
ABSTRACT 

NAND KISHORE KHATRI, DHEEPAK. Aerodynamic Analysis of a Coaxial Turbine in Yaw 

for Hydrokinetic Energy Harvesting. (Under the direction of Dr. Kenneth Granlund). 

 

It is of great interest to harvest renewable forms of energy, and in particular Hydro-kinetic 

energy due to the sheer amount of energy potential it possesses. Take for instance the Gulfstream 

flowing off the coast of the North Atlantic Ocean and the relatively fast current stream it generates. 

A viable option for energy extraction from the Gulfstream is via tethered devices moored to the 

ocean floor. We propose an Inclined Axis Coaxial Dual rotor turbine tethered to the ocean bed and 

depth stabilized with a buoy to be a promising choice. This system operates on well-known 

aerodynamic principles used in wind turbines. Given the current advances in Wind turbine 

technology, we believe it is a novel idea to implement such systems for hydro-kinetic energy 

harvesting.  

The advantages to operating a tethered system in Yaw are that they can operate fairly close 

to the surface (where maximum current velocity exists) without interference of passing ships. 

Tethering such systems also reduces the complexity in setup and operation, when compared to 

traditional anchoring using a cantilever mechanism.  

Making this system feasible would require the understanding of effects of yawing a rotor 

turbine to an arbitrary angle (θ) with the incoming flow. In the present study, analytical analysis, 

simulations and experiments have been carried out on both single rotor and coaxial dual rotor 

turbines and the process in which they react to operating them in Yaw (at an inclination) has been 

researched. Questions like the power generation capabilities of such systems in Yaw are 

approached and answered. Flow domains and design parameters have been optimized to come up 

with a wide range of operating parameters resulting in higher power extraction than a traditional 

single rotor turbine system.  
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Chapter 1 

 

Introduction 

The world currently relies heavily on oil, coal and natural gas for its energy. Fossil fuels 

are non-renewable, that is, they draw on finite resources that will eventually dwindle, becoming 

too expensive or too environmentally damaging to retrieve.  In contrast, renewable energies are 

sources of clean, inexhaustible and increasingly competitive energy. They differ from fossil fuels 

principally in their diversity, abundance and potential for use anywhere on the planet, but above 

all in that they produce neither greenhouse gases – which cause climate change – nor polluting 

emissions[1,2]. 

 

  

 

 

 

 

Figure 1.1: World primary energy consumption sources as in 2015. [Source: Wiki, 3] 
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Almost 91% of the world’s energy comes from non-renewable sources, however a huge 

potential exists in the renewable sources such a solar, wind and hydro energies. Therefore, in 

recent years there has been a rightful urge to harness energy from renewable sources, and a 

tremendous effort by researchers all over the world in identifying economically feasible 

renewable energy sources.  

1.1 Hydro-kinetic Energy 

In such a situation, the oceans and streams all over the world have an unfathomed energy 

potential, and in particular the Gulfstream flowing northward off the Atlantic coast with a flow 

speed of approximately 5 miles per hour, has more power than all of the world's rivers combined.  

Harnessing just 0.1% of the available power would yield 300GW of power, the 

equivalent of 150 nuclear power plants[4].  

      

Figure 1.2: (a) Path and locations of the Gulfstream flow [Source: 5], (b) Gulfstream annual mean 

volume transport (Sv) variation with depth (m) and offshore distance (km) near Cape Hatteras[23]. 
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1.2 Possible systems to extract Hydro-kinetic energy 

There are many systems in use to generate power from the kinetic energy of running 

water, some of which are shown in figure 1.3. 

             

                  (a)                                                       (b)                                                    (c) 

Figure 1.3: Types of Hydro/Ocean energy systems, a) Ocean turbines[6], b) Hydro-dam 

systems[7], c) Tidal energy systems[8]. 

Given the current advances in Wind turbine technology, we believe it is a novel idea to 

implement such systems for hydrokinetic energy harvesting.  

The limitations in directly installing a conventional horizontal axis turbine include the 

shallow tidewater areas and the complexities in anchoring the system to the ocean floor with a 

rigid cantilever mechanism. The maximum stream velocity and therefore maximum power 

potential lies close to the surface and thus it becomes important to deploy systems close to the 

surface. In such a situation it becomes infeasible to tower a horizontal axis turbine with an 

extremely long rigid rod anchoring the system to the sea bed.  
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1.3 The Inclined Axis Coaxial Turbine 

The proposed system is an Inclined Axis Coaxial Turbine, where the turbines are placed 

at a yaw angle (θ) with the incoming flow, moored to the ocean floor via a tether and depth 

stabilized using a surface buoy, as shown in Figure 1.4. 

 
Figure 1.4: Proposed inclined axis coaxial dual rotor turbine system. 

The need for using a dual rotor turbine comes from the fact that there is a need for auto 

moment/torque stabilization if a system is anchored using a tether, which could be obtained by 

conserving angular momentum using two contra-rotating rotors. Two such modes of operation 

are the transverse parallel axis mode and coaxial mode. The coaxial mode of operation is chosen 

over the other due to its inherent advantages like simpler construction and control, need for lesser 

materials and components (one generator instead of two) etc. As there only exists a short range 

of heights/depths for which a uniform free stream is obtained, it might be beneficial to reduce the 

effective height of the system by deploying it a yaw angle (inclined axis) instead of a horizontal 

axis system.  
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The objective of this research is to thus study the maximum power generation capabilities 

of a coaxial turbine in yaw, the effects of the yaw angle (𝜃), and come up with plausible design 

solutions to generate positive power from the Gulfstream incorporating such a system

 

Figure 1.5: Nomenclature of the Yaw angle (𝜃) used. 

From the above nomenclature for yaw angle (𝜃), a low yaw represents angles closer to 𝜃 = 0𝑜 

(vertical axis) and a high yaw would represent angles closer to 𝜃 = 90𝑜(horizontal axis). 

1.4 Layout of the Thesis 

As emphasized in section 1.3, it is important to study the maximum power generating 

capability of a dual rotor system in Yaw. In Chapter 2, a detailed analytic study is carried out on 

the same, with concepts like the Betz limit and Newman limit being understood and extended to 

an inclined axis system. An interesting observation is also suggested to extract more energy in a 

yawed operation compared to the non-yawed case (horizontal axis).  

In Chapter 3, numerical simulations are carried out using Blade Element Momentum 

Theory (BEMT) to validate the analytical findings and provide further real insights into the 

operation of such systems. Chapter 4 provides results from experiments for both single and dual 

rotor cases. An order of magnitude analysis is carried out for such systems being deployed in the 

Gulfstream and a feasible design solution is provided in Chapter 5. Major conclusions from this 

thesis and recommendations for future work are discussed in Chapter 6.  



   

6 

 

Chapter 2 

 

Analytical Study 

A flow contains a fixed amount of energy flux (kinetic energy) which depends on the 

density of the medium (ρ) and the magnitude of velocity of the flow (𝑉∞). Only a certain amount 

of this energy can be extracted and converted into other forms of useful energy, say electricity. It 

then becomes essential to analyze this limit for the cases of both a single and dual rotor turbines, 

as it defines how much energy can actually be extracted using such systems, therefore suggesting 

their practical feasibility.  

2.1 Understanding the Betz limit 

In 1919, Albert Betz showed that regardless of the rotor design, the maximum useful 

mechanical energy which can be extracted by a single rotor turbine is 16/27 (or 59%) of the 

available kinetic energy. This is the limit for a horizontal axis turbine, such that the incoming 

flow is normal to the rotor disc plane (𝜃 = 90𝑜) and is called the Betz limit. The factor 16/27 

(0.593) is known as the Betz coefficient [9,10].  
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Proof of Betz Law: 

The proof of this law constitutes the following assumptions [10]: 

• The rotor is an infinitesimally thin actuator disc (infinite number of thin blades) which 

withdraws energy from the fluid passing through it. 

• The rotor is ideal and does not generate any drag (does not possess a hub either). 

• The flow is incompressible (medium density is constant), and there is no heat transfer. 

• The flow into and out of the rotor is axial (zero radial components or swirl). 

• The thrust is uniformly exerted on the disc or rotor. 

Violation of any of these assumptions would only lead to lower power generation than the Betz 

limit. 

Consider a control volume (CV), as shown in figure 2.1, encompassing the streamlines 

over the circumference of the rotor disc with a cross-section area A.  

             

Figure 2.1: Control volume and flow profile over a single rotor horizontal axis turbine. 

Based on the assumptions, the state variables only vary with x coordinate, and do not 

vary radially within the control volume, i.e., 
𝜕𝑃

𝜕𝑦
= 0,

𝜕𝑢

𝜕𝑦
= 0;  

𝜕𝑃

𝜕𝑥
≠ 0,

𝜕𝑢

𝜕𝑥
≠ 0. 

Note: The magnitude of the free stream is 𝑉∞, and the axial and tangential velocities are denoted 

by 𝑢∞ and 𝑣∞ respectively. For a horizontal axis turbine, (yaw angle = 90o) they are, 

𝑢∞ = 𝑉∞ ;           𝑣∞ = 0  (2.1) 

𝑃∞ 
𝑃1 

𝑃2 𝑃∞ 

      𝑥 = −∞                 𝑥 = 0 𝑥 = +∞ 

𝑥 

𝑦 
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There exists a momentum change across the inlet and outlet of the CV (as energy is 

extracted), which implies a pressure change across the disc (𝑃1 ≠ 𝑃2). The momentum change 

can be expressed as an induction in axial velocity, i.e., the free stream velocity (𝑢∞ at 𝑥 = −∞ ) 

reduces to 𝑢∞(1 − 𝑒1) at the disc (𝑥 = 0), and to 𝑢∞(1 − 𝑓1) far downstream (𝑥 = +∞). The 

term 𝑒1 is the axial velocity induction factor at the disc and its value depends on various 

parameters like the angular velocity of rotation of the rotor/disc, the rotor blade design and 

parameters like twist, airfoil shape etc.  

The power that can be extracted by the disc is thus given by the product of the force 

experienced by the disc and the velocity at the disc plane, 

𝑃𝑒𝑥𝑡𝑟𝑎𝑐𝑡 = 𝐹𝑑𝑖𝑠𝑐  ×  𝑢𝑑𝑖𝑠𝑐 

                                                  = (𝑃1 − 𝑃2)𝐴 × 𝑢∞(1 − 𝑒1) 

(2.2) 

Applying conservation principles to the control volume: 

i. Conservation of Mass: Continuity equation 

�̇� = (𝜌𝐴𝑢)𝑥=−∞ = (𝜌𝐴𝑢)𝑥=0 = (𝜌𝐴𝑢)𝑥=+∞ = 𝑐𝑜𝑛𝑠𝑡 (2.3) 

Assuming incompressible flow, 𝜌 = 𝑐𝑜𝑛𝑠𝑡 

𝐴𝑥=−∞𝑢∞ = 𝐴𝑥=0𝑢∞(1 − 𝑒1) = 𝐴𝑥=+∞𝑢∞(1 − 𝑓1) 

  → 𝐴𝑥=−∞ = 𝐴(1 − 𝑒1) = 𝐴𝑥=+∞(1 − 𝑓1) (2.4) 

ii. Conservation of Momentum: axial momentum (x-axis) 

𝐹𝑑𝑖𝑠𝑐 = �̇� (𝑢𝑖𝑛 − 𝑢𝑜𝑢𝑡) 

(𝑃1 − 𝑃2)𝐴 = �̇� (𝑢𝑥=−∞ − 𝑢𝑥=+∞) 

(𝑃1 − 𝑃2) =
𝜌𝐴𝑢∞(1 − 𝑒1)

𝐴
[𝑢∞ − 𝑢∞(1 − 𝑓1)] 

                     → (𝑃1 − 𝑃2) = 𝜌𝑢∞
2 (1 − 𝑒1)𝑓1 

(2.5) 
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iii. Bernoulli’s principle 

𝑆𝑡𝑟𝑒𝑎𝑚𝑙𝑖𝑛𝑒 𝑓𝑟𝑜𝑚 𝑥 = −∞  𝑡𝑜 𝑥 = 0− ∶  𝑃∞ +
1

2
𝜌𝑢∞

2 = 𝑃1 +
1

2
𝜌𝑢∞

2 (1 − 𝑒1)
2 (2.6) 

𝑆𝑡𝑟𝑒𝑎𝑚𝑙𝑖𝑛𝑒 𝑓𝑟𝑜𝑚 𝑥 = 0+  𝑡𝑜 𝑥 = +∞ ∶  𝑃2 +
1

2
𝜌𝑢∞

2 (1 − 𝑒1)
2 = 𝑃∞ +

1

2
𝜌𝑢∞

2 (1 − 𝑓1)
2             (2.7) 

Subtracting equation (2.7) from (2.6) we get, 

(𝑃1 − 𝑃2) =
1

2
𝜌𝑢∞

2 −
1

2
𝜌𝑢∞

2 (1 − 𝑓1)
2 

→ (𝑃1 − 𝑃2) =
1

2
𝜌𝑢∞

2 (1 − (1 − 𝑓1)
2) 

→ (𝑃1 − 𝑃2) =
1

2
𝜌𝑢∞

2 (2𝑓1 − 𝑓1
2) (2.8) 

Comparing equations (2.5) and (2.8) we get, 

𝜌𝑢∞
2 (1 − 𝑒1)𝑓1 =

1

2
𝜌𝑢∞

2 (2𝑓1 − 𝑓1
2) 

Assuming 𝑓1 ≠ 0 (trivial solution), 

(1 − 𝑒1) =
1

2
(2 − 𝑓1) 

∴ 𝑒1 =
𝑓1
2

 (2.9) 

Substituting the result from equation (2.9) into equation (2.5) 

(𝑃1 − 𝑃2) = 𝜌𝑢∞
2 (1 − 𝑒1). 2𝑒1 (2.10) 

Thus, the power extracted is given by (from equation (2.2) and (2.10)); 

𝑃𝑒𝑥𝑡𝑟𝑎𝑐𝑡 = 𝜌𝐴 𝑢∞
3 [ 2𝑒1(1 − 𝑒1)

2] (2.11) 

The total power available in the flow is obtained from the power in a moving fluid in a cylinder 

with cross sectional area A and velocity magnitude 𝑉∞; 

𝑃𝑓𝑙𝑜𝑤 =
1

2
𝜌𝐴𝑉∞

3 =
1

2
𝜌𝐴𝑢∞

3  
(2.12) 
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Define a non-dimensional coefficient, the power coefficient CP, as the ratio between the 

power extracted and the power available in the flow, 

𝐶𝑃 =
𝑃𝑒𝑥𝑡𝑟𝑎𝑐𝑡

𝑃𝑓𝑙𝑜𝑤
=

𝜌𝐴𝑢∞
3 [ 2𝑒1(1 − 𝑒1)

2]

1
2 𝜌𝐴𝑢∞

3
= 4𝑒1(1 − 𝑒1)

2 (2.13) 

From equation (2.13) we see that the power coefficient is only a function of the axial 

velocity induction factor 𝑒1. Looking at the variation of the power coefficient with 𝑒1, we see 

that the power coefficient reaches its maximum value at 𝑒1 = 1/3 (see figure 2.2).  

 

Figure 2.2: Variation of Power coefficient with induction factor e1. 

The value of the maximum power coefficient is, 

𝐶𝑃𝑚𝑎𝑥
= 4(

1

3
) (1 −

1

3
)
2

=
16

27
≅ 0.593 (2.14) 

This value of the maximum power coefficient is known as the Betz coefficient [10] and is the 

maximum fraction of power that can be extracted from a flow by an ideal actuator disc whose 

axis is in the direction of the incoming flow (𝜃 = 90𝑜). 
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2.2 Extending Betz limit for a single rotor in Yaw 

The next task is to identify how does the Betz limit change with varying Yaw angle (𝜃).  

For this we consider a similar control volume as in section 2.1, but with the incoming flow 

inclined at an angle with the rotor plane. The magnitude of the free stream remains 𝑉∞, and thus 

the component of flow perpendicular (𝑢∞) and tangential (𝑣∞) to the rotor plane are components 

of the free stream.  

𝑢∞ = 𝑉∞ sin(𝜃) ;  𝑣∞ = 𝑉∞ cos(𝜃) (2.15) 

As the rotor is assumed to be an infinitesimally thin actuator disc, there is only change in 

momentum in the axial direction (x-axis). Thus, there is zero momentum change in the 

tangential/radial direction (y-axis), which leads to the fact that the tangential velocity remains 

constant throughout the control volume, 𝑣𝑥=−∞ = 𝑣𝑥=0 = 𝑣𝑥=+∞ = 𝑣∞ = 𝑉∞ cos(𝜃). 

                         

 

 

Figure 2.3: Control volume and flow profile over a single rotor turbine in yaw. 

𝑥 

𝑦 

      𝑥 = −∞                                             𝑥 = 0                                                  𝑥 = +∞ 
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Thus, from a similar analysis as carried out in section 2.1, the Power extracted can be 

given as (from equation 2.11), 

𝑃𝑒𝑥𝑡𝑟𝑎𝑐𝑡 = 𝜌𝐴 𝑢∞
3 [ 2𝑒1(1 − 𝑒1)

2] 

From equation 2.15,  

𝑃𝑒𝑥𝑡𝑟𝑎𝑐𝑡(𝜃) = 𝜌𝐴 (𝑉∞ sin(𝜃))3[ 2𝑒1(1 − 𝑒1)
2] (2.16) 

The power available in the flow remains the same as in a non-yawed case. 

𝑃𝑓𝑙𝑜𝑤 =
1

2
𝜌𝐴𝑉∞

3 

The power coefficient for a single rotor in Yawed operation is, 

𝐶𝑃(𝜃) =
𝑃𝑒𝑥𝑡𝑟𝑎𝑐𝑡

𝑃𝑓𝑙𝑜𝑤
=

𝜌𝐴 (𝑉∞ sin(𝜃))3[ 2𝑒1(1 − 𝑒1)
2]

1
2 𝜌𝐴𝑉∞

3
= 4𝑒1(1 − 𝑒1)

2 sin3(𝜃) (2.17) 

which can also be written as, 

𝐶𝑃(𝜃) = sin3(𝜃) . 𝐶𝑃(90
𝑜) 

Thus, the maximum power coefficient of a single rotor in yawed operation can be given as (Note 

that the maximum in this case occurs at an axial velocity induction factor, 𝑒1 of 1/3 as well), 

𝐶𝑃𝑚𝑎𝑥
(𝜃) =

16

27
 sin3(𝜃) 

(2.18) 

It is also important to note that one must not use the component of the disc area normal to the 

flow to compute the Betz limit in yawed operation, which would lead to an incorrect dependence 

of the power coefficient on sin1(𝜃). It is the component of flow velocity normal to the plane of 

the disc which dictates the power coefficient, as momentum change occurs normal to the disc 

plane (axially).  
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The variation of the Betz coefficient with Yaw angle is shown graphically in figure 2.4. 

 

Figure 2.4: Variation of Betz coefficient with Yaw angle. 

As one can observe, the Betz coefficient drops quickly as we reduce the Yaw angle from 90o, 

leading to a pessimistic opinion of a single rotor turbine operating in Yaw. Is there hope in 

operating a dual rotor turbine (coaxial) in yaw? Sections 2.3, 2.4 and 2.5 delve deeper into 

answering this question. 

2.3 The Newman limit – Maximum power from a Dual rotor system 

           In his 1983 paper, ‘Actuator disc theory for vertical-axis wind turbines’[11], B.G. Newman 

analytically derived the maximum power coefficient for a dual rotor turbine (coaxial) in non-

yawed operation (𝜃 = 90𝑜) and showed that its value is 

𝐶𝑃𝑑𝑢𝑎𝑙,𝑚𝑎𝑥
=

16

25
= 0.64 (2.19) 
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This fraction is termed as the Newman coefficient, and physically it describes the 

maximum fraction of power that can be extracted from a flow, using two ideal actuator discs 

with equal cross-section area whose axis are coaxial and in the direction of incoming flow. 

Proof of Newman limit: 

All the assumptions as in Section 2.1 are applicable to the derivation of Newman limit. 

Consider two actuator discs of equal area A and the streamlines emanating to and from 

the discs (see figure 2.5), 

 

Figure 2.5: Control volume and flow profile over a dual rotor horizontal axis turbine. 

The dashed lines in figure 2.5 represent the boundary of streamlines which pass through both 

disc 1 and 2. All streamlines within this boundary pass through both the discs and streamlines 

outside this boundary and within the solid line boundary pass through only disc 1.  

A1 is the area of disc 1, streamlines emanating from which completely encompass the 

area A of disc 2.  

The magnitude of free stream is 𝑉∞ , which completely contributes to axial velocity for a 

non-yawed case (𝑢∞ = 𝑉∞ , 𝑣∞ = 0) . The axial velocities at the plane of disc 1 and 2 are 

𝑢∞(1 − 𝑒1) and 𝑢∞(1 − 𝑒2) respectively. Far downstream, the axial velocity within the dashed 

   

𝑃4 

𝑃∞ 

𝑥 

𝑦 

         𝑥 = −∞                          𝑥 = 0     𝑥 = 𝑑         𝑥 = +∞ 

𝑃2 𝑃2 

𝑨𝟏 

𝑨 𝑃1 

𝑃3 𝑃∞ 
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line boundary is 𝑢∞(1 − 𝑓2) and the axial velocity outside the dashed line boundary and within 

the solid line boundary is 𝑢∞(1 − 𝑓1). 

The power that can be extracted by the system is thus given by the product of the force 

experienced by the discs and the velocity at the disc planes 

𝑃𝑒𝑥𝑡𝑟𝑎𝑐𝑡,𝑑𝑢𝑎𝑙 = [𝐹𝑑𝑖𝑠𝑐1  ×  𝑢𝑑𝑖𝑠𝑐1]  + [𝐹𝑑𝑖𝑠𝑐2  ×  𝑢𝑑𝑖𝑠𝑐2] 

                      = [(𝑃1 − 𝑃2)𝐴 × 𝑢∞(1 − 𝑒1)] + [(𝑃3 − 𝑃4)𝐴 × 𝑢∞(1 − 𝑒2)] 

(2.20) 

Applying conservation principles to the system: 

i. Conservation of Mass: Continuity equation through the inner annulus 

𝐴1𝑢∞(1 − 𝑒1) = 𝐴 𝑢∞(1 − 𝑒2) 

→ 
𝐴1

𝐴
=

(1 − 𝑒2)

(1 − 𝑒1)
  (2.21) 

ii. Conservation of Axial Momentum: 

Outer Annulus: Similar result as single disc 

(𝑃1 − 𝑃2)(𝐴 − 𝐴1) = �̇�𝑜𝑢𝑡𝑒𝑟  (𝑢𝑥=−∞ − 𝑢𝑥=+∞) 

(𝑃1 − 𝑃2) =
𝜌(𝐴 − 𝐴1)𝑢∞(1 − 𝑒1)

𝐴 − 𝐴1

[𝑢∞ − 𝑢∞(1 − 𝑓1)] 

(𝑃1 − 𝑃2) = 𝜌𝑢∞
2 (1 − 𝑒1)𝑓1 (2.22) 

Inner Annulus: 

(𝑃1 − 𝑃2)𝐴1 + (𝑃3 − 𝑃4)𝐴 = �̇�𝑖𝑛𝑛𝑒𝑟 (𝑢𝑥=−∞ − 𝑢𝑥=+∞) 

(𝑃1 − 𝑃2)𝐴1 + (𝑃3 − 𝑃4)𝐴 = 𝜌𝐴1𝑢∞(1 − 𝑒1) (𝑢∞ − 𝑢∞(1 − 𝑓2)) (2.23) 
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Dividing equation (2.23) by A throughout,  

(𝑃1 − 𝑃2) (
𝐴1

𝐴
) + (𝑃3 − 𝑃4)  = 𝜌 (

𝐴1

𝐴
)𝑢∞

2 (1 − 𝑒1) (𝑓2) (2.24) 

from equations 2.21, 2.22, and 2.24 

𝜌𝑢∞
2 (1 − 𝑒1)𝑓1  

(1 − 𝑒2)

(1 − 𝑒1)
 + (𝑃3 − 𝑃4)  = 𝜌

(1 − 𝑒2)

(1 − 𝑒1)
𝑢∞

2 (1 − 𝑒1) (𝑓2)  

→ (𝑃3 − 𝑃4) = 𝜌𝑢∞
2  (1 − 𝑒2)(𝑓2 − 𝑓1) (2.25) 

iii. Bernoulli’s principle: 

Outer Annulus (similar as single rotor case): 

𝑃∞ +
1

2
𝜌𝑢∞

2 = 𝑃1 +
1

2
𝜌𝑢∞

2 (1 − 𝑒1)
2 

𝑃2 +
1

2
𝜌𝑢∞

2 (1 − 𝑒1)
2 = 𝑃∞ +

1

2
𝜌𝑢∞

2 (1 − 𝑓1)
2 (2.26) 

Inner Annulus: 

𝑃2 +
1

2
𝜌𝑢∞

2 (1 − 𝑒1)
2 = 𝑃3 +

1

2
𝜌𝑢∞

2 (1 − 𝑒2)
2 (2.27) 

𝑃4 +
1

2
𝜌𝑢∞

2 (1 − 𝑒2)
2 = 𝑃∞ +

1

2
𝜌𝑢∞

2 (1 − 𝑓2)
2 (2.28) 

Comparing equations (2.26) and (2.27), 

𝑃3 +
1

2
𝜌𝑢∞

2 (1 − 𝑒2)
2 = 𝑃∞ +

1

2
𝜌𝑢∞

2 (1 − 𝑓1)
2 (2.29) 

Subtracting (2.28) from (2.29) we get, 

𝑃3 − 𝑃4 =
1

2
𝜌𝑢∞

2  [ (1 − 𝑓1)
2 − (1 − 𝑓2)

2 ] (2.30) 
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Rewriting equation (2.30) 

→ 𝑃3 − 𝑃4 =
1

2
𝜌𝑢∞

2  [ (2 − 𝑓1 − 𝑓2)(𝑓2 − 𝑓1) ] (2.31) 

Comparing equations (2.25) and (2.31), (𝑓1 ≠ 𝑓2, 𝑡𝑟𝑖𝑣𝑖𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛) 

1 − 𝑒2 =
1

2
(2 − 𝑓1 − 𝑓2) 

→ 𝑒2 =
𝑓1 + 𝑓2

2
 (2.32) 

The outer annulus analysis results in the same expression between 𝑒1 and 𝑓1, 

𝑒1 =
𝑓1
2

 

Thus equations (2.22) and (2.25) can be simplified into, 

𝑃1 − 𝑃2 = 2𝜌𝑢∞
2 (1 − 𝑒1)𝑒1 (2.33) 

𝑃3 − 𝑃4 =  𝜌𝑢∞
2  (1 − 𝑒2)(2𝑒2 − 2𝑓1) = 𝜌𝑢∞

2  (1 − 𝑒2)(2𝑒2 − 4𝑒1) (2.34) 

The power extracted can hence be expressed as a function of 𝑒1𝑎𝑛𝑑 𝑒2  

𝑃𝑒𝑥𝑡𝑟𝑎𝑐𝑡,𝑑𝑢𝑎𝑙 = 𝐴[2𝜌𝑢∞
2 (1 − 𝑒1)𝑒1  × 𝑢∞(1 − 𝑒1)] + 𝐴[𝜌𝑢∞

2  (1 − 𝑒2)(2𝑒2 − 4𝑒1)  × 𝑢∞(1 − 𝑒2)] 

𝑃𝑒𝑥𝑡𝑟𝑎𝑐𝑡,𝑑𝑢𝑎𝑙 = 𝜌𝑢∞
3 𝐴 [2(1 − 𝑒1)

2𝑒1 +  2(1 − 𝑒2)
2(𝑒2 − 2𝑒1)] (2.35) 

The power coefficient can be obtained by taking the ratio of the power extracted and the power 

available  (𝑃𝑓𝑙𝑜𝑤 =
1

2
𝜌𝐴𝑉∞

3 =
1

2
𝜌𝐴𝑢∞

3 ), 

𝐶𝑃,𝑑𝑢𝑎𝑙 =
𝑃𝑒𝑥𝑡𝑟𝑎𝑐𝑡,𝑑𝑢𝑎𝑙

𝑃𝑓𝑙𝑜𝑤
=

𝜌𝑢∞
3 𝐴 [2(1 − 𝑒1)

2𝑒1 +  2(1 − 𝑒2)
2(𝑒2 − 2𝑒1)]

1
2 𝜌𝐴𝑢∞

3
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which results in an expression depending only on 𝑒1𝑎𝑛𝑑 𝑒2 

𝑪𝑷,𝒅𝒖𝒂𝒍 = 𝟒 [ (𝟏 − 𝒆𝟏)
𝟐𝒆𝟏 + (𝟏 − 𝒆𝟐)

𝟐(𝒆𝟐 − 𝟐𝒆𝟏) ] = 𝒇𝒏(𝒆𝟏, 𝒆𝟐) (2.36) 

From the contour plot of CP,dual, (see figure 2.6), we observe that a maximum is reached at [11]  

𝑒1 =
1

5
(= 0.2) 𝑎𝑛𝑑 𝑒2 =

3

5
(= 0.6) 

(2.37) 

 
Figure 2.6: Contours of power coefficient (in %) of a dual rotor turbine with e1 and e2. 

Some important observations which can be made from the contour plot, 

• There exists a zone of 𝑒1𝑎𝑛𝑑 𝑒2 values (shaded yellow in figure 2.6) for which the dual 

rotor system performs better than the maximum of a single rotor system (59.26%). The 

maximum of a dual rotor system lies within this improvement zone and equals to 64% 

(𝐶𝑃 = 0.64), with the first and second rotor contributing 80% and 20% respectively.  

• The necessary condition to extract positive power from a dual rotor system is 𝑒2 > 𝑒1,   

as the flow must be slowed down by the second rotor for the system to act as a turbine.  
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• If the dual rotor system operates at the induced velocity factor values of 1/3 and 1/3 

(optimal values for a single rotor operating independent of each other), the net power 

extracted is zero. This is because at the condition of 𝑒1 = 𝑒2, the second rotor does not 

act as a turbine and completely utilizes the power produced by the first rotor. 

This brings us to the question of what is the sufficient condition for the second rotor/disc to act 

as a turbine (i.e., generate positive power)? For this one must look at the individual contribution 

of each rotor to the power coefficient of the dual rotor system. 

𝐶𝑃1
= 4(1 − 𝑒1)

2𝑒1,   𝐶𝑃2
= 4(1 − 𝑒2)

2(𝑒2 − 2𝑒1) 
(2.38) 

𝑤ℎ𝑒𝑟𝑒 𝐶𝑃,𝑑𝑢𝑎𝑙 = 𝐶𝑃1
+ 𝐶𝑃2

 

The necessary and sufficient condition for the second rotor to act as a turbine is  

𝐶𝑃2
> 0 → 𝒆𝟐 > 𝟐𝒆𝟏  (2.39) 

This can be visualized in the contour plot of 𝐶𝑃2
 

 

Figure 2.7: Contour plot of the power contribution (in %) of the second rotor in a dual rotor 

turbine. 
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Another interesting parameter to study is the extent to which each rotor slows down the 

flow approaching it, for which we define parameters 𝑎1 𝑎𝑛𝑑 𝑎2, where 𝑎1 is the factor of axial 

velocity change from the free stream to the first rotor, and 𝑎2 is the factor of axial velocity 

change from the first rotor to the second rotor. Mathematically, 

𝑎1 = 
𝑢∞ − 𝑢∞(1 − 𝑒1)

𝑢∞
= 𝑒1 

𝑎2 =
𝑢∞(1 − 𝑒1) − 𝑢∞(1 − 𝑒2)

𝑢∞(1 − 𝑒1)
=

𝑒2 − 𝑒1

1 − 𝑒1
 (2.40) 

This can be thought of as a coordinate transformation or mapping from one coordinate system to 

another. The contour plot of power coefficient in the transformed coordinates provides us with 

some interesting insights (see figure 2.8). 

 

Figure 2.8: Contours of power coefficient (in %) of dual rotor turbine in transformed coordinates. 
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Apart from the uncanny resemblance of the improvement zone to an airfoil, an important 

inference from figure 2.8 is the optimal values of 𝑎1 𝑎𝑛𝑑 𝑎2 being 0.2 and 0.5. This means that 

the first rotor needs to slow down the free stream by 20% and the second rotor needs to slow 

down the residual flow from the first rotor by 50% to operate at the optimal system condition. 

This is in stark contrast to the actual power contribution from each rotor at the optimal condition. 

The first rotor generates 80% of the total power and the second rotor 20% (𝐶𝑃1
= 0.512, 𝐶𝑃2

= 0.128).  

In a follow up paper in 1986, ‘Multiple Actuator Disc Theory for Wind Turbines’ [12],                

B. G. Newman extended this study to infinite discs queued up in tandem and analyzed the 

variation of the maximum power coefficient of the system with the number of discs (n). He also 

reported the optimal velocity induction factors as a function of the number of discs.  

𝐶𝑃 = 4 ∑(𝑒𝑟 − 2𝑒𝑟−1 + 2𝑒𝑟−2 + ⋯+ (−1)𝑟−12𝑒1)(1 − 𝑒𝑟)
2

𝑟=𝑛

𝑟=1

 
(2.41) 

Optimal velocity induction factors, 

𝑒𝑟 =
2𝑟 − 1

2𝑛 + 1
   , 𝑟 = 1,2,3… . . 𝑛 (2.42) 

which results in  

𝐶𝑃𝑚𝑎𝑥
 (𝑛) =

8𝑛(𝑛 + 1)

3(2𝑛 + 1)2
 (2.43) 

This gives us, for n=1, 𝐶𝑃𝑚𝑎𝑥
= 16/27 = 59.26% , for n=2, 𝐶𝑃𝑚𝑎𝑥

= 16/25 = 64%, and for 

𝑛 = ∞, 𝐶𝑃𝑚𝑎𝑥
= 16/24 = 66%. Thus, the maximum fraction of power that can be extracted by 

stacking infinite rotors in tandem is 0.66 of the available power, which is a 3% increase 

compared to a dual rotor, showing that no appreciable benefit is obtained beyond a dual rotor 

configuration.  
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2.4 Extending Newman theory for a Dual rotor in Yaw 

The Newman limit can be extended to operation in yaw in a similar way the Betz limit in 

Yaw analysis was carried out in section 2.2. The freestream flow can be divided into components 

of axial and tangential velocity. 

𝑢∞ = 𝑉∞ sin(𝜃) ;  𝑣∞ = 𝑉∞ cos(𝜃) (2.44) 

The extra assumption in this case is that when in yaw, the second rotor is still completely 

within the wake of the first rotor, i.e., all the flow incoming to the second rotor has passed 

through the first rotor (see Figure 2.9),  

 

Figure 2.9: Control volume and flow profile for a coaxial dual rotor turbine in yaw. 

Thus, from equation (2.35) the power extracted by such a system is given by 

𝑃𝑒𝑥𝑡𝑟𝑎𝑐𝑡,𝑑𝑢𝑎𝑙 = 𝜌𝑢∞
3 𝐴 [2(1 − 𝑒1)

2𝑒1 +  2(1 − 𝑒2)
2(𝑒2 − 2𝑒1)] 

= 𝜌(𝑉∞ sin(𝜃))3𝐴 [2(1 − 𝑒1)
2𝑒1 +  2(1 − 𝑒2)

2(𝑒2 − 2𝑒1)] 

 

𝑥 

𝑦 
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The power available in the flow remains  

𝑃𝑓𝑙𝑜𝑤 =
1

2
𝜌𝐴𝑉∞

3 

The power coefficient for a dual rotor turbine in yaw is a function of 𝜃, 𝑒1 𝑎𝑛𝑑 𝑒2. 

𝑪𝑷,𝒅𝒖𝒂𝒍(𝜽) = 𝟒𝒔𝒊𝒏𝟑(𝜽) [ (𝟏 − 𝒆𝟏)
𝟐𝒆𝟏 + (𝟏 − 𝒆𝟐)

𝟐(𝒆𝟐 − 𝟐𝒆𝟏) ] = 𝒇𝒏(𝜽, 𝒆𝟏, 𝒆𝟐) (2.45) 

which can be re-expressed as 

𝐶𝑃,𝑑𝑢𝑎𝑙(𝜃) = 𝑠𝑖𝑛3(𝜃) 𝐶𝑃,𝑑𝑢𝑎𝑙(90) 

an expression similar to equation (2.18) 

𝐶𝑃𝑑𝑢𝑎𝑙,𝑚𝑎𝑥
(𝜃) =

16

25
𝑠𝑖𝑛3(𝜃) (2.46) 

This result obtained is also pessimistic in nature as a dual rotor turbine in Yaw results 

only in an 8% increase in Power output with a cubic sine dependence on the yaw angle. But is 

this always the case? Does the assumption of the second rotor being completely in the wake of 

the first always hold true? What would be the power extracted if a part of the second rotor was 

outside the wake of the first, which is a more realistic system? Section 2.5 intends on answering 

these questions. 
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2.5 Dual rotor in Yaw, with Wake Area Fraction 

When two rotors are placed in tandem one behind other and inclined at a yaw angle (𝜃), 

based on the separation distance between the rotors, there is always a part of the rear rotor which 

does not lie in the wake of the rotor ahead. This part experiences ‘fresh flow’ which is not 

directly affected by the first rotor. This fresh flow contains more energy potential than the flow 

which has passed through the first rotor, and thus such a configuration shows promise.  

2.5.1 Power extraction capabilities of such a system 

The flow profile for such a configuration is shown in Figure 2.10,  

 

Figure 2.10: Flow profile for a coaxial dual rotor turbine in yaw with wake area fraction. 

From the figure above, we see that only the area 𝐴2 of the second rotor lies within the 

wake of the first rotor, and remaining area 𝐴 − 𝐴2 experiences fresh flow.  

 

𝑃∞ 

𝑃1 𝑃5 

𝑃∞ 
𝑃2 

𝑃3 
𝑃4 

𝑃6 

         𝑥 = −∞                                       𝑥 = 0                𝑥 = +𝑑         𝑥 = +∞ 

𝑥 

𝑦 
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Define wake area fraction (𝛼) as the fraction of area of the second rotor which lies in the 

wake of the first rotor, mathematically, 

𝜶 =
𝑨𝟐

𝑨
 (2.47) 

The wake area fraction (𝛼) is a function of multiple parameters like the distance between 

the rotors (d), the yaw angle (𝜃), and the free stream velocity (𝑉∞).  

To characterize the power extracting capabilities of such a system, a few assumptions are 

made (in addition to the ones mentioned in section 2.1 with certain modifications), 

• The second rotor/disc contains two regions of uniform thrust (instead of one). The first 

region is the area which lies in the wake of the first rotor, and the uniform pressure jump 

in this region is 𝑃3 → 𝑃4,  and the second region is the area which lies outside the wake of 

the first rotor, and the uniform pressure jump in this region is 𝑃5 → 𝑃6.  

• The region 2 of the second rotor experiences ‘fresh flow’, (𝑚𝑎𝑔𝑛𝑖𝑡𝑢𝑑𝑒 𝑉∞), and is not 

influenced by the presence of the first rotor or the region 1 of the second rotor.  

• The axial velocities at the second rotor plane are characterized by 𝑉∞ sin(𝜃) (1 − 𝑒2) in     

region 1 and 𝑉∞ sin(𝜃) (1 − 𝑒3) in region 2.  

• Momentum change occurs only in the axial direction (infinitesimally thin actuator disc), 

and thus the tangential velocity 𝑣∞ = 𝑉∞ cos(𝜃) remains unaffected throughout.  

The power that can be extracted by the system is thus given by the product of the force 

experienced by the discs and the velocity at the disc planes 

𝑃𝑒𝑥𝑡𝑟𝑎𝑐𝑡,𝑑𝑢𝑎𝑙 = [𝐹𝑑𝑖𝑠𝑐1  ×  𝑢𝑑𝑖𝑠𝑐1]  + [𝐹𝑑𝑖𝑠𝑐2  ×  𝑢𝑑𝑖𝑠𝑐2]𝑟𝑒𝑔𝑖𝑜𝑛1 + [𝐹𝑑𝑖𝑠𝑐2  ×  𝑢𝑑𝑖𝑠𝑐2]𝑟𝑒𝑔𝑖𝑜𝑛2    

= [(𝑃1 − 𝑃2)𝐴 × 𝑢∞(1 − 𝑒1)] + [(𝑃3 − 𝑃4)𝐴2  × 𝑢∞(1 − 𝑒2)] + [(𝑃5 − 𝑃6)(𝐴 − 𝐴2)  ×

𝑢∞(1 − 𝑒3)]  
(2.48) 



   

26 

 

The pressures at the rotor/disc planes can be obtained by application of the conservation 

equations, as done in section 2.3. 

Applying conservation principles to the system: 

i. Conservation of Mass: Continuity equation through the inner annulus (region 1) 

𝐴1 𝑉∞ sin(𝜃) (1 − 𝑒1) = 𝐴2 𝑉∞ sin(𝜃) (1 − 𝑒2) 

𝐴1

𝐴2
= 

(1 − 𝑒2)

(1 − 𝑒1)
 (2.49) 

ii. Conservation of Axial Momentum: 

Exterior region passing only through rotor/disc 1 

(𝑃1 − 𝑃2)(𝐴 − 𝐴1) = [𝜌(𝐴 − 𝐴1)𝑉∞ sin(𝜃) (1 − 𝑒1)] {𝑉∞ sin(𝜃) − 𝑉∞ sin(𝜃) (1 − 𝑓1)} 

→ (𝑃1 − 𝑃2) = 𝜌(𝑉∞ sin(𝜃))2 (1 − 𝑒1)𝑓1 (2.50) 

Exterior region passing only through rotor/disc 2 (region 2 of second rotor) 

(𝑃5 − 𝑃6)(𝐴 − 𝐴2) = [𝜌(𝐴 − 𝐴2)𝑉∞ sin(𝜃) (1 − 𝑒3)] {𝑉∞ sin(𝜃) − 𝑉∞ sin(𝜃) (1 − 𝑓3)} 

→ (𝑃5 − 𝑃6) = 𝜌(𝑉∞ sin(𝜃))2 (1 − 𝑒3)𝑓3 (2.51) 

Interior region passing through both first rotor and region 1 of second rotor  

             (𝑃1 − 𝑃2)𝐴1 + (𝑃3 − 𝑃4)𝐴2 = [𝜌𝐴1𝑉∞ sin(𝜃) (1 − 𝑒1)] {𝑉∞ sin(𝜃) − 𝑉∞ sin(𝜃) (1 − 𝑓2)} 

→ (𝑃1 − 𝑃2)𝐴1 + (𝑃3 − 𝑃4)𝐴2 = 𝜌𝐴1(𝑉∞ sin(𝜃))2(1 − 𝑒1)𝑓2 (2.52) 

Diving equation (2.52) by 𝐴2 throughout, 

(𝑃1 − 𝑃2)
𝐴1

𝐴2
+ (𝑃3 − 𝑃4) = 𝜌

𝐴1

𝐴2

(𝑉∞ sin(𝜃))2(1 − 𝑒1)𝑓2 (2.53) 

From equations (2.49), (2.50) and (2.53), 

→ (𝑃3 − 𝑃4) = 𝜌(𝑉∞ sin(𝜃))2 (1 − 𝑒2)(𝑓2 − 𝑓1) (2.54) 
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iii. Bernoulli’s principle  

Exterior region passing only through rotor/disc 1 

𝑃∞ +
1

2
𝜌(𝑉∞ sin(𝜃))2 = 𝑃1 +

1

2
𝜌(𝑉∞ sin(𝜃))2(1 − 𝑒1)

2 

𝑃2 +
1

2
𝜌(𝑉∞ sin(𝜃))2(1 − 𝑒1)

2 = 𝑃∞ +
1

2
𝜌(𝑉∞ sin(𝜃))2(1 − 𝑓1)

2 (2.55) 

→ (𝑃1 − 𝑃2) =
1

2
𝜌(𝑉∞ sin(𝜃))2 −

1

2
𝜌(𝑉∞ sin(𝜃))2(1 − 𝑓1)

2 

→ (𝑃1 − 𝑃2) =
1

2
𝜌(𝑉∞ sin(𝜃))2(2 − 𝑓1)𝑓1 (2.56) 

From equations (2.50) and (2.55) we get (𝑓1 ≠ 0, 𝑡𝑟𝑖𝑣𝑖𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛) 

𝑒1 =
𝑓1
2

 (2.57) 

Exterior region passing only through rotor/disc 2 (region 2 of second rotor) 

→ (𝑃5 − 𝑃6) =
1

2
𝜌(𝑉∞ sin(𝜃))2 −

1

2
𝜌(𝑉∞ sin(𝜃))2(1 − 𝑓3)

2 (2.58) 

From equations (2.51) and (2.57) we get (𝑓3 ≠ 0, 𝑡𝑟𝑖𝑣𝑖𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛) 

𝑒3 =
𝑓3
2

 (2.59) 

Interior region passing through both first rotor and region 1 of second rotor  

𝑃2 +
1

2
𝜌(𝑉∞ sin(𝜃))2(1 − 𝑒1)

2 = 𝑃3 +
1

2
𝜌(𝑉∞ sin(𝜃))2(1 − 𝑒2)

2 (2.60) 

𝑃4 +
1

2
𝜌(𝑉∞ sin(𝜃))2(1 − 𝑒2)

2 = 𝑃∞ +
1

2
𝜌(𝑉∞ sin(𝜃))2(1 − 𝑓2)

2 (2.61) 
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Comparing equations (2.55) and (2.60), 

𝑃3 +
1

2
𝜌(𝑉∞ sin(𝜃))2(1 − 𝑒2)

2 = 𝑃∞ +
1

2
𝜌(𝑉∞ sin(𝜃))2(1 − 𝑓1)

2 (2.62) 

Subtracting (2.61) from (2.62) we get, 

𝑃3 − 𝑃4 =
1

2
𝜌(𝑉∞ sin(𝜃))2 [ (1 − 𝑓1)

2 − (1 − 𝑓2)
2 ] (2.63) 

Rewriting equation (2.63) 

→ 𝑃3 − 𝑃4 =
1

2
𝜌(𝑉∞ sin(𝜃))2 [ (2 − 𝑓1 − 𝑓2)(𝑓2 − 𝑓1) ] (2.64) 

Comparing equations (2.54) and (2.64), (𝑓1 ≠ 𝑓2, 𝑡𝑟𝑖𝑣𝑖𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛) 

→ 𝑒2 =
𝑓1 + 𝑓2

2
 (2.65) 

Thus equations (2.50), (2.51) and (2.54) can be simplified into, 

𝑃1 − 𝑃2 = 2𝜌(𝑉∞ sin(𝜃))2(1 − 𝑒1)𝑒1 (2.66) 

𝑃3 − 𝑃4 =  𝜌(𝑉∞ sin(𝜃))2 (1 − 𝑒2)(2𝑒2 − 2𝑓1) = 𝜌(𝑉∞ sin(𝜃))2 (1 − 𝑒2)(2𝑒2 − 4𝑒1) (2.67) 

𝑃5 − 𝑃6 = 2𝜌(𝑉∞ sin(𝜃))2(1 − 𝑒3)𝑒3 (2.68) 

The power extracted can hence be expressed as a function of 𝑒1, 𝑒2 𝑎𝑛𝑑 𝑒3  

     𝑃𝑒𝑥𝑡𝑟𝑎𝑐𝑡,𝑑𝑢𝑎𝑙 = 𝐴[2𝜌(𝑉∞ 𝑠𝑖𝑛(𝜃))2(1 − 𝑒1)𝑒1  × 𝑉∞ 𝑠𝑖𝑛(𝜃) (1 − 𝑒1)]      

+ 𝐴2[𝜌(𝑉∞ 𝑠𝑖𝑛(𝜃))2(1 − 𝑒2)(2𝑒2 − 4𝑒1)  × 𝑉∞ 𝑠𝑖𝑛(𝜃) (1 − 𝑒2)]

+ (𝐴 − 𝐴2)[2𝜌(𝑉∞ 𝑠𝑖𝑛(𝜃))2(1 − 𝑒3)𝑒3  × 𝑉∞ 𝑠𝑖𝑛(𝜃) (1 − 𝑒3)] 

From the definition of wake area fraction (𝛼), 

𝑷𝒆𝒙𝒕𝒓𝒂𝒄𝒕,𝒅𝒖𝒂𝒍 = 𝟐𝝆(𝑽∞ 𝒔𝒊𝒏(𝜽))𝟑𝑨 [(𝟏 − 𝒆𝟏)
𝟐𝒆𝟏 + 𝜶(𝟏 − 𝒆𝟐)

𝟐(𝒆𝟐 − 𝟐𝒆𝟏)          

+ (𝟏 − 𝜶)(𝟏 − 𝒆𝟑)
𝟐𝒆𝟑] 

(2.69) 
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The power available in the flow for such a system is, 

𝑃𝑓𝑙𝑜𝑤 =
1

2
𝜌𝐴𝑉∞

3 +
1

2
𝜌(𝐴 − 𝐴2)𝑉∞

3 =
1

2
𝜌𝐴𝑉∞

3 (2 − 𝛼) (2.70) 

The power coefficient can thus be written as, 

𝐶𝑃,𝛼 =
𝑃𝑒𝑥𝑡𝑟𝑎𝑐𝑡,𝑑𝑢𝑎𝑙

𝑃𝑓𝑙𝑜𝑤
=

2𝜌(𝑉∞ 𝑠𝑖𝑛(𝜃))3𝐴 [(1 − 𝑒1)
2𝑒1 + 𝛼(1 − 𝑒2)

2(𝑒2 − 2𝑒1) + (1 − 𝛼)(1 − 𝑒3)
2𝑒3]

1
2
𝜌𝐴𝑉∞

3 (2 − 𝛼)
 

→ 𝑪𝑷,𝜶 =
𝟒𝒔𝒊𝒏𝟑(𝜽)

𝟐 − 𝜶
[(𝟏 − 𝒆𝟏)

𝟐𝒆𝟏 + 𝜶(𝟏 − 𝒆𝟐)
𝟐(𝒆𝟐 − 𝟐𝒆𝟏) + (𝟏 − 𝜶)(𝟏 − 𝒆𝟑)

𝟐𝒆𝟑] (2.71) 

The expression for 𝐶𝑃,𝛼 returns to the power coefficient expression as obtained in section 2.4 

(dual rotor in yaw) on substituting the value of 𝛼 = 1, and the power coefficient expression as 

obtained in section 2.2 (single rotor in yaw) for 𝛼 = 0, which provides us with a sanity check.  

The contour of maximum 𝐶𝑃,𝛼 for each value of 𝜃 and 𝛼 is plotted in figure 2.11 

 

Figure 2.11: Contours of power coefficient (%) for a dual rotor system in yaw and wake fraction. 
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We see that there exists a zone where the Power coefficient is above 59.26%, however as 

expected, the maximum still remains to be 64%. But, to compare the power output of this system 

with a dual rotor system in no yaw (section 2.3), it is important to use an equal reference power 

while computing the power coefficient. For this, we define another non-dimensional parameter 

‘Equivalent power coefficient (𝐶𝑃,𝑒𝑞)’ as, 

𝐶𝑃,𝑒𝑞 =
𝑃𝑒𝑥𝑡𝑟𝑎𝑐𝑡,𝑑𝑢𝑎𝑙

𝑃𝑟𝑒𝑓
 (2.72) 

As we are trying to compare the power obtained by the current system, with the power obtained 

with a dual rotor system in no yaw, the refence power is chosen as the power available in the 

flow in the latter case, 𝑃𝑟𝑒𝑓 =
1

2
𝜌𝐴𝑉∞

3 

Therefore, the ‘Equivalent power coefficient (𝐶𝑃,𝑒𝑞)’ becomes, 

𝑪𝑷,𝒆𝒒 = 𝟒 𝒔𝒊𝒏𝟑(𝜽) [(𝟏 − 𝒆𝟏)
𝟐𝒆𝟏 + 𝜶(𝟏 − 𝒆𝟐)

𝟐(𝒆𝟐 − 𝟐𝒆𝟏) + (𝟏 − 𝜶)(𝟏 − 𝒆𝟑)
𝟐𝒆𝟑] (2.73) 

The contour of maximum 𝐶𝑃,𝑒𝑞 for each value of 𝜃 and 𝛼 is plotted in figure 2.12 

 
Figure 2.12: Contours of equivalent power coefficient (in %). 
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The following crucial observations can be made from figure 2.12, 

• There is a large domain of values of 𝜃 𝑎𝑛𝑑 𝛼 for which the dual rotor in yaw with wake area 

fraction performs better than the horizontal axis dual rotor (>64%). The main reason for this 

improvement is the fact that this system can tap into more available power in the flow by 

increasing its effective exposed area.  

• There exists a critical yaw angle, lower which it is not possible to obtain power better than 

the maximum of a horizontal axis dual rotor, for any value of 𝛼. This angle can be 

mathematically obtained by, 

4 𝑠𝑖𝑛3(𝜃) [(1 − 𝑒1)
2𝑒1 + 𝛼(1 − 𝑒2)

2(𝑒2 − 2𝑒1) + (1 − 𝛼)(1 − 𝑒3)
2𝑒3] ≥ 0.64 

The critical yaw angle is obtained when 𝛼 = 0  𝑎𝑛𝑑 𝑒1 = 𝑒3 = 1/3 . 

→ 4 𝑠𝑖𝑛3(𝜃) [2. (1 −
1

3
)
2

(
1

3
)] ≥ 0.64 

→ 𝑠𝑖𝑛3(𝜃) [2.
16

27
] ≥ 0.64 

→ 𝒔𝒊𝒏𝟑(𝜽𝒄𝒓𝒊𝒕) =
𝟐𝟕

𝟓𝟎
   𝒐𝒓   𝜽𝒄𝒓𝒊𝒕 = 𝟓𝟒. 𝟓𝟐𝒐 (2.74) 

To assess the feasibility of such a system, it is important to come up with a model of the 

dependence of the wake area fraction 𝛼 on parameters like the distance between the rotors (d), 

the yaw angle (𝜃), and the free stream velocity (𝑉∞). An attempt to come up with an analytic 

function for 𝛼 is carried out in the sub-section 2.5.2. 
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2.5.2 Analytic model for wake area fraction, 𝛼 

The following assumptions are made to arrive at an analytic function, 

• The flow is steady and incompressible ( 
𝜕

𝜕𝑡
( ) = 0 𝑎𝑛𝑑 𝜌 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡). 

• The flow is inviscid (𝜇 = 0). 

• Zero axial velocity gradients in the y-direction ( 
𝜕𝑢

𝜕𝑦
= 0).  

• Momentum change occurs only in the axial direction, hence tangential velocity 𝑣∞ 

remains constant.  

• The effects of expanding wake and gravity are not considered.  

The aim is to quantify the variation of the flow from the first rotor to the second rotor and 

compute the y-distance travelled by the streamline emerging from the circumference of the first 

rotor to a point on the second rotor (see 𝑦𝑑 in figure 2.13).  

 

Figure 2.13: Locus of streamline passing through circumference of Rotor 1. 

Consider the x-component of Navier Stokes equation in differential form [13], 

𝜕

𝜕𝑡
(𝜌𝑢) + 𝛻(𝜌 𝑢. 𝑢) = −𝛻𝑃 

(2.75) 

 

𝑥 

𝑦 
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Assuming steady state and incompressible flow, 

𝜌 (𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
) = −

𝜕𝑃

𝜕𝑥
 

Zero axial velocity gradients in the y-direction,  

𝜌 (𝑢
𝜕𝑢

𝜕𝑥
) = −

𝜕𝑃

𝜕𝑥
 (2.76) 

Applying equation (2.76) to the flow domain between rotors 1 and 2. Considering a forward 

difference approximation for the pressure gradient, 

𝜌 (𝑢
𝑑𝑢

𝑑𝑥
) = −

𝜕𝑃

𝜕𝑥
= −

(𝑃3 − 𝑃2)

𝑑
 (2.77) 

Applying the Bernoulli principle in this domain, 

𝑃2 +
1

2
𝜌(𝑢∞(1 − 𝑒1))

2
= 𝑃3 +

1

2
𝜌(𝑢∞(1 − 𝑒2))

2
 

→ 𝑃3 − 𝑃2 =
1

2
𝜌𝑢∞

2((1 − 𝑒1)
2 − (1 − 𝑒2)

2) =
1

2
𝜌𝑢∞

2𝑐1 (2.78) 

where 𝑐1 = ((1 − 𝑒1)
2 − (1 − 𝑒2)

2). 

From equations (2.77) and (2.78), 

𝑢
𝑑𝑢

𝑑𝑥
= −

1

2
𝑢∞

2
𝑐1

𝑑
 (2.79) 

Equation (2.79) in integral form, 

∫ (𝑢 𝑑𝑢)
𝑢 @𝑥

𝑢 @𝑥=0

=
1

2
𝑢∞

2
𝑐1

𝑑
∫ 𝑑𝑥

𝑥

𝑥=0

 (2.80) 

The boundary conditions are, 

𝑥 = −∞,𝑢∞ = 𝑉∞ sin(𝜃) ; 𝑣∞ = 𝑉∞ cos(𝜃) 

𝑥 = 0, 𝑢 = 𝑉∞ sin(𝜃) (1 − 𝑒1); 𝑣 = 𝑉∞ cos(𝜃) 

𝑥 = 𝑑, 𝑢 = 𝑉∞ sin(𝜃) (1 − 𝑒2); 𝑣 = 𝑉∞ cos(𝜃) 
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Integrating equation (2.80), 

𝑢(𝑥)2

2
−

𝑢𝑥=0
2

2
=

1

2

𝑢∞
2𝑐1

𝑑
(𝑥 − 0) 

→
𝑢(𝑥)2

2
=

1

2
(𝑢∞(1 − 𝑒1))

2
+

1

2

𝑥

𝑑
𝑢∞

2𝑐1 (2.81) 

𝐿𝑒𝑡 𝑐2 = (1 − 𝑒1)
2 

𝑢(𝑥)2 = 𝑢∞
2 (𝑐2 +

𝑥

𝑑
𝑐1) (2.82) 

The time taken for the streamline starting from x=0 to reach x=d, 

𝑡𝑑 = ∫ 𝑑𝑡
𝑡𝑑

0

= ∫
1

𝑢(𝑥)
 𝑑𝑥

𝑥=𝑑

𝑥=0

= ∫
1

𝑢∞√(𝑐2 +
𝑥
𝑑

𝑐1)

 𝑑𝑥
𝑥=𝑑

𝑥=0

 
(2.83) 

Thus, the vertical distance travelled by the streamline, 𝑦𝑑, equals, 

𝑦𝑑 = 𝑣∞𝑡𝑑 = ∫
𝑣∞

𝑢∞

1

√(𝑐2 +
𝑥
𝑑

𝑐1)

 𝑑𝑥
𝑥=𝑑

𝑥=0

 

→ 𝑦𝑑 = ∫
𝑉∞ cos (𝜃)

𝑉∞ 𝑠𝑖𝑛 (𝜃)

1

√(𝑐2 +
𝑥
𝑑

𝑐1)

 𝑑𝑥
𝑥=𝑑

𝑥=0

= cot (𝜃)∫
1

√(𝑐2 +
𝑥
𝑑

𝑐1)

 𝑑𝑥
𝑥=𝑑

𝑥=0

 
(2.84) 

The integral is solved by carrying out a substitution, 

𝑡 = (𝑐2 +
𝑥

𝑑
𝑐1) →  𝑑𝑡 =

𝑐1

𝑑
𝑑𝑥 (2.85) 

→ ∫
1

√(𝑐2 +
𝑥
𝑑

𝑐1)

 𝑑𝑥
𝑥=𝑑

𝑥=0

=
𝑑

𝑐1
∫

1

√𝑡
 𝑑𝑡

𝑡=𝑐1+𝑐2

𝑡=𝑐2

=
𝑑

𝑐1
 2  [√𝑡]

𝑡=𝑐2

𝑡=𝑐1+𝑐2
=

2𝑑

𝑐1
 [√𝑐1 + 𝑐2 − √𝑐2 ] 
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Thus, 

𝑦𝑑 = 2𝑑 𝑐𝑜𝑡(𝜃)
[√𝑐1 + 𝑐2 − √𝑐2 ]

𝑐1
 (2.86) 

On further simplification, 𝑐1 = (1 − 𝑒2)
2 − (1 − 𝑒1)

2 and 𝑐2 = (1 − 𝑒1)
2, 

𝑦𝑑 = 2𝑑 𝑐𝑜𝑡(𝜃)
[(1 − 𝑒2) − (1 − 𝑒1) ]

(1 − 𝑒2)2 − (1 − 𝑒1)2
 

→ 𝒚𝒅 =
𝟐𝒅 𝒄𝒐𝒕(𝜽)

(𝟐 − 𝒆𝟏 − 𝒆𝟐)
 (2.87) 

Dividing (2.87) by the rotor diameter 𝐷, 

𝒚𝒅

𝑫
=

2 𝑐𝑜𝑡(𝜃)

(2 − 𝑒1 − 𝑒2)
 (

𝒅

𝑫
) (2.88) 

The assumption of 2-D flow is made to directly relate the vertical distance travelled by the 

streamline 𝑦𝑑 to the wake area fraction 𝛼,  

𝛼 = 1 −
𝑦𝑑

𝐷
 (2.89) 

→ 𝜶 = 𝟏 − [
𝟐  𝐜𝐨𝐭(𝜽)

(𝟐 − 𝒆𝟏 − 𝒆𝟐)
 (

𝒅

𝑫
)] (2.90) 

Thus, the wake area fraction 𝛼 is a function of rotor separation distance (𝑑), rotor diameter (𝐷), 

yaw angle (𝜃), and axial velocity induction factors 𝑒1𝑎𝑛𝑑 𝑒2. An important point to note is that 

𝛼 in its current form does not depend on the magnitude of free stream 𝑉∞.  

For 𝑒1 =
1

5
 𝑎𝑛𝑑 𝑒2 =

3

5
, equation (2.90) becomes, 

𝛼 = 1 − [
5

3
cot(𝜃) (

𝑑

𝐷
)] (2.91) 
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However, these values of 𝑒1𝑎𝑛𝑑 𝑒2 are found to be optimum for 𝛼 = 1. As the value of 𝛼 

reduces, the values of optimum axial induced velocity factors increase. The variation of 

𝑒1, 𝑒2𝑎𝑛𝑑 𝑒3 with 𝛼 is shown in figure 2.14. 

 

Figure 2.14: Variation of optimum 𝑒1, 𝑒2 and 𝑒3 with wake area fraction. 

From figure 2.14, we observe that the optimum value of 𝑒3 equals 1/3, which is similar to the 

value obtained for an independent single rotor.  As 𝛼 varies from (1 → 0), the values of 

optimum 𝑒1 𝑎𝑛𝑑 𝑒2 increase from (1 5⁄ →  1 3⁄ )  𝑎𝑛𝑑 (3 5⁄ →  0. 77̅̅̅̅ ) respectively.  
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The contour plot of 𝐶𝑃𝑒𝑞
 at optimum 𝑒1, 𝑒2 𝑎𝑛𝑑 𝑒3 with 𝜃 and 𝑑/𝐷 is shown in figure 2.15. 

 

 

Figure 2.15: Contours of equivalent power coefficient (in %). 

 

          An interesting observation from the above plot is the point of intersection of the 𝛼 = 0 and 

the 𝐶𝑃,𝑒𝑞 (𝑜𝑝𝑡) = 64% contours. The intersection takes place at the critical yaw angle 𝜃𝑐𝑟𝑖𝑡 =

54.52𝑜 (see equation 2.74) and the non-dimensional rotor separation at the intersection point is 

(𝑑 𝐷⁄ )𝑐𝑟𝑖𝑡 ≈ 0.6. This signifies that there is no benefit of operating at a higher (𝑑 𝐷⁄ ) than 0.6 

when operating at the critical yaw angle. However, when operating at a higher yaw angle 

(𝜃𝑐𝑟𝑖𝑡 ≤ 𝜃 ≤ 90𝑜), it is safe to operate at (𝑑 𝐷⁄ ) ≥ (𝑑 𝐷⁄ )𝑐𝑟𝑖𝑡  so as to never drop below a 

𝐶𝑃,𝑒𝑞 (𝑜𝑝𝑡) 𝑜𝑓 64%.  
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The contour plot of 𝛼 at optimum 𝑒1𝑎𝑛𝑑 𝑒2 with 𝜃 and 𝑑/𝐷 is shown in figure 2.16. 

 

Figure 2.16: Contour plot of wake area fraction (𝛼). 

It is interesting to compute the effective height of a system in yaw and at a separation distance, d 

between the rotors (see Figure 2.17),  

 

Figure 2.17: Effective height of the coaxial dual rotor system in yaw. 

The effective height is hence given by, 𝐻𝑒𝑓𝑓 = 𝐷𝑠𝑖𝑛(𝜃) + 𝑑 cos(𝜃) (2.92) 
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The fraction of increase in effective height of the current system with that of a horizontal axis 

system is, 

𝐻𝑖𝑛𝑐 =
𝐻𝑒𝑓𝑓 − 𝐻90

𝐻90
=

(𝐷𝑠𝑖𝑛(𝜃) + 𝑑 cos(𝜃)) − 𝐷

𝐷
= (sin(𝜃) − 1) +

𝑑

𝐷
cos(𝜃) (2.93) 

The contours of increase in effective height is plotted for different 𝜃 and 𝑑/𝐷 with a background 

contrast showing the region for increase in optimized equivalent power coefficient (𝐶𝑃,𝑒𝑞) and is 

shown in figure 2.18. 

 
Figure 2.18: Contours of fraction of increase in effective height (in %). 

One can see a clear trade-off between the increase in equivalent power and effective 

height of the system from Figure 2.18.  

Thus, it is not possible to place a dual rotor system in yaw, not operating at a wake area 

fraction of unity and obtain an increase in equivalent power without effectively increasing the 

height of the system.  
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Chapter 3 

 

Numerical simulations using BEMT 

It is essential to validate the analytical findings made in Chapter 2 using numerical 

simulations. In the present study, the simulations are carried out using Glauert’s Blade Element 

Momentum Theory (BEMT)[14,15], which uses a quasi-steady approach to estimate the forces 

acting on a discretized element of the rotor blades, throughout the azimuth cycle of the blade.   

3.1 Introduction to Blade Element Momentum Theory (BEMT) 

In BEMT, the rotor blade is divided into multiple elements, and the forces on each 

element of the blade are computed for a complete rotation cycle (in a quasi-static approach). The 

primary forces acting on the blade are Lift and Drag, which have currently been estimated using 

available airfoil 𝐶𝐿 𝑎𝑛𝑑 𝐶𝐷 data. These forces are then integrated and averaged to obtain the 

mean force (𝐹 ) and moment vectors (�⃗⃗� ) over a rotation cycle. The first estimate of the forces is 

used to approximate the magnitude of the axial induced velocity factors, 𝑒1 for single rotor 

system, 𝑒1 & 𝑒2 for dual rotor system, due to the blade rotation using the momentum analysis.  
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This induced velocity is then used as an input to the blade–element analysis (similar to 

the incoming free stream flow) to obtain a better estimate of the forces. This process is repeated 

until the magnitude of the induced velocity and the forces have converged. (Note: Zero radial 

distribution of the induced velocity is assumed for a first order approximation and structural 

deformations do not affect the aerodynamic calculations in all the simulations carried out).  

3.1.1 System of Frames 

A system of three coordinate frames have been defined for ease of calculations and 

physical understanding of the problem (see Figure 3.1), 

• O – Frame: This is an inertial frame and is fixed to the sea-bed with �̂�𝑂 facing towards 

the surface.  

• A – Frame: This frame is fixed at the hub (axle) of the rotor(s), with the only rotation 

sequence from the inertial frame O being angle θ about 𝑗�̂� (where 𝜃 is the yaw angle).  

• B – Frame: This frame is fixed to the rotor blade. In practice, there are multiple B frames 

in each rotor blade, each fixed to an individual blade element. The azimuth angle β 

defines the rotation of the B frame with respect to the A frame, with �̂�𝐵||�̂�𝐴. 

                  

Figure 3.1: Coordinate frame orientation. 
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3.1.2 Flow velocity profiles over the Airfoil 

There exist different components of flow which is observed by the local airfoil element, 

(viewed in the B frame), as seen in Figure 3.2. 

• The free stream flow 𝑉∞,𝐵  which is divided into tangential (𝑉∞ 𝑖,𝐵) and perpendicular 

(𝑉∞ 𝑘,𝐵) components (Side forces and thus 𝑉∞ 𝑗,𝐵 are neglected in this simulation). 

• The rotational flow 𝑉𝑟𝑤,𝐵, due to the angular rate of the blade. 

• The induced velocity 𝑉𝑖𝑛𝑑,𝐵. 

 

Figure 3.2: Effective flow across an airfoil element. 

The effective relative velocity that is seen by the airfoil, 𝑉∞,𝐵𝑒𝑓𝑓
 , is a vectoral sum of the 

individual components, 

�⃗� ∞,𝐵𝑒𝑓𝑓
= �⃗� ∞,𝐵 + �⃗� 𝑟𝑤,𝐵 + �⃗� 𝑖𝑛𝑑,𝐵 (3.1) 

Let the pitch angle the airfoil chord makes with the plane of rotation (𝑖̂𝐵) be 𝛼𝑃. The angle of 

inclination between the effective relative velocity vector and the plane of rotation is 𝛼𝐼. The 

effective local angle of attack (𝛼𝑒𝑓𝑓), (or the angle of incidence) of the airfoil is thus, 

𝛼𝑒𝑓𝑓 = 𝛼𝐼 + 𝛼𝑝 (3.2) 

The direction of the aerodynamic forces acting on the airfoil depends on the direction of  �⃗� ∞,𝐵𝑒𝑓𝑓
 

vector (Lift ⊥𝑎𝑟, Drag ∥𝑒𝑙), whereas the magnitude of the forces depend on both the magnitude 

of  �⃗� ∞,𝐵𝑒𝑓𝑓
 and  𝛼𝑒𝑓𝑓. 
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3.1.3 BEMT equations for Single Rotor 

The procedure applied to estimate the performance of a single rotor by application of the 

blade element momentum theory is explained briefly in the algorithm below, 

i. Define all input parameters like, density (𝜌), free stream flow in O frame (𝑉∞,𝑂), rotor yaw 

angle (𝜃), number of rotor blades (𝑛𝑏𝑙𝑎𝑑𝑒), the radius of each blade (𝑅𝑡𝑖𝑝 𝑎𝑛𝑑 𝑅ℎ𝑢𝑏), the 

number of elements each blade is discretized into (𝑛𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠), the airfoil chord at each blade 

element (𝑐ℎ𝑜𝑟𝑑), the local pitch angle of each airfoil blade element (𝛼𝑃), the number of 

azimuth positions to evaluate/ the azimuth spacing (Δ𝛽), the angular velocity of the rotor (𝜔).   

ii. Using the input parameters, other subordinate parameters are computed. These include, the 

cross-section area of the rotor (𝐴),  the radial location of the midpoint of each blade element 

(𝑟 𝑚𝑖𝑑), the transformation of the free stream flow in frames 𝐴 𝑎𝑛𝑑 𝐵 using rotation matrices. 

Transform from Frame O to Frame A 

𝑉∞,𝐶 = [𝑅𝑂𝐴
]𝑉∞,𝑂 (3.3) 

[𝑅𝑂𝐴
] signifies the rotation matrix for transforming a vector from Frame O to Frame A. 

[𝑅𝑂𝐴
] =   [

cos(𝜃) 0 − sin(𝜃)
0 1 0

sin(𝜃) 0 cos(𝜃)
] (3.4) 

Transform from Frame A to Frame B 

𝑉∞,𝐵 = [𝑅𝐴𝐵
]𝑉∞,𝐴 (3.5) 

[𝑅𝐴𝐵
] signifies the rotation matrix for transforming a vector from Frame A to Frame B. 

[𝑅𝐴𝐵
] =   [

cos(𝛽) sin (𝛽) 0

−sin (𝛽) cos(𝛽) 0
0 0 1

] (3.6) 
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iii. Compute the different component of velocities in the B frame, to obtain the effective free 

stream velocity (�⃗� ∞,𝐵𝑒𝑓𝑓
) and the effective angle of attack (𝛼𝑒𝑓𝑓) the airfoil experiences. 

iv. Compute the aerodynamic forces generated by the airfoil in the present configuration. 

Δ𝐿⃗⃗ ⃗⃗ 
𝐵 =

1

2
𝜌 |�⃗� ∞,𝐵𝑒𝑓𝑓

|
2
(Δ𝑟. 𝑐ℎ𝑜𝑟𝑑)𝐶𝐿   

(�⃗� ∞,𝐵𝑒𝑓𝑓
 × 𝑗�̂�)

|(�⃗� ∞,𝐵𝑒𝑓𝑓
 × 𝑗�̂�)|

 

(3.7) 

Δ𝐷⃗⃗⃗⃗  ⃗
𝐵 =

1

2
𝜌 |�⃗� ∞,𝐵𝑒𝑓𝑓

|
2
(Δ𝑟. 𝑐ℎ𝑜𝑟𝑑)𝐶𝐷   

(�⃗� ∞,𝐵𝑒𝑓𝑓
 )

|�⃗� ∞,𝐵𝑒𝑓𝑓
 |

 

(3.8) 

These forces are then transformed back to the A frame by using a similar approach as used in 

Equation (3.6), 

𝐹𝐴 = [𝑅𝐵𝐴
]𝐹𝐵 = [𝑅𝐴𝐵

]
′
 𝐹𝐵 (3.9) 

v. Compute the net. force generated by the rotor blades, by vectorially summing up the 

elemental Lift and Drag forces and averaging them for a complete azimuthal sweep. (Note: It 

is essential to account for the forces generated from all the blades). The thrust (𝑇) is the 

component of the averaged force acting in the axial direction of the rotor (�̂�𝐴). 

vi. The thrust generated is then correlated to the axial induced velocity by invoking the 

Momentum equation (like the equations described in section 2.1) 

𝑇 = (𝑃1 − 𝑃2)𝐴 = 2𝜌𝐴(𝑉∞ sin(𝜃))2(1 − 𝑒1). 𝑒1 (3.10) 

This is a quadratic equation, and a real and feasible solution for 𝑒1 is given by, 

𝑒1 =
1

2
(1 − √1 −

2𝑇

𝜌𝐴(𝑉∞ sin(𝜃))2
) (3.11) 

The magnitude of the induced velocity in the A frame is uniform throughout the plane of the 

rotor and is given by, 
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𝑣𝑖𝑛𝑑,𝐶 = 𝑉∞ sin(𝜃) 𝑒1 (3.12) 

 This induced velocity is used as an input parameter in the next iteration. 

vii. Repeat steps (ii) to (vi), with the axial induced velocity as an input parameter, until the value 

of thrust and 𝑒1 have sufficiently converged (Δ𝑒1 ≤ 0.0001). 

viii. The moment/torque experienced by the rotor is computed by taking a cross product of the 

local force vector in B frame (𝐹 𝐵) and the radial position vector of the midpoint of each 

blade element (𝑟 𝑚𝑖𝑑), 

�⃗⃗� 𝐵 = 𝑟 𝑚𝑖𝑑  ×  𝐹 𝐵 (3.13) 

Note that the above moment vector is computed for every blade element and every blade at 

every azimuth position. These moment vectors are then transformed to the A frame, summed 

and averaged out to obtain a single moment vector (�⃗⃗� 𝐴) with the three moment components 

acting on the hub of the rotor disc.  

ix. The power output is computed by the dot product of the angular velocity vector and the 

average moment vector, 

𝑃𝑜𝑢𝑡𝑝𝑢𝑡 = �⃗⃗� 𝐴. �⃗⃗� 𝐴  (3.14) 

3.1.4 BEMT equations for Dual Rotor 

The procedure applied for a coaxial dual rotor is similar to the procedure for a single 

rotor, with the only difference being in steps (vi) and (ix). The algorithm for estimating the 

performance of a dual coaxial rotor is explained below, 

i. Carry out steps (i) – (v) as in section 3.1.3 for each of the rotors independently, i.e., each 

rotor has its own properties, its independent angular velocity, with the only common 
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properties being the medium density (𝜌), the cross-section area (𝐴) and the rotor yaw angle 

(𝜃). 

ii. The thrust generated by each rotor is then correlated to the axial induced velocities by 

invoking the Momentum equation (like the equations described in section 2.3) 

𝑇1 = (𝑃1 − 𝑃2)𝐴 = 2𝜌𝐴(𝑉∞ sin(𝜃))2(1 − 𝑒1)𝑒1 
(3.15) 

𝑇2 = (𝑃3 − 𝑃4)𝐴 = 2𝜌𝐴(𝑉∞ sin(𝜃))2 (1 − 𝑒2)(𝑒2 − 2𝑒1) 
(3.16) 

The solutions to 𝑒1 𝑎𝑛𝑑 𝑒2 are given by, 

𝑒1 =
1

2
(1 − √1 −

2𝑇

𝜌𝐴(𝑉∞ sin(𝜃))2
) 

(3.17) 

𝑒2 =
1

2
((1 + 2𝑒1) − √(1 − 2𝑒1)2 −

2𝑇

𝜌𝐴(𝑉∞ sin(𝜃))2
) 

(3.18) 

Observe that the value of 𝑒2 is dependent on the value of 𝑒1, thus showing how the 

performance of the second rotor is dependent on the first rotor. The magnitude of axial 

induced velocities in the A frame at each rotor is given by, 𝑉∞ sin(𝜃) 𝑒1 and 𝑉∞ sin(𝜃) 𝑒2 

respectively. Thus, the effective free stream at each rotor in A frame is reduced to 

𝑉∞ sin(𝜃) (1 − 𝑒1) and 𝑉∞ sin(𝜃) (1 − 𝑒2) respectively, which are used as input parameters 

for each rotors, to obtain a better estimate of the thrust generated by each rotor. This process 

is continued until convergence is achieved (Δ𝑒1 ≤ 0.0001  and Δ𝑒2 ≤ 0.0001).  

iii. The average moment/torque experienced by each rotor is then computed and thus the power 

output of the system is given by, 

𝑃𝑜𝑢𝑡𝑝𝑢𝑡 = (�⃗⃗� 𝐴. �⃗⃗� 𝐴)𝑟𝑜𝑡𝑜𝑟 1
+ (�⃗⃗� 𝐴. �⃗⃗� 𝐴)𝑟𝑜𝑡𝑜𝑟 2

 (3.19) 
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3.2 Unique Optimization Strategy 

Instead of adopting a procedure of directly maximizing the Power output, an alternate and 

more efficient approach is used, in which the effective tangential aerodynamic force 𝐹𝑇 (see 

Figure 3.3) is maximized at each local airfoil element. It is the effective tangential aerodynamic 

force 𝐹𝑇 which contributes to the rotating aerodynamic moment/torque (�⃗⃗� 𝑘,𝐴) acting on the 

rotor, which in turn contributes to the power output from the rotor.   

 

Figure 3.3: Effective forces acting on an airfoil element. 

For a given airfoil profile and a given angle of inclination 𝛼𝐼,  instead of pre-prescribing a 

pitch angle for a blade element as an input, it is possible to find a pitch angle (𝛼𝑃) such that the 

Lift and Drag forces add up to maximize the tangential force 𝐹𝑇. Thus, the optimum 

aerodynamic force coefficients 𝐶𝐿 𝑎𝑛𝑑 𝐶𝐷 can be computed for the entire range of 𝛼𝐼  ∈

(−180𝑜 , 180𝑜), and this database can be used for every local blade element to obtain maximum 

𝐹𝑇(𝑜𝑟 𝐶𝑇) at every local blade element.  

The advantage of creating such a database is that, these optimum values of lift and drag 

coefficients only depend on the angle of inclination 𝛼𝐼 and the airfoil, and not directly on other 

parameters like the Yaw angle (𝜃), Angular velocity (𝜔), Blade/Rotor dimensions etc., thus 

reducing the run time of the simulations by a significant factor. 



   

48 

 

The optimum values of 𝐶𝐿 and 𝐶𝐷 for the NREL airfoil S814 [16] are shown in Figure 3.4 

and are compared to the corresponding values for obtaining maximum 𝐿/𝐷 for the same airfoil. 

 

Figure 3.4: Optimal Lift and Drag coefficients for the S814 airfoil. 

It is observed that the values of optimum lift and drag coefficients are close to the values 

of lift and drag coefficients for max. 𝐿/𝐷 for the range of effective flow angles of inclination of 

(0𝑜 , 125𝑜). However, they largely vary for other effective flow angles of inclination. A peculiar 

observation is that for effective flow angles of inclination of (−170𝑜 , 0𝑜), the values of negative 

lift coefficient are beneficial. Thus, if a system is operating largely within these range of 

effective flow angles of inclination, it would be beneficial to use airfoils which have high 

negative lift coefficient values (along with positive values), such as symmetric airfoils. However, 

if a system operates largely at effective flow angles of inclination of (0𝑜 , 125𝑜) like a horizontal 

axis system (𝜃 = 90𝑜), it is suggested to use airfoils like the S814, which have large 𝐿/𝐷 values.  

Inclination angle (𝛼𝐼) due to nett. Flow (degrees) Inclination angle (𝛼𝐼) due to nett. Flow (degrees) 

 
𝐹𝑇 

𝐹𝑇 
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3.3 Convergence Studies 

A study is carried out to find the required discretization in parameters like the number of 

blade elements (𝑛𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠) and the number of azimuth angle positions (Δ𝛽), to obtain a 

converged power output value and induced velocity factor value for a single rotor system. 

  The convergence study is carried out for two angular velocities (𝜔 = 0.02𝜋 𝑎𝑛𝑑 𝜔𝑜𝑝𝑡) 

and four different yaw angles (𝜃 = 30𝑜 , 45𝑜 , 60𝑜 , 90𝑜), where 𝜔𝑜𝑝𝑡 is the optimum angular 

velocity for the corresponding yaw angle, using the NREL’s S814 airfoil. 

3.3.1 Number of Blade elements, 𝑛𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 

Two parameters are defined to assess if the power and induced velocity have sufficiently 

converged. They are termed the power residue fraction and the induced velocity residue fraction. 

𝑃𝑟𝑒𝑠(𝑛𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠) =
𝑃𝑛 − 𝑃𝑛−1

𝑃𝑛−1
 (3.20) 

𝑣𝑖𝑛𝑑𝑟𝑒𝑠
(𝑛𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠) =

𝑣𝑖𝑛𝑑𝑛
− 𝑣𝑖𝑛𝑑𝑛−1

𝑣𝑖𝑛𝑑𝑛−1

 (3.21) 

The variation of these two parameters with increasing number of blade elements is shown 

in Figure 3.5. 

 

 

 

 

 

 

 

Figure 3.5: Convergence of Power and Induced velocity residue factors with 𝑛𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠. 



   

50 

 

From figure 3.5, it is observed that for lower yaw angles, the residue factors fluctuate 

quite a bit, whereas for higher yaw angles the residue factors asymptotically reduce. Based on a 

threshold residue factor of 10−2, it is found that a value of 𝑛𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 = 20 is sufficient for the 

entire range of Yaw angles and angular velocities. 

3.3.2 Spacing of azimuth angle positions (Δ𝛽) 

A similar study is carried out to determine the optimal azimuth spacing Δ𝛽 required. The 

variation of the power residue and induced velocity residue factors with decreasing Δ𝛽 is shown 

in figure 3.6, 

 

 

 

 

 

 

 

Figure 3.6: Convergence of Power and Induced velocity residue factors with Δ𝛽. 

From figure 3.6 it is observed that the residue factor reduces gradually and uniformly 

with decreasing Δ𝛽 for all yaw angles. A value of Δ𝛽 = 1𝑜 is found to be sufficient for the entire 

range of Yaw angles and angular velocities. 

The other parameters which are kept constant in the convergence tests are 𝜌 =

1000 𝑘𝑔/𝑚3, 𝑉∞,𝑂 = 1 𝑚/𝑠, 𝑛𝑏𝑙𝑎𝑑𝑒 = 2, 𝑅𝑡𝑖𝑝 = 1𝑚,𝑅ℎ𝑢𝑏 = 0𝑚 and a rectangular blade with 

chord = 0.1m such that the blade aspect ratio = 10. The local pitch angle of each airfoil blade 

element (𝛼𝑃) is input using the optimization strategy mentioned in section 3.2. 
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3.4 Parametric Studies 

In this section, the effect of two parameters namely the blade aspect ratio (AR) and the 

number of blades 𝑛𝑏𝑙𝑎𝑑𝑒, on the performance of a single rotor system is studied at various yaw 

angles. The performance parameters being studied are the maximum power efficiency of the 

system (𝜂𝑚𝑎𝑥), the optimum tip speed ratio (𝜆𝑜𝑝𝑡), and the optimum induced velocity factor 

(𝑒1,𝑜𝑝𝑡). The mathematical definitions of these performance parameters are given below, 

𝜂𝑚𝑎𝑥 =
 𝑀𝑎𝑥𝑖𝑚𝑢𝑚 𝑃𝑜𝑤𝑒𝑟 𝑂𝑏𝑡𝑎𝑖𝑛𝑒𝑑 𝑎𝑡 𝑡ℎ𝑒 𝑦𝑎𝑤 𝑎𝑛𝑔𝑙𝑒

𝐵𝑒𝑡𝑧 𝐿𝑖𝑚𝑖𝑡 𝑎𝑡 𝑡ℎ𝑒 𝑦𝑎𝑤 𝑎𝑛𝑔𝑙𝑒
 

(3.22) 

𝜆𝑜𝑝𝑡 =
𝜔𝑜𝑝𝑡𝑅

𝑉∞
 

(3.23) 

where, 𝜔𝑜𝑝𝑡 and 𝑒1,𝑜𝑝𝑡  are the angular velocity and axial induced velocity factor at which the 

maximum power is obtained.  

3.4.1 Variation of performance parameters with blade Aspect Ratio 

The effect of Aspect Ratio (AR) is studied, by varying the airfoil/blade chord length, and 

maintaining all other parameters constant. Rectangular blades are considered such that they don’t 

have any taper or sweep. The yaw angles studied are 𝜃 = 30𝑜 , 45𝑜 , 60𝑜𝑎𝑛𝑑 90𝑜 . 

            The constant parameters are 𝜌 = 1000 𝑘𝑔/𝑚3, 𝑉∞,𝑂 = 1 𝑚/𝑠, 𝑛𝑏𝑙𝑎𝑑𝑒 = 2, 𝑅𝑡𝑖𝑝 = 1𝑚,

𝑅ℎ𝑢𝑏 = 0𝑚. The NREL’s S814 airfoil is used for this analysis. The local pitch angle of each 

airfoil blade element (𝛼𝑃) is input using the optimization strategy mentioned in section 3.2. 

Figure 3.7 shows the variation of maximum power efficiency with increasing blade 

aspect ratio. It is observed that for higher yaw angles (𝜃 > 60𝑜), increasing AR decreases the 

efficiency, whereas it increases the efficiency for smaller yaw angles (𝜃 < 60𝑜). Interestingly, it 
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looks like the efficiency values would eventually asymptotically converge to a single value 

regardless of the yaw angle, as the AR approaches infinity (slender blade).  

 
Figure 3.7: Variation of power efficiency with AR. 

 
Figure 3.8: Variation of optimum TSR with AR. 
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From figure 3.8, it is observed that the optimum tip speed ratio increases as we increase 

the aspect ratio, for all yaw angles. Thus, the aspect ratio becomes an important design parameter 

in deciding the type of operating system desired, i.e., a fast rotating or slow rotating system.  

 
Figure 3.9: Variation of optimum induced velocity factors with AR. 

The variation of the optimum axial induced velocity factor 𝑒1 with aspect ratio is shown 

in figure 3.9 and is compared to the analytical result of 𝑒1 = 1/3. It is observed that for the range 

of Aspect ratio’s simulated, the value obtained for optimum 𝑒1 is close to the analytical value of 

one third for all the yaw angles, reaffirming belief in the analytical findings.  
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3.4.2 Variation of performance parameters with number of blades 

A similar analysis as carried out in sub-section 3.4.1 is carried out here to study the effect 

of the number of blades in the rotor. The constant parameters are kept the same as in sub-section 

3.4.1, and an aspect ratio of 10 is used in all the simulations.  

 

Figure 3.10: Variation of power efficiency with number of blades. 

From figure 3.10, it is observed that for high yaw angles (𝜃 > 60), the power efficiency 

increases on increasing the number of blades, whereas it drops for lower yaw angles (𝜃 < 60). 

One possible explanation for this phenomenon is the fact that for lower yaw angles, a significant 

part of the flow domain experiences an effective flow angle of inclination (𝛼𝐼) in the region of 

(−170𝑜 , 0𝑜), a region in which the S814 airfoil is not found to be most optimal (see figure 3.14). 

Thus, by increasing the number of blades, we indirectly increase the occurrence of such a flow 

domain, leading to a decline in efficiency.  
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Figure 3.11: Variation of optimum TSR with number of blades. 

 
Figure 3.12: Variation of optimum induced velocity factor with number of blades. 

Figure 3.11 signifies that the optimum tip speed ratio decreases as we increase the number of 

blades, for all yaw angles, a result opposite to that obtained for increasing AR.  

Figure 3.12 once again reaffirms our belief in the analytical finding of 𝑒1,𝑜𝑝𝑡 = 1/3. 
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3.5 BEMT Results: Effect of Yaw angle 

In this section, a detailed study on the effect of the rotor yaw angle (𝜃) is carried out. In 

this study four different systems have been simulated for the complete range of yaw angles,    

𝜃 ∈ (0𝑜 , 90𝑜). These systems are, 

1. Single rotor system, considering zero drag experienced by the airfoil (𝑒𝑠𝑠𝑒𝑛𝑡𝑖𝑎𝑙𝑙𝑦
𝐿

𝐷
→ ∞), 

with the rotor comprising of two blades (𝑛𝑏𝑙𝑎𝑑𝑒 = 2). 

2. Single rotor system, considering lift and drag coefficients from the NREL’s S814 airfoil 

optimized at each blade element and azimuth position, with the rotor comprising of two 

blades (𝑛𝑏𝑙𝑎𝑑𝑒 = 2). 

3. Single rotor system, considering lift and drag coefficients from the NREL’s S814 airfoil 

optimized at each blade element and azimuth position, with the rotor comprising of four 

blades (𝑛𝑏𝑙𝑎𝑑𝑒 = 4). 

4. Dual rotor coaxial system, considering lift and drag coefficients from the NREL’s S814 

airfoil optimized at each blade element and azimuth position, with each rotor comprising of 

two blades (𝑛𝑏𝑙𝑎𝑑𝑒 = 2). All simulations assume 𝛼 = 1 (wake area fraction equals unity). 

The common parameters are 𝜌 = 1000 𝑘𝑔/𝑚3, 𝑉∞,𝑂 = 1 𝑚/𝑠, 𝑅𝑡𝑖𝑝 = 1𝑚,𝑅ℎ𝑢𝑏 = 0𝑚 and a 

rectangular blade with chord = 0.1m such that the blade aspect ratio (AR) = 10. 

These four systems help us in understanding the characteristics of a rotor turbine in yaw, 

assessing its performance and power generating capabilities. The performance parameters that 

have been evaluated are, i) Variation of maximum power obtained with yaw angle, ii) the 

variation of maximum power efficiency with yaw angle, iii) Variation of optimum TSR (tip 

speed ratio) with yaw angle and iv) Variation of axial induced velocity factors with yaw angle.  
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3.5.1 Power obtained at different Yaw angles 

In this sub-section, the power obtained in the four systems mentioned above are 

compared with each other and the analytical results obtained in Chapter 2.  

The results are plotted in figure 3.13. 

 

 

 

 

 

 

 

 

(a)                                                                            (b) 

Figure 3.13: Variation of Power obtained with yaw angle. 

It is observed that the Power obtained closely follows the analytical limits for maximum power. 

System 1 lies closest to the Betz limit, which is expected, given the fact that zero drag is 

considered in the simulation (analytic solutions consider an infinite number of blades, whereas a 

simulated system is limited to a finite number of blades).  These results give credibility to the 

analytical study carried out in sections 2.2 and 2.4 for the Betz and Newman limit in yaw 

respectively. Recollecting the analytical results obtained, 

𝐵𝑒𝑡𝑧 𝐿𝑖𝑚𝑖𝑡 𝑖𝑛 𝑌𝑎𝑤 → 𝐶𝑃𝑚𝑎𝑥
=

16

27
sin3(𝜃) 

(3.24) 

𝑁𝑒𝑤𝑚𝑎𝑛 𝐿𝑖𝑚𝑖𝑡 𝑖𝑛 𝑌𝑎𝑤 → 𝐶𝑃𝑑𝑢𝑎𝑙,𝑚𝑎𝑥
=

16

25
sin3(𝜃) 

(3.25) 
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3.5.2 Power efficiency (𝜂) at different Yaw angles 

In order to understand how well these systems have performed compared to their 

respective analytical limits, the efficiencies of each of the systems is analyzed. 

Firstly, the variation of the power efficiency of System 1 (Idealized single rotor with zero 

drag and 2 blades) and System 2 (single rotor with S814 airfoil and 2 blades) with the tip speed 

ratio of the blade (𝜆) is plotted in figure 3.14. 

 

 

 

 

 

 

 

(a)                                                                            (b) 

Figure 3.14: Power efficiency with TSR for different yaw angles a) System 1, b) System 2. 

From the above figure, it is observed that System 1 at a yaw angle of 90𝑜 reaches almost 100% 

efficiency, whereas its efficiency quickly drops for lower angles. System 2 reaches a maximum 

efficiency of 92% at yaw angle of 90𝑜. An interesting result is that System 2, at a yaw angle of 

30𝑜 attains an efficiency of greater than 80%, which is a very promising result.   

A similar study is carried out for the other systems as well, and the locus of maximum efficiency 

at every yaw angle for each of the systems is plotted in in figure 3.15. 
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Figure 3.15: Variation of Maximum Power efficiency with Yaw angle. 

The above figure provides us with highly interesting results, 

• The idealized rotor in System 1 is not completely ideal, as earlier believed. With such a 

system, an efficiency of greater than 90% is obtained for yaw angles greater than 30𝑜, but the 

efficiency drops and reaches 50% at a yaw angle of 0𝑜.  

• The efficiency of System 2 is above 90% for yaw angles above 55𝑜, and above 80% for yaw 

angles above 30𝑜. 

• System 3 is more efficient than System 2 for yaw angles above 50𝑜, but interestingly, the 

converse is true for yaw angles below 50𝑜. This result is unexpected as one would expect a 

rotor with higher number of blades to be more efficient (as it is closer to an actuator disc). 
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• System 4 performs better than System 3 and inferior to System 2 for yaw angles below 50𝑜. 

System 4 is as efficient as System 3 for higher yaw angles, which is an expected result as a 

single rotor with 4 blades and a coaxial dual rotor with 2 blades each have a similar plan-

view footprint (4 blades in total). 

3.5.3 Optimal tip speed ratio (𝜆𝑜𝑝𝑡) at different Yaw angles 

The tip speed ratio (𝜆) at which each of these systems perform optimally is obtained for 

the entire range of yaw angles. An interesting observation made is that the values of optimal TSR 

vary linearly with sin(𝜃). Thus, the optimal TSR is plotted with respect to sin(𝜃) for each 

system in figure 3.16, 

  

Figure 3.16: Variation of Optimal TSR with Yaw angle. 
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The following observations are made from figure 3.16, 

• The optimal TSR of all systems reduce on reducing the Yaw angle (𝜃).  

• The slope of the optimal TSR vs sin(𝜃) curve for System 1 is close to a value of 2𝜋. 

• A real system with finite drag has a lower slope of optimal TSR vs sin(𝜃) curve compared to 

2𝜋 as seen in the case of System 2 (m=1.85𝜋) and System 3 (m=1.37𝜋). 

• The optimal TSR’s for System 4 are lower than the Optimal TSR for System 2, indicating 

that addition of a second rotor reduces the optimal TSR of both the rotors in a coaxial dual 

rotor system, compared to a single rotor system.  

• The optimal TSR for System 3 lies in between the optimal 𝜆1 𝑎𝑛𝑑 𝜆2 of System 4.  

Thus, having a system at a Yaw angle (below 90𝑜) and including a second rotor to obtain 

a coaxial dual rotor system are the two methods to reduce the optimal tip speed ratio of a rotor 

turbine. Having systems with lower TSR’s are beneficial as slower turbines installed in the ocean 

possess a lower risk to the ocean wildlife, reducing the environmental impact of these systems.   

3.5.4 Optimal axial induced velocity factors at different Yaw angles 

In this sub-section, the variation of the optimal axial induced velocity factors (𝑒1 𝑎𝑛𝑑 𝑒2) 

with the rotor yaw angle (𝜃) is studied. Recall from chapter 2 that analytically the optimal value 

of the induced velocity factors does not vary with 𝜃. Their analytical values are, 

𝑆𝑖𝑛𝑔𝑙𝑒 𝑅𝑜𝑡𝑜𝑟 → 𝑒1 =
1

3
 

(3.26) 

𝐶𝑜 − 𝑎𝑥𝑖𝑎𝑙 𝐷𝑢𝑎𝑙 𝑅𝑜𝑡𝑜𝑟 → 𝑒1 =
1

5
  &  𝑒2 =

3

5
 

(3.27) 

Figure 3.17 shows the variation of optimal 𝑒1𝑎𝑛𝑑 𝑒2 with yaw angle for each of the four 

systems obtained using blade element momentum theory.  
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Figure 3.17: Variation of optimal axial induced velocity factors with Yaw angle. 

It is observed that Systems 1, 2 and 3 have optimal 𝑒1 values close to the analytically 

predicted value of 1/3. System 4 however deviates to an extent from the analytically predicted 

value at lower yaw angles (𝜃 < 40). This may be due to errors in numerical computation and 

coarseness of the simulated domain. But overall, the results obtained are close to the analytical 

predictions.  

 

 

 



   

63 

 

3.5.5 Power characteristics for a Coaxial Dual rotor system in Yaw 

The contour plot of the power coefficient (𝐶𝑃𝑑𝑢𝑎𝑙
) for System 4 at different yaw angles is 

plotted as a function of the rotor tip speed ratios (𝜆1 𝑎𝑛𝑑 𝜆2). 

 

Figure 3.18: Power coefficient (%) contours for System 4 at different yaw angles. 

Though each yaw angle has a unique pair of optimum tip speed ratios (𝜆1 𝑎𝑛𝑑 𝜆2), from 

the above figure it is observed that there is a wide domain of tip speed ratios for which the power 

coefficient is close to the maximum. This result is of high importance as this implies that the two 

rotors can be geared to a fixed ratio of angular velocities and perform almost optimally, 

generating close to optimal power, regardless of the yaw angle (𝜃).  
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Chapter 4 

 

Experimental Analysis and Results 

Experiments are carried out to check the feasibility of the coaxial dual rotor system in 

yaw and validate the results obtained from the blade element momentum theory simulations (in 

chapter 3). Two types of experiments are carried out, 

• Qualitative experiments, where no measurements are taken, and just the behavior of 

the system is tested. These types of experiments help in deciphering the feasibility of 

a coaxial dual rotor system in yaw. 

• Quantitative experiments, where definite measurements are taken, and trends are 

matched with analytic or numerical results. Such experiments are used in visualizing 

power curves for different yaw angles for real life systems, and the variation in 

optimal tip speed ratio with yaw angle. Such experiments are currently limited to 

single rotor systems. 
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4.1 Experimental Setup 

4.1.1 Setup for Qualitative tests 

Qualitative experiments we carried out in the NCSU Water tunnel (23’’ x 23’’) and the 

Low Speed Wind tunnel in the NCSU Intelligent Systems and Structures Research Lab (iSSRL). 

A scaled down version of a counter-rotating coaxial dual rotor system, with each rotor free to 

auto-rotate is used (see figure 4.1). 

 

Figure 4.1: A free to rotate 8” diameter coaxial dual rotor prototype. 

A simple thread hanging mechanism is used as the tether which holds the system in place. 

A weight placed on the hub of the system acts as a negative buoy. Essentially this system is an 

inverted prototype of the real envisioned system.  
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4.1.2 Setup for Quantitative tests 

To verify the physical model of the system developed so far and obtain greater insight of 

its performance, an experimental setup has been designed with scaled down rotor dimensions. 

The purpose of the experimental setup is to gauge the power output of the scaled model by 

measuring the rotational speed and torque simultaneously.  

A sting mounted rotor is inserted into the test section of the in-house water tunnel as 

shown in Figure 4.2, keeping the inline sensors units above the water level. The water flow will 

induce rotary motion in the rotor blade whose rotary speed is measured straightforwardly by a 

miniature optical encoder (E4T, US Digital [19]).  

The torque measurement however involves a magnetic clutch (C5, Placid Industries [20]) 

connected to the shaft via a flexible coupling and a strain gauge based torque sensor (FSH03985, 

Futek [21]). The magnetic clutch allows us to apply finely controlled variable resistive load to the 

shaft without stalling the system. The output shaft of the clutch is connected to a reaction torque 

sensor which measures the shaft torque.  

It is important to note that the sting which is attached to the frame of the water tunnel is 

adjustable to allow varying angles with the flow (see figure 4.3) such that test data could be 

collected at different sting angles (yaw angles, 𝜃). All the data acquisition hardware is synced 

and controlled using a National Instrument, LabView system. 
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(a) Isometric View 

 

(b) Side View 

 

(c) Plan/Top View 

Figure 4.2: Experimental setup to collect Torque and angular velocity data from a single rotor. 
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                         (a)                                           (b) 

Figure 4.3: Experimental setup placed at a desired yaw angle (inclination). 

The setup is designed such that it can be moved transversely through the width of the test 

section (left-right). This is in addition to an angular rotation to simulate varying yaw angles (𝜃).  

The wall boundary thickness is small at the operating speeds of less than 1m/s, with 

uniform flow achieved for 0.1 ≤ 𝑦 𝑊⁄ ≤ 0.9. 

 

Figure 4.4: Front-end of the LabView data acquisition system. 
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4.2 Results: Single Rotor in Yaw 

The setup described in sub-section 4.1.2 is used to obtain torque and angular velocity data 

for different flow speeds and yaw angles. Various points on the power curve are spanned by 

altering the resistive torque applied on the magnetic clutch by varying the input current.  

Experiments are carried out for three free stream velocities 𝑉∞ = 0.47𝑚 𝑠⁄ , 0.63 𝑚 𝑠⁄   

and 0.79𝑚 𝑠⁄  and six yaw angles (𝜃 = 25𝑜 , 30𝑜 , 35𝑜 , 40𝑜 , 45𝑜 𝑎𝑛𝑑 50𝑜). The maximum and 

minimum yaw angle is currently limited to these values due to the height of water column 

available and the length of the sting.  

The power obtained with respect to the betz limit at each of the yaw angles is plotted 

against the rotor tip speed ratio, in figure 4.5 and figure 4.6, 

 

Figure 4.5: Power efficiency with TSR for yaw angles of 25𝑜 , 35𝑜 , 𝑎𝑛𝑑 45𝑜. 
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Figure 4.6: Power efficiency with TSR for yaw angles of 30𝑜 , 40𝑜 , 𝑎𝑛𝑑 50𝑜. 

From the above plots we see that, for yaw angle other than 50𝑜, there exists a clear value 

of optimal tip speed ratio (𝜆) of operation. It is also observed that the maximum efficiency of the 

system increases with increase in yaw angle. This result brings credibility to the numerical 

results in Chapter 3. The values of efficiencies obtained are considerably lower due to the fact 

that the rotor used is an off-the-shelf RC propeller (15”), which is not optimized for energy 

extraction (but is rather used to produce forward thrust). However, the highlight is that the trends 

of the experiment match with the trends obtained in the BEMT simulations. 

Note: Due to the ambiguity of the optimal tip speed ratio at yaw angle of 50𝑜, the data 

point is not included in subsequent plots and analysis.  

  



   

71 

 

It is interesting to view the variation of optimal TSR with yaw obtained in the 

experiments with those obtained in the BEMT simulations. 

 

Figure 4.7: Optimal TSR variation with Yaw angle obtained by experiments. 

From the above figure, we see that the slope of the optimal TSR for the experimental 

result is lower than System 1 and System 2 simulated in BEMT, but higher than that of System 3. 

However, the magnitude of the optimal TSR is lower for the experimental result compared to all 

of the BEMT results. This effect may be due to many factors such as the Lift to Drag ratio at 

which the system is operating, the Aspect Ratio of the blades, the number of blades in the rotor, 

etc. However, the fact that a linear dependence of the optimal TSR with sin(𝜃) is obtained 

verifies the correctness of the BEMT simulations.  
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4.3 Results: Dual Rotor in Yaw 

Feasibility tests are carried out by placing the Coaxial dual rotor system (see figure 4.1) 

in a free stream of air at 8 m/s. The diameter of the propellers used are 8in. The observation 

made is that the coaxial system when faced by flow, naturally stabilizes itself at a yaw angle and 

autorotates based on the tension provided by the string and the weight force present in the hub. 

This observation is reassuring of the fact that such a system is feasible and has a stable mode of 

operation. 

 

Figure 4.8: Wind tunnel testing of Coaxial Dual rotor a) Stationary rotor position at zero flow 

speed, b) Equilibrium auto-rotating position at a finite non-zero flow speed (8 m/s). 

This system is also tested for reaction to shear by progressively blocking a part of the incoming 

flow. The observation made by such an experiment is that the coaxial dual rotor system remains 

in its stable configuration (at the same yaw angle) until a certain amount of blocking (almost 

50%), after which it becomes unstable. On reducing the amount of blockage, the system returns 

to its stable position. The reason for the sudden un-stability is still unknown and may be 

attributed to the interaction of the shedding vortices generated by the device blocking the flow 

and the rotor blades, resulting in a complex interaction leading to instability.  
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Chapter 5 

 

Design Solutions 

In this chapter, an order of magnitude analysis is carried out on the power generation 

capabilities of a real scale inclined axis coaxial dual rotor turbine incorporating the analytical 

results obtained in Chapter 2 and 3. The power output of a collection of such systems per km of 

the Gulfstream is computed for different configurations of yaw angle (𝜃), separation distance 

between the rotors,  and rotor diameter.  

Consider the following configuration, a coaxial dual rotor with each rotor of equal 

diameter D meters, inclined at a yaw angle of 𝜃 degrees, the two rotors separated by d meters, 

constituting a maximum analytical equivalent power coefficient of 𝐶𝑃,𝑒𝑞 and operating at a 50% 

efficiency (𝜂 = 0.5) in a constant free stream of 𝑉∞ m/s and medium density 𝜌 kg/m3. 

The power obtained by such a configuration is, 

𝑃𝑜𝑢𝑡𝑝𝑢𝑡 = 𝜂.
1

2
𝜌𝑉∞

3 [
𝜋𝐷2

4
] 𝐶𝑃,𝑒𝑞(𝜃, 𝑑 𝐷⁄ ) (5.1) 
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The following table shows various configurations that can be used and their power output, 

Table 5.1: Multiple design configurations of a dual rotor coaxial turbine in Yaw. 

𝐷𝑖𝑎𝑚𝑒𝑡𝑒𝑟, 

𝐷 (𝑚) 
𝑉∞  (

𝑚

𝑠
)
∗

 
𝑌𝑎𝑤 𝑎𝑛𝑔𝑙𝑒, 

𝜃 (𝑜) 
𝑑/𝐷 𝐶𝑃𝑒𝑞,𝑚𝑎𝑥

 𝜂 𝑃𝑜𝑢𝑡𝑝𝑢𝑡 (𝑀𝑊) 

30 2 60 1 0.75 50 1.06 

50 2 60 1 0.75 50 2.95 

70 2 60 1 0.75 50 5.77 

90 2 60 1 0.75 50 9.54 

 

30 2 70 0.6 0.72 50 1.02 

50 2 70 0.6 0.72 50 2.83 

70 2 70 0.6 0.72 50 5.54 

90 2 70 0.6 0.72 50 9.16 

 

30 2 80 0.25 0.65 50 0.92 

50 2 80 0.25 0.65 50 2.55 

70 2 80 0.25 0.65 50 5.00 

90 2 80 0.25 0.65 50 8.27 

 

30 2 85 0.1 0.64 50 0.90 

50 2 85 0.1 0.64 50 2.51 

70 2 85 0.1 0.64 50 4.93 

90 2 85 0.1 0.64 50 8.14 

*The Gulfstream flows at an average free stream velocity of 2m/s [4]. 

The effective height of such a configuration is given by, 

𝐻𝑒𝑓𝑓 = 𝐷𝑠𝑖𝑛(𝜃) + 𝑑 cos(𝜃) (5.2) 

Table 5.2: Effective height and hub size of each of the design configurations. 

𝐷𝑖𝑎𝑚𝑒𝑡𝑒𝑟, 

𝐷 (𝑚) 

𝑌𝑎𝑤 𝑎𝑛𝑔𝑙𝑒, 

𝜃 (𝑜) 
𝑑/𝐷 𝐸𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒 𝐻𝑒𝑖𝑔ℎ𝑡 

𝐻𝑒𝑓𝑓 (𝑚) 
𝐸𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒 

𝐻𝑢𝑏 𝑠𝑖𝑧𝑒 (𝑚) 

30 60 1 40.98 30 

50 60 1 68.30 50 

70 60 1 95.62 70 

90 60 1 122.94 90 

 

30 70 0.6 34.35 18 
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Table 5.2 (continued) 

50 70 0.6 57.25 30 

70 70 0.6 80.14 42 

90 70 0.6 103.04 54 

 

30 80 0.25 30.85 7.5 

50 80 0.25 51.41 12.5 

70 80 0.25 71.98 17.5 

90 80 0.25 92.54 22.5 

 

30 85 0.1 30.15 3 

50 85 0.1 50.25 5 

70 85 0.1 70.34 7 

90 85 0.1 90.44 9 

Introducing a constraint on the hub size to be bounded by a value of 5 and 20 meters, 

5𝑚 ≤ 𝐸𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒 ℎ𝑢𝑏 𝑠𝑖𝑧𝑒 ≤ 20𝑚 (5.3) 

 This value is chosen considering real life manufacturing processes, and the infeasibility 

of building a hub (which includes all the electronic components, the generator etc.), lying outside 

of this bound. The configuration which satisfy the above constraint are, 

Table 5.3: Design configurations which satisfy the constraints. 

𝐷𝑖𝑎𝑚𝑒𝑡𝑒𝑟, 

𝐷 (𝑚) 

𝑌𝑎𝑤 𝑎𝑛𝑔𝑙𝑒, 

𝜃 (𝑜) 
𝑑/𝐷 𝐸𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒 𝐻𝑒𝑖𝑔ℎ𝑡 

𝐻𝑒𝑓𝑓 (𝑚) 
𝐸𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒 

𝐻𝑢𝑏 𝑠𝑖𝑧𝑒 (𝑚) 

30 70 0.6 34.35 18 

 

30 80 0.25 30.85 7.5 

50 80 0.25 51.41 12.5 

70 80 0.25 71.98 17.5 

 

50 85 0.1 50.25 5 

70 85 0.1 70.34 7 

90 85 0.1 90.44 9 

 

The next step in this process is to estimate the number of rotors that could be fit in a 

1000m (1km) stretch of available ocean space.  
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In this study, the rotors are assumed to be stacked parallelly with a spacing of S m 

between the ends of each rotor. 

 

Figure 5.1: Rotors stacked parallelly with spacing S.  

Two values of S have been considered, 𝑆 = 0𝑚 𝑎𝑛𝑑 𝑆 = 𝐷, and the farm power obtained 

considering these spacing values per km of available ocean space is tabulated below, 

Table 5.4: Order of magnitude of Power obtained per km of ocean length. 

𝐷 (𝑚) 𝜃 (𝑜) 𝑑/𝐷 
Power Obtained 

per rotor 
(MW) 

𝑛𝑟𝑜𝑡𝑜𝑟

/𝑘𝑚 
 

(𝑆 = 0) 

Farm 
Power 
per km 

(MW/km) 

𝑛𝑟𝑜𝑡𝑜𝑟

/𝑘𝑚 
 

(𝑆 = 𝐷) 

Farm 
Power 
per km 

(MW/km) 

Number of 
Homes 
per km 

(220 per 
MW) [22] 

30 70 0.6 1.02 33 33.59 17 17.30 3,806 

 

30 80 0.25 0.92 33 30.32 17 15.62 3,436 

50 80 0.25 2.55 20 51.05 10 25.53 5,615 

70 80 0.25 5.00 14 70.04 7 35.02 7,704 

 

50 85 0.1 2.51 20 50.27 10 25.13 5,529 

70 85 0.1 4.93 14 68.96 7 34.48 7,586 

90 85 0.1 8.14 11 89.57 6 48.86 10,748 

 

The table 5.4 provides us with feasible configurations and an order of magnitude analysis 

of power that can be generated by a set of such turbine systems per km of the gulfstream ocean 

space, showing promise in the proposed configuration of a coaxial dual rotor in yaw.  
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Chapter 6 

 

Conclusions and Future Work 

The power generating capabilities of a single rotor and a coaxial dual rotor with equal 

cross-section areas operating in Yaw has been investigated using analytical and numerical 

(BEMT) techniques. Analytical simulations have been carried using a control volume analysis 

and the application of the conservation equations namely, mass, momentum and energy. The 

analytical analysis shows the variation of the maximum power extractable from a single and dual 

rotor to depend on the cube of sine of the yaw angle (sin3 𝜃). The result suggests that placing a 

rotor turbine in yaw would reduce the power output, which is not desired. However, a base lying 

assumption in the above analysis is that the second rotor lies completely in the wake of the first 

rotor ahead of it, which is always true for a coaxial non-yawed dual rotor but tends to fall apart 

as we reduce the yaw angle below 90 degrees.  

When operating in yaw, there is a fraction of the second rotor which lies outside the wake 

of the first rotor and experiences ‘fresh flow’. This phenomenon can be used to our advantage to 

tap into more energy in the flow, or more amount of the flow itself. A parameter called wake 
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area fraction (𝛼) is defined which is the ratio of the area of the second rotor which lies in the 

wake of the first rotor to the cross-section area of the rotor disc. The power coefficient for a 

coaxial dual rotor operating in yaw and a non-unity wake area fraction is computed. The 

reference power for this power coefficient is taken equal to the reference power for a non-yawed 

and a completely in wake system, due to which the power coefficient is truly an ‘equivalent 

power coefficient’ and not the actual power coefficient. It is found that there is a large domain of 

values of yaw angles and wake area fractions for which a higher equivalent power coefficient is 

obtained compared to the 64% of the Newman limit, which shows promise for the use of such 

systems. A 2D analysis is carried out to obtain an analytical expression of the wake area fraction 

in terms of the yaw angle, non-dimensional distance between the rotors and the axial induced 

velocity factors. This expression gives us a clear idea of what is the rotor separation required at 

each yaw angle to obtain an equivalent power coefficient of greater than 64%. 

Numerical simulations using the Blade Element Momentum Theory (BEMT) have been 

carried out to validate the analytical findings. An easy approach to optimizing the blade twist to 

obtain maximum power is suggested, which involves maximizing the tangential aerodynamic 

force generated by the airfoil at each blade element and azimuth position.  Various parametric 

studies are carried out to study the variation of the rotor performance with these parameters. Four 

system configurations have been studied in detail and the performance of each of these systems 

is correlated with multiple design parameters. It is observed that a dual coaxial rotor is more 

efficient than a single rotor (with 2 blades per rotor) for the range of yaw angles in interest 

(55𝑜 , 90𝑜). The other major finding from this analysis is the variation of optimal Tip Speed 

Ratio (TSR) of the rotor required reduces with reducing the yaw angle from 90 degrees (in a 

linear fashion with sin(𝜃)), and by increasing the number of rotors from one to two (single to 
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coaxial dual). Operating at a lower TSR is always beneficial in terms of structural aspects and 

the safety of the wildlife in the oceans.  

Experiments are carried out to verify the above result from BEMT simulations, trends of 

which match between the experiments and simulations. A linear variation of optimal TSR is 

obtained with sin(𝜃) as predicted by the simulations. Finally, an order of magnitude analysis is 

carried out to predict the amount of power that can be generated per km of ocean stretch 

available, and the results of this first order analysis shows promise. Multiple design 

configurations which can be deployed have been suggested along with their power outputs 

assuming a nominal efficiency of 50%.  

Overall, the quasi-steady aerodynamic analysis of a coaxial dual rotor turbine in yaw 

suggests the feasibility of such a system in generating useful power from our ocean streams. In 

future, the present analysis can be extended to include unsteady effects and the coupling of 

structural and aerodynamic loads on the rotor blade to simulate real life effects. It is known that 

the ocean currents are not always steady and thus studies must be carried out to predict the 

stability of such systems in non-uniform flow. The analytical study is currently limited to a 2D 

analysis and can be extended to 3D to simulate the effects of wake expansion etc., in the 

expression of how the first rotor affects the second rotor. The current study is also limited to the 

first rotor influencing the second rotor, with the latter having no influence on the former. In 

future, the coupling effects of one rotor on the other must be explored to completely understand 

the physics of the coaxial dual rotor turbine operating in yaw.  
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Appendix A 

National Renewable Energy Laboratory (NREL) S814 airfoil shape and lift and drag coefficient 

data, (see reference 16). 

               
Figure A1: Shape and (x/c) and (y/c) coordinates of the NREL S814 airfoil. 

 

Figure A2: Lift and Drag coefficients at various aoa for the  

NREL S814 airfoil at 0.7 million Reynolds number. 

Airfoil pitch angle 𝛼𝑃 (degrees) 


