
ABSTRACT 

SRIVASTAVA, DEEPTI. Monte Carlo Simulations of Adsorption and Reaction of Lennard-
Jones Molecules in Carbon Pores and Protein-Polyelectrolyte Complexation (Under the 
direction of Dr. Keith Gubbins and Dr. Erik Santiso). 
 

Understanding systems involving many-particle interactions through experiments 

alone can often be a difficult task. This task is further complicated when examining systems at 

the nano-scale that involve the study of properties such as pressures and reaction equilibrium. 

In such scenarios and others, molecular simulations and more specifically, Monte Carlo 

techniques, provide great value in finding answers to questions that experiments struggle to 

answer.  

One area that has made significant progress and greatly benefited from Monte Carlo 

simulation studies is the understanding of adsorption in pores. Recently, several studies have 

found that phenomena that normally occur at extremely high pressures in a bulk phase can 

occur in nano-phases confined within porous materials at much lower bulk phase pressures, 

thus providing an alternative route to study high-pressure phenomena. In order to better 

understand the pressures in these confined phases, we use Constant-Pressure Monte Carlo 

methods to examine the effect of variables such as the molecular shape, strength of the fluid-

wall interactions, and pore width, on the tangential pressure for carbon slit-shaped pores. We 

find that, for multi-site molecules, the presence of additional rotational degrees of freedom 

leads to unique changes in the shape of the tangential pressure profile, especially in larger 

pores. We show that, due to the direct relationship between the molecular density and the fluid-

wall interactions, the latter have a large impact on the pressure tensor. The pore size and 



molecular shape can also greatly impact the layering of molecules in the pore, influencing both 

the shape and magnitude of the tangential pressure profile. 

Additionally, it is well established that confinement within a nano-porous material can 

also affect reaction yield, reaction rate and even the mechanism of the reaction. These effects 

arise from the strong intermolecular forces between the various reacting species, including the 

activated state, and the pore walls, but are poorly understood. Using Reactive Monte Carlo 

techniques, we report the effects of confinement within a nanoporous carbon material on the 

equilibrium yield of the nitric oxide dimerization reaction. We study the reaction in slit-shaped 

carbon pores and carbon nanotubes of various widths and over a range of temperatures. We 

examine several approximations made in earlier molecular simulation studies, in particular the 

force fields used, and show that the latter have a large effect on the calculated yield. In addition, 

we also investigate the relationship between the high in-pore tangential pressures and the 

higher reaction conversion yields in slit-shaped pores. 

Apart from adsorption studies, Monte Carlo simulations can also be applied in 

understanding systems involving biological complexes such as proteins. Experimental studies 

have shown the formation of soluble complexes in the pure repulsive Coulombic regime even 

when the net charges of the protein and the polyelectrolyte have the same sign. One theory 

explaining this phenomenon assumes the existence of “charged patches” on the protein surface 

from ion-dipole interactions, thus allowing a polyelectrolyte to bind to an oppositely 

heterogeneous charged protein region. Another theoretical view considers the induced-charge 

interactions to be the dominant factor in these complexations. This charge regulation 

mechanism can be described by proton fluctuations resulting from mutual rearrangements of 



the distributions of the charged groups, due to perturbations of the acid-base equilibrium. Using 

constant-pH Monte Carlo simulations, we investigate the validity of both theories for two whey 

proteins, a-lactalbumin (a-LA) and lysozyme (LYZ). Through physical chemistry parameters, 

free energies of interactions, and the mapping of amino acid pKa shifts and polyelectrolyte 

trajectories, we show the charge regulation mechanism (i.e. proton fluctuations) to be the most 

important contributor in protein-polyelectrolyte complexation regardless of pH, dipole 

moment, and protein capacitance. 
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CHAPTER 1 : Introduction 

1.1 Why Molecular Simulation? 

Molecular simulations have been used to study properties of many-particle systems for 

several decades1. They have been applied as tools to test the validity of existing theories and 

provide a way to bridge the gap between theories and experiments. Molecular simulations are 

especially useful in studying systems that are difficult to study experimentally, either due to 

expense or lack of equipment that can effectively measure the desired quantities. For example, 

experimentally measuring the concentrations of a fluid mixture in a nanoporous material is 

extremely challenging, but using computer simulations to study these scenarios provides an 

alternative, efficient and affordable method to gain this knowledge2 When studying reaction 

equilibrium, it is often difficult to distinguish metastable states from true equilibrium via 

experimentation3. In addition, simulations allow us to have precise control of different 

variables, eliminate uncertainties that arise from working with nano- and micro-scale systems, 

and offer a way to determine true equilibrium states2.  

1.2 Monte Carlo Simulations 

In order for molecular simulations to be useful and applicable in solving real-world 

problems, they have to provide information that can be related to experimental data, such as 

average properties as opposed to instantaneous details. The majority of molecular simulations 

use classical statistical mechanics to describe the motion of particles, the laws of which are 

derived from quantum mechanics. One approach to conduct these simulations is by using 

Monte Carlo (MC) molecular modeling. MC methods are stochastic in nature and are based on 
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equilibrium statistical mechanics, generating states based on the Boltzmann probability 

distribution. There are several advantages to using MC methods: a) they are extremely 

effective in treating different thermodynamic ensembles, b) they can accurately predict 

thermodynamic properties, and c) they only require energies to generate the trajectories of 

atoms, to name a few. From statistical mechanics, any observable, mechanical quantityi <A>, 

such as local density or potential energy, can be written as1:  

𝐴 =
𝑑𝒓%exp	[−𝛽𝑈 𝒓% ]𝐴(𝒓%)
𝑑𝒓%exp	[−𝛽𝑈 𝒓% ]

 

where rN represents the coordinates of all N particles, b is 1/kT (where k is the Boltzmann 

constant and T is the temperature), and U is the configurational energy of the system. Since it 

is generally not possible to analytically evaluate the integral 𝑑𝒓%exp	[−𝛽𝑈 𝒓% ] due to the 

high number of integrand variables, the Metropolis Monte Carlo scheme4 was developed to 

sample the ratio of the two integrals in Equation (1.1). The Metropolis algorithm generates 

random configurations according to a probability distribution and then computes the average 

value of <A>. In order to generate the random configurations, a Markov chain of states is 

constructed that allows a system to move from one configuration state to another without any 

memory of the previous states. The system changes configurations using different types of 

Monte Carlo moves, such as the displacement or rotation of single particles. At the end of each 

                                                
i A ‘mechanical property’ in classical statistical mechanics is one that has a definite value for 
a particular molecular configuration, (rN). Examples are energy, number of molecules and the 
radial distribution function. ‘Statistical properties’ such as entropy and free energy 
(thermodynamic potential), by contrast, depend on all possible configurations of the molecules. 



 

 3 

attempt to create a new configuration, the proposed move is either accepted or rejected based 

on the Metropolis criterion1. For particle displacements or rotations, this is: 

Pacc = min[1, exp(-b(U2 – U1))] 

where U1 is the energy of the current state and U2 is the energy of the proposed state. Therefore, 

if U2 is less than U1, the proposed move will always be accepted to help reach equilibrium 

faster. If U2 is greater than U1, a random number, r, is generated and the proposed move is only 

accepted is Pacc is greater than r.  

 One of the many advantages of Monte Carlo is that we can use different ensembles to 

study different systems, depending on the properties we want to calculate and the properties 

that are already known to us. While the displacement and rotation moves are standard MC 

steps in all ensembles, additional MC moves are required when studying ensembles besides 

the canonical ensemble and different acceptance criteria have to be derived. In this dissertation, 

we use Monte Carlo techniques to study 3 different research agendas:  

• the effect of fluid-wall interactions and molecule shape on the adsorption of molecules 

in carbon pores,  

• the effect of confinement on the nitric oxide dimerization reaction in carbon pores such 

as slit-pores and nanotubes, and 

• the importance of charge regulation on protein-polyelectrolyte complexation. 

Following is a brief background for each system and a description of the Monte Carlo method 

used to study it. This chapter aims to only cover an abridged explanation of the problems in 

order to provide context for the methods used to study them; a more in-depth literature review 
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and background for each system is available in the introduction sections of Chapters 2, 3, and 

4.  

1.3 Research Agendas and Techniques used 

1.3.1 Pressure Enhancement in Confined Fluids 

Recently, several experimental and simulation studies have found that phenomena that 

normally occur at extremely high pressures in a bulk phase can occur in nano-phases confined 

within porous materials at much lower bulk phase pressures, thus providing an alternative route 

to study high-pressure phenomena5–8. Our main concern is in studying the in-pore pressure 

tensor in carbon pores, particularly the tangential pressure which runs parallel to the pore walls, 

in order to gain a better understanding of how confinement can lead to high pressure effects in 

these pores. While several molecular simulations have studied the pressure tensor for one-site 

Lennard-Jones molecules5,9, relatively little effort has been made to study the pressure tensor 

for multi-site molecules that are often the subject of other simulation studies (eg. water, carbon 

dioxide etc.).  

When studying the equilibrium properties for adsorption of fluid molecules, two main 

techniques are generally used, the Grand Canonical Monte Carlo (GCMC) method and the 

Gibbs Ensemble Monte Carlo (GEMC) method10. Both methods allow for the study of two 

phases without an interface. In GCMC, the chemical potential µ, volume V, and temperature 

T are kept constant and the configuration inside the pore is determined by randomly creating 

and removing molecules. In GEMC, two simulation boxes are created and placed in 

equilibrium with each other; one box representing the bulk phase and the other box 
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representing the pore phase11. The total number of molecules N, the total volume of both 

simulation boxes V, and the temperature T are kept constant. Since the constant variables are 

the input variables for molecular simulations, it can be seen that neither of the above 

techniques allows us to define the bulk pressure as an input variable. Since the pressure of the 

bulk fluid is an easily measurable quantity in experiments, most experimental data such as 

adsorption isotherms are presented as functions of bulk pressure. Since the bulk pressure and 

temperature used in prior studies are known variables, we opt to use the Constant-Pressure 

Gibbs Ensemble (CP-GEMC) method which allows us to define these quantities as input 

variables10. In addition, the CP-GEMC method eliminates the need for us to calculate 

chemical potentials, making it easier to utilize for the reactive system studied in this 

dissertation. There are many similarities between GEMC and CP-GEMC, with both methods 

involving displacement, rotation, particle exchange moves (see Figure 1.1). However, while 

the volumes of both simulation boxes are allowed to change in order to keep the total volume 

constant in GEMC, the volume of the pore phase in CP-GEMC is fixed. The volume of the 

bulk phase is still allowed to change, thus enabling us to keep the pressure of the bulk phase 

constant and define it as an input variable.  
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Figure 1.1: Monte Carlo moves associated with CP-GEMC. 

So as to accurately calculate the acceptance criterion, the two phases are considered to 

be part of a larger system that has a constant volume. The acceptance criterion for the Monte 

Carlo moves associated with CP-GEMC are then calculated to be1,2,10: 

• Displacement: Pacc = min[1, exp (-b(U2 – U1))] 

• Rotation: Pacc = min[1, exp (-b(U2 – U1))] 

• Particle exchange from bulk to pore:  

Pacc=min[1, exp -β δUNB,i-1-δUNP,i+1 ×
NB,iVP
NP,i+1 VB

]  

• Particle exchange from pore to bulk: 

Pacc=min[1, exp -β δUNP,i-1-δUNB,i+1 ×
NP,iVB
NB,i+1 VP

] 

• Volume change in the bulk phase: Pacc=min[1, exp -β δUV-PδVB-
N
β
ln VB,n

VB,o
] 
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where NB,i and NP,i are the number of molecules of type i in the bulk and pore phase, 

respectively, dU is the energy change in the bulk or pore phase after a move, VB is the volume 

of the bulk phase, VP is the volume in the pore phase, VB,n is the new volume of the bulk phase, 

VB,o is the original volume of the bulk phase, and dVB = VB,n- VB,o. 

1.3.2. Nitric Oxide Dimerization Reaction 

Experiments have shown that chemical reactions which generally occur at extremely 

high pressures in the bulk phase, occur in the confined phase at much lower bulk pressures. 

The behavior of chemical reactions in pores is an important phenomenon to study for a 

multitude of reasons. For example, many different types of porous materials are used as 

catalyst supports to drive chemical reactions in industry. However, while some materials, such 

as zeolites, have been the subject of study for over 50 years, others such as carbon nanotubes, 

metal-organic framework (MOFs), and mesoporous carbons have been studied less 

intensively. In order to enhance catalyst design, it is important to understand the interactions 

occurring in these porous materials at the molecular level. In Chapter 3, we aim to understand 

how the nitric oxide dimerization reaction (2NO « (NO)2) is affected by confinement in 

carbon slit-shaped pores and carbon nanotubes.  

The NO dimerization reaction is exothermic, thermodynamically driven and is 

important in atmospheric chemistry. It is also useful in controlling functions in living 

organisms, such as the regulation of blood pressure in the human body12. Furthermore, the 

study of this reaction in pores is important to pollution abatement because activated carbons 

are often utilized for the removal of nitrogen oxides from auto exhaust and industrial effluent 
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gas streams12,13. Experiments by Kaneko et al.14 and Byl et al.15 have shown the reaction 

conversion to reach almost 100% in both activated carbons and carbon nanotubes. Conversely, 

the reaction conversion is close to 0% in the bulk phase. A thorough understanding of the 

driving force behind this high reaction yield in the pores is still incomplete and this problem is 

further complicated by simulation studies struggling to replicate experimental data13,16. One 

explanation for the high conversion under confinement could lie in Le Chatelier’s principle 

which states that if a dynamic equilibrium is changed by varying the conditions, the 

equilibrium will shift to counteract the change. Therefore, if the pressure increases, the 

confined phase should shift the reaction conversion towards the formation of (NO)2 in order to 

reduce the number of moles. However, Kaneko et al. also studied the following reaction 

experimentally in activated carbon17: 

3 (NO)2 ↔ 2 NO2 + 2 N2O 

The above reaction clearly results in an increase in the number of moles. However, 

experimental results showed an increase in yield for the above reaction in the pore phase as 

well. Therefore, it is clear that Le Chatelier’s principle alone cannot be used to explain this 

phenomenon of increased conversion in pores and another explanation is required. 

In order to calculate the reaction equilibrium, we use a technique developed by Smith 

and Triska18 and Johnson et al.19,20, known as the Reactive Monte Carlo (RxMC) technique in 

conjunction with the CP-GEMC method mentioned earlier. In the RxMC technique, reaction 

equilibrium is simulated by adding forward and reverse reaction moves to the set of Monte 

Carlo moves discussed earlier. Each move involves either adding or deleting a molecule based 

on stoichiometry, but the total number of particles in the system are still the same. For example, 
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when an NO monomer is converted to an (NO)2 dimer, two monomers are deleted and one 

dimer is added, keeping the total number of atoms unchanged. The acceptance criteria for the 

reactive moves for the NO dimerization reaction are2: 

• Forward reaction: Pacc=min[1, exp -βδUF×
q(NO)2
qNO
2 × (NNO(NNO-1)

(N(NO)2+1)
] 

• Reverse reaction:	Pacc=min[1, exp -βδUR×
qNO
2

q(NO)2
×

N(NO)2
(NNO+1)(NNO+2)

] 

where qNO and q(NO)2 are the molecular partition functions for NO and (NO)2. The equations 

for calculating the molecular partition functions are listed in Chapter 3. 

1.3.3 Protein-Polyelectrolyte Complexation 

In Chapter 4, we switch gears from studying adsorption and reaction in pores to 

examining molecular phenomena of complex fluids involving charged macromolecules such 

as proteins and polyelectrolytes. Protein-polyelectrolyte complexation is a topic of great 

interest to the food science community because this phenomenon is observed in the production 

of food products as well as pharmaceutics and cosmetics21–23. In order to supplement the 

multiple experimental studies that have been conducted in this area, we aim to provide 

simulation data to further understand this complexation at the molecular level. Our main 

motivation behind this study is to understand why positively or negatively charged 

polyelectrolytes are seen forming stable complexes with like-charged proteins. There are 

currently two popular theories that aim to explain and identify the main driving force behind 

this phenomenon. One theory supports the assumption of so-called “charged patches” on the 

protein surface due to charge-dipole interactions24–29. According to this theory, the 
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polyelectrolyte is essentially only binding to these oppositely-charged patches. The other 

theory suggests the charge regulation mechanism to be the driving force for these attractions 

i.e. the attraction between like-charged particles is actually due to changes in the protonation 

state of the protein as a result of the electrostatic potential of the neighboring molecule30–32. 

While both charge-dipole interactions and charge-induced interactions contribute to the 

electrostatic free energy of complexation, we aim to use Monte Carlo simulations to calculate 

the change in protonation states (i.e. pKa shifts) and map them onto the protein surface to show 

that the charge-induced interaction is the more dominant factor. Further details on the two 

theories described above and the prior work done in this area can be found in Chapter 4.1. 

In order to study the interactions between proteins and polyelectrolytes, we use the 

semi-grand canonical ensemble using the standard Metropolis Monte Carlo algorithm 

mentioned earlier to conduct displacement moves for the salt, counterions and polyanions33–35. 

In a regular canonical ensemble, the temperature, volume and total number of molecules at a 

fixed composition are kept constant. In our case, while the total number of molecules is kept 

constant, the charges on the particles are allowed to change to maintain an electroneutral 

simulation cell, leading to a varying composition of negatively and positively charged particles 

throughout the simulation, hence its description as a semi-grand ensemble. For example, when 

a titratable site is protonated, the charge of that site is increased by 1 while the charge on a 

mobile ion is decreased by 1. No new particles are added into the system and no particles are 

removed; the identities of the existing particles have simply been changed. In order to change 

the charges, a titration MC move is implemented in addition to the displacement moves. In this 
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move, a random titratable protein site undergoes protonation or deprotonation and is accepted 

with the following probability33: 

Pacc=min[1, exp -β δUel±[pH-pKa]	ln10 ] 

where Uel is the change in total electrostatic energy and pKa is the intrinsic pKa value for the 

amino acid undergoing titration.   

1.4 Scope of this dissertation 

The above discussion has provided a brief introduction to the research problems we explore 

in this dissertation, and has demonstrated the need for Monte Carlo simulations to investigate 

these areas. At this point, the reader might find it useful to streamline the focus points for our 

dissertation. What are the key questions we hope to answer? To accomplish this, we identify 

the scope of this dissertation with the following questions: 

1. How is the pressure tensor in pores affected when involving molecules with more than 

one interaction site?  

2. How is the pressure tensor affected by changes in the fluid-wall interaction energies or 

changes in pore width? 

3. How does confinement affect chemical reaction yield and what drives chemical 

reactions to reach higher conversions in pores at low bulk pressures? 

4. What is the source of the discrepancy between experiments and previous simulations 

when studying the nitric oxide dimerization reaction? 
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5. How does this reaction conversion relate to the large magnitude of the tangential 

pressure tensor that has been observed in pores? Do mixtures affect the pressure tensor 

differently from pure components? 

6. What is the dominant factor in protein-polyelectrolyte complexation when both have 

the same net charge: charge-dipole interactions (“charged patches”) or charge-induced 

interactions? Can observing pKa shifts and polyelectrolyte trajectories show any 

preferential hot spots on the protein surface, as suggested by the “charged-patch” 

theory? 

This dissertation is arranged as follows. In Chapter 2, we consider the effects of fluid-wall 

interactions and molecular shape, important variables that have not yet been studied, on the 

pressure tensor in slit spores. In Chapter 3, we explore the prior experimental and 

computational work done for the dimerization of nitric oxide and conduct our own simulation 

study in both slit-shaped pores and carbon nanotubes. A source for the discrepancy between 

simulation and experimental results is investigated. In Chapter 4, we provide a more detailed 

background on the theory of protein-polyelectrolyte complexation and examine the driving 

forces for complexation when both molecules are similarly charged. Each of these chapters 

contains: 

• an Introduction section providing a more in-depth background and literature review on 

the topic of interest,  

• a Simulation Methods section outlining additional techniques used, such as ab initio 

quantum chemistry calculations and the Irving-Kirkwood method of calculating of the 

pressure tensor, along with the MC methods. 
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• a Results and Discussion section analyzing the data obtained. 

• a Conclusion section summarizing the findings for each chapter. 

In Chapter 5, all our findings are summarized and recommendations are presented for future 

work.   
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CHAPTER 2 : Pressure Enhancement in Confined Fluids: Effect 

of Molecular Shape and Fluid-Wall Interactions 

2.1 Introduction 

  There is much experimental evidence that the molecules in a fluid or amorphous film 

adsorbed on a solid substrate can experience strong compression. Such compression has been 

observed by direct in situ experiments; examples include adsorption measurements of the area 

occupied by a molecule1, X-ray diffraction2, low energy electron diffraction3 and 

microcalorimetry measurements4. This compression has also been observed in molecular 

simulations5–7. Such compression is particularly evident for solid substrates having a high 

surface atomic density, such as carbons. Compression can occur in both the z-direction, normal 

to the surface, and in the xy plane parallel to the surface.  Molecular simulations show that the 

pressures in such films can be greatly enhanced over that of the bulk fluid phase, and that this 

enhancement is particularly large in the direction parallel to the surface of the substrate.  For 

example, for an adsorbed film of Lennard-Jones argon molecules on a carbon substrate at 87.3 

K (the normal boiling point of argon) and 1 bar bulk pressure, the tangential pressure in the 

adsorbed layer in contact with the surface is of the order 20,000 bar6, i.e. an enhancement of 

more than 4 orders of magnitude. 

The pressure in such adsorbed films is a second order tensor, P, with components Pαβ giving 

the force per unit area in the β direction acting on an element of area pointing in the α 

direction.  Provided that the film is not under strain, the off-diagonal elements vanish.  Of the 
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three diagonal elements, for a planar surface the two pressures parallel to the surface are equal, 

Pxx = Pyy=PT, the tangential pressure, while Pzz = PN is the pressure normal to the surface.  The 

condition of mechanical equilibrium8,9 for such a film is ∇・P = 0. A result of this condition 

is that the normal pressure, PN, must be constant and independent of the distance z from the 

surface of the substrate. 

The normal pressure exerts a force on the solid substrate that causes changes to the 

solid structure, and this change can be measured in diffraction experiments; provided that the 

Young’s modulus is known, it is possible to estimate the normal pressure on the surface10. So 

far, however, no experimental method has been proposed to measure the tangential pressure in 

such films. On the other hand, both components of the local pressure tensor can be calculated 

in molecular simulations. A complication is that the tangential pressure at a point near a planar 

interface is not uniquely defined8,9,11. This is because the pressure results from forces between 

pairs (and triplets, etc., in some cases) of molecules, so that an operational decision has to be 

made as to how much of such forces acting on a surface element dS are assigned to a particular 

point r in space. Two such operational definitions of the local tangential pressure have been 

commonly used, that of Irving and Kirkwood (IK)12, and that due to Harasima (H)13. In this 

work we adopt the Irving-Kirkwood definition of the pressure tensor. We note that it is not 

unusual that properties do not have a unique definition at the nanoscale, where the length scale 

is of the order of the range of the intermolecular forces.  The volume is a common example8. 

The local normal and tangential components of the pressure tensor have been studied 

fairly extensively in recent years via molecular simulation for atomic liquids that experience 

van der Waals forces.  For the planar gas-liquid interface for a Lennard-Jones (LJ) fluid near 
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its normal boiling point, the tangential pressure at the interface is predicted to be of the order 

of -50 bar, there being only a rather small difference between the local IK and H pressures9,14. 

It is this strong, negative tangential pressure that gives rise to the surface tension. By contrast, 

for a dense LJ fluid confined in a slit-shaped carbon pore of width H, with fluid-wall 

interactions described by Lorentz-Berthelot combining rules, the local tangential pressure 

acting on molecules near the pore wall is usually positive and can be as high as 20,000 - 60,000 

bar, even when the bulk gas with which it is in equilibrium is at a pressure of only 1 bar5,6,15,16. 

This large pressure enhancement of 4 or 5 orders of magnitude is a result of tight packing near 

the walls. 

While some partial understanding exists for the pressure tensor components for simple 

LJ-like fluids in pores of slit-, cylindrical and spherical geometry, very little is known about 

the pressures for fluids in pores when stronger interactions are involved, e.g. due to 

chemisorption or chemical reaction. That in some cases the tangential pressures can be even 

larger than those described above is suggested by several recent experimental and molecular 

simulation studies. First, when sulfur, an insulator at near ambient conditions, is adsorbed 

within carbon nanotubes of appropriate diameter (just wide enough to accommodate sulfur 

atoms) it is found to form a linear polymer chain that is metallic, as shown in experiments by 

Fujimori et al.17 Bulk sulfur does form a three-dimensional metallic phase at pressures of 

almost 1 million bar18,19, suggesting that high tangential pressures may be present in the 

nanotube.  Recent molecular simulations for the sulfur-CNT system by Addington et al.20 find 

that the local tangential pressure acting on the confined sulfur atoms in the one-dimensional 

chain are of the order 7 million bar. In the calculations, these very high local pressures are 
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found to result from a combination of effects due to the chemical reaction of the sulfur atoms 

to form a covalently bonded chain, coupled with strong repulsive interactions with the pore 

walls.  In a second example, two independent experimental studies21,22 of nitric oxide confined 

within carbon pores of roughly one nanometer width showed 100% conversion to the nitric 

oxide dimer, (NO)2. Recently we have shown, through quantum mechanical calculations, that 

the dimer interacts strongly with the π electrons in the carbon substrate, and this chemisorption 

interaction leads to the surprisingly high conversion of monomer to dimer. Subsequent 

molecular dynamics simulations for this system show that this strong dimer-carbon interaction 

results in very high local tangential pressures, of the order of millions of bars.  

In this work, we report a molecular simulation study to examine the effect on the 

pressure tensor in a slit pore of two variables that have so far received little or no attention: (a) 

the influence of non-spherical molecular shape, and (b) the influence of the relative strength 

of the attractive fluid-wall and fluid-fluid interactions for cases where the fluid-wall interaction 

is strongly attractive, as in chemisorption. We also study the effect of pore width on these 

unique systems. In the next section, we describe the model and methods used, followed by the 

results and discussion. Conclusions are presented in the last section. 

2.2 Simulation Methods 

We use the Constant Pressure Gibbs Ensemble to simulate a two-phase system23–25 (see 

Figure 2.1). The pressure and temperature of the bulk phase is kept constant and periodic 

boundaries are maintained in all three directions. For the pore phase, the volume is kept 

constant, and periodic boundaries are maintained in the x and y directions. Particles are 

exchanged between the pore and bulk phase in order to maintain chemical equilibrium between 
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the two phases. Displacement, rotational, and particle exchange moves are conducted in both 

simulation boxes, while volume change moves are carried out in the bulk phase only. 

 

Figure 2.1: Constant-pressure Gibbs Ensemble Monte Carlo for narrow pores. Dotted lines 

signify periodic boundaries. 

 
The carbon walls in the slit pore are simulated using the 10-4-3 Steele potential26,27 for 

the fluid-wall (fw) interactions, 
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(2.1) 

where z is the distance of a fluid molecule from the wall, ρw is the solid density in atoms per 

unit volume, σfw and εfw are the usual size and energy parameters in the intermolecular potential 

energy, here taken to be the Lennard-Jones (12,6) model, and Δ is the interlayer spacing 

between layers of solid atoms in the substrate. Equation (2.1) is obtained by integrating the 

fluid-wall pair interactions over the positions of atoms in the wall. Comparisons of results for 
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the adsorption properties using this (10,4,3) model with those for a fully atomistic wall28 show 

that it is a good approximation provided that the fluid molecules are relatively large compared 

to the spacing of the wall atoms, and the temperature is not below 100 K; these conditions are 

well fulfilled for the model considered here. 

The total number of molecules and temperature of the system were kept constant. We 

carried out all simulations at a temperature of 140 K, and maintained the pressure in the bulk 

phase at a constant value of 0.16 bar by changing the volume of the bulk phase periodically 

throughout our simulation. 

2.2.1 Molecular Models 

Three different molecular geometries were studied. The models used for the monomer, 

dimer, and trimer are shown in Figure 2.2. The monomer was modelled as a 1-site Lennard-

Jones (LJ) model with the following parameters: σff = 0.31715 nm and εff/kB = 125.0 K. The 

dimer was modelled as a 2-site Lennard-Jones model with each site having the same 

parameters as the monomer, and a bond length of 2.237 Å. The trimer was modeled using the 

same parameters as the dimer with a bond angle of 104°. The bonds between the particles in 

multi-site molecules were modelled as rigid bonds. The interactions between carbon atoms in 

the graphene sheet were modeled with the following LJ parameters26,27: σw = 0.34 nm and εw/kB 

= 28.0 K. The parameters for graphite in the 10-4-3 Steele potential are still ρw = 114 nm-3 and 

Δ = 0.335 nm. 
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Figure 2.2: Different molecular geometries for the monomer, dimer, and trimer 

The pore dimensions for the larger pore were 50 Å x 50 Å x 15.9 Å, corresponding to 

a pore width (H) of approximately 5s. The smaller pore had the same dimensions in the x and 

y directions, with a pore width of 9.5 Å, corresponding to approximately H = 3s. In order to 

quantify the effect of the fluid-wall interactions on the pressure tensor, we calculated the ratio 

of fluid-wall interactions to fluid-fluid interactions, as given by the wetting parameter5, α: 

α =
𝐹𝑙𝑢𝑖𝑑 −𝑊𝑎𝑙𝑙	𝐼𝑛𝑡𝑒𝑟𝑎𝑐𝑡𝑖𝑜𝑛
𝐹𝑙𝑢𝑖𝑑 − 𝐹𝑙𝑢𝑖𝑑	𝐼𝑛𝑡𝑒𝑟𝑎𝑐𝑡𝑖𝑜𝑛 = 𝜌\𝜎 \

_Δ(
𝜀 \

𝜀 ^
) (2.2) 

where ρw, Δ and εff have the values given above, and the unlike parameters, sfw and εfw remain 

to be specified. In previous studies of the pressure tensor for nano-phases confined within 

carbon pores it has usually been assumed that the interactions between the adsorbate molecules 

and the carbon atoms in the wall are of LJ form and can be approximated by the Lorentz-

Berthelot (LB) combining rules29,30 (εcd = εcc	εd and σfw = (σff + σw)/2). If we make this 

assumption here we get εfw/kB = 59.16 K and σfw = 0.329 nm, and α ≈ 2.0.  However, in this 

work we wish to examine the effect on the pressure tensor for stronger fluid-wall interactions, 

such as those that occur for weak chemisorption. For example, both nitric oxide, NO, and nitric 

oxide dimer, (NO)2, interact more strongly with carbon walls than expected from the LB rules, 
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due to interactions with the π electrons in the carbon. Recent MP2 quantum mechanical 

calculations for these interactions correspond to values of the wetting parameters of 32.0 for 

NO/C and 42 for (NO)2/C (the latter value corresponds to one site in the dimer, which is treated 

using a two-site model). 

We studied the effect of α by varying the strength of the fluid-wall interactions while 

keeping the fluid-fluid interactions constant. For each pore width and molecular geometry, we 

conducted simulations for α = 10 and α = 39. These correspond to approximately 5 times and 

20 times the value estimated by the Lorentz-Berthelot mixing rules29,30 , with the second value 

being representative of a weak chemical bond. In both cases, the fluid-wall interactions are 

stronger than the fluid-fluid interactions, enabling us to better observe confinement and 

pressure effects.  

2.2.2 Pressure calculations 

While the pressure in a bulk homogeneous phase is a scalar, Pbulk, the fluid in a confined 

pore is inhomogeneous, causing the in-pore pressure, P(r), to become a second-order tensor.5 

In a slit pore at equilibrium, the pressure tensor is diagonal. As mentioned earlier, one of the 

diagonal elements is the normal pressure, PN, which acts perpendicular to the walls, and the 

other two are equal to the tangential pressure, PT, which acts parallel to the pore wall in the xy 

plane (see Figure 2.3). 
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Figure 2.3: The normal and tangential pressure components in a slit pore. 

 
The pressure tensor has two contributions: a kinetic contribution, Pkin, and a 

configurational contribution, Pconf. The kinetic contribution is a result of the convective 

momentum transport of molecules, and can be calculated using the ideal gas law:  

Pkin = rad(r)kBT1 (2.3) 

where rad(r) is the number density of the adsorbate within the pore, kB is the Boltzmann 

constant, T is the temperature, and 1 is the second-order unit tensor. Pconf arises from the 

interactions between the molecules and, in the case of spherical particles interacting in a purely 

pair-wise fashion, Pconf can be derived from the microscopic law of momentum conservation 

(also known as the mechanical route)8:  

𝑷fgh^ = 	−
1
2

𝑑𝑢(𝑟ij)
𝑑𝑟ij

%

ikj

𝛿(𝑟 − 𝑙)
mno

𝑑𝑙  (2.4) 

Here, Cij is an arbitrary contour from the center of mass position of particle i, ri, to the center 

of mass position of particle j, rj, rij = |rj – ri| is the distance from rj to ri, δ is the Dirac delta–

function and <…> indicates an ensemble average. Due to the arbitrary nature of Cij, the 
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configurational contribution is not uniquely defined, implying that there is no unique way of 

determining how the interactive forces between particles contribute to the local pressure tensor. 

The most widely-used method to calculate the contour integral, Cij, is the Irving-Kirkwood 

method9,31 which defines the integration path between two particles, i and j, to be a straight 

line along the vector rij (see Figure 2.4).   

 

Figure 2.4: Example of the Irving-Kirkwood method where the pore is divided into bins of 

equal width. The interactive energy, u(rij), contributes linearly to the bins between i and j. In 

this case, u(rij) would contribute to bins z2, z3, z4, z5, and z6. 

 

With the Irving-Kirkwood definition, the pressure tensor can be expressed as 

𝑷pq = 	𝑷rih + 𝑷fgh^ = 	𝜌 𝒓 𝑘t𝑇𝐥 −
1
2

𝒓ij𝒓ij
𝒓ij

𝑑𝑢(𝒓ij)
𝑑𝒓ij

%

ikj

𝛿𝜆𝛿(𝒓i − 𝒓 + 𝜆𝒓ij)
x

y
 (2.5) 

We used a bin width of 0.1 Å to determine accurate pressure and density profiles. 
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2.3 Results and Discussion   

In this section, we present the results for Lennard-Jones monomers at different pore 

widths and wetting parameters, followed by the results for Lennard-Jones dimers and trimers. 

We then discuss the effect of varying these different parameters on the pressure tensor and 

packing inside the pores. 
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2.3.1 Lennard-Jones Monomers 
 

Figure 2.5: (a) Pressure and density profiles for the monomers in the pore of width 3s, at α = 

10. (b) Snapshot of the equilibrium configuration of the monomers in the 3s pore.  (c) Radial 

distribution function in the xy plane for the contact layer in the 3s pore at α = 10.  (d) The 

intermolecular force between two monomer particles with the repulsive and attractive regions 

highlighted. The blue dot is the average nearest neighbor distance between two molecules in 

the xy plane for the 3s pore at α = 10.    In Fig. 2.5(a) the number densities plotted are the 

number of molecules, Nm, in a given bin of width 0.1 Å divided by the bin volume. 
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In Figure 2.5(a), we show the pressure and number density profiles in the smaller (H = 

3s) pore for α=10. PN is the normal pressure, PT is the tangential pressure and rN is the number 

density of molecules in a given bin centered about position z. The sharp peaks in the profiles 

are similar to the profile observed for LJ argon5,32, which is expected since both are single-site 

Lennard-Jones molecules. However, for LJ argon in a slit pore with (10,4,3) walls of width H 

= 3s at 87.3 K and 1 atm. bulk pressure, the peak tangential pressure was found to be about 

20,000 bar32, as compared to about 120,000 bar observed here. The primary reason for this 

much smaller peak tangential pressure in the case of LJ argon is that the wetting parameter for 

that system is much smaller, α = 2.14, than that studied here, α = 10. Due to the small size of 

the pore, only two layers of monomers fit into the pore and thus the layers interact directly 

with the pore wall (see Figure 2.5(b). The density profile peaks at 0.39 monomers/Å3 at the 

same locations as the tangential pressure profile peaks, establishing a direct correlation 

between the two. The enhancement in the tangential pressure can therefore be attributed to the 

higher density of monomers near the wall, which results in the monomers being closer to each 

other and causing repulsive forces in the direction parallel to the wall. The radial distribution 

function, g(r), of the bottom layer in the xy plane is shown in Figure 2.5(c). The first and largest 

peak identifies the most probable distance of a nearest neighbor monomer to be 3.35 Å. At this 

distance, the monomers are in the steeply repulsive region of the intermolecular pair force, as 

shown in the intermolecular force plot in Figure 2.5(d). The intermolecular pair force plot 

shows that any monomer that has a separation distance of less than 3.56 Å from another 

monomer would experience repulsive forces, leading to positive tangential pressures. The 

closer the molecules are packed, the larger the lateral repulsion forces, and the higher the 
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tangential pressures. The normal pressure is relatively constant throughout the width of the 

pore, satisfying the condition of hydrostatic equilibrium. 

 

Figure 2.6: (a) Pressure and density profiles for the monomers in the 3s pore, at α = 39 (b) In-

plane radial distribution function for the contact layer in the 3s pore at α = 39. 
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In Figure 2.6(a) the pressure and density profiles for the smaller (H = 3s) pore for α = 

39 are shown. The density profile shows that there are still only two molecular layers in the 

pore, with each layer now having a number density of 0.63 monomers/Å3 in the bin 

corresponding to the center of the adsorbed layer. The tangential pressure continues to follow 

the same profile as the density, and has a peak value of almost 500,000 bar. The increase in 

the peak value is due to tighter packing of the monomers near the wall, as the stronger fluid-

wall attraction compensates for the more repulsive fluid-fluid interaction at the higher density. 

The radial distribution function in Figure 2.6(b) identifies the most probable nearest neighbor 

separation distance to be 3.15 Å, almost 0.2 Å shorter than the probable distance in the H=3s 

pore at α = 10.  

In Figure 2.7(a) are shown the pressure and density profiles in the larger (H = 5s) pore 

for α = 10. At this pore width, the pore can accommodate 4 adsorbed layers – 2 layers close to 

the pore walls, and 2 layers near the center of the pore that interact more weakly with the wall, 

as shown in Figure 2.7(b). Once again, there is a strong correlation between the density and 

the tangential pressures, with the layers closest to the walls exhibiting both a high density of 

monomers and high tangential pressures. The density peaks to about 0.43 monomers/Å3 in the 

contact layers and 0.1 in the middle layers while the tangential pressure peaks to about 160,000 

bar in the contact layers. The inner layers closer to the center of the pore exhibit a lower but 

wider peak in the density, indicating less alignment and a smaller number of monomers, 

leading to smaller peaks in the tangential pressure. The in-plane radial distribution function of 

the contact layers (Figure 2.7(c)) identifies the highest probability of a nearest neighbor 

monomer to be around 3.25 Å, well within the repulsive region of the potential. 
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Figure 2.7: (a): Pressure and density profiles for the monomers in the pore of width 5s pore, 

at α = 10; (b) Snapshot of the equilibrium configuration of the monomers in the 5s pore; (c) 

In-plane radial distribution function in the contact layer in the 5s pore at α = 10. 
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Figure 2.8: (a) Pressure and density profiles for the monomers in the pore of width 5s, at α = 

39; (b) In-plane radial distribution function for the contact layer of monomers in the 5s pore 

at α = 39. 
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In Figure 2.8(a), the pressure and density profiles are shown for the monomers in the 

5s pore at α = 39. The tangential pressure peaks to a considerably higher magnitude of around 

2.3 million bar. Due to the stronger fluid-wall interactions and the larger pore width, a larger 

number of monomers are forced into the pore, thus increasing the density of monomers in the 

outer contact layers to over 0.94 monomers/Å3. This causes the tangential pressure to be 

significantly higher, due to the higher repulsive forces between the monomers within the 

layers. Figure 2.8(b) shows the in-plane radial distribution function plot for the monomers in 

the outer contact layer of the large pore at α = 39. The highest probability of finding another 

monomer is at a separation distance of around 2.95 Å, corresponding to very strong repulsion 

between neighbors. 
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Figure 2.9: Snapshots of simulations, showing compression of the adsorbed contact layer next 

to the pore wall in xy plane for (a) rxy = 3.15 and (b) rxy = 2.95, respectively. (c) Lateral 

compression in the adsorbed layer 

 

Figures 2.9(a) and 2.9(b) above show typical molecular configurations of the contact 

layer, showing compression of the adsorbed monomer layer in the xy plane for rxy values of 

3.15 Å and 2.95 Å (represented as rm in the figure), which are the mean separation distances 

in the xy plane between the centers of nearest neighbor molecules. The distance ro is the 

separation distance between nearest neighbors when the pair force is zero, i.e. when the 

attractive dispersion and repulsive overlap forces are in balance.  This is the case of no 

compression, and is very close to the average nearest neighbor separation in the bulk dense 

liquid at low pressure. Any separation distance less than ro would result in repulsion between 

the molecules. As demonstrated in the figure, smaller separation distances would result in 

stronger compression and repulsion, leading to higher tangential pressures. Figure 2.9(c) shows 

the compression of the adsorbed layer in the lateral direction, and highlights the compression 

of the monomers in the tangential direction. 
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2.3.2 Lennard-Jones Dimers 

 

Figure 2.10: (a) Pressure and density profiles for the dimers in the pore of width 3s, at α = 10; 

(b) Snapshot of the equilibrium configuration of the dimers in the 3s pore at α = 10; (c) 

Histogram showing the distribution of the angles of the dimers relative to the pore wall; (d) In-

plane radial distribution function for the dimer sites in the 3s pore, at α = 10. 

 
The pressure and molecular density profile for the dimers in the small pore at α = 10 

are shown in Figure 2.10(a). The normal pressure is not constant, likely due to the rigid dimer 
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bonds that result in freezing in the small pore and the formation of a glassy or solid phase. In 

such cases, the condition of hydrostatic equilibrium no longer stands and the normal pressure 

can vary. There are only two molecular layers in the pore with a molecular density of 0.26 

dimers/Å3 in each layer and the tangential pressure peaks to almost 75,000 bar. It should be 

noted that a density of 0.26 dimers/Å3 corresponds to a higher density of monomers/Å3 since 

each dimer consists of two monomers. Because the dimers can orient themselves in different 

ways, there is now an additional degree of freedom in our system. The dimers can lie flat 

against the wall, forming separate linear layers like the monomers, which leads to the observed 

sharp peaks in the tangential pressure profile. They can, however, also rotate in different 

directions in the xz and yz planes, which would lead to broad shoulders arising from the sharp 

peaks. Since the dimers in the small pore are lying flat against the wall at α = 10 (see Figure 

2.10(b)), the tangential pressure exhibits sharp peaks as observed for the monomers. A 

histogram of the angles of the dimers relative to the pore wall is shown in Figure 2.10(c). An 

angle of 0 degrees corresponds to a dimer lying flat against the pore wall, while an angle of 90 

degrees indicates a dimer oriented perpendicular to the wall. The results show that all of the 

dimers lay at angles between 0 and 10 degrees with the wall, with the majority of them being 

very close to 0 degrees, showing that the dimers tend to lie flat against the wall, maximizing 

the favorable dimer-wall interaction. The site-site radial distribution function, g(r), is shown in 

Figure 2.10(d). The first peak corresponds to the dimer bond length of 2.25 Å while the second 

peak shows that the most probable distance between nearest neighbor dimer sites is about 3.35 

Å, which is in the repulsive region of the site-site potential (see Figure 2.5(d)). 
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Figure 2.11: (a) Pressure and density profiles for the dimers in the pore of width 3s, α = 39; 

(b) Snapshot of the equilibrium configuration of the dimers in the 3s pore, α = 39; (c) 

Histogram of the distribution of angles of the dimers relative to the pore wall; (d) In-plane 

radial distribution function for dimer sites in the 3s pore, α = 39. 

 

The pressure profiles for the dimers in the small pore at α = 39 are shown in Figure 

2.11(a). The shape of the tangential pressure profile differs from the profiles observed so far. 

The normal pressure is again not constant, which is expected because a higher α would enhance 
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any freezing phenomenon that was observed at the lower α. The normal pressure is also very 

large in magnitude and extremely negative, indicating a strong attractive force within the dimer 

layers and between the fluid and the pore wall. A sharp peak in the tangential pressure is still 

seen close to the pore walls, with a maximum of around 95,000 bar, but there is also a smaller 

peak near the center of the pore. These peaks in the tangential pressure continue to correspond 

to maxima in the density profile, which peaks to about 0.27 dimers/Å3 in the contact layers and 

0.1 dimers/Å3 in the center. We also see a higher tangential pressure in the region between 

these peaks (between -1 Å and 1 Å), due to the close proximity of the center and contact layers, 

which leads to higher repulsive forces in that region. A snapshot of the pore in Figure 2.11(b) 

shows that a significant number of dimers are now aligning themselves vertically in the pore, 

with one site in each of the two layers so as to maximize their interaction with the pore walls. 

The histogram of the angles in Figure 2.11(c) also identifies a cluster of dimers in the pore that 

have an angle close to 90 degrees, indicating a vertical alignment in the pore for these dimers.  

The other dimers have an angle of less than 10 degrees, indicating that they’re lying flat against 

the wall. The radial distribution function in Figure 2.11(d) shows the most probable distance 

between nearest dimer sites to be 3.25 Å. 
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Figure 2.12: (a) Pressure and density profiles for the dimers in the 5s pore, at α = 10; (b) 

Snapshot of the equilibrium configuration of the dimers in the 5s pore, α = 10; (c) Histogram 

of the angles of the dimers relative to the pore wall; (d) In-plane radial distribution function 

for the dimer sites in the 5s pore, α = 10. 

 

The density and pressure profiles for the dimers in the large pore (H = 5s) at α = 10 are 

shown in Figure 2.12(a). With four separate layers, the majority of the dimers still gravitate 

towards the pore walls and the tangential pressure peaks to a maximum of 336,000 bar. The 
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normal pressure is constant due to the larger pore width, which makes it more difficult for 

freezing to occur and maintains the condition of hydrostatic equilibrium. The dimer number 

density in the contact layers is almost 0.33 dimers/Å3 while the density in the center layers 

peaks to a little less than 0.1 dimers/Å3. Figure 2.12(b) shows that in the contact layers the 

molecules lie parallel to the wall, while the center layers have a less rigid structure. The 

histogram of the relative angles in Figure 2.12(c) also confirms a wider distribution of angles 

in the larger pore, with the majority of dimers oriented between 0 - 30 degrees, and a small 

number of dimers with a wider range of orientations. From the radial distribution function in 

Figure 2.12(d)), it is seen that the most probable distance between nearest neighbor dimer sites 

is about 3.25 Å, high in the repulsive region of the pair force. 

The profiles for the dimers in the larger 5s pore for α = 39 are shown in Figure 2.13(a). 

The tangential pressure exhibits a maximum of about 2.6 million bar with a molecular density 

of 0.545 dimers/Å3 in each of the contact layers. The dimers in these contact layers are in 

extremely close proximity with each other as seen in the radial distribution function (Figure 

2.13(d)), which shows that the most probable distance between nearest neighbor dimer sites is 

only 2.95 Å, very high in the repulsive region of the pair force. Along with the extremely high 

tangential pressures, slight broad shoulders are also observed in the tangential pressure profile. 

This is due to a larger number of dimers having a wider distribution of orientations relative to 

the wall, as can be seen in Figure 2.13(b) and 2.13(c). The histogram of the angles in Figure 

2.13(c) also shows a wide distribution, with more dimers being rotated between 50- 80 degrees, 

along with a significant number still lying flat against the wall. 
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Figure 2.13: (a) Pressure and density profiles for the dimers in a pore width of 5s, at α = 39; 

(b) Snapshot of the equilibrium configuration of the monomers in the 5s pore, α = 39; (c) 

Histogram of the angles of the dimers relative to the pore wall; (d) In-plane radial distribution 

function for the dimer sites in the 5s pore, α = 39. 
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2.3.3 Lennard-Jones Trimers 

  

Figure 2.14: (a) Pressure and density profiles for the trimers in the 3s pore, at α = 39; (b) Two 

main orientations of the trimer in the 3s pore (c) Snapshot of the equilibrium configuration of 

the trimers in the 3s pore, α = 39; (d) Histogram of the angles of the trimers relative to the 

pore wall; (e) In-plane radial distribution function for the trimer sites in the 3s pore, α = 39. 

 

The pressure and density profiles for the trimers in the small 3s pore at α = 39 are 

shown in Figure 2.14(a). The normal pressure is, again, not constant in the small pore due to 

freezing. The tangential pressure peaks to about 29,000 bar while the molecular density peaks 
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to about 0.15 trimers/Å3 in the contact layers. Due to the existence of a third site, the trimer 

molecule now has three rotational degrees of freedom which affects the shape of the tangential 

pressure profile. The trimers that have their center of mass in the contact layers are lying flat 

against the wall, with all three sites in contact with the pore wall. The plane of these trimers 

has an angle of 0 degrees relative to the pore wall (left trimer in Figure 2.14(b)). The density 

profile, which is based on the center-of mass, also shows two layers near the center of the pore. 

These layers represent trimers that have a relative angle closer to 90 degrees, indicating a more 

vertical alignment in the pore. In order to maximize the interaction of the three sites with the 

pore walls, the trimers generally align themselves in order to have 2 sites close to one of the 

contact layers and 1 site close to the other (right trimer in Figure 2.14b). Due to the center-of-

mass layers being close together, the interactions between the two inner layers result in an 

additional plateau near the center of the pore. The histogram in Figure 2.14(d) shows the 

distribution of angles in the pore and confirms that the trimers in the pore are generally in one 

of these aforementioned two orientations. The radial distribution function for the trimers in the 

small pore is shown in Figure 2.14(e). The first sharp peak is the bond length between the 

bonded sites while the third sharp peak at around 3.6 Å is the length between the two unbonded 

sites in the trimer. This indicates that the second peak prior to the third peak is the average 

separation distance, which is at 3.25 Å. 
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Figure 2.15: (a) Pressure and density profiles for the trimers in the 5s pore, at α = 39; (b) 

Snapshot of the equilibrium configuration of the trimers in the 5s pore, α = 39; (c) Histogram 

of the angles of the trimers relative to the pore wall; (d) In-plane radial distribution function 

for the trimer sites in the 5s pore, α = 39. 

 

Figure 2.15(a) shows the pressure and density profiles for the trimers in the large pore 

at α = 39. The density profile clearly shows the presence of several layers in the pore and the 

visual snapshot in Figure 2.15(b) shows that while the contact layers are still strongly aligned, 

most of the inner layers are not. Due to the larger pore size, the trimers that are closer to the 
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center of the pore have a weaker interaction with the wall, allowing them to rotate in more 

orientations than the small pore. Due to the additional rotational degree of freedom that allows 

the trimers to rotate in three dimensions, broad shoulders are prominent in the tangential 

pressure profile, along with a second peak at the end of the shoulders at -4Å and 4Å. From 

there, the tangential pressure tapers off as it extends towards the center of the pore. The wider 

distribution in trimer orientations is seen in the histogram in Figure 2.15(c) which now shows 

significantly more trimers rotated at angles between 10 and 80 degrees. The radial distribution 

function in Figure 2.15(d) shows the average separation distance in the contact layer to be 

around 2.95 Å. 

2.4 Summary and Discussion of Results 

A summary of the main results is given in Table 2.1. In this table PT and rN are the 

peak values of the tangential pressure and the 3-D density of the contact layer next to the walls, 

while rxy and Fxy are the mean separation distance and pair force between nearest neighbor 

molecules, respectively, in this contact layer. ‘Number of sites’ is the total number of molecular 

sites in the pore. 

.  
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Table 2.1: Summary of the effect of molecular shape, fluid-wall interactions, and pore width 

on different parameters 

 PT (bar) 
rN = N/V 

(molecules
/ Å3) 

rxy 

(Å) 

Number 
of sites 
in pore 

Fxy (10-12 N) 

 Monomers 
H=3s, α = 10 115,806 0.39 3.35 504 39 
H=3s, α = 39 484,662 0.63 3.15 576 1.48 x 102 
H=5s, α = 10 161,244 0.43 3.25 904 80 
H=5s, α = 39 2.25 x 106 0.94 2.95 1187 4.53 x 102 

 Dimers 
H=3s, α = 10 74,470 0.26 3.35 526 39 
H=3s, α = 39 95,483 0.27 3.25 556 80 
H=5s, α = 10 336,494 0.32 3.15 1118 1.48 x 102 
H=5s, α = 39 2.64 x 106 0.55 2.95 1266 4.53 x 102 

 Trimers 
H=3s, α = 39 29,211 0.15 3.25 561 39 
H=5s, α = 39 1.69 x 106 0.30 2.95 1284 4.53 x 102 

 

The average separation distances between nearest neighbor monomer and dimer sites 

in the xy plane are shown in Figures 2.16(a) and 2.16(b) for all systems on the Lennard-Jones 

intermolecular force plot. By relating the average separation distance to the Lennard-Jones 

force, and comparing these values to those for a bulk Lennard-Jones fluid that undergoes no 

compression (Fxy = 0), we can confirm the relationship between compression and high 

tangential pressures in the pores. 
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Figure 2.16: (a) The average separation distance between nearest neighbor monomer sites in 

the xy plane for all four monomer systems are shown on the Lennard-Jones intermolecular 

force plot as colored circles. Figure 2.5(d) is shown on the top right of each figure, with the 

shaded region identifying the area being plotted. (b) The average separation distance between 

nearest neighbor dimer sites in the xy plane for all four dimer systems are shown on the 

Lennard-Jones intermolecular force plot. 



 

50 

2.4.1 Effect of α parameter 

An increase in the value of α results from an increase in the attractive force exerted on 

the adsorbate molecules by the pore walls, and so leads to an increase in compression. For the 

contact layer next to the walls of the pore this is shown in Table 2.1 as an increase in the 

number density, rN, the nearest neighbor pair force, Fxy, and the tangential pressure, PT, and in 

a decrease in the nearest neighbor separation distance, rxy.  

For the monomers in the small pores, Figure 2.5(a) and Figure 2.6(a) show the 

tangential pressure for α = 39 to be almost 4 times larger than the tangential pressure for α = 

10, indicating an almost proportional relationship between α and the tangential pressure. The 

radial distribution functions in Figure 2.5(c) and Figure 2.6(b) show the most probable distance 

between monomers at α = 39 to be about 0.2 Å shorter than at α = 10. Since the monomers are 

in the steep repulsive region at these distances, a 0.2 Å difference has a significant impact on 

the repulsive forces (see Figure 2.5(d)), and consequentially on the tangential pressures.  

For the monomers in the larger H = 5s pores, α has an even more significant effect on 

the magnitude of the tangential pressures. The larger pores allow the accommodation of a 

greater number of monomers stacked into 4 layers. The mean separation distance between 

nearest neighbors, rxy, is now smaller than for the smaller pores, so that the repulsive force is 

increasing more steeply as the molecules become closer; also the decrease in rxy on increasing 

α is greater in this case. These two factors lead to a much larger effect of α on the tangential 

pressure, as seen in Table 3.1. Increasing α from 10 to 39 leads to an increase in PT of more 
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than a factor of 13, with a peak tangential pressure of more than 2 million bar for the higher α 

value. 

The number density of monomers in the contact layers for the large pores at α = 39 are 

shown in Figure 2.8(a), and are almost double that shown in Figure 2.7(a) for α = 10. The radial 

distribution functions in Figure 2.7(c) and Figure 2.8(b) show that the most probable distance 

between monomers in the contact layer is 0.25 Å shorter for the higher α value. In the steep 

region of the intermolecular force plot, this difference would result in markedly stronger 

repulsive forces, and therefore notably larger tangential pressures. Figure 2.7(a) and Figure 

2.8(a) show that the magnitude of the tangential pressure peaks is about 12 times larger for the 

higher α value. 

For the dimers, the effect of the α parameter becomes more complex, as molecular 

orientation introduces another degree of freedom to the system. Since the small pores can only 

accommodate two molecular layers, Figures 2.10(a) and 2.11(a) show a visible difference in 

the shape of the tangential pressure with the modification of α. At α = 10, the dimers in the 

small pore are lying flat against the wall, verified by the configuration and histogram of the 

angles in Figure 2.10(b) and 2.10(c) respectively. At α = 39, the stronger fluid-wall interactions 

force more dimers into the pore than at α = 10 for the same pore width. To pack more efficiently 

into the small space in the pore, the dimers at the higher α now tend to also align themselves 

vertically, rather than just horizontally, allowing each dimer site to interact with the two pore 

walls. The dimers having a near vertical orientation allows them to be closer to each other, in 

spite of the great repulsion between the dimer sites, leading to larger repulsive forces. This 

histogram in Figure 2.11(c) shows that a number of dimers have an angle close to 90 degrees, 
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confirming the vertical orientation in the pore. It also leads to the small peak in the tangential 

pressure in the center of the pore, since the center of mass for these dimers is located near the 

center of the pore.  

Because of the increased number of dimers in the smaller pore at α = 39, the peaks in 

the tangential pressure are slightly higher than the peaks at α = 10. Since the magnitude of the 

tangential pressure is largely dependent on how closely packed the dimers are to each other, it 

is also useful to compare the site-site radial distribution functions for the two cases. Figures 

2.10(d) and 2.11(d) show the shortest distance between nearest neighbor dimer sites is around 

0.1 Å shorter for the higher α value, verifying that larger α values consistently lead to closer 

proximity between molecules.  

The α parameter continues to have a significant effect for the dimers in the larger pores, 

with the tangential pressure being about 8 times larger at α = 39, as demonstrated in Figures 

2.12(a) and 2.13(a). The molecular density in the contact layers increases by a factor of 1.75 

at the larger α and more dimers are forced to rotate in different directions to better fit in the 

pore, as seen in Figures 2.13(b) and 2.13(c). The radial distribution functions in Figures 2.12(d) 

and 2.13(c) show that the most probable distance between dimers decreases from 3.15 Å 

(smaller α) to 2.95 Å (larger α). This results in a significant increase in the tangential pressure 

due to its position in the deeply repulsive region of the intermolecular force plot. 

2.4.2 Effect of molecular geometry 

Molecular geometry has a tangible impact on the shape and magnitude of the tangential 

pressure tensor profile. It is difficult to establish a direct relationship between the molecular 
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geometry and the magnitude of the pressure tensor because the geometry affects the 

crystallinity and ordering of the fluid systems in the pores. While pores with monomers can 

form ordered hexagonal crystalline phases, pores with multi-site molecules often consist of 

less-ordered or deformed glassy phases. In larger pores, if all other variables are kept constant, 

systems with dimers consistently show higher tangential pressures than systems with 

monomers. This could be due to a combination of multiple factors, such as closer or equivalent 

packing for the dimers in larger pores, and a significantly higher density of dimer molecular 

sites, leading to an overall higher contribution to the pressure tensor. The trimers, on the other 

hand, consistently show lower tangential pressures than the monomers and dimers. This could 

perhaps be attributed to the bulkiness of the trimers, which results in a less ordered phase and 

fewer site-site interactions.  

Figures 2.8(a) and 2.13(a) compare the pressures for monomers and dimers in the large 

pore at α = 39. In addition to the higher tangential pressure peaks for the dimers, there is now 

also a difference in the shape of the tangential pressure profile between the two systems. The 

tangential pressure profile for dimers in the contact layers still exhibits strong peaks, but small 

broad shoulders can be seen arising from those peaks and extending towards the center of the 

pore, as can be seen more clearly in Figure 2.17). 
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Figure 2.17: An enlarged view of the tangential pressure tensor profile for the dimers in a 5s 

pore at α = 39, showing the broad shoulder effect. 

 
This phenomenon, to our knowledge, has not been documented in the literature. The 

sharp peaks correlate to a high density of dimer molecules near the wall that are lying flat in 

order to maximize their interaction with the wall. The broad shoulders are likely an effect of a 

weaker interaction between the molecules closer to the center of the pore and the wall, which 

allows the dimers to rotate in different orientations. This results in a non-integer number of 

molecule site layers contributing to the broad shoulder effect, since the interaction energy is 

being distributed between the regions of molecular site interactions. This can be confirmed by 

visualizing the configuration inside the pore in Figure 2.13(b).  While the top and bottom layers 

closer to the wall are extremely closely packed and linear, the center layers exhibit a less 
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structured configuration. Because monomers have zero rotational degrees of freedom, they 

result in an integer number of layers spaced apart from each other, which results in the sharp 

peaks that have been observed in literature.  

The effect of molecular geometry in large pores is even more prominent when looking 

at trimers, as seen in Figure 2.14(a). The broad shoulders in the tangential pressure profile for 

trimers can again be observed and is now more pronounced.  The pressure profile for the 

trimers shows a peak at the end of the shoulder, followed by a small shoulder that tapers off as 

it nears the center of the pore. This is due to the additional rotational degree of freedom 

resulting from the third site. Larger pores allow a higher number of trimers in the pore, leading 

to many more orientations that contribute to the more obvious appearance of the broad 

shoulders. The monomers under the same conditions in Figure 2.8(a) only see sharp peaks, due 

to their inability to have rotations.  

In the smaller pores, the effect of molecular geometry on the shape of the tangential 

pressure is only apparent at α = 39. The trimers were only studied at α = 39 due to sampling 

issues at lower α values, a result of the bulky structure of the trimers. Figures 2.5(a) and 2.10(a) 

show similar shaped profiles for the tangential pressure at α = 10; i.e. both have sharp peaks 

with no broad shoulders even though they are systems with different molecular geometries. 

This is because, as mentioned earlier, the configuration of the dimers at α = 10 resembles the 

configuration for the monomers. The dimers are lying flat against the wall, resulting in an 

integer number of molecular layers. It’s only at the higher α value that more dimers pack into 

the small pore, forcing them to re-orient themselves in a vertical direction. This leads to the 

small shoulder effect that extends to the center of the pore (see Figure 2.11(a)).  
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2.4.3 Effect of pore size 

Pore size is found to have a significant impact on the number of layers in the pore as 

well as on the shape and magnitude of the tangential pressure. For monomers, larger pores are 

able to accommodate 4 integer adsorbate layers, compared to the 2 layers in smaller pores (see 

Figures 2.5(a) and 2.7(a)). This increase in the number of layers correlates to a larger number 

of molecules in the pore and, therefore, higher in-pore tangential pressures. In the larger pore, 

the tangential pressure also exhibits 4 peaks, at the same locations as the peaks in molecular 

density. The effect is the same at both values of α, although the increase in tangential pressure 

is much more substantial at α = 39 (see Figures 2.6(a) and 2.8(a)). The increase in tangential 

pressure with increasing pore size is different from the phenomenon observed by Long et al.5 

who studied the effect of pore size on argon in slit-shaped pores. Long et al. used Lorentz-

Berthelot mixing rules to describe the fluid-wall interactions and studied a variety of pore 

widths, including H = 3s and H = 4.5s. They found the tangential pressure to be 10,000 bar 

lower in the larger pore when compared to the smaller pore. This is due to a weaker interaction 

of the argon molecules in the center layer of the larger pore with the wall, leading to a lower 

molecular density in the pore. We show here that when the fluid-wall interactions are stronger, 

it results in more molecules entering the larger pore. This increase in the number of molecules 

leads to higher tangential pressures. 

The effect of pore width on the dimers at α = 10 can be seen by comparing Figures 

2.10(a) and 2.12(a), which show results for the smaller and larger pore, respectively. Due to 

the larger size of the pore in Figure 2.12(a), it is able to accommodate a greater number of 
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dimer layers than the small pore in Figure 2.10(a). In addition, the dimers are also able to rotate 

more freely because of the weaker interaction of the center layers with the walls. The smaller 

pore is only able to accommodate two layers and because of the closer proximity of the dimers 

with the wall, they show little to no rotation. The higher number of dimers in the larger pore 

leads to higher tangential pressures, and the ability of more dimers to rotate results in the very 

slight broad shoulder effect in the tangential pressure profile, as seen in the enlarged view in 

Figure 2.18. At α = 39, the effect of varying the pore size is even more substantial due to a 

larger number of dimers that are more closely packed. In Figure 2.13(a) it is seen that dimers 

in the larger pore experience very high tangential pressures, with the magnitude of the peak 

being about 25 times higher than for the small pore (see Figure 2.11(a)). As a result of more 

dimer rotations, the broad shoulder effect is also more prominent in the large pore at α = 39. 
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Figure 2.18: An enlarged of the tangential pressure for dimers in the 5s pore at α = 10,  

showing the slight broad shoulder effect. 

 

A similar effect is observed with the trimers in Figures 2.14(a) and 2.15(a). The trimers 

in the small pore are forced to either lie almost completely horizontally or completely vertically 

in the plane to maximize their interactions with the wall. In the larger pores, however, weaker 

interaction in the inner layers allow the trimers to rotate in all three dimensions, leading to 

multiple non-integer layers that are less structured. This results in broad shoulders due to the 

fluid-fluid interactions between the sites, as well as higher tangential pressures in the larger 

pore due to a greater number of molecules. 
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2.5 Conclusion 

Through Monte Carlo simulations, we found that all three variables, a) wetting 

parameter, α, b) the molecular geometry of the adsorbate molecules, and c) the width of the 

slit pore, had a large impact on the tangential pressure tensor in the pore, often changing the 

qualitative behavior of the pressure profiles. The monomer consistently showed sharp peaks in 

the tangential pressure but the magnitude of these peaks increased significantly with α and with 

pore width, due to an increased number density of monomers in the pore. The multi-site 

molecules also experienced an increase in tangential pressure with α and pore width, but due 

to additional rotational degrees of freedom, they often exhibited a non-integer number of 

molecular layers in the larger pores. This resulted in broad shoulders attached to the sharp 

peaks in the tangential profile, a unique phenomenon that is not observed with single-site 

Lennard Jones molecules.  
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Chapter 3 : The Nitric Oxide Dimer Reaction in Slit-Shaped Pores 

and Carbon Nanotubes 

3.1 Introduction 

When carried out in a nano-porous catalyst or catalyst support, heterogeneous reactions 

are often strongly affected by the pore shape and width, surface heterogeneity, and by the 

interactions of the various reactant, product and activated species with the pore walls. These 

factors can have a large influence on the reaction yield1–4, the rate5, the activation barriers6–8, 

and in some cases can alter the reaction mechanism6,8,9 or produce new product phases9–11. 

Other considerations in such heterogeneous reactions include surface defects in the solid 

substrate, which can form highly reactive sites6,12, high tangential pressures due to the strong 

force field from the solid substrate, thus promoting high pressure reactions9,13 and shape-

catalytic effects8. The latter effect occurs when the pore size and shape becomes similar to that 

of the molecules. For such reactions, when the transition state theory is appropriate, the pore 

size can enhance or hinder the reaction if the shape of the transition state is similar to that of 

the pore, leading to dramatic effects of pore size. Small changes in the pore width then have a 

large effect on the potential energy surface of the reaction and on the reaction rate, as shown 

by a study of the rotational isomerism of C4 hydrocarbons in carbon pores8. 

In this chapter, we report a study of the nitric oxide dimerization reaction, 2NO « 

(NO)2, in carbon nanopores. This reaction is of interest for several reasons: (a) reliable 

experimental data are available for this reaction in well-defined nanoporous carbons; (b) the 

results of these experimental studies are surprising, showing complete conversion to the dimer 
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in the nanopores, although there are almost no dimers in the bulk gas phase that is in 

equilibrium with the porous material; and (c) the failure of theoretical studies so far to provide 

a satisfactory explanation of these results.  

In 1989, Kaneko et al.1 reported a study of the nitric oxide dimer reaction in NO-

adsorbed activated carbon fibers, for the temperature range 273-423 K under a nitric oxide gas 

pressure of 80 kPa.  The carbon fibers, which have slit-shaped pores, had a relatively uniform 

pore width of 0.8-0.9 nm. The composition of the confined nano-phase was determined using 

magnetic susceptibility measurements (while the monomer is paramagnetic, the dimer is 

diamagnetic), and it was found that more than 98 mole % of the molecules consisted of (NO)2 

dimers, even though the fraction of dimers in the bulk phase in equilibrium with the pore was 

of the order a few mole % or less.  This surprising result was confirmed in later experiments 

carried out by Byl et al.2, who studied the reaction in (10,10) single-walled carbon nanotubes 

having a diameter of 1.36 nm over the temperature range 103-136 K, under nitric oxide gas 

pressures up to a few torr.  Equilibrium compositions within the SWNTs were determined 

using Fourier Transform Infrared Spectroscopy, and the mole fraction of dimers was shown to 

be 100%, within the experimental error, which was estimated to be 5%.  The FTIR results 

suggested a strong interaction between the dimers and the walls of the SWNTs.   

Theoretical calculations for the nitric oxide dimer reaction in the bulk phase were made 

by Johnson et al.14, using the reactive canonical Monte Carlo (MC) method, and found very 

good agreement with experimental results15,16 for the saturated liquid NO temperature range 

from 110 to 140 K. For the NO monomer, they used a single-site LJ sphere model with 

potential parameters proposed by Kohler et al.17; they noted that although the NO molecule is 
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not spherical, its dipole moment (~0.16×10-18 esu) is negligibly small, its quadrupole moment 

(~1.0×10-26 esu) is also quite small and its overlap interactions depart only slightly from 

spherical, making a spherical LJ model reasonable. For the nitric oxide dimer they used a two-

center LJ model, the LJ sites having the same potential parameters as for the NO monomer. 

Turner et al.3 used the reactive canonical MC method in conjunction with the constant pressure 

Gibbs ensemble MC algorithm18,19 to carry out two-phase reaction simulations that included a 

bulk gas phase in equilibrium with a pore phase. They studied the reaction in slit-shaped carbon 

pores for the temperature range 119 to 163 K under a constant bulk pressure of 0.16 bar, for a 

range of pore widths from 2.5σNO to 5.5σNO (0.79 to 1.74 nm). The carbon walls were modeled 

using the (10,4,3) potential of Steele20, obtained by integrating the adsorbate-wall interactions 

over the positions of the carbon atoms, and using the usual LJ interaction parameters for 

carbon20. The cross-term LJ interactions for both adsorbate-adsorbate and adsorbate-wall 

potentials were calculated using the Lorentz-Berthelot combining rules. The yield of the nitric 

oxide dimer in the carbon pores was found to be greatly enhanced over that in the bulk gas 

phase in equilibrium with the pore phase, by a factor of 40 or more at the lowest temperatures 

studied, with a yield of about 95 mole % in the smaller pores at 119 K. However, the predicted 

yields were significantly lower than those observed in the experiments and decreased rapidly 

as the temperature was increased, in contrast to the experimental results, which showed yields 

close to 100% for all of the temperature range studied.  Lisal et al.21 carried out more extensive 

reactive MC calculations for the reaction in slit pores of width 1.7 nm using the same models, 

and the reaction in carbon pores was also studied by Tripathi and Chapman4 using classical 

density functional theory with slightly different models. The results of these studies agreed 
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with those of Turner et al3. However, in all cases the yield of dimer was lower, and the 

temperature dependence of the yield was quite different, from those found in the experiments. 

Similar reactive MC simulations of the NO dimer reaction were performed by Turner22 for a 

(10,10) SWNT bundle at 130 K, using very similar models to those used for the slit-pore 

studies, for the same conditions as studied experimentally by Byl et al2. The predicted 

conversion was found to be about 60 mole % dimer, again considerably lower than the 100 

mole % observed in the experiments. In all of these theoretical studies the increase in yield 

relative to that in the bulk phase at the same conditions was attributed to the increased density 

in the confined nano-phase. 

Chapter 3 is arranged as follows.  In Section 3.2 we describe the models used and the 

molecular simulation methods.  Included in this section is a description of ab initio calculations 

for the intermolecular interactions between the NO monomer molecules and the carbon walls, 

and for the (NO)2 dimers and the walls.  In Section 3.3 we present the results for the ab initio 

calculations and for the reaction yield in pores of both slit and cylindrical geometry, and make 

comparison with the experimental results for activated carbon fibers and SWCNTs. We also 

present simulation results for the fluid structure and for the pressure tensor components in the 

confined nano-phase. Our conclusions are summarized in Section 3.4. 
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3.2 Simulation Methods 

3.2.1 Monte Carlo Simulations 

We used the Reactive Monte Carlo ensemble (RxMC) along with the Constant Pressure 

Gibbs Ensemble (CP-GEMC) mentioned in Sections 1.3 and 2.2 to study the nitric oxide 

dimerization reaction in a two-phase system. The CP-GEMC ensemble allows us to measure 

the equilibrium conversion without needing to define quantities such as chemical potentials or 

fugacities.  

In the RxMC ensemble, moves are conducted to simulate the reaction by inserting and 

deleting molecules based on stoichiometry. These reactive moves are carried out in both the 

bulk and pore phases and ensure the reaction equilibrium criterion for the reaction is satisfied. 

Since the RxMC method minimizes the Gibbs energy at constant pressure, it allows us to 

determine the true equilibrium state. The general acceptance criteria for the forward and 

reverse reaction steps is shown in Equation 3.1. 

𝑃{ff = 𝑚𝑖𝑛 1, exp −𝛽𝛿𝑈 𝑞i
~n 𝑁i!

𝑁i + 𝑣i !

m

i�x

m

i�x

	 (3.1) 

The RxMC method used with the CP-GEMC method consists of a combination of the 

following MC moves:  

i. random change in the position or orientation of a molecule,  

ii. forward reaction step, where one random NO monomer is deleted and another random 

NO monomer is changed to (NO)2 dimer,  



 

69 

iii. reverse reaction step, where one random (NO)2 dimer is changed to an NO monomer 

and another NO monomer is randomly added to the system,  

iv. random change of volume in the bulk phase to keep the bulk pressure constant,  

v. transfer of NO monomers between the bulk phase and the pore phase.  

By allowing the transfer of NO monomers between the two simulation boxes, chemical 

equilibrium is maintained within each phase and phase equilibrium is maintained between the 

two phase. Since the NO monomers are smaller and easier to transfer than the NO dimers and 

reaction moves are carried out in both phases, this method allows for enhanced sampling 

efficiency. Simulations were conducted at temperatures ranging from 120 K to 160 K and at a 

bulk pressure of 0.16 bar, which corresponds to a gas phase.  

3.2.2 Pore Models 

Carbon pores are modeled as slit-shaped pores and as carbon nanotubes. Slit-shaped 

pores are modeled with a variety of pore widths, ranging from 3s to 5.5s. The simulation box 

lengths in the x and y directions are Lx = 50 Å and Ly = 50 Å, each more than twice the cutoff 

length of 5s (i.e. 15.8575 Å). The carbon walls in the slit pore are simulated using the same 

10-4-3 Steele potential23 described in Section 2.2 for the fluid-wall (fw) interactions. The 

effective Lennard-Jones parameters used for carbon are: σw = 0.34 nm and εw/kB = 28.0 K. 

Standard Lorentz-Berthelot mixing rules24,25 are then used to calculate the σfw parameter 

(𝜎 \ =
������

_
) which is calculated to be 0.329 nm. The εfw parameter is calculated using the 

ab initio techniques outlined in the next section. The other parameters in the 10-4-3 Steele 

potential are ρw = 114 nm-3 and Δ = 0.335 nm.  
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The carbon nanotubes are modeled as single-walled rigid carbon nanotube bundles 

arranged in a hexagonal array (Figure 3.1). The nanotube walls are simulated using explicit 

carbon atoms and the interactions between the adsorbate molecules and carbon atoms are 

calculated using the Lennard-Jones potential. Electrostatic interactions are ignored. Figure 3.1 

shows the carbon nanotubes are simulated as bundles with two different helicities: (a) (8,8) 

and (b) (10,10). Their respective diameters are 1.09 nm and 1.36 nm, as measured between the 

center of the nanotube and the center of a carbon atom. The simulation box lengths are Lx = 

42.7, Ly = 49.3 Å, and Lz = 32 Å for the (8,8) bundle and Lx = 50.8 Å, Ly = 57.2 Å, and Lz = 

32 Å for the (10,10) bundle. Periodic boundary conditions are applied in all three directions 

and the intertubular distance for both nanotube bundles is 0.335 nm. Adsorption and reaction 

are allowed to occur in the interstitial spacing between the individual nanotubes. 

 

Figure 3.1: Simulation snapshots of the (a) (8,8) and (b) (10,10) nanotube bundles. The 

nanotube diameters are (a) 10.9 Å and (b) 13.6 Å and the intertubular distance is 3.35 Å for 

both bundles. 
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The NO monomer is modeled as a one-site Lennard-Jones molecule with the following 

parameters: σff = 0.31715 nm and εff/kB = 125.0 K. The NO dimer is modeled as a 2-site 

Lennard-Jones model with each site having the same parameters as the NO monomer, and a 

fixed bond length of 2.237Å26. Since the monomer has a very small dipole and quadrupole 

moment27, electrostatic forces are neglected. In order to calculate the acceptance criteria for 

the reactive moves, translational, vibrational, rotational, and electronic partition functions for 

the monomer and dimer are obtained using the equations in Table 3.1. 

Table 3.1: Partition functions for the NO monomer and (NO)2 dimer 

Partition Function NO (NO)2 

Translational 2𝜋𝑚𝑘𝑇
ℎ_

x.�

𝑉 
2𝜋𝑚𝑘𝑇
ℎ_

x.�

𝑉 

Rotational 8ℎ_𝐼𝑘𝑇
𝜎ℎ_  

𝜋
𝜎

𝑇�

𝜃�𝜃t𝜃m

y.�

 

Vibrational 
1

1 − 𝑒����
 

1
1 − 𝑒����

 

Electronic 𝑔y𝑒���/r� + 𝑔x𝑒���/r� 𝑒��/� 

 

In the equations for the translational partition function, m is the mass of the molecule, 

k is the Boltzmann constant, T is the temperature, h is Planck’s constant, and V is the volume 

of the system. For the rotational partition functions, I is the moment of inertia of the molecule, 

𝜎 is the symmetry factor, and ϴA, ϴB, ϴC are the rotational temperatures, defined as 𝜃i =

���pnr�
��

y.�
. For the vibrational partition functions, b = 1/kT, n represents the vibrational 
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frequencies obtained from Smith et al.28, and the product runs over all the normal modes. For 

the electronic partition functions, g0 = 2 and g1 = 4 are the degeneracies while E0 = 0 and E1 

=121.1 cm-1 are the electronic energies, referred to the zero-point vibrational energy. Since the 

NO monomer has a low-lying electronic state, the second term in the electronic partition 

function for the monomer, which is usually ignored, is also accounted for. We used a value of 

10.9 kJ/mol for Db, the binding energy of the dimer3. The interactions between fluid molecules 

are calculated using Lorentz-Berthelot mixing rules, which have been shown to be accurate for 

like-like molecules.  

In order to determine more accurate interaction energies between the carbon pore wall 

and the NO molecules, we conducted ab initio calculations using Gaussian 09. We used a 

single benzene ring to determine the effect of an aromatic environment on the NO monomer 

and dimer29. We performed the calculations using Møller-Plesset perturbation theory at the 

MP2 level using the aug-cc-pVDZ basis set. The counterpoise correction was used to limit the 

effect of the basis set superposition error (BSSE). We conducted calculations for NO, (NO)2, 

C6H6, NO-C6H6, and (NO)2-C6H6 and used the results to estimate the interaction energies for 

both the monomer and dimer interactions with the carbon walls.  

The slit-pore pressure tensor was calculated using the same method outlined in Section 

2.2. We used a bin width of 0.1 Å to determine accurate density and pressure profiles. 
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3.3 Results and Discussion 

3.3.1 Sensitivity Analysis and Ab Initio Calculations 
 

In order to determine whether the solid-fluid interaction energies could be the reason 

for the discrepancy between experiments and simulations, we first determined how sensitive 

the equilibrium reaction conversion is to changes in these energies. To examine this 

relationship, we conducted a sensitivity analysis in the 4s slit pore at 160 K and 0.16 bar by 

modifying the interaction energies for the NO-wall and (NO)2-wall gradually and studied the 

effect of this change on the reaction conversion. The results are shown in Figures 3.2 and 3.3. 
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Figure 3.2: A sensitivity analysis on the effect of changing the interaction energy for the NO-

wall interaction on the reaction conversion. A multiplication factor of 1 corresponds to the NO-

wall interaction energy predicted by the Lorentz-Berthelot mixing rules. The (NO)2-wall 

interaction energy in these calculations was kept constant at the value predicted by the Lorentz-

Berthelot rules. 
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Figure 3.3: A sensitivity analysis on the effect of changing the interaction energy for the 

(NO)2-wall interaction on the reaction conversion. A multiplication factor of 1 corresponds to 

the (NO)2-wall interaction energy predicted by the Lorentz-Berthelot mixing rules. The NO-

wall interaction energy in these calculations was kept constant at the value predicted by the 

Lorentz-Berthelot rules. The points show the number of molecules in the pore, and should be 

read on the left axis. The dotted line shows the mole fraction of dimer in the pore. 

 
Both sensitivity plots show the reaction conversion to be quite sensitive to changes in 

the solid-fluid interaction energies. The reaction conversion displays high sensitivity to 

changes in the NO-wall interaction energy, which is expected since it is easier for them to 

transfer in and out of the pore due their smaller size.  Simply doubling the Lorentz-Berthelot 

energy for the NO-wall interaction causes a more than 20-fold increase in the number of 

monomers in the pore, resulting in a system only consisting of monomers. The dimers also 
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exhibit notable sensitivity with the conversion increasing from nearly zero to a 94% dimer 

conversion when the energy of the dimer-wall interaction is doubled from the value obtained 

from the Lorentz-Berthelot mixing rules. It is important to recognize that while the conversion 

is affected by the magnitude of the adsorbate-wall interaction energies, it is also affected by 

the ratio of these energies. A higher ε(� )_/ε�  ratio (i.e. a stronger (NO)2-wall energy 

compared to the (NO)-wall energy) will favor the formation of dimers in the pore, leading to a 

greater dimer conversion. In Figure 3.3, when the interaction energy is increased to 5 times the 

Lorentz-Berthelot energy for the (NO)2-wall interactions, we see an almost 100% conversion 

in the pore. This implies that the energy of the dimer-wall interaction has to be at least 5 times 

stronger than the energy of the monomer-wall interaction in order for simulations to achieve 

the same reaction conversion as experiments. 

In order to determine accurate interaction energies, we used MP2-level ab initio 

quantum mechanics theory to calculate the interaction energies for the adsorbate-wall 

interactions. These values are determined to be: 

NO monomer and benzene (ε� �d): 966.28 K 

(NO)2 and benzene, both sites (ε(� )_�d): 2536.64 K 

(NO)2 and benzene, each site: 1268.32 K 

The large magnitude of ε(� )_�d signifies a weak chemical bond between the (NO)2 dimer 

and the carbon wall, which is an effect not accounted for by the Lorentz-Berthelot mixing rules 

used in previous simulation studies of the NO dimerization reaction. Standard Lorentz-

Berthelot combining rules yield a much smaller interaction energy for each interaction site of 

the monomers and dimers, εfw/k = 59.16 K, which is more indicative of a van der Waals 
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interaction. The stronger interaction energy for the dimer can be attributed to better charge-

transfer stabilization due to p-binding between the (NO)2 and the highest occupied molecular 

orbital (HOMO) of the benzene29 (See Figure 3.4 below). The NO-benzene complex shows 

weaker electrostatic interactions, thus resulting in a lower interaction energy than the (NO)2-

benzene complex. 

 

Figure 3.4: Left: Visualization of the (a) structure and (c) HOMO orbitals for the NO 

monomers. Right: Visualization of the (b) structure and (d) HOMO orbitals for the NO dimers. 
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3.3.2 Effect on Reaction Conversion 

In order to account for the strong attractive interactions of the NO monomer and the 

(NO)2 dimer with the carbon walls, we used LJ site-carbon interactions. The σNO-w and σ(NO)2-

w parameters were given by the Lorentz rule (𝜎%¡�\ =
�¢£���

_
 and 𝜎(%¡)_�\ =

� ¢£ ����
_

), 

and eNO-w and ε(NO)2-w parameters were determined in the MP2 calculations and given in the 

previous sub-section. In Figure 3.5, we show the NO dimerization conversion over the range 

of temperatures and pore sizes studied. As expected from experiments and previous simulation 

studies, confinement is shown to have a significant impact on the yield of the NO dimerization 

reaction. While reaction conversion in the bulk in consistently close to 0%, it is at least 120 

times greater in the pores over the temperature range. This increase in conversion is a direct 

result of the stronger interaction between (NO)2 and the pore walls, leading to an increased 

density of (NO)2 molecules in the pore. 
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Figure 3.5: Reaction conversion in the bulk phase and different pore sizes from 120 K to  

160 K. 

 
While previous simulations showed the conversion of the reactions to decrease with 

increasing temperatures3,4, we observed very little temperature dependence on the reaction 

yield over the range of temperatures studied. The stronger interaction of the fluid molecules 

with the carbon walls makes it considerably more difficult for molecules to migrate from the 

pore phase to the bulk phase, leading to consistently high conversions. Furthermore, there does 

not seem to be a linear correlation between pore size and conversion, although the width of the 

pore does seem to affect the reaction yield to some extent. In general, we found that pore widths 

of 3s, 4s, and 5s exhibit the highest reaction yield, with the reaction conversion hovering 
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close to 90%. A pore width of 3.5s shows the lowest reaction yield, with the average reaction 

conversion being around 74%. We believe these differences in yield for pore widths of integral 

and non-integral multiples of s are a result of packing effects, with the overall density in the 

pores being higher for the integral sigma widths. Figure 3.6 shows a plot of the average 

conversion over the studied temperature range vs pore width, demonstrating that the magnitude 

of the oscillations in conversion becomes smaller with increasing pore width i.e. for pore sizes 

greater than 4s, further increases in the pore width have a smaller influence on the conversion. 

This is expected because as the pore width expands, the interaction between the pore walls and 

the molecules closer to the center becomes weaker. 

 

Figure 3.6: Average reaction conversion vs. pore width at Pbulk = 0.16 bar. 

 
In order to better understand the oscillatory behavior in smaller pores, it is helpful to look at 

the configurations in the pore (see Figure 3.7). The green spheres represent the centers of mass 
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for the (NO)2 dimer, the purple spheres are the NO monomers, and the blue spheres are the LJ 

interaction sites for both the monomers and dimers. 

 

Figure 3.7: Left: Configurations of the center of mass in (a) 3s, (c) 3.5s, (e) 4s, (g) 4.5s, (i) 

5s and (k) 5.5s pore, respectively at 160 K. Orange molecules are monomers and blue 

molecules are dimers. Right: Configurations of the molecular sites in (b) 3s, (d) 3.5s, (f) 4s, 

(h) 4.5s, (j) 5s and (l) 5.5s pore, respectively at 160 K. The green spheres represent the centers 

of the (NO)2 dimers, while purple spheres indicate the NO monomers. The dark blue spheres 

are the LJ sites in the NO and (NO)2 molecules. 
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In the 3s pore (Figure 3.7(a) and 3.7(b)), the pore is just wide enough to allow two 

layers of molecule sites to fit into the pore. Firstly, it is important to recognize that due to the 

extremely strong interaction of the dimers with the pore wall, the equilibrium inside the pore 

will always attempt to shift towards dimer conversion as long as they can fit into the pore. In 

the 3s pore, the distance between the two layers (~3 Å) is just large enough to allow dimers to 

rotate vertically and have each site be close to a pore wall, maximizing packing efficiency in 

the xy plane (Figure 3.7(b). However, if the pore size is increased by 0.5s as shown in Figures 

3.7(c) and 3.7(d), the pore becomes just big enough to accommodate three site layers that are 

more closely packed together in the z direction. The dimers tend to gravitate towards the outer 

layers and lie flat against the pore walls to maximize their interactions with them. The 

interlayer spacing is now smaller (~2.3 Å), which is only slightly larger than the dimer bond 

length of 2.25 Å. This makes it significantly more difficult for dimers to fit near the center of 

the pore, and allows the less bulky monomers to fill in that space, effectively decreasing the 

reaction conversion. As the pore size increases to 4s in Figures 3.7(e) and 3.7f), the larger 

interlayer spacing (~3 Å) allows more dimers to enter the pore and rotate to increase packing 

efficiency, thereby increasing the pore density and bringing the conversion back up closer to 

90%. This leads to a less aligned center layer as seen in Figure 3.7(f). 

While the 3.5s pore exhibited the start of the formation of 3 layers, a similar situation 

is seen with the 4.5s pore in Figure 3.7(g) and 3.7(h), which see the formation of 4 molecular 

layers in the pore. The layers are, again, forced to be more closely packed together resulting in 

an interlayer distance of roughly 2.6 Å. Because the close proximity of the layers to each other 
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is still quite restrictive for the dimers, we see a slight decrease in conversion for the 4.5s pore 

when compared to the 4s pore. However, we see a higher conversion for the 4.5s when 

compared to the 3.5s pore due to the larger pore width which can accommodate more dimers 

in the center layers. In the case of 5.5s in Figure 3.7(k) and 3.7(l), the pore is large enough to 

allow more distance between the layers, leading to a slightly higher conversion than the 4.5s 

pore and almost the same conversion as the 5s pore. It’s a well-documented trend that as the 

pore size gets larger, the wall effects get less prominent for the center layers. However, in 

previous studies, this resulted in molecules getting out of the pore leaving little to no molecules 

in the center layers. We show here that when the fluid-wall interactions are stronger, multi-site 

molecules such as NO dimers are able to move more freely to maximize their interactions with 

the carbon walls, thus still maintaining a high reaction conversion even at higher temperatures, 

which is significantly different from the effect observed in previous simulation studies. We 

also studied the reaction in a pore of width 8.5 Å at a temperature of 298 K and a pressure of 

0.8 bar, the same conditions used by Kaneko et al.1 experimentally. We obtained a conversion 

of 77%, which is significantly higher than the 22% conversion found by Turner et al.3 in the 

previous simulation study. However, while the discrepancy between simulations and 

experiments has been reduced enormously, the conversions we see are still lower than the 98% 

conversion observed experimentally. This is likely due to the fact that the interaction between 

the adsorbate molecules, especially the (NO)2 dimer, and the graphene sheet is expected to be 

stronger than the interaction predicted by using a single benzene molecule in the MP2 

simulations. A stronger dimer-wall interaction would make it more difficult for dimers to 
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convert into monomers. and would decrease the likelihood of molecules migrating out of the 

pore, even at higher temperatures and would result in a higher conversion.  

3.3.3 Effect on Slit-Pore Pressure Tensor 
 

We have shown in Chapter 2 that confinement effects in the pore can also affect the in-

pore pressure. However, while studies have focused on the effect of pore shape, size, and 

temperature on the pressure tensor for one-component fluids, the effect of confinement on the 

pressure for mixtures is still a relatively unexplored area. Figure 3.8 shows our results for the 

in-pore pressure tensor in various pores for the NO dimerization reaction at 160 K. In general, 

the normal pressure is constant, as expected from the condition of hydrostatic equilibrium, 

whereas the tangential pressures peak to extremely high values ranging from 500,000 bar to 

2.3 million bar. The tangential pressures follow the same profile as the reduced density, r* = 

(N/V)s3, indicating that the peaks in the tangential pressure profile are directly related to the 

layers of fluid molecules. The high tangential pressures can be explained by looking at the 

average separation distance between molecular sites in the contact layer.  Figure 3.9(a) shows 

the radial distribution function for the 5s pore at 160 K in the xy plane. The first peak correlates 

to the dimer bond length of 2.25 Å while the second peak at 2.95 Å correlates to the most likely 

separation distance between neighboring LJ interaction sites on two nearest neighbor 

molecules in the contact layer next to the wall. In Figure 3.9(b), we highlight this distance on 

the intermolecular force plot for NO and it is obvious that it falls in the steeply repulsive region 

of the Lennard-Jones force profile. The high repulsive forces between the fluid molecules in 

the xy plane leads to the extremely high tangential pressure peaks in the contact layers.   
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Figure 3.8: Pressure and density profiles for all 6 pore sizes at 160 K: 3s (top left), 3.5s (top 

right), 4s (center left), 4.5s (center right), 5s (bottom left), 5.5s (bottom right). Blue lines 

represent the NO dimer reduced density and orange lines represent the NO monomer reduced 

density. The red lines are the tangential pressure and green lines are the normal pressure. 
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Figure 3.9: (a) Left: radial distribution function for the LJ sites for the 5s pore at 160 K in 

the xy plane. (b) Right: Intermolecular force plot for the interaction between two LJ sites on 

different molecules, showing the repulsive and attractive regions. The blue dot indicates the 

most probable site separation distance for 5s pore at 160 K. 

 
There are three configurational contributions to the tangential pressure in our Steele 

slit-pore model: interactions between two monomers (NO-NO interactions), interactions 

between two dimers ((NO)2-(NO)2 interactions) and interactions between monomers and 

dimers (NO-(NO) 2). The interactions of the NO and (NO)2 molecules with the pore walls do 

not contribute directly to the tangential pressure, since for the (10,4,3) wall model these forces 

act only in the z direction. The individual contributions to the tangential pressure for the 5s 

pore at 160 K are shown in Figure 3.12. It can be seen that the most prominent contribution to 

the tangential pressure is from the (NO)2-(NO)2 interactions. This is due mainly to the much 

larger number of dimers than monomers in the pore. In addition, each dimer consists of two 

interacting sites, leading to even more contributions and the fluid-wall interaction energy for 

the dimer is also stronger. The contributions from the NO-(NO)2 interactions and the NO-NO 
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interactions are almost negligible, which makes sense given the low number of NO monomers 

in the pore. In general, as the pore width gets larger, the pressure in the pore also increases due 

to the increased number of molecules in the pore, allowing for more fluid-fluid interactions 

contributing to the tangential pressure. A similar phenomenon is observed in our study of the 

pressure tensor in Chapter 2.   

 

Figure 3.10: Individual configurational contributions to the tangential pressure tensor for the 

5s pore at 160 K. 

 

In addition to being able to accommodate a higher number of layers, larger pores also 

allow for more dimer rotations enabling the molecules to maximize their interaction with the 

walls. This not only enables more dimers to enter the pore, but also results in closer packing in 

the contact layers and uneven layering in the center. In Figure 3.8, the sharp peaks in the 
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tangential pressure near the pore walls indicate well-aligned layers that line up perfectly with 

the peaks in the density profile. Most of the dimers in this layer are lying flat against the wall 

to maximize their interaction. The broad shoulders arising from the sharp peaks is a recently 

discovered effect that has been discussed in our other study of multi-site molecules in Chapter 

2.  It is due to the rotation of the dimer molecules which results in a non-integer number of 

molecular layers in the pore. This effect is not observed for single-site molecules since their 

lack of orientation results in well-aligned layers throughout the pore width. In general, the 

prominence of the broad shoulders is dependent on the ratio of dimers that are oriented in non-

horizontal directions to the dimers that are lying flat against the wall.  

The 3s pore is a particularly interesting case because it’s the only scenario where the 

normal pressure isn’t constant, as dictated by the condition of hydrostatic equilibrium. It is 

important to note that the hydrostatic equilibrium condition is only valid for fluids, and not for 

solids or crystalline phases. Due to the small width of the 3s pore, it is likely that the fluid in 

the pore is freezing into a crystalline phase. Looking at the configuration in the xy plane in 

Figure 3.11, there are clearly regions of alignment with the dimers, which could indicate the 

formation of a defective crystal due to the rigidity of the bonds in the dimer. The extremely 

negative pressure indicates a strong attractive force between the fluid layers and between the 

layers and the pore wall. 
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Figure 3.11: Configuration of NO molecules in the xy plane for the 3s slit pore at 160 K. 

3.3.4 NO Dimerization in Cylindrical Pores 

The effect of confinement on the NO dimerization in cylindrical pores is expected to 

be more pronounced for a given pore size, than for slit-pores, because the system is now 

confined in two dimensions than one. In Figure 3.12, shows the conversions for our simulations 

of the NO dimerization in the (8,8) and (10,10) nanotube bundles under the same conditions 

as those used for the slit-shaped pores. We find the NO conversion to stay between 86 and 89% 

for the (10,10) bundle, again not showing any significant temperature dependency. The (8,8) 

bundle shows a higher conversion ranging from 94 to 98%, indicating that the diameter of the 

nanotubes has an appreciable impact on the reaction conversion. In comparison, experimental 
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studies by Byl et al.2 of the NO dimerization reaction in the (10,10) nanotube bundle under 

similar temperatures (103 – 136 K) and found an almost 100% conversion, with no detectable 

temperature dependence in the range studied. 

 

 

Figure 3.12: Conversion of the NO dimerization reaction in (8,8) and (10,10) nanotube 

bundles. Simulation temperatures ranged from 120 – 160 K. The bulk pressure was kept 

constant at 0.16 bar. 

 
In order to understand the effect of the nanotube diameter on the conversion, it is useful 

to look at the configurations in the bundles. Figure 3.15 shows simulation snapshots of the NO 

molecules for the (8,8) and (10,10) nanotube bundles. Figure 3.13(a) and Figure 3.13(b) show 

the configurations for the molecular interaction sites and centers of mass, respectively, in the 
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(8,8) nanotube bundle. Figures 3.13(c) and (d) show the configurations for the molecular 

interaction sites and centers of masses, respectively, in the (10,10) nanotube bundle. The blue 

molecules represent the molecular sites (with each site representing a LJ site in a nitric oxide 

monomer or in a dimer), the purple molecules represent the NO monomers and the green 

molecules represent the center of mass for the NO dimers.  

Figures 3.13a) and 3.13c) show that while the (8,8) nanotubes are able to accommodate 

only one ring of molecular sites, the larger diameter of the (10,10) nanotubes allows additional 

molecular sites to accumulate near the center. Figures 3.13(b) and 3.13(d) confirm that the vast 

majority of molecules inside the nanotubes are NO dimers (green) with a select few NO 

monomers (purple) scattered around the bundle. The confinement effect in the (8,8) nanotubes 

is more enhanced than in the (10,10) bundle due to the existence of only one layer of adsorbate 

molecules interacting with the carbon wall. Similar to slit pores, layers closer to the center of 

the nanotube would experience a weaker interaction with the wall resulting in fewer dimers 

and therefore, a lower conversion. In addition, the (10,10) bundle also allows molecules to 

adsorb in the interstitial space between neighboring nanotubes, and Figure 3.13(d) shows that 

the molecules in this space can be either monomers or dimers. Even though the intertubular 

distance for the (8,8) and (10,10) bundles is the same (3.4 Å), the larger diameter in the (10,10) 

bundle creates a larger space at the intersection of three nanotubes. 
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Figure 3.13: Simulation snapshots of the NO dimerization reaction in the carbon nanotube 

bundles. a) configuration of the molecular interaction sites in the (8,8) bundle, b) configuration 

of the centers of mass in the (8,8) bundle, c) configuration of the molecular interaction sites in 

the (10,10) bundle, d) configuration of the centers of mass in the (10,10) bundle. In Figures (a) 

and (c), the dark blue spheres are the LJ sites in the NO and (NO)2 molecules.  In Figures (b) 

and (d), green spheres represent the centers of the (NO)2 dimers, while purple spheres indicate 

the NO monomers. 
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It is interesting to note that the conversion in the center nanotube is higher than the 

overall conversion in the nanotube bundle. Figures 3.14(a) and 3.14(b) show the number 

density profile for the (8,8) and (10,10) center nanotubes, respectively. For the x-axis, r = 0 is 

the center of the nanotube. It can be seen that the (8,8) nanotube consists exclusively of dimers 

while the (10,10) nanotube contains more than 98% dimers.  

Figure 3.14: (a) Number density profile for the (8,8) center nanotube (b) Number density 

profile for the (10,10) center nanotube 
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While periodic boundaries are applied in all 3 directions, it is possible that slight edge effects 

come into play due to the cutting of the hexagonal lattice bundle to fit a rectangular simulation. 

These could potentially cause the nanotubes closer to the edges of the bundle to feel a 

marginally smaller confinement effect than the nanotube in the center, resulting in a higher 

conversion in the nanotube in the center. 

3.4 Conclusion 

Through ab initio calculations and Reactive Monte Carlo simulations, we have 

identified the presence of strong interaction energies between the nitric oxide dimer and the 

carbon atoms present in the graphene wall. Using Gaussian 09, we obtain significantly more 

accurate energy parameters for these strong interactions between the nitric oxide dimer 

molecules and the carbon wall. Accounting for these strong interaction energies notably lowers 

the discrepancy between prior simulations and experimental data, and yields reaction 

conversions within 10% of the experimental conversions in slit-shaped pores. In addition, no 

temperature dependency was observed over the temperature range studied, again consistent 

with experimental data. Greatly increased reaction conversion was also observed in carbon 

nanotubes, and the confinement effect was significantly as the nanotube diameter decreased, 

with conversions reaching as high as 98% in the (8,8) nanotube bundle.  
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CHAPTER 3 : Computationally mapping pKa shifts due to the 

presence of a polyelectrolyte chain around milk proteins   

4.1 Introduction 

            Since the initial application of statistical mechanics to the study of atomic and 

molecular fluids in the earlier 70's1, practical applications in industry and biomedical sciences 

continue to drive the field of complex fluids to a broad, challenging and inherently 

multidisciplinary arena. Experiments have observed new effects in molecular phenomena, 

especially in mixtures involving more complicated microstructures, such as charged 

macromolecules with colloidal dimensions (e.g. proteins, polyelectrolytes, nucleic acids, etc.). 

The phase behavior of systems containing such macromolecules is of great interest in areas 

related to food and bioprocess technology, such as food science, brewing, pharmaceutics, 

cosmetics and biomaterials.2–6 Protein-polyelectrolyte complexation is a central topic in this 

context. Examples of applications include the encapsulation of active ingredients for food and 

medicinal drugs, stabilization of food emulsions (used in the production of soft drinks and ice 

cream products) and bioseparation processes. Moreover, protein-polysaccharide interactions 

also play important roles in living cells.7–19 Consequentially, the understanding of protein-

polyelectrolyte association mechanisms is essential in order to rationalize the molecular 

organization determining protein functionality in the aforementioned applications.  

 Despite the tremendous amount of experimental work conducted in both applied and 

model systems, there is still relatively little theoretical and modeling data to aid in the 

understanding of the molecular mechanisms of protein-polyelectrolyte complexation. 
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Simulation studies carried out by Linse, Stoll, de Vries and collaborators provide valuable 

contributions in enhancing our theoretical understanding of such complex systems.20 Most of 

these works invoke a simplified colloidal-like molecular description of the system, which 

explores particular aspects of the problem. Nevertheless, simulations need a higher level of 

detail, within reasonable computing requirements, in order to be useful in designing practical 

functionalized systems. A delicate aspect in the simulation of protein-polyelectrolyte systems 

is the accurate description of the pH effects, which play a major role in practical applications, 

without hampering the computational costs.21 Since pH is directly related to electrostatic 

interactions, it controls a diversity of molecular mechanisms, from enzyme activity to product 

stability,3,22,23 making it fundamental to include a proton titration scheme in molecular models. 

From an applied perspective, a current issue for the food protein community is the relative 

difficulty in using existing theoretical data from the physical chemical literature for practical 

interpretation and use. Part of this struggle is due to the oversimplified idealization assumed in 

the physical chemical approaches and the different hierarchical structural scales24 between 

molecular physical descriptions and real food macroscales where a desired function should be 

achieved. Moreover, the use of high-level theory from statistical and mechanical theories often 

makes it difficult for data to be understood by different communities. It is our intention to study 

the interactions between whey proteins and polyelectrolytes at different pH regimes and 

provide simplified data that is of interest to help to rationalize, in a simpler manner, important 

processes in food chemistry.  

 Theoretical attempts to address this class of problems started a long time ago25. After 

the success of the first study of complexation of oppositely charged biopolymers led by Voorn 
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& Overbeek26,27, experiments during the last two decades have started to challenge the physical 

interpretations of this work. Based on the Coulombic forces, it seems natural that unlike-

charged macroparticles would attract each other while liked-charged macroparticles would 

repel. However, the electrostatic interactions between biomolecules can also include counter-

intuitive phenomena. In fact, there are two different coupling regimes that can be used to 

describe electrostatic phenomena in macromolecular solutions: a) the weak coupling regime, 

and b) the strong coupling regime. They are distinguished by the electrostatic coupling 

parameter, Ξ (Ξ = 2pzk
3lB

2ss, where lB = e2/4pe0eskT is the Bjerrum length, k is the Boltzmann 

constant, T is the temperature, e0 is the vacuum permittivity, es is the relative dielectric 

permittivity, zk is the counterion valency and ss is the surface charge density). The weak 

coupling regime (wcr), described by Ξ approaching 0, is where repulsive forces between the 

charged macromolecules characterize the system as predicted by the Coulombic interpretation. 

The strong coupling regime (scr), characterized by Ξ being much greater than 1, is observed 

when the system is influenced by strong attractive forces that could bring together two like-

charged macrobodies due to the ion-ion interactions.28,29 This normally happens in the presence 

of multivalent counterions (changing the valency of the counterions from monovalent to 

trivalent implies increasing Ξ by a factor 27) or in a solvent with a low dielectric permittivity 

(affecting lb, which describes the solvent’s ability to screen electrostatic interactions). The 

macromolecular surface charge can also increase the ion-ion correlation effect in these 

conditions as seen in the definition of Ξ.30 

 Nevertheless, relatively modern experimental findings revealed an even more peculiar 

behavior in these biomolecular mixtures, increasing the difficulty for a clear and unified 
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theoretical understanding. Experimental studies of Dubin, Kruif, Jacquier and co-workers have 

demonstrated the apparently paradoxical formation of soluble complexes in the wcr (where a 

pure repulsive Coulombic regime should be observed accordingly to the Netz's coupling 

theory), even when the net charges of the protein and the polyelectrolyte (or charged peptides) 

have the same sign.11,13,31–33 Since the experimental conditions typically only have monovalent 

counterions (1:1 electrolyte solution) and the protein surface charge is not far from unity, Ξ→0 

and therefore ion-ion correlation is not expected to be a relevant contribution in this situation. 

This new attractive phenomenon has become known as “the complexation on the wrong side 

of pI”.31,33–37 In this case, a positively charged polyelectrolyte forms a stable complex with a 

like-charged macromolecule in a solution where the pH is below the isoelectric point (pI) of 

this macromolecule. This defies the common sense view given by the Coulombic law (and the 

DVLO theory25,38,39) where like-charges should repel each other. The initial molecular 

interpretation of such experimental results has focused on the assumption of “charged patches” 

on the surface of the protein. In this interpretation, a polyelectrolyte binds to an oppositely 

heterogeneous charged protein region (e.g. a concentration of glutamic acids at the protein 

surface as seen in calcium binding sites40). Computer simulations carried out by de Vries and 

recently by Dzubiella and collaborators have also supported this view.11–13,41–43 At first glance, 

this seems to be a reasonable explanation. However, the long-range nature of electrostatic 

interactions would require stronger charge-dipole interactions to compensate the direct charge-

charge repulsion.  

 Another theory for this attraction of like-charged particles was analytically suggested 

by Kirkwood & Shumaker (KS)44 based on proton fluctuations resulting from the mutual 
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rearrangement of the distributions of the charged groups. These rearrangements are due to local 

perturbations of the acid-base equilibrium due to charged moieties in the macromolecules. This 

is the core premise of the “charge regulation mechanism”. A practical interpretation is that the 

acid-base equilibrium in macromolecule A is shifted in such a way that there is an 

instantaneous partial charge inversion in A that starts to attract B. This shift is due to the 

presence of the electrical field from macromolecule B. When looking at KS's structure-

sensitive electrostatic forces, there are two mechanisms that contribute to the attractive forces: 

Coulombic interactions and charge regulation. Equation (4.1), based on the KS theory, shows 

the electrostatic free energy, A(R), in a very dilute salt regime, for the complexation between 

an ionizable protein and a non-ionizable polyelectrolyte at a separation distance, R, from each 

other.44,45 

𝛽𝐴 𝑅 = 	 𝑙t𝑍¦
𝑍 y

𝑅 − 𝑙t𝑍¦_
𝐶
2𝑅_ +

𝜇 y
_

6𝑅ª 	 (4.1) 

In Equation (4.1), b is equal to 1/kT,  Zα is the mean valency of the polyelectrolyte chain, <Z>0 

is the average valency of the protein, C is the protein charge capacitance (or the protein charge 

regulation parameter) and <µ0> is the average dipole number moment at a given solution pH 

value. The first term on the side of Equation (4.1) is the ordinary Coulombic contribution, 

A¬® =
¯°±² ± �
³´�³´µ

/β, that disappears when the solution pH is equal to the protein's pI since 

<Z>0 is equal to zero at this condition. The second term describes the two mechanisms 

contributing towards attractive interactions. The term with the 1/R4 dependence quantifies the 

charge-dipole contributions, A¶·¸ = − ¯°±²
� ¹ �

�

º(³´�³´µ)»
𝛽, which describes the “charged patches” 
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mechanism. The other attractive term containing C is the charge-induced interaction, A¼½¾ =

− ¯°±²
�¿

_(³´�³´µ)�
β, resulting from the proton fluctuations. This intrinsic physical property of an 

ionizable macromolecule measures its ability for charge regulation. By definition30, C ≡

Z_ y − Z_ yα −	
Ã±
Ã¸Ä

 . Since the charge-induced interaction has a 1/R2 dependence instead of 

the 1/R4, it is usually the dominant contribution. Prior studies have quantified the magnitude 

of the charge regulation (Areg) and charge-dipole (Adip) terms at contact for different proteins 

(including several milk proteins, insulin, and pectin methylesterase) at pI in a model that 

focuses on electrostatic interactions.45 For most of the protein-polyelectrolyte systems in the 

low salt regime, the main attractive force comes from the charge regulation mechanism. 

Proteins like lysozyme, which have a small dipole moment, gain their capacity to attract other 

charged molecules almost exclusively by this mechanism. For lysozyme, it was found that the 

charge regulation contribution was ca. 30 times larger than the patch term. Conversely, for 

proteins that have considerable dipole moments, such as albumin, the charge-dipole 

contribution is larger than the charge regulation term.45 The total attraction can be enhanced to 

a greater degree by the combination of both effects that will encourage macromolecular 

association. Biesheuvel & Cohen Stuart46, using mean-field theory, also suggested that charge 

regulation is a relevant mechanism to describe protein-polyelectrolyte complexation on the 

wrong side of the pI. 

 When a polyelectrolyte approaches or even binds to a protein, its charge can induce 

changes in the pKa values of the nearby surface amino acids on the protein. Such pKa shifts 

provide valuable information, and can be measured experimentally. They can be graphically 
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mapped on the molecular surface revealing the existence of any preferential binding spots, if 

any. A lack of preferential binding spots would provide another descriptor to indicate the main 

importance of the charge regulation mechanism. Therefore, using visual molecular 

representations is a pragmatic approach to illustrate the role of the charge regulation 

mechanism for protein complexation. A molecular visualization of pKa shifts can be used to 

map all the titratable protein groups that are affected by the visit of the charged polymer chain 

during a simulation run. 

 Through the work described in this chapter, we provide a visual interpretation for 

information usually given by means of statistical mechanics descriptors. This interpretation 

would hopefully be of interest for a food chemist and can also provide a complementary picture 

for the physical chemistry community. We aim to show that the proton fluctuations of residual 

titratable groups on proteins can result in dominant nonspecific attractive interactions, forming 

a driving mesoscopic force for protein complexation. The chapter is organized as follows. In 

Section 4.2, we present the classical statistical mechanics approach that will be used to support 

and validate the molecular visualizations. Subsequently, we focus on the pKa shifts in the 

amino acid side chains, providing a visual representation of the interactions between the 

studied proteins and the polyelectrolyte to show the absence of any preferential “charged 

patches” on the protein surface. We complete our analysis by plotting the coordinates of the 

polyelectrolyte beads around the protein. This analysis is repeated at different pH values 

exploring repulsive and attractive complexation regimes.  
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4.2 Simulation Methods 

 Fully atomistic constant-pH simulations of large complexes including explicit water 

molecules are extremely difficult and time-consuming, even with the computing power that 

exists today. In such cases, coarse-grained models can be useful in resolving slow convergence 

issues by eliminating unnecessary atomistic details and allowing the repetition of the 

calculations under several different experimental conditions (varying pH, salt, mutations, etc.). 

Such simplified computer models can be well applied on macromolecular systems that involve 

more than one titrating object and contain multiple ionizable sites.21,47 This allows us to achieve 

greater computational efficiency while still calculating accurate characteristics, such as pH 

effects and other physical and biological parameters. Such simplified models have been very 

successful in describing biomolecular phenomena in general, and made possible to reach the 

desired sampling properties to probe protein-polysaccharide complexation in constant-pH 

computer simulations.21 

 The cell model used in this study is the same coarse-grained (CG) model used before 

by Barroso da Silva et al.45 This model offers the appropriate condition to explore the protein 

complexation problem with a focus on electrostatic interactions. Semi-grand canonical 

ensemble Monte Carlo (MC) simulations are used to solve this CG constant-pH model, 

consisting of the charged species being confined in an electroneutral spherical cell. The 

simulation cell contains one single protein molecule at the center (or a protein and a 

polyelectrolyte), along with scattered mobile electrolytes (counterions and added salt). The 

macromolecule modeled without internal details (i.e. bond lengths, angles, and dihedral angles 

are fixed) is set at the center of the simulation cell as shown in Figure 4.1a). The radius of the 
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cell, Rcell, is determined by the protein concentration. A further advantage is that all 

electrostatic interactions are fully taken into account in this model without the need for any 

truncation or additional possible artifacts. Each ion k is treated explicitly as a charged hard 

sphere particle with radius Rk (=2.125Å) and valency zk. This corresponds to the so-called 

“restricted primitive model” in the classical fluids literature48,49 for modeling electrolyte 

solutions. Both the ions and the polymer monomers (see Figure 4.1b)) are free to move inside 

the simulation box. The solvent is simulated as a structureless dielectric medium and is 

allocated the same relative dielectric permittivity, es, as the mobile ions, protein, and 

polyelectrolyte. We used here es = 78.7 for T = 298 K.  

 The minimum cutoff distance for the interaction potential energy between two particles 

or sites, i and j, is the sum of their radii (Ri + Rj), following the hard-sphere model. This 

prevents the Coulombic collapse (rij→0) and allows us to define particle sizes. If the separation 

distance (rij) between sites i and j is greater than the cutoff distance, the interaction energy is  

𝑢 𝑟ij = 	
𝑞i𝑞j

4𝜋𝜀g𝜀Æ𝑟ij
 (4.2) 

where e0 is the vacuum permittivity and qi= zie and qj = zje are the charges on particles i and j, 

respectively (e is the elementary charge). No van der Waals interaction term is included in the 

model in order to focus on electrostatic effects. Any observed attraction in the system is a result 

of the multipolar interactions and the charge regulation mechanism, as discussed above for the 

KS equation which provides a theoretical validation for our simulations results. 
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Figure 3.1: Schematic representation of the model system in explicit salt. a) Top: System with 

no polyelectrolyte. Protein is surrounded by counterions and added salt particles. b) Bottom: A 

polyanion, consisting of 21 negatively charged monomers, is also present with the protein 

system. Simulations with both models were carried out at different pH regimes45.  
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4.2.1 Protein model 

 Two different whey proteins, a-lactalbumin (a-LA) and lysozyme (LYZ), are studied 

here. a-LA is a milk protein found in most mammalian species and is responsible for the 

production of lactose in the mammary gland, while LYZ is an active enzyme found in several 

bodily fluids such as human milk, tears, and mucus. Apart from their biological importance 

and practical applications in many food products6,24, these proteins are quite appealing from a 

physicochemical point of view. Both proteins are similar in size and radii; however, a-LA has 

a higher dipole moment (at pI, µÈÉÊ= 24 and µË�ÈÌ= 8250) and larger capacitance in 

comparison with LYZ. Previous studies have already indicated that the complexation 

properties of LYZ are directly related to its charge regulation parameter.45,50 On the other hand, 

a-LA has a reasonably large dipole moment that can well contribute to its binding 

capabilities.41  

 The proteins were modeled as rigid bodies in full atomistic detail according to the X-

ray structures provided by the Protein Data Bank (PDB identities are 1HFY and 2LZT for a-

LA and LYZ, respectively). The PDB files were used without any manipulation as in previous 

studies.45,50,51 Only the records for atoms and their corresponding coordinates were used as 

input. The PDB id 1HFY is from the goat organism (Capra hircus). Ideally, for food 

applications, the bovine a-LA (PDB id 1F6S) would be a better choice. However, for the sake 

of comparison with the calculations done before by de Vries, we have chosen to use the same 

coordinates used in his work (PDB id 1HFY).48 Despite having the same number of amino 
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acids, there are slight differences in the main physical chemical properties of the proteins; for 

example, the bovine a-LA has a larger C and µ.50 

 Each protein atom available in the PDB file is assigned a radius of 2.0 Å. Partial charges 

are defined and allowed to vary during the simulation run according to the solution pH and the 

acid-base equilibrium. A proton titration scheme with explicit ions52–54 is followed. The central 

idea behind such a titration protocol is to transform the ionization process into a MC 

movement, where the acceptance or rejection of an attempt to change the protonation state of 

a given residue is based on a trial energy: 

∆Utitra = ∆Uc ∓ kT ln 10 (pH - pK0) (4.3) 

 In Equation (4.3), ∆Uc is the corresponding change in Coulomb energy, and pK0 is the 

dissociation constant of the model compound (i.e. the isolated amino acids). These values are 

given in Table 4.1 and are taken from the experimental work of Nozaki & Tanford.55 The 

reader is referred to refs. 45,50,51 for more details on this method. We note that this titration 

model allows us to include the most relevant details of the chemical heterogeneity of the 

proteins in our calculations. The inclusion of the details of the [OH-] and [H+] association and 

dissociation equilibria is crucial to fully incorporate the charge fluctuations in the computer 

simulations.  
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Table 3.1: Titrating residues in the proteins studied. The dissociation constants (pK0) for the 

isolated amino acids are given in the second row followed by the number of occurrences of 

each ionizable amino acid in both proteins. The data was taken from the experimental work 

of Nozaki & Tanford.55  

 
Protein Residues ASP GLU HIS TYR LYS CYS(a) ARG 

pK0  4.0 4.4 6.3 9.6 10.4 10.8 12.0 
LYZ 

(2LZT) 129 7 2 1 3 6 0 11 

a-LA 
(1HFY) 

123 14 4 3 4 13 0 1 
(a) Only cysteine residues not engaged in sulfide bridges can titrate. 

4.2.2 Polyanion model 

 The polyelectrolyte used in these simulations is the same flexible chain model used in 

Barroso da Silva et al.50 It is intended to mimic pectin, and consists of 21 units of negatively 

charged monomers connected by harmonic springs. The monomer units have a radius Rmon=2 

Å and a fixed valency zmon= -1, indicating its non-titratable nature. Considering the typical low 

pKa for pectin (pKa ≈ 2.956), this is a reasonable assumption for most of the studied pH values. 

Furthermore, this is convenient to separate the charge regulation contributions from the 

different macromolecules, enabling us to focus on the protein. If the polymer beads were 

allowed to titrate, the attractive term of Eq. (4.1) will be enhanced. The polyelectrolyte is 

flexible and free to move within the cell, interacting the protein and all monovalent free ions 

(see Figure 4.1b). The bond interaction potential between neighboring monomer units can be 

calculated using Equation (4.4). 
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𝛽𝑢ÍghÎ = 	
𝑙t

2𝑟Ïih� (𝑟i,i�x)_
%ÐÑÒ�x

i�x

 
(4.4) 

where ri,i+1 is the distance between monomer i and monomer i+1 and rmin is the separation 

distance corresponding to the minimum energy for a dimer, calculated to be around 4 Å. The 

potential in Equation (4.4) is balanced by electrostatic repulsion, also calculated between 

bonded beads, resulting in a reasonable separation between the beads. The total energy for the 

system at a given configuration is 

	𝑈 = 	 𝜈ÔÕ 𝑟i +
1
2 𝑢 𝑟ij + 𝑢ÍghÎ

%

j�x

%

i�x

%ÐÑ�

i�x

 
(4.5) 

where Nmob is equal to the total number of mobile particles, which includes counterions, added 

salt ions, and polyanion beads but does not include the protein atoms. N is equal to the total 

number of particles in the system, including the protein atoms. 𝜈ÔÕ 𝑟i 	is the cell constraint 

potential, which is equal to zero when the ith molecule is within the radius of the spherical 

simulation cell and equal to infinity otherwise, as shown in Equation (4.6). 

𝜈ÔÕ 𝑟i = 	 0													𝑟i ≤ 𝑅fÔ××
∞					𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒  (4.6) 

4.2.3 System details  

 We carried out several different sets of simulations: 
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• Set A - A single protein immersed in an aqueous electrolyte solution (see Fig. 1a). 

These simulations were used to quantify the main physical chemical properties of 

each protein (Z, µ and C) and pKa’s for all the titratable groups. 

• Set B - A single protein together with a polyelectrolyte chain immersed in an 

aqueous electrolyte solution (see Fig. 1b). In these simulations, the distance between 

the centers of mass of the polyelectrolyte and the protein was biased to provide the 

computed free energy of interaction. To efficiently sample the conformational space 

of the system, we followed the penalty function protocol as done previously.45 The 

bin size of the histograms used to calculate the potential of mean force [w(R)] from 

the measured radial distribution function is 1 Å. For LYZ at pI, we repeated previous 

calculations45 exploring all four possible charges for a neutral macromolecule: i) a 

“fully neutral” protein with all atoms having a null charge (multipolar contributions 

are also removed), ii) a protein with fixed charges at each amino acid residue 

obtained from a previous titration run (dipole and high order moments are kept 

constant), iii) a protein with an ideal dipole at its center of mass taken from the fixed 

charge model (high order moments are removed), and iv) a protein with charge 

fluctuations as provided by the titration scheme (all electrostatic contributions are 

present). These models will be referred as i) “neutral”, ii) “non-titrating”, iii) 

“dipole” and iv) “titrating”. They allow specific electrostatic interactions to be 

disabled,45 permitting us to compute individual contributions to the total free energy 

• Set C - A single protein together with a polyelectrolyte chain immersed in an 

aqueous electrolyte solution (see Fig. 1b). These simulations measured the pKa’s in 
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the presence of the charged polymer chain. They provide information for the 

visualization of the pKa shifts. Since it is an unbiased sampling simulation, the 

outcomes can be directly used without any need for additional correction to remove 

artifacts introduced by the use of the radial penalty function. In order to make a clear 

difference between the pKa’s obtained in the presence or in the absence of the 

polyelectrolyte in the simulation cell, we shall refer to them, respectively as pKaPPol 

and pKaP. 

 All constant-pH MC simulations were performed in a low salt regime (1:1 electrolyte 

solution). The salt concentration was fixed at 1.2 mM, while the protein concentration was set 

to 58.7 µM. Neutralizing counterions were added in all systems, and the solution pH was varied 

from 2 to 13. All studied proteins were in the monomer state. At least 109 MC steps were 

necessary for equilibration and production runs depending on the solution pH. For set B, a pre-

equilibration phase with 108 MC steps was carried out to give the initial approximate w(r) for 

the penalty function protocol50. 

 From the runs for sets A and C, we determined pKaP and pKaPPol by analyzing the 

simulation data. The MC simulations provide the average charge number for all amino acid 

side chains at a given pH solution. The determination of the pKa’s is based on such charges. 

The criterion is to monitor the pH values and identify the pH where the absolute charge was 

equal to 0.5. When this condition is observed, pKa can be identified as equal to pH. This 

approach has been used in previous titration studies.21 The same criterion was followed for the 

single protein case (set A) and the protein + polyelectrolyte case (set B). Results were 

compared among themselves as well as with the ideal pK0 values of amino acid side chains. 
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Upon visualizing the differences between pKaP and pKaPPol values on the protein, we were able 

to visually identify the areas of the protein that undergo a change in pKa, signaling protein 

surface groups that are more perturbed by the presence of the charged polymer chain. These 

areas can be easily spotted on the protein surface maps to provide a visual and practical 

representation of the interactions between the protein and the polyanion. Complementary 

visual analyses are done by plotting the polyelectrolyte beads location around the proteins at 

different pH conditions from saved configurations. These snapshots are recorded after each 

103 MC steps during the production runs of the set C. 

4.3 Results and Discussion   

4.3.1 Main physical chemistry parameters 

 We shall start our discussion with the main physicochemical properties of the proteins 

such as the net charge number (Z), charge capacitance (C) and dipole moment number (µ) that 

are used in Equation (4.1) to predict the free energy of interactions using the KS theory. These 

physical quantities for LYZ were computed in the MC simulations for set A under low salt 

conditions. The simulations were conducted for three selected solution pH values and are listed 

in Table 2. Using them as input variables in Eqn. (1) lets us quantify the theoretical 

contributions from the direct Coulombic term as well the charge regulation and charge-dipole 

(patch) terms in the three regimes: a) attractive, when the protein and the polyelectrolyte chain 

have charges of opposite signs (pH 7); b) neutral, when the protein is at pI (pH 10.9), and c) 

repulsive, when both biomolecules have charges of the same sign (pH 13). From this KS theory 

analytical analysis, it can be seen that the charge regulation mechanism (Areg) contributes to 
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enhance attraction in all regimes. The patch term (Apatch) helps but contributes a quite modest 

additional attraction (ca. -0.2 kT). The ratio Areg/Apatch varies from 7.5 to 60.7 depending on 

the solution pH, indicating that the charge regulation mechanism, not the “patch” contribution, 

is the main factor in the complexation. This is in perfect agreement with what was observed 

before at pI.50 

Table 3.2: Computed protein net charge number (Z), charge capacitance (C) and dipole 

moment number (µ) for LYZ at different pH regimes. These data were obtained from the MC 

runs with set A. The Coulombic, charge regulation and patch contributions were analytically 

calculated in kT units using the equations for Acou, Areg, and Adip, respectively. The total 

contribution was obtained by adding these three terms. The ratio Regulation/Patch was given 

by Areg/Adip. Radii for LYZ and the polyelectrolyte were estimated as 28 and 30Å, 

respectively. 50       

pH Z C µ Coulombic Charge 
Regulation Patch Total Regulation

/Patch 
7.0 7.5 0.5 26.0 -19.3 -1.7 -0.2 -21.2 7.5 
10.9 0.0 1.6 24.0 0.0 -5.3 -0.2 -5.5 28.0 
13.0 -11.4 1.3 14.7 29.3 -4.3 -0.1 24.9 60.7 

 

4.3.2 Free energy of interactions 

 A numerically more rigorous partitioning of contributions to the potential of mean force 

can be achieved by means of simulations with the different four charge models cited above 

(Set B). The pI condition is ideal for such theoretical scrutiny for multiple reasons. It offers the 

possibility to explore different manners to distribute partial charges that give the same neutral 

system. At the same time, it is also the only situation where the definition of the dipole moment 
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is well defined in terms of the reference.  Figure 4.2 shows the results for LYZ at pI with the 

same simulation parameters and details as in Barroso da Silva et al.45 The presence of a 

minimum in w(r) indicates the formation of a stable protein-polyelectrolyte complex. As would 

be expected, a simple “neutral” macromolecule model, which essentially only describes the 

molecular shape of the protein, cannot attract a charged polymer. If our model included 

contributions from van der Waals forces this would result in a weak attraction, but our goal in 

this work is focus only on the electrostatic interactions. Enabling the dipole contributions 

(“dipole” curve) and even the higher order multipolar interactions (“non-titrating” curve) does 

not produce an attraction strong enough to lead to complexation. The difference between 

“dipole” and “non-titrating” is minimal, showing that the contribution of higher order 

electrostatic moments is very small for this protein system. The results from these simulations 

confirm that the charge-dipole and higher multipolar interactions give a very small attractive 

contribution to the total free energy in this case, as anticipated by the KS analysis. The only 

model showing complexation is the one where the charge can fluctuate as a function of pH 

(“titrating” curve). This result is not only important to understand the behavior of lysozyme 

for protein complexation, but it also indicates that, without constant-pH simulations, the 

fundamental physical mechanisms leading to complexation are not properly described. Simply 

assigning partial charges for a given pH and keeping them constant during the simulation run 

(as often done even in more sophisticated simulations) is equivalent to our “non-titrating” case.  

For a-LA, the picture is a bit more complex, since this protein has a larger dipole moment that 

will play a key role as well. Previous computational studies with the same charged models45 

report that the “titrating” and “dipole” cases give virtually the same result for a-LA at pI. In 
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fact, it is also observed that high order moments (charge-quadrupole interactions and so on) 

can add repulsive contributions to the interaction. The results for the fixed charge model (“non-

titrating” case) in previous studies show a minimum for w(r) at an intermediate depth between 

the “titrating” and “neutral” cases.  

 

 

Figure 3.2: Computed potentials of mean force between the centers of mass of lysozyme and 

the polyelectrolyte chain. Data are from the MC runs with set B at pI assuming different charge 

models. Simulation parameters and details are chosen as in Barroso da Silva et al.45 pH regimes 

where a negative minimum for bw(r) is observed are shown with solid lines while repulsive 

cases are shown with dashed lines for all three panels. 
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Figure 3.3: Computed potentials of mean force between the centers of mass of the proteins 

and the polyelectrolyte chain. a) Data for LYZ at solution pH equal to 7.0, 10.9 (pI) and 13.0.  

b) Data for α-LA at solution pH equals to 4.0, 5.3 (pI) and 8.0. pH regimes where a negative 

minimum for bw(r) is observed are shown with solid lines while repulsive cases are shown 

with dashed lines for all three panels. 

 

 We next examined the pH effects on the free energy curves. Figures 4.3a) and 4.3b) 

show the w(r) profiles for lysozyme and a-lactalbumin at the three different pH regimes 

studied. While LYZ is well-known as a protein whose complexation properties come solely 

from the charge regulation mechanism, 50 a-LA is similar in size and has been used before as 

a proof to support the patch-theory arguments.43 Below the pI, both proteins are positively 

charged and strongly interact with the polyanion. This is a predominant direct Coulombic 

interaction. At pH 7, LYS has +7.5 units of charge, while, at pH 4, α-LA has +3.9 units of 

charge. The intermolecular interaction with a negatively charged polymer chain (Z𝛼 = -21) is 

strongly attractive. The purpose of selecting these two pH values is also to show how the other 
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electrostatic terms contribute to enhance the attraction even in the direct Coulombic attractive 

regime. Despite the differences in Z (ZLYZ=+7.5 and Zα-LA =+3.9), the minimum for w(r) 

observed for both proteins is similar. This happens because, although α-LA has the smaller 

charge in this comparison, it has a higher C (1.6) and 𝜇 (64) at pH 4. Therefore, the combination 

of such interactions results in an attractive behavior similar to a highly charged molecular case. 

Both proteins exhibit attraction at pI in agreement with the KS predictions. At the repulsive 

regime (pH equals to 8 and 13, respectively, for a-LA and LYZ), the higher pH values found 

in basic solutions force the deprotonation of amino acids in the proteins, leading to a more 

negatively charged protein. Since the polyelectrolyte is also negatively charged, this results in 

a stronger repulsion between the two macromolecules.  

4.3.3 pKa shifts due to the interactions with the polyelectrolyte 

 The results discussed so far do not indicate yet if the complexation is specific or 

nonspecific, i.e. if the polymer chain preferentially binds to a specific oppositely charged patch 

on the protein or visits multiple surface amino acids. For a-LA, de Vries suggested a positively 

charged patch involving amino acid residues, LYS.62.NZ (K62), LYS.94.NZ (K94), 

LYS.98.NZ K(98), ARG.70.NH1 (R70), and HIS.68.ND1 (H68) as specific for the 

complexation with a polyanion.43 Conversely, in another computational study,50 single or 

multiple mutations of these base amino acids did not prevent the complexation if the charge 

fluctuation mechanism was included in the model. The analysis of the pKa shifts 

(DpKa=pKaPPol-pKaP) can clarify this scenario by revealing which protein titratable groups are 

more often close to the charged polymer chain. 
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Figure 3.4: Snapshots of the a-LA protein showing the difference in pKa values between the 

protein in the presence of the polyanion and for the isolated protein simulations. The amino 

acid side chains undergoing a change in pKa are labeled. Blue indicates a positive shift in pKa, 

while red indicates a negative shift in pKa. Shifts are calculated as DpKa=pKaPPol - pKaP. a), 

b), and c) shows the a-LA from different angles and viewpoints to provide a complete picture 

of the shifts observed. 
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 Figure 4.4 shows the shifts in pKa occurring for different amino acid residues on the 

D-LA due to the presence of a polyanion. A positive change in pKa (DpKa=pKaPPol-pKaP), 

highlighted in blue, indicates that the pKa for the amino acids in the solution with the 

polyelectrolyte is higher than for the isolated protein case. This indicates that those amino 

acids, when exposed to the polyelectrolyte, are more likely to be protonated even at higher pH 

values, resulting in an increase in the pKa value. A negative pKa change (DpKa=pKaPPol-

pKaP<0), highlighted in red, indicates a lower likelihood of the amino acids exposed to the 

polyelectrolyte to protonate. Figure 4.4a) specifically compares a group of amino acids that 

constitute a “charged patch” in de Vries et al.43 No pKa shifts are observed in any of these 

labeled amino acid residues. The two amino acid groups that experience observable positive 

pKa changes are aspartic acid (ASP) and glutamic acid (GLU). For the case of the isolated 

protein in an electrolyte solution, the pKa values for ASP and GLU were found to be around 

2-3 and 4 pH units, respectively (see Table A4.1), indicating that they are negatively charged 

and deprotonated above pI. Therefore, when exposed to a negatively charged polyelectrolyte, 

their pK’as shift to a larger value, allow them to function as proton donors. In general, the 

amino acid side chains seem to result in a positive change in pKa, indicating that it is easier 

for them to accept a proton with a polyelectrolyte present leading to a more positive charge. 

On the other hand, the lysine (LYS) in the isolated protein (without the polyanion) has a high 

pKa value of 11-13 pH units, indicating that it is likely positively charged and in its protonated 

form. However, due to the presence of a polyanion, it deprotonates and experiences a negative 

shift in pKa. 
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 It can also be observed that the pKa changes for ASP and GLU are occurring all over 

the protein surface, and not just in one specific area, confirming that there is not just one 

preferential “hot spot”, as suggested by the “charged patch” hypothesis.43 The magnitude of 

the change in pKa of amino acid residues is correlated with the frequency the corresponding 

region was visited by the polyelectrolyte, since each interaction would result in a further rise 

or drop in the pKa of the amino acids in that region. Since ASP and LYS exhibit the largest 

changes in pKa, it can be inferred that the polyanion interacted most frequently with the regions 

surrounding them. This is probably due to the fact that ASP in the isolated protein was found 

to have the lowest pKap (ranging from 0-3 pH units) while LYS was found to have the highest 

pKap (ranging from 11-13 pH units), with respect to the other amino acid side chains. 

Therefore, it is expected that ASP and LYS would undergo the largest change in pKa when 

interacting with the polyelectrolyte at closer separation distances.   
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Figure 3.5: Mapping the pKa shifts for the LYS protein showing the difference in pKa values 

between the protein in the presence of the polyanion and for the isolated protein simulations. 

The amino acid side chains undergoing a change in pKa are labeled. Blue indicates a positive 

shift in pKa, while red indicates a negative shift in pKa. Shifts are calculated as DpKa=pKaPPol-

pKaP. a), b), and c) shows the lysozyme from different angles and viewpoints to provide a 

complete picture of the shifts observed. 
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 Figure 4.5 shows the pKa shifts observed for the amino acid side chains in the lysozyme 

due to the protein-polyelectrolyte interactions. Most of the amino acid residues exhibit an 

increase in pKa, with the most significant changes occurring in aspartic acid (ASP), glutamic 

acid (GLU), and tyrosine (TYR). The pKap values for ASP, GLU, and TYR in the isolated 

protein are in the ranges of pKap 1-3, pKap 2-3, and pKap 8-10 (see Table A4.2), respectively. 

Because the pKap values for ASP and GLU were much lower than the TYR, it is easier for 

them to protonate, leading to larger pKa changes than the TYR. This is indicated by the darker 

shade of blue for the ASP and GLU amino acids. It should be noted that Arginine (ARG) 

actually undergoes a very slight negative pKa change of -0.0049, rounded to 0.00 on the color 

scale bar, and can be visualized as the red area on the protein surface. This is the only amino 

acid residue that undergoes a negative pKa change indicating that it deprotonates in the 

presence of the polyanion.  

 It can also be observed that, overall, the a-LA undergoes larger shifts in pKa values 

than the lysozyme. The largest pKa change for the a-LA was 3.4 while the largest pKa change 

for the LYZ was 2.4. This is because the a-LA has a much larger dipole moment than the 

lysozyme, resulting in a larger attraction and, consequently, larger shifts in pKa as the 

polyanion is more often close to the protein. This is in agreement with the stronger affinity 

observed between a-LA and the polyanion, when compared to the interaction between LYS 

and the same polyelectrolyte chain.45 Even though LYZ has a much smaller dipole moment, 

no preference for a “hot spot” is observed in this case either. pKa shifts occur all over the 

surface of the LYZ, indicating that the polyanion is interacting with multiple areas on the 

protein, instead of a single specific area or “patch”. This visualization of the interaction clearly 
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supports the theory that charge regulation mechanism, and not “charged patches”, are the 

driving force for protein-polyelectrolyte complexation in this low salt regime regardless of the 

dipole moment or capacitance of a protein.  

 In order to verify the pKa shifts on the proteins are occurring due to their interaction 

with the polyelectrolyte, we mapped the varying coordinates of the polyelectrolyte onto a 

single frame to allow us to see the trajectory of the polyelectrolyte (Figure 4.6). This 

visualization was conducted for the LYS at three different pH levels and for the a-LA at two 

different pH levels. The data for the lysozyme in the attractive regime, at pI, and in the 

repulsive regime is shown in Figures 4.6a)-c), which confirms that there is no preferential hot 

spot on the protein that attracts the polyelectrolyte. Figures 4.6d) and 4.6e) show the 

visualizations for the a-LA at pI and in the repulsive regime. At pI (see Figure 4.6d)), there 

appears to be a slight preference in the top left section, which is the same region that de Vries 

et al.48 deemed as a “charged patch”. This is due to the larger dipole moment for a-LA which 

enhances the Adip term in Equation (4.1). However, we observe that even with the slight 

preference, the polyelectrolyte is still interacting with several different areas on the protein and 

not just one patch. Figure 4.6e) further shows that any preferential spots the polyelectrolyte 

might interact with at pI disappears in the repulsive regime. For both proteins, as the pH level 

increases, the distance between the polyelectrolyte beads and the proteins also increases, again 

confirming the stronger repulsion and weaker binding at higher pH levels shown earlier in 

Figure 4.3. 
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Figure 3.6: A visualization of the changing coordinates of the polyelectrolyte with the proteins 

mapped into a single frame, allowing us to see all the points visited by the polyelectrolyte. The 

green polyanion beads indicate interactions with the lysozyme while the orange polyanion 

beads describe the interaction with the a-lactalbumin. The trajectories were visualized at the 

following pH regimes: a) 7.0 (LYS, attractive) b) 10.9 (LYS, pI) c) 13.0 (LYS, repulsive) d) 

5.3 (a-LA, pI) e) 8.0 (a-LA, repulsive) 
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4.3.4 Accuracy of the pKa shifts 
 
 Computed pKa predictions are often compared with experimental measurements as 

well with other available theoretical methods in order to access their accuracy.21 Lysozyme is 

one of the most popular proteins in such studies due to its large number of titratable amino 

acids. Table 4.3 shows the comparison between the experimental pKaP values57 for certain 

amino acids in the isolated lysozyme and the pKaP values calculated by our MC simulations 

with explicit ions. Typical numerical descriptors used in benchmark pKa studies, such as the 

maximum absolute error (MAX), the averaged absolute error (AAE) and the root-mean-square 

error (RMSE), are calculated and reported in this table too. Data from other common 

theoretical methods with different degrees of granularity are listed together. In comparison 

with the experimental data (measured at a slightly higher salt concentration), our calculated 

pKa values have the MAX, AAE and RMSE values of 3.3, 1.2 and 1.5 pH units, respectively. 

These numbers are within the range of values given by different theoretical models for 

lysozyme (MAX=[1.4-2.8], AAE=[0.5-1.4] and RMSE=[0.8-1.6]) and also for larger sets of 

protein systems (MAX=[0.5-4.3], AAE=[0.4-1.5] and RMSE=[0.2-1.5]).21 Our results for 

amino acids such as GLU7 and ASP18 show quite good agreement with experimental data, but 

others such as GLU35 show a poor approximation. This is probably due to the location of 

GLU35, which is buried deeply inside the protein structure. Since all interactions implicitly 

included in measuring the pKa assume the same environment in both cases, buried sites are 

not accurately described leading to large deviations from experimental values. This is observed 

for most of the theoretical methods as seen in Table 4.3. 
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Table 3.3: Calculated and Experimental pKa values of lysozyme. (a) Data taken from Chen et 

al.57 at 50mM of salt. (b) Data taken from Barroso da Silva et al.21  

 
Amino 
Acid 

 
Experimental

(a) 

Present 
work 

 
GB (a) 

All-atom 
REX-

CpHMD (a) 

 
PropKa 

(b) 

 
FPTS 

(b) 

 
NULL 

(b) 
GLU 7 2.6(2) 2.5 2.6(1) 3.5(1) 4.0 3.3 4.4 
HIS 15 5.5(2) 6.3 5.3(5) 5.1(0) 6.7 5.6 6.3 
ASP 18 2.8(3) 2.2 2.9(0) 2.9(4) 3.4 2.8 4.0 
GLU 35 6.1(4) 2.8 4.4(2) 8.6(1) 6.5 3.5 4.4 
ASP 48 1.4(2) 2.5 2.8(2) 0.6(6) 1.8 3.4 4.0 
ASP 52 3.6(3) 2.6 4.6(0) 5.5(1) 3.8 3.3 4.0 
ASP 66 1.2(2) 1.9 1.2(4) 0.3(7) 1.9 3.0 4.0 
ASP 87 2.2(1) 1.9 2.0(1) 1.5(7) 3.3 3.2 4.0 

ASP 101 4.5(1) 1.9 3.3(3) 5.9(2) 3.9 2.9 4.0 
ASP 119 3.5(3) 2.3 2.5(1) 3.2(1) 3.6 3.2 4.0 

MAX 3.3 1.7 2.5 1.4 2.6 2.8 

AAE 1.2 0.5 1.0 0.7 1.0 1.4 

RMSE 1.5 0.9 1.2 0.8 1.4 1.6 

 

4.4 Conclusion 

 Through various Monte Carlo simulations focusing mainly on electrostatic interactions, 

along with both quantitative and visual analyses, we show the significance of the charge 

regulation mechanism in protein-polyelectrolyte complexation for two different proteins, a-

lactalbumin and lysozyme. Both proteins are similarly sized milk proteins with different dipole 

moments and capacitance values. We conducted simulations for the proteins at varying pH 

levels, both in the presence of a polyelectrolyte and without it. By studying the main 

physicochemical parameters, we observe the ratio of Areg/Adip to be always positive over the 

range of pHs studied, indicating that the charge regulation mechanism is stronger than the 
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“patch” contributions from the ion-dipole interactions. The potential of mean force (PMF) 

analysis provides further proof that the only way to achieve complexation is to allow for the 

fluctuation of charges. Visualizations of the amino acid pKa shifts on both protein surfaces 

provide us with an indirect measure of protein-polyelectrolyte interactions and show no 

preferential hot spots on either surface. This shows, in an easy-to-comprehend manner, that 

charge regulation is the dominant factor in protein complexations, regardless of the dipole 

moment or capacitance of the protein. In order to confirm the visualized pKa shifts are a result 

of the interactions between the polyelectrolyte and the proteins, we also mapped the various 

coordinates of the polyanion beads throughout the simulation in order to show exactly where 

the polyelectrolyte interacts with the protein surface. These measures of analysis help provide 

a complete picture supporting our hypothesis that charge regulation, and not charged 

“patches”, is the more important mechanism in protein-polyelectrolyte complexation. 
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Table A4.1: DpKa values for all the titratable amino acid side chains and their locations in 

the PDB structure for the a-lactalbumin. DpKa values were calculated between pKaPPol 

(protein+polyelectrolyte) and pKaP (isolated protein), as well as between pKaPPol and pK0 

(ideal pKa). 
 

Location 

Amino 
acid 
side 

chain 

pKaPPol 
(Protein+polyelectrolyte) 

pKaP 
(Isolated 
protein) 

Difference 
between 

pKaPPol and 
pKaP 

Difference 
between 

pKaPPol and 
pK0 

1 GLU 4.9 4.5 0.3 0.4 
5 LYS 12.1 12.1 -0.1 1.7 
7 GLU 4.4 3.9 0.5 0.0 
11 LYS 14.4 14.7 -0.3 4.0 
13 LYS 11.4 11.4 0.0 1.0 
14 ASP 4.0 1.8 2.1 0.0 
16 LYS 11.8 11.9 0.1 1.4 
17 ASP 4.1 2.6 1.5 0.1 
18 TYR 10.3 10.4 -0.1 0.6 
25 GLU 3.9 2.4 1.4 -0.5 
32 HIS 6.3 6.3 0.0 0.0 
36 TYR 10.0 10.1 -0.1 0.4 
37 ASP 4.3 3.8 0.6 0.3 
46 ASP 3.9 2.6 1.3 -0.1 
49 GLU 4.8 3.8 1.0 0.4 
50 TYR 12.2 12.3 -0.2 2.6 
58 LYS 13.1 13.2 -0.1 2.7 
62 LYS 11.6 11.6 0.0 1.2 
63 ASP 4.6 3.5 1.1 0.6 
64 ASP 4.4 3.5 0.9 0.4 
68 HIS 6.3 6.3 0.0 0.0 
70 ARG 12.0 12.0 0.0 0.0 
78 ASP 4.3 3.3 1.0 0.3 
79 LYS 12.6 12.7 -0.1 2.2 
82 ASP 2.5 0.7 1.8 -1.5 
83 ASP 4.5 4.0 0.5 0.5 
84 ASP 4.3 3.2 1.0 0.3 
87 ASP 2.5 -1.0 3.4 -1.5 

Table A4.1 Continued 
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Location 

Amino 
acid 
side 

chain 

pKaPPol 
(Protein+polyelectrolyte) 

pKaP 
(Isolated 
protein) 

Difference 
between 

pKaPPol and 
pKaP 

Difference 
between 

pKaPPol and 
pK0 

88 ASP 2.6 0.1 2.4 -1.4 
93 LYS 13.3 13.4 -0.1 2.9 
94 LYS 11.7 11.7 0.0 1.3 
97 ASP 4.3 2.3 2.1 0.3 
98 LYS 11.3 11.3 0.0 0.9 
103 TYR 10.6 10.7 -0.1 1.0 
107 HIS 6.3 6.3 0.0 0.0 
108 LYS 12.8 12.8 -0.1 2.4 
113 GLU 4.4 3.6 0.8 0.0 
114 LYS 11.7 11.8 0.0 1.3 
116 ASP 3.7 2.6 1.1 -0.3 
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Table A4.2: DpKa values for all the titratable amino acid side chains and their locations in 

the PDB structure for the lysozyme. DpKa values were calculated between pKaPPol 

(protein+polyelectrolyte) and pKaP (isolated protein), as well as between pKaPPol and pK0 

(ideal pKa). 
 

Location 

Amino 
acid 
side 

chain 

pKappol 
(Protein+polyelectrolyte) 

pKap 
(Isolated 
protein) 

Difference 
between 
pKappol 

and pKap 

Difference 
between 
pKappol 
and pK0 

1 LYS 10.9 10.7 0.2 0.5 
5 ARG 12.0 12.0 0.0 0.0 
7 GLU 4.8 2.5 2.4 0.4 
13 LYS 11.2 11.2 0.1 0.8 
14 ARG 12.0 12.0 0.0 0.0 
15 HIS 6.3 6.3 0.0 0.0 
18 ASP 3.9 2.2 1.7 -0.1 
20 TYR 9.3 8.4 0.9 -0.3 
21 ARG 12.0 12.0 0.0 0.0 
23 TYR 9.7 8.8 0.9 0.1 
33 LYS 10.8 10.1 0.6 0.4 
35 GLU 4.5 2.8 1.6 0.1 
45 ARG 12.0 12.0 0.0 0.0 
48 ASP 3.6 2.5 1.0 -0.4 
52 ASP 4.0 2.6 1.4 0.0 
53 TYR 9.9 9.3 0.6 0.3 
61 ARG 12.0 12.0 0.0 0.0 
66 ASP 2.9 1.9 1.0 -1.1 
68 ARG 12.0 12.0 0.0 0.0 
73 ARG 12.0 12.0 0.0 0.0 
87 ASP 4.0 1.9 2.0 0.0 
96 LYS 11.2 11.0 0.1 0.8 
97 LYS 11.4 11.3 0.1 1.0 
101 ASP 3.5 1.9 1.6 -0.5 
112 ARG 12.0 12.0 0.0 0.0 
114 ARG 12.0 12.0 0.0 0.0 
116 LYS 10.8 10.4 0.4 0.4 
119 ASP 3.7 2.3 1.4 -0.3 
125 ARG 12.0 12.0 0.0 0.0 
128 ARG 12.0 12.0 0.0 0.0 
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Table A4.2 Continued 
 

Location 

Amino 
acid 
side 

chain 

pKappol 
(Protein+polyelectrolyte) 

pKap 
(Isolated 
protein) 

Difference 
between 
pKappol 

and pKap 

Difference 
between 
pKappol 
and pK0 

129 CTR 3.5 1.7 1.9 0.3 
130 NTR 8.1 6.8 1.3 -0.4 
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CHAPTER 4 : Conclusions and Future Work 

In this dissertation, we have used Monte Carlo methods to perform simulations to study 

three main topics of interest: 

a) the effect of molecular shape and fluid-wall interactions on pressures in carbon 

pores,  

b) the effect of confinement on chemical reactions in carbon pores, and 

c) the significance of the charge regulation mechanism in driving protein-

polyelectrolyte complexation for milk proteins. 

We used several different ensembles to study the varied systems. These include the 

constant-pressure Gibbs Ensemble, referred to as CP-GEMC in this text, the Reactive Monte 

Carlo (RxMC) technique, and the semi-grand canonical ensemble. In addition to the Monte 

Carlo methods utilized, we also used other techniques to aid in understanding the systems of 

interest. For example, we conducted ab initio calculations to determine more accurate fluid-

wall interaction energies for the nitric oxide molecules in the carbon pores. In order to calculate 

the pressure in pores, which exists as a second-order tensor, we used the mechanical route 

along with the Irving-Kirkwood method to calculate both the normal and tangential pressure 

tensors in slit-shaped pores.   

Below is a conclusion of our findings for each section in this dissertation. 

5.1 Pressure Enhancement in Confined Fluids 

In Chapter 2, we examined the effect on the tangential pressure of varying the 

molecular shape, strength of the fluid-wall interactions, and pore width, for carbon slit-shaped 
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pores. We show that molecular shape and pore size have a notable impact on the layering of 

molecules in the pore, greatly influencing both the shape and scale of the tangential pressure 

profile. We further demonstrate that the strength of the fluid-wall interactions has a large 

impact on the pressure tensor, due to its direct effect on the molecular density.  

The data for the monomers consistently showed sharp peaks in the tangential pressure 

but the magnitude of these peaks increased significantly with the strength of the fluid-wall 

interactions and with pore width, due to an increased number density of monomers in the pore. 

For multi-site molecules, the presence of additional rotational degrees of freedom led to unique 

changes in the shape of the tangential pressure profile, such as broad shoulders attached to the 

sharp peaks in the tangential profile, a unique phenomenon that is not observed with single-

site Lennard Jones molecules. This phenomenon was especially obvious in larger pores. In 

addition, like the monomers, the multi-site molecules also experienced an increase in the 

magnitude of their tangential pressure peaks with stronger fluid-wall interactions.  

Due to the strong attraction between the fluid molecules and the carbon wall, the 

adsorbed molecules in the contact layers were very densely packed and extremely well-aligned. 

In the future, it would be interesting to compare the tangential pressure peaks for the contact 

and inner layers to the virial pressure of a strictly 2-D Lennard-Jones system at high density. 

From our literature review, we failed to find a 2-D equation of state that describes 2-D LJ 

systems at reduced densities higher than r* =  rs2 = 0.8, where the 2-D density is ρ=N/A. We 

calculated the reduced density of our adsorbed contact layers to be in the range of 1.0 to 1.3 

for the systems studied in this chapter, indicating a need for an equation of state to describe 

this region of the 2-D Lennard-Jones phase diagram.  
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5.2 The Nitric Oxide Dimer Reaction  

Using RxMC and CP-GEMC, we studied the equilibrium conversion of the nitric oxide 

dimerization reaction in carbon slit-shaped pores and carbon nanotubes in Chapter 3. While 

previous simulation studies have used Lorentz-Berthelot (LB) mixing rules to approximate the 

interaction energies between the adsorbate molecules and carbon walls, we used ab initio 

quantum chemistry methods to calculate more accurate interaction energies between the nitric 

oxide monomer and dimer molecules and a benzene ring. The resulting interaction energies 

were over 16 and 21 times greater than those predicted by the LB mixing rules for the monomer 

and dimer sites, respectively. After accounting for the stronger fluid-wall interactions, we 

consistently found higher reaction conversions in a variety of slit pore sizes, ranging from H = 

3s to H = 5.5s, compared to previous simulation studies. The slit pore of width H = 3s showed 

the highest reaction conversion of around 90%. Over the temperature range studied (120 – 160 

K), we detected little to no temperature dependency indicating that the stronger fluid-wall 

interactions overpower any temperature effects in this temperature range that would otherwise 

be observed through Le Chatelier’s principle. Pore width was also found to affect the reaction 

conversion due to the monomers and dimers packing differently in different pore sizes. 

Furthermore, we calculated the slit-pore pressure tensor using the mechanical route and found 

the tangential pressure to generally increase with increasing pore width to reach millions of 

bar.  

Confinement had an even larger impact on the NO dimerization reaction in carbon 

nanotubes. The conversion in carbon nanotubes was found to be around 89% for the (10,10) 
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bundle and reached up to 98% for the (8,8) bundle, indicating that the diameter of the carbon 

nanotube has a notable effect on the reaction conversion. 

While our results consistently showed much better agreement with experiments than 

prior simulation studies, there is still a small discrepancy that is yet to be resolved. We 

hypothesize that this discrepancy could be due to using only one benzene ring to simulate a 

graphene sheet for our ab initio calculations. It is possible that more benzene rings are required 

to obtain a more accurate fluid-wall interaction energy but the computing resources required 

for calculations involving additional rings are not insignificant. In addition, it might also be 

beneficial to study the carbon nanotube bundles in an orthorhombic simulation box. This would 

allow whole nanotubes to pack hexagonally and avoid any edge effects that can occur with 

orthogonal box dimensions. 

5.3 Protein-Polyelectrolyte Interactions 

In Chapter 4, we studied the attractive phenomenon in protein-polyelectrolyte 

complexation that has often been described as “complexation on the wrong side of pI”. The 

driving force for this attraction is often attributed to one of two interactions: a) ion-dipole 

interactions forming “charged patches” on the protein surface, or b) charge-induced 

interactions due to perturbations of the acid-base equilibrium. Using constant-pH Monte Carlo 

simulations in the semi-grand canonical ensemble focusing mainly on electrostatic 

interactions, along with several quantitative and visual analysis tools, we investigated the 

significance of each of these interactions for two whey proteins, a-lactalbumin (a-LA) and 

lysozyme (LYZ). We conducted simulations at varying pH levels and through physical 
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chemistry parameters and free energies of interactions, we showed the charge regulation 

mechanism to be the most important contributor in protein-polyelectrolyte complexation 

regardless of pH, dipole moment, and protein capacitance. In addition, mapping the amino acid 

pKa shifts on protein surfaces and visualizing the coordinates of the polyelectrolyte trajectory 

with respect to the proteins failed to reveal any preferential hot spots. These measures of 

analysis help provide significant evidence suggesting that charge regulation is the more 

important mechanism in protein-polyelectrolyte complexation. 


