
Equipartition of Rotational and Translational Energy in a Dense Granular Gas

Kiri Nichol1 and Karen E. Daniels2,*
1Kamerlingh Onnes Laboratory, Leiden University, The Netherlands

2Department of Physics, North Carolina State University, Raleigh, North Carolina, USA 27695
(Received 26 July 2011; published 5 January 2012)

Experiments quantifying the rotational and translational motion of particles in a dense, driven, 2D

granular gas floating on an air table reveal that kinetic energy is divided equally between the two

translational and one rotational degrees of freedom. This equipartition persists when the particle

properties, confining pressure, packing density, or spatial ordering are changed. While the translational

velocity distributions are the same for both large and small particles, the angular velocity distributions

scale with the particle radius. The probability distributions of all particle velocities have approximately

exponential tails. Additionally, we find that the system can be described with a granular Boyle’s law with a

van der Waals-like equation of state. These results demonstrate ways in which conventional statistical

mechanics can unexpectedly apply to nonequilibrium systems.
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Many processes operate far from equilibrium and there-
fore cannot be described within the framework of classical
thermodynamics and statistical mechanics. One of the
simplest nonequilibrium systems is the granular gas, com-
posed of driven, colliding macroscopic particles [1]. Such a
system differs from an ideal gas in two important ways:
energy input is required to maintain a gaseous state, and
steric effects arise due to finite particle size. Granular gases
can exist in a nonequilibrium steady state (NESS) in which
energy flows into the system from an injection mechanism
and out of the system via dissipation. Studying granular
gases allows us to examine the extent to which these
systems can be described using the techniques of conven-
tional statistical mechanics.

While there has been a great deal of success describing
dilute granular gases using a Chapman-Enskog expansion
of the Boltzmann equation [2,3], deviations from ordinary
gases arise as the density of the gas increases [1]. For
example, granular gases exhibit non-Gaussian velocity
distributions [4–8], nonequally partitioned kinetic energy
(temperature) in mixtures of different particles [4,9,10],
and a breakdown of molecular chaos due to velocity cor-
relations [11]. These behaviors, together with simulations
in which strong correlations between translational and
rotational velocities are observed [12], raise the question
of how such systems partition energy (or momentum)
between rotational and translational modes. In this Letter,
we present an experiment which, remarkably, exhibits
equipartition between the rotational and translational
energies.

To connect macroscopic state variables (pressure, vol-
ume, energy) with microscopic dynamics (translational
and rotational particle velocities), we perform experiments
on a dense granular gas composed of a single layer of
bidisperse disks [13,14]. The particles float on an air
hockey table and are driven by impulses from bumpers at

the boundaries, producing a fluctuating but stationary state.
In contrast with the many previous experiments [4–11]
which inject energy by global agitation, we drive the
system via particle-scale bumpers at the boundaries. We
find that the distributions of the particle velocities are
exponential in character and that they are remarkably un-
affected by modifications to the packing density, particle
interactions (friction or restitution) or the boundary condi-
tion (constant pressure or constant volume). Because the
time-averaged energy of the particles is constant, we are
able to identify a gaslike equation of state (EOS) with a
van der Waals correction, similar to prior observations in a
monodisperse system of vertically vibrated spheres [15].
This EOS points to the utility of thermodynamiclike ap-
proaches, even for far-from-equilibrium systems.
Experiment.—We perform experiments on bidisperse

disks (petri dishes) which float on a horizontal air table
(see Fig. 1(a); further description in [13,14]). We use a
high-speed camera to track the translational and rotational
trajectories at a time resolution sufficient to resolve indi-
vidual collisions. The system is driven on three of four
sides by impulses from electromagnetic bumpers; random
bumpers are triggered every 0.1 s. As shown in Fig. 1(b),
the injection of kinetic energy is an irregular process, with
intermittent strong heating followed by approximately ex-
ponential cooling. This irregularity is likely due to tran-
sient force chains [16,17] which happen to terminate at a
firing bumper and can therefore efficiently transmit im-
pulses. The system is constrained on the fourth side by a
piston (mass ¼ 439 g) which also floats on the air table.
The position of the piston can be fixed to create a constant
volume system (CV), while a constant pressure system
(CP) is produced by suspending masses on lines which
run from the piston to pulleys on the opposite side of the
table. The two-dimensional pressure exerted on the system
ranges from 0:01 N=m<P< 0:1 N=m. We primarily
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investigate amorphous packings with packing density
0:61<�< 0:79 (147 to 186 particles). These � lie below
the point at which a jamming transition would occur in a
static system [18,19]. The upper limit of the accessible �
range is set by the pressure at which out-of-plane buckling
occurs, while the lower limit is set by the requirement that
� must be high enough for firing bumpers to contact
particles. In addition to amorphous packings, we have
also examined crystalline packings in which the system
is prepared with all of the small particles on theþy side of
the table and all of the large particles on the �y side.

We prepare the system with N ¼ NS þ NL particles so
that the area covered by large and small particles is
approximately equal. Large particles have radius rL ¼
41:8 mm and small particles rS ¼ 27:9 mm; since
ðrL=rSÞ2 � 2, we choose NS ¼ 2NL. For bare petri dish
contacts, the coefficient of friction is � ¼ 0:5 and the
coefficient of restitution is � ¼ 0:33� 0:03 [13]. The fric-
tion and restitution coefficients can be adjusted by stretch-
ing an elastic band around each of the particles so that the
diameter remains unchanged; this results in �0 ¼ 0:85 and
�0 ¼ 0:51� 0:07 [13]. (All variables describing the
banded particles are denoted with the prime.) The mass
m and moment of inertia I for bare dishes aremL ¼ 8:13�
0:20 g and IL ¼ 1:3� 0:1� 104 gmm2, and mS ¼
3:52� 0:12 g and IS ¼ 2:5� 0:2� 103 gmm2. With the
addition of rubber bands, m increases by 0.44 g, and
I increases to I0S¼2:8�0:2�103 gmm2 and I0L¼
1:4�0:1�104 gmm2. The moment of inertia is measured
by rolling particles down an inclined plane.

Each particle is tagged with a unique nine-dot pattern
which allows the identity, position, and angular orientation
to be determined; in addition, we track the location of the
piston to measure the system area A. We film the experi-
ment using a Phantom V5.2 high-speed camera and mea-
sure the translational (vx, vy) and rotational (!) velocities

from the trajectory of each particle. A key benefit of unique

labels is to eliminate error caused by confusing the iden-
tities of two particles [20]. Images are taken at a frame rate
of 40 Hz, and a 5-point boxcar average is applied along the
trajectories to reduce noise. Sampling at a lower rate
causes the velocity distributions to narrow, while taking
images at a higher rate leaves the velocity distributions
unchanged. Measurements of stationary particles indicate
that the v resolution is�2 mm=s, while the! resolution is
�0:4 rad=s. The 40 Hz frame rate allows each measure-
ment run to last 100 s (4000 frames); 1� 4 such runs are
collected for each choice of �, P, the boundary condition
(CP, CV) and the particle properties (bare, banded). We
find that stationarity of statistical distributions is achieved
within several seconds.
Velocity distributions.—As shown in Figs. 2(a) and 2(b),

the probability distributions of the translational velocities
vx;y are approximately exponential in character, and have

the same mean speed jvx;yj � 20 mm=s. Several observa-

tions suggest that the broader-than-exponential tails of
P ðvÞ are due to high-speed particles near the bumpers.
First, P ðvxÞ is asymmetric: the (� x) side of the distribu-
tion is narrower because there are no bumpers along the
piston. Second, if we restrict P ðvyÞ to only those particles

more than 3rL from the boundaries, a more exponential
form is recovered, shown in Fig. 2(c). The high-velocity
tails for the small particles are slightly wider than for the
large particles, which suggests that the small particles
acquire a slightly larger velocity from the bumpers.
The angular velocity distributions P ð!Þ are also ap-

proximately exponential. In addition, the P ð!Þ distribu-
tions collapse to a single curve when rescaled by the
particle radius [see Fig. 2(d)], suggesting that the system
prefers rolling contacts. Measurements of the relative ve-
locity at each contact confirm this preference. The shapes
of all three P ðvx; vy; !Þ distributions are very robust:

switching from CP to CV boundary conditions, varying
�, changing � and �, and ordering the system have little
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FIG. 1 (color online). (a) Schematic of experiment, top view, with bumpers at sides. The piston provides CP boundary conditions, or
can be fixed in place to create CV. (b),(c) Time series of average kinetic energy per particle at two values of � (CV boundary
conditions).
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effect on any of the velocity distributions. In addition, the
mean values of hjvxji, hjvyji, and hrj!ji are all similar. As

we will examine below, this similarity results from both
equipartition and the way mass is distributed within the
particles.

Equipartition.—The time average of the total kinetic
energy of the system, �E ¼ hEðtÞi, is the sum of the
translational ( �Etr) and rotational ( �Erot) energies of all the
particles (i ¼ 1 . . .N) in the system:

�E ¼ X

i

1

2
mihv2

i;xi þ
X

i

1

2
mihv2

i;yi þ
X

i

1

2
Iih!2

i i: (1)

The rms velocities, h� � �i, are averaged over time. In equi-
librium thermal systems, equipartition requires that each
degree of freedom (DOF) have the same energy; however,
no such requirement exists for nonequilibrium systems. As
shown in Fig. 2, we observe that the large and small
particles have the same P ðvÞ, indicating that translational
energy is not partitioned equally between the two species.
However, the system does partition the energy equally
between the two translational and one rotational DOF: as
shown in Fig. 3(a), the value of hEtr=Ei is approximately
2=3. This observation holds for both bare and banded
particles and for both CP or CV boundary conditions,
although the ratio �Etr= �E decreases slightly with increasing
� (or P).

In Fig. 2(d) we observed that hrLj!Lji ¼ hrSj!Sji.
However, many different pairs of P ð!SÞ and P ð!LÞ can

satisfy this requirement. An additional constraint is pro-
vided by the equipartition of �Etr and �Erot:

ðNSmS þ NLmLÞhv2
x;yi ¼ NSISh!2

Si þ NLILh!2
Li: (2)

The moment of inertia can be written as Ii ¼ �imir
2
i ,

where � describes how mass is distributed over the
particles: �S ¼ 0:97, and �L ¼ 0:94. Equation (2) can be
satisfied for any two values of �L and �S when hrLj!Lji ¼
hrSj!Sji and P ðvSÞ ¼ P ðvLÞ. The observation that �Etr= �E
is systematically lower for the large particles follows from
the observation that �L < �S. Because the two P ð!Þ have
the form e�aj!Lj=rL and e�aj!Sj=rS , this pair of distributions
can fulfill the geometrical preference for rolling contacts
for any value of a selected by the system. The system is
observed to choose a such that there is equipartition of
rotational and translational energy at each �.
Equation of state.—In equilibrium statistical mechanics,

the total kinetic energy [Eq. (1)] corresponds to the tem-
perature: E ¼ 3

2 kBT. In our experiment, we observe that

even though EðtÞ fluctuates significantly [see Fig. 1(b)], the
average per-particle value �E=N ¼ hEðtÞi=N is a constant
independent of �, material, boundary condition, and de-
gree of spatial ordering [see Fig. 3(b)]. This value is not
universal, but depends on such details as bumper firing
frequency, piston inertia, and number of particles. In anal-
ogy with a thermal bath at constant T, the bumpers at the
boundary create a granular gas with constant �E. It is there-
fore natural to inquire whether a granular version of
Boyle’s law (PV ¼ const) holds.
In two dimensions, the pressure exerted by the piston is

given by a force per unit length, so that P ¼ F=L and PA
has units of energy. As has been done for experiments on
vibrated granular crystals [15], we apply a van der Waals-
like correction to account for the excluded area. The free
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FIG. 3 (color online). (a) Time-averaged ratio of the transla-
tional kinetic energy to the total kinetic energy hEtr=Ei averaged
over 100 s. Dashed line is 2=3, corresponding to equipartition.
(b) Average kinetic energy per particle as a function of �. Error
bars are typical standard deviation. Each data point indicates the
average for 25 s of data (CP) or 100 s (CV). Color of symbols
indicates P (see Fig. 4 for key).
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FIG. 2 (color online). Translational velocity distributions
(a) P ðvyÞ, with hjvyji ¼ 19:9 mm=s, (b) P ðvxÞ, with hjvxji ¼
19:4 mm=s and (c) P ðvyÞ for particles which are at least 3rL
from a boundary, with hjvyji ¼ 19:3 mm=s. (d) Rescaled rota-

tional velocity distribution P ðr!Þ, with hrj!ji ¼ 20:9 mm=s.
Colors indicate conditions of run (large, bare, amorphous, unless
otherwise specified).
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area available to the particles is the area under the piston
AðtÞ, less the area occupied by the particles and the inter-
stices too small to accommodate another particle. This
excluded area is given by A� � ðNS�r

2
S þ NL�r

2
LÞ=��,

where �� is a maximum packing density. In an ideal
gas PA ¼ E, but in dense systems the compressibility
increases due to the relative inaccessibility of nearby con-
figurational states. These steric effects introduce an addi-
tional factor (1þ �) [21], where the compressibility factor
� is proportional to 1þ � and to the pair correlation
function gðrÞ evaluated at the particle radius. Including
all three considerations, we consider the following EOS:

Pð �A� A�Þ ¼ �Eð1þ �Þ: (3)

In spite of the large temporal fluctuations of EðtÞ, �E ¼
hEðtÞi is constant, as shown in Fig. 3(b). We test Eq. (3) by
varying P and observing AðtÞ for a fixed number of either
bare or banded particles. We find that there is indeed a
linear relationship between �A and P (Fig. 4), where the
intercept corresponds to the excluded area A�. For P &
50 mN=m, the fluctuations in the area under the piston are
large and the system does not behave as though it is in a
steady state on the time scale of the experiment. From a
least-squares fit weighting each point equally, we deter-
mine �� ¼ 0:79� 0:02 and �0� ¼ 0:79� 0:04 for the
bare and banded particles, respectively. For comparison,
previously measured [13] values of static random loose
packing estimate �RLP ¼ 0:81 for both bare and banded
particles. For the crystalline system, ��

cryst ¼ 0:81� 0:02,

which is also less dense than the hexagonally close packed
value �HCP ¼ 0:91. Therefore, the measured �� do not
correspond to the van der Waals-like maximally dense
static state (this would correspond to either random-
close-packing �RCP or �HCP), but to some kinetically
determined value.

The slopes of the equations of state plotted in Fig. 4
correspond to 1þ �; their deviation from a value of 1

corresponds a measurement of the compressibility. For
bare particles, 1þ � ¼ 1:3� 0:1, for banded particles 1þ
�0 ¼ 3:2� 0:8, and for crystalline bare particles 1þ
�cryst ¼ 0:7� 0:1. Although � is predicted to increase as

the system becomes denser [21], we instead find that � is
approximately constant for all the values of P that we
examined. This result is unexpected, especially given that
experiments on a single layer of vertically-shaken spheres
[15] indicate that � rises with increasing P as expected.
Conclusions and discussion.—We have tracked the

translational and rotational motion of a dense granular
gas of bidisperse particles driven by bumpers at the bound-
ary of a horizontal air table. The states generated have
constant P, �A, and �E, which motivates treating the system
within the framework of statistical physics. The velocity
distributions are approximately exponential and are inde-
pendent of the packing density, particle properties, and
degree of spatial ordering. The exponential character of
these distributions is consistent with both horizontal quasi-
2D free cooling experiments [4] and quasi-2D vibration
experiments in microgravity [5,8]. Our system appears to
experimentally realize a state in which rare, high-energy
injections produce a well-mixed steady state [22], although
simulations of this driving mechanism find power law
tails in the velocity distributions, while we observed
nearly exponential tails. Although energy is not partitioned
equally between the large and small particles, we do
observe equipartition between the two translational and
one rotational DOF. Finally, the system exhibits a
van der Waals-like equation of state. These findings indi-
cate that while granular gases can exhibit some properties
of equilibrium statistical mechanics (equipartition of
rotational and translational energy, Boyle’s law), they do
not necessarily do so (the velocity distributions are not
Gaussian and energy is not partitioned equally between
the large and small particles). The observation of a ther-
modynamiclike EOS for such a small system provides
encouragement that similar descriptions may be possible
in the many boundary-drive granular systems where only a
mesoscopic portion of the system, typically <10 particle
diameters within shear bands, is set into motion.
We find that the translational velocity distributions are

the same for both the large and small particles; conse-
quently, energy is not partitioned equally between the
two particle species. Other experiments on ensembles of
particles made from different materials [4,9,10] indicate
that energy is not partitioned equally between particles
with different properties. The absence of equipartition
amongst particles with different restitution coefficients
has been explained within the context of Chapman-
Enskog expansions [23]. In addition, simulations [24,25]
predict that the way energy is distributed between rota-
tional and translational modes depends on � and �; how-
ever, for the values used here, equipartition of �Etr and �Erot

is not predicted.
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While we observe equipartition between the rotational
and translational degrees of freedom, it is notable that no
such equipartition is observed in dilute granular gases with
fully 3D motions [26]; this raises the question of whether
the density or the dimensionality is the key difference
which promotes equipartition. Additional constraints arise
due to density: particles most easily translate in concert
with their neighbors and rotational motion is governed by
interparticle friction. ThatP ðvx;yÞ are the same for both the

large and the small particles in our 2D system indicates that
translational motion requires cooperation. In addition, that
P ðvr!Þ are the same for both the large and small particles
indicates a preference for rolling contacts. The latter con-
straint does not apply in 3D because translational motion
can occur along the axes of rotational motion. Once the
preference for rolling contacts is fulfilled, our 2D system
still must select how to distribute kinetic energy amongst
the rotational and translational degrees of freedom.
Unexpectedly, our findings suggest that equipartition,
while not guaranteed for a nonequilibrium system, is
used to select how the rotational and translational energy
is distributed.
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[23] V. Garzó and J. Dufty, Phys. Rev. E 60, 5706 (1999).
[24] S. McNamara and S. Luding, Phys. Rev. E 58, 2247

(1998).
[25] O. Herbst, R. Cafiero, A. Zippelius, H. J. Herrmann, and S.

Luding, Phys. Fluids 17, 107102 (2005).
[26] K. Feitosa, H. Wang, and N. Menon (to be published).

PRL 108, 018001 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending

6 JANUARY 2012

018001-5

http://dx.doi.org/10.1146/annurev.fluid.35.101101.161114
http://dx.doi.org/10.1063/1.865302
http://dx.doi.org/10.1063/1.865302
http://dx.doi.org/10.1017/S0022112091000599
http://dx.doi.org/10.1063/1.166442
http://dx.doi.org/10.1103/PhysRevLett.83.440
http://dx.doi.org/10.1103/PhysRevLett.83.440
http://dx.doi.org/10.1103/PhysRevLett.85.3676
http://dx.doi.org/10.1103/PhysRevLett.85.3676
http://dx.doi.org/10.1103/PhysRevE.80.060304
http://dx.doi.org/10.1103/PhysRevE.80.060304
http://dx.doi.org/10.1007/s12217-008-9040-5
http://dx.doi.org/10.1103/PhysRevLett.88.198301
http://dx.doi.org/10.1103/PhysRevLett.88.198301
http://dx.doi.org/10.1103/PhysRevLett.88.064301
http://dx.doi.org/10.1103/PhysRevLett.88.064301
http://dx.doi.org/10.1103/PhysRevLett.99.028001
http://dx.doi.org/10.1103/PhysRevLett.99.028001
http://dx.doi.org/10.1103/PhysRevLett.98.128001
http://dx.doi.org/10.1039/b926754a
http://dx.doi.org/10.1039/b926754a
http://dx.doi.org/10.1103/PhysRevE.83.041301
http://dx.doi.org/10.1103/PhysRevE.83.041301
http://dx.doi.org/10.1103/PhysRevLett.89.045501
http://dx.doi.org/10.1103/PhysRevLett.89.045501
http://dx.doi.org/10.1103/PhysRevE.73.011303
http://dx.doi.org/10.1103/PhysRevE.73.011303
http://dx.doi.org/10.1146/annurev-conmatphys-070909-104045
http://dx.doi.org/10.1146/annurev-conmatphys-070909-104045
http://dx.doi.org/10.1088/0953-8984/22/3/033101
http://dx.doi.org/10.1088/0953-8984/22/3/033101
http://dx.doi.org/10.1063/1.1666989
http://dx.doi.org/10.1063/1.1666989
http://dx.doi.org/10.1103/PhysRevE.63.042201
http://dx.doi.org/10.1103/PhysRevLett.94.138001
http://dx.doi.org/10.1103/PhysRevLett.94.138001
http://dx.doi.org/10.1103/PhysRevE.60.5706
http://dx.doi.org/10.1103/PhysRevE.58.2247
http://dx.doi.org/10.1103/PhysRevE.58.2247
http://dx.doi.org/10.1063/1.2049277

