Species 1 will be larger after one year using the “same logic as for why the car had gone 

farther,” namely, that “there’s more area under the function.” He claims Species 1 was 

growing faster in the first year but that Species 2 had larger “acceleration of plant growth” in 

the first year. In discussing the acceleration of plant growth, Tom utilizes his knowledge of 

kinematics by reasoning about how the units would be feet per second squared kinematics 

and so would be “plants per year squared” for the plant task. This talk concerning the 

acceleration leads Tom to investigating the slope of each curve and when they would be 

equal and then he begins questioning his current local theory about what the function 

represents. Tom considers whether the intersection of the curves implies that the plant 

species would have the same number of plants. After a short time, he states that he knows 

that counting the boxes give him his answer and then fully decides that the area under the 

curve would represent the total number of plants. This temporary shift represents for Tom a 

check on the validity of his local theory. The concept of area under the curve is very strong 

and his reasoning about area under the curve keeps him from abandoning completely his 

local theory that the graphed function represents a rate of change. Interestingly, Tom has tied 

his work from Task 2 to these local theory shifts as he explicitly states, “I guess I’m starting 

to think that they’re the same after one year, and I would say with the car one too” meaning 
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he is willing to quickly overthrow his work from Task 2, implying that his assumption on the 

interrelatedness of Tasks 2 and 4 is stronger than his individual reasoning on task-to-task 

basis. It seems as if he has a larger local theory at work concerning how these tasks work and 

one assumption is that they are interrelated at a deep level.  

Once Tom feels comfortable that the intersection does not imply the plants have the 

same number of plants, he returns to his work considering the functions as representing rate 

of change and the area under the curve as giving total number of plants. Tom states Species 2 

would be larger after two years since there is a greater area under the curve and that the curve 

is the “velocity of plant making.” When asked to explain how area under the curve represents 

total number of plants, Tom is hesitant and cannot justify his reasoning, he states that the fact 

more area implies greater number of plants “just seems obvious.” Tom states that the integral 

of the given function would give the total number of plants and is equivalent to the area 

under the curve so he does have some understanding these concepts are related.  

When asked to compare his work on the two tasks, Tom states that the kinematics 

task was easier to talk about and that he had more experience with tasks like that. He initially 

expected the graph of velocity to represent a rate of change whereas that was not the case 

with the plant task. Tom states that the plant context was easier to visualize and that 

summation seemed more appropriate. While he cannot say why, he felt integral seemed more 

appropriate to use in the plant context.  
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Tom’s Local Theory Diagram for Task 4 
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Anne’s Local Theory Diagram for Task 4 

Description of Anne’s Interview 

Anne’s local theory is stable throughout her work on Task 4. She sees the graphed 

function as representing the number of plants in a given year. She claims that Species 2 is 

slightly higher than Species 1 after one year and that Species 2 is increasing more at this 

point. She describes Species 2 as growing exponentially at first before leveling off and 

though Species 1 started with more plants, Species 2 is growing faster. She claims there are 

about 1,000 plants in Species 1 after one year by looking at the y-value on the graph at one 

year though she also claims you could take the initial number of plants (500) and use the 

function for rate of change to find the number of plants – it is unclear if she realizes the rate 

of change function the very function she used to determine the value 1,000. At the end of the 

interview, Anne reiterates her claim that the function is modeling the actual number of plants 

and so the graph is directly relevant to the questions concerning number of plants. 
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Anne’s Local Theory Diagram for Task 4 
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Shauna’s Local Theory Diagram for Task 4 

Description of Shauna’s Interview 

Shauna more explicitly talks about quantity in Task 4. She first labels 500 on the first 

block of the y-axis, which she claims is the starting value even though the functions “start” at 

zero on this graph. Like in task 2, Shauna claims that since the curve for Species 2 is higher 

at both one and two years, that it would be larger at both times. She also reasons that the 

intersection of the curves would imply that the species would be the same size. In describing 

the plant growth, Shauna claims Species 1 started off “larger, more plants” before beginning 

to die off whereas Species 2 started slowly and then grew quickly. Near the end of this task I 

specifically point out that the units on the y-axis are plants per year and ask Shauna if this 

causes any issues. She basically reiterates her belief that the y-axis represents number of 

plants at a given time instead of representing any kind of rate of change. 
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Shauna’s Local Theory Diagram for Task 4 
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Andy’s Local Theory Diagram for Task 4 

Description of Andy’s Interview 

Andy’s work in Task 4 is rather less stable than his work in Task 2. At first, Andy 

claims the graph is the same as in Task 2 and that Species 1 would be larger after one year 

since it is increase at a faster rate. Like in Task 2, Andy reasons about the graph as a rate of 

change, in this case, the “rate of added plants over time.” He states that Species 2 would be 

larger after two years since Species 1 did not grow as fast. The intersection of curves is stated 

to imply that the two species were growing at the same rate, however, Andy then reasons that 

Species 1 would have added about 1,010 plants in the first year by reading the value of the y-

axis at that point. Andy still believes the integral of the growth rate and area under the curve 

would both give the total number of plants and that the area, if he were able to find it, would 

be about 1,510, the total number of plants he stated earlier by just taking the y-value and 

adding 500. In his comparison of Tasks 2 and 4, Andy shifts his thinking a bit and claims 

now that the intersection of the curves does not just imply the rates are equal, but that each 

species added the same number of plants in the first year. I ask him how his conception of 

area giving the total number of plants fits within this idea and he recognizes the 

contradiction. He ends his work claiming that the area under the curve is the “actual rate of 

the plant growth” and that Species 1 would be larger all the way up to one year, when they 

two would then have added the same number of plants. Andy directly claims that this is not 

the case for the kinematics tasks, that the intersection of the curves still implies that the cars 

have the same velocity. 
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Andy’s Local Theory Diagram for Task 4 
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Ron’s Local Theory Diagram for Task 4 

Description of Ron’s Interview 

Ron’s work on Task 4 was quite like his work on Task 2 with a brief confusion on the 

given information concerning the starting number of plants. Ron initially identifies the graph 

as the same as that given in Task 2 and keys in on the fact that each species starts with 500 

plants, something he did not focus on during Task 2. Ron claims that Species 2 would have 

more plants after one year. He supports this idea by claiming that each species has grown by 

about the same number of plants, reasoning that if the curve were a diagonal line straight 

from the origin to the intersection point it would imply that the species had grown by 500 

plants because it would be half of the growth of a species growing at 1,000 plants per year 

for the whole year. At this point it seems that Ron views the curve as representing a rate of 

change and has a sense of accumulation so I ask him to clarify why, if it seems each species 

has grown about the same amount, is it that Species 2 would have more plants. Ron then 

reviews the problem and realizes he was thinking about the given information incorrectly, he 

claims that he was working from the assumption that Species 2 started with more plants 

(even though he explicitly noted that each species starts with 500 plants). After re-claiming 

that each species starts with 500 plants, Ron then claims that Species 1 would be larger after 

one year since it had grown more than Species 2. Next, Ron states that Species 2 would be 

larger after two years “just like last problem” as the increase is “very large” for Species 2. In 

describing the growth of each species, Ron claims that Species 1 would be “growing less as 

more plants appear” whereas for Species 2 “more are appearing per year.” He likens this to 

the previous task, which might suggest that Ron does not actually think Car 1 is slowing 
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down as he stated. Again, Ron states that the integral of the equation for the curve given 

would tell you the total number of plants and that to approximate the number of plants after 

one year for Species 1, you could perform the same calculation as he did for Task 2. Ron 

then realizes that since the question is about total number of plants after one year, that he 

would have to add 500 to this value, unlike in Task 2. He checks back with Task 2 to verify, 

notices he missed that part of the task but then states you would not need to add it for Task 2 

since it asks for distance traveled in the first minute instead of total distance traveled. 

 

Ron’s Local Theory Diagram for Task 4 

 



 

278 

Jake’s Local Theory Diagram for Task 4 

Description of Jake’s Interview 

From the beginning of his work on Task 4, Jake claims the graphed function 

represents the total number of plants at a given time. He claims the intersection of the curves 

implies that both species have the same number of plants after one year and describes 

Species 1 as growing quickly at the beginning but slowing down and Species 2 as growing 

slowly but then faster. When asked what he is considering when he talks about the growth 

rate, he claims it is “how [the function] is curved” but he forgets the mathematical term (most 

likely slope). Jake continues along this line of thought in claiming that Species 2 would be 

larger after two years and that he could find the total number of plants in Species 1 after one 

year if he knew the total number of plants in Species 2 at the same time since they are equal. 

I ask him if there are other ways he could find the total number of plants and he talks about 

finding the equation of the curve or utilizing more known points, specifically the number of 

plants after two years. He mentions using an “integral equation” but only in a passing 

suggestion and does not return to the idea of integration. Jake concludes that he could just 

use the current graph to estimate the total number of plants after one year, which he says is 

about 1,200, by reading the y-value at the intersection point. Jake claims to have seen 

problems like this and could solve it but he does not remember the equations he used and 

would have to go look them up. 
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Jake’s Local Theory Diagram for Task 4 
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Brenda’s Local Theory Diagram for Task 4 

Description of Brenda’s Interview 

Brenda seems like she has more of a stable local theory for Task 4 in which she views 

the graph as representing the number of plants and not a growth rate, but at the end of the 

interview she seems to use the similarity in the tasks to allow a rate perspective to coexist 

with her quantity perspective. In starting the task, Brenda claims that after one year the plant 

species are about equal and that Species 2 is larger after two years since Species 1 grows at a 

constant rate while Species 2 keeps growing. She reasons that the y-value of the graph would 

represent the total number of plants and says that after two years Species 1 would have 1,500 

plants, though she does mention she would have to add on the original 500 plants as well.  

In comparing the tasks, Brenda notes that she is currently in physics and so she 

remembered the velocity equation more readily for the kinematics task. When I ask her if the 

same reasoning would be applicable she states that it would even though she has not 

reasoned about the curve as a rate of change at all, mainly because she “realized one is just 

the same answer so, but you could make the same type of equation.” Brenda seems to reason 

about the graphs as a quantity but sometimes a rate conception pops up without her 

recognizing the contradiction. 
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Brenda’s Local Theory Diagram for Task 4 
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Lisa’s Local Theory Diagram for Task 4 

Description of Lisa’s Interview 

Lisa initially viewed the graph as representing quantity but by the end of her work on 

the task, she re-aligned her perspective to match that of Task 2. The contradiction in 

approach is obvious to Lisa from the get-go. She first sees the similarity in the tasks and says 

“I kinda want to change my answer,” regarding her work on task 2. She claims that both 

species added about 1,010 plants per year and one year went by, so both species would be the 

same size after one year. She sees that this concept contradicts her work on Task 2, assuming 

the two tasks are mathematically equivalent. Lisa states that Species 2 would be larger after 

two years because it has more plants per year and that no matter how they grew or at what 

rate, Species 2 ended up with more plants at the end of two years. Lisa is working from the 

assumption that the vertical axis represents number of plants in a given year. When 

comparing her work on Tasks 2 and 4, Lisa says that plant task was somewhat easier as 

plants per year seemed more straightforward and that “plants aren’t going to shrink or go 

backwards,” making the quantities somehow more accessible. She thinks that she may have 

been overthinking Task 2 at first. I ask her about her two different approaches and if it is 

okay to have two different approaches and she states it is not and that one of them must be 

wrong. I then ask her to analyze a different point on the plant task graph (1.75, 1500) and 

Lisa now states that 1500 “doesn’t correlate with how many plants are in the area…because 

that’s just per year” and she states that since the value was “per year” and the time was one 

year, she was thrown off. She now states that she would multiply 1500 by 1.75 to get the 

total number of plants after 1.75 years. Part of her reasoning for accepting this new local 
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theory lies in her belief that her initial approach to Task 4 would not make sense for Task 2. 

She conclues by saying that Species 1 would have more plants after one year, rejecting most 

of her initial theory in favor of one more akin to her theory from Task 4. 

 

Lisa’s Local Theory Diagram for Task 4 
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Gina’s Local Theory Diagram for Task 4 

Description of Gina’s Interview 

Gina immediately notices the similarity between the tasks and this serves as rather 

important since she basically just assumes the answers will be the same. She claims that the 

species will be the same size after one year and Species 2 will be larger after two years. 

When tasked with finding the total number of plants in Species 1 after one year, she claims 

she can do it “like I did in the other one.” Gina states that the vertical axis gives the number 

of plants grown since time zero, a clear difference in how she was interpreting the graph 

from Task 2. When I asked her which species was larger during the first year she says that 

Species 1 was larger the whole time but that Species 2 was “exponential” and grew quickly. 

After completing the tasks, Gina claimed the plant context was easier mainly because the 

kinematics context reminded her of physics, which she failed. 
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Gina’s Local Theory Diagram for Task 4 
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Nancy’s Local Theory Diagram for Task 4 

Description of Nancy’s Interview 

The core of Nancy’s local theory is stable throughout her work on Task 4. She claims 

that the vertical axis represents the number of plants and so the species have the same size 

after one year and Species 2 is larger after two years. She does struggle with whether 500 

belongs at the origin, even though it is marked as zero, and initially writes 500 on the origin. 

When she goes to breakdown the vertical axis to estimate the number of plants in Species 1 

after one year, she retracts this claim, largely because she feels like the axis should be split 

evenly and labeling the 500 would not allow her to do so. Nancy then claims that instead 

saying that there are about 1,000 plants in Species 1 after one year, she might need to add 

500 to that value. 

After completing Task 2, Nancy asserts that Task 4 felt easier mainly because she did 

not have to think about “going backwards” since the task was “talking about um, how big the 

species are over however many years and your graph is in those units already.” 
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Nancy’s Local Theory Diagram for Task 4 
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Appendix I– Local Theory Diagrams and Interview Descriptions for Task 5 

Mary’s Local Theory Diagram for Task 5 

Description of Mary’s Interview 

The core of Mary’s local theory, that the table values represent the rate of change of 

the infected population, remains stable throughout her work on Task 5 as she never perceives 

any contradictions that would have her reject this assumption. She starts off her solution by 

sketching a graph of the table values, which she uses throughout her work as she primarily 

reasons about the area under this graph in answering the question about the change in the 

infected population. Mary correctly identifies that when the graph is negative, she will be 

subtracting area and that this means people are becoming “uninfected.” To estimate the total 

change, Mary claims she could add the table values but that it would be more accurate if she 

had the data for each day. She also claims she could average the surrounding table values to 

fill in the missing data (e.g. averaging the table values for days zero and two to use as the rate 

of change for day one. When asked what this process has to do with the area under the curve 

suggestion she had made earlier, Mary is able to recall the process of approximating area 

under a curve via Riemann sums, though she does not use that term. Mary states that the 

averaging process she suggested would “fill in” the area under the curve and she sketches a 

few representative rectangles. She knows that the area of the rectangle with a one day width 

would represent the number of people infected in one day and that she could follow that 

process for each day and sum those areas to find an approximation of the total change. In 

talking through this process, she recognizes that she does not need to average the surrounding 

days as she can use rectangles with two day widths and that this process would be better 
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because she remembers doing it that way in class. Mary identifies the connection between the 

integral and finding area a few times and knows that smaller rectangles would result in a 

more accurate approximation of that area, but does not speak much on how the integral is 

connected to the idea of area under the curve. 

 

Mary’s Local Theory Diagram for Task 5 
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Jane’s Local Theory Diagram for Task 5 

Description of Jane’s Interview 

The core of Jane’s local theory, that the table values represent the number of infected 

individuals on a given day, remains stable throughout her work on Task 5. Jane sketches a 

graph of the table values but does not use this graph much in her reasoning and never reasons 

about the negative values and what they might mean. While Jane suggests setting up an 

integral would be helpful, she freely admits that is partly because she is in an “integral 

study.” She talks about using a calculator to find an equation modeling the table values to 

find the number of infected individuals at different times not given in the table, she seems 

concerned that she does not have more data and that she does not know what kind of virus hit 

the town. To find the total change, Jane computes and sums the differences between table 

values – further evidence she believes these values represent the number of infected 

individuals. She again talks about needing more information, particularly concerning whether 

anyone is getting re-infected and how many total people were tested. When asked directly if 

area under the curve would be applicable, Jane is not able to identify any use and claims that 

she would need a second curve, suggesting she thinks you can only find area between curves. 
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Jane’s Local Theory Diagram for Task 5 
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Tom’s Local Theory Diagram for Task 5 

Description of Tom’s Interview 

Tom’s local theory remains stable throughout his work on Task 5, although he does 

make progress and adds various pieces to that local theory over the course of his work. Tom 

sees the table values as outputting daily rate of change of the infected population and this 

allows him to make some successful claims regarding how to compute the change in the 

infected population. As any other students, Tom starts by graphing the data and then claims 

that he is looking for a way to calculate the area under the curve. He knows that the negative 

contribution from when the daily rate of change is negative will be subtracted and he also 

claims that this is equivalent to the definite integral of the graphed function from zero to 

sixteen. Since Tom does not remember how to find the analytic function representing the 

table data, he uses an approximation method for computing the total change, which is a 

standard left hand Riemann sum approach with a step size of two days. When asked, Tom is 

specific that his approximation is the change in the infected population since he is not given a 

starting infected population. 
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Tom’s Local Theory Diagram for Task 5 
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Anne’s Local Theory Diagram for Task 5 

Description of Anne’s Interview 

Anne’s local theory is stable throughout her work on Task 5 until the interviewer 

specifically redirects her perspective on what the table values might represent. Initially, and 

throughout much of the interview, Anne acts as if the table values represent the number of 

infected individuals on a given day. She begins by computing differences in successive table 

values to find the change in the infected population and she claims that she would need the 

values on the missing days to find the total change. Anne takes an interesting turn and 

discusses what she knows about the virus given the data. She claims that the virus is most 

likely not airborne since there is not a direct correlation between time and number of 

infected; an airborne virus, Anne claims, would just continue increasing in total number of 

infected. She talks about how it might be contact based but also wonders whether the infected 

population is being quarantined from the uninfected. When asked, Anne claims some of this 

curiosity is because of her experiences in a class on tuberculosis. Anne comes up with a very 

ingenious way to reason about the negative table values given she believes the table values 

represent the number of people infected – she claims the negative value could represent 

formerly infected people who were not counted in the initially reported data. So the value of 

negative five on day eight represents five individuals who were not included in the original 

eighteen reported on day zero, but were infected and have now been cured. This is a creative 

assumption that allows Anne to avoid the contradiction of “negative people” other 

interviewees just accepted. At the end of the interview, I took time to redirect Anne to see the 

table values not as representing the number of infected individuals in total, but the daily rate 
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of change of the infected population. With this new perspective, Anne then sums the table 

values without hesitation to find the total change, while now describing the negative values 

as representing individuals who had gotten better. When pressed on the fact that the data is 

presented every two days, Anne again returns to her perspective on the virus itself claiming 

that maybe symptoms take two days to show or the researchers just decided to look only 

every other day. Anne does not see an issue in the data being reported as a daily rate of 

change and not multiplying those values by two. Finally, there is no evidence that Anne has 

dropped her original theory in favor of the latter, she starts her work with “if you think of it 

like that,” which could just mean she is entertaining an alternative perspective.  

 

Anne’s Local Theory Diagram for Task 5 
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Shauna’s Local Theory Diagram for Task 5 

Description of Shauna’s Interview 

Shauna initially questions what the table values represent and clarifies for herself that 

they are daily rates of change values. She focuses on overall behavior for a little while, trying 

to figure out what might have caused the number of infected to fluctuate the way it does. 

When she first sees the drop, she claims it could be due to access to medication but since the 

infection rate rises again, the drop would not be due to medication. Once she moves on from 

this discussion, she calculates the average of the table values, as she believes the daily 

average of the rate of change values is equivalent to the total change. This perspective is very 

stable as I even ask her what the total number of infected would be, which she calculates, but 

still refers to the average rate of change per day as the total change.  

 

  



 

297 

Shauna’s Local Theory Diagram for Task 5 
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Andy’s Local Theory Diagram for Task 5 

Description of Andy’s Interview 

Andy’s local theory was stable for Task 5. Throughout his work on the task, Andy 

treated the table values as rates of change. First, Andy sketched a graph of the given table 

values and stated that to find the total number of people infected, he would need to find the 

area under the curve he sketched. Andy utilized his understanding of kinematics language to 

reason about why the area was the total number of people infected in calling the curve the 

“velocity” of the number of people infected. Andy reasons about the accumulation first by 

sketching a rough curve modeling the total number of people infected after a given day and 

claims this would be equivalent to the integral. When asked how he might find the total 

number of people infected, he claims he cannot as he does not have the function modeling 

the curve. Andy tries approximating the area under the curve using rectangles with two day 

widths, he calculates the average of successive days to use as the heights. While Andy is able 

to connect the concepts of integration, area, and accumulation, he sees the area calculation as 

a “less mathematically sound” method of finding the integral. Finally, Andy acknowledges 

that he would need to use infinitely small widths to find the exact area. 
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Andy’s Local Theory Diagram for Task 5 
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Ron’s Local Theory Diagram for Task 5 

Description of Ron’s Interview 

Ron’s local theory is relatively stable, though he does transition in his thinking on 

applying said local theory. From the beginning, Ron has no problem identifying the table 

values as representing the rate of change of infected people per day. He immediately jumps 

to reasoning about the accumulated total and sketches a cursory graph of what the 

accumulation would look like. He simultaneously identifies the table values as the 

“derivative” of this curve, which is the “graph integral” of the table values. He spends a little 

time thinking about where the critical points of his accumulation curve would be located and 

knows that they would coincide with the zeros of the table data. However, Ron then tries to 

reason about the total change in the infected population and claims that he would need to find 

the area of his accumulation graph, which he equates to “the integral” of the curve. He 

reasons that this is accurate as he should add up all the values of the curve he has drawn since 

they represent the number of people infected at a given time. He spends some time sketching 

a more accurate accumulation graph by multiplying the table values by two and then keeping 

a running sum using his new sketch. Once has a completed graph, he again claims the total 

change in infected people would be the area. I ask him specifically about his final value 

(214), which causes a shift in his thinking as he hesitates upon initially calling this the 

number of new infections over the two day time period and realizes this is actually the 

accumulation of infected people. With this piece in place, Ron can now reason that the area 

he wants to find is the area under the curve of the table values, which he was approximating 

in his head as he sketched his accumulation graph. He knows that given a formula for the 
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infected people per day, he could integrate to find the accumulation. When asked, he claims 

his approximation would never be equivalent to the integral but if he had more points they 

may be “statistically” equivalent. 

 

Ron’s Local Theory Diagram for Task 5 
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Jake’s Local Theory Diagram for Task 5 

Description of Jake’s Interview 

Jake’s local theory for Task 5 is stable throughout his work. He very clearly believes 

the table values represent the total number of infected even though he struggles to reason 

about the table values decreasing (could represent people who have died) and negative table 

values (could represent people who have died or people who are now immune). He identifies 

that a negative number of people infected is not reasonable, but then reasons that this could 

represent people who have died (which he does not see as clashing with his earlier 

conception of what a dead infected individual would represent) or people who are immune. 

Either way, he does not see this as enough disconfirming evidence to shift his thinking on 

what the table values represent. He continues by sketching a graph of the table values, talking 

about the graph as representing the total number of infected people. He notices that the total 

number is higher at the end compared with what it started as and claims he could enter all the 

data into his calculator to find other information, like how many there were on day three. He 

claims he “would go on the calculator and find the day and then plug it in and it’d give me 

individuals infected on that day.”  
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Jake’s Local Theory Diagram for Task 5 
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Brenda’s Local Theory Diagram for Task 5 

Description of Brenda’s Interview 

Brenda’s local theory is stable. She identifies the table values as representing the rate 

of infected people per day, though this may be debatable as she could be simply using 

inaccurate language given her reasoning about the total change later. Brenda is rather 

confident that the total change in the infected population will be given by the average of the 

table values. Even with my probing about the reasonableness of her figure, she remains 

confident. She believes the average of the table values represents the change in the infected 

population over the 16 days and that this value makes sense since the table values are 

fluctuating with some being positive and some negative. I am not confident I can reason 

about the core of Brenda’s local theory but believe this is the best I can estimate with the 

given evidence. However, even if we assume she is viewing the table values as representing 

the number of infected on a given day, her approach is still inconsistent with finding the total 

change. 
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Brenda’s Local Theory Diagram for Task 5 
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Lisa’s Local Theory Diagram for Task 5 

Description of Lisa’s Interview 

Lisa’s local theory is stable throughout her work on Task 5. She believes the table 

values represent the number of people infected on that day, but not necessarily a rate of 

change in the traditional sense since she specifically claims you cannot use these values to 

interpolate to the missing data. Lisa talks about the negative table values as representing 

people who have been healed of the infection and sums the given values to find the total 

change in the infected population. She refers to this value as the “overall rate of change” that 

in the 16-day period, 105 people were infected but she is unsure of her process of adding the 

values since the units are “per day.” I ask her if it matters that the days skip by two, an 

opportunity for her to adjust her strategy but she instead reasons that the data is only reported 

for the even numbered days and that odd numbered days are left out. Lisa claims it would be 

more accurate to talk about the 105 value as the overall rate of change for a nine-day period. 

When asked how she might make the 16-day calculation more accurate, Lisa sketches a 

graph of the table values and starts to reason about her ability to find the missing data. She 

claims she may need an equation and that an integral or area calculation would be necessary 

but is not able to give further detail. In the end, Lisa claims that she would not ever be able to 

find the missing data to provide a more accurate 16-day total since those values are “just not 

included.” She specifically notes she could not use the graph nor could she average the 

successive days since it is not apparent the rate of change for one day is dependent on the 

other days. 
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Lisa’s Local Theory Diagram for Task 5 
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Gina’s Local Theory Diagram for Task 5 

Description of Gina’s Interview 

Gina is one of the few students to begin Task 5 with one local theory and transition to 

a new local theory without my direct intervention. First, Gina reasons about the table values 

as if they represent the number of people infected on a given day. She computes the 

differences between successive days and sums them to find the total change. She explicitly 

claims these difference values are “the number of people that get infected every two days.” 

She finds that the total change in the infected population is two and then wonders if it is a 

coincidence that this is equivalent to the final table value minus the initial. Seemingly out of 

nowhere, Gina realizes she has not been thinking about the table values correctly, she claims 

that she had not originally read that the table values give the rate of change instead of the 

number of infected. With this new information, Gina reasons that she will need to now find 

linear equations modeling the rate of change between successive days so that she can 

integrate the rate function over the given intervals. She briefly considers finding one equation 

for the whole data set but then claims it would be more accurate if she finds eight different 

equations and integrates each over the appropriate interval. She notes that thinking about the 

graph, instead of the table, led her to consider writing the linear equations. Gina claims that 

each definite integral would be a “part” of the total accumulation and that she would have to 

add up all those parts to get the total change in the infected population. Unfortunately, the 

interview session had ended and I did not probe her farther on why she wanted to find these 

linear equations or how why the integral was necessary. 
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Gina’s Local Theory Diagram for Task 5 
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Nancy’s Local Theory Diagram for Task 5 

Description of Nancy’s Interview 

While the core of Nancy’s local theory is stable, she does shift her thinking a few 

times during the task. Nancy believes the table values represent the number of people 

infected during a given day as opposed to the actual number of infected individuals. She 

claims that negative table values therefore represent people getting better. Nancy spends a 

little time considering the fluctuations in the infection rate trying to reason about why the 

virus would have been able to bounce back after its initial drop off. She claims it could have 

been due to the virus’ ability to manipulate itself to find a way around the medicine or may 

have different forms. In finding the total change in infected, Nancy first claims to have to 

find the average of the table values and knows such an average would be the “average 

infected person per day”, however when asked if her average answers the question of what 

the total change is, she says no. She then goes on to say that since no initial infected 

population is given, she could assume some arbitrary population and then add on or subtract 

the table values and then compare her ending population with the assumed initial population. 

When asked about what is happening on the days between the given data, Nancy states that 

she must assume nothing changed, no one infected and no one better, since there is no 

information. I ask her if she feels this is an accurate assumption based on the data and Nancy 

quickly says it is not and develops a new strategy of averaging chunks of the data based on 

the overall trends. She sees three distinct chunks that she averages and uses those average 

values for the missing days within a chunk and then average the border days between chunks. 

She then returns to her original procedure of adding these values to her assumed initial 
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condition to find the total change. When asked, she claims she had to make different 

assumptions and had a different strategy compared to Tasks 2 and 4 since there was only a 

table with missing information instead of a graph, which is more accurate. 

 

Nancy’s Local Theory Diagram for Task 5 

 

 
 


