
 ABSTRACT 

JI, XIANG. Phylogenetic Approaches for Quantifying Interlocus Gene Conversion. (Under 
the direction of Dr. Jeffrey L. Thorne and Dr. Sujit Ghosh). 
 

This thesis presents various phylogenetic modeling strategies related to the 

quantification of interlocus gene conversion (IGC) in multigene family evolution. IGC 

mutations bring in additional correlation between paralog sequences by copying a sequence 

stretch from the ‘donor’ paralog into the equivalent region of the ‘recipient’ paralog.  The 

results in this thesis indicate that the IGC rate can be substantial and should not be ignored.  

The tools presented in this thesis can be applied to improve phylogeny inference, divergence 

time estimation, and assorted other downstream analyses.  

The first chapter reviews probabilistic models for sequence changes that arise via 

point mutation.  It also overviews background material concerning IGC mutations and 

statistical methods for examining whether IGC has contributed to shaping observed genetic 

variation.  

The second chapter presents a composite likelihood strategy for incorporating IGC 

into widely-used probabilistic models for sequence changes that originate with point 

mutation. By applying this composite likelihood method, we estimated the percentage of 

nucleotide substitutions that originate with an IGC event rather than a point mutation in 14 

groups of yeast ribosomal protein-coding genes, and found values ranging from 20% to 38%. 

In addition, we designed and applied a procedure to determine whether these percentages are 

inflated due to artifacts arising from model misspecification. The results of this procedure are 

consistent with IGC having had an important role in the evolution of each of these 14 gene 

families. 



The third chapter concentrates on how individual IGC events can simultaneously 

affect a tract of consecutive sequence positions. We developed two new approaches for 

estimating the tract lengths of sequence stretches that are fixed subsequent to an IGC 

mutation. The first approach jointly considers two sites in a paralog as well as the 

corresponding two sites in each other paralog. The second new IGC inference strategy adds a 

hidden Markov model to our independent-site approach in order to estimate parameters 

related to IGC tract length and IGC initiation rate.  

The fourth chapter describes ongoing research directions.  These include: strategies 

for IGC inference in gene families that have large numbers of paralogs; the influence of IGC 

on inferring the history of gene duplications; and how to incorporate asymmetry among 

paralogs in IGC donor-recipient tendencies. 

The fifth chapter discusses the scientific meaning of this work.  We hope that IGC 

tools presented in this thesis can be usefully applied and adapted so that a better 

understanding of IGC in multigene evolution develops, and can offer the possibility of 

improved orthology assignment and understanding of gene tree incongruence. 
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Chapter 1  

Introduction 

Quests for origins never stop. Despite the philosophical nature of the quests, scientists have 

been seeking the origins of our world and all life forms for centuries. With the cosmic 

microwave background as its strongest support, now the origin of the universe is widely 

accepted and explained by the Big Bang theory (Hawking et al. 1970; de Bernardis et al. 

2000; Partridge 2007). There are several theories on how life started but none of them 

dominate (Gilbert 1986; Segré 2001; Shapiro 2007;). Although the mechanism of how life 

started is still in-debate, it is widely accepted that all living life forms are probably descended 

from one common ancestral species, named as the last universal common ancestor (LUCA). 

This idea was first proposed by Charles Darwin in his On the Origin of Species (Darwin 

1859). Darwin’s work was based on morphological evidence. He suggested a tree structure to 

explain the evolutionary relationships among species (see Figure 1.1). Such a tree is also 

called a phylogenetic tree, or a phylogeny.  
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Figure	1.1	A	page	from	Darwin's	notebook	(Darwin	1837)	

 

The emergence of molecular data provided a new data source for phylogeny 

reconstruction. After the success of parsimony and distance-based methods, the field of 

phylogenetics gradually adopted likelihood-based statistical approaches to infer unobserved 

phylogenies from DNA and protein sequence data (Felsenstein 2004). With more and more 

species being sequenced, the resolution of the species tree kept improving and its size 

increased. The tree of life is no longer a mythical concept, but a practical collaborative 

project among scientists across the world.  As Yang and Rannala pointed out in their review 

(Yang and Rannala 2012): “Today, phylogenies are used in almost every branch of biology. 

Besides representing the relationships among species on the tree of life, phylogenies are used 

to describe relationships between paralogues in a gene family, histories of populations, the 

evolutionary and epidemiological dynamics of pathogens, the genealogical relationship of 

somatic cells during differentiation and cancer development and the evolution of language.” 

While Yang and Rannala outlined a wide range of the sorts of historical relationships that 
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phylogenies can convey, phylogenies are also important from a statistical perspective 

because they help to define the correlation structure that exists in biological data.  In fact, 

"tree-thinking" influences every biologist and is the reason why the famous Dobzhansky 

(1973) quotation “Nothing in Biology Makes Sense Except in the Light of Evolution” is true.  

In this chapter, I will briefly review the development of probabilistic models of 

sequence evolution.  These models are central to modern methods for phylogeny inference.  

One deficiency of widely used models is that they tend to ignore a phenomenon known as 

interlocus gene conversion (IGC).  I will introduce this biological process and will also 

overview existing methods for incorporating it into phylogenetic inference.  

 

1.1 Phylogenetic Trees 

It helps to distinguish between phylogenies that are gene trees and those that are species trees. 

A species tree represents the evolutionary relationship of species. A gene tree represents the 

evolutionary relationship among gene sequences.  Often, there is no need to distinguish 

between the two types of trees. One case where special attention is needed is multigene 

family evolution. A multigene family is a set of homologous genes that originated from one 

gene by duplication events as well as speciation events. Genes that are descended from a 

common ancestral duplication are called paralogs. They usually have similar biochemical 

functions but some may experience neo-functionalization where they acquire new functions 

or sub-functionalization where the function of the original gene is divided and maintained 

separately by the new genes. Another common fate of new genes generated by duplication is 
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the loss of function. The new gene may lose its function by becoming a pseudogene (e.g. via 

mutations that eliminate transcription or that introduce very early stop codons) or by being 

removed from the genome due to a subsequent deletion.  

 

 

Figure	 1.2	 Species	 tree	 and	Gene	 tree	 example.	 The	 species	 tree	 on	 the	 left	 shows	 the	 evolutionary	 relationship	 of	 four	
species	that	are	labeled	with	capital	letters	{A,	B,	C,	D}.	The	gene	tree	on	the	right	shows	the	evolutionary	relationship	of	
seven	genes	 from	the	 four	 species.	The	multigene	 family	 comprising	 these	 seven	genes	arose	via	 two	duplication	events	
(the	creation	of	red	and	blue	lineages)	and	one	gene	loss	event	(the	deletion	in	species	D).	The	genes	are	named	by	their	
species	and	a	subscript	number	for	each	paralog.	Genes	with	the	same	assigned	number	coalesce	(merge	on	the	gene	tree)	
by	speciation	events.	Genes	with	different	assigned	numbers	coalesce	by	duplication	events.		

 

Figure 1.2 shows an example of a species tree and a gene tree of a multigene family 

that is embedded in that species tree.  Usually, the evolutionary tree relating genes within a 

multigene family is not directly observed.  In such situations, there can be many alternative 

duplication and deletion scenarios that can potentially explain a set of observed members of a 

multigene family. 

The gene tree in Figure 1.2 perfectly agrees with the species tree. Sometimes, the 

gene tree and the species tree do not match. This disagreement can be caused by incomplete 
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lineage sorting, introgression, horizontal gene transfer, interlocus gene conversion, or other 

sources. The possibility of such disagreement has inspired great research interest.  The 

problem of inferring species trees from known gene trees is reviewed by Szöllősi et al. 2014. 

A complementary inference problem is to infer a gene tree from a known species tree.  This 

inferential direction is also interesting, especially when people want to know the duplication 

and loss history of a multigene family so that they can decipher how gene function has 

changed over time.  

 

1.2 Continuous time Markov chains 

Continuous time Markov chains can describe the sequence changes on a phylogenetic tree 

over the state space Φ. For example, the state space for nucleotides is Φ = {A,C,G,T} . 

Similarly, the state space for codons (or amino acids) is the set of codons (or amino acids). 

Let the state of the chain at time t be X(t)  which takes one of the values in Φ. The 

substitution matrix (generator) Q = {qij}  characterizes the Markov chain. The off-diagonal 

entry qij  is the instantaneous rate of changes from state i to state j, that is, 

qij = limΔt→0+
Pr(X(t + Δt) = j | X(t) = i) . And the diagonal entries of the substitution matrix are 

qii = − qij
j∈Φ, j≠i
∑ . Let p(t)  be a vector specifying the probability distribution of the chain at 

time t over the state space Φ. Therefore, p(t)  has the same size as the state space Φ and has 

its element pi (t) = Pr(X(t) = i) . The vector p(t)  is the solution to the following differential 

equation: 
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 dp(t)
dt

= p(t)Q   (4.1) 

with the solution: 

 p(t) = p(0)eQt   (4.2) 

where p(0)  is the probability distribution at the root node. The matrix exponentiation gives 

the transition probability matrix M (t) = eQt . Note that the transition probability matrix is 

usually denoted by P(t) in the literature, but is written as M (t)  here to distinguish from the 

probability distribution p(t)  over states. The (i, j)  entry in M (t)  is the transition probability 

from state i to state j after time t.  In other words, the (i, j)  entry in M (t)  is 

Pr(X(t) = j | X(0) = i) . The stationary distribution of the Markov chain π  must satisfy the 

following:  

 πQ = 0   (4.3) 

 

1.3 Felsenstein’s pruning algorithm 

The pruning algorithm was first introduced by Dr. Joseph Felsenstein to calculate the 

marginal probability of observing the sequence data at tips given the phylogenetic tree and 

the substitution model (Felsenstein 1973). This likelihood marginalizes all possible sequence 

states at the internal nodes of the phylogeny. The pruning algorithm was later recognized as a 

special form of a dynamic programming algorithm. I will show the pruning algorithm using 

the species tree in Figure 1.2. I use a bifurcating tree as an example just for convenience. A 

bifurcating tree has each internal node having degree of 3 which means that, when an old 
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branch splits, the result will always be exactly 2 new branches. The pruning algorithm can be 

applied to any acyclic phylogenetic tree and multifurcation (i.e. splits of an old branch into 3 

or more new branches) can be accommodated by the algorithm. 

 In Figure 1.2a, the species tree has a root node N1, 2 additional internal nodes 

{N2,N3} , and 4 extant nodes {A,B,C,D} . The root of the tree represents the ancestral 

lineage and the extant nodes represent current species. Therefore, time flows from the root 

node to the leaves on the phylogenetic tree. For a time-reversible substitution model at 

stationarity, the length of the branch connecting node N0 and N1 is unidentifiable. The 

marginal likelihood of observing one column in the multiple sequence alignment of 

{Xi ∈Φ,i = A,B,C,D}  is: 

 L(θ ) = f (XA ,XB ,XC ,XD |θ ) = f (X0,X1,X2,X3,XA ,XB ,XC ,XD |θ )
X3
∑

X2
∑

X1
∑

X0
∑   (4.4) 

where θ is the set of parameter values in the model. By the Markovian property of the model, 

the state of the child node only depends on its parent node’s state and the length of the branch 

that connects them. Therefore, the summation of joint likelihoods can be further broken 

down into: 

 

f (X0,X1,X2,X3,XA ,XB ,XC ,XD |θ )
X3
∑

X2
∑

X1
∑

X0
∑
= f (XA ,X2 | X1,θ ) f (XB ,XC | X3,θ ) f (XD ,X3 | X2,θ ) f (X1 | X0,θ )

X3
∑ f (X0 |θ )

X2
∑

X1
∑

X0
∑

= f (X0 |θ ) f (X1 | X0,θ )
X1
∑

X0
∑ f (XA ,X2 | X1,θ )

X2
∑ f (XD ,X3 | X2,θ ) f (XB ,XC | X3,θ )

X3
∑

 (4.5) 

 Let Li (Xi )  denote the conditional likelihood of observing the data at or above the 

internal node i given θ  where the root node is considered at the bottom of the tree and that 
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node i has state Xi. For example, L3(X3) = f (XB ,XC | X3,θ )  and 

L2 (X2 ) = f (XD ,X3 | X2,θ ) f (XB ,XC | X3,θ )
X3
∑ . Let p0  be the probability distribution of states 

at the root node N0. The marginal likelihood can now be written as: 

 L(θ ) = p0
T L0   (4.6) 

and the conditional likelihood can be sequentially calculated (pruning) by: 

 

 

Li =
δ Xi

if node i is a leaf node in state Xi

M (tl )Ll( )! M (tr )Lr( ) if node i has children l,  r

⎧
⎨
⎪

⎩⎪
  (4.7) 

 where symbol  !  denotes the pointwise product of two vectors which has the ith element 

being  u !v( )i = uivi , and where δ Xi  denotes the vector with all zeros except for state Xi  

having value 1.  

 

1.4 Models of DNA Substitution 

A wide variety of nucleotide substitution models have been employed for evolutionary 

inference.  As is usually the situation with likelihood-based inference, a compromise between 

data set size and parameter-richness of a model must be made.  However, likelihood-based 

inference in the molecular evolution setting can also be computationally challenging and 

sometimes the computational concerns motivate the choice of a probabilistic model of 

sequence change.  Rather than listing all nucleotide substitution models that have been 

proposed, we attempt here to list some of the models that have been the most widely 



 

9 

employed and we focus on some of those that have been used so often that the specific model 

parameterizations have been named. 

Jukes and Cantor (1969) proposed the first DNA substitution model. The JC69 model 

assumes equal base frequency at stationarity and equal rates of all substitutions. The JC69 

model has the form: 

 Q =

A C G T

A
C
G
T

. λ λ λ
λ . λ λ
λ λ . λ
λ λ λ .

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

  (4.8) 

where the diagonal entries are written “.” rather than specifying that the value of each 

diagonal entry is the negative sum of the off-diagonal elements in that row. 

The four nucleotides are often divided into two groups according to their chemical 

properties. Specifically, Adenine and Guanine are purines and Cytosine and Thymine are 

pyrimidines. Substitutions within the same chemical group are called transitions whereas 

those between groups are called transversions. Typically, transitions happen more frequently 

than transversions. Kimura (1980) incorporated a new parameter κ to represent the 

transition/transversion rate ratio. The Kimura 2 parameter model (K2P) model has the form: 

 Q =

. λ κλ λ
λ . λ κλ
κλ λ . λ
λ κλ λ .

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

  (4.9) 

Felsenstein (1981) incorporated nucleotide frequencies into the rate matrix. The F81 

model has the form: 
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 Q =

. πC πG πT

π A . πG πT

π A πC . πT

π A πC πG .

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

  (4.10) 

 Hasegawa, Kishino and Yano (1985) combined the ideas of K2P and F81 to reflect 

that substitution rates are influenced by both the transition/transversion ratio and unequal 

base frequencies. The HKY85 model has the form: 

 Q =

. πC κπG πT

π A . πG κπT

κπ A πC . πT

π A κπC πG .

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

  (4.11) 

 Tamura and Nei (1993) further distinguished between the two types of transitions (

A↔G,C↔ T ). The TN93 model has the form: 

 Q =

. πC κ1πG πT

π A . πG κ 2πT

κ1π A πC . πT

π A κ 2πC πG .

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

  (4.12) 

 It is easy to see that JC69, K2P, F81 and HKY85 models are special cases of TN93 

model. The TN93 model has an analytical form for the transition probability matrix: 
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eQt =

π A +
π AπY

π R

e2 +
πG

π R

e3 πC (1− e2 ) πG +
πGπY

π R

e2 −
πG

π R

e3 πT (1− e2 )

π A(1− e2 ) πC +
πCπ R

πY

e2 +
πT

πY

e4 πG (1− e2 ) πT +
πTπ R

πY

e2 −
πT

πY

e4

π A +
π AπY

π R

e2 −
π A

π R

e3 πC (1− e2 ) πG +
πGπY

π R

e2 +
π A

π R

e3 πT (1− e2 )

π A(1− e2 ) πC +
πCπ R

πY

e2 −
πC

πY

e4 πG (1− e2 ) πT +
πTπ R

πY

e2 +
πC

πY

e4

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

 (4.13) 

where e2 = exp(−t) , e3 = exp −(π Rκ1 +πY )t[ ] , e4 = exp −(πYκ 2 +π R )t[ ] , πY = πT +πC , and

π R = π A +πG .  

 The general time reversible model (GTR) is a generalization of the TN93 model 

(Tavaré 1986).  It specifies base frequency and distinguishes all types of nucleotide 

substitutions. The GTR model has the form: 

 Q =

. aπC bπG cπT

aπ A . dπG eπT

bπ A dπC . πT

cπ A eaπC πG .

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

  (4.14) 

 For a single site, the most general DNA substitution model has 12 free parameters for 

each substitution (Yang 1994). Let UNREST denote this model as implemented in baseml 

(Yang 2007). The UNREST model differs from the GTR model by relaxing the time-

reversible property of the Markov process. The GTR and UNREST models do not have 

closed form analytical solutions for the transition probability matrix. The UNREST model 

has the form: 
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 Q =

. a b c
d . e f
g h . i
j k l .

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

  (4.15) 

 

1.5 Models of Codon substitution 

Codon substitution models were introduced by Schöniger et al. 1990. The most influential 

codon substitution models were proposed by Muse and Gaut (1994) and Goldman and Yang 

(1994). In these models, the codon triplet (consisting of three consecutive nucleotides that 

specify an amino acid) is considered the unit of evolution. Stop codons are ignored in these 

models.  For the standard genetic code, this reduces the state space of codon-based model 

from a size of 64 to the 61 non-stop codons.  Because the 61 codons each represent exactly 

one of 20 amino acids, the standard genetic code is degenerate. Codons that code for the 

same amino acid are referred to as being synonymous. Nonsynonymous codons encode 

different amino acids. The main improvement of codon substitution models is the 

introduction of the nonsynonymous/synonymous ratio (usually denoted by ω), which is a 

simple way to characterize natural selection at the protein level.  The value of ω can be 

categorized into three groups. When ω  = 1, synonymous and nonsynonymous changes fix at 

the same rate, representing neutral protein evolution. When ω < 1, nonsynonymous changes 

are removed more often than synonymous changes, representing purifying selection. When ω 

> 1, nonsynonymous changes are more likely to fix, representing diversifying positive 

selection.  
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 Yang and Nielsen (1998) and Nielsen and Yang (1998) simplified the original model 

of Goldman and Yang (1994) and incorporated three features of sequence evolution: the 

transition/transversion rate ratio κ, the nonsynonymous/synonymous rate ratio ω, and 

different codon frequencies (πJ for codon J). The instantaneous rate of the substitution from 

codon I to codon J is specified as: 

 qIJ =

0 if I  and J  differ at two or three codon positions
π J if I  and J  differ by a synonymous transversion
κπ J if I  and J  differ by a synonymous transition
ωπ J if I  and J  differ by a nonsynonymous transversion
κωπ J if I  and J  differ by a nonsynonymous transition

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

  (4.16) 

 The Muse and Gaut (1994) model differs from the above model by replacing the 

codon frequency πJ with the nucleotide frequency πh when codon I and codon J differ at 

exactly one position with type h∈{A,C,G,T}  in codon J. The MG94 model has the 

instantaneous rate of substitution from codon I to codon J being: 

 qIJ =
0 if I  and J  differ at two or three codon positions
π h if I  and J  differ by a synonymous difference
ωπ h if I  and J  differ by a nonsynonymous difference

⎧

⎨
⎪

⎩
⎪

  (4.17) 

 

1.6 Homogeneity, Stationarity and Reversibility 

A Markov chain is time-homogeneous if the elements in the rate matrix Q are independent of 

time. If a Markov chain is time-homogeneous and is at equilibrium at some time, for 
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example, p(0) = π  such that πQ = 0 , then the Markov chain will be at equilibrium at all 

times; such a chain is considered to be at stationarity.  

 A Markov chain is time reversible if it satisfies π iQij = π jQji ,  for all i ≠ j .  Except for 

the UNREST model, the nucleotide substitution and codon substitution models described 

above are time reversible. The reversibility property means that the Markov process will look 

the same no matter in which direction time flows. When time reversibility and stationarity 

are both assumed, likelihoods of phylogenies are identical for all possible placements of the 

root node.  In other words, the root of a tree is statistically unidentifiable for a time reversible 

model at stationarity.  

 Stationarity is usually assumed in a phylogenetic model because it reduces the 

number of parameters to estimate. If the model is true, the Markov process is likely to be 

approximately at stationarity given the long evolutionary time from the last universal 

common ancestor. The stationarity assumption is violated by certain biological processes. 

For example, a horizontal transferred gene may not be at stationarity right after being 

introduced into the new organism. Also, different regions of the genome may experience 

different biological constraints and this can yield variation of  evolutionary processes among 

sequence positions. Similarly, mutation rate may differ among genomic locations. The 

structure of the gene may pose additional constraint on its evolutionary process. Therefore, 

the parameter estimates from one region in the genome may not be directly applicable to 

another region.  

 



 

15 

1.7 Interlocus Gene Conversion 

Interlocus gene conversion (IGC) homogenizes paralogs in a multigene family. It is 

sometimes also referred to as non-allelic gene conversion.  IGC involves overwriting a 

stretch of DNA sequence in a recipient paralog with the corresponding DNA sequence from 

the donor paralog.  IGC events are initiated by a DNA double-strand break (DSB) in the 

DNA of what will be the IGC recipient gene.  IGC events are products of a DNA repair 

mechanism that use intact homologous sequence as template. The recipient sequence and the 

donor sequence can be on the same chromosome, or different chromosomes as shown in 

Figure 1.3. The repair mechanism generally forms Holliday junctions and requires high 

degrees of similarity between the two sequences. There are several mechanisms associated 

with the formation of Holliday junctions (reviewed in Chen et al. 2007). With all of these 

mechanisms, the result is that all or part of the sequence of the gene that has the initial DSB 

is replaced by the sequence of the corresponding region from another gene in the same 

multigene family.  

 

 

Figure	1.3	Interlocus	gene	conversion	between	and	within	chromosomes	as	in	Chen	et	al.	2007	
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The copy-paste nature of the IGC process means that evidence of nucleotide 

substitution in one paralog can be erased when IGC overwrites the sequence that experienced 

it.  In addition, IGC can make it appear as if parallel nucleotide substitutions independently 

arose by point mutation in two different paralogs. Figure 1.4 shows two artificial examples of 

how inference would be affected when IGC is ignored. Failure to consider IGC can obscure 

the process of nucleotide substitution and potentially impact inferences of phylogenies.  

 

 

Figure	1.4	Consequence	of	ignoring	IGC.	Left:	what	actually	occurred.	Right:	what	is	inferred	when	IGC	is	ignored.	The	left	
two	panels	show	what	actually	occurred	on	a	gene	tree	with	three	species	and	one	duplication	event	that	resulted	in	two	
paralogs	in	each	of	the	two	ingroup	species.	There	were	one	mutation	event	and	one	subsequent	IGC	event	that	copied	the	
mutation	to	the	other	paralog	in	both	cases.	The	only	difference	between	the	two	cases	is	the	branch	where	the	two	events	
happened.	 In	 the	 first	 case	 (top	 left	 panel),	 the	 two	 events	 happened	 on	 the	 post-speciation	 branch	 that	 leads	 to	 one	
ingroup	species.	In	the	second	case	(bottom	left	panel),	the	two	events	happened	on	the	branch	before	the	speciation	event	
but	after	the	duplication	event.	The	right	two	panels	in	Figure	1.4	show	what	is	inferred	under	the	parsimony	criterion	when	
IGC	is	ignored.	For	the	first	case,	the	sequence	pattern	would	be	explained	by	two	separate	mutation	events.	For	the	second	
case,	only	one	point	mutation	event	would	be	preferred	to	explain	the	sequence	pattern	and	it	is	positioned	on	the	wrong	
branch	of	the	tree.	The	total	number	of	events	and	the	distribution	of	root	node	state	are	affected	in	this	case.		
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Casola and Hahn (2009) showed that ignoring IGC would result in moderate false 

detection of diversifying positive selection through simple simulation studies that combined 

IGC with codon-based substitutions that originated via point mutation. They simulated 

sequence data for three paralogs as shown in Figure 1.5. Casola and Hahn concluded that 

branch length and gene conversion tract length both affect the false discovery rate of 

diversifying positive selection.  

 

 

Figure	1.5	Scheme	of	Casola	and	Hahn	simulation	conditions.	Each	tip	represents	one	paralog	and	the	gene	tree	consists	of	
two	rounds	of	duplication	events.	Two	types	of	IGC	events	were	simulated.		The	first	type	involved	the	two	closest	paralogs	
(the	left	panel).		The	second	type	involved	less	closely	related	paralogs	(the	right	panel).			Arrows	indicate	the	direction	of	
gene	conversion	as	in	Casola	and	Hahn	(2009)	

 

1.8 Existing Methods for Detecting IGC 

This section will first summarize the empirical approach for detecting IGC and then will 

summarize several representative statistical methods for the same purpose. 
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1.8.1 Empirical Approach 

As reviewed in Mansai et al. 2011, the empirical study of IGC involves transgenic 

systems where a pair of genes are set up by transferring artificially edited DNA sequences 

onto the same chromosome as shown in Figure 1.6.  By examining the converted markers 

around a selectable marker, an upper bound and a lower bound of the gene conversion tract 

length can be estimated empirically.  A caveat associated with this sort of empirical study is 

the possibility that the details of the artificially engineered system may affect the generality 

of the inferences.  Also, this kind of scheme can only be used to study IGC in a relatively 

small number of model genetic organisms.  

  

 

Figure	 1.6	 Illustration	 of	 a	 typical	 experiment	 to	 screen	 for	 gene	 conversion	 as	 in	Mansai	 et	 al.	 2011.	 The	 blue	 triangle	
represents	a	selectable	marker.	When	IGC	replaces	the	DNA	corresponding	to	the	red	triangle	in	the	recipient	by	that	of	the	
blue	triangle,	some	function	in	the	recipient	copy	could	be	induced	and	could	be	employed	as	a	screen	for	IGC	events.	For	
example,	in	yeast,	if	a	gene	for	uracil	or	histidine	is	used,	IGC	could	induce	prototroph	formation	and	this	could	be	a	basis	
for	selection.	
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1.8.2 Sawyer’s Method 

Sawyer’s method is implemented in his widely used software GENECONV (Sawyer 1989). 

It aims to evaluate the null hypothesis of no IGC.  GENECONV analyzes a multiple 

sequence alignment in a pairwise manner, searching for regions of sequence pairs that are 

unusually similar relative to other regions of each sequence pair. The program first excludes 

all invariant columns of the multiple sequence alignment and then looks for the highest 

scoring segments of each induced pairwise alignment. The scoring system is designed to find 

regions of high sequence identity by assigning positive scores to matches and negative scores 

to mismatches. Figure 1.7 shows a high-scoring region for the sequence pair consisting of 

Sequence #2 and Sequence #4.  

 

 

Figure	1.7	Example	segment	of	sequence	pair	in	Sawyer’s	method.	

 

 The program has two ways of calculating p-values. The first way is permutation-

based and the other is by a method of Karlin and Altshul (1990, 1993). The permutation-

based p-value is more accurate but takes more computational time. The columns of the 

original multiple sequence alignment are shuffled to create a permuted alignment. The same 

procedure of finding the highest scoring region for each sequence pair is applied to each 

permuted alignment. For each of the original highest scoring regions, the pairwise p-value is 
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the proportion of permuted alignments for which the maximal score for that pair of sequences 

is greater than or equal to the score for that pair of the highest-scoring region of the actual 

(unpermuted) sequences. The "global permutation p-value" for a sequence pair of interest is 

an attempt to design a conservative test for evaluating the null hypothesis of no IGC. It is 

calculated by finding the highest scoring region for each sequence pair in each permuted 

alignment and then taking the highest over all pairs of these high scores.  The "global 

permutation p-value" for the sequence pair of interest is the proportion of permuted 

alignments for which the highest score over all sequence pairs is greater than or equal to the 

highest scoring region of the actual sequences for the sequence pair of interest. Mansai and 

Innan (2010) showed by simulation study that GENECONV could have limited power for 

detecting IGC when the IGC rate is high.   

 GENECONV looks at sequence pairs to find sequence regions with high 

conservation.  It only searches for IGC evidence but it does not try to recover exact IGC 

tracts. If a region only experienced one IGC event, GENECONV is likely to detect only a 

subset of it as an IGC candidate. When a region experienced multiple IGC events, the 

situation is more complicated. GENECONV may pick up a region that is longer than each 

single IGC tract or several smaller subsets and this depends on how IGC events interact with 

each other and on the amount of accumulated sequence variation.  

 

1.8.3 The 4-2-4 Method 

Ezawa et al. 2006 developed a quartet-based method that incorporates phylogenetic 

information for detecting gene conversions. Following Ezawa et al. 2010, I will refer to the 
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Ezawa et al. 2006 approach as the 4-2-4 method. The 4-2-4 method uses two paralogous 

genes (denoted by numbers 1 and 2 in Figure 1.8) from two species (denoted by M and R in 

Figure 1.8) that are result of one gene duplication event and a subsequent speciation event. If 

no gene conversion happened between the paralogs, the orthologous genes across species are 

expected to be more closely related and therefore favor a (M1, R1) – (M2, R2) pattern as 

shown with the type 1 pattern of Figure 1.8.  If gene conversion homogenized paralogous 

sequences, the type 2 pattern of (M1, M2) – (R1, R2) is more likely. The test searches for 

longest type 2 tracts in the data as evidence of gene conversion. The test has a similar idea to 

Sawyer’s approach but pays more attention to the extra information (or constraints) from the 

phylogeny. 

 

 

Figure	1.8	Pattern	types	considered	by	the	4-2-4	Method	as	in	Ezawa	et	al.	2006.	

 

1.8.4 Innan’s Method 

Innan (Innan 2002, Innan 2003) developed a population genetics method for inferring IGC 

with a two-paralog two-allele diploid model. The idea is to consider the gene frequencies of 
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the four haplotypes, A-A, A-a, a-A and a-a. Let x1, x2, x3, x4 denote the frequencies of the 

four haplotypes where x1 + x2 + x3 + x4 = 1 . Let µ  be the point mutation rate between the two 

alleles, r be the recombination rate between two loci per generation, and c be the IGC rate 

between the two loci. Then the gene frequency of next generation can be written as: 

 x1
' = (1− 2µ)x1 + (µ + c)(x2 + x3)− rD   (4.18) 

 x2
' = (1− 2µ − 2c)x2 + µ(x1 + x4 )+ rD   (4.19) 

 x3
' = (1− 2µ − 2c)x3 + µ(x1 + x4 )+ rD   (4.20) 

 x4
' = (1− 2µ)x4 + (µ + c)(x2 + x3)− rD   (4.21) 

where D = x1x4 − x2x3 . By using the diffusion approximation (see Kimura 1964) and 

assuming equilibrium, the frequencies and the expectations of the amounts of variation 

(heterozygosity) within the two loci can be written as functions of the model parameters plus 

the population size (see Innan 2002 for details). The parameters of the model can be 

estimated by the empirical frequencies and heterozygosity.  
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2.1 Abstract 

Interlocus gene conversion (IGC) homogenizes repeats. While genomes can be repeat-rich, 

the evolutionary importance of IGC is poorly understood. Additional statistical tools for 

characterizing it are needed. We propose a composite likelihood strategy for incorporating 

IGC into widely-used probabilistic models for sequence changes that originate with point 

mutation. We estimated the percentage of nucleotide substitutions that originate with an IGC 

event rather than a point mutation in 14 groups of yeast ribosomal protein-coding genes, and 

found values ranging from 20% to 38%. We designed and applied a procedure to determine 

whether these percentages are inflated due to artifacts arising from model misspecification. 

The results of this procedure are consistent with IGC having had an important role in the 

evolution of each of these 14 gene families. We further investigate the properties of our IGC 

approach via simulation. In contrast to usual practice, our findings suggest that the IGC 

should and can be considered when multigene family evolution is investigated.  
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2.2 Introduction 

A variety of mutational mechanisms generate repeated sequences. Following their formation, 

the evolutionary fates of individual repeated elements are intertwined. One source of this 

mutual dependence is interlocus gene conversion (IGC). IGC homogenizes repeats by 

copying sequence stretches from one repeat into the equivalent region of another. This means 

that the evidence for nucleotide substitution in one paralog can be erased when IGC copies 

over the sequence that experienced it. In addition, IGC can make it appear as if separate 

nucleotide substitutions arose in two different paralogs. Failure to consider IGC can therefore 

obscure the process of nucleotide substitution and thereby potentially impact inferences of 

phylogenies, divergence times, and diversifying positive selection.  

However, the consequences of ignoring IGC depend on its frequency. Although 

repeats often constitute a large fraction of an organism’s DNA, the evolutionary importance 

of IGC on a genomic scale is unclear. There have been substantial advances toward 

disentangling the duplications, deletions, and speciation events that shape multigene families 

(reviewed by Szöllősi et al. 2015), but less progress has been made toward separating IGC 

events from the nucleotide or codon substitutions that arise from point mutations. There are 

available tools for detecting IGC and illuminating evolutionary investigations of IGC have 

been performed (e.g., Sawyer, 1989; Jackson et al. 2005; Dumont and Eichler, 2013; 

Dumont, 2015), but the overall paucity of information about IGC is largely attributable to a 

shortage of appropriate statistical techniques. Simulations suggest that previously proposed 

tests for detecting IGC can have low power (Mansai and Innan, 2010).  
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 Here, we employ a composite likelihood-based approach with models that consider 

the possibility that corresponding sequence positions in two paralogs can be homogenized 

due to IGC. We do this with a phylogenetic framework that can be added to any existing 

probabilistic model of sequence evolution where sequence variation arises via point 

mutation. We will refer to these existing conventional models as point mutation models. The 

basis of our IGC-extension is to: (1) jointly consider corresponding nucleotide or codon sites 

in paralogs within a genome; (2) have point-mutation models independently affect different 

paralogs; and (3) have rates at which nucleotide or codon states are homogenized in two 

different paralogs be the sums of rates from the point mutation models plus the IGC rates. 

For changes that do not homogenize paralogs, rates are determined exclusively by the point-

mutation models.  

 We illustrate our approach by applying it to quantify the amount of IGC that occurred 

in 14 groups of protein-coding genes subsequent to a genome-wide duplication in yeast. 

Simulations are conducted to characterize the properties of our approach and to examine how 

robust it is to violations of its assumptions. We conclude by discussing the weaknesses of the 

approach and future potential improvements.  

 

2.3 New Approaches 

We have been pursuing extensions of simple codon substitution models (Goldman and Yang, 

1994; Muse and Gaut, 1994) because their ability to differentiate between synonymous and 

nonsynonymous change is appealing. Consider a simple 61-state codon model that has the 
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Muse-Gaut treatment of codon frequencies together with a distinction between transition and 

transversion substitutions. Using the notation of the codeml software (Yang, 2007), we 

specifically consider a model that would be denoted F1× 4MG +κ +ω . However, we will 

refer to this as the independently-evolving paralog model (IND) in order to contrast it with 

our approach that adds dependence among paralogs due to IGC. The IND model has the 

instantaneous rate Qi,j from codon triplet i to j be 0 if i and j differ in more than one of their 

three positions or if j encodes a stop codon. If i and j differ in exactly one nucleotide that has 

type h ( h∈{A,G,C,T} ) in codon j, the IND model has rates:  

 Qi, j =

uπ h for a synonymous transversion
uπ hκ for a synonymous transition
uπ hω for a nonsynonymous transversion
uπ hκω for a nonsynonymous transition

⎧

⎨

⎪
⎪

⎩

⎪
⎪

  (5.1) 

To incorporate IGC when there are two paralogs, the corresponding codon triplets in the two 

paralogs are jointly considered. This transforms a 61-state codon substitution model into a 

612 = 3721-state joint codon substitution model. We define Q(i, i’), (j, j’) to be the instantaneous 

rate at which i changes to j in one paralog and the corresponding codon i’ in the other paralog 

changes to j’. Codon substitutions originating by point mutation are assumed to occur 

independently for the two paralogs with rates that are determined by the above IND model 

for each paralog and, when j = j’, homogenization due to IGC is reflected by adding τ to 

synonymous rates and ωτ to nonsynonymous rates. While other parameterizations can be 

explored in the future, we reason that τ reflects natural selection that operates on 

nonsynonymous changes and so the IGC contribution to a nonsynonymous rate can be 



 

30 

modified by a factor ω just as the point mutation contribution to codon substitution is 

modified by ω. The joint codon substitution model has rates  

 Q i,i '( ), j , j '( ) =

0 i ≠ j,i ' ≠ j '
Qi, j i ≠ j,i ' = j ', j ≠ j '

Qi ', j ' i = j,i ' ≠ j ', j ≠ j '

Qi, j +ν i ≠ j,i ' = j ', j = j '

Qi ', j ' +ν i = j,i ' ≠ j ', j = j '

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

  (5.2) 

where ν = τ if the change is synonymous and where ν = ωτ  if the change is nonsynonymous. 

While point mutation leads to codon substitutions that can change only one of the three 

codon substitutions, IGC events can simultaneously affect multiple positions in a codon and 

this is reflected in the above set of joint codon substitution rates.  

 For the rates in equation 2, the joint stationary distribution of the two paralogs when τ 

> 0 is different from the joint stationary distribution when the paralogs are evolving 

independently according to the IND model (i.e., when τ = 0). Most obviously, when τ > 0, the 

joint stationary distribution has higher probabilities of identical codon states at the two 

paralogs than does the joint stationary distribution for τ = 0. Although the IND model 

happens to be time reversible, the joint process of the rates in equation 2 is not. For instance, 

corresponding codons in two paralogs can change in an instant from having two or more 

nucleotide differences to being identical, but cannot instantly change from being identical to 

having two or more differences. Interestingly, the marginal stationary distribution of one 

paralog in the joint process is unaffected by the value of τ. Also, if two paralogs initially 
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have identical codon states at some position, the marginal transition probability of the codon 

state in one paralog at some later time is unaffected by the value of τ.  

 As described in more detail in Materials and Methods, the rates of equation 2 can be 

used in conjunction with numerical optimization and Felsenstein’s pruning algorithm 

(Felsenstein, 1981) to obtain maximum likelihood estimates of branch lengths, s, and other 

rate parameters. The 3721-state joint codon model has a larger state space than is usually 

considered for models of sequence change. Our implementation of Felsenstein’s pruning 

algorithm (Felsenstein, 1981) makes likelihood-based inference on a phylogeny 

computationally tractable by using the procedure of Al-Mohy and Higham (2011) to compute 

products of exponentiated rate matrices and vectors of conditional likelihoods.  

 While this treatment uses the phylogeny, reflects dependence between paralogs due to 

IGC, and allows IGC events to simultaneously affect multiple positions within a codon, it 

does not account for the fact that single IGC events can simultaneously affect contiguous 

codons. Because it has IGC independently affecting codon positions, our strategy can be 

classified as a composite likelihood approach. Although we have not yet explored the 

possibility, uncertainty in parameter estimates could therefore be approximated via the 

inverse of the Godambe information matrix (e.g., see Kent, 1982; Varin et al. 2011).  

 The impact of ignoring dependence between consecutive codons is partially 

influenced by the length distribution of IGC tracts and how often single IGC events 

simultaneously homogenize multiple codons that would otherwise differ between paralogs. 

Mansai et al. (2011) summarize and analyze evidence regarding the tract length distribution 

of IGC mutations. They report estimates for average IGC tract length that range from 
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substantially less than 100 nucleotides to several hundred nucleotides. These estimates 

depend on which paralogs are examined and also on the species in which the paralogs are 

found.  

 However, the impact of ignoring dependence between consecutive codons when 

analyzing fixed IGC-induced changes in interspecific data will be less than the amount of 

dependence between codons when new IGC mutations are considered. The impact is also 

shaped by how homologous recombination rates affect the covariance in fixation 

probabilities among sequence positions that are homogenized by a single IGC event. If a 

chromosome with an IGC tract that is different from the wild type enters the population, then 

the amount of that tract, if any, that eventually becomes fixed in the population will be 

influenced by subsequent homologous recombinations that interrupt the tract. In summary, 

our IGC treatment can be viewed as a composite likelihood approach that should be most 

realistic when there are high homologous recombination rates, or short IGC mutation tracts, 

or point mutation rates that are low relative to IGC mutation rates.  

 

2.4 Results 

Analysis of Yeast Data 

The 14 data sets that we analyzed all consist of protein-coding genes from yeast. As 

described in the Materials and Methods, these data represent all genes that remained after 

applying filters designed to reduce concerns about sequence alignment and paralogy status. 

All 14 data sets happen to represent yeast ribosomal proteins. In every data set, six yeast 
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species are each represented by two paralogs that stem from an ancient genome-wide 

duplication (Wolfe et al. 1997; Philippsen et al. 1997; Kellis et al. 2004; Dietrich et al. 2004; 

Dujon et al. 2004). Each data set also includes a sequence from a species (L. kluyveri) that 

diverged from the other six prior to the genome-wide duplication. Our analyses relied on the 

well-established phylogenetic tree topology of Figure 2.1.  

 

 

Figure	2.1	The	 tree	 topology	used	 for	evolutionary	analyses.	The	arrow	 indicates	 the	branch	on	which	 the	genome-wide	
duplication	occurred.	

 

 IGC is detected for all 14 data sets. To estimate the proportion of sequence changes 

due to IGC rather than point mutation for each data set, we conditioned upon the maximum 

likelihood parameter estimates from our IGC-extension and adapted the “integral of matrix 
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exponentials” approach of Tataru and Hobolth (2011) to determine the expected number of 

post duplication changes from IGC on the tree and the expected number of post duplication 

substitutions on the tree that originated with point mutations. For each of the 14 data sets, 

these proportions are substantial (see Table 2.1).  

 The IGC-extension jointly considers evolution of the paralogs and thereby constrains 

each post-duplication branch of the species tree to have the same length for the two paralogs. 

These constraints are absent when the data sets are analyzed via the conventional IND 

implementation where each branch of the species tree is free to have its own length for each 

paralog. While the IGC-extension adds the parameter τ, the branch length constraints mean 

that the IGC-extension actually has 10 fewer free parameters than the conventional IND 

analyses. Despite having fewer free parameters, the IGC-extension produces a higher 

maximum log-likelihood for 12 out of 14 data sets (see Table 2.1) and, subject to the caveat 

that independent evolution among codons within a paralog is assumed, the IGC-extension is 

preferred for all data sets according to model selection criteria such as AIC (Akaike, 1974). If 

maximum log-likelihoods of the IGC-extension are compared to the ones obtained for the 

special case where τ is constrained to be 0, AIC prefers the unconstrained IGC-extension for 

all 14 data sets (see Table 2.1).  

 Sometimes statistical fits of models improve by adding parameters, but not due to the 

phenomena that the parameters are meant to represent. Here, we intend τ to capture the 

tendency for paralogs within the same genome to be homogenized. However, numerous other 

biological phenomena are not included in our evolutionary model. For example, variation of 

preferred amino acid residues among protein sites is incorporated into the CAT model of 
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amino acid replacement (Lartillot and Philippe, 2004) but is not yet included in our IGC-

extension.  

 To investigate whether the improvements in model fit with our IGC-extension are 

actually attributable to a statistical artifact possibly arising from some non-IGC phenomenon, 

we designed a two-scenario experiment using gene copies from L. kluyveri, S. castellii, and 

S. cerevisiae (see Figure 2.2). Figure 2.2A depicts the biologically correct scenario where 

IGC events homogenize paralogs within the same genome. Figure 2.2B depicts a biologically 

incorrect scenario where IGC events homogenize paralogs from different species. If the IGC-

extension is improving the model fit because of some phenomenon that does not homogenize 

paralogs within the same genome, we expect τ estimates and maximum log-likelihood values 

to be similar for the two scenarios.  

 

 

Figure	2.2	A	paralog-swapping	experiment	addressing	whether	 improvement	 to	model	 fit	 can	be	attributed	 to	 IGC	or	 to	
artifacts.	Both	Scenarios	A	and	B	specify	the	correct	rooted	phylogeny	between	L.	kluyveri	and	the	paralogs	of	S.	castellii	
and	S.	cerevisiae.	Scenario	A	shows	the	biologically	correct	situation	that	has	IGC	between	paralogs	in	the	same	genome.	In	
Scenario	B,	IGC	homogenization	events	involve	one	paralog	from	S.	castellii	and	one	from	S.	cerevisiae.	Because	Scenario	A	
corresponds	 to	 how	 observed	 data	 are	 generated,	 Scenario	 A	 should	 fit	 better	 than	 Scenario	 B	 if	 IGC	 is	 actually	 being	
detected.	Note	 that	 this	paralog-swapping	experiment	would	not	be	possible	 if	only	1	post	duplication	species	was	used	
and	would	not	be	effective	with	more	than	two	post	duplication	species.	
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 We analyzed both the Figure 2.2A and B scenarios for all 14 genes using our IGC-

extension. We report τ estimates and log-likelihood differences for the paralog-swapping 

experiment of Figure 2.2 where a strict molecular clock is assumed, but qualitatively similar 

results were obtained without the clock constraints. For all 14 data sets, the τ estimate is 

larger for the biologically correct scenario (Figure 2.2A) than for the incorrect one (Figure 

2.2B). For the correct scenario, τ estimates ranged from 1.22 to 10.52 with a median of 3.58. 

For the incorrect scenario, τ estimates ranged from 0 to 0.76 with a median of 0.10. The 

maximum log-likelihood values were higher for the correct scenario for all 14 data sets with 

differences ranging from 2.82 to 118.89 log-likelihood units and with a median difference of 

34.63. When we examined the null hypothesis of no gene conversion with the GENECONV 

software (Sawyer, 1989), 9 of the 14 data sets yielded P-Values < 0.05 (see Table 2.1). These 

findings are all consistent with the conclusion that our approach is finding and quantifying 

IGC.  

 

Simulations 

As detailed in Materials and Methods, we performed simulations to characterize our IGC 

procedure. For the simulations, rates are normalized so that the expected rate per paralog per 

codon is 1 for substitutions that originated with a point mutation. The parameter τ can be 

viewed as the expected rate at which homogenization due to IGC occurs for corresponding 

codon sites in the two paralogs that happen to differ prior to the IGC event. In the 

simulations, a codon site might experience IGC because an IGC tract began at that site or 

because a tract initiated elsewhere and continued through the site.  
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 When the inference model is violated because expected tract lengths exceed 1 codon 

in the simulations, the average estimated values of τ are relatively close to the true value 

(Figure 2.3A). The variability of estimated τ values increases as tract length increases, 

presumably because the actual numbers of IGC events experienced per codon will vary more 

among simulated data sets when tracts are long but the expected number of tracts per 

simulation are few. Similarly, the expected tract lengths have little influence on the averages 

of the estimated proportions of sequence changes attributable to IGC but the standard 

deviations of these proportions grow as average tract lengths increase (Figure 2.3B).  

 

 

Figure	2.3	Effect	on	parameter	estimates	of	expected	tract	length.	A.	The	mean	estimate	of	τ	among	100	simulated	data	
sets	is	plotted	versus	the	expected	length	in	nucleotides	of	IGC	tracts.	Vertical	line	segments	depict	interquartile	ranges	of	
the	estimates.	The	horizontal	line	shows	the	true	value	τ	=	1.40948.	B.	The	average	among	100	simulated	data	sets	of	the	
estimated	proportion	of	nucleotide	changes	originating	with	IGC	rather	than	point	mutation	is	plotted	versus	the	expected	
length	in	nucleotides	of	IGC	tracts.	Vertical	line	segments	depict	interquartile	ranges	of	the	estimates.	The	horizontal	line	at	
0.2131	represents	the	estimate	of	the	proportion	of	changes	due	to	IGC	in	the	actual	data.	
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 With the IGC model, average branch length estimates are close to the true values. 

Figure 2.4 shows the branch length estimates for an expected tract length of 100 nucleotides 

from both the IGC model and the IND model as implemented in the PAML software (Yang, 

2007). We depict the expected tract length of 100 because it is relatively representative of 

previously obtained estimates of tract lengths for IGC mutations (Mansai et al. 2011). Similar 

plots to Figure 2.4 are observed for other tract lengths with the exception that variation of 

branch length estimates grows as tract length grows for both IGC and IND estimates (data 

not shown).  
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Figure	 2.4	 Branch	 lengths	 from	 IGC	 and	 IND	models	 for	 expected	 IGC	 tract	 length	 of	 100	 nucleotides.	 The	 Y-axis	 shows	
average	 estimated	 values	and	 interquartile	 ranges	while	 the	X-axis	 shows	 true	 values.	All	 post-duplication	branches	are	
depicted.	The	logarithmic	scale	on	both	axes	as	well	as	slight	offsets	of	the	IGC	and	IND	model	values	are	used	to	enhance	
visibility.	The	dashed	diagonal	line	shows	where	estimated	values	equal	true	values.	

 

 The comparison between the branch length estimates from our IGC-extension and the 

IND model is especially interesting for the branch of the yeast tree that separates the genome 

duplication from the first post duplication speciation event. This branch happens to have the 

shortest true length among the branches represented in Figure 2.4. For all tract lengths, the 

0.01

0.02

0.03

0.05

0.10

0.20

0.02 0.03 0.05 0.10 0.20
True Branch Length

Es
tim

at
ed

 B
ra

nc
h 

Le
ng

th

IGC

IND



 

40 

IND analyses consistently underestimated this branch length. With the IGC-extension, 

estimates of this branch length were quite variable but we did not observe the consistent 

underestimation of the IND analyses.  

 This variability is observed even though the IGC-extension uses information from 

both paralogs to estimate a shared branch length whereas the IND analyses separately 

estimate this branch length for each paralog. The bias of the IND analyses for this branch 

presumably stems from the fact that IGC events on one branch can mimic the pattern that 

would be observed from nucleotide substitutions that originate with a point mutation on other 

branches. We believe that the variability of the branch length estimates from the IGC model 

is due to the two paralogs beginning this branch with identical sequences. For other post 

duplication branches on the yeast species tree, the sequence differences between paralogs at 

the beginning of a branch facilitate identification of IGC events that occur in the branch. The 

lack of sequence differences at the beginning of the initial post duplication branch means that 

disentangling nucleotide substitutions that arise from a point mutation versus IGC is difficult 

and is overly dependent on values of model parameters.  

 

2.5 Discussion 

Whether the high level of IGC affecting these yeast genes is characteristic of other multigene 

families in yeast or other lineages remains unclear and needs further examination. Dumont 

(2015) estimates that at least 2.7% of single nucleotide polymorphisms in duplicated human 

regions are attributable to IGC. When we estimate the percentage of nucleotide substitutions 
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that originate with an IGC event rather than a point mutation, our 14 yeast data sets yield 

values ranging from 20% to 38%. Considering that point mutation can affect sequences at 

any time whereas IGC can change codons only when paralogs differ, the 20% to 38% range 

is especially striking. While our simulations suggest that these percentages are difficult to 

accurately estimate for individual data sets, they do not exhibit a strong bias in these 

percentages and all 14 data sets yielded relatively high estimates for these percentages.  

However, our 14 yeast data sets may be unusually prone to IGC. As noted in the 

Results, the 14 data sets all encode ribosomal proteins even though ribosomal protein-coding 

genes were not explicitly sought. Yeast ribosomal proteins have previously been connected 

to IGC (Evangelisti and Conant, 2010). As described in the Materials and Methods, we only 

analyzed yeast data sets that satisfied criteria that were instituted to reduce the possibility of 

artifacts associated with alignment errors and long phylogenetic branches. Homogenization 

between paralogs due to IGC would reduce alignment uncertainty and therefore our criteria 

would inadvertently favor genes that are especially prone to IGC. The ancient date of the 

yeast whole genome duplication works against being able to draw general conclusions about 

IGC levels following whole genome duplication. To assess how representative the inferred 

IGC levels from our 14 data sets are for genes that experience a whole genome duplication, 

future studies could apply our IGC models to cases of more recent whole genome 

duplications in other evolutionary lineages. It may also be worthwhile to examine other yeast 

data that do not meet the stringent criteria that we adopted here.  

While evidence is consistent with these 14 yeast data sets having experienced IGC, 

this study does not shed light on the physical mechanism by which IGC affects repeats 
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created via whole genome duplication. This IGC approach can also be applied to paralogs 

that are the result of tandem duplications or retrotranspositions. In light of hypothesized IGC 

mechanisms (Chen et al. 2007), it seems plausible that repeats that are scattered throughout 

the genome due to retrotransposition might experience less IGC than those that arise via 

tandem duplication.  

Extensive effort has been devoted to studying the fates of duplicated genes and how 

duplicated regions influence the evolution of gene function (Conant and Wolfe, 2008). 

However, the role of IGC homogenization in these fates is understudied. Tools for 

quantifying IGC levels are needed and the approach described here can be refined. For 

example, it could be employed to quantify how IGC levels change as paralogs diverge. 

Previous studies suggest that IGC decreases as paralogs diverge (Mansai et al. 2011). Also, 

there is substantial evidence that some paralogs tend to be the donors and other paralogs tend 

to be the recipients when IGC occurs (Chen et al. 2007). The model that we have explored 

here does not include a possibility for such asymmetry, but minor model modifications could.  

Other future directions for this line of research include extending IGC analysis to 

multigene families with more members. This would facilitate investigation of how IGC 

levels change as the number of paralogs in the multigene family changes. One possibility is 

that paralogs in big multigene families tend to be the recipients of more IGC events than 

paralogs in small ones. To accommodate more than two paralogs with codon-based models, 

the high number of possible joint states will presumably mean that another inference strategy 

is necessary. While 4-state nucleotide substitution models are less appealing than codon-

based models in many regards, they would be amenable to joint consideration of multigene 
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families with more than two paralogs. By employing the Al-Mohy and Higham (2011) 

algorithm, we anticipate that IGC-extensions of 4-state models with up to six paralogs will be 

computationally tractable.  

 

2.6 Materials and Methods 

Data Set Collection 

We started with 475 previously identified paralogous S. cerevisiae gene pairs (Byrne and 

Wolfe, 2005; Casola et al. 2012). Corresponding genes of S. kudriavzevii, S. bayanus, S. 

paradoxus and S. mikatae were determined via the orthology mapping of Scannell et al. 

(2011). The Fungal Orthogroups Repository (Wapinski et al. 2007) was employed to include 

S. castellii and L. kluyveri genes. Genes were not included unless there was exactly one L. 

kluyveri copy and exactly two paralogous copies in each of the other six species. After this 

step, 105 data sets remained. Sequence data were obtained from the Saccharomyces Genome 

Database (Cherry et al. 2012). As an additional filter aimed at avoiding alignment 

uncertainty, data sets were excluded unless the shortest sequence length was at least 90% of 

the longest. After this filter, there were 37 data sets. One data set was removed because of 

ambiguity in the reported sequence data.  

Sequences in the 36 remaining data sets were aligned at the amino acid level with the 

MAFFT software (Katoh and Standley, 2013). The results were then converted to alignments 

at the codon level and codons in the same columns as gaps were removed. Next, we did 

maximum likelihood analyses of the aligned data sets using the known gene tree topology 
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and the IND model. As a final filter designed to lessen paralogy and/or alignment 

uncertainty, we summed the estimated number of changes per codon over all branches in the 

gene tree and eliminated the data sets where the sum from the IND model exceeded 3.0.  

 

Analyses of Yeast Data 

To test the null hypothesis of no IGC, analyses with the GENECONV software (Sawyer, 

1989) were performed with default settings.  

 Inferences with our IGC-extension were obtained by the software that we wrote. IGC 

analyses were done by assuming that the IND model operated and was at stationarity on the 

lineage to the outgroup L. kluyveri and also prior to the duplication (see Figure 2.1).  

 

Simulations 

The simulations were designed to resemble the YDR418W_YEL054C data set. This dataset 

was selected because the τ estimate obtained from it was neither unusually high nor 

unusually low relative to the other 13 yeast data sets. Also, this data set consists of genes 

with only one exon in S. cerevisiae and, with only one exon, the complications of IGC tracts 

that partially or completely span introns can be avoided.  

 For each simulation condition, 100 data sets were generated. Each simulated data set 

had sequences of the same length as our actual YDR418W_YEL054C data (i.e., 163 codons) 

and each was generated according to the species tree and duplication placement of Figure 

2.1. To simulate, we used values of κ and πh (h∈{A,C,G,T} ) that were estimated from the 

YDR418W_YEL054C data set. The branch lengths that were inferred from the 
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YDR418W_YEL054C data were used as the true values for the simulations. While the value 

of ω estimated from the YDR418W_YEL054C data was about 0.076, data sets were 

simulated using ω = 1 because we wanted to examine our model when IGC events affected 

more than one consecutive codon in simulated data and we did not want to complicate the 

simulations by having to deal with natural selection when IGC tracts introduce multiple 

nonsynonymous changes.  

 In the situation where all IGC events are forced to affect exactly 1 codon, multiple 

nonsynonymous changes per tract cannot occur and therefore the ω = 1 constraint can be 

avoided. In addition to the simulation results that are presented, we performed simulations 

for the case where all tracts affect exactly 1 codon and where the true value of ω is its 

maximum likelihood estimate from the actual data. We do not report these results because 

they follow similar patterns to the ones that are reported where ω = 1.  

 Our inference model has each IGC event potentially affect all three nucleotides of a 

single codon. One way in which the inference model is unrealistic is that there is no reason to 

believe that all IGC events respect codon boundaries. In other words, IGC events need not 

initiate at the first position of a codon and end at the third position of a codon. Another way 

in which the inference model is unrealistic is that multiple consecutive codons can be 

affected by an IGC tract. In addition to simulating according to our model (3 nucleotide 

positions affected by each IGC event with codon boundaries respected), we explored 

simulation scenarios where codon boundaries were respected but IGC tracts can exceed 1 

codon in length. We also explored simulation scenarios with the same average tract lengths 

but where codon boundaries are not necessarily respected. For the simulations that did not 
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respect codon boundaries, the number of consecutive nucleotides affected was geometrically 

distributed with means that were selected to correspond to the means used for the simulations 

that respected codon boundaries. The simulations that did not necessarily respect codon 

boundaries had IGC tract lengths with means 3, 10, 50, 100, 200, 300, 400, or 500 

nucleotides. We only report results here from the simulations that did not respect codon 

boundaries, but results from the simulations that respected codon boundaries tend to be quite 

similar.  

 The parameter τ in our inference model represents the rate at which IGC events 

homogenize codons that differ among paralogs. This rate can be interpreted as the rate at 

which IGC events initiate multiplied by the average number of consecutive codons affected 

per IGC event. For each simulation scenario that we explored, we set the product of the IGC 

initiation rate and the average number of consecutive codons affected to 1.40948 because that 

was the value of τ estimated from the YDR418W_YEL054C data. To be consistent with our 

inference model when ω = 1, IGC tract initiation events were independent of the sequences 

affected by the IGC event. Furthermore, we wanted each sequence position to experience the 

same expected number of IGC events. To accomplish this, we accounted for IGC tracts that 

initiate 5’ of the first sequence position and continue into the simulated sequence. We also 

accounted for tracts that continue in the 3’ direction past the last simulated sequence position. 

Data sets were simulated on the phylogenies by using the Gillespie algorithm (Gillespie, 

1976) to randomly intersperse times at which IGC tracts occurred with times at which 

sequence changes arose due to point mutation.  
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 To investigate the impact of ignoring IGC when it actually occurred, we analyzed all 

simulated data sets with IGC-extension and with the IND model as implemented in Version 

4.8a of the PAML software (Yang, 2007). To make the comparisons sensible, both kinds of 

branch length estimates are in units of expected numbers of codon substitutions originating 

by point mutation per paralog per codon site. We note that our IGC model implementation 

constrains both paralogs to have the same branch length for each post duplication branch of 

the species tree whereas the PAML analyses are set up to separately estimate the branch 

lengths for each paralog.  

 For the simulated data sets, we noticed that PAML sometimes had numerical 

optimization failure. The failure seemed to usually involve the two branches that separate the 

duplication event from the first post duplication speciation event. We found that numerical 

optimization could be facilitated by having PAML analyze four topologies (the species tree 

and duplication placement of Figure 2.1 and the three multifurcating trees that result when 

one or both of the two earliest post duplication branches in Figure 2.1 are constrained to have 

length 0) and then choosing the analysis that yielded the highest likelihood among the 4 

topologies.  
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Chapter 3  

Disentangling IGC tract length and initiation rate  

3.1 Introduction 

Interlocus gene conversion (IGC) homogenizes repeats by copying a tract of sequence from 

one copy to the equivalent region of another. This means that evidence of nucleotide 

substitution in one paralog can be erased and that the ancestry of an IGC tract coalesces in 

two paralogs when IGC events occur. As a result, IGC events partition the sequence sites of a 

multigene family into regions that have different evolutionary trees. This consequence of 

IGC has complicated the study of multigene family evolution, especially when the goals are 

to examine orthology and the history of gene duplication and loss. Incorporating tract length 

into IGC inference can therefore be helpful for disentangling the local correlation structure of 

the histories of sequence sites. 

In Chapter 2, we introduced an approach (Ji et al., 2016) to incorporate IGC into any 

existing point mutation model by jointly considering the corresponding nucleotide or codon 

sites in paralogs within a genome. One limitation of this approach is that it assumes IGC 

events are independently experienced by sites within a paralog. The approach does not reflect 

the correlation structure among sites within a paralog that is induced by IGC. I will refer to 

the approach outlined in Chapter 2 as the independent-site (IS) approach. In this chapter, I 

will first describe how we add IGC tract length to the IS model. I will then outline two new 

approaches for estimating the parameter values in this new model setup. Finally, I illustrate 
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the extensions of our IS approach by applying them to the yeast datasets that were considered 

in Chapter 2 as well as to a primate data set.  

3.2 New approaches 

The IS model added one new parameter τ to represent the homogenization caused by 

IGC at a site. The IS approach integrates over all possible IGC events at each site and 

considers dependence due to IGC at corresponding sites in different paralogs, but it assumes 

IGC occurs independently at sites within a paralog. Evolutionary independence among sites 

is an assumption that is commonly made in evolutionary inference because it can facilitate 

computation. For example, the evolutionary independence-among-sites assumption is not 

biologically reasonable for protein-coding genes, but is often kept for simplicity and 

computational tractability (e.g., see Nasrallah 2011). Ideally, dependent evolution among 

sequence positions would be modeled by treating entire sequences as the state of a system (as 

in Robinson et al. 2003). Having the state space consist of all possible sequences would lead 

to more realistic Markov models for describing how individual IGC events can affect 

multiple sites within a paralog. However, the size of the state space becomes large when it 

matches the number of possible sequences. This large size would not prove computationally 

tractable if employing the inference strategy outlined in Chapter 2.  

As a compromise between computational feasibility and realism, we developed two 

new approaches for IGC inference. The first jointly considers two sites in a paralog as well as 

the corresponding two sites in each other paralog. We will refer to this as the pair-site (PS) 

approach. The PS approach estimates IGC tract length and initiation rate in a manner that 



 

55 

statistically resembles a previously proposed population genetic technique for estimating 

homologous recombination rates (see McVean et al. 2002). As with the IS approach, the PS 

approach is a composite likelihood procedure. The second new IGC inference strategy adds a 

hidden Markov model (HMM) to our IS approach in order to estimate parameters related to 

IGC tract length and IGC initiation rate.  

 

3.2.1 Relaxation of the site-independent assumption 

The IS approach involves a parameter τ that can be interpreted as the average rate at which a 

site experiences IGC. This average can be further decomposed into two factors. The first 

factor is the rate per site of initiation of IGC events that are destined for fixation. The second 

factor is the average length of an IGC tract that becomes fixed. We note that the average 

length of a fixed IGC tract may be less than the average tract length of an IGC mutation 

because, subsequent to an IGC event, the sequence may experience homologous 

recombinations that cause the tract lengths of IGC mutations to differ from tract lengths of 

fixed IGC events.  

In our treatment, the rate at which fixed IGC events initiate at each site is η. We use a 

geometric distribution with parameter p to model the fixed IGC tract length distribution so 

that the probability of a fixed IGC event covering k sites is p(1− p)k−1 with k a positive 

integer. The mean fixed tract length is therefore 1
p

. In reality, IGC events cannot initiate at a 

position that is 5’ of a duplicated region and they cannot extend 3’ of a duplicated region. We 

ignore these IGC “edge effects” by having the expected IGC rate be identical at all sites. This 
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treatment can be interpreted as having some IGC tracts initiate 5’ of the sequence regions 

being followed and/or terminate 3’ of the regions being followed. Since we only consider the 

exons of protein-coding genes and we model IGC events as happening with the same rate at 

exons and introns, we need to pay special attention to consecutive sites in the protein-coding 

sequence that happen to be at the end of one exon and the beginning of the next. Consider 

two neighboring sites at positions k and k + 1 in the coding sequence. Because of the 

possibility of introns, these two sites may not be neighbors in the gene sequence. We will 

assume these sites are separated in the gene sequence by m nucleotides where m ≥1 . When 

the two sites are in the same exon, the distance between them is m=1 and, when the two sites 

are in different exons, the distance between them is the length of the intron sequence plus one. 

Our IGC treatment does not consider the potential for the boundary between two tandemly 

repeated paralogs to have an influence on IGC rates. Under the new IGC modeling setup, the 

average IGC rate at a site can be written as τ = η
p

. The IS model can be thought of as a 

special case of the new IGC modeling setup with p = 1.  

  

3.2.2 The PS approach 

We pursue a pair-site (PS) approach that is statistically similar to a population genetic 

method for estimating homologous recombination rates (see McVean et al. 2002). Because 

computational constraints hinder the ability to employ codon-based substitution models, we 

applied our PS expansion in conjunction with a modified HKY model (Hasegawa et al. 1985) 

that is employed to describe nucleotide substitutions that originate with point mutation. For 
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the modified HKY model, two new parameters are added to the original HKY model to 

represent the ratios of fixation probabilities at second and third codon positions with respect 

to the first codon position. The modified HKY model has its instantaneous rate Qij for 

transition from nucleotide state i to j being: 

 Qij =
rπ j if transversion

rκπ j if transition

⎧
⎨
⎪

⎩⎪
  (3.1) 

where r = 1 for the first codon position, r = r2 for the second codon position and r = r3 for the 

third codon position. Note that r2 and r3 are free parameters. We will refer to this as the 

independently-evolving paralog model (HKY-IND) in order to contrast it with our approach 

that adds dependence among paralogs due to IGC. The same IS-IGC expansion can be 

applied to the modified HKY model. I will refer to this model as the HKY+IS-IGC model.  

The PS approach jointly considers corresponding sites from all paralogs in the same 

genome in a pairwise manner. When there are two paralogs, the PS approach jointly 

considers four sites (two sites from each of the two paralogs). This transforms a 4-state 

nucleotide substitution model into a 44 = 256-state joint nucleotide substitution model. 

Consider the site at position a and the site at position b (a < b) in paralog i. The states of 

these sites will be denoted ia and ib. The corresponding states at positions a and b of paralog j 

will be ja and jb. We define Q
ia , ib , ja , jb( ), (ia' , ib

' , ja
' , jb

' )
 to be the instantaneous transition rate at which 

ia changes to ia’ and ib changes to ib’ while ja changes to ja’ and jb changes to jb’. In what will 

be referred to as the HKY+PS-IGC model, nucleotide substitutions originating by point 

mutation are assumed to occur independently at the four sites via the above HKY-IND model 
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and according to the rates of Equation 3.1. When ia’ = ja’ or ib’ = jb’, homogenization due to 

IGC is reflected in the rates of the HKY+PS-IGC model . This is done by considering how 

often an IGC event will affect both positions a and b in the two paralogs and how often it 

will affect just one of positions a and b. The rates at which IGC events simultaneously affect 

both positions a and b depend on the geometric length distribution of IGC tracts. Specifically, 

assume positions a and b are separated by n sites. The rate of IGC events that only affect site 

a is η
p
1− 1− p( )n⎡⎣ ⎤⎦ . Likewise, the rate of IGC events that only affect site b is 

η
p
1− 1− p( )n⎡⎣ ⎤⎦ . The rate of IGC events that simultaneously affect both sites a and b is 

η
p
1− p( )n . In other words, the evolutionary dependence between sites a and b due to IGC is a 

function of 1− p( )n  and becomes weak when 1− p( )n  is near 0. 

The instantaneous transition rates of the HKY+PS-IGC model are influenced both by 

IGC and by substitutions that originate with point mutations. We use Q
ia , ib , ja , jb( ), (ia' , ib

' , ja
' , jb

' )
 to 

denote a rate of this model. Transitions that can only be caused by point mutations have the 

rates defined only from the point mutation process (e.g., Q(A,C ,G ,T ),(C ,C ,G ,T ) =QAC ). Transitions 

that can be caused by either one point mutation event or an IGC event that covers only one of 

the two sites have the rates defined by the sum of the point mutation rate and the IGC rate 

(e.g., Q(A,C ,G ,T ),(G ,C ,G ,T ) =QAG +
η
p
1− 1− p( )n⎡⎣ ⎤⎦ ). Transitions that can be caused by either one 

point mutation event or by an IGC event that covers either only one or both of the two sites 

have the rates defined by the sum of the point mutation rate and the two IGC rates (e.g., 
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Q(A,T ,G ,T ),(G ,T ,G ,T ) =QAG +
η
p

). Transitions that can only be caused by an IGC event that covers 

both sites and that simultaneously changes two sites have the rates defined only by the IGC 

rate (e.g., Q(A,C ,G ,T ),(G ,T ,G ,T ) =
η
p
1− p( )n ). The off-diagonal entries of this rate matrix that may 

be non-zero are: 

 Q
ia , ib , ja , jb( ), (ia' , ib

' , ja
' , jb

' )
=

Q
ia ,ia

' if ia ≠ ia
' ,ib = ib
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⎨

⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪

 (3.2) 

We only show the transitions that change the state of site a in paralog i in Equation 3.2, but 

other rates can be derived similarly. While point mutations lead to substitutions that can 

change only one site, IGC events can simultaneously affect both sites in a paralog and this is 

reflected by the above set of PS substitution rates. For an instance of time, only state 

transitions that are caused by one event are allowed (either a point mutation event of an IGC 

event) such that transitions by multiple events are ignored.  

To infer parameter values, we adopt a composite likelihood approach that considers 

the product over all possible pairs of sites of pairwise marginal likelihood. Let s1, s2, …, sN 

represent the N columns in a multiple sequence alignment. Each column will be assumed to 

specify the corresponding states of both paralog i and paralog j. The parameter values are 
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estimated by maximizing the composite likelihood which has each site being visited N-1 

times:  

 θ̂MLE = argmax Pr(sa , sb |θ )
1≤a<b≤N
∏   (3.3) 

 

3.2.3 The HMM approach 

We also developed a hidden Markov approach to estimate the IGC initiation rate per site (η) 

and the mean length of a fixed IGC event (1/p). If we know all IGC events through the 

evolutionary history, we can plot their times along the paralog sequence as in Figure 3.1. 

 

 

Figure	3.1	An	HMM	approach	for	inferring	IGC	tract	lengths.	A:	The	times	of	5	IGC	events	are	depicted	on	the	branches	of	a	

species	tree.	The	species	lineages	that	are	colored	black	do	not	have	duplication	in	their	ancestry.	Following	a	duplication,	

the	 lineage	of	one	paralog	 is	 colored	blue	and	 the	other	 is	 colored	green.	B:	The	 times	of	 the	5	 IGC	events	are	depicted	

along	the	Y-axis	and	the	paralog	sequence	regions	affected	by	each	IGC	tract	are	shown	in	red	on	the	X-axis.	At	the	bottom	

of	 the	plot,	 sequence	 regions	are	 colored	 red	 if	 they	have	 experienced	at	 least	 1	 IGC	event	 on	 the	 tree	and	are	 colored	

yellow	otherwise.		
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Each paralog site k can be placed into exactly one of two categories. Specifically, if 

the site is not included in any IGC tract that occurred on the species tree, it has a hidden state 

Sk = 0. In contrast, if the site experienced at least one IGC event on the species tree, it has a 

hidden state Sk = 1. Let L be the total post-duplication branch length on the species tree. 

When there are two paralogs, the total time that any IGC event could happen on the tree is L. 

The averaged IGC rate at a site is 2τ = 2η
p

 with the factor of 2 reflecting the fact that each 

paralog could be either the donor or the recipient in an IGC event. This means

Pr(Si = 0) = e
−2τL  and Pr(Si = 1) = 1− e

−2τL . The state space of the joint hidden state of 

two neighboring sites k and k+1 in the coding sequence is SkSk+1 ∈{00,01,10,11} . As noted 

in Section 3.2.1, the two consecutive sites in the protein-coding sequence are separated by m 

(m ≥1 ) nucleotides in gene sequence such that m = 1  when the two sites are in the same 

exon and m >1  when the first site happens to be at the end of one exon and the second site is 

at the beginning of the next exon. The instantaneous transition matrix of the joint state SkSk+1 

is: 

 Ψ
SkSk+1,Sk

' Sk+1
' =

− 2η
p
2 − 1− p( )m⎡⎣ ⎤⎦

2η
p
1− 1− p( )m⎡⎣ ⎤⎦
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2η
p
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0 2η
p
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p

0 0 0 0

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟⎟

 (3.4) 

The transition probability matrix after time L is eΨL , with the initial state being 00 

because the two paralogs have not experienced IGC at the moment that they are created by 
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the duplication event. Suppressing notation for the initial post-duplication state being 00 and 

for the post-duplication time t, the probability at time t that Sk+1=v given that Sk=w is 

Pr(Sk+1 = v | Sk = w) =
Pr(Sk+1 = v,Sk = w)

Pr(Sk = w)
. These conditional probabilities have closed 

analytical forms. For Pr(Sk+1 = 1| Sk = 0) , site k+1 can only have state Sk+1=1 when there 

were one or more IGC events that included site k+1 but not site k. Therefore,  

Pr(Sk+1 = 1| Sk = 0) = 1− e
−2η

p
1− 1−p( )m⎡
⎣

⎤
⎦L

 

 and  

Pr(Sk+1 = 0 | Sk = 0) = e
−2η

p
1− 1−p( )m⎡
⎣⎢

⎤
⎦⎥
L

. 

Similarly, the other two conditional probabilities can be derived as  

Pr(Sk+1 = 1| Sk = 1) =
Pr(Sk+1 = 1)− Pr(Sk+1 = 1| Sk = 0)Pr(Sk = 0)

Pr(Sk = 1)
  

and  

Pr(Sk+1 = 0 | Sk = 1) =
Pr(Sk+1 = 0)− Pr(Sk+1 = 0 | Sk = 0)Pr(Sk = 0)

Pr(Sk = 1)
.  

We use these four conditional probabilities as the four transition probabilities of a first-order 

Markov chain for the organization of the hidden states Sk along the coding sequence. This 

adoption of a first-order Markov chain is motivated by the computational convenience of 

likelihood-based inference in hidden Markov frameworks. In fact, our assumption of 

geometrically distributed lengths of IGC tracts that begin with equal probabilities at all sites 
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of coding sequences (see Section 3.2.1) does not yield a first-order Markov chain for the 

organization of hidden states Sk along the sequence.  For example, a simple exercise can 

reveal that Pr Sk+1 = 1| Sk = 1,Sk−1 = 0( )  differs from Pr Sk+2 = 1| Sk+1=1,Sk = 1,Sk−1 = 0( ) . 

Intuitively, the issue is that a site is more likely to have experienced multiple IGC events if it 

continues a long stretch of consecutive sequence positions where the hidden state is 1 than if 

it is instead the first position of a stretch with hidden state 1. In other words, the distribution 

of the lengths of sequence stretches where all consecutive sites have hidden state 1 is not 

geometric. 

 In our HMM approach, the “emissions” are the observed nucleotides at the 

corresponding sites in two paralogs. The emission probabilities are calculated using the IS 

model. For column Xk in the multiple sequence alignment, the IS model with τ =η / p  gives 

the marginal probability of observing the column over all possible IGC histories and, 

suppressing notation for parameters, yields Pr(Xk ) . The IS model with τ constrained to 0 can 

be used to calculate the conditional probability of observing the column when there 

conditioning upon there being no IGC events (e.g., Pr(Xk | Sk = 0) . Together with formula for 

Pr(Sk = 0)  and Pr(Sk = 1)  that are given above, the other emission probabilities can be 

derived as 

Pr(Xk | Sk = 1) =
Pr(Xk )− Pr(Xk | Sk = 0)Pr(Sk = 0)

Pr(Sk = 1)
. 

I will refer to this HMM approach as MG94+IS-IGC+HMM.  
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 One flaw of our HMM approach was already emphasized. This flaw is that the hidden 

states Sk are not actually organized along the sequence according to a first-order Markov 

chain. A second flaw is that, conditional on the hidden states, the emission probabilities are 

not independent across sites but our HMM treatment assumes they are. This assumption is 

incorrect because the values of the hidden states in our model reveal whether sites have 

experienced IGC, but they do not specify how recent were these IGC events. For example, 

IGC homogenizes paralogs and so a long stretch of identical sequence between paralogs 

suggests a recent IGC event. Information about the time of IGC events should affect the 

probabilities of observed sequence data even when the hidden states of each site are known. 

A second limitation of the emission probabilities in our HMM implementation is that the IS 

model of Chapter 2 has ωτ be the contribution of nonsynonymous IGC changes to the rates 

of homogenizing codon substitutions. The assumption that the hidden states in our HMM are 

organized according to a first-order Markov chain relies on fixed IGC tracts being 

independent of the sequence changes they induce and therefore corresponds to the special 

case where τ and not ωτ is the contribution of nonsynonymous IGC changes to the rates of 

homogenizing codon substitutions. The consequences of these HMM limitations need to be 

explored via simulation and by analyzing more actual sequence data, but these consequences 

are not explored in this dissertation. 
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3.3 Results 

Analysis of Yeast Data 

We used the same 14 data sets of yeast protein-coding genes that we analyzed in Chapter 2. 

As described in Chapter 2, these data represent all genes that remained after applying filters 

designed to reduce concerns about sequence alignment and paralogy status. As noted earlier, 

all 14 data sets happen to represent yeast ribosomal proteins. Future efforts are needed to 

determine whether IGC in genes coding for ribosomal proteins differs from IGC experienced 

elsewhere in the genome. In every data set, six yeast species are each represented by two 

paralogs that stem from an ancient genome-wise duplication (Wolfe et al. 1997; Philippsen et 

al. 1997; Kellis et al. 2004; Dietrich et al. 2004; Dujon et al. 2004). Each data set also 

includes a sequence from a species (L. kluyveri) that diverged from the other six prior to the 

genome-wide duplication. Our analyses relied on the well-established phylogenetic tree 

topology of Figure 3.2.  
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Figure	3.2	The	 tree	 topology	used	 for	evolutionary	analyses.	The	arrow	 indicates	 the	branch	on	which	 the	genome-wide	

duplication	occurred.	

 

While the 14 yeast data sets are exclusively comprised of exons, our analyses of the 

yeast data sets attempted to accommodate the fact that an IGC tract may cross exon-intron 

boundaries.  We did this by locating exon-intron boundaries in S. cerevisiae.  For each pair of 

S. cerevisiae paralogs that is listed in Tables 3.1 and 3.2, we identified the exon-intron 

boundaries and intron lengths of the first of the listed S. cerevisiae paralogs.  We used the 

information from these S. cerevisiae paralogs to determine the sequence separation along the 

gene of columns that happen to be adjacent in our multiple sequence alignments of protein-

coding regions.  We did not attempt to account for the possibility that exon-intron boundaries 

and intron lengths may vary among sequences and along the evolutionary tree. For the codon 

substitution model that we employed with our HMM, we dealt with situations where different 

S. cerevisiae

S. paradoxus

S. mikatae

S. kudriavzevii

S. bayanus

S. castellii

L. kluyveri
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nucleotides are in the same codon triplet but are in different S. cerevisiae exons by setting the 

distance along a gene for consecutive codons to be the distance along the gene that separates 

the first codon positions at these consecutive codons. 

While inferences via maximum likelihood involve finding the combination of 

parameter values that jointly maximize the likelihood, numerical optimization difficulties 

resulted in our instead adopting an approximate strategy for obtaining parameter estimates 

with the HKY+PS-IGC and MG94+IS-IGC+HMM approaches.  We employed two steps.  

First, we constrained the parameter p to 1 so that all IGC tracts had length 1 and we found 

maximum likelihood estimates of all other parameters subject to this constraint.  In the PS 

approach, we then we found the combination of η and p that maximized the likelihood when 

all other parameters were forced to have their previously estimated values. In the HMM 

approach, we constrained τ at its previously estimated value and then estimated η and p 

subject to the constraint that τ =η / p . 
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Table	3.1	HKY+IS-IGC	results	of	Analyzing	14	Yeast	Gene	pairs.	

Each row begins with the systematic names of two S. cerevisiae paralogous open reading frames. The 
“lnL IS-IGC” column shows the maximum log-likelihood value of the HKY+IS-IGC model. The 
“DIFF τ=0” column specifies the number of log-likelihood units by which the HKY+IS-IGC value 
exceeds the maximum log-likelihood value of the HKY+IS-IGC model where τ is constrained to 0. 
The “τ IS-IGC” shows the estimated t value from the HKY+IS-IGC model. The “r2” and “r3” 
columns show the estimated relative substitution rates of the second and third codon positions from 
the HKY+IS-IGC model. 
  

Paralog Pair LnL 

IS-IGC 

Diff  

τ=0 

τ  

IS-IGC 

r2 r3 

YLR406C,YDL075W -1189.81 26.55 5.10 0.43 8.08 

YER131W,YGL189C -1216.91 31.58 5.27 0.97 19.60 

YML026C,YDR450W -1368.47 94.72 12.84 0.27 9.67 

YNL301C,YOL120C -2126.64 129.75 7.94 0.57 7.16 

YNL069C,YIL133C -2332.61 74.95 3.63 0.43 4.78 

YMR143W,YDL083C -1217.38 52.80 9.19 0.13 17.72 

YJL177W,YKL180W -1840.38 63.64 6.45 0.50 8.97 

YBR191W,YPL079W -1468.95 91.84 13.64 0.15 6.39 

YER074W,YIL069C -1233.00 131.50 20.90 0.28 6.94 

YDR418W,YEL054C -1735.40 65.09 5.16 0.54 11.58 

YBL087C,YER117W -1372.91 79.96 11.05 0.34 10.59 

YLR333C,YGR027C -1246.67 108.84 9.88 0.60 8.05 

YMR142C,YDL082W -2033.88 179.32 14.37 1.12 8.42 

YER102W,YBL072C -2037.26 205.73 14.77 0.82 6.19 
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Table	3.2	HKY+PS-IGC	results	of	Analyzing	14	Yeast	Gene	pairs.	

Each row begins with the systematic names of two S. cerevisiae paralogous open reading 
frames. The “τ IS-IGC” column shows the estimated τ value from the HKY+IS-IGC model. 
The  “τ=η/p PS-IGC” column contains the τ value from the HKY+PS-IGC model. The “1/p 
HKY+PS-IGC” column shows the estimated average IGC tract length of fixed IGC events in 
nucleotides from the HKY+PS-IGC model. The “1/p HMM” column shows the estimated 
average IGC tract length of fixed IGC events in nucleotides from the MG94+IS-IGC+HMM 
model of each data set. The “95% C.I. of 1/p HMM” column contains the asymptotic 95% 
C.I. of 1/p from the MG94+IS-IGC+HMM model. 
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Table	3.2	HKY+PS-IGC	results	of	Analyzing	14	Yeast	Gene	pairs.	

Each row begins with the systematic names of two S. cerevisiae paralogous open reading 
frames. The “τ IS-IGC” column shows the estimated τ value from the HKY+IS-IGC model. 
The  “τ=η/p PS-IGC” column contains the τ value from the HKY+PS-IGC model. The “1/p 
HKY+PS-IGC” column shows the estimated average IGC tract length of fixed IGC events in 
nucleotides from the HKY+PS-IGC model. The “1/p HMM” column shows the estimated 
average IGC tract length of fixed IGC events in nucleotides from the MG94+IS-IGC+HMM 
model of each data set. The “95% C.I. of 1/p HMM” column contains the asymptotic 95% 
C.I. of 1/p from the MG94+IS-IGC+HMM model. 

Paralog Pair τ  

IS-IGC 

τ=η/p  

PS-IGC 

1/p  

HKY+PS-IGC 

1/p  

HMM 

95% C.I. of 1/p  

HMM 

YLR406C,YDL075W 5.10 5.10 4.2 55.4 (3.88, 791.52) 

YER131W,YGL189C 5.27 5.27 12.4 11.3 (3.00, 262.20) 

YML026C,YDR450W 12.84 12.85 1.4 77.4 (3.00, 4236.76) 

YNL301C,YOL120C 7.94 7.94 98.9 715.6 (43.81, 11690.48) 

YNL069C,YIL133C 3.63 3.63 12.3 3.0 (3.00, 23.49) 

YMR143W,YDL083C 9.19 9.19 1.0 59.6 (3.00, 7639.92) 

YJL177W,YKL180W 6.45 6.45 2.5 130.9 (14.06, 1219.04) 

YBR191W,YPL079W 13.64 13.64 10.7 21.4 (3.72, 123.28) 

YER074W,YIL069C 20.90 20.89 53.0 178.9 (3.00, 106712.49) 

YDR418W,YEL054C 5.16 5.16 3.3 129.9 (25.52, 661.14) 

YBL087C,YER117W 11.05 11.05 30.0 674.5 (37.93, 11996.22) 

YLR333C,YGR027C 9.88 9.86 30.0 15.3 (3.00, 1316531) 

YMR142C,YDL082W 14.37 14.37 30.0 2817.3 (334.09, 24677.75) 

YER102W,YBL072C 14.77 14.76 30.0 107.7 (17.66, 657.25) 
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Analyses of Primate EDN ECP Data 

As described in the Materials and Methods of this chapter, we used the sequence data and 

tree topology (see Figure 3.3) of Zhang et al. (1998).  

 

 

Figure	3.3	The	gene	tree	topology	of	primate	EDN	ECP	genes.	The	arrow	indicates	the	duplication	event.	

 

The parameter estimates for the HKY+PS-IGC and the MG94+IS-IGC+HMM models were 

obtained the same way as described in the ‘Analysis of Yeast Data’ section. One advantage 

of the HMM approach is that we could infer the most probable joint path of hidden states 

(e.g., the Viterbi path). Via the forward-backward algorithm, we also calculated the posterior 

probability of the hidden state at each site given the maximum likelihood estimates of the 

MG94+IS-IGC+HMM parameters and given the whole sequence. We consider the log ratio 

of the posterior probabilities of the two hidden states at each site: Pr(Sk = 1| X,Θ)
Pr(Sk = 0 | X,Θ)

. A log 
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ratio exceeding 0 indicates a higher posterior probability of the hidden state Sk = 1  at site k. 

We plotted the Viterbi path and the log posterior probability ratio in Figure 3.4.     
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Figure	3.4	MG94+IS-IGC+HMM	result	of	EDN,	ECP	gene	pair.	A:	log	posterior	probability	ratio	of	hidden	states	and	Viterbi	

path	along	sites.	B:	log	likelihood	surface	versus	average	tract	length	1/p.	
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Simulations 

As detailed in Materials and Methods, we performed simulations to characterize our pair-

sites composite likelihood IGC procedure. One hundred data sets were simulated and 

analyzed for each simulation condition that we explored. For the simulations, rates are 

normalized so that the expected rate per paralog per nucleotide is 1 for substitutions that 

originated with a point mutation. In simulations, a nucleotide site might experience IGC 

because an IGC tract began at the site or because a tract initiated elsewhere and continued 

through the site. While inferences via maximum likelihood involve finding the combination 

of parameter values that jointly maximize the likelihood, numerical optimization difficulties 

resulted in our instead optimizing the likelihood only over the geometric distributed tract 

length parameter p with all other parameters constrained at their true value that was used to 

simulate the data sets. Sometimes, simulations yielded inferences for 1/p (i.e., estimated 

average tract lengths) that were more than 10-fold higher than their true value. These extreme 

values were not included in sample mean calculations but they were included in the reported 

interquartile range values. No estimated values were discarded for true tract lengths of 3, 10, 

50 and 100 whereas 3, 7, 6 and 7 estimated values were respectively discarded for true tract 

lengths of 200, 300, 400 and 500.  

The simulations indicate that average estimated mean tract lengths are relatively close 

to the true values (see Figure 3.5). The variability of estimated tract lengths increases as true 

expected tract length increases, presumably because the actual numbers of IGC events will 

vary more among simulated data sets when tracts are long but the expected number of tracts 

per simulation is few. 
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Figure	3.5	Effect	on	tract	 length	parameter	estimates	from	the	pair-sites	composite	 likelihood	IGC	procedure	of	expected	

tract	length.	The	mean	of	estimated	tract	lengths	below	10-fold	of	expected	tract	length	among	100	simulated	data	sets	is	

plotted	 versus	 the	 expected	 length	 in	 nucleotides	 of	 IGC	 tracts.	 Vertical	 line	 segments	 depict	 interquartile	 ranges	 of	 the	

estimates.	The	dashed	line	depicts	the	Y=X	line.		

 

We estimated the average tract length with the HMM procedure for the same 

simulated data sets under each simulation condition as well. Unfortunately, the HMM 

procedure behaved poorly for inferring average tract lengths (see Figure 3.6). Often, 

simulations yielded inferences for 1/p (i.e., estimated average tract lengths) that were more 

than 1000 nucleotides or 10-fold higher than their true value. These extreme values were not 

included in sample mean calculations but they were included in the reported interquartile 

range values where values larger than 1000 nucleotides were truncated to 1000 nucleotides. 

There were 69, 56, 47, 49, 56, 72, 65 and 73 estimated values that were respectively 

discarded for true tract lengths of 3, 10, 50, 100, 200, 300, 400 and 500. Contrary to our 
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hopes, the poor performance of the HMM approach in these simulations suggests that the 

HMM approach should not be employed for making IGC-related inferences. Presumably, the 

aforementioned shortcomings of the HMM approach (see section 3.2.3) are responsible for 

this poor performance. 

 

 

Figure	3.6	Effect	on	tract	length	parameter	estimates	from	the	HMM	IGC	procedure	of	expected	tract	length.	The	mean	of	

estimated	 tract	 lengths	 below	 1000	 nucleotides	 and	 10-fold	 of	 expected	 tract	 length	 among	 100	 simulated	 data	 sets	 is	

plotted	 versus	 the	 expected	 length	 in	 nucleotides	 of	 IGC	 tracts.	 Vertical	 line	 segments	 depict	 interquartile	 ranges	of	 the	

estimates	where	values	higher	 than	1000	nucleotide	are	 truncated	 to	1000	nucleotides.	The	dashed	 line	depicts	 the	Y=X	

line.	
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3.4 Materials and Methods 

Yeast Data Set Collection 

In the Materials and Methods of Chapter 2, we describe how the 14 data sets of yeast protein-

coding genes were selected and prepared. 

 

Primate Data Set Collection  

Zhang et al. (1998) studied genes for eosinophil cationic protein (ECP) and eosinophil-

derived neurotoxin (EDN) in primates. We used the data from their study and the tree 

topology that was first introduced by Rosenberg et al. (1995). However, we excluded human 

sequence data from our analyses to lessen the possibility of variation of gene tree and species 

tree topologies among the primates. We obtained the protein-coding DNA sequences via 

their GenBank accession numbers and aligned them at the amino acid level with version 

7.305b of the MAFFT software (Katoh and Standley, 2013). The protein sequence alignment 

was then converted to the corresponding codon-level alignment. Three codon columns that 

contain gaps were removed from the alignment.  

 

Simulations 

In the Materials and Methods of Chapter 2, we describe how simulations were designed to 

resemble the YDR418W_YEL054C data set. For the same reasons, we picked the 

YDR418W_YEL054C data set and use the inferred parameter values of the HKY+rv+IS-

IGC model to simulate new data sets. To keep τ = η
p

 the same for each selected mean tract 
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length value (i.e., 1
p

), the initiation rate η = τ p  is set accordingly. All other parameters are 

kept at their inferred MLE value.  

For each simulation condition, 100 data sets were generated. IGC and point mutation 

events were simulated along the species tree for sequences of 492 nucleotides of each paralog 

in all 7 yeast species. We used values of κ  and πh (h∈{A,C,G,T} ) that were estimated 

from the YDR418W_YEL054C data set. The branch lengths that were inferred from the 

YDR418W_YEL054C data were used as the true values for the simulations. While the 

simulation in Chapter 2 operated at the codon level, these simulations used nucleotides as the 

units because the modified HKY model is a nucleotide substitution model that has 

independent evolution at the three codon positions but with different rates for each codon 

position. Three columns (238, 239, 240) were removed to parallel our actual 

YDR418W_YER054C data that has 489 columns after accounting for the three columns (i.e. 

one codon corresponding to a gap in the multiple sequence alignment).  

 

3.5 Discussion 

The two new approaches estimate the same parameters but with different approximations. 

The PS-IGC approach handles the complex correlation between multiple sites by a pairwise 

composite likelihood approximation. In a study of homologous recombination, McVean et al. 

(2002) showed that for simple cases where the full likelihood is feasible to calculate, their 

composite likelihood estimate was close to the maximum full likelihood estimate but with 

misbehaved variance. Our PS-IGC approach is a composite likelihood method that is similar 
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in spirit to the one of McVean et al. (2002) and it is expected to have similar behavior. Since 

it is not a valid likelihood function, conventional asymptotic variance calculations are not 

applicable to the PS-IGC approach. The uncertainty of parameter estimates by the PS-IGC 

approach can be estimated through extensive simulation / permutation based methods or via 

the inverse of the Godambe information matrix (e.g., see Kent, 1982; Varin et al. 2011).  

For nucleotide substitutions that originated by point mutations, the pair-site approach 

reflects the difference of fixation rates among the three codon positions by setting the relative 

rate at the first codon position to 1 and adding a separate relative rate parameter for codon 

position 2 (e.g., r2) and another for codon position 3 (e.g., r3). However, the pair-site 

approach treats the IGC initiation rate as being equally likely at codon positions. This 

treatment is convenient for setting up the statistical model but maybe biologically unrealistic 

because it does not reflect differences in fixation probabilities among codon positions that 

change due to an IGC tract. Furthermore, we assume that IGC mutations occur and fix at a 

rate that is independent of the differences between the IGC donor and recipient tracts. This 

assumption violates evidence that IGC mutations become less likely as paralogs diverge (see 

Section 1.7 of Chapter 1). 

The HMM approach is a valid likelihood procedure and can incorporate a 

comparatively realistic codon substitution model to describe the sequence changes that 

originate with point mutations (e.g., the MG94 model). As mentioned in section 3.2, the 

HMM assumption has at least two limitations. These are the assumption of a first-order 

Markov chain for the organization of hidden states along a sequence and the assumption that, 

conditional on the hidden state values, emissions are independent of one another. These two 
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shortcomings can be interpreted as representing disparities between the continuous time 

stochastic process that is employed as a model for data generation and the HMM that is 

employed as a model for data analysis. Also, when the duplication time is ancient and when 

IGC rates are high such that almost all sites are expected to have experienced at least one 

IGC event, the HMM approach may have difficulty inferring the average IGC tract length 

because almost all sites will have hidden states that have a value of 1. Therefore, the HMM 

approach seems most suitable for relatively recent duplications and moderate IGC rates. The 

uncertainty of parameter estimates from the HMM approach can be approximated by 

conventional asymptotic variance calculation (e.g., by approximating the Fisher-information 

matrix). 

 As noted in Chapter 2, all 14 yeast datasets that we analyzed represent ribosomal 

protein-coding genes. The high estimated proportion of nucleotide substitutions that 

originated by IGC rather than point mutation in these data sets suggest that these ribosomal 

protein-coding genes may have experienced numerous IGC events per site. Therefore, the 

HMM approach may not be suitable for these datasets. The large asymptotic confidence 

intervals further suggest the inapplicability of the HMM approach. 

We note that Harpak et al. (2017) recently developed two population genetic 

approaches so that they could study IGC in segmental duplication regions of humans and 

other primates. They concluded that the IGC rate is an order of magnitude faster than the 

point mutation rate. Interestingly, the two inferential approaches that they independently 

developed and that they describe in their preprint are similar in spirit to ours. One is an HMM 

approach and one is a pair-site approach.  
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However, a careful reading of their preprint reveals important difference between 

their inferential strategies and our own. Their HMM approach is reminiscent of Ezawa et al. 

(2006) technique that is outlined in Section 1.8.3 of Chapter 1. The HMM treatment of 

Harpak et al. ignores the possibility that a paralog site experiences multiple overlapping IGC 

events during the evolution of two paralogs and assumes that no IGC events occurred 

between the duplication and the post-duplication speciation event. The pair-site approach in 

Harpak et al. considers two sites and two paralogs jointly but treats all sequence sites as 

being binary in nature. As a result, their joint state space has a size of 24 = 16 where each site 

has two possible states representing two allele types with one state being the nucleotide type 

observed in mouse and with the other binary state collectively representing the other 3 

nucleotide types. Furthermore, Harpak et al. assume constant generation time, population 

size and known divergence times on the lineage separating the primates from their most 

recent common ancestor with mice. The Harpak et al. (2007) approach seems most 

appropriate for evolutionary scales where sequence changes are rare and where species are 

relatively closely related so that parameters such as generation time have little variation 

across the tree. It may be less satisfactory for larger timescales, such as the one that 

encompass the period from the common ancestor of rodents and primates to the current day. 

In contrast, our parameterizations have been aimed at timescales of this magnitude.  
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3.6 Future Directions 

The uncertainty of our parameter estimates should be better quantified. The pair-site 

approach is a composite likelihood procedure. Although we have not yet explored the 

possibility, uncertainty in parameter estimates could be approximated via the inverse of the 

Godambe information matrix (e.g., see Kent, 1982; Varin et al. 2011). Because IGC tracts 

induce regional heterogeneity of patterns of molecular evolution along a sequence, the 

conventional sampling with replacement of alignment columns (or codon-triplet columns) to 

generate non-parametric bootstrap pseudoreplicates might not be a good technique.  For 

assessing parameter uncertainty, perhaps some variation of a block-bootstrap approach 

(Kunsch 1989) could be devised. Alternatively, parametric bootstrap schemes (Cox 1961; 

Cox 1962; Efron 1985; Goldman et al. 2000; Huelsenbeck et al. 1996) could be explored. 

 To better characterize IGC, one possibility is to assume that some parameters (e.g., 

IGC initiation rate and average tract length) are shared among genes. In our HMM analyses 

of the 14 yeast data sets, we separately estimated η and 1/p for each data set. Presumably 

because the number of independent IGC events per data set was small, our 95% confidence 

intervals for 1/p were wide. It should be straightforward to have all 14 yeast data sets share 

the same values of η and 1/p and then estimate these shared values. This is a direction that 

we plan to pursue in the near future. 
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Chapter 4   

Towards Larger Gene Families and More Realistic Models 

4.1 Introduction 

In this chapter, I will describe and contrast two general IGC modeling strategies. The 

inference procedures of Chapters 2 and 3 all happen to be examples of one of these strategies. 

After the description, I will then study via simulation the influence of IGC on inferring the 

correct gene duplication history. Finally, I will introduce some preliminary investigations 

that aim to incorporate more biological features into the IGC approaches. All of the IGC 

research directions in this chapter happen to be ongoing efforts that are albeit incomplete. 

 

4.2 New approaches 

One limitation shared by all three approaches to inferring IGC that are detailed in Chapters 2 

and 3 is that they can only deal with small multigene families. For example, the IS-IGC 

approach is likely to be computationally feasible only when there are 6 or fewer 

contemporaneous paralogs in a genome if using a 4-state nucleotide substitution model. The 

bottleneck of analyzing larger gene families is the size of the state space, which grows 

exponentially with the number of contemporaneous paralogs. To better characterize IGC in 

larger multigene families, new inference procedures are needed.  

There are two basic modeling strategies that we have considered to solve or avoid this 

bottleneck. The first jointly considers the state of all paralogs at each point in time that is 
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represented by a species tree. This strategy has this joint state change according to a Markov 

process that incorporates IGC. This is the strategy employed by all 3 approaches that are 

outlined in Chapters 2 and 3.  

Whereas the first strategy allows IGC to affect the joint state of paralogs on a species 

tree, the second strategy considers the evolutionary tree that relates all paralogs and it allows 

this tree to vary among sequence positions due to IGC. With this second strategy, lineages 

can coalesce either due to duplication or speciation or due to IGC and, as with widely used 

coalescent process treatments of population genetics, the computational and inferential 

challenge becomes the large number of possible trees that may represent the history of a site.  

For larger gene families, multiple gene duplication and deletion events are likely to be 

needed to explain the number of paralogs observed in each species on the species tree. Unlike 

the gene families of two paralogs in yeast that were created by a well-studied whole genome 

duplication event (Byrne and Wolfe, 2005; Casola et al. 2012), the gene duplication and loss 

histories of other gene families are usually unclear and are extracted from the inferred gene 

tree topology. Conventional approaches for treating gene duplication and loss (Heled and 

Drummond 2009; Rannala and Yang 2003; Stadler et al. 2013) ignore IGC when inferring 

the gene tree topologies. This is problematic because IGC events homogenize paralogs 

within a genome and thereby can make different regions of the sequence favor different tree 

topologies. When IGC is ignored, the influence of IGC on inferring the correct gene tree 

topology depends on the rate and length of the IGC events.  
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4.2.1 IGC-Induced Gene Tree 

An IGC history specifies the times of IGC events on the species tree, the donor and recipient 

paralogs of the events, and the sequence regions that experienced the events. The probability 

of observing the sequence data at the tips of the gene tree is straightforward to calculate if the 

IGC history is conditioned upon. An IGC event overwrites the recipient paralog’s 

evolutionary history by that of the donor paralog at the sequence region it covers. The IGC 

event therefore serves as an additional source of coalescence on the gene tree over the 

sequence region. The gene tree that describes the evolutionary relationship between paralogs 

(e.g., the order of gene duplication events) will be referred to as the paralog tree to 

distinguish from the IGC-induced gene tree, which will be mentioned later. The branches on 

the paralog tree will be referred to as the paralog lineages because they describe the 

evolutionary relationship of the chromosomal locations of the paralogs. The paralog lineages 

are shaped by speciation events and gene duplication and loss events, but not IGC. For a 

single site with a given paralog tree and species tree, a specific IGC history further shapes the 

history of the site via the additional IGC coalescence events. A history that includes the 

influence of IGC will be referred to as an IGC-induced gene tree (see Figure 4.1).  

 For any pair of paralogs in a multigene family, we model their sequence sites as 

changing independently subsequent to the last time the sequence sites coalesce on the IGC-

induced gene tree. When there are more than two paralogs on the species tree, the time since 

coalescence of the ancestral lineages of any pair of paralogs can be affected by IGC events 

that involved paralogs other than the focal pair (see Figure 4.1).  
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Figure	 4.1	 Examples	 of	 IGC-induced	 gene	 trees.	 (A)	 Three	 IGC	 events	 are	 depicted	 with	 red	 showing	 the	 IGC	 tracts	

associated	with	each	event.	These	events	combine	 to	 induce	different	histories	 for	 sites	 in	different	paralog	 regions.	The	

induced	histories	 for	paralog	region	 I	and	 II	are	 illustrated.	 (B)	A	paralog	 tree	 showing	 two	 rounds	of	duplication	events	

followed	by	a	speciation	event	create	two	species	(A,	B)	with	three	paralogs	in	each	species	({A1,	A2,	A3}	and	{B1,	B2,	B3}).	(C)	

The	only	IGC	event	that	affects	paralog	region	I	(e.g.,	IGC1)	is	mapped	onto	the	paralog	tree.	(D)	The	IGC-induced	tree	for	

paralog	region	I.	(E)	All	3	IGC	events	(IGC1,	IGC2,	IGC3)	affect	paralog	region	II	and	these	are	mapped	onto	the	paralog	tree.	

(F)	The	IGC-induced	tree	for	paralog	region	II.		
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4.2.2 Pairwise Marginal Likelihood (PML) Approach 

The approaches discussed in Chapters 2 and 3 all incorporate IGC into the generator of the 

Markov process by expanding the state space. The exponentially increasing size of the state 

space makes these approaches intractable for data sets consisting of large multigene families. 

An alternative strategy of incorporating IGC into a phylogenetic statistical framework is by 

considering the IGC-induced gene tree. This means that IGC is incorporated into the tree 

component of the statistical model. Similar to the IGC modeling setup in Chapter 3, we 

assume IGC events happen independently of the sequence states of the donor and recipient 

paralogs. This independence assumption violates biological reality because IGC mutations 

are associated with high sequence similarity (reviewed in Chen et al. 2007), but it reduces the 

computation dramatically.  

By assuming IGC events arise at a rate independent of the context of the donor and 

recipient tracts, we can calculate the probability density function of what will be denoted the 

most recent common history time (MRCHT) of any pair of paralogs such that the MRCHT of 

the pair is the time from their last coalescent event to present. Conditional on the MRCHT of 

a pair of paralogs, their sequence states change independently by substitutions originating 

with point mutations. Therefore, we can determine the marginal probabilities of sequence 

states of any extant pair of paralogs with a convolution integral over all possible MRCHT. To 

illustrate how the MRCHT has a distribution that can be calculated by a continuous time 

Markov chain, I use the simple example illustrated in Figure 4.2 where 5 paralog lineages are 

embedded in one species tree branch that happens to have no gene duplication or loss events.  
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Figure	4.2	Example	of	five	paralog	lineages	embedded	in	one	species	tree	branch	of	duration	T.	One	IGC	event	happens	at	

time	t1	and	another	happens	at	t2.	Both	IGC	events	will	be	assumed	to	affect	the	paralog	region	of	interest.	For	paralog	1,	

the	ancestral	state	is	1	between	0	and	time	t1	and	it	is	3	after	t1.		

 

Any species tree with a known paralog tree topology can be divided into segments 

similar to that in Figure 4.2 with speciation or gene duplication or loss events connecting the 

segments. For the species tree branch in Figure 4.2 (or any such segment of the species tree), 

the time duration is T and the paralog lineages are numbered by their extant paralog number. 

We will use the ancestral paralog lineage of an extant paralog as the state of the Markov 

chain and denote the ancestral paralog lineage of extant paralog i at time t asXi(t)  with 

0 ≤ t ≤ T  and where t represents a certain number of time units before the present. Therefore, 

the state space for one single ancestral paralog lineage is the set of all paralog lineages on 

that species tree branch and the Markov chain is defined on the reversed time direction 

similar to what is done with coalescent models.  

The initial state of extant paralog i is the paralog number of itself (e.g., Xi (0) = i ). 

Along one of the aforementioned segments, the state changes only by IGC events. For 
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example, if paralog i has its ancestral paralog lineage state being k, k ∈{1,2,3,...,n}  before 

time t then, an IGC event that happens at time t from paralog j to paralog k will make Xi(t)=j .  

When considering a single sequence site, one way to visualize our model of the IGC 

process on a species tree branch with n paralogs is to consider a highway with n lanes (one 

for each paralog lineage). The evolutionary history of extant paralog i can be viewed as a car 

on the highway that starts from lane i (e.g., Xi(0)=i ). The ancestral paralog lineage state of 

the extant paralog i at time t is the lane on which the car that starts from lane i drives. The car 

moves towards the root node direction on the highway of the species tree branch and 

switches lanes by IGC events. An IGC event makes the car switch to the lane corresponding 

to the donor paralog lineage. When jointly considering two extant paralogs i and j, the size of 

the  state space of (Xi(t) , Xj(t) ) becomes n2. The joint state changes at the rate at which IGC 

events happen. For example, (Xi (t) = a,Xj (t) = b)  changes to (Xi (t) = a,Xj (t) = c)  at the rate 

of which paralog c is copied to paralog b via IGC. The probability density of the MRCHT 

between paralog i and j being t can be viewed as the probability density of the first 

occurrence of Xi (t) = Xj (t) .  

As mentioned before, when conditioning upon their MRCHT, the sequence states of 

any two paralogs change independently and only by substitutions originating with point 

mutations. When some 4-state nucleotide substitution models are employed to describe the 

rate at which point mutation events happen (e.g., the TN91 model and its special cases as 

reviewed in Chapter 1), the closed-form analytical expressions of the transition probability 

matrix for the nucleotide substitutions will further reduce the computation. Let Si (t)  denote 
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the nucleotide state of extant paralog i at time t and let fij (t)  be the probability density 

function of the MRCHT of paralog i and paralog j at time t. To represent the most recent 

common ancestor of paralog i and paralog j, MRCA(i, j)will be employed. The marginal 

joint state distribution of extant paralogs i and j (i.e., Si (0) = u,Sj (0) = v  with 

u,v∈{A,C,G,T} ) can be calculated by: 

 
Pr(Si (0) = u,Sj (0) = v)

= Pr(Si (0) = u | Si (t) = w)Pr(Sj (0) = v | Sj (t) = w)Pr(SMRCA(i, j ) = w) fij (t)dt
w∈{A,C ,G ,T }
∑∫  (4.1) 

where the two transition probabilities Pr(Si (0) = u | Si (t) = w)  and Pr(Sj (0) = v | Sj (t) = w)  

have analytical forms and the nucleotide state of the MRCA(i, j)  is Pr(SMRCA  of i, j = w) = πw  

when stationarity of the substitution model is assumed. 

 

4.2.3 A Data Augmentation Approach 

A more intuitive yet computationally intensive strategy towards IGC inference of large gene 

families is via Markov chain Monte Carlo (MCMC), possibly, in a Bayesian framework. 

Because sophisticated MCMC methods are available for studying evolution, only the aspects 

of our approach that are specific to IGC are detailed here. As is often done in MCMC, we 

will reply upon a data augmentation strategy. Data augmentation is attractive when the 

likelihood is difficult to calculate but when it would be easier to calculate if more 

information were observed. Here, the IGC history is the unobserved information that would 

simplify the calculation. The history specifies the timing of each IGC event on the species 
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tree, the identities of the donor and recipient paralogs and the sequence regions covered by 

each IGC event (see Figure 4.1).  

Conditional upon the IGC events, the relationships among extant paralogs at each 

sequence position are described by the IGC-induced gene tree. This conditioning means that 

only substitutions originating with point mutations must be explained so that likelihood 

evaluation is tractable via Felsenstein’s pruning algorithm (Felsenstein 1973) and 

conventional 61-state (or 4-state) models. This motivates a new IGC inference strategy that 

can accommodate a large number of paralogs by using MCMC to simulate a random walk 

over all possible IGC histories so that each possible IGC history is visited according to its 

posterior density.  
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4.3 Inference of Gene Duplication History with IGC  

IGC events partition the sequence sites of a multigene family into regions that have different 

evolutionary trees. This consequence of IGC has complicated the study of multigene family 

evolution, especially when the goals are to examine orthology and the history of gene 

duplication and loss. Via simulation, I studied the influence of ignoring IGC on orthology 

inference. As detailed in the “Simulation” section, the HKY (Hasegawa et al. 1985) model 

was employed to simulate nucleotide substitutions that originated by point mutations. As in 

the Chapter 3 models for IGC tracts, IGC events in the simulation started at a site at rate η 

and had geometrically distributed tract lengths. All paralogs were equally likely to be the 

donor or recipient of IGC events. Fifty data sets were generated for each of eighteen sets of 

parameter values.  

 

Simulation 

Sequences of multigene families with one outgroup species and 2 ingroup species (A, B) 

were simulated according to the paralog tree shown in Figure 4.3.  
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Figure	4.3	The	gene	family	went	through	two	rounds	of	tandem	duplication	before	the	speciation	event	that	created	the	

two	ingroup	species.	The	branch	lengths	on	the	tree	are	defined	by	two	parameters	a	and	b.		

 

The branch lengths of the tree topology in the simulation are defined by two parameters (a, 

b), each with values that are 0.10, 0.25 or 0.50. The branch length scheme was inspired by 

the classic 4-taxa Huelsenbeck simulation study (Huelsenbeck 1995). The Gillespie 

algorithm (Gillespie 1976; Gillespie 1977) with two independent Poisson processes (one for 

IGC events and one for nucleotide substitutions that originated with point mutations) was 

used as explained below to simulate sequence changes from the root to each tip.  

One of these two Poisson processes simulates substitutions that originated by point 

mutation by using the HKY model (Hasegawa et al. 1985) for nucleotide substitutions. The 

HKY model has the form: 

 qij =
π j if transversion

κπ j if transition

⎧
⎨
⎪

⎩⎪
  (4.2) 

We employed the HKY model with nucleotide frequency parameters: π A = 0.24 , πC = 0.22 , 

πT = 0.32 , πG = 0.22  and with transition-transversion parameter κ = 10.90 . These values 
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are the maximum likelihood estimates (MLEs) of the HKY+IS-IGC model on the yeast 

dataset YBL087C_YER117W.  

As explained in Section 3.2.1 of Chapter 3, the other Poisson process simulates the 

sequence homogenizing events of IGC tracts that undergo fixation. These tracts initiate at 

rate η per site such that the tract lengths have a geometric distribution with parameter p. The 

average IGC rate at a site is set to τ =η / p = 13.94  because 13.94 is the MLE of τ for the 

YBL087C_YER117W dataset with the IS-IGC model. Two p∈{0.05,0.005}  values were 

used in addition to each of the 18 (a,b)  combinations of branch lengths. All simulated 

paralog sequences were 600 nucleotides in length. Fifty datasets were simulated for each set 

of parameter values to yield a total of 900 = 50 ×18  simulated datasets.   

 

Orthology Inference 

Ignoring the possibility of gene loss and subject to the constraints that each 

duplication is a tandem duplication and that only one paralog can be duplicated per 

duplication event, 10 tree topologies that are compatible with paralog 2 being flanked on one 

side by paralog 1 and on the other side by paralog 3 (see Figure 4.4). Each simulated dataset 

was first analyzed by maximum likelihood under the conventional HKY model by version 

4.8a of the PAML software (Yang 2007). PAML analyses were done according to each of the 

10 candidate tree topologies that are depicted in Figure 4.4. The tree topology that has the 

largest maximum likelihood value among these 10 is chosen as inferred gene duplication 

history and defines the orthology of the simulated dataset. The 10 candidate topologies 

represent alternative gene duplication histories that have no gene deletion events and they 
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lead to different orthology relationships between the genes in the simulated data sets. The 

observed data can be explained by three duplication scenarios: (1) two rounds of duplication 

events before the speciation event of A and B; (2) one duplication event before the speciation 

event of A and B and one additional duplication event in each of the two species; (3) two 

separate speciation events in each of the two species after their split (see Figure 4.4). 

Each simulated data set was also analyzed under a 3-paralog extension of the 

HKY+IS-IGC model with 6 candidate tree topologies in Figure 4.4; these 6 topologies are 

denoted T1, T2, T3, T5, T7 and T8. Analyses including the remaining 4 topologies are 

among future plans for this research. The HKY+IS-IGC extension with np paralogs has the 

form: 

 qi1i2 ...inp , j1 j2 ... jnp =

0 diff (i1i2...inp , j1 j2... jnp ) ≥ 2

qik jk + sτ diff (i1i2...inp , j1 j2... jnp ) = 1,ik ≠ jk , s = I(il , jk )
l=1

np

∑

⎧

⎨
⎪⎪

⎩
⎪
⎪

  (4.3) 

where diff(i, j) is a function that counts how many of the np nucleotide states of i differ from 

the corresponding np nucleotide states of j; where I(il,jk) is the identity function that has 

I(il,jk)=1 if il = jk  and I(il,jk)=0 if il ≠ jk ; and where s is the number of paralogs in the other 

np -1 paralogs that have the same nucleotide state as jk and that therefore can contribute by 

being the IGC donors. This IGC approach involves matrix exponentiations of size 

43 × 43 = 64 × 64  for the IS-IGC expansion with 3 paralogs. The tree topology that yields the 

largest maximum likelihood among the 6 that were evaluated was chosen as the inferred 

topology for the HKY+IS-IGC model.  
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Figure	4.4	The	10	gene	 tree	 topologies	considered	 in	 the	analyses.	Topology	1	 is	 the	 true	 tree	 topology	under	which	 the	

simulated	 datasets	 were	 generated.	 The	 remaining	 9	 topologies	 represent	 all	 others	 that	 are	 possible	 subject	 to	 the	

assumptions	noted	in	the	text.	Based	on	the	number	of	duplication	events,	the	10	gene	tree	topologies	can	be	grouped	into	

3	categories:	{T1,	T2},	{T3,	T4,	T5,	T6},	{T7,	T8,	T9,	T10}.	
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Results 

For the PAML analyses that ignore IGC, the inferred tree topologies of all 900 simulated data 

sets are associated with the duplication scenario where two independent rounds of 

duplication happen in each species after their split. This finding holds even when we limit 

PAML analyses to consider only the 6 topologies that we have analyzed with the HKY+IS-

IGC model. 

Table 4.1 and Table 4.2 show the proportions of correctly inferring the true tree 

topology T1 by the HKY+IS-IGC model in the 50 simulated datasets in each for the 18 (a, b, 

p) parameter combinations. Table 4.3 and Table 4.4 show the proportion of correctly 

inferring the duplication scenario of {T1, T2} that has two rounds of duplication before the 

speciation events of the HKY+IS-IGC model in the 50 simulated datasets of each (a, b, p) 

parameter combination. 
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Table	4.1	Proportion	of	simulations	with	true	tree	topology	T1	correctly	inferred	by	the	HKY+IS-IGC	model	p=0.05	

	 0.10	 0.25	 0.50	

0.10	 0.46	 0.42	 0.38	

0.25	 0.52	 0.56	 0.52	

0.50	 0.52	 0.38	 0.48	

 

Table	4.2	Proportion	of	simulations	with	true	tree	topology	T1	correctly	inferred	by	the	HKY+IS-IGC	model	p=0.005	

	 0.10	 0.25	 0.50	

0.10	 0.56	 0.52	 0.48	

0.25	 0.62	 0.52	 0.58	

0.50	 0.58	 0.46	 0.62	

 

Table	4.3	Proportion	of	simulations	that	yielded	inferences	of	either	tree	topology	T2	or	the	true	tree	topology	T1	correctly	

inferred	by	the	HKY+IS-IGC	model	p=0.05	

	 0.10	 0.25	 0.50	

0.10	 1.00	 1.00	 1.00	

0.25	 1.00	 0.98	 0.98	

0.50	 1.00	 1.00	 1.00	

 

Table	4.4	Proportion	of	simulations	that	yielded	inferences	of	either	tree	topology	T2	or	the	true	tree	topology	T1	correctly	

inferred	by	the	HKY+IS-IGC	model	p=0.005	

	 0.10	 0.25	 0.50	

0.10	 1.00	 1.00	 1.00	

0.25	 1.00	 1.00	 1.00	

0.50	 1.00	 1.00	 1.00	

 

b 
a 

b 
a 

b 
a 

b 
a 
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Discussion 

Because it ignores homogenization due to IGC, it is not surprising to see that the HKY model 

sometimes prefers the duplication scenarios where duplication events happen separately in 

the two ingroup species after they split from each other. However, it is a bit surprising that 

this incorrect inference happens for all simulated data sets with all simulation conditions that 

were explored. Presumably, this is attributable to the relatively high IGC rate used in this 

simulation study. Although our intent in setting the simulated amount of IGC to that 

estimated from YBL087C_YER117W was to use a biologically plausible value, it is possible 

that this ribosomal protein-coding gene pair has experienced so much IGC as to make it 

unrepresentative of other protein-coding genes. Therefore, further investigation is needed 

before making general conclusions that the conventional practice of ignoring IGC usually has 

such serious and negative consequences.  

The purpose of this simulation study was to investigate the joint influence of IGC and 

tree branch lengths on orthology inference. When the branches are so long that the sequences 

observed at tips are close to random, IGC may make it harder to correctly infer the true 

orthology. A two-dimensional Huelsenbeck-style (Huelsenbeck 1995) plot with a, b values 

as the two axes and with color-coded proportions of correctly inferred tree topologies was 

originally how we had planned to visualize the joint influence of IGC and long branches on 

inference. However, such a two-dimensional plot ended up not being very visually 

informative due to the quite similar results that were obtained among all combinations of 

branch lengths that were explored. The results suggest that the HKY+IS-IGC model works 

better on inferring the tree topology for the situation where abundant IGC is present, but this 
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comparison between the HKY+IS-IGC and the HKY may be unfair because the results 

presented here used only 6 of 10 candidate topologies for the HKY+IS-IGC case. Much more 

exploration is needed. IGC rates at different (especially lower) scales are needed to draw a 

clearer resolution of IGC influence on orthology inference and all 10 candidate gene trees 

need to be evaluated. In addition, our simulations did not consider gene loss and the 

biological evidence that IGC rate may decrease as paralogous sequences diverge (see Chen et 

al. 2007). These issues need to be considered in the future. 
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4.4 Towards More Realistic IGC Models 

4.4.1 Introduction 

Some paralogs are more likely to be IGC donors and others are more likely to be recipients 

(Chen et al., 2007). Also, through the repair mechanism of double strand breaks in 

homologous recombination, the nucleotides G and C are more likely to be used as the 

template for repairing the DNA sequence than are nucleotides A and T. This GC-bias in 

repair mechanism may increase the fixation probability of GC-enriched IGC events as is 

thought to be the situation for homologous recombination (Galtier et al. 2001). This section 

includes a brief overview of our preliminary efforts to investigate donor-recipient IGC 

asymmetry and GC-bias in IGC. Both of these preliminary investigations rely on the IS-IGC 

model. 

 

4.4.2 Directional IGC Rates Treatment 

Asymmetry in IGC donor/recipient relationships can be easily incorporated into all IGC 

treatments that are explained in Chapter 2, Chapter 3, and Section 4.2 of this chapter. This 

can be accomplished by adding additional parameters to distinguish IGC rates according to 

which paralog is donor and which is recipient. For a 2-paralog situation, the IGC model can 

be generalized so that there are two “τ” parameters with one corresponding to IGC in one 

direction and with the other corresponding to the opposite direction. I will refer to this 

treatment as an ‘add-on’ feature to any IGC model and denote it with ‘Dir-’ as a prefix to the 

existing model notation. For example, the MG94+IS-IGC model introduced in Chapter 2 
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with the directionality feature is denoted as the MG94+Dir-IS-IGC model.  The MG94+Dir-

IS-IGC model has the form: 

 Q i,i '( ), j , j '( ) =

0 i ≠ j,i ' ≠ j '
Qi, j i ≠ j,i ' = j ', j ≠ j '

Qi ', j ' i = j,i ' ≠ j ', j ≠ j '

Qi, j +ν1 i ≠ j,i ' = j ', j = j '

Qi ', j ' +ν2 i = j,i ' ≠ j ', j = j '

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

  (4.4) 

where νk = τk if the change is synonymous and where νk = ωτk  if the change is 

nonsynonymous and where k equals 1 or 2 to specify the paralog recipient.  

 

4.4.3 GC-biased IGC Rates Treatments 

Unlike the directional IGC rates treatment, a GC-biased IGC rate is affected by the 

differences in nucleotide state of the donor and recipient tracts. The dependence structure 

makes it only applicable to the IS-IGC model where IGC rates can be context-dependent. We 

followed the example of Lartillot (2012) who incorporated GC-bias into the mutation process 

by considering the relative fixation probability of mutations that change the GC-content (e.g., 

an increased fixation rate for mutations that increase GC content). I will refer to this 

treatment as another ‘add-on’ feature to the IGC model and denote it with ‘gBGC-’ as a 

prefix to the existing model notation (e.g., MG94+gBGC-IS-IGC refers to the MG94+IS-

IGC model with GC-bias feature). However, the exact form of the fixation probability in our 

MG94+IS-IGC is different from Lartillot (2012) because we incorporate IGC into a codon 

substitution model such that a single IGC event can simultaneously change the nucleotide 
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state of one or two or three continuous codon positions. Following the derivation of the 

fixation probability in Lartillot (2012), a codon transition that increases k nucleotides of GC 

content (k = 1, 2, 3) has a relative fixation probability that is approximated by kB
1− e−kB

. If 

B > 0 , the process favors increasing GC-content where it favors increasing AT-content when 

B < 0 . For a codon transition that does not change the GC content, the relative fixation 

probability is 1. For a codon transition that decreases k nucleotides of GC content, the 

decelerated relative fixation probability is −kB
1− ekB

. The relative fixation probabilities in 

Lartillot (2012) is therefore a special case of ours where k = 1. It is easy to see that when B<0, 

a substitution that increases GC-content will have a decreased fixation probability and a 

substitution that decreases GC-content will have an increased fixation probability. The 

MG94+gBGC-IS-IGC has the form: 

 Q i,i '( ), j , j '( ) =

0 i ≠ j,i ' ≠ j '
Qi, j i ≠ j,i ' = j ', j ≠ j '

Qi ', j ' i = j,i ' ≠ j ', j ≠ j '

Qi, j +νg(i, j,B) i ≠ j,i ' = j ', j = j '

Qi ', j ' +νg(i ', j ',B) i = j,i ' ≠ j ', j = j '

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

  (4.5) 

where ν = τ if the change is synonymous and where ν = ωτ  if the change is nonsynonymous. 

Again, g(i, j,B)  is a function of the relative fixation probability of a codon transition from i 

to j: 
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 g(i, j,B) =

kB
1− e−kB

codon j has k more nucleotides of G or C than codon i

1 codon j has the same number of G or C nucleotides as codon i
−kB

1− ekB
codon j has k less nucleotides of G or C than codon i

⎧

⎨

⎪
⎪⎪

⎩

⎪
⎪
⎪

 (4.6) 

 

4.4.4 Results 

Analysis of Yeast Data 

We used the same 14 data sets of yeast protein-coding genes that we analyzed in Chapter 2. 

As described in Chapter 2, these data represent all genes that remained after applying filters 

designed to reduce concerns about sequence alignment and paralogy status. As noted earlier, 

all 14 data sets happen to represent yeast ribosomal proteins. We obtained the maximum 

likelihood estimate (MLE) of 5 models for each data set. The results are shown in Table 4.5, 

Table 4.6 and Table 4.7.  
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Table	4.5	Maximum	Log-Likelihoods	of	Analyzing	14	Yeast	Gene	Pairs.	

Each row begins with the systematic names of two S. cerevisiae paralogous open reading frames. The 
symbol “#” is used to indicate a dataset that favors both IGC models with directionality feature at 5% 
significance level. The symbol “§” is used to indicate a dataset that favors both IGC models with GC-
bias feature at 5% significance level. The “lnL τ=0” column shows the maximum log-likelihood 
value of the MG94+IS-IGC model where t is constrained to 0. The four “Diff” columns specify the 
number of log-likelihood units by which each model exceeds the maximum log-likelihood value of 
the MG94+IS-IGC model where τ is constrained to 0: “Diff IS-IGC” refers to the MG94+IS-IGC 
model; “Diff Dir-IS-IGC” refers to the MG94+Dir-IS-IGC model; “Diff gBGC-IS-IGC” refers to the 
MG94+gBGC-IS-IGC model; “Diff Dir-gBGC-IS-IGC” refers to the MG94+Dir-gBGC-IS-IGC 
model. 

Paralog Pair LnL 

τ=0 

Diff  

IS-IGC 

Diff  

Dir-IS-IGC 

Diff  

gBGC-IS-IGC 

Diff  

Dir-gBGC-IS-IGC 

YLR406C,YDL075W# -1195.08 16.98 22.38 17.16 22.38 

YER131W,YGL189C# -1220.88 15.69 19.08 17.56 20.49 

YML026C,YDR450W -1444.31 67.07 67.09 68.21 68.43 

YNL301C,YOL120C# -2215.07 75.76 93.21 81.42 93.73 

YNL069C,YIL133C§ -2381.44 58.61 58.62 61.54 67.39 

YMR143W,YDL083C§ -1246.98 37.23 37.28 42.18 42.38 

YJL177W,YKL180W -1873.68 36.62 36.85 36.69 36.98 

YBR191W,YPL079W§ -1533.40 66.10 66.13 69.88 70.45 

YER074W,YIL069C# -1361.55 109.59 112.43 111.12 113.93 

YDR418W,YEL054C -1771.22 32.04 32.25 32.20 32.33 

YBL087C,YER117W# -1415.29 47.61 49.86 48.12 50.16 
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Table	4.5	Maximum	Log-Likelihoods	of	Analyzing	14	Yeast	Gene	Pairs.	

Each row begins with the systematic names of two S. cerevisiae paralogous open reading frames. The 
symbol “#” is used to indicate a dataset that favors both IGC models with directionality feature at 5% 
significance level. The symbol “§” is used to indicate a dataset that favors both IGC models with GC-
bias feature at 5% significance level. The “lnL τ=0” column shows the maximum log-likelihood 
value of the MG94+IS-IGC model where t is constrained to 0. The four “Diff” columns specify the 
number of log-likelihood units by which each model exceeds the maximum log-likelihood value of 
the MG94+IS-IGC model where τ is constrained to 0: “Diff IS-IGC” refers to the MG94+IS-IGC 
model; “Diff Dir-IS-IGC” refers to the MG94+Dir-IS-IGC model; “Diff gBGC-IS-IGC” refers to the 
MG94+gBGC-IS-IGC model; “Diff Dir-gBGC-IS-IGC” refers to the MG94+Dir-gBGC-IS-IGC 
model. 

Paralog Pair LnL 

τ=0 

Diff  

IS-IGC 

Diff  

Dir-IS-IGC 

Diff  

gBGC-IS-IGC 

Diff  

Dir-gBGC-IS-IGC 

YLR406C,YDL075W# -1195.08 16.98 22.38 17.16 22.38 

YER131W,YGL189C# -1220.88 15.69 19.08 17.56 20.49 

YML026C,YDR450W -1444.31 67.07 67.09 68.21 68.43 

YNL301C,YOL120C# -2215.07 75.76 93.21 81.42 93.73 

YNL069C,YIL133C§ -2381.44 58.61 58.62 61.54 67.39 

YMR143W,YDL083C§ -1246.98 37.23 37.28 42.18 42.38 

YJL177W,YKL180W -1873.68 36.62 36.85 36.69 36.98 

YBR191W,YPL079W§ -1533.40 66.10 66.13 69.88 70.45 

YER074W,YIL069C# -1361.55 109.59 112.43 111.12 113.93 

YDR418W,YEL054C -1771.22 32.04 32.25 32.20 32.33 

YBL087C,YER117W# -1415.29 47.61 49.86 48.12 50.16 

YLR333C,YGR027C -1345.65 83.65 84.71 84.93 86.09 

YMR142C,YDL082W# -2197.03 142.98 145.70 143.30 146.35 

YER102W,YBL072C -2196.66 137.70 139.02 138.97 140.40 
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Table	4.6	Estimated	τ	values	of	Analyzing	14	Yeast	Gene	Pairs.	

 
Each row begins with the systematic names of two S. cerevisiae paralogous open reading frames. The symbol “#” is used to 
indicate the dataset that favors both IGC models with directionality feature at 5% significance level. The “τ IS-IGC” column 
shows the estimated τ value of the MG94+IS-IGC model. The “τ1 Dir-IS-IGC” column shows the estimated τ1 value of the 
MG94+Dir-IS-IGC model that specifies the rate at which IGC events copies from the first paralog to the second. The “τ2 
Dir-IS-IGC” column shows the estimated τ2 value of the MG94+Dir-IS-IGC model that specifies the rate at which IGC 
events copies from the second paralog to the first. The “τ gBGC-IS-IGC” column shows the estimated τ value of the 
MG94+gBGC-IS-IGC model. The “τ1 Dir-gBGC-IS-IGC” column shows the estimated τ1 value of the MG94+Dir-gBGC-
IS-IGC model that specifies the rate at which IGC events copies from the first paralog to the second. The “τ2 Dir-gBGC-IS-
IGC” column shows the estimated τ2 value of the MG94+Dir-gBGC-IS-IGC model that specifies the rate at which IGC 
events copies from the second paralog to the first. 
 

 

 

Paralog Pair τ  

IS-IGC 

τ1  

Dir-IS-IGC 

τ2  

Dir-IS-IGC 

τ  

gBGC-IS-
IGC 

τ1  

Dir-gBGC-
IS-IGC 

τ2  

Dir-gBGC-
IS-IGC 

YLR406C,YDL075W# 1.65 2e-5 3.74 1.65 5e-5 3.74 

YER131W,YGL189C# 1.36 0.40 2.73 1.24 0.48 2.42 

YML026C,YDR450W 3.64 3.83 3.45 3.57 3.01 4.11 

YNL301C,YOL120C# 2.48 0.12 5.87 2.34 0.15 5.66 

YNL069C,YIL133C 1.46 1.41 1.52 1.41 2.34 0.47 

YMR143W,YDL083C 3.16 2.88 3.46 2.67 2.30 3.15 

YJL177W,YKL180W 1.76 1.44 2.12 1.78 1.42 2.18 

YBR191W,YPL079W 3.83 3.59 4.08 3.37 2.52 4.28 

YER074W,YIL069C# 7.47 12.57 2.65 7.18 11.57 3.00 

YDR418W,YEL054C 1.41 1.67 1.16 1.41 1.62 1.21 

YBL087C,YER117W# 2.81 1.16 4.74 2.80 0.94 5.03 
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Table 4.6 Estimated τ values of Analyzing 14 Yeast Gene Pairs. 

Each row begins with the systematic names of two S. cerevisiae paralogous open reading frames. The symbol “#” is used to 
indicate the dataset that favors both IGC models with directionality feature at 5% significance level. The “τ IS-IGC” column 
shows the estimated τ value of the MG94+IS-IGC model. The “τ1 Dir-IS-IGC” column shows the estimated τ1 value of the 
MG94+Dir-IS-IGC model that specifies the rate at which IGC events copies from the first paralog to the second. The “τ2 
Dir-IS-IGC” column shows the estimated τ2 value of the MG94+Dir-IS-IGC model that specifies the rate at which IGC 
events copies from the second paralog to the first. The “τ gBGC-IS-IGC” column shows the estimated τ value of the 
MG94+gBGC-IS-IGC model. The “τ1 Dir-gBGC-IS-IGC” column shows the estimated τ1 value of the MG94+Dir-gBGC-
IS-IGC model that specifies the rate at which IGC events copies from the first paralog to the second. The “τ2 Dir-gBGC-IS-
IGC” column shows the estimated τ2 value of the MG94+Dir-gBGC-IS-IGC model that specifies the rate at which IGC 
events copies from the second paralog to the first. 

Paralog Pair τ  

IS-IGC 

τ1  

Dir-IS-IGC 

τ2  

Dir-IS-IGC 

τ  

gBGC-IS-
IGC 

τ1  

Dir-gBGC-
IS-IGC 

τ2  

Dir-gBGC-
IS-IGC 

YLR406C,YDL075W# 1.65 2e-5 3.74 1.65 5e-5 3.74 

YER131W,YGL189C# 1.36 0.40 2.73 1.24 0.48 2.42 

YML026C,YDR450W 3.64 3.83 3.45 3.57 3.01 4.11 

YNL301C,YOL120C# 2.48 0.12 5.87 2.34 0.15 5.66 

YNL069C,YIL133C 1.46 1.41 1.52 1.41 2.34 0.47 

YMR143W,YDL083C 3.16 2.88 3.46 2.67 2.30 3.15 

YJL177W,YKL180W 1.76 1.44 2.12 1.78 1.42 2.18 

YBR191W,YPL079W 3.83 3.59 4.08 3.37 2.52 4.28 

YER074W,YIL069C# 7.47 12.57 2.65 7.18 11.57 3.00 

YDR418W,YEL054C 1.41 1.67 1.16 1.41 1.62 1.21 

YBL087C,YER117W# 2.81 1.16 4.74 2.80 0.94 5.03 

YLR333C,YGR027C 3.28 1.27 5.56 3.02 1.37 4.92 

YMR142C,YDL082W# 5.71 8.20 3.53 5.79 8.31 3.61 

YER102W,YBL072C 4.87 3.24 6.57 4.87 3.26 6.55 
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Table	4.7	Estimated	GC-bias	parameter	values	of	Analyzing	14	Yeast	Gene	Pairs.	

Paralog Pair Β  

gBGC-IS-IGC 

Β  

Dir-gBGC-IS-IGC 

YLR406C,YDL075W 0.40 0.03 

YER131W,YGL189C 1.43 0.98 

YML026C,YDR450W -0.60 -0.72 

YNL301C,YOL120C -1.26 -0.27 

YNL069C,YIL133C§ -1.01 -2.11 

YMR143W,YDL083C§ -1.57 -1.56 

YJL177W,YKL180W -0.18 -0.24 

YBR191W,YPL079W§ -1.29 -1.40 

YER074W,YIL069C -0.62 -0.60 

YDR418W,YEL054C -0.28 -0.20 

YBL087C,YER117W -0.54 0.36 

YLR333C,YGR027C -0.83 -0.77 

YMR142C,YDL082W -0.26 -0.32 

YER102W,YBL072C -0.47 -0.48 

Each row begins with the systematic names of two S. cerevisiae paralogous open reading frames. The 
symbol “§” is used to indicate the dataset that favors both IGC models with GC-bias feature at 5% 
significance level. The “B gBGC-IS-IGC” column shows the estimated GC-bias parameter B values 
of the MG94+gBGC-IS-IGC model. The “B Dir-gBGC-IS-IGC” column shows the estimated GC-
bias parameter B values of the MG94+Dir-gBGC-IS-IGC model. 
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As shown in Figure 4.5, the five models can form two chains of nested models (e.g. the two 

paths from the IS-IGC(τ=0) expansion to the Dir-gBGC-IS-IGC expansion). However, the 

hypothesis tests involved with these model pairs are different. The null hypothesis between 

the MG94+IS-IGC (τ=0) model and the MG94+IS-IGC model is H0: τ = 0. The null 

hypothesis between the IGC model and its extension where ‘Dir-’ feature is added is H0: τ1 = 

τ2. The null hypothesis between the IGC model and its extension where ‘gBGC-’ feature is 

added is H0: B = 0.  

 

 
Figure	4.5	The	Nesting	Structure	of	the	Five	Models.	Arrows	point	to	the	more	general	models	that	have	one	more	degree	

of	freedom	relative	to	the	models	where	the	arrows	start.	

 

 Using the asymptotic distribution for log-likelihood differences of nested models 

when the null hypothesis is true, approximate likelihood ratio tests can be conducted for the 

hypothesis tests. Among the 14 yeast data sets, 6 with a log-likelihood difference of 

1.962/2=1.9208 or higher favor the models with directionality feature in that both model 

selection tests (i.e., MG94+IS-IGC versus MG94+Dir-IS-IGC and MG94+gBGC-IS-IGC 

versus MG94+Dir-gBGC-IS-IGC) reject the null hypothesis at 5% significance level. 

Similarly, 3 datasets yield a log-likelihood difference of 1.962/2=1.9208 or higher to favor 

the models with GC-bias in that both model selection tests (i.e., MG94+IS-IGC versus 
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MG94+gBGC-IS-IGC and MG94+Dir-IS-IGC versus MG94+Dir-gBGC-IS-IGC) reject the 

null hypothesis at 5% significance level.  

 

4.4.4 Discussion 

Although there are several datasets that favor the directionality or GC-bias features of the 

IGC models, more careful investigation is needed to ensure that the better model fit comes 

from capturing the designated underlying biological features. Alternatively, the improved 

model fit may come from model misspecification.   

As for the directionality feature tests, the two paralogs in the same species are 

assumed to have the same branch lengths and their mutation rates are assumed to be the same. 

However, the yeast paralogs may experience different mutation rates because they were on 

different chromosomes. A paralog with a higher mutation rate may seem to instead 

experience more “homogenizing” IGC mutations when this difference in mutation rates is not 

modeled. Therefore the directionality feature may mistake the rate difference in mutation as 

asymmetric IGC rates. To better investigate this possibility, a model designed to distinguish 

between these possibilities could be constructed.  

Similarly, as is the case of the Lartillot (2012) treatment of GC-bias, we note that this 

model does not have post-duplication stationarity of nucleotide frequencies. While the 

gBGC-IS-IGC model allows for a potential GC-bias due to IGC events, it does not consider 

the possibility of GC-bias from homologous gene conversion. A more thorough treatment 

should consider both interlocus and homologous gene conversion as potential sources of GC-

bias. 
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The assumption made by the IS-IGC model that IGC events independently affect 

different codons means that one IGC event with a long tract would be interpreted by the IS-

IGC model as multiple independent IGC events that each affects only one codon location. 

This unaccounted for lack of IGC independence among codons means that the likelihood 

ratio test for IGC asymmetry would be too likely to reject the null hypothesis of donor-

recipient symmetry in IGC rates for a paralog pair. Further work on detecting IGC donor-

recipient asymmetry is needed.  
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Chapter 5  

Meaning of the work 

5.1 Inferring the evolution of multigene families 

Whereas gene duplication and loss events shape the evolutionary history of entire sequences 

in a multigene family, IGC events further partition the sequence sites of a multigene family 

into regions that have different evolutionary trees. The qualitative impact of individual IGC 

events is clear.  IGC homogenizes paralogs so that paralogs within a genome can share more 

sequence similarity than orthologs from different species.  When IGC occurs but all sequence 

divergence is instead assumed to originate with point mutation, inference can suffer.  For 

example, evidence for nucleotide substitution in one paralog can be erased when IGC copies 

over the sequence that experienced it.  In addition, IGC can make it appear as if parallel 

substitutions arose in two different paralogs. As discussed in Chapter 4, this consequence of 

IGC has complicated the study of multigene family evolution, especially when the goals are 

to examine orthology and the history of gene duplication and loss. We hope that IGC tools 

presented in this thesis can be usefully applied and adapted so that a better understanding of 

IGC in multigene evolution develops. 

 

5.2 Whole genome duplication and gene tree incongruence 

Many organisms went through whole genome duplication: yeast (e.g., Wolfe et al. 1997; 

Kellis et al. 2004), Arabidopsis (e.g., Vision et al. 2000), rice (e.g. Goff et al. 2002; Guyot 
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and Keller 2004), teleost fish (e.g., Jaillon et al. 204), and ancestral vertebrates (Dehal et al. 

2005). Although duplicated genes may be lost after whole genome duplications, IGC may 

affect the gene tree topology of the surviving genes. This can be the case even when there is 

only one gene copy that survives per extant species. As shown in Figure 5.1, IGC can make 

the gene tree topology differ from the species tree (i.e. gene tree incongruence) by overriding 

the history of the extant gene with the history of its later-deleted paralog. Similar gene tree 

incongruence can also be caused by orthology assignment errors. These errors can sometimes 

be remedied by employing synteny information. IGC may affect only a region of sites or the 

entire gene depending on the tract length of the event.  

Whereas incomplete lineage sorting has received substantial attention for the possibility that 

it causes gene trees to differ from species trees, gene duplication and deletion scenarios can 

also cause differences between gene and species trees (e.g., Scannell et al. 2006; Zhang 2011; 

Arvestad et al. 2004; Wu et al. 2014). IGC is another possible source of gene tree 

incongruence. In addition, when inferring a species tree from data consisting of one gene per 

species, both IGC and orthology could make the inferred gene tree differ from the true 

species tree and should be considered in systematic biology studies.  We believe that the IGC 

tools presented here offer the possibility of improved orthology assignment and 

understanding of gene tree incongruence. 
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Figure	5.1	Example	of	IGC-caused	gene	tree	incongruence.	(A)	A	gene	tree	of	3	extant	genes	(A2,	B2,	C1)	embedded	in	their	

species	tree.	After	the	whole	genome	duplication,	one	paralog	with	‘x’	was	lost	in	each	species.	Gene	tree	branches	with	red	

show	the	gene	 tree	 topology	between	the	 three	extant	genes	 if	 there	 is	no	 IGC	event.	 (B)	The	gene	 tree	 topology	of	 the	

three	extant	genes	if	there	is	no	IGC	event.	(C)	An	IGC	event	between	paralog	A1	and	A2	affects	the	gene	tree	topology	of	

the	three	extant	genes	as	indicated	by	the	red	arrow.	(D)	The	gene	tree	topology	of	the	three	extant	genes	resulting	from	

the	IGC	event	between	paralog	A1	and	A2.		
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