ABSTRACT

MARTIN, KRISTINA MARIE. Optimal Control in Free and Moving Boundary Couplings
of Navier-Stokes and Nonlinear Elasticity. (Under the direction of Lorena Bociu).

Free and moving boundary fluid-structure interactions, physical processes in which a
deformable or movable solid interfaces with a fluid, are ubiquitous in nature and engi-
neering. Due to their highly nonlinear nature (the domain and boundary equations are
nonlinear, and the common boundary is one of the unknowns in the system and has to
be determined as part of the solution), they continue to be one of the most challenging
topics to date. We consider two variations on PDE-constrained optimization problems

governed by a free or moving boundary fluid-elasticity interaction.

The challenge of applying optimization tools to free or moving boundary fluid-structure
interactions is the proper derivation of the adjoint sensitivity information with correct
balancing conditions on the common interface. As the interaction is a coupling of Eulerian
(fluid state) and Lagrangian (motion of the solid) quantities, sensitivity analysis on the
system falls into the framework of shape analysis. We build upon the sensitivity theory
developed in [12, 11, 14] and provide descriptions of the associated adjoint linearized

models.

The adjoint linear models are necessary in the derivation of optimality conditions for
controls, which feed into derivative-based optimization algorithms in free and moving
boundary fluid-structure interactions. We derive the optimality conditions along with
explicit representations of the gradient of the quadratic cost-functional associated with
each problem; the cost function gradient is relevant to subsequent numerical investiga-
tions, as its explicit representation provides directions for descent. In the free boundary,
steady state case, we provide rigorous justification for the characterization of the optimal
control via the cost function gradient, in the form of a comprehensive well-posedness

analysis.
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Chapter 1
Introduction

A fluid-structure interaction (FSI) describes any physical process in which a deformable
or movable solid interfaces with a fluid. Free and moving boundary fluid-structure in-
teractions are ubiquitous in nature, with most known examples coming from industrial
processes, aero-elasticity, and biomechanics (e.g., flutter analysis of airplanes, parachute
FSI, robo-bees [53], blood flow in the cardiovascular system, and heart valve dynamics).
Due to their highly nonlinear nature (the domain and boundary equations are nonlinear,
and the common boundary is one of the unknowns in the system and has to be deter-
mined as part of the solution), they continue to be one of the most challenging topics to
date, even though many publications have appeared focusing on the mathematical solv-
ability [5, 6, 7, 15, 18, 19, 27, 28, 29, 33, 34, 36, 37, 38, 44, 45, 43, 48, 54] and numerical
approximation [21, 23, 24, 25, 32, 46, 47| for these coupled systems. However, in most of
these applications, the ultimate goal is not only the mathematical modeling and numer-
ical simulation of the complex system, but rather the optimization or optimal control of
the considered process, as well as related sensitivity analysis (with respect to relevant
physical parameters) investigations. Regarding control problems in fluid-structure inter-
actions, much of the literature is focused on the assumption of small but rapid oscillations
of the solid body, so that the common interface may be assumed static [9, 39, 40, 41]. Re-
cently, PDE constrained optimization problems governed by free boundary interactions
(in which one works with a steady-state problem, and the position of the boundary is a
spatial unknown) have been considered, with most research studies mainly addressed in

the context of the numerical analysis of the finite element methods [4, 49, 51, 52].



In this work, we consider two variations on optimization problems involving F'SI. The first
is a free boundary problem of optimizing the fluid velocity in a system at steady state;
the second is a moving boundary problem of minimizing flow turbulence in a nonlinear
fluid-structure interaction model in which the domains and interface depend on time.
We rely on the known well-posedness theory [27, 54, 19]. Sensitivity equations associated
are obtained using shape optimization and tangential calculus techniques [12, 11, 14].
In comparison to earlier approaches, like transporting the equations to a fixed reference
configuration, or using transpiration techniques [23, 24|, the shape optimization route is
most suited to incorporating the geometry of the problem into the analysis. This refined
description brings up new terms in the matching of the normal stresses and velocities
on the interface (in particular, the matrix of the interface’s curvatures), terms that are

missing if one just considers the coupling of linear Stokes flow and linear elasticity [31].

Sensitivity analysis represents the first step towards an optimization problem. As the
coupled fluid-structure state is the solution of a system of PDEs that are coupled through
continuity relations defined on the interface, itself a geometric unknown, sensitivity of
the fluid state, which is an Eulerian quantity, with respect to the motion of the solid,

which is a Lagrangian quantity, falls into moving shape analysis framework [22, 42].

This work builds upon the theory developed in [12, 11, 14], and we perform adjoint sensi-
tivity analysis for both the free and the moving boundary problems. A central challenge
of applying optimization tools to free or moving boundary FSI is the proper derivation of
the adjoint sensitivity information with correct adjoint balancing conditions on the com-
mon interface. We are directly motivated to derive the necessary optimality conditions
that describe optimal controls, which paves the way for subsequent numerical analysis.
We describe and study the appropriate adjoint linearized models in both the free and
moving boundary FSI, including a treatment of the well-posedness of the system in the

free boundary case.

We note here that most of this work is independent of the choice of cost function, which
encodes the quantity or process to be optimized, associated with the free or moving

boundary interaction. Therefore the results have wide applicability in the field.



1.1 Notation

Throughout we use the Einstein summation convention as well as the following notation:

e (Df(a)); = 0;fi(a) € M? is the gradient matrix at a € X of any vector field
F=(f): X CR® RS

div f(a) = 0;fi(a) € R is the divergence of f: X CR3> - R3 at a € X.

DivT(a) = 9;T;;(a)e; € R? is the divergence of any second-order tensor field T' =
(T;;): X CR3 - M3 at a € X.

We will identify the set of all second-order tensors with the set M3 of all square

matrices of order three.

A* = transpose of A, for any A € M3,

e A.B=Tr(A*B) € R is the Frobenius inner product in M?,



Chapter 2

PDEs of Fluids and Structures

2.1 Reference and Deformed Configurations

Consider a domain € R? (d = 2, 3) with smooth boundary. The domain € is filled with
a continuum medium; for our purposes Q will be occupied by either an elastic solid or
an incompressible fluid. We refer to Q as the reference configuration of the domain. The
domain Q can be acted on by a map called a deformation, which deforms the domain.

Let @ be an injective map such that
0:0—Q,

where  C R? is the deformed configuration (also referred to as the physical or current
configuration). The deformation mapping @ maps coordinates T € Q) to coordinates in
the deformed configuration = € €2, that is $(Z) = x. The deformation gradient of the

mapping @ is a second-order tensor field (identified in the space M? of d x d matrices)

= ox; . . — . = .
and denoted by F;; = 8_f’ 1,7 = 1,d. The notation J = det I’ gives the Jacobian of
Lj

the deformation. The deformations we consider are orientation-preserving, and as such

J>0.

Depending on the particular continuum medium, a quantity of interest may be the dis-

placement of a coordinate z, which will be denoted by 7j(Z). The displacement is the



difference between a material point and it’s location under the deformation.
nw) =) -z (2.1.1)

In the (common) case where the situation is dynamic, as opposed to static, we add the
definition of a motion, which is a one-parameter family of deformations. Consider the

smooth map
1) : QxR 5 R?

with @(¢)(z) = «. If for each time t > 0 p(t) = @(-,t) is a deformation then p(t) is a
motion. For each time ¢ the current configuration is denoted by Q(t) = {5(@, t). That is,

o(t) - Q@ — Q).

In this context the reference configuration is typically considered to be the initial config-
uration, that is Q = Q(0).

When the situation is dynamic, the velocity of the motion is a significant kinematic
quantity which will appear in many calculations. The variable u is used to describe the

velocity of the motion, which is given by

PO 0
u(z,t) == an(x,t}. (2.1.2)

Notice that due to the rules governing partial derivatives and the definition of the defor-
_ 9%
ot

When a quantity is described in the reference configuration, this is akin to the classical

mation, it is also true that for each t > 0, u

Lagrangian framework. The Lagrangian frame of observation entails following each in-
dividual particle (or parcel) T as it moves through space and time. In contrast, when a
quantity is described in the current configuration this is analogous to the classical Eu-
lerian framework. The Eulerian frame of observation entails watching the movement of
particles through a particular location and at a particular time (or interval of time). A
commonly used analogy is that of a swimmer in the river. In the Lagrangian frame of
reference, the observer is floating alongside the swimmer and monitoring her position

and velocity. In the Eulerian frame of reference, the observer is sitting on the shore in a



fixed spot and watching the swimmer’s position and velocity evolve in time. Using the
motion @ and its inverse » ! := ¢ we can write the relationship between a quantity in
the Lagrangian vs. the Eulerian frame by composition with the motion. For example, for
each t > 0,

In order to further expand on the relationship between the referential frames and quan-
tities described within each of them, observe that we can write the inverse of the motion
explicitly. Since for each t, p(Z,t) = T+ (7, t) is the map that takes a material point to
its Eulerian counterpart, i.e. ¢(,t) = x, then the map that takes an Eulerian coordinate
x back to its Lagrangian counterpart entails just subtracting off the displacement. That

is, for each t,

o(x,t) ==z —n(z,t) =7

With this relation we can define F' := Dy = [ — Dn, and since pop = [ we have FF =1
In other words, ' = 1 Consequently, for J := det F', the Jacobian of the inverse of
the deformation, we have J =1/ J. The relations between the motion and its inverse are
critically useful when casting expressions and equations in their equivalent forms in both

the Eulerian and Lagrangian frames.

Regarding notation, in what follows we will not use boldface to distinguish between scalar
and vectorial quantities, but will in most cases use capital letters to refer to tensorial
quantities. We will typically use the ‘hat’ notation to refer to Lagrangian frame quantities,
and the ‘hatless’ notation to refer to Eulerian frame quantities. Any distinctions not clear

from context will be made explicit when necessary.

2.2 Formulas

We state several classical formulas which will be useful in developing the PDEs that
comprise fluid-structure interaction models, as well as in the subsequent analysis. These

formulas and the corresponding notation are found in, e.g., [25].



2.2.1 Change of Variables

~
~

If P(t) is a motion such that Q(t) = @(¢)(Q2) for each ¢ > 0 we have,

/ qu:/j@\dac, (2.2.1)
Q(t) Q

where J := det D.

2.2.2 Material Derivative

For an Eulerian field ¢ (minor adjustments can be made depending on whether ¢ is a

scalar, vectorial, or tensorial quantity), define the material time-derivative of ¢ by

Do 99
Dt = Ot

Using the multivariable chain-rule we can write a more physically meaningful represen-
tation of the material time derivative

D¢ 99

— =—+V¢-u, 2.2.2

Dt ot ¢ ( )
where v is the Eulerian counterpart of the velocity of the motion, as described in Section
2.1.

2.2.3 Derivative of Jacobian

If J(p) is the Jacobian of a deformation (in an Eulerian frame) then the material time-

derivative of J is given by

D
Ftt] = Jdivu. (2.2.3)



2.2.4 Gradient of composition

For an Eulerian field ¢:

If ¢ is a scalar,
Vo = F*Vo. (2.2.4)

On the other hand if ¢ is vector-valued then

Dz = DOF . (2.2.5)

2.2.5 Reynold’s Transport Formula

Let V(t) be a domain associated with velocity u (as described in Section 2.1). If f is a

continuously differentiable scalar field, then

i (P e e [ (s
%/V(t) fdx = /V(t) (E + fdlvu) dx = /V(t) (E + div (fu)> dz. (2.2.6)

If f is a continuously differentiable vector field then

d _ [ (PL g (o
i /V(t) fdx = /V(t) (ﬁ + fdlvu> dr = /V(t) (E + Div (f ®u)) dz. (2.2.7)

2.3 Conservation Laws

2.3.1 Mass

Fundamental principle: the mass of a body does not change when subjected to a motion.

If p is the density of a continuum medium in an arbitrary domain V (¢), then the mass

of the domain is given by

Mass of V(t) = / p dx.
V(t)



According to the principle of conservation of mass we have 4 (Mass of V(t)) = 0, which

0= % (/V(t) p dx) (2.3.1)

implies

2.3.2 Momentum

Fundamental principle: the rate of change of momentum in a body is equal to the resultant

of the forces acting on it.

Represent the resultant force on a body by V. The quantity of momentum is given by

the product of density and velocity, so the fundamental principle is translated as

d

— pudr =V,

for an arbitrary domain V' (¢). In order to represent conservation of momentum classically
we decompose the force V into the force that acts in a distributed fashion throughout
the volume of the body, Vy, as well as the force that acts on the surface of the body, V.

The volume force V, can be written as the accumulation the product of the density and

V, = / pv dx.
V(t)

The surface force, on the other hand, can be represented by the surface integral of the

a specific force v, that is

Cauchy stress. According to a principle of Cauchy, the Cauchy stress is computed by
the contraction of the Cauchy stress tensor o (a second-order symmetric tensor) and the
outer normal to 0V (¢). That is,

Vs = ondx.
v (t)

Altogether, the principle of conservation of momentum can be written

d
— pudr = / pvdx + / ondr = / pv + Div o dx, (2.3.2)
dt Jy @ V() v (1) V(t)



where the last equality entails an application of the divergence theorem.

2.4 PDEs of Fluids and Structures

There are two different ways to proceed in order to use general physical and conservation
principles (2.3.1) and (2.3.2) to recover PDEs describing the evolution/state of fluids or
structures. In order to compute the time derivative of the integrals we can move the
integral to a fixed/reference domain, bring the time derivative under the integral, and
then directly recover a continuity equation (owing to the arbitrariness of the domain).
The result is an equation in the Lagrangian frame. Alternatively, after moving the time
derivative under the integral, we can move the integral back to the Eulerian frame and
then recover a continuity equation. The result is a continuity equation in the Eulerian
frame. The approach that is more appropriate for a particular setting depends on the

continuum medium of interest.

2.4.1 Equations of Solid

In the case of a solid, we are primarily concerned with the displacement of particles (as
opposed to the velocity). As a result, it stands to reason that working in the Lagrangian
framework is more suitable for deriving the equations governing solids; we will move the
integral formulations of mass and momentum conservation to reference, time-independent
domains and then derive the corresponding continuity equations and PDEs. While we
will make use of the abstract quantity u, the velocity of the continuum medium, the phys-
ical quantities of interest are typically  and @, the displacement and the deformation,

respectively. Recall that these quantities are related by relations (2.1.1) and (2.1.2).

2.4.1.1 Time-dependent Setting

Using the change of variables ¢ to move (2.3.1) to the reference domain we obtain

10



o~ L [ 5) - [ 2P

Define py := J, p. Owing to fact that Vis arbitrary, we obtain the continuity equation for

mass conservation in 2 R
9po

5 =0 (2.4.1)

Note that (2.4.1) implies that the material density is constant in time. In the case where

density is constant in space as well, the definition of p, implies that J=1forallt > 0.

According to the same reasoning we turn our attention to (2.3.2). Moving the integral

back to the reference domain we obtain

d o
( / Jpa”dx> . / JDivods = / Fudz.
dt 0 e %

The first term on the left-hand side can be simplified as follows:

d .0 B 0 O\ .
at </ ‘]patdw) _/ at (Jpat)dx’

= /A 9 ( 8?7) dx by definition of py,

ot \""o
32A
= | e S/ by (2.4.1).
Substituting we obtain
82/\ A~
ﬁgﬁ — JDivo = pyv.

It remains to discuss the term Divo. Recall that the ‘hat’ notation in this context is
defined as Dive = Dive o . In other words, the derivative is still being taken with
respect to the Eulerian frame variables. We can formally carry out the composition in
order to represent the PDE entirely in the Lagrangian frame, such that all derivative
operations are with respect to the Lagrangian variables. The composition is represented

by the Piola transformation. When o is a two-tensor defined on the Eulerian frame, the

11



Piola transform of ¢ associated to a particular deformation @ is defined by

~ ~ A~ A~

Pa(0) == J(@)o (3(2))FT(7) = JoFT. (2.4.2)

We will use the shorthand P and assume that the dependence on both @ and o are

understood.

We have the following further important relationship between o and P:

Div;P = J(Divo o 3). (2.4.3)

Consequently we can write the continuity equation for displacement of a solid. It is now
understood that the divergence is taken with respect to the variables in the Lagrangian

frame.

0’ N
Po—== — Div’P = pyv.
Po a2 Po
Note that P is not symmetric; because symmetric tensors are computationally convenient
we will often write equations for solids instead in terms of the second Piola tensor S =
F _173, which is symmetric. Then the equations of elastodynamics in Lagrangian frame
written .

0 . PEY
poa—t;7 — Div{FX} = pov. (2.4.4)

Further assumptions are on the nature of the specific elastic material are required in

order to write P or & explicitly in terms of 7 or @.

2.4.1.2 Constitutive Equations for Isotropic Elasticity

The Cauchy stress tensor is an abstraction. In order for the PDE to describe a particular
elastic material we require a discussion of the relationship between the abstract Cauchy
stress tensor and the kinematic quantities of the material. That is, we require a consti-

tutive equation. Elastic materials are memoryless; the description of stress on an elastic

12



material is a only function of space (the deformation), and is independent of time. In the
case of homogenous elastic materials, mechanical properties do not vary in space. In the
case of isotropic elastic materials, the material response to deformation is the same in all

directions.

For isotropic elastic materials, we write the dependency of the constitutive equation on
the Green-Lagrange strain tensor
O (P
E = —(F F—1).
2

It is evident that E can also be written in terms of the displacement 7:

Writing E in this way makes clear that the strain is not affected by rigid body motions,

as F is dependent only on the gradient of the displacement.

Constitutive equations for elastic materials whose stress-strain relationship may be non-
linear can be written in terms of a density of elastic energy. In particular, given an energy
functional W : M® — RT we set

The natural state of an elastic material is a configuration where the Cauchy stress tensor
is identically zero. A straightforward choice for the strain-energy density function for a
homogenous, isotropic material whose reference configuration is the natural state is given

by Saint-Venant Kirchoff model. The strain-energy density functional is

W(E) = %[tr B + utr (E?), (2.4.5)

for the Lamé parameters A, u > 0, so the second Piola stress tensor for the Saint-Venant

13



Kirchoff model is

S(E) = % (%[tr (E))? + ptr (E2)) = A(tr E)I + 2uE. (2.4.6)

Taken together, the equations of elastodynamics describing the deformation of a homoge-

nous, isotropic elastic material are

o
ﬁo%Tg: Div { F(E) } = v, .
%
ot
for
E@) = 3(FTF~1) (2.4.8)
Y(FE):= Atr E) +2uFE.

2.4.1.3 Elastodynamics in the Eulerian Frame

For fluid-structure interaction problems it can be analytically advantageous to represent
the equations of fluid and structure in the same frame of reference. In order to represent
the equations (2.4.7) in the Eulerian framework we work with the integral transformation
and use (2.2.1) as well as (2.2.2) and (2.2.5). Using the inverse of the deformation, ¢, we
can write the Eulerian counterparts of the Green-Lagrange strain tensor as well as the

second Piola stress tensor:

1
E:=(FF —1),

S(E) = A\(tr E)I + 2uE.

Due to (2.2.5), the stress tensor that appears in the equation is the Cauchy stress tensor

o(%(E))) == JF'S(E)F*, (2.4.9)

14



Altogether, the equations of elastodynamics in the Eulerian frame are

ot
_ g
ot

pod g@_u + Du - u) — Div {o(2(E))} = poJv,
(2.4.10)

u + Dn-u.

In order to write the equations more simply we let p = pgJ represent the density of the

solid (motivated by the fact that py = Jp implies p = poJ ). Then we have

p (g—g + Du - u) — Div {o(3(E))} = pv,
_on

= —+ Dn-u.
uat—l—nu

(2.4.11)

2.4.1.4 Steady Setting
The equations of elasticity in the stationary setting can be derived on their own merits,
using the principles of force and moment balance and the theorem of Cauchy that the

Cauchy stress vector field depends linearly on the normal vector. Alternatively, we can

consider the stationary setting to describe the state of the elastic body at equilibrium, in

which case we can extract the steady state elasticity equations by assuming 8_77,? =0. An

elastic body at steady state satisfies the following equations in the Lagrangian frame:

~Div { F2(E) } = fov. (2.4.12)

An elastic body at steady state satisfies the following equations in the Eulerian frame:

—Div {o(3(E))} = pv. (2.4.13)

15



2.4.2 Equations of Fluid

It is both conventional and natural to consider evolution of a fluid domain in an Eulerian
framework. The quantities of interest in the evolution of a fluid domain are typically
the fluid velocity and pressure. Considering the displacement of the fluid typically is
not of interest; the displacements are large and not physically relevant. We are typically
interested in snapshots of the velocity field throughout a domain, at particular times.

This corresponds classically with the Eulerian formulation.

2.4.2.1 Time-dependent setting

Using (2.2.7) in (2.3.1), we obtain

d / dp ..
0=— pd:c)z — +div (pu)dz.
dt ( V(1) vy O (o)

Since V(t) is an arbitrary domain we recover

% +div (pu) =0 (2.4.14)

0
in Q(t) for all ¢ > 0. Observe that if the fluid density is constant then a—f = 0, which im-

plies div (u) = 0. Constant density fluids are called incompressible, and incompressibility
is marked by this divergence-free condition. In the sequel we will work in the framework

of a constant density fluid, which will be considered as synonymous with incompressible.

On the other hand, when we use (2.2.7) on the lefthand side of (2.3.2) we obtain

d J(pu) :
— puda::/ ——— + Div (pu ® u)dzx,

from which we obtain the integral equation

/ 9(pu) + Div (pu @ u)dx = / pv + Divo dz.
vy Ot V(o)
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Since V() is arbitrary we obtain

% + Div (pu ® u) — Dive = po.

Under the assumption that the fluid density is constant we have

p <% + Div (u® u)) — Divo = pv. (2.4.15)

The continuity equation (2.4.15) can be further simplified using the decomposition
Div(u ® u) = Du - u + (div u)u.

Since we are working with divergence-free fluids we have that (2.4.15) simplifies to

p (% + Du - u) — Diveo = pv. (2.4.16)

2.4.2.2 Consitutive Equations for Incompressible Navier-Stokes
The quantity of interest for the evolution of a fluid domain is the strain rate tensor

e(u) := (Du + (Du)¥),

N —

as the behavior of interest is the rate at which a fluid adapts to a deformation. The Cauchy
stress tensor for fluids will depend on £(u). In the case of incompressible, Newtonian fluids

the dependence is linear. We have
o(p,u) := —pl + 2v1e(u), (2.4.17)

where p is the pressure and v; > 0 is the dynamic viscosity of the fluid. Suppose the

viscosity vy is constant. Then in order to substitute (2.4.17) into (2.4.15) we observe that

Div (pI) = Vp,
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Div (vie(u)) = Div (Du + (Du)*) = v1Au,

where the last equality also utilizes the divergence-free condition on the fluid.

Then the Navier-Stokes equations for Newtonian, constant viscosity, incompressible fluids

are

p @—7: + (DU)U> — Diva(p,u) = pv,

divu = 0.

(2.4.18)

Another common way that the Navier-Stokes equations are written (and what we will use
more frequently) is to rescale p by p/p (without altering the notation) and let v := v, /p,
the kinematic viscosity of the fluid. We rewrite o(p,u) := —pl + 2ve(u) and and then

the Navier-Stokes equations are written

ou

M L (Du)u — Diva(p,u) = v,

5 (Du)u ivo(p,u) =v (2.4.19)
divu = 0.

2.4.2.3 Steady setting

When the fluid medium is at equilibrium, we assume that the fluid velocity is constant in
time, but varies in space, as does the pressure. The velocity and pressure of the incom-

pressible fluid in this state satisfies the following steady state Navier-Stokes equations.

(Du)u — Divo(p,u) = v,
divu = 0.

(2.4.20)

2.4.3 Configuration of Domain

Let €2 be a control volume containing both the elastic and fluid domains.
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Figure 2.1 Steady state configuration of the control volume €2 on the reference and physcial
domains.

In the stationary setting, shown in Figure 2.1, the elastic body occupies a domain €, C R?
(d = 2,3), and is described according to a map acting in a fixed, reference domain Qe.
The fluid occupies domain ; C R? and the interaction between the two media occurs
via the shared interface, denoted by I';. The external boundary of €2 is denoted by I';.
The material (or reference) configurations are denoted using the ‘hat’ notation, by ﬁe,
0 s T;. Then the volume € is described by the deformation p. Forany x € Q., p(x) ==
represents the position of the material point . On Q, ¢ is defined as an arbitrary
extension of the restriction of @ to I'; which preserves the boundary I'y. The quantity n

is the outer unit normal vector for €. along fi, and n is defined analogously.

In the fully dynamical setting, shown in Figure 2.2, the elastic body occupies a domain
Q.(t) € R? (d = 2,3), which depends on the parameter ¢ > 0. The elastic domain is
described according to a motion, acting in a fixed, reference domain. The fluid occupies
domain Q¢(t) C R? whose evolution is induced by the structural deformation through
the shared interface, denoted by I';(t). The external boundary of € is denoted by 'y, and
does not depend on time. The material (or reference) configurations are denoted using
the ‘hat’ notation, and defined as the state of the domains at time ¢ = 0, Qe = Q.(0),
(AZf = Q(0), I; := I;(0). In the dynamical setting the volume € is described by the

motion p(t). For any T € Q., (Z,t) = x represents the position of the material point

19



Figure 2.2 Dynamic state configuration of the control volume {2 on the reference and cur-
rent domains.

at time t. On Qg(t), @(¢) is defined as an arbitrary extension of the restriction of @(t) to
I';(t) which preserves the boundary I';.

In both settings the normal vectors on the reference and physical domains bear the

following relationship to each other.

L _ (Dp)

nop =22 1 2.4.21
(Do) 7] (2.421)

Remark 2.4.1. The interface T';(t) comprises a moving boundary that moves with the

parametert. Consequently the fully dynamical case entails a non-cylindrical configuration.

2.5 Fluid-Structure Interaction Models

2.5.1 Steady State Fluid-Structure Interaction Model

The fluid-struction interaction problem entails a coupling of the nonlinear elasticity and

incompressible steady state Navier-Stokes equations.
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The subscripting notation is used to indicate in which domain the variable is acting,
such that e.g. uy = ulo,. When the domain is clear from context the subscript may be

omitted.

For the system in equilibrium we assume a no-slip condition for the fluid velocity on the
entire fluid boundary 0Q; = I'; UT';, as well as a matching of normal stresses on the

interface.

Using these conditions to couple (2.4.13) and (2.4.20), we obtain the steady state PDE

model on the deformed configuration.

)
(Dug)uy — Divoyg(p,up) =vy €y
diVUf =0 Qf
—Div o, = PeVe Q
()= (2.5.1)
oc(p)n = op(p,up)n I
Uf = 0 Pf

\

where p, := poJ(p) is the Eulerian density of the elastic body for py the density in the

reference configuration and the remaining notation is defined as follows:
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2.5.2 Dynamical Fluid-Structure Interaction Model

The fluid-struction interaction problem in the dynamical setting entails a coupling of the
nonlinear elastodynamics and incompressible Navier-Stokes equations. For the coupling
conditions we assume a matching of velocities and of normal stresses on the interface.
We continue to assume a no-slip condition for the fluid velocity on the external boundary
Ly

Using these conditions to couple (2.4.11) and (2.4.19), we obtain the dynamic PDE model

on the current configuration.

( Ou )

a_tf + (Dug)uy — Divoy(p, uy) = vy Qs(t)

divuy =0 €y (t)

ou, )

pe | 5 + (Due)ue | — Divoe(p) = peve Qe(t)

P I (2.5.2)
or(p,up)n = oc.(p)n Ly(t)
\9/5('7 0) = @Oa @t('a 0) = S/’Bla uf('a O) = u0>p<'> 0) = pO (ﬁe)2 X (Qf)2
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Chapter 3

Existence of Optimal Control

3.1 Steady State Case

3.1.1 Objective

We consider a cost functional describing the difference between the fluid velocity and a
given desired velocity, denoted by u,. The objective is to reduce this difference; that is,

for the fluid velocity to come as close as possible to matching a specified velocity.

The associated cost functional can be expressed as

1
Ts(v,u) = 1/2llu = wallz 0 + 5 [V lEs@)- (3.1.1)

The target velocity optimization problem can be formulated as

min Jg(v, u(v)), (3.1.2)
vEQY,
for a space of admissable controls Q3,. The control norm || - ||g4) will be formulated

from forthcoming known well-posedness results for the control-to-state map. Note that

the inclusion in the cost functional of the term depending on the control, [lv]|Z, (> 18 1Ot
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physically required but is a mathematical necessity in the subsequent steps. Some physical
justification is provided for including term by considering it as a cost of implementing
the body force.

The goal is to prove the existence of an optimal control for (3.1.2); that is, we wish to show
that the velocity of the fluid can be optimized by applying a force on the domain. We note
that the proof relies on available existence results, which introduces two challenges. First,
we require sufficiently high regularity of the control in order to utilize the existing theory.
Second, the existing literature limits our consideration to the case of distributed control
(control on the domain); while it would be of physical interest to consider boundary
control, well-posedness analysis does not exist in the literature for that case, to the

author’s knowledge.

3.1.2 Lagrangian framework

The well-posedness analysis casts the coupled system (2.5.1) in Lagrangian coordinates
by transporting the Navier-Stokes equation onto the reference domain.

Remark 3.1.1. It is beneficial for the numerical solution of the optimization problem
to express the system in Lagrangian coordinates. Solving the state equation on a refer-
ence domain bypasses the need to update the computational mesh at each step of the

optimization algorithm.

The transformation @ is volume-preserving on {) 7, and so J| |§f =1 and [cof (Dp)]* 8,

(D$)~t, both facts which are used in the transport.

A~

The PDE model can be written in the Lagrangian framework (o, u,p) as in [27]:

(—vdiv[(D3)(D3)~* Diif] + (D3) Vi + Diif(DP) "y = ;G

div ((D@)'@s) = 0 Q

—DivP($) = fode §z 8.13)
Uy =0 T

Ph = v(D@)"1(D@)~*Diiyii — p(D) A T,

U;=0 Iy,
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where recall that 73(@) is the nonlinear Piola-Kirchoff stress tensor,
P(P) := DPL(E) (3.1.4)

for

~

E(@) = 5((D@)* DG — 1),

EA R (3.1.5)
S(E) == Atr B)I + 2uE.

The first term in the cost functional can also be transported to the reference configuration:
Ts(0.) = 1/208 — Bl g, + 1200, (3.16)

where Uy = ug 0 Q.

3.1.3 Well-posedness results

To prove the existence of an optimal solution (7,, ) we follow the strategy of [1],
which requires existence and uniqueness of solutions to (3.1.3). The first major work
analyzing the well-posedness of the steady state free boundary coupling of Navier-Stokes
and nonlinear elasticity is found in [27], in the case of the configuration of a fluid inside
an elastic structure. The work of [54] expands on the well-posedness result of [27] by
generalizing the configuration (to include the configuration of Figure 2.1); additionally,

the authors of [54] show that the solution is differentiable with respect to the control.

We require the following assumptions to be imposed on the control data.
Assumption 3.1.2. Assume the existence of vy € LF(R®) and v, € LP(Q,), with 3 <
p < 0o. Assume that vy and V. are small enough, that is there exists a constant M > 0

such that
Cllvell oy + LUV owe)) < M,

where Q is a is a polynomial function such that Q(0) = 0 and whose non zero coefficients

are positive. Assume moreover that ||vs|| -1 gs) < Cv2

The following existence and uniqueness result is drawn from [27] and [54]:
Theorem 3.1.3 (Existence and uniqueness of solutions to (2.5.1)). Let Q C R? be an
open smooth, bounded domain and let Qe C € be an open set such that Qe C Q. Let
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~

ﬁf = QN Q) and let v > 0, A > 0, u > 0 be given. Under Assumption 3.1.2, there

exists a unique solution (s, p) of (2.5.1), with the following regularity:

iy € WP (Qp) N WP (Qy),
]/7\ c Wl’p(§f>.

Furthermore, the displacement of the structure resides in the space

B, = {b € W) [blly2n,, < Mi}. (3.L.7)

where My is chosen to justify the transport of the coordinates (specifically the invertibility
of DP). The M of Assumption 3.1.2, as applied here, depends on M,. We have o €
W2(Q,) N W22(y).

Proving existence of optimal control will rely on the underlying PDE system having
solutions of sufficiently high regularity, in order to use Sobolev embedding properties
to show that established weak subsequential limits are in fact strong limits in specific
spaces. To that end we offer the following corollary to Theorem 3.1.3, describing how we
can obtain increased regularity in the solution by increasing regularity on the control.
Corollary 3.1.4 (Additional regularity in solutions to (2.5.1)). For integer m > 1,
giwven the described domain configuration such that Qe,ﬁf are C™*2 if in addition to
Assumption 3.1.2 we also have, Uy € Wm’p(ﬁf) and v, € Wm’p(ﬁe), with 3 < p < o0,
such that there exists a constant My > 0 such that

Clellymr@,) + LU Iwmr@))) < Ma, (3.1.8)
then the corresponding solution of (2.5.1) possesses the additional reqularity

Uy € WP (Qy),
pewmte(Qy),
$ e Wmr(Q,).

Furthermore, the following estimates are satisfied (for Cy; > 0):

lslymezn@,y + IBlynsing,y < QU lyma,)): (3.1.9)
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1@llywmizo@,) < Crllellwmn @, (3.1.10)

Proof. The dependence of the regularity of solutions to (2.5.1) on the regularity of the
control is governed by the regularity properties of the fluid and structure subproblems [27,
pg. 86, 89]. The needed regularity result and estimate for the Stokes subproblem is given
in [3, Proposition 1], and the analogous result for the nonlinear elasticity subproblem is
given in [17, pg. 298]. [

3.1.4 Existence of optimal controls

In order to fit the problem within the framework of the well-posedness analysis, we define
the control norm and the space of admissible controls. Define the control norm, in the

context of Corollary 3.1.4, to be

HUH;q(Q) = ||ve||§{m(ﬂe) + ||’Uf||12qm(gf), (3.1.11)
and we set the set of admissible controls to be

Qua =107 € W™ P(Qy), 0 € WP (Qe) |ClfTellypmaa,) + Ellvpllwnn,) < M,

<02 d -1 (3.1.12)
va|’H*1(R3) >~ Lrvr, an HUfHWw(Qf) <1},

where k depends on the polynomial Q of (3.1.8), m > 1 is an integer, and 3 < p < oo.
Let Ag : QS, — WmH22(Qp) N WaP(Qy) x WmHe(Qp) x Wm2p(Q,) N W22(Q;) be
the control-to-state map, which maps an admissible control function to the solution
of the (transported to Lagrangian coordinates) steady state problem (3.1.3). Then the
optimization problem in Lagrangian framework reads: find v € Q2 such that for the
corresponding velocity & = u(7) and deformation = @(7), the functional Jg in (3.1.6)
satisfies

Js (@,ﬁ,é) — min Js (v, 3(v), 3(v)) . (3.1.13)

vEQR
Theorem 3.1.5 (Optimal control). The optimization problem (3.1.13) has a solution, i.e.
there is T € QS and a solution to (3.1.3), (u,p) € Wm+2’p(§f) F‘lWol’p(SAZf) X Wm“’p(ﬁf)
with, the associated deformation map @ € Wm+2’p(§e) N Wz’p(ﬁf), so that the functional

v = Js(v,a(v), p(v)) attains its minimum on Q3 at T, and (U, p) is the solution of
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(3.1.3) with Lagrangian field $ and forcing term .

3.1.5 Proof of Theorem 3.1.5

3.1.5.1 The minimizing sequence

Let {v,} € Q% be aminimizing sequence for Jg, and set (U, Dn, Pn) = (U(0,), p(0n), P(0n))
to be the associated solution of (3.1.3) with right hand side v,, = v, 0®,,. By the coercivity
of Jg, we know that {v,} is a bounded sequence in E¢(2) with weak subsequential limits

residing in the closed convex subset Q2. Using the estimate (3.1.9),
H(anvﬁn)me+2,p(ﬁf)><wm+1,p(§f) < Q(Haf”wm,p(ﬁf)% for all n, (3.1.14)
where Q is a polynomial function such that Q(0) = 0. Hence

(Un, py) is bounded in Wm”’p(ﬁf) X Wm+1’p(§f>-

3.1.5.2 Identifying limits

For 3 < p < oo, the space Wm+2’p<ﬁf) is a mnatural subspace of H2(§f) and the

space Wm“’p(ﬁf) is a natural subspace of Hl(ﬁf). Because (U, p,) is bounded in
Wmt2p(Qr) x W2 (Qy), then (G, py) is bounded in H2(Q;) x H'(Qy), and there

exists (u,p) such that on a reindexed subsequence

(tn, Pn) converges weakly to (@,p) in H2(Qf)><H1(§f).

By (3.1.10), we have that &, is bounded in W™+2P(Q,). Thus there exists 3 such that

on a reindexed subsequence

P, converges weakly to @ in HQ(QE).
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3.1.5.3 Strong convergence of {p,}, {u,} and {¢,}

The following observations will be useful to establish convergence of the minimizing

sequence to the solution of the problem (3.1.3) which also minimizes the cost functional.

For the pressure term, according to the Rellich-Kondrachov Theorem, e.g. [2, pg. 168],
for m > 1 the space Wm“’p(ﬁf) in fact embeds compactly into Hl(ﬁf). The compact

embedding implies that there exists again a reindexed subsequence such that

P, converges strongly to p in Hl(ﬁf). (3.1.15)

For the velocity term, according to the Rellich-Kondrachov Theorem, for m > 1 the
space Wm“’p(ﬁ ), embeds compactly into the space H 2(@ f). The compact embedding

implies that there exists again a reindexed subsequence such that

@, converges strongly to @ in Hz(ﬁf). (3.1.16)

For the deformation term, the compact embedding for m > 1 of Wm“’p(ﬁe) into

H 2(66) gives that on an again reindexed subsequence we have,

P converges strongly to 3 in H(Q.). (3.1.17)

3.1.5.4 Convergence in the system (3.1.3)
It suffices to focus on the convergence of nonlinear terms in the interior and on the
boundary.

Fluid region. On the fluid region ﬁf we require the terms to converge in LQ(ﬁf).

Consider the individual summands from the corresponding equation in (3.1.3):

e For the term (D@,) *Vp, it suffices to have the convergence of the product in
H'(Q). The necessary convergence follows from (3.1.15) and (3.1.17).

e Next, consider div[(D@,) " (D@,) *Di,] in L2(€). The necessary convergence
follows from (3.1.16) and (3.1.17).
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Solid region. On ), observe that the term Div 7/5({5,1) converges in L2((Ale) by (3.1.17).

Interface. Next, consider the trace identity on the reference interface fz For the solutions

of considered regularity, the traces of the limiting problem can be identified in Lz(fi).

For the term (D,)~*(D®,) * D, the desired convergence result follows from the strong
convergence of these products in H 1(@ 7) and the continuity of the trace map H 1(@ 7) =
HY2(T,;) C LA(T;). The term P($,) likewise features convergence in H'(€),) which suffices
for the traces to converge in LQ(IA“Z»). The analogous conclusion holds for the boundary
product (D@)~*Vp, using the interior convergence in H*({) 7)-

Finally, since the reference configuration has T; of class C*, then components n; of the

~

normal vector do not affect the convergence in L*(T;).

3.1.5.5 Attaining minimal cost

Some subsequence of controls {v,} goes weakly to v in £, with the limit confined to the

closed convex subset Q3, C € (3.1.12). By the weak lower-semicontinuity of the norm
|10]le < liminf ||v,||e .
n—o0
In addition, from the strong convergence of u,, and @,, we have,
~ ~ 12 = ~ (12
Hun - udHLz(Qf) - Hu - ud”L2(§f)
Via the definition of the cost functional in (3.1.1) it follows

Js(@,0,p) < Js(v,i(v), p(v)) forall ve Q3.

)l

completing the proof of Theorem 3.1.5.
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3.2 Dynamical Case

3.2.1 Objective

In the dynamical case, the objective is to minimize the turbulence (mathematically, the
vorticity) inside the fluid in the configuration described by (2.5.2). The associated cost

functional is

17 1
Jw,u) = / / ewrl(w)? da dt + = [0l 010, (3.2.1)
2 Jo Qg (1) 2

Denoting by u = u(v) the flow-field corresponding to the control v, the constrained drag

minimization problem can be formulated as

min J(v,u(v)). 3.2.2
min J(v,u() (322)
As in the steady state case, the control space (Q.q will be defined, and the control norm
| - lleco,7;0) Will be derived from the known well-posedness results for the control-to-state
map. Furthermore, the analysis inherits the same challenges as the steady state case

regarding the use of existing work on well-posedness.

3.2.2 Existence of optimal controls

The analogous result to the previous section for existence of optimal controls in the
dynamical case is given in [10]. The details of the proof bear a great deal of similarity
to the steady state case, so here we only summarize the results on well-posedness for the

nonlinear time-dependent case from the literature and the main result from [10].

We will require the following assumptions to be imposed on the control term v and the
initial data:

Assumption 3.2.1. Suppose that control function v(t) is defined fort € [0,T], for some
T > 0. Assume

ve B(T):={¢pec L*0,T; H*(Q)) | 9'¢ € L*(0,T; H*™(Q)) for n=1,2,3},
(3.2.3)
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v(0) € H*(Q), v,(0) € HY(Q).

Then the following existence and uniqueness result is provided in [19]:

Theorem 3.2.2. Let Q C R3 be an open bounded domain of class H*, and let ﬁe C Q be
an open set of class H* such thatﬁ_e C 2. Suppose ug € H6(§f)ﬂHWQQﬁH&(Q)ﬂL%J.
Let ﬁf =0nN (ﬁ_e)c, and let v >0, A > 0, u > 0 be given. Under Assumption 3.2.1 and
necessary compatibility conditions on the initial data (provided in [19, Thm. 1]), there
exists T € (0,T) depending on ug, v, and Qf, such that there is a unique solution (u,p) €

Wr x Zr of the (transported to Lagrangian coordinates) problem (2.5.2). Furthermore,

@ e C(0,T]; H* () N H*(Qe) N H'()). (3.2.4)

The functional framework is defined as follows:

VAT) = {¢ e L2(0,T; H*(Qy)) | 9P € LX(0, T; H™(Qy)),n = 1,2,3} :
VAT) = {we L2015 H Q) | opv € L0, T H 7 (Q),n = 1,2,3}
L2, 4(Q) = {ve L)) |divy=0 in Qp Y-n=0 on 09},
0
Xr = {ﬁeL2(O,T; Hy () | (af,/0 ) € V{(T) x v;*(T)},
) .
Wr = {a € Xr | Uy € L%(0,T; L*(92)), at"/ e € L0, T H' ™" (),
0
n= 0,1,2,3},
Yy = {ﬁe L2(0,T; H3 Q) | 0P € L2(0,T; H*"(Qy)), n = 1,2},
Ty = {ﬁe Y | pu € L=(0,T; LQ(Qf))} = Y N W20, T; L2(Qy)),

each with its natural norm.

The authors of [10] then obtain the following main result regarding existence of optimal
control for (3.2.1) subject to (2.5.2), following the strategy of [1].
Theorem 3.2.3 (Optimal control). Let ug € Hﬁ(ﬁf)ﬂHﬁ(ﬁe)ﬂH&(Q)ﬂL?ﬁv’f satisfying

the compatibility conditions as in Theorem 3.2.2. Then the minimization problem (3.2.2)
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has a solution; that is, there is v, residing in a space of admissible controls Quq (defined
explicitly in [10]) and a solution (u,p) € Wy x Zp with the associated deformation map
7 as in (3.2.4), so that the functional v — J(v,0(v), p(v)) attains its minimum on Quq
at T, and (@, p) minimizes (3.2.1) subject to (2.5.2) with Lagrangian deformation & and

forcing term v.
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Chapter 4

Linearization

4.1 Introduction

With the existence of the optimal control established in both the steady and dynamical
cases, we are interested in deriving the first-order necessary optimality conditions associ-
ated with problems (3.1.13) and (3.2.2), in order to characterize the optimal control. The
typical way to derive the first order optimality conditions would be to apply min-max
theory. That entails formulating the Lagrangian functional, which is the cost function
minus weak form of the system. Then the cost function gradient reduces to the derivative
of the Lagrangian with respect to the control at a saddle point. However, in this case due
to the nonlinearity of the of the state equations, the Lagrangian functional associated

with the coupled system is not convex-concave, and min-max theory does not apply.

Consequently, the optimality conditions must be derived from differentiability arguments
on the cost functional with respect to the control. A challenge stems from the dependence
of the cost integrals in the cost functional on an unknown domain and interface, which

also depend on the control v.

In this section we will compute the directional derivative of the cost functional in a given
but arbitrary direction. The computation of the directional derivatives of the cost func-
tionals introduces new variables, about which sensitivity information must be derived.

As the interaction is a coupling of Eulerian and Lagrangian quantities, the required sen-
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sitivity analysis on the system falls into the framework of shape analysis. We start with

a summary of shape and tangential calculus provided in [20].

4.2 Shape and Tangential Calculus

4.2.1 Tangential Calculus

In [20], a differential calculus is developed avoiding the use of local bases and coordinates.
The differential calculus relies on the oriented distance function, which is defined as
follows:

Definition 4.2.1. Given Q C RY, the distance function from a point z to ) is

infyeqly —z| Q#0,

d =
(@) +00 Q=10.

The oriented distance function from z € RY to Q C R¥ is
bo(x) = do(z) — dae(z),

where ¢ = RY \ Q2 is the complement of €.

Observe that the oriented distance function is finite if and only if ) # Q # RY. Equiva-
lently, the oriented distance function is finite if and only if 92 # (). This is the framework
in which the fluid structure interaction problems we analyze here are set, since we work
with bounded subsets of R, In this framework the oriented distance function is exactly

the algebraic distance function to the boundary 0f2,

do(r) = doa(x) x € int &Y
bo(z) =<0 x € 0f)
—dgl(f) = —dQQ/(ZL‘) r € int €.

Let © be an open domain of class C? in RY with compact boundary I'. Then there exists
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h > 0 such that b = by € C?(So,(I')). Define the projection of a point z € RY onto I' by

p(z) =z = b(x)Vb(z),

and the orthogonal projection operator of a vector onto the tangent plane T}, I" by
P(z) :=1—Vb(x)® Vb(z).

Remark 4.2.2. The following relationships provide some insight into the connection
between the development of a differential geometry through the use of the oriented distance

function and classical differential geometry.
e P(x) coincides with the first fundamental form of T';
e D?b(x) coincides with the second fundamental form of T';
o D?b(x)? coincides with the third fundamental form of T';

e Dp(x) =1—-Vb® Vb—bD?.
Definition 4.2.3. The tangential gradient of f € C*(T') is

oF
Vrf:=VF|p - 5, = V(fop)lr,

where F € C'(So,(T)) is a C'-extension of f.

We can now state the relationship between the tangential gradient and the oriented
distance function by way of the projection operator.

Theorem 4.2.4. [20] Given I' compact and h > 0, for a tubular neighborhood Ssj, :=
{x € RN||b(x)| < 2h}, such that bg € C*(Sa(T)) and f € CY(T),

(i) V(fop)=[I —bD?*b|Vrfop and V(f op)lr = Vrf.

With the tangential gradient matrix defined, we can define several other tangential deriva-

tive operators that will appear in the calculations in the sequel.
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Definition 4.2.5. The tangential gradient matrix of v € (CH(I"))V is

Drv := D(vop)lr,
=DV|r—DVn®n,

where V€ C1(Sy,(T)) is an extension of v.
The tangential divergence of v is
divrv = div(v o p)|r,

= tr[DV|r — DVn ®n,
= divV|pr — DVn - n.

The following lemma lays out several facts about the oriented distance function and
the tangential derivative operators, each of which plays a role in the linearization and

derivation of the adjoint sensitivity information.

Lemma 4.2.6.
n =Vb|r (4.2.1)
Dr(n) =D?*b|r = Dj.(n) (4.2.2)
Vr{v,n) =(Drv)*n + (D?b)v (4.2.3)
(D*b)n =0 (4.2.4)

4.2.2 Derivatives of Domain and Boundary Integrals

The construction of the differentiability arguments involved in deriving the first order
optimality conditions will require us to take derivatives of domain and boundary integrals

with respect to a parameter on which the domain and boundary also depend.

In order to do so we will utilize formulas presented in [20]. For an arbitrary domain and

its boundary, 2 and I' = 092, consider a family of transformations {7 : 0 < s < sg} such

oT,
that T : Q — € and the associated family of velocity fields { V (s) := 5 0<s<spyp.
s

Under certain smoothness conditions on V' (s), for a smooth function ¢(s) = ¢(s,z) we
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have

% (/Q(S) (b(s)) 7 /QWO) +/F¢(0)<V(0),n> (4.2.5)
0 [ ¢
s (/F(s) ¢(5)) o /F¢ (0)+ <a_n + H¢) (V(0),n), (4.2.6)
= /F¢’<0) + D¢ - V(0) + ¢(divV(0) — DV(0)n - n),  (4.2.7)
where ¢'(0) = % , n is the outer normal to € along T, % = D¢(0,x) - n, and

s=0
H := Ab is the additive curvature of the boundary.

The following result from [20] is perhaps the most important for the analysis that follows;
it will be used many times as a method for integrating by parts with tangential derivatives
on the boundary.

Theorem 4.2.7 (Tangential Green’s Formula). For f € C(T') and v € (C*(T))",

/fdivpv + (Vrf,v)dl' = /Hf{v, n)dr. (4.2.8)
r r

The tangential Green’s formula is easily extended for a vector-valued function and a
matrix.

Corollary 4.2.8. For f € CY{(T')" and V € (CY(T"))™",

/waFV + V..Dpfdl = /H(Vn,f>dr, (4.2.9)
I I

4.3 Steady State Case

4.3.1 Strategy

We model the approach after the techniques in [12] and perturb the system through the
control v. Specifically, suppose that v* = v(s,z) depends linearly on a small parameter

of variation s € [0, so]. That is v* = v + sv’ for given functions v,v" € £(2) such that
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dive’ = 0 and v'|py = 0. The perturbation can be thought of as a perturbation of the

interface I'{ determined by the family of transformations

{Ts:0<s5<s}
Ts: Qe — Q0
Ts = ¢° o, (4.3.1)

associated to the family of velocity fields

NS

{V(s) := a&i 0p®:0<s<s0} (4.3.2)

Then we consider the perturbed functional Jg(v 4+ sv’) and calculate the derivative at
s = 0 of the function s — Jg(v + sv’).
Js(v+ sv') = Jg(v) 0O

AT _ Y /
0Jg(v;v") = £1_1)1[1) . = ast(v—l—sv)

o |1 . 1
= 9 [5 /Q |luy — gl + §||U + SU/H%(Q)]
f

s=0
/ < tn
= uf—ud,—
Qs 0s |,

s 0> - %/.<|“§” —ual’n, V(0)) + (v,0)g(),  (4.3.3)

s=0

7

using the formula for domain integrals (4.2.5) in the last step.

The calcul(%tlson of the directionalagi\grivative of the cost functional introduces the new
u
f P

variables —= and V(0) := . o . The forthcoming linearization of (2.5.1)
s

s=0

entails deriving the system of equations satisfied by these variables.

4.3.1.1 Perturbed System

The result of the perturbation by 7 as described in (4.3.1) is that all of the unknowns
in (2.5.1) become functions of s, (u*,p*, ¥*), as do the domains (Q%, 2, T'7).

The perturbed system is as follows:
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(Duj)uj — Divoy(p®,uf) = v Q%

divu; =0 Q3

—Divo.(¢®) = pivs 0
() =r (4.3.4)

uy =0 rs

al(p*)n® = oy (p*, uf)n® I3

L uj =0 r,

where n® is the unit outer normal vector along I'{ with respect to Q2 and pf = po.J(¢®).

The strategy is to differentiate (4.3.4) with respect to s at s = 0 and obtain a linearized
system for the s-derivatives of (u®,p®, @®). Linearizing in this manner will represent a

total linearization of (4.3.4) around an arbitrary regime.

In this framework, the s-derivatives of (u®, p®, $°) are essentially shape derivatives with
respect to the speed V. However, in this context V' is a vector field which depends on
©* and is not given a priori, so the s-derivatives are in a sense pseudo-shape derivatives.

Nonetheless, the standard theory on shape differentiation applies here.

We employ the prime notation to denote the linearized variables.

y_ 9
7p T 88

7=

0s

S

s=0

s=0 s=0

When computing the shape derivatives, the speed associated with the flow T will appear

only at s = 0. Thus we use the notation V(0) := ¢’ o ¢.

We also associate the following differentiability assumptions with (4.3.4):
Assumption 4.3.1. For all s € [0,5s¢) the following weak derivatives with respect to s

exist:

1. Vo e HHQ) : (3 — /Q@s,@) e C'([0,s0))

2. Vo e HY(Q\ Q) : (s —>/Q <u;oTS,¢>) € C'([0, s0))

\Qe
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3. ¥re LX(Q\ Q) : (s — /Q\Qe(ps OTs,ﬂ) € C([0, 50))

Remark 4.3.2. The authors of [54] expand on the work of [27] to show differentiability of
the solution of (2.5.1) with respect the the control in the case of linear elasticity, providing

some justification for Assumption 4.5.1.

4.3.2 Linearized Steady State Model

The following result is obtained using the techniques demonstrated in [12]; in that work,
the authors approach the linearization of a steady-state coupling of homogenous Navier-
Stokes and homogeneous nonlinear elasticity in the case of a fluid flowing through a
channel, with control on the normal velocity of the fluid flowing in.

Theorem 4.3.3 (Linearization of steady-state coupling of Navier-Stokes and Nonlinear
Elasticity). For any s € [0, so] let (u®, p®, °) be a smooth solution of (4.3.4) that satisfies
Assumption 4.3.1, and let the perturbed control, vy, satisfy the criteria in Assumption
3.1.2. Then the following linear system is satisfied by u' := %“5’3:0 = %ps‘szo @ =

%@S |s=0 g

((Du’f)uf + (Dug)u’s — Divoy(p',uf) = v Qf
divu'y = 0 Qy
—Diw {02(90’ o 90)} = pev, Qe (435)
uy + (Dug) (P op) =0 I
ol(Pop)n=os(p,uf)n + B(@ op) I;
ku’f =0 Ff
where
(P, ¢) :=(D¢p) "% (®) (Do),
£, ¢) :==(Dg) "e(4) (D),
al(?' 0 p) =D(§ 0 )ac(p) + J(9)ZE(F 0 ¢, ),
B(‘ﬁ © 90) ::[0—6(90) - Uf(pv uf)] ’ VF’L<§5/ ° @, TL> + (Drz‘ae'(@/ © 90))” + (di?)ri(@/ © @))Uen
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~ * ~ 0
~ 0 Dn(F 0 P+ (7 o) (Hoy(pug+ Gn). (13.6)

Observe that the boundary conditions of the linearized system are quite complicated. For
one, there is a double coupling of (v’,@") on I';, unlike in the nonlinear system. Further,
and more importantly, terms involving the curvatures of the boundary and the boundary
acceleration are present in the linearization. This makes it clear the common interface can

not be neglected while performing sensitivity analysis on the nonlinear coupled system
(2.5.1).

4.3.3 Proof of Theorem 4.3.3

The general approach for proving the linearization in Theorem 4.3.3 is to write the
s—perturbed system (4.3.4) in variational form and apply the formulas (4.2.5), (4.2.6),
(4.2.7), for derivatives of domain and boundary integrals. The underlying mechanics of

this approach utilize the material derivatives of (ug, ps, Ps), which are defined as

A

o 0 N
(uapa 90) = %(U,s OTSaps o sa(ps)~

The material derivatives bare the analogous relationship to (2.2.2) to the shape deriva-
tives,
(', p) = (i,p) = (Du - (§'09),Vp- (' 09)). (4.3.7)

4.3.3.1 The linearized sticking condition on T’

Take a test function ¢ € C'(€). Then the sticking condition on I'{ can be written in

O:/Ff<u;,¢).

weak form as
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We take the derivative with respect to s at s = 0 by applying (4.2.7) and obtain

- / (uf + (Dug)(@ o @) +ug(div (§ o p) = (D(@ e p))n - n), ¢),

i

which holds for all ¢ € C*(Q), so we extract the boundary condition

iy + (Dug) (@' 0 p) + ug(div (@' 0 9) — (D@ 0 p))n-n) = 0.

Substituting the sticking condition from (2.5.2), we recover the final linearized boundary

condition on I';:
iy + (Dug)(@ 0 ) = 0

4.3.3.2 Linearized fluid shape derivative on ()

Take a test function ¢ € C§(€y), and we can obtain the weak formulation of the perturbed
Navier-Stokes from (4.3.4):

[ 0o+ oy a5)-06 = [ w500, (135)

We use (4.2.5) to differentiate with respect to s at s = 0.

a0

- / ((Dus)uy + (Du}y)ug, ¢) + o(p', u})..D¢ 4 boundary terms
Qy

((Duf)ug, é) + o5 (p”, U?)--Dé)

s
f s=0

a S S
Note that %(Uf(p ’Uf))

= os(p/, u}) because oy is linear.

s=0
=Lx@w>

g%(]pw;¢ﬂ

s=0
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We are unconcerned with the boundary terms since we have already recovered the lin-
earized sticking condition on the interface I';, which is why we take ¢ to have compact

support on I';; we recover the linearized Navier-Stokes on (2;:

(Dug)u’s + (Du's)uy — Divop(p', u}) = o).

4.3.3.3 Linearized Elasticity on (),

Take a test function ¢ € C*(2). Then we have the weak formulation of the s-perturbed

elasticity equation:

/ 0e(6). Db — [ (oup?)ne, d) = / (v, 9). (4.3.9)
Q

s s s
e FZ Qe

Recall that the s-derivative of the elastic deformation is defined as @’ = a—ﬁs , on the
S s=0

reference configuration Q.. So in order to take the s—derivative of the domain term on
the left-hand side of (4.3.9) we will transport the integral to the reference configuration,
take the derivative, and then transport back to the deformed configuration to recover the

linearized elasticity equation. Let ¢° = ¢ o 3°. According to Lemma 5.1 in [14] we have

J

where P is the s—perturbed Piola transform,

ae(gps)..ng:/ﬁ P*..Dg”,

S
e

-~ ~

P = DP*S(E(PY)),
o~ 1/ o~ ~
B@) =3 <Dgz5 D — 1) .
Then we take the s—derivative of the domain term on the left hand side of (4.3.9). Notice
that the reference configuration @e is invariant to the perturbation, so the s—derivative

can be brought directly under the integral.
0 0 ~ ~
— = — °.D¢°
s (/Q o s ( ﬁep ¢ )
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- /ﬁ % (P.05)
ops
- /@e 0s

where qg = ¢op is the Lagrangian counterpart of the test function ¢. For the s—derivative

of the Piola transform we have

)
s=0

Y

s=0

Do+ P.. % (D$S>

s=0

87/58 NN A A~ 1 A\ Ty A\ kT A
o | = DPS(E®) -+ DpE (5 (DR DR+ (D) DP)).
s=0

Define E'(@) := = (DF)* D@ + (DP)*DF') , then we can define

N | —

P = DFT(E®)) + PPz (B'(@)). (4.3.10)

Regarding the second term, we have

0¢°
0s

SO

:/ﬁ P'..Dé+P..D[(Ddo)F]. (4.3.11)

Remark 4.3.4. At this juncture we could integrate by parts in (4.3.11) and obtain the
linearized elasticity equation on the reference configuration (AZE. Howewver, it is our goal to
express the linearized system fully on the deformed configuration, so we instead work to

transport (4.3.11) back to the deformed configuration Q. in order to recover the linearized

elasticity equation.
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We will work term-by-term to transport (4.3.11) to the deformed configuration.
| 7.0o= [ Poay.pine
J(o) (P'(D3 (DADF) ) o,
= [ 160 (P07)) . (D307 )
:/ J(¢) (73’(1)@)*) o ¢..D¢.
Qe

(P )

{(Pe=(E@) + ez (B'(@))) (D7) } e,

(D(@ © @) (D) 'S(E() + (D) 'S (B'(@) 0 ¢) ) (D)™,
(D@ © ) (D) " S(E())+

(

Do) s (3 (DR @ o)D) ) ) ) (D)

It remains to compute

(Posr)os

We make the following definitions for the sake of exposition:

(2,

®,¢) :=(D¢p)"'% () (D)™, (4.3.12)
(¢’ ¢)

(Do)~ "e(¥)(Dg) ™. (4.3.13)

&
i

With this notation we have
J(9) (P'(D)") 0 ¢ = DF 0 )ore() + JPISE(F 0 ¢), 0)).
We let

0i(@ o) =J () (P(D)") o
=D(@' 0 p)oe() + J()ZE((F 0 ©), ©)), (4.3.14)

which is consistent with the notation used in [11]. Ultimately for the first term in (4.3.11)

46



we obtain

| P.D = . <—Div oL (P o), ¢> + /F <Ué(<ﬁ’ o p)n, ¢> . (4.3.15)

Qe

Next we work with the second term in (4.3.11). First we integrate by parts and change

variables to move back to the deformed configuration:

| PDiws0p)?) = [ (-DivP.(Doo@)F) + [ (Pi(Dsop)F),

:/Q (=Divae(p), (D)(F o))
+ / (opIn, (D)@ 0 9) (4.3.16)

For convencience, we state a useful lemma from [14] for integration by parts:
Lemma 4.3.5. Let 0,£,9 € CY(Q) be vector-valued. Then the following identity is sat-
1sfied:

600 = [ e+ (o) v)+ [ (8.m0)
Q Q o9
—— [ 0.0+ [ (o.mew) (43.17)
Q o9
Additionally, in the case where D -n =0 on 92 we have
[ & 0ew) == [ (Divelc 0).0), (4318)
o0 o0

which follows from (4.2.9) with V =¢§ ® 6.

First we apply (4.3.17) from Lemma 4.3.5 to the domain term in (4.3.16) and obtain

/Q (~Divo.(p). (D)@ o o)) = / (Div (Divo.(p) ® (7 0 9)) &)
- [ @@ o) mDiva.e). o).

For the purposes of the identities we are proving, it suffices to have ¢ such that D¢-n = 0.
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Working in that framework we apply (4.3.18) from Lemma 4.3.5 to the boundary term
in (4.3.16) and obtain

[ {oom 0@ o)) = [ (-Divroeine @ op).0).
Together, we obtain

[ P.DI(Doo3)F) = [ (Div (Divolo)® (7 o9) 0

Qe e

- [ 4@ o) miDiva.(e) + Divr, (ol © (7' 09).6).

All together we obtain the following expression for the shape derivative of the left hand

side of the elasticity domain integral on the deformed configuration:

(]

ae<sos>..D¢)

:/e <—Div {m— Divo.(p) ® (¢ o 90)} ,¢>

s=0

s
e

+ [ (@ o0in (@ o p)n)Divan().0)

- [ Divnedene @ og).0). (4.3.19)

Now we deal with the right hand side of (4.3.9). Recall that v, :== v, 0o p and v, ;== v, 0@

are the Lagrangian counterparts of the perturbed control that g/b\s = ¢ o @°. Then we

®

obtain,
a s s _ a - S /
o ([ro)| =5 ([ arenmsana)|
— o ([ wlo .5
- 68 ﬁe Lo Ve el 8:0’
I ~ . 0°
= <100 _(Ue + SU@) 7¢> + <p0vea i > )
s <0 0s o

poils @) + (b, (D 0 B)F)
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= | Gud(o)it,) + @@, (DOF o).

B / (pevy, @) + (peve, (DP)(P' 0 @) .

We substitute the nonlinear elasticity domain equation and apply (4.3.17) to the second

term in the sum.

/ (petver (DO)(F 0 9)) = / (~Div (), (DE)(F o))

_ / (Div (Divo. () ® (7 0 9)), &)
_ /F (@ 0 ), n)Divou(y), ) .

All together we obtain,

5 ([ )

e

:/Q (pevl + Div (Div o, (@) @ (7' 0 p)), ¢)
s=0 €

- [ @@ o) mpivae).0 (4.3.20)

Setting (4.3.19) and (4.3.20) equal to each other and allowing ¢ to have compact support

on (), we obtain the linearized elasticity domain equation on §2.:

—Div {Gé(@’ ° 90)} = eV,

4.3.3.4 The stress matching condition on I’;

By substituting the linearized elasticity domain equation and (4.3.20) in to (4.3.9) we

retain the boundary terms:

/F. <aé(§5’ o )n — Divr,(o.(p)n ® (¢ o p)), ¢>
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(4.3.21)

-2 ( / f<ae<sos>ns,¢>>

Consequently the next step is to compute the s—derivative of the RHS of (4.3.21). The

first step is to substitute the stress-matching boundary condition from (4.3.4),

a S\, S o a S S§\.-S
%</Ff<06(90 )n7¢>> - Os (/Ff<0f(p>uf)n7¢>>
Then using the divergence theorem (with n® = —nj}) and (4.2.5) we obtain
a S S S
2 ( . fostrr.upin ,¢>)
_0 ( /
88 Qj‘

= [ =diviosw o) + [ div(os(pune)(@ o))

K3

s=0

s=0 s=0

s=0

Y

s=0

—div (a7 (p", va)cb))

= /F {os (', upn, 6) + div (o5 (p, up)9) (@ 0 ¢),m). (4.3.22)

We apply (4.2.8) to (4.3.22) and obtain

[ ost# w6 + div om0 (70 ).

K3

= /KW(PQU})TL: ¢) +{divr,(os(p,up)d) + (Dos(p, ug)pln, n)} (¥ o p),n)

= [ o0+ (@ o )by (pyus)n = (o) Ved(@ o ). )
+ [ (Dlostpupéin ) (@ o o)on). (43.23)

We can simplify the last term in (4.3.23) by choosing a test function such that D¢-n = 0
on I';. In that case we have D{o(p, us)pln = %n. Substituting the simplification in to
n
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(4.3.23) we obtain the final expression for the shape derivative of the boundary integral:

" ( / §<af<ps,u;>ns,¢>)

= /.<0f(p',u’f)n+ <(9/0\, o 90)>n>HUf(pa uf)n>¢>

+ /F <<(95/ ° @)ﬂﬁ%n —os(p,ug) - Vi, (@ o gp),n>7¢> ' (4.3.24)

Substituting (4.3.24) back in to (4.3.21) we obtain

/11 <aé(§5’ o )n — Divr,(o.(p)n @ (¢ o p)), ¢>

_ / (o0t + (@' 0 0),m) Hoy(p. ug)n, 0)

I

Jo

+ /F <<($’ 0 ), ”>a_nf” —o¢(p,ug) - Vi, (@ 0 ©),n), ¢> : (4.3.25)

Then we recover the boundary condition on I';:

T (5 o w) roo ~ do
0.(@" 0 p)n = a; () up)n + (e ), n) (Haf(p, up)n + a_rfn>

—os(p,uys) - Vi, (& o p),n) + Divr,(ce(p)n @ (¢ 0 ¢)). (4.3.26)

We can make some substitutions so that the representation of the boundary condition
(4.3.26) is more consistent with [11]. We have the identity, for a suitably regular matrix

A and vectors ¢ and d,
Div (Ac ® d) = (DA.d)c+ A(Dc)d + (div d)Ac,
and its tangential counterpart,

Div F(AC X d) = (DFAd)C + A(DFC)d + (le 1‘*d)1467
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So we can expand the term Divr,(o.(p)n @ (' o p)):

-~

Divr,(0e(p)n ® (7 0 ©))

(
= (Dr,0..(¢' o p))n + 0.(Dr,n) (@' o @) + (divr, (@' o p))oen,
= (Dr,0c.(@" 0 ©))n+ 0e(D?b0, ) (@' © ) + (divy,(F o @))oen
(P op

(@ ow
= (Dr,0c.(@' 0 ©))n+ 0e(D%b0, ) (@ 0 ¢)p, + (divr,(§ o ¢))oen,

since (@' 0 @) = (@ 0 @)y, + (@' 0 @), n)n and D*bg,n = D*bo, Vb = 0.

Substituting the expansion in to (4.3.26) and adding/subtracting the quantity o.(Dr, (@ o

©))*n we obtain the equivalent form of the boundary condition:

Ué(ﬁ/ © QO)TL - Uf(p/’ u})n + [0-6(90) - Uf(p7 uf)] ’ vlﬂ(@’ o 90)7 n>
(@ o)) (Haf@, . %inn>

+ (Dr,0e.(@ e @))n+ (dive, (& o @))oen — oe(Dr, (#" 0 9))™n,  (4.3.27)

since Vrp, (' 0 ), n) = (D*bo, ) (@' 0 @), + (Dr, (' 0 ))*n

In order to write the boundary condition concisely we define,

8(9/5/ © 90) ::[0—6(90) - Uf(pv uf)] ’ VF1<§5’ © 907n> + (DFiae'(ﬁ © 30))71
+ (divr, (@ o ¢))oen — oo(Dr (@' 0 p))"n

. 0
+(F 0o} (Hoslpugn+ o)), (1.82%)
in which case we can write
ol (P op)n=os(p,uf)n+ B(@ o p)

on Fz

This completes the proof of Theorem 4.3.3.
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4.4 Dynamical Case

In the linearization of time dependent case we will work with the following alternative
formulation of (2.5.2):

( Ou .
a—tf + (Dug)uy — Divos(p,up) = vy Qy(1)
diVUf = 0 Qf(t)
823 ,
Pe ez o p — Divoe(p) = peve Qe(?)
X — Ti(t) (4.4.1)
op(p,ug)n = o.(@)n I'i()
Uy = 0 Ff
(B(,0) = 3% Bi(-,0) = 3, us(-,0) = u®, p(-,0) = p°  (Q)? x ()

Recall that p. = (p—JE) o ¢, where py is the reference elastic density, and o.(¢) =
P(DG)*
(%) o ¢ is the transformation of Piola tensor to Cauchy tensor.
(&

The specific difference is that the time derivative in the elasticity equation is not trans-
ported to the current domain, but is left in terms of the deformation on the reference
domain. As a result (4.4.1) can be considered an Arbitrary Lagrangian-Eulerian (ALE)
system, although we take the ALE map to be exactly the deformation ¢ as opposed to
introducing an auxiliary map. This ALE formulation is possibly less elegant than the
Eulerian-Eulerian formulation of (2.5.2), obtained by transporting all terms on to the
moving domain, but it is more convenient to compute the linearized elasticity domain

equation in this framework.

4.4.1 Strategy

The strategy to linearize the time-dependent case, (4.4.1), is similar to that used for the

steady-state case, with adaptations made for the dependence of both the variables and
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the domains on time. We model the approach after the techniques used in [14], in which
the authors consider the same coupling of nonlinear elasticity and Navier-Stokes, but

with control only on the fluid domain, and homogenous elastodynamics equations.

We take a small parameter of variation s € [0, so] and perturb the system through the

body force on the fluid domain v/. We assume linear dependence on s; that is
v; = vy + s/

for given vy, v’ of suitable regularity for well-posedness purposes, and such that div o' =0
and v, = 0. Consequently, all of the unknowns in (4.4.1) become functions of s as well as
the geometric domains. The result is a moving boundary that moves with the parameter
s. More precisely, for each t the perturbation I'}(¢) of I';(¢) is built by the family of

transformations
Ty(t) := @°(t) o p, (4.4.2)

associated with the family of speeds

8\ — o0p° s
o (%) = ai o . (4.4.3)

8T o (Ts)—l _ a(p

V(s)=V(st,z):= P = s

For example, T} = T*|qs and

For each t we have T'$(t) = T5(T';(t)).

Then we consider the perturbed functional J(v + sv’), where J is defined in (3.2.1), and

calculate the derivative at s = 0 of the function s — J(v + sv’).

oJ(v;v') = hn% J(U+8U) —J(v) = %J(U—l—sv)

88[ [ /S(t)murl )+ —Hv+svug<om]
// |Curluf)|2

s=0

s=0
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T
1
T / / L eurl(ug) POV (0), ) + (0, )0 mse
0 Fi(t)2

T ous
= / / <curl(uf), curl <ﬂ ) >
0 JQ() ds 5=0

T
1
[ Sl P + 0 0)s0ra, (444
0 JIu(t)

which requires the use of the formula for shape derivatives of domain integrals (4.2.5).

As in the steady state case, the calculation of the directional derivative of the cost

a’\s
=X o . As in the
s=0
previous section, the linearization of (4.4.1) entails deriving the system of equations

0
functional introduces the new variables %‘ and V(0) :
S s=0

satisfied by these variables.

4.4.2 Perturbed PDE System

The result of the perturbation by Ts(t) as described in (4.4.2) is that all of the unknowns
(4.4.1) become functions of s, (us,ps, s), as do the domains (Q2%(t), 23(t), I3 (¢)). The
resulting perturbed PDE system is:

( 8”; S S 3 S S S S
E%—(Duf)uf—Dlvaf(p ,up) = v} Q3(t)

divu} =0 Q3(t)

82(’/58

Pi ( 12 ) o p® — Div 0'6(908) = pgv;’f Qi(t)

s = ree) (4.4.5)
o (P’ up)n® = oe(¢)n® 3 (t)

uy =0 Ty
\@S('a O) = 9/507 @f(v 0) = 9/517 uj’(’ O) - u07ps('7 O) = pO (QE)2 X (Qf)2

In the s-system n°® is the unit outer normal vector along I'f(¢) with respect to Q5(¢).

As in the previous section, strategy is to differentiate (4.4.5) with respect to s at s = 0
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and obtain a linearized system for the s-derivatives of (u®, p®, »*), in order to compute a

total linearization of (4.4.5) around an arbitrary regime.

We again employ the prime notation to denote the linearized variables.

, 0

Y s 9
= o5

S 58
7(10' aS(p

s=0 s=0

When computing the shape derivatives, the vector field associated with the flow T(t)
will appear only at s = 0. Thus we use the notation V(0) := V(0,¢,2) = @ o .

We also associate the following differentiability assumptions with the (4.4.5):

Assumption 4.4.1. For all s € [0, sq) the following weak derivatives with respect to s

exist:

1. Vo € L0, T, H1(Q)) : (s — /OT/Q@,@) € C([0, 50))
2. Vg € L2(0,T, H(Q\ Q) : (s — /OT /Q\Qe(t)w;oTs,@) € C'([0, 50))

3. Vr e L2(0,T, L*(\ ) : (3 — /OT /Q\Qe(t)@soTs,ﬂ) € C'([0, 50))

4.5 Linearized dynamical case model

Theorem 4.5.1 (Linearization of time-dependent coupling of Navier-Stokes and Non-
linear Elasticity). For any s € [0,s0], assume that the initial condition (2°, ", ug, p°)
associated with (4.4.5) solves (4.4.1). Further, let (u®,p®, $°) be a smooth solution of
(4.4.5) on [0,T] satisfying Assumption 4.4.1. Finally let v¥(x,t) € E(0,T;). Then
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/_as /_85 /\/,_a/\s . . ; .
u = s | P = asp _ , i = 957 |, satisfy the following linear system.:
( 8u’f
v + (Du})uf + (Duf)u} — Divos(p/, u’f) = U} Qs (1)
divu’f =0 Q(t)
82/\, . =~ N /
Pe ( 6:5 ) o — Div {Ué(s@’ o 90)} = pet Qe (t)
uy = u, + (Due — Dug) (@' o ) Ii(t) (4.5.1)
oL (@ op)n =o', up)n + B(@ o p) Ly (t)
Ulf =0 Ff
~ a@/ / O \2 2
| 7(0) = 0: 52 (0) = 0:(0) = 0 (0? x ()
where
ol (F o) :=D(@ 0 p)ac(p) + J(0)S(E(F 0 @, ¢)) for
(P, ¢) :==(Dg)"' % (D) (Dg) ™,
&, ¢) :=(Do)"e(¥) (Do) ™", and

B(§) = (0c(@) — o5(p,uyr)) - Vi (€, m) + (&) (Haf(p’ wpn + %n)

T (Dr,oe&)n + (divr,&)oen — 0.(9)(Dr,€)"n,

as in Theorem 4.3.3, and (p,u,p) is a smooth solution of (4.4.1).

As in the steady state case of the previous section, the boundary conditions are quite
complicated, and contain terms referring to the acceleration and curvature of the common

interface T';(¢).

4.5.1 Proof of Linearization
In order to prove Theorem 4.5.1 we employ a similar strategy as in the steady state

case and apply results obtained in that case when possible. The relationship between

the shape and material derivatives, as stated in (4.3.7), remains the case in the time-
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dependent setting.

4.5.1.1 Linearized Sticking Condition on T';()

In the s-perturbed model we have the velocity matching condition u} = ug on I'j(t). We
take a test function ¢ = ¢(z,t) € C'(0,T,9) and obtain the weak formulation of the

boundary condition
T
0= / / (uf —ug, ¢). (4.5.2)
0 HO)

We use (4.2.7) to obtain

([ e

/ / uy — .+ (Dug — Dug) - V(0) + (uy — u.)(div V(0) — DV(0)n - n), ).

?

Substituting the velocity-matching boundary condition from (4.4.1) we obtain:
T
V= / / (u} = ue + (Duy — Due) - ("0 ¢), )
0 JIu(t)

Owing to the arbitrariness of the test function ¢ we obtain the linearized boundary
condition on I';(t)

uy = u, + (Due — Dug) (@' o ). (4.5.3)

Remark 4.5.2. Observe that due to (4.3.7) boundary condition (4.5.3) can equivalently

be written

us + (Dug) (@ o) = (%f/> o . (4.5.4)

This formulation proves more convenient when recovering the adjoint sensitivity infor-
mation in the following section, while the formulation (4.5.3) better highlights the role of

the variable of interest, ' o p.
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4.5.1.2 Fluid shape derivative on Q/(#)

The s-perturbed Navier-Stokes equation on Q5%(t) is

3u‘}
ot

+ (Duf)uj — Divos(p®, uy) = v} (4.5.5)

We take inner product with a smooth test function ¢ = ¢(z,t) € CH(0,T;Qf) and

integrate in time and space to obtain a variational formulation:

// <an Dujc)ujc—Divaf(ps,u;)7¢>
IiAT/g®@?¢% (4.5.6)

By applying formula (4.2.5) we obtain for the left hand side of (4.5.6)

A(RC— |

/ /Q o < + (Du)ug + (Dug)u’s — Divoy(p, u}), ¢> + boundary terms.
f t)

We are unconcerned with the boundary terms since we already recovered the linearized
velocity matching boundary condition on I';(t). We likewise apply (4.2.5) to the right

hand side of (4.5.6) and recover the linearized Navier-Stokes equation on €Q(?),

Guf

5 (Dus)ug + (Dug)uy — Divog(p',uy) = v} (4.5.7)

4.5.1.3 Elasticity shape derivative on Q°¢(¢)

The s-perturbed elastodynamics equations on §23(¢) are

82 s
@<a£>0@—DW%w3=£@7 (4.5.8)
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which for a smooth test function ¢ = ¢(z,t) € C1(0,T, Q) admits the variational formu-

// (0 () o) o).
// weve: +/OT/f(t)<Ue(ws)ns,¢>- (4.5.9)

We will first take the s-derivative of the left hand side. From (4.3.19) we have
) T
— (¥*)..D
as(/ / oe(p%) ¢)S:0
-/ [, (o {7Fe - Divae) o (@ o)} 0)

/ /r@ oL@ op)n— (@ O@,?’L)Divae(gp),gb>
_ /0 /w) (Divr,(o.(p)n ® (3’ 0 ), d) (4.5.10)

lation

matching the notation in (4.3.12), (4.3.13), and (4.3.14).

ds (/ /s<t < (;;) O¢S’¢>)

(which of course is the term not present in the steady state problem). We will compute

It remains to compute

s=0

the derivative in the same fashion as in the steady state case, by transporting the inte-

gral to the fixed domain, taking the s-derivative, and then moving back to the current

[ L))
(L L5,
[ (352.3)+ (52 se007'),
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L0 (Z2) o) s (5 (52) 0o )
- /oT /Qe(t) <pe (%) e ¢> i <pe (gig) ° @ (D)@ S0)> '

Next we apply (4.3.17) to the last line and obtain

0 T s 0*p° s
o () [ (B oe0))|
T 82/\/ 62/\ "
=/ / . <pe<atf)os0—DiV {pe a—;f) op® (P O@)},¢>
PRI
/ / < P op,n (0_;20) oso,¢> (4.5.11)

Taking (4.3.19) and (4.5.11) together we have an expression for the s-derivative of the
left hand side of (4.5.9):

o ([ [ (2 () o0) wotenne)|

[ L (-5

/T/Qe “ <D {[pe (%f) O@_Divae(¢):| ®(@’ow)},¢>
(@9

(@ o @)n = Dive, (0(e)n ® (7 0 ¢)), 0)

" /0 /ri(t) <<a ° Py (pe (%5) ° ¢ — Div 06(90)) >¢> : (4.5.12)

Some of the particularly complicated terms will cancel in the next step.

Next we will work with the domain term on the right hand side of (4.5.9). As in the steady
state case, the density p. implicitly depends on @ so we will transport the integral back

to the fixed (wrt s) elastic domain in order to compute the derivative. As a consequence
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of (4.3.20) we have,

0 < / ! / . )
a_ PeVes =
0s \Jo Jazu) < > 4=0
and by substituting the elasticity domain equation from (4.4.1) we obtain,
o[ L, )
-/ IR
[ / {0 (52) oo Divato. 00 o))

An application of (4.3.17) yields

([ o)
:/0 /Qe@) (peve: @)
_/T/ <_Div {[’) (%if) O@—Di”e(sﬂ} ® (95'090)} ,¢>

// <90°*0’ (pe<gi5)ow—DiVUe(w)>,¢>. (4.5.13)

We take (4.5.12) and (4.5.13) together and substitute back in to (4.5.9) to obtain the

following:
[ (o (22) o et o)
/OT <D“’ { { (%f) 0p— Diva&w)} ® (P o so)} ,¢>

/0 (t) .(#' o )n — Divr, (ae(@)n®(ao¢)),¢>
! /OT F1<t)< Pop.m) (pe (%f) "o Diwe(@)) ’¢>
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- [ bt
/ / <D{[ (gitf)w_mwem]®<aw>},¢>
/ /(t)< P op,n (pe (f;izf) oso—Divoe(sD)) ,¢>
2 ( [ /f(t)<ae<sos>n5,¢>)

After cancellation we have,

/ ' L. (o (52 o - {mi@esl} o)

+ /OT /F'(t) <mn — Divr,(oe(9)n @ (@' 0 9)), ¢>

-/ ) / ot 2 ( / ' / f(t)<ae<sos>ns,¢>>

Letting ¢ have compact support we recover the linearized domain equation on Q. (t):

s=0

(4.5.14)

s=0

82(/ﬁl
Pe| == | 0o —Div {0L(P o) s = pv. 4.5.15
at2 e e

4.5.1.4 Linearized Stress Matching Condition on I';(t)

Substituting (4.5.15) in to (4.5.14), we are left with the following equation on the interface

/ /I‘(t (@ 090n—DlVr(ae(w)n®(g§’o¢)),¢>

-2 ( [ f(t)<ae<sos>rﬁ,¢>>

This is precisely the scenario found in the steady state case, (4.3.21), with the exception

(4.5.16)

s=0
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of the integral in time and that the domains depend on t. The same analysis carries

through, however, and we have the boundary condition for the dynamical case:

al(@ op)n = o (p,us)n + B(@ o), (4.5.17)

where B is defined as in (4.3.6).

This completes the proof of Theorem 4.5.1.
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Chapter 5

Linear Adjoint

5.1 Introduction

In the previous chapter we found the sensitivity equations for the steady state case,
(4.3.5), and the time-dependent case, (4.5.1). These sensitivity equations provide the
needed characterization for the s-derivatives ((u’,p’), @ o ) that appear in the formu-
las (4.3.3) of the directional derivative of the cost functional dJg(v;v’) and (4.4.4) for
0J(v;v"). However, in both cases the directional derivative expression does not actually
represent the gradient of the cost functional, since it is not explicitly linear in ¢’. In fact,
in both cases v" does not even appear in the chain rule computation, since it is hidden

in the sensitivity equations, (4.3.5) and (4.5.1), for the s-derivatives u’, p', and @' o .

This dependence can be fleshed out by the introduction of a suitable adjoint problem
that eliminates the s-derivatives and provides an explicit representation of the gradient
of the cost functional. In this chapter we will derive the linear adjoint equations for the
steady state case, in which the gradient of Jg at v is denoted by J§(v;v’), and for the
time-dependent case, in which the gradient of J at v is denoted by J'(v;v’). With the
development of the appropriate linear adjoint systems we can also (formally) write the
first-order necessary optimality conditions for the optimal control problems (3.1.13) and
(3.2.2).
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5.2 Steady State Case

5.2.1 Goal and strategy

The goal is to emulate the proof of Lemma 1.2.2 in [1] in order to make precise the
dependence of the linearized variables ((u’,p’), @' o ) on the control v’. The strategy is
to derive a bilinear form based on a variational form of (4.3.5), and to use the bilinear

form to extract the adjoint equations.

5.2.2 Variational Form

The first step is to write (4.3.5) in a variational form. Using test functions @, P, and R,

we obtain a weak formulation for (4.3.5).

/<(Du’f)uf+(Duf)u’f—DiVUf(ulf,p’),Q>—/ Pdivid,

Qf

_/6<D1VW,R> = /Qf@/!gf,Q) +/6<UI

0., R) (5.2.1)

We integrate by parts in the first term of the lefthand side of (5.2.1).

By (4.3.17) we have

/Q (D uy, Q) = — / (DQ)ug + (divuuy)Q,y) + / (g o0, Qs ),

09
and using the facts that uy = 0 on 9§y and divu’ = 0 on 2y we obtain
| (oipur.@y =~ [ (0@ (522)
Qy Qf

In order to integrate the fluid stress tensor we require an adaptation of Green’s first

identity for a suitably regular matrix-valued function B and vector-valued function a

66



(which will be useful elsewhere as well):

/Q B..Da + (Div B,a) — / (Bn, a) (5.2.3)

r

An application of (5.2.3), as well as the definition of matrix inner product, defined in
Section 1.1, and the property of the trace that it is invariant under cyclic permutations,

yields

/ <—Divaf(ulf7pl)7Q>:/ oy (u},p').-DQ — (o7 (uy, p')non; Q),
Qy Qf e
:/ 2ve(uy)..DQ — p'div (Q)
Qf
_ / (o5 (s, nag,, Q)
EloR
_ /Q Du205(Q) ~ v (@
_/ (o4 (W, p)nagy, @),
09
:/Q (u’f,—DiV (2ve(Q)) — p'div (Q)
f
v [t 2 (@mn,) — (st i, Q)
09
_ /Q (1, —Div (2v2(Q)) — pdiv (Q)
f
[ fosuy @)~ G 2@
—/Ff(af(u},p/)nrﬁQ)-

where in the last step we used the fact that u’f = 0 on I'y and that n = —ny on I';.

Together we have
/Q <(Du})uf + (Duf)u} — Div Uf(u'f,p’), Q) =
s

~ [ 5. (Duy)Q = (DQJus = Div (20£(Q)) ~ /(v Q)

67



+ /F(Uf(U}ap’)na Q) — (uf, 2ve(@)n)
—/r (op(uf, p)nr,, Q). 024

We integrate by parts in the second term of the lefthand side of (5.2.1) and use the fact
that u; = 0 on I'y, We obtain

_/Q Pdivu’f:—/m P<u'f,nagf>+/ﬂ (u;, VP)
f f f
—/ P(u},n>+/ (u}y, VP). (5.2.5)
r;

Qf

Next, the following lemma for integration by parts on the linearized elasticity stress tensor
will be useful:

Lemma 5.2.1. Consider a smooth test function R. Then the following integration by
parts formula is valid for o’ (as defined in (4.3.14)):

N /Q <Dz’vm,ﬁ>> - —/Qe <ao<p, Dwm>
+ /F <95' 0 %Ué(R)n> - <mn, R>. (5.2.6)

Proof. We apply (5.2.3) to the righthand side of (5.2.6) and then substitute the definition

of the linearized stress tensor o’ (¢’ o ¢):

—/QE<DiVW,R>=/QEW~DR—/ (@7 o p)n, )

T

:/ [(Dﬁow)ae]..DR+/ JWE@((@’O@),@))..DR

e e

_ /F (@ o, B (5.2.7)

In the subsequent steps we again use the definition of matrix inner product and the

invariance under cyclic permutations of the trace. For the first term on the righthand
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side of (5.2.7) we recall that o, is symmetric and use (5.2.3) to obtain

/ (D@ o p)oe]..DR = D@ o p..[(DR)o]

e Qe

__ /Q (7 0 . Div[(DR)o]) + / (@ oo [(DR)on) (5.2.8)

T

For the second domain term on the righthand side of (5.2.7), we first note that

J(©)S(E(F 0@, 9)..DR = X(E(@ o p,¢)).. [JDR]

where DR := (Dp) *DR(Dy)~" and (@' o ¢) is defined according to (2.4.6). Using

properties of the trace we obtain

/ [ATr (D@ o ¢)I].. [JDR] = ) D@ o .. [JN(De) " {Tr (DR)I}(Dyp)™*]

_ _/Q (7' 0. Div [JA(Dy) Y{Tx (DR)I}(Dy) ")

+ [ (70w [INDe) (T DRIND) ] ) (529)

Similarly, we have

/e u[DZ o o+ (DY o ¢)*].. [JDR]
= —/Qe (¢ 0@, Div {Ju(De) ' [DR + (DR)*)(D) " })
+ /F (¢ oo, {Ju(Dp) ' [DR + (DR)*|(Dp)*} n) (5.2.10)
Combining (5.2.9) with (5.2.10) we obtain
/ JQEEP o e0).DR= - / (7o p.Div [JSE(R.0))

N /F (@ o, [JEE(R, 9)] n)

Using (5.2.8) and (5.2.11) back into (5.2.7), we obtain the integration by parts formula
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for the linearized elastic stress tensor:

Taking (5.2.4), (5.2.5), together, applying Lemma 5.2.1, and substituting the boundary
condition from (4.3.5), we obtain that (5.2.1) is equivalent to

/ (uy, (Dus)*Q — (DQ)uy — Divoy(Q, P)) — p/(div Q)
Qs
+ [ ot imn.Q)
ol ivo! (R) 5 o0 o (R) .
_/ <gp o, DlVO'e(R>> +/ <g0 o, 0l (R)n+ (Duys)*os(P, Q)n>
Qe I
~ [ (st + 5@ 00 B~ [ tostal e, Q)
i s
= /Q (V']a,, Q) + / (Vo., R) (5.2.12)
f .
This weak formulation of the state equations, (5.2.12), motivates the introduction of the

bilinear form from which we will recover the adjoint system for (@, P, R).
Definition 5.2.2 (Steady State Linear Adjoint Bilinear Form).

a((a, B),7;(Q, P), R) ==
/Q (., (Dug)"@ = (DQ)uy — Divoy(Q, P)) — Bdiv@Q)
+ [ osla Q)

= [ (3 Diecl®) + [ (3.2 + (Dugyos(P. @)
_/r- (o¢(a, B)n+ B(7), R) —/ {o7(a; B)nr,, Q)

Ly
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Qe

- /Q Wl Q)+ / /]a., R) (5.2.13)

5.2.3 Adjoint Derivation

For smooth test functions «, 3, , we set,

(@)% @ PN R = [y —vaa) =5 [ ur—uaPor) + (0, 0)e, (5:210

Q T,

where the righthand side comes from (4.3.3). We proceed to consider cases in order to

recover the system for the adjoint variables ((Q, P), R).

5.2.3.1 Casel:a=7=0

Consider v = v = 0. Then for all § we have

0=~ [ BavQ)+ [ sonr-Q = [ lo,.Q) (5.2.15)

Ly
Take 8 to have compact support on d€2;. Then (5.2.15) reduces to
Qy

from which we recover div @ = 0 in 2.

Next, we take § such that SB|r ; = 0. For all such 8 we have

O:/ ﬂ(naR_Q>7
T
Which implies that (R, n) = (@, n) on I';. Substituting this condition back in to (5.2.15)

we recover (Q,nr;) =0 on I'y.

In the sequel we will enforce the following stronger boundary conditions, in order to
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recover the remaining equations in the adjoint sensitivity system:

QQ=Ronl}, (5.2.16)
Q=0onTYy. (5.2.17)

5.2.3.2 Case2: f=v=0

Next, we consider the case that 8 = 7 = 0. Then, from (5.2.13) and (5.2.14), for all o we

have,
/<W—uwﬂ=/<%@WWQ—U@Wr4hWA@P»
Qf Qy
+ [ freainQ =R~ [ (re(a)n,,Q),
:/ﬂ (o, (Dus)*Q — (DQ)uy — Divo(Q, P)), (5.2.18)

after substituting (5.2.16) and (5.2.17). Since (5.2.18) is true for all a, we recover the

domain equation for () and P,

(Dus)*@Q — (DQ)us — Divoy(Q, P) = up — ug in . (5.2.19)
5.2.3.3 Case 3: a=p=0
Finally, we consider the case that & = § = 0. Then, from (5.2.13) and (5.2.14), we have,

5 | (s =g == [ (5. Dival(m)

+ /F <%02(R)n + (Dug)op(P, Q)”>

— /1“ (B(@' op),R). (5.2.20)

As previously, we first consider the case where v has compact support on €2.. Then |, =
0. Moreover, B(v)|r, = 0 because B : H'/?(T;) — H~Y/?(I;) is tangential, according to
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Proposition 6.2 in [11]. Then for all v we have

0:—/E<%Divm>,

from which we recover the domain equation

Divol(R) =0 on Q.. (5.2.21)

Substituting (5.2.21) back in to (5.2.18) we have,

%/ﬁ‘w — ugl*ng, ) :/F. <7’m” + (Dug) o (P, Q)n>

_ /F (B(), R). (5.2.22)

In order to recover the corresponding adjoint boundary equation the following lemma
will be useful (and will be helpful in the following section as well).
Lemma 5.2.3 (Integration by parts of linearized boundary terms.). For R,y € H'*(T})

we have the following integration by parts formula:

_/r- (B(v), R) :/ (7, Ba(R)). (5.2.23)

r;
where B(v) is defined in (4.3.6) and

Ba(R) :=divr,[(cc(p) — of(p,us))Rln — <H0f(p, ug)n + %n, R> n

— (Do%.n)*R — Divp,(n ® 0.R) + Vr,{o.n, R). (5.2.24)

Proof. We recall the definition of B(~):

B(v) :=loe(w) = a5(p,ug)] - Ve (@ o p,m) + (v,m) (H osp ugn + %">

— 0o(Dr,y)'n+ (divr,y)oen + (Dr,o..9)n. (5.2.25)
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For simplicity of exposition, we define

By = oe(p) — or(p,uy), (5.2.26)
By = Hog(p,up)n + %n. (5.2.27)

Observe that B; is a symmetric matrix such that Bin = 0 (from (2.5.1)), and B is a
vector. Both depend only on the solution to the nonlinear coupled system (2.5.1) and

not on 7.

We substitute the definition of B, defined in terms of B; and Bs, and carry out the proof

term-by-term. We have,
[ BB
I
= / <_Bl ’ vri(W? n) - <77n>82 + O—e(DFfY)*T% R)
r;

_ /F {(diveyoen + (Dr,o)n, R), (5.2.28)

By arithmetic with By we obtain,

[ BBy = [~ (o, ) (5:2:29)

Next we use the symmetry of B; and (4.2.8) to obtain,

/1“1.(_31 -V, {(y,n), R) = /F —(Vr,(y,n), Bi - R),

_ / (. div . (BiR)n — H{By R, n)n),
ry;

_ /F (v dive, (B B)) (5.2.30)

where in the last step we use the aforementioned fact for the symmetric B; that Bin = 0.

For the next term in (5.2.28) we use the symmetry of o, and the identity for a matrix A
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and vectors b, c: (A-b,c) = c®b..A. We can then apply (4.2.9) and obtain,

/Fi (0e(Dr,y)n, R) = /F (n, (Dr,y)oR),

:/ n® o.R..Dr,7,
ry;

= / (v, Hn®o.R)n —Divr,(n ® g.R)). (5.2.31)

We apply (4.2.8) to the next term in (5.2.28) to obtain,

_/F.((divpﬁ)aen, R) = / (7, Vr,{oen, R) — H{oen, R)n). (5.2.32)

I

Finally, we consider the term — / ((Dr,0..7)n, R). Recall that the term Do, is a three
I

entries tensor representing the gradient matrix of o, which arose in the derivation of the

s-derivative of the Cauchy stress tensor o7. In particular, since
Vi, 3, ((02)i 0 ps) = (00)ij 0 0 + {(V(0e)is) 0 @, ¢") = (0¢)ij © 0 + [(Or(00)iz) © plgr,
Do, is defined as (Doe.f);; = (Ox(0¢)i;) fr- We introduce the following notation,
(Do fik = O(0e)isf;,

and then we can integrate by parts in components.

/F (Do) n. R) = /F (Oulo)iy) (), B
:/F.V’“(a’“("e)iﬂ”)j}?i) = / (7, (Do n)"R). (5.2.33)

T

Substituting (5.2.29), (5.2.30), (5.2.31), (5.2.32), and (5.2.33) back in to (5.2.28) and

cancelling where possible, we obtain,

[ =86 8) = [ v (B — (B By — (Do) R),

T
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+ / (v,—Divr,(n ® 6.R) + Vr,(cen, R)). (5.2.34)
r;
The definition
Ba(R) := divp,(ByR)n—(By, Ryn—(Do> n)*R—Divr,(n®c.R)+Vr,{o.n, R), (5.2.35)

and this completes the proof.

O
Substituting the result of Lemma 5.2.3 in to (5.2.22) we obtain,
1 2 x
[ (s = wnsr) = [ (2 n-+ (Dugy (. Q)n)
+ /F {1 Ba(R) (5.2.36)
which is true for all test functions v and thus implies the boundary condition
—%|uf —ug*n = o’(R)n + (Dus)*o;(P,Q)n + Ba(R) on T;. (5.2.37)

5.2.4 First Order Optimality Conditions and Gradient Recov-

ery

With the adjoint equations derived we state the lemma which will allow us to state our
main result:
Lemma 5.2.4. Let vy be given in Eg(Q2) and let

(W} (01),p'(01)), @' (1)) = ((Puy/ Do, Dp| Dv), D] Dv) - v1)

be the Gateaux derivative of the mapping v — ((ug,p), @) in the direction vy, which solves

(4.3.5); then for every admissable v, we have

(tsloy (006 00)) + [ {ualr (@0 9)(00)

Qf Fi
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= [ Qe P vl + [ (B, o) (5.2.38)
Qy

e

where ((Q(va), P(ve2)), R(ve)) is the solution of the linearized adjoint problem

((Du)'Q — (DQ)us — Divay(P.Q) = wla, 9y
—Divol (R) =0 Q.
(5.2.39)
Q=R I';
oL(B)n + (Duy)'os (P Q)n + Ba(R) = valr, T
\Q =0 Ff

with
BA(R) := divy, (BiR)n — (By, R)n — (Do®.n)*R — Divp,(n ® 0.R) + Vr,{o.n, R).

Proof. We start with the first term on the lefthand side of the (5.3.11) (suppressing the

dependence on v; and vy for the moment).

/ <U2|Qf7 (U},p/» = / <(Duf)*Q — (DQ)uy — Divos(P, Q),u}> —pdivQ (5.2.40)
Qf Qf

Working term-by-term, or the first term we use a matrix transpose property and obtain

/Q<<Duf)*Qaulf>:/Q (Q, (Duy)u}) (5.2.41)

In the next term we use (4.3.17) and the facts that u; = 0 on 9Q; and divuy = 0 in Q;

from the original nonlinear coupled system (2.5.1) to obtain,

| = 0@y
- /Q (Q, (Duy)uy + (divug)ul) — / (Q, (uy - naa, )uf),

00
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- /ﬂ (Q, (D )uy). (5.2.42)

Next, we apply the matrix formulation of Green’s identity, (5.2.3), as well as divuy =0

in ¢, and simplify to obtain,

Il ZO\
S— 55— 55—~

—Divoy(P, Q),u'f>

Jf(P,Q)..Duf—/ (o (P,Q)ny, ul),

f r;

—Pdivu)s + 2ve(Q)..Du’s + /,<Uf<P’ Q)n, u})

! I

= —Pdivus + 2ve(uy)..DQ + / (o (P, Q)n,u)
f I

= —Pdivu’s — (Div2ve(uy), Q) +/ (of(P,Q)n,us)
f I

+

5

(2ve(uf)ny, @),

I
S~

~Div2ue(u), Q) + [ (or(P.QIn ) ~ (2w, Q).

f r;

(5.2.43)

Finally, we use Green’s identity and the boundary condition in (5.2.39), @ = 0 on I'f, to

obtain,

—/pr’din:—/{9pr’(Q'Nan)+/Qf<Qan/>

:—/Fip'<c2-nf>+/ﬂf<c2,w>
-/ (@on) + | @.ww. (5.2.44)

Qy

Taking (5.2.41), (5.2.42), (5.2.43), and (5.2.44), together and substituting back in to
(5.2.40), we have,
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/Q (vala,, (U}, p)) = /Q (Q, (Dus)uy + (Dug)uy — Divop(p', uf))
+ [ 0P Q) = sl . Q)

and by substituting the linearized Navier-Stokes domain equation from (4.3.5) we obtain,

| Gwlo 000 = [ (@)
Qf Qf

+ [ onP.@nt) = o, 6. Q). (5.2.45)

The remaining extra terms will cancel in the last step.

We then work with the second term on the lefthand side of the integral in the (5.3.11):
[ o) = [ ([ + (DupyorP.Q|n+ Ba®).F o), (5240
Fi Fi
and consider each term in turn. For the first term, we use Lemma 5.2.1 and obtain,
/ <0£(R)n,{5’ o gp> :/ <R, ol (¢ o gp)n>
—|—/ <R, Div o’ (¢ o gp)> — <Divaé(R),{0\’ o <p> : (5.2.47)
Qe

We then substitute the elasticity domain equations from the linear coupled system (4.3.5)
and the adjoint system (5.2.39) to obtain,

/r,. <mn 7o s0> - /F <R’W”> + /Q (R,vila,) - (5.2.48)

For the next term substitute the linearized velocity matching boundary condition from
(4.3.5) to obtain,

/ (Dug)os(PQ)n. @ o p) = / (04(P.Q). (Dus)(@ o 0)) .

r; ry;
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= /F (o(P,Q)n, —uf) . (5.2.49)

For the final term in (5.2.46) we apply Lemma 5.2.3.
[1& ooy = [ (-B@ o). (5.2.50)
Fi Fi
Substituting (5.2.48), (5.2.49), and (5.2.50) in to (5.2.46) we obtain,
[tk gon = [ (Rula)+ [ (REFn-BE 00)
I e I
—/ (of(P,Q)n,uf) (5.2.51)
ry;

Finally we add (5.2.45) and (5.2.51).

/ <’U2‘Qf, U’f7 >+/ 'U2|F1790 O(’0>
o r,
:/ (R,v1]q,) ((Q. P),viq,)

Qe

Qy

+ /F <R,Wn —B(p o gp)> _ <Uf(p/,u/f)n7 Q)
_/r- <0f(P,Q)n,u’f>+/F (01(P,Q)n,uf).

i

We cancel terms and substitute the linearized stress matching boundary condition from
(4.3.5) and the boundary condition Q = R from (5.2.39) to complete the proof.

Lemma 5.2.4 allows us to state our main result.
Theorem 5.2.5. [First Order Optimality Conditions for Steady State Optimal Control
Problem] Let (T; (@, D), ?) be an optimal pair for the optimal control problem:

min Js(uy, v) = 1/2|lu — Uf||%2(szf) +1/2||v]|3yq)
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subject to (2.5.1). Then v satisfies the following system for m = 1 in Definition 3.1.11:

)
Uy — Avy +(Q, P)(uy —ug) =0 Qf
T — AU, + R (— 3y —ugl’n) =0 €
(Dve)n = (Dug)n I
\(Dﬁf)n = 0 Ff,

(5.2.52)

where ((Q, P)(uy — uq), R(=1/2[a; — ug|®n)) is the adjoint state that is the solution of

the linearized adjoint

((DUf>*Q - (DQ)Uf - DiUUf(P, Q) = ﬂf — Uq Qf
—Divo!(R) =0 Qe
(5.2.53)
Q=R L
Ué(R)?”L + (DUf)*(Tf(P, Q)TL + BA(R) = —%|ﬂf — ud|2n T
Q=0 r;.

Proof. Let Let (7; (@, p), §) be an optimal pair. Recall the computation of the directional
derivative of Jg in the direction v’ (4.3.3). We have,

1

OJs(viv) = | (@ uauy) = 5 / (Jus = waPn, @ 0 ) + (v.0)es
f i

= /Qf ((Q, P)(@ — uq)),V'|q,) + /Q <R (—%Wf - Ud\Qn) v Q>

+ (v,7")eg(0),

by Lemma 5.2.4. We expand the term (v,v")e ) (by definition for m = 1) and use
(5.2.3):

(v, V) eg () :/Q (vf,v"y + Dvg.. DV +/ (Ve, V') + Dv,..DV',
s

Qe

:/ (vp — Avg,v') +/ (Ve — Avg, V')
Qy

Qe
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+ /mf((va)nan,U,> + /Fi<(DUe)n>U/>'

Since Jg attains it’s minimum at 7, we have that 0.Js(v;v") = 0 for all v" € E5(Q2), so by

considering cases for v we recover the system (5.2.52).

O

The derivation of the adjoint system and Theorem 5.2.5 also yields the following corollary
which is relevant to subsequent numerical investigations, as the explicit representation of
the gradient of the cost functional provides directions for descent.

Corollary 5.2.6. For the target velocity optimization problem, the gradient of cost func-

tional Jg is given by

Js(v;v') = (v, 0)eg) + (Vq,, (@, P)) + (v

a., R), (5.2.54)

where ((Q, P), R) solve the linear adjoint problem (5.2.53).

5.3 Dynamical Case

5.3.1 Goal and strategy

The goal is again to emulate the proof of Lemma 1.2.2 in [1] in order to make precise
the dependence of the linearized variables ((u/,p’), @' o ¢) on the control v', this time in
the context of the time-dependent case where ((u’,p’), ' o ) solve (4.5.1). The strategy
is again to derive a bilinear form based on a variational from of (4.5.1), and to use the
bilinear form to extract the adjoint equations, while attempting to make use of the results

from the steady state case wherever possible.
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5.3.2 Variational Form

The first step is to write (4.5.1) in a variational form. Using test functions @, P, and R,

we obtain a weak formulation for (4.5.1).

//Qf< D)y + (Dug)edy DlVUf<“f?P>7Q>
//Qf Pdivus + // <pe(at26)o¢—DiVW,R>
/O/waygf,cm/o /f”/

Highlighted in the variational form (5.3.1) are the terms present in the dynamical case

(5.3.1)

Qe?

which were absent in the steady state case, so we consider those terms in the development

of the bilinear form from which we will obtain the adjoint system.

For term I, it is helpful to adapt the formula for derivatives of domain integrals in [20]:
Lemma 5.3.1. [Integration by Parts in Time over a Time-Dependent Domain] For ¢,& €
L2(0,T; L*(Q)), the following integration by parts formula holds:

//< ()= L ea-] we
// <¢’ ;)" //m(t)“ (1)), na),

where V (SUt)) is the velocity which builds the boundary 0Ut) and ng is the unit outer

normal with respect to 0S2.

Using Lemma 5.3.1 we obtain,

RN IRy ORCCRY R CE 5

// (u}, Q) (V(Qs (1)), no0, 1)) -
0 JoQ(t)
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We recall that u; = 0 on I'y, and substitute u’;(0) = 0 and n = —n;. Further,we have that

~

since @ : Qf — Q¢(t), the speed which builds the boundary I';(t) is V(Qs(t)) = 8(5 ©.

So we obtain,
/ /ﬂf ® <an > - /Qf(T)<U/f,Q> - /T /Qf(t) <“}’%—?>
/ /r<t> U @ <at own > (5.3.2)

In the case of term II in (5.3.1), there is a time derivative of @', which is defined on
the Lagrangian frame. Consequently we take the approach of transporting the term to
the reference configuration, integrating by parts, and transporting back to the current

configuration. Define R:=Ro @ and we obtain,

e oy, R
//Q(t)<p(at2) i >
82/\/ R

:/0 /A <poat2,Roso
/ agoeRT_/T/ _ 07, OR
B ot o Jo ot ot |
LR L

ﬁe Oata

/ /Q(t) <<P6090:pe <a—f> 90>, (5.3.3)

where we have applied that @,(0) = —=—(0) = 0.

For the remaining terms in (5.3.1), the following relations on domain integrals follow

readily from the steady state derivation:

T
[ (D (D, @)+ 015).00 — (v P
£t
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= /(; /Q (t)<u/f7 _(DQ)Uf + (Duf)*Q _ Div (O'f(P, Q))) . p/div (Q)

+ /0 ' /F i(ﬁ)w;, —04(P,Q)n), (5:34)

which uses the facts that u|r, = 0 and n = —ny, and

[, o
// (@' o, DlVO' // (P 0w, ( )) (5.3.5)

from Lemma 5.2.1.

We substitute (5.3.2), (5.3.3), (5.3.4), and (5.3.5), in to (5.3.1):

/OT /Qf(t) (v}, (@, P)) +/0T /Qe(t) (peve, R

[ (=5 - 0@+ (Dupy@ - Div P @) v (@)

+/T/e(t) <@o P, Pe (%%?) ogp—Divm>
/ /F(t oWy, p)n, Q) — (oL(F o @)n, R) + (7' o ¢, 0L (R)n)
N R r——

/ 8 ~ -, aﬁ
+/Qf(T)<uf’Q>+/§ < T (T),R(T)> - <pog0 (T),E(T)>. (5.3.6)

Next we substitute the boundary conditions from (4.5.1) into (5.3.6) and obtain the

following weak formulation of (4.5.1):

/Téf<%J@P»+AaéMOu@R

/ /Qf t>< ' — (DQ)uys + (Duy)"Q = Div (o4(P, Q))> — pldiv(Q)
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<( ) — (Dug)(@ o 9), <%—f o so,n> Q — Uf(P,Q)n>
(uf, Q) +/§ <p086t (T)JA%(T)> - <ﬁo@’(T), aa_]?(T)> ’
mu<ff_ — (DQ)uy + (Duy)"Q — DwaﬂPQ»>—ﬂ&wQ)

/ <@O¢,pe<%2—§>ogo—Diva >
/ (i, 'Y, Q) — (o5(u ') + B(Z' 0 0), R)
|

/

(7o T+ (Duya (.= (5 00 ) (Duy) Q)

.\
0 Jry(
' )<(8£) <aaf oo >Q—af<P,Q>n>

+ [ RO / <p088t <T>,E<T>> - <ﬁo@'<T>,%—Jf<T>>. (5.3.7)

To complete the weak formulation and derive the adjoint equations, we must consider

the term / / <<8S0 ) <aaf Y, n > Q —og(P, Q)n> We require a formula for
)

integration by parts in time on the boundary. First, for simplicity of exposition, define

IS
s
I,
s
s
-
[
of
I
J

the operator

0
]CF(t) [w] = azf

where V' is the speed that builds the boundary I'(t).
Lemma 5.3.2. [Integration by Parts in Time on a Time-Dependent Boundary/ For

+ (DY)V + dhdivreV, (5.3.8)
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& € L*(0,T; L*(09)), the following integration by parts formula holds:

[ ] (Geee)
~ T ~
N /F(T) - /F(o) <€ o ¢> - /0 /r(w <§ 2ot M> |

The formula is obtained by transporting the boundary integral to the fixed (in time) ref-
erence configuration, performing the IBP, and transporting back to the moving boundary

and carrying out the composition with ¢.

Applying Lemma 5.3.2 to (5.3.7), we obtain the following equivalent weak formulation
of (4.5.1):

T T
/ P . /,R
/0 / PREACEOR / / R
T
[ [ (=52 = (DQus + (DugQ - Div (oy(P.Q)) ) - v (@)
0 JQ()
T _ &°R e
+/0 /Qe(t) <<po @, Pe (W) op— Dlvae(R)>
T
s [ ot pn @) ~ ot + BE 0 0), )
0 JTu(t)
T o o~
+ / / <g3' o, 0l (R)n+ (Dus) op(P,Q)n — <%—f o gp,n> (Duf)*Q>
0 JTu()
g ~ 0P
[ [ (reomsin (or)a-ssrand]
/ _ 09, ~ - OR
+/QII(T)<Uf,Q> +/§e <po 5 (T),R(T)> - <Po<P (T),E(T)>

o
[ (FewGrovn)@-anom). (5:39)
Li(T)

The weak formulation of the state equations (5.3.9) motivates the introduction of the

bilinear form from which we will recover the adjoint system for (@, P, R).
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Definition 5.3.3 (Time Dependent Case Linear Adjoint Variational Form).

ol(0,0),7%: (@ P). B) =
o, <“f’ - 52~ (DQus + (Dus)'Q = Din (o (P @>>> — Bdiv(Q)

2/\ —_—
+ /e(t <90090,pe (%) oso—Divcfé(R)>

/O /F(t) ,B)n, Q) — (of(a, B)n + B(y), R)

o)

+

~

<7,mn + (Dug) oy (P, Q)n - <aa_‘f o go,n> (Duf)*Q>
[ ety
o[ s [ (3. Rm) - <ﬁo@(T),%—Jf(T)>
-/ im< @f o)1 >@—af<P, Q)n>. (5:3.10)

Subsequently, the adjoint equations can be found according to a similar process as was

I
s

carried out for the steady state case.
5.3.3 Gradient Recovery and First Order Optimality Condi-
tions

We can now state and prove the following result, analogous to Lemma 5.2.4.
Lemma 5.3.4. Let vy be given in E(Y) and let

(W} (1), p'(01)), @' (1)) = ((Puy/ Do, Dp| Dv), D] Dv) - v1)

be the Gateaux derivative of the mapping v — ((uys,p), p) in the direction vy, which solves
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(4.5.1); then for every admissable vo, we have

/ / (vala, ), (Wp(ve), P (v1)) / / (v2]r,, (&' 0 ) (1))

Qr(t) I;(t)

/ / 7]2 v2 U1|Qf t)>‘|’/ / U2 /Ul‘Qe > (5311)
Qp(t)

where ((Q(vq), P(ve)), R(ve)) is the solution of the linearized adjoint problem

(_%_Ct? — (DQ)Uf + (DUf)*Q — D (O’f(P, Q)) = U2|Qf(t) Qf(t)

div (Q)A: 0 Q (1)

De (%) op— Divc'(R) =0 Q. ()

Q=R Ti(t)

o (R)n + (Duy)'os(P, Q)n (5.3.12)
— <€;—f o go,n> (Dus)*Q + Ba(R)

—Kr, ) K%—f o 90»”> Q —oy(P, Q)”} = va|r, (1)

Q =0 Ff
i) = 0.2 ) = ) = s () — o (0.7 x (0

with

Ba(R) := divy,(BiR)n — (By, R)n — (Do>.n)*R
— Divp,(n ® 0.R) + Vr,{0en, R),

oW 0% . 9%
W + (DW) <E e} QD) + Wdl’l)ri(t) <E e} gp) .

Proof. We start with the first term on the LHS of (5.3.11).

/oT/ng(t) <U2|Qf(t)7(u/f<vl>7p/(vl))>

Kr,W]:=
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“f L 5

T
+/ / ((Duyg)*Q — (DQ)uy — Divoyp(P,Q),u}y) + p'div Q. (5.3.13)
0 JQp(t)

We apply Lemma 5.3.1 to the first term in (5.3.13).

[ (5i)- / I <—'f >

//agf (i @ <V Q (1)), noa, ) - (5.3.14)

By substituting the initial conditions from (4.5.1) and (5.3.12), and the boundary con-

dition u/|r, = 0 we obtain,

L) =[], Gle)
N /0 /Fi(t)wf]c,@(vmf(t)),m. (5.3.15)

For the remaining terms in (5.3.13) we apply (5.3.4) and obtain,

/ /Q (t)<ulf7 _(DQ)Uf -+ (Duf)*Q — Div (O’f(P, Q))) _p/diV (Q)

T
:/ /Q ()<(Du/f)uf + (Dug)uy, Q) + oy (¢, u})..DQ — (div;) P
£t

) /OT /M) oy (P.Q)). (5.3.16)

Taking (5.3.15) and (5.3.16) together, and recalling that the speed which builds the
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-~

ALY ©, we obtain,

ot

//Qf(t v2\aft) (s (v1), 9 (1))

boundary T;(t) is V(Q(t)) =

: 0p
/r‘l(t) <Uf,0'f(P,Q)7’L - <§ o QO,TL> Q>

T o /
= [ (G pivlosa. @) - ivid P
o Josm

// (Q, 050, u)n). (5.3.17)

Next we work with the second term on the lefthand side of (5.3.11).

/T/F © <U2\Fi(t)a(@'0¢)(vl)>
R+ (Dup)or(P.Qin— ( 22 o o) (Dup)y Q.7 o
-[ [, (7 G
+/0 /Fi(t) <BA(R) — Kr, @ {<¥ o gp,n> Q —os(P, Q)n] ,p o gp> ) (5.3.18)

We integrate by parts using (5.2.1) and obtain that (5.3.18) is equivalent to

/T/ Divm, 5o g0> _ <R, Divm>
/ /F o ol (@ o p)n > + <(Duf)*0f(Pa Q)n — <%—f o %n> (Dugp)*@, @ o 90>
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T 95 3
+/0 /Fi(t) <BA(R) — Kr, Ka—f o, n> Q—oy(P, Q)n] ,p o gp> ) (5.3.19)

Next, we substitute the structure domain equation from (5.3.12). We also apply (5.3.3)
and initial conditions from (4.5.1) and (5.3.12) to obtain that (5.3.19) is equivalent to

r 82§ ~ T N
e | = | ow, P o —(R,Divol(y’' o
/0 /Qe(t) <p <8t2> @ 90> < ivol (3 90)>
T YT INAY * a;p\ * ~
w [ [ (RE@ P+ ( DuporP.Qn— (G ovun) (Dupy Q. o
0 Jri)
T 0P .
/ Ba(R) — Ky |{ 2 0p.n)Q — op(P.Q)| .7 o),
0 i(t) ot
T 82@/) >
= R, p. ) op—Dival(@ o
/O /Qe(t)< P (&2 © (P o)
T ~
o
0 T;

o (oFEn) 4 (uyo,p.@m= (5 opm) (Duya.o¢)

T 05
+/O /Fi(t) <BA(R) — Kr, ) [<a—f o, n> Q—o¢(P, Q)n] ,p o g0> . (5.3.20)

Next, we apply Lemma 5.2.3 and Lemma 5.3.2 and initial conditions from (4.5.1) and
(5.3.12) to obtain that 5.3.20 is equivalent to,

[ [, (105 m)
//W o o P —B(F 09))
[ /w<<Ew,n>Q—af<P,@>n,aa—fw—<Duf><aoso>>. (5321)

Finally, we substitute the linearized sticking condition from (4.5.1) and obtain,

[, o
TR
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/ /F(t sow)n—B(s?w)>
+/0 /m) <<Eo¢,n>Q—af(P, Q)n,u;>. (5.3.22)

The final step is to add (5.3.17) and (5.3.22). We substitute the domain equations from

(4.5.1) (including the divergence free condition) and we obtain
T T
/ / -~
[ Gl @) s@+ [ sl 3 2 0)wn)
0 Qf(t) 0 Fi(t)

:/T/Qf <Q701|Qf(t)>/T/Qe(t) 2.(1))

/ /F © L@ o 80)?”0 —B(@ o gp)> — (o4(p, u})n, Q)

:// <Q,U1\Qf(t)>// + (R, vilo.) »
0 JQ() 0 JQe(t)

where the last step entails substituting the linearized stress matching boundary condition
from (4.5.1) and the matching boundary condition R = @ on I';(¢) from (5.3.12). This

completes the proof.

]

With Lemma 5.3.4, we can derive a set of first order optimality conditions for the dy-
namical case. As in Theorem 5.2.5, deriving the set of first order optimality conditions
will require integration by parts on the inner product (v, v’)g(0,r,0), Which comes from the
control norm. For simplicity of computation, we consider a relaxation of the regularity
requirements of Theorem 3.2.2, and derive first order optimality conditions using the

following control norm:

0 T;9) z:”a%HL2 0,T;HY(Q

Theorem 5.3.5. [First Order Optimality Conditions for Dynamic Optimal Control Prob-
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lem] Let (T; (W, p), ) be an optimal pair for the optimal control problem.:

min J (v, uy) / /Q |V x uypl® + HUH‘E 0T (5.3.23)
st

subject to (2.5.2). Then the following system is satisfied:

(S (- )f @ - AT, + (@ P)V XV X)) =0 Q)

Yoo (1RO (0 - AT,

+R (=3|V x us*n+ {(Dus)* 4+ Kryp }n x V xug]) =0 Q(t), (5.3.24)
[Dv — D(0;v) + D(0;v) — D(9;v)]nr, =0 Ly,

| 970(0) = 0fo(T) = 0,k = 1,5,

where ((Q, P)(V x V x0y), R (—3|V x s >n + {(Duy)* + Kr,i) Hn x V x ;) is the

adjoint state that is the solution of the linearized adjoint

(02— (DQus + (Duy)'Q ~ Din(os(P.Q))

— VXV X7 Q4 (1)
mw@fo Qy(t)

. (%) o — Divl(R) = 0 0. (1)

Q=R I3 (¢)

o' (R)n + (Dug) o (P,Q)n (5.3.25)
(5 o) (DuyyQ+ Balr)

Ko | (G on)@-ax(P.Qn]

= —3|V xuy>n + {(Duy)* + Kr, }Hn x V x uy]  Ti(t)

Q=0 Ly

A -0 —oam —nrm -0 @2 x @
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with

Ba(R) = — divp, (BiR)n — (By, R)n — (Do n)*R
— DiUFi (n X UeR) + Vri (aen, R>,

OnxV xu op
Kol x ¥ x ) = 220 4 (b x v ) (52 0 ¢)

95
+ (n X V X ﬂf)dl'vpi(t) (8—2? o gp) .

Proof. Let Let (7; (@, ), @) be an optimal pair. Recall the computation of Gateaux deriva-
tive of J in the direction v', (4.4.4). We have,

T
('9J(v;v’):/ / (V X up, V xuf)
0 JQ()

T
1
—/ / <$ 0, 5|V x Uf|2n> + (0,0 g 010 (5.3.26)
o Jrie) 2

The goal is to use Lemma (5.3.4) which requires further integration by parts in the first
term of (5.3.26).

T
/ / (V xup, V xuf)
0 JQ(t)
T T
:/ / <V><V><uf,u’f>+/ / (V X ug,uy x ngo,)
0 Qf(t) 0 8Qf(t)
T T
—/ / <V><V><uf,u’f>—/ / (V X ug,uy xn)
0 Qf(t) 0 I;(t)
T T
= / / (V XV xup,uf) — / / (n x V xuyg,uf), (5.3.27)
0 JQp(t) 0 JIu(t)

where the last step involves taking advantage of the symmetries of the triple scalar prod-
uct. Substituting the linearized sticking boundary condition from (4.5.1) and applying

Lemma 5.3.1 we obtain,

T
—/ / (n x V xug,uf)
0 Jri
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T oy’ o/
:—/ / nxquf, — OSD_(DUf) (90090> )
0 JTy(2) ot

T a@/
0 JTy@) ot

T
=/ /F()<{(Duf)*+icn(t)}[n><VXUf]»@'O@
0 i (t

— / (n XV xus,@ogp). (5.3.28)
Ii(T)

Now we can apply Lemma 5.3.4 and obtain,

0J(v;v')

3
e

T

| |
Nc\c\ﬂh
S~

=
S~
=
<
X
<
X
IS
>
IS
~
~——
|
=
X
<
X
IS
>
IS
==

I
C\’ﬂ
S~
=

<

X

<

X

<

>

I~y

~
~—

_|_

|

.

(nxV xXus,@ op)+ (vav,)é(O,T;Q)’

N
—~
~

I
C\)%
S~

s
O
=z

<

X

<

X

e

=
v@\
BB
=

g

/
Qe () >

+
ﬁ
F
S
=
/I\\
l\DL»—l
<
X
I
<
)
3
+
i
>
e
<
=
+
=
e
=
3
X
<
X
I
)
N————
\.@

where we have also used the initial condition R(T) = R(T) = 0.
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Next, we expand the term (v, Ul)g(o T.0)- We have,

3 T
(0 )s0mm =3 / /Q (7, ) + D(O).. (). (5.3.20)
n=0"0
Integrating by parts in time we obtain,

(0.0 = / (0,020 + D(9v)..D(F2) — (9w, ') — D(O}v).. D)
Q

+ (9Pv, V") + D(9Pv)..DV' + (9}v,00") + D(92v)..D(0") — (9Pv, ')
— D(32v)..DV' + (0yw,v") + D(0w)..DV']E

T
+ / /(v — 0% + 9w — 0P, v') + D(v — 0%v + Ofv — Av)..Dv.
0o Jo

Then an application of (5.2.3) yields,

(v, ")é0.10) = / (020, 0%0") + D(0Pv)..D(0*v') — (9}v, 0"y — D(9}v)..D(9,0)
Q

+ (9Pv,v") + D(9Pv)..Dv' + (920, 0,0") + D(9?v)..D(0) — (9Pv, ')
— D(9}v ) .Dv' 4 (9,v,v") + D(0w)..DV'){

/ U (07" (v Av)’v’>+/m<D(8f’“v)nQ,v’>}. (5.3.30)

Since J attains it’s minimum at T, we have that 8J(7;v') = 0 for all o' € £(0,T; ), and

by varying spaces for v we recover the system (5.3.24).

]

The derivation of the adjoint system and Theorem 5.3.5 also yields the following corollary
which is relevant to subsequent numerical investigations, as the explicit representation of
the gradient of the cost functional provides directions for descent.

Corollary 5.3.6. For the vorticity minimization problem, the gradient of cost functional

97



J 1s given by
J'(v;0') = (U, 0)emn) + (Vo0 (@, P)) + (Voo 1), (5.3.31)

where ((Q, P), R) solve the linear adjoint problem (5.3.25).

Corollary 5.3.6 is formal, in the sense that it is subject to a well-posedness investigation

of the adjoint system (5.3.12).
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Chapter 6

Well Posedness

6.1 Introduction

We turn our attention to the question of existence and uniqueness of solutions to the
linearized and linear adjoint systems. The derivation of the linear adjoint equations is
a formal process; we assumed that the functions under consideration possessed the nec-
essary regularity to justify integration by parts and other operations. In this section
we provide the technical justification in the form of well-posedness analysis. We focus
here on the steady state framework, in which we have access to powerful results such as
Lax-Milgram and Babuska-Brezzi Theorems for existence and uniqueness of solutions to
linear PDE systems. We start by considering the steady state system ‘at rest’ and use

the results obtained there to deal with with the more general steady state case.

6.2 Steady State Around ‘Rest’

6.2.1 Linearization around ‘rest’

We start with a consideration of the homogeneous, linearized steady state model ‘around

rest’, which is to say let uy = 0 in 4. The resulting linearization is as follows:
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¢

—Divoy(p',uf) =0 Qy

leU} =0 Qf
—Div {aé P o } =0 Q.
@ o) (6.2.1)

ol(@ o pln = or(p, up)n+ B (@ o) I}
\Ulf =0 Ff

where

BN 0 ¢) :=[oe(p) +pI] - V(@' 0 ¢,n) + (Dr,0e.(2" 0 9))n + (divr, (@' 0 ¢))oen
= 0e(Dr, (&' 0 9))"n+ (@' 0 9),n) (Hpn + (Vp,n)n).

Remark 6.2.1. Observe that the in the fluid domain the equations are exactly the in-
compressible Stokes equations —Au'; + Vp' = vy, divu’s = 0 in Q.

The idea is to model the argumentation after that given in [13] to show existence and
uniqueness of solution for (6.2.1), and then to carry that argumentation over to the more

general case.

Before presenting our main result we observe that there is readily a simplification of the
boundary operator B'*. Recall the identity from [20, Ch. 9 (5.23)] : V1, (@' o ¢, n) =
(Dry(@' 0 ¢))*n+ D?bo (&' 0 @)r,, s

[06(90) + p[] ’ Vn(ﬁ ° Y, 77,> - O—e(DFz(@/ © QO))*TL
=[oe() + pI1D?bo, (7' © ©)r, + p(Dr,(F 0 ¢))*n.

Consequently we will write

BH(E 0 ¢) :=[oe(¢) + pI|D*ba (&' 0 @)r, +p(Dr, (@' 0 ¢))"n
+ (Dr,0..(F' o @))n + (divy, (P o @))oen + (P o, n) (Hpn + (Vp,n)n),
= Bi™ (¢, p) D?bo, (¥ 0 @)r, + p(Dr,(§ o ¢))™n
+ (Dr,0e.(¢ 0 ))n + (dive, (@' o p))aen + (@' o p,n) By (p),
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where Bi*'(p,p) := 0.(p) + pl is a symmetric matrix such that B*"(¢,p)n = 0 (owing

to the original nonlinear system taken “at rest”), and By*' := Hpn + (Vp,n)n.

We now state our main result.

Theorem 6.2.2. There exists p* such thatVp < p* and (p,p) € B, = {(,p) € C?(,) x
Cl(Q_f)HWHC?(?Z) < p, [[Pller@y) < p} the solution to (2.5.1) with uy = 0, there exists a
unique solution (uy,p', @ o ) € H' () x L*(y) x H'() to (6.2.1).

Proof of Theorem 6.2.2. The key observation for the proof is that the linearized system
(6.2.1) is only weakly coupled. Therefore we will first consider the Stokes system, and

pass that solution as boundary data to the elasticity system.
The Stokes System

We consider the component

—Divos(p',u}) =0
diva; =0 Q, (6.2.2)

The fluid subsystem is precisely the linear Stokes system with homogenous Dirichlet
boundary conditions. Existence of a unique solution (u’,p') € H'(Qy) x Ly(€y) is well
established, for example in [50, Theorem 2.1].

We require a discussion of the traces of components of H'(€;) to the interface I';. We

introduce the space

H[‘f(Qf) = {9 c Hl(Qf)|0 =0 on Ff} (623)

Observe that the linearized fluid velocity u} € Hr,(€2;). This motivates the following

lemma.

Lemma 6.2.3. The traces of elements of Hy () describe the linear space H'?(T;),

and there exists a linear mapping

Tr, € L(H'?(Ty), Hy () s.t. V0 € H'*(Ty), (Tr,0)]oa, = 0.
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Proof. Let § € H'/%(T;), and define ¢ = Tr,0 as the solution of the Laplace problem with

Dirichlet boundary condition:

-AC=0 Q
¢ d (6.2.4)
(=40 09y,
where § € H'/2(99) is the extension of § outside of I'; by zero.
O

Lemma 6.2.3 then offers a weak characterization of this boundary element —2e(u;)n +
p'n € HY2(T,)":

(=2e(us)n 4 p'n, 0) g2y sz, = / 2¢(uy)..€(Tr,0) — p'div (Tr,0). (6.2.5)
Qy

The Elasticity System

We turn our attention to the elasticity subsystem. What remains is to show existence
of a unique solution @' o p € H'(£2,) for the elastic component of (6.2.1). We have the

following system:

—Div {Jé(@ o cp)} =0 Q.

(6.2.6)
oL(@ op)n+ BP0 p) = o (p),uf)n T

We observe that the system is linear-elliptic and has a Fourier-type boundary conditions.
The goal is to cast the system in the framework of the Lax-Millgram Theorem in order

to show existence and uniqueness of solution. There are four main steps in the proof.
1. Build a bilinear form A, , on H'(f2.) in order to write (6.2.6) in variational form.

~

2. Transport the bilinear form A, , to the fixed-domain. L.e. find agp; = Ay, 0 @, a

nonsymmetric, bilinear form on H 1(5\26) :
3. Show that the mapping (@, p) — ag (-, ) is equicontinuous.

4. Show agz5(@', ¢') is coercive.
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Step 1:

Define the following bilinear forms V@' o ¢, © € H(£,):

A0 (F0p.0) = /

Qe

<—Div {m} ,@> + /ﬁmn, o) (6.2.7)
and

A, (7 00,0) =A% (3 0,0) - / (B=F 0 ), 0),
r;
—A (F0,0)

- / (B (0, p) Db, (3 0 9)r, + p(Dr, (' 0 2))n, ©)

n / (~(Dr,0c (@ 0 @) — (dive, (@ o ¢))oen, ©)

i

- [ 4 oo B (). 0). (62

Then we can reframe the elasticity subproblem (6.2.6) as the variational problem to find
@' o € HY(Q.) that solves

Ago,p(@’w,@):/ (G.©) (6.2.9)

r;
for all © € H'(Q.), where G = o(p/,u;)n on T;.
Using Lemma 6.2.3 and (6.2.5), we have that (6.2.9) is equivalent to the problem of
finding @' o o € H'(Q.) such that for all © € H'(£,) we have

A%p(@’ °0p,0)= / 2€(U;¢-)..€(TF1.®) — p'div (T,0) (6.2.10)
Qp

The spaces associated to the family of bilinear forms A, , depends on ¢, so the next step

is to transport A, , to the fixed elastic geometry, Q. with 9Q, = T.
Step 2:

First we will consider a2 5(¢', 0) := A (P'op, ©)op. Recall the identity (4.3.15) obtained
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in the linearization of the general steady state system (2.5.1):
[ P'.D6 = / (-piv {7l(F o9}, 0) +/ (01(F o 2)n, ©).
Qe Qe r;

This directly implies that a representation of A&p on the fixed elastic geometry is

‘6)0

#(#.6) = /P’ D6, (6.2.11)

where recall that P’ = (D@')S(E(P)) + DEX(E'($)) is the linearized Piola stress tensor.

The two remaining terms in A, which require some attention when transporting to Qe
are fr (Dr, (@' o¢))*,©) and fr (divr, (@ op))oen, ©) because they involve tangential
derivatives of @' o ; we need formulas for how the composition with @ acts on the

tangential derivatives.

. Dp)~*n .
From [20, (5.25)] we have Dr(v o g) = Drvo gDrg and no p = %, where 7 is
v)n
the outer normal to Q..
So by changing variables on the boundary we obtain,
[ 6@ o 0)yn.e) = [ (D7) Dp (D7) 7. 8) (6.212)
Ty r;

For the tangential divergence we have the following lemma from [13, eq. (3.4)]:

Lemma 6.2.4. 1
. ~ T T ~N—1T7
divrp o p = jdwF <J(DFS0) ¢>

So,

/F (~(dive, (@' o ¢))oen, ©) = / < (1/J)div [J(Dg. @)—1@']73@,@ (6.2.13)

Substituting these identities we have,
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CL@@(@/, @) = ’I/D\IDé

Qe
- / W(B) (B (,p) 0 (Do, 0 3)3h., ©)

(pJ (D)~ Dz, @ (D)7 — J|(Dr,0. 0 §).§|(D@) "7, ©)

(—(1/J)divg [J(Dg, 8) '@, ©)

(@, (D) R)(By(p) 0 7). ©). (6.2.14)

+ o+

(3

Step 3:

The next step is to show that the bilinear form ag;(-,-) is continuous for all suitable

(@, p). We offer the following proposition:

~

Proposition 6.2.5. The mapping (,p) — az5(¢', O) is equicontinuous from B, into R
with respect to §',0 € §* = {u € HY(Qo)|Jull g o) = 13-

Proof. We state several estimates to establish the equicontinuity.

VQ/O\ € Bp, HS/O\HCQ(@E) < p HSOHCQ(QE) sp

We also have control on the norm of the trace operator via the continuity of the trace,

HK > OS.t. \V/@ E BP? ||’yfz ﬁ(Hl(ﬁe),Hl/Q(fz)) S K.

So for any 6 € S! we have

1011725, < K, (6.2.15)
(F)

and
1Dz, 0ll 1727,y < K. (6.2.16)

With these estimates established, we observe that the integrands in ag (¢, (:)) depend
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on two types of terms. The terms which depend on @ and p are continuous given the
definition of B,. Then there are terms depending on &' and @, which are continuous via
the established bounds above. Therefore (,p) — ag5(¢, ©) is uniformly equicontinuous
with respect to @', 0 € SL. O

Step 4:

The last step is to establish that the bilinear form az (&', @) is coercive. First we consider
aoo(@', @), that is the bilinear form when p = ¢ = 0. The only terms in ago(@', ') which

are nonzero come from a2 (@', @').

We have

@0,0(9/517 a) :ag,ﬂ(aa @/)7
- [ counpg.pp.
Qe

where C(\, ) > 0 depends on the Lamé constants. As a consequence of Korn’s inequality
[16], there exists Cy > 0 such that ago(@', @) > Col|@'11%,, 4 - With the coercivity at
(p,p) = (0,0) established, we define the following mapplng

) = aw,p(@ ?)

T5(P &
1217 s

In the last step we showed that the mapping (p,p) — az5(¢', @) is equicontinuous in
B, for @' in the H'(Q.)-unit sphere. It follows that the mapping ($,p) — 7z5(¢) is
equicontinuous in B, for $ € H'(Q). Thus inf T55(¢') is continuous on B, which is to
say there exists p* such that for (¢,p) € B, @WIth p < p*, we have that infzeg m55(@') >
Co/2, which is exactly coercivity of az5(¢', @) for p* small.

We have met the parameters of the Lax-Milgram theorem, so there exists a unique so-
lution ¢’ to (6.2.6), transported to the fixed geometry Q., T:. The element @' o ¢ is the
unique solution in H*({,.) to (6.2.6). O
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6.2.2 Linear adjoint ‘around rest’

Next, we consider the homogenous linear adjoint ‘at rest’ associated to (6.2.1).

(

—DiVO'f(P,Q):O Qf
divQ =0 Qf
—Divol(R) =0 Q.

(6.2.17)

Q=R I;
o' (R)n+ B&Y(R) =0 T
Q=0 r;

\

where

B3 (R) := —(Dr,n)o.R + (Vr,p, R)n + p(divr,R)n
— [Dr,62.n]*R + Vr,{o.n, R) — ((Vp,n)n, R)n.

We have an analogous result for Theorem 6.2.2 for (6.2.17): o
Theorem 6.2.6. There exists p* such thatVp < p* and (p,p) € B, = {($,p) € C2(Q,) x
Cl(Q_f)|||g5HCZ(SA75) < p Pl < p} the solution to (2.5.1) with up = 0, there exists a
unique solution (Q, P, R) € H'(Qy) x L*(Qy) x HY(Q.) to (6.2.17).

The proof of Theorem 6.2.6 bears a great deal of similarity to its analogue in the previous
section. The idea is to treat the system as weakly coupled since the second boundary

condition depends only on R. So we decouple into the R- and (@, P)-subsystems:

—Divel(R) =0 Q,
O=R r, (6.2.18)
TR+ BFR) =0 T,
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(

—DiVO'f(P, Q) = Qf
Q=R L;
Q=0 I

First we will solve the R-subsystem (6.2.18) using a similar argument as for the lineariza-
tion (perturbation of Lax-Milgram). Next we will solve the (Q, P)-subsystem (6.2.19),

passing in the solution for R as data.

The R-subsystem

We will carry out the following steps to solve the R-subsystem (where R:=Ro P):
Steps:

1. Build a bilinear form A%Y on H'(€.) in order to write (6.2.18) in variational form.

2. Transport the bilinear form A;‘g to the fixed-domain. That is, we will find a;d]j? =

A;‘g o @, a nonsymmetric, bilinear form on H 1(ﬁe) .
3. Show (g, p) — ag’i%(‘, +) is equicontinuous.

4. Show a%"i%(ﬁ, R) is coercive.

Step 1:

Define the following bilinear form V(R,©) € H?*(.)*

AZ‘?,(R, ©) :=A? (R, 0) +/ (B (R), ©)

Ty

=A% (R,0) + / (=(Drn)oc R+ (Vr.p, R)n + p(dive, R)n

T

— [Dr,62n]*R 4+ Vr,{oen, R) — ((Vp,n)n, R)n, ©), (6.2.20)

where A) (R, ©) is given by (6.2.7).

Because the spaces on which Ajf";(R, ©) depends themselves depend on the deformation,
we will transport A%5(R, ©) to the fixed domain and boundary, Q. and T;.
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Step 2:

Finding the composition aj (}A% ) = A%U(R,©) o § again involves Lemma 6.2.4. We

e
can define the bilinear form a@g(ﬁ (:))

a33(R,8) == AXI(R,0) o

—A° (R,©)o0p+ / (B (R) 0 3,8)w(?)

I

P'(é)..D@—i—/ (—(Dpino@(aeo@ﬁ—i—(Vpl.po(p\,ﬁﬂno@)

ﬁe T

T / P(dive, R)(n o @) — ((Dr.o®nl* 0 §)R + (Dp.3) Vs (o003, B)
r;

+/F —((Vp,n) 0 B(n o ), R)(n@), B)w(B).

i

Step 3:
Proposition 6.2.7. The mapping (p,p) — a@ﬁ(ﬁ, @) is equicontinuous from B, into R
with respect to E, Oc S1, where S is defined in Proposition (6.2.5).

Proof. We have the estimates on [|9]|c2q,). [¢llc2(a.), and the trace operator from the

proof of Proposition (6.2.5).

Then, we observe that the integrands in a%d%(ﬁ, @) depend on two types of terms. The
terms which depend on & and p are continuous given the definition of B,. Then there
are terms depending on R, which are continuous via (6.2. 15) and (6.2.16). Therefore

(p,p) — aidi(R @) is uniformly continuous with respect to R, © € S

Step 4:
Pr0p051t10n 6.2.8. There exists p* such that the bilinear form a“dj (ﬁ ]/3:) IS coercive on

HY(Q.) for (3.5) € B, with p < p*.

Proof. For the coercivity, observe that aadj(ﬁ ﬁ) = aoyo(ﬁ, ﬁ) Thus, following a similar
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line of reasoning as for the linearization, we define the following mapping:

aidi(R R)

R =

In the last step we showed that the mapping aadJ (R R) is equicontinuous in B, for Rin

the H'(.)-unit sphere. It follows that the mapping (p,p) — T3 ﬁ(ﬁ) is equicontinuous

in B, for R € H'(Q.). Thus jnf ng%(fi) is continuous on B, which is to say there exists
R J.

p* such that for (,p) € B, w1th p < p*, we have that inf Wzd;)(R) > Cy/2, which is
Rest 7

exactly coercivity of aadJ (f{ ﬁ) for p* small.

]

We have met the conditions of the Lax-Milgram theorem, so there exists a unique solution
R to (6.2.18), transported to the fixed geometry Qe, T;. The element R := R o @ is the
unique solution in H*(€,) to (6.2.18).

The (Q, P)-subsystem

We are left with the (@, P)-subsystem, (6.2.19), which exactly the linear Stokes system in
variables () and P, with homogenous data on the domain equation and outer boundary

I't, and R on the boundary I';. The known solution to the nonhomogenous Stokes system
is given by, e.g., [50, Theorem 2.4], and is satisfied by R € H'/?(T}).

6.3 Steady State around Arbitrary Solution

We now generalize the well-posedness analysis to a consideration of the steady state
linearization (4.3.5) and adjoint systems (5.2.39) around an arbitrary (albeit with forth-
coming conditions imposed) solution to the original nonlinear system (2.5.1) . In both
cases, the idea is to adapt the machinery developed in [11] to analyze the elastic com-
ponent from the perspective of elliptic theory, and to subsequently cast the system in

the Babuska-Brezzi framework in order to obtain existence and uniqueness of a weak
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solution. We will utilize the work from the ‘at rest’ cases, particularly in establishing the

coercivity of the elastic component.

We define the state space:
H = H(Q) x L*(Qy) x Hy, (6.3.1)

where H; is the closure in L?*(Qy) of divergence-free functions vanishing on the outer
boundary I's:
Hy = {V € L*(Qy)|divV =0,(V,n)|r, =0} .

We will also again make use of the space Hllf(Qf) ={V e Hl(Qf)|V|pf = 0}.

6.3.1 Assumptions on the nonlinear steady regime

There are coefficients in (4.3.5) and (5.2.39) which depend on the solution (ur,p,¢) to
the nonlinear system (2.5.1). In order to develop the well-posedness, we need a short
list of sufficient conditions on the regularity and size of (uy,p, ¢). The assertion of these
conditions is justified by the smoothness of solutions to (2.5.1), as indicated in [27].
Assumption 6.3.1. [Sufficient Conditions on the Nonlinear Steady Regime] Assume
that (ug,p, @), the solution to (2.5.1), meets the following criteria.

(a) Regularity conditions.

(i) us has an extension to Q:

uy € cl(Q) and uy = uy in Q. (6.3.2)

(i) The coefficients of the first-order terms in the definition of B(V'), (4.3.6), and
Ba(V), (5.2.24), are multipliers in H'/?(T;):

(0e) kP, and Oy, (uy)y are multipliers on HY*(T;). (6.3.3)

Additionally, the coefficients of the zero-order terms in B and B4(V) must be
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0xp and Oy, 0y, (uy )i belong to L>(I';). (6.3.4)

To elaborate on the preceding conditions, note that to be a multiplier on HY?(T;
it suffices to be a member of W24(I';) N L(I;). Also note that Wzte4(T;) C
L>(T;) for all € > 0. The interior regularity associated to W%+5’4(Fi) is

W%+E’4(Qf or Q). These facts motivate the following reqularity assumptions:
e us is a Wi te* diffeomorphism,
e pEWitsd(Qy),
e is a Wite4(Q,) diffeomorphism.

(i4i) Assume that D?*bg, € L>(T;) and that n is a multiplier for H'/?(T';). It suffices
to assume that 00y = T; UT; is of class C?, and is locally on one side of the

fluid domain.

(b) Smallness conditions.

1

Let R denote the regularity space W te4(0y) x Wited(Q) x W t4(Q,). Take
r = |[(us,p,0)|lr, and assume that r is small enough that there exist constants

0 < ¢1,¢o (depending on r) such that any T € Hllf(Qf) satisfies:

(i) / (Duy)'7 — (DF)uy. 7)

< all7ly @

(ii) / (DF)uy + (Dug)7. 7)

< Cz”ﬂﬁ{%f(ﬂf)-

Note that the smallness conditions of Assumption 6.3.1 are achieved by requiring small

enough uy and Dugy.

6.3.2 Elliptic theory for the elastic components

We set up a variational framework to analyze Neumann and Dirichlet elliptic boundary

value problems associated with the elastic subsystems in (4.3.5) and (5.2.39). The systems
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described here are similar to those utilized in [11], with adaptations made to conform to

the configuration presently of interest, as well as the steady state setting.

Define the operator
S = —Diva. /(). (6.3.5)

We consider the following systems for S : H*(Q.) — L*():

SV =F Q.

(6.3.6)
T (VIn+ Been (V) =Gor V=G I

Take Bgen to be a first-order, tangential boundary operator with the property that the
transformation V + Bge, (V) continuously extends from H?(Q.) — L*(T;) to a bounded
linear mapping H'(Q.) — H~Y(I;).

We define the following bilinear form associated to S:

aEN (VW) = / 52 (V)..DW + {Byen(V), W} 1. (6.3.7)

€

It is of interest to show that a$§" is continuous and coercive on H'(€2.). In that light, we
have the following preliminary proposition.
Proposition 6.3.2. Consider the linear transformation H*(Q.) — [H'(Q.)]

Vi (W ag™ for We H(Q.)) .

If V belongs to the set
D(S):={V e H*(Q): 5./ (V)n+ Bgen =0},
then for any W € H* () we have,

ag"(V,W) = (SV,W)r2q).

Furthermore, under the conditions of Assumption 6.5.1, the bilinear form a%" is contin-

113



uous and elliptic on H'(Q.). That is, there exist myy and M, such that,
MgV 3o, < a§"(V.V) < MgV,
for Ve H(Q,).

Proof. Observe that the bilinear operator %" is defined almost exactly as the bilinear
operators for the elastic components in each ‘at rest’ case, (6.2.8) and (6.2.20), with
the exception of some extra terms on the boundary. Consequently the result follows
from Propositions 6.2.5 and 6.2.8, with the extra boundary terms being covered by the

specification on Bgey.

]

With Proposition 6.3.2 established, we can state existence and uniqueness results for vari-
ations on elliptic boundary value problems for S. These results all follow from standard
elliptic theory, but some detail on the proofs is stated here for the sake of a self-contained
exposition.

Proposition 6.3.3 (S—Neumann problem). For F € [H*(Q.)] and G € H~Y2(T;), the

Neumann boundary value problem

SV =F Qe
ad(V)n+Byen(V) =G T

has a unique weak solution V€ H*(.), where
ag"(V,W) = (F, W) eopsar @) —{G Wi, (6.3.8)
for all W € H' (), with aZ™ given by (6.3.7). Moreover,
Voo S max{[[Flla oy [Wlla-12q,)}-

Proof. Recall that the trace map is surjective and continuous. Therefore, the right-hand
side of (6.3.8) gives the image of W under a bounded linear functional on H'(€.). Then,
along with the H'(€,) ellipticity of %™, we meet the criteria of the Lax-Milgram theorem
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and have existence of a unique solution V € H'(Q,).

O

Proposition 6.3.4 (Homogenous S—Dirichlet Problem). For G € H '(€.), the homo-

geneous Dirichlet boundary value problem

S‘/O =G Qe
(6.3.9)
Vo=0 L
has a unique weak solution Vo € Hy (), where
“%m(voa W)= (G, W)[Hl(Qe)]’;Hl(Qe)- (6.3.10)

Proof. The proof has the same structure as that of Proposition 6.3.3, and depends on the
H'(9,) ellipticity of a%". We make the observation that because By, is a first-order tan-
gential operator, we can associate the same bilinear form (6.3.7) with both the Neumann
operator, (6.3.8), and the Dirichlet operator, (6.3.10). However, the optimization in the
case of the Dirichlet operator takes place on the smaller subspace H}(Q.) C H*(€,).

O]
Proposition 6.3.5 (S—Dirichlet Problem). For F € [H'(Q.)]" and H € H™Y*(Ty), the

Dirichlet boundary value problem

SV =F

(6.3.11)

has a unique weak solution V€ H'(Q,) in the sense that V = Vo +V, where V has trace
H in HY*(T;) and Vy is the weak solution to (6.3.9), where G(W) = F(W) —a%™(V, W)
for all W € H}(.).

Using (6.3.10), we have that Vi and V satisfy the variational identity,

al"(Vo, W) = (F, W) ymian) — a%"(V, W), (6.3.12)

e
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which 1s equivalent to

ag"(V,W) = (F, W) @aya (0) (6.3.13)

for all W € H}(Q.). Additionally, we have the estimate
Vilareo < CUF -1 + 1H 2r,), (6.3.14)

where C' depends on the ellipticity and continuity moduli of a%", mag and M,g.

6.3.2.1 Babuska-Brezzi Theorem

As indicated, the goal will be to express each of the systems in the Babuska-Brezzi

framework, in order to show existence and uniqueness of solution.

For completeness of exposition, we restate the Babuska-Brezzi theorem (found in, e.g.
(35, p. 116]) here.
Theorem 6.3.6 (Babuska-Brezzi). Let X, V' be Hilbert spaces and a : X x X — R,

b: X xV — R, bilinear forms which are continuous. Let
Z ={¢ e X|b(&v) =0, for everyv € V}.
Assume that a(.,.) is Z—elliptic, i.e. there exists a constant o > 0 such that

a(§, &) > allélx, for every € € Z.

Assume further that there exists a constant B > 0 such that

b
supM > Bllv|lv, for every v e V.
rex ||7llx

Then there ezists a unique pair (£,0) € X x V' such that

a(&,7) +b(7,0) = F(1) for everyt € X
b(&,v) =0 for every v € V.
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6.3.3 Existence and uniqueness for linearization around arbi-

trary solution

With the preliminaries in place, we can consider the well-posedness of the linearized

steady state linearization.

(Du})uf + (Duf)u’f — Divos(p/, u’f) =v; Q

le’LL/f =0 Qf

—Div {Ué P o } = pevy, Q.
(@) (6.3.15)

uy + (Dug) (@' o) =0 L

ol(@ op)n=os(p,up)n+ B(P o p) r;

\u} =0 Ff

6.3.3.1 Main Result

Theorem 6.3.7. Assume that Assumption 6.5.1 holds. For (v,v;) € Hy N Hy (Qy) X
HY(Q.), there erists a unique solution (@' o @, p'suy) € S for the steady state linear
system, (6.3.15).

The proof takes place in several steps.

6.3.3.2 Elliptic theory for the elastic component

We will use the elliptic theory established in Subsection 6.3.2 in order to recover the
solution for the elastic subsystem from a linear map which depends on the extension of

the fluid velocity as data.

We consider the following systems for S : H*(Q.) — L?(£,):

S(Fop)=F Q.
(@row) (6.3.16)

7 (Fopn—B@op)=GorFop=0G T
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We define the following bilinear form associated to S and B for (6.3.16):

as(V, W) = / 7 (V).DW + {~B(V), W} .. (6.3.17)

e

We have that B meets the criteria assumed in the elliptic theory:
Proposition 6.3.8 (Boundary operator B). The transformation V — B(V') continuously
extends from H?(Q.) — L*(T';) to a bounded linear mapping H*(Q.) — H~Y2(T;).

Proof. By definition, B(V') is a linear operator. Furthermore, B(V) is defined only in
terms of components of V' and/or tangential derivatives of V. Consequently the result

follows given the regularity assumptions on the coefficients, Assumption 6.3.1. [

Then from Proposition 6.3.2, we have that ag is continuous and coercive on H*(£2,).

Furthermore, we can write the following solution map.

Definition 6.3.9 (S—Dirichlet extension for B). Denote by Dg the bilinear solution map
Dg: (F,W)— @ op

to the Dirichlet problem (6.3.11).

It follows from Proposition 6.3.5 that Dg is a continuous operator [H'(€2,)]’ x HY/*(T;) —
HY(O,).

Then, the elastic subsystem

S(@' o) = pev, Q.
(@low)=r (6.3.18)

P op= —(Duf)_lu} T';
has a unique solution @' o v = Dg[pev, —(Duy) ™ u/y].

Furthermore, the element o’ (%' o p)n—B(§ o) € H-1/2(T;) is well-defined and satisfies,

{ol(P op)n —B(@ o), W

rhir, =as(@ oo, W) = (pevy, Wiz, (6.3.19)

We can choose W such that in Q., W is the S-harmonic extension of 7 € HY2(I;), in

118



which case

W = Dg|0, 7].
Together, we have the identification

{oL(@ op)n —B(§ 0 9), Wlr,}1 r, =as(Ds[0, —(Dug)~"u}], Ds[0, 7])
+ as(Ds[peve, 0], Ds[0,7]) — (peve, Ds0, 7]) 2(q,),

for all 7 € HY*(T;).

6.3.3.3 Formulation as a Babuska-Brezzi System

In order to write the system in the Babuska-Brezzi framework, we need to write the vari-
ational equation satisfied by v/ and p'. Integrating against a test function 7 € H%f (),

we obtain,
/Q <v},7') :/Q ((Du'f)uf + (Duf)u’f — VAu} + Vp', 1),
f f
_ /Q 2we(uly)..£(r) + (Dl uy + (Dug)ug, )
f

+ [ ety +png ) - [ () (6.3.20)

i f
Recall from (6.3.15) we have
ol(¢ op)n — B(@ o) = 2ve(u)n — p'n,
and substituting n = —n; into (6.3.20) we have,
/ (v, T) :/ ((Du)us 4 (Dug)u’s — vAus + V', 1),
Qf s
_ /Q 2we(u}).£(r) + {(Dudyyug + (Dug)ug, 7)
7

"‘/Fi((fé(@'OSO)n—B(ﬁOgo),T)—/Q pldiv (7). (6.3.21)

f
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We can now formulate (6.3.15) as a Babuska-Brezzi system. We have that v} and p’

satisfy the following system:

app(u},7) +b(r,p') = F(7) for all 7 € Hy ()

(6.3.22)
b(u,v) = 0 for all v € L*(Qy)
where
app(u},T) ::21// e(u})..e(1) + ((Du})ug + (Dug)u’s, )
2
+ as(Ds[0, —(Duy)~'u)], Ds[0, 7)), (6.3.23)
and
b(7,v) = —(v,div (7)) r2(0,), (6.3.24)
and

F(T) = (’U}, T)LQ(Qf) — aS(DS[pevé, O], Ds[o, 7']) + (pevg, Ds[O, T])LQ(QE)- (6325)

The following consequence of Korn’s inequality [16, Thm. 6.15-4, p. 409] is useful for
establishing both the continuity and the coercivity of agg.
Proposition 6.3.10. The functional

7o </Qf 5(%)..6(%))1/2

defines an equivalent norm on the H%f(Qf).

Regarding the continuity of app, recall that Dg is continuous, and that ag is continuous
bilinear. The continuity of agg then follows from Proposition 6.3.10 and the smallness

condition of Assumption 6.3.1.

The next step is to show the Hllf(Qf)—coercivity of agp. (Note that this is actually a

stronger statement than what is required by Babuska-Brezzi).
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By Proposition 6.3.10, we have H%f(Qf)—coerciVity of the term 2v fo e(7)..e(7). Specif-
ically, let m. be the ellipticity constant guaranteed by Proposition 6.3.10, and we have

2v /Qf e(r)..e(r) > 21/m5||7||%1%f(9f). (6.3.26)

Next, we consider the term fo ((DT)us+ (Dug)r, 7). It suffices to consider fo (DT)us+

(Dug)T,7) < 0 in which case we we have,

(D7)us + (Dug)7,7) = = [((DT)uy + (Duyg)7, 7)|

> iy (q,

from the smallness condition of Assumption 6.3.1.

Then, we consider the term ag(Dg[0, —(Duy)~"u}], Ds[0,7]). Recall that by the regular-
ity condition of Assumption 6.3.1, we have (Du;)~t € M?(C(Qy)). As a preliminary, we
note that the topology on M?(C(€;) defines multipliers on H'/2(T;), according to the

following estimate in [11]:

YV ey S Y s @1 X e, (6.3.27)

Using this estimate, as well as (6.3.14) (and recalling that the continuity constant of ag

is M, ), we obtain,

las(Ds[0, —(Duy)~'7], Ds[0,7])| < Mug || Ds[0, =(Dug) 7] || (e
< MosCl[(Dug) ™ 7l ey

Ds0, 7|l g1 (o)

7-||H1/2(Fi)a
< Mo ') ey 171,
< MasC”HTH?{l/z(ri)a (6.3.28)

where in the last step we used that ||(Duy) ™" lys o) 18 small.

Substituting into (6.3.23) we have

app(T,T) > QVmEH’r”illlf(Qf) - CQ|’7—"?{1¥f(Qf) - MGSC//”THél/Q(Fi)a
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and the desired coercivity follows by assuming the viscosity is large enough to ensure

2um, > co+ M, ,C".

The last step in applying the Babuska-Brezzi theorem is to show that the bilinear form
b meets the inf-sup condition, which is to say that there exists 8 > 0 such that

b
)

> Bllvllz2(a;), for every v € L*(€2y).
TEH} () \|T|’H§f(9f)

This argument is contained in [11] and elsewhere; we give the outline here in the interest

of a self-contained exposition. Take v € L?(Q2f) and consider the boundary value problem:

div(w)=—v  Qf

wlr, =0 Iy (6.3.29)

From [26, (II1.3.31), p. 176], (6.3.29) has a solution w € H%f(Qf) and there exists C' > 0
such that

||vaHllf(Qf) < Cllvllr2 o))

Then we can consider the equivalent norm on H%f, IV()llL2@;), and for any v € L*(Qy)
we obtain,
b(T, U) —(U,diV (T))LQ(QJ:)

sup — 1t = sup
TGH%f(Qf) ||T||H11f(Qf) TEH%f(Qf) HVTHL2(Qf)

Y

—(U, div (U)))Lz(gf)
IVwllz2 ;)

)

||U||%2(Qf)
Vw2

1
> 5||U||L2(Qf)-

Thus the criteria of the Babuska-Brezzi theorem are met and we obtain the existence of
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the unique solution

(u},p') € Hy,(Qf) x L*(Qy)
of (6.3.15).

Observe that the second equation in (6.3.22) guarantees that v/, is divergence-free, so in
fact we have u’; € Hy, and consequently can recover @' o p € H 1(Q.) from the definition

of Dg. This completes the proof.

6.3.4 Existence and uniqueness for adjoint around arbitrary so-

lution

Next, we turn our attention to the well-posedness of the linear, steady state adjoint

system.

.
(DUf)*Q — (DQ)Uf — DiVO’f(P, Q) = ’Ufl Qf
div(Q) =0 Qy
—Divel(R) =0 Q.

(6.3.30)

Q=R L
d (R)n+ (Dus)*os(P,Q)n+ Ba(R) = v§4|pi I;

(@ = 0 I'y

6.3.5 Main Result

Theorem 6.3.11. Assume that Assumption 6.3.1 holds. For (vi*, vi|r,) € HfﬂH%f (Q)x
HY2(Ty), there exists a unique solution (R, P,Q) € J for the steady state linear adjoint,
(6.3.30).

The proof of Theorem 6.3.11 takes place in several steps.

6.3.5.1 Analysis of the elastic component

Again, we will use the elliptic theory established in Subsection 6.3.2.

123



We consider the following systems for S : H*(Q) — L*(Q):

SR=F Qe
(6.3.31)
o/ (Rin+Bs(R)=GorR=G T,
Define the following bilinear form associated to S and Bu:
ag(V,W) = / 7 (V)..DW + {Ba(V), W}1 . (6.3.32)
Qc

We have that B4 meets the criteria of the elliptic theory, analogous to Propostion 6.3.8.

Then we can define the following solution map.

Definition 6.3.12 (S—Dirichlet extension). Denote by Dg the bilinear solution map
Dg: (F, W)~ R
to the Dirichlet problem (6.3.11).

According to (6.3.14), D4 is a continuous operator [H'(€.)]" x HY2(I';) — H*(Q).

As in the previous case, we consider the elastic subsystem:

SR=0 €,
Q:R Fia

(6.3.33)

which has a unique solution R = Dgl0, Q)]. Furthermore, the element o’ (R)n — B4(R) €
H=Y2(T;) is well-defined and satisfies,

{oL(R)n — Ba(R). Wlr,}1 1, = as(R,W). (6.3.34)

Thus, we have the identification

{o.(R)n — Ba(R), W|1"i}%’1—\i = as(Dg[0,Q], Ds[0,7]) (6.3.35)

for all 7 € HY2(T;).
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6.3.5.2 Formulation as a Babuska-Brezzi System

We can now formulate (6.3.30) as a Babuska-Brezzi system. Here, we have that @ and

P satisfy the following system:

app(Q,7)+b(1, P) = Fus(7) for all T € H%f(Qf)

(6.3.36)
b(Q,v) =0 for all v € L*(Qy)

where

0B Q1) =2 / S(Q). (1) + {(Duy)'Q — (DQ)uy. 7)
+ a3(D3[0,Q), D50, 7)),

FA<T) ::<v1477_)L2(Qf) - {Ug‘lfm T}%,Fi’
and b is defined as in (6.3.24).

The first step is to show the continuity of afp. Recall that Dg is continuous, and that

ag is continuous bilinear. The continuity of a4 follows.

The next step is to show the Hllf(Q )—coercivity of af}p. The argument is analogous to
that in the previous case. Along with an appeal to Proposition 6.3.10, we can show the
coercivity of the term fo ((Dug)*T—(DT)uy, 7) with the smallness condition of Assump-
tion 6.3.1, and the coercivity of term ag(D4[0,Q], D4[0,7]) using the continuity of ag

and the estimates (6.3.14) and (6.3.27). We again require a sufficiently large viscosity, v.

Finally, we have shown that b meets the inf-sup condition. Thus the criteria of the

Babuska-Brezzi theorem are met and we obtain the existence of the unique solution
(Q,P) S HIlwf(Qf) X LQ(Qf)

of (6.3.30).

As in the previous case, the second equation in (6.3.36) guarantees that @ is divergence-
free, so in fact we have Q) € H;; we recover R € H'(,) from the definition of D4. This

completes the proof.
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